
UC Santa Cruz
UC Santa Cruz Previously Published Works

Title
Link Dynamics in MANETs with Restricted Node Mobility: Modeling and Applications

Permalink
https://escholarship.org/uc/item/0wn8z9hd

Author
Garcia-Luna-Aceves, J.J.

Publication Date
2009-09-01
 
Peer reviewed

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/0wn8z9hd
https://escholarship.org
http://www.cdlib.org/


!"#$ %&&& '()*+),'%-*+ -* .%(&/&++ ,-001*%,)'%-*+2 3-/4 $2 *-4 52 +&6'&07&( 8##5

/9:; <=:>?9@A 9: 0)*&'A B9CD (EACF9@CEG *HGE
0HI9J9C=K 0HGEJ9:L >:G )MMJ9@>C9H:A

N9>:FE: .O2 !"#$"%& '(((2 P>?9G (4 +>GQ>GMHOF2 )"*+,% !"#$"%& '(((2

>:G R4 R4 S>F@9>T/O:>T)@EUEA2 -"..,/& '(((

!"#$%&'$!"# $%#&#'( &()(*&(*+), -./#,& (. )++0%)(#,1 #2),0)(#
(3# /*&(%*40(*.' .5 (3# ,*5#(*-# .5 6*%#,#&& ,*'7& *' ) -.4*,#
)/ 3.+ '#(6.%7 89:;<=> *' 63*+3 './#& -.2# %)'/.-,1
6*(3*' +.'&(%)*'#/ )%#)&? "# &3.6 (3)( ,*'7 ,*5#(*-# +)' 4#
+.-$0(#/ (3%.0@3 ) (6.A&()(# 9)%7.2 -./#, )'/ 50%(3#% )$$,1
(3# +.-$0(#/ &()(*&(*+& (. (3# .$(*-*B)(*.' .5 &#@-#'()(*.'
&+3#-#& .5 )' *'5.%-)(*.' &(%#)-? C0--)%*B*'@ ),, (3#&# %#&0,(&D
6# 50%(3#% $%.2*/# ) +.-$%#3#'&*2# )'),1&*& .' (3%.0@3$0(D
/#,)1D )'/ &(.%)@# %#E0*%#-#'(& 5.% 9:;<=& 6*(3 %#&(%*+(#/
'./# -.4*,*(1?

()*+, -+%.#!F*'7 /1')-*+&D %#&(%*+(#/ -.4*,*(1D -.4*,*(1
-./#,*'@D 9)%7.2 -./#,D 9:;<=&?

%4 %*'(-<1,'%-*

9
-7%/%'V IF9:LA WO:G>?E:C>J @D>:LEA CH CDE MEFWHFT

?>:@E >:G GEA9L: HW >JJ >AME@CA HW MFHCH@HJ AC>@;A

9: ?HI9JE >G DH@ :ECBHF;A X0)*&'Y4 1:GEFAC>:G9:L CDE

AC>C9AC9@A HW J9:; J9WEC9?E 9A @FO@9>J WHF CDE >@@OF>CE >:>J=A9A

HW 0)*&' M>F>?ECEFA >:G MFHCH@HJA4 ZHF E[>?MJE2 CDE MEFT

WHF?>:@E HW FHOC9:L MFHCH@HJA 9: > 0)*&' E[D9I9CA > G9FE@C

FEJ>C9H:AD9M CH CDE ?E>: U>JOE HW J9:; J9WEC9?E \]^4 %:CEFEACT

9:LJ=2 >A @F9C9@>J >A J9:; J9WEC9?E 9A WHF CDE MEFWHF?>:@E HW CDE

MFHCH@HJ AC>@; 9: 0)*&'2 :HC ?O@D EWWHFC D>A IEE: GEUHCEG

CH CDE >:>J=C9@>J ?HGEJ9:L HW J9:; J9WEC9?E >A > WO:@C9H: HW

:HGE ?HI9J9C=2 BD9@D 9A > GE!:9:L >CCF9IOCE HW 0)*&'A_

)A > FEAOJC2 J9:; J9WEC9?E 9: 0)*&' D>A IEE: >:>J=`EG

?HACJ= CDFHOLD A9?OJ>C9H:A2 >:G CDE >:>J=C9@>J ?HGEJA HW

@D>::EJ >@@EAA >:G FHOC9:L MFHCH@HJA WHF 0)*&'A D>UE :HC

FEMFEAE:CEG CDE CE?MHF>J :>COFE HW 0)*&' J9:;A >@@OF>CEJ=4

+9?9J>FJ=2 ?HAC ACOG9EA HW FHOC9:LTMFHCH@HJ MEFWHF?>:@E D>UE

FEJ9EG E[@JOA9UEJ= H: A9?OJ>C9H:A2 HF D>G CH OAE J9?9CEG ?HGEJA

HW J9:; >U>9J>I9J9C=2 CH >GGFEAA CDE G=:>?9@A HW M>CDA 9?M>@C9:L

FHOC9:L MFHCH@HJA4

0>:OA@F9MC FE@E9UEG 0>F@D 8#2 8##ab FEU9AEG 0>= ]a2 8##$ >:G )MF9J $2
8##5b >@@EMCEG )MF9J $2 8##54 'DE >AAH@9>CE EG9CHF @HHFG9:>C9:L CDE FEU9EB
HW CD9A M>MEF >:G >MMFHU9:L 9C WHF MOIJ9@>C9H: B>A (4 7EFF=4

N4 .O >:G P4 (4 +>GQ>GMHOF >FE B9CD CDE 1:9UEFA9C= HW ,>J9WHF:9> >C +>:C>
,FO`2 +>:C> ,FO`2 ,) 5"#c! XET?>9JK dBO[F2 D>?9GefAHE4O@A@4EGOY4

R4 R4 S>F@9>T/O:>T)@EUEA 9A B9CD CDE 1:9UEFA9C= HW ,>J9WHF:9> >C +>:C> ,FO`2
+>:C> ,FO`2 ,) 5"#c!2 >:G 9A >JAH >W!J9>CEG B9CD 6>JH )JCH (EAE>F@D ,E:CEF2
gggg ,H=HCE P9JJ (H>G2 6>JH )JCH2 ,) 5!g#! XET?>9JK QQfAHE4O@A@4EGOY4

'D9A BHF; B>A M>FC9>JJ= AMH:AHFEG I= CDE 14+4 )F?= (EAE>F@D -W!@E O:GEF
LF>:CA .5]]*ZT#!T]T#88! >:G .5]]*ZT#"T]T#8!c2 I= CDE *>C9H:>J +@9E:@E
ZHO:G>C9H: O:GEF LF>:C ,,ZT#a858g#2 I= CDE <EWE:AE )GU>:@EG (EAE>F@D
6FHQE@CA )LE:@= CDFHOLD )9F ZHF@E (EAE>F@D />IHF>CHF= ,H:CF>@C Z)$a"#T
#aT,T#]c52 >:G I= CDE 7>A;9: ,D>9F HW ,H?MOCEF &:L9:EEF9:L4 'DE U9EBA >:G
@H:@JOA9H:A @H:C>9:EG 9: CD9A GH@O?E:C >FE CDHAE HW CDE >OCDHFA >:G ADHOJG
:HC IE 9:CEFMFECEG >A FEMFEAE:C9:L CDE HW!@9>J MHJ9@9EA2 E9CDEF E[MFEAAEG HF
9?MJ9EG2 HW CDE 14+4 SHUEF:?E:C4

<9L9C>J -IQE@C %GE:C9!EF ]#4]]#5h'.,48##54#a#g#5

'D9A M>MEF MFHU9GEA CDE ?HAC >@@OF>CE >:>J=C9@>J ?HGEJ

HW J9:; J9WEC9?E 9: 0)*&'A CH G>CE2 >:G @D>F>@CEF9`EA J9:;

J9WEC9?E >A > WO:@C9H: HW :HGE ?HI9J9C=4 'DE 9?MHFC>:@E HW CD9A

?HGEJ 9A CBHWHJG4 Z9FAC2 9C E:>IJEA >:ABEF9:L ?>:= iOEAC9H:A

FEL>FG9:L WO:G>?E:C>J CF>GEHWWA 9: CDFHOLDMOC2 GEJ>=2 >:G

ACHF>LE FEiO9FE?E:CA 9: 0)*&'A2 >A BEJJ >A CDE FEJ>C9H:AD9M

IECBEE: ?>:= @FHAATJ>=EF GEA9L: @DH9@EA XE4L42 9:WHF?>C9H:

IJH@; AEL?E:C>C9H:Y >:G :ECBHF; G=:>?9@A XE4L42 DHB JH:L

J9:;A J>AC 9: > 0)*&'Y4 +E@H:G2 9C E:>IJEA CDE GEUEJHM?E:C

HW >:>J=C9@>J ?HGEJA WHF @D>::EJ >@@EAA >:G FHOC9:L A@DE?EA

I= >JJHB9:L AO@D MFHCH@HJA CH OAE J9:; J9WEC9?E E[MFEAA9H:A CD>C

>FE >@@OF>CE B9CD FEAME@C CH A9?OJ>C9H:A I>AEG H: B9GEJ=TOAEG

?HI9J9C= ?HGEJA4

(E@E:CJ=2 +>?>F >:G .9@;EF \8^2 \g^ M9H:EEFEG CDE >:>J=C9@>J

EU>JO>C9H: HW J9:; G=:>?9@A4 'DE= WOFCDEF MFHU9GEG 9?MHFC>:C

9:A9LDC H: CDE 9?MHFC>:@E HW >: >:>J=C9@>J WHF?OJ>C9H: HW J9:;

G=:>?9@A H: CDE HMC9?9`>C9H: HW MFHCH@HJA IE9:L GEA9L:EG4

PHBEUEF2 +>?>F >:G .9@;EF >AAO?E CD>C @H??O:9@>C9:L

:HGEA ?>9:C>9: @H:AC>:C AMEEG >:G G9FE@C9H: 9: HFGEF CH

EU>JO>CE CDE G9ACF9IOC9H: HW J9:; J9WEC9?E4 'D9A A9?MJ9!@>C9H:

HUEFJHH;A CDE @>AE 9: BD9@D E9CDEF HW CDE @H??O:9@>C9:L :HGEA

@D>:LE CDE9F AMEEGA HF G9FE@C9H:A BD9JE CDE= >FE 9: CF>:A?9AT

A9H: F>:LE HW H:E >:HCDEF4 )A > FEAOJC2 CDE FEAOJCA MFEG9@CEG I=

+>?>F >:G .9@;EFjA ?HGEJ @HOJG GEU9>CE WFH? FE>J9C=2 IE9:L

?HFE @H:AEFU>C9UE >:G O:GEFEAC9?>C9:L CDE G9ACF9IOC9H: HW J9:;

J9WEC9?E \8^2 \g^2 EAME@9>JJ= BDE: CDE F>C9H !/# IECBEE: CDE

F>G9OA HW CDE @H??O:9@>C9H: F>:LE ! CH CDE :HGE AMEEG #
IE@H?EA J>FLE2 AO@D CD>C :HGEA >FE J9;EJ= CH @D>:LE CDE9F

UEJH@9C= >:G G9FE@C9H: GOF9:L >: E[@D>:LE4

'DE !FAC @H:CF9IOC9H: HW CD9A M>MEF @H:A9ACA HW 9:CFHGO@9:L >

CBHTAC>CE 0>F;HU ?HGEJ CD>C IECCEF GEA@F9IEA CDE ?HI9J9C= IET

D>U9HFA WHF @H??O:9@>C9:L :HGEA4 'DE MFHMHAEG ?HGEJ ADHBA

> ?>F;EG 9?MFHUE?E:C 9: @D>F>@CEF9`9:L CDE AC>C9AC9@A HW J9:;

J9WEC9?E2 BD9JE AOIAO?EA CDE ?HGEJ HW +>?>F >:G .9@;EF \8^2

\g^ >A > AME@9>J @>AE4 7= @D>F>@CEF9`9:L J9:; J9WEC9?E2 BE WOFCDEF

ACOG= CDE @FHAAJ>=EF HMC9?9`>C9H: MFHIJE? H: AEL?E:C>C9H: HW

CDE 9:WHF?>C9H: ACFE>? >:G MFHU9GE AHJOC9H:A CH ?>[9?9`E CDE

E:GTCHTE:G CDFHOLDMOC4

):HCDEF @H:CF9IOC9H: HW CDE M>MEF 9A CH MFHU9GE > @H?MFET

DE:A9UE @HUEF>LE HW 0)*&'A B9CD FEACF9@CEG ?HI9J9C=2 BDEFE

E>@D :HGE ?HUEA B9CD9: > @H:ACF>9:EG >FE>4 'DEAE :ECBHF;A

MJ>= >: 9?MHFC>:C FHJE 9: CDE FE>J BHFJG2 BDEFE :HGEA OAO>JJ=

CF>UEJ H:J= > MHFC9H: HW CDE E:C9FE :ECBHF;4 )A MOIJ9ADEG 9:

CDE +*0,%#12+,* 1334%1*5" 0%1#"/,%6 \!^ WFH? CDE *>C9H:>J

+E@OF9C= )LE:@=2 AO@D :ECBHF;A FEMFEAE:C CDE ?HFE FE>J9AC9@

A@E:>F9HA WHF C>@C9@>J OAEFA2 EAME@9>JJ= WHF CDE OAEFA GEMJH=EG 9:

]"gcT]8ach#5k8"4## @⃝ 8##5 %&&&



.1 "2 1.7K /%*l <V*)0%,+ %* 0)*&'+ .%'P (&+'(%,'&< *-<& 0-7%/%'VK 0-<&/%*S )*< )66/%,)'%-*+ !"#5

Z9L4 ]4 0HGEJ HW :ECBHF; ACFO@COFE4

CDE G9U9A9H: >:G FE>F >FE>4 'DE H:J= MF9HF BHF; >GGFEAA9:L CD9A

9AAOE HW BD9@D BE >FE >B>FE 9A CD>C HW SFHE:EUEJC EC >J4 \"^4 %C

@HUEFA GEJ>= >AME@CA HW AO@D :ECBHF;A2 IOC H:J= WHF CDE @>AE HW

H:ETG9?E:A9H:>J FEACF9@CEG ?HI9J9C=4 ZHF CD9A FE>AH:2 BE ACF9UE

CH MFHU9GE CDE !FAC CDHFHOLD >:>J=A9A XCH CDE IEAC HW >OCDHFAj

;:HBJEGLEY HW CBHTG9?E:A9H:>J FEACF9@CEG ?HI9J9C= :ECBHF;A

H: J9:; G=:>?9@A2 HMC9?>J AEL?E:C>C9H: HW 9:WHF?>C9H: ACFE>?2

CDFHOLDMOC2 GEJ>=2 >:G ACHF>LE CF>GEHWWA4

'DE M>MEF 9A HFL>:9`EG >A WHJJHBA4 +E@C9H: %% GEA@F9IEA

A=ACE? ?HGEJA 9:@JOG9:L :ECBHF; >:G ?HI9J9C= ?HGEJA 9: CDE

M>MEF4 +E@C9H: %%% MFEAE:CA CDE MFHMHAEG CBHTAC>CE 0>F;HU

?HGEJ >:G FEAOJCA H: J9:; J9WEC9?E2 >JH:L B9CD A9?OJ>C9H:

FEAOJCA WHF ?HGEJ U>J9G>C9H:4 +E@C9H: %3 OAEA CDE GEF9UEG AC>C9AT

C9@A HW J9:; J9WEC9?E 9: AE@C9H: %%% WHF CDE MFHIJE? HW HMC9?>J

AEL?E:C>C9H: HW 9:WHF?>C9H: ACFE>?4 +E@C9H: 3 MFHU9GEA >

CDHFHOLD >:>J=A9A HW CDFHOLDMOC2 GEJ>= >:G ACHF>LE @>M>@9C=

HW > 0)*&' B9CD FEACF9@CEG ?HI9J9C=2 WHJJHBEG I= @H:@JOG9:L

FE?>F;A 9: AE@C9H: 3%4

%%4 +V+'&0 0-<&/

%: ?>:= C>@C9@>J >MMJ9@>C9H:A \!^2 :HGEA HW > 0)*&'

CF>UEFAE H:J= > A?>JJ MHFC9H: HW CDE E:C9FE >FE> @HUEFEG I= CDE

:ECBHF;4 .E @H:A9GEF > AiO>FE HF FE@C>:LOJ>F >FE> M>FC9C9H:EG

9:CH AiO>FEJECA A9?9J>F CH MF9HF >:>J=C9@>J ?HGEJA HW 0)*&'A

>:G >A GEM9@CEG 9: Z9L4 ]4 'DE E:C9FE :ECBHF; 9A G9U9GEG 9:CH

?OJC9MJE AiO>FEJECA2 BD9@D BE @>JJ 5"..32 >:G E>@D @EJJ 9A HW

A9`E $× $4

,H??O:9@>C9H: IECBEE: :HGEA 9: :E9LDIHF9:L @EJJA 9A >JT

JHBEG >FHO:G CDE9F @EJJ IHO:G>F9EA >:G >JJ :HGEA CF>:A?9C

B9CD O:9WHF? MHBEF4 )@@HFG9:L CH CDE MFHCH@HJ ?HGEJ \c^2

CDE >JJHB>IJE @H??O:9@>C9H: @9F@JE ADHOJG IE GEJ9IEF>CEJ=

GEA9L:EG CH >UH9G E[@EAA9UE 9:CEFWEFE:@E CH :E>FI= @EJJA >:G

CH A>C9AW= MFHCH@HJ ?HGEJ4 (EWEFF9:L CH CDE GEA9L: 9: \a^2 >

WE>A9IJE AHJOC9H: 9A CH @DHHAE @9F@OJ>F FEL9H:A @E:CEFEG >C @EJJ

IHO:G>F9EA2 >A GEM9@CEG 9: Z9L4 ]4 %C ADHOJG IE :HCEG CD>C :HGEA

@H??O:9@>CE H:J= 9: CDE @H??O:9@>C9H: @9F@JE XEUE: 9W CDE=

>FE >IJE CH BDE: CDE= >FE :HC 9: 9CY4

) C=M9@>J @H??O:9@>C9H: AEAA9H: IECBEE: CBH :HGEA 9:T

UHJUEA AEUEF>J @H:CFHJ >:G G>C> M>@;EC CF>:A?9AA9H:A4 <EME:GT

9:L H: CDE MFHCH@HJ2 :HGEA ?>= IE FEiO9FEG CH CF>:A?9C IE>@H:A

CH CDE9F :E9LDIHFA CH A=:@DFH:9`E CDE9F @JH@;A WHF > U>F9EC= HW

FE>AH:A XE4L42 MHBEF ?>:>LE?E:C2 WFEiOE:@= DHMM9:LY4 *HGEA

@>: !:G HOC >IHOC E>@D HCDEFjA MFEAE:@E I= ?E>:A HW AO@D

IE>@H:A2 HF I= CDE FE@EMC9H: HW HCDEF C=MEA HW A9L:>J9:L M>@;ECA

XE4L42 P&//- ?EAA>LEAY4 -:@E > CF>:A?9CCEF ;:HBA >IHOC CDE

E[9ACE:@E HW > FE@E9UEF2 9C @>: AE:G G>C> M>@;ECA2 BD9@D >FE

C=M9@>JJ= >@;:HBJEGLEG H:E I= H:E2 >:G CDE 0), MFHCH@HJ

>CCE?MCA CH FEGO@E HF >UH9G CDHAE @>AEA 9: BD9@D ?HFE CD>: H:E

CF>:A?9CCEF AE:GA G>C> M>@;ECA >FHO:G > L9UE: FE@E9UEF2 BD9@D

C=M9@>JJ= @>OAEA CDE JHAA HW >JJ AO@D M>@;ECA >C CDE FE@E9UEF4

'H A9?MJ9W= HOF ?HGEJ9:L HW J9:; J9WEC9?EA2 BE >AAO?E CD>C

CDE MFHMEF ?E@D>:9A?A >FE 9: MJ>@E WHF :E9LDIHF9:L :HGEA CH

!:G E>@D HCDEF2 >:G CD>C >JJ CF>:A?9AA9H:A HW G>C> M>@;ECA >FE

AO@@EAAWOJ >A JH:L >A CDE= GH :HC J>AC IE=H:G CDE J9WEC9?E HW

CDE B9FEJEAA J9:; IECBEE: CF>:A?9CCEF >:G FE@E9UEF4 (EJ>[9:L

CD9A A9?MJ9W=9:L >AAO?MC9H: 9A CDE AOIQE@C HW WOCOFE BHF;2 >A

9C 9:UHJUEA CDE ?HGEJ9:L HW E[MJ9@9C ?EG9O? >@@EAA @H:CFHJ

A@DE?EA XE4L42 \$^Y4

*HGEA >FE ?HI9JE2 9:9C9>JJ= F>:GH?J= >:G O:9WHF?J= G9AT

CF9IOCEG HUEF CDEAE @EJJA4 *HGEA ?HUE >@@HFG9:L CH CDE B9GEJ=T

OAEG F>:GH? G9FE@C9H: ?HI9J9C= ?HGEJ X(<00Y \5^m\]g^2

BD9@D 9?MFHUEA H: CDE F>:GH? B>=MH9:C ?HI9J9C= ?HGEJ CH

D>UE > O:9WHF? AC>C9H:>F= AM>C9>J :HGE G9ACF9IOC9H:4 *HGEA

?HUE?E:CA >FE 9:GEME:GE:C >:G 9GE:C9@>JJ= G9ACF9IOCEG X99GY

>:G @>: IE GEA@F9IEG I= > @H:C9:OHOATC9?E ACH@D>AC9@ MFH@EAA4

'DE @H:C9:OHOA ?HUE?E:C HW :HGEA 9A G9U9GEG 9:CH ?HI9J9C=

EMH@DA GOF9:L BD9@D > :HGE ?HUEA >C @H:AC>:C UEJH@9C=2

94E42 ![EG AMEEG >:G G9FE@C9H:4 7OC CDE AMEEG >:G G9FE@C9H:

U>F9EA WFH? EMH@D CH EMH@D4 'DE C9?E GOF>C9H: HW EMH@DA 9A

GE:HCEG I= > F>:GH? U>F9>IJE % 2 >AAO?EG CH IE E[MH:E:C9>JJ=

G9ACF9IOCEG B9CD M>F>?ECEF &!4 %CA @H?MJE?E:C>F= @O?OJ>C9UE

G9ACF9IOC9H: WO:@C9H: X,,<ZY '" (() @>: IE BF9CCE: >A \]]^4

'" (() = )(*(−&!() X]Y

'DE G9FE@C9H: GOF9:L E>@D EMH@D 9A >AAO?EG CH IE O:9WHF?J=

G9ACF9IOCEG HUEF [0, 2,) >:G CDE AMEEG HW E>@D EMH@D 9A O:9T

WHF?J= G9ACF9IOCEG HUEF [#!#$, #!%&]2 BDEFE #!#$, #!%& AME@T

9W= CDE ?9:9?O? >:G ?>[9?O? AMEEG HW :HGEA FEAME@C9UEJ=4

+MEEG2 G9FE@C9H: >:G EMH@D C9?E >FE ?OCO>JJ= O:@HFFEJ>CEG

>:G 9:GEME:GE:C HUEF EMH@DA4 'DE ?HC9H: HW :HGEA B9JJ IE

FE"E@CEG BDE: D9CC9:L @EJJ IHO:G>F9EA IOC 9: CD9A @>AE2 9C 9A

AC9JJ @H:A9GEFEG B9CD9: CDE A>?E EMH@D4

'DE ?HUE?E:C HW E>@D :HGE 9A FEACF9@CEG 9:CH CDE @EJJ BDEFE

9C 9A 9:9C9>JJ= JH@>CEG4 &>@D AHOF@E :HGE F>:GH?J= @DHHAEA 9CA

GEAC9:>C9H: >:G 9: ?HAC @>AEA2 CDE AHOF@E >:G GEAC9:>C9H: :HGEA

>FE :HC B9CD9: CDE A>?E @EJJ4 )A > FEAOJC2 ?HAC G>C> CF>W!@ :EEG

CH CF>UEJ >@FHAA @EJJA >:G J9:;A HUEF :E9LDIHF9:L @EJJA >FE WH@>J

MH9:CA WHF AO@D :ECBHF;A4 'DE >:>J=A9A HW CD9A M>MEF 9A WH@OAEG

H: 9:CEFT@EJJ J9:;A IOC HOF >:>J=A9A @>: IE >JAH E[CE:GEG CH

9:CF>T@EJJ J9:;A HF :HGEA B9CD O:FEACF9@CEG ?HI9J9C=4

%%%4 /%*l /%Z&'%0&

) I9G9FE@C9H:>J J9:; E[9ACA IECBEE: CBH :HGEA 9W CDE= >FE

B9CD9: @H??O:9@>C9H: @9F@JE HW E>@D HCDEF4 %: CD9A M>MEF2 BE GH

:HC @H:A9GEF O:9G9FE@C9H:>J J9:;A2 L9UE: CD>C CDE U>AC ?>QHF9C=

HW @D>::EJ >@@EAA >:G FHOC9:L MFHCH@HJA OAE H:J= I9G9FE@C9H:>J

J9:;A WHF CDE9F HMEF>C9H:4 PE:@E2 BE B9JJ FEWEF CH I9G9FE@C9H:>J

J9:;A A9?MJ= >A J9:;A WHF CDE FEAC HW CD9A M>MEF4



!"]# %&&& '()*+),'%-*+ -* .%(&/&++ ,-001*%,)'%-*+2 3-/4 $2 *-4 52 +&6'&07&( 8##5

Z9L4 84 'BHTAC>CE 0>F;HU ?HGEJ WHF +T//' EU>JO>C9H:4

.DE: > G>C> M>@;EC AC>FCA >C C9?E -02 MHA9C9H:A HW :HGEA

XE4L4 :HGEA .% >:G .'Y GOF9:L @H??O:9@>C9H: AEAA9H: @HOJG

IE >:=BDEFE 9:A9GE @H??O:9@>C9H: @9F@JE4 'DE E:G MH9:CA HW >

J9:; JH@>CE 9:A9GE CDE @H??O:9@>C9H: @9F@JE >:G CDE G9ACF9IOC9H:

HW CDE? ADHOJG IE > G9ACF9IOC9H: @H:G9C9H:EG H: AO@D W>@C4

+9:@E BE >AAO?E CDE O:9WHF? AC>C9H:>F= G9ACF9IOC9H: WFH?

(<00 ?HGEJ2 CDE >AAO?MC9H: JE>G CH CDE FEAOJC CD>C CDE E:G

MH9:CA >FE >JAH O:9WHF?J= G9ACF9IOCEG 9: CDE @H??O:9@>C9H:

@9F@JE >A 9W 9: CDE AC>C9H:>F= AC>CE4 /EC / X01-2/2Y IE CDE

CF>:A?9AA9H: F>CE HW > G>C> M>@;EC2 $( IE CDE JE:LCD HW CDE

G>C> M>@;EC2 >:G -0 + 3% XHF -0 + 3'Y GE:HCEA CDE ?H?E:C

> :HGE .% XHF .'Y 9A ?HU9:L HOC HW @H??O:9@>C9H: F>:LE4

) M>@;EC @>: IE AO@@EAAWOJJ= CF>:AWEFFEG H:J= 9W :HGEA .%

>:G .' AC>= B9CD9: @H??O:9@>C9H: @9F@JE GOF9:L CDE E:C9FE

@H??O:9@>C9H: AEAA9H:2 CD>C 9A2

$(// ≤ 3) X8Y

3) = .14(3%, 3'). XgY

3) 9A CDE J9:; J9WEC9?E X//'Y BD9@D G9@C>CEA CDE ?>[9?O?

MHAA9IJE G>C> CF>:AWEF GOF>C9H:4 +C>C9AC9@>JJ=2 3% >:G 3' AME@9W=

CDE G9ACF9IOC9H: HW FEA9GE:@E C9?E CD>C ?E>AOFEA CDE GOF>C9H:

HW CDE C9?E2 WHF E9CDEF :HGEA .% HF .'2 AC>FC9:L WFH? >

F>:GH? JH@>C9H: 9:A9GE CDE @H??O:9@>C9H: @9F@JE B9CD EiO>J

MFHI>I9J9C= >:G @H:C9:OHOAJ= AC>= 9:A9GE CDE @H??O:9@>C9H:

@9F@JE IEWHFE !:>JJ= ?HU9:L HOC HW 9C4

S9UE: CD>C :HGEA .% >:G .' AC>FC WFH? > F>:GH? JH@>C9H:

9:A9GE CDE @H??O:9@>C9H: @9F@JE2 CDE: 3% >:G 3'2 FEAME@C9UEJ=2

B9JJ IE F>:GH? U>F9>IJEA FEMFEAE:C9:L CDE FEA9GO>J C9?E CD>C

E>@D :HGE FE?>9:A 9: CDE @H??O:9@>C9H: @9F@JE IEWHFE !FAC

?HU9:L HOCA9GE HW 9C4 +9:@E CDE ?HC9H:A HW :HGEA >FE 99G2 CDE

G9ACF9IOC9H: HW 3% >:G 3' 9A CDE A>?E4 .E CDE: GE!:E AO@D

G9ACF9IOC9H: >A CDE 3+*8."9*,:" .+*6 .+0"2+#" X+T//'Y G9ACF9IOT

C9H:4 ZOFCDEF?HFE2 9CA @H?MJE?E:C>F= @O?OJ>C9UE G9ACF9IOC9H:

WO:@C9H: X,,<ZY 9A GE:HCEG I= '*(-)2 94E42 '*(-) = 6 (3% ≥
-) = 6 (3' ≥ -)4 ,JE>FJ=2 BE @>: @H?MOCE CDE J9:; ,,<Z

')(-) >A

')(-) = ' 2
*(-). X!Y

'DE J9:; HOC>LE MFHI>I9J9C= 6)! >AAH@9>CEG B9CD > M>FC9@OJ>F

M>@;EC JE:LCD $( @>: IE EU>JO>CEG >A

6)! = 6 (3) ≤ $(

/
) = 1− ')(

$(

/
). X"Y

;7 )+*8."9<,:" =+*6 =+0"2+#" >)9==?@

ZFH? CDE >IHUE2 9C WHJJHBA CD>C CDE EAAE:@E HW ?HGEJ9:L J9:;

G=:>?9@A 9: 0)*&'A @H:A9ACA HW EU>JO>C9:L CDE G9ACF9IOC9H:

HW +T//'2 IE@>OAE 9C FE"E@CA CDE J9:; G=:>?9@A FEAOJC9:L WFH?

CDE ?HC9H:A HW :HGEA4 +T//' ?E>AOFEA CDE GOF>C9H: HW C9?E WHF

> :HGE CH @H:C9:OHOAJ= AC>= 9:A9GE CDE @H??O:9@>C9H: @9F@JE

HW >:HCDEF :HGE4 %: HOF ?HGEJ2 CD9A F>:LE 9A > @9F@JE4

.E >JAH ;:HB CD>C CDE ?HUE?E:C HW :HGEA @H:A9ACA HW >

AEiOE:@E HW ?HI9J9C= EMH@DA4 /EC 7+ IE CDE AC>FC9:L MH9:C

HW @OFFE:C ?HI9J9C= EMH@D >:G 9CA MHA9C9H: B9JJ IE O:9WHF?J=

G9ACF9IOCEG HUEF @H??O:9@>C9H: @9F@JE \]]^4 'DE E:G MH9:C HW

CDE @OFFE:C EMH@D 9A GE:HCEG I= 7,2 >:G 7, ?>= IE >:=BDEFE

9: CDE @EJJ2 94E42 9:A9GE HF HOC HW CDE @H??O:9@>C9H: @9F@JE4 %:

CDE @>AE CD>C 7, 9A JH@>CEG 9:A9GE CDE @H??O:9@>C9H: @9F@JE2 9C

AEFUEA >A CDE AC>FC9:L MH9:C X94E42 :EB 7+Y WHF CDE :E[C EMH@D

>:G CDE BDHJE MFH@EAA 9A FEME>CEG4 %: CDE EU>JO>C9H: HW +T//'2

CDE FEME>C9:L MFH@EGOFE E:GA BDE: CDE !:>J 7, 9A HOC HW CDE

@H??O:9@>C9H: @9F@JE4

)A 9JJOACF>CEG 9: Z9L4 82 CDE MFH@EGOFE WHF EU>JO>C9:L CDE

+T//' @>: IE ?HGEJEG >A > CBHTAC>CE 0>F;HU MFH@EAA4 'DE

AHQHOF: AC>CE 80 FEMFEAE:CA CDE A@E:>F9H BDEFE CDE E:G MH9:C

7, HW @OFFE:C EMH@D 9A JH@>CEG 9:A9GE CDE @H??O:9@>C9H:

@9F@JE2 BD9JE CDE GEM>FC9:L AC>CE 81 FEWEFA CH CDE @H?MJE?E:T

C>F= A@E:>F9H BDEFE 7, B9JJ IE HOC HW @H??O:9@>C9H: @9F@JE4

,H?M>FEG CH CDE ?HGEJ I= +>?>F >:G .9@;EF \8^2 \g^2 9:

BD9@D H:J= CDE J>AC A@E:>F9H X94E42 AC>CE 81Y 9A @H:A9GEFEG2 CDE

CBHTAC>CE 0>F;HU ?HGEJ ?HFE >@@OF>CEJ= FE"E@CA CDE ?HC9H:

HW :HGEA2 BD9@D :>COF>JJ= E[ME@CA IECCEF FEAOJCA 9: EU>JO>C9:L

J9:; G=:>?9@A4

/EC 6+ IE CDE %"3+:"*5" A%,$1$+.+2B2 BD9@D GE:HCEA CDE

MFHI>I9J9C= CD>C 7, 9A JH@>CEG 9:A9GE CDE @H??O:9@>C9H: @9F@JE4

'DE MFHI>I9J9C= G9ACF9IOC9H: WO:@C9H: X6<ZY **0(-) AME@9!EA

CDE G9ACF9IOC9H: HW AHQHOF: C9?E HW ?HI9J9C= EMH@DA BDE: >

:HGE AC>=A 9: AC>CE 804 ,HFFEAMH:G9:LJ=2 CDE 6<Z **1(-) 9A

OAEG CH ?E>AOFE CDE G9ACF9IOC9H: HW GEM>FC9:L C9?EA BDE: :HGEA

?HUE HOC HW @H??O:9@>C9H: @9F@JE >:G AB9C@D CH AC>CE 814

7EWHFE EUE:CO>JJ= ?HU9:L HOC HW CDE @H??O:9@>C9H: @9F@JE2

94E42 IE9:L AB9C@DEG CH CDE GEM>FC9:L AC>CE 812 :HGEA ?>= AC>=

>C CDE FEA9GE:@E AC>CE 80 ?OJC9MJE C9?EA4 /EC 9# IE CDE 9:CELEF

U>F9>IJE @HO:C9:L CDE :O?IEF HW C9?EA WHF > :HGE CH FE?>9:

9: AC>CE 802 >:G {80,0, . . . , 80,."−1} IE CDE >AAH@9>CEG F>:GH?

U>F9>IJEA CD>C AME@9W= CDE GOF>C9H: HW C9?E HW ?HI9J9C= EMH@DA

WHF E>@D FECOF:4

,JE>FJ=2 {80,0, . . . , 80,."−1} >FE F>:GH? U>F9>IJEA HW CDE

A>?E G9ACF9IOC9H: IOC @HFFEJ>CEG4 PHBEUEF2 CH ?>;E HOF MFHIT

JE? ?HFE CF>@C>IJE2 BE >AAO?E CD>C {80,0, . . . , 80,."−1} >FE

AC>C9AC9@>JJ= 9494G F>:GH? U>F9>IJEA HW G9ACF9IOC9H: **0(-)4 -OF

A9?MJ9W=9:L >AAO?MC9H: GEU9>CEA CDE !:>J FEAOJC AJ9LDCJ= WFH?

CDE FE>J A9CO>C9H: BDE: CDE FEA9GE:@E MFHI>I9J9C= IE@H?EA

J>FLEF4 PHBEUEF2 >A BE B9JJ AEE J>CEF2 HOF ?HGEJ AC9JJ MFHU9GEA

LHHG >MMFH[9?>C9H:A2 EUE: B9CD > J>FLE FEA9GE:@E MFHI>I9J9C=4

.E GE!:E 81 >A CDE F>:GH? U>F9>IJE ?E>AOF9:L CDE GEM>FCT

9:L C9?E B9CD G9ACF9IOC9H: **1(-)4 +9?MJ=2 H:E @>: EU>JO>CE

@H:G9C9H:>J A9:LJET:HGE J9:; J9WEC9?E 3*(9#) >A

3*(9#) =
."−1∑

$=0

80,$ + 81 XcY

6 (9# = :) = 6/
+ XaY



.1 "2 1.7K /%*l <V*)0%,+ %* 0)*&'+ .%'P (&+'(%,'&< *-<& 0-7%/%'VK 0-<&/%*S )*< )66/%,)'%-*+ !"]]

'DE @D>F>@CEF9AC9@ WO:@C9H: ;0# (<) WHF CDE +T//' 3* @>: :HB

IE EU>JO>CEG >A

!!# (") = #($"#!# )

=
∞∑

$=0

#($"#(
∑$−1

%=0 %0,%+%1))% (&& = ')

=
!1(")

1− !0(")%'
X$Y

BDEFE ;0(<) >:G ;1(<) >FE CDE @D>F>@CEF9AC9@ WO:@C9H:A HW

**0(-) >:G **1(-) FEAME@C9UEJ=4
.DE: CDE F>C9H HW F>G9H F>:LE CH :HGEjA AMEEG 9A FEJ>C9UEJ=

A?>JJ2 7, B9JJ IE ?HACJ= JH@>CEG HOCA9GE HW CDE @H??O:9@>C9H:

@9F@JE4 ,H:AEiOE:CJ=2 H:E B9JJ D>UE 6+ ≪ 14 S9UE: CD>C ;0(<)
9A CDE @D>F>@CEF9AC9@ WO:@C9H: HW **0(-)2 H:E D>A ∣;0(<)∣ ≤ 14
Z9:>JJ=2 9C 9A @JE>F CD>C ;0(<)6+ ≪ 14 'DEFEWHFE2 &i4 X$Y @>:

IE >MMFH[9?>CEG >A

;0# (<) ≈ ;1(<). X5Y

ZHF @J>F9!@>C9H: MOFMHAEA2 BE @>JJ &i4 X$Y >A CDE &:D>:@EG

+T//' X&+T//'Y2 BD9@D 9A I>AEG H: CDE CBHTAC>CE 0>F;HU

?HGEJ4 'DE >MMFH[9?>C9H: 9: &i4 X5Y 9A @>JJEG )MMFH[9?>CEG

+T//' X)+T//'Y2 >:G 9C FE"E@CA CDE A@E:>F9H @H:A9GEFEG I=

+>?>F >:G .9@;EF \8^2 \g^4)A BE B9JJ AEE J>CEF2 CDE >:>J=C9@>J

E[MFEAA9H: HW )+T//' 9A CDE A>?E >A CDE E[MFEAA9H: 9: \8^2

\g^2 E[@EMC WHF > :HF?>J9`>C9H: W>@CHF4
'H EU>JO>CE CDE +T//' 3* 2 BE :EEG CH EU>JO>CE 6+2 **0(-)2

>:G **1(-)2 BD9@D BE GH :E[C4 /EC =, GE:HCE CDE JE>AC G9AC>:@E

CH IE CF>UEJEG I= :HGE CH ?HUE HOC HW CDE @H??O:9@>C9H:

@9F@JE2 AC>FC9:L WFH? CDE MHA9C9H: 7+ B9CD CDE G9FE@C9H: >:G

AMEEG # IE9:L ;EMC O:@D>:LEG4 'DE MFHI>I9J9C= 6+ @>: :HB

IE EU>JO>CEG CDFHOLD =, >A

%' = #((%'(()),

%'(() =

∫

)'

% (* ≤ +
(
),)'(+)-+ =

∫

)'

(1− .* (
+
(
)),)'(+)-+

=

∫

)'

(1− $+,(−/++/()),)'(+)-+ X]#Y

BDEFE 6+(#) 9A CDE @H:G9C9H:>J MFHI>I9J9C= HW 6+ H: #4 *1'(()
9A 6<Z HW =, >:G WFH? E[CE:G9:L CDE BHF; I= PH:L >:G

(>MM>MHFC \]!^2 BE ;:HB CD>C 9C @>: IE @>J@OJ>CEG >A

*1'(() =

{
2

232

√
!2 − (&2 )

2, WHF 0 ≤ ( ≤ 2!
0, EJAEBDEFE

X]]Y

BDEFE ! AME@9!EA CDE F>G9OA HW CDE @H??O:9@>C9H: @9F@JE4
**0(-) 9A CDE 6<Z HW CDE C9?E GOF>C9H: WHF :HGEA CH FECOF:

CH CDE AC>CE 804 ,H:G9C9H:9:L H: AMEEG # >:G >AAO?9:L CD>C

CDE AC>FC9:L C9?E 9A >C C9?E 02 **(-) 9A CDE MFHI>I9J9C= HW CDE

:HGE @D>:L9:L 9CA UEJH@9C= >C C9?E - @H:G9C9H:EG H: CD>C 7, 9A

JH@>CEG 9:A9GE CDE @H??O:9@>C9H: @9F@JE4 PE:@E2

**0(-) = >4(**0(-∣#)) X]8Y

**0(-∣#) =
1

6+
6 (- = %, =, ≥ #% ∣#) X]gY

=
1

6+
&!)−5(6

∫ 23

46
*1'(()?(

=

⎧
⎨

⎩

45(7−)(*

28+
[24

− 46
43{

√
1− ( 46

23 )2

+sin−1( 46
23 )}], 0 ≤ - ≤ 23

4
0, EJAEBDEFE

')7/& %
(&+%<&*,& 6(-7)7%/%'V !' 4

" (#/%)
& (#) 1 10 20
100 0.09 0.01 0.005
200 0.17 0.02 0.01

BDEFE **0(-∣#) 9A CDE @H:G9C9H:>J 6<Z H: #4
**1(-) @>: IE EU>JO>CEG 9: ?O@D CDE A>?E B>= >A BE D>UE

GH:E WHF **0(-)4 ,H:G9C9H:9:L H: AMEEG # >:G >AAO?9:L CD>C

CDE AC>FC9:L C9?E 9A >C C9?E 02 **1(-) 9A A9?MJ= CDE MFHI>I9J9C=

HW CDE :HGE ?HU9:L HOC HW CDE @H??O:9@>C9H: @9F@JE >C C9?E

- B9CD UEJH@9C= IE9:L ;EMC @H:AC>:C4 PE:@E2

**1(-) = >4(**1(-∣#)) X]!Y

**1(-∣#) =
1

1− 6+
6 (- =

=,
#
, =, ≤ #% ∣#)

=
1

1− 6+
6 (% ≥ -)6 (=, = #-)(#-)

′

=

{
47−)(*

2(1−8+)
4
23

√
1− ( 46

23 )2, 0 ≤ - ≤ 23
4

0, EJAEBDEFE
X]"Y

BDEFE **1(-∣#) 9A CDE @H:G9C9H:>J 6<Z H: #4 ) GEC>9JEG

E[>?9:>C9H: HW &i4X ]!Y FEUE>JA CD>C 9C AD>FEA CDE A>?E @HFE

>:>J=C9@>J E[MFEAA9H: HW J9:; J9WEC9?E G9ACF9IOC9H: HW &i4 X]"Y

9: \g^2 B9CD CDE H:J= E[@EMC9H: CD>C > :HF?>J9`>C9H: W>@CHF

)−5(6/(1−6+) >@@HO:CA WHF CDE MFHI>I9J9C= HW :HGEA JE>U9:L

WHF AC>CE 814 %C 9?MJ9EA CD>C )+T//' WHF?OJ>2 AHJEJ= FEJ=9:L

H: **1(-)2 L9UEA CDE A>?E J9:; J9WEC9?E G9ACF9IOC9H: >A 9: \g^4

C7 !,:". D1.+:12+,*3

%: CDE A9?OJ>C9H:2 CDEFE >FE > CHC>J HW 100 :HGEA F>:GH?J=

MJ>@EG WHF E>@D 1000.×1000. AiO>FE @EJJ4 &>@D :HGE D>A CDE

A>?E CF>:A?9C MHBEF >:G CBH MFH!JEA HW CDE F>G9H CF>:A?9AA9H:

F>:LE >FE @DHAE: WHF A9?OJ>C9H:4 7HCD >FE B9CD9: CDE @HUEF>LE

HW %&&& $#84]] 6PV J>=EF >:G CDE= >FE {200., 100.}4 )WCEF

9:9C9>J MJ>@E?E:C2 :HGEA ;EEM ?HU9:L @H:C9:OHOAJ= >@@HFG9:L

CH CDE (<00 ?HGEJ4 'DE ?HI9J9C= M>F>?ECEF &! 9A @DHAE:

CH IE &! = 4 >:G CDFEE G9WWEFE:C AMEEGA >FE A9?OJ>CEG # ∈
{1, 10, 20}(./2)2 WFH? MEGEACF9>: AMEEG CH :HF?>J UED9@JE

AMEEG4 ,H?I9:9:L CDE MHBEF MFH!JE >:G UEJH@9C= MFH!JE2 A9[

G9WWEFE:C A@E:>F9HA >FE A9?OJ>CEG {@ : (200., 1./2); @@ :
(100., 1./2);@@@ : (200., 10./2); @A : (100., 10./2);
A : (200., 20./2);A @ : (100., 20./2)}4

*HGEA >FE F>:GH?J= >@C9U>CEG CH F>:GH?J= @DHHAE GEAC9T

:>C9H: :HGE WHF G>C> CF>:A?9AA9H:4 'DE CF>W!@ HW >@C9U>CEG

:HGEA >FE AOMMJ9EG WFH? > ,7( AHOF@E B9CD > M>@;EC F>CE

0.5*/24 S9UE: CD>C CDE @DH9@E HW AME@9!@ 0), J>=EF >:G

FHOC9:L MFHCH@HJ ?>= >WWE@C CDE FEAOJCA2 BE >AAO?E MEFWE@C

0), >:G FHOC9:L2 FE:GEF9:L `EFH GEJ>=A HF JHAAEA GOE CH

AO@D WO:@C9H:>J9C=2 E:>IJ9:L CDE A9?OJ>C9H: CH @>MCOFE AC>C9AC9@A

AHJEJ= GOE CH ?HI9J9C=4
'>IJE % GEA@F9IEA CDE FEA9GE:@E MFHI>I9J9C= 6+ WHF >JJ A9[

A@E:>F9HA4 )A ADHB: 9: '>IJE %2 CDE FEA9GE:@E MFHI>I9J9C=

9:@FE>AEA B9CD CDE FEJ>C9UE F>G9OA (E( 3
4 2 9:G9@>C9:L CD>C 9C

9A ?HFE J9;EJ= WHF :HGEA B9CD J>FLEF (E( CH AC>= 9:A9GE CDE

@H??O:9@>C9H: @9F@JE4
%C 9A BHFCD= HW :HC9:L CD>C CDE CBHTMD>AE 0>F;HU ?HGEJ

9A > LE:EF>J ?HGEJ >IJE CH EU>JO>CE HCDEF :ECBHF;A B9CD CDE



!"]8 %&&& '()*+),'%-*+ -* .%(&/&++ ,-001*%,)'%-*+2 3-/4 $2 *-4 52 +&6'&07&( 8##5

! "! #! $! %! &!! &"! &#! &$! &%! "!!
&!

!&

&!
!

'()*+,-./*0

1
1

2
3

CCDF of Link Lifetime TL

456789'+/

:;+-<+'5,98=>4!??:

:;+-<+'5,98=@4!??:

!!!

!!!

!"#$"

"!

!%$$$&'(()#$*)+,-

!!%$$&*(()#$*)+,-

!!!%$&'(()#$*()+,-

!"%&*(()#$*()+,-

"%$$&'(()#$'()+,-

"!%$&*(()#$'()+,-

Z9L4 g4 /9:; J9WEC9?E (, X9:CEFT@EJJYK A9?OJ>CEG2 &+T
//'X0>F;HUY2 )+T//'4

! &!! "!! A!! #!! B!! $!! C!! %!! D!! &!!!
&!

!"

&!
!&

&!
!

'()*+,-./*0

1
1

2
3

CCDF of Link Lifetime TL

456789'+/

:;+-<+'5,98=>4!??:

:;+-<+'5,98=@4!??:

!%$$$&'(()#$*)+,-

!!%$$&*(()#$*)+,-

!!!%$&'(()#$*()+,-

!"%&*(()#$*()+,-

"%$$&'(()#$'()+,-

"!%$&*(()#$'()+,-

!

!!

!!!

!"#$"

"!

Z9L4 !4 /9:; /J9WEC9?E (, X9:CF>T@EJJYK A9?OJ>CEG2 &+T
//'X0>F;HUY2 )+T//'4

CBH IO9JG9:L IJH@;A **0(-) >:G **1(-) >G>MCEG WHF CDE AME@9!@

:ECBHF; >:G ?HI9J9C= ?HGEJA4 .E D>UE >MMJ9EG CDE CBHT

MD>AE ?HGEJ CH ?HGEJ F>:GH? B>=MH9:C ?HI9J9C= ?HGEJ >:G

HIC>9:EG A9?9J>F FEAOJCA4 Z9LA4 XgY >:G X!Y MFEAE:C CDE FEAOJCA

HW J9:; J9WEC9?E B9CD &+T//' >:G )+T//' WHF?OJ> WHF IHCD

9:CF>T@EJJ]>:G 9:CEFT@EJJ J9:;A4 'DE FEAOJCA @JE>FJ= @H:!F? CD>C

CDE CBHTAC>CE 0>F;HU ?HGEJ 9A > MHBEFWOJ CHHJ CH >@@OF>CEJ=

?HGEJ J9:; G=:>?9@A HW J9:; J9WEC9?E G9ACF9IOC9H: >A > WO:@C9H:

HW :HGE ?HI9J9C=4 %C @>: IE HIAEFUEG CD>C CDE &+T//' WHF?OJ>2

HIC>9:EG WFH? CDE 0>F;HU ?HGEJ2 >FE @JHAEF CH CDE A9?OJ>C9H:A

9: >JJ A@E:>F9HA4 -: CDE HCDEF D>:G2 CDE )+T//' WHF?OJ>

B9CD CDE A9?MJ9!EG >AAO?MC9H:A @HFFEAMH:G9:L CH CDE ?HGEJ

I= +>?>F >:G .9@;EF \8^2 \g^ L9UEA LHHG >MMFH[9?>C9H: CH

CDE A9?OJ>C9H:A H:J= WHF A?>JJ U>JOEA HW (E( 3
4 >:G LFE>CJ=

GEU9>CEA WFH? CDE A9?OJ>C9H:A BDE: (E( 3
4 IE@H?EA J>FLE2

94E42 J>FLEF FEA9GE:@E MFHI>I9J9C= 6+ >:G J>FLEF MHAA9I9J9C= WHF

:HGEA CH AC>= 9:A9GE @H??O:9@>C9H: @9F@JE4 ZOFCDEF?HFE2 9C 9A

>JAH @JE>F CD>C J9WEC9?E HW 9:CEFT@EJJ J9:;A 9A ?O@D ADHFCEF CD>:

9:CF>T@EJJ J9:;A2 9:G9@>C9:L CDE IHCCJE:E@; EWWE@C WFH? 9:CEFT@EJJ

J9:;A H: :ECBHF; CDFHOLDMOC4

%34 +&S0&*')'%-* +,P&0&+ )*< 'P&%( -6'%0%n)'%-*

%: B9FEJEAA @H??O:9@>C9H:2 AHOF@E 9:WHF?>C9H: ACFE>? OAOT

>JJ= :EEGA CH IE AEL?E:CEG 9:CH > AEiOE:@E HW ![EGTJE:LCD

9:WHF?>C9H: IJH@;A WHF CF>:A?9AA9H:4 'DEAE 9:WHF?>C9H: IJH@;A

B9JJ IE WOFCDEF MFH@EAAEG XE4L4 @D>::EJ E:@HG9:LY CH !C 9:CH

U>F9HOA CF>:A?9AA9H: A@DE?EA4 S9UE: CD>C :HGEA ?HUE 9: >

0)*&'2 CDE G>C> CF>:AWEF @>: IE CE?MHF>F9J= IFH;E: 9W >:=

J9:; H: CDE M>CD CH CDE GEAC9:>C9H: 9A IFH;E:4 ): >JCEF:>C9UE

M>CD ?>= :HC IE >U>9J>IJE 9??EG9>CEJ= >:G A9L:9!@>:C GEJ>=

@HOJG IE E[ME@CEG2 M>FC9@OJ>FJ= WHF AM>FAE :ECBHF;A4 PHBEUEF2

9C ?>= D>UE >JFE>G= FEAOJCEG 9: C9?EHOC HW CDE @H??O:9@>C9H:

AEAA9H: >:G CDE OMMEF J>=EF :EEGA CH 9:9C9>CE >:HCDEF AEAA9H: CH

FECF>:AWEF CDE BDHJE 9:WHF?>C9H: IJH@;4 ZHF E[>?MJE2 WHF 686

>MMJ9@>C9H:2 CDE 9:WHF?>C9H: 9A G9U9GEG 9:CH ?OJC9MJE A?>JJEF

IJH@;A WHF CF>:A?9AA9H:4 %W G>C> CF>:AWEF 9A W>9JEG 9: CDE ?9GGJE

HW CF>:A?9AA9H: HW H:E IJH@;2 CDE E:C9FE IJH@; OAO>JJ= :EEGA

CH IE FECF>:A?9CCEG F>CDEF CD>: @H:C9:OE CF>:A?9AA9H: WFH? CDE

IFH;E: MH9:C4

]6JE>AE FEWEF CH FEWEFE:@E \]"^ WHF GEF9U>C9H:A HW CDE FEAOJCA H: 9:CF>T@EJJ
J9:;A4

.9CD9: CDE @H:CE[C HW D9LDJ= G=:>?9@ E:U9FH:?E:C 9:

0)*&'A2 9C 9A iO9CE 9?MHFC>:C CH GEA9L: AEL?E:C>C9H:

A@DE?EA HF OAE 9:WHF?>C9H: G>C> M>@;EC X9:WHF?>C9H: IJH@;Y

JE:LCDA CD>C ?>[9?9`E CDE E:GTCHTE:G CDFHOLDMOC4 %W > G>C>T

M>@;EC JE:LCD 9A CHH JH:L2 WFEiOE:C J9:; IFE>;A @HOJG JE>G CH

A9L:9!@>:C M>@;EC GFHMHOC GOF9:L CDE CF>:AWEF4 -: CDE HCDEF

D>:G2 9W G>C> M>@;EC JE:LCD 9A CHH ADHFC2 CDE HUEFDE>G WFH?

AOI J>=EF MFH@EAA9:L @HOJG A9L:9!@>:CJ= FEGO@E CDE EWWE@C9UE

CDFHOLDMOC4 ROG9@9HOA GEA9L: HW AEL?E:C>C9H: A@DE?E >A >

WO:@C9H: HW J9:; G=:>?9@A @>: IE HW LFE>C 9?MHFC>:@E 9:

?>[9?9`9:L CDFHOLDMOC HW 0)*&'A2 IE9:L > @FHAATJ>=EF HMC9T

?9`>C9H: MFHIJE?4 PHBEUEF2 CD9A MFHIJE? FE?>9: >J?HAC O:GET

UEJHMEG A9:@E 9CA AHJOC9H: :E@EAA9C>CEA ;:HBJEGLE HW AC>C9AC9@A

HW J9:; J9WEC9?E4 .9CD CDE @H?MOCEG ,,<Z 9: AE@C9H: %%%2 BE

>FE :HB >IJE CH MFHU9GE AEL?E:C>C9H: A@DE?EA HMC9?9`EG H:

U>F9HOA A=ACE?>C9@ @H:ACF>9:CA4

.E @H:A9GEF ACHFET>:GTWHFB>FG A@DE?E A9?9J>F CH CDE H:E

9: 0)*&'A B9CD O:J9?9CEG ?HI9J9C= \]c^2 \]a^4 +HOF@E :HGE

AMJ9CA 9:WHF?>C9H: ACFE>? CH FEJ>= :HGEA 9: 9CA :E9LDIHF @EJJA4

&>@D FEJ>= ACHFEA 9:WHF?>C9H: 9: CDE iOEOE >:G GEJ9UEFA 9:WHFT

?>C9H: WFH? CDE iOEOE H:J= BDE: 9C ?EECA >:HCDEF FEJ>= :HGEA

HF CDE GEAC9:>C9H: :HGE 9: >:HCDEF @EJJ4 7= GH9:L 9C2 OA>LE HW

FEJ>=A 9A ?9:9?9`EG CH 9?MFHUE CDE HUEF>JJ CDFHOLDMOC4 %: CDE

A@DE?E2 BE >FE @H:@EF:EG B9CD CDE J9WEC9?E HW MH9:CTCHTMH9:C

J9:;A4

.DE: CDE JE:LCD HW G>C> M>@;ECA X9:WHF?>C9H: ACFE>?AY 9A

@H:AC>:C2 9C 9A W>9FJ= :>COF>J CH >A; BD>C B9JJ IE CDE HMC9?>J

M>@;EC JE:LCD4 ZHF EUEF= M>@;EC JE:LCD $(2 BE ;:HB CD>C

CDEFE 9A >: >AAH@9>CEG J9:; HOC>LE MFHI>I9J9C= 6)! AME@9W=9:L

CDE MFHI>I9J9C= HW J9:; IFE>;>LE GOF9:L M>@;EC CF>:AWEF4 &UEF=

GFHMMEG 9:WHF?>C9H: M>@;EC GOF9:L J9:; HOC>LE :EEGA CH IE

FECF>:A?9CCEG >:G CDEFEWHFE FEGO@EA CDE EWWE@C9UE CDFHOLDMOC4

-:E AEL?E:C>C9H: A@DE?E 9A CH A9?MJ= @DHHAE CDE ?>[9?O?

MHAA9IJE M>@;EC JE:LCD $0 CD>C A>C9A!EA > MFETGE!:EG J9:;

HOC>LE MFHI>I9J9C= FEiO9FE?E:C4 .E CEF? CD9A A@DE?E >A J9:;

HOC>LE MF9HF9C= GEA9L: X/-6<Y >:G 9C @>: IE GEA@F9IEG >A

$0 = .B()! 6)! ≤ C( X]cY

BDEFE C( 9A > @H:AC>:C CH AME@9W= CDE J9:; GFHMHOC MFHI>I9J9C=

FEiO9FE?E:C4

)JCEF:>C9UEJ=2 BE @>: OAE > @HAC WO:@C9H: D($(, 6)!) CD>C

9:@HFMHF>CEA CDE :EL>C9UE EWWE@C WFH? CDE M>@;EC FECF>:A?9AA9H:



.1 "2 1.7K /%*l <V*)0%,+ %* 0)*&'+ .%'P (&+'(%,'&< *-<& 0-7%/%'VK 0-<&/%*S )*< )66/%,)'%-*+ !"]g

9:CH EU>JO>C9:L CDE EWWE@C9UE CDFHOLDMOC 3 ($() WHF > AME@9!@

M>@;EC JE:LCD $(4 %C 9A BHFCD= HW :HC9:L CD>C CDE @HAC WO:@C9H:

D($(, 6)!) @HOJG IE > A=ACE?>C9@ @H:ACF>9:C WFH? OMMEF J>=EF

CH @H:A9GEF CDE :EL>C9UE EWWE@CA WFH? GEJ>= >:G M>@;EC FET

CF>:A?9AA9H:A2 EC@4 ZOFCDEF2 HMC9?9`9:L CDE EWWE@C9UE CDFHOLDMOC

3 ($() L9UEA CDE HMC9?>J M>@;EC JE:LCD $04 ,H:AEiOE:CJ=2 CD9A

AEL?E:C>C9H: A@DE?E 9A CEF?EG >A J9:; CDFHOLDMOC MF9HF9C=

GEA9L: X/'6<Y4

%: CDE /'6< GEA9L:2 BDE: CDE M>@;EC JE:LCD 9A $(2 BE @>:

GEA@F9IE CDE EWWE@C9UE CDFHOLDMOC 3 ($() WO:@C9H: >A

3 ($() = (1− 6)!) ⋅ $( − D($(, 6)!) ⋅ 6)! ⋅ $( X]aY

'DE HMC9?>J M>@;EC JE:LCD $0 B9JJ IE CDE H:E CD>C ?>[9?9`EA

CDE EWWE@C9UE CDFHOLDMOC

$0 = .B()! 3 ($() X]$Y

*HF?>JJ=2 6)! 9A > ?H:HCH:9@>JJ= GE@FE>A9:L WO:@C9H:4

.DE: CDE @HAC WO:@C9H: 9A @DHAE: CH IE > @H:AC>:C ME:>JC=

U>JOE2 94E42 D($(, 6)!) = D2 I= C>;9:L CDE GEF9U>C9UE B9CD

FEAME@C CH $(2 CDE HMC9?>J M>@;EC JE:LCD $0 9A CDE U>JOE

A>C9AW=9:L

1− (1 + D)6)0 = (1 + D)$0
?6)!

?$(

∣∣∣∣
)!=)0

. X]5Y

%: Z9L4 "2 BE E[MJH9C CDE >MMJ9@>C9H: HW J9:; J9WEC9?E G9AT

CF9IOC9H: CH CDE HMC9?9`>C9H: HW AEL?E:C>C9H: A@DE?E OA9:L

CDE A>?E E[>?MJEA HW CDE MFEU9HOA AE@C9H:4 ZHF 9JJOACF>C9H:

MOFMHAE2 CDE @HAC WO:@C9H: WHF HOF E[>?MJE HW /'6< GEA9L: 9A

@DHAE: >A > @H:AC>:C ME:>JC= U>JOE 22 X94E42 D($(, 6)!) = 2Y4
PHBEUEF2 9C ADHOJG IE :HCEG CD>C CDE MF>@C9@>J @HAC WO:@C9H: @>:

IE ?O@D ?HFE @H?MJ9@>CEG >:G GECEF?9:EG I= OMMEF J>=EF WHF

> @FHAATJ>=EF HMC9?9`>C9H: AHJOC9H:4 ,H?MOC9:L CDE HMC9?O?

@DH9@E WHF D($(, 6)!) 9A IE=H:G CDE A@HME HW CD9A M>MEF4 'DE

EWWE@C9UE CDFHOLDMOC 3 ($() 9A @H?MOCEG WHF EUEF= $( >:G

GF>B: WHF >JJ CDFEE ?ECDHGAK +9?OJ>C9H:2 &+T//' X0>F;HU

?HGEJY2 >:G )+T//'4 )A E[ME@CEG2 &+T//' >MMFH[9?>CEA

A9?OJ>C9H: UEF= BEJJ2 BD9JE )+T//' CE:GA CH @H:AEFU>C9UEJ=

O:GEFEAC9?>CE CDE EWWE@C9UE CDFHOLDMOC WHF J>FLEF (E(4 %: >GG9T

C9H:2 >JJ @OFUEA HW CDE EWWE@C9UE CDFHOLDMOC XE9CDEF +9?OJ>C9H:2

&+T//'2 HF )+T//' WHF?OJ>Y >FE BEJJ IED>UEG >A @H:UE[

WO:@C9H:A B9CD :O?EF9@>J AHJOC9H: FE>G9J= >U>9J>IJE4

'DE HMC9?9`EG AHJOC9H:A )0
9 HW IHCD /-6< >:G /'6<

MFHCH@HJA H: 9:WHF?>C9H: AEL?E:C>C9H: >FE 9JJOACF>CEG 9: Z9L4 c4

%: CDE A9?OJ>C9H:2 CDE J9:; HOC>LE CHJEF>:@E HW /-6< GEA9L: 9A

AEC CH IE C( = 0.12 94E42 CDE ?>[9?O? J9:; HOC>LE MFHI>I9J9C=

ADHOJG IE JEAA CD>: 10%4 'BH ;E= HIAEFU>C9H:A >FE ?>GEK

X]Y ZHF IHCD /'6< >:G /-6< GEA9L:A2 CDE &+T//' X0>F;HU

?HGEJY >MMFH>@DEA CDE A9?OJ>CEG HMC9?>J AHJOC9H: IECCEF >:G

A9L:9!EA AOIAC>:C9>J 9?MFHUE?E:C HW CDFHOLDMOC HUEF CDE )+T

//' ?HGEJ X\8^2 \g^Yb >:G X8Y /'6< GEA9L: AOLLEACA > I>J>:@EG

GEA9L: IECBEE: JH:LEF M>@;EC >:G J>FLEF FECF>:A?9AA9H: F>CE

CH HWWEF D9LDEF CDFHOLDMOC HUEF /-6< GEA9L:4 /-6< GEA9L:2

H: CDE HCDEF D>:G2 CE:GA CH IE ?HFE @H:AEFU>C9UE H: CDE

CDFHOLDMOC IOC FEAOJC9:L 9: JEAA M>@;EC FECF>:A?9AA9H:4

):HCDEF 9?MHFC>:C HIAEFU>C9H: WFH? Z9L4 c 9A CD>C CDE

HMC9?>J M>@;EC X9:WHF?>C9H: IJH@;Y JE:LCD GEA9L:2 HIC>9:EG

WFH? E9CDEF CDE A9?OJ>C9H: HF 0>F;HU &+T//' WHF?OJ>2 E[T

D9I9C J9:E>F MFHMHFC9H: CH CDE (E( U>JOE 3
4 4 %C AOLLEACA CD>C

?>CDE?>C9@>JJ=2 CDE HMC9?>J 9:WHF?>C9H: AEL?E:C>C9H: ADHOJG

WHJJHB CDE FOJE8

$0

/
= Θ(

!

#
). X8#Y

34 )*)/V+%+ -Z 'P(-1SP61'2 )3&()S& <&/)V )*<

+'-()S&

;7 ?E%,48EA42

.E @H:A9GEF >L>9: CDE ACHFET>:GTWHFB>FG A@DE?E 9: +E@T

C9H: %32 BDEFE AHOF@E :HGE AMJ9CA 9:WHF?>C9H: ACFE>? CH FEJ>=

:HGEA 9: 9CA :E9LDIHF @EJJA2 E>@D FEJ>= ACHFEA 9:WHF?>C9H: 9:

CDE iOEOE >:G GEJ9UEFA 9:WHF?>C9H: WFH? CDE iOEOE H:J= BDE:

9C ?EECA >:HCDEF FEJ>= :HGEA HF CDE GEAC9:>C9H: :HGE 9: >:HCDEF

@EJJ4 .E >JAH >AAO?E CD>C EUEF= FEJ>= :HGE ?>9:C>9:A > AEM>F>CE

iOEOE WHF E>@D AHOF@ETGEAC9:>C9H: M>9F >:G CDE iOEOE 9A AEFUEG

9: > Z9FACT,H?ETZ9FACT+EFUE XZ,Z+Y ?>::EF4 7E@>OAE >JJ @EJJA

FEAE?IJE E>@D HCDEF >:G :HGEA D>UE 99G ?HUE?E:CA2 9C 9A @JE>F

CD>C >JJ AO@D iOEOEA >FE A9?9J>F4 ZOFCDEF?HFE2 BE >GHMC >

@H:AEFU>C9UE A@E:>F9H 9: BD9@D H:J= H:E :HGE MEF @EJJ @>: >@C

>A CDE FEJ>= :HGE HW > AME@9!@ FHOCE WHF J>CEF GEJ>= >:>J=A9A4

%: FE>J9C=2 EUEF= :HGE @>: >@C >A > FEJ>=2 BD9@D JE>GA CH JEAA

GEJ>= IOC > ?O@D ?HFE @H?MJE[ :ECBHF; HW iOEOEA4

'H W>@9J9C>CE HOF >:>J=A9A2 G9ACF9IOC9H: HW J9:; 9:CEF>FF9U>J

C9?E X/%'Y WHF 9:CEFT@EJJ J9:;A 9A AO??>F9`EG 9: CDE WHJJHB9:L

'DEHFE? >:G CDE MFHHW 9A MFHU9GEG 9: )MME:G9[4
?E",%"# FG g="2 *,:"3 7 1*: / $" #,H+*8 +*:"A"*:"*2.B

,0 "15E ,2E"% +* 2/, 1:I15"*2 3J41%" 5"..3 ,0 3+K" $ × $7

?E"+% #,H"#"*2 0,..,/ 2E" LM!! #,:". 1*: 1%" ,0 1H"%18"

3A"": >(#)7 ?E"* ='? ,0 345E +*2"%95".. .+*63 $"2/""* *,:"3 +3

1AA%,N+#12"": 13 1* "NA,*"*2+1. :+32%+$42+,* /+2E A1%1#"2"%

&: & /E"%" &: 1*: 2E" #"1* 2+#" ,0 @ 1%" 8+H"* $B

&: ≈ ,2 ⋅ >(#) ⋅ !3

2$4
X8]Y

>(@) ≈ 2$4

,2 ⋅ >(#) ⋅ !3
X88Y

ZHF EUEF= @EJJ2 CDEFE ADHOJG IE >C JE>AC H:E :HGE 9:A9GE

CDE @EJJ 9: HFGEF CH ?>9:C>9: CDE @H::E@C9U9C= HW CDE :ECBHF;4

/EC B(4) = )2

;,
IE CDE WF>@C9H:>J @EJJ A9`E2 BDEFE 7. 9A CDE

HUEF>JJ A9`E HW CDE :ECBHF; >:G 4 9A CDE :O?IEF HW :HGEA 9: CDE

:ECBHF;4 'DE @H::E@C9U9C= FEiO9FE?E:C :E@EAA9C>CEA \]$^ CD>C

H:J= BDE: B(4) ≥ 2<=>($)
$ 2 E>@D @EJJ D>A >C JE>AC H:E :HGE

/+2E E+8E A%,$1$+.+2B >/EA@ 2 94E42 B9CD MFHI>I9J9C= ≥ 1 − 1
$ 4

%: CD9A @>AE2 E>@D @EJJ B9JJ D>UE Θ(4B(4)) :HGEA 9:A9GE /EA

\]$^4

8.E FE@>JJ CDE WHJJHB9:L :HC>C9H:K X9Y )(*) = +(,(*)) ?E>:A CD>C CDEFE
E[9ACA > MHA9C9UE @H:AC>:C - >:G 9:CELEF . AO@D CD>C )(*) ≤ -,(*) WHF * > . 4
X99Y )(*) = Θ(,(*) ?E>:A CD>C CDEFE E[9AC MHAC9UE @H:AC>:CA -1, -2 >:G 1 2
AO@D CD>C 0 ≤ -1,(*) ≤ )(*) ≤ -2,(*) ∀* > 1 4

g.DE: EU>JO>C9:L /%'2 CDE AC>FC9:L MHA9C9H:A HW :HGEA ADHOJG IE 9:A9GE
CDE @H??O:9@>C9H: @9F@JE F>CDEF CD>: WFH? CDE O:9WHF? AC>C9H:>F= AC>CE4 %C
?>= C>;E > CF>:A9E:C MD>AE HW > GOF>C9H: HW Θ(2/") WHF :HGEAj MHA9C9H: CH
@H:UEFLE CH AC>C9H:>F= AC>CE4 +9:@E CDE CF>:A9E:C MD>AE 9A OAO>JJ= ADHFC >:G
CDE EWWE@C HW CDE CF>:A9E:C MD>AE H: CDE /%' 9A :ELJ9L9IJE2 CDE MFHHW HW /%'
B9JJ @H:A9GEF :HGEAAj MHA9C9H:A AC>FC9:L WFH? CDE O:9WHF? AC>C9H:>F= AC>CE4 %C
ADHOJG IE :HCEG CD>C CDE EU>JO>C9H: HW /%' IE@H?EA E[>@C 9W IHCD :HGEA AC>FC
WFH? CDE9F ACE>G=TAC>CE4



!"]! %&&& '()*+),'%-*+ -* .%(&/&++ ,-001*%,)'%-*+2 3-/4 $2 *-4 52 +&6'&07&( 8##5

! &! "! A! #! B! $! C! %!
!&$!

!&#!

!&"!

!&!!

!%!

!$!

!#!

!"!

!

"!

Packet Duration Lp

B (seconds)

T (Lp)

Throughput T (Lp) of LTPD Des ign

456789'+/

:;+-<+'5,98=>4!??:

:;+-<+'5,98=@4!??:

!%$$$&'(()#$*)+,-

!!%$$&*(()#$*)+,-

!!!%$&'(()#$*()+,-

!"%&*(()#$*()+,-

"%$$&'(()#$'()+,-

"!%$&*(()#$'()+,-

!

!!

!!!

!"#$"

"!

Z9L4 "4 /'6< GEA9L:4

! "! #! $! %! &!! &"! &#! &$! &%! "!!
!

B

&!

&B

"!

"B

A!

AB

R
v

L0
B

Optimal Packet Duration L0
B (seconds)

?:E2=456789'+/

?:E2=>4!??:

?:E2=@4!??:

?FE2=456789'+/

?FE2=>4!??:

?FE2=@4!??:

Z9L4 c4 -MC9?>J M>@;EC GOF>C9H: ,0
- 4

(E@>JJ CD>C WHF 9:CEFT@EJJ J9:;A2 CDE A9`E $0 HW > G>C> M>@;EC

ADHOJG IE @DHAE: >A $0 = Θ( 3⋅9
?(4) )4 .9CD FEWEFE:@E CH 'DEHT

FE? ]2 H: >UEF>LE2 EUEF= C9?E GOF>C9H: HW >(@) = Θ( )4

?(4)⋅33 )
@HOJG D>UE H:E G>C> M>@;EC CF>:AWEFEG4 )@@HFG9:LJ=2 J9:;

CDFHOLDMOC 30 WHF H:E AO@D M>9F HW :HGEA @>: IE @H?MOCEG

>A

30 =
$0

@
= Θ(

!4/

$4
). X8gY

*HF?>JJ=2 ! 9A @DHAE: H: CDE A>?E HFGEF HW $2 94E42 3
) =

Θ(1)4 'DE >IHUE EiO>C9H: B9JJ IE FEGO@EG CH 30 = Θ(/) = E02
BDEFE E0 9A > @H:AC>:C4 ZOFCDEF?HFE2 WFH? CDE @H::E@C9U9C=

@H:ACF>9:C2 CDEFE 9A >C JE>AC H:E AO@D J9:; >U>9J>IJE WHF E>@D

:HGE4

<OE CH J9?9CEG ?HI9J9C= >:G CF>:A?9AA9H: F>:LE2 E>@D M>@;EC

:EEGA CH CF>UEJ U9> ?OJC9MJE FEJ>=A WFH? AHOF@E CH GEAC9:>C9H:

WHJJHB9:L CDE M>CD @JHAE CH CDE ACF>9LDC J9:E J9:;9:L AHOF@E

>:G GEAC9:>C9H:4 /EC CDE ACF>9LDC J9:E @H::E@C9:L AHOF@E B9CD

GEAC9:>C9H: 9: CDE A:>MADHC HW 9:9C9>J :ECBHF; GEMJH=?E:C IE

GE:HCEG >A +T< J9:E4 ,JE>FJ=2 > AHOF@E CF>:A?9CA G>C> CH 9CA

GEAC9:>C9H: I= ?OJC9MJE FEJ>=A >JH:L CDE >GQ>@E:C @EJJA J=9:L

H: 9CA +T< J9:E4

/EC : IE CDE >UEF>LE :O?IEF HW AHOF@ETGEAC9:>C9H: X+T<Y

J9:EA M>AA9:L CDFHOLD EUEF= @EJJ >:G E>@D AHOF@E LE:EF>CEA

CF>W!@ Λ(4) 01-2/24 'H E:AOFE CD>C >JJ FEiO9FEG CF>W!@ 9A @>FF9EG

>:G FE@>JJ CD>C H: >UEF>LE CDEFE >FE Θ(4B(4)) :HGEA 9: EUEF=

@EJJ2 BE :EEG CD>C

: ⋅ Λ(4) ≤ 30 ⋅Θ(4B(4)) ⇒ Λ(4) = F(
4B(4)

:
). X8!Y

ZHF EUEF= @EJJ2 CDE WHJJHB9:L JE??> L9UEA CDE :O?IEF : HW

+T< J9:EA M>AA9:L CDFHOLD 9C4
="##1 FG 'DE :O?IEF : HW +T< J9:EA M>AA9:L CDFHOLD >:=

@EJJ 9A Θ(4
√

B(4))2 /EA4
'DE MFHHW HW CD9A JE??> WHJJHBA CDE MFHHW HW /E??> g

9: \]$^2 IE@>OAE CDE +T< J9:EA >FE GECEF?9:EG WFH? CDE 9:9C9>J

:ECBHF; GEMJH=?E:C2 BD9@D 9A > A:>MADHC HW 0)*&' >:G

@>: >JAH IE CFE>CEG >A H:E @H:!LOF>C9H: HW > AC>C9@ B9FEJEAA

:ECBHF;4
'DE >IHUE >:>J=A9A JE>GA CH CDE WHJJHB9:L @H:@JOA9H: H: CDE

CDFHOLDMOC Λ(4)4

?E",%"# OG ZHF @EJJ M>FC9C9H:EG :ECBHF; B9CD FEACF9@CEG

?HI9J9C=2 BE D>UE Λ(4) = F(
√

B(4)) WHF LE:EF9@ ?HI9J9C=

?HGEJA4 %: M>FC9@OJ>F2 WHF > @H::E@CEG :ECBHF; /EA2 Λ(4) =

F(
√

<=>($)
$ )4

C7 M".1B P )2,%18"

0HAC M>@;ECA :EEG CH CF>UEJ >@FHAA AEUEF>J @EJJA IEWHFE

FE>@D9:L CDE9F GEAC9:>C9H:A >:G2 CDEFEWHFE2 ?OAC IE ACHFEG 9: CDE

iOEOE HW FEJ>= :HGEA4 ,H:A9GEF >: +T< iOEOE >C FEJ>= :HGE .@2

> M>@;EC >FF9UEA BDE: :HGE .@ >:G CDE MFEU9HOA FEJ>= :HGE XHF

CDE AHOF@E :HGEY A9?OJC>:EHOAJ= @H?E 9:CH CDE @H??O:9@>C9H:

@9F@JEb > M>@;EC GEM>FCA BDE: .@ ?EECA >:HCDEF FEJ>= :HGE

XHF CDE GEAC9:>C9H: :HGEY 9: CDE @H??O:9@>C9H: @9F@JE4 7HCD

CDE 9:CEFT>FF9U>J C9?E >:G CDE 9:CEFTGEM>FCOFE C9?E >FE HW CDE

A>?E HFGEF >A J9:; 9:CEFT>FF9U>J C9?E X/%'Y4 +9:@E /%' @>:

IE @D>F>@CEF9`EG >A E[MH:E:C9>JJ= G9ACF9IOCEG2 E>@D iOEOE 9A

@D>F>@CEF9`EG I= > 6H9AAH: >FF9U>J MFH@EAA B9CD E[MH:E:C9>J

AEFU9@E C9?E2 CDOA IE9:L > 0h0h]TZ,Z+ iOEOE4

ZHF E>@D +T< M>9F2 iOEOEA >C FEJ>= :HGEA @H:ACFO@C > 0h0h]T

Z,Z+ WEEGWHFB>FG C>:GE? :ECBHF;!4 ): 9?MHFC>:C MFHMEFC=

HW AO@D > 0h0h]TZ,Z+ WEEGWHFB>FG C>:GE? :ECBHF; 9A CDE

Q1563,*R3 2E",%"# XAEE \]5^2 M>LE ]"#Y2 94E42 9W CDE C>:GE?

:ECBHF; B9CD E[MH:E:C9>J AEFU9@E C9?E 9A GF9UE: I= > 6H9AAH:

>FF9U>J MFH@EAA2 EUEF= iOEOE 9: CDE C>:GE? :ECBHF; IED>UEA

>A 9W 9C BEFE >: 9:GEME:GE:C 0h0h]TZ,Z+ iOEOE >:G CDOA @>:

IE >:>J=`EG 9:G9U9GO>JJ=4 (E@>JJ CDE WHJJHB9:L MFHMEFC9EA WHF

> 0h0h]TZ,Z+ iOEOE XAEE \]5^2 @D>MCEF gY 9: CDE WHJJHB9:L

JE??>4

="##1 OG ,H:A9GEF > G9A@FECE 0h0h]TZ,Z+ iOEOE4 /EC 1−
G IE CDE 2%10!5 +*2"*3+2B >:G & IE CDE E[MH:E:C9>J 3"%H+5" %12"

HW CDE iOEOE2 CDE >UEF>LE GEJ>= 9A L9UE: I=

>(H) =
1

&G
= Θ(

1

&
) X8"Y

ZOFCDEF?HFE2 CDE ?E>: >:G U>F9>:@E HW CDE H@@OM>:@= HW CDE

!ZHF GEJ>= CH IE !:9CE2 CDE >FF9U>J F>CE ?OAC IE ACF9@CJ= JEAA CD>: CDE AEFU9@E
F>CE IOC 9: CD9A @>AE2 A=??ECF9@ ?HUE?E:CA JE>G CH > WOJJ= JH>GEG C>:GE?
iOEOE4 'H >UH9G CD9A2 BE >AAO?E CD>C 9W CDE >U>9J>IJE CDFHOLDMOC 9A Λ(*)2
E>@D AHOF@E LE:EF>CEA CF>W!@ >C > F>CE (1 − 3)Λ(*)2 WHF AH?E 3 > 04 6JE>AE
:HCE CD>C A9?9J>F >AAO?MC9H:A HW > AC>IJE iOEOE @>: IE WHO:G 9: \8#^4



.1 "2 1.7K /%*l <V*)0%,+ %* 0)*&'+ .%'P (&+'(%,'&< *-<& 0-7%/%'VK 0-<&/%*S )*< )66/%,)'%-*+ !"]"

iOEOE 9A 9A

>(9A) =
1− G

G
= Θ(1), X8cY

A BI(9A) =
1− G

G2
= Θ(1). X8aY

.9CDHOC JHAA HW LE:EF>J9C=2 BE @>: >AAO?E CD>C CDE HUEF>JJ

A9`E HW :ECBHF; 9A HW O:9C >FE> CH >:>J=`E CDE :ECBHF;4 %: CD9A

@>AE2 BE B9JJ D>UE 7. = 1 >:G $ =
√

B(4)4 'DE >UEF>LE

G9AC>:@E IECBEE: +T< M>9FA 9A L9UE: I= Θ(1) >:G CDE >UEF>LE

:O?IEF HW DHMA WHF E>@D M>@;EC 9A Θ(1/
√

B(4))4 (E@>JJ CD>C

EUEF= FEJ>= :HGE @>FF9EA 9:WHF?>C9H: WHFΘ(4
√

B(4)) +T< M>9FA

>:G CDE AEFU9@E F>CE HW E>@D iOEOE WFH? /%' 9A & = Θ( ?(4)√
%($)

)"

Q1563,*R3 2E",%"# 9:G9@>CEA CD>C CDE GEJ>= WHF E>@D +T< M>9F

9A CDE AO??>C9H: HW GEJ>=A H@@OFFEG >C FEJ>= :HGEA4

.E @>: AO??>F9`E CDE :ECBHF; MEFWHF?>:@E 9: CEF?A HW

>UEF>LE GEJ>= >:G ACHF>LE 9: CDE WHJJHB9:L CDEHFE?4

?E",%"# SG 'DE >UEF>LE M>@;EC GEJ>= 9: > @EJJTM>FC9C9H:EG

:ECBHF; B9CD FEACF9@CEG ?HI9J9C= >:G (<00 ?HI9J9C= ?HGEJA

9A L9UE: I=

H(4) =

T ,0 E,A3
︷ ︸︸ ︷
Θ(

1√
B(4)

) ⋅

:".1B 12 "15E E,A
︷ ︸︸ ︷

Θ(

√
B(4)

>(#)
) = Θ(

1

>(#)
), X8$Y

>:G CDE >UEF>LE 9:WHF?>C9H: I9C GEJ>= H'(4) 9A

H'(4) =
H(4)

Θ( 39
?(4) )

= Θ(
1

!/
). X85Y

ZOFCDEF?HFE2 CDE ?E>: >:G U>F9>:@E HW CDE M>@;EC H@@OM>:@=

X94E42 ACHF>LE FEiO9FE?E:CY 9A L9UE: I=

>(9() = A BI(9() = Θ(4
√

B(4)), Xg#Y

>:G CDE @HFFEAMH:G9:L I9C ACHF>LE FEiO9FE?E:C 9' 9A

>(9') = A BI(9') = Θ(4
√

B(4)) ⋅Θ(
!/

>(#)
). Xg]Y

+O??>F9`9:L CDE >:>J=A9A2 AEUEF>J 9?MHFC>:C HIAEFU>C9H:A

@>: IE GF>B: DEFE4

∙ 7= HMC9?>JJ= AEL?E:C9:L CDE 9:WHF?>C9H:2 CDFHOLDMOC HW

CDE :ECBHF; A@>JEA >A Λ(4) = F(
√

B(4)) >:G M>@;ECT

B9AE ACHF>LE A@>JEA >A Θ(4
√

B(4))4 ,DH9@EA ?>GE CH

9?MFHUE CDFHOLDMOC B9JJ @H?E B9CD CDE MF9@E HW 9:@FE>AE

9: ACHF>LE4

∙ 0HI9J9C= @>: DEJM >JJEU9>CE CDE M>@;EC GEJ>= IOC BH:jC IE

DEJMWOJ CH CDE I9CTB9AE GEJ>=4 %C ?9LDC IE @HO:CEF 9:CO9C9UE

>C CDE !FAC LJ>:@E4 PHBEUEF2 > GEC>9JEG E[>?9:>C9H:

FEUE>JA CD>C W>ACEF ?HI9J9C= IF9:LA ?HFE HMMHFCO:9C9EA WHF

:HGEA CH GEJ9UEF 9:WHF?>C9H: M>@;ECA IOC >C CDE @HAC HW

FEGO@EG C9?E WHF E>@D @H??O:9@>C9H:4 .DE: 9:WHF?>C9H:

M>@;ECA >FE HMC9?>JJ= @DHAE:2 CDE :EL>C9UE EWWE@C WFH?

FEGO@EG @H??O:9@>C9H: C9?E I>J>:@EA HWW CDE IE:E!C

WFH? W>ACEF ?HI9J9C=4 &UE:CO>JJ=2 CH FEGO@E CDE I9CTB9AE

GEJ>=2 CDE H:J= B>= 9A CH 9:@FE>AE CDE I>:GB9GCD >:G G>C>

F>CE WHF CF>:A?9AA9H:4

"%C @>: IE HIC>9:EG I= AOIAC9COC9:L .
, = Θ(1) >:G 2 =

√
4(*) 9:CH

&i4 X8]Y4

3%4 ,-*,/1+%-*+

.E D>UE MFEAE:CEG >: >:>J=C9@>J WF>?EBHF; WHF CDE @D>F>@T

CEF9`>C9H: HW J9:; J9WEC9?E 9: 0)*&'A B9CD FEACF9@CEG ?HI9J9C=4

S9UE: CDE E[9ACE:@E HW MF9HF >CCE?MCA CH 9:@HFMHF>CE J9:;

J9WEC9?E 9: CDE ?HGEJ9:L HW FHOC9:L >:G @JOACEF9:L A@DE?EA

\8]^m\8g^2 BE IEJ9EUE CD>C CD9A :EB WF>?EBHF; B9JJ !:G

B9GEAMFE>G OAE I= FEAE>F@DEFA 9:CEFEACEG 9: CDE >:>J=C9@>J

?HGEJ9:L >:G HMC9?9`>C9H: HW @D>::EJ >@@EAA >:G FHOC9:L

MFHCH@HJA 9: 0)*&'A4

.E >JAH >MMJ= CDE @H?MOCEG AC>C9AC9@A WFH? HOF WF>?EBHF;

CH >GGFEAA CDE HMC9?9`>C9H: HW AEL?E:C>C9H: A@DE?EA >A >

WO:@C9H: HW J9:; G=:>?9@A 9: > 0)*&'4 'DE HMC9?9`EG

AHJOC9H:A HIC>9:EG WFH? CDE MFHMHAEG >:>J=C9@>J WF>?EBHF;

ADHB > AOIAC>:C9>J 9?MFHUE?E:C H: :ECBHF; CDFHOLDMOC4 .E

AO??>F9`E >JJ CDEAE FEAOJCA CH MFHU9GE CDE !FAC @H?MFEDE:A9UE

>:>J=A9A H: CDFHOLDMOC2 >UEF>LE GEJ>=2 >:G ACHF>LE FEiO9FET

?E:CA WHF 0)*&'A B9CD FEACF9@CEG ?HI9J9C=4

),l*-./&<S&0&*'

'DE >OCDHFA BHOJG J9;E CH CD>:; <F4 (HI9: SFHE:EUEJC

>:G 6FHW4 6D9J9MME *>9: HW %*(%) %:AC9COCE WHF MFHU9G9:L CDE

A9?OJ>C9H: E:U9FH:?E:C >:G CDE EG9CHF 6FHWEAAHF (>:G>JJ 7EFF=

>:G >:H:=?HOA FEU9EBEFA WHF CDE9F @H:ACFO@C9UE @H??E:CA4

)66&*<%N

6FHHW HW 'DEHFE? ]

'DE MFHHW MFH@EEGA I= ?HGEJ9:L CDE ?EEC9:L HW CBH :HGEA

9: CDE @H??O:9@>C9H: @9F@JE >A > LEH?ECF9@ U>F9>IJE B9CD AH?E

MFHI>I9J9C= * HW AO@@EAA >:G CDE: C>;9:L CDE J9?9C CH GEF9UE CDE

E[MH:E:C9>J G9ACF9IOC9H:4 'DE MFHI>I9J9C= * B9JJ GEME:G H: CDE

AMEEGA >:G CDE MHA9C9H:A HW CDE CBH :HGEA4 'DE MFHI>I9J9C= *
9A HIC>9:EG CDFHOLD AO??>F9`9:L CDE CDFEE E[@JOA9UE A@E:>F9HA

>:>J=`EG IEJHB4

.E !FAC @H:A9GEF CDE @>AE BDEFE :HGE / 9A 9:A9GE CDE

@H??O:9@>C9H: FEL9H: B9CD9: CDE C9?E GOF>C9H: [-, - + Δ6)2
BD9JE :HGE 7 ?HUEA 9:CH CDE @H??O:9@>C9H: @9F@JE B9CD AH?E

MFHI>I9J9C= *14 7E@>OAE Δ6 9A W>9FJ= A?>JJ2 BE @>: >AAO?E

CD>C CDEFE 9A :H @D>:LE HW G9FE@C9H:A B9CD9: CDE GOF>C9H:

Δ64 'DE MFHI>I9J9C= *9 CD>C :HGE / 9A JH@>CEG 9:A9GE CDE

@H??O:9@>C9H: @9F@JE >C C9?E - @>: IE HIC>9:EG WFH? CDE

AC>C9H:>F= G9ACF9IOC9H:2

*9 =

∫ ∫

*-

J((, K)?(?K Xg8Y

BDEFE J((, K) AC>:GA WHF CDE AC>C9H:>F= AM>C9>J :HGEAj G9ACF9T

IOC9H: >:G 89 XHF 8;Y GE:HCEA CDE AE?9@9F@JE HW CDE @H?T

?O:9@>C9H: @9F@JE 9: CDE @EJJ / XHF @EJJ 7Y4 0E>:BD9JE2 BE

@>: >JAH D>UE A9?9J>F GE!:9C9H: HW *;4 7E@>OAE :HGEA >FE

?HU9:L 9:GEME:GE:CJ=2 CDE MFHI>I9J9C= *1 B9JJ IE CDE MFHGO@C

HW *9 >:G **. 4 **. FEMFEAE:CA CDE MFHI>I9J9C= HW EUE:CA CD>C

:HGE 7 ?HUEA 9:CH CDE @H??O:9@>C9H: @9F@JE B9CD9: C9?E

WF>?E [-, -+Δ6)4 %C @>: IE :HCEG CD>C BE D>UE :ELJE@CEG CDE

MFHI>I9J9C= HW :HGE / ?HU9:L HOC HW CDE @H??O:9@>C9H: @9F@JE

B9CD9: CDE C9?E WF>?E [-, -+Δ6)4 %: W>@C2 CDE MFHI>I9J9C= 9A H:

CDE A>?E HFGEF HW CDE CD9FG A@E:>F9H >:G @>: IE E[MFEAAEG >A

L(Δ6)4
,JE>FJ=2 CDE MFHI>I9J9C= **. U>F9EA B9CD CDE 9:9C9>J JH@>C9H:2

AMEEG #; >:G G9FE@C9H: M; HW :HGE 7 >C C9?E -4 .9CDHOC JHAA



!"]c %&&& '()*+),'%-*+ -* .%(&/&++ ,-001*%,)'%-*+2 3-/4 $2 *-4 52 +&6'&07&( 8##5

o

.$

/$

0$

!0$

10$

2$

3$

4$

5$

10!6$

7$

8/9$

8/:$

;<==$0$ ;<==$2$

o

Z9L4 a4 %JJOACF>C9H: HW CDE !FAC A@E:>F9H4

HW LE:EF>J9C=2 BE @>: >AAO?E M; ∈ [0, ,] 9: HOF >:>J=A9A4

,H:G9C9H:9:L H: #; >:G M;2 B9CD9: C9?E GOF>C9H: [-, -+Δ6)2
:HGE 7 @>: >C ?HAC CF>UEJ CHB>FGA CDE @E:CEF MH9:C F WHF >

G9AC>:@E HW #;Δ64 %C 9?MJ9EA CD>C :HGE 7 ADHOJG IE JH@>CEG

9:A9GE CDE F9:L >FE> 9: 5".. ; 9: Z9L4 a WHF 9C CH ?HUE 9:CH CDE

@H??O:9@>C9H: @9F@JE B9CD9: C9?E GOF>C9H: [-, -+Δ6)4

'H @H:ACFO@C CDE F9:L >FE>2 BE !FAC GF>B CBH J9:EA M>F>JJEJ CH

CDE G9FE@C9H: M;4 -:E J9:E M>AAEA MH9:C 6 2 BD9JE >:HCDEF J9:E

9A > C>:LE:C9>J J9:E B9CD FEAME@C CH CDE @9F@OJ>F @H??O:9@>C9H:

@9F@JE >C MH9:C N 4 ZHF EUEF= MH9:C H: BIE72 BE @>: GF>B >

J9:E M>AA9:L CDFHOLD CDE MH9:C XCEF?EG >A 5%,33 MH9:CY >:G 9:

CDE ?E>:BD9JE IE9:L M>F>JJEJ CH CDE G9FE@C9H: M;4 -:E HOC?HAC

MH9:C X@>JJEG H"%8" MH9:CY H: CDE UEFLE HW CDE F9:L >FE> @>: CDE:

IE GECEF?9:EG I= JHH;9:L WHF CDE MH9:C J=9:L H: CDE J9:E B9CD >

G9AC>:@E HW #;Δ6 WFH? CDE 5%,33 MH9:C4 'DE H"%8" MH9:C ADHOJG

IE 9:A9GE 5".. ; BD9JE HOCA9GE CDE @H??O:9@>C9H: FEL9H:4 'H

E:AOFE CD>C :HGE 7 @>: ?HUE 9:CH CDE @H:C>@C FEL9H: 8; B9CD9:

C9?E GOF>C9H: [-, - + Δ6) B9CD UEJH@9C= #; >:G G9FE@C9H: M;2

CDE JH@>C9H: HW :HGE 7 >C C9?E - ADHOJG IE B9CD9: CDE AD>GEG

>FE> 83+2 94E42 CDE 9:CEFAE@C9H: >FE> WHF?EG I= CDE F9:L >:G

CDE CBH M>F>JJEJ J9:EA >JH:L G9FE@C9H: M; 9: Z9L4 a4

/EC BIE6N IE CDE >F@ WFH? MH9:C 6 CH MH9:C N H: CDE

@9F@O?WEFE:@E4 ,H:G9C9H:9:L H: #; >:G M;2 CDE MFHI>I9J9C=

**/+ WHF :HGE 7 ?HU9:L 9:CH CDE @H??O:9@>C9H: @>: :HB IE

@H?MOCEG >A

**/+∣{4.,B.} =

∫ ∫

*/+

J((, K)?(?K ≈ #; ⋅Δ6 ⋅ *%@C8D

XggY

BDEFE *%@C8D =
∫ ∫

%@C8D J((, K)?(?K4 ,H:A9GEF CDE AOMMJET

?E:C>F= A@E:>F9H BDEFE :HGE 7 9A HW CDE A>?E JH@>C9H: >:G

AMEEG >C C9?E - IOC ?HU9:L >C G9FE@C9H: M; − ,4 -IU9HOAJ=2

:HGE 7 ADHOJG :HB IE B9CD9: CDE AOMMJE?E:C>F= >FE> 83−
9: Z9L4 a4 /EC BIEON IE CDE >F@ WFH? MH9:C O CH N H: CDE

@9F@O?WEFE:@E4 'DE @H?MJE?E:C>F= MFHI>I9J9C= **/−@>: :HB

IE HIC>9:EG >A

**/−∣{4.,B.} =

∫ ∫

*/−

J((, K)?(?K ≈ #; ⋅Δ6 ⋅ *%@CED

Xg!Y

BDEFE *%@CED =
∫ ∫

%@CED J((, K)?(?K4

*HC9:L CD>C BIE7 = BIE6N + BIEON 2 BDEFE BIE7 XHF

BIE/Y 9A CDE @9F@O?WEFE:@E HW CDE @H??O:9@>C9H: @9F@JE 9:A9GE

5".. ; XHF 5".. CY4 .E B9JJ D>UE *%@C; = *%@C8D + *%@CED 2

>:G >UEF>L9:L HUEF >JJ MHAA9IJE #; >:G M;jA2 CDE MFHI>I9J9C=

**. 9A L9UE: I=

**. = >4.{
1

2,

∫ 2

0
(**/+∣{4.,B.} + **/−∣{4.,B.})?M;}

= >4.{
1

2,
#; ⋅Δ6 ⋅

∫ 2

0
(*%@C8D + *%@CED)?M;}

= >4.{#; ⋅Δ6 ⋅ *%@C; ⋅ 1

2,

∫ 2

0
1 ?M;}

=
>(#;)

2
⋅Δ6 ⋅ *%@C; Xg"Y

'DE >IHUE JE>GA CH

*1 = **. ⋅ *9 =
>(#;)

2
⋅Δ6 ⋅ *%@C; ⋅ *9 XgcY

'DE :E[C A@E:>F9H WHF HOF MFHHW @H:A9ACA HW A=??ECF9@

A@E:>F9H BDEFE :HGE 7 AC>=A 9:A9GE CDE @H??O:9@>C9H: @9F@JE

B9CD9: CDE C9?E GOF>C9H: [-, -+Δ6)2 BD9JE :HGE / 9A LH9:L CH

?HUE 9:CH CDE @H??O:9@>C9H: @9F@JE I= AH?E MFHI>I9J9C= *24
ZHJJHB9:L A9?9J>F GEF9U>C9H: >:G >:>J=A9A2 *2 @>: IE @>J@OJ>CEG

>A

*2 =
>(#9)

2
⋅Δ6 ⋅ *%@C9 ⋅ *; XgaY

'DE J>AC A@E:>F9H BE :EEG CH @H:A9GEF WHF HOF MFHHW 9A CDE

@>AE BDEFE IHCD :HGE 7 >:G :HGE / >FE JH@>CEG HOCA9GE CDE

@H??O:9@>C9H: FEL9H: >C C9?E - IOC >FE LH9:L CH ?HUE 9:CH

CDE @H??O:9@>C9H: @9F@JE B9CD9: C9?E GOF>C9H: [-, -+Δ6)4 %:

@H:CF>AC CH CDE CBH MF9HF A@E:>F9HA 9: BD9@D H:E :HGE 9A B9CD9:

CDE @H??O:9@>C9H: @9F@JE BD9JE >:HCDEF H:E 9A JH@>CEG B9CD9:

CDE F9:L >FE> >C C9?E -2 9: CD9A @>AE IHCD :HGEA ADHOJG IE

JH@>CEG B9CD9: CDE9F FEAME@C9UE F9:L >FE> >C C9?E -4
%C ADHOJG IE :HCEG CD>C CDE >:>J=C9@>J MFH@EGOFE CDFHOLD

LEH?ECF9@TU>F9>IJE >:>J=A9A 9: CDE >IHUE A@E:>F9HA @>: >JAH IE

>MMJ9EG CH >:>J=`E CD9A A@E:>F9H B9CD ?9:HF ?HG9!@>C9H:A E[T

ME@CEG4 ZHF CDE MOFMHAE HW AO@@9:@C:EAA2 BE B9JJ :HC EJ>IHF>CE

H: CDE GEF9U>C9H:A >:G HOF >:>J=A9A ADHBA CD>C CDE MFHI>I9J9C=

*3 WHF CD9A @>AE @>: IE AO??>F9`EG >A

*3 = >{#; ⋅ #9 ⋅Δ2
6 ⋅ *%@C; ⋅ *%@C9

⋅( 1

2,
)2
∫ 2

0

∫ 2

0
1 ?M;?M9}

=
>(#;)>(#9)

4
⋅Δ2

6 ⋅ *%@C; ⋅ *%@C9 = L(Δ6) Xg$Y

+O??>F9`9:L >JJ CDFEE A@E:>F9HA2 BE HIC>9: CD>C CDE MFHI>T

I9J9C= * 9A L9UE: I=

* = *1 + *2 + *3

=
1

2
⋅Δ6 ⋅ (>(#;) ⋅ *%@C; ⋅ *9

+>(#9) ⋅ *%@C9 ⋅ *;) + L(Δ6) Xg5Y

'>;9:L CDE J9?9C Δ6 → 0 L9UEA >: E[MH:E:C9>J G9ACF9IOC9H: B9CD

M>F>?ECEF &F ≈ ?(4.)⋅(012.⋅(-+?(4-)⋅(012-⋅(.

2 4
'9JJ :HB2 BE D>UE >FF9UEG >C > MFHHW HW 'DEHFE? ] H:

LE:EF>J ?HI9J9C= ?HGEJA4 ZHF (<00 ?HGEJ2 9C ADHOJG IE

:HCEG CD>C CDE AC>C9H:>F= AM>C9>J :HGEAj G9ACF9IOC9H: 9A O:9WHF?2

94E42 J((, K) = 1/$2 \]8^2 \8#^4 %C 9: COF: L9UEA *%@C; =
*%@C9 =

∫ ∫
%@C; J((, K)?(?K = 2⋅3

)2 >:G *; = *9 =∫ ∫
*.

J((, K)?(?K = 2⋅32

2)2 4 7= AOIAC9COC9:L CDEAE EiO>C9H:A

9:CH CDE >IHUE MFHHW2 'DEHFE? ] WHJJHBA4



.1 "2 1.7K /%*l <V*)0%,+ %* 0)*&'+ .%'P (&+'(%,'&< *-<& 0-7%/%'VK 0-<&/%*S )*< )66/%,)'%-*+ !"]a

(&Z&(&*,&+

\]^ Z4 7>92 *4 +>G>LHM>:2 >:G )4 PEJ?=2 p%?MHFC>:CK > WF>?EBHF; CH
A=ACE?>C9@>JJ= >:>J=`E CDE 9?M>@C HW ?HI9J9C= H: MEFWHF?>:@E HW FHOC9:L
MFHCH@HJA WHF >GDH@ :ECBHF;A2q 9: U%,57 '((( '*0,5,#2 +>: ZF>:@9A@H2
,)2 8##g4

\8^ 64 +>?>F >:G +4 74 .9@;EF2 p-: CDE IED>U9HF HW @H??O:9@>C9H: J9:;A
HW > :HGE 9: > ?OJC9TDHM ?HI9JE E:U9FH:?E:C2q 9: ;V! !,$+W,5 XY2
MM4 ]!$T]"c2 8##!4

\g^ 64 +>?>F >:G +4 74 .9@;EF2 p/9:; G=:>?9@A >:G MFHCH@HJ GEA9L: 9: >
?OJC9TDHM ?HI9JE E:U9FH:?E:C2q '((( ?%1*37 !,$+." V,#A42+*82 UHJ4 "2
:H4 52 MM4 ]]"cT]]a82 8##c4

\!^ *>C9H:>J +E@OF9C= )LE:@=2 ;334%1*5" ?"5E*+51. -%1#"/,%62 @D4 52 g4]
EG9C9H:2 8##84

\"^ (4 74 SFHE:EUEJC2 &4 )JC?>:2 >:G 64 *>9:2 p(EJ>=9:L 9: ?HI9JE >G DH@
:ECBHF;AK CDE 7FHB:9>: ?HC9H: ?HI9J9C= ?HGEJ2q )A%+*8"% Q7 Z+%"."33

<"2/,%63 >Z'<(?@2 UHJ4 ]82 MM4 "c]T"a]2 -@C4 8##c4
\c^ 64 SOMC> >:G 64 (4 lO?>F2 p'DE @>M>@9C= HW B9FEJEAA :ECBHF;A2q '(((

?%1*37 '*0,%#7 ?E",%B2 UHJ4 !c2 :H4 82 MM4 g$$T!#!2 0>F4 8###4
\a^ (4 04 0HF>EA2 P4 (4 +>GQ>GMHOF2 >:G R4 R4 S>F@9>T/O:>T)@EUEA2

p0HI9J9C=T@>M>@9C=TGEJ>= CF>GETHWW 9: B9FEJEAA >GTDH@ :ECBHF;A4q &JAET
U9EF2 ROJ= 8##"4

\$^ 04 ,>FU>JDH >:G R4 R4 S>F@9>T/O:>T)@EUEA2 p) A@>J>IJE ?HGEJ WHF
@D>::EJ >@@EAA MFHCH@HJA 9: ?OJC9DHM >G DH@ :ECBHF;A2q 9: U%,57 ;V!

!,$+5,# OXXY2 6D9J>GEJMD9>2 6)2 +EMC4 8##!4
\5^ +4 R9>:L2 <4 PE2 >:G R4 (>H2 p) MFEG9@C9H:TI>AEG J9:; >U>9J>I9J9C=

EAC9?>C9H: WHF ?HI9JE >G DH@ :ECBHF;A2q 9: U%,57 '((( '*0,5,#2 MM4
]a!"T]a"82 )MF4 8##]4

\]#^ +4 R9>:L2 <4 PE2 >:G R4 (>H2 p) MFEG9@C9H:TI>AEG J9:; >U>9J>I9J9C= EAC9T
?>C9H: WHF FHOC9:L ?ECF9@A 9: ?>:ECA2q '((([;V! ?%1*37 <"2/,%6+*82
UHJ4 ]g2 :H4 c2 MM4 ]g#8T]g]82 <E@4 8##"4

\]]^ )4 74 0@<H:>JG >:G '4 Z4 n:>C92 p) ?HI9J9C=TI>AEG WF>?EBHF; WHF
>G>MC9UE @JOACEF9:L 9: B9FEJEAA >G DH@ :ECBHF;A2q '((( Q7 )"."527 ;%"13

V,##4*72 UHJ4 ]a2 :H4 $2 MM4 ]!ccT]!$a2 )OL4 ]5554
\]8^ ,4 7ECCACECCEF2 p0HI9J9C= ?HGEJ9:L 9: B9FEJEAA :ECBHF;K @>CELHF9`>C9H:2

A?HHCD ?HUE?E:C >:G IHFGEF EWWE@CA2q ;V! !,$+." V,#A42+*8 V,#9

#4*7 L"H+"/2 UHJ4 "2 MM4 ""Tca2 R>:4 8##]4
\]g^ (4 SOEF9:2 p,D>::EJ H@@OM>:@= C9?E G9ACF9IOC9H: 9: > @EJJOJ>F F>C9H

A=ACE?2q '((( ?%1*37 D"E7 ?"5E*,.72 UHJ4 g"2 :H4 g2 MM4 $5T552 )OL4
]5$a4

\]!^ <4 PH:L >:G +4 +4 (>MM>MHFC2 p'F>W!@ ?HGEJ >:G MEFWHF?>:@E >:>J=A9A
WHF @EJJOJ>F ?HI9JE F>G9H CEJEMDH:E A=ACE?A B9CD MF9HF9C9`EG >:G :H:
MF9HF9C9`EG D>:GHWW MFH@EGOFEA2q '((( ?%1*37 D"E7 ?"5E*,.72 UHJ4 g"2 :H4
g2 MM4 aaT582 )OL4 ]5$c4

\]"^ N4 .O2 P4 (4 +>GQ>GMHOF2 >:G R4 R4 S>F@9>T/O:>T)@EUEA2 p):>J=C9@>J
?HGEJ9:L HW J9:; >:G M>CD G=:>?9@A >:G CDE9F 9?MJ9@>C9H:A H: M>@;EC
JE:LCD 9: ?>:ECA2q 9: U%,57 )U(V?) OXX\4

\]c^ 04 SFHAALJ>OAEF >:G <4 'AE2 p0HI9J9C= 9:@FE>AEA CDE @>M>@9C= HW >GT
DH@ B9FEJEAA :ECBHF;2q 9: U%,57 ?/"*2+"2E ;**41. Q,+*2 V,*07 '(((

V,#A42"% V,##4*7 ),5+"2+"32 UHJ4 g2 MM4 ]gc#T]gc52 )MF4 8##]4
\]a^ 04 SFHAALJ>OAEF >:G <4 'AE2 p0HI9J9C= 9:@FE>AEA CDE @>M>@9C= HW >GDH@

B9FEJEAA :ECBHF;A2q '((([;V! ?%1*37 <"2/,%6+*82 UHJ4 ]#2 :H4 !2 MM4
!aaT!$c2 )OL4 8##84

\]$^ )4 &4 S>??>J2 R4 0>??E:2 74 6F>ID>;EF2 >:G <4 +D>D2 p'DFHOLDMOCT
GEJ>= CF>GETHWW 9: B9FEJEAA :ECBHF;2q 9: U%,57 '((( '*0,5,#2 UHJ4 ]2 MM4
!c!T!a"2 8##!4

\]5^ /4 lJE9:FH@;2 ]4"4+*8 )B32"#3& D,.4#" FG ?E",%B4 RHD: .9JE= r +H:A2
%:@42 ]5a"4

\8#^ *4 7>:A>J >:G n4 /9O2 p,>M>@9C=2 GEJ>= >:G ?HI9J9C= 9: B9FEJEAA >GTDH@
:ECBHF;A2q 9: U%,57 '((( '*0,5,#2 8##g4

\8]^ *4 +>G>LHM>: "2 1.42 p6>CDAK >:>J=A9A HW M>CD GOF>C9H: AC>C9AC9@A >:G CDE9F
9?M>@C H: FE>@C9UE ?>:EC FHOC9:L MFHCH@HJA2q 9: U%,57 ;V! !,$+W,5

XS2 )::>MHJ9A2 0<2 RO:E 8##g4
\88^ )4 'A9F9LHA >:G n4 R4 P>>A2 p):>J=A9A HW ?OJC9M>CD FHOC9:LsM>FC %K CDE

EWWE@C H: CDE M>@;EC GEJ9UEF= F>C9H2q '((( ?%1*37 Z+%"."33 V,##4*72 UHJ4
g2 :H4 ]2 MM4 ]g$T]!c2 R>:4 8##!4

\8g^ <4 'OFLOC "2 1.42 p/H:LEU9C= HW FHOCEA 9: ?HI9JE >G DH@ :ECBHF;A2q 9:
U%,57 D?VR XF2 SFEE@E2 0>= 8##]4

G*)'%#' "0 X+j#!T0j#$Y FE@E9UEG CDE 74+4 GELFEE
9: @H??O:9@>C9H: E:L9:EEF9:L WFH? *>:Q9:L 1:9T
UEFA9C= HW 6HACA >:G 'EJE@H??O:9@>C9H:A2 *>:Q9:L2
,D9:>2 9: ]55$2 CDE 04+4 GELFEE 9: 9:WHF?>C9H:
E:L9:EEF9:L WFH? 7E9Q9:L 1:9UEFA9C= HW 6HACA >:G
'EJE@H??O:9@>C9H:A2 7E9Q9:L2 ,D9:>2 9: 8##]2 >:G
CDE 6D4< GELFEE 9: &JE@CF9@>J &:L9:EEF9:L WFH?
1:9UEFA9C= HW ,>J9WHF:9>2 +>:C> ,FO`2 9: 8##$4 PE
FE@E9UEG IEAC M>MEF >B>FG 9: +6&,'+ 8##a @H:T
WEFE:@E4 P9A LE:EF>J FEAE>F@D 9:CEFEAC AM>:A HUEF
?HI9JE >G DH@ :ECBHF;A2 B9FEJEAA @H??O:9@>C9H:A

>:G @HG9:L CDEHF=4

H)-*/ I? C)/J)/$.0% X+j5!T0j5"T+0j##Y FET
@E9UEG D9A 74+4 >:G 04+4 GELFEEA WFH? +D>F9W 1:9T
UEFA9C= HW 'E@D:HJHL= B9CD D9LD DH:HF >:G 6D4<4
GELFEE WFH? 1:9UEFA9C= HW +HOCDEF: ,>J9WHF:9> 9:
]5$c2 ]5$$ >:G ]55c2 FEAME@C9UEJ=4 )WCEF LF>GO>C9H:2
DE QH9:EG )'r' >A > ?E?IEF HW CE@D:9@>J AC>WW2 J>CEF
AE:9HF CE@D:9@>J AC>WW ?E?IEF2 >:G !:>JJ= 6F9:@9M>J
?E?IEF HW CE@D:9@>J AC>WW >C )'r' />I4 9: ZJHFD>?
6>F;2 *R O:C9J 8##]4 %: W>JJ 8##]2 DE QH9:EG 1:9UEFT
A9C= HW ,>J9WHF:9>2 +>:C> ,FO` X1,+,Y BDEFE DE 9A
:HB >: )AAH@9>CE 6FHWEAAHF4

<F4 +>GQ>GMHOF D>A AEFUEG >A CE@D:9@>J MFHLF>? @H??9CCEE ?E?IEF 9:
:O?EFHOA @H:WEFE:@EA >:G >A @D>9F HW @H??O:9@>C9H: CDEHF= A=?MHA9O?
>C .9FEJEAA,H? 8##"2 >:G @D>9F HW @H??O:9@>C9H: >:G 9:WHF?>C9H: CDEHF=
A=?MHA9O? >C %.,0, 8##c2 8##a >:G 8##$ @H:WEFE:@EA4 PE D>A IEE: >JAH
SOEAC EG9CHF HW &1()+%6 H: AME@9>J 9AAOE H: 0OJC9@>FF9EF ,H??O:9@>T
C9H:A >:G +9L:>J 6FH@EAA9:L 9: 8##g >:G AME@9>J 9AAOE H: 0HI9JE )G PH@
*ECBHF;A 9: 8##c2 >:G 9A @OFFE:CJ= )AAH@9>CE EG9CHF WHF CDE R-1(*)/ -Z

,-001*%,)'%-*+ )*< *&'.-(l+ XR,*Y4 PE D>A MOIJ9ADEG ?HFE CD>:
]]# MOIJ9@>C9H:A4 P9A FEAE>F@D 9:CEFEACA 9:@JOGE AM>@ETC9?E A9L:>J MFH@EAA9:L2
A@>J9:L J>BA WHF B9FEJEAA >G DH@ :ECBHF;A2 MEFWHF?>:@E >:>J=A9A HW >G DH@
>:G AE:AHF :ECBHF;A2 >:G 0), J>=EF MFHCH@HJA WHF 0)*&'A4 PE 9A CDE @HT
FE@9M9E:C HW %:CEF:>C9H:>J +=?MHA9O? H: 6EFWHF?>:@E &U>JO>C9H: HW ,H?MOCEF
>:G 'EJE@H??O:9@>C9H: +=ACE?A X+6&,'+Y 8##a IEAC M>MEF >B>FG >:G CDE
%&&& ZFEG .4 &JJEFA9@; )B>FG WHF 7EAC 1:@J>AA9!EG 6>MEF >C CDE 8##$ 09J9C>F=
,H??O:9@>C9H:A X0%/,-0Y @H:WEFE:@E4 PE DHJGA ?HFE CD>: ]g M>CE:CA2 H:E
HW CDE? >@@EMCEG 9: AME@CFO? ?>:>LE?E:C HW ']4&]4! AC>:G>FG4

K?K? L)%+*)AF0')A:+#2#& X+ja"T0jaaT+0j#8T
Zj#cY FE@E9UEG CDE 74+4 GELFEE 9: &JE@CF9@>J
&:L9:EEF9:L WFH? CDE 1:9UEFA9G>G %IEFH>?EF9@>:>2
0E[9@H ,9C=2 0E[9@H 9: ]5aab >:G CDE 04+4 >:G
6D4<4 GELFEEA 9: &JE@CF9@>J &:L9:EEF9:L WFH? CDE
1:9UEFA9C= HW P>B>99 >C 0>:H>2 PH:HJOJO2 P% 9:
]5$# >:G ]5$g2 FEAME@C9UEJ=4 PE DHJGA CDE R>@;
7>A;9: &:GHBEG ,D>9F HW ,H?MOCEF &:L9:EEF9:L >C
CDE 1:9UEFA9C= HW ,>J9WHF:9>2 +>:C> ,FO` X1,+,Y2
>:G 9A > 6F9:@9M>J +@9E:C9AC >C CDE 6>JH )JCH
(EAE>F@D ,E:CEF X6)(,Y4 6F9HF CH QH9:9:L 1,+, 9:

]55g2 DE B>A > ,E:CEF <9FE@CHF >C +(% %:CEF:>C9H:>J X+(%Y 9: 0E:JH 6>F;2
,>J9WHF:9>4 PE D>A IEE: > 39A9C9:L 6FHWEAAHF >C +O: />IHF>CHF9EA >:G >
6F9:@9M>J HW 6FHCH@HJ <EA9L: >C *H;9>4

<F4 S>F@9>T/O:>T)@EUEA DHJGA 8c 14+4 M>CE:CA2 >:G D>A MOIJ9ADEG > IHH;
>:G ?HFE CD>: ga" M>MEFA4 PE D>A G9FE@CEG 8c 6D4<4 CDEAEA >:G 88 04+4
CDEAEA A9:@E DE QH9:EG 1,+, 9: ]55g4 PE D>A IEE: CDE SE:EF>J ,D>9F HW CDE
),0 0HI9,H? 8##$ ,H:WEFE:@Eb CDE SE:EF>J ,D>9F HW CDE %&&& +&,-*
8##" ,H:WEFE:@Eb 6FHLF>? ,HT,D>9F HW ),0 0HI9PH@ 8##8 >:G ),0
0HI9,H? 8###b ,D>9F HW CDE ),0 +%S 0OJC9?EG9>b SE:EF>J ,D>9F HW ),0
0OJC9?EG9> j5g >:G ),0 +%S,-00 j$$b >:G 6FHLF>? ,D>9F HW %&&&
01/'%0&<%) j582 ),0 +%S,-00 j$a2 >:G ),0 +%S,-00 j$c4 PE
D>A AEFUEG 9: CDE %&&& %:CEF:EC 'E@D:HJHL= )B>FG ,H??9CCEE2 CDE %&&&
(9@D>FG .4 P>??9:L 0EG>J ,H??9CCEE2 >:G CDE *>C9H:>J (EAE>F@D ,HO:@9J
6>:EJ H: <9L9C9`>C9H: >:G ,H??O:9@>C9H:A +@9E:@E HW CDE )F?= (EAE>F@D
/>IHF>CHF= 'E@D:9@>J )AAEAA?E:C 7H>FG4 PE D>A IEE: H: CDE EG9CHF9>J IH>FGA
HW CDE %&&&h),0 '()*+),'%-*+ -* *&'.-(l%*S2 CDE 01/'%0&<%)

+V+'&0+ R-1(*)/2 >:G CDE R-1(*)/ -Z P%SP +6&&< *&'.-(l+4
PE 9A >: %&&& ZEJJHB >:G >: ),0 ZEJJHB2 >:G 9A J9ACEG 9: 0>FiO9A .DHjA

.DH 9: )?EF9@> >:G .DHjA .DH 9: 'DE .HFJG4 PE 9A CDE @HTFE@9M9E:C HW
CDE %&&& ZFEG .4 &JJEFA9@; 8##$ 0%/,-0 )B>FG WHF IEAC O:@J>AA9!EG
M>MEF4 PE 9A >JAH @HTFE@9M9E:C HW 7EAC 6>MEF )B>FGA >C CDE %&&& 0)++
8##$2 +6&,'+ 8##a2 %Z%6 *ECBHF;9:L 8##a2 >:G %&&& 0)++ 8##"
@H:WEFE:@EA2 >:G HW CDE 7EAC +COGE:C 6>MEF )B>FG HW CDE ]55$ %&&&
%:CEF:>C9H:>J ,H:WEFE:@E H: +=ACE?A2 0>:2 >:G ,=IEF:EC9@A4 PE FE@E9UEG CDE
+(% %:CEF:>C9H:>J &[@EMC9H:>JT)@D9EUE?E:C )B>FG 9: ]5$" >:G ]5$54




