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Abstract
Exchange Rates, Information, and Crises

by
Ricardo Turrin Fernholz

Doctor of Philosophy in Economics
University of California, Berkeley

Professor Pierre-Olivier Gourinchas, Chair

In this dissertation, I theoretically investigate how the actions of central banks affect
the information and beliefs of rational agents. I focus primarily on my models’ equilibrium
predictions during crisis episodes, including situations in which agents’ actions are strate-
gic complements. The first two parts explore the implications of central bank transparency
during foreign exchange interventions and develop dynamic models in which investors are
heterogeneously informed about both interventions and fundamentals. In the first part, the
benchmark two-period model presents the main result that transparency can often exacer-
bate any misalignment between the exchange rate and fundamentals. This is a consequence
of two distinct effects of transparency. First, transparency reveals some information about
fundamentals to investors (the truth-telling effect). Second, transparency increases the pre-
cision of the exchange rate as a signal of those fundamentals that remain unknown (the
signal-precision effect). If a central bank announcement reveals little information about
fundamentals, then this second effect dominates and transparency magnifies exchange rate
misalignment. In effect, partial information revelation is worse than no information revela-
tion. An important implication of this result is that a policy of ambiguity can increase the
effectiveness of intervention to support a declining currency during times of crisis. In the
second part, the benchmark model is extended to an infinite horizon and also expanded into
a Bayesian signalling game. In both cases, I demonstrate that the principal results do not
change.

In the third part, I examine a global coordination game in which the information of
the agents is manipulated before it reaches them. I assume that the regime is imperfectly
informed about the underlying state of fundamentals and must trade off the cost of biasing
the signals of agents upwards with the benefit of being more likely to defeat the agents’
attack. The main conclusion is that the effect of information manipulation depends on the
extent to which the regime is better informed about the outcome of the game. In the limit as
both the regime and the agents’ information becomes arbitrarily precise, the effectiveness of
information manipulation depends on whether the regime learns about fundamentals faster
than the agents. If agents learn faster than the regime, then information manipulation is
ineffective and incurs costs for the regime without diminishing the size of coordinated attacks.
In these cases, the regime prefers to take no action but cannot credibly commit to do so.
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Introduction

This dissertation comprises three separate sections, each of which theoretically examines
how the actions of central banks affect the information and beliefs of market participants
and what the implications of those effects are. I derive several results about central bank
transparency during foreign exchange interventions and information manipulation by the
incumbent regime in coordination games. Throughout this discussion, I focus primarily on
these results’ implications during crisis episodes.

In the first two parts of the dissertation, I develop dynamic models of foreign exchange
intervention in which investors are heterogeneously informed about both interventions and
fundamentals. I examine the effects of credible and truthful public announcements about the
size and timing of interventions as opposed to deliberate attempts to be secretive and cre-
ate uncertainty about those interventions. The fist part presents the benchmark two-period
model, which posits that foreign exchange interventions contain information about part of
exchange rate fundamentals. In that setup, I put forward the main result that transparency
can often exacerbate any misalignment between the exchange rate and fundamentals. This
is a consequence of two distinct effects of transparency. First, transparency reveals some
information about fundamentals to investors (the truth-telling effect), which reduces mis-
alignment. Second, transparency increases the precision of the exchange rate as a signal of
those fundamentals that remain unknown (the signal-precision effect), which compels ratio-
nal Bayesian investors to weigh that public signal more heavily in their expectations and
thus magnifies misalignment. The key conclusion is that if a central bank announcement
reveals little information about fundamentals, then the signal-precision effect dominates and
transparency magnifies currency mispricing. In effect, partial information revelation is worse
than no information revelation.

An important implication of this result is that a policy of ambiguity will often increase the
effectiveness of central bank intervention during periods of crisis and large capital outflows.
In these episodes, asymmetric information, pro-cyclical liquidity provision, and psychology
often lead to excessive sales of risky assets. My model predicts that it is precisely in situations
like these, when risky countries’ currencies are undervalued and it is difficult to credibly reveal
information about fundamentals, that transparent interventions to support a currency are
less effective than more opaque and secretive interventions. This prediction matches both
central banks’ observed behavior during these turbulent episodes and their justifications for
more secretive intervention policies.

To examine the robustness of the results, in part two I both extend the benchmark model
to an infinite horizon and expand into a Bayesian signalling game. In the signalling game,
the central bank has a clearly defined objective function that investors are aware of. Given a
set of assumptions for the model’s primitives, I prove the existence of a partially-separating
Bayesian equilibrium that preserves the intuition and analysis from the benchmark model.
In the infinite-horizon extension, I consider environments in which higher-order expecta-
tions both are and are not part of the equilibrium exchange rate. If investors have common
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knowledge of the past, then higher-order expectations disappear and it is possible to analyt-
ically characterize the equilibrium. The results in this setting match the benchmark model’s
predictions. If investors do not have common knowledge of the past, then higher-order ex-
pectations remain and the equilibrium must be approximated. In this setting, unobserved
transitory shocks have persistent effects on investors’” beliefs. 1 show that these persistent
effects can be magnified by transparency in the same way as in the benchmark model.

The final part of this dissertation explores the equilibrium implications of information
manipulation on the part of the incumbent regime in global coordination games. This
assumption extends more traditional global games in which the private information of co-
ordinating agents is accurate and unbiased, and it captures the reality that in many cases
the regime can take actions to alter or hide this information. I adopt the setup of Edmond
(2008a), in which an incumbent regime can take a costly hidden action that biases the pri-
vate signals of the game’s coordinating agents, and then extend this setup so that the regime
is imperfectly informed about the underlying state. This implies that the regime does not
know the outcome of the coordination game ex-ante, so that it must trade off the cost of
biasing the signals of agents upwards with the benefit of being more likely to defeat the
agents’ attack. Given this setup, I show that the effect of information manipulation depends
on the extent to which the regime is better informed about the outcome of the game. If the
precision of agents’ information about the underlying state grows faster than the precision
of the regime’s information, then in the limit information manipulation is ineffective and
incurs costs for the regime without diminishing the size of coordinated attacks. In these
cases, the regime prefers to take no action but cannot credibly commit to do so. I also show
that information manipulation is sometimes ineffective even if the precision of the regime’s
information grows faster than the precision of the agents’ information.
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Part 1

Exchange Rate Manipulation and
Constructive Ambiguity: The
Meaning of Transparency

Over the past decade, a growing body of evidence has demonstrated that all but a few
countries exert some control over the value of their exchange rates. According to Calvo and
Reinhart (2002), this “fear of floating” is common not only among countries that openly
admit it, but also among those that claim not to let currency prices affect policy. Just as
central banks broadly agree about the desire to control their exchange rates, they broadly
disagree about the policies that should accompany these interventions, especially with regard
to transparency. In this chapter, I develop dynamic models of foreign exchange intervention
that address these questions.

I focus on the issue of central bank transparency, specifically on the implications of
credible and truthful public announcements about the size and timing of foreign exchange
interventions as opposed to deliberate attempts to be secretive and create uncertainty about
those interventions. While there are other important aspects of central bank intervention
policy, the question of transparency is among both the most important and the most dis-
puted. Indeed, there is extensive evidence that central banks from around the world hold
opposing views about the implications of predictability versus unpredictability, and that
they implement different policies for different reasons (Bank for International Settlements
2005, Canales-Kriljenko 2003, Chiu 2003).

Two examples from the financial crisis highlight this lack of policy consensus. Both
Mexico and Russia faced intense capital outflows and speculative pressure as the price of risky
assets throughout the world declined in the months after the collapse of Lehman Brothers in
September 2008.! The Bank of Mexico has a longtime commitment to transparent foreign
exchange intervention, but at the height of this crisis in early February 2009, the Bank
became convinced that transparency was hurting its efforts to stabilize the peso and abruptly
switched to a secretive and purposely ambiguous policy. In that month alone, the Bank
spent nearly two billion dollars of its reserves in unannounced interventions.? In this same
period, the Bank of Russia fought a protracted battle with the markets over the falling ruble.
Its well-publicized attempts to initially guide the currency to an orderly and predictable
depreciation eventually gave way to a looser, more ambiguous policy in which the target
band for the ruble was substantially widened and made more flexible.? Ultimately, the Bank

'Between August 2008 and March 2009, both the Mexican peso and the Russian ruble lost more than
one third of their values against the US dollar before eventually stabilizing at slightly higher levels.

2Although these interventions were intentionally kept secret, the Bank of Mexico did reveal their size
afterwards. For a discussion of the Bank’s normally transparent policy, see Sidaoui (2005).

3In the second half of 2008, the Bank of Russia widened the target band for the ruble to 16.9% (top to



of Russia’s extensive interventions contributed to a loss of more than 200 billion dollars
in foreign exchange reserves (nearly 40% of the Bank’s total reserves) in a period of only
six months. In both of these cases, policymakers appear to have been uncertain about the
best way to complement their interventions and to help effectively stabilize and defend their
currencies. In this era of enormous foreign exchange reserves and large-scale interventions,
a better understanding of the implications of these different policies is important.

The main prediction of my analysis is that central bank transparency can in fact mag-
nify any existing misalignment between the exchange rate and fundamentals. This follows
because a transparent intervention policy improves the precision of the exchange rate as
a signal of fundamentals (the signal-precision effect of transparency), and thus compels
rational Bayesian investors to weigh that public signal more heavily in their expectations.
Although transparency reveals some information about fundamentals (the truth-telling effect
of transparency) and thus also diminishes the signal value of the exchange rate, this extra in-
formation can be outweighed by the increased precision provided by a public announcement.
It is precisely in these cases, when central bank announcements do not credibly reveal suf-
ficient information about fundamentals, that exchange rate misalignment worsens.? Figure
0.1 plots the relationship between exchange rate misalignment and information revelation.
As shown, transparency magnifies misalignment for low levels of information revelation but
there exists a threshold at which transparency starts to reduce this misalignment. In effect,
partial transparency is worse than no transparency, while full transparency is best.

This conclusion has many implications. Arguably the most important is that a policy
of ambiguity will often increase the effectiveness of central bank intervention during periods
of crisis and large capital outflows. In these episodes, asymmetric information, pro-cyclical
liquidity provision, and psychology often lead to excessive sales of risky assets, as shown by
Brunnermeier and Pedersen (2009) and Shleifer and Vishny (1997). My model predicts that
it is precisely in situations like these, when risky countries’ currencies are undervalued and it
is difficult to credibly reveal information about fundamentals, that transparent interventions
to support a currency are less effective than more opaque and secretive interventions. In the
case of Mexico and Russia, the model argues that both countries would have likely benefited
from more secrecy and ambiguity—as they eventually chose—to go along with their extensive
foreign exchange interventions.

I build on a simple model of a cashless economy in which investors are heterogeneously
informed about both central bank interventions and fundamentals. The first model I present,
the benchmark two-period model, posits that foreign exchange interventions contain infor-
mation about part of exchange rate fundamentals. In the style of Grossman and Stiglitz

bottom) via a series of small adjustments. It then widened the band further to 28.9% in a little over one
week in January 2009. T'wo examples of some of the press coverage surrounding this episode are the articles
“The Flight from the Rouble” and “Down in the Dumps” from The Economist, November 20, 2008 and
February 5, 2009, respectively.

4In all of the models I present in this and the next chapter, the concept of exchange rate misalignment is
equivalent to the concept of exchange rate informativeness from market microstructure theory. Specifically,
more exchange rate misalignment is the same as a less informative exchange rate.
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Figure 0.1: The relationship between exchange rate misalignment and information revelation.

(1976), information about all future fundamentals is embedded in the current exchange rate
so that, by observing the price of currency, investors learn about these fundamentals and
update their beliefs. This learning is imperfect, however, as noise traders push the exchange
rate away from its fundamental value. Since the price of foreign currency is a publicly ob-
servable signal, any time that the exchange rate differs from its fundamental value average
beliefs about fundamentals will differ from the true value of fundamentals. Within this
framework, I demonstrate that transparency worsens exchange rate misalignment whenever
interventions reveal little information about fundamentals.

The second model that I present extends the benchmark model to include foreign ex-
change interventions that respond to movements in the exchange rate. This is an important
consideration, because a central bank will often take into account more than just its knowl-
edge of fundamentals when choosing how extensively to intervene in the foreign exchange
market. Indeed, an intervening bank is usually also concerned with the value of its currency
and possible presence of misalignment. If this is the case, the central bank’s intervention
will be a function of both fundamentals and exchange rate misalignment.

Throughout this chapter, I consider the implications of a policy of publicly and truthfully
announcing the size of interventions versus a policy of secrecy. One advantage of focusing on
these two policies is that they have a clear economic interpretation in terms of the information
sets of investors, making rigorous theoretical analysis easier. In practice, however, a central
bank wishing to be transparent will often announce not only the size of a current intervention,
but also the size of past interventions, the size and timing of interventions planned for the
future, and the likely stance of other policies in the future.® These considerations have a

SDominguez and Panthaki (2007) and Gnabo, Laurent, and Lecourt (2009) provide empirical evidence



natural interpretation in my models. In particular, all of the results about central bank
transparency are statements about the extent of information that is revealed to investors,
and the conclusion is that the more information that is credibly communicated through a
public announcement, the less likely it is that transparency will exacerbate exchange rate
misalignment (as shown in Figure 0.1).

A truthful central bank announcement affects investors’ beliefs in two different ways in
my models. First, and more apparently, any parameters the central bank reveals to investors
eliminate the role of the exchange rate as a signal of those parameters. This is the truth-telling
effect of transparency. Second, and less apparently, any parameters the central bank reveals
to investors increase the precision of the exchange rate as a signal of other, still-unknown
parameters, and hence increase the weight that investors place on the exchange rate signal
when forming their beliefs about those unknown parameters. This is the signal-precision
effect of transparency. These two effects push in opposite directions. The truth-telling effect
directly raises expectations of parameters for which average beliefs are too low. This tends to
reduce misalignment and appreciate an exchange rate that, because of sales by noise traders,
is undervalued relative to fundamentals. Conversely, the signal-precision effect indirectly
lowers expectations of parameters for which average beliefs are too low and tends to increase
misalignment and further depreciate an already undervalued exchange rate. A large signal-
precision effect explains why misalignment increases in the left side of Figure 0.1 while a
large truth-telling effect explains why misalignment decreases in the right side of the figure.
The main results of this chapter characterize the conditions for which one effect dominates
the other.

There are several important conditions that imply that transparency will magnify ex-
change rate misalignment. The most essential of these is that a central bank announcement
reveals only partial information about fundamentals (as shown in Figure 0.1), a condition
that limits the size of the truth-telling effect of transparency relative to the signal-precision
effect. If foreign exchange interventions instead contain extensive information about future
policies and fundamentals, then a transparent intervention becomes an important and cred-
ible source of information, a point emphasized by Dominguez and Frankel (1993a), Mussa
(1981), and the whole literature about the signalling hypothesis.® My models are consistent
with this observation since they predict that transparency reduces exchange rate misalign-
ment and increases the effectiveness of interventions (if the central bank’s goal is to reduce
misalignment) in these cases. One of this chapter’s contributions, however, is to build on this
logic of the signalling hypothesis by exploring the interaction between partial information
revelation and currency mispricing and showing that transparency can in fact exacerbate
exchange rate misalignment if interventions are not sufficiently informative about future
fundamentals and policies.

that many kinds of central bank statements related to foreign exchange interventions affect the exchange
rate.

6Sarno and Taylor (2001) and Vitale (2007) both provide excellent surveys of the signalling-hypothesis
literature (and the intervention literature, more broadly), while Kaminsky and Lewis (1996) empirically
examine the relationship between interventions and future fundamentals.



The mechanism I describe in this first chapter matches well with the justification that
central banks often provide for their ambiguous policies. In particular, survey evidence from
Bank for International Settlements (2005) and Chiu (2003) indicates that central banks worry
that unsuccessful transparent interventions might undermine both a bank’s credibility and
the market’s confidence in its currency. Central banks are concerned that highly visible and
extensive interventions coupled with continued undesirable movements in the exchange rate
will intensify doubts about a bank’s ability to achieve its goals. Indeed, a transparent failure
of this nature publicly reveals the market’s true sentiment about exchange rate fundamentals
and magnifies pessimism among market participants with different beliefs. This chapter gives
these intuitive but vague ideas a precise meaning within a clearly specified economic model.

1 Related Literature

My models assume that domestic and foreign assets are imperfect substitutes, which ensures
that foreign exchange interventions alter the currency risk premium and have a permanent
effect on the exchange rate. There remains, however, a considerable amount of both theoret-
ical and empirical uncertainty about the relative impact of interventions that leave interest
rates and the money supply unchanged. Indeed, as described by Edison (1993), some of the
earliest literature on this topic concluded that interventions only affect the exchange rate by
enhancing the credibility of future policy. I emphasize that this and the next chapter’s main
results do not require that interventions have a persistent impact on the exchange rate. In
fact, even if I assume that interventions have no predictable effect on the exchange rate at
any horizon, the results remain intact as long as interventions have an effect on the volatility
of the exchange rate.”

Recently, a growing empirical literature has shown that foreign exchange interventions
do have an immediate and statistically significant impact on exchange rates regardless of
whether or not a central bank publicly announces the size and timing of its interventions.
This literature includes Chaboud and Humpage (2005), Dominguez and Frankel (1993b),
Dominguez and Panthaki (2007), Fatum and Hutchison (2003), Ghosh (1992), Ito (2002),
Kearns and Rigobon (2005), and Payne and Vitale (2003), among others. No consensus has
been reached, however, about how much of this impact is due to direct, portfolio-balance
effects versus indirect, signalling effects, and how persistent these effects are.

Much recent research has emphasized the interaction between market expectations and
central bank interventions. On the theoretical side, both Bhattacharya and Weller (1997)
and Vitale (1999) incorporate ideas from the literature on microstructure and order flow
in asset pricing and develop models in which interventions have large effects on market
expectations. The market participants in their models observe order flow and rationally
infer what an intervention reveals about fundamentals so that an intervention that has only
a temporary effect on order-flow can still have a lasting impact on the exchange rate by

"Beine, Lahaye, Laurent, Neely, and Palm (2007) provide recent evidence that interventions increase
exchange rate volatility, while Vitale (2007) presents a survey of some of the past literature on this topic.



affecting the foreign exchange market’s information. These models do not examine the
interaction between transparency, central bank information revelation, and exchange rate
misalignment as I do, but they still find that public announcements are often neither desirable
nor credible if central banks’ objectives are not consistent with exchange rate fundamentals.
On the empirical side, Dominguez and Panthaki (2007) show that both falsely reported
interventions and unrequited interventions—interventions that the market expects but do
not materialize—have statistically significant effects on the exchange rate. This observation
strongly suggests that interventions influence the beliefs of currency traders in important
ways.

There is a vast and insightful literature on managed exchange rates. Its focus is pri-
marily on fixed currency pegs, in which no movement in the exchange rate is allowed, and
target zones, in which the exchange rate is allowed to float freely only within some specified
range. Among the most notable contributions are those of Flood and Garber (1984), Hell-
wig, Mukherji, and Tsyvinski (2006), Jeanne and Rose (2002), Krugman (1991), Morris and
Shin (1998), and Obstfeld (1996). In general, the fixed exchange rate literature focuses on
the causes and consequences of speculative attacks and currency crises, while the target zone
literature focuses on the effects of policy on expectations of the future and hence on the value
of today’s exchange rate.® I consider foreign exchange interventions as part of a managed
floating exchange rate, although the logic behind my results applies to fixed currency pegs
and target zones as well.”

The structure of my models shares much in common with other models of imperfect
information in asset-pricing and crises. Indeed, the benchmark two-period model operates
in an environment that is similar to the asset-pricing and crisis hybrid model of Angeletos
and Werning (2006). It is no surprise, then, that my model replicates one of their main
insights—the positive relationship between the precision of agents’ private signals of fun-
damentals and the precision of the exchange rate as an endogenous public signal of those
fundamentals. Angeletos and Werning (2006) examine this relationship’s implications for
the equilibrium outcome in global coordination games but do not consider the possibility of
price manipulation as I do. Given the similarity between the two models, an extension of
this chapter’s main results about transparency and currency mispricing to a global-games
setting is likely to be a promising direction for future research.

The idea that transparency might have counterintuitive implications and lead to bad
outcomes is also explored by Angeletos and Pavan (2007), Cornand and Heinemann (2004),
and Morris and Shin (2002). These papers consider environments in which high levels of
coordination among agents can be socially suboptimal and examine how public information
facilitates this coordination and can lead to undesirable effects. These environments are static
and highly stylized so that actions, information, and payoffs may be interpreted to represent
many different things. My model avoids any analysis of total welfare and is instead a positive

8Krugman and Rotemberg (1992) link these two and analyze speculative attacks against target zones.
9In the case of a fixed currency peg, interest rates are an important price signal that can be manipulated
by central banks.



exercise in the interaction of asset-price manipulation and central bank transparency.

Bannier and Heinemann (2005) examine the effects of central bank transparency in the
context of currency crises and global games. Their main conclusion is that transparency helps
prevent a crisis when prior beliefs about fundamentals are pessimistic since transparency
causes agents to place greater weight on their private information when forming expectations.
While this chapter’s results do share some of this same logic, my emphasis is primarily on
the interaction between partial information revelation and deviations of asset prices from
their fundamental values.

Chamley (2003) develops a model in which speculators learn about fundamentals by
observing the exchange rate move within a target band. He examines how speculators’
ability to coordinate an attack against this band is affected by the information present in
the exchange rate, and concludes that any central bank policy that reduces exchange rate
volatility facilitates such coordination. Once again, my results do share some of this same
logic, but my emphasis is on partial information revelation and asset mispricing rather than
coordination.

Bond and Goldstein (2011) present a model in which the government intervenes to help
firms with weak fundamentals. They investigate how different intervention and transparency
policies affect price misalignment and find that price-based trading rules usually worsen this
misalignment. While the authors do discuss the potentially deleterious effects of trans-
parency, their emphasis is primarily on the benefits of government actions that rely on
private rather than public information.

The chapter is organized as follows. Section 2 presents the benchmark two-period model
and the main results about central bank transparency. Section 3 extends the benchmark
model to analyze how these results change once interventions can depend on both exchange
rate misalignment and fundamentals. Section 4 concludes. The proofs for all of the results
are provided in the last section.

2 Benchmark Two-Period Model

There are two periods, t € {1,2}, and two countries, home and foreign. I shall refer to the
home country’s currency as the dollar and the foreign country’s currency as the peso. There
is only one good and its price in each country is linked by the law of one price, so that
e +p; = p; in each period ¢, where p, is the log of the price of the good in the home country,
p; is the log of the price of the good in the foreign country, and e; is the log of the nominal
exchange rate, which is defined as the dollar price of one peso.

Three assets are traded in this economy: a nominal one-period bond issued by the do-
mestic central bank with return ¢;, a nominal one-period bond issued by the foreign central



bank with return ¢}, and a risk-free technology with real return r. The payoffs of all as-
sets are realized in period two. I assume that the domestic central bank credibly commits
to a constant domestic price level in all periods so that the interest rate on dollar bonds
11 is equal to r. Without loss of generality, this constant price level is normalized so that
p1 = po = 0, which implies that the log-linearized real return on foreign bonds is equal to
—ps —e1 + 4] = ea — ey +¢}. In the foreign country, the interest rate in period one is given
by ii = p+r, where ;o € R. All investors observe iy, i}, and e; publicly in period one.

In this benchmark model, the exchange rate in period two is exogenously given by

es = f + K, (2.1)

where f € R represents exchange rate fundamentals in period two and x ~ N(0,02) is a
shock to the exchange rate in period two.!® The infinite-horizon extension of this model
presented in Section 7 gives a more precise meaning to the parameters f and x. In that
model, exchange rate fundamentals are equal to the time-discounted sum of spreads between
foreign and domestic interest rates plus the time-discounted sum of risk premia, with the
discount factor determined by the structure of the foreign central bank’s interest rate rule.!!
The shock to the exchange rate is then the sum of the innovations in the stochastic processes
for the foreign central bank’s interest rates and purchases of peso bonds.

The economy is populated by a continuum of investors indexed by ¢ € [0, 1]. Each investor
is endowed with real wealth w; € R,, at the beginning of period one and has negative
exponential utility (CARA) over her consumption in period two. Because the log-linearized
excess return of peso bonds is equal to es — ey + 4] — 73 = es — €1 + p, the maximization
problem solved by each investor ¢ is given by

max —Ej exp{—cia}, subject to  cip = (1 +iy)w; + (e2 — e1 + )b, (2.2)
where b; is the dollar amount of investor 7’s purchases of peso bonds in period one, c¢;o is
the quantity of the economy’s only good consumed by investor 7 in period two, v > 0 is
the coefficient of absolute risk aversion, and Ej;[-] denotes the conditional expectation with
respect to the information set of investor ¢ in period one. In addition to the investors, the
economy is also populated by a mass of noise traders that purchases ¢ dollars worth of peso
bonds in period one, where £ ~ N(0, ag). The net supply of peso bonds is equal to zero.
The foreign central bank complements its interest rate policy in period one with a for-
eign exchange intervention in which it purchases v € R dollars worth of peso bonds. This
intervention affects the exchange rate in period one since it changes the total demand for
peso bonds in that period. In period two, the relationship between the exchange rate and

10 Ap alternative interpretation of & is that it represents the part of fundamentals in period two that cannot
be predicted or known in period one. This does not change any of the model’s predictions.

1Tn a standard dynamic monetary model, fundamentals are equal to the time-discounted sum of future
values of the foreign money supply (relative to the domestic, constant money supply), with the discount
factor determined by the semi-elasticity of money demand with respect to the interest rate.



the central bank’s intervention is more complex. I assume that exchange rate fundamentals
in period two are given by

fzeff0+eyfua (23)

where f; € R represents the part of fundamentals that is unrelated to the foreign central
bank’s intervention, f, € R represents the part of fundamentals that is related to the bank’s
intervention, and 6,0, > 0 are constants. The constant 6, measures the extent of the
relationship between fundamentals and the central bank’s intervention, with an increase
(decrease) in 6, corresponding to a greater (lesser) connection between fundamentals and
intervention. To keep this two-period model simple, I assume that the bank’s intervention
is equal to the part of fundamentals related to that intervention:

v=f,. (2.4)

Equation (2.4) implies that all of the foreign central bank’s intervention in period one con-
veys information about fundamentals, but it is important to emphasize that the model’s
predictions do not change if this is generalized so that there is a noise term as part of the
intervention.'? The form of equations (2.1), (2.3), and (2.4) are common knowledge among
all investors.

The relationship between exchange rate fundamentals in period two and the foreign
central bank’s intervention in period one as described by equations (2.3) and (2.4) merits
some discussion. The most narrow interpretation of the constant #, from these equations
is that it measures only the time-discounted effect of persistent interventions on future risk
premia (a determinant of fundamentals), and that interventions are unrelated to all other
determinants of the exchange rate. This implies that interventions only have direct, portfolio-
balance effects on the exchange rate and are useful as signals about only future intervention
policy. In the infinite-horizon extension of this model presented in Section 7, I consider
precisely this kind of setup.

The constant 8, captures more than just the direct effect of persistent central bank in-
terventions, however. In particular, a higher value may also represent a partial correlation
between other exchange rate fundamentals in period two and the bank’s intervention in
period one. For example, a large foreign exchange intervention may be a highly credible
signal of the central bank’s future macroeconomic policies (which affect exchange rate fun-
damentals), as emphasized by Dominguez and Frankel (1993a) and Mussa (1981). Even if an
intervention is not a clear signal of future policies, it is still likely that the bank’s choice of
intervention is influenced by its beliefs about fundamentals and its future policy intentions.
In this case, the intervention is still a source of information about future fundamentals as in
the setups of Bhattacharya and Weller (1997) and Vitale (1999).

Because 6, measures the extent of the relationship between fundamentals and interven-

12Vitale (1999) starts from a central bank loss function and derives an optimal intervention rule that
consists of one part that is a linear function of fundamentals as in equation (2.4) and another part that
is a linear function of the bank’s target value for the exchange rate. Because the bank’s target is both
uncorrelated with fundamentals and unknown to investors, this part of the intervention is like a noise term.



tion, it also measures the extent of information revelation about fundamentals when the
foreign central bank publicly and credibly announces the value of v. In particular, the more
information about fundamentals that is contained in the bank’s intervention, the more in-
formation about fundamentals that is revealed by publicizing that intervention. The central
result I present from this two-period model states that information revelation must be large
(6, must be large) if transparency is to reduce exchange rate misalignment. This is because
the truth-telling effect of transparency is increasing in the extent of information revelation,
so that this effect is larger than the signal-precision effect once the information about fun-
damentals that is revealed by the central bank’s intervention is sufficiently extensive.

In this benchmark model, I assume that investors have uninformative priors for f; and
v.13 Each investor i receives private signals x; = fy +¢; and 3; = v + 1, in period one, where
€; ~N(0,07), n; ~ N(0,07), € and 7; are independent, and all noise terms are independent
across investors. In equilibrium, investors rationally combine their private signals with the
information about both fy and v that is present in the exchange rate in period one.

Let F denote the information set consisting of all common public information together
with fy and v. The aggregate demand for peso bonds by the investors is equal to the average
demand of the investors and is denoted by B = E [b; | F].'* Tt follows that the total demand
for peso bonds in period one is equal to B+&+v. Let B[] = E[E;[] | F] denote the average
expectation of investors in period one, and let Var;[-] denote the conditional variance with
respect to the information set of investor i in period one and Var[] = E [Var;;[] | F] the
average conditional variance of investors in period one. Finally, let 0? = Var[e,] denote the
average conditional variance of the exchange rate in period two.

Definition 2.1. An equilibrium of this economy is a linear function for the exchange rate
in period one e;, such that: (i) the demand for peso bonds by each investor b; solves the
maximization problem (2.2), where investor ¢’s information set consists of all common public
information together with z;,v;, e, and, if the foreign central bank announces its interven-
tion, v as well; (ii) the peso bond market clears: B + £ + v = 0; (iii) the exchange rate
is a function of the demand for peso bonds by noise traders &, the foreign central bank’s
intervention v, the interest rate parameter y, and the fundamentals parameter f.

In this definition of equilibrium, the foreign central bank’s transparency policy does not
convey any information about the parameters of the model, an assumption that is essential
in order to keep the analysis in this model tractable. I relax this assumption in Section 6
and investigate how signalling affects the equilibrium predictions of this model. All proofs
from this section are in Section 5.

13 An alternative but equivalent assumption is that investors’ priors for fy and v are uniform over R.

14This notation is commonly written B = fol b; di, with the understanding that this integral is equal to
the average across investors. As detailed by Judd (1985), however, the law of large numbers often does not
hold for a continuum of random variables. I avoid this technical issue by explicitly defining continuums of
this kind as the expected value of an individual investor’s demand conditional on observing the parameters
of the model.
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Theorem 2.2. The equilibrium exchange rate in period one is given by
er =+ f+yotv+ A, (2.5)
where \ and o are such that

A07a? + N, (0, + ~o7)on
B 0702 + (0, + y07)?02 + N0
B (0?062 +0,(0, + va%)ag)z
0302 + (0, +v07)%02 + N20%

+ 707, (2.6)

o; = 0707 + 007 + o, (2.7)

The parameter A in the expression for the equilibrium exchange rate from Theorem 2.2 is
always positive and measures the magnitude of currency mispricing for any demand by noise
traders £. An increase in A corresponds to an increase in exchange rate misalignment, holding
other terms constant.!® A number of important properties of the equilibrium exchange rate
stand out. First, the effects of noise traders on the exchange rate extend beyond the standard
demand channel since A > vo?. In models with rational expectations and heterogeneously
informed investors such as this, the equilibrium exchange rate is a publicly observable signal
of both the part of future exchange rate fundamentals unrelated to the intervention f, and
the part that is related to the intervention f, (or equivalently, the exchange rate is a signal
of the central bank’s intervention v). Noise traders drive the exchange rate away from its
fundamental value by altering the total demand for peso bonds, which then biases the average
expectations of investors about both fy and f,. The difference between A and vo? captures
this extra effect and is exactly equal to the bias in investors’ expectations.

A sketch of the proof of Theorem 2.2 illustrates this point. Market clearing implies that
the exchange rate in period one is of the form e; = u + E1[f] + yo3(v + ). Solving for the
equilibrium requires evaluating the average expectation E:[f] and determining how much
weight it places on the noise term &. This weight makes up the bias of investors’ average
expectations of fundamentals f. Evaluating this expectation is accomplished using standard
Bayesian formulas. In particular, these formulas imply that for each investor i,

COVi [fv 61]
E; =0x;+0,y, + ————(e1 — E; , 2.
i [f] i + 00y + Vari[el] (61 [61]) ( 8)
where E;[], Var;[-], and Cov;][-, -] denote, respectively, the expected value, variance, and co-

variance with respect to the information set consisting only of p and the private signals
x; and y; (no observation of e; in this information set). The exchange rate in period one
is of the form e; = pu+ f+ yoiv + X = p+ 05 fo + (0, + yoi)v + A, so it follows that
e1 — Eile] = f— (02 + 0,y;) + voi(v — y;) + A€ and hence that e; — E\le1] = X¢. This last

I5Note that A\ also measures how informative the equilibrium exchange rate is, with a higher value of A
corresponding to a less informative exchange rate.
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equality implies that
COVi[f? 61]
Var;[e4]

so that the bias of investors’ average expectations is equal to the last term in equation (2.9).
This term reflects the fact that the exchange rate in period one contains information about
f (since Cov;[f, e1] is nonzero) and thus its value contributes to equilibrium expectations.

For most parameterizations of this model, X is increasing in both the variance of investors’
private signals about future fundamentals o, and the extent of the relation between exchange
rate fundamentals and the central bank’s intervention 6,. An increase in the unpredictability
of noise traders o¢ can either increase or decrease the value of A, although the magnitude of
this response tends to be significantly smaller than the response to an increase in o, or 6,,.

The fact that X is decreasing in the precision of investors’ private signals about f, implies
that the precision of the exchange rate as a public signal of fj is increasing in this precision.
This follows because the term A multiplies £ in equation (2.6), so a decrease in A\ implies a
decrease in the variance of the exchange rate assuming that o¢ remains unchanged. Intu-
itively, this increase in precision is a consequence of investors with better private information
trading more aggressively and moving the value of the exchange rate closer to its fundamen-
tal value, a property examined by Angeletos and Werning (2006) in a model of asset-pricing
with heterogeneous private information similar to this one.

The effect of an increase in the variance of investors’ private signals about the foreign
central bank’s intervention in period one o, are the most interesting. As I shall prove in
Theorem 2.4 below, if the parameter ) is greater than the corresponding parameter when
the central bank makes a public announcement about v (denoted by 5\), then this must be
the case for all o, > 0. In other words, if the bias in investors’ average expectations is
larger (smaller) with transparency than without transparency, then this bias must be larger
(smaller) regardless of the precision of investors’ signals about central bank interventions. I
also find that A is increasing in o, whenever A > A and decreasing in o, whenever A < A
This implies that decreases in the precision of investors’ signals about interventions always
magnify the difference in exchange rate misalignment with and without transparency.

In order to examine the effects of transparency on the price of the peso, it is necessary
to solve for the equilibrium exchange rate when the central bank credibly and publicly
announces the value of v in period one. Let é; denote the exchange rate in period one if the
central bank truthfully announces the value of v to the investors.

Ef]=f+ ¢, (2.9)

Theorem 2.3. If the foreign central bank credibly and publicly announces the value of v in
period one, then the equilibrium exchange rate is given by

é1=p+ f 57+ X, (2.10)
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where \ and o2 are such that

5 5‘9?‘03 5
= o 1 g + o7, (2.11)
9;%(74
52 =62 (7 +0l— —T 2.12
P 0702 + N0} (2.12)

In contrast to the system of equations from Theorem 2.2, this system of equations is
simple enough to solve analytically. In the equilibrium with transparency, the effects of noise
traders on the exchange rate again extend beyond the standard demand channel and bias
investors’ average expectations of fundamentals. As in the equilibrium with no transparency,
the difference between \ and 76? captures this extra effect and is equal to the bias of investors’
expectations. Furthermore, \ is again positive and measures the magnitude of exchange rate
misalignment with fundamentals, so it follows that any time A > A transparency magnifies
this misalignment. The final step is to compare the values of the parameters A and X and
examine when this inequality holds.

Theorem 2.4. There exists a unique threshold 0, > 0 such that A > \ if and only if 0, < 0,.
This threshold is given by 0, = X\ — vd3, and satisfies

~

lim 0, = = 00, lim 6, =0,
oe—0 Og—00

R 292 2 R
e il B =0

. 1
lim 6, =0, lim 0, = —,
0;—0 0p—o00 ’)/()"£
lim 6, =0, lim 8, =0
v—0 Y00

Corollary 2.5. If 0, < é,,, then there exists a threshold f € R such that é; < ey if and only
if € <¢.

Theorem 2.4 and Corollary 2.5 together present the main results of all of the models and
extensions presented in this chapter. The theorem states that exchange rate misalignment is
magnified by transparency (5\ > \) whenever the information content of the central bank’s
intervention is sufficiently limited (6, < 6,). Because transparency also affects the peso
risk premium (usually by lowering it), this magnification must be significant enough to
outweigh this change in the risk premium if an announcement is to depreciate the peso.
The corollary describes precisely when this magnification is significant enough. It states
that transparency depreciates the exchange rate relative to ambiguity whenever the peso is
sufficiently undervalued relative to fundamentals. Theorem 2.4 and Corollary 2.5 together
imply that exchange rate undervaluation together with transparency can in fact magnify
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currency mispricing and reduce the effectiveness of foreign exchange interventions intended
to move the exchange rate closer to its fundamental value.

This result has implications for policy during times of crisis. In these episodes, asym-
metric information, pro-cyclical liquidity provision, and psychology often lead to excessive
sales of risky assets, as shown by Brunnermeier and Pedersen (2009) and Shleifer and Vishny
(1997). This translates to a negative value of ¢ in this benchmark model, so that if an inter-
vention does not contain much information about future policies and fundamentals (6, < 6,),
Corollary 2.5 implies that a public announcement about that intervention often depreciates
the exchange rate. In this case, the central bank can achieve a higher exchange rate if it
does not publicly announce the size of its intervention.

Theorem 2.4 implies that it is only if the information revealed by a public announcement
of the foreign central bank’s intervention is sufficiently incomplete (6, < é) that exchange
rate misalignment may be magnified by transparency. Recall the two distinct effects of
transparency: the truth-telling effect, which reduces currency mispricing, and the signal-
precision effect, which magnifies currency mispricing. The truth-telling effect refers to the
fact that any parameters the central bank reveals to investors eliminate the role of the
exchange rate as a signal of those parameters. The signal-precision effect refers to the fact
that any parameters the bank reveals to investors also increase the precision of the exchange
rate as a signal of other, still-unknown parameters. Theorem 2.4 states that it is precisely
when information revelation is incomplete that the truth-telling effect of transparency is small
relative to the signal-precision effect of transparency. If information revelation is complete
0, > é,,), on the other hand, Theorem 2.4 implies that the truth-telling effect will exceed the
signal-precision effect and transparency will lessen exchange rate misalignment. While this
analysis ignores the effect that transparency has on the conditional variance of the exchange
rate in period two (which is part of the peso bond risk premium ~o?), it captures the essence
of how transparency affects the equilibrium outcome of the model.'6

The behavior of A relative to A is shown graphically in Figures 2.1, 2.2, 2.3, and 2.4. The
baseline parameterization shown in Figure 2.1 is chosen to match the baseline parameteriza-
tion of the richer dynamic model of Section 7 (shown in Figure 7.1 of that section). Figure
2.2 presents this same parameterization except that the variance of investors’ private signals
about the central bank’s intervention o, is smaller. This has the effect of bringing A and A
closer together without changing the threshold 6, (the point where the two lines intersect).
Figure 2.3 presents the same parameterization as in Figure 2.2 except that now the unpre-
dictability of noise traders o¢ is smaller. This has the effect of increasing both A and A and
increasing the threshold 0,. Finally, Figure 2.4 presents the same parameterization as in
Figure 2.3 except that now a smaller part of fundamentals is unrelated to the central bank’s
intervention (6 is smaller). This has the effect of decreasing both A and A and decreasing
the threshold éy.

A more detailed discussion of the truth-telling and signal-precision effects of transparency
is warranted. If the foreign central bank credibly and truthfully announces the value of its

I6Tf X\ > A, then transparency sometimes increases this conditional variance by increasing the noise in e;.
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Figure 2.1: The value of A (dashed line) and X (solid line) as the level of information revelation
6, increases. (0. = 0.35, 0, = 0.35, 0, = 0.12, 0, = 0.1, y =5, 05 = 2)
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Figure 2.2: The value of A (dashed line) and X (solid line) as the level of information revelation
6, increases. (0. = 0.35, 0, = 0.28, 0 = 0.12, 0,, = 0.1, v =5, 0y = 2)
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6, increases. (0. = 0.35, 0, = 0.28, 0 = 0.10, 0,, = 0.1, v =5, 0y = 1.6)
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intervention v in period one, then investors all perfectly learn both this value and the value
of the part of fundamentals correlated with the intervention f,. This implies that they no
longer form expectations of f, as part of their expectations of the fundamental value of the
peso, so that Cov;[f, e1] becomes smaller and the multiplier on the noise traders’ demand
¢ in the average expectation E;[f] decreases, as shown by equation (2.9). If the demand
of noise traders is negative ({ < 0), then the exchange rate is undervalued and investors’
expectations of fundamentals f are biased downwards. In this case, learning f, eliminates
some of this bias and causes investors’ expectations to increase and approach the true value
of f. This is the truth-telling effect of transparency.

In addition to revealing f, to investors, a foreign central bank announcement increases
the precision of the exchange rate in period one as a signal of the part of fundamentals
that is not related to this intervention f;. This means that Var;[e;] also becomes smaller,
which increases the multiplier on the noise traders’ demand £ in the average expectation
E1[f] (again by equation (2.9)). This is simply a consequence of rational Bayesian investors
placing a greater weight on a more precise signal when forming their beliefs about these
fundamentals, and the implication is that some of the bias of investors’ expectations of
f (specifically, the bias of expectations of fy) actually is magnified after a central bank
announcement. If the demand of noise traders is negative (and hence this bias is negative),
then learning the value of v causes investors’ expectations to decrease further away from the
true value of f. This is the signal-precision effect of transparency.

Consider two special cases. First, in the limit as 6, — 0, the foreign central bank’s inter-
vention in period one neither directly affects nor conveys any information about exchange
rate fundamentals in period two. This intervention introduces only noise into the exchange
rate in period one. In this case, learning the value of v tells investors nothing about funda-
mentals f and eliminates none of the bias of investors’ expectations of f, but it does increase
the precision of e; as a signal of f. This means that there is no truth-telling effect and only
a signal-precision effect of transparency. Theorem 2.4 confirms that this is indeed the case,
since the threshold él, is always positive and hence 6, < é,, and A > \ once 0, is sufficiently
close to zero.

Second, in the limit as 0y — 0, the foreign central bank’s intervention in period one fully
reveals all future exchange rate fundamentals (since f,, becomes all of fundamentals). Much of
the early literature about the signalling hypothesis, such as Dominguez and Frankel (1993a)
and Mussa (1981), posits an environment similar to this special case when arguing that
transparency is desirable and can effectively reduce exchange rate misalignment. Theorem
2.4 demonstrates that this benchmark model is consistent with these authors’ analysis, since
6, — 0 as 0 — 0 and 6, is positive by assumption. It is important to emphasize, however,
that as the information about future fundamentals that is embedded in the central bank’s
intervention declines, the benefits of transparency become more tenuous.

An important implication of Theorem 2.4 is that whether or not transparency magnifies
exchange rate misalignment does not depend on the variance of investors’ private signals
about central bank interventions o, (this is shown in Figure 2.2). This follows because the
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threshold 6, is only a function of the exchange rate parameters A and 52, which do not
depend on o, since they correspond to a central bank policy of transparency (and hence
o, = 0). As mentioned earlier, an important consequence of this is that changes in the
precision of investors’ private signals of v cannot swing the balance between the truth-telling
and signal-precision effects of transparency. More precisely, if A > A or A < A, then this
relationship must hold for all o, > 0.

In fact, I find that increases in o, tend to magnify the difference between the parameters
X and \. Because A\ does not change as o, increases, this implies that A is increasing in o,
whenever A > A (and hence 6, > 6,) and decreasing in o, whenever A < A (and hence 6, <
é,,). These properties are shown in Figure 2.5. This result is significant because it implies
that all of this model’s predictions about transparency and exchange rate misalignment
apply even when the foreign central bank reduces rather than eliminates the variance of
investors’ private signals about interventions. In reality, rather than choosing between full
transparency and full ambiguity, central banks choose from a set of different policies that
are distinguished by their overall effect on the level of transparency.

This benchmark model formalizes the intuitive but vague justifications that central banks
often provide for their ambiguous policies. Theorem 2.4 shows that banks are right to worry
that unsuccessful transparent interventions might undermine the market’s confidence in their
currencies, since transparency makes it easier for investors with different beliefs to learn
each others’ information and hence for pessimism to intensify and spread. In other words, if
investors observe a depreciated currency together with an extensive intervention, then they
conclude that fundamentals are worse than they previously thought. This reasoning implies
that both Mexico and Russia would have likely benefited from more ambiguous intervention
policies during the financial crisis, and it provides an explanation for why Mexico and Russia
eventually made such a policy switch.

The model provides two key insights that guide this intuition of the central banks. First,
it is only if the information that banks reveal to the public is sufficiently partial that trans-
parency can magnify exchange rate misalignment. If central banks can credibly reveal enough
information about fundamentals, then transparency is usually stabilizing and will tend to
reduce currency misalignment. This highlights the importance of a central bank’s ability
to reassure markets by making credible public announcements about current and future
policies. Second, if transparency does magnify exchange rate misalignment, then ambiguity
appreciates only an undervalued currency. This observation highlights the importance of
the information advantage of central banks. In a world with rational expectations, it is only
if a currency is undervalued that ambiguity can increase the effectiveness of an interven-
tion designed to appreciate that currency. If this model is interpreted literally, then it is
natural to assume that the foreign central bank has more information about fundamentals
than the investors since fundamentals are entirely determined by the bank’s policies. In a
more realistic and complete model of exchange rate determination, however, there are many
other components of exchange rate fundamentals that central banks are not necessarily more
informed about.
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Finally, I should emphasize that this model does not imply that an ambiguous interven-
tion policy is always better than a transparent intervention policy. In fact, a transparent
intervention policy is often better even if the conditions of Theorem 2.4 hold and A > .
This is because central bank policy is an important determinant of currency risk premia and
transparency can be an effective way to reduce these risk premia. The purpose of my analy-
sis is to examine and emphasize a mechanism by which transparency can in fact exacerbate
exchange rate misalignment, rather than to capture all of the factors that affect exchange
rates. While this mechanism is likely to be very important during times of great uncertainty
about policy and fundamentals, it is unlikely to be as important during more normal times.

3 Intervention and Exchange Rate Misalignment

Throughout the benchmark model, I assume that the foreign central bank’s intervention is
only a function of some part of exchange rate fundamentals. This assumption simplifies
the analysis and is sufficient to present the main results of this chapter and to develop
the underlying logic and intuition. In reality, however, a central bank will often take into
account more than just its knowledge about fundamentals when choosing how extensively
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to intervene in the foreign exchange market. An intervening bank is usually also concerned
with the value of the exchange rate and the possible presence of misalignment.

There are several reasons why a central bank might intervene in response to movements
in the exchange rate. One possibility is that the bank targets some specific value for the
exchange rate, as in the intervention models of Bhattacharya and Weller (1997) and Vitale
(1999). Another possibility is that the bank’s objective is to resist exchange rate misalign-
ment, as in the last section of Chamley (2003). A third possibility is that the central bank
wishes to disseminate aggregated private information about exchange rate disturbances gen-
erated by noise traders, as in the setup of Popper and Montgomery (2001). Finally, a fourth
possibility is that the bank learns about fundamentals from movements in the exchange rate
and intervenes based on this learning, as in Bond and Goldstein (2011) and Goldstein, Ozde-
noren, and Yuan (2011). Regardless of the underlying motivation, however, the implication
is always that intervention is a function of both exchange rate fundamentals and exchange
rate misalignment.'”

This section extends the benchmark model of Section 2 to include foreign exchange
interventions that respond to movements in the exchange rate. 1 focus primarily on the
implications of central bank transparency, with the goal of investigating the robustness of
the previous section’s results about public announcements and exchange rate misalignment.
In this setup, the foreign central bank’s intervention v is both a function of part of exchange
rate fundamentals, f,, and the noise traders’ demand for peso bonds in period one, £. As
in the previous section, the exchange rate in period two is given by e; = f + k (equation
2.1) and exchange rate fundamentals are separated into two parts so that f = 07 f, + 6, f,
(equation 2.3). In this extended model, however, the foreign central bank’s intervention in
period one is given by

v =a,f,+ a, (3.1)

where the constants a, and a¢ are such that a, > 0 and —1 < a¢ < 0. The assumption that
a, > 0 captures the reality that a central bank’s choice of foreign exchange intervention is
generally positively correlated with some part of exchange rate fundamentals. As described
in Section 2, this positive correlation can be the consequence of either interventions that are
affected by information about fundamentals (Bhattacharya and Weller 1997, Vitale 1999),
interventions that are credible signals about future monetary policy (Mussa 1981), or inter-
ventions that permanently alter currency risk premia. The assumption that —1 < a¢ < 0
reflects a focus on interventions that reduce exchange rate misalignment. This is not an im-
portant restriction, and the model is easily extended to consider the possibility that as > 0.
The form of equation (3.1) is common knowledge among all investors.

As in Section 2, the goal is to examine how a credible and truthful public announcement
about v affects exchange rate misalignment. Because v is no longer simply equal to f, in

17This assumes that a central bank is not restricted to placing only market orders that cannot depend on
the exchange rate, as in the setup of Vitale (1999). Indeed, in order for a foreign exchange intervention to
be a function of misalignment, a bank must be able to observe the exchange rate before choosing the size of
its intervention.
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this section’s setup, it is necessary to clarify what private signals the investors observe. In
particular, I assume that each investor i receives private signals x; = fo+¢; and y; = f, +n;
in period one, where ¢; ~ N(0,02), 7; ~ N(O,Jg), ¢; and n; are independent, and all noise
terms are independent across investors. This is equivalent to the benchmark model because
in that model v is equal to f, and investors observe private signals about v (which they
know are signals about f,, as well). As a consequence, if a, = 1, then this section’s setup
becomes identical to the benchmark setup in the limit as a¢ — 0, as I demonstrate below.

The definition of an equilibrium exchange rate in this setup is the same as definition 7.1
from Section 2. I also use the same notation, so that e; denotes the exchange rate in period
one in the absence of a central bank announcement about v and é; denotes the exchange
rate in period one if there is such an announcement. In addition, this section adopts the
previous section’s assumptions about investors’ preferences and about dollar and peso bonds
(so that the log-linearized excess return of peso bonds is equal to es — e; + ). All proofs
from this section are in Section 5.

Theorem 3.1. The equilibrium exchange rate in period one is given by
e1 =+ [+ + A, (3.2)
where X\ and o2 are given by the solution to
_ O5(agrot + Aol +0,(0, + avyoi)(agyor + Aoy
Ofo? + (0, + ayyot)’o) + (agyo + A)?of
(9]20062 +6,00,+ CLV’}/U%)O'%)2

0702 + (0, + a,707)?02 + (agyoi + N0

A + 7071, (3.3)

ol = 9]%062 + 930,3 + 02— (3.4)

A simple comparison of equations (2.6) and (2.7) from Theorem 2.2 with equations (3.3)
and (3.4) from Theorem 3.1 shows that if a, = 1, then in the limit as ag — 0 the equilibrium
exchange rate in this setup converges to the equilibrium exchange rate in the benchmark
setup. The parameter A in the equilibrium exchange rate equation (3.2) is always positive
and measures the magnitude of exchange rate misalignment for any demand by noise traders
&, taking the foreign central bank’s intervention v as given. Because this intervention is
a function of both f, and £ (recall from equation 3.1 that v = a,f, + a¢, with a, > 0
and —1 < a¢ < 0), the total misalignment of the exchange rate is in fact equal to (A +
agyoi)é < AE. I focus primarily on the parameter A rather than A+ agyo?, however, because
A captures the extent of misalignment that exists absent the direct effect of intervention.
Indeed, it is obvious that a more extensive intervention more effectively reduces exchange
rate misalignment. The more challenging and interesting question is how to maximize the
effectiveness of this intervention, holding its size constant. This is answered by examining
the parameter \.

Misalignment-dependent interventions have both direct and indirect effects on exchange
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rate misalignment. The direct effect refers to the fact that any purchase or sale of peso bonds
alters the risk premium and reduces the overall misalignment from A to (A + agyo?)€. The
indirect effect refers to the fact that by directly altering misalignment, any purchase or sale
of peso bonds also alters the precision of the exchange rate as a signal of fundamentals and
hence affects the misalignment that arises from investors’ biased expectations. Consider the
market clearing condition, which yields an equilibrium exchange rate of the form e; = pu +
Eq[f]+y0?(v+€). By equation (3.1), this implies that e; = pu+E1[f]+y0%a, f,+v0? (1+a¢)E.
To solve for the misalignment arising from investors’ biased expectations, it is necessary to
evaluate the average expectation F:[f] and determine how much weight it places on the
noise term ¢. This weight tends to decrease as the quantity yoi(1 + a¢) decreases, making
investors’ expectations less biased. In the limit as ag — —1, the central bank eliminates all
of both the bias in investors’ expectations and the misalignment in the exchange rate.!®
Interestingly, however, investors do not learn about fundamentals perfectly in the limit
as ag — —1. This is a consequence of the foreign central bank’s intervention being a function
of the two unknown quantities f, and £. Indeed, even though e; — u + f + vo2a,f,, so
that the exchange rate is no longer affected by the noise traders’ demand for peso bonds,
investors still cannot perfectly learn f by observing e; since they do not know the value
of f,. Perhaps surprisingly, this incomplete learning result remains true even if the bank
announces its intervention. The next step is to solve for the equilibrium exchange rate in
period one if the foreign central bank truthfully announces the value of v to the investors.

Theorem 3.2. If the foreign central bank credibly and publicly announces the value of v in

period one, then the equilibrium exchange rate in period one is given by
&y =+ f+752 4 A, (3.5)

where X and a2 are given by the solution to

- 5«139?0302 5
A=— - = S+ 707, (3.6)
0% (azor + aiof)o? + (ay\ — agh,)?olof
L N2
L G + Bed)el + (%9;03 +0,(ac, — al,)\)af]> o2
o1 = 0j0; + 0,0, + 0, — 5 5 R 5 . (3.7)
0%(azo? + aiof)o? + (au\ — agh,)*olo?

In this equilibrium exchange rate with transparency, the effects of noise traders on the
exchange rate again extend beyond the standard demand channel and bias investors’ average
expectations about fundamentals. As always, the difference between A and 767 measures the
extent of this bias. Equations (3.6) and (3.7) show that if a, = 1, then in the limit as a¢ — 0
the equilibrium exchange rate of Theorem 3.2 converges to the equilibrium exchange rate

8Note that the elimination of all misalignment implies that A 4 agfyaf — 0 and hence that A converges
to yo? >0 as ag — —1.
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of Theorem 2.3. Furthermore, these equilibrium equations indicate that A actually grows
larger than 57 as a¢ — —1. This occurs because the foreign central bank’s intervention v
is a function of ¢ and hence investors base their expectations about fundamentals on this
disturbance (because they base their expectations on v) once the intervention is revealed to
them. The final step is to compare the values of the misalignment parameters A and .

Theorem 3.3. There exist thresholds 0, > 0, ac >0, 6, >0, and a, > 0 such that:

(i) if 0, < 0, and a,0, > ao, then A >\
(ii) if o, < &,, then X < \.
(iii) if a, < d,, then X < \.

Theorem 3.3 extends the results from Theorem 2.4 in the previous section and presents
this section’s main results about central bank transparency and exchange rate misalignment.
The first part of the theorem states that exchange rate misalignment is magnified by trans-
parency whenever the information content of the central bank’s intervention is sufficiently
limited (6, < 6,), and both the investors’ private information about the part of fundamen-
tals related to the bank’s intervention is sufficiently imprecise and the bank’s intervention is
sufficiently related to fundamentals (a,0, > ac). This result establishes that central bank
announcements that reveal little information about fundamentals are likely to exacerbate
misalignment, even when those announcements reveal some direct information about that
misalignment. Clearly, this conclusion is consistent with the discussion about the potentially
undesirable effects of transparency in Section 2.

The second and third parts of the theorem highlight the ways in which the effects of
transparency change once the foreign central bank’s intervention contains information about
the demand of noise traders. In particular, the last two parts of the theorem state that
exchange rate misalignment is reduced by transparency whenever either the investors’ private
information about the part of fundamentals related to the bank’s intervention is sufficiently
precise (0, < ¢,) or the bank’s intervention is sufficiently unrelated to fundamentals (a, <
a,). As a consequence, the last parts of Theorem 3.3 imply that a central bank announcement
can reduce misalignment even if 6, is small and that announcement reveals little direct
information about exchange rate fundamentals. Unlike the first part of the theorem, this
result contrasts sharply with the previous section’s discussion.

The contrasting results of Theorem 3.3 are a direct consequence of the foreign central
bank’s two-part intervention rule v = a, f, + a¢§. Given this rule, an announcement about
v reveals information about both f, and £ without revealing the exact value of either one.
As long as this announcement does not reveal precise information about either fundamentals
or noise traders’ demand for peso bonds, then it is the case that the signal-precision effect
of transparency dominates the truth-telling effect as described in the previous section.'® It

9Recall that exchange rate fundamentals are given by f = 0 fo + 0, f,, so information about f, is also
information about fundamentals.
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is important to emphasize that an announcement that reveals precise information about
& also reveals precise information about f. The exchange rate in period one is given by
¢ =p+ f+yov+ A, so it follows that if investors learn both v and ¢ from the central
bank’s announcement, then they can effectively filter all of the noise out of the exchange
rate and learn the value of f perfectly. In this case, the truth-telling effect of transparency
dominates the signal-precision effect and transparency reduces exchange rate misalignment.

There are three different ways in which an announcement about v can reveal precise
information about f or £&. One possibility is that fundamentals f are approximately equal
to f, (because 6, is large relative to 6;), so that information about f, is information about
nearly all of f and a bank announcement can reduce exchange rate misalignment. This
corresponds to the first part of Theorem 3.3, and the logic is the same as it was in Section
2. A second possibility, unique to this section’s setup, is that the bank’s intervention barely
depends on fundamentals and is instead almost entirely a function of £&. This corresponds to
a scenario in which a, — 0 (the third part of Theorem 3.3), and the implication is that an
announcement about v becomes equivalent to an announcement about £. A third possibility,
also unique to this section’s setup, is that investors have very precise private information
about f, and hence an announcement about v again becomes equivalent to an announcement
about £. This corresponds to a scenario in which o,, — 0 as in the second part of the theorem.

4 Conclusion

In this chapter, I have theoretically examined the implications of central bank transparency
during foreign exchange interventions. The central feature of all my models is that investors
are heterogeneously informed about both interventions and fundamentals. Information about
future fundamentals is embedded in the current exchange rate so that investors learn about
these fundamentals when they observe the price of foreign currency.

This chapter has identified and emphasized two distinct effects of transparency. The first
is the truth-telling effect, which corresponds to the fact that any parameters the central bank
reveals to investors eliminate the role of the exchange rate as a signal of those parameters.
The second is the signal-precision effect, which corresponds to the fact that any parameters
the central bank reveals to investors increase the precision of the exchange rate as a signal
of other, still-unknown parameters. The truth-telling effect directly raises expectations of
parameters for which average beliefs are too low, while the signal-precision effect indirectly
lowers expectations of parameters for which average beliefs are too low. I find that the
truth-telling effect grows relative to the signal-precision effect as the extent of information
about fundamentals that is revealed by a transparent intervention policy increases.

The key implication of my analysis is that central bank transparency can in fact magnify
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any existing misalignment between the exchange rate and fundamentals. This occurs if a
central bank can credibly reveal only partial information about fundamentals to market
participants, so that the signal-precision effect of transparency is larger than the truth-
telling effect of transparency. In effect, partial information revelation is worse than no
information revelation, while full information revelation is best. This result implies that a
policy of ambiguity will often increase the effectiveness of central bank intervention during
periods of crisis and large capital outflows. In these episodes, asymmetric information,
pro-cyclical liquidity provision, and psychology often lead to excessive sales of risky assets,
causing risky countries’ currencies to be undervalued and making it difficult to credibly
reveal information about fundamentals. This prediction and the intuition behind it match
well with the justification that central banks often provide for their ambiguous intervention
policies.

Beyond foreign exchange intervention, this chapter considers general price manipulation
and highlights a mechanism by which transparency can undermine the intended effect of that
manipulation. While public information and transparency are normally desirable, I find that
if they do not credibly communicate information about fundamentals and future policies,
then the signal-precision effect of transparency may lead to undesirable outcomes. Given
the ubiquity of price manipulation in today’s economic environment, these subtler effects of
transparency deserve further analysis and consideration.

5 Proofs

Proof of Theorem 2.2 Suppose that the exchange rate in period two is normally dis-
tributed conditional on investor i’s information set. Then, the investors’ problem (2.2) is a
standard CARA-normal maximization problem, and the demand for peso bonds by investor
1 is given by

Eil[eg] — e+ 12

b; =
7 Var; [es]

(5.1)

Suppose also that Vary [es] is equal for all i € [0,1] and hence that Var[es] = Vary[es]. It
follows that 0? = Vary; [es] and that the aggregate investor demand for peso bonds in period
one is given by

Eiles] —e1+p
yoi

which, together with the market clearing condition in the peso bond market, implies that

B= (5.2)

er = Enles] + p+y0i(v +§). (5.3)
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The exchange rate in period two is given by ey = 07 fo+6, f, + &, so that Ej; [es] = 07 Ei1[fo] +
0,E;1[v] (recall that f, = v by equation (2.4)). I am interested in the rational expectations
equilibrium of this economy, so investors must take into account the fact that the value of
the exchange rate in period one is a signal of both fy; and v. In other words, the exchange
rate e; is part of investors’ information sets in period one.

Let E;[-], Var;[-], and Cov,[-, ] denote, respectively, the expected value, variance, and
covariance with respect to the information set consisting only of ¢ and the private signals x;
and g;. In equilibrium, the exchange rate in period one is of the form

e1=p+ f+yoiv+ A =p+0sfo+ (0, +v0D)v + AE, (5.4)

so that Cov;[fo,e1] = 0po? and Covi[v,e1] = (6, + 707)o;. The goal is to solve for the
undetermined coefficients A and o7 in equation (5.4). Standard Bayesian inference implies
that the exchange rate in period two is normally distributed conditional on investor i’s

information set (this justifies the assumption of conditional normality) and that

Cov;[fo, e1]

Eilfo] = Eil fo] + Var|ed] (e1 — Ejled])
— 2+ 007 (1 — p1— Opz; — (0, +70D)ys)
i 6?0’62 + (9,/ —+ ’}/O'%)ZU% + )\20.2 £ L i)
and
Cov;[v, €]
E; — E. Lovilmeal g
zl[V] ’L[V] + Vari[el] (61 1[61])

(0, +~0i)o?

er — i — 0z — (0, +702)y;) .
9?02—1—(9,,—1—70%)20%4—)\20?(1 o= ( 7 l)y)

=Y+

It follows, then, that

)\efO'?

——_— , 5.5
ilfol = fo+ 0267+ (0, + 10303 + Na? Y
and A0 )02
- v +yoi)o
B\ =v+ SACUR— (5.6)

0702 + (0, +07)?02 + N0
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Substituting equations (5.5) and (5.6) into equation (5.3) above yields

0702 + (0, +07)202 + N0
A07a? + M0, (0, + yo?)os
0702 + (0, +y07)?02 + N0

A02c2 + N0,(0, + yo?)o?
mz#+6ﬁﬁ%%+vﬁw+< ! G, + 701)0, +7ﬁ>§

:u+f+7ﬁu+< 7ﬁ>g (5.7)

The next step is to solve for o, the conditional variance of the exchange rate in period
two. Because ey = 0;fo + 0, + £, this conditional variance is given by 0% = H?Varl [fo] +
02Var, [v] + o2 + 20,0,Covy[fo, v]. As before, standard Bayesian inference implies that

- Cov;[fo, e1]? 2 s
Var [ fo] = Van,[fo] — 0L _ 52 ,
11l tilfo Var;[e4] 7 0302 + (0, +07)%02 4+ N0
— Covi[v,el]* (6, + vo?)?ol
Var[v] = Var,[y] — S 2 ! ,
anl) = Vanll = =Tl T T T Bor 1 (0, 102t 1 N
and that
—— Covy[ fo, e1] Cov;[v, e4] 0¢(0, + yo?)oZo?
C _ C ; ’ _ ) ) — Ui .
ov1{fo, ] ovilfo,v] Var;[e1] 0702 + (0, +07)%02 + N0

It follows, then, that

2 _ 2.2 p2.2 2 (0502 +6.(0, + 70%)‘72)2
oy =030; + 6,0, + 0, — P I CIEIOT (5.8)
102 + (0, +07)%0p + N0
Note that this justifies the assumption that the conditional variance is equal for all investors
1. The proof of existence is complete once we equate the undetermined coefficients from
equation (5.4) above with the implied expressions from equations (5.7) and (5.8).

The system of equations that determines A and o7 jointly is nonlinear and of too high
an order to solve analytically. All of the numerical solutions to this system I have computed
indicate that there exists a unique real solution (together with four complex solutions). Even
if multiple real solutions do exist for some set of parameters, all of the important results
about transparency described in Section 2 are true for all possible real solutions. Il

Proof of Theorem 2.3 This proof follows the proof of Theorem 2.2 very closely. If I again
assume that the exchange rate in period two is normally distributed conditional on investor
1’s information set, then it can be shown in a similar manner to before that market clearing
in the peso bond market implies that e; = FEi[es] + p + 733 (v + &). In equilibrium, this

exchange rate is of the form e; = u+ f +v57v+ A, so that standard Bayesian inference both
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justifies the assumption of conditional normality and yields aggregate expectations about fy
that are similar to those when v remained unknown:

5\9]00'62

Bulfol = fo+ — 0%
Ul = o+

3 (5.9)

Substituting this equation into the expression for the exchange rate in period one yields

5\9]20062
9]20‘752 + :\202

é1=p+0sfo+ (0, +v51)v + ( + %ﬁ) 13

A3

~2

=u+f+75fu+<

The conditional variance of the exchange rate in period two, 62, is also determined in
a manner similar to the previous proof. In particular, standard Bayesian inference implies
that -
e

Var,[fy] = 07 — —F———.

The computation is simpler in this case because v is known with certainty and hence both
Var [v] and Covy[fy, v] are equal to zero. It follows, then, that

2 4
ep

- 5.11
9?062 + )\2%2 ( )

2 _p2 2 2
o1 =030, + 0, —

which shows that the conditional variance is equal for all investors i, and together with
equation (5.10) completes the proof of existence. In this simpler case, the system of equations
(2.11) and (2.12) can be solved analytically. There exists only one real solution to this system
and this unique real solution corresponds to the unique equilibrium exchange rate é;. Il

Proof of Theorem 2.4 I first show that A > X whenever \ < 0, +~0? and A < X whenever
A > 6, + 02, and then show that A — 452 > 6, whenever A\ — y0? > 6, and \ — 762 < 6,
whenever \ — o2 < 6,. Together, these two facts imply that A > X whenever 6, > \ — 452
and A < A whenever 6, < A\ — 52,
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According to equation (2.7) from Theorem 2.2,

9;%0? + 29?91,(&, + 70%)0302 +60%(0, + 70%)203

7 = 9]20062 * 9302 g - 9]%062 + (0, 4 yo7)?02 + )\202

2, ((9,, + 70%)20727 + )\20§> 0]2(062 + (9?02 + )\202) 912,0727 — 26?0,,(9,, +~0)ola
0302 + (0, +07)%02 + N0

Oy ololo) + N070207 + N0 0, 0¢

— 5.12
Tt 0?(762 + (0, + 70%)207% + )\202 ’ ( )

2
n

so that by equation (2.6) also

AGa? + N0, (0, + yoi)o; Y(yo1)?070207 + 7N 0i050? + YN oibro)

2
_ (513
0702 + (0, +07)%02 4+ N0 TR 0702 + (0, +y07)?02 + N0 (5.13)
32 20.20.2
Similarly, equation (2.12) from Theorem 2.3 implies that 67 = o2 + 0292’;—;252, so that by
FoETATE
equation (2.11) also
- N2+ N020%07
A= Voo + o2 (5.14)

0702 + :\202
Equations (5.13) and (5.14) imply that

N2(A-1830%102) = 1020302 170 (B 0lo? + X202 + 20, + 7077 — A6, + 1Y),

and . .
NoZ(A =070 — yop) = yonbiorl. (5.15)
Let
A =03 010? + X050 + 02(0, + 707)* — Aot (6, + v07), (5.16)
so that
NoZ(A =070 —yor) = yoibiol + ol A (5.17)
and also

70,%0? o? fyagA
No? Nag

A =0707 + 07 + (5.18)
It follows that A is increasing in A with A\ = A if and only if A = 0 or 0, = 0. Equation
(5.18) also implies that A > A whenever A > 0 and o, > 0, and A < A whenever A < 0 and
o, > 0. The bulk of this proof amounts to showing that A > 0 whenever 6, > X\ — yo{ and
that A < 0 whenever 6, < A\ — yo?.
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Before proving these inequalities, note that equation (2.6) implies that

A7a? + M0, (0, + yoi)o;
0702 + (0, +v07)%02 + N\207’

A — 08 =

so that
(XA —n01) (0707 4 (6, +707) %07 + N07) = MF0? + M0, (0, + yo1)os. (5.19)
Some algebra then yields

NoZ(A—o7) = yoibi0? + (0, + y01) (A, — (A —707)(0, + y01)) o

n
= 70%9?03 + 03 (0, + vo1) (0, + yoi — )\)072],

so that ) )
Y01 (ev + o1 )91/

A — o

2
N2026, = TV g252 4

= (0, +yo? — N)o2. (5.20)

n

Equation (5.20) is crucial to the proof of Theorem 2.4. It implies that \*0¢0, > yo7670?

A—vo? _ 0302 2 2 9 202 2 A—vo} _ 6jo2
and o7 > e whenever A < 60, + 707, and also that A\°oz0, < yoif;07 and o ez

whenever \ > 6, + yo?.
Suppose that 6, > X\ — vo?, so that A < 0, + vyo?. As I just showed in equation (5.20),

.. . —~vo 6202
this implies that both \*026, > y076307 and At S 9% Tt follows that

o )\2ag :

V00?4 Nb20E + 020, + 01 > (10120308 + 020,630 + 026, + 107’

=010 +701)070¢ + 076, + y07)?

2
701
= (0, +~o?})? (702 + 70203—) . (5.21)
! 7€, + ~yo?
0.2 20.2
Suppose now that A < 0. It follows by equation (5.18), then, that A < 79?062 +v02 + ! /\“2?2 -
g
and hence 22,2
,yo-li 0-6
707 = A — (A —707) <0307 + yor + Az—;g — (A =90?). (5.22)
3
20.2
Because %:%7% > iﬁg% in this case, inequality (5.22) implies that
A —y02)yo? A\ — yo?
0% < 9030?02+ BEITNTe (3 gty — it 402+ 2 02— o),
i i
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which then implies that

A —o? A — o
yoi (1 + ’Z‘ﬁ) < vo? (1 + #) + 0707 (5.23)
701 Vo1

Inequality (5.23) yields
2 2 2 970 %
Y01 < 0y + 8500 ——,
A
from which it follows that

MO, +vo7)vo7 < N0, + o7 )vor + (0, + o5 )ybF02yo]

2
V01
< (0, +~v02)? [ vo? + 49202 ——1— ). 5.24
( fyl) <7r{ fyfeey 70_% ( )

Of course, inequality (5.24) together with inequality (5.21) from above implies that

MO, + yo2)yo? < 720‘119]%062 + /\2012,052 +02(0, + o),
which, because A = 07720102 + N*0207 + 02(0, +v07)* — Ao (0, +yo7) by equation (5.16),
contradicts the assumption that A < 0 and proves that A > 0 whenever A\ < 6, + yo?.
Suppose that 6, < X\ — y0?, so that A > 6, + vo?. As shown above in equation (5.20),

.. . a2 92 ?
this implies that both \*¢¢6, < yo76307 and % < o5 It follows that
1 é

Vo10i07 + X007 + 02(0, +701)? < (v01)*0707 +v016,0707 + 0p(6, + v07)?
=070, +707)050¢ + 070, + 707)°

2
V01
= (0, +v01)? | yoi + 0307 —L— | . 5.25
(O +500)" { voi + 1050 5 o7 (5.25)
0.2 20.2
Suppose now that A > 0. It follows by equation (5.18), then, that A > 70]%062 +yo2 + ! /\'ﬁ‘% -
and hence 222
YORUf0,
707 = A= (A =) > 1707 + 0k + A2—Uf2 — (A =~a)). (5.26)
3
20_2
Because A;g? I iéo_% in this case, inequality (5.26) implies that
A — v02)yo? \ — yo?
vt > V0307 + 0y + % — (A= n0i) = 0707 + o + %(7@% —a}),
1 1
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which then implies that

\ — ~o? A —~o?
'yaf (1 + #) > ’yaz (1 + #) + 79?0?. (5.27)
Y01 Yo7

Inequality (5.27) yields

vo; > yop + 070 ?VA :

from which it follows that

MOy +o7)vot > MO, + yoi)yop + (6, + 701)70,@ 2ot

yoi
+ o o, + — . 2
> (0, + 1) <fy ’yG 60 ) 1> (5.28)

Of course, inequality (5.28) together with inequality (5.25) from above implies that
A0, +yoi)v0] > V2olbi0? + N6of + a6, + yo7)?,

which, because A = 032 cio? + N*0207 + 02(0, + y07)* — Ao3(0, + voi), contradicts the
assumption that A > 0 and proves that A < 0 whenever X\ > 0, +~02. These two inequalities
also imply that A = 0 if and only if A = 6, + vyo?, which by equation (5.18) and continuity
implies that if A > A (A < ) for some o, > 0, then > A (A < \) for all o, > 0.2

The final step of the proof is to show that A — v} > 6, whenever \ — 70% > 6, and
A — v6? < 6, whenever A — yo? < 0,. Suppose that A\ —yo? > 6, > A — 'yal As was just
proved, this implies that A\ — vyo? > 6, for all o, > 0. Since A = X and o2 = &2 if oy, =0,
it follows by continuity that A\ —yo? =0, = =\ — vo3 if o, = 0. But, I just proved that this
implies that A —voi =6, for all o, > 0 as well, so there i 1s a contradiction and it must be
that A — 62 > 6,. A similar argument proves that A— 762 < 6, whenever A\ —yo? < 0, as

well. O

Proof of Corollary 2.5 Recall that e; = u+ f + vyoiv + A and that a similar expression
describes &;, with A and 72 replacing A and 0%, respectively. It is immediate, then, that
€1 — ey is strictly increasing in £ whenever A > X and that for ¢ large enough, this quantity is
greater than zero regardless of the value of v. This implies the existence of a unique threshold
€ € R such that & < e; if and only if € < £&. This threshold is decreasing (increasing) in v
whenever o7 > 5% (0} < 77). O

Proof of Theorem 3.1 Suppose that the exchange rate in period two is normally dis-
tributed conditional on investor ¢’s information set. In a manner similar to the proofs

20This requires that also 2% = d— = 0 whenever A\ = 6, + vo? (and hence A = 0), which is not difficult
n

to show.
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of Theorems 2.2 and 2.3, it can be shown that market clearing in the peso bond market
implies that e; = Ei[es] + p + 02 (v + £€). The equilibrium exchange rate is of the form
e1 = p+ f+ryoiv+ A, which by equation (3.1) implies that e; = u+ f+~v07(a, f, +acl) + AE.
It follows by standard Bayesian inference that the exchange rate in period two is normally
distributed conditional on investor i’s information set (this justifies the assumption of con-
ditional normality) and that

(Ei [fo]) _ (1’@) n ( 0r0? ) er — Eiled]
Ealf.] Yi (0, + ayyoi)o? 0702 + (0, + a,v07)%02 + (agyoi + N)207’

and hence also that

(Eﬂfo]) _ (fo) n ( 007 ) (agya? +A)E
Ef))  \L () + ayoi)oy ) 202 + (0, + a,70%)%02 + (agyo? + A)?0

n

Substituting this last equation into the expression for the exchange rate in period one (recall
that Eies] = E4[f]) yields

07 (agyoi + N)o? +0,(0, + a,v07)(agyoi + Aoy g
0702 + (0, + a,707)?02 + (agyoi + N)?0? e

) £ (5.29)

elzu—f—f—i-vafu-i—(

The next step is to solve for o7, the conditional variance of the exchange rate in period
two. Because ey = 05 fo + 0, f, + x, this conditional variance is given by of = 63 Vary|f] +
02Var,[f,]+ 02 +200,Covi[fo, f.], just as in the earlier theorems’ proofs. Bayesian inference
implies that

(ﬁl[f()] @f()?fl/]) _ (052 0)
Covi[fo, fy]  Vari[f] 0 o2

n

1 0f0'2
_ € 0 2 01/ y 2\ +2
o T o T e T (0, + caoyos) O O anofi),

so that
o
(9?062 + (0, + a,/ya%)%% + (agyo? + )\)20§’

212 4
Van[f,) = o2 - O, + anoi)o,
v T 0702 + (0, + a,v07)202 + (agyoi + A)2o}’

Vary[fo] = o2
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and
—0(0, + a,yoi)olo;

- 0702 + (0, + a,v01)%02 + (agyoi + N)20f

ml [f[): fu]
It follows that

(9%062 +6,(0, + a,,’ya%)ag)Q
0302 + (0, + a,707)?02 + (agyoi + N0

2_ 2 2 p2 2 2
o) =030, + 0,0, + 0, —

(5.30)

Note that this justifies the assumption that the conditional variance is equal for all investors
i. The proof of existence is complete once we equate the undetermined coefficients A and o?
with the implied expressions from equations (5.29) and (5.30). O

Proof of Theorem 3.2 Suppose that the exchange rate in period two is normally dis-
tributed conditional on investor ¢’s information set. In a manner similar to the proofs of
Theorems 2.2, 2.3, and 3.1, it can be shown that market clearing in the peso bond market
implies that & = FEi[es] + p + 52 (v + ). The equilibrium exchange rate is of the form
& = p+ f+ 63 + A, which implies that & = 4+ f 4+ 762(a, f, + acf) + M. Tt follows
by standard Bayesian inference that the exchange rate in period two is normally distributed
conditional on investor i’s information set (this justifies the assumption of conditional nor-

mality) and that
()0
Ealf.] Yi

L 0 6402 ajo; + azog a, T, 0, + AgTe0? N ayy;
a,0p w07 ) \a,m,0; + acmeog 0707 + whop + wiog e — Eilel] )’
where 7, = 0, + a,76% and ¢ = agy6? + \. Let ¥ = 03 (azor + aioi)o? + (ay\ — agh,)’olo?.
Averaging this last expression across all investors then yields

E\[fo] _(fo N 100 002\ (0702 +mlor +7mio; —a,mo; — agmeo? [ ael
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_(fo) 2 —0702(a,m,07 + agmeof) 0r02(azor + aio?) \ [acé
\f) W \abiolol + me(a,me — agmy)olo?  ag(agm, — ayme)onof ) \ ek
_ (fo) L1 (alﬁf(a,,)\ - ageé)agag ) |

fv \J a,,agefcazan

Finally, substituting the last equation into the expression for the exchange rate in period
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one implies that

o) =+ 1+ \aidjolo T A FNCE )
é1=p olert” e va1 | €. :
! 0% (a2o2 + aio?)o? + (a,\ — agh, )00} !

The next step is to solve for 67, the conditional variance of the exchange rate in period
two. As in the proof of Theorem 3.1, this conditional variance is given by o7 = 67 Var, [fo] +

02Var,[f,] + o2 + 20:0,Cov,[fy, f,]. Bayesian inference implies that
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n

1
_( 0 Hfaé)( aio} + aiog a,T,0; + QeTeo; ) ( 0 al,ag)

2 2 2 2.2 2 2 2 2 2 2
a,o, o, ayT,0, + agTeo; 9]c06—i—7rl,c777~|—7r£05 N Tep 0,
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It follows that
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and hence also that

~2 2.2 p2 2 2 "
o1 =030+ 00, +0,. — < . (.32
P K 0% (a202 + aio?)o? + (a,\ — agh, )00} (5.32)

- 2
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Note that this justifies the assumption that the conditional variance is equal for all investors
i. The proof of existence is complete once we equate the undetermined coefficients A and 72
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with the implied expressions from equations (5.31) and (5.32). O

Proof of Theorem 3.3 Suppose that ¢, = 0. According to equations (3.3) and (3.4), in
this case A and o? are given by

9]2@(%70% + N)o?
a 0302 + (a,707)%02 + (a(yal + \)20?
o o Bjol ((aﬂ%) + (agyo? + A)?aZ)

+ 107, (5.33)

o] = 0302 + (ay’yal)QO-Q + (agy0% + N)2o?’ (5.34)
and according to equations (3.6) and (3.7), in this case A and 62 are given by
- )\a292 22 .
o 03(a202 + aio?)o? + a25\2020§ o (5.35)
5t =op + a9\ otosol ' (5.36)

0%(a2o2 + aio})o? aﬁ)\%%a?

Consider now the limit as a,0, — 00. As long as A does not diverge to infinity, equations
(5.33) and (5.34) imply that

lim A= lim ~yo} =02+ 79?02
Ay Op—00 Ay Op—00
Furthermore, it is not difficult to show that the equilibrium equations imply that A cannot

diverge to infinity. In a similar manner, as long as A does not diverge to infinity, equations
(5.35) and (5.36) imply that

- 5\0?062 y
lim A= lim ————— +~47, (5.37)
ay oy —00 wom= (202 + \207?
02 )\20202
lim 6= lim o>+ 1<% (5.38)
Ay Oyp—00 Ay Oyp—00 8]200-52 + /\20-2

It is straightforward to show that the equilibrium conditions imply that A cannot diverge
infinity, as well. Note that the equilibrium conditions given by equations (5.37) and (5.38)
are identical to the equilibrium conditions given by equations (2.11) and (2.12) from Theorem
2.3 in Section 2, so that the parameters A and 5% in this model converge to the same value
as the simpler model’s parameters in the limit as §, — 0 and a,0,, — co. Equations (5.37)
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and (5.38) together imply that
lim 5\302 = lim o3 (0707 + 5\202) + 79?5\20302,

Ay Tp—00 Gy Opy—00

and hence that

- 0202
lim A= lim ~o? (1 + L 6) + 70;03 > o2 + 79?03 = lim A\

Ay oy—00 ayoy—00 )\20-2 ayOy—00

It follows by continuity, then, that there exist thresholds 6, > 0 and ag > 0 such that if
0, < 0, and a,0, > ao, then 2>\

Suppose that o, = 0. According to equations (3.3) and (3.4), in this case A and o? are
given by

_ Bleactene

0702 + (agyot + \)?o¢ b
P, 0% (agyoi + \)?olo?

Loos 0702 + (agyof + N)?af’

and according to equations (3.6) and (3.7), in this case A = 752 = y02. Because A > v02 = ),

it follows by continuity that there exists a threshold &, > 0 such that if o,, < &,), then A > A.
In a similar manner, suppose that a, = 0 (but now also o, > 0) and note that equations
(3.3) and (3.4) imply that in this case A and o7 are given by

 Of(aegvot + N)o? + 05 (agvot + Ao,

A + yo?,
0702 + 0202 + (agyo? + A)?o? 7o
o (0702 + 0207)(agyoi + N)o?
2 —

o :
" 9120052 + 0202 + (agyo? + )\)202
As in the previous case, equations (3.6) and (3.7) also imply that in this case A = 767 = y02.

Because A > vo? = A, it follows by continuity that there exists a threshold a, such that if
a, < a,, then A > \. O
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Part 11
Extensions to the Benchmark

Intervention Model

In the all of the models of the previous chapter, I assume that either the central bank’s
chosen policy of transparency is independent of the underlying state of the economy or
investors are naive and unable to infer anything from this choice of policy. While these
assumptions simplify the analysis, they are not realistic. Indeed, there is both theoretical
(Angeletos, Hellwig, and Pavan 2006, Mussa 1981) and empirical (Bank for International
Settlements 2005, Chiu 2003) evidence that transparency policy is an important signal to
investors. To explore this question, in the first section of this chapter I expand the two-period
benchmark model into a Bayesian signalling game in which the central bank has a clearly
defined objective function and investors are not naive. Given a set of assumptions for the
model’s primitives, I prove the existence of a partially-separating Bayesian equilibrium that
preserves the intuition and analysis from the benchmark model.

In the second section of this chapter, I extend the two-period benchmark model to an
infinite horizon. This exercise examines the robustness of the results in a more complete
setting in which exchange rate fundamentals are equal to the sum of time-discounted interest
rate spreads and risk premia (which are affected by foreign exchange interventions). The first
of these infinite-horizon models assumes that investors have common knowledge of the past.
This causes higher-order expectations to disappear and keeps the analysis relatively tractable,
so that even though a full analytic solution is not possible, an analytic characterization of
the equilibrium conditions can be obtained. In this richer setup, I describe some cases
in which transparency magnifies exchange rate misalignment and provide exact numerical
values for all of the model’s endogenous parameters. The results match the benchmark
model’s predictions. The second infinite-horizon model assumes that investors have imperfect
common knowledge of the past. This causes higher-order expectations to be part of the
steady-state equilibrium as in similarly structured dynamic macroeconomic models with
information heterogeneity such as Bacchetta and van Wincoop (2006), Lorenzoni (2009),
and Nimark (2010a).?! Without common knowledge of the past, transitory noise trades
permanently affect investors’ expectations of fundamentals and lead to persistent exchange
rate misalignment. In this setting, I show that this persistent misalignment can also be
magnified by transparency

2IThere is a class of models in which the equilibrium is fully revealing even though agents are heteroge-
neously informed about fundamentals. The most famous example of this is given by Townsend (1983). As
shown by Kasa (2000), Pearlman and Sargent (2005), and Sargent (1991), the agents in Townsend’s model
can actually infer the information of others so that higher-order expectations are not part of equilibrium.
The investors in my dynamic model, in contrast, cannot infer other agents’ information and higher-order
expectations do not disappear.
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The extension of the benchmark model to an infinite horizon with perpetually disparately
informed traders adopts assumptions that are similar to those in the asset-pricing models
of Allen, Morris, and Shin (2006), Bacchetta and van Wincoop (2008), Kasa, Walker, and
Whiteman (2007), and Nimark (2010b). Each of these papers shows that persistent gaps
between prices and fundamentals are common in such an environment, as is the case in
my model. These papers emphasize this gap and offer a compelling explanation for several
important empirical puzzles in finance, but they do not examine price manipulation as I do.

This chapter is organized as follows. Section 6 expands the benchmark two-period model
into a Bayesian signalling game. Section 7 extends the benchmark two-period model to
an infinite horizon, with Section 7.1 considering the case in which investors have common
knowledge of the past and Section 7.2 considering the case in which investors are perpetually
disparately informed. The proofs for all of the results are provided in the last section.

6 Policy as a Signal of Fundamentals

All of the results I have presented so far assume that either central bank interventions
are independent of the underlying state of the economy or that investors are naive and
unable to infer anything from the bank’s chosen policy of transparency. While this keeps the
analysis tractable, it is an unrealistic assumption as there is plenty of evidence that central
banks’ decisions whether or not to announce the size of their interventions are careful, highly
strategic decisions. Rational investors are aware of this strategic element, and they use a
bank’s chosen level of transparency to better infer the underlying state of the economy. In
other words, central banks and investors play a Bayesian signalling game.

In this section, I relax this assumption and investigate how the benchmark model’s pre-
dictions are affected. I consider a Bayesian signalling game between the foreign central bank
and the investors in which the central bank has a clear objective that investors are not naive
about. With the example of a central bank defending a falling exchange rate in mind, I first
examine a game in which the bank’s objective is to appreciate the peso exchange rate. I then
reverse this objective and consider a game in which the central bank’s goal is to depreciate
the peso exchange rate. It is important to note, however, that all of this analysis is easily
extended to a game in which the bank targets a publicly known value of the exchange rate.
Indeed, if the central bank targets a specific value of the exchange rate, then the game that
is played involves either the central bank increasing the exchange rate—if the exchange rate
is below the target—or the central bank decreasing the exchange rate—if the exchange rate
is above the target. In either case, investors observe the value of the exchange rate relative
to the target and are aware of the central bank’s desire to achieve either appreciation or
depreciation.

This section’s most important contribution is to construct a partially-separating Bayesian
equilibrium in which the foreign central bank’s goal is to appreciate the peso and it announces
its intervention whenever the exchange rate is sufficiently overvalued. This equilibrium
demonstrates that the previous results about central bank ambiguity reducing exchange
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rate misalignment are consistent with an environment in which policy choice is a signal to
investors. Furthermore, the existence of a non-pooling equilibrium proves that self-fulfilling
beliefs about the meaning of central bank transparency need not dwarf the effects I describe
in the previous sections. In fact, self-fulfilling pooling equilibria often exist only together
with highly unintuitive and implausible out-of-equilibrium beliefs.??

This section’s Bayesian signalling games between the foreign central bank and investors
take place in the two-period setup of Section 2. I assume that the central bank knows the
value of exchange rate fundamentals f and that it chooses between two possible actions:
either adopt a policy of transparency and announce the size of its intervention in period one,
or adopt a policy of ambiguity and do not announce anything. Implicitly, then, I assume
that the central bank cannot credibly reveal the value of all parts of fundamentals f to
investors. This is justified by the fact that the bank’s objective is either to increase or
decrease the exchange rate and hence no unverifiable announcement about f could possibly
be credible.?? In reality, many announcements about future policies that affect fundamentals
inherently lack credibility, especially promises to engage in large-scale interventions or to alter
monetary policy in ways that might significantly disrupt the domestic economy.

Signalling games of this kind together with a model that features asset-pricing under im-
perfect information presents many technical difficulties. Most significantly, investors’ beliefs
about fy and v are generally not normally distributed, a fact that makes it very difficult to
characterize the investors’ aggregate demand for peso bonds and the equilibrium exchange
rate. Indeed, investors’ utility functions are exponential, so if their beliefs about fundamen-
tals are not normally distributed (which requires a normally distributed exchange rate in
period one) then their demand is impossible to characterize analytically. If the demand of
investors cannot be characterized, then the exchange rate in period one also cannot be char-
acterized and it becomes very difficult to prove even simple equilibrium properties. Worse
still, these technical difficulties do not go away even if exponential utility is replaced by
mean-variance utility.?*

In both the game in which the foreign central bank’s objective is to appreciate the
peso exchange rate and the game in which its objective is to depreciate the peso exchange
rate, I prove the existence of a partially-separating Bayesian equilibrium given a set of
assumptions for the model’s primitives. One key to constructing these equilibria is that
absent any investor interpretation of transparency policy, the foreign central bank prefers
one policy over another for some combination of fundamentals. This ensures that regardless

22The intuitive criterion of Cho and Kreps (1987) does not restrict the set of pooling equilibria in this
game since the value of the central bank’s policy is purely determined by the investors’ interpretation of that
policy. In other words, neither transparency nor ambiguity is ever strictly dominated.

BVitale (1999) also concludes that central bank announcements are not credible if the bank’s goals are
inconsistent with exchange rate fundamentals.

24 Although it may be possible to analytically characterize the investors’ demand for peso bonds with mean-
variance utility, to characterize an equilibrium of this game one must also find a fixed point between investors’
beliefs about fundamentals and the exchange rate. Since investors’ beliefs are not normally distributed
(beliefs are truncated in any partially-separating equilibrium), this is impossible to do analytically.
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of which policy is interpreted as an undesirable signal of currency misalignment (if the
bank’s goal is appreciation, then signalling overvaluation is undesirable, and if the bank’s
goal is depreciation, then signalling undervaluation is undesirable), the bank does not shun
that policy in equilibrium. In this section’s signalling games, a preference for one policy
over another exists because the risk premium on peso bonds varies depending on both the
conditional variance of the exchange rate in period two and the extent of central bank
intervention (this alters the available supply of peso bonds). As long as different transparency
policies imply different conditional variances, the central bank will never strictly prefer one
policy over the other. More succinctly, if the exchange rate in period one is approximately
given by

er = pu+ B[f] +yoi(v +¢), (6.1)

then as long as the difference between E,[f] with and without transparency is finite and
02 # 52, there will always be a nonempty set of fundamentals for which the central bank
chooses each policy.

This also implies that self-fulfilling pooling equilibria often require highly unintuitive
out-of-equilibrium beliefs. Although large shifts in the exchange rate should be expected if
central bank policy ever signals to investors that fundamentals are much different than what
is implied by the value of the exchange rate, the preceding argument shows that for some
range of fundamentals these shifts are less important than changes in the risk premium.
Of course, this requires that the risk premium actually changes with the central bank’s
transparency policy.

In the first partially-separating equilibrium I construct, the bank makes an announcement
only if the exchange rate is sufficiently overvalued in period one. The construction of this
equilibrium is aided by a technical assumption that ensures that less uncertainty about the
exchange rate in period two reduces the risk premium on peso bonds and raises the peso
exchange rate. Specifically, I assume that there is a fixed supply of peso bonds equal to S > 0
dollars and that the bank’s intervention v is always less than this supply. This changes the
risk premium term in equation (6.1) above to (6, + vo?)(v — S) and ensures that this term
is always negative.

Assumption 6.1. There is a positive net supply of peso bonds denoted by S > 0. The
central bank’s intervention v is bounded, so that |v| < v < S, and investors’ common prior

for v is uniform over the interval [—v, D).

Besides aiding with the technical details of Theorem 6.3 below, Assumption 6.1 better
reflects the reality of a country for which transparency often reduces both the uncertainty
and the risk premium of its assets. Indeed, a more realistic version of the benchmark model
applied to risky assets certainly must assume that interventions are bounded and risk premia
are always positive (S > v) and increasing in uncertainty.

Before presenting the formal definition of a Bayesian equilibrium of this game, it is
necessary to introduce some additional notation. Let 7 € {T', N} denote the foreign central
bank’s choice of transparency policy, with 7 = T" corresponding to an announcement about
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the bank’s intervention and 7 = N corresponding to no announcement. In this section’s first
signalling game, the central bank chooses its transparency policy so that

T(v, f) = argmax eq (7). (6.2)
T7e{T,N}

Note that the bank’s intervention v is assumed to be exogenous, as in the benchmark model
of Section 2.

Definition 6.2. A Bayesian equilibrium of this economy is a strategy for the foreign central
bank and a function for the exchange rate in period one e;, such that (i) the demand for
peso bonds by each investor b; solves the maximization problem (2.2), where investor i’s
information set consists of all common public information together with x;,y;, e1, and, if the
central bank announces its intervention policy, v as well; (ii) the foreign central bank chooses
its transparency policy according to (6.2); (iii) the peso bond market clears: B+ ¢ +v = S;
(iv) the exchange rate is a function of the central bank’s transparency policy, the demand
for peso bonds by noise traders &, the supply of peso bonds S, the foreign central bank’s

intervention v, the interest rate parameter p, and the fundamentals parameter f.

All expectations and variances in this game are functions of the bank’s policy choice. In
order to emphasize this point, the conditional expectations and variances with respect to
the information set of investor ¢ in period one are denoted by FEj(7)[] and and Var; (7)[],
respectively.

Theorem 6.3. Suppose that 0, < 6, and that the foreign central bank’s objective is given by
(6.2). There exist bounds S, v,0¢ > 0 such that if S > S, v>0, and o¢ < 0O¢, then there
exists a partially-separating Bayesian equilibrium in which the central bank announces the
size of its intervention if and only if & > f (v). In this equilibrium, the threshold function

¢ (v) is positive and decreasing in v.

The proof of Theorem 6.3 is in Section 8. The theorem states that there exists a partially-
separating equilibrium in which the foreign central bank chooses a transparent policy if
the exchange rate is sufficiently overvalued relative to fundamentals. Although rational
investors infer that this policy choice is a sign of an overvalued currency and adjust their
beliefs accordingly, the central bank still prefers to be transparent because it reduces the
unpredictability of the exchange rate in period two and therefore lowers the risk premium on
peso bonds (and thus raises the peso exchange rate). This is an important result because it
demonstrates that the benchmark model’s predictions about central bank ambiguity reducing
exchange rate misalignment are not overturned once signalling is introduced into the model.

Theorem 6.3 requires that the demand of noise traders be highly predictable (low value
of o¢). This ensures that investors’ beliefs about fundamentals are approximately a linear
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function of those fundamentals, despite the fact that beliefs about & are truncated above or
below depending upon the central bank’s choice of policy. Without approximate linearity, it
is impossible to analytically characterize the equilibrium exchange rate, as mentioned earlier.
If the exchange rate cannot be characterized in this way, even by approximation, then it is
impossible to compare the value of the exchange rate under different transparency policies.

To better understand the role of this assumption about o¢, consider a simplified version
of this game. Forget about the two parts of fundamentals f as given by equation (2.3),
and suppose instead that each investor ¢ observes both f; = f + ¢; and the exchange rate in
period one. In this example, a central bank announcement reveals to investors that & > f > 0.
Suppose that ¢; = f + 5\(6 — f) This means that the distribution of f conditional on the

information of investor ¢ is truncated normal with mean f; + % (él —fi+ :\é), variance
o o
023202 . - a. .. . .
agi\Tjg’ and truncation f < é;. By ’Hopital’s rule, this implies that in the aggregate
limoﬁl(T) exp{—f} = limO exp{—é1} = limo exp{—f — A€ —&)}. (6.3)
O¢— O¢— O¢—

If e; = f+#r and investors care only about ey, it follows that lim,, .o €; = limg, o f —1—5\(5 —¢ )
and hence that the exchange rate in period one is indeed normally distributed in the limit.

On the other hand, if there is no central bank announcement then investors learn that
E< é . Let e; = f4+ A&, This means that the distribution of f conditional on the information

. .. . o2 . 062)\202
of investor 7 is truncated normal with mean f; + m (e1 — fi), variance TTEoT and

truncation f > e; — )\é . Average expectations are simpler this time, with

0_2

Jggoﬁl(N) exp{—f} = Jim exp {—f - 062+—}\20_§(61 - f)} = Jim exp{—f —A¢}. (6.4)

This follows because the truncation communicates nothing about f in the limit since the
conditional mean of f is on average greater than the truncation. Once again, this implies
that indeed limag_,o er = limog_,o f+ A, confirming the initial guess.

Although this example is simpler than the full setup of this section, it does capture the
role of the assumption o, < ¢ in the proof of Theorem 6.3. One implication is that for o¢
small enough, the difference between e; and €; is approximately given by

er — 6 =EN—X) + AL (6.5)

This relationship shows that if A > A in this setting, then it is not possible to construct
an equilibrium in which the central bank only makes an announcement if £ < é . According
to equation (6.5), regardless of the value of ¢ (or if ¢ multiplies \ instead of \), if € is
sufficiently negative, then e; > €; and the central bank prefers an ambiguous intervention
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policy. This is an important observation, because together with the existence of self-fulfilling
pooling equilibria, another concern is that investors’ interpretation of central bank policy may
dictate whether transparency signals an overvalued or undervalued currency in equilibrium.
This example shows that this is generally not possible.

The next step is to reverse the foreign central bank’s objective and to examine a signalling
game in which the bank wishes to depreciate the peso exchange rate. In the notation of the
model, the foreign central bank chooses its transparency policy so that

7(v, f) = argmin ey (7). (6.6)

Te{T,N}

This game reflects not a crisis environment in which the goal is to stem rapid capital outflows,
but instead a calmer environment in which the goal is to maintain a competitively devalued
currency. In this depreciation game, I construct a partially-separating equilibrium that is
very similar to the equilibrium described in Theorem 6.3. This construction relies on many of
the same technical assumptions as before, including Assumption 6.1, which ensures that less
uncertainty about the exchange rate in period two reduces the risk premium on peso bonds
and raises the peso exchange rate. An equilibrium of this game is defined as in Definition
6.2 above, except that in part (ii) the bank now chooses its transparency policy according
to (6.6).

Theorem 6.4. Suppose that 0, > 6, and that the foreign central bank’s objective is given by
(6.6). There exist bounds S, U,6¢ > 0 such that if S > S, v >0, and o¢ < 0O¢, then there
exists a partially-separating Bayesian equilibrium in which the central bank announces the
size of its intervention if and only if & > f (v). In this equilibrium, the threshold function

£(v) is positive and decreasing in v.

The proof of Theorem 6.4 is in Section 8. As in the previous theorem, this theorem states
that there exists an equilibrium in which the foreign central bank chooses a transparent policy
if the exchange rate is sufficiently overvalued relative to fundamentals. Unlike the previous
equilibrium, the central bank in this equilibrium benefits from transparency because this
signals to investors that the exchange rate is overvalued (which compels rational investors
to sell peso bonds and lower the exchange rate). Transparency, however, also lowers the risk
premium on peso bonds and thus raises the peso exchange rate, creating an incentive for the
central bank to make no announcement once the peso is sufficiently undervalued. These two
contrasting effects make it possible to construct a partially-separating equilibrium.

The most notable difference between the equilibrium requirements of Theorems 6.3 and
6.4 is that the latter theorem insists that 6, > 6,,. By Theorem 2.4, this assumption implies
that A > \. While this assumption serves primarily to aid with the technical details of the
theorem, it also has an interesting and plausible economic interpretation. Recall from the
discussion of the benchmark model in Section 2 that 6, measures the extent of information
about fundamentals that the foreign central bank can credibly reveal to the investors. If 6,
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is large, then a central bank announcement reveals much relevant information to the public.
It can be argued that a bank seeking to depreciate its currency has more resources available
and is more likely to achieve that goal than a bank seeking to appreciate its currency. In
terms of the model, this implies a larger value of 6, since any statements by the central bank
must be taken seriously. Despite this motivation, an extension of both this and the previous
game to consider the opposite case in which 6, is either smaller or larger than 6, might be
a promising direction for future research.

7 Infinite-Horizon Model

Time is discrete and indexed by ¢ and there are two countries. As in Section 2, I shall refer
to the home country’s currency as the dollar and the foreign country’s currency as the peso.
There is only one good for consumption and its price in each country is linked by the law of
one price, so that e; + p; = p; for all t € N. As before, the exchange rate is defined as the
dollar price of a peso, and its log in period ¢ is given by e;.

In this infinite-horizon extension, three assets are traded in each period: a nominal one-
period bond issued by the domestic central bank with return 4;, a nominal one-period bond
issued by the foreign central bank with return iy, and a risk-free technology with real return
r in each period. As in the two-period model, I assume that the domestic central bank
credibly commits to a constant domestic price level in all periods so that the interest rate
on dollar bonds i; is equal to r for all ¢ > 1. This price level is normalized so that p; = 0,
which implies that the log-linearized real return on foreign bonds in period ¢ is equal to
—Pi — e i = e — e+

The foreign central bank’s interest rate policy is more complicated in this setup. In
particular, I assume that the foreign central bank follows a Wicksellian interest rate rule
in which the price target is equal to zero.?®> This policy is subject to uncertainty, however,
so that investors face risk when investing in peso bonds. Specifically, in each period ¢, the
interest rate on peso bonds is given by i} = ap; + f; + r, where f; follows an autoregressive
process of order one (AR(1)) and a > 0 is a constant that measures the response of interest
rate policy to deviations from the price target. The stochastic process for interest rate
deviations is given by f; = psfi—1 +(;, where 0 < p;y < 1is a constant and (; is i.i.d. normal,
with mean zero and variance O'g. The stochastic process for f; is common knowledge among
all investors, as is the value of f; in period t since all current and past interest rates are
publicly observable.

The economy is populated by overlapping generations of investors such that, in each

25Woodford (2003) provides a detailed discussion of the implications of Wicksellian, price-targeting interest
rate rules in cashless economies such as this one.
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period ¢, a new generation of investors is born while the old generation of investors dies.?°
Each newly born investor in period t chooses her portfolio and then, in period t+1, liquidates
her positions and consumes all of her realized wealth before dying. As in the previous section,
investors are indexed by ¢ € [0, 1] and each investor ¢ born in period ¢ solves the maximization
problem

lr)nee% — B exp{—7¢it+1}, subject to i1 = (14 i) wi + (€41 — er + iy —ig)bir, (7.1)
it

where w;; € R} is investor ¢’s endowment of real wealth at birth, e, — e, + ¢ — 7, is the
log-linearized excess return of peso bonds in period ¢, b; is the dollar amount of investor
1’s purchases of peso bonds in period ¢, c¢;41 is the quantity of the economy’s only good
consumed by investor ¢ in period ¢t + 1, v > 0 is the coefficient of absolute risk aversion, and
E;[-] denotes the conditional expectation with respect to the information set of investor i
in period t. The net supply of peso bonds is constant and equal to zero. In each period ¢,
a mass of noise traders purchases & dollars worth of peso bonds, where &; is i.i.d. normal,
with mean zero and variance 02.27 Noise traders liquidate all their assets from the previous
period before making any purchases.

As in the two-period model, the foreign central bank complements its interest rate policy
by performing foreign exchange interventions in each period. I assume specifically that the
central bank purchases 1, € R dollars worth of peso bonds in each period ¢ and that these
interventions follow an AR(1) process, so that vy = p,vy_1 + §;, where 0 < p, < 1 1is a
constant and §; is i.i.d. normal, with mean zero and variance o2. The stochastic process for
v, is common knowledge among all investors.

This assumption implies that foreign exchange interventions affect exchange rate funda-
mentals only through their direct effects in this infinite-horizon model. Since the empirical
evidence about these direct effects is inconclusive (especially over longer time horizons), I
emphasize that this assumption is made only for expositional convenience and that it can
be easily relaxed so that interventions also convey information about other exchange rate
fundamentals. Indeed, none of this section’s qualitative results changes if I assume that
interventions are correlated with future interest rates.?

In this infinite-horizon model, I assume that in each period ¢ each investor i receives the
private signals @y = fi11 + € and yi = vy + 0y, where €, ~ N(0,02), n; ~ N(0, 03,)7 €;¢ and
n;; are both i.i.d. and independent of each other, and all noise terms are independent across
investors. Following Bacchetta and van Wincoop (2006), I also assume that the generation

26An alternative assumption is that investors live forever and have log preferences, with the risk-free
interest rate then determined by the investors’ patience. The difficulty with such a setup is that the model
becomes intractable once higher-order expectations become part of the equilibrium as in Section 7.2.

2"The assumption that noise traders’ demand is i.i.d. is made for analytical convenience. The principal
results do not change if the model is extended so that shocks to this demand persist over time.

2Suppose, for example, that the interest rate parameter fyy1 is split so that fi 1 = fP, + 0, f/,, where
vy = f¢ 1 and 6, > 0. In this case, all predictions remain the same except that increases in ¢, have the same
effect as increases in p,, .
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of investors that is born in period ¢ inherits all of the private information from the generation
that dies in period t. More precisely, I assume that in each period ¢, each newly born investor
1 inherits all of the private information of investor ¢ from the generation born in period ¢t —1.

I shall consider two different specifications for the investors’ information. In the first,
investors perfectly learn about past values of v, which causes higher-order expectations to
collapse into more simple average beliefs.?? The exchange rate can be characterized analyt-
ically in this setup, and the equilibrium is similar to the equilibrium from the two-period
model in Section 2. It is not surprising, then, that most of the previous conclusions about
transparency and exchange rate misalignment continue to be valid. In the second speci-
fication, investors do not learn about past values of v, so that higher-order expectations
remain part of the equilibrium exchange rate. This, however, makes an analytic solution
intractable as discussed by Bacchetta and van Wincoop (2006) and Lorenzoni (2009). As
a consequence, I solve numerically for an approximate steady-state solution using results
from Nimark (2010a). Before specifying the details of investors’ information sets, it is use-
ful to first solve for the equilibrium exchange rate without any assumptions about these
information sets.

In this infinite-horizon setup, I adopt notation similar to that from the benchmark model
in the previous section. For all t € N, let F; denote the information set consisting of all
common public information in period ¢ together with v, and e, for all 1 < s <t and f, for
all 1 < s <t+ 13 The aggregate demand for peso bonds by the investors in period ¢ is
equal to the average demand of the investors in period t and is denoted by B, = E [by | F].
It follows that the total demand for peso bonds in period t is equal to B; + v; + &;.

Let B[] = E[Ey[-] | 7] denote the average expectation of investors in period ¢, and let
Vary[-] denote the conditional variance with respect to the information set of investor i in
period ¢t and Var,[-| = E [Vary[-] | 7] the average conditional variance of investors in period
t. T denote higher-order expectations in this environment by Ef [ =", Ez [] = E,[-], and, in
general, E?[] = EiEy1-+ FEyyn_1]]. The information set of investor i in period ¢ is denoted
by Gi:. Finally, let Gy = &, 02 = Var,[e;41], and a = HLa

Definition 7.1. A steady-state equilibrium of this economy is a stochastic process for the
exchange rate {e; : t € N}, such that for all ¢: (i) the demand for peso bonds by each investor
i solves the maximization problem (7.1), where investor i’s information set G;; consists of
all common public information in period ¢ together with x;, yi, Git—1, and, if the foreign
central bank announces its intervention in period ¢, v; as well; (ii) the peso bond market
clears: Bi+&+v; = 0; (iii) the exchange rate is a linear function of the demand for peso bonds

by noise traders {{; : 1 < s < t}, the foreign central bank’s interventions {v, : 1 < s < t},

29nvestors already learn about current and past values of f; because interest rates are publicly observable.

30In this setup, investors observe signals of f;,1 in period t, so that in some sense (if the probability
space and the corresponding filtration were explicitly defined) this interest rate parameter is measurable
with respect to time t.
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and the interest rate parameters {f; : 1 < s < ¢+ 1}; (iv) the exchange rate is in a steady

state: there exists 02 > 0 such that o2 = 02 in all periods t € N.

Lemma 7.2. Suppose that the conditional variance Vary|e, 1] is equal for all investors i €
[0,1] in all periods t and that e, is normally distributed conditional on the information set

of investor i in period t. Then, a steady-state equilibrium exchange rate satisfies
e = Z " NVE [ frin] + y0? Z "NV E [V + ayo®E,. (7.2)
n=0 n=0

Proof. 1f e;1 is normally distributed conditional on the information set of investor ¢ in period
t, then problem (7.1) is a standard CARA-normal maximization and the demand for peso

bonds by investor ¢ in period ¢ is given by

Eylei1] — e+ — iy

by =
' v Var [€t+1]

(7.3)

If the conditional variance Vary[e:y1] is equal for all investors i € [0, 1], then Vary[e;y1] =

Var[e;r 1] = o7 and hence B
Eilei] — e+ 17 — iy
: .
Vo1

Recall that in each period ¢, the total demand for peso bonds is equal to B; + v; + & while

B, = (7.4)

the domestic and foreign interest rates are equal to r and —ae; + f; + r, respectively. In a

steady-state equilibrium, o? = o for all ¢, so that

Et[et—l-l] — (1 + (I>€t + ft
vo? ’

By = (7.5)
and then, by market clearing,

ey = aBle1] + af, + ayo? (v, + &). (7.6)

The noise traders’ demand is i.i.d. over time, so it follows that Fy[¢,] = 0 for all n > 1.

Forward iteration of equation (7.6), then, yields

e = O{2EtEt+1[€t+2] + o*E, [fear] +afy + a2702Et[Vt+1] + ayoty, + avyo?s, (7.7)
2 2
-3 n+17" n+17
= a’Ey[erys] + Z "B fryn] + 70 Z A" E Vg + ayo®és. (7.8)
n=0 n=0
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Finally, as demonstrated above, repeated forward iteration implies that the equilibrium

exchange rate in period t must satisfy

€t = Z Q" E, [ frn] + 707 Z a"VEY V] + ayo®, (7.9)
n=0 n=0
which completes the proof. Il

In order to keep the analysis tractable in this infinite-horizon model, I focus only on
steady-state equilibria in which the foreign central bank either announces the size of its
intervention v; in each period ¢ or never announces its intervention. In reality, however,
central banks switch between these two policies so that the true steady-state equilibrium is
somewhere in between these two extremes. If investors have common knowledge of the past,
then the implication of this is only that the true steady-state variances and risk premia with
and without transparency are much closer together (depending on assumptions about the
probability of switching from one transparency regime to another). This implies that the
truth-telling and signal-precision effects are even more important determinants of the effects
of transparency on exchange rate misalignment.

If investors do not have common knowledge of the past, then the true steady-state equi-
libria are more difficult to characterize. In particular, the fact that investors learn v; forever
once the foreign central bank makes an announcement implies that they will never again
be perpetually disparately informed about interventions, even if higher-order expectations
remain in equilibrium. This makes the equilibrium without transparency more similar to
the equilibrium if investors have common knowledge of the past, although the importance
of this past observation diminishes the longer the foreign central bank goes without making
another announcement.

7.1 Common Knowledge of the Past

Suppose that in each period ¢t > 1, the value of the previous period’s intervention v;_;
becomes common knowledge among all investors. This assumption implies that the higher-
order expectations from equation (7.2) collapse into more simple average expectations.

In the next section, I relax the assumption about public revelation of v;_; and also assume
that the interest rate on peso bonds depends on a factor that is not perfectly observed.
This creates an environment where higher-order expectations are an important part of the
equilibrium steady state regardless of whether or not the foreign central bank announces the
value of its intervention v;. In this case, the transitory demand of noise traders has persistent
effects on the exchange rate. I demonstrate that transparency can magnify the persistent
effect of this noise, in addition to magnifying its immediate effect as in this and the previous
section’s models.

This section’s assumptions about the investors’ information yield an equilibrium exchange
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rate that is similar to the two-period model analyzed in Section 2. In doing so, this section
provides an interpretation of the exchange rate fundamentals from that benchmark model,
with those fundamentals now equal to the time-discounted sum of spreads between foreign
and domestic interest rates plus the time-discounted sum of risk premia. The discount factor
is determined by the parameter a = 1%@, which measures the sensitivity of the foreign central
bank’s interest rate rule to deviations from the price target.

To better see this connection, recall that exchange rate fundamentals in the benchmark
model are given by f = 6 f, + 6, f, (this is equation (2.3)), where f; represents the part of
fundamentals that is unrelated to the foreign central bank’s intervention and f, represents
the part of fundamentals that is related to this intervention. The bank’s interventions are
independent of interest rates and other disturbances in this infinite-horizon setup, so 6y fy
is replaced by the time-discounted sum of spreads between foreign and domestic interest
rates (the first term in equation (7.2) from Lemma 7.2) and 6, f, is replaced by the time-
discounted sum of risk premia (the second term in equation (7.2) from Lemma 7.2). As
I show below, the extent of the relationship between the central bank’s intervention and
the time-discounted sum of risk premia in this setup is highly dependent on the persistence
of interventions p,. Not surprisingly, then, this setup reproduces many of the two-period
setup’s predictions with p, replacing the parameter 6,,.

I present the equilibrium exchange rate with no central bank announcement about 1,
before presenting the equilibrium exchange rate with a central bank announcement. These
two cases are then compared, and the implications of transparency are stated and discussed.
As always, I assume that an announcement by the foreign central bank is truthful and
credible. All proofs from this section are in Section 8.

Theorem 7.3. If the value of v,_1 becomes common knowledge among all investors in period

t, then the steady-state equilibrium exchange rate is given by

er = (o — ppBy) fe + (g + Bf) frer — puBovier + (Uy + Bo)ve + A&, (7.10)
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where ¥y = %— apf, Y, = O‘_‘*{;’py and \, By, B, and o® are such that
_ MNpp(hy + ﬁf)(afl + 05)0 O'C +$apy¢y<¢y + B,) (0% + 04)0 05 +ano?, (7.11)
—apb(y + Br) (W + B)olonos — vy (07 + 05)N0F + (Y, + B,)?0203) o?
g = Ut )0 D)ok ot (2 v oot W+ BN
0’ = ﬁaz +Puuoy + Nog + (U + 8p)°0l + (U + Bo)°0
Prot

— 55 07 +05) (Nof + (U5 + 5)°0?) + (w + B,)%0307] _

p2 20.4
_ V\I;/ n [(02 —|—(Tg) ()\202 + (Q/J,, +ﬁu)20_6) (@Z}f ‘l‘ﬁf) o UC}
2/)1’%“/}” <¢ + ﬁf)(¢l/ + ﬁu)a UCJ§7

with W = (g + By)* (0} + 05 )020; + (b + 8,)* (02 + 0)o05 + (02 + 0¢) (07 + 05) N

If a real-valued solution to the system of equations given by Theorem 7.3 exists, then
there exist two real solutions distinguished by the value of the steady-state variance o2. A
thorough discussion of the viability of these multiple equilibria is beyond the scope of this
chapter, but in general, the high-variance equilibrium is not stable in the sense that any
perceived deviation of the variance from this steady-state value generates an even larger
actual deviation from that steady state.3! With this instability in mind, I follow Bacchetta
and van Wincoop (2006) and focus primarily on the low-variance steady-state equilibrium
exchange rate. I emphasize that all of the results I present in Theorem 7.5 below apply also
to the high-variance equilibria with and without transparency.

Equation (7.10) from Theorem 7.3 implies that the exchange rate in period ¢+ 1 is given
by

err1 = (o = prBf) fror + (W + Bf) frra — puBovr + (Vo + Bo)Vigr + Apia

- %ft+1 + Yoty + A1 + (U5 + Br) G2 + (U0 + 50) 0441 (7.15)

In the benchmark two-period model, the exchange rate in period two is given by es = f + K,
with f = 0ffo + 0,v, so there are clearly similarities between that setup and this infinite-
horizon setup. In particular, equation (7.15) shows that this model’s expression for e, ; is

31Consider any positive 02 # 0?. One implication of this instability is that if investors observe past
variances of the exchange rate and choose o7 in each period t as a weighted average of these past, observed

variances, then o? will never converge to the high-variance equilibrium value of o2.
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the same as that model’s expression for ey, with 0 replaced by L fo replaced by fii1, 0,
replaced by p,1,, v replaced by 14, and k replaced by A1 + (¢f + 5f)<t+2 + (Y + Bo) 0141
As mentioned earlier, this model’s transparency results are much like those from Section 2,
with 6, now replaced by p,v,.

Before presenting these results, it is first necessary to characterize the steady-state equi-
librium exchange rate when the foreign central bank makes a credible and truthful announce-
ment of its intervention in period t. As in the benchmark model, let €; denote the exchange
rate in period t if the central bank announces the value of ;4 to the investors in period t.

Theorem 7.4. If the foreign central bank credibly and publicly announces the value of v, in

period t, then the steady-state equilibrium exchange rate is given by

€ = (a_prf)ft+(¢f+Bf)ft+l + v + A, (7.16)
where ¢y = +%— ozpf7 W, = ow;rp , and S\,Bf, and &2 are such that
. A + Bf)oto?
N — ~w;”(772bf2 ﬁf)jEO—CQ — —I—Oz’y62, (717)
(Vy + Bp)?020} + (02 + 0F) N0
_ 25\2 2
F= 3 21?26 052 2)\252’ (7.18)
(V5 + Bf)2020} + (02 + o) N\20¢

2 V3o + (g + By)%0
6% = ol + Noof + (Vs + 57)°0f + o] - (v ) (7.19)

a2(Yy + ff)? 020} + a*(o? + JC))\%?

In this infinite-horizon model, investors know both the values of f; and v;_; (and also v,
in the case of transparency) and the stochastic processes for these variables. This implies
that investors have common priors about the values of f;,; and 14, a fact that shows up
in Theorems 7.3 and 7.4 in the form of the parameters 3y, 3,, and ﬁf While these extra
parameters complicate the equilibrium exchange rate expressions, the parameters A and A
still measure the extent of exchange rate misalignment as a result of noise traders’ demand
while the differences A — ayo? and A — ayG? still measure the bias of investors’ expectations
of fundamentals as a result of this demand.

Theorem 7.5. The parameters A\ and A satisfy

lim A> lim A=0, lim A < lim \ = oo,
Oe—00 Oe—00 oe—0 oe—0
hm)\—hm)\—() lim A = lim \ > 0.
o¢c—0 oc—0 os5—0 os—0

The limits of both A and ) as either 0¢, 0¢, Or 05 increases to infinity are undefined since
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the systems of equations that define the steady-state equilibria cease to have real solutions
in those limits. Theorem 7.5 establishes several comparative statics for the parameters A
and \, many of which reproduce results from the benchmark model (see Theorem 2.4).

As shown by equation (7.15) above, the product p,, in this model replaces the parameter
0, from the two-period model of Section 2. This product is equal to the time-discounted
sum of future risk premia, and the term p, measures the persistence of the foreign central
bank’s interventions and hence the extent to which an intervention in period ¢ affects peso
bond risk premia in future periods (more persistence implies more effect). Since future risk
premia are part of exchange rate fundamentals, a higher value of p, implies that the central
bank’s intervention in period t has a larger effect on those fundamentals. In other words,
the truth-telling effect of transparency is increasing in p, in this infinite-horizon model.

Figures 7.1 - 7.4 show that the parameter A tends to be less than X for smaller values of
p» and greater than A for larger values of p,. These figures are similar to the parameteri-
zations of the benchmark two-period model given by Figures 2.1 - 2.4, and they show that
) is again increasing relative to A as the extent of information revealed by a central bank
announcement increases. Although this section’s parameterizations all generate standard de-
viations for changes in the exchange rate that are roughly consistent with what is observed
in quarterly data, the spirit of these numerical exercises is to illustrate the mechanism by
which exchange rate misalignment can be magnified rather than to create a quantitatively
precise simulation. Indeed, all of the models that I discuss are highly stylized and intended to
explore and characterize the interaction between the truth-telling and signal-precision effects
of transparency rather than to produce a precise model of exchange rate determination.

The first, baseline parameterization, depicted in Figure 7.1, features a choice of param-
eters that yields an unconditional standard deviation of ten percent for changes in the ex-
change rate (this is roughly consistent with the data). The second parameterization, depicted
by Figure 7.2, presents this same parameterization except the variance of investors’ private
signals about the central bank’s intervention o, is smaller. This has the effect of bringing A
and \ closer together. The third parameterization, depicted in Figure 7.3, presents the same
parameterization as in Figure 7.2 except that now the unpredictability of noise traders o
is smaller. This has the effect of increasing both A and . Finally, Figure 7.4 presents the
same parameterization as in Figure 7.3 except that now the persistence of innovations in the
interest rate on peso bonds is smaller (py is smaller). This has the effect of decreasing both
A and .

The behavior of A and \ in these figures is very similar to the behavior shown graphically
in the benchmark model. Indeed, the main conclusion to draw from this infinite-horizon
model with common knowledge of the past is that the results largely reproduce the results
from the two-period model. This is important because it shows that the previous discussion
about truth-telling and signal-precision effects of transparency and its implications for central
bank intervention policy are perfectly consistent with a richer infinite-horizon setup.
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7.2 Imperfect Common Knowledge of the Past

Suppose that the value of 1;,_; does not become common knowledge among all investors in
period t. Suppose also that the interest rate on peso bonds in period ¢ is now given by
iy = apf + fi + x¢ + r, where x; is i.i.d. normal with mean zero and variance 0)2(. Since
investors only observe ¢; and p; in each period ¢, these assumptions imply that investors
have imperfect common knowledge about the value of f; and, if the central bank does not
announce the size of its intervention, also about the value of 1. It follows that higher-order
expectations are always part of the equilibrium exchange rate.

There have been a number of dynamic macroeconomic models that feature higher-order
expectations, including the early models of Townsend (1983) and Singleton (1987), and more
recently, the models of Bacchetta and van Wincoop (2006) and Lorenzoni (2009). With the
exception of Townsend (1983), all of these setups cannot be solved directly and must instead
be approximated. This is usually accomplished by assuming that the past exogenously
becomes common knowledge with some lag, a technique that keeps the state space in these
models finite and makes it possible to solve for the steady-state equilibrium using standard
methods. There is, however, another technique for solving these models as described by
Nimark (2010a). Rather than assuming that the past becomes common knowledge, Nimark
(2010a) shows that the steady-state equilibrium of a model in which agents are perpetually
disparately informed can be approximated arbitrarily well by exogenously bounding the
order of agents’ expectations. As this bound grows to infinity, the approximate equilibrium
converges to the true equilibrium.

In this section, I use this technique to consider the equilibrium of this infinite-horizon
model when investors do not have common knowledge of the past. In models with higher-
order expectations such as this one, it is typical for transitory shocks to have permanent
effects on the beliefs of agents, as shown by Allen, Morris, and Shin (2006), Bacchetta and
van Wincoop (2008), Lorenzoni (2009), and Nimark (2010b). Although these permanent
effects diminish over time, they still introduce substantial excess volatility and disconnect
between prices and fundamentals. The goal of this extension is to examine how the persistent
effects of transitory changes in noise traders’ demand for peso bonds compare with and
without foreign central bank transparency. Consistent with all the other results in this and
the previous chapter, I find that central bank transparency often worsens the exchange rate
misalignment caused by transitory shocks to noise traders’” demand in the past. In these
cases, persistent deviations of the exchange rate from its fundamental value are magnified
by transparency.

Before presenting this section’s results, it is necessary to introduce some notation. Let
iy = i —ap} —r, and note that in each period ¢, investors observe the common public signal
iy = f + x; but are unable to infer the value of f, because of the unobserved disturbance Y.
Furthermore, in order to maintain symmetry and simplify the solution, suppose now that each
investor ¢ observes the private signal x; = f;+¢€; rather than the private signal x; = fi11+€;
in each period ¢.3? Strictly speaking, the definition of a steady-state equilibrium exchange

32This assumption is without loss of generality since PrTit = prfe 4+ preie = fiyr — Ge1 + préeie, and hence
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rate 7.1 must now be appended to include the disturbances x for all 1 < s < ¢ and to
restrict the equilibrium to be a function of f only for all 1 < s < ¢ (rather than for all
1 < s <t+1). For the sake of brevity, I only mention these technical details rather than
restating the full definition of equlibrium.

The equilibrium exchange rate in this setup is expressed as a function of higher-order
expectations at time ¢ only, so let E(0),[] = -, E(1),[] = E;[-], and in general, E(j),[] =
E,E,--- E,[-] with the expectation repeated j times. For all 0 < j < k, let

gje = (E(j):lf] E(j)t[yt])lu (7.20)

and for all £t € N, let
Qu(k) = (b iy - di) (7.21)
wy = (JC_IQ 05_1575 aglxt ngft)/. (7.22)

Let hy = (100-) and hy = (0100 ), and let the matrix H be given by

02><2k

I
H= (omm 2k ) , (7.23)

where Iy is equal to the identity matrix of dimension 2k. This matrix evaluates the average
expectation of a vector and then annihilates the highest-order expectation, so that

HQuk) = (¢ & -+ au 0 0)' = (Blayl Eilds] -+ Eilgfy] 0 0). (7.24)

All proofs from this section are in Section 8.

Theorem 7.6. If the interest rate on peso bonds is given by i} = ap; + fi + x4 + 7 in each
period t and the value of v,_1 does not become common knowledge among all investors in
period t, then the steady-state equilibrium exchange rate is approrimately given by the system

of equations

er = AQi(k) + ano®y, (7.25)
Qi(k) = MQi-1(k) + Nwy, (7.26)
where the vector A satisfies
A= "a" (B + yo®hh) (MH)". (7.27)
n=0

a private signal of f; is also a private signal of fi;1.
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As the order of truncation k grows to infinity, the solution to this system of equations con-

verges to the true steady-state equilibrium exchange rate.

If the foreign central bank announces the value of v, in period ¢, then investors continue
to have imperfect common knowledge about f; while commonly learning the value of v;.
In order to characterize the equilibrium exchange rate in this case, it is necessary again to
introduce more notation. For all 0 < j < k, let §;; = E(j);[f:], and for all t € N, let

Qu(k) = (Gor qu --- (jkt)/7 (7.28)
- 1
H = (Ok—l—lxl 0 g ) ; (7.29)
1xk
wy = (UC_IQ o X agl&)' - (7.30)

Theorem 7.7. If the interest rate on peso bonds is given by i} = ap; + fi + x¢ +r in each
period t and the foreign central bank credibly and publicly announces the value of v; in each
period t, then the steady-state equilibrium exchange rate is approzimately given by the system

of equations

~2

& = AQu(k) + —" v, + and’e, (7.31)
1—ap,
Qi(k) = MQ—1(k) + Ny, (7.32)
where the vector A satisfies
A= "o (MH)" (7.33)
n=0

As the order of truncation k grows to infinity, the solution to this system of equations con-

verges to the true steady-state equilibrium exchange rate.

The matrices M and N and the steady-state variance o2 from Theorem 7.6 as well as
the matrices M and N and the steady-state variance ¢2 from Theorem 7.7 must all be
approximated numerically. They are determined by the solution to two systems of matrix
equations as detailed in Section 8. As in Section 7.1, there are two solutions to both systems
of equations, one corresponding to a high-variance steady state and the second corresponding
to a low-variance steady state. Numerical approximations indicate that the high-variance
steady state is unstable in the sense described earlier.

In Figure 7.5, I plot the response of the steady-state equilibrium exchange rates with and
without transparency to a negative shock to the noise traders’ demand for peso bonds in
period ty. This shock is normalized so that the exchange rate with transparency €, decreases
five percent in period ty. The persistent effect of this transitory shock is plotted over time.
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Figure 7.5: The response of the exchange rate with and without transparency to a shock to
the noise traders’ demand for peso bonds & in period ¢y. (o = 0.35, 0, = 0.35, o = 0.1,
o =0.03, 05 = 0.07, 0, = 0.005, « = 0.92, vy =5, py = 0.7, p, = 0.1, k = 50)

The parameterization shown in Figure 7.5 is similar to the baseline parameterization shown
in Figure 7.1 from the previous section. The main difference is that the variance terms o
and o, in this section’s figure are slightly smaller in order to compensate for the extra noise
term x; and to keep the unconditional variance of changes in the exchange rate close to ten
percent (which is roughly consistent with the data). In the parameterization shown in the
figure, higher-order expectations are truncated at k& = 50. I find that the results do not
change if this is increased even further.

The message of Figure 7.5 is similar to the message of Section 7.1: transparency magnifies
exchange rate misalignment for low values of p,, even if that misalignment arises from
shocks to noise traders’ demand for peso bonds in the past. In particular, this result is
a generalization of the previous sections’ result that A > X since the equilibrium exchange
rate in period t is now a function of &_1,&_»,... as well as &, and the multipliers on all
of these noise terms are larger if the foreign central bank is transparent. More precisely,
the exchange rate in period ¢ is now of the form e; = A + A&7 + Ao&—o + -+ (with
a corresponding expression for é;), and for low values of p, my numerical approximations
demonstrate that \ > A, A > A1, Ay > A2, and so on. One implication of this result is that
periods of sustained exchange rate misalignment are likely to imply large differences between
mispricing with and without transparency as the larger multipliers with either policy start
to add up.

The policy implication of this setup with higher-order expectations is similar to the
implication in all previous sections. If central bank announcements reveal sufficiently partial
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information about exchange rate fundamentals, then the truth-telling effect is likely to be
smaller than the signal-precision effect and transparency is likely to exacerbate exchange
rate misalignment. This section shows that this applies also to misalignment between the
exchange rate and fundamentals in the future, since both the immediate and persistent effects
of temporary disturbances are magnified in a similar manner.

8 Proofs

Proof of Theorem 6.3 Suppose that the foreign central bank announces its intervention
if and only if £ > £ (v), where ¢ (v) is positive, bounded, and decreasing in v. It is important
to emphasize that investors only know the exact value of é if they learn v via a central bank
announcement, otherwise they are only aware of the equilibrium relationship between these
variables.

Suppose that &, = pu+ f 4+ 762(v — S) + M€ — £(v)), where A and 62 are given by the
solution to equations (2.11) and (2.12) from Theorem 2.3. Because investors observe that
the foreign central bank has announced the value of v, they all learn that & > f (v), which
is equivalent to learning that & — u — 6,0 — 52 (v — S) + M(v) — 07 fo > A(v) (recall that
f = 0¢fo+0,v by equations (2.3) and (2.4)). Bayesian inference implies that for each investor
i, the distribution of 0;f, conditional on investor i’s information set is truncated normal,

20.2 ~ A~ ~20.2 20_2
9%‘(2—;%? (él —pu—0,v—~5i(v—28)+ X(v) — Qfxz), variance %,
and truncation 0;fo < & — p — 6,v — 53 (v — 9).
The difference between the truncation and the mean of 0 f; is equal to

with mean 0;x; +

N2o? - -
—ﬁ(é— — 0,0 —~v52(v—S)+ A V—Q@-)—/\ V).
oty g7 (== =208 = 8) 4 300 —032) — 3w
Because &(v) is positive for all v € [—#,7] and Aoe — 0 as ¢ — 0 (this is not hard to
prove), it follows that this difference does not converge to a nonnegative value as o, — 0.

In this case, Lemma 8.1 implies (it is not difficult to show that the conditions of the lemma
are satisfied) that

32520252
5 52 1 Ef €
(er-ntato-9)+} b

lim E;(T) [e”%/°] = lim e (8.1)

o¢—0 oe—0

Utility is exponential, so equation (8.1) implies that each investor ¢’s demand for peso bonds

60



in period one satisfies

lim b'l = lim (él — M 9’/1/ — fy&%(y - S)) + QyV — él -+ il
oe—0 v oe—0 fyvaril (T) [62] )

so that by dominated convergence

lim B, = lim (€1 —p—0v—76i(v—>5)) +0v—=¢ +u

oe—0 oe—0 "y&%
_ iy S P AE—EW)) O — et p
oe—0 75‘% ’

This last equality together with the market clearing condition for the peso bond market
implies that

~ ~

lim é; = limou + 05 fo+0,v + 7961 (v — S) + A€ — &)
0'5_>

o¢—0
= lim o+ f 4951 = ) + A =€), (8.2)

where A and 7 are given by the solution to equations (2.11) and (2.12) from Theorem 2.3.
Of course, if & — p+ f+752(v —S)+A(E—£(v)) as o¢ — 0, then all of the above statements
are true in the limit and it follows that the limit relationship (8.2) indeed holds.

Suppose that e; = pu + f +yoi(v — S) + A, where X\ and o} are given by the solution
to equations (2.6) and (2.7) from Theorem 2.2. Because investors observe that the foreign
central bank has not announced the value of v, they all learn that £ < f (v) without learning
the exact value of v. This is equivalent to learning that e; — pu — f — y02(v — S) < A(v).
Bayesian inference implies that for each investor i, the distribution of f conditional on
investor ¢’s information set is truncated normal, with mean

0702 +0,(0, +oi)o;

Orx; + 0,1,
sTi Ot 9120062 + (6, + 70%)207% + )\202

(61 — =0 — 0,y — 7‘7%(%‘ - S))

recall again that f = 60, f, + 6,v), variance
g f

2
920_2 4 02 2 (0?03 + QV(QV + 70%)02)
fre T v 0302 + (0, +v07)?02 + N0}’

and truncations f > e; — pu —yoi(v — S) — )\é(y) and O¢fy — 0,0 < f <0O;fo+0,0.
Conditional on knowing the value of v, the difference between the first truncation and
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the mean of f is equal to

- )\202
—A
§w)+ 0702 + (0, +07)202 4+ N0

(61 —p—0px; —O,v — voi (v — S)) )

Because £(v) is positive for all v € [-7,7] and Aoe — 0 as g¢ — 0, it follows that the
expectation of this difference does not converge to a positive value as o — 0. In this case,
Lemma 8.1 implies (as before, it is not difficult to show that the conditions of the lemma
are satisfied) that

fo'e +9V(9,/+'yo'l)o'
o +(0y+70])2on+2207

—Orzi—Ouyi— 3 (e1—p—0pzi—0,yi—v0% (v:—S5))

lim lim E;;(N) [e_f} = lim lim ‘ 2
og—07—00 og—0 7—00 <9202+0202 (fU€+@V(€u+’YU%)U%) )
e

ven 9%a?+(9y+w02)20%+)\2o‘§

(8.3)
Utility is exponential, so equation (8.3) implies that each investor ¢’s demand for peso bonds
in period one satisfies

0¢—0U—o00
912[062—5-91,(0,,-1—70%)0727 (

efaji + el’yz + 9%02+(9y+’yaf)20%+)\20§

er —p—0px; — O,y; —yoi(y; — S)) —e1 + p
lim lim

0¢—0v—00 "}/V&I'ﬂ(N>[€2]

?

so that by dominated convergence

92 2400, (01 +v02) 0'
f 9202+(9u+701 2024+A2%0 25 S

lim lim B; = lim lim
O'EHO v—00 o¢ —0 v—o00 ’yo‘l

This last equality together with the market clearing condition for the peso bond market
implies that

i Jimm 1 = Jim, fim o+ £ + 90101 = )+ 3¢, (8.4
where A and o7 are given by the solution to equations (2.6) and (2.7) from Theorem 2.2.
Of course, if e; — p+ f+vyoi(v —S) + A as 0 — 0 and 7 — oo, then all of the above
statements are true in the limit and it follows that the limit (8.4) indeed holds.

I have shown that if the foreign central bank announces its intervention if and only if
¢ > £(v), where £(v) is positive and decreasing in v, then as ¢ — 0 and 7 — oo, if
there is a central bank announcement, the exchange rate in period one is arbitrarily close to
4 f 752 —8)+ A€ —E(v)), where X and 62 are given by the solution to equations (2.11)
and (2.12), and if there is no central bank announcement, the exchange rate in period one

62



is arbitrarily close to u+ f +voi(v —S) + A, where A and o? are given by the solution to
equations (2.6) and (2.7). The assumptlon that 6, < 6, guarantees that A > X. Furthermore,
equations (2.11) and (2.12) imply that 67 — o2 as 0¢ — 0 (see Theorem 2.4), while equations
(2.6) and (2.7) imply that lim,,_oof > o2. It follows that as ¥ — oo and oz — 0, the

difference e; — €; is arbitrarily close to

V(v = S)(of — 02) + X+ AME(v) — €).

As long as S > v, then for each v € [~7, ], there exists é(l/) such that e; — €, = 0 whenever
§=E&(v), er — € < 0 whenever £ > {(v), and e; — € > 0 whenever § < {(v) and such that
¢(v) is always strictly positive and decreasing in v. O

Proof of Theorem 6.4 Suppose that the foreign central bank announces its intervention
if and only if & > f (v), where 5 (v) is positive, bounded, and decreasing in v. As in the
previous proof, it is important to emphasize that investors only know the exact value of
é if they learn v via a central bank announcement, otherwise they are only aware of the
equilibrium relationship between these variables.

Suppose that & = pu+ f 4+ 762(v — S) + M€ — £(v)), where A and 62 are given by the
solution to equations (2.11) and (2.12) from Theorem 2.3. Because investors observe that
the foreign central bank has announced the value of v, they all learn that & > f (v), which
is equivalent to learning that & — p — 6,0 — y62(v — S) + AE(v) — 05 fo > AE(v) (recall that
f = 0;fo+0,v by equations (2.3) and (2.4)). Bayesian inference implies that for each investor

i, the distribution of 6 fy, conditional on investor i’s information set is truncated normal,

. 0202 5 5 ~a ] 22020202

with mean 0;x; + 922’;% <61 —pu—0,v—75i(v—28)+ \(v) — foi>, variance — i’
FOETATTe

and truncation 0y fo < & — p — 6,0 — 57 (v — 5).

The difference between the truncation and the mean of 6; fy is equal to

25243252
9f05+>‘ o

A2g2 - -
—é(é— —0,v—~53 (v —S) + A V—9$i>—/\ V).
ot 1 nap (01— = B =903 = ) 30) = 0p) =36
Because £(v) is positive for all v € [—7,7] and Aoe — 0 as g¢ — 0 (this is not hard to
prove), it follows that this difference does not converge to a nonnegative value as o — 0.

In this case, Lemma 8.1 implies (it is not difficult to show that the conditions of the lemma
are satisfied) that

0 (61 p—0,v— 701(1’ )) é(%)
lim Ej (T) [e7%/] = lim e e

oe—0 oe—0

(8.5)

Utility is exponential, so equation (8.5) implies that each investor ¢’s demand for peso bonds
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in period one satisfies

lim b'l = lim (él — M 9’/1/ — fy&%(y - S)) + QyV — él -+ il
oe—0 v oe—0 fyvaril (T) [62] )

so that by dominated convergence

lim B, = lim (€1 —p—0v—76i(v—>5)) +0v—=¢ +u

oe—0 oe—0 "y&%
_ iy S P AE—EW)) O — et p
oe—0 75‘% ’

This last equality together with the market clearing condition for the peso bond market
implies that

~ ~

lim é; = limou + 05 fo+0,v + 7961 (v — S) + A€ — &)
0'5_>

o¢—0
= lim o+ f 4951 = ) + A =€), (8.6)

where A and 7 are given by the solution to equations (2.11) and (2.12) from Theorem 2.3.
Of course, if & — p+ f+752(v —S)+A(E—£(v)) as o¢ — 0, then all of the above statements
are true in the limit and it follows that the limit relationship (8.6) indeed holds.

Suppose that e; = pu + f +yoi(v — S) + A, where X\ and o} are given by the solution
to equations (2.6) and (2.7) from Theorem 2.2. Because investors observe that the foreign
central bank has not announced the value of v, they all learn that £ < f (v) without learning
the exact value of v. This is equivalent to learning that e; — pu — f — y02(v — S) < A(v).
Bayesian inference implies that for each investor i, the distribution of f conditional on
investor ¢’s information set is truncated normal, with mean

0702 +0,(0, +oi)o;

Orx; + 0,1,
sTi Ot 9120062 + (6, + 70%)207% + )\202

(61 — =0 — 0,y — 7‘7%(%‘ - S))

recall again that f = 60, f, + 6,v), variance
g f

2
920_2 4 02 2 (0?03 + QV(QV + 70%)02)
fre T v 0302 + (0, +v07)?02 + N0}’

and truncations f > e; — pu —yoi(v — S) — )\é(y) and O¢fy — 0,0 < f <0O;fo+0,0.
Conditional on knowing the value of v, the difference between the first truncation and
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the mean of f is equal to

- )\202
—A
§w)+ 0702 + (0, +07)202 4+ N0

(61 —p—0px; —O,v — voi (v — S)) )

Because £(v) is positive for all v € [-7,7] and Aoe — 0 as g¢ — 0, it follows that the
expectation of this difference does not converge to a positive value as o — 0. In this case,
Lemma 8.1 implies (as before, it is not difficult to show that the conditions of the lemma
are satisfied) that

fo'e +9V(9,/+'yo'l)o'
o +(0y+70])2on+2207

—Orzi—Ouyi— 3 (e1—p—0pzi—0,yi—v0% (v:—S5))

lim lim E;;(N) [e_f} = lim lim ‘ 2
og—07—00 og—0 7—00 <9202+0202 (fU€+@V(€u+’YU%)U%) )
e

ven 9%a?+(9y+w02)20%+)\2o‘§

(8.7)
Utility is exponential, so equation (8.7) implies that each investor ¢’s demand for peso bonds
in period one satisfies

0¢—0U—o00
912[062—5-91,(0,,-1—70%)0727 (

efaji + el’yz + 9%02+(9y+’yaf)20%+)\20§

er —p—0px; — O,y; —yoi(y; — S)) —e1 + p
lim lim

0¢—0v—00 "}/V&I'ﬂ(N>[€2]

?

so that by dominated convergence

92 2400, (01 +v02) 0'
f 9202+(9u+701 2024+A2%0 25 S

lim lim B; = lim lim
O'EHO v—00 o¢ —0 v—o00 ’yo‘l

This last equality together with the market clearing condition for the peso bond market
implies that

i fim, €1 = Jimy Jim oot S+ o1 = §) 4 28 (&8)
where A and o7 are given by the solution to equations (2.6) and (2.7) from Theorem 2.2.
Of course, if e; — p+ f+vyoi(v —S) + A as 0 — 0 and 7 — oo, then all of the above
statements are true in the limit and it follows that the limit (8.8) indeed holds.

I have shown that if the foreign central bank announces its intervention if and only if
¢ > £(v), where £(v) is positive and decreasing in v, then as ¢ — 0 and 7 — oo, if
there is a central bank announcement, the exchange rate in period one is arbitrarily close to
4 f 752 —8)+ A€ —E(v)), where X and 62 are given by the solution to equations (2.11)
and (2.12), and if there is no central bank announcement, the exchange rate in period one
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is arbitrarily close to p+ f +vo?(v — S) + A, where A and o? are given by the solution to
equations (2.6) and (2.7). The assumption that 6, > 0, guarantees that A > A. Furthermore,
equations (2.11) and (2.12) imply that 67 — o2 as 0¢ — 0 (see Theorem 2.4), while equations
(2.6) and (2.7) imply that lim,,_oof > o2. It follows that as ¥ — oo and oz — 0, the
difference e; — €; is arbitrarily close to

V(v = S)(of — 02) + X+ AME(v) — €).

As long as S > v, then for each v € [~7, ], there exists é(l/) such that e; — €, = 0 whenever
£ =E&(v), er — € < 0 whenever £ < {(v), and e; — € > 0 whenever § > {(v) and such that
¢(v) is always strictly positive and decreasing in v. O

Lemma 8.1. Let x ~ N(u(z),0%(z)) with z > 0, and suppose that lim, o 0*(z) = 0 and that
lim, .o pu(z) and lim, o Z(2) exist or are equal to plus or minus infinity. Also, suppose that

all functions are continuously differentiable and

/
@ (8.9)
d (@(z)w(z))
dz o(z)
as z — 0. Then
lm B¢ |z < #(2)] = lim M) T37°() (8.10)
whenever lim,_,o (z) — p(z) > 0, and
lim Ble” | z < #(2)] = lim 2 +39%C) (8.11)

whenever lim, o (z) — p(z) < 0.

Proof. Let x ~ N(u(z),0%(z)) with z > 0, and suppose that lim, .o0%(z) = 0 and that

lim, o u(2) and lim, o #(z) exist or are equal to plus or minus infinity. For all z > 0,

Ele" |z < #(2)] ® (W) _ i) teto)g (50(2) - lj;((zz))_ UQ(Z)) |

and hence

lim E[e” |z < i(2)] ® (M) = lim M+ (g (ﬂz) - “<Z)>_ “2<Z>) . (8.12)

= o(2)
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If lim, o Z(z) — pu(z) > 0, then it is immediate by equation (8.12) that

lim FE [¢* | z < #(z)] = lim ph(2)+50%(2)

z—0 z—0
The limit relationship is more complicated if lim, o 2(z) — p(z) < 0, however, since this
implies that & (%) — 0 and ¢ <%’ZZ);GQ(’2)> — 0 as z — 0. In this case, by

I’Hopital’s rule and by assumption,

E(2)—p(z)—0%(2) #(z)—p(z)—0%(2)
. q’( e ) . ¢< =e) )
oy TR (2)—n(z)
Z— Z(z)—pu(z z— 2(2)—pu(z
® (52 o (222)
e |0 = 82) = )P | (62) = ()
z—0 202(z) 202(z)
= lim e**)1(2),
z—0
It follows that lim, o F [¢” | x < Z(2)] = lim, o e2(@+39%(2) in this case. O

Proof of Theorem 7.3 Suppose that the steady-state equilibrium exchange rate in period
t + 1 is normally distributed conditional on investor ¢’s information set in period ¢ and that
the conditional variance Var;[e;,1] is equal for all investors 7 (it must be equal in all periods
t by definition). Lemma 7.2 then implies that the equilibrium exchange rate in period ¢ must
satisfy

e, = af, + Z " TVE [ frin] + 702 Z " TVE (Vi) + ayo®é,. (8.13)

The exchange rate in period ¢ is of the form

er = afe + ¥y frer + Yove + A& + BrGira + 801, (8.14)

so the goal is to solve for the coefficients 1¢, 1., A, B¢, and (3,, which requires solving for the
steady-state variance o2 as well.

The next step, then, is to solve for the average expectations E, [fi1n] and E, [144,]. This
requires first solving for the individual expectations Ey[fi+1] and Ej[vq], with the latter
equal to p, Fy[14] since investors in period ¢ have private signals of v, only. These expectations
are more difficult to compute now that investors have prior distributions.

Let EY[-], Var),[], and Cov[-] denote, respectively, the expected value, variance, and co-
variance with respect to the information set consisting only of f; and the private signals z;;
and y;;. If the form of the exchange rate in equation (8.14) is taken as given, then Bayesian
inference implies both that the exchange rate in period t 4 1 is conditionally normally dis-
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tributed (this justifies the assumption of conditional normality) and that

0% + o? 0 Ty - prfi — T
Eit[ftJrl] [ Tt 062 0 ¢f062 ‘ ¢ 2 2 d '
Eivl )= \u + 0 o o 2 0 o, + 05 T, PvVi—1 — Yit | »
it |Vt Yit n vO Ty T Var,?t [et] €t — E?t [et]

where 7; = 02 — ;0 and 7, = 1,07 — B,05. The inverse of the variance matrix in the
above expression is equal to

) (ag + 02) Varlle,] — 72 T§, —(0,27 + o)y
7 T, (02 + o) Varh[e] — i} —(0? + od)m, : (8.15)
—(0% 4 a5 —(o? + o), (02 +aZ)(o; + 03)
where

U = (07 4 02) (02 + 03) Vary e — (07 + 05)77 — (02 + of)m;
= (07 + 02) (07 4+ 05) N0 + (V] + 20555 + ﬁ?)(af, + 03)o’0}
+ (V) + 20,8, + 32) (0 + 0¢)oro;
= (V5 + Bf)? (0 + 03)020% + (b + B,)* (07 4+ 02) 005 + (07 + 07) (0 + 05)\0f. (8.16)

Note that Et[ﬂfit] = fir1, Et[yit] = 14, and Et[et — Edled] = A + BrCir + B0, since
Elxy | F) = fiu1 and Elyy | Fi] = v, for all i € [0,1] and all t € N. Let

Ap=s(al +02) (o) + 05) — (07 + 03)mp = (V5 + Bf) (07 + 05) 02,

and
A, =1 (02 +0l)(or 4+ 05) — (07 + 0f)m, = (U + B,) (07 + 0)o;

Because Vary[e,] = 102 + 207 + No? + 70 + (203, it follows that

2

_ o
By fey1] = fegr + )‘Afaezft + ﬁe ((U? + U?)Wﬂpf — T, + @/Af) Ot

2

g
+ é (72 + (0} + 03)m by — (07 + 03) Vary[el] + BrAf) G

2

= fer1 + Mol + =< ((wf + Bp)oim, + BuAy) 6

(0}

T ((0'72; + 03)(N0of + 5f0'< + wfﬁfo'c) (v + B,) %07 ‘75 BrAf) G,

[N )
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so that

Eilfera] = feor + Mooy + Br) (o5 + ‘7?)0202&

N (U5 + B1) (W + By)otosod, — o (07 + 03)N0F + (v + 5,)%0707) G
7 .

(8.17)
Similarly, it follows that

2

E[Vt]—Vt+)\AU£t \If

(<U + o3, — mpm, +6fAv) Cit1

+ (7T]2c + (02 + a?)wyw,, — (02 + 02) Vary[e,] + B,A,) &

2

ft + — ((¢u + B,)oims + BrA ) i1

(02 + 02) (N0 + Boo5 + U Buoy) + (V + Bf)0l0f — BuA,) by,

Il
A
+
S |:qm |> S |3qw

so that

Et[yt] =l + A(¢V + ﬁu)(a2 + 0-2“)0-20-(?&

(¢f + B5) (W + B,)020203C1 — 02 (02 + 02) N0 + (5 + Bf)*0202) b,
U

(8.18)

Equations (8.17) and (8.18) state that both E;[f;11] and E;[r4] are not functions of past

noise trades or disturbances, so that higher-order beliefs collapse. More precisely, higher-

order expectations are such that B, [fiin] = p?_IEt[ fre1] and E} [vpin] = pPEi[vy] for all

n > 1. This important observation implies that the expression from equation (8.13) simplifies
to

er = afy + Z a"tp I YEilfis] + ooy, + o Z "By + aryo®€,

n=1 n=1

2 2
Eiv] + ayo?s;. (8.19)

=af; + Et[ft-i—l] + ayo?v, + o -
1 —ap,

Substituting equations (8.17) and (8.18) into equation (8.19) yields

e = afy + s fepr + v + A& A+ BpGega + By, (8.20)

where ¢y = 2 and v, =

(7.11), (7.12), and (7.13).
The final step is to solve for o2, the steady-state variance of the exchange rate, which

ap ,and A, B¢, and 3, are given by the solution to equations
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is accomplished by first solving for Var;[f;11], Var,[v;], and Cov,[f,+1,14]. Bayesian inference
implies that

(ﬁt[fm] mt[ftﬂ,vt]): <oz 0)

Covy[ feq1, 4] Var[v] 0 o}
2 2 -1 2
0
062 0 wfaz 7e ¢ 2 2 i 5 02
J— O 02 ,l/} 2 0 0-77 + 0-6 7T,/ O 0-77 )
n v T T,  Varyle] vrol Yooy

where 7; = ¢;0? — ;0% and 7, = ¥, 07 — (3,03 as before. It follows by equation (8.15) that

4
UE
Var|fin] = 0! — 2= (0, + 05) Varg el — ) = 20(0) + 05)75 + V(00 + ) (0, + 7))
2
g O-E —
4
g
7 (00 +05) (Yol + o, + Aza? + 0708 + Bl — 20y + Y3 (02 + 07)) — 71
4
O-E
=0’ - T (07 +03) (Vios + (V5 + Bp) 20t + Boo5) — (Yol — B,03)7]
4
O-E
= 0. =3 (o +05) (Vo + (U + ﬁf)%é) + (1 + B,) 0203
that
4
R a,
Var[n] = o, = 2 (07 + 0¢) Varile,] — 75 — 20, (07 + o)y + 4(00 + o) (0, + 7))
2
= 0,
0'477
%0 [(02 + 02) (o + ko + Neo? + Bla? + Blo? — 2, + E(o2 + o) — 7]
4
g,
=0l — a” (02 + 02) (VFo? + Nof + 5302 + (o + B,)°03) — (Wgo7 — Bro)?]
4
g,
- 02 - En [(02 + U?) (N ‘75 + (Yo + B,)%03) + (5 + 5]“)20'20'2]
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and that

a N

0.0,

I N

Covilfurs, ] = =5 (mpmy = slo? + 2T, = Ylod + 03)mg + Yyt (02 + 72) (02 + 03)
2 2
— =2 (02 + o)Wy + B1)o — mlWy + By)o?)

(@Z)f + ﬁf)(¢u + ﬂy)g Ucag
L

As before, ¥ is given by equation (8.16). Equation (8.20) implies that the steady-state
variance is equal to

w2_ - 2 1/ Jypu—
o = C(_J;Vart [ft+1] + piwz\/art[vt] + Mcovt[ft“’ vi]

(d}f + ﬁf) (¢V + ﬁv) 05,

which justifies the assumption that the conditional variance is equal for all investors <.
Equation (7.14) follows. O

Proof of Theorem 7.4 This proof follows the proof of Theorem 7.3 very closely. Suppose
that the steady-state equilibrium exchange rate in period ¢+ 1 is normally distributed condi-
tional on investor ¢’s information set in period ¢ and that the conditional variance Var;[é; 1]
is equal for all investors i. Lemma 7.2 then implies that the equilibrium exchange rate
in period ¢ satisfies equation (8. 13) The exchange rate in period t is again of the form
6 = « ft + Yy le + Y + )\ft + 5f§t+1 and the goal remains to solve for the coeflicients
Vi, 1y, )\ and 6f as well as the conditional variance &2

Bayesian inference again implies that the exchange rate in period t 4+ 1 is conditionally
normally distributed, so the initial assumption is justified. As in the previous proof, E,[z;] =
fir41 and E, ler — Edes]] = 5\& + B +Cry1. Furthermore, the average expectation of 14 is equal
to v, itself since the intervention is common knowledge, and so it follows that the average
expectation of f;,1 is given by

_ B o+ 02 @DfU —ﬁfU - Grs1
Eilfia] = frrr + (02 9y0?) (wfa — ﬁjcag Yiol + Nog + Cﬁﬂ() <)\ft + ﬁfCtJrl)

2 pro?) (¢faa+)‘2 ¢+ Bjog ﬁf“c _¢er2> < G )
‘ Brof — ol ol + ot N+ BrCein)

1

= fip1 + D (CT6
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where D = (¢; + ff)20202 + (02 + 02)A%02. It follows that

Eylfera] = frn + % ((5\202 + Bf(wf + Bﬂa?) o? (ﬁf + ;)02 UC) (~ _gtfl >

A&+ BrCiat
S\(Bf + %)0302& - PUEUEQH

= fii1+ = = .
T (g + Br)20202 + (02 + 02) X202

(8.21)

Equation (8.21) states that E,[f;,1] is not a function of past noise trades or disturbances, so
it follows that higher-order beliefs again collapse in this case. Furthermore, investors have
no information about future values of v, besides knowledge of the current value of v, and the
stochastic process that governs its motion. This implies that B, [fiin] = P} 1B [fi11] and

E} Vi) = p"vy for all n > 1, so that equation (8.13) simplifies to

~ = ayG? ~2
et = Oéft + Et[ft—i—l] + vy + ayo ét (822)
1 —apy 1—ap,
Substituting equation (8.21) into equation (8.22) yields
e = afy +Vpfirr + b + A+ BfCt—i-la (8.23)
where ¢y = lfipf and v, = ‘Wo‘jp , and \ and Bf are given by the solution to equations

(7.17) and (7.18).
The final step of the proof is to solve for the steady-state variance of the exchange rate,
2. If investors know the value of v, in period ¢, then standard Bayesian inference implies

that

Var[fi1] = 02 — (062 vso ) <¢f(; ' ;jcac > Uqff)?agﬁfcﬁfag) (w(;:ﬁ)

1 zpa+/\2 + o2 60—1/102 o2
— 42 2 2 f e E fY¢ rv¢ fCe €
2 052 12 2 | A 3N -2 3N 2 ‘762
=0, — D ()\ O¢ + By + 5f)‘7< Yy + ﬁf)ag) .
, : < 20f + (Y5 + Bf)%?)
= 0’6 —_— ~ .
(5 + Bf)?020% + (02 + ag))\Qag

Equation (8.23) implies that the steady-state variance is equal to

2

o Vi X 3
5> = a_J;Vart[ftH] + N0 + (5 + By)’0¢ + ¥po3,
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which justifies the assumption that the conditional variance is equal for all investors i.
Equation (7.19) follows. O

Proof of Theorem 7.5 Let ¥ = (¢ + (3f)%0%0% + (02 + ag)S\QUg, and recall that

€

o202
= (g + 0,022+ (e + B0+ D 4 (o2 4 N (5:24)

n

02+ o}
According to equations (7.14) and (7.19),

o _ Yjoeot (o7 + o)) X*0E + (v + B,)*0503)

a2V
| Ao 03 (07 + o)X} + (¢5 + By)*0l?)
L
N0+ (W By 0? + (Wt )03 — LI 4 ) (0, + )00 %0203
(8.25)
and 2 2 _2V\2
#:ﬂﬁ%iﬁ+v + (U5 + Bp)Pol + 403 (8.26)
«

Throughout this proof, I assume that the parameters of the model are such that there exist
real solutions A and \ to the systems of equations given by Theorems 7.3 and 7.4. If this is
not the case, then these limits are undefined.

Consider the limit of A, A as o¢ — 0 and suppose that A does not diverge to infinity.
In this case, )\2 — 0 so that by equations (7.17) and (7.18) it follows that 3; — 0 and

hmggﬂg A= hmggﬂo A + ay62. Of course, the limit of A and A 4+ a2 can only be equal if
either A — 0 or A — co. Equation (8.26) implies that 52 > wfag > (0 in the limit, so it must

be that A\ — oo as o¢ — 0. On the other hand, if A does not diverge to infinity as o — 0,
then equations (8.24), (7.11), and (8.25) imply that

lim A = lim Ay (¥ +6f)(02 +05)U Ué + A,y (Y +5u)(0 ‘f‘O’C)O' 05 o
Ge—0"  oem0 (b + Bp)*(ok + 0F )02} + (Yo + B,)* (02 + 0f)o2os yo?.

As long as o, > 0, it follows that A converges to a finite limit.

Consider the limit of A, X as 0. — co. If A converges to a finite limit in this case, then
equation (7.18) implies that ﬁf — —1)y so that lim, A = lim,, .o @52, Equation (8.26)
implies that
a2yt

L2 S22 2 2 - 2,254 2
lim ¢ = lim A o; + 9,075 :alllnooa Vo 0§+(1——ap,,)205'

Te—00 Te—00
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The only real solution to the equation 6> = o*y*¢*0¢ + %0? is 62 = 0, so it follows

that both 62 — 0 and A — 0 as 0. — 0. According to equation (8.24),

) .
lim — = lim (45 + 57)*(0) +03)0% + (W + 5,005 + (0 + 03N,

Te—00 0'2

so that, much like in the case of Bf, equation (7.12) implies that 8y — —¢y as 0. — oo.
These properties imply that

)‘apuwu (wzx + 5V)U1270§

lim A = lim + ayo?. 8.27
AT O T ¥ BP0 + () + RN 520
The key equation is equation (7.13), which implies that
—ap,,02\o?
lim G, = lim Py A Tg + ayo?,

oo 000 (1, + 3,)20203 + (02 + 0F) A0}

so that v, + 3, does not converge to zero since ap, < 1. All that remains is to show that o
and hence 1, does not converge to zero as o, — oo. This follows by equation (8.25), which

implies that
2

lim o = lim i O'C + piiotos + Nog + (1, + By) 05 (8.28)

Te—00 Te—00 042
The solution to this equation in the limit must be greater than zero since it contains the

constant term Z—zag > 0. It follows by equation (8.27) that A\ converges to a constant greater
than zero as o, — o0.

Consider the limit of A\, \ as oc — 0. As in the case of o, — o0, equatlon (7.18) implies
that 3y — —; in this case and hence by equation (8.26) it follows that 2 — 0 and A — 0.
It is not difficult to show that a limit equation identical to equation (8.27) obtains for this
case where o, — 0, and that a similar equation to equation (8.28) also obtains. The key
difference, however, is that if o — 0, equation (8.28) changes so that

lim 0® = lim plyloo; + Nof + (¥, + 5,)%03,

o¢c—0 o¢c—0

and hence both o?
A—0aso— 0. 3
Consider the limit of A, A as 05 — 0. Equation (8.24) implies that

and 1, converge to zero in the limit. It follows by equation (8.27) that

hm U= hm (wf + Bs)’0lotorl + (02 + o) oi N0,

O'5—>
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and hence equations (7.11) and (8.25) imply that

. . Mpp(iby + Br)ola?
lim A = lim 5 5 IR
=0 05=0 (Y5 + ff)?020¢ + (02 + o) No;

and
wJ%UQUg)\Qag
lim 0? = lim : + \N2o? + + Bf)%o?.
75—0 0s=0 25 + By)?020% + (02 + 0F) N2 0¢ e+ (Wr+ P e
Equation (7.12) also implies that
lim 3; = lim — ¢fU§A20§
os—0" " a0 (g + Bp)20202 + (02 + 0F)N20E

Meanwhile, equations (7.17), (7.18), and (8.26) imply that an identical set of equations
jointly determine the value of A\ as o5 — 0, so it follows that lim,, .o A = lim,,_o A. O

Proof of Theorem 7.6 Suppose that the steady-state equilibrium exchange rate in period
t + 1 is normally distributed conditional on investor i’s information set in period t. Suppose
also that the conditional variance Varyle;y1] is equal for all investors i. Lemma 7.2 then
implies that the equilibrium exchange rate in period ¢ must satisfy

e = Z &"TVE [ fipn] + 702 Z Q" E [Vyn] + ayo?é,. (8.29)

The exchange rate in period t is of the form

er = AQu(k) + avyo?&y, (8.30)
Qi(k) = MQ—1(k) + Nuwy, (8.31)

where k > 0 is the level at which higher-order expectations are truncated in the model. The
goal is to solve for the equilibrium conditions that characterize the matrices M and N, the
vector A, and the steady-state variance o

The definitions of the higher-order expectations vector Q(k) and the matrices M and
N imply that E| [firn] = b\ (MH)"Q(k) and E; [vy4n] = hy(MH)"Q,(k) for all n > 1.
Equation (8.29) then implies that

er =Y _ o™ (b + 7okl (MH)"Qu(k) + ayo’,

n=0
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so it follows by equation (8.30) that the vector A must satisfy

A=Y "By + yo®hh) (MH)".

n=0

Note that this equation matches equation (7.27) exactly, so that all that remains of this

proof is to characterize the state transition matrices M and N and the steady-state variance

0,2

Recall that i; = if —ap; — r = f; + x¢. In each period ¢, each investor i observes

O'e €it
Lit 07771177275
7 . o G
Zip = 7 DQ(k) + R 051515 )
€t o X
Uglft
where
10
10 1T O3x2
D= 10 ’
A
and R = <R1 RQ), with
oo 0 0 0
0 0 0
Ry = 0 %77 ; Ry = | O4x2 oy 0
0 0 0 ayo?oe

If the state vector of higher-order expectations evolves according to equation (8.31), then
Bayesian updating implies both that the exchange rate in period ¢t + 1 is conditionally
normally distributed (this justifies the assumption of conditional normality) and that

Ey|Qi(k)] = ME;1[Qu-1(k)] + K (20 — DM Ej_1[Q:-1(K)]),
where K is the Kalman gain matrix. Averaging this equation over all investors yields

EQu(k)) = ME,_1[Q-1(k)] + K (DMQ;-1(k) + (DN + Ry)w, — DME;_1(Q,-1(k)])

= (M — KDM)E;_1[Qs_1(k)] + KDMQ,_1(k) + K(DN + Ro)w;. (8.32)
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Equation (8.32) implies that

_ qot _ Jot—1 _
Qulk) = (E[Qt(k: _ 1)}) =M (E_l[czt_l(k - 1)]> e = MQua (k) + Ny, (8:33)

where

e 0y 0 0
_ 2% 2k 2% 2k+2 2% 2k+2
M=10 r * (02m M — KDM]_) * ([KDM]_) (839
O2kx2k+2
0
. % O2><2
N=|0 o : (8.35)
[K(DN + Ry)]_

and [M — KDM]_ is the matrix M — K DM with the last two rows and columns removed
and [KDM]_ and [K(DN + Rs)]_ are, respectively, the matrices K DM and K(DN + Ry)
with the last two rows removed. The Kalman gain matrix K is given by

K = (PD'+ NR,)(DPD' + RR')™!, (8.36)
where P satisfies the matrix Riccati equation
P =M (P—(PD' + NR,)(DPD'+ RR)™ (PD'+ NR,)) M' + NN'. (8.37)

The next step is to solve for the steady-state variance of the exchange rate 2. In order
to do this, it is necessary to compute the variance-covariance matrix

P = var, [ 0] v, [ 4]

i1 Ei1

which depends on the steady-state dynamics of a system slightly more general than the
system from equation (8.31). Note that

‘74_1Ct

(Qt(k)) _ (M 02k+2><1) (Qt—l(k‘)) i ( N N ) o5 6
&)\ Oixorss §t—1 000 o) o xe |’

Ug_lft

where N7 and Ny consist, respectively, of the first two columns and the last two columns of
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the matrix N from equation (8.35) above, and that

Tt 10 1 0 0 .
T 0 1 Osxops1 | (Q:(K) n 010 i
! it Lo & 0 01 Mt
e A ayo? 00 0/ WX

This system of equations both justifies the assumption that the conditional variance is equal
for all investors ¢ and implies that the matrix P is given by the solution to the Riccati
equation

A

=11 (P (PD/ 4 NR)(DPD + RR) (D + KRYY) 01 + NN, (839

where

1 0
= (M 02k+2><1) ’ N <N1 Ny ) ’ D (1) (1) 03 2k+1
A

O1x2k+3 000 o
aryo?
) ) oo 0 R 02x4
R= (R Ry), Ri=[(0 o,], Ry=10 0 o, 0
0252 00 0 0

Because e;,1 = AQq41(k) + ayo?&,4q, it follows that
o?=(A ayo®) P(A ayo?) . (8.39)

I conclude that the matrices M and N and the steady-state variance o2 from the approximate
equilibrium of Theorem 7.6 are given by the joint solution to equations (8.34), (8.35), (8.36),
(8.37), (8.38), and (8.39). The fact that this approximation converges to the true steady-state
equilibrium of this model is shown by Nimark (2010a). O

Proof of Theorem 7.7 Suppose that the steady-state equilibrium exchange rate in period
t + 1 is normally distributed conditional on investor ¢’s information set in period ¢. Suppose
also that the conditional variance Vary[é;,1] is equal for all investors i. Lemma 7.2 then
implies that the equilibrium exchange rate in period ¢ must satisfy

G = Z "B firn] + 767 Z A" VE Vi) + a6, (8.40)
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The exchange rate in period t is of the form

~2

Qu(k) = MQ—1 (k) + Ny, (8.42)

v + aydE,, (8.41)

where k > 0 is the level at which higher-order expectations are truncated in the model. The
goal is to solve for the equilibrium conditions that characterize the matrices M and N, the
vector A, and the steady-state variance G2.

As in Theorem 7.6, the investors do not publicly observe the value of f; in each period t,
and so higher-order expectations of this interest rate parameter are part of the equilibrium
exchange rate. However, unlike in Theorem 7.6, the investors do publicly observe v; and
hence there are no higher-order expectations of current or future interventions. It follows
that B, [firn] = R (MH)"Qy(k) for all n > 1 as before, while now E, [14,] = pu; for all
n > 1. Equation (8.40) then implies that

00 ~2
~ n T I\ ) ayo
e =Y " (MH)"Qu(k) + S _7&p

n=0 v

Vi + (1”75'2515,

so it follows by equation (8.41) that the vector A must satisfy

i o (MH)"

n=0

Note that this equation matches equation (7.33) exactly, so that all that remains of this

proof is to characterize the state transition matrices M and N and the steady-state variance
~2
a°.

Let e, = &, — fjjj v;. If the foreign central bank announces the value of v; publicly, the

relevant observations for each investor 7 in each period t are given by

v O'6 €it
~ _.’L't 5 0_—1
Zit = (N = DQt<k) + R EICt s
= Oy Xt
€t 0_—15
I3 t
where
1 0
_D — 1 2%k ,
A
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and R = <R1 Rz), with

O 0 O 0
Ri={0]., R=[00o, o0
0 0 0 aydioe

If the state vector of higher-order expectations evolves according to equation (8.42), then
Bayesian updating implies both that the exchange rate in period t 4+ 1 is conditionally
normally distributed (this justifies the assumption of conditional normality) and that

EuQi(k)] = MEy1[Qu—1(k)] + K <5¢t - DMEit—l[@t—l(k)D )
where K is the Kalman gain matrix. Averaging this equation over all investors yields

EQi(k)]) = ME; 1[Q1 (k)] + K (DMQt—l(k) + (DN + Ry)i; — DMEt—l[Qt—l(k?)])
= (M — KDM)E,_1[Q_1(k)] + KDMQ,_(k) + K(DN + Ry),. (8.43)

Equation (8.43) implies that

~ B ot _ Got—1 Vb, — MO Vi
109 = (0,0~ 1) =7 (s - ay) 50 = $Qb) + 50 (580

where

= () ow 0o ) (eriil ) ®9
5= (Grons ) (848)

and [M — KDM]_ is the matrix M — KDM with the last row and column removed and
[KDM)]_ and [K(DN + Ry)|_ are, respectively, the matrices K DM and K(DN + R,) with
the last row removed. The Kalman gain matrix K is given by

K = (PD' + NR,)(DPD' + RR')™, (8.47)
where P satisfies the matrix Riccati equation
P=M (P — (PD' + NR,)(DPD' + RR)"(PD' + NR’Q)’) M+ NN (8.48)

As in the proof of Theorem 7.6, the final step is to solve for the steady-state variance of
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the exchange rate 62. In order to do this, it is necessary to compute the variance-covariance

matrix . ~
]5 = Vary |:Qt+1(k>:| — Wt |:Qt+1(k)} 7
iv1 Sev1

which depends on the steady-state dynamics of a system slightly more general than the
system from equation (8.42). Note that

(@t@):(ﬂz o) (@t:1<k>)+(m NQ) o,
& 01 x k42 §i1 0 0 o¢ X—1: ’

where N} and N, consist, respectively, of the first two columns and the last column of the
matrix NV from equation (8.46) above, and that

Tit 1 ~ 10
se= 5 | = (1 Qe (Qték))Jr 0 1 (6”).
ey A ayo? t 0 0

This system of equations both justifies the assumption that the conditional variance is equal
for all investors ¢ and implies that the matrix P is given by the solution to the Riccati
equation

P=N (p —(PD'+ NR)(DPD' + RR)"N(PD' + fvﬁf;)’) M+ NN, (8.49)
where
5 o 1
N = <M 0k+1><1) . N= ( 1 NQ) o b=|1 O2xk+1
01 k42 0 0 o i oy
) ) o ) 0 0 0
R= (R, Ry), Ri=1[(0], Ry=10 o, 0
0 0 0 0

Because €41 = fll:[tﬂ(k) + %%Vt + ay52&,41, it follows that

= (A ayd?) P(A ays?) + ( 1“_72[) ) o2. (8.50)

I conclude that the matrices M and N and the steady-state variance &2 from the approximate
equilibrium of Theorem 7.7 are given by the joint solution to equations (8.45), (8.46), (8.47),
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(8.48), (8.49), and (8.50). The fact that this approximation converges to the true steady-state
equilibrium of this model is shown by Nimark (2010a). O
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Part II1
Information Manipulation in (Global

Coordination Games

A wide variety of economic outcomes are affected by the ability of agents to coordinate their
actions. In all of these cases, the information available to the agents influences both their
actions and their capacity for coordinating those actions. This information is usually assumed
to be truthful and unbiased, but if players in these games can filter or alter the information
that reaches the agents, then this assumption is more tenuous. The effect of information
manipulation is especially important in coordination settings, since the optimal action of an
individual depends not only on her ability to remove the bias from her information, but also
on the ability of others to remove the bias from their information. This interaction between
information manipulation and the heterogeneity of beliefs can potentially have significant
effects on the equilibrium outcome of coordination games.

This chapter investigates how information manipulation alters the equilibrium outcome
of coordination games in which agents observe noisy private signals of the underlying state,
i.e., global games. I consider a simple game in which a regime manipulates the private
information of agents while the agents attempt to coordinate an attack against the regime.
The success of this attack depends on both the attack’s size and the underlying state, which
affects the regime’s ability to defend successfully. The main conclusion is that the effect
of manipulation depends crucially on the regime learning about fundamentals faster than
the agents do. In particular, I show that information manipulation incurs costs for the
regime but has no effect on the agents’ attack if the agents learn about the underlying state
fastest. If instead the regime learns the state faster than the agents, then it is possible for
information manipulation to weaken the agents’ attack provided that this learning satisfies
certain properties. In those cases in which the manipulation is ineffective, the regime prefers
not to manipulate information but cannot credibly commit to do so.

Information manipulation in this setting is intended to capture the reality that the incum-
bent regime is often able to alter and filter the information that eventually reaches coordi-
nating agents. Such manipulative actions are particularly apparent during both speculative
attacks against fixed currency pegs and political revolutions against autocratic regimes. In
the case of speculative attacks, the experience of the United Kingdom during the European
ERM crisis of 1992 provides a nice example. Both Stephens (1996) and Thompson (1996)
document that in the months prior to the pound’s exit from the ERM, the British government
often prevented or attempted to prevent the publication of news stories that could reveal
either the divisions within the government itself or the tensions between the government and
the German Bundesbank. During this episode, the pound was pegged to the Deutschmark
along with several other European currencies, and the British government was hoping that
the Germans would help support the peg by both lowering domestic interest rates and pur-
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chasing pounds sterling. The British authorities also sought to create the impression of
stronger fundamentals by misleading the public about their ability and willingness to use
foreign exchange reserves to defend the peg. Indeed, Stephens (1996) describes one instance
in which British officials deliberately concealed some of their reserves in an attempt to sur-
prise the market and convince it that both reserves and buyers of pound sterling were in
great abundance. Manipulative actions such as those taken by the British government dur-
ing the European ERM crisis of 1992 surely have some effect on the expectations of market
participants, even if those participants are aware of the government’s actions.

Much like central banks during currency crises, autocratic regimes almost always seek
to control the information that reaches their subjects in an attempt to prevent or limit
the intensity of revolutions. These manipulative actions include censoring newspaper and
printed media content, banning open protests and dissident groups, censoring radio and
television broadcasting, and most recently, monitoring and restricting the public’s internet
access. As emphasized by Edmond (2008b), the use of these authoritarian techniques to
distort the public’s information has been widespread and includes such different episodes
as nineteenth century Ottoman Turkey and present day China. In the same way that the
actions of central banks affect the expectations of market participants, the restrictive policies
of autocratic regimes affect the beliefs of the general public, even if the public is rational and
aware that its information is being manipulated. One of the goals of my analysis is to better
understand how those beliefs are influenced and what the implications of that influence are.

The global games that I present in this chapter extend more standard global games
so that the regime does not know the outcome of the game ex-ante. This is achieved by
splitting the fundamentals of the game into two parts, one of which the regime is perfectly
informed about (denoted by €) and the other which the regime is unsure about (denoted by
). Agents face uncertainty about both parts of fundamentals and receive private signals of
these parameters, so that they have heterogeneous posterior distributions for fundamentals,
as in the setup of Morris and Shin (1998).33 Agents choose whether or not to join an attack
against the regime based on their biased private signals, and agents’ actions are strategic
complements since the attack successfully ousts the regime only if enough agents join the
attack. Of course, rational agents are aware of the potential for biased private signals and
take this into account when forming their beliefs about the probability of a successful attack.

In this setting, I examine the implications of information manipulation by the regime.
Following Edmond (2008a), I assume that the regime values successfully repelling the agents’
attack and that it can take a costly hidden action that shifts the mean of the agents’ private
signals upwards. The maximum size of this bias is bounded above, so that the full effective-
ness of this action is limited. Because the regime is uncertain about a part of fundamentals,
the regime knows neither the exact size of the attack it will face nor its full ability to repel
that attack. As a consequence, the regime is uncertain about the outcome of the coordina-

33The setup is somewhat related to Cheli and Della Posta (2007), who consider how biased private signals
affect the outcome of a global coordination game. The key difference is that the authors primarily analyze
the effects of unexpected bias rather than the equilibrium implications of information manipulation.
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tion game when it chooses how much to bias agents’ private signals. In equilibrium, then,
the regime trades off the cost that information manipulation incurs with the benefit that it
provides by reducing the likelihood of a successful attack by the agents.

The fact that both the regime and the agents face uncertainty in my setup is crucial.
In particular, this uncertainty causes some weak regimes to bias the information of agents
upwards since this action makes a successful attack by the agents less likely. Furthermore,
because the effectiveness of information manipulation is bounded above, many regimes that
wish to take an action that is large enough to practically eliminate the possibility of a defeat
by the agents are unable to do so and instead only have the option to take an action that
leaves a non-trivial probability of collapse. Rational agents are aware that weak regimes
are biasing their private information and this compels them to discount higher signals more
aggressively. As a consequence, the effectiveness of information manipulation depends on
the extent to which the regime is better informed about fundamentals than the agents. This
result extends the result of Edmond (2008a), who considers a game in which the regime faces
no ex-ante uncertainty and concludes that information manipulation effectively reduces the
intensity of the agents’ attack. In my model, this maximume-effectiveness result only obtains
in some cases.

There is a mass of receivers of information in my model (the agents), so the equilibrium
effects of information manipulation are different from earlier analyses of strategic manipu-
lation that considered a single receiver of information. In a one-to-one setup, Crawford and
Sobel (1982) show that the single information receiver achieves higher expected utility as
her preferences become more similar to the information sender’s. Similarly, both Milgrom
and Roberts (1982) and Matthews and Mirman (1983) consider an environment in which an
established firm seeks to choose a price that maximizes current profits but also may deter
another firm’s entry as a competitor. These authors examine how and when limit pricing
is able to effectively reduce those instances in which the second firm enters. While these
authors’ results do hint at the importance of more precise information about fundamentals,
their focus is primarily on noisy signalling and asymmetric information.

This chapter contributes to a growing literature that examines the implications of un-
certainty on the part of the regime in coordination games. Goldstein, Ozdenoren, and Yuan
(2011) consider a setup in which the central bank does not know fundamentals perfectly
and learns about them by observing the aggregate trading of currency speculators. They
show that the bank can improve the effectiveness of its policy by committing to put a lower
weight on information from the market. Kurlat (2009) develops a model in which the regime
is uncertain about speculators’ preferences and shows that there exist distributions of pref-
erences that can justify any possible partial defense strategy by the regime. Bauer and Herz
(2009) consider a setup in which the central bank faces uncertainty about the size of the
speculators’” attack against it and find that the strength of the defensive measures chosen by
the bank are not monotonically increasing in fundamentals

The chapter is organized as follows. Section 9 presents the benchmark game in which
agents play a global game with two sources of uncertainty but no information manipulation.
Section 10 extends this game so that the regime can manipulate the information of the agents
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and presents the main results. Section 11 concludes. The proofs for all of the results are
provided in the last section.

9 Benchmark Game

A game is played between a regime and a continuum of risk-neutral agents indexed by
i € [0,1]. There are two periods in this game, and in period one each agent i chooses
whether or not to attack the regime. The action a; = 1 represents an attack and a; = 0
represents no attack, and the total mass of attacking agents is denoted by A > 0.

The difference between this benchmark global coordination game and more standard
setups is that fundamentals are separated into two distinct parts. In particular, the funda-
mentals in this game are parameterized by the sum

F=04+3, (9.1)

where 0, € R. In period two, the regime survives the agents’ attack if and only if f > A, so
the sum 6 + 6 measures how strong an attack must be in order for the regime to collapse. I
separate fundamentals so that both the regime and the agents can be better informed about
one part of fundamentals, as is the case in the setup of Section 10. The goal is then to
investigate how the effectiveness of information manipulation by the regime depends on the
degree to which the regime is better informed about fundamentals than the agents.

As is standard in coordination games, fundamentals are such that if f < 0, then the
regime collapses in period two regardless of the size of the agents’ attack, and if f > 1, then
the regime survives in period two regardless of the size of the attack.>® The agents’ payoffs
are realized at the end of period two and depend on the outcome of the attack. Specifically,
the payoff of agent 7 is given by

u(ai, A, f) = (1g<ay — 7)a;, (9.2)

where 1 > r > 0 is the cost of joining the attack against the regime. The actions of the
agents in this setup are strategic complements since the probability of a successful attack
increases as more agents join in.

In period one, each agent 7 receives a private signal about the fundamentals, x; = 0+d+¢;,
where ¢; ~ N(0,0?) and all noise terms are independent across agents. I assume that the
common prior for € is given by an improper uniform distribution over the real line, so that
there is no public information about the value of this fundamental. These assumptions
imply that each agent ¢’s posterior beliefs about f are normally distributed with mean x;

and variance o2. In equilibrium, each agent’s period-one decision whether or not to attack

34This is because the total mass of attacking agents A is always greater than or equal to zero and less
than or equal to one.
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the regime is a function of her private signal only, so I write a; = a(z;) for all ¢ € [0, 1].

In this benchmark game, I assume that ¢ is normally distributed with mean zero and
variance o2. All agents share the same beliefs about ¢ and these beliefs are common knowl-
edge. 1 also assume that the regime cannot take any actions in the first period, so that it
only observes the game in period one and then collapses in period two if the agents’ attack is
sufficiently large (0 + 6 = f < A). These assumptions imply that the regime’s beliefs about
d are inconsequential, and that the setup is that of a standard global game. Let ¢(-) denote
the density function of a standard normal random variable.

Definition 9.1. An equilibrium of this game is an agent’s posterior density «(f|z;), an

individual attack decision a(z;), and a mass of attackers A(f) such that

w(rle)= [ oot (") (L) w, 9

a(z:) = arg max { [ e, A, (5 ) df} | (9.4)

a;€{0,1} 0
a0 = [~ ortateo (2220 dn, 9.5

Note that equation (9.3) from this definition implies that the agents’ posterior densities
for fundamentals f = 6 + ¢ are given by

w(f |g) = 016 ( —/ ) . 06)

O¢

This is simply the density of a normal random variable with mean z;, so it follows that
agents’ posterior beliefs about f are normally distributed. This is a consequence of agents
having uninformative priors about 6, since that forces their observations of x; to form all of
their beliefs about the sum 6 + §. I emphasize that this assumption can be easily relaxed
without changing the main results. Indeed, the key implication of assuming that agents have
a common prior for # is that equilibrium uniqueness is no longer guaranteed.

It is a well-known result that imperfect common knowledge about fundamentals in co-
ordination games generates a unique equilibrium that is monotone in the agents’ private
signals. In this section’s setup, this means that the agents’ equilibrium strategies are mono-
tonically decreasing functions of their private signals x;: there exists a unique threshold x*
such that each agent i chooses to attack if and only if z; < x*. This uniqueness result was
first proved by Carlsson and van Damme (1993), and has since been extended by Angeletos,
Hellwig, and Pavan (2007), Dasgupta (2007), and Hellwig, Mukherji, and Tsyvinski (2006),
among others. The fact that there exists a unique monotone equilibrium of this game when
agents have heterogeneous information contrasts sharply with the equilibrium predictions
when all information is instead public. Indeed, if all information about 8 + ¢ is shared by
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agents, then there exist multiple equilibria. More specifically, if 0 < 8+ < 1 and this value
is common knowledge, then there exist two equilibria: either all agents attack the regime
and this attack is successful, or no agents attack the regime and this attack is unsuccessful.
In either case, the success or failure of the agents” attack against the regime is self-fulfilling.

More generally, a unique equilibrium in global games of this kind is guaranteed as long
as the agents’ private information about 6 + ¢ is sufficiently more informative than their
public information. This result is discussed by Angeletos and Werning (2006) and Hellwig
(2002). In terms of this benchmark game, the implication is that the unique equilibrium of
this section still obtains if I add an informative common prior for 6, provided that that prior
is sufficiently less informative than the agents’ private signals z;.

Theorem 9.2. There exists a unique Bayesian equilibrium of this game in which there are
thresholds x* and 0*(§) such that each agent i attacks the regime (a(x;) = 1) if and only if
x; < x* and the regime is successfully overthroun (0+6 < A) if and only if 6 < 6*(5). These

thresholds are uniquely determined by the solution to the equations

O¢

0*(0) = A(0*(0) + 6) = P(x; < 2* | 0°(0)) = @ (L@_‘S) : (9.7)
= PO <0°(6) | ) = P(a" — 0°(6) — 6 < 1) = 1 — & (M> o (98)

sothatv* =1—r+0P (1 —7r) and 0*(6) =1 —r — 4.

Equation (9.6) shows that the agents’ posterior distributions for fundamentals f = 6 + ¢
are heterogeneous, and as a consequence the proof of Theorem 9.2 proceeds by the usual
iterated elimination of dominated strategies. Indeed, because of these heterogeneous posteri-
ors, there is no practical difference between this setup and other, more standard global game
setups. For this reason, I omit the proof of Theorem 9.2 for brevity and refer the reader to
Hellwig (2002) and Morris and Shin (2003) for a proof of this uniqueness result.

I express the monotone equilibrium of this game in terms of a threshold for 6 that is
a function of § only to facilitate the comparison of this game with other games in which
represents all of fundamentals. Theorem 9.2 could easily be restated with a unique threshold
for f = 6+ 6 given by f* = 1 — r. In this case, the regime is successfully overthrown if
and only if f = 60+ 0 < f*. An important consequence of the fact that 6*(6) =1 —r —§
is that this threshold does not change as either o, the standard deviation of each agent’s
idiosyncratic noise term, or os, the standard deviation of 9§, change. In other words, the
range of fundamentals for which the regime survives the agents’ attack against it does not
depend on the precision of the agents’ signals about those fundamentals. This result changes
dramatically in Section 10.3> Once the regime is able to manipulate the agents’ information,

35 Adding a public source of information about fundamentals also changes the implication that the precision
of the agents’ information is irrelevant. For a discussion of the effects of higher quality information in this
setup, see Heinemann and Illing (2002), Metz (2002), and Bannier and Heinemann (2005).
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the effect of an increase in precision can often be significant, especially in the limit as signals
become arbitrarily precise. This result is examined in detail by Edmond (2008a).

Throughout my analysis, I shall focus primarily on the case in which ¢ is equal to zero.
First, beliefs about ¢ are normally distributed around zero, so it is clearly most appropriate
to think of this variable as being equal to zero rather than some other value, especially as
os — 0. Second, this parameter is intended to capture the uncertainty that both agents and
the regime have about fundamentals, even if these players turn out to be correct on average.
Most global games assume that the regime knows the state of fundamentals perfectly, but
this is clearly an unrealistic assumption. For example, the costly, extensive, and ultimately
ineffective manipulative actions of the British government during the European ERM crisis
of 1992 present strong evidence that this regime was imperfectly informed about the state
of the economy and the intensity of the speculative pressure that was mounting against it.
If the government was truly aware of its weak position, it surely would not have acted as
aggressively as it did.*® In addition to being unrealistic, there is reason to think that the
assumption of perfect information on the part of the regime is more than just a harmless
simplification in the case of information manipulation. Indeed, I show in the next section that
the effectiveness of this manipulation depends crucially on the extent to which the regime
is better informed than the agents. The next step is to extend the model and consider the
implications of information manipulation by the regime.

10 Information Manipulation

Suppose that the regime can manipulate the information of the agents in period one. Specif-
ically, suppose that the regime can take a costly hidden action v € [0, 7], where 0 < 7 < 0.
This action biases the private information of agents so that each agent i observes the private
signal x; = 0 + 0 + v + ¢; in period one. As before, the signals ¢; are normally distributed
with mean zero and variance o? and are independent across agents.

The cost of this information manipulation is given by the convex function C(v), where
C(0) =0, C'(v) > 0 for all v > 0, and C"(rv) > 0 for all v € [0,7]. This assumption
captures the fact that the regime is able to filter and alter the information that agents
receive. Information manipulation creates the appearance of stronger fundamentals and
hence weakens the agents’ attack, but it also incurs some cost to the regime. Furthermore,
this action is bounded above so that the maximum effect of this manipulation is limited. The
game remains the same in period two, with the regime collapsing if and only if f =0+ < A
and agents receiving payoffs depending upon the attack’s outcome (1 — 7 > 0 for attacking

36 Additionally, both Stephens (1996) and Thompson (1996) look at internal communications and state-
ments within the British government during the ERM crisis and find strong evidence of misinformation.
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successfully, —r < 0 for attacking unsuccessfully, and 0 for not attacking).

The second important assumption involves the information of the agents and the regime.
As I shall demonstrate below, the way in which this information differs between players has
important implications for the effectiveness of information manipulation in equilibrium. I
assume that the regime knows the value of 6 perfectly but is unsure about the value of 4.
Specifically, the regime believes that  is normally distributed with mean zero and variance
o2. The agents, on the other hand, believe that § is normally distributed with mean zero
and variance 7. This section’s main exercise is to investigate how the ratio 2= influences
the effectiveness of information manipulation by the regime. ’

This setup is intended to capture a situation in which 0 is equal to zero, but both the
regime and the agents are unsure that this is indeed the case. It follows that the parameter o,
measures the amount of uncertainty that the regime faces about fundamentals. The agents,
however, face even more uncertainty about fundamentals because they also do not know the
value of 6 perfectly (they observe private signals x; = 0 + d + v + ¢;). In the results below,
I investigate how the impact of manipulation varies with the relative informativeness of the
agents and the regime. I show that this ratio determines the effectiveness of manipulation
in the limit as both the agents’ and the regime’s information become infinitely precise.

The fact that the regime faces some uncertainty about fundamentals and hence also
about the effectiveness of its hidden actions is an important part of this section’s setup.
If the regime instead knows the value of § perfectly, then it will never incur the costs of
manipulation without the benefit of succeeding against the agents’ attack. In other words,
the regime will only choose v > 0 if it is certain that this action will effectively thwart
the agents’ attack against the regime. As a consequence, any time the regime manipulates
information, it is able to successfully ensure its survival. This is the setup analyzed by
Edmond (2008a), who shows that this assumption implies that the agents’ attack disappears
in the limit as agents’ private signals of fundamentals become infinitely precise. I show below
that this same limit result obtains in this section’s setup as well, but only in the special case
in which the regime learns about § faster than the agents learn about 6 + ¢.

If the agents instead learn about # faster than the regime learns about §, then the
regime’s option to manipulate information incurs costs on the regime without diminishing
the intensity of the agents’ attack in period two. This follows because the regime must trade
off the costs of information manipulation with its uncertain benefits. Furthermore, because
the effectiveness of this manipulation is bounded (v < 7), the regime is often unable to err
on the side of caution and manipulate to such an extent that it is almost certain it will
survive the attack in period two. Instead, the regime must choose between taking a costly
and highly uncertain action and doing nothing.

The regime has a loss of one if it collapses in period two and its hidden action v € [0, 7]
incurs a cost of C'(v). It follows, then, that the regime wishes to minimize the loss function

L((g +9, A, V) = C(V) + 1{0+6<A}- (10.1)
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For a given choice of v > 0, let

9+5(9’V):q)(x*—@—u—&@,ﬂ)’ (10.2)

O

so that X R
5O, 0) =1 —0—v— b (9 1400, 1/)) . (10.3)

Because A(0,v,0) = ® (%:“’5), the regime collapses in period two with 6 < A(0,v,d) if
and only if § < § (0,v). This fact implies that the regime’s expected loss is simply equal to

the cost of its hidden manipulation plus the probability that § < B 0,v).

Definition 10.1. An equilibrium of this game is an agent’s posterior density 7(f | x;), an
individual attack decision a(x;), a mass of attackers A(f,v,d), and regime information ma-

nipulation v(6) such that

ffo 0—10—1 ( J[:V(@))gb(@ff do
et (2 o (L) oy
a(xi):argmax{/_oo w(as, A(0,,8), f)r (f|xl)df} (10.5)
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A0, v,8) = / o a(z:)p (""” —6-vl) - 5) dz;, (10.6)
—00 O¢

_ 5(0) . 5
v(f) = argmin< C(v) + o, — | dd . (10.7)
ve(0,7] —0o0 Or

This equilibrium definition extends Definition 9.1 from the standard global game with
no information manipulation. The crucial difference between the two is that the regime in
this game manipulates the agents’ information in a way that minimizes its expected loss
given its information about 6 and ¢. Rational Bayesian agents are aware of this information
manipulation and attempt to filter it out when forming their expectations about f = 6 + 6.
This is evident from equation (10.4).

Unfortunately, the extra complexity that information manipulation together with uncer-
tainty about ¢ adds makes it difficult to prove the existence of a unique equilibrium. As a
consequence, I focus primarily on monotone equilibria in this setup. A monotone equilibrium
of this game is given by two thresholds as in Theorem 9.2. The first threshold, 6*(¢), is such
that the regime collapses in period two if and only if § < 6*(4). The second threshold, z*,
is such that an agent with private signal x; chooses to join the attack against the regime
in period one if and only if z; < x*. Because the attack against the regime is successful in
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period two if and only if § < A(6,v,d), it follows that the threshold 6*(d) is given by the
solution to the regime’s indifference condition

0°(8) = a* — & — v(07(5)) — 0. B1(0*(6) + 6). (10.8)

Similarly, as long as the agents’ posterior probability of the regime collapsing is decreasing
in their private signals x;, the threshold z* is given by the solution to the agents’ indifference
condition

PO <0°(0) | z*v()) =1 (10.9)

I show below that a unique monotone equilibrium exists in the limit as the uncertainty in

this game disappears. As in the previous section, I focus on the case in which ¢ is equal to
/ .

zero. Let o = (Ja oy O'e) be a vector of noise terms.

Theorem 10.2. Suppose that o — 0. Suppose also that C(v) < % and 1 —r+v < 1. If

Je

% — 0 and Uiagé ("T— V}T‘l_‘”) — 0, then in the limit there exists a unique monotone equilibrium

with 0*(0) — 1 —r.

The proof of Theorem 10.2 is in Section 12. The second condition of the theorem, that
id) <"T—Vl_r;_‘”) — 0, implies that also ¢ — 0. Together with g_g — 0, this implies that
2< — 0 as well and so Theorem 10.2 states that if agents learn about fundamentals 6 + ¢
faster than the regime learns about §, then information manipulation is ineffective. In
particular, if 0 is equal to zero in this case, then the threshold for # at which the regime is
defeated, 6*(0), converges to 1 — r in the limit. This is the same value for the threshold as
in the benchmark game with no information manipulation of Section 9. The implication is
that fundamentals determine the regime’s ability to survive the agents’ attack in period two
in the same way as if there were no hidden actions to bias the agents’ private information.

In this game’s unique monotone equilibrium (in the limit), a regime with 6 = 6*(0)
chooses ¥ = v and manipulates the agents’ information maximally. This action is effective
as it reduces the number of agents with private signals x; less than z* so that the regime faces
an attack that is smaller than if it were to take no action. However, the agents are aware
that the regime may be manipulating information and they discount their private signals
in a Bayesian manner. If the agents’ information is sufficiently better than the regime’s,
then the agents perfectly discount their private signals and filter out all of the regime’s
manipulation. In equilibrium, then, the agents expect the regime to bias their signals and
the regime validates these expectations in order to give itself a chance to survive by reducing
the size of an otherwise enormous attack against it. The end result is that the regime takes
a costly action with no net benefit. If it could do so credibly, the regime would prefer to
commit to not manipulate the agents’ information in these instances.

The proof of Theorem 10.2 is accomplished in two separate steps. First, I characterize the
regime’s choice of manipulation v in the limit as both the regime and the agents’ information
about fundamentals become arbitrarily precise, assuming that 7 < z* < 1. In this case, the
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regime’s choice of manipulation is a function of its type 6 and varies across three different
regions for this type parameter. The first region consists of those regimes that prefer not to
bias the agents’ information because of either very strong or very weak fundamentals. More
precisely, I show that there exist thresholds §; < 6, such that all regimes with 6 < 6, (weak
fundamentals) or 6 > 6, (strong fundamentals) choose v(f) = 0. The second region consists
of those regimes with intermediate fundamentals whose optimal choice of v is nonzero and is
not affected by the upper-bound constraint ¥ < v. This means that there exists a threshold
0, (satisfying 6, < 6,, < 0;,) such that all regimes with 6,, < 6§ < ), choose 0 < v(0) < D.
In this range of fundamentals, regimes are able to manipulate the agents’ information in a
way that ensures that they survive the agents’ attack for most values of §, including the
important case in which it is equal to zero. The third region consists of those regimes with
intermediate fundamentals whose optimal choice of v is nonzero but is constrained by the
upper bound 7. In particular, I show that all regimes with 6, < 6 < 0, choose v(f) = D.
An important consequence of the assumption that C'(v) < % is that this region is nonempty,
provided that the noise parameters o. and o, are sufficiently small. This follows because a
regime of type = z* — v that chooses v(f) = v survives the agents’ attack in the limit if
and only if 6 > 0, which occurs with probability one half. As long as C'(7) < %, the regime
prefers to incur the costs of maximum manipulation rather than to survive the agents’ attack
with probability zero in the limit.

The second part of the proof of Theorem 10.2 involves solving for the agents’ beliefs
about the probability of a successful attack against the regime. Recall that the agents’
attack threshold z* is given by the solution to equation (10.9), and consider the behavior
of the conditional probability on the left-hand side of this equation as & — 0. An agent
who observes the private signal z* = 6 + v(6) + ¢ + ¢; rationally weighs the possibility
of 6 being in each of the manipulation regions described in the previous paragraph. This
is where the assumption that both 7+ — 0 and 2= — 0 is crucial. Because 0, converges
to x* and both #; and #,, converge to x* — v as ¢ — 0, it is necessary for agents to
learn about fundamentals faster than the regime in order for an agent who observes z* to
conclude that 6 € (6;,6,,). Once it is established that € is in this intermediate range, it
is very easy to filter out the regime’s information manipulation because v(0) = v for all 6.
As a consequence, the equilibrium conditions given by equations (10.8) and (10.9) become,
in the limit, essentially the same as the conditions given by equations (9.7) and (9.8) from
Theorem 9.2 in the previous section, except that x* now filters out the regime’s manipulation
and hence converges to 1 — r + ¥ rather than 1 — .37

37Recall that in the coordination game with no information manipulation of Section 9, z* — 1 — r as
0. — 0 while 8*(0) = 1 — r does not change.
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Theorem 10.3. Suppose that o — 0 and that C(v) < 3.

7-\/_1 r . TV_I r — .
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limit there exists a monotone equilibrium with 6*(0) — 0 and there exist no monotone
equilibria with 6*(0) > 0.
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equilibria with 6*(0) < 1 — v.

O¢

®1(1 — 1), then in the limit there exist no monotone

The proof of Theorem 10.3 is in Section 12. In the first part of the theorem, the as-

sumption that Uigzﬁ (W—Tm

) — 00 requires that 7= converge to a limit less than one.
Consequently, this part of the theorem states that if the regime learns about ¢ faster than
the agents learn about 6 + 9, then information manipulation is effective provided that the
regime does not learn about d too much faster than the agents. This result corresponds to
the situation described by Edmond (2008a). In this case, both the regime and the agents
learn that ¢ is equal to zero much faster than the agents learn about the value of . This
implies that in the limit the agents are unable to filter out the regime’s hidden actions so
that the regime manipulates effectively and 6*(0) converges to a limit strictly less than 1 —r.
One of this chapter’s main contributions is to show that this occurs only if the agents do not
learn about fundamentals much faster than the regime.

The second part of Theorem 10.3 states that faster learning by the regime is not enough
to ensure that information manipulation has the intended effect. In particular, if the regime
learns about d too much faster than the agents, then information manipulation can actually
backfire and intensify the agents’ attacks against the regime. This occurs because the regime
learns that ¢ is equal to zero very quickly, and hence those regimes that choose to manipulate
only bias the agents’ signals up to a level that is barely above x*. The regime believes that
this action is sufficient to thwart the agents’ attack against it because it correctly understands
that a value of 0 that is much below zero is nearly impossible. The problem is that the agents
do not share this confidence about the low probability of observing values of § much below
zero. As a consequence, the agents believe that the regime’s actions are insufficient and will
not greatly reduce the possibility of a successful attack. If this effect is strong enough, the
regime’s actions can actually undermine the agents’ confidence in a manipulated signal and
cause attacks to intensify. In the limit, this makes any value of * < 1 impossible to reconcile
with a monotone equilibrium.

Theorem 10.3 is proved in a similar manner to Theorem 10.2. As in the first theorem,
I show that whenever 7 < x* < 1 the regime’s choice of manipulation varies across three
different regions for the fundamentals parameter 6 as given by the thresholds 6, < 6,, < 6p,.
However, unlike in the first theorem, the regime now learns that ¢ is equal to zero faster than
the agents learn about # + 9. As a consequence, an agent who observes the private signal x*
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no longer concludes that 6, < 6 < 6, and v(0) = v, but instead that 6,, < 6 < 6,. 1 show
that this implies that the conditional probability from equation (10.9) satisfies

(—UT\/TJT)_

Oq

lirr(1) PO <6°()]|z"v(:)) = lim & (10.10)

o—0

The first part of Theorem 10.3 assumes that UT—V;IMT converges to a limit that is strictly

greater than ®~!(1 —r), so it follows that the conditional probability on the left-hand side
of equation (10.10) converges to a limit that is strictly less than r. The second part of
the theorem assumes instead that W—Qm converges to a limit that is strictly less than
d~1(1 —r), so that the conditional probability converges to a limit that is strictly greater
than r. In both cases, the implication is that the equilibrium condition from equation (10.9)
cannot be satisfied for any v < z* < 1.

The next step in the theorem’s proof is to consider attack thresholds satisfying 0 < x* < .
In general, a value of x* that is in this range significantly complicates the calculation of
both the regime’s optimal choice of information manipulation and the agents’ posterior
probabilities of mounting a successful attack against the regime. Part of the difficulty is that
if ¥ < v, then there exist regimes of type 6 < 0 with 6 +7 > z*. These regimes often prefer
manipulating the agents’ information to not manipulating it, but in the limit as o, — 0
they do not choose v so that # + v > x* since they can only survive if § is greater than
zero and hence any manipulation above z* is useless.®® As a result, an agent who observes
x* must conclude that this observation potentially came from a regime with 6 < 0 that is
unlikely to survive the agents’ attack against it. This increases the conditional probability on
the left-hand side of the equilibrium equation (10.9), with the property that this probabilty
converges to one as x* — 0. Consequently, if lim,_.¢ W—Qm > ®~1(1—7), then there exists
a threshold 0 < z* < v such that the equilibrium condition is satisfied in the limit. Because
all regimes with 6 > 0 choose v so that 6 + v(0) > z*, it follows that 6*(0) — 0 in this case.

If instead limy_g ”T—V;aln”’“ < ®71(1 — r) as is assumed in the second part of Theorem
10.3, then the implication is more surprising. In particular, the higher conditional probability
implied by a value of x* that is less than 7 has the effect of further increasing the value of
the left-hand side of equation (10.9) and thus further pushing the game out of equilibrium.
The conclusion is that it is impossible to construct a monotone equilibrium in which z* < 1.

In general, this section’s setup is difficult to analyze if z* > 1. This follows because as
o, — 0 and the regime learns that ¢ is equal to zero, all regimes with § > 1 will always prefer
to not manipulate the agents’ information. Indeed, manipulation is costly and hence once
the regime learns that fundamentals are such that 6 + ¢ > 1, the regime knows that it will
never collapse in period two and hence prefers not to incur this cost. However, regimes with
6 < 1 may still prefer to manipulate, especially if z* is not far above one. In this case, it is
possible that the agents’ private signals about # + ¢ will be non-monotonic enough so that

38Equivalently, these regimes all have 5(0, v) > 0.
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the posterior probability P(6 < 8(6,1(0)) | x;,v(:)) is actually increasing for some values
of x;. If this happens, then a monotonic equilibrium of this game may not exist. I avoid
this technical issue by assuming that 1 —r + 7 < 1 in Theorem 10.2. The following lemma
formalizes these ideas. Like the two previous theorems, its proof is in Section 12.

Lemma 10.4. Suppose that o — 0. If the regime manipulates the agents’ information, then

in the limit there exist no monotone equilibria with x* > 1.

In summary, there are two key implications of Theorems 10.2 and 10.3. First, the regime’s
ability to manipulate the private information of the agents is only beneficial if the agents
do not learn about fundamentals significantly faster than the regime. Otherwise, the agents
are able to effectively filter this manipulation out and the regime only incurs costs on itself
through this action. The second implication is that it is still possible that information ma-
nipulation is ineffective even if the regime learns about fundamentals faster than the agents.
In these cases, the agents’ knowledge that the regime is manipulating their information may
actually intensify attacks against the regime. This occurs if the agents are significantly more
uncertain about fundamentals and believe that the regime’s actions actually increase the
probability that the regime collapses in period two.

11 Conclusion

In this chapter, I have theoretically examined the implications of information manipulation
for the equilibrium outcome of global games. A central feature of the coordination games
I consider is that both the agents and the regime face uncertainty about the outcome of
the game. This causes the regime to sometimes take a costly action and manipulate the
information of the agents even if the effectiveness of this action is uncertain.

The main result of my analysis is that if agents learn about fundamentals faster than
the regime, then information manipulation is ineffective at preventing the agents from co-
ordinating an attack against the regime. Because the regime incurs a cost when it biases
the private signals of the agents, in these cases the regime would like to commit to take no
action but is unable to do so. Furthermore, I have shown that even if the regime learns faster
than the agents, there are still cases in which information manipulation is ineffective or even
counterproductive. If the regime learns too much faster than the agents, then agents may
fear that the regime’s hidden actions are insufficient so that their attacks actually intensify
in the limit.

These results are a first step towards understanding the effects of information manip-
ulation in global games in which both the regime and the coordinating agents face some

96



uncertainty. The games I present are stylized and feature a number of simplifying assump-
tions intended to keep the analysis tractable. A natural and important next step is to
examine how my results might change once these assumptions are modified or dropped al-
together. In particular, how often is a regime with superior information able to effectively
thwart the ability of economic agents to coordinate their actions? Is it always true that
agents can properly filter out manipulative actions if the regime has inferior information?
Extending this chapter’s games to include more of the sources of endogenous information
that exist in coordination settings is likely to help answer questions of this kind.

12 Proofs

Before proving the main results, it is useful to present some preliminary results that appear
throughout many of the proofs in this section. A monotone equilibrium is given by thresholds
x* and 6*(9) such that any agent who observes a signal x; < z* prefers to join the attack
against the regime and the regime collapses in period two if and only if < 6*(0). These
thresholds are determined by the solution to the equations (10.8) and (10.9). Because the
event {0 < 0%(6)} is equivalent to the event {§ < 0(6,(0))}, it follows that

PO < 6%(8) | 2, v(-)) = P(6 < 0(0,0(0)) | 5, v(:)),

so that, if an agent observes the private signal x; in period one, then her posterior probability
of the regime collapsing in period two is given by

A S PP g (o0t
P(6 < 6(0,v(0)) | xiv()) = — S
oot (2

0o (BOWO) 1 1 (ziewe)
) o to 1o
—0 J—c0 € a m>
@

Frfmor oo (252
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Note that the second equality follows by Lemma 12.3. Equation (12.1) implies that the
indifference condition for an agent who observes private signal z* is given by

2
_ i (* —0-1(6))—0c® T (6+5(6,1(6)))
> Jorval ¢ (\/QT ) o (”3“3 ) do

o'?«%o‘?z

* Vo2t o? ¢<\/9T> do

=r.  (122)

This indifference condition states simply that the posterior probability that § < 8(6,v(0))
(which is equivalent to the probability that § < 6*(J)) and the regime collapses in period
two is equal to the cost of joining the attack, as in equation (10.9) from Section 10.

Lemma 12.1. Suppose that v < x* < 1 and C(v) < 1. There exists ¢ > 0 such that if

0, 0c < 0, then the regime’s hidden actions satisfy

0 ng < 9l7

() =13 " PP Z,f 6 < 0 < bm, (12.3)
" —0—0 P 0+00,v)+07v0,v) if by <0<,
0 Zf gh < 0;

where

1(0.0) = [2m {0, VIO W) (14007 (0 +50.0) ) }] " (12.4)

The thresholds 6; < 0,, < 0}, are given by the solution to the equations

mm+®<&?m>:@<&?m>7 (12.5)

0290, 7) = —06(0rn, D), (12.6)
0,7(0h,0) = —0(0, 0). (12.7)

Proof. The first-order condition for the regime’s minimization problem is given by

0. C'(0) = _85530, ), (5(9, y)> |

v o,
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which, by equation (10.3), is equivalent to

0,C" (1) (1 oV (04 6(0, y))) _ <M> . (12.8)

ogs
Let

1(6.0) = [~21{o,v2rC' W) (14 08 (04 5(6.0))) }] " (12.9)

and note that v(0,v) — oo while ¢,7(0,v) — 0 as 0, — 0 for all § € R and v € [0,7].
Equation (10.3) implies that both 6 4+ (6, 0) — z* and o.® (6 + (6, 0)) — 0 as o, — 0 for
all v < x* < 1. As a consequence, it is possible to choose ¢, and o, small enough so that
there exists z* < 0, satistying

O, = 2% — 0D 0y + 6(0,,0)) + 0,7(64,0). (12.10)

Any interior solution for the regime’s minimization problem satisfies (note that there can be
two solutions to the first-order condition, but only the larger solution satisfies the second-

order condition as well)
v=a*—0—00 0 +(0,v))+o(0,v), (12.11)

and the right-hand side of the first-order condition (12.8) is decreasing in 6 and v (because
(0, v) is decreasing in @ and v), so it follows from equation (12.10) that all regimes with
6 > 6, choose v = 0.

Because 04 6(0,7) = 2* — v — 0, D (04 (A, 7)) > 0 for any 0 € R, it follows that there

exists 0 < 6,, < x* such that

O = 2% — 00— 0D (O + 6O, 7)) + 0070, D).

The assumption that C(7) < 1 is important here. Since ® (5(9%’0» — 1 as 0, — 0 while

d <5(0m7y)> — & (_0T7(0m7V)> _}0’
oy oy
as o, — 0, the implication is that a regime with fundamentals 6#,, has a smaller expected loss

if it chooses v = U rather than v = 0, provided that o, is sufficiently close to zero. Because
all regimes with 6, < 0 < 0, satisfy the first-order condition (12.8) (and the second-order
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condition for an interior minimum) with v € [0, 7], it follows that those regimes choose v as
given by equation (12.11).

The last step is to consider the minimization problem that faces those regimes for which
0 < 0,,. Although many regimes in this set eventually prefer to choose v = 0, there are always
some regimes for which choosing v = v achieves a smaller expected loss than choosing v = 0.
As before, this relies on the fact that C'(v) < 1. A regime with 6 < 6, will prefer to choose

v = v rather than v = 0 as long as

C() + ® (5(Z’ ”)> < (5(3’ 0>> | (12.12)
5(0,i7)

and both ¢ <—> and ¢ (582—;0)> grow to one as 6 decreases, so it follows that there exists

Or

some 0; < 6,,, given by the solution to

C(7) + ® (5(? m) e (5(‘2’0)) |

such that the regime chooses v =0 for all # < 6, and v = ¥ for all §; < 0 < 0,,. O

Lemma 12.2. Suppose that 0 < x* < v < 1 and C(v) < 1/2. There exists 6 > 0 such that

if 0p,0¢ < 0, then the regime’s hidden actions satisfy

0 if 0 < 0y,
* ) —1 < _ ;
V() = *—0—0.9(0+ (f(@, v)) —o.y(0,v) z.f O < 0 < Opym, (12.13)
*—0—0 P70+ (0,v))+0.90,v)  if Opm < 0 < Opp,
0 i O < 0,

where

1(0.0) = [2m {0, VIO W) (14007 (0 +50.0)) }] " (12.14)

The thresholds 0y < 0, < O are given by the solution to the equations

Cvu) + @ <M> = (M) , (12.15)

oy oy
YOy Vinm) = 0, (12.16)
729(0nn, 0) = —6(Onn, 0), (12.17)

100



with vy and Vy, satisfying

vy = — Oy — 0D (0 + (0, i) — 0y (Ou, i), (12.18)
Vi = % = O — 0@ (O (12.19)

Proof. Recall that the first-order condition for the regime’s minimization problem is given
by

Oy

a,.C'(v) <1 + 0DV (0 + 6(6, V))) =¢ <5(9’ V)> : (12.20)

The same argument from the proof of Lemma 12.1 implies that it is possible to choose o,

and o, small enough so that there exists z* < 6y, < 1 satisfying
O = 2 — 0D (Opn + 6(0nn, 0)) + 027 (Opn, 0). (12.21)
It is also true that any interior solution for the regime’s minimization problem satisfies
v=a*—0—00 N0 +5(0,v))+ o(0,v), (12.22)

and the right-hand side of the first-order condition (12.20) is decreasing in 6 and v (because

~

d(0,v) is decreasing in ¢ and v), so it follows from equation (12.21) that all regimes with
6 > 0, choose v = 0.

Because z* < 7, equation (12.22) implies that, once o, and o, are small enough, there

r*—0

2

exists no interior solution for the regime’s minimization problem such that 6 > and

v = . If instead 0 < “”T_D < 0, then 6 + 5(9, v) — 0 as 0. — 0 and hence

¢<&ZW>_9

as 0,0 — 0. This implies that for o, and o, small enough, any regime of type 6 < % <0

z*—U

prefers not to incur the costs of choosing v = v. For any regime with 6 > *—*=, before v
reaches 7, the left-hand side of the first-order condition (12.20) grows to infinity as 6 +4(6, v)

decreases to zero. By continuity, then, there exists some 6,,,, < 0, such that

72C" (V) (1 n 06@_1,(9mm)> — $(0), (12.23)
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where v,,, < I/ is given by
Vmm = - emm - O-eq)il(emm + 8(‘9mm7 me)) =" — emm - O-Eq)il(‘gmm)

By definition, equation (12.23) implies that v(0pm, Vmm) = 0. Furthermore, the fact that
C(r) < % implies that for o, small enough, a regime with fundamentals 6,,,, prefers to
choose v = v, rather than v = 0 (since the regime’s loss converges to C (V) + % with
manipulation and to one without manipulation).

Finally, the regime will prefer to choose v as given by the first-order condition (12.20)
up until the decrease in the regime’s expected loss with manipulation is outweighed by the

cost of manipulating. This occurs for 6, such that
50 8(6y, 0
oo (P10) g (1000,

vy = x* — Oy — 0D (0 + (6, vi)) — 0,y (O, ).

where vy is given by

All regimes with 6 < 6;; prefer to choose v = 0. O

Proof of Lemma 10.4 Suppose that z* > 1. For any regime of type 1 < 6 < x*, there
exists a value of the standard deviation parameter o, that is small enough so that that
regime prefers to choose v = (. This follows because all regimes with 6 > 1 learn that they
will survive the agents’ attack in the limit as o, — 0.

Equation (10.3) implies that if 1 < § < 2*, then 5(9, 0) - 1—0as o, — 0, so it follows
that 6(0,v(f)) — 1 —0 < 0as o — 0. Let 1 < z; < 2*, and note that

52
0o 8(6,0(0)) o lg (6) e A dodo
f—oof—oo ¢(«/02+U2)¢< %

océtog

2
20 (1;—0—1v(0))—6
Sl ooctore (xi/if f))fb(”?*"%m ) dodo

az+o'g

P(8 < 6(6,0(6)) | @i, v(-) =

Because v(0) — 0 as 0, — 0 for all 1 < 6 < z*, the previous equation simplifies in the limit
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as o — 0 yielding

oo¢( %592) 1—0— -2 (2 — 0)
lim P(5 < 3(6,(0)) | 25, v()) = lim V;i;%¢ ﬁZJZ
o— o— _ o o —ea

> € a \/o2+02

2
The quantity —ZZe— converges to zero while ——%— converges to a value between zero and
q y m g g

o
2 2
oétog

one as o — 0. As a consequence, there exists some 1 < z; < z* such that

ggpwg5www»|mwo)20<ﬂ

In any monotone equilibrium, P(§ < §(0,v(0)) | x;,v(-)) > r for all ; < z*, so there is a
contradiction and hence there exist no monotone equilibria with z* > 1. O]

Lemma 12.3. For any z,y € R, 0,,0, > 0,

2 2

x—0 y—0 T —y ogﬁjagx—i_o?c?o%y_e
¢ ( ) ¢ ( ) = | ——=— ¢ oo (12.24)
i 7y Vot oy Ve

Proof. For any x,y € R, 0,,0, > 0, the definition of the density function for the standard

normal distribution implies that

x—0 y—10 1 (x —0)? (y —0)?
=—e ——re —_
(b( Oy )(b( gy > 27 Xp{ 202 P 207
1 oy — 20000 + 0.0 + o2y® — 202y0 + 026°
= —exp< —
2 20202
o2(02402 o2(02+402 o2 o2
1 (Z%J;)g) x® + (UE%J;)J?) Y0 = 2t — 255y
= 2_ €Xp§ — o252
7T 2 27; y2
oz +oy
0'2 0'2 2
1 { ((13 — y)2 } <U§-ﬁa§x + O’%-‘:o’%y B 9)
= —expl ————>= pEXp{ — g
2 2(02 + 05) QG;:TEZ
0'2 0'2
1 T —Yy O‘%fo’%x_'_ U%-ﬁagy_e
- %Qb N ¢ 520y
R NG
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Proof of Theorem 10.2 The first step of the proof is to split the numerator and denom-
inator of the indifference condition (12.2) into separate parts. Each part corresponds to a
different chosen manipulation by the regime. In particular, let

r*—0 2 ~
6 ( /—gg+gg) [ Fmla =0 =20 +50,0)

(6, 6,) = / - 6,
(—o0.0)U(0h.00) V0L + 05 Jot ot

(12.25)

9m¢<f/—;f_;> (2" —0— 1) — 0D O+ (0,7
W61, 0,) :/ o) g | el ) 6 +06,2) do, (12.26)

Oe0a

0 ot + 0] et
» <z*eu<9)) % (2% — 0 — v(0)) — 0. D (0 + 56, v(h)))
h o2+o2 2 - 2\ T — -V — e Y
(em’ 9h> :/ 6"1‘ a (D Ue‘f‘Ua
0

Te0qa

2 2 —Gefa
m 0-5 + Ja \ /0-2+UC2L

do,
(12.27)

and

A0 / ¥ —0—1v J0 — @ 0,, +v—x* % 0, +v—zx*
o 0, \/024-02 o2+ o2 B 0%+ o2 02402 )’
On 1 *—0—v(0)
An (0., 01) = do,
= d G-

where 0,,0,,, and 0, are given by equations (12.5), (12.6), and (12.7) from Lemma 12.1.
Given these definitions, it follows by Lemma 12.1 that

m)
m)

Uy, (6, On)
A (0, 01)

lim P8 < §(6,0(60)) | 2, v(-)) = lim 00 0n) = Tu(0, z

12.2
o—0 ’ o—0 A(@l, Qh) + Al(9 ( 8)

_+_
+

The fact that 6, < 6, implies that ® <ﬁ) <o <\;’”2T”*2>, so by equation (12.3) from

the lemma it follows that

, 0, — z* . Y (O, ) — 7 — 0.0 (O + 6(0))
Ilmd | —— | < lim & =0.
o—0 <\/0€2+0§) ~ o0 ( \ o2+ o2
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As consequence, A(6;,0) simplifies so that

* —1 Q .
hm A(Ql, Qh) = lim ¢ (x—eh> = lim ® (UE(I) (9h + 5(9117 O)) 0r7(6h7 O)) ’

o—0 o2+ o2 o—0 Vo402
(12.29)
and U (0, 0;,) simplifies so that (this uses the fact that 0 < W (6;,60,) < A(0;,0))
(V) (-0 - o000.0)
lim W (0, 0,) = lim o | oited do. (12.30)

o0 /02 1 o2 _0c0a
eh € + a m

Finally, equation (12.3) from Lemma 12.1 also implies by substitution that

_ _ 0,V (O, 7) — 0D (O, + 6(0rn, 7)) 0 — "+ 70
lim A;(6;,6,,) = lim ® - — |, (12.31
o—0 161,61 -0 ( o2+ o2 o2+ o2 ( )

and that
0y —1 I _
hm Ah(Gm,Qh) = lim ! o) 07 {0+ 96, 1(6))) = 017 (0, v(9)) dh. (12.32)
S NNCETE Vors o

Now, suppose that 5 — 0. In this case, the fact that %= — 0 implies that

llg%)(p 02+U2 (ZE —0- V(e))o;ao-eq)_ (0 + 5<97 l/(@))) _ g’%@ (_(1)71<9 4 8(0, V(Q))))

/52 2
ottoy

= lim 1 — 6 — 6(6, v(6)).

o—0

By equation (10.3), the quantity 1 — 6 — 5(0,(0)) is equal to 1 — z* + v(0) + 0. D~ 1(0 +
d(0,v(0))), so it follows by equations (12.26), (12.27), and (12.30) that

x*—0
hm U(6;,0,) = lim / 1—2x%) db, 12.33
1 00) = lim ;ﬁ3§< E?E>< ) (12.33)
hm\Il G hm/ e (1—2"+v)dl (12.34)
l? - o0 l /0_2 + 0_2 /0_62 + 0’2 9 .

lim U (6,0, 0p,) = lim "o ¢ (z —0- ”(9)> (1= 0+ 0,(0,0(0))) df. (12.35)

0 0 2 2 2 2
o o0 oy \OE T+ 0 Voe+0g
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Note that I can use the dominated convergence theorem to take the limits of integrals in
these equalities since

Vorta
*—0—v(0)

()

and the right-hand side of this inequality forms a monotonically decreasing sequence of
functions as & — 0.
If also aigzﬁ <"T— Va_ln‘”) — 0, then for all # € R, M — o0 as o — 0, so that

\/o2+02

> (m(em, 7) = 0B (O + 5(6 ﬂ>>> o (12.36)

) ( g yw)) o [ Fila =0 - v18) ~ 276 1 50.0(6))

/2 2
oz + o0}

as o — 0 as well. Consider the quantity 6, — z* + . Note that 5(9;, 0) < 0 because 0, < z*
(recall equation (10.3)), so equation (12.5) from Lemma 12.1 implies that

o—0 Oy

. (0
lim 6, — 2" + 7 + o0, + (6, 7)) = lim 0,07 <1 —® (6( l’0)> + C’(D))

= lim 0,® 1 (C(9)),

o—0
and hence also that

ok = -1 $ =
li =T 0@ O A 0O T o)) = oo (12.37)

o—0 \ o2+ o? o—00,
€

The last equality follows because C(v) < 1/2 and & — oo. Together, equations (12.36) and
(12.37) imply that A;(6;,6,,) — 1 and V;(6,,6,,) > 1 —2* + v as o — 0.
The next step is to show that W, (0,,,04), ¥(0,,01), An(0m, 0r), A(6;,0,) all converge to

zero as o — 0. By assumption éqﬁ (M) — 0 as o — 0, so it follows that

g

/ 72 2¢ 2 2
Ue+0-a Ue+0a

as o — 0, and hence by equations (12.32) and (12.35), that both W, (6;,6,) and Ay (0,,,65)
converge to zero as o — 0 as well (as before, the dominated convergence theorem can be

1 <a€q>1<e +5(0,v(0))) — 0,7(6, v<9>>> 0
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used to evaluate limits of integrals). This same argument also implies, by equation (12.29),
that

1 N -
lim A(6;,0,) = lim @ ("eq’ (On +6(6n, 0)) 0r7(9h70>> — 0.

/2 2
oz + o}

Furthermore, because
0 S 1111%) \If(Ql, Gh) S hII%) A(Hl, Hh),

it follows that ¥(6;,6,) — 0 as o — 0 as well. The implication is that

lim P(5 < 6(0,v(0) | 2", v()) =1 —a" + 7,

and hence that z* — 1 —r + v as ¢ — 0. Equation (10.8) then implies that 0*(d) —
x*—0—v(0%(0)) as o, — 0, so it follows that 6*(0) — 1—r in the case of J—la¢ (“’";—@) — 0.
The final step is to show that there does not exist a monotone equilibrium with z* < v. This
is accomplished in the same manner as the above argument, but appealing now to Lemma

12.2. In particular, it is not difficult to show that P(6 < §(0,v(0)) | z*,v(-)) — 1 as o — 0
in this case. u

Proof of Theorem 10.3 Suppose that o= — 00, and that Uigb <“T— W) — oo and
limy_o "T—V;aln‘" > O (1 —r). If 2 — 0, then it follows that

- (@ =0 —v(0)) — 0 270 +5(6,1(0))) |

o—0 JcT%

- (:1: — 0 — () — 5. DO+ 5(0, y(e)») |

Oaq

o—0

Suppose that 7 < z* < 1. As in the proof of Theorem 10.2 (recall equations (12.25), (12.26),
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and (12.27)), Lemma 12.1 implies that

o0 ¢ ( w*2_0 2) -1 I
OcT0q -0 eq) y
lim U(6;, 6,) = lim Voot g (2 =0 =0c®” (049(6,0))
o—0 o—0 [y, ) /0—62 + O’g Oq

z*—0—0
9”¢<VU2 a?) o0+ 50,0
lim \I/l(Ql,Hm) = lim ctoa P z v O¢ ( +5( 7V))
o—0 =0 Jg, /o2 + 02 Oa

z*—0—v(0)
O ¢( /52402 ) _ 0.v(0
lim W), (6,,60,) = lim o c1>< o6, ))) s, (12.40)
o—0 o—0 00 .\ /0-62 + O—Z Oq4

and that A(6;,0), A(0,,0,,), and A,(6;,0;) are as in equations (12.29), (12.31), and (12.32)
from above. If lim,_g ”T—V;aln‘” > ®~!1(1 —r), then it follows that

lim @ (M) <r (12.41)

) do, (12.38)

) o, (12.39)

Oa

for all #. Lemma 12.1 implies that

L, <x . u(9)> B 1 (@-1(9 500, 0(0))) — 0,7(6, u(9)>> |

lim = > = > = lim - = ) > -
0./ / 0./
o 06 + Ua UE + Ua 7= 06 + Ua 0-6 + Ua

so if J%(é ("T—Hn‘”) — 00, then equation (12.32) implies that Ay (0,,,0,) — 00 as ¢ — 0

since the lemma also implies that 6, — 6,, — 7 > 0 as ¢ — 0. A similar argument proves
that both A(6,,0;,) and A;(6;,6,,) do not diverge to infinity in the limit, as well as that both
U(6;,0,) and V(6,,0,,) also do not diverge to infinity in the limit. Conversely, the previous
argument together with (12.40) implies that Wj(6,,, ;) may diverge to infinity in the limit
as o — 0, so it follows by equation (12.41) that

. 2 % . \I}h(ema eh) . O—Tﬁ)/(97 V<9))
< D)) = _hmy Th) ERANASE RN _ _
clrur%) P <d(0,v(0)) | z*,v()) ilr% O O ilr%fb ( - <r. (12.42)

Because the preceding argument is valid for any 7 < x* < 1 by Lemma 12.1, the implication
is that there does not exist a monotone equilibrium of this game with v < x* < 1.

By Lemma 10.4, there exist no monotone equilibria with * > 1 in the limit as ¢ — 0. It
follows that the only possibility left to consider is that 0 < x* < v. According to Lemma 12.2,
if C(v) < %, then 6; — 0 and 6, + vy — x* as ¢ — 0 so that in any monotone equilibrium
with 0 < 2* < 7 it must be that 6*(0) — 0 as ¢ — 0 (since 6*(0) — 2*—d—v(0*(9)) as o, — 0
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by equation 10.3). Consequently, if I can show that there exists a monotone equilibrium with
0 < x* < v, then the implication is that in the limit there exists a monotone equilibrium
with 6*(0) — 0 and there exist no monotone equilibria with 6*(0) > 0.

Suppose that x* = 0. I first split the numerator and the denominator of the indifference
condition (12.2) into separate parts as in the proof of Theorem 10.2. In particular, let

df,

z*—0 2 A
i (x/a?wi) oz —0) — o270 +0(6,0))
Q<0ll79hh) = / 2 2 @ - - Oe0a
(—00,00)U(Ohn,00)  \/ T¢ +0g m

- ¢ x*—0—v(0

)
\/o2+02
2 2 Oe0a
Ou Voe+og /02402

) . (27— 0 — v(6)) — .07 (0 + 6(0, v(6)))

(O, Omm) = do,
¢ x*—0—v(0) 2 . 1 ~
Onn N/ 02402 02;02 (33 —0— V(e)) —0.P (9 + 6<97 V(e)))
Qh(emnh ehh) = o — d@,
o2 2 __Oe0a
Omm 06 + O-u, 0-2+0-2
and

Qb ( m*2—9 2>
02402 0, — x* —]
F(Qzu@hh):/ N\ e g [ T T N :
(—00,011)U(Onn,00) 062 + 02 062 + 02 052 + 02
0
mm 1 ¥ —60—v(f
Li(0u, Orm) = ¢ ( )> do,

oy 02+ 02 o2+ o2

Onn x _ 0 __
Ly (Orm, Onn) = ! (:c 0 1/(0)) ds,

O /02 + 02 o2+ o?

where 0y, 0,,m, and 0y, are given by equations (12.15), (12.16), and (12.17) from Lemma
12.2. Given these definitions, it follows by Lemma 12.2 that

. 12.43
o—0 o—0 F(ellu ehh) + Fl (6”7 emm) + Fh(emw“ ehh) ( )

Consider the value of ® (0”—:”) in the limit as & — 0. If 2* = 0, then equation (10.3)

implies that 6§ + 6(6,v) — 0 as 0. — 0 for all # € R and v € [0,7]. It follows that
o1 (9 +4(6, 1/)) — —oo in the limit as well. Equations (12.13) and (12.15) together imply
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that
T H - 2 Oy — x*
gt (C(vn) + @ (v(Oy, ) — @7 (0” + 5(9”,())> S :

O¢ O

which, because v; — 0, & < 1, and (0, ;) — oo as o — 0, also implies that
o v

*

. 0, —
lim —&~ (C(vy) + © (Y(0, ) — D" (91, +5(9”,0)> < lim 42— (12.44)

o—0 o—0 O¢

In order to determine how the quantity 9110;90* behaves in the limit, it is necessary to find

-1 N
the limit of %\/T&(::l’o)) as o — 0. This is accomplished by appealing to equation (10.3),

which implies that

00 (6 + 5(61.0)) 1.05(64,0)
() o)
“1(0u+5(0u,0))

and hence by I’'Hopital’s rule that QW — —o0 as 0 — 0. Note that this last

step follows because %% — 0 as o — 0 (this is not difficult to prove) and 2 _}n)‘” =

o3,
— 0 as o — 0. The implication is that the left-hand side of equation (12.44) diverges

= O'ECI)_I <8ll + 3(6”, 0)) - (1245)

Or

2v/—Ino,
to infinity in the limit as & — 0, so that also ® (9”—96) — 1 as ¢ — 0. Lemma 12.2

also implies that the limit of ® (%) as o — 0 is less than the limit of 0y, + S(th, 0),
which converges to zero. This proves that I'(0y, 6,,) — 1 as & — 0, and a similar argument
also proves that Q(6y,0,) — 1 as ¢ — 0.

Equation (12.13) from Lemma 12.2 implies that

00,
o—0 o O /0-62 +O-Z e0a

O O) =t [ (Ueq)1(9+5(9>V(9)))+0r7(0,u(9))> a0

O_E(b o2+ o?

e “—0—v(0 6,10
lim (B, ) = lim i¢<w>¢ 01(0.10) | 4o

2 2
oétog

lim I
o—0 o—0 0
121
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and that

Clrlﬂ% Qh(emrm th) = ilﬂ%

Vi t+oa; ottt
Onn <@@1w+8www»y—mwayw»)d9

}TIL% Fh(emrm th) = ilﬂ% , —¢ 062 n 02

97nm O-e

eMl¢<ﬁ_9_mm>® 0 (0.10) | 4y

According to Lemma 12.2, both 0y;, — 0,,,, and 6,,,, — 6, converge to zero as o — 0, so it
follows that if the quantity

m%ﬁﬂﬁv

Oc

1 .
U—¢ <<I>1(9 +4(60,v(0))) +
converges to a finite limit for all 8; < 6 < 6,,,,,, and the quantity

%¢(@4w+5www»y-ﬂigﬂgﬁ)

O¢

converges to a finite limit for all 6,,,,,, < 6 < Oy, then Q;(0y, Omm), Q2 (O, Onn), Ti(On, Omim)

and Ty, (0,,m, Onn) all converge to zero in the limit as & — 0. One way in which to show that
these limits are finite is to prove that the quantity w converges to a nonzero limit
for all 8 < 0 < Oy, In a manner similar to equation (12.45) from above, it can be shown

that

::@¢*(9+&ayw»)

106(0,0(6) 1 0w(0) (1 L (0. u<9>>>
ov(0) ’

KRGS
—1(64-6(6,1(0)))

so that again by I’'Hopital’s rule it follows that (I’W — —o0 as ¢ — 0. By equation

(12.43), then, it follows that P(5 < 8(6,v(0)) | 2*,v(-)) — 1 as o — 0 whenever z* = 0, so
that by continuity there exists some 0 < z* < v such that

E%P@<3wWw»|me»:p

It is important to note that no part of the previous argument used the assumption from
part (i) of the theorem that lim, o Z¥=12% > &~1(1 —r). It follows, then, that this
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argument is also true whenever lim,_q Y2 < ®~!(1 — r) as assumed in part (ii) of the

theorem, and hence that P(§ < 6(6,v()) | 2*,v(-)) — 1 as & — 0 whenever 2* = 0 in this
case as well. Suppose now that 7 < x* < 1 and that lim,_.q "T—V;al“r < ®7Y(1 —r), so that

lim @ (M) > (12.46)

o—0 Oa

for all # € R. Like in the case in which z* = 0, in this case the previous argument about

. 1 5 z* — 0 — v(0) i 1 5 o D10+ 0(0,1(0))) — 0,y(0, v(0))
im = lim

=0 (/02 4 02 o2+ o2 o—0 /02 + o2 o2+ o2

diverging to infinity for all 6,, < 6 < 6, still applies. By equation (12.46), then, it follows

that both Wy, (0,,,05) and Ap(6,,,0) diverge to infinity in the limit while ¥ (6,,6,,), V,(6,,6,,),
A(6y,6,), and Ay(6,,0,,) all converge to finite limits, so that

i 5 ] o V(0 On) —0,7(0,v(0))
lim P(5 < 5(0,0(0)) | 4%, v()) = lim PR = lim @ (U— o

The implication is that there exists no 7 < z* < 1 such that P(§ < 0(0,v(0)) | z*,v(-)) — r

as o — 0.
The final step in the proof of part (ii) of the theorem is to show that in the limit there
exist no monotone equilibria with 0 < * < v. This follows from the fact that

g3 (S202O)Y 5 g (22O

o—0 Oq o—0 Oq
which by Lemma 12.2 guarantees that

I (0, Orm) + (G Onn)
im
o—0 I'y(0u, 0m) + Lr (O, Onin)

>,

whenever 0 < x* < v. Furthermore, it is not difficult to show that a value of x* in this range

implies that ® (9”;’”) — 0 as o — 0 and by equation (12.21) that

\/02+02

2

o7 (@" = Ohn) — 0@ (Onn + 3(Onn, 0)) (—Uw(@hh, 0)) >
_— T.

= lim ¢

o—0

lim & oo

o—0
1/ o?—i—og

Oq
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Together, these two facts imply that

lim QOu, Onn) + (6, Ormim) + Qn (O, Onn) .
o—0 IOy, Onn) + L1(Ou, Omm) + Lg(Orm, Onn) '

Equation (12.43) yields the conclusion that a monotone equilibrium with z* < 1 (and hence
6*(0) < 1 — ) cannot be constructed. O
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