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ABSTRACT OF THE DISSERTATION

Primordial Nucleosynthesis and Neutrino Physics
by

Christel Johanna Smith
Doctor of Philosophy in Physics

University of California San Diego, 2009

Professor George M. Fuller, Chair

We study primordial nucleosynthesis abundance yields for assumed ranges of
cosmological lepton numbers, sterile neutrino mass-squared differences and active-
sterile vacuum mixing angles. We fix the baryon-to-photon ratio at the value
derived from the cosmic microwave background (CMB) data and then calculate
the deviation of the 2H, *He, and “Li abundance yields from those expected in
the zero lepton number(s), no-new-neutrino-physics case. We conclude that high
precision (< 5% error) measurements of the primordial ?H abundance from, e.g.,
QSO absorption line observations coupled with high precision (< 1% error) baryon
density measurements from the CMB could have the power to either: (1) reveal
or rule out the existence of a light sterile neutrino if the sign of the cosmological
lepton number is known; or (2) place strong constraints on lepton numbers, sterile
neutrino mixing properties and resonance sweep physics. Similar conclusions would
hold if the primordial “He abundance could be determined to better than 10%.

We have performed new Big Bang Nucleosynthesis calculations which em-
ploy arbitrarily-specified, time-dependent neutrino and antineutrino distribution
functions for each of up to four neutrino flavors. We self-consistently couple
these distributions to the thermodynamics, the expansion rate and scale factor-
time/temperature relationship, as well as to all relevant weak, electromagnetic,

and strong nuclear reaction processes in the early universe. With this approach,
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we can treat any scenario in which neutrino or antineutrino spectral distortion
might arise. These scenarios might include, for example, decaying particles, active-
sterile neutrino oscillations, and active-active neutrino oscillations in the presence
of significant lepton numbers. Our calculations allow lepton numbers and ster-
ile neutrinos to be constrained with observationally-determined primordial helium
and deuterium abundances. We have modified a standard BBN code to perform
these calculations and have made it available to the community.

We have applied a fully relativistic Coulomb wave correction to the weak re-
actions in the full Kawano/Wagoner Big Bang Nucleosynthesis (BBN) code. We
have also added the zero temperature radiative correction. We find that using
this higher accuracy Coulomb correction results in good agreement with previous
work, giving only a modest ~ 0.04% increase in helium mass fraction over cor-
rection prescriptions applied previously in BBN calculations. We have calculated
the effect of these corrections on other light element abundance yields in BBN
and we have studied these yields as functions of electron neutrino lepton number.
This has allowed insights into the role of the Coulomb correction in the setting of
the neutron-to-proton ratio during the BBN epoch. We find that the lepton cap-
ture processes’ contributions to this ratio are only second order in the Coulomb

correction.
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Chapter 1

Introduction

The main theme of this dissertation is to use the study of primordial nucle-
osynthesis to probe unknown fundamental physics - physics beyond the standard
model. The methodology consists of use of improved big bang nucleosynthesis
(BBN) simulation tools that were developed for this purpose to discover and/or
constrain new weak interaction physics based on continually improving precision
of light element abundance and cosmic microwave background observations. This
introduction will provide a brief review of relevant information in these fields and
illustrate the connection between them in order to understand the following chap-

ters.

1.1 Nucleosynthesis of the Primordial Elements

1.1.1 Setting the Stage: The Moments Before Big Bang

Nucleosynthesis

Before the conditions of the early universe become appropriate for nucleosyn-
thesis, there are several events that set the stage for this epoch.
The quark-hadron transition occurs when the universe is ~ 1075 seconds old

and at a temperature of ~ 1 GeV. At times before this transition and at hotter



temperatures, the universe consisted of a plasma of quarks, gauge bosons, and
leptons. It is during this phase change that quarks become confined into baryons,
creating the baryon asymmetry (the lack of anti-baryons) and the baryon number
seen today. After this transition, there are nucleons with which to build nuclei and
the universe consists of a plasma of neutrinos (and antineutrinos), electrons (and
positrons), photons, and baryons.

For the purpose of this study, the rest of the history of the early universe can be
looked at in first approximation as a series of equilibrium-breaking phase changes
resulting from the expanding and cooling evolution of the hot big bang. These
changes happen when processes whose rates, mediated by temperature-dependent
interaction strengths, are initially fast compared to the expansion rate of the uni-
verse, allowing the constituents to be in thermal and chemical equilibrium. Even-
tually as the universe cools and expands, the rates of these reactions become slow
compared to the expansion rate of the universe and the conditions for equilib-
rium can no longer be maintained. The time at which this occurs can be seen by
comparing the expansion rate of the universe, given from the Freidmann equation

below, to the reaction rate in question. The Freidmann equation is
8T
H? = ?G (ptotal) ) (1'1>

where piotal = Py + (Pe— + pe+) + pu + po is the total energy density. These critical
equilibrium breaking moments give the universe many of the characteristics we see
today.

After the quark-hadron transition, the next important transition in the universe
is the period of weak decoupling. This is when the weak reactions rates that couple
neutrinos to the plasma of the universe, such electron-neutrino scattering, become
slow. At this point the neutrinos cease to efficiently exchange energy with the
plasma and they decouple. This occurs when the universe is slightly less than
one minute old and around a temperature of ~ 3 MeV. The decoupled neutrinos
continue to adiabatically expand with the universe, retaining the thermal Fermi-

Dirac distribution function shape, but with a temperature parameter that decreases



inversely with scale factor. The neutrino spectra keeps a thermal shape unless a
process such as particle decay or neutrino oscillation alters the neutrino spectra.
This is an interesting feature of this epoch because any events that occur in the
weak sector prior to weak decoupling will have been thermalized and ultimately
erased, but those events happening after weak decoupling will be frozen into the
neutrino spectra with the potential to affect later epochs.

Although the neutrinos decouple at temperatures of ~ 3 MeV, they continue
to interact with the baryons of the universe through the following reactions, col-

lectively referred to as the weak reactions:

Vet+tn=p+e, (1-2)
Vet+p=mn+et, (1.3)
n=p+e + . (1.4)

These interactions have a negligible effect on the neutrino energy distributions
because of the small relative abundance of baryons. The baryon-to-photon ratio is

defined as

Nbaryons — Manti—baryons (1 5)

n )
Ty

the best measure of which is currently obtained by anisotropies in the cosmic
microwave background (CMB). The current value taken from the Wilkinson Mi-
crowave Anisotropy Probe (WMAP) is n ~ 6 x 1071°[1, 2].

The rates for the weak reactions are denoted by A, ,, and A\.-,, Az, and A+,

A
Eq. (1.4), respectively.

ndecay @A Ape—p, for the forward and reverse reactions in Eq. (1.2), Eq. (1.3), and

At high enough temperatures, T ~ 1 MeV, these rates are fast enough to
maintain chemical equilibrium. In chemical equilibrium the neutrino, neutron,
electron, and proton chemical potentials i, ftn, pe-, and p,, respectively, satisty
the Saha equation, p,, + ft,, = fte— + ptp. The neutron-to-proton ratio is then given

by its equilibrium value
A elitetmve=0mnp)/T (1.6)

S
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Figure 1.1: The dashed line is the equilibrium value of the neutron-to-proton
ratio. The solid line is the actual neutron-to-proton ratio calculated as a function
of temperature. The point at which the actual neutron-to-proton ratio deviates
from the equilibrium value is called the "weak freeze out."



This can be seen as the dashed green line in Fig. 1.1. Like weak decoupling,
eventually these rates become slow compared to the expansion rate of the universe.
Chemical equilibrium can no longer be maintained and the value of the neutron-
to-proton ratio pulls off of its equilibrium value. This is known as the "weak freeze
out" and occurs at temperatures ~ 0.8 MeV. Although the weak reactions are
comparatively slow after the weak freeze out, they still have a hand in altering the
neutron-to-proton ratio.

Eventually, all the weak reactions except free neutron decay cease to have an
effect on the value of the neutron-to-proton ratio. This is shown in Fig. 1.1, where
the neutron-to-proton ratio is dominated by free neutron decay from temperatures
~0.3 MeV to ~0.01 MeV. Finally nucleosynthesis occurs, binding all the neutrons
into nuclei and the neutron-to-proton ratio abruptly plateaus. This leads to the
next important phase in the history of the universe, primordial nucleosynthesis.

The calculation of the weak reaction rates and consequently the evolution of
the neutron-to-proton ratio is of crucial importance to the outcome of big bang
nucleosynthesis. Not only does it effectively determine the primordial element
abundances, but it could provide clues to unknown physics in the early universe.
It is a main theme of this work to accurately handle the calculations of these rates,
and to use these calculational tools to model the effects of hypothesized new and

unknown neutrino physics.

1.1.2 Big Bang Nucleosynthesis

Nucleosynthesis can be understood analogously to the previous freeze out events.
Instead of following the departure from chemical equilibrium, nucleosynthesis can
be understood by following departures from nuclear statistical equilibrium (NSE).

NSE occurs when the nuclear reaction rates that destroy and create a particular

nuclide are fast enough to keep that nuclide’s abundance in equilibrium. In NSE



the mass fraction of a particular nuclide is given by

X, = 5(3)A—17T(1—A)/22(3A—5)/2A5/2(T/mN)3(A—1)/27]A—1XPZX;L4—ZeXp(BA/T>.

(1.7)
Here 7 is the baryon-to-photon ratio, A is the mass number, Z is the charge, and
By is the binding energy of nuclear species A(Z) defined as B4 = Zm,, + (A —
Z)m,—my. The mass fraction of each element is given by the NSE value for as long
as the nuclear reaction processes are fast. In BBN this equilibrium usually gets
broken because the nuclides which build up a particular nucleus are not numerous
enough to maintain the forward reactions.

The high entropy of the universe, or in other words - the very low value of
7, delays the production of any element heavier than hydrogen until relatively
low temperatures. This can be seen by noting the mass fraction dependence on
nA~1 in Eq. (1.7). Once it finally becomes energetically favorable to build nuclei,
the abundances start to accumulate relatively fast along their own equilibrium
abundance contours. NSE gets broken first for the heavier elements (because they
require substantial abundances of other heavy elements to remain in NSE) and
then sequentially down to the lightest elements.

For example as the mass fraction of He builds with decreasing temperature, it
is forced to pull away from its NSE value because it reaches a point where there
are not enough mass-3 nuclides to produce it. Afterwards, the mass fraction of *He
trails along with 3He and 3H abundances. These mass-3 nuclides build according
to their own NSE contours until they too are forced to fall off of NSE because
there is not enough deuterium. Now *He, 3He, and *H trail along with the slowly
increasing NSE value of deuterium. This is what is referred to as the "deuterium
bottleneck."

Eventually deuterium too is forced to freeze out of NSE because all of the neu-
trons have either decayed or been placed into nuclei. Deuterium and the mass-three
nuclides reach their maximum value at this point. They continue to participate in

nuclear reactions which build heavier elements, mainly *He and trace amounts of



mass-7 nuclides. In order to bridge the mass gaps between helium and any heavier
elements, the temperatures must be high to overcome these coulomb barriers. By
the time *He is made, the universe is already too cool to build anything heavier.
The temperature continues to decrease with the expansion of the universe and
nucleosynthesis ceases.

At the outset of nucleosynthesis, essentially all the neutrons in the universe are
sequestered into alpha particles, or *He nuclei. The neutron-to-proton ratio thus
determines the presently observed ratios of ~ 25% helium, ~ 75% hydrogen, and
trace amounts of deuterium, 3He, and "Li.

In summary, the key pieces of physics in BBN, which are discussed in subse-
quent chapters, are:

1)Weak freeze out. This is the time/temperature when the weak reaction rates
are of the same order as the expansion rate of the universe. This fine balance has a
large role in setting the value of the neutron-to-proton ratio and consequently the
‘He abundance. One can imagine adding in more sources of energy density to the
universe, which in turn creates a faster expansion rate by Eq.(1.1). This would
make weak freeze out happen sooner, leading to a higher value of the neutron-
to-proton ratio, thus resulting in an increase in helium. Alternatively, one could
imagine a scenario with faster weak reaction rates so that the freeze out happens
later. This leads to a lower neutron-to-proton ratio and therefore less “He.

2)Neutrinos and the weak reactions rates. The actual values of the weak reac-
tion rates are closely coupled to the neutrino physics in the early universe. The
number density, or flux, of the neutrinos can enhance the neutrino capture rates
or inhibit the rates with a neutrino in the final state by phase space blocking. Not
only is the density important, but the shape of the neutrino energy distributions
are also a determining factor in the calculation of the weak reaction rates. This
is because the rates are integrated over four factors of neutrino energy and the
neutrino distribution functions. In order to properly track the neutron-to-proton
ratio through the calculation of the weak reaction rates, one must properly track

the evolution of the neutrino distribution functions.



3) The baryon-to-photon ratio. This is essentially a measure of the entropy of
the universe. The largest effect it has is to determine when nucleosynthesis occurs.
Deuterium is particularly sensitive to the timing of BBN because it has a very
slowly increasing NSE mass fraction. This is because of its low binding energy.
For high n, BBN happens sooner and less deuterium gets made.

4)The nuclear reaction rates. The actual laboratory measurements of the nu-
clear reaction cross-sections allow us to simulate nucleosynthesis. The accuracy
of predictions made is dependent on the accuracy of the precision of the nuclear
reaction rates.

BBN is a intricate balance of many factors in the early universe, such as the
particle physics, the thermodynamics, the nuclear physics, and the physics of the
hot big bang. Understanding this epoch by comparing predictions to observations
can give not only a window to the very early universe, but a new tool to probe
physics beyond the standard model. The following section will describe how the

predictions are calculated and the current status of the observations.

1.1.3 Nucleosynthesis Predictions and Comparison to Ob-

servation

The ideas which led to modern primordial nucleosynthesis calculations were
first suggested by G. Gamow. He was the first to realize that in the model for the
hot big bang, there would be a time where nuclear reactions could proceed rapidly.
He used this idea to try to explain all of the observed abundances in the universe.
In a physical review letter to the editor in 1946, he pointed out that there is a
period in the expansion history of the universe where the density would drop an
order of magnitude in less than a second. This would mean the conditions required
for fast nuclear reactions would only last for a short amount of time[3]. Because
of this short nucleosynthesis window and the high entropy of the universe, he was
not able to create heavy elements in the big bang.

Since then, various codes have evolved to calculate the primordial element



abundances. In 1967, R. Wagoner, W. Fowler, and F. Hoyle wrote a nuclear
reaction network that calculated the synthesis of elements in the early universe and
in exploding and imploding supermassive stars [4]. Given the high entropy of the
universe from the CMB, they found that only significant quantities of light elements
could be produced in the big bang. The heavy elements could be synthesized in
the death of massive stars, bridging the mass gaps between “He to 2C.

In 1969, Wagoner converted the Wagoner, Fowler, Hoyle reaction network into
what has become the standard BBN[5, 6] code. In 1988 L. Kawano modernized
this code, added a user interface, and provided documentation [7, 8, 9]. A modified
version of the Kawano/Wagoner code was used in this work. The specific details
of the modification are discussed in Chapter 3.

Before the launch of WMAP, the main goal of the study of BBN was to predict
the baryon-to-photon ratio, . This was done by comparing the predicted abun-
dances from a calculation with a tool such as the Kawano/Wagoner BBN code to
the observed primordial abundances. To constrain 7, the light element abundances
‘He, D/H, *He/H, and "Li/H, were calculated as a function of 1. The observed
primordial abundance error bars were overlaid on these contours to provide an
allowed range of 7.

The baryon-to-photon ratio is now derived independently from the baryon-
acoustic oscillations in the CMB to an accuracy of < 5%. This presents an op-
portunity to use BBN considerations to probe other unknowns of the universe,
namely the lepton numbers of the universe and the weak-sector physics which me-
diate them. The neutrino lepton numbers are defined analogously to the baryon-
to-photon ratio as

Ty Ny

L, = Qj (1.8)

Ty
where n,, and ny, are the number densities of the neutrinos and antineutrinos
respectively. The electron lepton number is known by assuming charge neutrality of
the universe, meaning the number of electrons are equal to the number of protons,

so that L, ~ n.
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In order to use BBN calculations in combination with the observations of the
primordial element abundances, it is useful to review the current status of these
observations.

The measurement of primordial *He is inherently challenging because *He is
synthesized in stars. The *He mass fraction, Y,, is measured by looking at the
relative flux of helium and hydrogen emission lines in metal poor objects such as HII
regions and compact blue galaxies. HII regions are clouds of gas, which are ionized
by the radiation from hot young stars within. Since stars also synthesize metals,
the usual routine is to extrapolate Y, to zero metallicity in order to determine
the primordial value. The main sources of uncertainty in these measurements
include collisions of neutral hydrogen with electrons, the temperature structure of
HII regions, the assumptions made in extrapolating Y, to zero metallicity, and the
uncertainty of the recombination coefficients of the helium lines[10, 11].

Current measurements of primordial helium cover a wide range of values and
uncertainties. In 2007, Ref. [10] found a value of Y, = 0.2477 with a statistical
error of £0.0018 and a systematic error of £0.0023. In 2004, Ref. [12] documented
the systematic uncertainties in previous measurements and concluded that the
allowable range of helium should be considered 0.232 <Y, < 0.258. We have used
this allowed range of helium for comparison in our calculations.

3He is also observed in HII regions by its signature >He™ hyperfine line at 3.46
cm. This is analogous to the 21 centimeter spin-flip transition line in neutral
hydrogen. Unfortunately, this line is very hard to detect and can only be seen in
a handful of these HII regions. Like “He, *He is also made in stars. This would
suggest that the abundance would follow a similar trend as the metallicity in the
galaxy (metallicity increasing towards the center of the galaxy)[13]. This is trend is
not seen, which has led Ref. [14] to argue that there is a fine balance between post-
BBN production and destruction of 3He. Although this argument could mean that
the galactic abundance of 3He is a valid estimate of the primordial abundance,
Ref. [14] takes the measurements from distant HII regions in combination with

recent theoretical understandings of stellar light-element synthesis and destruction
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to place an upper limit of *He/H < 1.1 0.2 x 1075.

Unlike helium, deuterium is easily destroyed by photo-disassociation and is
never synthesized in lasting amounts after BBN. In addition to this, deuterium is
extremely sensitive to the baryon-to-photon ratio, making it an ideal barometer
for primordial nucleosynthesis considerations.

In order to probe the primordial D/H value, deuterium must be observed in
low metallicity, high redshift objects. This is done by looking at the absorption
spectra from Quasi Stellar Objects or QSOs. Light from a distant QSO passes
through an absorption system, a cloud of neutral gas, where deuterium and hydro-
gen absorb radiation and imprint their characteristic spectra. By comparing the
isotope shifted lines of deuterium to the much larger absorption lines of hydrogen,
a primordial value of D/H can be inferred. This is problematic, however, because
hydrogen and deuterium have an identical absorption spectra with a slight ~ 82
km /s offset due to the mass difference of the isotope. Any hydrogen with a relative
velocity (an HI interloper) could look like the isotope shifted deuterium line. This
means that only QSOs with well understood velocity structures can be used for
this measurement.

The best current measurement of primordial D/H is 2.7870 34 x 10~°, from D/H
values toward five QSOs[15, 16]. In 2007, Ref.[13] argued that the mean log of
the individual abundances used in Ref. [16] is not the best estimator of primordial
deuterium. Instead, Ref.[13] states that minimizing the x? for the individual
log(D/H) determinations will provide a better estimate for primordial deuterium.
This yields D/H = 2.68703¢ x 107°. Both estimates agree well with the WMAP
value of the baryon-to-photon ratio.

The lithium isotopes are the problem children of the primordial elements. Cur-
rently, "Li is predicted to be ~ 3 to 4 factors more that what has been observed.
If the observations are correct, %Li is observed as ~ 4 orders of magnitude more
than BBN predictions.

"Li is measured in the absorption spectra of old metal-poor stars in the galactic

halo. The first convincing measurement of primordial lithium was done in 1982 by
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Spite and Spite[17]. They found that "Li/H increased with the mass of the star and
then would plateau. For the highest mass stars, they found a constant abundance
of "Li/H. This plateau is known as the "Spite Plateau." The plateau is believed
to be caused by the lack of convection or mixing with the surface layers of the
heavier stars. 7Li is easily burned into helium in the interior of stars. It is argued
that the lithium plateau is the primordial abundance because of the lack of mixing
and consequently lack of lithium destruction. Since the Spite measurement, many
observations have been done to check this trend, especially since the plateau infers
a primordial value of lithium much lower than the BBN prediction. Most of the
recent measurements have seen that there is little dependence on metallicity[18, 19],
except Ref. [20] which found a slight trend of decreasing lithium with decreasing
metallicity. All of these observations see a value of lithium that is still significantly
lower than the BBN prediction.

Many possible solutions have been posed to understand this disparity such
as systematic errors in the abundance analysis, destruction of lithium by cosmic
ray spallation or rotational effects, dilution of lithium during the lifetime of these
old stars, or incorrect BBN predictions from uncertainties in the nuclear reaction
rates[13]. Thus far, most of these posed solutions have been unsuccessful in bridg-
ing the gap between observation and prediction. In 2006, Ref.[21] conducted a
study looking at stars only in the globular cluster NGC 6397 because they have
arguably similar stellar age and metallicity. They combined their observation with
simulations of stellar evolution and backtracked to derive a primordial abundance
of lithium that agrees with BBN.

Recently, there has been evidence for a plateau not only in “Li, but in 5Li as
well at about 1/3rd the value of "Li/H [20]. This corresponds to ®Li/H ~ 1072
which is about 4 orders of magnitude higher than the BBN prediction. BBN does
not make much SLi because it is easily destroyed by °Li(p, a)*He.

Ref. [22] points out the difficulty in observing °Li. The °Li resonance line is
shifted only 0.16 A to the red of the matching "Li line. These lines are weak

doublets and can be hard to resolve due to thermal broadening and turbulence.
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Ref. [22] concludes that 7 or 8 of the 9 detections of SLi in Ref. [20] can be explained
by 7Li alone by considering the effects of intrinsic line symmetry. Intrinsic line
symmetry is the symmetry between upward and downward flows in the convective
profile of the absorbing material.

Both of the discrepancies in the lithium abundances present an interesting
problem. It could be a sign of a lack of understanding of what the measurements
mean, or it could be a signature of new physics.

As measurements of the primordial elements become more accurate with the
advent of 30 meter class telescopes and the general evolution of technology, it
is possible that signatures of new physics can be resolved. The following work
describes signatures of neutrino physics beyond the standard model on BBN. The

next chapter will provide a brief review of the current status of neutrino physics.

1.2 A Brief History of and Introduction to Neu-
trino Physics
The creator of the neutrino is testing and teasing us.

-Moshe Gai

Ever since Wolfgang Pauli first postulated neutrinos were neutral carriers of
missing energy in neutron decay, they have continued to be a source of confusion
and contradiction. Named by Enrico Fermi as the 'little neutral one", they were
originally thought to have no mass and travel at the speed of light.

However, for almost thirty years, earth based detectors failed to detect the
calculated flux of neutrinos created from the hydrogen burning nuclear reactions
in the sun. This was known as the "solar neutrino problem." The realization that
neutrinos have mass solved this problem because mass allows them to have flavor
oscillations. The presence of a neutrino mass allows the neutrino energy eigenstates

to be independent representations of the flavor eigenstates. In other-words, the
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neutrino energy eigenstates can be written as a superposition of flavor eigenstates
and vice-versa.

In solar neutrino oscillation, a neutrino produced at the center of the sun
is created in the electron flavor eigenstate by specific nuclear reactions in the

hydrogen burning chain such as:

p+p — *H+et +u, (1.9)
p+e +p — *H+r, (1.10)
"Be+e — TLit+u, (1.11)
5B — ®Be+te' +u,. (1.12)

Due to the high densities of electrons and protons in the core of the sun, the
neutrino that is created in the electron flavor eigenstate is more closely associated
with the high energy eigenstate. This is because the electron flavor neutrino is
coupled to the stellar medium through forward scattering on electrons, whereas the
other neutrino flavors are not. As the neutrino travels outward, going from high
to low densities, it remains associated to the high energy eigenstate in adiabatic
conditions. When the neutrino finally exits the sun in the high energy eigenstate,
it "looks" more like a tau or mu flavor neutrino. This is because a mu or tau flavor
neutrino is associated closest with the high energy eigenstate in vacuum. For this
reason, only ~ 1/3 of the expected electron flavor neutrinos were detected from
the sun. The rest "looked" more like tau or mu flavor neutrinos.

This mechanism of neutrino transformation was derived by Mikheyev, Smirnov,
and Wolfenstein and is described as the Mikheyev-Smirnov-Wolfenstein effect or
MSW effect. Not only is the effect important in understanding the behavior of
neutrinos in the sun, but it can describe neutrinos oscillating in the early universe.

In addition to evidence for neutrino oscillation (and therefore neutrino mass)
from solar neutrinos, neutrino oscillation has been detected from atmospheric neu-
trinos as well. High energy neutrinos are produced from cosmic rays colliding with

the earth’s atmosphere, creating high energy pions. These pions decay into muons,
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which themselves decay, producing mu and electron flavor neutrinos at a ratio of

2/1. This can be seen by the atmospheric neutrino producing reactions

= ut+u, (1.13)
Net v+ 1,

T = W+, (1.14)
NeT 4 i + U

Underground detectors noticed a deficit of mu neutrinos, which can be explained
easiest by transformation of a mu flavor neutrino to a tau flavor.

These two independent measurements of neutrino oscillation not only confirm
the existence of the neutrino mass, but also give two different mass-squared differ-
ences om? = m? — m3. The two mass-squared differences imply the existence of
three active neutrino flavors. The mass-squared differences from solar and atmo-

spheric neutrino oscillation are

omi,. ~ 8x107°eV? (1.15)
omZiee ~ 3 x 1073 eV, (1.16)

These give the difference between the neutrino masses, but the absolute value of
the neutrino masses are still unknown.

This leads to the question of mass hierarchy. There are two mass hierarchy
schemes. The normal hierarchy is where the solar doublet is the difference between
the lightest and second lightest mass eigenstate and the atmospheric difference is
between the second lightest and heaviest. The inverted hierarchy is the reverse of
the normal, where the atmospheric difference is between the lightest and second
lightest and the solar doublet now is between the heaviest and 2nd lightest.

Although two mass-squared differences have been inferred to relatively high
accuracy, it does not rule out the possibility for other neutrinos to exist. The
lifetime of the weak interaction boson, Z°, provides limits of three active neutrino

flavors because the amount of available neutrino channels or phase space for the
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boson to decay into is proportional to the lifetime of the boson. If other neutrinos
exist, they must be sub-weak interacting or 'sterile'. They would only interact
through the neutrino mass-mixing mechanism.

The Liquid Scintillator Neutrino Detector (LSND) [23] found an excess of 7,
events which was interpreted as oscillation from v, — 7. This implied a third
mass-squared difference which meant the existence of a fourth neutrino flavor. This
was recently reinvestigated by the MiniBoone experiment [24, 25]. Due to the lack
of electron neutrino appearance events at high energies, the experiment was able to
rule out the two-neutrino oscillation explanation of the LSND detection. However,
they did see an excess of events at low energies, which is still unexplained.

Although these ongoing experiments are trying to place constraints on neutrino
oscillation, the number of neutrino flavors and the mass-mixing parameters of
which are still unknown. As we will show, we can use BBN to probe regions or
parameter space that cannot be probed by terrestrial experiments. This will be

discussed in detail in the following chapters.
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Chapter 2

Light Element Signatures of
Sterile Neutrinos and

Cosmological Lepton Numbers

2.1 Introduction

Recent developments in observational cosmology may allow the primordial
abundances of the light elements, including deuterium, to become novel probes
of the mass and mixing properties of light sterile neutrinos. The high precision
inference of the baryon-to-photon ratio n from the observed relative acoustic peak
amplitudes in the cosmic microwave background (CMB) [1, 2, 3] suggests a new
way to employ Big Bang Nucleosynthesis (BBN) considerations.

Historically, the comparison of the observationally-inferred light element abun-
dances with calculated BBN abundance yields has been carried out with the intent
of obtaining the baryon density. Indeed, on account of the near-exponential de-
pendence of the deuterium yield on 7 in BBN, the observations of isotope-shifted
hydrogen absorption lines in Lyman limit systems along lines of sight to high red-
shift QSO’s provide another, independent high precision measure of the baryon

content of the universe [4, 5]. This value of n currently is in good agreement,
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within errors, with the CMB-derived value [6, 7].

However, these two independent determinations of the baryon density depend
on new neutrino physics in different ways. In particular, the BBN deuterium yield
depends, albeit weakly, on the neutron-to-proton ratio and the expansion rate at
the BBN epoch [8] and these quantities, in turn, can depend on the mass/mixing
properties of sterile neutrinos.

It has been shown recently that the *He abundance yield in Big Bang Nucle-
osynthesis (BBN) can be dramatically sensitive to medium-enhanced active-sterile
neutrino flavor transformation in the presence of a significant lepton number [9, 10].
This sensitivity comes about through (post-neutrino-decoupling) neutrino flavor
mixing-induced alterations in the v, and v, energy spectra. These alterations
cause changes in the weak interaction rates governing the inter-conversion of neu-
trons and protons, and so ultimately they cause changes in the neutron-to-proton
ratio in BBN. We show here that active-sterile neutrino mixing likewise can induce
modest changes in the deuterium and 7Li abundance yields.

This sets up a potentially new avenue for probing or constraining the active-
sterile neutrino mixing parameter space: comparison of the value of n derived from
observationally-inferred deuterium on the one hand and the CMB-derived value on
the other. Though the “He BBN yield is far more sensitive to alterations of the
neutron-to-proton ratio than is the 2H yield, at present the prospects for reliable
and precise determination of the primordial deuterium abundance might be better
than for helium.

The primordial helium abundance is likely between 23% and 26% by mass
[11, 12, 13]. It may be possible to do much better than this by adroit attention
to issues of radiative transfer and compact blue galaxy morphology [14, 15, 16].
However, as more QSO lines of sight become available, the statistics for deuterium
abundance determinations in quasar absorption line systems will improve. Ar-
guably, we may already know the primordial deuterium abundance at least as well
as we know helium[4, 5, 17]. In any case, it is worth exploring how much lever-

age deuterium measurements have in constraining the parameter space of sterile
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neutrino mass/mixing values and lepton number(s).

The LSND anomaly is being re-investigated in the mini-BooNE experiment
[18, 19]. A positive signal in that experiment would indicate active neutrino coher-
ent flavor transformation at a mass-squared scale significantly different from the
atmospheric and solar neutrino mass-squared differences, dm?2,, ~ 3 x 1073 eV?
and dm?2 ~ 8 x 107°eV?, respectively. Given the Z°%width limit, this would im-
mediately imply the existence of a light sterile neutrino.

If this light sterile neutrino (and its helicity-flipped partner, or “sterile antineu-
trino”) were to completely thermalize in the early universe, there could be both
an increased *He yield, which is possibly unwelcome, and trouble with CMB- and
large scale structure-derived bounds on the sterile neutrino rest mass closure con-
tribution [1, 2, 9, 20, 21, 22, 23, 24, 25, 26, 27, 28]. Invocation of a significant
net lepton number can suppress the production of sterile neutrinos in the epoch
when neutrinos scatter frequently (i.e., prior to weak decoupling), thereby easing
these constraints [29, 30, 31]. However, this lepton number will drive active-sterile
resonant production of the sterile neutrino (or sterile antineutrino) after weak
decoupling [9]. Post-weak-decoupling resonant sterile neutrino production would
leave the active neutrinos and the sterile neutrino with distorted, non-thermal en-
ergy spectra which can have a significant impact on the neutron-to-proton ratio
and the *He yield [9].

To investigate the effects of these spectral distortions and resonant transfor-
mation scenarios on the ‘He, 2H and "Li BBN yields, we follow the evolution
of the neutrino distribution functions in various resonance sweep scenarios and
self-consistently couple this with a calculation of the light element abundances
performed with the full BBN nuclear reaction network code. (We employ a modi-
fied version of the Kawano/Wagoner code described in Ref. [32].) In Section II we
briefly outline the physics of active-sterile resonance sweep in the early universe.
We describe our nucleosynthesis calculations in Section III. Results are given in

Section IV. Discussion and conclusions are given in Section V.
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2.2 Resonant Active-Sterile Neutrino Flavor Trans-

formation in the Early Universe

Invocation of a significant lepton number as a dodge to full population of both
helicity states of a sterile neutrino in the early universe [29, 30, 9, 31] will imply
at least some resonant, medium-enhanced destruction of this lepton number and
the concomitant production of sterile neutrinos [9, 31]. In Ref. [9] this general
picture of post-weak-decoupling active-sterile resonance sweep in the presence of a
net lepton number was laid out in detail. The single channel active-sterile neutrino
conversion problem posed in Ref. [9] has recently been solved [10].

The weak decoupling epoch is where active neutrinos cease to scatter rapidly
enough to exchange energy effectively with the background plasma. This takes
place when the temperature is 7'~ 3 MeV. Any neutrino energy spectral distor-
tions which develop after this epoch will not be entirely erased by scattering and
emission /absorption processes.

A pre-existing net lepton number in any of the neutrino flavors can drive
medium-enhanced active-sterile neutrino flavor transformation in the early uni-
verse, both in the coherent regime after weak decoupling, and in the high temper-
ature regime where de-coherence in the neutrino field becomes significant [33]. The
lepton number residing in the neutrino sector associated with flavor o = e, p, 7 is

defined to be (in analogy to the baryon-to-photon ratio n)

L, = M’ (2.1)

«@
Ny
where n,,, , ny,, and n,, are the neutrino, antineutrino, and photon number densities

at some epoch. The potential lepton number corresponding to active neutrino

flavor is
Lo=2L,, + )Y Ly, (2.2)
B
where also 3 = e, u, 7. (Note that neither L, or £, are comoving invariants; we

+

quote values of these assuming no dilution from e* annihilation, i.e., at epoch
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T ~ 3MeV.)

It is convenient to cast the neutrino transformation problem in terms of the
scaled-energy ¢ = E, /T, instead of the neutrino energy E,, because the former
quantity is a co-moving invariant. A Mikheyev-Smirnov-Wolfenstein (MSW) [34,
35] resonance, or neutrino mass level crossing, will occur between sterile and active

neutrinos for electron neutrinos or antineutrinos for scaled-energy

72dm? cos 20 1 (2.3)
EI‘CS ~ 9 .
4V2((3) GeT* Lo+ (3Ye - 1)
and for mu and tau neutrinos or antineutrinos for scaled-energy
o~ 72dm? cos 20 1 | (2.4)
4W2((3) GeT* | L, + 0 (Y. - 1)

where dm? is the mass-squared difference appropriate for the active-sterile mix-
ing channel, ¢ (3) ~ 1.20206 is the Riemann-Zeta function of argument 3, Gp is
the Fermi constant, and Y, = (ne- — ne+) ny !y~ is the net electron number per
baryon. Neutrinos transform at resonance if the terms inside the absolute value
symbols in Eqs. (2.3) and (2.4) are positive; antineutrinos transform if these terms
are negative. In practice, for the rather large lepton numbers we employ, we can
neglect the neutrino-electron scattering term (second term in the denominator

within the absolute value) since n ~ 6 x 107! is so small.
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Figure 2.1: Example active neutrino distribution function for a forced, adiabatic
resonance sweep scenario.



25

03 I I I |

0.25 | 27V e (without mixing) -

0.15 |-

f(E, / T)

0.1

0.05 | :

0

]
2
max

o 15,

€
C.O. E /T

Figure 2.2: Active neutrino distribution function obtained from the active-sterile
transformation solution in Ref. [10].



26

The general picture of MSW resonance sweep (i.e., how the resonance scaled-
energy €.s depends on time/temperature) in the early universe is evident from
Egs. (2.3) and (2.4). As the universe expands and the temperature drops, €
will increase from zero. If v, neutrinos propagate through the MSW resonance
coherently and adiabatically, they will be converted to sterile neutrinos with 100%
efficiency and, consequently, the lepton number will be depleted (£, will decrease)
33, 9]. Ref. [9] showed that the resonance can sweep smoothly, continuously,
and (most importantly) adiabatically only from €, = 0 tO €05 = €max. Here
€max 15 the value of the scaled energy where the product £, is a maximum, €3 =
2¢ (3) (efmax=a + 1) L, (€max) [9]. Ref. [9] showed that the MSW resonance cannot
sweep smoothly and adiabatically beyond this point, €. = €pax-

If we force the resonance to continue to sweep adiabatically and continuously
past €max, completely converting v, neutrinos in the portion of the v, distribution
with scaled energy E,/T < €., we would completely deplete the lepton number
(L, = 0) when the resonance reaches €,.s = €., (where "c.0." stands for cut-off). As
an example, the initial and final distribution functions for a Fermi-Dirac v, energy
spectrum with degeneracy parameter (chemical potential divided by temperature)
My, = 0.05 and potential lepton number £ = 0.368 for this forced adiabatic sweep
scenario is shown in Figure 4.2. The resulting active neutrino spectrum in this
case would have a low energy “cut'. That is, the distribution function would be
zero for E, /T < €.,.. The sterile neutrino produced in this scenario v, — v5 would
have a distribution function identical to the original v.-spectrum for E,/T < €.,
but zero for larger values of scaled energy.

Recently the active-sterile resonance sweep problem for €. > €. has been
solved [10]. The resonance does sweep continuously past €,y to (near) lepton num-
ber depletion, but it does so non-adiabatically. That is, for €5 > €max, Vo — Vs
is not 100% efficient. The net result is that the resonance must sweep to higher
energy to significantly deplete the lepton number. The resonance will sweep adia-
batically as before to €.y, but there will be non-adiabatic, incomplete conversion

in the v, — 15 channel as €. sweeps to higher scaled energy, and then a return
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to complete, adiabatic conversion at large values of €,,. This scenario is depicted
in Figure 4.3 for the case of v.’s with an initial Fermi-Dirac spectrum and lepton
numbers L,, = 0.0343, and L,, = L, = 0.15.

A distorted, non-thermal v, (or 7,) spectrum will change the neutron-to-proton
ratio in BBN and hence, the light element abundance yields over the case with
thermal, Fermi-Dirac energy spectra [9]. This is because the v, and/or 7, energy

spectra determine the rates of the neutron and proton inter-conversion processes,

Ve+tn=p+e, (2.5)
vet+p=mn+et, (2.6)
n=p+e + . (2.7)

For a given initial potential lepton number, removing neutrino population at higher
scaled energy in the spectrum results in a larger effect on the neutron-to-proton
ratio. This is because of the significant neutrino energy dependence in the cross
sections and dsitribution functions which factor into the rates of the processes in
Egs. (3.2), (3.3), and (3.4). However, another factor in this behavior is that more
neutrino population lies in the portion of the v, or 7, spectrum for E,/T > €.,
for the values of potential lepton number of most interest here.

For a given initial potential lepton number, the actual (full solution) resonance
sweep scenario will give bigger BBN alteration effects than will the artificial forced
continuous, adiabatic sweep model [10]. This is shown in Figure 2.3, where we plot
the fractional change (in percent) in the helium and deuterium abundance yields
from their standard BBN values for the CMB-determined baryon density as a
function of the mass-squared difference dm?, characterizing the v, — v oscillation
channel. We give this for both the adiabatic sweep to €., scenario and the full
resonance sweep solution. In these calculations we have taken the initial lepton
numbers to be L,, = 0.0343 and L,, = L, = 0.15.

In reality we could expect active-active neutrino conversion simultaneous with
active-sterile transformation. This could leave complicated distortion features in

the energy spectra of all neutrino species [9]. It is the spectral distortions of
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v, and 7, neutrinos which are most important for BBN. Active-active neutrino
mixing could tend to partially fill in the F,/T < €y portion of the v, or 7,
spectrum, though this could be offset by continued sweep to even higher E,/T. In
any case, to be conservative in our BBN abundance yield estimates we will in what
follows assume a smooth, adiabatic resonance sweep to €., for a given potential
lepton number. Therefore, our calculated abundance yield changes for given lepton

numbers and sterile neutrino mass/mixing data will be (usually) underestimates.
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Figure 2.3: The two cases are forced adiabatic resonance sweep to €., (Figure 4.2)
and the full solution (Figure 4.3).
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2.3 Primordial Nucleosynthesis Calculations with

Neutrino Spectral Distortions

In general, active-sterile resonance sweep will go on simultaneously with the
charged current weak interactions that set the neutron-to-proton ratio (n/p), as
well as the strong and electromagnetic nuclear reactions associated with BBN.
We will have distorted neutrino v, and v, energy spectra with distortions that
change in time as the active-sterile resonance sweeps and active-active neutrino
flavor transformation proceeds. These new features necessitate handling the weak
interactions differently than in the standard BBN case.

The standard BBN code, originally written by R. Wagoner [36] and later revised
by L. Kawano [37, 38|, calculates the processes in Eqgs. (3.2), (3.3), and (3.4) by

adding the three n — p rates; likewise, the three p — n rates:
>‘n = )‘Ve+n—>p+e* + )‘n+e+—>p+ﬂe + )‘n—>p+e*+ﬂe (2’8>

)‘p = )‘p+e*—>ve+n + )‘De+p—>n+e+ + )‘p+e*+ﬂe—>n' (2'9)

In the standard calculations, the integrands in A, and A, are manipulated and
condensed into a shorter, two-part integral to save computation time. This requires
the neutrino and antineutrino distribution functions (as well as the electron and
positron) be of Fermi-Dirac form. If the neutrino degeneracy parameters are zero,
the code calculates A, and )\, with a series approximation to further cut down
computation time. This can lead to an erroneous ~ 0.5% increase in the neutron-

to-proton ratio [37, 38].
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Figure 2.4: In all cases the baryon-to-photon ratio is fixed at the CMB-derived
value n = 6.11 x 107°. The central horizontal line is the standard BBN case.
The light solid line is the case with lepton numbers but with no active-sterile
neutrino mixing. In this case we set all individual lepton numbers to be equal.
The lower dashed line is the case with active-sterile neutrino mixing in the forced,
adiabatic resonance sweep scenario with lepton number distribution factor = (L, +
L, )/2L,, = 1. The lower heavy solid line is the same case but in the full resonance
sweep scenario. The upper dashed line similarly corresponds to the adiabatic
resonance sweep scenario but with lepton number distribution factor 10, while the
upper solid line is the same case in the full resonance sweep scenario. All active-
sterile mixing cases here have ém? = 1eV2. The light horizontal band gives the
23% — 26% range for Y), allowed by observational bounds.
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Figure 2.6: Same as for Fig. 2.4 but now with negative lepton numbers.
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In order to implement time-dependent neutrino and antineutrino spectral dis-
tortions, we rewrote the BBN code to calculate each weak rate in Egs. (3.2), (3.3),
and (3.4) independently, with no series approximations, and changed the integra-
tion variable to neutrino/antineutrino energy instead of electron/positron energy.
We then modularized the weak rate calculations so that any neutrino or antineu-
trino distribution function could be entered. Likewise, our modifications allow us
to implement any desired time dependence in these distribution functions and they
also allow us to calculate consistently the energy density in (and spectra of) any
sterile neutrinos which are produced. These modifications are implemented in four
modules. One module contains the matrix elements and phase space integrands for
the weak rates. The phase space integrands call a second module which contains
the v, and v, distribution functions. The third module defines the limits of integra-
tion. Finally, the fourth module calculates the resonance energy for active-sterile
transformation and calls the integrator, which in turn calls the other modules for
the integrands and integration limits. In addition, the expansion rate of the uni-
verse at any temperature is calculated self-consistently with all active and sterile
neutrino distribution functions.

In all of our BBN calculations, we set the baryon-to-photon ratio to n = 6.11 x
10710, This corresponds to the central value of the CMB acoustic peak amplitude-
determined WMAP Three Year Mean result, = (6.11 & .22) x 107! which, in
turn, corresponds to a baryon rest mass closure fraction Q,h? = 0.0223 £ 0.0008
3], where h is the Hubble parameter in units of 100 km s~ Mpc™?.

In our calculations, for illustrative purposes, we adopt neutron lifetime 7,, =
887.8s. The current world average [39] for this lifetime is 7,, = 885.7 £ 0.8, but a
recent measurement [40] suggests it could be as small as 7, = 878.5+£0.7£0.3s. Our
adopted 7, is larger than all of these and this has the effect of making our distorted-
neutrino-spectrum calculations underestimates of the actual change in the n/p-ratio
and, hence, nucleosynthesis yield deviations. Though these differences are small,
it must be kept in mind that 7,, remains uncertain to a degree.

With these choices of 7 and 7,,, our modified version of the BBN code calculates
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the *He mass fraction to be Y, = 0.2429 and the deuterium abundance relative
to hydrogen to be D/H = 2.543 x 107°. Although the current uncertainty in
the WMAP-derived baryon density is relatively small (~ £3.6%), it nevertheless
translates into a ~ +5.5% uncertainty in the predicted primordial value of D/H.
This is because the BBN deuterium yield is a very sensitive function of 7. As
we discuss below, the error in D/H stemming from the current error in the CMB-
determined 7 precludes using the observationally-determined deuterium abundance
to constrain the sterile neutrino physics discussed in this paper. However, the
higher precision determinations of 7 in the projected Four Year WMAP results
lead to an uncertainty of £0.00047 in Q,h?, corresponding to 40.117 in 7, while
the forthcoming Planck mission forecasts +0.00017 in Qu,h?, or +0.045 in 7 [41].
These more precise determinations of 7 will translate into commensurately better
precision in the calculated D/H values. As we discuss below, these could allow for
new neutrino physics and/or lepton number constraints.

Corrections to the code, such as time-step corrections and Coulomb and radia-
tive corrections, have been discussed extensively (e.g., Ref. [42]; Ref. [43]). Most
corrections are a small additive factor to the final helium abundance Y, and are
functions of the chosen time-step, n, and 7,,. Since this work uses set values for
these parameters and presents the results in terms of percent change, the additive
corrections do not contribute to the final results.

It is beyond the scope of this work to present precision element abundance
predictions. Our goal here is to illustrate the global trends in element production
resulting from adding in the active-sterile transformation physics. Eventually cor-
rections, such as the coulomb correction, should be calculated autonomously in the

weak rates in order to give the < 1% accuracy desired.
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2.4 BBN Abundance Yields with Lepton Num-

bers and Sterile Neutrinos

Here we describe the results of our calculations of light element primordial
nucleosynthesis in the presence of significant lepton numbers and active-sterile
neutrino flavor mixing. The properties of light sterile neutrinos and the lepton
numbers of the universe could be related [33, 29], but here we shall vary them
independently to gauge effects on BBN abundance yields. We therefore have five
quantities to vary.

The first of these parameters is the rest mass of the sterile neutrino m, or,
equivalently, the mass-squared difference dm? ~ m? characteristic of active-sterile
neutrino flavor mixing. The second quantity is the effective 2 x 2 vacuum mix-
ing angle # characterizing the unitary transformation between an active neutrino,
which we will take to be electron flavor |v,), and a sterile state |v5) and mass/energy

eigenstates |v1) and |vy),

|ve) = cosB|vy) + sinO|vy),

lvs) = —sinf|vy) + cosO|vs), (2.10)

with corresponding rest-mass eigenvalues m; and ma, respectively, such that 6m? =
|m3 —m?|. Here we set sin? 26 = 10~ to conform with the LSND results. Because
the expansion rate of the universe is so slow at the epoch of medium-enhanced
coherent MSW sterile neutrino production, flavor evolution is likely adiabatic,
at least for scaled resonance energy €.s < €max [9, 10]. As a consequence, our
nucleosynthesis results will change little with variation in # so long as sin?26 >
1075,
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Figure 2.8: Here the outer horizontal band gives the standard BBN range in D/H
corresponding to the uncertainty in baryon-to-photon ratio n for the Three Year
WMAP data, while the middle and inner bands give the D/H range for the un-
certainty in 7 for the Four Year WMAP and the projected one year Planck result,
respectively. The horizontal dashed line shows where neutrino spectral distortion
plus lepton number will give a *He yield exceeding 26%. Here 6m? = 1eV?.
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As outlined above and in Ref. [9], instead of treating the complete 4 x 4
mass/mixing matrix with its many unknown mixing parameters, we shall con-
sider the effective 2 x 2 conversion channels v, = v, or v, = v, and adopt two
different resonance sweep schemes in an attempt to bracket the BBN effects of
the active-active plus active-sterile mixing-induced spectral distortions. To follow
resonance sweep we use: (1) continuous, adiabatic sweep to lepton depletion at
€co., and (2) the full solution of Ref. [10]. The latter resonance sweep scheme gives
the most dramatic alterations in v, or v, energy distribution for a given lepton
number, but in reality active-active mixing v. = v, or v, = U, ., as well as
Vyr = Vs O U, = U, will likely fill in some of the spectral deficits in v, or 7, as
will post-decoupling inelastic neutrino and antineutrino scattering. By contrast,
the continuous, adiabatic sweep to €., scenario gives conservative underestimates
of BBN effects [9].

The remaining three parameters in our BBN calculations are the actual lepton

numbers. For a = e, u, 7 we have

(sl (5) oetrl o

where ((3) ~ 1.20206, 7, and T, are the neutrino and plasma temperature, re-

spectively, and the ratio of neutrino chemical potential to neutrino temperature is
the neutrino degeneracy parameter 7,,. While 7, is a co-moving invariant, L, is
not because the ratio T, /T, varies as temperature drops and the entropy initially
in the seas of electrons and positrons is transferred to photons. (After all e*-pairs
have disappeared, (7,/T,)> = 4/11.) The lepton numbers given in our figures
are for T, /T, = 1. We assume that all neutrinos and antineutrinos initially have
Fermi-Dirac equilibrium energy spectra (e.g., the heavy dashed line in Fig. 4.3),
so that n;, = —n,,.
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Figure 2.10: Same as for Fig. 2.8 but now with negative lepton numbers.
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Figure 2.11: Same as for Fig. 2.9 but now with negative lepton numbers.
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Active-active 3 x 3 neutrino mixing with the solar and atmospheric mass-
squared differences has been shown to “even up" the lepton numbers of each neu-
trino flavor to within a factor of ~10 [44, 45, 46, 47]. This also may be true in the
4 x 4 mixing case. Since we consider v, = v, or U, = U, the relevant potential
lepton number is £, = 2L,, + L,, + L,, . The lepton number distribution factor

L, + L.,

2.12
oL, (2.12)

factor =

is an important determinant of spectral distortion. We consider values of this
factor between 1 and 10. The bigger the value of this factor, the larger will be the
spectral distortion for a given value of 1, or n;, [9]. This is because the larger the
potential lepton number, the larger will be, e.g., €n.x and €., , quantities which
set the scale for spectral distortion.

A positive v, degeneracy parameter 7,, reflects an excess of v,’s over .’s, which
will have the effect of driving the reaction in Eq. (3.2) to the right, thereby lowering
n/p and the “He yield. However, v, — v, flavor conversion can effectively distort
the v, spectrum so as to lower the overall v, number density and thereby shift the
reaction in Eq. (3.2) back to the left, in effect counteracting the v, degeneracy and,
possibly, leading to an increase in the *He yield over the standard BBN, 7, = 0
result. This argument can be reproduced in analogous fashion for a v, excess
(n,. < 0) and v, = v, flavor conversion.

Figures 2.4 and 2.5 show the percent change in the *He primordial nucleosynthe-
sis yield relative to the standard BBN model with no lepton numbers and no new
neutrino physics as a function of (positive) potential lepton number. In all cases the
baryon-to-photon ratio is set to the central CMB-derived value n = 6.11 x 107,
With lepton numbers alone, but without sterile neutrino mixing and spectral dis-
tortion, the neutron-to-proton ratio is suppressed and the *He yield is decreased
relative to the standard model. This trend is weakened or even completely re-
versed when v, = v, generated spectral distortion is included in the calculations.
In general, the spectral distortions generated in the full resonance sweep scenario

produce bigger increases in abundance yield over the lepton-number-only case than
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does the forced adiabatic resonance sweep scenario. As discussed above, this stems
from the tendency in the full resonance sweep mechanism to deplete v, population
at higher energy in the distribution function. From Figures 2.4 and 2.5 it is clear
that the existence of a sterile neutrino could alter significantly the relationship
between predicted “He abundance and lepton numbers. It is also clear from these
figures that improvement in the precision of the observationally-inferred value of
Y, could make for stringent new constraints on the sterile neutrino parameters and
lepton numbers. Even with the (likely overly) generous range of 23% — 26% for
Y, we see that larger sterile neutrino masses together with larger positive lepton
numbers tend to produce too much *He.

Figures 2.6 and 2.7 likewise show the deviation in the *He yield from the stan-
dard model value but now for negative lepton numbers. These figures are not
simply mirror images of Figures 2.4 and 2.5. This is because negative lepton num-
bers will produce distortions in the v, energy spectrum. There is a threshold in
the 7, capture process in Eq. (3.3), while there is no threshold in the v, capture
process in Eq. (3.2). The result is that we must have a distortion extending to
higher energy in the 7, distribution than in the v, distribution to produce the same
magnitude change in “He yield. This trend is obvious in Fig. 2.4 where there is no
discernible difference between the case with lepton number alone and the case with
v, = Vs mixing in the forced adiabatic sweep scenario with lepton number distri-
bution factor 1. However, in Fig. 2.7 we see that with large enough dm?, negative
potential lepton number, and lepton number distribution factor it is possible that
the *He yield would fall below 23% by mass fraction, at least for the full resonance
sweep scenario.

Similar trends are evident in the deuterium yield as shown in Figures 2.8, 2.9,
2.10, and 2.11. These figures are essentially similar in overall structure to those
for “He. However, because the deuterium yield is so sensitive to baryon-to-photon
ratio 7, in these figures we show bands of ranges of calculated D/H corresponding
to the quoted uncertainty ranges in 7 for the Three Year WMAP data and for the
expected 7 uncertainties in the Four Year WMAP and the Planck results.
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The general change in D/H relative to standard BBN is similar to that for
‘He. In the lepton number only cases with no sterile neutrinos a positive potential
lepton number with its accompanying suppression in n/p results in a decrease in
the deuterium abundance yield. Again, this trend is reversed for large enough
spectral distortion. In general, bigger increases in D/H are created by larger dm?
and larger positive lepton numbers plus v, = v, conversion in the full resonance
sweep solution.

However, given the current uncertainty in 7 it is evident from these figures that
no meaningful constraints on lepton numbers alone or on combinations of lepton
numbers and sterile neutrino properties can be obtained from measurements of
D/H. The §D/H produced, for example, at dm? = 10eV? for £, > 0.15 could exceed
the uncertainty range in deuterium yield stemming from the Three Year WMAP
uncertainty in 7, but the v, spectral distortions accompanying this scenario would
produce “He in excess of 26% by mass fraction, i.e., exceeding the observational

bound (horizontal dashed line).
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Figure 2.12: Same as for Fig. 2.4 but now with ém? = 3eV? and where the dashed

curves are for lepton number distribution factors as labeled, up to 10. Here the
full resonance sweep solution is employed.
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By contrast, the considerably smaller uncertainty expected in, e.g., the Planck
CMB-determined baryon-to-photon ratio could allow for rather stringent con-
straints on (or signatures of) either lepton numbers alone or combinations of lepton
numbers and sterile and active neutrino mixing parameters. However, as is evident
in Fig. 2.9, realizing statistically significant constraints or signatures would require
that the observationally-derived primordial deuterium abundance be known to bet-
ter than 5% accuracy. This is problematic as currently there is likely a 15% to
30% error in observationally-determined primordial D/H. Prospects for bettering
these errors will be discussed in the next section.

Negative lepton numbers produce alterations in D/H yield which are qualita-
tively similar (with reversed trends) to those in the positive lepton number regime.
However, as for *He, the presence of the threshold in 7, + p — n + et serves to
lessen the overall quantitative impact on | §D/H | of spectral distortions from given
values of (negative) L., dm? and lepton number distribution factor. This is shown
in Figures 2.10 and 2.11.

The light element abundance yield alterations resulting from lepton numbers
and spectral distortions can depend on ém?, L,,, L,,, L, and resonance sweep
physics in complicated ways. In Figures 2.12 and 2.13 we show §*He and §D/H,
respectively, for the full resonance sweep solution and for §m? = 3eV? for many
values of the lepton number distribution factor (L,, + L., )/2L,, = 1, 1.5, 2, 2.5,
3, up to 10. We see that there is a fair increase in §*He and §D/H with increasing
values of this factor until it approaches ~ 5. In broad brush, this trend comes
about because larger values of this factor mean relatively lower v, degeneracy and
resonance sweep to higher v, energy (e.g., larger €., ). Both of these consequences
tend to increase *He and D/H yields.

Likewise, larger dm? values generally imply an earlier onset of resonance sweep
and spectral distortion development. This, in turn, means a bigger effect on n/p,
as the rates for the neutron-to-proton interconversion processes in Eqs. (3.2), (3.3),
and (3.4) are faster at earlier epochs where temperature and, hence, average lepton

energies are higher. These trends are evident in Figures 2.14 and 2.15 where con-
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tours of 6*He and 6D /H, respectively, are shown as functions of dm? and (positive)
L.=2L, +L,, + L, for the full resonance sweep solution and for lepton number
distribution factor 3. There is little dependence of abundance yield deviation on
dm? in either figure at low values of £.. However, for a given dm?, increasing L.
tends to delay resonance sweep and the development of spectral distortions. This
can be offset with larger dm?2. As a consequence, for larger values of £, we see a
significant dm? dependence in both ¢*He and D /H.

The results shown in Figures 2.14 and 2.15 may help to indicate where we might
expect active neutrino inelastic scattering to partially erase or modify the spectral
distortions we calculate in the coherent neutrino propagation limit. The earlier the
onset of resonance sweep, the more significant inelastic neutrino scattering will be.
This regime will generally be where the dm? dependence in abundance deviations
is weakest, i.e., for parameters in the upper left hand corners of Figures 2.14 and

2.15, where lepton numbers are small and ém? is large.
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Figure 2.14: Contours of percent change in “He yield relative to standard BBN for

ranges of 6m? = 0 — 11eV? and potential lepton number 0 — 0.44, all for lepton
number distribution factor 3 and the full resonance sweep scenario.
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Figure 2.15: Same as Fig. 2.14 but now for the primordial deuterium abundance
yield.
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Figure 2.16: Same as Fig. 2.4 but now for percent change in "Li abundance.
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Finally, the deviation in "Li abundance (“Li/H) yield, §7Li, relative to the
standard BBN zero lepton number, no new neutrino physics case, is shown as a
function of (positive) potential lepton number £, in Figures 2.16 (6m? = 1¢éV?)
and 2.17 (6m? = 10 eV?) for several cases. The general trends in §"Li are similar to
those for §*He. In the lepton number only case with no sterile neutrinos, increasing
L. and, hence, decreasing n/p suppresses the "Li yield. "Li is produced at this n
principally as "Be through 3He(c, v)"Be. However, there is a small contribution to
"Li from direct production via 3H(a,v)"Li and the tritium, 3H, abundance during
BBN tracks the n/p ratio. Though 67Li can be large for several of the cases shown
in these figures, it is at this time not a good candidate for lepton number or
sterile neutrino constraint. This is because there remains considerable controversy
surrounding both the observationally-determined primordial “Li abundance and
the astration/production history of “Li in stars and in the interstellar medium. At
the value of the baryon-to-photon ratio n adopted here, the calculated BBN "Li/H
yield is a factor ~ 3 higher than the “Li/H abundance inferred from the Spite
plateau in hot, old halo stars [48].

2.5 Discussion and Conclusions

We have for the first time self consistently and simultaneously coupled the full
BBN nuclear reaction network with medium-enhanced active-sterile neutrino flavor
transformation. One conclusion from our work is straightforward: the existence
of light sterile neutrinos v, which mix with active neutrinos v,, v,, v, could alter
significantly the relationship between primordial lepton numbers and the BBN
light element (*H, “He, “Li) abundance yields. Our work also shows that precision
predictions of primordial nucleosynthesis yields for given neutrino properties and
lepton numbers likely will require accurate treatment of the evolution of neutrino
spectral distortion. Depending on neutrino mixing parameters, this may require a
full 4 x 4 quantum kinetic equation neutrino flavor transformation scheme.

However, the calculations we have performed here allow us to point out some
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intriguing trends that eventually may provide a means for constraining lepton
numbers and/or sterile neutrino properties. In particular, though we find that
positive (negative) potential lepton number causes the BBN 4He, *H, and "Li
abundance yields to be suppressed (increased) relative to the standard BBN zero-
lepton-number case, these trends are counteracted and even reversed when sterile
neutrinos exist and medium-enhanced v, = v, (V. = ) takes place.

An underlying theme of our work is that the BBN paradigm, especially as it
concerns constraints on neutrino physics, may be changing. We now know to fair
precision the baryon density from the CMB acoustic peak amplitude ratios. The
uncertainty in baryon-to-photon ratio n likely will improve with future observa-
tions. This trend will culminate in the near term in the Planck mission, which is
projected to reduce the uncertainty in 7 to < 1%. The near elimination of uncer-
tainty in this quantity and the neutron lifetime will leave the leptonic sector as the
principle source of uncertainty in conventional, thermal BBN. This is an intriguing
development which comes hard on the heels of new experimental /observational rev-
elations of neutrino mass-squared differences, flavor mixing parameters, and CMB-
and large scale structure- derived bounds on light neutrino mass contributions to
closure.

The active neutrino mixing parameters in particular allow *He-derived con-
straints on electron lepton number L,, [27] to be extended to L,, and L, [44, 45,
46]. Certainly, improvements in precision in the observationally-inferred helium
abundance Y), will translate directly into improved constraints on lepton number
[27]. This is obvious in Figures 2.4, 2.5, 2.6, 2.7, for the value of £, = 4L, at
which the “Lepton Number Only Case” line crosses the limits of the horizontal
band (*He mass fraction 23%). This occurs for L,, = L./4 ~ 0.045, corresponding
to v, degeneracy parameter 7,, ~ 0.07. This is, of course, a crude upper limit,
corresponding to our adopted range for the primordial helium abundance.

If the uncertainty in the observationally-inferred deuterium abundance D/H
could be improved significantly, it could become competitive with *He as a probe

of lepton number and new neutrino physics. This is not the case currently. The
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statistical uncertainty in D/H is between 15% and 30%, as derived from the isotope-
shifted hydrogen absorption lines observed in Lyman Limit and Damped Lyman
Alpha absorption systems along lines of sight to high redshift QSO’s [4, 17]. As
Figures 2.8, 2.9, 2.10, and 2.11 show, we would need to get the error in D/H down
to < 5% to enable deuterium to provide constraints on, or signatures of, e.g., sterile
neutrinos.

This is problematic in the short term, but not an inconceivable eventuality in
the longer term. The current deuterium abundance stems from of order a half dozen
QSO absorption systems. With the projected increase in the number of 8m class
telescopes and extensions of surveys to the southern hemisphere, we might expect
to increase the number of “clean" (i.e., no interloper cloud) Lyman-« absorption
systems by a factor of 2 or so. This likely will not be good enough. However, the
advent of 30m class telescopes could give many more QSO lines of sight and this
might provide for much higher precision deuterium abundance determinations.
This could be useful for probes of primordial baryon inhomogeneity or the star
formation and chemical evolution history of the early universe. However, in this
paper we point out that it also could be useful for constraints on new neutrino
physics, especially as regards lepton numbers plus sterile neutrinos.

If, for example, we knew a priori the sign of the primordial lepton number,
then there may be a signature for sterile neutrinos or at least a means for better
constraining their properties. A positive lepton number would be expected to
give a suppression of ?H and “He relative to the zero-lepton-number, standard
BBN predictions based on the CMB-derived baryon density. However, a light
sterile neutrino could reverse this and give an increase in these abundances over
the standard case. In broad brush, it works in an opposite sense for a negative
lepton number, though the effect is less dramatic on account of the threshold in
Ue+tp—mn+e.

Likewise, if experimental evidence exists for active-sterile neutrino mixing, then
the sign of the deviation of ?H, *He, or "Li from the standard zero-lepton number

BBN case may afford a direct measure of the sign and magnitude of the potential
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lepton number. At the least, measurements and reasoning along these lines may
allow for significantly better constraints on lepton numbers in this case.

There is another possibility. Suppose that active-sterile mixing properties are
measured in the lab and precise primordial light-element abundances are obtained
from observation. Further suppose that the effects (abundance deviations from
standard BBN) pointed out here are not seen. This could indicate that there is
another mechanism, other than large (|L,, | > 1073) lepton number [9, 29, 31],
operating to suppress active neutrino scattering-induced de-coherence production
[49, 50, 51, 52, 53, 30] of seas of vs and vs. We know that some mechanism must
suppress this process because otherwise there would be a conflict with CMB- and
large scale structure-derived bounds on light neutrino mass contribution to closure
(see for example Ref. [9]). Two alternative means for sterile neutrino production
suppression have been suggested: a low re-heat temperature for inflation [54]; and
an alteration of neutrino mass/mixing properties (7.e., no mass or mixing) at early
epochs.

In any case, the linkage between the light elements and new neutrino physics
which we have pointed out here increases the leverage of new developments in both

observational cosmology and terrestrial neutrino oscillation experiments.
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Chapter 3

Big Bang Nucleosynthesis with
Independent Neutrino

Distribution Functions

3.1 Introduction

There is a new paradigm in Big Bang Nucleosynthesis (BBN) studies which
promises enhanced probes of the early universe and a window into new physics.
In the past, BBN predictions have been used to place constraints on the baryon
number at three minutes after the Big Bang. This was done by comparing the
observationally-inferred primordial light element abundances to abundances pre-
dicted by BBN calculations over a wide range of baryon-to-photon ratio values.
With the high precision results of the Wilkinson Microwave Anisotropy Probe
(WMAP), however, the baryon-to-photon ratio, 7, is now independently deter-
mined — at 300,000 years after the Big Bang — from observations of the cos-
mic microwave background (CMB) relative acoustic peak amplitudes [1, 2, 3].
Currently, the WMAP Three Year Mean value for the baryon-to-photon ratio is
n = (6.11 £ .22) x 1071 Future missions (e.g., Planck[4]) promise considerably

higher precision determinations of 7. In addition, current CMB measurements
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can provide loose constraints on primordial helium[5] while forecasts for Planck
precision data may constrain Y, with error bars of 5%]6, 5.

Since the baryon-to-photon ratio is known independently, and to excellent pre-
cision albeit at much later times, BBN calculations can now be used to probe or
constrain new physics or heretofore poorly determined parameters. For example,
we can use BBN predictions to constrain not only the lepton numbers but also
the physics behind these lepton numbers . The existence of a nonzero electron
lepton number follows from charge neutrality and the observed proton content of
the universe. The contributions of neutrinos and antineutrinos to the electron,
muon, and tau (e, u, 7) lepton numbers are not known, since we do not directly
observe these relic particles. The neutrino contribution to the lepton number for

a given flavor, a = e, u, 7, is defined analogously to the baryon-to-photon ratio,

0= (ny— my)fn,, as

L, = Qe "M% (3.1)

Ny

where n, = (2¢(3)/7%)T? is the proper photon number density at temperature T,,
and n,,_ and ny,_ are the neutrino and antineutrino number densities. Observational
bounds on the lepton numbers[7, 8, 9, 10, 11, 12, 13, 14, 15] remain large compared
to the values of these that could significantly affect BBN when there is new leptonic
sector physics (e.g., sterile neutrinos)[7].

The neutrino lepton numbers influence BBN and the resulting primordial el-
ement abundances in a number of ways[16]. The energy density in the neutrino
sector contributes to the total energy density of the universe, which determines
the expansion rate. The expansion rate is crucial to the outcome of BBN because
it determines the weak freeze-out temperature which in turn effectively sets the
neutron-to-proton ratio and, therefore, the primordial abundances of *He and the
other light elements.

Not only is the total number of neutrinos important to the outcome of BBN, but

the neutrino distribution functions are key components of the phase space integrals

in the weak reaction rates in BBN. The weak reactions of greatest interest are those
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that interconvert neutrons and protons:

Ve+n=p+e, (3.2)
Ve+p=mn+et, (3.3)
n=p+e + . (3.4)

Since the rates for the weak reactions are strongly energy dependent, the en-
ergy distributions of the neutrinos and antineutrinos can figure prominently in
both the forward and reverse rates in the processes in Egs. (3.2), (3.3), and (3.4).
In standard BBN scenarios the neutrino distribution functions are assumed to
be thermally-shaped Fermi-Dirac distributions. However, it is possible that non-
thermal neutrino distribution functions arise after the neutrinos decouple from the
background plasma around 7' ~ 3 MeV and during times crucial to BBN.

There are many possible mechanisms that could alter the neutrino spectra.
Altered neutrino energy spectra, in turn, could change the resulting primordial el-
ement abundances from what one would expect given a particular lepton number.
Neutrino energy spectrum-altering scenarios include, but are not limited to, active-
active neutrino oscillations[12, 10, 7, 11}, active-sterile neutrino oscillations|7, 8,
17, 18, 19, 20], particle decay into the neutrino sea[21], or CP-violation in neutrino
oscillations[22]. Moreover, active-sterile neutrino flavor mixing and other mecha-
nisms for creating sterile neutrino dark matter before neutrino decoupling are a
focus of current research[23, 24, 25, 26, 27, 28, 29, 24, 30, 31, 32, 33, 34, 35, 36], as
is the constraint of these scenarios via x-ray observations and large-scale structure
considerations[37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52]. Though
these models may not directly affect BBN through the spectral distortion of v, and
v, energy distribution functions discussed here, they nevertheless may affect the
overall values of lepton number, entropy, and energy density which are relevant
to BBN. In the end, the existence of sterile neutrino states changes the meaning
and utility of lepton number[53, 54]. To use BBN predictions to probe or constrain
any such scenario requires an approach that self-consistently includes neutrino and

antineutrino energy spectra of arbitrary shape.
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We have performed detailed calculations of primordial nucleosynthesis in which
we include neutrino and antineutrino spectral distortion. Our results are surpris-
ing. We find that even modest distortions of the neutrino and/or antineutrino
spectral shapes from Fermi-Dirac black body forms can result in significant mod-
ification of the net neutron-proton interconversion rates and, hence, alteration of
the light element abundances.

To study the effects of neutrino spectral distortion, we have modified the origi-
nal Kawano/Wagoner BBN code described in Ref. [55] to calculate the primordial
element abundances self-consistently with arbitrarily-specified non-thermal and /or
time-dependent neutrino distribution functions. This paper is structured as fol-
lows: Section II describes the calculation of weak charge-changing reaction rates in
the early universe and our prescription for employing non-thermal neutrino and an-
tineutrino energy distribution functions; Section III discusses our new BBN code;
Section IV will present example results for non-thermal neutrino distribution func-

tions resulting from various physical scenarios; and Section V gives conclusions.

3.2 BBN and the Weak Reaction Rates
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S, (Ey)

E/T

Figure 3.1: Example neutrino occupation probabilities. The upper dark (black)
curve is the standard Fermi-Dirac thermally-distrubuted neutrino occupation prob-
ability and the lower light (red) curve is an example non-thermal neutrino occu-
pation probability which can result from active-sterile neutrino transformation.
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At early times and high temperatures, t ~ 1 sec and T' 2 1 MeV, the primordial
element abundances are given by nuclear statistical equilibrium (NSE). In NSE the
rates for the processes that create a particular nucleus are equal to the rates that
destroy it, so that the abundance for each element is given by the Saha equation.

As the universe expands and cools, reaction rates slow down to the point where
they will not be fast enough to maintain NSE and the neutron and proton abun-
dances, and subsequently the abundances of *He and the other light nuclei, “freeze-
out". For example, the *He abundance falls below its equilibrium NSE track at
T =~ 0.6 MeV, essentially as a consequence of the small NSE deuterium abun-
dance. BBN can be looked at crudely as a series of freeze-outs from NSE, but with
considerable post-equilibrium nuclear processing.

Because the entropy per baryon is high, alpha particles form copiously during
BBN. Nearly all the neutrons in the universe at the epoch where a’s form end up
in alpha particles.

A key factor in the outcome of BBN is the value of the neutron-to-proton
ratio. Like the nuclear abundances in NSE, at high enough temperatures (7 >
3 MeV) the weak neutron-proton interconversion rates are fast enough to maintain
chemical equilibrium and the neutron-to-proton ratio can be determined from a
Saha equation when the neutrinos have thermally-shaped distribution functions
(as we will describe later).

For general conditions the neutron-to-proton ratio is determined by the weak
reaction processes shown in Eqs. (3.2-3.4). The rates for these weak reactions are
given in Eqs. (4.9-4.14) below. The forward rate for the reaction in Eq. (3.2) is
given by ..., Eq. (4.12), and the corresponding reverse rate is given by A.-,,
Eq. (4.9). Likewise, the forward and reverse rates for the process in Eq. (3.3) are
Azop and A+, respectively. Eq. (4.13) gives the rate for free neutron decay denoted
by An—decay, While the reverse three-body reaction rate is denoted by A,.-5, given

in Eq. (4.14). These rates are detailed below[7, 56, 57, 58, 59, 60]:
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In 2 o0
)\e*p ~ m/o F [Z> EI/ + an] Eg (El/ + an) (35)

(Bt Qu)* = mee?) (8] [1 - 8,1 dE,,

In2 o0
Aoyp R ———= E*(E, — Q, 3.6
eP <ft> (mec2)5 /an+mec2 v ( Q p) ( )

X ((Eu - an)2 - meC2)1/2

[SD ] [1 - Se*] dEuv

In 2 00 9
o o B B~ ) @

X ((El/ - an)2 - mec2)1/2 [Se+] [1 - Sl?e] dEl/a

W /0 T FZ,E, + Qu) E2(Ey + Quy) (3.8)

X ((Eu + an)2 - mec2)

Ven

1/2

[SVe] [1 - Se*] dEl/a

In2 Qnp—mec?
o decay m / F1Z,Qu— E)E(Qu— E,)  (3.9)
< ((Qup— E)* = me®) (1= S, ] [L - 5. dE,,
' s [ P2 - BB @y ) (10

pe Ve ~ <ft> (mec2
X ((an —E,)* - mec2)

1/2

[SD ] [Se*] dE,,,

where E, and F, are the appropriate electron/positron and neutrino/antineutrino

energies. In these expressions the neutron-proton mass difference is @), ~ 1.293



69

MeV. Here In2/(ft) is proportional to the effective weak coupling applying to free
nucleons with (ft) the effective ft-value defined in Ref.[57]. The weak matrix
element is In2/(ft) o< G%(1 + 3g%), where Gp is the Fermi constant and g, is
the ratio of axial to vector coupling for the free nucleons. In the BBN calculation
the value for In2/(ft) is normalized by the free neutron decay lifetime at zero-
temperature. Here F'[Z, E.] is the relativistic coulomb correction factor (or Fermi

factor)[57],
I'(s+ 1)

F(+Z ~ 2(1 2pR)*s~Vemn| 2 L L

. (3.11)

In this expression the upper signs are for electron emission and capture, the lower
signs are for positron emission and capture, s = [1—(aZ)?]"/2, Z is the appropriate
nuclear charge (which is Z = 1 for the proton), « is the fine structure constant,
n = +Zw/p, and R is the nuclear radius in electron Compton wavelengths. R ~
2.908 x 1073AY3 — 2.437A~Y/3 where A is the nuclear mass number and w =
(p? +m?2)"/2 with m, the electron rest mass. This expression appears in the phase
space integrand of the weak rates which require a Coulomb factor in either the
initial or final state [61, 56, 62].

Se-/+ and Sy, /5, are the phase space occupation probabilities for electrons or
positrons and neutrinos or antineutrinos, respectively. For example, the [1 — S, ]
factor in A.-, is the Pauli phase space blocking factor for processes which create a
neutrino. In the limit that the neutrinos have thermally-shaped Fermi-Dirac distri-
bution functions, these phase space occupation probabilities become two parameter
functions: '

Sl/e = B /T =tve 4 1’ (312)

B 1
e T eEl,/Tu—n,je + 1

Sy (3.13)

The two parameters, 7, and 7,,, correspond to neutrino temperature and degener-
acy parameter (the ratio of chemical potential to temperature), respectively. For
example, a thermally-shaped neutrino phase space occupation probability function

is graphed in Fig. 3.1 as the upper black curve.
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The total weak neutron destruction rate is A\, = Ap.n + Actpn, + An_decay and the
corresponding total weak proton destruction rate is A\, = Aj.p + Ae—p + Ape—p. It
is convenient to define

Aot = A + Ay (3.14)

With this definition, the rate of change of the net electron number per baryon, Y.,
with Friedmann-Lemaitre-Robertson-Walker (FLRW) time-like coordinate ¢ in the

early universe will be

dYe
dt

At early times where temperatures are high, the forward and reverse rates of

== >\n - }/;Atot- (315)

these reactions are fast compared to the expansion rate of the universe. In this

regime the neutron-to-proton ratio is just

n _ )\Dep + >\e*p + Ape*ﬂe (3 16)
P )\uen + )\eJrn + >\n decay . .

This can be approximated as

n )\Ij D + )\e*p
—_—~ = 3.17
p )\Ven + )\e+n ( )

because neutron decay and the reverse three-body reaction are negligible by com-

parison at high temperatures. When the neutrino distribution functions have

thermally-shaped Fermi-Dirac forms, the neutron-to-proton ratio is given by

ﬁ ~ ()\efp/)‘eJrn) + 6_771’6'“76_5 (3 18)
p - (>\e*p/)\e+n) eMve—nNe+E | 1’ .

where 1,, = p,./T is the electron neutrino degeneracy parameter, 7, = p./T is
the electron degeneracy parameter, and £ is the neutron-proton mass difference
divided by temperature, £ = (m, — m,)/T[7]. This equation is generally true
whenever the lepton distribution functions have Fermi-Dirac forms and identical
temperature parameters 7' and whenever we can neglect neutron decay and its
reverse process. Of course, at lower temperatures the neutrino and electron-photon

plasma temperatures will differ and free neutron decay will be important.
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Figure 3.2: The neutron to proton ratio, n/p, as a function of temperature for
three nucleosynthesis scenarios. The lower solid curve is for BBN with degenerate
neutrinos and no neutrino transformation, where L,, = L, = L,, = 0.05. The
upper solid curve is the n/p ratio with the same lepton numbers as above but
now including a particular active-sterile neutrino transformation scenario. The
dotted cure is the n/p ratio for standard BBN (no lepton numbers or neutrino
oscillation). The dashed line is the n/p equilibrium prediction for standard BBN
(no lepton numbers or sterile neutrinos) with enforced weak chemical equilibrium.
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If the weak reactions occur rapidly enough to maintain chemical equilibrium,
then the Saha equation, p,, + ft, = fte- + f1p, can be used to predict the neutron-
to-proton ratio. Interestingly, both the Saha equation and the steady state rate
equilibrium condition in Eq. (4.7), with the full lepton capture rates of Eqs. (4.9-
4.14), can be written as[7]

"V o p(He—tue=0mnp) /T (3.19)
p

This equilibrium neutron-to-proton ratio is shown in Fig. 3.2 as the dashed (green)

line for zero electron and neutron chemical potentials, p. = p,, = 0.

As the universe cools, the weak reaction rates become slow compared to the
expansion rate of the universe and the neutron-to-proton ratio falls out of equilib-
rium. This is called “weak freeze-out" and occurs over a range of temperatures.
Fig. 3.2 shows the actual neutron-to-proton ratio evolving as a function of temper-
ature for the standard BBN scenario (thermal neutrino distribution functions and
zero chemical potentials p = p,,, = 0). At high temperatures, the actual neutron-
to-proton ratio follows the equilibrium value and then around 1 MeV, the weak
freeze-out commences. This happens because the weak rates have a stronger de-
pendence on temperature than does the expansion rate of the universe. The lepton
capture/decay rates given in Eqs. (4.9-4.14) scale very roughly as T° (see Ref.[60]
for the detailed temperature dependence), while the expansion rate of the universe
is oc T?. As a result, the neutron-proton weak interconversion rates eventually will
fall below the expansion rate.

Although the weak rates become relatively slow, they still have a significant
effect on the neutron-to-proton ratio, even for temperatures well below 7" = 0.8
MeV. In fact, free neutron decay continues to lower the n/p ratio until there are
virtually no more free neutrons or until the neutrons are sequestered in alpha
particles, where they are effectively shielded from the weak interaction. This is
illustrated in Fig. 3.2 where the dotted (blue) line continues to decrease until
T =~ .08 MeV (when the neutrons have been captured during rapid alpha particle

formation). It is important to correctly calculate the weak reactions in order to
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appropriately track the n/p ratio. This ratio sets the scale, in varying degrees, for

all the primordial element abundances[55, 16].

3.3 New BBN Code

A nucleosynthesis code was written by Robert V. Wagoner in 1969[63, 64] to
track and time evolve the nuclear abundances and the neutron-to-proton ratio in
an expanding cooling universe. It was later updated and revised by Lawrence
Kawano in 1988[65].

This code time-evolves three main quantities, the electron fraction, Y,, the
baryon-to-photon ratio, n, and the temperature, along with the primordial element
abundances. It follows 48 nuclides using a reaction network composed of 168
nuclear reactions, whose rates have primarily been based on, and in some cases
extrapolated from, laboratory cross sections. The main numerical technique is a
2nd order Runga-Kutta routine.

The code also tracks the neutron-to-proton ratio by calculating the weak reac-
tion rates using the standard thermally-shaped Fermi-Dirac neutrino distribution
functions, setting S,, and Sy, as given in Eq. (4.15) and Eq. (4.16).

In their approach, electron energy is used as the integration variable, instead
of neutrino energy as given in Eqs. (4.9-4.14) above. To save computational time,
they calculate only the sum of each of the forward n — p rates and the reverse
p — n rates:

>‘n = )‘ue+n—>p+e* + >‘n+e+—>p+l7€ + )‘n—>p+e*+l7€ (3’2(])
Ap = Apte=—vetn T Avetpontet T Apte—tpe—n- (3.21)

With an algebraic trick, this simplifies the calculation by condensing the six phase

space integrals (for each weak reaction rate) into two integrals:
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s ] aE,

This algebraic trick requires the approximation of thermally-shaped Fermi-
Dirac neutrino and antineutrino distribution functions. This summed rate cannot
properly treat the Coulomb correction, F[Z, E.], which should be included in the
phase space integral of reaction rates which have an electron and proton in either

the final or initial state.
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Figure 3.3: Two example electron neutrino distribution functions, where the upper
black line is the standard thermal spectrum and the lower red line is a spectrum
resulting from a particular scenario for active-sterile neutrino mixing. The vertical
dashed lines show where a weak rate calculation employing the lower distribution
function would be broken up to be integrated piecewise in our new version of the
code.
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We have modified the Kawano/Wagoner BBN code so that it can accommodate
and integrate any arbitrary neutrino and/or antineutrino distribution function with
any specified time dependence. The majority of our changes lie in the weak reaction
rate calculation.

We first separated the summed neutron destruction and production rates, A\,
and A,. Individual calculation of the weak reaction rates has been implemented
in the Kawano/Wagoner code by Refs. [66, 67, 68] to examine neutrino spectral
distortion from massive neutrino decay and neutrino interaction with the hotter
electrons and positrons in the plasma of the early universe. This has also been
done in independent BBN codes by Refs[62, 69] to analyze corrections to the weak
reaction rates such as the coulomb and radiative corrections.

Calculating each reaction rate individually enabled us to use non-thermal dis-
tribution functions and to change the neutrino and antineutrino distribution func-
tions independently. Then, we removed a series approximation for A, and A, which
is applied when the lepton numbers are zero. This approximation results in an er-
roneous =~ 0.5% increase in the neutron-to-proton ratio[70, 65]. Furthermore, we
added the capability to separate a weak rate calculation into an arbitrary number
of neutrino energy bins. This is useful for calculating a reaction rate where the
neutrino energy spectrum is comprised of different functions over different energy
ranges.

For example, in Fig. 3.3, we have shown two electron neutrino distribution
functions. The upper curve is just the standard thermally-shaped Fermi-Dirac
distribution function,

o 1 Z;V2
N TE& Fy (nua) ebv/Tva —Nva + 1’

fva(E) (3.24)

which is consistent with the occupation probability derived from Eq. (4.15). Here

x2dx
er—n41"

the relativistic Fermi integral of order two is F5 (n) = [5° The lower curve is
a distribution function resulting from a particular active-sterile neutrino oscillation
scheme described in Refs. [8, 17]. In this scheme, electron neutrinos have been

completely converted into steriles at low and high energies (1 and 3), but some
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active neutrinos remain in the center (2) energy band. To calculate a rate using
this non-thermal distribution function, we break up the rate into three parts.
The first part integrates from zero to €; using the neutrino distribution function
f(E,/T) = 0. The second part integrates from €, to €5 using the modified function
shown in 2. The third part integrates from e, to oo and again use f(E,/T) = 0.

Finally, the total rate is calculated by summing all three pieces.



BBN Code Driver

Weak Rate Subroutine
1st Module

2nd Module
Integration limits

]

Integrator
(n-point Gaussian integration)

3rd Module
(matrix elements and integrands)

}

4th Module

(neutrino distribution functions)

value of integration reported back
to 1st module

Figure 3.4: Flow chart for our modified BBN calculation.
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To perform these non-thermal piece-wise calculations in the BBN code, we
completely replaced the original weak rate calculation with a series of four modules.
These modules allow the user to define the distribution functions, break up the
integration into specifiable pieces and define the energy ranges for each piece, and
set any desired time/temperature dependence of the distribution functions. A flow
chart of the weak rate calculations is shown in Fig. 3.4. At each time step, the BBN
code calls the weak rate calculation subroutine, Module 1 in Fig. 3.4, to time-evolve
the neutron to proton ratio and, subsequently, all the nuclear abundances.

Module 1 acts as the central line of communication in that it calls the other
modules and reports back the value of the weak rates at every time step in the BBN
code. In this module, the user can first define how many pieces to split the rate
integration into for reactions involving either neutrinos or antineutrinos or both.
For example, if the user wanted to use the lower non-thermal neutrino distribution
function in Fig. 3.3 and a thermal antineutrino distribution function, the user can
specify that the rate integrations involving neutrinos should be integrated in three
parts and that rates involving antineutrinos should be integrated with one energy
bin.

Next, Module 1 calls Module 2 to retrieve the integration limits for each piece,
1.e., where the user wants each energy bin to begin and end. In Module 2, the
user can define these integration limits and couple them to any time dependences
desired. Module 1 makes an array with these limits so they can be accessed later in
the integration. This procedure can be extended to an arbitrary number of energy
bins for any neutrino type.

The first module calculates all six weak reaction rates by utilizing two main
loops. These loop over the number of energy bins. One loop calculates the two re-
action rates that include neutrinos and the other loop calculates the four remaining
weak reaction rates that include antineutrinos. The number of iterations for each
loop is determined by the number of energy bins. Each loop iteration integrates
the weak reaction rates over the range of energy and neutrino distribution function

specified for that energy bin. At the end of the iteration, each rate is summed.
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For every loop cycle, the first module calls the integrator which inputs the func-
tion to be integrated and the limits of the energy bins (from Module 2). The matrix
elements and integrands for the six weak reaction rates, as shown in Eqgs. (4.9-4.14),
are retrieved from Module 3. Here, the electron occupation probability is set as
S. = 1/(e®/T +1) and the neutrino and antineutrino occupation probabilities are
called from Module 4.

The sole purpose of Module 4 is to house the neutrino and antineutrino occu-
pation probabilities. This makes it easy for a user to modify the neutrino distribu-
tion functions — by inputting analytic functions for S,, and S;, — without having
to modify any other portion of the weak rate calculation. The user can also de-
fine different functions or populations for each integration energy bin. After each
energy bin is integrated, the total rate is summed and the values for the six weak
reaction rates are returned to the main BBN code driver.

Our modified Kawano/Wagoner BBN code — which can now accommodate and
integrate any arbitrary neutrino and/or antineutrino distribution function with
any specified time dependence — will be available to the community at bigban-

gonline.org [71].

3.4 Example Code Results



81

14

10 .

e
(o)}
|

Lepton # Only

A, , (/sec)

0 | | | | |
1.8 16 14 1.2 1 08 06 04

T (MeV)

Figure 3.5: The rate of electron neutrino capture on a neutron as a function of
temperature. The upper curve is A, , in the lepton number only case for lepton
numbers of L, = L, = L,, = 0.05. The lower curve is the rate when there
is active-sterile neutrino transformation along with the same lepton numbers as
above.
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We have utilized this code to study nucleosynthesis abundance yields in the
presence of a light-mass sterile neutrino over a range of lepton numbers[8, 17]. The
lower red line in Fig. 3.1 shows a final non-thermal neutrino occupation probability
function that can result from active-sterile neutrino transformation. In this partic-
ular scenario, we started with normal thermal electron neutrino and antineutrino
distribution functions and an assumed initial lepton number. The lepton numbers
that we have taken are within the range which is allowed by conventional BBN
(primordial “He) considerations. But, of course, the point is that a sterile neutrino
that mixes with an active neutrino can result in non-thermal neutrino and/or an-
tineutrino energy spectra which produce BBN abundance yields that can be quite
different than in the standard scenario. This, in turn, could provide new, more
appropriate constraints on lepton numbers or on active-sterile neutrino mass and

mixing parameter space or on both.
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Figure 3.6: Percent change in *He from the standard BBN predicted value as a
function of potential lepton number £ = 2L, + L,, + L,,. The low light line is the
case with lepton numbers only and standard thermally-shaped Fermi-Dirac neu-
trino distribution functions. The upper dark lines are for cases with non-thermal
neutrino distrubution functions resulting from active-sterile neutrino transforma-
tion in addition to lepton numbers. The 1x factor corresponds to L,, = L, = L,,
and the 10x factor is for L,, = L, = 10L,,. The horizontal band corresponds to
the allowed *He mass fraction from observational bounds. This is for active-sterile
mass squared difference dm? = m2 —m?2 =1 eV>.
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The presence of a significant net lepton number can delay significant sterile
neutrino production until after the weak decoupling temperature. With a positive
net lepton number, a Mikheyev-Smirnov-Wolfenstein (MSW) resonance occurs first
for low neutrino energies. This resonance subsequently sweeps to higher neutrino
energies as the universe expands and cools. At first, this resonance sweep process
occurs adiabatically, efficiently converting all active neutrinos into sterile neutri-
nos. This continues until the rate of active-sterile conversion becomes too fast to
maintain adiabaticity. At this point, production becomes inefficient. However, at
high enough resonance energies transformations can occur adiabatically again.

Accurately following such a scenario requires all the modifications in our new
code. Without being able to include a dynamically changing neutrino distribution
function, for example, we could not calculate correctly the neutron-to-proton in-
terconversion rates. In fact, in the example scenario presented here, not only are
there non-thermal neutrino distribution functions to handle, but these change on
time scales which are important to BBN. In Fig. 3.5, we show the rate for electron
neutrino capture on a neutron, the forward process in Eq. 3.2, as a function of
temperature. The top curve is the rate when there is no active-sterile neutrino
oscillation. The lower curve shows the decreased rate when there is active-sterile
mixing and the final neutrino distribution function is that of Fig. 3.1. By reducing
the number of electron neutrinos available for capture on neutrons, the capture rate
is decreased. Additionally, the altered neutrino distribution function also results
in a modestly increased reverse rate (electron capture on protons). The depleted
electron neutrino distribution function in this scenario has the effect of increasing
the electron capture rate because of the smaller neutrino phase space blocking

factor.
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The final integrated effect in this scenario can be gauged by the changes in
the light element abundances. This can be seen in Fig. 3.6 and Fig. 3.7 where
we plot the percent change in the prediction of primordial *He from the standard
BBN prediction (zero lepton numbers and thermally-shaped neutrino distribution
functions) as a function of potential lepton number £ = 2L, + Ly, + L, . Inour
calculation, for illustrative purposes, we adopt neutron lifetime 7, = 887.8 s and
baryon-to-photon ratio n = 6.11 x 1071, This yields a standard BBN prediction
for the *He mass fraction Y, = 0.2429. For the lepton number only case (neutrino
chemical potentials with no spectral distortion), the positive electron neutrino
chemical potential enhances neutron destruction and therefore less *He is produced.
The upper black contours show the percent change in predicted *He, but now
with lepton numbers and neutrino spectral distortion resulting from active-sterile
transformation. This shows that the presence of neutrino spectral distortion can
nullify and even reverse the effect of a lepton number. The 1x factor corresponds
to equal lepton numbers (L,, = L,, = L,.) and the 10x factor corresponds to
10L,, = L,, = L,,.

For example, with lepton numbers of L,, = L,, = L,, = 0.05, which corre-
sponds to electron, mu, and tau neutrino degeneracy parameters of, n,, = n,, =
Ny, =~ 0.073 (i.e., near the conventional BBN upper limits on these quantities),
we see a 4.9% increase of “He over the standard (no neutrino mixing and no lep-
ton numbers) BBN value and a 12.7% increase over the *He calculation with only
lepton numbers included but no active-sterile neutrino oscillation effects. With
this example scenario we find an increase in D/H (deuterium abundance relative
to hydrogen) of 2.8% over the standard BBN calculation and an increase of 6.9%
from the lepton number only calculation.

The increase in helium for these adopted parameters is likely unacceptable, ex-
ceeding observational bounds[72, 73, 74]. Likewise, if the observationally-determined
value of D/H can be increased in precision sufficiently (to better than £5% [17]), it
may be possible that D/H could compete with helium as an avenue for constraint

of new neutrino physics. Ultimately, allowing for dynamically-altered neutrino
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and antineutrino distribution functions could add a new dimension to the way in
which BBN and light element abundances might constrain new physics in the weak
sector.

We have also used our new code to apply a relativistic version of the Coulomb
correction into the appropriate weak rate integrands[61]. This has never been done

before in the Wagoner/Kawano BBN code.

3.5 Conclusion

We have developed an approach to Big Bang Nucleosynthesis (BBN) calcula-
tions where we can treat arbitrarily-specified energy distributions for all neutrino
types, including v, and v.. We can also allow these distribution functions to be
altered dynamically and follow all nuclear and weak reactions self-consistently with
these alterations. This new approach can extend the usefulness of BBN predictions
for exploring and constraining new physics in the neutrino and weak interaction
sectors.

Examples of such new physics include active-sterile neutrino mixing and parti-
cle decays that have neutrinos in the final state. We have given an explicit example
of the former scenario. In this example we have demonstrated how active-sterile
neutrino oscillation physics can alter neutrino or antineutrino distribution func-
tions on short time scales, alter the neutron-proton interconversion rates, and so
modify BBN abundance yields over those of the standard scenario.

Our calculations hold out the promise that light element abundances could
place the best constraints on primordial lepton numbers and active-sterile neutrino
mixing parameters when the sterile neutrino mass is in the ~ 1eV range. Present
laboratory experiments, like mini-BooNE, are sensitive to neutrino flavor mixing
in the active-sterile channel at the ~ 1eV mass scale only when the appropriate
effective 2 x 2 vacuum mixing angle satisfies sin® 20 > 10~*. By contrast, in the
presence of a net lepton number, BBN abundance yields might be significantly al-

tered for active-sterile neutrino mixing parameters for sin?26 > 10~%. The greater
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reach in vacuum mixing angle afforded by BBN considerations stems from: (1)
the long (gravitational) expansion time scale of the early universe which dictates
the MSW resonance sweep rate and sets the minimum mixing angle required for
adiabatic and efficient conversion of the active neutrinos into sterile species; and
(2) the significant sensitivity of the neutron-proton weak interconversion rates to
alterations of the neutrino or antineutrino energy distribution functions. Our new
calculations allow us to follow simultaneously and self-consistently both of these
effects along with all relevant weak, electromagnetic, and strong nuclear reaction
rates.

This new approach is incorporated into an update of the Kawano/Wagoner
BBN code — which can now accommodate and integrate any arbitrary neutrino
and/or antineutrino distribution function with any specified time dependence. We

will soon make this code available to the community at bighangonline.org.
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Chapter 4

Big Bang Nucleosynthesis Weak

Rate Corrections

4.1 Introduction

The study of Big Bang Nucleosynthesis (BBN) has been and is a powerful tool
for testing cosmological models and constraining the fundamental parameters of
the universe. Since primordial nucleosynthesis occurs relatively soon after the Big
Bang (~ 1s), BBN provides one of the best windows into the physics of the early
universe.

Before the launch of the Wilkinson Microwave Anisotropy Probe (WMAP),
BBN predictions along with direct observation of the primordial element abun-
dances were used to constrain the baryon-to-photon ratio, . The independent
high precision determination of 1 from the ratio of the acoustic peak amplitudes
in the cosmic microwave background (CMB) from WMAP [1, 2, 3] allows us now
to use BBN to constrain other unknowns in the early universe and physics beyond
the Standard Model.

The CMB measurement of 7 increases in precision with accumulating WMAP
data and the future Planck mission promises even higher precision, with a projected

~ 1% accuracy in 7 [3, 4]. The measurement of primordial deuterium also shows
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promise for higher accuracy determination as more QSO lines of sight become
available [5, 6] . This fuels the motivation to further refine the calculation of
predicted primordial element abundances. For this reason we have analyzed the
effect of adding the full relativistic Coulomb wave correction factor (relativistic
Coulomb barrier factor) to the weak reaction rates in the BBN calculation.

Among many issues, a key piece of physics that sets the stage for primordial
element nucleosynthesis is the evolution of the neutron-to-proton ratio, n/p. The
n/p ratio is critical in determining the synthesis of the primordial elements because
it sets the number of neutrons available to build nuclei.

The neutron-to-proton ratio is effectively determined by the competition be-
tween the charge-changing weak interaction rates and the expansion rate of the

universe. Listed below are the weak reactions which interconvert neutrons and

protons:
Ve+n=p+e, (4.1)
Vet+p=mn+et, (4.2)
n=p+e + . (4.3)

The corresponding rates for these weak reactions are denoted by A,., and A.-,
Aoep and Agtp, )\ndccay

Eq. (4.2), and Eq. (4.3), respectively. Defining A, = A\ + Aern + A

and \p.-p, for the forward and reverse reactions in Eq. (4.1),
Ndecay and

Atot = Ay +Xp, + Ae—p + Ape—s., and defining the neutron-to-proton ratio to be n/p,

we can show that in the early universe

i (5] = e (e - ) (1.4

where t is the Freidmann-Lemaitre-Robertson-Walker timelike coordinate [7]. Note

that the net number of electrons minus positrons per baryon is Y, = (n.- —
ne+)/ny = (1 +n/p)~t. At high temperatures, T > 1 MeV, the weak reaction
rates are fast compared to the expansion rate of the universe, steady state equi-

librium (4% (n/p) = 0) is a good approximation, and the neutron-to-proton ratio is



given by [7, §]

n . )\Dep + )\e*p + )\pe*ﬂe

p B )\l/en + )\e+n + )\n decay ‘

96

(4.5)
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Figure 4.1: Neutron-to-proton ratio as a function of temperature. The full standard
BBN zero lepton number case is given by the solid line. The dashed line is the
neutron-to-proton ratio as calculated with an enforced assumption of steady state
equilibrium, i.e., Eq. (4.8).
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The relatively slow rates at high temperatures for both free neutron decay and
the corresponding reverse three body reaction allow the steady state equilibrium
neutron-to-proton ratio to be approximated as
n o Avep + Ae—p

. 4.6
p >\1/en + >\e+n ( )
If the neutrinos have thermal, Fermi-Dirac energy distribution functions, this can

be written by
N (Aep/Aetn) e Metnet

P gl Acen) eme i€ 110

where 1,, = p,, /T is the electron neutrino degeneracy parameter, 1, = p. /T is the

(4.7)

electron degeneracy parameter, with p,_ and p. the electron neutrino and electron
chemical potentials, respectively, and £ is the neutron-proton mass difference di-
vided by temperature, £ = dm,,,/T with dm,, = m,c* —m,c* ~ 1.293 MeV, where
we take the Boltzmann constant to be kg =1 [7].

At high temperatures the weak reactions can be fast enough to maintain chem-
ical equilibrium. In chemical equilibrium, the chemical potentials satisfy the Saha
equation, f,, + tn, = fe- + . When chemical equilibrium is maintained the
neutron-to-proton ratio will be

n

o~ e(ﬂe_NVe_‘;mnp)/T. (48)
p

This result can be obtained directly from the ratio of the appropriate Fermi-Dirac
distribution functions or, alternatively and equivalently so long as all reactants
have a Fermi-Dirac form for their energy spectra, from evaluation of the rates in
Eq. (4.7) [7].

As the universe cools and expands, the rates of the weak reactions become slow
compared to the expansion rate of the universe. At this point chemical equilibrium
can no longer be maintained and a period known as the “weak freeze out” occurs
as the neutron-to-proton ratio pulls away from its equilibrium value. For a faster
expansion rate of the universe the weak reaction rates become comparatively slow
earlier and the neutron-to-proton ratio falls out of equilibrium at higher tempera-

tures, yielding a relatively larger n/p value. Likewise, for a slower expansion rate,
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the weak reactions can maintain chemical equilibrium longer and the neutron-to-
proton ratio consequently would be lower. The expansion rate of the universe is
set by the local total energy density through the Freidman equation.

Figure4.1 shows the neutron-to-proton ratio as a function of temperature for
a standard Big Bang scenario with zero lepton numbers, i.e., pu,, = pp, = pe =
0. This figure shows both the actual n/p ratio and the approximation to this
with an enforced chemical equilibrium condition. Obviously, these agree for high
temperature but diverge once the weak reaction rates become slow compared to the
expansion rate of the universe. Note that the actual n/p ratio becomes constant
once nearly all free neutrons are incorporated into alpha particles at T' < 100 keV.
This figure shows the n/p ratio only for free neutrons and neutrons bound within
alpha particles, and neglects the neutrons bound in 2H, 3H, 3He, and nuclei heavier
than “He, accounting for the small divit in the upper curve near T' =80 keV.

Primordial element abundance yields are calculated by a BBN code that time
evolves the temperature and expansion rate of the universe along with the nuclear
and weak reactions rates. We have used a modified version of the Kawano/Wagoner
BBN code [9, 10, 11, 12] in order investigate the effect of integrating the relativistic
Coulomb barrier factor in the appropriate weak reaction rates. In section II we
discuss the calculation of the weak reaction rates. In section III we discuss the rel-
ativistic Coulomb correction employed here and Coulomb correction prescriptions
studied previously. In section IV we present results and give a discussion and in

section V we give conclusions.

4.2 The Weak Reaction Rates

We calculate the individual weak interaction rates with the following phase
space factor forms and with a common matrix element which is proportional to

the inverse of an effective ft-value (ft) [7, 13, 14, 15, 16, 17, §]:
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In2 oo 1/2
Ny A ———————— F|Z E.](E, — dmy,)?E. (E* — m.c? S.-1[1-8,]dE.,,
o T Jon ¥ (B b 5. (B2 =) P15 (jg)
In2 0
Ny o ——— E. + 0mp,)2E.(E? — mec®)V? (S, ] [1 — S.+] dE.,
0 s [, (et O BB = o) 2 155] 1 = S o

et <ft>l(n722)5 /OO (Ee +0muy ) Ee(B7 — mec2)1/2 [Se+][1 — S5.]dEe, (4.11)
MeC Mmec?

In2 00
Mo N o /5 P12 E)(E. — 0map B2 = o) [8,,] [1 = S, dE.,
(4.12)

In2 omnp 1/2
Ay A 7/ FZ,E) (6mn, — E)E, (E? — moc?
decay <ft> (mecg)f) e c? [ ] ( D ) ( )

[1 - Sl? ] [1 - Se*] dEe> (413)

In2 dmnp 1/2
s [ P12, B (9 — B (B2 = mec?)!

Yoo % s | (S5, [So-] dE.

(4.14)

where E, is the total electron or positron energy as appropriate, m.c? is the
electron rest mass, and F'[Z, E.] is the Coulomb correction Fermi factor which
will be discussed in detail below. Note that the nuclear charge relevant here is
Z =1. S+ and S, /5, are the phase space occupation probabilities for elec-
trons/positrons and neutrinos/antineutrinos, respectively. For neutrinos and elec-
trons with energy distributions with the expected thermal form, the occupation

probabilities are
1

See = T

(4.15)
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1

S0 = FTmm T (4.16)
1

Se — m, (417)

where T, is the neutrino temperature parameter, 7, is the neutrino degeneracy pa-
rameter (the ratio of chemical potential to temperature), and E, is the appropriate
neutrino or antineutrino energy.

We take
In2  c(mec®)®

) s GRIOVE (14 31C /O )
(ft) he 273 ’

where Gp ~ 1.166 x 10~ MeV~2 is the Fermi constant, Cy and C, are the vector

(4.18)

and axial vector coupling constants, respectively, and we have taken the absolute
squares of the Fermi and Gamow-Teller matrix elements for the free nucleons to
be |Mp|? =1 and |Mgr|* = 3, respectively. Here § is a factor which includes both
Coulomb and other (“radiative correction”) effects which amount to a few percent
change in the effective ft-value, (ft).

Of course, C'y and C'4 are coupling constants that are renormalized by the par-
ticular strong interaction environment characterizing free neutrons and protons.
(Absent strong interactions Cy = C4 = 1.) Given that these are a priori un-
knowns, as is §, we follow the standard procedure [12]: we take the free neutron
decay rate as the product of Eq. (4.18) and the phase space factor in Eq. (4.13)
(with Sp, = S.- = 0) and we then set this equal to the inverse of the laboratory-
measured free neutron lifetime, 7,,. The world-average of the laboratory measure-
ments is 7, = 887.7 seconds [18].

Note that changing the prescription for the Coulomb correction factor F'[Z, E,]
in Eq. (4.13) will have the effect of renormalizing the effective free nucleon weak
interaction matrix elements (i.e., renormalizing (ft)) for a given 7,,. As we will
see below, this renormalization will be the dominant component of the Coulomb
correction alteration in, e.g., the *“He BBN yield.

The rates for all the individual weak reactions are shown as functions of tem-

perature in Fig. 4.2. At high temperatures the forward and reverse rates of the
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lepton capture reactions in Eq. (4.1) and Eq. (4.2) dominate the neutron-proton
inter-conversion process. Note that the rates for the forward process in Eq. (4.2)
and the reverse process in Eq. (4.1) are affected by the threshold, dm,,, +m.c?. At
lower temperatures this threshold makes these rates relatively slower than the rates
for the lepton capture channels without this threshold, i.e., the forward process in

Eq. (4.1) and the reverse process in Eq. (4.2).
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This figure shows that at a lower temperature (7" < dm,,,) the electron capture
rate A.-, and the three-body rate \,.-; track each other closely, differing by a
factor of order unity. This is readily explained as follows. First note that the
integrands in the phase space factors in Eq. (4.9) and Eq. (4.14) are identical.
Although the former phase space factor is proportional to 1 — S, and the latter
to Sp,, when the v, and v, energies in these distributions are expressed in terms
of electron energy, F, = E.— dmy, and E; = dm,, — E., respectively, we see
that 1 — .S, = S5,. Second, though the limits of integration for these phase space
factors differ, we note that when 7" < dm,, the upper limits are effectively the
same. Only the lower limit is different in the two cases, ~ 1.3 MeV in the former
and ~ 0.511 MeV in the latter.

As the temperature decreases, free neutron decay becomes the dominant weak
reaction. This remains the case through the epoch when strong and electromag-
netic nuclear reactions freeze out of equilibrium (“nucleosynthesis”), when nearly

all free neutrons are incorporated into alpha particles.

4.3 Coulomb Correction to the Weak Interaction

Rates

For weak interaction processes that have an electron and a proton in either the
initial or final state, the Coulomb interaction must be taken into account. In fact,
the phase space factors presented above are derived by using plane wave functions
for the entrance and exit channel leptons, but then “correcting” where Coulomb
waves should be used instead by multiplying the appropriate phase space integrals
by the Fermi factor F'(Z, E.).

The Coulomb potential is attractive in the e~ /p channel. This has the effect
of increasing the electron probability amplitude at the nucleus (proton) and, in
turn, this will always increase the affected phase space factors. In other words,

the phase space factors in the expressions for the rates for both the forward and
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reverse processes in Eq. (4.1) and Eq. (4.3) will be increased over a case where

only plane waves are used.

4.3.1 Previous Corrections to the BBN Weak Reaction
Rates

The Coulomb correction to the weak rates in BBN was first employed by Wag-
oner [19] in an early version of the BBN code. Wagoner took a representative value
of the correction from around the time of weak freeze out, when the weak rates
have the largest effect on the n/p ratio, and used this to scale the neutron lifetime,
Tn. This had the effect of increasing the effective neutron lifetime over what had
been chosen for 7,, by about 2%. This effectively slowed down all weak interac-
tion rates by 2% because the weak rates are all normalized by the neutron lifetime.
Wagoner’s correction over-estimated the Fermi factor, giving an erroneous increase
in helium mass-fraction, Y,, of about 0.5%. This over production was largely a
result of “correcting” weak reactions that should not have been corrected, e.g.,
n+ et = p+ .. Wagoner did not include any radiative corrections.

Dicus et. al [13] were the first to add an energy dependent Coulomb correction
to the BBN calculation, along with the zero-temperature radiative corrections
and finite-temperature radiative corrections. They approximated the Coulomb

correction using the non-relativistic form for the Fermi factor

2ra/ B
where = v/c is the electron velocity. It was pointed out in Ref. [20] that Ref. [13],
like Wagoner, Coulomb-corrected the rates that should not have had a Fermi factor
in their phase space integrands.
Ref. [13] derived the zero-temperature radiative corrections for a point nucleon,

finding that all the weak rate integrands should be multiplied by

o
1+ %C(ﬁ,y), (4.20)
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where (3 is again the electron velocity and y and e are the neutrino energy and

electron energy divided by the electron mass, respectively, and

C(B,y) = 40+4(U —1)(y/3¢ —3/2 +1n2y) (4.21)
+U(2(1 + %) + y*/6¢* — 48U
—4[2 + 118 + 253 + 253° + 303"
+203° 4 86°%) /(1 + B3)°.

Here U is defined to be
U=p"tanh™' 3. (4.22)

The corrections in Ref. [13] resulted in a ~ 0.4% reduction in Y}, from a calculation
with the Coulomb effect alone, plus a ~ 0.2% increase stemming from the zero-
temperature radiative corrections.

Ref. [21] and Ref. [22] appropriately applied the Coulomb correction to only
those rates which require one. Ref. [21] used the Fermi factor approximated at order
a, while Ref. [22] used a non-relativistic version of the Fermi factor in Eq. (4.19).
They also applied the zero-temperature radiative corrections defined above as well

as several other corrections.

4.3.2 New Coulomb Correction and Modifications to the
BBN code

In this work we employ a version of the Coulomb correction which can better
take into account the potentially relativistic kinematics of initial or final state

electrons. We use the Coulomb correction that is discussed in Ref.s [14, 23, 24]:
G(xZ,E.) =xF(xZ, E,), (4.23)

and we define = (E? — (m.c?)?)"/? / E,, the ratio of charged lepton (electron here)
momentum to energy. In Eq. (4.23), F(£Z, E.) is the Fermi factor (or relativistic
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Coulomb barrier factor) approximated here as

I'(s+iw)

F(j:Z, Ee) ~ 2(1 + S) (2pR)2(S_1)€ﬂw m

. (4.24)

In this expression, the upper signs are for electron emission and capture, the lower
signs are for positron emission and capture in the general case for a nucleus of

electric charge Z (in our case Z = 1), s = [1 — (aZ)?]'/?

, a is the fine structure
constant, w = £7Z/x (“4” for the e~ in our cases), and R is the nuclear radius in
electron Compton wavelengths, R = 2.908 x 1073A'/3 —2.437A~1/3 where A is the
nuclear mass number and A=1 in our case. This is the most accurate Coulomb
correction that has been employed in a BBN calculation.

In order to properly apply these features of the correction, we used a version
of the Kawano/Wagoner code where the weak reaction rates have been entirely
rewritten. We will only briefly describe this code here. A detailed description can
be found in Ref. [§].

The original Kawano/Wagoner code calculates the weak rates with a total

lumped sum of the n — p and p — n rates:
A = )‘ue+nﬁp+e* + )\n+e+—>p+z7€ + )‘n—>p+e*+ﬂe (4-25)

)‘p = )‘p+e*—>ve+n + )‘De+p—>n+e+ + )‘p+e*+ﬂe—>n' (4'26)

In our version, we have separated these summed rates to calculate all 6 weak
reaction rates individually. Another key feature of the code is that each rate is
modularized, so that any neutrino and antineutrino distribution function and time
dependence thereof can be applied.

Because of this modularization we were able to apply a Coulomb correction to
only those rates that require one. In other words, we were also able to include an
appropriate relativistic Fermi factor in the integrand of those weak rates.

Additionally, this is the first time this version of the correction has been applied
to the full reaction network in the Kawano/Wagoner code. This allowed us to study

the effect of the correction on all of the light element abundances. We were also
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able to study the effect of the correction on nucleosynthesis in the presence of

neutrino degeneracy (a lepton number).

4.4 Results and Discussion

We have applied the Coulomb correction described above along with zero tem-
perature radiative corrections in the full Kawano/Wagoner BBN code. The inte-
grated effect of these corrections can be seen by the changes in the light element
abundances.

The Coulomb correction described above affects BBN abundance yields in a
subtle, but interesting way which gives insight into the weak interaction’s role in
setting the neutron abundance in the early universe. First, as outlined in the last
sections, the key effect of calculating the weak rates with Coulomb waves instead
of plane waves is to increase the electron’s probability amplitude at the proton.
This means that the rates corresponding toe™ +p - n+ v, Ve +n — p+e,
n—p+e +1,,and p+e” + v, — n will all increase over plane-wave calculated
rates.

This is true, but in the BBN calculation the net effect of adding a Coulomb
or radiative correction which increases the phases space factor for free, vacuum
neutron decay is to reduce the weak matrix element (increase (ft)) common to
all of the rates of the forward and reverse processes in Eq. (4.1), Eq. (4.2), and
Eq. (4.3). This is because for a given vacuum (S, = S5, = 0) neutron lifetime, 7,,,
we set A\, decay\vacuum = 77! and an increased phase space factor then implies an
increased value for (ft).

Therefore, the chief effect of a Coulomb correction-mediated increase in phase
space factors is a decrease in the overall strength of the weak interaction. In
turn, a weaker weak interaction would cause a higher temperature for freeze-out
from chemical equilibrium and a concomitant increase in the neutron-to-proton
ratio emerging from the weak freeze out process. Since, to first approximation,

all neutrons will eventually be incorporated into alpha particles, the phase space
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factor-enhancing Coulomb correction should give rise to an increase in the primor-
dial mass fraction Y.

In broad brush this is indeed what the BBN calculations show. Our modular-
ized code, which allows us to track the individual weak rates, affords us a deeper
insight into what is happening. Though all rates are renormalized downward by
the Coulomb correction, the rates for the particular processes with a Fermi factor
in their phase space integrals (Eq.s (4.9), (4.12), (4.13), and (4.14)) are decreased
less. In other words, they are increased relative to the rates in Eq. (4.10) and
Eq. (4.11), Az, and A+, respectively.

Nevertheless, neutron decay has more leverage over the eventual n/p ratio than
do the lepton capture processes. At higher temperatures where the n/p ratio is well
approximated as the ratio of the sum of the neutron production rates to the sum
of the neutron destruction rates, Eq. (4.6), note that the small and comparable
fractional relative increases in A.-, and A,_,, tend to compensate each other to first
order. This is because A.-, is in the numerator and A, , is in the denominator
in Eq. (4.6). As a consequence, changes in n/p stemming from lepton capture
processes are second order in the Coulomb corrections.

Table I presents a comparison of BBN calculations of the “He mass fraction, Y,
and the deuterium abundance relative to hydrogen, D/H, all performed with our
code. Shown in this table are a “Baseline,” standard (u,, = i, = 0) BBN case with
no Coulomb corrections (i.e., F(Z, E.) = 1), and cases where the same calculations
were done but where the Coulomb corrections of Wagoner Ref. [19], Esposito et
al. Ref. [21], and Lopez and Turner Ref. [25], were used. This table also shows
results from the same BBN calculation but using our new relativistic Coulomb
correction for cases with and without a radiative correction. Consistent with the
arguments given above, we see that the Coulomb correction prescriptions in all of
these cases give a ~ 1% increase in Y,. All of the various versions of the Coulomb
correction are consistent with each other. The relativistic Fermi factor used in this

work results in a modest 0.04% increase in Y, over the result in Ref. [21].
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Table 4.1: *He mass fraction Y, and deuterium abundance D/H as calculated
with our code for various implementations of Coulomb and radiative corrections
as indicated. The Baseline table entries are the uncorrected values; table entries
designated by Wagoner, Esposito, and Lopez and Turner were computed using the
correction prescriptions in Ref. [19], [21], and [25], respectively, but with our code
and with the current world-average neutron lifetime.

v, DI [ A/,
Baseline 0.239 | 2.522 x 10~°
Wagoner 0.2427 | 2.543 x 107° | 1.16%
Esposito 0.2416 | 2.537 x 107° | 1.09%
Lopez and Turner 0.2416 | 2.537 x 107° | 1.09%
New Correction 0.2417 | 2.543 x 107° | 1.13%
New Correction 0.2422 | 2.542 x 107° | 1.34%
with Zero-Temperature
Radiative Corrections
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The modular nature of the weak rates in our BBN code allows us to examine
the effects of the Coulomb correction for scenarios in which the lepton numbers
residing in the v, and v, seas are nonzero. This is the first such study of the
Coulomb and radiative correction effects in a case with nonzero values for y,, and
i, . (Here we take p,, + py, = 0, reflecting assumed neutrino chemical equilibrium
at high temperatures.) We define the lepton number residing in these neutrino
seas to be

Ny, — Ny

L, =" (4.27)

Ny
where n,, and nj, are the v, and 7, proper number densities, respectively, and
ny = (26(3)/m*)T? is the corresponding photon number density with £(3) ~
1.20206 the Riemann-Zeta function of argument 3. The primordial helium abun-
dance plus observationally-and experimentally-determined neutrino flavor oscil-
lation data restrict |L, | < 0.1 [26, 27, 28, 29]. This upper limit conceivably
could rise to ~ 0.2 if allowance is made for additional contributions to the energy
density in the early universe [29, 30]. Models which attempt to reconcile light-
mass sterile neutrinos with BBN and large scale structure plus cosmic microwave
background-derived overall neutrino mass closure constraints usually invoke lep-

ton numbers. But the lepton numbers invoked in these schemes can increase the

"He-based upper limit on |L,, | [31, 32]. Sterile neutrino dark matter scenarios
(33, 34, 35, 36, 37, 38, 39, 34, 40, 41, 42, 43, 44, 45, 46, 47| also can invoke signifi-
cant lepton numbers. We therefore consider a range 0 < L, < 0.3 as an interesting

example.
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Figure 4.3: Percent change in nuclear abundances from the Baseline values as a
function of electron lepton number from when the Coulomb and zero-temperature
radiative corrections are included.
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Unlike the neutrino degeneracy parameter, L, is not a co-moving invariant.
The ratio of the neutrino temperature parameter, 7, in S,, and Sz, to the tem-
perature of the plasma, T, evolves in time. This ratio starts out as unity for
T > 1 MeV and, as electrons and positrons annihilate and transfer their entropy
preferentially to the photons and plasma, eventually asymptotes to (4/11)Y/3 at
low temperatures. The lepton numbers and the neutrino degeneracy parameters

are related by

Lua = (%@) (%) [771/@ + Uga/ﬂﬂ ) (428)

and at small lepton number 7,, ~ 1.46L,, . Here we consider only positive values
of L, , i.e., cases with a preponderance of v,’s over 1,’s, as these are the most
interesting with respect to ‘He.

An effect of nonzero p,, and py, will be to change the energy weighting in the
phase space integrands in Eq. (4.9), Eq. (4.12), Eq. (4.13), and Eq. (4.14). We
might then expect a concomitant alteration in the effect of the Coulomb correction

over the zero lepton number cases for A.-,, Ay.pn, A and A,.-p,, respectively.

Ndecay ?
In Fig. 4.3 we show the relative change in BBN abundance yields for *He, "Li,
3H, ?H, and 3He, over the Baseline (no Coulomb or radiative corrections) case as
a function of L, . In the figure the percent change in the *He mass fraction is
designated by 6*He, while the percent change in the abundances for deuterium,
tritium, and *He are given by 6D/H, §T/H, and §°He/H, respectively. First, we
note that the overall sense of the Coulomb correction is to increase Y, and all of
the nuclear abundances yields over the Baseline case for the lepton number range
examined.

A higher L,, and the accompanying higher number density n,, and lower num-
ber density ny,, will have the effect of increasing A, and A, and decreasing
Ae—p and Ap.—5 over the zero lepton number case. This is simply a result of an
enhancement or reduction in final state blocking or entrance channel lepton num-
ber density as appropriate. Figure 3 shows that while the *He and *He Coulomb

correction abundance yield enhancements are essentially flat with increasing L,,,
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the abundance yield enhancement for Li increases while the corresponding en-
hancements for *H and *H decrease with increasing L,,. The trends with L,,
of "Li/H, 3H/H, and ?H/H, versus those for the *>‘He yields reflect the different
times at which these species are formed and the sensitivity of the relevant reaction

production mechanisms to the local neutron abundance and temperature.

4.5 Conclusion

We have for the first time implemented a relativistic version of the Coulomb
correction in the full reaction network of the Kawano/Wagoner BBN code. We have
used this code to study BBN abundance yields for a range of neutrino chemical
potentials. We find that the fully relativistic Coulomb correction essentially agrees
with previous non-relativistic prescriptions, giving only a 0.04% increase in the “He
yield over that in Esposito et al. [21]. Our calculations show interesting trends in
the light element abundance yields with increasing electron lepton number. The
modularization of the individual weak interaction processes in our code has allowed
us to gain insights into how the rates for these processes are altered by the Coulomb
and radiative corrections and how these alterations affect the neutron-to-proton
n/p ratio in the early universe during the BBN epoch. In particular, we point out
that the lepton capture processes produce changes in the n/p ratio which are only
second order in the small Coulomb corrections.

As the accuracy of measurements of the CMB and the primordial abundances
of the light elements increase, BBN will give even better constraints on physics
in the early universe. Currently, the increase in precision gained from including
this relativistic version of the correction is probably unnecessary. However, in the
future as the measurements for the main parameters affecting BBN, such as the
baryon-to-photon ratio and the neutron lifetime, increase in precision, it may be

beneficial to include this version of the correction.
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Appendix A

Coherent Active-Sterile Neutrino
Flavor Transformation in the

Early Universe

We solve the problem of coherent Mikheyev-Smirnov-Wolfenstein (MSW) reso-
nant active-to-sterile neutrino flavor conversion driven by an initial lepton number
in the early universe. We find incomplete destruction of lepton number in this
process and a sterile neutrino energy distribution with a distinctive cusp and high
energy tail. These features imply alteration of the non-zero lepton number primor-
dial nucleosynthesis paradigm when there exist sterile neutrinos with rest masses
ms ~ 1eV. This could result in better light element probes of (constraints on)
these particles.

Recent advances in observational cosmology and in experimental neutrino physics
promise a well constrained picture for the evolution of the early universe. The ex-
istence of a light sterile neutrino (v;) presents an immediate problem: how do
sterile neutrinos affect primordial seas of active neutrinos v, or v, (o = e, u, 7)
and consequentially affect the standard big bang paradigm? In this letter we study
the lepton number-driven transformation of active neutrinos to sterile neutrinos in

the epoch of the early universe after weak decoupling, when neutrinos propagate
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coherently. This process could leave both the active neutrinos and sterile neutrinos
with distorted, non-thermal energy spectra [1]. A non-thermal v, or 7, spectrum
could lead to significant modification in the relationship between lepton number
and Big Bang Nucleosynthesis (BBN) “He abundance yield [1, 2]. Concomitantly,
a distorted v, distribution function changes closure mass constraints on light sterile
neutrinos [1, 3], allowing rest masses and vacuum mixing angles for these species
in the range (0.4eV < mg < 5eV) suggested by the LSND experiment [4, 5] and
currently being probed by the mini-BooNE experiment [6].

Active neutrinos propagating in the homogeneous early universe experience a
potential stemming from forward scattering V = 2v/2((3)7n 2GpT°Lo—1G%E, T,
where T is the photon/plasma temperature, F, is the neutrino energy, r, is a nu-
merical coefficient which depends on the number of relativistic charged lepton
degrees of freedom and can be found in Refs. [1, 7], G is the Fermi constant, and

¢ (3) ~ 1.20206. Here the potential lepton number is L, = 2Ly, +> 5.4 Ly, where

Vg
the individual lepton numbers are given in terms of the neutrino, antineutrino, and
photon proper number densities by L,, = (n,, — ns,)/n,. Current observational
bounds on these are |L, | < 0.1 [8, 9, 10], and could be slightly weaker if there
are additional sources of energy density in the early universe [11, 12]. We have
neglected contributions to V' from neutrino-baryon/electron scattering since we
consider relatively large lepton numbers with £ > 7, where the baryon-to-photon
ratio is 7 = ny/n, (see Refs. [1, 7]). The second term in V' is negligible for the
temperatures characteristic of the post weak decoupling era, T' < 3 MeV.

The scattering-induced de-coherence production [13, 14, 15, 16, 17, 18] of seas
of v, and vy, with rest mass mg ~ 1€V, could be avoided if theses species are
massless for T > 3 MeV, inflation has a low reheat temperature [19], or there
exists a preexisting lepton number |L,,_ | > 1073 [1, 20]. However, a lepton number
could subsequently, after weak decoupling, drive [1] coherent medium-enhanced
MSW [21, 22| resonant conversion v, — vs or v, — Vs, depending on the sign of
the lepton number. (Resonant de-coherence production of sterile neutrinos with

ms ~ 1keV with accompanying v, spectral distortion was considered in Refs.
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23, 7].) The MSW condition for the resonant scaled neutrino energy € = E*/T
is 0m? cos 20 = 2TV, or

dm? cos 26
r— m= CcOSs T_4, (A].)
4v2¢(3)m 2GR
where dm? = m3 — m? is the difference of the squares of the vacuum neutrino

mass eigenvalues. For illustrative purposes, we consider 2 x 2 vacuum mixing with
a one-parameter (vacuum mixing angle ¢) unitary transformation between weak

interaction eigenstates |v,), |Vs), and energy/mass eigenstates:

|va) = cosB|vy) + sinf|ig);

lvs) = —sinf|vy) + cosO|vs). (A.2)

As the universe expands, the temperature falls, causing the resonance to sweep
from low to higher values of the scaled neutrino energy, e. This resonance sweep
converts active neutrinos into sterile neutrinos, reducing £, which accelerates the
resonance sweep rate.

The evolution of £ is dictated by the resonance sweep rate and the dimen-
sionless adiabaticity parameter. The adiabaticity parameter, 7, is proportional to
the ratio of the width of the MSW resonance, §t = |1/VdV/dt|~! tan 26, and the
neutrino oscillation length at resonance, Los. = 47E, /(6m? sin 20). Combining the
expansion rate of the universe in the radiation dominated epoch with the conser-
vation of co-moving entropy density and the forward scattering potential V', the

adiabaticity parameter is

\/5<—3/4(3) (5m2)1/4mplG?I’7‘/4 sin229 £3/4€_1/4

~

21/87T3 gl/2 COS7/4 20
a1
9/ L/L
R/ e A.
X’ T3H T 3H| (4.3)

where m,,; is the Planck mass, g is the total statistical weight for relativistic species
in the early universe, and H = (47°/45)Y/2gY/2T2 /m,, is the local Hubble expansion

rate. If the onset of resonant flavor conversion occurs in the epoch between weak
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decoupling and weak freeze out, then initially v > 1 for the active-sterile mixing
parameters of interest [1]. However, when the fractional time rate of change of £
becomes larger than the expansion rate of the universe, the evolution of the system
can be non-adiabatic with v < 1.

Large values of v result when many oscillation lengths fit within the resonance
width. In this case there will be a small probability of jumping from the high mass
eigenstate to the low mass eigenstate. In turn, this implies efficient flavor trans-
formation at the MSW resonance. Alternatively, a small value of v means that
the resonance width is much smaller than an oscillation length, and the neutrino
jumps between the two mass eigenstates, resulting in virtually no flavor transfor-
mation. To describe intermediate cases we use the Landau-Zener jump probability,
Pz = exp(—my/2) [24, 25], which gives the likelihood for a neutrino at resonance
to make the jump between mass eigenstates. It is valid in the limit where the
change in V across the resonance width 0t can be regarded as linear. This is a
good approximation in part because the resonance width is small compared to the
causal horizon length for the values of 6 and the conditions in the early universe
considered here.

It follows that the evolution of the potential lepton number as the resonant
scaled neutrino energy sweeps from 0 to € is

3 e 2(1 _ p—my(@)/2
£(e) = £imitial — %(3) (3) [ (A4)

where 7T, is the temperature of the active neutrino distribution function with de-

generacy parameter 7, = (i, /T,, and where p,,_ is the v, chemical potential.

The evolution of the active neutrino spectrum is dictated by three conspir-
ing factors: the MSW resonance condition (Eq. A.1), the adiabaticity parameter
(Eq. A.3), and the evolution of potential lepton numbers through active-sterile
conversion (Eq. A.4). We solve Egs. (A.1), (A.3) and (A.4) simultaneously and
self-consistently to obtain « and £ as continuous functions across the entire range
of e.

Resonant conversion of active neutrinos to sterile neutrinos begins at € < 1.
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The resonance sweeps to higher values of € as the temperature of the universe drops.
When £/L£ < H, we have v > 1, and adiabatic conversion of active neutrinos to
sterile neutrinos ensues. However, this trend cannot continue. Note that the
right hand side of equation (A.1) is a monotonically increasing function of time,
while the left hand side is a peaked function if one assumes continued adiabatic
conversion of neutrino flavors. At this peak, this assumption fails. Taking the
time derivative of the resonance condition, Eq. (A.1), shows that the sweep rate
is ¢ oc T=°T(d(eL)/de)". At the peak, d(eL)/de = 0, causing the sweep rate to
diverge. Taking the time derivative of both sides of Eq. (A.4) and assuming that
T,/T is constant, we conclude that L o ¢. With this relation, it follows from
equation (A.3) that the MSW resonance is no longer adiabatic. We define €, as
the particular value of € at this peak, implicitly specified by

1 Eina
2C(3) eﬁmax_'nua _'_ 1
.. 1 T 3 €max 1’2
— Elnltlal o (_V> / S A5
2B)\T) b ema 117 (A.5)

Our complete continuous solution for v shows that neutrino flavor evolution/
transformation is adiabatic for € < €., but becomes (quickly) progressively less
adiabatic for € > €. For € > €.y, our solution yields a large, but finite res-
onance sweep rate, and concomitant large fractional lepton number destruction
rate, E/E > H, leading to v < 1. This behavior continues through the heart
of the active neutrino distribution until the resonance sweep rate decreases to a
point where v > 1 again. This last transition back to adiabatic evolution occurs
at € ~ O(10), approximately where L(€) = 1/(2((3))e?/(ec"™« + 1). (Note that
this is the same condition as for €,.c.) Resonance sweep continues to higher e,

adiabatically converting active neutrinos to sterile neutrinos.
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Figure A.1: Landau-Zener jump probability e=™/2 (solid curve) and potential
lepton number given as a fraction of its initial value (dashed curve) are shown as
a function of MSW scaled resonance energy E,/T. Here we assume dm? = 1eV?,
sin? 20 = 1073, and initial individual lepton numbers L, =L, =015and L,, =
0.0343.
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The evolution of the Landau-Zener jump probability e=™/2 and the history
of the potential lepton number as a fraction of its initial value are both shown in
Figure A.1 for the particular case where dm? = 16V?, sin® 20 = 103, and where we
assume initial lepton numbers near their conventional upper limits, L,, = L, =
0.15 and L,, = 0.0343. For this particular case €y, = 1.46, and Figure A.1 shows
the rather abrupt (but continuous) change to non-adiabatic evolution for € & €.
In this example, the final transition back to adiabatic evolution occurs at € ~ 8.9.
Altogether, more than 90% of the initial potential lepton number is destroyed for
this case. We find that the fractional depletion of potential lepton number is ~ 90%
across a wide range of initial values of this parameter. This, in turn, suggests that
this new solution will result in little change in existing closure mass constraints on
light sterile neutrinos [1].

Figure A.2 shows the original v, Fermi-Dirac (f(E,/T) = 1/[T3Fy(n,)|E?/
(eBr/Tv=m 1-1) where Fy(n,) = [° 22 /(e* ™ +1)dz) and final v, and the v, energy
distribution functions resulting from v, — v, resonance sweep for the example
parameters of Fig. A.1. Forced, adiabatic resonance sweep to €., would result in
complete depletion of the initial potential lepton number. €., and €., are shown
for this case in Fig. A.2. Forced, adiabatic resonance sweep would result in a final
Ve spectrum identical to the initial one except cut-off (hence, “c.0.”), with zero
population, for E, /T < €., . The v, distribution in this case would be simply the
complement. By contrast, with the full resonance sweep solution presented here
we see that the actual final v, spectrum has a population deficit relative to the
original distribution, even for E, /T > €.,.. Likewise, the actual final v, spectrum
will now have a tail extending to higher F,/T. Including simultaneous active-
sterile and active-active neutrino flavor transformation in a full 4 x 4 scheme will
modify this result, but we can expect some general features of our solution to
remain. In particular, although neutrino flavor evolution will start out adiabatic,
the transition to non-adiabatic evolution could be altered by, e.g., active-active

neutrino mixing partially “filling-in” depleted v, population [1].
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Figure A.2: Shown are the original v, distribution function (dashed curve), the
final v, distribution function (lighter solid curve), and final v, distribution function
(heavier solid curve) all as functions of scaled neutrino energy E, /T for a v, — v,
resonant, coherent flavor conversion process with §m? = 1eV?, sin? 20 = 1073, and
individual lepton numbers as in Fig. A.1. Vertical dotted lines indicate €., and
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The BBN *He yield can depend sensitively on the shape of the v, energy dis-
tribution function [26, 27, 1]. This is because the neutron-to-proton ratio n/p
is a crucial determinant of the *He abundance and, in turn, this ratio is set by
the competition among the charged current weak neutron/proton interconversion

processes:

Ve+n = p+e;
Vo+p = n+et; (A.6)

n = p+e + .

The net rate for the forward direction in the first of these processes will be reduced
if v.-population is removed via v, — vy, resulting in a larger n/p and, hence, a
larger “He yield. Likewise, a negative potential lepton number-driven 7, — o,
scenario could result in 7, spectral depletion which will result in a smaller n/p and,
hence, less “He. Removing v, (7.) population at higher E, /T values in the energy
distribution function accentuates these effects because the cross section for the v,
() capture process scales as E2 and because the Fermi-Dirac spectral peak, where
neutrino populations are large, corresponds to values of neutrino energy satisfying
E,/T > €., for the potential lepton numbers L of interest here. As a consequence,
our full resonance sweep scenario can result in significant alteration in *He yield

over the forced, adiabatic scenario.
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Figure A.3: Primordial nucleosynthesis (BBN) “He abundance yield as a function
of 6m? for the v, — v, channel and the indicated initial individual lepton numbers
(same as in Fig. A.1). Standard BBN (zero lepton numbers, no sterile neutrinos)
is the heavy dashed horizontal line. The case for BBN with the indicated lepton
number, but no active-sterile mixing is the light dashed horizontal line. The case
for forced, adiabatic resonance sweep to €., is the light dotted line. The full
non-adiabatic solution is given by the heavy solid line.
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We have computed the BBN “He abundance yield with a version of the Kawano-
Wagoner-Fowler-Hoyle code [28, 29] modified to allow for dynamic alteration/
distortion in the neutrino energy distribution functions. The results of these cal-
culations for the initial lepton numbers adopted in the example of Fig. A.1 are
shown in Figure A.3. The standard (zero lepton number, no sterile neutrinos)
BBN “He abundance yield mass fraction is ~ 24% when we adopt neutron life-
time 7, = 887.8s and = 6.1102 x 1071, The adopted value of 1 corresponds
to the central value of the cosmic microwave background radiation acoustic peak-
determined WMAP 3-year data, n = (6.11 £ 0.22) x 107° [30]. The observational
error in 7 corresponds to a 4-0.03% range in the calculated *He abundance yield.

Alternatively, the case with the example lepton numbers but with no active-
sterile neutrino mixing gives a healthy *He yield suppression. However, once the
spectral distortion is included the *He yield is larger than in standard BBN. Given
that the observationally-inferred helium abundance is between 23% —26% [31] (and
possibly more precisely determined [32, 33]), we see that the dramatically larger
‘He yield in the cases with v, spectral distortion may allow for new constraints
on a combination of lepton number and sterile neutrino masses. Our resonance
sweep solution gives a larger ‘He yield than in previous models of active-sterile
neutrino transformation which employ, e.g., forced, adiabatic resonance sweep to
€co. [1]. This shows the sensitivity of BBN abundance yields to sterile neutrino-
induced active neutrino spectral distortion. This effect eventually may allow light
element probes/constraints on the sterile neutrino sector which complement those
of mini-BooNE and may extend to sterile neutrino mass/mixing parameters cur-
rently inaccessible experimentally.

We would like to thank K. Abazajian, N. Bell, M. Smith, and especially M.
Patel for insightful discussions. This work was supported in part by NSF Grant
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Appendix B, in full, is a reprint of the material as it appears in Physical Re-
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