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Abstract This paper proposes a new thermodynamic

hypothesis that states that a nonlinear natural system that is

not isolated and involves positive feedbacks tends to

minimize its resistance to the flow process through it that is

imposed by its environment. We demonstrate that the

hypothesis is consistent with flow behavior in saturated and

unsaturated porous media, river basins, and the Earth-

atmosphere system. While optimization for flow processes

has been previously discussed by a number of researchers

in the literature, the unique contribution of this work is to

indicate that only the driving process is subject to opti-

mality when multiple flow processes are simultaneously

involved in a system.

Keywords Unsaturated flow � Minimization of

energy expenditure rate � Maximum entropy

production

Optimality principles refer to that state of a physical system

is controlled by an optimal condition that is subject to

physical and/or resource constrains. Optimality principles

have been used, as a holistic approach, for flow processes

in several important geosystems.

Rodriguez-Iturbe et al. [1] postulated the minimization

of energy expenditure rate (MEE) principles at both local

and global scales for channel networks in a river basin.

Rinaldo et al. [2] developed modeling approaches using

MEE to generate optimal channel networks, and compared

their results with those from natural river basins. Striking

similarity was observed for natural and optimal networks in

their fractal aggregation structures and other relevant fea-

tures. Using the similar optimality principle, Liu developed

a group of (partial differential) governing equations for

steady-state optimal landscapes (including both channel

networks and associated hillslopes) using calculus of

variations [3]. Most recently, Liu applied the MEE to

unsaturated media involving gravity-dominated unstable

flow [4], a common phenomenon. He found that unsatu-

rated hydraulic conductivity for water flow, in this case, is

not only a function of water saturation or capillary pressure

(as indicated in the classic theory by Buckingham [5]), but

also a power function of water flux. Furthermore, he

showed that conductivities in both the unsaturated flow in

soils and water flow in landscapes follow similar power-

function relationships (with water flux), but with different

exponent values.

On the other hand, the maximum entropy production

(MEP) principle, initially proposed by Paltridge [6], has

been shown to be useful for predicting behavior of the

Earth-atmosphere system [7]. The MEP principle states

that a flow system subject to various flows or gradients will

tend towards a steady-state position of the maximum

thermodynamic entropy production [8].

The physical origin of these optimality principles is not

totally clear at this point. They cannot be directly deduced

from the currently existing thermodynamic laws [9],

although some effort has been made to make the connec-

tions with these laws [10, 11]. Bejan argued that these

thermodynamics laws deal largely with processes within

black-boxes (systems) and were not developed for

describing flow structures for flow processes (within these

boxes) that are associated with the optimality principles

[9]. We agree with this assessment. As an effort to develop

a general principle to resolve the above issue, Bejan [9]
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proposed the constructal law that states that ‘‘for a finite-

size open system to persist in time (to survive) it must

evolve in such a way that it proves easier and easier access

to the currents that flow through it’’. The constructal law

has been used to explain many natural phenomena

including the related optimality principles [9].

However, a geosystem generally involves a number of

flow processes and empirical evidence indicates that not all

the flow processes are subject to optimality, as will be

discussed below. A general principle to identify which flow

process is subject to optimality is still lacking in the lit-

erature for geosystems. The objective of this short com-

munication is to propose a thermodynamic hypothesis for

identifying the process that is optimized. The usefulness of

our proposal is also demonstrated by its consistency with

several flow systems.

1 A thermodynamic hypothesis

We propose the following thermodynamic hypothesis: a

nonlinear natural system that is not isolated and involves

positive feedbacks tends to minimize its resistance to the

flow process through it that is imposed by its

environment.

It is important to emphasize that we deal with a system

here that is not isolated and subject to mass and/or energy

transfer between it and its environment. The system must

be nonlinear and involve positive feedbacks such that the

relevant flow process plays an important role in forming

the flow paths and, at the same time, the formation of these

flow paths would further enhance the flow. In such a sys-

tem, several flow processes (including heat flow (transfer))

may co-exist. For example, a river basin at least involves

surface water flow and soil erosion processes associated

with water flow. Our hypothesis indicates that the system

(river basin) does not tend to provide minimum resistance

to all the flow processes (e.g., soil erosion (soil particle

flow)), but to the process imposed by its environment

(atmosphere (rainfall) and upstream), or the driving process

that is water flow. We will further demonstrate this point in

the next section with different geo-systems.

Our hypothesis is motivated by the notion that natural

systems tend to evolve to more and more uniformity [9]. A

classic example of this is an isolated system in which all

the physical properties are completely uniform when it

becomes equilibrium. In a system that is not isolated,

because of energy and/or mass exchange with its envi-

ronment, it never becomes completely uniform spatially,

but approaches another kind of uniformity that we call

‘‘dynamic uniformity’’ here. Take a river basin as an

example. Water entering the river basin has larger energy

than the downstream water. Thus, the former has the

tendency to equilibrate with the latter. To do so, the former

tends to flow to the latter location as quickly as possible

and with as little energy loss as possible. Note that the less

energy loss means better uniformity (in term of energy). In

this regard, the dynamic uniformity corresponds to the

MEE. Therefore, our hypothesis is equivalent to that ‘‘a

nonlinear natural system that is not isolated and involves

positive feedbacks tends to maximize the degree of

dynamic uniformity for the flow process imposed by its

environment’’. To some extent, the concept of dynamic

uniformity is similar to entropy in an isolated system in

which entropy tends to be maximized.

Our hypothesis also implies the existence of often

observed hierarchy structures in some natural systems. This

simply because it applies to both the whole system, such as,

for example, a river basin, and a subsystem, such as a part

of a river basin associated with a branch of a river network.

In this case, the minimum resistance to water flow should

occur in the entire river basin and a part of it. As a result,

similar flow structures (river/channel geometry) occur at

different levels of spatial scales.

Our hypothesis is consistent with the constructal law [9]

and is more specific regarding the conditions under which

the optimality occurs for flow processes in geosystems. It is

indicated that not all the systems are subject to optimiza-

tion process except for the nonlinear ones that are not

isolated and involve positive feedbacks. Especially, for a

system involving multiple flow processes, only the driving

process (that is imposed by its environment) is subject to

resistance minimization.

2 Discussions

In this section, we demonstrate that our hypothesis is

consistent with flow behavior in several typical geo-

systems.

2.1 Water flow in saturated porous media

Steady-state saturated flow in porous media, a linear sys-

tem, is employed here to demonstrate that the minimization

of flow resistance, in general, may not occur for a linear

system, as implied by our hypothesis.

The energy expenditure rate, EE, for water flow in sat-

urated porous media across an entire flow domain X can be

given by [4]

EE ¼
Z

X

K rhð Þ2dV; ð1Þ

where K is saturated hydraulic conductivity, h is hydraulic

head, and V is porous-medium volume. Note that the local
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energy expenditure rate, K(rh)2, is equal to the product of

Darcy flux and hydraulic gradient.

By minimizing EE (Eq. (1)) using Euler equation [12],

we obtain:

r � rh ¼ 0: ð2Þ

Comparing the above equation with the following

continuity equation for water flow in saturated porous

media:

r � ðKrhÞ ¼ 0: ð3Þ

we can conclude that the flow process satisfies the MEE

only for homogeneous porous media, because Eq. (2) is the

same as (3) for constant K. In fact, this result can also be

directly obtained from the well-known Prigogine’s theorem

of minimization of entropy production which is valid for

linear irreversible processes [13]. However, when K is a

function of space, which is generally the case for real-

world problems, steady-state flow processes will not follow

the MEE principle, because Eq. (2) (or Eq. (1)) is not

identical to (3) any more. An alternative argument is that

for linear systems, there are no feedback mechanisms

because, for example, K distributions in saturated porous

media are not impacted by water flow at all.

From the above discussion, it is evident that not all flow

processes follow optimality principles in terms of flow

resistance, especially for linear systems. That is why our

hypothesis excludes linear systems.

2.2 Water flow in unsaturated porous media

We use unsaturated flow in porous media to show that for a

nonlinear system, the existence of positive feedback

mechanisms, as indicated by our hypothesis, is required for

generating the minimum resistance to water flow.

For a downward, gravity-dominated water flow in

unsaturated porous media, fingering (unstable) flow pat-

terns generally occur. In such a system, the flow process

imposed by its environment is water flow because water

intrudes into porous media. It is well-known that unsat-

urated flow is a nonlinear process; the conductivity for

water flow is a function of properties associated with

water flow itself. Furthermore, positive feedback mech-

anisms occur here. When fingering takes place, more

water tends to flow through fingers and therefore makes

fingers grow, because fingers provide flow paths with

smaller flow resistance compared with uniform flow.

Thus, our hypothesis indicates that the MEE should

apply here.

Based on the MEE, Liu [4] derived the following rela-

tionship for gravity-dominated unsaturated flow:

Kunsat ¼ FðhcÞ
qj j
K

� �a

; ð4Þ

where Kunsat is unsaturated hydraulic conductivity, F(hc) is

a function of capillary pressure head, hc, |q| is the magni-

tude of Darcy flux, and a is a constant whose value seems

to be about 0.5 from a limited number of previous studies.

The above relationship is supported by experimental

observations and is consistent with some empirical models

[4].

We emphasize that one grand challenge facing us in the

area of hydrogeology is the need to develop physical laws

for large-scale multiphase-flow problems. At a local scale,

fluid distribution is mainly controlled by capillarity and is

not sensitive to flow conditions. That is why relative per-

meability at a local scale can be successfully described as a

function of saturation (or capillary pressure) only [5]. At a

large scale, this is not longer the case, although local-scale

relationships have been widely used at large scales because

alternatives are unavailable. Our result (Eq. (4)) suggests

that functional forms of large-scale relationships to

describe multiphase flow are very likely different from

their counterparts at local scales, which cannot be resolved

from upscaling based on the same functional forms as those

at local scales. It is our hope that the optimality approach

may provide an important way to obtain such large-scale

relationships.

However, MEE and Eq. (4) cannot be applied to non-

linear unsaturated flow in an upward direction, because for

such a flow system, there is no a positive feedback and

therefore no fingering either. Flow structures (such as fin-

gering) are generally a signature of positive feedback

mechanisms. Without these mechanisms, small disturbance

to water flow that always exists in nature would not grow

into flow structures, but rather die out during the flow

process. As indicated in our hypothesis, the existence of

positive feedback mechanisms is required for the flow

resistance to be minimized.

2.3 Flow processes in a river basin and the Earth-

climate system

Finally, we show that our hypothesis allows for a possible

reconciliation of the MEE and the MEP optimality prin-

ciples, with a focus on the importance of the dominant

process imposed by the environment.

The consistency between water flow in a river basin and

our hypothesis was given above. In this open and nonlinear

system, positive feedback exists. During rain water flows

down hill, water tends to flow more in channels/rivers to

make them grow once they are initialized by water flow

process, because resistance to flow process in these struc-

tures is much smaller than that to flow along a hill surface.
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Also, as previously indicated, water flow is the dominant

process imposed by its environment; all other processes

involved in a river basin (such as soil erosion) are initial-

ized and driven by water flow. Thus, based on our

hypothesis, the MEE applies to water flow in a river basin.

Flow processes in the Earth-atmosphere system are

more complex. Many studies indicate that these flow pro-

cesses follow the MEP [6, 7]. Some inconsistency seems to

exist between the MEE and the MEP, even they have been

successfully applied in different geosystems. Under iso-

thermal conditions, energy expenditure rate is proportional

to entropy production rate [14]. Thus, under such condi-

tions, the MEP requires that a river network forms in such a

way that the energy expenditure rate for water flow should

be at its maximum, which directly contradicts the MEE

supported by empirical data for a river basin.

To clarify this issue, we must recognize that the Earth-

atmosphere system generates minimum flow resistance to

the (active) ‘‘flow process imposed by its environment’’, but

not for other (reactive) processes (e.g., fluid flow) that just

help with the resistance minimization for the former pro-

cess, as indicated by our hypothesis. The Earth receives

radiation from the hot Sun and transfers the received heat

into space. The atmosphere and oceans act as a fluid system

that transports heat from the hot region to the cold one with

general circulation [7], because the convection process is

more efficient in transferring heat than the conduction

process [9]. Obviously, in this system, the ‘‘flow process

imposed by its environment’’ is the heat flow; the heat flow

process is the initiator for other flow processes.

Under steady-state flow conditions, the average heat

flow rate is closely related to entropy production in the

Earth-atmosphere system, as shown by Paltridge [15] and

Ozawa et al. [7], and the MEP corresponds to the maxi-

mum convective heat transport [15]. The latter was further

confirmed by Clausse et al. [16] who showed that the

temperature distributions on the Earth surface is consistent

with a principle (derived from the constructal law) that

convective heat flow rate from equator region to the pole

region is maximized, or the resistance to heat flow is

minimized at a global scale. In this case, the MEP happens

to be a by-product of this heat-flow optimization process.

Along this line, the MEP in the Earth-atmosphere system

and the MEE in a river basin are all consistent with our

hypothesis and can be reconciled in terms of minimizing

resistance to the ‘‘flow process imposed by its environ-

ment’’, or the driving process.

The ‘‘maximum heat transfer’’ hypothesis was initially

proposed in a theoretical study of the well-known Ray-

leigh–Benard convection by Malkus and Veronis [17].

They used that hypothesis to identify wave lengths for the

stable convection cells. However, their work has been

criticized on the ground that their predicted relationship

between the wave length and Rayleigh number is not

always consistent with experimental observations [18].

While the mathematical technique used by Markus and

Veronis [17] is not very reliable for nonlinear problems

[19], there have been no observations that directly disprove

‘‘the maximum heat transfer’’ hypothesis itself [18].

The above discussion has been based on an important

argument that the minimum heat-flow resistance results in

the maximum heat flow rate and the MEP in the Earth-

atmosphere system. This argument can be further justified

as follows. Under steady-state flow conditions, the entropy

production in the Earth-atmosphere system is given by [7,

15]:

S0 ¼
Z

A

dQ

T
¼ Q

1

TL

� 1

TH

� �
¼ Q

DT

T2
av 1� DT

Tav

� �2
� � ; ð5Þ

where S0 is the entropy production rate, A is the boundary

(Earth surface), Q is heat flow through the boundary, TL

and TH are average Earth surface temperatures in the low

and high temperature regions, respectively, Tav is the

average temperature in both high and low temperature

regions, and DT = TH - TL. (Heat flows from the high-

temperature region to the low temperature region.) The

above equation represents the fact that the entropy pro-

duction by some processes associated with turbulence is

completely discharged into the surrounding system through

the boundary under steady-state conditions [7].

Since (DT/Tav)2 is generally on the order of 1 %–2 %

and Tav can be reasonably determined based on global solar

heat current and Earth surface radiation into space only

[16], Eq. (5) can be rewritten as

S0 � Q
DT

T2
av

; ð6Þ

where Tav is considered a well constrained parameter that

does not depend on Q and DT. Clausse et al. [16] indicated

that convective flow rate from high temperature region to

the low temperature region can be expressed as

Q ¼ C DTð Þ3=2; ð7Þ

where C is a constant related to Earth radius and properties

of fluid involved in heat flow. Accordingly, the

conductance for heat flow will be:

KH ¼
Q

DT
¼ C DTð Þ1=2: ð8Þ

Based on Eqs. (6), (7) and (8), we have

S0 ¼ Q5=3

T2
avC2=3

; ð9Þ

KH ¼ C2=3Q1=3: ð10Þ
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Clearly, Eqs. (9) and (10) show that the maximum KH (or

the minimum heat flow resistance) corresponds to the

maximum heat flow rate (Q) and entropy production rate

(S0). It is also of interest to note that the formulation for the

heat conductance (Eq. (10)) is consistent with the con-

ductivity relations for water flow in river basins and

unsaturated porous media, derived from the optimality

principle [3, 4], because they all are power functions of flux

(or flow rate) with positive exponent values.

3 Conclusion

Optimality principles have been used, as a holistic

approach, for flow processes in several important geosys-

tems. We proposed a new thermodynamic hypothesis that

states that a nonlinear natural system that is not isolated

and involves positive feedbacks tends to minimize its

resistance to the flow process through it that is imposed by

its environment. In the other worlds, only the driving

process is subject to optimality when multiple flow pro-

cesses are involved. We also demonstrate that the

hypothesis is consistent with water flow behavior in satu-

rated and unsaturated porous media.
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