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;D ]H =DIH =DFHB; ;J>@ YJ>; YH IH:DI; ]HA>LBH DE :I>A;<A>?

>@F :JCB<A>? ?<=<;>;<D@B W!!X4 /J<B :>:HI FH>?B Y<;J >BC=:;D;<A

]HJ>U<DI DE ;JH @H;YDIMB >@F <; <B DL;B<FH ;JH BAD:H DE ;J<B

:>:HI ;D >@>?CZH =DIH IH>?<B;<A =DFH?B DE 17/ >@F 17)4

RDYHUHI2 YH ]H?<HUH ;J>; DLI >@>?C;<A>? ;HAJ@<fLHB >IH PH@HI>?

H@DLPJ ;D >?BD :IDUH LBHEL? EDI BLAJ EL;LIH <@UHB;<P>;<D@B4

-HA;<D@ 3$ BL==>I<ZHB DLI MHC AD@A?LB<D@B >@F >FFIHBBHB

;JH <=:>A; DE DLI IHBL?;B D@ ;JH FHB<P@ DE :ID;DAD?B EDI EL;LIH

Y<IH?HBB >F JDA @H;YDIMB4

$$4 )%,+/%0 Q')N

/JHIH J>UH ]HH@ =>@C AD@;I<]L;<D@B D@ ;JH A>:>A<;C B;LFC

DE Y<IH?HBB >F JDA @H;YDIMB ;J>; B:>@ L@<A>B;2 =L?;<A>B; >@F

]ID>FA>B; ;I>E!A4 0LH ;D B:>AH ?<=<;>;<D@B2 JDYHUHI2 YH D@?C

=H@;<D@ > EHY DE ;JH= ;J>; EDALB D@ L@<A>B;<@P4

+ @L=]HI DE :>:HIB J>UH Ha;H@FHF ;JH IHBL?;B ]C GL:;> >@F

NL=>I W!X2 YJ<AJ BJDYHF > P>: ]H;YHH@ ;JH L::HI >@F ?DYHI

]DL@FB D@ A>:>A<;C L@FHI ;JH :JCB<A>? =DFH?4 ^I>@AHBAJH;;< H;

>?4 W!5X A?DBHF ;J<B P>: LB<@P :HIAD?>;<D@ ;JHDIC4

-HUHI>? ;HAJ@<fLHB ><=HF >; <=:IDU<@P ;JH A>:>A<;C DE

Y<IH?HBB >F JDA @H;YDIMB J>UH ]HH@ >@>?CZHF4 GIDBBP?>LBHI

>@F /BH W!\X FH=D@B;I>;HF ;J>; > @D@TU>@<BJ<@P A>:>A<;C

A>@ ]H >;;><@HF >; ;JH :I<AH DE ?D@P FH?<UHIC ?>;H@A<HB ]C

;>M<@P >FU>@;>PH DE ?D@PT;HI= B;DI>PH <@ =D]<?H @DFHB4 $;

J>B >?BD ]HH@ BJDY@ ;J>;2 <E ]>@FY<F;J <B >??DYHF ;D <@AIH>BH

:ID:DI;<D@>??C ;D ;JH @L=]HI DE @DFHB <@ ;JH @H;YDIM W!_X2

J<PJHI ;I>@B:DI; A>:>A<;<HB A>@ ]H >;;><@HF EDI B;>;<A Y<IH?HBB

@H;YDIMB4 -D=H YDIMB FH=D@B;I>;HF ;J>; AJ>@P<@P :JCB<A>?

?>CHI >BBL=:;<D@B BLAJ >B LB<@P =L?;<:?H AJ>@@H?B W![X DI

1$1' ADD:HI>;<D@ W!`X A>@ AJ>@PH ;JH A>:>A<;C DE Y<IH?HBB

@H;YDIMB4

'ZPLI H; >?4 W!`X :ID:DBHF > J<HI>IAJ<A>? ADD:HI>;<D@ ;HAJT

@<fLH ]>BHF D@ U<I;L>? 1$1' ;D >AJ<HUH ?<@H>I A>:>A<;C4

/JHC BJDYHF ;J>; ;JH D:;<=>? :HITBHBB<D@ A>:>A<;C DE >@ >FT

JDA @H;YDIM <B ]DL@FHF >B O(n log n)2 >@F > AD@B;>@; :HIT

5QH IHEHI ;JH IH>FHI ;D W\X EDI > F<BALBB<D@ D@ ]>@FY<F;J Ha:>@B<D@ L;<?<Z<@P
17)4
\/JH @L=]HI DE >@;H@@>B IHfL<IHF ;D <=:?H=H@; 17) DI 17/ <B :ID:DIT

;<D@>? ;D Θ
`
nr2(n)

´
4
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BHBB<D@ A>:>A<;C DE Θ(1) <B >AJ<HU>]?H4 'LI YDIM <B B<P@<ET
<A>@;?C F<EEHIH@; EID= ;J<B YDIM2 <@ ;HI=B DE ;JH =DFH? >@F

>BBL=:;<D@B LBHF ;D FHI<UH ;JH IHBL?;B4 'ZPLI H;4 >?4 AD@B<FHI

;JH <@EDI=>;<D@T;JHDIH;<A =DFH?2 >@F >BBL=H ;J>; ;JH @H;YDIM

H=:?DCB JH;HIDPH@DLB JD:TB<ZHB2 >; ;<=HB IHfL<I<@P > F<IHA;

AD==L@<A>;<D@ ]H;YHH@ Y<FH?C BH:>I>;HF @DFHB4 $@ AD@;I>B;2

DLI YDIM <B ]>BHF D@ ;JH :ID;DAD? =DFH? >@F >BBL=HB > JDT

=DPH@DLB ;I>@B=<BB<D@ I>@PH4 + AD=:>I<BD@ DE DLI IHBL?; Y<;J

J<HI>IAJ<A>? 1$1' ADD:HI>;<D@ BJDYB ;J>; YH A>@ >AJ<HUH ;JH

B>=H A>:>A<;C Y<;J r(n) = Θ
(
n− 1

3

)
4 $E ;JH AD==L@<A>;<D@

I>@PH r(n) <@AIH>BHB ]HCD@F Θ
(
n− 1

3

)
2 ;JH@ 17/) :IDU<FHB

J<PJHI A>:>A<;<HB4

.DD:HI>;<D@ A>@ ]H Ha;H@FHF ;D ;JH B<=L?;>@HDLB ;I>@B=<BT

B<D@ >@F IHAH:;<D@ >; ;JH U>I<DLB @DFHB <@ ;JH @H;YDIM2 YJ<AJ

A>@ IHBL?; <@ B<P@<!A>@; A>:>A<;C <=:IDUH=H@; W\X4 +B YH J>UH

B;>;HF2 G>IA<>T,L@>T+AHUHB H; >?4 W_X BJDYHF ;J>; LB<@P 17)

>; ;JH IHAH<UHIB A>@ <@AIH>BH ;JH DIFHI A>:>A<;C DE Y<IH?HBB

@H;YDIMB BL]SHA; ;D L@<A>B; ;I>E!A4 QH ]H?<HUH ;J>; ;JH <=:>A;

DE 17/ >@F 17) D@ ;JH ;JIDLPJ:L; DIFHI J>B @D; ]HH@ B;LF<HF

BLE!A<H@;?C4 RDYHUHI2 YH =LB; J<PJ?<PJ; ;J>; ;JH AD@AH:;B DE

17/ >@F 17) J>UH ]HH@ >IDL@F EDI > ?D@P ;<=H2 >@F ;JHIH

>IH U>I<DLB Y>CB DE IH>?<Z<@P ;JH=4 $@ ;JH DI<P<@>? <@;IDFLA;<D@

DE 17) W!6X2 ;JH AD@AH:; Y>B IH>?<ZHF ]C L;<?<Z<@P B:IH>F

B:HA;IL= ;HAJ@<fLHB2 YJ<AJ IHfL<IHB ]>@FY<F;J Ha:>@B<D@ >@F

> FH;><?HF F<BALBB<D@ A>@ ]H EDL@F <@ W\X4 RDYHUHI2 =DIH

IHAH@; >FU>@AHB <@ ;JH :JCB<A>? ?>CHI >??DYB ;JH IH>?<Z>;<D@

DE 17)e17/ ]C L;<?<Z<@P =L?;<:?H >@;H@@>B >@F ;JH LBH DE

]H>=EDI=<@P ;HAJ@<fLHB4 /JH YDIM ]C 7HI>M< >@F -HIUH;;D

W!"X J>B <FH@;<!HF ;JH L::HI ]DL@F D@ ;JH :HIEDI=>@AH DE

]H>=EDI=<@P4 /JH BAD:H DE ;J<B :>:HI <B @D; >]DL; F<EEHIH@;

Y>CB DE <=:?H=H@;<@P 17)e17/4 $@ ;J<B YDIM YH J>UH

>BBL=HF >@ <=:?H=H@;>;<D@ DE 17)2 YJ<AJ FDHB @D; IHfL<IH

>@C ?DBB <@ I>;H4 ^DI >FF<;<D@>? ]>AMPIDL@F2 YH IHEHI ;JH IH>FHI

;D >@ HaAH??H@; BLIUHC :>:HI W!9X >@F @L=]HI DE AD@;I<]L;<D@B

D@ ;J<B ;D:<A W!6XgW5_X4

+ PH@HI>?<Z>;<D@ DE ;JH =>aT"DY =<@TAL; ;JHDIH= ;D =L?;<T

:?H AD==DF<;<HB <B @D; EH>B<]?H <@ >I]<;I>IC PI>:JB4 RDYHUHI2

;JH BH=<@>? :>:HI ]C ,H<PJ;D@ >@F )>D W"X BJDYHF ;J>; ;JH

P>: ]H;YHH@ ;JH =>aT"DY >@F =<@TAL; <B >; =DB; Θ(log n)4
$@ > IHAH@; YDIM2 1>F>@ H;4 >?4 W5[X J>UH L;<?<ZHF ,H<PJ;D@

>@F )>DVB YDIM ;D FHI<UH ]DL@FB EDI ;JH A>:>A<;C DE >FTJDA

@H;YDIMB4 /JHC EDALB D@ ;JH B:HA<>? A>BH YJHIH k = Θ(n2)
>@F ;JH @.-71" 9586"* %"8"9*./- b-7)d =DFH?4

'LI YDIM <B <@B:<IHF ]C ;JH >@>?CB<B DE ,H<PJ;D@ >@F )>D4

G<UH@ ;J>; YH >IH >]?H ;D FHFLAH > ;<PJ; =>aT"DY =<@TAL;

;JHDIH=2 DLI ]DL@FB >IH ;<PJ;HI ;J>@ ;JDBH IH:DI;HF ]C 1>F>@

H; >?4 W5[X4 ^LI;JHI=DIH2 DLI YDIM <B >::?<A>]?H ;D > Y<FHI

U>I<H;C DE :ID;DAD? =DFH?B >@F ;I>E!A :>;;HI@B4

$$$4 7)%,$1$*+)$%-

3< A"*2/%6 !/,"1

/JH >IH> DE > AD@;<@LDLB IHP<D@ R <B FH@D;HF ]C |R|4 /JH
A>IF<@>?<;C DE > BH; S <B FH@D;HF ]C |S|2 >@F ‖x−y‖ IH:IHBH@;B
;JH F<B;>@AH ]H;YHH@ @DFHB x >@F y4 QJH@HUHI AD@UH@<H@;2
YH L;<?<ZH ;JH <@F<A>;DI EL@A;<D@ 1{P}2 YJ<AJ <B HfL>? ;D D@H
<E P <B ;ILH >@F ZHID <E P <B E>?BH4 Pr(E) IH:IHBH@;B ;JH
:ID]>]<?<;C DE HUH@; E4 QH B>C ;J>; >@ HUH@; E DAALIB Y<;J

J<PJ :ID]>]<?<;C bY4J4:4d >B n → ∞ <E Pr(E) > (1 − (1/n))4
QH H=:?DC ;JH B;>@F>IF DIFHI @D;>;<D@B O, Ω, >@F Θ4
QH >BBL=H > I>@FD= Y<IH?HBB @H;YDIM Y<;J n @DFHB F<BT

;I<]L;HF L@<EDI=?C <@ > L@<;TBfL>IH4 $@ DLI =DFH?2 >B n PDHB

;D <@!@<;C2 ;JH FH@B<;C DE ;JH @H;YDIM >?BD PDHB ;D <@!@<;C4

/JHIHEDIH2 DLI >@>?CB<B <B >::?<A>]?H ;D FH@BH @H;YDIMB4 ^LIT

;JHI=DIH2 YH >BBL=H > !aHF ;I>@B=<BB<D@ I>@PH r(n) EDI >??
;JH @DFHB <@ ;JH @H;YDIM4 /JLB2 ;JH @H;YDIM ;D:D?DPC A>@

]H AJ>I>A;HI<ZHF LB<@P > I>@FD= PHD=H;I<A PI>:J2 YJ<AJ YH

FH@D;H ]C Gr >@F FH!@H @Ha;4

B""-.*./- C<DE F5-,/# G"/#"*%.8 G%59: GrE QH >BBDT

A<>;H > ,.%"8*", PI>:J Gr(Vr, Er) Y<;J > Y<IH?HBB @H;YDIM
EDI=HF ]C F<B;I<]L;<@P n @DFHB L@<EDI=?C <@ > L@<; BfL>IH4 QH
IH:IHBH@; ;JH @DFHTBH; ]C V = {1, · · · , n}4 ,H; ;JH ?DA>;<D@B
DE ;JHBH @DFHB ]H P<UH@ ]C {X1, · · · , Xn}2 ;JH HFPHTBH; <B ;JH@
E = {(i, j) | ‖Xi − Xj‖ ≤ r(n)} 4
*D;H ;J>;2 >B :HI ;JH >]DUH FH!@<;<D@2 YH :HI=<; ;YD HFPHB

EDI > :><I DE AD@@HA;HF UHI;<AHB Y<;J :DBB<]?C F<EEHIH@; A>:>A<;C

<@ H>AJ F<IHA;<D@4 +AADIF<@P?C2 ;JH IHBL?;B <@ ;J<B :>:HI A>@ ]H

Ha;H@FHF ;D L@F<IHA;HF PI>:JB2 ]L; YH !@F <; =>;JH=>;<A>??C

AD@UH@<H@; ;D LBH F<IHA;HF PI>:JB4 + F<IHA;HF HFPH >??DYB LB

;D Ha:?<A<;?C <FH@;<EC ;JH F<IHA;<D@ DE ;I>@B=<BB<D@4 RH@AH2 >@

HFPH e A>@ ]H FH@D;HF >B (e+, e−)2 YJHIH e+ IH:IHBH@;B ;JH

;I>@B=<;;HI @DFH >@F e− IH:IHBH@;B ;JH IHAH<UHI @DFH4

QH >BBL=H ;J>; ;JH @H;YDIM D:HI>;HB LB<@P > B?D;;HF AJ>@@H?

>@F2 <@ ;JH >]BH@AH DE <@;HIEHIH@AH2 ;JH F>;> I>;H <@ H>AJ

;<=H B?D; EDI HUHIC ;I>@B=<;;HITIHAH<UHI :><I <B > AD@B;>@; DE

U>?LH Q ]<;BeB?D;4 G<UH@ ;J>; Q FDHB @D; AJ>@PH ;JH DIFHI

A>:>A<;C2 YH @DI=>?<ZH <;B U>?LH ;D !4 /JHIHEDIH2 YH B>C ;J>;

;JH <@;HIEHIH@AHTEIHH A>:>A<;C DE H>AJ HFPH <@ Gr <B HfL>? ;D

!4 1H>@YJ<?H2 <@ :IHBH@AH DE <@;HIEHIH@AH ;JH HFPH A>:>A<;C

FID:B ;D ZHID4

/JH AD@@HA;<U<;C AI<;HI<> EDI Gr <B r(n) ≥ rc(n) =
Θ(

√
log n/n) W5`X4 1DIH B:HA<!A>??C2 YH >BBL=H rc(n) =√

(3 log n/n) 4
$@ > FH@BH @H;YDIM2 <@;HIEHIH@AH <B ;JH :I<=>IC AD@B;I><@;

D@ ;JH A>:>A<;C DE ;JH @H;YDIM4 -<=<?>I ;D ;JH YDIM ]C 1>F>@

H; >?4 W5[X2 YH FHBAI<]H ;JH <@;HIEHIH@AH DE > @H;YDIM ]C ;JH

ED??DY<@P PH@HI<A =DFH?4

B""-.*./- C<HE 4/#$.-5*/%.51 '-*"%;"%"-8" !/,"1E /JH

<@;HIEHIH@AH =DFH? EDI ;JH PI>:J_ G(V, E) <B FH;HI=<@HF ]C >
EL@A;<D@ I : E → P (E)2 YJHIH P (E) <B ;JH :DYHI BH; DE E2
<4H42 ;JH BH; DE >?? :DBB<]?H BL]BH;B DE E4 ^DI HUHIC e ∈ E2 I(e)
IH:IHBH@;B >@ .-*"%;"%"-8" @"* BLAJ ;J>;2 > ;I>@B=<BB<D@ D@ HFPH

e <B BLAAHBBEL? <EE ;JHIH >IH @D AD@ALIIH@; ;I>@B=<BB<D@B D@ >@C
ê ∈ I(e)4 +@ <@;HIEHIH@AH =DFH? A>@ ]H IHB;I<A;HF ;D > BL]T
PI>:J H(VH , EH) ]C FH!@<@P > EL@A;<D@ IH : EH → P (EH)
BLAJ ;J>; IH(e) = I(e)

⋂
EH 4

/JH U>I<DLB :ID;DAD? =DFH?B ;J>; J>UH ]HH@ :ID:DBHF <@ ;JH

:>B; A>@ @DY ]H Ha:IHBBHF >B B:HA<>? A>BHB D@ Gr4

GL:;> >@F NL=>I W!X B;LF<HF > @.-71" 9586"* %"8"9*./-

b-7)d 9%/*/8/1 #/,"1 L@FHI YJ<AJ > ;I>@B=<BB<D@ EID= @DFH

i ;D IHAH<UHI j <B BLAAHBBEL? <EE ‖Xi − Xj‖ ≤ r(n) >@F <E
‖Xj −Xk‖ ≥ (1+η)r(n) EDI >@C D;JHI ;I>@B=<;;HI k4 RHIH η
<B > PL>IFTZD@H ;J>; <B >BBL=HF ;D ]H AD@B;>@; EDI ;JH H@;<IH

@H;YDIM4 1DIHDUHI2 >?? ;JH @DFHB D:HI>;H <@ J>?ETFL:?Ha =DFH4

_*D;H ;J>; Gr FH@D;HB I>@FD= PHD=H;I<A PI>:J YJ<?HG IH:IHBH@;B PH@HI>?
PI>:J4
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/JH ED??DY<@P FH!@<;<D@ Ha:IHBBHB ;J<B =DFH? <@ ;HI=B DE ;JH

@D;>;<D@ YH J>UH <@;IDFLAHF4
B""-.*./- C<CE ).-71">I586"* F"8"9*./- J)IFK !/,"1E ,H;

e = (e+, e−) ∈ E2 ;JH@ ;JH <@;HIEHIH@AH BH; EDI HFPH e <B
FH!@HF >B

I-7)(e) = J(e) − e, b!d

YJHIH2 J(e) = {ê ∈ Er | ‖Xê+ − Xe−‖ ≤ (1 + η)r(n)}4
G>IA<>T,L@>T+AHUHB H; >?4 W_X PH@HI>?<ZHF ;JH >]DUH =DFH?

;D >AADL@; EDI 17) A>:>]<?<;C >; ;JH IHAH<UHIB4 +AADIF<@P ;D

;JH<I !IF 9%/*/8/1 #/,"1 > @DFH i A>@ B<=L?;>@HDLB?C IHAH<UH
>?? ;JH :>AMH;B ;I>@B=<;;HF ]C @DFHB Y<;J<@ > F<B;>@AH r(n) <EE
;JHIH >IH @D ;I>@B=<;;HIB >; > F<B;>@AH PIH>;HI ;J>@ r(n) ]L; ?HBB
;J>@ (1 + η)r(n)4 ^LI;JHI=DIH2 <E > @DFH j ;I>@B=<;B > :>AMH;
;D @DFH i2 ;JH@ <; A>@@D; B<=L?;>@HDLB?C ;I>@B=<; > :>AMH; ;D
>@C D;JHI @DFH <@ ;JH @H;YDIM4
B""-.*./- C<LE !+1*.>I586"* F"8"9*./- J!IFK !/,"1E

I17)(e) = I-7)(e) − (A(e) − B(e)) ∀e ∈ E b5d

2:"%"& A(e) = {ê ∈ Er | ‖Xê+ − Xe−‖ ≤ r(n)} ,

B(e) =
{
ê ∈ Er | ê+ = e+

}
b\d

QH >?BD AD@B<FHI ;JH A>BH <@ YJ<AJ @DFHB J>UH 17)

>@F 17/ A>:>]<?<;<HB2 <4H42 A>@ FHADFH =L?;<:?H AD@ALIIH@;

;I>@B=<BB<D@B >@F A>@ ;I>@B=<; AD@ALIIH@;?C =L?;<:?H :>AMH;B

;D F<EEHIH@; @DFHB4 QH A>:;LIH ;JH 17) >@F 17/ A>:>]<?<;<HB

Y<;J > B<=:?H CH; IH:IHBH@;>;<UH2 #+1*.>9586"* *%5-@#.@@./-

5-, %"8"9*./- b17/)d :ID;DAD? =DFH?2 YJ<AJ <B FH!@HF

]H?DY4
B""-.*./- C<ME !+1*.>I586"* N%5-@#.@@./- 5-, F"8"9*./-

J!INFK !/,"1E

I17/)(e) = I17)(e) − B(e) ∀e ∈ E b_d

$; <B <=:DI;>@; ;D J<PJ?<PJ; BD=H DE ;JH EH>;LIHB DE ;JH

>]DUH =DFH?4 /JH 17/) :ID;DAD? =DFH? B;<?? IHB;I<A;B ;JH

@DFHB ;D D:HI>;H <@ > J>?ETFL:?Ha =DFH4 1DIHDUHI2 ;J<B =DFH?

<B <FH@;<A>? ;D ;JH 17) :ID;DAD? =DFH? <@ ;HI=B DE ;JH

@DFHB ;J>; >IH :HI=<;;HF ;D ;I>@B=<; Y<;J<@ ;JH U<A<@<;C DE

> IHAH<UHI i2 <4H42 ]D;J =DFH?B :IDJ<]<; ;I>@B=<BB<D@ EID= >

@DFH j BLAJ ;J>; r(n) < ‖Xi − Xj‖ ≤ (1 + η)r(n)4 /JLB2
;JH F<EEHIH@AH ]H;YHH@ ;JH 17) >@F 17/) :ID;DAD? =DFH?B

B;H=B :LIH?C EID= ;JH E>A; ;J>;2 L@FHI ;JH 17/) =DFH?2 >

@DFH j ;I>@B=<;;<@P > :>AMH; ;D @DFH i A>@ B<=L?;>@HDLB?C
;I>@B=<; :>AMH;B ;D D;JHI @DFHB <@ ;JH @H;YDIM4
^<PLIH ! :IDU<FHB >@ <??LB;I>;<UH Ha>=:?H DE > PI>:J >@F

U>I<DLB <@;HIEHIH@AH BH;B FH!@HF D@ <;4
QH >BBL=H ;J>; ;JH ;I>E!A <@ ;JH @H;YDIM <B PH@HI>;HF ]C

L@<A>B; AD==L@<A>;<D@ ]H;YHH@ k BDLIAHTFHB;<@>;<D@ b-T0d

:><IB4 /JH BDLIAH >@F ;JH FHB;<@>;<D@ >IH AJDBH@ >; I>@FD=

EID= ;JH n @DFHB <@ >@ <@FH:H@FH@; >@F L@<EDI= E>BJ<D@4 QH

>BBDA<>;H > I>;H UHA;DI λ = [λ1, · · · , λk] Y<;J ;JHBH k :><IB4
QH >BBL=H ;JH F>;> I>;H EDI H>AJ -T0 :><I ;D ]H @D@TZHID

>@F ;D ]H Y<;J<@ > AD@B;>@; E>A;DI 0 ≤ ε ≤ 1 DE H>AJ D;JHI2
<4H42 mini(λi) ≥ maxi(ελi)4 RH@AH2 Y<;JDL; ?DBB DE PH@HI>?<;C
bY4?4P4d2 ;JH I>;H UHA;DI A>@ ]H YI<;;H@ >B λ = [fDi, · · · , fDk]2
YJHIH f ∈ R+ >@F Di ∈ [ε, 1] EDI 1 ≤ i ≤ k4 QH
IHEHI ;D ;JH :>I>=H;HI f >B ;JH 8/-8+%%"-* !/2 %5*" >@F ;D

D = [D1, · · · , Dk] >B ;JH ,"#5-, O"8*/%4
B""-.*./- C<PE 0"5@.$1" 01/2 F5*"E G<UH@ k -T0

:><IB {(s(1), d(1)), . . . , (s(k), d(k))}2 > I>;H UHA;DI λ =

!"#$%&$%$"'$ ($#)

(*+, ! !"" # $#% $&

! !#" # $$&

! !$" # $"% #&

-*+, ! !"" # $#&

! !#" # $$&

! !$" # $#&

-*.+, ! !"" # $&

! !#" # $&

! !$" # $&

'()*+,-../( -

0/1/-2/( 3!

"

#

$ %

&

' (

)

^<P4 !4 + @H;YDIM DE EDLI @DFHB <B LBHF ;D <??LB;I>;H ;JH $@;HIEHIH@AH -H;B
L@FHI F<EEHIH@; =DFH? >BBL=:;<D@B4 + F<IHA;HF HFPH <B FI>Y@ ]H;YHH@ >
;I>@B=<;;HI >@F > IHAH<UHI <E >@F D@?C <E > ;I>@B=<BB<D@ EID= ;JH @DFH A>@
]H BLAAHBBEL??C FHADFHF >; ;JH IHAH<UHI4 /YD HFPHB <@;HIEHIH <E ;JHC A>@@D;
A>IIC <@FH:H@FH@; <@EDI=>;<D@ <@ ;JH B>=H B?D;

[fDi, · · · , fDk] <B EH>B<]?H <E ;JHIH Ha<B;B > B:>;<>? >@F

;H=:DI>? BAJH=H EDI BAJHFL?<@P ;I>@B=<BB<D@B BLAJ ;J>;2 ]C

D:HI>;<@P ;JH @H;YDIM <@ > =L?;<TJD: E>BJ<D@ >@F ]LEEHI<@P >;

<@;HI=HF<>;H @DFHB YJH@ >Y><;<@P ;I>@B=<BB<D@2 HUHIC BDLIAH

s(i) A>@ BH@F λi ]<;BeBHA D@ >UHI>PH ;D <;B AJDBH@ FHB;<@>T

;<D@ d(i)4 + "DY I>;H f <B EH>B<]?H EDI > FH=>@F UHA;DI

D = [D1, · · · , Dk] <EE λ = [fDi, · · · , fDk] <B > EH>B<]?H I>;H
UHA;DI4

B""-.*./- C<QE 45958.*? /; F5-,/# A"*2/%6@E /JH A>:>AT

<;C :HI AD==DF<;C DE > @H;YDIM <B Θ(f(n)) <E L@FHI > I>@FD=
:?>AH=H@; DE n @DFHB2 > I>@FD= AJD<AH DE k -T0 :><IB >@F

EDI >@ >I]<;I>IC FH=>@F UHA;DI YH J>UHK

lim
n→∞

7I(cf(n)<B EH>B<]?H "DY I>;H) = 1 b[d

lim infn→∞7I(c′f(n)<B <@EH>B<]?H "DY I>;H) < 1 b`d

EDI BD=H c > 0 >@F c < c′ < +∞4
$@ ;JH ED??DY<@P BHA;<D@B YH IH:H>;HF?C L;<?<ZH ;JH YH??

M@DY@ .JHI@DEE ]DL@FB W56X4

R"##5 C<SE 4:"%-/;; T/+-,@E .D@B<FHI N <4<4F I>@FD=

U>I<>]?HB Yi ∈ {0, 1} Y<;J p = 7I(Yi = 1)4 ,H; Y =
∑N

i=1 Yi4

/JH@ EDI HUHIC c > 0 ;JHIH Ha<B; 0 < δ1 < 1 >@F δ2 > 0 BLAJ
;J>;

7I (Y ≤ (1 − δ1)Np) < 2e−
δ2
1
3 Np b6d

7I (Y ≥ (1 + δ2)np) < 2e−
δ2
2
3 Np b"d

T< G%59: N:"/%? F"@+1*@

/JH ;>BM DE <FH@;<EC<@P > EH>B<]?H "DY I>;H A>@ ]H :DBHF >B >

=L?;<TAD==DF<;C "DY :ID]?H=2 B:HA<!A>??C ;JH MTAD==DF<;C

"DY :ID]?H=4

B""-.*./- C<UE 6>4/##/,.*? 01/2 I%/$1"#E

.D@B<FHI > F<IHA;HF PI>:J G(V, E) Y<;J > A>:>A<;C EL@A;<D@
c : E → [0, 1]4 ,H; {(s(1), d(1)), . . . , (s(k), d(k))) ]H k -T0
:><IB2 Y<;J > FH=>@F UHA;DI D ∈ [ε, 1]k4 ,H; f ∈ R+ ]H >

AD@ALIIH@; "DY I>;H4 ^<@F "DY EL@A;<D@B fi : E → R+ EDI

1 ≤ i ≤ k2 YJ<AJ B>;<BEC ;JH ED??DY<@P "DY AD@B;I><@;BK

45958.*? 4/-@*%5.-* : ∀e ∈ E
∑

1≤i≤k

fi(e) ≤ c(e) b9d
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01/2 4/-@"%O5*./- : ∀v )= s(i), d(i)
∑

e:e+=v

fi(e) =
∑

e:e−=v

fi(e)

b!#d

B"#5-, )5*.@;58*./- : 1 ≤ i ≤ k∑

e:e+=s(i)

fi(e) =
∑

e:e−=d(i)

fi(e) = fDi b!!d

^?DY EL@A;<D@B ;J>; B>;<BEC ;JH >]DUH AD@B;I><@;B >IH A>??HF

EH>B<]?H4 ';JHI <@:L;B ;D ;JH :ID]?H= ]H<@P !aHF2 > "DY I>;H

f <B B><F ;D ]H EH>B<]?H <EE ;JH >]DUH :ID]?H= J>B > BD?L;<D@4

^LI;JHI=DIH2 ?H; f∗ ]H ;JH 1. 2̂ BLAJ ;J>; ;JH >]DUH :ID]?H=

J>B > EH>B<]?H BD?L;<D@4 + Y<IH?HBB @H;YDIM A>@ ]H IH:IHBH@;HF

]C >@ HfL<U>?H@; PI>:J Y<;J A>:>A<;C EL@A;<D@B FH;HI=<@HF

]C ;JH <@;HIEHIH@AH4 /JLB2 ;JH 1.^ <@ >@ HfL<U>?H@; PI>:J

A>@ ]H :HIAH<UHF >B ;JH =>a<=L= "DY ;J>; A>@ ]H IDL;HF

<@ > @H;YDIM4 +FF<;<D@>??C2 <E Y4J4:4 f∗ <B ;JH 1.^ EDI >@C
PI>:J EDI=HF ]C > I>@FD= F<B;I<]L;<D@ DE @DFHB2 BDLIAHB >@F

FHB;<@>;<D@B2 ;JH@ ;JH A>:>A<;C DE ;JH Y<IH?HBB @H;YDIM <B >?BD

f∗4 .D@B<FHI ;JH ED??DY<@P >FF<;<D@>? FH!@<;<D@B4

B""-.*./- C<DVE W"%*"= 4+*E G<UH@ > @DFH BH; V 2 > AL;
<B ;JH BH:>I>;<D@ DE ;JH UHI;Ha BH; V <@;D ;YD F<BSD<@; >@F

HaJ>LB;<UH BH;B (S, SC)4 QH BJ>?? DE;H@ IHEHIH@AH > AL; SLB; ]C
;JH BH; S4
B""-.*./- C<DDE )95%@.*? 4+*E G<UH@ > PI>:J G(V, E)2 >

A>:>A<;C EL@A;<D@ c : E → [0, 1] >@F > AL; (S, SC)4 /JH
B:>IB<;C DE > AL; <B FH!@HF >B

ΥG,S =
∑

e∈E 1[e+∈S,e−∈SC ]c(e)∑
i:s(i)∈S,d(i)∈SC Di

b!5d

B""-.*./- C<DHE !.-.#+# )95%@.*? 4+*E G<UH@ > PI>:J

G(V, E)2 > A>:>A<;C EL@A;<D@ c : E → [0, 1] >@F > AL; (S, SC)4
/JH =<@<=L= B:>IB<;C AL; <B FH!@HF >B

ΥG = min
S⊂V

∑
e∈E 1[e+∈S,e−∈SC ]c(e)∑

i:s(i)∈S,d(i)∈SC Di
b!\d

$; <B YH??TM@DY@ ;J>; ;JH =<@<=L= AL;TA>:>A<;C :IDU<FHB >@

L::HI ]DL@F D@ ;JH =>a<=L= "DY I>;H4

R"##5 C<DCE ^DI >@C kTAD==DF<;C "DY f∗ ≤ ΥG

$34 '7/$1+, .+7+.$/i

$@ ;J<B BHA;<D@ YH BJDY ;J>; 1.^ :IDU<FHB > ;<PJ; >:T

:IDa<=>;<D@ DE ;JH =<@<=L= B:>IB<;C AL; b1-.d EDI I>@FD=

PHD=H;I<A PI>:JB Y<;J > I>@FD= ;I>E!A :>;;HI@4 $@ PH@HI>?

;JH 1.^ <B @D; HfL>? ;D ;JH 1-.2 YH <@A?LFH > YH?? M@DY@

ADL@;HI Ha>=:?H <@ ^<P4 5 4 1DIHDUHI2 <; A>@ ]H BJDY@ ;J>;

;JHIH Ha<B; PI>:JB YJHIH ;JH P>: ]H;YHH@ ;JH 1.^ >@F 1-.

<@AIH>BHB Y<;J ;JH @H;YDIM B<ZH W"X4 RH@AH2 ;JH >::IDa<=>;H

=>aT"DY =<@TAL; ;JHDIH= HB;>]?<BJHF <@ ;J<B BHA;<D@ :?>CB

> AILA<>? ID?H <@ :IDU<F<@P > ;<PJ; AJ>I>A;HI<Z>;<D@ DE ;JH

<@;HIEHIH@AHTEIHH >B YH?? >B <@;HIEHIH@AHTAD@B;I><@HF A>:>A<;C

DE Y<IH?HBB >FTJDA @H;YDIMB4

/J<B IH?>;<D@BJ<: <=:?<HB > ;<PJ; AJ>I>A;HI<Z>;<D@ DE ;JH

<@;HIEHIH@AHTEIHH A>:>A<;C DE Y<IH?HBB >FTJDA @H;YDIMB Y<;J

> JD=DPH@DLB ;I>@B=<BB<D@ I>@PH4 'LI >::ID>AJ A>@ ]H

BL==>I<ZHF >B ED??DYBK ^DI > :>I;<AL?>I FH=>@F UHA;DI2 YH

:IDU<FH >@ L::HI ]DL@F ]C BJDY<@P ;J>; ;JHIH Ha<B;B > =L?;<T

AD==DF<;C AL; <@ Gr DE DIFHI O(g(n)) >@F > ?DYHI ]DL@F ]C
AD@B;ILA;<@P > "DY DE DIFHI Ω(g(n)) <@ > BL]TPI>:JHr ⊆ Gr4

4 +!5"%46!7"4

+!8"%46!5"4

+!7"%46!8"4

444444446!9"4 +!9"4

^<P4 54 /JH 'M>=LIDT-HC=DLI Ha>=:?H W5"X EDI YJ<AJ ;JH =>aT"DY <B 3/4
>@F ;JH =<@ B:>IB<;C AL; <B !4

/JHBH IHBL?;B >?D@P Y<;J ;JH ED??DY<@P ?H==>B :IDUH ;J>; ;JH

A>:>A<;C DE Gr J>B > ;<PJ; ]DL@F Θ(g(n))4
,H==> _4! :IDU<FHB BD=H :ID:HI;<HB EDI PH@HI>? PI>:JB ;J>;

<@A?LFH I>@FD= PHD=H;I<A PI>:JB4

R"##5 L<DE + PI>:JG(V, E) >@F > BL]TPI>:JH(VH , EH)
BLAJ ;J>; V = VH B>;<BEC ;JH ED??DY<@P ;YD :ID:HI;<HBK b>d $E

f <B > EH>B<]?H "DYTI>;H <@ H ;JH@ f <B EH>B<]?H <@ Gk >@F b]d
;JH A>:>A<;C DE > AL; (S, SC) <@ G <B >?Y>CB PIH>;HI ;J>@ DI

HfL>? ;D ;JH A>:>A<;C DE ;JH AL; <@ H 4
I%//;E /D :IDUH 7>I; b>d DE ;JH ?H==>2 ?H; fH,i EDI 1 ≤

i ≤ k ]H ;JH "DY EL@A;<D@B >BBDA<>;HF Y<;J ;JH EH>B<]?H "DY

DE I>;H f <@ H 4 *D;H ;J>; ;JHBH "DY EL@A;<D@B B>;<BEC ;JH

AD@B;I><@;B <@ 0H!@<;<D@ \494 QH AD@B;ILA; > "DY <@ G DE

I>;H f Y<;J ;JH ED??DY<@P "DY EL@A;<D@BK ^DI 1 ≤ i ≤ k ?H;
fG,i : E → R+ BLAJ ;J>;

fG,i(e) = fH,i(e) <E e ∈ EH ,

= 0 <E e ∈ E − EH b!_d

*DY2 <E YH BJDY ;J>; ;JH EL@A;<D@B fH,i B>;<BEC ;JH "DY

AD@B;I><@;B2 ;JH@ ;JH "DY I>;H f <B EH>B<]?H <@ G4 0H!@<;<D@
\49 B;>;HB ;J>; c(e) ≥ 0 EDI >?? ;JH HFPHB4 +B > IHBL?;2 ∀e ∈
E − EH ;JH A>:>A<;C AD@B;I><@;B >IH B>;<B!HF ;I<U<>??C2 P<UH@

;J>; fG,i(e) = 0 EDI BLAJ HFPHB4 ^LI;JHI=DIH2 ∀e ∈ EH YH

J>UH ∑

1≤i≤k

fH,i(e) =
∑

1≤i≤k

fG,i(e) ≤ c(e) b![d

/JHIHEDIH2 fG,i B>;<BEC ;JH A>:>A<;C AD@B;I><@;4 $@ >FF<;<D@2

@D;H ;J>; ;JH ED??DY<@P HfL>;<D@B JD?F ∀v ∈ V K

X

e∈E:e−=v

fG,i(e) =
X

e∈EH :e−=v

fG,i(e) +
X

e∈E−EH :e−=v

fG,i(e)

=
X

e∈EH :e−=v

fH,i(e) + 0 b!`d

>@F

X

e∈E:e+=v

fG,i(e) =
X

e∈EH :e+=v

fG,i(e) +
X

e∈E−EH :e+=v

fG,i(e)

=
X

e∈EH :e+=v

fH,i(e) + 0 b!6d
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%fB4 b!`d >@F b!6d <=:?C ;J>; ;JH @H; <@T"DY >@F ;JH @H;

DL;T"DY2 L@FHI fG,i >@F fH,i2 <B <FH@;<A>? EDI >?? @DFHB >@F

AD==DF<;<HB4 /JHIHEDIH2 fG,i B>;<B!HB ;JH "DY AD@BHIU>;<D@

>@F FH=>@F AD@B;I><@;B4
/D BJDY 7>I; b]d2 D]BHIUH ;J>;

ΥG,S =
∑

e∈EH
1[e+∈S,e−∈SC ]c(e)∑

i:s(i)∈S,d(i)∈SC Di

+
∑

e∈E−EH
1[e+∈S,e−∈SC ]c(e)∑

i:s(i)∈S,d(i)∈SC Di

= ΥH,S + > @D@TZHID ;HI= ≥ ΥH,S. b!"d

QH J>UH ΥG,S ≥ ΥH,S ]HA>LBH c(e) ≥ 0 EDI >?? HFPHB4

3< X99"% T/+-,

QH L;<?<ZH ;JH ED??DY<@P :ID:HI;<HB DE Gr4
R"##5 L<HE $E r(n) ≥ rc(n) ;JH@ Y4J4:4 PI>:J Gr <B BLAJ

;J>;K b>d /JH =<@<=L= UHI;Ha FHPIHH ∇ = Ω
(
nr2(n)

)
2 >@F

b]d ;JH =>a<=L= UHI;Ha FHPIHH ∆ = O
(
nr2(n)

)
4

I%//;E QH !IB; BJDY ;J>; ∇ = Ω
(
nr2(n)

)
4 + @DFH

v <@ Gr <B AD@@HA;HF ;D >?? ;JH @DFHB <@ > F<BM DE I>F<LB

r(n) AH@;HIHF >; v 4 /JH >IH> DE ;J<B F<BM <B πr2(n)4 G<UH@
> L@<EDI=?C I>@FD= F<B;I<]L;<D@ DE @DFHB2 ;JH :ID]>]<?<;C DE

>@D;JHI @DFH u ?C<@P Y<;J<@ ;J<B F<BM <B πr2(n)4 .D@B<FHI >
I>@FD= U>I<>]?H Yv,u ∈ {0, 1} YJ<AJ <B HfL>? ;D D@H <EE @DFH
u <B AD@@HA;HF ;D @DFH v4 /JH FHPIHH DE @DFH v A>@ ]H YI<;;H@
>B deg(v) =

∑
u∈V −{v} Yv,u4 /JHIHEDIH2 ;JH .JHI@DEE 8DL@F

b6d <=:?<HB ;J>; ;JHIH Ha<B;B > 0 ≤ δ ≤ 1 BLAJ ;J>;

7I
(
deg(v) ≤ (1 − δ)nπr2(n)

)
< 2e−

δ2
3 nπr2(n). b!9d

^ID= ;JH L@<D@ ]DL@F2 YH D];><@

7I
(
∇ ≤ (1 − δ)nπr2(n)

)
< n7I

(
deg(v) ≤ (1 − δ)nπr2(n)

)
.

b5#d

G<UH@ ;J>; r(n) ≥ rc(n) YH J>UH r(n) ≥
√

3log(n)
n 4 /JHIHT

EDIH2 %fB4 b!9d >@F b5#d <=:?C ;J>;

7I
(
∇ ≤ (1 − δ)πnr2(n)

)
< 2ne−

nδ2
3 × 3πlog(n)

n

= 1/nδ2π−1− log(2)
log(n) . b5!d

RH@AH2 ,H==> \4" ;H?? LB ;J>; EDI > ?>IPH H@DLPJ n2 EDI >@C√
2
π ≤ δ ≤ 12 YH J>UH

7I
(
∇ ≥ (1 − δ)πnr2(n)

)
> 1 − (1/n). b55d

QH LBH B<=<?>I >IPL=H@;B ;D BJDY ;J>; ∆ = O
(
nr2(n)

)

Y4J4:44 /J<B E>A; ED??DYB EID= %f4 b"d2 YJ<AJ <=:?<HB ;J>;

∀δ ≥ 0

7I
(
deg(v) ≥ (1 + δ)nπr2(n)

)
< 2e−

δ2
3 πnr2(n). b5\d

/JH L@<D@ ]DL@F >@F ;JH E>A; ;J>; r(n) ≥
√

3log(n)
n <=:?<HB

;J>;

7I
(
∆ ≥ (1 + δ)πnr2(n)

)
< n2e−

δ2
3 nπr2(n). b5_d

/JHIHEDIH2 EDI > ?>IPH H@DLPJ n >@F ∀δ ≥
√

2
π YH J>UH

7I
(
∆ ≤ (1 + δ)πnr2(n)

)
> 1 − (1/n). b5[d

4

&!*"4

!/ !
"/

#/

:!'&!*"5"4
0/1/-2/(+4

7(54

^<P4 \4 /JH @H;YDIM >IH> <B F<U<FHF <@;D ;YD IHP<D@BK BJ>FHF >@F L@BJ>FHF4
/J<B F<U<B<D@ FH!@HB ;JH UHI;Ha AL;

`
S, SC

´
4 +@C @DFH ;J>; BLAAHBBEL??C

;I>@B=<;B >AIDBB ;JH AL; J>B ;D E>?? Y<;J<@ > F<B;>@AH r(n) DE ;JH AL; ]DL@F>IC2
>@F2 JH@AH2 <; BJDL?F ]H?D@P ;D IHP<D@ A4 RHIH r(n) <B ;JH ;I>@B=<BB<D@
I>@PH4 ^LI;JHI=DIH2 > ;I>@B=<;;HI EID= S A>@@D; J>UH =DIH ;J>@ Θ(nr(n)2)
IHAH<UHIB <@ SC

.D@B<FHI ;JH AL; S YJ<AJ2 >B FHBAI<]HF ]C ^<P4 \2 F<U<FHB

;JH @H;YDIM >IH> <@;D ;YD HfL>? :>I;B DE >IH> 1
2 H>AJ4

R"##5 L<CE $E ;JH @H;YDIM AD@B<B;B DE k = Ω(n) -T0 :><IB
;JH@2 Y4J4:42 > IHP<D@ R DE AD@B;>@; >IH> |R| = 1

2 AD@;><@B

Θ(k) BDLIAHB Y<;J FHB;<@>;<D@B DL;B<FH IHP<D@ R4
I%//;E ,H; Yi ∈ 0, 1 ]H > I>@FD= U>I<>]?H ;J>; <B HfL>?

;D D@H <EE ;JH ith -T0 :><I <B BLAJ ;J>; s(i) ]H?D@PB ;D IHP<D@
R >@F d(i) FDHB @D;4 (@FHI > L@<EDI=?C I>@FD= :?>AH=H@; DE
@DFHB

7I (Yi = 1) = |R|(1 − |R|) =
1
4
. b5`d

/JH ;D;>? @L=]HI DE -T0 :><IB B>;<BEC<@P ;JH IHfL<IHF

AD@F<;<D@ A>@ ]H IH:IHBH@;HF ]C Y =
∑k

1 Yi4 $E k = Ω(n)2
;JH@ EDI > ?>IPH H@DLPJ n2 ;JH .JHI@DEE 8DL@FB <=:?<HB ;J>;
;JHIH Ha<B;B > c > 0 BLAJ ;J>; EDI >?? 0 ≤ δ1 ≤ 1 >@F δ2 > 0
YH J>UH

7I (Y ≥ (1 − δ1)|R|(1 − |R|)k) > 1 − 2e−
δ2
1
3 k|R|(1−|R|)

≥ 1 − 2e−cn ≥ 1 − 1
n

, b56d

7I (Y ≤ (1 + δ2)|R|(1 − |R|)k) > 1 − 2e−
δ2
2
3 k|R|(1−|R|)

≥ 1 − 2e−cn ≥ 1 − 1
n

. b5"d

^LI;JHI=DIH2 AD@B<FHI ;JH BL]BH; A <@ S FH!@HF ]C > B;I<:

DE F<=H@B<D@ 1 × r(n)4 /JH ;D;>? @L=]HI DE UHI;<AHB <@ + <B

Θ(nr(n)) ]HA>LBH DE ;JH L@<EDI= F<B;I<]L;<D@ DE @DFHB <@ ;JH

@H;YDIM4 1DIH B:HA<!A>??C2 Y<;J >IPL=H@;B B<=<?>I ;D ;JDBH

LBHF EDI ;JH :IDDEB DE ;JH >]DUH ?H==>B YH A>@ BJDY ;J>;2

Y4J4:42 YH J>UH ∀0 ≤ δ ≤ 12

(1 − δ)nr(n) ≤ |A| ≤ (1 + δ)nr(n). b59d

N:"/%"# L<LE $E r(n) ≥ rc(n) >@F k = Ω(n)2 ;JH@ Y4J4:4
;JH B:>IB<;C DE ;JH AL; S <B ΥGr,S = O(n2r3(n)/k)
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I%//;E +AADIF<@P ;D ;JH FH!@<;<D@ DE Gr2 ;YD @DFHB >IH

AD@@HA;HF <EE ;JHC >IH BH:>I>;HF ]C > F<B;>@AH B=>??HI ;J>@

r(n)4 .D@BHfLH@;?C2 <E >@ HFPH AL;B >AIDBB S ;JH@ <; J>B ;D

]H <@A<FH@; L:D@ > @DFH >; > F<B;>@AH B=>??HI ;J>@ r(n) EID=
;JH ]DL@F>IC BH:>I>;<@P S >@F SC 2 <4H42 ;JH JH>F DE ;JH HFPH

BJDL?F ?<H <@ ;JH BL]BH; A DE F<=H@B<D@ 1×r(n)4 ^LI;JHI=DIH2
EDI H>AJ @DFH <@ A ;JH =>a<=L= @L=]HI DE HFPHB AL;;<@P

>AIDBB ;JH AL; <B ]DL@FHF ]C ∆4 RH@AH2
∑

e∈E

1[e+∈S,e−∈SC ] ≤ |A|∆. b\#d

$@ ;JH >]BH@AH DE <@;HIEHIH@AH2 c(e) = 1 EDI >?? ;JH HFPHB4
RH@AH2

ΥGr,S =
∑

e∈Er
1[e+∈S,e−∈SC ]∑

i:s(i)∈S,d(i)∈SC Di
≤ |A|∆∑

i:s(i)∈S,d(i)∈SC Di

b\!d

+AADIF<@P ;D ,H==> _4\2 ;JHIH Ha<B;B > AD@B;>@; c1 > 0 BLAJ
;J>; ;JH ;D;>? @L=]HI -T0 :><IB >AIDBB ;JH AL; <B >; ?H>B; c1k4
^LI;JHI=DIH2 ]C 0H!@<;<D@ \49 ;JH FH=>@F EDI H>AJ :><I <B >;

?H>B; ε4 /JHIHEDIH2

ΥGr,S ≤ |A|∆
c1εk

. b\5d

,H==> _45 <=:?<HB ;J>; ;JHIH Ha<B;B > AD@B;>@; c2 > 0 BLAJ
;J>; ∆ < c2nr2(n)2 YJ<?H %f4 b59d <=:?<HB ;J>; ;JHIH Ha<B;B >
AD@B;>@; c3 > 0 BLAJ ;J>; |A| < c3nr(n)4 +AADIF<@P?C2

ΥGr,S ≤ c2nr2(n) × c3nr(n)
c1εk

=
c2c3

c1ε

n2r(n)3

k
b\\d

+@C AL; <@ Gr J>B > B:>IB<;C PIH>;HI ;J>@ ;JH =<@<=L=

B:>IB<;C AL; ΥG4 .D@BHfLH@;?C2 /JHDIH= _4[ <=:?<HB ;JH

ED??DY<@P .DID??>IC4
4/%/115%? L<ME $E r(n) ≥ rc(n) >@F k = Ω(n)2 ;JH@ Y4J4:

ΥGr <B L::HI ]DL@FHF ]C O(n2r(n)3

k )4

T< R/2"% T/+-,

/D FHBAI<]H > A>:>A<;CT>AJ<HU<@P "DY <@ > =DIH PH@HI<A BH;T

;<@P2 YH LBH >@ <=:DI;>@; IHBL?; EID= :>I>??H? >@F F<B;I<]L;HF

AD=:L;<@P4 .D@B<FHI > =HBJ DE l2 :IDAHBB<@P L@<;B Y<;J l
:IDAHBBDIB <@ H>AJ IDY >@F AD?L=@4 ,H; H>AJ :IDAHBBDI ]H

> BDLIAH >@F FHB;<@>;<D@ DE Ha>A;?C h :>AMH;B4 /JH :ID]?H= DE
IDL;<@P ;JH hl2 :>AMH;B ;D ;JH<I FHB;<@>;<D@B <B M@DY@ >B h×h
:HI=L;>;<D@ IDL;<@P >@F A>@ ]H AJ>I>A;HI<ZHF ]C ;JH ED??DY<@P

IHBL?; W59X4
R"##5 L<PE $E <@ > B<@P?H B?D;2 H>AJ :IDAHBBDI A>@ ;I>@B=<;

D@H :>AMH; H>AJ ;D <;B <==HF<>;H JDI<ZD@;>? >@F UHI;<A>?

@H<PJ]DIB2 ;JH@ >@ h× h :HI=L;>;<D@ IDL;<@P <@ > l × l =HBJ
A>@ ]H :HIEDI=HF FH;HI=<@<B;<A>??C <@ hl/2 + o(hl) B;H:B4
QH L;<?<ZH ;JH ED??DY<@P ADID??>IC ;J>; A>@ ]H IH>F<?C

FHFLAHF EID= ;JH >]DUH ,H==>4
4/%/115%? L<QE $E > :IDAHBBDI <B A>:>]?H DE ;I>@B=<;;<@P >;

?H>B; ψ :>AMH;B ;D H>AJ DE <;B @H<PJ]DIB <@ H>AJ B?D;2 ;JH@ >@

h × h :HI=L;>;<D@ IDL;<@P <@ > l × l =HBJ A>@ ]H :HIEDI=HF
FH;HI=<@<B;<A>??C <@ hl

2ψ B;H:B4
*DY AD@B<FHI > BL]TPI>:JHr ⊆ Gr D];><@HF ]C H=:?DC<@P

?DA>;<D@ ]>BHF AD@B;I><@;B D@ ;JH HFPHTBH;4 $@ DIFHI ;D FHBAI<]H

;JHBH AD@B;I><@;B2 YH !IB; FH!@H > ?DA>;<D@TFH:H@FH@; J>BJ

EL@A;<D@4

! "

#*$+,#

$

%

&

$ ' &

*%( '+
-.

/01'23453-

^<P4 _4 /JH @H;YDIM >IH> <B FHAD=:DBHF <@;D l2 ?DP<A>? BL]TIHP<D@B A>??HF
BfL>IHT?H;B4 %>AJ BfL>IHT?H; J>B > B<FHT?H@P;J DE r(n)/34 /JH BfL>IHT?H;B A>@
]H <@FHaHF ]C >@ <@;HPHI :><I (i, j) BLAJ ;J>; ;JH (i, j)th BfL>IHT?H; ]H?D@PB
;D ;JH ith IDY EID= ]D;;D= >@F ;JH jth AD?L=@ EID= ?HE;4

B""-.*./- L<SE '-,"= 0+-8*./- ζE 0<U<FH ;JH @H;YDIM >IH>
<@;D l2 BfL>IHT?H;B W5`X DE B<FHT?H@P;J a = r(n)/3 2 >B BJDY@
<@ ^<PLIH _4 ,H; ζ ]H > EL@A;<D@ ;J>; >BBDA<>;HB >@ <@FHa (i, j)
Y<;J > BfL>IHT?H; <@ ;JH ith AD?L=@ >@F jth IDY4 ^LI;JHI=DIH2

;JH <@FHa >BB<P@HF ;D H>AJ BfL>IHT?H; <B >BBDA<>;HF Y<;J H>AJ

UHI;Ha <@ ;JH BfL>IHT?H;4

QH D];><@ Hr ]C IH=DU<@P >?? HFPHB2 HaAH:; ;JDBH AD@@HA;T

<@P ;YD @DFHB <@ UHI;<A>??C DI JDI<ZD@;>??C >FS>AH@; BfL>IHT?H;B4

QH FD @D; @HAHBB>I<?C J>UH ;D AD@B<FHI Hr <@ DIFHI ;D D];><@

> ?DYHI ]DL@F D@ ;JH <@;HIEHIH@AHTEIHH A>:>A<;C4 RDYHUHI2 ;JH

:HIEDI=>@AH ]DL@FB EDI Hr :?>C >@ <=:DI;>@; ID?H YJH@ YH

>@>?CZH <@;HIEHIH@AHTAD@B;I><@HF @H;YDIMB <@ -HA;<D@ 34

B""-.*./- L<UE G"/7%59:.8511? F"@*%.8*", )+$>G%59: Hr E

/JH PI>:JHr(Vr, Er,H) <B > BL]TPI>:J DEGr Y<;J >@ <FH@;<A>?

@DFHTBH; >@F >@ HFPHTBH; FH!@HF >BK

Er,H = {e ∈ E | ζ(e−) = (a, b) ⇒ ζ(e+) = (a ± 1, b ± 1)}
b\_d

.D@B<FHI BD=H DE ;JH :ID:HI;<HB DE ;JH BfL>IHT?H;B >@F Hr4

R"##5 L<DVE W5`X $E r(n) ≥ rc(n) ;JH@ Y4J4:4 ;JH ;D;>?
@L=]HI DE @DFHB <@ >@C BfL>IHT?H; >IH Θ(nr2(n))4

I%//;E /JH >IH> DE > BfL>IHT?H; <B HfL>? ;D Θ(r2(n))4
RH@AH2 ;JH :IDDE <B <FH@;<A>? ;D ;J>; DE ,H==> _454

R"##5 L<DDE $E r(n) ≥ rc(n) >@F k = Ω(n)2 ;JH@ Y4J4:4
;JH ;D;>? @L=]HI DE BDLIAHB[ <@ >@C BfL>IHT?H; <B Θ(kr2(n))
>@F ;JH ;D;>? FHB;<@>;<D@B <@ >@C BfL>IHT?H; >IH Θ(kr2(n))4

I%//;E ^DI 1 ≤ i ≤ k ?H; Yi,m ∈ 0, 1 ]H > I>@FD= U>I<>]?H
;J>; <B HfL>? ;D D@H <EE BDLIAH s(i) ]H?D@PB ;D ;JH mth BfL>IHT

?H;4 ,H; Ym =
∑k

1 Yi,m IH:IHBH@; ;JH ;D;>? @L=]HI DE BDLIAHB

<@ ;JH BfL>IHT?H;4 8HA>LBH r(n) ≥ rc(n)2 %f4 b6d <=:?<HB

7I
(
Ym ≤ (1 − δ)kr2(n))

)
< e−(ck log n)/n b\[d

/JH ;D;>? @L=]HI DE BfL>IHT?H;B <@ > L@<; BfL>IH <B HfL>? ;D

(3/r(n))×(3/r(n)) ≤ c1n/ logn4 /JHIHEDIH2 ;JH L@<D@ ]DL@F

[*D;H ;J>; > B<@P?H @DFH A>@ ]H BH?HA;HF >B BDLIAH EDI =>@C FHB;<@>;<D@B
>@F H>AJ D@H <B ADL@;HF BH:>I>;H?C <@ ;J<B ,H==>4
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<=:?<HB ;J>;

7I
(
#.-< -/< /; -/,"@ .- 5 @Y+5%">1"* < Θ(kr2(n)

)

≤ (*/*51 -/< /; @Y+5%">1"*@) × e−(ck log n)/n

≤ (c1n/ logn) × e−(ck log n)/n

= c1/(n(ck/n)−1 log n) b\`d

/JLB2 k ≥ Θ(n) PL>I>@;HHB ;JH IHfL<IHF AD@UHIPH@AH >@F
JH@AH YH A>@ B>C ;J>; H>AJ BfL>IHT?H; J>B >; ?H>B; Θ(kr2(n))
BDLIAHB4 /JH L::HI ]DL@F D@ ;JH @L=]HI DE BDLIAHB >@F

;JH ]DL@FB D@ ;JH @L=]HI DE FHB;<@>;<D@B A>@ ]H A>?AL?>;HF

B<=<?>I?C4

R"##5 L<DHE QJH@ k -T0 :><IB >IH AJDBH@ L@<EDI=?C I>@T
FD=?C2 ;JH@ ;JH =>a<=L= @L=]HI DE BDLIAHB :?LB FHB;<@>;<D@B

:?>AHF D@ >@C @DFH >IH >; =DB;
*( 2k

n )+3log(n)

log(log(n)) 4

I%//;E /JH ?H==> ED??DYB EID= > YH?? HB;>]?<BJHF IHBL?;

D@ I>@FD=<ZHF ?D>F ]>?>@A<@P4 .D@B<FHI >@ Ha:HI<=H@; YJHIH

n ]>??B >IH ]H<@P I>@FD=?C F<B;I<]L;HF >=D@P n ]<@B4 $; <B

YH?? M@DY@ ;J>; Y4J4:4 @D@H DE ;JH ]<@B AD@;><@ =DIH ;J>@
3log(n)

log(log(n)) ]>??B4 $E YH IH:H>; ;JH B>=H Ha:HI<=H@; Y<;J .
(

2k
n

)
/

]>;AJHB DE n ]>??B2 ;JH@ @D ]<@ YDL?F AD@;><@ =DIH ;J>@
*( 2k

n )+3log(n)

log(log(n)) ]>??B4 /JHIH <B > F<IHA; >@>?DPC ]H;YHH@ ;JH

]>??BT]<@B :ID]?H= >@F ;JH I>@FD= :?>AH=H@; DE BDLIAHB >@F

FHB;<@>;<D@B4 /JH BDLIAHB >@F FHB;<@>;<D@B A>@ ]H AD@B<FHIHF

;D ]H ;JH ]>??B2 YJ<?H ;JH @DFHB A>@ ]H AD@B<FHIHF ;D ]H ;JH

]<@B4

N:"/%"# L<DCE $E k = Ω(n)2 r(n) ≥ rc(n) >@F r(n) =
O

(
log(log(n))

log(n)

)
2 ;JH@ Y4J4:4 ;JH =>a<=L= "DY I>;H f∗

H <@ Hr

<B >; ?H>B; Θ
(
n2r3(n)/k

)
4

I%//;E /JH :IDDE ED??DYB EID= =>::<@P U>I<DLB AD=:DT

@H@;B DE ;JH :ID]?H= FH!@HF >]DUH ;D ;JH h × h :HI=L;>;<D@
IDL;<@P :ID]?H=4 ,H; LB =>: H>AJ BfL>IHT?H; ;D > :IDAHBBDI4

.D@BHfLH@;?C2 EDI ;JH AJDBH@ B<ZH DE BfL>IHT?H;B2 ;JH @H;YDIM

HfL>;HB ;D > =HBJ DE l2 :IDAHBBDIB Y<;J l = 3/r(n)4 +BBL=H
;J>; H>AJ BDLIAH <@;H@FB ;D ;I>@B=<; Di >B ;JH <

th H?H=H@; DE

;JH FH=>@F UHA;DI4 8HA>LBH Di ≤ 12 ,H==> _4!! <=:?<HB ;J>;
;JH ;D;>? @L=]HI DE ]<;B ;D ]H ;I>@B=<;;HF ;D >@F EID= H>AJ

BfL>IHT?H; >IH >; =DB; h ≤ ckr2(n)4 ^<@>??C2 @D;H ;J>; >@C ;YD
@DFHB <@ >FS>AH@; BfL>IHT?H;B >IH Y<;J<@ > F<B;>@AH r(n)4 ^<P4
[ :IDU<FHB > PHD=H;I<A :IDDE EDI ;J<B E>A;k >@ >?;HI@>;<UH :IDDE

A>@ ]H H>B<?C D];><@HF ]C H=:?DC<@P ;JH 7C;J>PDI>B ;JHDIH=4

$@ H>AJ B?D;2 YH A>@ BH@F D@H :>AMH; >?D@P H>AJ HFPH ]H;YHH@

;YD >FS>AH@; BfL>IHT?H;B4 /JHIHEDIH2 ,H==> _4!# <=:?<HB ;J>;

ψ = (#.-< -/< /; ",7"@ $"*2""- 5,Z58"-* @Y+5%">1"*@)
≥ (#.-< -/< /; -/,"@ 9"% @Y+5%">1"*)2 ≥ c1n

2r4(n)

/JHIHEDIH2 ;JH ;D;>? @L=]HI DE B?D;B γ IHfL<IHF ;D AD=:?H;H
;JH FHB<IHF IDL;<@P <B

γ ≤ (c2hl/ψ)
≤ c2 × (ckr2(n)) × (3/r(n)) × (1/c1n

2r4(n))
= (3c2ck/c1n

2r3(n)) b\6d

QH A>@ IH:H>; ;JH >]DUH IDL;<@P :HI<DF<A>??C ;D PL>I>@;HH

> "DY I>;H DE f = (1/γ) ≥ Θ(n2r3(n)/k)4 8C FH!@<;<D@2
;JH =>aT"DY I>;H <B PIH>;HI ;J>@ >@C D;JHI EH>B<]?H "DY I>;H2

>@F ;JH ;JHDIH= ED??DYB4 QH J>UH DUHIT?DDMHF >@ <=:DI;>@;

BL];?H;C <@ ;JH >]DUH >IPL=H@;4 QH J>UH >BBL=HF ;J>; F<B;<@A;

%67

#*$+

#*$+

#

^<P4 [4 + PHD=H;I<A :IDDE ;D BJDY ;J>; >@C ;YD :D<@;B <@ >FS>AH@; BfL>IHT?H;B
>IH Y<;J<@ > F<B;>@AH Ib@d DE H>AJ D;JHI4 /JH :IDDE ED??DYB EID= ;JH E>A; ;J>;
;JH AJDIF DE > A<IA?H ?<HB Y<;J<@ <;4

@DFHB <@ > BfL>IHT?H; A>@ ]H ;IH>;HF >B B<@P?H :IDAHBBDI4 /J<B

>BBL=:;<D@ <B U>?<F <E >@F D@?C <E ;JH "DY ;JIDLPJ > :>I;<AL?>I

@DFH FDHB @D; ]HAD=H > ]D;;?H@HAM4 /JH =>a<=L= I>;H >;

YJ<AJ > @DFH A>@ BH@F DI IHAH<UH <@EDI=>;<D@ <B ]DL@FHF ]C

Θ(nr(n)2)4 ,H==> _4!5 BJDYB ;J>; ;JH =>a<=L= @L=]HI

DE BDLIAH >@F FHB;<@>;<D@B D@ > B<@P?H @DFH >IH ]DL@FHF

]C
*( 2k

n )+3log(n)

log(log(n)) 4 RH@AH2 ;JH >]DUH >IPL=H@; <B BLE!A<H@; ;D

D];><@ > ?DYHI ]DL@F <E
cnr(n)2

"( 2k
n )#3log(n)

log(log(n))

= Ω
(

n2r(n)3

k

)
4 /J<B

AD@F<;<D@ <B B>;<B!HF D@?C YJH@ r(n) = O
(

log(log(n))
log(n)

)
4

$@ ;JH IH=><@FHI DE ;JH :>:HI2 L@?HBB B;>;HF D;JHIY<BH2 <; <B

>BBL=HF ;J>; r(n) = O
(

log(log(n))
log(n)

)
4 +PPIHP>;<@P ;JH >]DUH

IHBL?;B2 YH J>UH ;JH ED??DY<@P AD@A?LB<D@4
N:"/%"# L<DLE $E r(n) = Ω

√
log n/n >@F k = Ω(n)2 ;JH@

;JH =>aT "DY f∗
G <@ Gr <B DIFHI D:;<=>? >@F A>@ ]H LBHF ;D

:IDUH > ;<PJ; >::IDa<=>;<D@ DE ;JH =<@TB:>IB<;C AL; Υ∗
Gr

<@

Gr4 1DIHDUHI2 ;JH f∗
G >@F Υ∗

Gr
BA>?H >B Θ

(
n2r3(n)/k

)
4

I%//;E ,H==> _4! <=:?<HB ;J>; f∗
G ≥ f∗

H 4 RH@AH2 ;JH

IHBL?; ED??DYB EID= ;JH ?DYHI ]DL@F :IDU<FHF ]C /JHDIH=

_4!\ >@F ;JH L::HI ]DL@F :IDU<FHF ]C .DID??>IC _4[
-A>?<@P ?>YB EDI k = Θ(n) J>UH ]HH@ P<UH@ B:HA<>? >;;H@;<D@

<@ ;JH ?<;HI>;LIH4 +AADIF<@P?C2 <; <B YDI;J B;>;<@P Ha:?<A<;?C ;JH

>]DUH IHBL?;B EDI ;J<B BAH@>I<D4
4/%/115%? L<DME .D@B<FHI >@ >FTJDA @H;YDIM FHBAI<]HF ]C

> I>@FD= :?>AH=H@; DE n @DFHB <@ > L@<; BfL>IH2 Y<;J Θ(n)
-T0 :><IB >@F > JD=DPH@DLB ;I>@B=<BB<D@ I>@PH DE r(n) =
Ω(

√
log n/n)4 /JH <@;HIEHIH@AHTEIHH A>:>A<;C DE ;JH @H;YDIM

BA>?HB >B Θ
(
nr3(n)

)
4

34 $*/%)^%)%*.%T,$1$/%0 .+7+.$/i

3< G"-"%51 F"@+1*@ /- '-*"%;"%"-8" !/,"1@

$@;HIEHIH@AH A>@ BHUHIH?C ?<=<; ;JH @H;YDIM A>:>A<;C4 $@ ;J<B

BHA;<D@2 YH D];><@ BA>?<@P ?>YB EDI ;JH -7)2 17) >@F 17/)

<@;HIEHIH@AH =DFH?B4 QH :I<=>I<?C EDALB D@ FHFLA<@P ?DYHI

]DL@FB4 1DIHDUHI2 ;D E>A<?<;>;H > BLAA<@A; >@>?CB<B2 YH FHUH?D:

BD=H >FF<;<D@>? ;HI=<@D?DPC >@F HB;>]?<BJ BD=H <=:DI;>@;

IHBL?;B4
)HA>?? EID= -HA;<D@ $$$ ;J>;2 EDI ;YD F<EEHIH@; AD==L@<A>T

;<D@ BAJH=HB A >@F B bH4P42 -7) >@F 17)d FH!@HF <@ ;JH

B>=H PI>:J2 ;JH<I ADIIHB:D@F<@P <@;HIEHIH@AH EL@A;<D@B IA >@F

IB >IH F<EEHIH@;4
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B""-.*./- M<DE B+51>'-*"%;"%"-8">)"*E .D@B<FHI >@ HFPH

BH; E >@F >@ <@;HIEHIH@AH BH; I(e) EDI >@ HFPH e ∈ E2 >B
FH!@HF <@ 0H!@<;<D@ \454 /JH FL>? <@;HIEHIH@AHTBH; EDI e <B
FH!@HF ]C F (e) = {ê ∈ E | e ∈ I(ê)}2 YJ<AJ <B ;JH BH; DE
HFPHB ;J>; Ha:HI<H@AH > AD??<B<D@ D@ >AADL@; DE > ;I>@B=<BB<D@

D@ HFPH e4
B""-.*./- M<HE B+51 4/-!.8* G%59:E G<UH@ > PI>:J

G(V, E) >@F >@ <@;HIEHIH@AH EL@A;<D@ I 2 YH FH!@H ;JH ,+51
8/-!.8* 7%59: >B GD(E, ED) 2 YJHIH ED = {(e, ê) | ê ∈
I(e))}4
B""-.*./- M<CE N/*51 B"7%"" .- B+51 4/-!.8* G%59:E /JH

;D;>? FHPIHH DE H>AJ @DFH <@ > FL>? AD@"<A; PI>:J <B HfL>? ;D

|M(e)| YJHIH M(e) = I(e)
⋃

F (e)4
-<=<?>I ;D ;JH YDIM <@ W5[X2 YH J>UH ;JH ED??DY<@P ,H==>4
R"##5 M<LE .D@B<FHI > PI>:J G(V, E) >@F <@;HIEHIH@AH I 4

,H; κ = maxe∈E |M(e)| 4 $E f <B > EH>B<]?H "DY I>;H <@ ;JH

>]BH@AH DE <@;HIEHIH@AH2 ;JH@ "DY I>;H fI = f/(1 + κ) <B
EH>B<]?H <@ :IHBH@AH DE <@;HIEHIH@AH I 4

I%//;E $@ ;JH >]BH@AH DE <@;HIEHIH@AH ;JH A>:>A<;C DE H>AJ

HFPH <B >BBL=HF ;D ]H D@H4 RDYHUHI2 ]HA>LBH DE <@;HIEHIH@AH2

>?? HFPHB A>@@D; ]H >A;<U>;HF B<=L?;>@HDLB?C4 ,H; σ ]H ;JH

=<@<=L= EIHfLH@AC Y<;J YJ<AJ H>AJ HFPH <B >A;<U>;HF Y<;JDL;

A>LB<@P >@C <@;HIEHIH@AH AD@"<A;B4 /JH@2 EDI H>AJ HFPH YH

J>UH c(e) ≥ 1/σ4
']BHIUH ;J>; κ <B ;JH =>a<=L= UHI;Ha FHPIHH DE ;JH FL>?

AD@"<A; PI>:J GD 4 $; <B YH?? M@DY@ ;J>;2 <E κ <B ;JH =>a<=L=
UHI;Ha FHPIHH2 ;JH@ κ + 1 AD?DIB >IH BLE!A<H@; ;D :IDU<FH >
:ID:HI UHI;Ha AD?DI<@P W\#X4 /JLB2 YH A>@ :>I;<;<D@ ;JH HFPHT

BH; E <@;D 1 + κ BL]BH;B BLAJ ;J>; @D ;YD HFPHB <@ ;JH B>=H
BL]BH; <@;HIEHIH4 .D@BHfLH@;?C2 YH A>@ :HI<DF<A>??C >A;<U>;H

;JHBH BL]BH;B ;D IH>?<ZH c(e) ≥ 1/(1+κ) EDI H>AJ HFPH4 /JLB2
> EH>B<]?H "DY I>;H fI = f/(1+κ) A>@ ]H D];><@HF ]C BA>?<@P
;JH "DY EL@A;<D@B >BBDA<>;HF Y<;J f ]C > E>A;DI DE 1/(1+κ)4

/JH =>a<=L= UHI;Ha FHPIHH FDHB @D; :IDU<FH > ;<PJ; ]DL@F

D@ ;JH =<@<=L= @L=]HI DE AD?DIB IHfL<IHF ;D :IDU<FH > :ID:HI

UHI;Ha AD?DI<@P4 +AADIF<@P?C2 ;D >@>?CZH > Y<FHI U>I<H;C DE

:ID;DAD? =DFH?B2 YH <@;IDFLAH ;JH AD@AH:; DE .-*"%;"%"-8"

81/-"@4
B""-.*./- M<ME '-*"%;"%"-8" 41/-"E /YD HFPHB e1, e2 >IH

B><F ;D ]H <@;HIEHIH@AHTA?D@HB L@FHI EL@A;<D@ I <E ;JHC B>;<BEC
;JH AD@F<;<D@B ;J>; M(e1) = M(e2)4
R"##5 M<PE 41/-" I.77?>$586.-7 R"##5E .D@B<FHI >

PI>:J G(V, E) >?D@P Y<;J <@;HIEHIH@AH EL@A;<D@B IA >@F IB 4

/JH@ IA >@F IB >IH BLAJ ;J>;K

!d κ = maxe∈E |MA(e)|2
5d ∀e ∈ E2 ;JHIH Ha<B;B > BH; MA,B̄(e) ⊆ MA(e) BLAJ ;J>;
HUHIC HFPH ]H?D@P<@P MA,B̄(e) <B >@ <@;HIEHIH@AHTA?D@H

DE e L@FHI IB 4 ^LI;JHI2 ?H; µ = mine∈E |MAB̄(e)|4
$E f <B > EH>B<]?H "DY I>;H <@ G Y<;JDL; >@C <@;HIEHIH@AH2

fIA = f/(1 + κ) <B > EH>B<]?H "DY I>;H <@ G L@FHI ;JH IA

<@;HIEHIH@AH EL@A;<D@ >@F κ >B <;B ADIIHB:D@F<@P :>I>=H;HI2

;JH@ fIB = f(1 + µ)/(1 + κ) <B EH>B<]?H <@ :IHBH@AH DE
<@;HIEHIH@AH FH!@HF ]C IB 4

I%//;E .D@B<FHI ;JH <@;HIEHIH@AH FH!@HF ]C IA4 ^ID=

,H==> [4_ YH M@DY ;J>; ;JHIH Ha<B;B > AD@"<A; EIHH :HI<DF<A

BAJHFL?H YJ<AJ A>@ >A;<U>;H H>AJ HFPH >; ?H>B; D@AH HUHIC

(1 + κ) B?D;B4 ,H; LB IH:IHBH@; ;J<B BAJHFL?H ]C >@ <@F<A>;DI
EL@A;<D@ α(e, τ)2 YJ<AJ HfL>?B D@H <EE HFPH e <B >A;<UH <@ B?D;

τ 4 *D;H ;J>; ;JH A>:>A<;C DE H>AJ HFPH L@FHI BAJHFL?H α <B

P<UH@ ]C

cα(e) = lim
T→∞

1
T

Στ=1:T α(e, τ) = 1/(1 + κ). b\"d

*DY ?H; LB LBH ;J<B BAJHFL?H <@ ;JH :IHBH@AH DE <@;HIEHIH@AH

IB 4 ']BHIUH ;J>; α >??DA>;HB > F<B;<@A; B?D; EDI H>AJ HFPH

<@ MA,B̄(e)
⋂
{e} EDI HUHIC e4 .D@BHfLH@;?C2 HUHIC HFPH J>B

|MA,B̄(e)| <@;HIEHIH@AH A?D@HB BAJHFL?HF <@ B?D;B F<B;<@A; EID=
H>AJ D;JHI >@F ;JH HFPH <;BH?E4 $@ >FF<;<D@2 @D;H ;J>; <E >@ HFPH

<B >A;<U>;HF <@ > ;<=H B?D; =H>@; EDI D@H DE <;B <@;HIEHIH@AH

A?D@HB2 ;JH@ <; FDHB @D; ?H>F ;D >@C AD@"<A;4 /JHIHEDIH2 YH A>@

FH!@H > @HY AD@"<A;TEIHH BAJHFL?H β BLAJ ;J>; β(e, τ) = 1
<EE ;JHIH Ha<;B >@ e1 ∈ MA,B̄(e)

⋂
{e} BLAJ ;J>; α(e1, τ) = 14

G<UH@ ;J>; µ = mine∈E |MAB̄(e)|2 ;JH A>:>A<;C DE H>AJ HFPH
L@FHI BAJHFL?H β EDI <@;HIEHIH@AH IB 2 <B P<UH@ ]C

cβ(e) = lim
T→∞

1
T

Σe1∈MA,B̂
Στ=1:T α(e1, τ)

= (1 + µ) × (1/(1 + κ)) b\9d

+AADIF<@P?C2 > EH>B<]?H "DY DE fIB = f(1 + µ)/(1 + κ) A>@
]H D];><@HF ]C BA>?<@P >?? ;JH "DY EL@A;<D@B >BBDA<>;HF Y<;J

;JH <@EHIH@AHTEIHH "DY ]C > E>A;DI DE (1 + µ)/(1 + κ)4
$@ ;JH BL]BHfLH@; F<BALBB<D@2 YH !@F <; AD@UH@<H@; ;D

FHFLAH > ]DL@F EDI > :>I;<AL?>I <@;HIEHIH@AH =DFH? >@F ;JH@

BJDY ;J>; <; >::?<HB ;D > Y<FHI BH; DE =DFH?B4 $@ DIFHI ;D

E>A<?<;>;H BLAJ >IPL=H@;B2 YH FH!@H ;JH ED??DY<@P :>I;<>? DIFHI4

B""-.*./- M<QE I5%*.51 [%,"% /; '-*"%;"%"-8" !/,"1@E +@

<@;HIEHIH@AH EL@A;<D@ IA <B B><F ;D ]H =DIH IHB;I<A;<UH ;J>@ IB 2

IH:IHBH@;HF >B IA 0 IB 2 <EE HUHIC HFPH B>;<B!HB ;JH AD@F<;<D@

;J>; IB(e) ⊆ IA(e) 4
R"##5 M<SE .D@B<FHI > PI>:J G(V, E) >?D@P Y<;J <@;HIEHIT

H@AH IA >@F IB 4 $E IA 0 IB 2 ;JH@ > EH>B<]?H "DY I>;H L@FHI

IA IH=><@B EH>B<]?H L@FHI IB 4

I%//;E + AD@"<A; EIHH BAJHFL?H L@FHI IA IH=><@B AD@"<A;

EIHH L@FHI IB 4 RH@AH YH A>@ B>C ;J>; cA(e) ≤ cB(e)2 YJHIH
cA(e) >@F cB(e) IH:IHBH@; ;JH HFPH A>:>A<;<HB L@FHI H>AJ
<@;HIEHIH@AH =DFH?4 /JHIHEDIH2 <E > :>I;<AL?>I "DY B>;<B!HB

;JH A>:>A<;C AD@B;I><@;B L@FHI IA2 <; @HAHBB>I<?C B>;<B!HB ;JDBH

B>=H AD@B;I><@;B L@FHI IB 4

T< R/2"% T/+-,@

0<IHA; >@>?CB<B DE ;JH <@;HIEHIH@AH =DFH?B A>@ ]H ;HF<DLB4

RH@AH2 EDI =>;JH=>;<A>? AD@UH@<H@AH2 YH AD@B<FHI ;JH ED?T

?DY<@P IHB;I<A;<UH =DFH?B4 ,H==> [4" >??DYB LB ;D L;<?<ZH ;JH

:HIEDI=>@AH ?<=<;B L@FHI ;JHBH IHB;I<A;<UH =DFH?B ;D <@F<IHA;?C

]<@F ;JH A>:>A<;C L@FHI ;JH <@;HIEHIH@AH =DFH?B EDI -7)2 17)

>@F 17/)4

QH FH!@H > IHB;I<A;<UH <@;HIEHIH@AH =DFH? ;J>; <@;IDFLAHB

=DIH IHB;I<A;<D@B b<4H42 AD??<B<D@Bd D@ ;JH <@;HIEHIH@AH BH; EDI

H>AJ HFPH ;J>@ ;JDBH B;I<A;?C F<A;>;HF ]C ;JH DI<P<@>? <@;HIEHIT

H@AH =DFH?4 QH Y<?? BJDY ;J>;2 L@FHI ;J<B IHB;I<A;<UH =DFH?2

;JH DIFHI DE ;JH ?DYHI ]DL@F A>:>A<;C >AJ<HUHB ;JH L::HI

]DL@F L@FHI ;JH DI<P<@>? b@D@TIHB;I<A;<UHd <@;HIEHIH@AH =DFH?4

B""-.*./- M<UE F"@*%.8*", )IF JF)IFK !/,"1E

I)-7)(e) = W (e) − {e} ∀e ∈ Er,H

2:"%" W (e) =
⋃

ê:ζ(ê−)=ζ(e−)

MSPR(ê) b_#d
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B""-.*./- M<DVE F"@*%.8*", !IF JF!IFK !/,"1E

I)17)(e) = W (e) − U(e) ∀e ∈ Er,H

2:"%" U(e) =
{
ê ∈ Er,H | ê− = e−

}
b_!d

B""-.*./- M<DDE F"@*%.8*", !INF JF!INFK !/,"1E

I)17/)(e) = W (e) − V (e) ∀e ∈ Er,H

2:"%" V (e) =
⋃

ê:ζ(ê−)=ζ(e−)

U(ê) b_5d

.D@B<FHI ;JH ED??DY<@P :ID:HI;<HB DE ;JH IHB;I<A;HF =DFH?B4

R"##5 M<DHE ^DI ;JH PI>:J Hr2 YH J>UH > :>I;<>? DIFHI

FH!@HF ]C b<d I-7) 0 I17) 0 I17/)2 b<<d I)-7) 0 I)17) 0
I)17/)2 b<<<d I-7) 0 I)-7) b<Ud I)17) 0 I17) bUd I)17/) 0
I17/)

I%//;E b-MH;AJd /JH :IDDE EDI ;JH :>I;<>? DIFHIB b<d ;D b<<<d

ED??DYB F<IHA;?C EID= ;JH FH!@<;<D@B4 7>I;<>? DIFHI b<Ud ED??DYB

EID= ;JH E>A; ;J>; J(e) ⊆ W (e) >@F U(e) ⊆ A(e) − B(e)4
-<=<?>I?C2 ;JH E>A; ;J>; A(e) ⊆ V (e) <=:?<HB :>I;<>? DIFHI bUd4

R"##5 M<DCE $E r(n) ≥ rc(n)2 ;JH@ >?? HFPHB e ∈ Er,H

J>UH |M(e)| = Θ
(
n2r4(n)

)
L@FHI <@;HIEHIH@AH FHBAI<]HF ]C

H<;JHI DE ;JH =DFH?BK I-7), I17), I17/), I)-7), I)17), I)17/)4

I%//;E ^ID= ,H==> [4!5 YH A>@ AD@A?LFH ;J>; )-7) <B

;JH =DB; IHB;I<A;<UH =DFH?2 YJ<?H 17/) <B ;JH ?H>B; IHB;I<A;<UH

=DFH?4 ^LI;JHI @D;H ;J>; F)-7)(e) ⊆ W (e) >@F I17/)(e) ⊆
M17/)(e)4 RH@AH2 <; BLE!AHB ;D :IDUH ;JH ED??DY<@PK

γmax = maxe∈Er,H |W (e)| = O(n2r4(n)) b_\d

γmin = mine∈Er,H |I17/)(e)| = Ω(n2r4(n)) b__d

)HA>?? ;J>; > @DFH <@ Hr <B AD@@HA;HF ;D >?? >@F D@?C ;JDBH

@DFHB ;J>; >IH :?>AHF <@ >FS>AH@; BfL>IHT?H;B4 RH@AH ,H==>

_4!# ;H??B LB ;J>; ;JH FHPIHH DE H>AJ UHI;Ha v ∈ Hr <B ]DL@FHF

>B

4c1nr2(n) ≤ deg(v) ≤ 4c2nr2(n) b_[d

*DY ?H;B :IDUH ;JH ?DYHI ]DL@F ]C AD@B<FHI<@P ;JH 17/)

=DFH?4 +AADIF<@P ;D 0H!@<;<D@ \4[2 ;JH ;I>@B=<BB<D@ D@ HFPH

e Ha:HI<H@AHB <@;HIEHIH@AH EID= >@C ;I>@B=<BB<D@ ]C > @DFH

v BLAJ ;J>; r(n) < ‖Xe− − Xv‖ ≤ (1 + η)r(n)4 /JHIHEDIH2
;JHIH Ha<B;B >@ >@@L?>I I<@P >IDL@F e− DE Y<F;J ηr(n) BLAJ
;J>; >@C ;I>@B=<BB<D@ EID= > @DFH <@ ;J<B I<@P <@;HIEHIHB Y<;J

e4 /JH >IH> DE ;J<B >@@L?>I I<@P <B P<UH@ ]C

5%"5 /; 5--+15% %.-7 = η(2 + η)πr2(n) b_`d

QH J>UH >?IH>FC BHH@ b ,H==> _45d ;J>; >@ >IH> DE Θ(r2(n))
AD@;><@B >; ?H>B; Θ(nr2(n)) @DFHB4 RH@AH2 ;JHIH Ha<B;B > c3

BLAJ ;J>;

γmin ≥ c3nr2(n) × 4c1nr2(n) b_6d

%f4 b_6d :IDUHB ;JH IHfL<IHF ?DYHI ]DL@F4 /JH :IDDE EDI ;JH

L::HI ]DL@F <B D];><@HF Y<;J > B<=<?>I >IPL=H@;4 ^<IB;2 ?H; LB

<@B:HA; ;JH ;I>@B=<BB<D@ >?D@P HFPH e L@FHI ;JH -7) =DFH?4
+@C ;I>@B=<BB<D@ EID= > @DFH <@ > F<BM DE I>F<LB (1+ η)r(n)
>IDL@F e−2 <@;HIEHIHB Y<;J e4 1DIHDUHI2 > ;I>@B=<BB<D@ EID=
e+ <@;HIEHIHB Y<;J >@C IHAH:;<D@ <@ > F<BM DE I>F<LB (1+η)r(n)
>IDL@F e+4 G<UH@ ;J>; ‖Xe+ − Xe−‖ ≤ r(n)2 ;JHIH Ha<B;B >
F<BM DE I>F<LB (2+η)r(n) >IDL@F e− AD@;><@<@P >?? ;JH @DFHB
;J>; =>C J>UH ;I>@B=<BB<D@ AD@"<A;B Y<;J e4 ^LI;JHI @D;H ;J>;

> BfL>IHT?H; A>@ ]H AD=:?H;H?C <@BAI<]HF <@ > A<IAL=TA<IA?H DE

I>F<LB (1/3
√

2)r(n)4 RH@AH2 ;JHIH Ha<B;B > A<IA?H DE =>a<=L=
I>F<LB R = (2 + η + (1/3

√
2))r(n) AD@;><@<@P >?? ;JH @DFHB

;J>; =>C J>UH ;I>@B=<BB<D@ AD@"<A;B Y<;J e L@FHI ;JH =DFH?
)-7)4 /JH >IH> DE R <B Θ(r2(n)) >@F JH@AH ;JHIH Ha<B;B >
AD@B;>@; c4 BLAJ ;J>;

γmax = maxe∈Er,H |W (e)|
≤ J#5=< -/< /; -/,"@ .- FK× J#5=< -/," ,"7%""K

≤ c4n(2 + η + (
√

2/6))2r(n)2 × 4c2nr2(n)
= O(n2r4(n)) b_"d

R"##5 M<DLE .D@B<FHI ;JH PI>:J Hr Y<;J r(n) ≥ rc(n)
>@F k = Ω(n)4 $@ BLAJ > PI>:J2 H>AJ HFPH e J>B >; ?H>B;
Θ

(
nr2(n)

)
A?D@HB L@FHI <@;HIEHIH@AH I)17) >@F Θ

(
n2r4(n)

)

A?D@HB L@FHI <@;HIEHIH@AH I)17/)2 BLAJ ;J>; ;JHBH A?D@HB

<@;HIEHIH Y<;J H>AJ D;JHI >@F e2 L@FHI ;JH <@;HIEHIH@AH I)-7)4

I%//;E +AADIF<@P ;D 0H!@<;<D@B [4!# >@F [4!!2 U(e) >@F
V (e) IH:IHBH@; ;JH FHB<IHF BH; DE A?D@HB EDI I)17) >@F I)17/)
IHB:HA;<UH?C4 ,H==> _4!# <=:?<HB ;J>; ;JHIH Ha<B; c1 >@F c2

BLAJ ;J>;

µRMPR = mine∈Er,H |U(e)|
≥ #.-< O"%*"= ,"7%""

= c1nr2(n) b_9d

µRMPTR = mine∈Er,H |V (e)|
≥ [mine∈Er,H |U(e)|] × #.-< -/,"@ 9"% @Y+5%">1"*

≥ c1nr2(n) × c2nr2(n) b[#d

N:"/%"# M<DME ^DI r(n) ≥ rc(n) >@F k = Ω(n)2 ;JH A>:>AT
<;C DE I>@FD= PHD=H;I<A @H;YDIM <B >; ?H>B;K b>d Θ(1/r(n)k)
L@FHI ;JH -7) =DFH?2 b]d Θ(nr(n)/k) L@FHI ;JH 17) =DFH?2
>@F bAd Θ(n2r3(n)/k) L@FHI ;JH 17/) =DFH?4

I%//;E )HA>?? ;J>; ;JH A>:>A<;C DE ;JH I>@FD= @H;YDIM <B

PIH>;HI ;J>@ ;JH EH>B<]?H "DY I>;H <@ Hr4 /JHDIH= _4!\ BJDYB

;J>; > I>;H DE f = c1n2r3(n)/k <B EH>B<]?H <@ Hr4 +FF<;<D@>??C2

,H==> [4!\ BJDYB ;J>; ;JH B<ZH DE ;JH ?>IPHB; <@;HIEHIH@AH BH;

L@FHI )-7) <B >; =DB; κ = c2n2r4(n)4 RH@AH2 ,H==> [4_
<=:?<HB ;J>; > I>;H DE

fRSPR = f × (1/(1 + κ)) ≥ (c3/r(n)k) b[!d

<B EH>B<]?H L@FHI ;JH )-7) =DFH?4 $E YH ;>MH <@;D AD@B<FHI>T

;<D@ ;JH <@;HIEHIH@AH A?D@HB2 ;JH@ ,H==> [4` ELI;JHI <=:?<HB

;J>; ;JH I>;H

fRMPR = f × (1/(1 + κ)) × (1 + µRMPR)
≥ (c3/r(n)k) × (c4nr2(n))
= (c3c4nr(n)/k) b[5d

<B EH>B<]?H L@FHI ;JH )17) =DFH?4 -<=<?>I?C2 ;JH I>;H

fRMPTR = f × (1/(1 + κ)) × (1 + µRMPTR)
≥ (c3/r(n)k) × (c5n

2r4(n))
= (c3c5n

2r3(n)/k) b[\d

<B EH>B<]?H L@FHI ;JH )17/) =DFH?4 ^<@>??C2 @D;H ;J>; >
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EH>B<]?H I>;H L@FHI > IHB;I<A;HF =DFH? <B @HAHBB>I<?C EH>B<]?H

L@FHI ;JH DI<P<@>? =DFH?4 RH@AH2 ;JH IHBL?; :IDUH@ <@ ,H==>

[4!\ AD=:?H;HB ;JH :IDDE4
$; A>@ ]H H>B<?C BJDY@ ;J>; ;JH L::HI ]DL@F EDI -7) >@F 17)

<B ;JH B>=H >B ;JH ?DYHI ]DL@F ]L; ;JH FH;><?B >IH D=<;;HF JHIH

>@F A>@ ]H EDL@F <@ W\!X4
/JH <@;HIEHIH@AHTEIHH A>:>A<;C :IDU<FHB >@ L::HI ]DL@F D@

;JH A>:>A<;C L@FHI >@C =DFH?2 >@F /JHDIH= [4![ >?IH>FC

BJDYB ;J>; ;JH 17/) =DFH? >AJ<HUHB ;J<B A>:>A<;C4 RDYHUHI2

YH @HHF ;D :IDU<FH >FF<;<D@>? >IPL=H@;B ;D D];><@ > ;<PJ;

]DL@F D@ ;JH A>:>A<;C L@FHI -7) >@F 17)4 'LI >IPL=H@;B

>IH B<=<?>I ;D ;JDBH LBHF <@ W`X >@F W_X2 >@F YH ]I<H"C BMH;AJ

;JH :IDDE DE ;JH ED??DY<@P IHBL?; EDI ;JH B>MH DE AD=:?H;H@HBB4
N:"/%"# M<DPE ^DI r(n) ≥ rc(n) >@F k = Ω(n)2 ;JH A>:>AT

<;C DE I>@FD= PHD=H;I<A @H;YDIM <B >; =DB;K b>d Θ(1/r(n)k)
L@FHI ;JH -7) =DFH?2 b]d Θ(nr(n)/k) L@FHI ;JH 17) =DFH?2
>@F bAd Θ(n2r3(n)/k) L@FHI ;JH 17/) =DFH?4

I%//;E b-MH;AJd .D@B<FHI ;JH .L; S <@ ^<PLIH \4 /JH

A>:>A<;C DE ;J<B AL; >@F JH@AH ;JH @H;YDIM <B ?HBB ;J>@

J-/< /; *%5-@#.**"%@ .- 3K× J#5=< *%5-#.@@./- 9"% -/,"K

(1/2)k
b[_d

/JH ;D;>? @L=]HI DE ;I>@B=<;;HIB <@ A <B B=>??HI ;J>@ ;JH

;D;>? @L=]HI DE @DFHB <@ A4 QH J>UH >?IH>FC BJDY@ ;J>;
;JH ;D;>? @L=]HI DE @DFHB <B Θ(nr(n))4 (@FHI ;JH 17/)
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