
UC Santa Cruz
UC Santa Cruz Previously Published Works

Title
Fundamental Limits of Information Dissemination in Wireless Ad Hoc Networks---Part I: 
Single-Packet Reception

Permalink
https://escholarship.org/uc/item/1x73g2xp

Author
Garcia-Luna-Aceves, J.J.

Publication Date
2009-12-01
 
Peer reviewed

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/1x73g2xp
https://escholarship.org
http://www.cdlib.org/


!""" #$%&'%(#!)&' )& *!$"+"'' (),,-&!(%#!)&'. /)+0 1. &)0 23. 4"(",5"$ 3667 89:7

;<=>?@A=B?C +D@DBE FG !=GFH@?BDF= 4DEEA@D=?BDF= D=

*DHACAEE %> IFJ &ABKFHLEMN?HB !O 'D=PCAQN?JLAB $AJARBDF=

STA=P *?=P. !"#$%&" '%()%*+ ,---+ I?@D> $0 '?>U?>RF<H. !%&./* '%()%*+ ,---+

V0 V0 W?HJD?Q+<=?Q%JAXAE. 0%11/2+ ,---. ?=> 'TDHDET '0 Y?H?=>A. '%()%*+ ,---

!"#$%&'$!"# $%#&#'( ()# !%&( *'+!#, -.,#/+'0 1%2-#3.%4
1.% ()# 5.-$*(2(+.' .1 ()# 52$25+(67,#/26 (%2,#.11 .1 %2',.-
3+%#/#&& 2, ).5 '#(3.%4&8 9)+& 1%2-#3.%4 5.'&+,#%& +'1.%-2(+.'
,+&&#-+'2(+.' :6 -#2'& .1 *'+52&( %.*(+'0; -*/(+52&( %.*(+'0;
:%.2,52&(+'0; .% ,+11#%#'( 1.%-& .1 2'652&(+'08 "# +'(%.,*5#
(!,#, $)752&(+'0 2& 2 0#'#%2/+<2(+.' .1 2// 1.%-& .1 .'#7(.7
.'#; .'#7(.7-2'6; 2', -2'67(.7-2'6 +'1.%-2(+.' ,+&&#-+'2(+.'
+' 3+%#/#&& '#(3.%4&8 =' ()+& 5.'(#>(; !; #, 2', $ ,#'.(#
()# (.(2/ '*-:#% .1 '.,#& +' ()# '#(3.%4; ()# '*-:#% .1
,#&(+'2(+.'& 1.% #25) 5.--*'+52(+.' 0%.*$; 2', ()# 25(*2/ '*-7
:#% .1 5.--*'+52(+.'70%.*$ -#-:#%& ()2( %#5#+?# +'1.%-2(+.'
@$ ≤ #A; %#&$#5(+?#/68 "# ,#&5%+:# ()# 52$25+(67,#/26 (%2,#.11 1.%
(!,#, $)752&(+'0 +' 3+%#/#&& 2, ).5 '#(3.%4& +' 3)+5) %#5#+?#%&
$#%1.%- &+'0/#7$254#( %#5#$(+.' @BCDA8 E*% %#&*/(& 2%# 5.'&+&(#'(
3+() $%+.% %#&*/(& +' 3+%#/#&& '#(3.%4& 2', #>(#', ()#- (. ()#
0#'#%2/ (!,#, $)752&( 52&#8

()*+, -+%.#!F2$25+(6; ,#/26; &52/+'0 /23; 3+%#/#&& 2, ).5
'#(3.%4&; (!,#, $)752&(8

!0 !&#$)4-(#!)&

9I" EA@D=?C KFHL Z[ W<RB? ?=> Y<@?H \2] F= BTA

J?R?JDB[ FG KDHACAEE =ABKFHLE T?E ER?HLA> ? PHFKD=P

?@F<=B FG D=BAHAEB D= BTA <=>AHEB?=>D=P FG BTA G<=>?@A=B?C

J?R?JDB[ CD@DBE FG KDHACAEE ?> TFJ =ABKFHLE0 ,?=[ HAEA?HJTAHE

GFJ<EA> F= D@RHFXD=P BTA J?R?JDB[ FG KDHACAEE =ABKFHLE KDBT

<=DJ?EB JF@@<=DJ?BDF=E \3]^\:]0 % =<@ZAH FG EB<>DAE F= BTA

J?R?JDB[ FG ?> TFJ =ABKFHLE JF=JA=BH?BA> F= ZHF?>J?EBD=P

_A0P0. \8]. \`]a ?=> @<CBDJ?EBD=P _A0P0. \9]. \1]a0 #TA KFHL

RHAEA=BA> D= BTDE R?RAH DE @FBDX?BA> Z[ BTA G?JB BT?B. BF >?BA.

BTAHA T?E ZAA= =F <=D!A> BHA?B@A=B F= BTA J?R?JDB[ ?=> >AC?[

EJ?CD=P C?KE FG KDHACAEE =ABKFHLE E<ZUAJB BF >DGGAHA=B B[RAE FG

GFHK?H>D=P >DEJDRCD=AE0

*A RHAEA=B BTA !HEB <=D!A> @F>ACD=P GH?@AKFHL GFH BTA

JF@R<B?BDF= FG G<=>?@A=B?C CD@DBE FG J?R?JDB[Q>AC?[ BH?>AQ

FGGE D= KDHACAEE ?> TFJ =ABKFHLE D= KTDJT D=GFH@?BDF= DE

,?=<EJHDRB HAJADXA> )JBFZAH 36. 3661b HAXDEA> ,?HJT 22. 3667 ?=> V<C[
36. 3667b ?JJARBA> 'ARBA@ZAH 32. 36670 #TA ?EEFJD?BA A>DBFH JFFH>D=?BD=P BTA
HAXDAK FG BTDE CABBAH ?=> ?RRHFXD=P DB GFH R<ZCDJ?BDF= K?E &0 N?XCD>F<0

#TDE KFHL K?E R?HBD?CC[ ERF=EFHA> Z[ BTA -0'0 %H@[ $AEA?HJT )G!JA <=>AH
PH?=BE *722&;Q6:Q2Q633: ?=> *722&;Q68Q2Q63:`. Z[ BTA &?BDF=?C 'JDA=JA
;F<=>?BDF= <=>AH PH?=B ((;Q69373c6. Z[ BTA 4AGA=EA %>X?=JA> $AEA?HJT
NHFUAJBE %PA=J[ BTHF<PT %DH ;FHJA $AEA?HJT +?ZFH?BFH[ (F=BH?JB ;%1986Q
69Q(Q62`7. ?=> Z[ BTA 5?ELD= (T?DH FG (F@R<BAH "=PD=AAHD=P0 #TA XDAKE ?=>
JF=JC<EDF=E JF=B?D=A> D= BTDE >FJ<@A=B ?HA BTFEA FG BTA ?<BTFHE ?=> ETF<C>
=FB ZA D=BAHRHABA> ?E HARHAEA=BD=P BTA FG!JD?C RFCDJDAE. ADBTAH AdRHAEEA> FH
D@RCDA>. FG BTA -0'0 WFXAH=@A=B0

S0 *?=P ?=> I0 $0 '?>U?>RF<H ?HA KDBT BTA 4AR?HB@A=B FG "CAJBHDJ?C
"=PD=AAHD=P. -=DXAHEDB[ FG (?CDGFH=D?. '?=B? (H<e. 228` IDPT 'BHAAB. '?=B?
(H<e. (% 786`:. -'% _AQ@?DCO{KePFC>. T?@D>}fEFA0<JEJ0A><a0

V0 V0 W?HJD?Q+<=?Q%JAXAE DE KDBT BTA 4AR?HB@A=B FG (F@R<BAH "=PD=AAHD=P.
-=DXAHEDB[ FG (?CDGFH=D?. '?=B? (H<e. 228` IDPT 'BHAAB. '?=B? (H<e. (% 786`:.
-'%. ?=> BTA N?CF %CBF $AEA?HJT (A=BAH _N%$(a. cccc (F[FBA IDCC $F?>.
N?CF %CBF. (% 7:c6:. -'% _AQ@?DCOUUfEFA0<JEJ0A><a0

'0 '0 Y?H?=>A DE KDBT NTDCDRE $AEA?HJT 5?=P?CFHA. &F02. ,<HRT[ $F?>.
-CEFFH. 5?=P?CFHA. 8`6 661. !=>D? _AQ@?DCOETDHDET0L?H?=>AfRTDCDRE0JF@a0

4DPDB?C )ZUAJB !>A=BD!AH 2602267g#*(036670230612:61

>DEEA@D=?BA> Z[ @A?=E FG <=DJ?EB HF<BD=P. @<CBDJ?EB HF<BD=P.

ZHF?>J?EBD=P. FH >DGGAHA=B GFH@E FG ?=[J?EBD=P. ?=> D= KTDJT

HAJADXAHE ?HA J?R?ZCA FG ED=PCAQR?JLAB HAJARBDF= _'N$a0 )<H

JF=JC<EDF=E D= BTDE R?RAH ?HA JF=EDEBA=B KDBT BTA HAE<CBE Z[

W<RB? ?=> Y<@?H \2]0 != BTA EAJF=> R?HB FG BTDE R?RAH. KA

?=?C[eA BTA EJ?CD=P C?KE GFH @<CBDQR?JLAB HAJARBDF= _,N$a.

KTDJT ?CCFKE ? ED=PCA =F>A BF HAJADXA ?=> >AJF>A @<CBDRCA

ED@<CB?=AF<E BH?=E@DEEDF=E0

*A >A!=A (!,#, $)QJ?EBD=P ?E ? PA=AH?CDe?BDF= FG ?CC

GFH@E FG F=AQBFQF=A. F=AQBFQ@?=[ ?=> @?=[QBFQ@?=[ D=GFHQ

@?BDF= >DEEA@D=?BDF= D= KDHACAEE =ABKFHLE0 != BTA JF=BAdB FG

(!,#, $)QJ?EBD=P. !. #, ?=> $ >A=FBA BTA =<@ZAH FG =F>AE

D= BTA =ABKFHL. BTA =<@ZAH FG >AEBD=?BDF=E GFH A?JT JF@Q

@<=DJ?BDF= PHF<R. ?=> BTA ?JB<?C =<@ZAH FG JF@@<=DJ?BDF=Q

PHF<R @A@ZAHE BT?B HAJADXA D=GFH@?BDF= FRBD@?CC[2. HAERAJQ

BDXAC[0 'AJBDF= !!! >AEJHDZAE BTA =ABKFHL @F>AC ?=> =AJAEE?H[

JF=JARBE GFH BTA >AXACFR@A=B FG F<H GH?@AKFHL0

*A ?>>HAEE BTA J?R?JDB[ ?=> >AC?[ EJ?CD=P C?KE FG (!,#, $)Q
J?EBD=P <=>AH BTA RHFBFJFC @F>AC D= 'AJBDF= !/0 'AJBDF= /

>DEJ<EEAE EAXAH?C RFEEDZCA D@RCDJ?BDF=E FG F<H =AK @F>AC ?=>

JF=JC<>AE BTA R?RAH0

!!0 $"+%#"4 *)$Y

,?=[ JF=BHDZ<BDF=E T?XA ZAA= @?>A F= BTA J?R?JDB[ FG

KDHACAEE =ABKFHLE E<ZUAJB BF <=DJ?EBD=P. ?=> KA @A=BDF= F=C[

? GAK FG BTA@0 % =<@ZAH FG R?RAHE T?XA AdBA=>A> BTA HAE<CBE

Z[ W<RB? ?=> Y<@?H0 ;H?=JAEJTABBD AB ?C0 \3] <EA> RAHJFC?BDF=

BTAFH[ BF JCFEA BTA P?R ZABKAA= BTA <RRAH ?=> CFKAH ZF<=>E

FG BTA <=DJ?EB J?R?JDB[ <=>AH BTA RT[EDJ?C @F>AC HARFHBA> Z[

W<RB? ?=> Y<@?H \2]0 $AJA=BC[. )eP<H AB ?C0 \c] RHFRFEA> ?

TDAH?HJTDJ?C JFFRAH?BDF= BAJT=Dh<A Z?EA> F= XDHB<?C ,!,) BF

?JTDAXA CD=A?H RAH EF<HJAQ>AEBD=?BDF= J?R?JDB[0 (FFRAH?BDF= J?=

ZA AdBA=>A> BF BTA ED@<CB?=AF<E BH?=E@DEEDF= ?=> HAJARBDF=

?B BTA X?HDF<E =F>AE D= BTA =ABKFHL. KTDJT J?= HAE<CB D=

EDP=D!J?=B D@RHFXA@A=B D= J?R?JDB[ \:]0

(F=ED>AH?ZCA RHDFH KFHL T?E GFJ<EA> F= BTA J?R?JDB[ FG

ZHF?>J?EBD=P D= KDHACAEE =ABKFHLE0 #?XCD \8] K?E BTA !HEB BF

ETFK BT?B Θ
(
!−1

)
DE ? ZF<=> F= BTA RAHQ=F>A ZHF?>J?EB

J?R?JDB[ FG ?HZDBH?H[ =ABKFHLE0 YAET?X?He AB ?C0 \`] RHAEA=BA>

BTA @FEB PA=AH?C KFHL F= BTA JF@R<B?BDF= FG BTA ZHF?>J?EB

J?R?JDB[ GFH ?=[ =<@ZAH FG EF<HJAE D= BTA =ABKFHL0 )<H KFHL

D= BTDE R?RAH K?E D=ERDHA> Z[ EF@A FG BTA JF=BHDZ<BDF=E D= \`]0

#TAHA ?HA RHDFH JF=BHDZ<BDF=E F= BTA @<CBDJ?EB J?R?JDB[ FG

KDHACAEE =ABKFHLE \9]. \1]0 V?Jh<AB ?=> $F>FC?LDE \9] RHFXA>

BT?B BTA EJ?CD=P FG @<CBDJ?EB J?R?JDB[ DE >AJHA?EA> Z[ ? G?JBFH

FG %(
√
#) JF@R?HA> BF BTA <=DJ?EB J?R?JDB[ HAE<CB Z[ W<RB?

?=> Y<@?H \2] KTAHA # DE BTA =<@ZAH FG >AEBD=?BDF=E GFH A?JT

2)RBD@?CDB[ DE >A!=A> ?E BTA ! JCFEAEB _D= BAH@E FG "<JCD>A?= >DEB?=JA FG
BTA BHAAa >AEBD=?BDF=E BF BTA EF<HJA D= ?= (",$, !)QJ?EB PHF<R0

28c`Q239`g67i38066 J⃝ 3667 !"""
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EF<HJA0 +D AB ?C0 \1] JF@R<BA BTA J?R?JDB[ FG KDHACAEE ?> TFJ

=ABKFHLE GFH <=DJ?EB. @<CBDJ?EB. ?=> ZHF?>J?EB ?RRCDJ?BDF=E0

*TDCA BTA HAE<CBE Z[ +D AB ?C \1] ?HA Ah<DX?CA=B BF F<H J?R?JDB[

HAE<CBE GFH (!,#, $ = #)QJ?EBD=P. DB DE KFHBT =FBD=P BT?B F<H

>AHDX?BDF= FG BTA J?R?JDB[ DE >DGGAHA=B BT?= BTA KFHL Z[ +D AB

?C \1]0 != ?>>DBDF=. F<H >AHDX?BDF= DE GFH BTA J?EA FG (!,#, $)Q
J?EB KTDJT DE @FHA PA=AH?C BT?= F=C[ <=DJ?EB. @<CBDJ?EB ?=>

ZHF?>J?EB JF@@<=DJ?BDF=E0 ,FHA D@RFHB?=BC[. BTDE DE BTA !HEB

R?RAH BF RHAEA=B ? J?R?JDB[Q>AC?[ BH?>AFGG EB<>[ GFH ?CC LD=>E

FG D=GFH@?BDF= >DEEA@D=?BDF= ?E ? PA=AH?C G<=JBDF= FG BTA

BH?=E@DEEDF= H?=PA. &(!)0

!!!0 &"#*)$Y ,)4"+ %&4 N$"+!,!&%$!"'

*A ?EE<@A ? H?=>F@ KDHACAEE =ABKFHL KDBT ! 3"4".5 =F>AE

>DEBHDZ<BA> <=DGFH@C[ D= BTA =ABKFHL ?HA?0 )<H ?=?C[EDE DE

Z?EA> F= $%&3% =ABKFHLE. KTAHA BTA ?HA? FG BTA =ABKFHL DE

? Eh<?HA FG <=DB X?C<A ?=> BTA >A=EDB[ FG BTA =ABKFHL PFAE BF

D=!=DB[ ?E ! PFAE BF D=!=DB[0 )<H J?R?JDB[ ?=?C[EDE DE Z?EA>

F= BTA RHFBFJFC @F>AC GFH >A=EA =ABKFHLE0 #F ED@RCDG[ F<H

?=?C[EDE. BTA =ABKFHL ?HA? DE ?EE<@A> BF ZA <=DBQEh<?HA ?HA?

Z<B ED@DC?H HAE<CBE J?= ZA ?JTDAXA> KDBT BFH<E FH ERTAHA ET?RA

?HA?0 %CC =F>AE <EA ? JF@@F= BH?=E@DEEDF= H?=PA &(!) GFH ?CC

BTADH JF@@<=DJ?BDF=0
6%!&."./& 789: ;<% =*/"/5/1 '/$%1: &F>A ' ?B CFJ?BDF= (!

J?= E<JJAEEG<CC[ BH?=E@DB BF =F>A ) ?B CFJ?BDF= (" DG. GFH ?=[

=F>A (#, $ ∕= ' BT?B BH?=E@DBE ?B BTA E?@A BD@A ?E (!. KA T?XA

∣(! −(" ∣ ≤ &(!) ?=> ∣(# −(" ∣ ≥ (1 + Δ)&(!)0
>%((4 78?: @/&&%5".A."B 5*."%*./& C/* D*/"/5/1 (/$%1 .&

$%&3% &%"2/*E3 \2]O #F A=E<HA BT?B BTAHA DE =F DEFC?BA> =F>A

D= BTA =ABKFHL. BTA BH?=E@DEEDF= H?=PA &(!) D= H?=>F@ >A=EA

=ABKFHLE E?BDE!AE 30

&(!) = Ω
(√

log!/!
)
. _2a

!= BTDE R?RAH. KA EB<>[ BTA J?EA D= KTDJT ?CC ! =F>AE D=

BTA =ABKFHL ?JB ?E EF<HJAE BT?B JF@@<=DJ?BAE KDBT ? PHF<R

FG # HAJADXAHE _KDBT # < !a ?=> BT?B $ FG BTFEA HAJADXAHE

FZB?D= BTA D=GFH@?BDF= HACD?ZC[0 *A J?CC BTDE JT?H?JBAHDe?BDF= FG

D=GFH@?BDF= >DEEA@D=?BDF= GHF@ EF<HJAE BF HAJADXAHE (!,#, $)Q
J?EBD=P0 #TDE JT?H?JBAHDe?BDF= DE <EAG<C ZAJ?<EA DB J?= @F>AC

?CC GFH@E FG F=AQBFQF=A. F=AQBFQ@?=[ ?=> @?=[QBFQ@?=[ D=Q

GFH@?BDF= >DEEA@D=?BDF= D= KDHACAEE =ABKFHLE0
6%!&."./& 787: 0%43.)1% "<*/#F<D#" 54D45."B /C (!,#, $)G

543": % BTHF<PTR<B FG -(!) ZDBE RAH EAJF=> GFH A?JT =F>A

DE GA?EDZCA DG KA J?= >A!=A ? EJTA><CD=P BH?=E@DEEDF= EJTA@A

BT?B ?CCFKE A?JT =F>A D= BTA =ABKFHL BF BH?=E@DB -(!) ZDBE RAH

EAJF=> F= ?XAH?PA BF DBE $ F<B FG # >AEBD=?BDF=E0
#TA RAHQ=F>A BTHF<PTR<B J?R?JDB[ FG BTA =ABKFHL DE >A!=A>

?E BTA =<@ZAH FG ZDBE RAH EAJF=> D= 4A!=DBDF= c0c BT?B AXAH[

=F>A J?= BH?=E@DB BF DBE >AEBD=?BDF=0
6%!&."./& 78H: I*$%* /C "<*/#F<D#" 54D45."B: -(!) DE

E?D> BF ZA FG FH>AH Θ(.(!)) ZDBE RAH EAJF=> DG BTAHA AdDEB

>ABAH@D=DEBDJ RFEDBDXA JF=EB?=BE / ?=> /′ E<JT BT?B
{

lim
$→∞

NHFZ (-(!) = /.(!) DE GA?EDZCA) = 1

lim inf$→∞ NHFZ (-(!) = /′.(!) DE GA?EDZCA) < 1.
_3a

3WDXA= BKF G<=JBDF=E %(") ?=> &(")0 *A E?[ BT?B % = '(&(")) DG
sup!(%(")/&(")) < ∞0 *A E?[ BT?B %(") = Ω(&(")) DG &(") = '(%("))0
!G ZFBT %(") = '(&(")) ?=> %(") = Ω(&(")). BTA= KA E?[ %(") =
Θ(&("))0

(F@R<BD=P BTA BTHF<PTR<B J?R?JDB[ FG ? =ABKFHL FG !
=F>AE HAh<DHAE <E BF JF=ED>AH BTA @D=D@<@ (!,#, $)QJ?EB BHAAE

ZABKAA= EF<HJAE ?=> BTADH D=BA=>A> HAJADXAHE0 ;<HBTAH@FHA.

JF@R<BD=P BTDE J?R?JDB[ HAh<DHAE BT?B BTA EACAJBDF= FG $ F<B FG

# HAJADXAHE ZA FRBD@<@0 #TA HAEB FG BTDE EAJBDF= D=BHF><JAE

?>>DBDF=?C JF=JARBE =AJAEE?H[ GFH BTA JF@R<B?BDF= FG BTA

BTHF<PTR<B J?R?JDB[ FG ? H?=>F@ ?> TFJ =ABKFHL0

6%!&."./& 78J: (!,#, $)G@43" ;*%%: %= (!,#, $)QJ?EB BHAA

DE ? @D=D@<@ EAB FG =F>AE BT?B JF==AJB ? EF<HJA =F>A FG ?=

(!,#, $)QJ?EB KDBT ?CC DBE D=BA=>A> # HAJADXAHE D= FH>AH GFH

BTA EF<HJA BF EA=> D=GFH@?BDF= BF $ FG BTFEA HAJADXAHE0

#TA JF=EBH<JBDF= FG (!,#, $)QJ?EB BHAA EB?HBE KDBT JF==AJBQ

D=P BTA EF<HJA BF # >AEBD=?BDF=E <ED=P @D=D@<@ =<@ZAH FG

HAC?[E FH TFRE0 %GBAH JF=EBH<JBD=P BTDE BHAA. KA RDJL $ F<B

FG # =F>AE D= BTDE BHAA BT?B T?XA @D=D@<@ BFB?C "<JCD>A?=

>DEB?=JA BF BTA EF<HJA0 *A HAGAH BF BTDE EACAJBDF= FG $ =F>AE ?E

jFRBD@<@j ZAJ?<EA DB HAE<CBE D= @?dD@<@ BTHF<PTR<B J?R?JDB[

GFH BTA =ABKFHL0 &FBA BT?B BTAHA ?HA
(%
#

)
JTFDJAE GFH EACAJBD=P

$ =F>AE ?=> D= BTDE R?RAH. KA T?XA EACAJBA> BTA ?ZFXA JHDBAHDF=

GFH BTDE EACAJBDF=0

*TA= JF@@<=DJ?BD=P FXAH ? ZHF?>J?EB JT?==AC. ? BH?=E@DEQ

EDF= GHF@ ? EF<HJA FH HAC?[ D= ?= (!,#, $)QJ?EB @?[ D=BAHGAHA

KDBT FBTAH BH?=E@DEEDF=E D= BTA E?@A FH >DGGAHA=B (!,#, $)Q
J?EBE0 ;FH ? PDXA= (!,#, $)QJ?EB BF E<JJAA>. BTA R?JLAB GHF@

BTA EF<HJA @<EB HA?JT $ FG BTA # HAJADXAHE D= BTA PHF<R HACD?ZC[

?B CA?EB F=JA0 ;<HBTAH@FHA. ?=[ PDXA= HAC?[ GFHK?H>E ? R?JLAB

F=C[ F=JA0 %JJFH>D=PC[. F=A FH @<CBDRCA (!,#, $)QJ?EB BHAAE

J?= ZA >A!=A> Z[ BTA EAB FG BH?=E@DEEDF=E BT?B HA?JT A?JT

HAC?[ ?=> >AEBD=?BDF= FG ? PDXA= (!,#, $)QJ?EB GFH BTA !HEB

BD@A0 *TA= # = $. BTA HAE<CBD=P (!,#,#)QJ?EB BHAA DE ?CEF

J?CCA> ? @<CBDJ?EB BHAA0 ;FH BTA J?EA D= KTDJT $ ≤ #. BTA

EACAJBDF= FG BTA E<ZEAB FG $ HAJADXAHE BT?B JFHHAJBC[ HAJADXA BTA

R?JLAB GHF@ BTA EF<HJA DE E<JT BT?B A?JT FG BTA@ DE HA?JTA>

BTHF<PT ? ZH?=JT FG BTA (!,#, $)QJ?EB BHAA0

WDXA= BTA >DEBHDZ<BDF= FG =F>AE D= BTA RC?=A ?=> BTA RHFBFJFC

@F>AC KA ?EE<@A. BTA RFEEDZCA (!,#, $)QJ?EB BHAAE KA =AA> BF

JF=ED>AH D=JC<>A F=C[ BTFEA BT?B HA=>AH BTA @D=D@<@ =<@ZAH

FG BH?=E@DEEDF=E GFH ? R?JLAB GHF@ BTA EF<HJA BF HA?JT ?CC BTA

D=BA=>A> HAJADXAHE _$ FH #a ?B CA?EB F=JA0 5AJ?<EA BH?=E@DEQ

EDF=E FJJ<H FXAH ? JF@@F= ZHF?>J?EB JT?==AC. BTDE D@RCDAE

BT?B BTA (!,#, $)QJ?EB BHAAE D= KTDJT KA ?HA D=BAHAEBA> ?HA

BTFEA BT?B D=XFCXA BTA @D=D@<@ =<@ZAH FG HAC?[ =F>AE =AA>A>

BF JF==AJB BTA EF<HJA ?=> D=BA=>A> HAJADXAHE FG ?= (!,#, $)Q
J?EB0 #T?B DE. KA GFJ<E F= (!,#, $)QJ?EB BHAAE Z<DCB Z[ BTA

?PPHAP?BDF= FG ETFHBAEB R?BTE _@D=D@<@QTFR R?BTEa ZABKAA=

? EF<HJA ?=> ?CC FG DBE D=BA=>A> >AEBD=?BDF=E0 %JJFH>D=PC[. KA

?>FRB BTA GFCCFKD=P >A!=DBDF= GFH (!,#, $)QJ?EB BHAAE D= BTA

HAEB FG BTDE R?RAH0

6%!&."./& 78K: -#51.$%4& '.&.(#( !D4&&.&F ;*%%

L-'!;M: \7] (F=ED>AH ? JF==AJBA> <=>DHAJBA> PH?RT

0 = (1,2). KTAHA 1 ?=> 2 ?HA BTA EABE FG XAHBDJAE ?=>

A>PAE D= BTA PH?RT 0. HAERAJBDXAC[0 #TA ",'# FG 0 DE

? ER?==D=P BHAA FG 0 KDBT BTA BFB?C @D=D@<@ "<JCD>A?=

>DEB?=JA FG BTA A>PAE FG BTA BHAA0

%= (!,#, $)QJ?EB BHAA DE ? G<=JBDF= FG BTA BH?=E@DEEDF=

H?=PA &(!)0 #TAHAGFHA. BTA FRBD@<@ BHAA BT?B T?E BTA @D=D@<@

"<JCD>A?= >DEB?=JA DE ? G<=JBDF= FG &(!)0 ;FH BTDE HA?EF=.

JT?=PD=P BTA BH?=E@DEEDF= H?=PA KDCC JT?=PA BTA FRBD@<@

(!,#, $)QJ?EB BHAA0
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6%!&."./& 78N: '.&.(#( -#51.$%4& (!,#, $)G@43" ;*%%

('-'O;(&(!))): #TA ,",Y#(&(!)) FG ?= (!,#, $)QJ?EB DE

?= (!,#, $)QJ?EB BHAA D= KTDJT BTA $ >AEBD=?BDF=E BT?B HAJADXA

D=GFH@?BDF= GHF@ BTA EF<HJA ?@F=P BTA # HAJADXAHE FG BTA

(!,#, $)QJ?EB T?XA BTA @D=D@<@ BFB?C "<JCD>A?= >DEB?=JA0
6%!&."./& 78P: '.&.(#( Q*%4 (!,#, $)G543" ;*%%

('Q'O;(&(!))): #TA ,%,Y#(&(!)) D= ? (!,#, $)Q
J?EB BHAA KDBT $ F<B FG # >AEBD=?BDF=E GFH A?JT EF<HJA DE ?

(!,#, $)QJ?EB BHAA BT?B T?E @D=D@<@ BFB?C ?HA?0 #TA ?HA? FG

? (!,#, $)QJ?EB BHAA DE >A!=A> ?E BTA BFB?C ?HA? JFXAHA> Z[

BTA JDHJCAE JA=BAHA> ?HF<=> A?JT EF<HJA FH HAC?[ KDBT H?>D<E

&(!)0
&FBA BT?B ",'# DE ER?==D=P BHAA BT?B JF=ED>AH F=C[ BTA

EF<HJA ?=> >AEBD=?BDF=E. KTDCA ,",Y# ?=> ,%,Y# ?HA

HAC?BA> BF ? HA?C HF<BD=P BHAA BT?B D=JC<>AE BTA HAC?[E =AA>A>

BF JF==AJB BTA EF<HJA KDBT BTA >AEBD=?BDF=E0
!= F<H >AC?[ ?=?C[EDE. KA ?EE<@A BT?B BTA >AC?[ ?EEFJDQ

?BA> KDBT R?JLAB BH?=E@DEEDF= DE =APCDPDZCA ?=> BTA >AC?[ DE

AEEA=BD?CC[ RHFRFHBDF=?C BF BTA =<@ZAH FG TFRE GHF@ EF<HJA

BF >AEBD=?BDF=0 *TA= BTA R?JLAB EDeA DE C?HPA. BTA= BTA

BH?=E@DEEDF= >AC?[ DE JF=ED>AH?ZCA ?=> KA =F CF=PAH J?= DP=FHA

BTDE >AC?[0 )<H ?=?C[EDE >FAE =FB JF=ED>AH BTDE J?EA ?=> BTDE

DE BTA E<ZUAJB FG G<B<HA EB<>[0
6%!&."./& 78R: 6%14B /C 4& (!,#, $)G@43": != ?=

(!,#, $)QJ?EB. BTA >AC?[ FG ? R?JLAB D= ? =ABKFHL DE BTA BD@A

DB B?LAE BTA R?JLAB BF HA?JT 411 $ >AEBD=?BDF=E ?GBAH DB CA?XAE

BTA EF<HJA0
*A >F =FB B?LA h<A<D=P >AC?[ ?B BTA EF<HJA D=BF ?JJF<=B.

ZAJ?<EA F<H D=BAHAEB DE D= BTA =ABKFHL >AC?[0 #TA ?XAH?PA

R?JLAB >AC?[ GFH ? =ABKFHL KDBT ! =F>AE. 3%,#(!). DE FZB?D=A>

Z[ ?XAH?PD=P FXAH ?CC R?JLABE. ?CC EF<HJAQ>AEBD=?BDF= R?DHE. ?=>

?CC H?=>F@ =ABKFHL JF=!P<H?BDF=E0
!= BTA HAEB FG BTDE R?RAH. ∥4 ∥ >A=FBAE BTA BFB?C "<JCD>A?=

>DEB?=JA FG ? BHAA 4 . #4 DE <EA> BF >A=FBA BTA BFB?C =<@ZAH FG

XAHBDJAE _=F>AEa D= ? BHAA 4 . 5(4 ) >A=FBAE BTA ?HA? FG BHAA 4
JFXAHA> ?=> #4 >A=FBAE BTA BFB?C ?XAH?PA =<@ZAH FG XAHBDJAE

_=F>AEa D= ? BHAA 4 0
#F JF@R<BA BTA (!,#, $)QJ?EB J?R?JDB[. KA <EA BTA HAC?Q

BDF=ETDR ZABKAA= BTA BFB?C "<JCD>A?= >DEB?=JA FG ,",Y# ?=>

",'#0 'BAACA \7] >ABAH@D=A> ? BDPTB ZF<=> GFH ∥",'#∥(#)
FG ? PHF<R FG # =F>AE ?=> GFH C?HPA X?C<AE FG #. KTDJT KA

HAEB?BA D= BTA GFCCFKD=P CA@@?0
>%((4 789S: +AB .(6) >A=FBA BTA =F>A RHFZ?ZDCDB[ >DEBHDQ

Z<BDF= G<=JBDF= D= BTA =ABKFHL ?HA?0 #TA=. GFH C?HPA X?C<AE FG

# ?=> 7 > 1. BTA ∥",'#∥(#) DE BDPTB ZF<=>A> ?E

∥",'#∥(#) = Θ

(
/(7)#

!−1
!

∫

'!

.(6)
!−1
! 76

)
, _ca

KTAHA 7 DE BTA >D@A=EDF= FG BTA =ABKFHL0 &FBA BT?B ZFBT /(7)
?=> BTA D=BAPH?C ?HA JF=EB?=B X?C<AE ?=> =FB G<=JBDF=E FG #0

*TA= 7 = 2. BTA= ∥",'#∥(#) = Θ (
√
#)0

#?ZCA ! E<@@?HDeAE LA[ BAH@E KA <EA D= BTA JF@R<B?BDF=

FG EJ?CD=P C?KE GFH (!,#, $)QJ?EBD=P0

!/0 #I" (!,#, $)Q(%'# (%N%(!#k

Q8 TDD%* U/#&$

&FBA BT?B ,",Y# D=JC<>AE D=BAH@A>D?BA HAC?[E KTDCA

",'#_#a F=C[ D=JC<>AE # >AEBD=?BDF=E0 +A@@? c026 JF@Q

R<BAE BTA ?XAH?PA BFB?C "<JCD>A?= >DEB?=JA GFH ",'#_#a0

#%5+" !
%55$"/!%#!)& #%5+"

",'# "<JCD>A?= ,D=D@<@ 'R?==D=P #HAA

,",Y# ,D=D@<@ "<JCD>A?= (!,#, $)QJ?EB #HAA

,",Y#( ,D=D@<@ "<JCD>A?= (!,#, $)QJ?EB #HAA (ACCE

,%,Y# ,D=D@<@ %HA? (!,#, $)QJ?EB #HAA

&(!) #H?=E@DEEDF= $?=PA D= NHFBFJFC ,F>AC

#F JF@R<BA BTA <RRAH ZF<=> GFH (!,#, $)QJ?EB. KA KDCC

!HEB >A@F=EBH?BA BTA HAC?BDF=ETDR ZABKAA= 5(,%,Y#) ?=>

∥",'#∥(#)0

>%((4 H89: #TA ?XAH?PA ?HA? GFH ,",Y#(&(!)) T?E BTA

GFCCFKD=P CFKAH ZF<=>0

5 (,%,Y#(&(!)) =

⎧
⎨

⎩

Ω
(
$&(!)/

√
#
)
,# = %

(
&−2(!)

)

Ω
(
$&2(!)

)
,Ω($) = &−2(!) = %(#)

Ω (1) , $ = Ω
(
&−2(!)

)

_:a

=*//C: ;HF@ +A@@? c026. DG KA EACAJB F=C[ # >AEBD=?Q

BDF=E _#+ 1 =F>AE D=JC<>D=P EF<HJA ?=> # >AEBD=?BDF=Ea F<B

FG ! =F>AE BF JF=EBH<JB ?= ",'#(#). BTA= BTA BFB?C ?XAH?PA

"<JCD>A?= >DEB?=JA FG BTA ",'#(#) DE ?B CA?EB Θ(
√
#)0 WDXA=

BT?B BTAHA ?HA # >AEBD=?BDF=E GFH BTA BHAA. BTA= BTA ?XAH?PA

"<JCD>A?= >DEB?=JA ZABKAA= ?=[ BKF =F>AE GFH BTDE BHAA DE

Θ (
√
#/#). EF BTA $ JCFEAEB >AEBD=?BDF=E ?=> BTA EF<HJA

JF=EBH<JB ? BHAA KDBT ?XAH?PA CA=PBT FG Θ (
√
#$/#)0 !G KA

U<EB EACAJB BTA $ >AEBD=?BDF=E H?=>F@C[. BTA= BTA RHFZCA@ DE

?= (!, $, $)QJ?EB D= F<H GFH@<C?BDF= ?=> BTA= BTA >DEB?=JA FG

BT?B BHAA DE Θ(
√
$) Z?EA> F= +A@@? c0260 IAHA. KA ?EE<@A BF

JF=EBH<JB # @<CBDJ?EB BHAA !HEB. ?=> BTA= JTFFEA BTA FRBD@?C

_E@?CCAEB CA=PBT FG BTA BHAAa F=AE ?E BTA HA?C >AEBD=?BDF=E0

!B T?E ZAA= RHFXA> \1] BT?B BTA ?XAH?PA ?HA? FG ? BHAA

4 KDBT BH?=E@DEEDF= H?=PA &(!) DE CFKAH ZF<=>A> Z[ BTA

@<CBDRCDJ?BDF= ZABKAA= BTA CA=PBT FG BTA BHAA ?=> BH?=E@DEEDF=

H?=PA &(!) KTA= BTA =<@ZAH FG BTA ?JB<?C >AEBD=?BDF=E E?BDE!AE

# = %
(
&−2(!)

)
0 #T<E. KTA= BTA BH?=E@DEEDF= H?=PA DE =FB

? C?HPA X?C<A. BTA= BTA BFB?C ?HA? D= E<JT ? BHAA DE CFKAH

ZF<=>A> Z[ Ω ($&(!)/
√
#)0 #TDE DE BTA BFR CFKAH ZF<=> D=

"h0 _:a0 *TA= BTA BH?=E@DEEDF= H?=PA DE C?HPAH. PDXA= BT?B

KA F=C[ =AA> BTA JCFEAEB $ =F>AE D= BTA EAB. BTA= BTA ?HA?

FG BT?B BHAA DE CFKAH ZF<=>A> Z[ Ω
(
$&2(!)

)
_9&2(!) DE BTA

?HA? JFXAHA> Z[ F=A =F>Aa0 #TDE DE BTA EAJF=> CFKAH ZF<=>

D= "h0 _:a0 )=JA $ = Ω
(
&−2(!)

)
. BTA= BTA ,%,Y#(&(!))

JFXAHE BTA A=BDHA =ABKFHL ?=> KA J?= <EA Ω(1) ?E BTA CFKAH

ZF<=>. KTDJT DE BTA C?EB X?C<A D= "h0 _:a0 #TA BTHAETFC> GFH

&(!) DE >AHDXA> KTA= BTA !HEB BKF CFKAH ZF<=>E ?HA Ah<?C.

D0A0. Θ ($&(!)/
√
#) = Θ

(
$&2(!)

)
0 #TA EFC<BDF= BF BTA X?C<A

FG #( DE #( = Θ
(
&−2(!)

)
0 #TDE HAE<CB @A?=E BT?B. KTA=

# = %(#() FH # = Ω(#(). BTA CFKAH ZF<=> FG 5 (,%,Y#)
DE Ω ($&(!)/

√
#) FH Θ

(
$&2(!)

)
. HAERAJBDXAC[0

;<%/*%( H8?: #TA <RRAH ZF<=> FG BTA RAHQ=F>A (!,#, $)Q
J?EB BTHF<PTR<B J?R?JDB[ D= >A=EA KDHACAEE ?> TFJ =ABKFHLE
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DE

:%,#(!) =

⎧
⎨

⎩

%
(√

#(!$&(!))−1
)
, # = %

(
&−2(!)

)

%
((

!$&2(!)
)−1

)
, Ω($) = &−2(!) = %(#)

%
(
!−1

)
, $ = Ω

(
&−2(!)

)

_8a

=*//C: #TA RHFFG DE D@@A>D?BA Z[ JF@ZD=D=P +A@@? :02

KDBT BTA G?JB BT?B BFB?C ?HA? GFH ? <=DB =ABKFHL K?E j2j0 -ED=P

BTA E?@A ?HP<@A=B D= \2]. BTA BFB?C BTHF<PTR<B J?R?JDB[ DE BTA

BFB?C ?HA? >DXD>A> Z[ BTA JF=E<@A> ?HA? GFH F=A (!,#, $)QJ?EB
BHAA0 #TA HAE<CB DE D@@A>D?BA Z[ =FH@?CDeD=P BTA HAE<CB Z[ !0

&FBA BT?B 5 (,%,Y#) J?= T?XA EF@A FXAHC?R GFH >DGGAHA=B

(!,#, $)QJ?EB EAEEDF=E0 #TA AdJC<EDXA ?HA? GFH A?JT @<CBDJ?EB

EAEEDF= DE D= BTA E?@A FH>AH ?E BTA 5 (,%,Y#)0
!= \2]. >DELE FG H?>D<E Δ&(!)/2 JA=BAHA> ?B A?JT HAJADXAH ?HA

>DEUFD=B D= FH>AH BF P<?H?=BAA BTA RHFBFJFC @F>AC0 #TAHAGFHA.

BTA ?JB<?C @D=D@<@ AdJC<EDXA ?HA? GFH A?JT (!,#, $)QJ?EB
EAEEDF= DE ?B CA?EB

5 (,%,Y#)× 9

(
Δ&(!)

2

)2

× 1

9&2(!)
=

Δ2

4
5 (,%,Y#).

_`a

#TA >DGGAHA=JA DE ?B @FEB Δ2/4 KTDJT >FAE =FB JT?=PA BTA

FH>AH0 IA=JA. BTA J?R?JDB[ DE BTA =ABKFHL ?HA? >DXD>A> Z[ BTA

BFB?C FJJ<RDA> ?HA? FG F=A (!,#, $)QJ?EB BHAA =FH@?CDeA> Z[

!. KTDJT CA?>E BF BTA RAHQ=F>A J?R?JDB[0

U8 >/2%* U/#&$

#F >AHDXA BTA ?JTDAX?ZCA CFKAH ZF<=>. KA <EA ? #4,%

EJTA@A GFH H?=>F@ >A=EA =ABKFHLE ED@DC?H BF BTA ?RRHF?JT

<EA> D= \26]0 *A !HEB >DXD>A BTA =ABKFHL ?HA? D=BF Eh<?HA JACCE0

"?JT Eh<?HA JACC T?E ?= ?HA? FG &2(!)/2. KTDJT @?LAE BTA

>D?PF=?C CA=PBT FG Eh<?HA Ah<?C BF &(!)0 -=>AH BTDE JF=>DBDF=.

JF==AJBDXDB[ D=ED>A ?CC JACCE DE P<?H?=BAA> ?=> ?CC =F>AE D=ED>A

? JACC ?HA KDBTD= BH?=E@DEEDF= H?=PA FG A?JT FBTAH0 *A Z<DC>

? JACC PH?RT FXAH BTA JACCE BT?B ?HA FJJ<RDA> KDBT ?B CA?EB F=A

XAHBAd _=F>Aa0 #KF JACCE ?HA JF==AJBA> DG BTAHA AdDEB ? R?DH FG

=F>AE. F=A D= A?JT JACC. KTDJT ?HA CAEE BT?= FH Ah<?C BF &(!)
>DEB?=JA ?R?HB0 5AJ?<EA BTA KTFCA =ABKFHL DE JF==AJBA> KTA=

"h0 _2a DE E?BDE!A>. DB GFCCFKE BT?B BTA JACC PH?RT DE JF==AJBA>0

#F E?BDEG[ BTA RHFBFJFC @F>AC. KA ETF<C> >AEDP= JACCE D=

PHF<RE E<JT BT?B ED@<CB?=AF<E BH?=E@DEEDF=E KDBTD= A?JT PHF<R

>F =FB XDFC?BA BTA JF=>DBDF= GFH E<JJAEEG<C JF@@<=DJ?BDF= D=

BTA RHFBFJFC @F>AC0 +AB ; HARHAEA=B BTA @D=D@<@ =<@ZAH

FG JACC EAR?H?BDF=E D= A?JT PHF<R FG JACCE BT?B JF@@<=DJ?BA

ED@<CB?=AF<EC[0 -BDCDeD=P BTA RHFBFJFC @F>AC. ; DE PDXA= ?E

; =
⌊
1 + )($)+(1+Δ))($)

)($)/
√
2

⌋
= ⌊1 +

√
2(2 + Δ)⌋ !G KA >DXD>A

BD@A D=BF ;2 BD@A ECFBE ?=> ?EEDP= A?JT BD@A ECFB BF ? ED=PCA

PHF<R FG JACCE. D=BAHGAHA=JA DE ?XFD>A> ?=> BTA RHFBFJFC @F>AC

DE E?BDE!A>0WDXA= BT?B BTA R?H?@ABAH ; DE =FB ? G<=JBDF= FG !.

BTA #4,% EJTA@A >FAE =FB JT?=PA BTA FH>AH J?R?JDB[ FG BTA

=ABKFHL0

6%!&."./& H87: '.&.(#( -#51.$%4& (!,#, $)G@43" ;*%%

@%113('-'O;@(&(!))): #TA ,",Y#((&(!)) FG ?=

(!,#, $)QJ?EB BHAA DE BTA BFB?C JACCE JF=B?D=D=P ?CC BTA =F>AE D=

BTA (!,#, $)QJ?EB BHAA0

#TA GFCCFKD=P CA@@? AEB?ZCDETAE BTA ?JTDAX?ZCA CFKAH

ZF<=> GFH BTA (!,#, $)QJ?EB J?R?JDB[ ?E ? G<=JBDF= FG

#,",Y#((&(!)). BTA BFB?C =<@ZAH FG JACCE BT?B JF=B?D= ?CC

BTA =F>AE D= ?= (!,#, $)QJ?EB PHF<R0

>%((4 H8H: #TA ?JTDAX?ZCA CFKAH ZF<=> FG BTA RAHQ=F>A

(!,#, $)QJ?EB BTHF<PTR<B J?R?JDB[ D= >A=EA KDHACAEE ?> TFJ

=ABKFHLE DE PDXA= Z[

:%,#(!) = Ω
(
1/#,",Y#((&(!)) × 1/!&2(!)

)
, _9a

=*//C: #TA RHFFG DE RHAEA=BA> ?E CA@@? :0` D= \22]0

>%((4 H8J: #TA ?XAH?PA =<@ZAH FG JACCE D=

,",Y#(&(!)) BHAA DE BDPTB ZF<=>A> ?E

#,",Y#((%(!)) =

⎧
⎨

⎩

Θ
(
$(
√
#%(!))−1) , # = &

(
%−2(!)

)
,

Θ($) , Ω($) = %−2(!) = &(#),

Θ
(
%−2(!)

)
, $ = Ω

(
%−2(!)

)
.

_1a

=*//C: #TA RHFFG DE PDXA= D= CA@@?E :09 ?=> 808 D= \22]0

;<%/*%( H8K: #TA ?JTDAX?ZCA CFKAH ZF<=> FG BTA (!,#, $)Q
J?EB BTHF<PTR<B J?R?JDB[ D= >A=EA KDHACAEE ?> TFJ =ABKFHLE DE

:%,#(!) =

⎧
⎨

⎩

Ω
(√

#(!$&(!))−1
)
, # = %

(
&−2(!)

)

Ω
((

!$&2(!)
)−1

)
, Ω($) = &−2(!) = %(#)

Ω
(
!−1

)
, $ = Ω

(
&−2(!)

)

_7a

=*//C: #TA RHFFG DE D@@A>D?BA Z[ JF@ZD=D=P +A@@?E

:0: ?=> :080

!B DE JCA?H BT?B Z[ JF@ZD=D=P #TAFHA@E :03 ?=> :0`. ? BDPTB

ZF<=> GFH BTA J?R?JDB[ FG (!,#, $)QJ?EB J?= ZA >AHDXA>0 *A

=FBDJA GHF@ BTA ?ZFXA HAE<CBE BT?B BTAHA ?HA BTHAA >DEBD=JB

J?R?JDB[ HAPDF=E GFH (!,#, $)QJ?EBD=P0 #TAEA BTHAA >DGGAHA=B

HAPDF=E ?HA ?JTDAXA> Z?EA> F= >DGGAHA=B X?C<AE FG BH?=E@DEEDF=

H?=PA &(!). #. ?=> $0 != BTA !HEB HAPDF=. BTA FH>AH J?R?JDB[

FG KDHACAEE ?> TFJ =ABKFHLE DE ED@DC?H BF BT?B FG <=DJ?EB

JF@@<=DJ?BDF=0 #TAHAGFHA. KA HAGAH BF BTDE !HEB J?R?JDB[

HAPDF= ?E <=DJ?EB HAPDF=0 #TDE <=DJ?EB J?R?JDB[ HAPDF= ?CEF

D=JC<>AE BTA J?R?JDB[ GFH @<CBDJ?EBD=P FH ?=[ B[RA FG ?=[J?EB

JF@@<=DJ?BDF=0 )=JA BTA =<@ZAH FG HAJADXAH =F>AE DE E@?CCAH

BT?= Θ
(
&−2(!)

)
. BTA= KA A=BAH D=BF ? EAJF=> J?R?JDB[ HAPDF=.

KTDJT KA J?CC BTA @<CBDJ?EB J?R?JDB[ HAPDF=0 #TA C?EB HAPDF=

DE >A!=A> GFH BTA J?EA KTA= ZFBT # ?=> $ ?HA C?HPAH BT?=

Θ
(
&−2(!)

)
0 #TA =ABKFHL J?R?JDB[ D= BTDE HAPDF= DE Ah<DX?CA=B

BF BTA ZHF?>J?EB J?R?JDB[ FG BTA =ABKFHL. ?=> TA=JA KA J?CC

BTDE HAPDF= BTA ZHF?>J?EB J?R?JDB[ HAPDF=0 #TA (!,#, $)QJ?EB
BHAA ?EEFJD?BA> BF BTDE HAPDF= ER?=E ?CC BTA ACA@A=BE FG BTA

PH?RT ?=> DB DE Ah<DX?CA=B BF ? JF==AJBA> >F@D=?BD=P EAB GFH

BTA A=BDHA =ABKFHL0 #TAHAGFHA. HAP?H>CAEE FG T?XD=P @<CBDJ?EB.

ZHF?>J?EB. FH ?=[ B[RA FG ?=[J?EB JF@@<=DJ?BDF=E. BTA J?R?JDB[

HA?JTAE DBE @D=D@<@ RFEEDZCA X?C<A GFH ? PDXA= BH?=E@DEEDF=

H?=PA KTDJT DE BTA E?@A ?E ZHF?>J?EB J?R?JDB[0

@8 6%14B Q&41B3.3 /C (!,#, $)G@43"

!= BTDE EAJBDF=. KA RHAEA=B BTA >AC?[ FG (!,#, $)QJ?EBD=P ?=>

DBE BH?>AFGG KDBT J?R?JDB[0 %E 4A!=DBDF= c07 EB?BAE. BTA R?JLAB

>AC?[ DE RHFRFHBDF=?C BF BTA BFB?C =<@ZAH FG TFRE HAh<DHA> GHF@

A?JT EF<HJA BF DBE >AEBD=?BDF=E0 != FH>AH BF JF@R<BA BTDE >AC?[.

KA !HEB RHFXA BTA GFCCFKD=P CA@@?0
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>%((4 H8N: #TA >AC?[ FG (!,#, $)QJ?EB D= ? H?=>F@ >A=EA

KDHACAEE ?> TFJ =ABKFHL KDBT 'N$ DE

3%,#(!) = Θ
(
#,",Y#((&(!))

)
. _26a

=*//C: ;HF@ BTA >A!=DBDF= FG #,",Y#((&(!)) ?=>

+A@@? :08. KA JF=JC<>A BT?B #,",Y#((&(!)) DE RHFRFHQ

BDF=?C BF BTA @D=D@<@ =<@ZAH FG TFRE D= KTDJT BTA D=GFH@?Q

BDF= DE HF<BA> GHF@ EF<HJA BF ?CC DBE >AEBD=?BDF=E0 5AJ?<EA KA

?HA ?EE<@D=P ? #4,% EJTA@A BF ?JTDAXA BTA CFKAH ZF<=> GFH

BTA J?R?JDB[. DB DE JCA?H BT?B. BF BH?=ERFHB BTA D=GFH@?BDF= GHF@

F=A JACC BF BTA =AdB ?>U?JA=B JACC. F=A BF BKF TFRE ?HA HAh<DHA>0

#TAHAGFHA. #,",Y#((&(!)) DE ?CEF D= BTA E?@A FH>AH ?E BTA

BFB?C =<@ZAH FG TFRE =AA>A>0 5?EA> F= BTA >A!=DBDF= FG >AC?[.

DB DE JCA?H BT?B #,",Y#((&(!)) DE ?CEF BTA E?@A FH>AH ZF<=>

?E BTA BFB?C >AC?[. KTDJT RHFXAE BTA +A@@?0

!B DE JCA?H BT?B KA J?= JF@R<BA ? BDPTB ZF<=> GFH >AC?[ D=

(!,#, $)QJ?EB ?E ? G<=JBDF= FG &(!) Z[ JF@ZD=D=P CA@@?E :08

?=> :090

;<%/*%( H8P: #TA HAC?BDF=ETDR ZABKAA= J?R?JDB[ ?=> >AC?[

GFH (!,#, $)QJ?EB DE PDXA= Z[

:%,#(!)3%,#(!) = Θ
((

!&2(!)
)−1

)
. _22a

=*//C: #TA HAE<CBE J?= ZA A?EDC[ >AHDXA> Z[ JF@R?HD=P

#TAFHA@E :0`. :03 KDBT CA@@?E :08 ?=> :090

/0 4!'(-''!)& ); $"'-+#' %&4 ()&(+-'!)&

#TAHA DE @<JT X?C<?ZCA D=EDPTB BF ZA P?D=A> GHF@ @F>Q

ACD=P BTA J?R?JDB[ FG <=DJ?EBD=P. @<CBDJ?EBD=P. ZHF?>J?EBD=P

?=> ?=[J?EBD=P <ED=P BTA E?@A GH?@AKFHL0 )<H (!,#, $)QJ?EB
GH?@AKFHL ?CCFKE <E BF ?=?C[eA BTA BTHF<PTR<B J?R?JDB[ FG

KDHACAEE =ABKFHLE ?E ? G<=JBDF= FG BTA =<@ZAH FG HAJADXAHE

FG ? JF@@<=DJ?BDF= PHF<R. KTDJT J?= H?=PA GHF@ 2 <R BF

BTA =<@ZAH FG =F>AE D= BTA =ABKFHL. ?E KACC ?E ? G<=JBDF=

FG BTA BH?=E@DEEDF= H?=PA0 %JJFH>D=PC[. BTA HAE<CBE FZB?D=A>

D= ?CC RHDFH KFHL J?= ZA >AHDXA> GHF@ F<H @F>AC Z[ EACAJBQ

D=P BTA ?RRHFRHD?BA X?C<AE GFH &(!) ?=> # D= BTA J?R?JDB[

HAE<CBE FZB?D=A> D= 'AJBDF=E !/0 != ?>>DBDF=. F<H GH?@AKFHL

?CEF RHFXD>AE =AK D=EDPTB F= BTA J?R?JDB[ FG D=GFH@?BDF=

>DEEA@D=?BDF= BAJT=Dh<AE BT?B ?HA ZAJF@D=P @FHA RHAX?CA=B

KDBT BTA ?X?DC?ZDCDB[ FG D=Q=ABKFHL EBFH?PA. =?@AC[ ?=[J?EBD=P.

?=> ?CCFKE <E BF HA?EF= ?ZF<B BTA =?B<HA BT?B HF<BA EDP=?CD=P

ETF<C> ZA HA=>AHA> @FHA EJ?C?ZCA KDHACAEE =ABKFHLE0

Q8 :%,#(!) 43 4 0#&5"./& /C ;*4&3(.33./& V4&F% L&(!)M 4&$

W*/#D !.X% L#M

#TA HAC?BDF=ETDR ZABKAA= :%,#(!) ?=> BTA BH?=E@DEEDF=

H?=PA &(!) J?= ZA EAA= D= ;DP0 20 ;HF@ BTDE !P<HA. KA EAA

BT?B @?dD@<@ J?R?JDB[ J?= ZA ?BB?D=A> KTA= BTA BH?=E@DEEDF=

H?=PA T?E DBE @D=D@<@ X?C<A. D0A0. &(!) = Ω
(√

log!/!
)
0 *A

J?= JF=JC<>A BTA BTHF<PTR<B J?R?JDB[ FG >A=EA KDHACAEE ?> TFJ

=ABKFHLE DE RHFRFHBDF=?C KDBT BTA Θ (
√
#/$) ?=> D=XAHEAC[

RHFRFHBDF=?C KDBT BTA BH?=E@DEEDF= H?=PA &(!)0 5AED>AE. BTA

ZHF?>J?EB BTHAETFC> #( KDCC ZA >AJHA?EA> KTA= &(!) D=JHA?EAE0

;DP0 3 ETFKE :%,#(!) ?E ? G<=JBDF= FG #0 %E DB K?E BTA J?EA

GFH :%,%(!). DG # X?HDAE GHF@ 2 BF #+ = Θ(1). BTA J?R?JDB[

FG BTA =ABKFHL >FAE =FB JT?=PA ?=> Ah<?CE Θ
(

1√
$ log$

)
0 ;FH
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;DP0 20 *",$(") ?E ? G<=JBDF= FG BH?=E@DEEDF= H?=PA +("). HA?C =<@ZAH FG
>AEBD=?BDF=E !. ?=> BTA =<@ZAH FG >AEBD=?BDF= PHF<R JTFDJAE $0
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;DP0 30 -=DG[D=P XDAK FG BTHF<PTR<B J?R?JDB[0

X?C<AE FG # C?HPAH BT?= #+. BTA (!,#, $)QJ?EB FH>AH J?R?JDB[

J?= D=JHA?EA FH >AJHA?EA >ARA=>D=P F= BTA X?C<A FG $0 #TA

E@?CCAEB FH>AH J?R?JDB[ JFHHAERF=>E BF BTA J?EA KTA= $ = #.

D0A0. @<CBDJ?EBD=P _# < !a FH ZHF?>J?EBD=P _# = !a. ?=> BTA

C?HPAEB FH>AH J?R?JDB[ DE ?BB?D=A> GFH ?=[J?EBD=P _$ = 1a0 #TA

ET?>A> ?HA? D= BTA !P<HA ETFKE BTA ?JTDAX?ZCA J?R?JDB[ GFH

@?=[J?EBD=P _1 < $ < #a GFH >DGGAHA=B X?C<AE FG # ?=> $0

*A FZEAHXA BT?B. HAP?H>CAEE FG BTA X?C<A FG $. BTA J?Q

R?JDB[ FG KDHACAEE ?> TFJ =ABKFHLE ZAJF@AE JF=EB?=B KTA=

# = Ω(!/ log!) ?=> ?= D=JHA?EA D= BTA X?C<A FG # >FAE =FB

JT?=PA BTA BTHF<PTR<B J?R?JDB[0 #TDE HAE<CB J?= ZA <=>AHEBFF>

Z[ BTA G?JB BT?B. KTA= BTA =<@ZAH FG >AEBD=?BDF=E HA?JTAE

Θ (!/ log!). BTDE EAB ZAJF@AE BTA JF==AJBA> >F@D=?BD=P EAB

((4'(&(!))) FG BTA A=BDHA =ABKFHL ?E CF=P ?E BTA BH?=E@DEEDF=

H?=PA &(!) DE JTFEA= E<JT BT?B BTA =ABKFHL DE ? JF==AJBA>

=ABKFHL0 "h<DX?CA=BC[. DG ? ZHF?>J?EB DE @?>A BF BTA A=BDHA

=ABKFHL. BTA J?R?JDB[ >FAE =FB JT?=PA ZAJ?<EA ?CC BTA =F>AE

D= BTA =ABKFHL ?HA ADBTAH D=ED>A BTDE EAB FH KDBTD= F=A TFR GHF@

?= ACA@A=B D= BTDE EAB0

*A =FBA BT?B BTA J?R?JDB[ FG ?=[J?EB FH @?=[J?EB DE PHA?BAH

BT?= BTA J?R?JDB[ FG <=DJ?EB DG $ = % (
√
#). AXA= DG A?JT =F>A
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;DP0 c0 #TA HAC?BDF=ETDR ZABKAA= >AC?[ ?=> J?R?JDB[0

HAh<DHAE BF BH?=E@DB DBE R?JLABE BF @FHA BT?= F=A >AEBD=?BDF=0

#TDE HAE<CB ETFKE BT?B ?E CF=P ?E $ = % (
√
#). BTA BFB?C

=<@ZAH FG TFRE HAh<DHA> BF BH?=E@DB R?JLAB BF $ >AEBD=?BDF=E DE

?CK?[E. F= ?XAH?PA. CAEE BT?= EA=>D=P BTA R?JLAB GHF@ BTA E?@A

EF<HJA BF ? ED=PCA H?=>F@C[ EACAJBA> >AEBD=?BDF= D= <=DJ?EB

JF@@<=DJ?BDF=E0 "h<DX?CA=BC[. BTA BFB?C "<JCD>A?= >DEB?=JA

GFH ? @?=[J?EB BHAA DE F= ?XAH?PA CAEE BT?= BTA "<JCD>A?=

>DEB?=JA ZABKAA= ?=[ H?=>F@C[ EACAJBA> EF<HJA ?=> >AEBD=?BDF=

D= <=DJ?EB JF@@<=DJ?BDF=0 IFKAXAH. BTDE "<JCD>A?= >DEB?=JAE

ZAJF@A BTA E?@A. F= ?XAH?PA. KTA= $ = Θ (
√
#)0 %E DB J?=

ZA RHA>DJBA> GHF@ BTDE !P<HA. BTA BFB?C "<JCD>A?= >DEB?=JA D= ?

@?=[J?EB BHAA D=JHA?EAE ?E $ D=JHA?EAE ?=> GFH $ = Ω(
√
#).

BTA J?R?JDB[ FG @?=[J?EB ZAJF@AE CAEE BT?= <=DJ?EB ZAJ?<EA

FG BTA BFB?C "<JCD>A?= >DEB?=JA D= BTA @?=[J?EB BHAA0

U8 3%,#(!) 43 4 0#&5"./& /C ;*4&3(.33./& V4&F% L&(!)M 4&$

;*4$%/CC )%"2%%& 3%,#(!) 4&$ :%,#(!)

;DPE0 c_?a. c_Za. ?=> c_Ja >ARDJB BTA HAC?BDF=ETDR ZABKAA=

3%,#(!) ?=> :%,#(!) KTA= 'N$ DE <EA> D= ? KDHACAEE ?>

TFJ =ABKFHL0 *DBT F<H @F>AC. KA J?= PA=AH?CDeA BTA <=DG[D=P

HAC?BDF=ETDR ZABKAA= J?R?JDB[ ?=> >AC?[ D=BF @<CBDJ?EB ?=>

ZHF?>J?EB. ?E ETFK= D= ;DPE0 c_Za ?=> c_Ja0 != BTA <=DJ?EB

J?R?JDB[ HAPDF=. BTA BH?=E@DEEDF= H?=PA &(!) ETF<C> ZA @?>A

?E E@?CC ?E RFEEDZCA BF D=JHA?EA BTA J?R?JDB[ FG BTA =ABKFHL ?=>

BF ?XFD> D=BAHGAHA=JA. KDBT BTA JFHHAERF=>D=P JFEB FG D=JHA?ED=P

>AC?[0 #F >AJHA?EA BTA >AC?[. BTA BH?=E@DEEDF= H?=PA &(!)
ETF<C> ZA D=JHA?EA>. EF BT?B BTA =<@ZAH FG TFRE HAh<DHA>

BF >DEEA@D=?BA D=GFH@?BDF= DE HA><JA>b TFKAXAH. >FD=P EF

>AJHA?EAE BTA J?R?JDB[ FG BTA =ABKFHL Z[ D=JHA?ED=P @<CBDRCA

?JJAEE D=BAHGAHA=JA _,%!a0 != BTA @<CBDJ?EB J?R?JDB[ HAPDF=

_EAA ;DP0 c_Zaa. KA FZEAHXA BT?B BTA BH?=E@DEEDF= H?=PA ETF<C>

ZA @?>A ?E E@?CC ?E RFEEDZCA BF D=JHA?EA BTA J?R?JDB[ KDBT

=F RA=?CB[ FG >AC?[ D=JHA?EAE0 IFKAXAH GFH BTA ZHF?>J?EB

J?R?JDB[ HAPDF= _EAA ;DP0 c_Jaa. D=JHA?ED=P BTA BH?=E@DEEDF=

H?=PA >AJHA?EAE BTA >AC?[ D= BTA =ABKFHL KDBT =F RA=?CB[ GFH

J?R?JDB[0 != BTDE HAPDF=. @?dD@DeD=P BTA BH?=E@DEEDF= H?=PA

ETF<C> ZA BTA EBH?BAP[0
#TA ?ZFXA HAE<CBE D=>DJ?BA BT?B BTAHA ?HA >DGGAHA=B BH?>AFGGE

ZABKAA= BTA J?R?JDB[ :%,#(!) ?=> BTA >AC?[ 3%,#(!) D= BAH@E

FG BH?=E@DEEDF= H?=PA &(!) GFH BTA BTHAA J?R?JDB[ HAPDF=E FG

KDHACAEE ?> TFJ =ABKFHLE0
*A D=BHF><JA> ? <=DG[D=P GH?@AKFHL GFH BTA @F>ACD=P FG BTA

FH>AH J?R?JDB[ FG KDHACAEE =ABKFHLE E<ZUAJB BF >DGGAHA=B B[RAE

FG D=GFH@?BDF= >DEEA@D=?BDF=0 #F >F EF. KA >A!=A> (!,#, $)Q

J?EBD=P ?E ? PA=AH?CDe?BDF= FG ?CC GFH@E FG F=AQBFQF=A. F=AQBFQ

@?=[ ?=> @?=[QBFQ@?=[ D=GFH@?BDF= >DEEA@D=?BDF= D= KDHAQ

CAEE =ABKFHLE0 )<H @F>ACD=P GH?@AKFHL RHFXD>AE ? <=Dh<A

RAHERAJBDXA BF BTA <=>AHEB?=>D=P FG BTA J?R?JDB[ FG KDHACAEE

?> TFJ =ABKFHLE0 )<H ?RRHF?JT <=D!AE AdDEBD=P HAE<CBE F= BTA

FH>AH J?R?JDB[ FG KDHACAEE =ABKFHLE E<ZUAJB BF <=DJ?EBD=P .

@<CBDJ?EBD=P. FH ZHF?>J?EBD=P ?=> RHFXD>AE =AK J?R?JDB[ ?=>

>AC?[ HAE<CBE GFH ?=[J?EBD=P ?=> @?=[J?EBD=P0

#TA @<CBDJ?EB BTHF<PTR<B ?=> >AC?[ T?E ZAA= D=XAEBDP?BA>

HAJA=BC[ GFH @FZDCA A=XDHF=@A=BE \23]0 ;<B<HA EB<>DAE ETF<C>

D=XAEBDP?BA BTA (!,#, $)QJ?EB GFH @FZDCA ?> TFJ =ABKFHLE0

%(Y&)*+"4W,"&#

#TA ?<BTFHE KF<C> CDLA BF BT?=L NHFGAEEFH ;FBD=DQ&DFXD

N?XCD>F< ?=> ?=F=[@F<E HAXDAKAHE0

$";"$"&("'

\2] N0 W<RB? ?=> N0 $0 Y<@?H. l#TA J?R?JDB[ FG KDHACAEE =ABKFHLE.j ,---

;*4&38 ,&C/*(8 ;<%/*B. XFC0 :`. =F0 3. RR0 c11^:6:. 36660
\3] ,0 ;H?=JAEJTABBD. )0 4F<EEA. 40 #EA. ?=> N0 #TDH?=. l(CFED=P BTA P?R D=

BTA J?R?JDB[ FG KDHACAEE =ABKFHLE XD? RAHJFC?BDF= BTAFH[.j ,--- ;*4&38
,&C/*(8 ;<%/*B. XFC0 8c. =F0 c. RR0 2667^2621. 36690

\c] %0 )eP<H. )0 +AXAh<A. ?=> 40 #EA. lIDAH?HJTDJ?C JFFRAH?BDF= ?JTDAXAE
FRBD@?C J?R?JDB[ EJ?CD=P D= ?> TFJ =ABKFHLE.j ,--- ;*4&38 ,&C/*(8
;<%/*B. XFC0 8c. =F0 26. RR0 38:7^c893. 36690

\:] $0 ,0 >A ,FH?AE. I0 $0 '?>U?>RF<H. ?=> V0 V0 W?HJD?Q+<=?Q%JAXAE.
l,?=[QBFQ@?=[ JF@@<=DJ?BDF=O ? =AK ?RRHF?JT GFH JFCC?ZFH?BDF= D=
@?=ABE.j D= =*/58 ,--- ,Y0I@I' ?SSN. %=JTFH?PA. %C?EL?. -'%.
,?[ 36690

\8] 50 #?XCD. l5HF?>J?EB J?R?JDB[ FG KDHACAEE =ABKFHLE.j ,--- @/((#&8

>%""8. XFC0 26. =F0 3. RR0 `1^`7. 366`0
\`] %0 YAET?X?He. /0 $DZADHF. ?=> $0 $DA>D. l5HF?>J?EB J?R?JDB[ D= @<CBDTFR

KDHACAEE =ABKFHLE.j D= =*/58 Q@' '/).@/( ?SSK. +FE %=PACAE. (%.
-'%0. 'ARB0 366`0

\9] N0 V?Jh<AB ?=> W0 $F>FC?LDE. l,<CBDJ?EB EJ?CD=P RHFRAHBDAE D= @?EEDXAC[
>A=EA ?> TFJ =ABKFHLE.j D= =*/58 ,--- ,@=Q6! ?SSJ. ;<L<FL?. V?R?=.
V<C[ 36680
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\7] ,0 'BAACA. lWHFKBT H?BAE FG A<JCD>A?= @D=D@?C ER?==D=P BHAAE KDBT
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,Y0I@I' ?SSP. NTFA=Dd. %HDeF=?. -'%. %RH0 36610
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