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ABSTRACT OF THE DISSERTATION

Distributed decision-making of networked multi-agent systems in
complex environments

by

Minghui Zhu
Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)
University of California, San Diego, 2011

Professor Sonia Martinez, Chair

This dissertation is concerned with distributed decision making in networked
multi-agent systems; that is, developing practical mechanisms which agents can
utilize to autonomously coordinate their actions/decisions through local message
exchanges and successfully achieve a system level goal with a satisfactory perfor-
mance guarantee. In particular, this dissertation is divided into three parts and
each one focuses on the following three classes of problems: (1) distributed aver-
age consensus; (2) distributed cooperative constrained optimization; (3) distributed
online learning based coordination.

Part I: Distributed average consensus. This dissertation starts from the

fundamental problem of distributed average consensus. In Part I, we first propose

Xvil



a class of dynamic average consensus algorithms and show that these algorithms
allow agents to asymptotically track the average of a class of time-varying indi-
vidual reference inputs. We then come up with a class of gossip-based algorithms
which agents can use to achieve approximate average consensus via exchanging
quantized information.

Part II: Distributed cooperative constrained optimization. Part II is con-
cerned with a class of general multi-agent optimization problems. In particular,
each agent is associated with a local objective function and a local constrained
set. There is a pair of inequality and equality constraints known to all the agents.
We first present a class of distributed primal-dual subgradient algorithms to solve
the case when all the ingredients are convex. We then introduce a distributed
approximate dual subgradient algorithm to address the non-convex counterpart.

Part III: Distributed online learning based coordination. Part 111 studies dis-
tributed coordination schemes with online learning. The first problem considered
is to optimally deploy a group of visual mobile sensors where the environmental
distribution is unknown a priori. We formulate the problem as a non-cooperative
game and come with up two distributed learning algorithms which allow sensors
converge to the set of Nash equilibria and global optimum with probability one,
respectively. The second problem is distributed formation control against a class
of deception attacks. We propose a class of algorithms which allow vehicles adapt
their strategies online and achieve the desired formation in the presence of decep-

tion attacks.

XVviil



Chapter 1
Introduction

The last decades have witnessed a radical evolution in the domains of com-
putation, communication and sensing. Information technology advances have fos-
tered the emergence of a new generation of large-scale networked systems, namely
networked multi-agent systems. Examples include mobile multi-vehicle networks,
power grids, air/ground transportation networks, water/gas distribution networks,
the Internet and social networks. These networked systems have now become part
of the fabric of society, and even some of them have been deployed in infrastructures
of vital significance.

In spite of their great importance and promise in engineering applications,
there is a lack of scientific and systematic methodologies to understand and control
multi-agent systems. This hampers the optimal management of these networked
systems and the realization of their full potential. Although their applications cut
across different domains, multi-agent systems share a remarkable characteristics:
they consist of large collections of agents which are capable of sensing, compu-
tation, communication and/or actuation which allows their interaction and the
ability to solve problems beyond their individual capabilities. The central theme
of controlling multi-agent systems is distributed decision-making; that is, devel-
oping practical mechanisms which agents can utilize to autonomously coordinate
their actions/decisions through local message exchanges and successfully achieve a
system level goal with satisfactory performance guarantees.

This non-classical decision-making paradigm offers a number of competitive



advantages over traditional centralized management. Firstly, message passing is
only necessary between neighboring agents. The feature of local communication, on
the one hand, allows for scalability to the network expansion; on the other hand,
enhances network-wide robustness to unpredicted component failure (especially
the centralized authority). Secondly, the need of transmitting data to a central
center is eliminated, and computational burden is shared among parallel agents.
As a result, concurrent decision-making performed by agents greatly improves
computational efficiency and reduces the demand of communication bandwidth.
Thirdly, decisions are made by individual agents autonomously. This capability
enables agents reason about rapid changes in the environment, and the networks
demonstrate the capability of self-adaptation to environmental evolution.

At the same time, the task of distributed decision-making is significantly
challenged by two factors: (1) inherent complexities of multi-agent systems; (2)
dynamic, uncertain and adversarial elements in the operating environments.

Inherent system complexities. Multi-agent systems are strikingly complex
systems. Firstly, they are de facto systems of systems, and can have a highly
structural complexity. More specifically, multi-agent systems are composed of a
large number of interacting agents in which each agent is associated with its own
dynamics or decision-making process and coupled with others through physical and
informational layers. Secondly, multi-agent systems can comprise heterogeneous
agents. Heterogeneity may arise from different dynamics, distinct capabilities, the
conflicts in pursuing interests, and the deviation of common possessed information.

Complex operating environments. Multi-agent systems are interacting in a
dynamic, uncertain and adversarial environment. Firstly, the environment can un-
dergo unanticipated changes, and these can disrupt the pre-determined strategies.
Secondly, agents may lack of knowledge on prior information about the environ-
ment, and these uncertainties can degrade the network performance. Thirdly,
information technology systems are inherently susceptible to cyber attacks, and
cyber-vulnerability poses a significant risk to the success of mission completion.

The seminal work [14], provides a first unified framework for parallel and

distributed decision making among agents. Since then, there has been substantial



research effort on distributed decision making of networked multi-agent systems in
complex environments; e.g., see [25] [26] [59] [73] [80] [129]. This dissertation aims
at contributing to this broad field. In particular, we will investigate three classes of
problems: distributed average consensus, distributed cooperative constrained opti-
mization, and distributed online learning based coordination. Next, we will provide

literature review for each class of problems, and then summarize our contributions.

1.1 Part I: Distributed average consensus

Consensus addresses the question how agents can agree upon a quantity of
interest via local communication and computation actions. Consensus is a funda-
mental problem in multi-agent systems: on the one hand, its study is beneficial for
understanding information constraints to achieve a network-wise objective; on the
other hand, consensus algorithms serve as building blocks of more sophisticated
protocols for; e.g., distributed estimation, optimization and task assignment. A
special case of particular interest, namely distributed average consensus (or dis-
tributed averaging), consists of computing the average of the values generated by

different agents.

Literature review

Consensus roots in Computer Science and plays a fundamental role in par-
allel and distributed computation [14]. The first consensus algorithm was proposed
in [41]. Recently, the emergence of multi-agent systems has attracted researchers
from various engineering and scientific disciplines and this has yielded substantial
generalizations of the basic consensus algorithm. It is hard to provide a complete
literature review given the vast volume of papers devoted to consensus algorithms.
Here we only list some representative papers concerned with different aspects of
consensus. In particular, the papers [47] [108] study continuous-time consensus,
and the papers [19] [65] [93] instead focus on discrete-time consensus. In [88], the
authors discuss the asynchronous implementation of consensus algorithms. The

convergence rate of consensus algorithms is e.g., characterized in [111] [112] [147].



Gossip-based consensus algorithms are investigated in [20] [44], and the paper [102]
treats the problem of reaching the consensus state when it is constrained in some
given convex set. Conditions on consensus algorithms to achieve different con-
sensus values are provided in [34]. The papers [35] [135] address how to achieve
consensus within a finite time.

New algorithms have significantly extended the application scope of consen-
sus. Some interesting examples include, to name a few, attitude alignment [121],
clock synchronization [30], coverage control [54], opinion formation [153], oscilla-
tor synchronization [31, 45], parameter estimation [148], social learning [66], and

multi-vehicle formation control [122].

Summary of main contributions

In multi-agent systems, nodes are expected to share real-time information
and adaptively react to unanticipated dynamic changes in the environment. This
motivates us to investigate the extension of classical consensus problems to a dy-
namic setting where agents seek to track the average of individually measured
time-varying signals. In Chapter 2, we propose the first class of discrete-time dy-
namic average consensus algorithms and show that the proposed algorithms are
able to guarantee zero or sufficiently small steady-state error provided that the
maximum deviations between n'"-order differences of individual signals are uni-
formly bounded.

From a practical point of view, real-valued average consensus algorithms
are not feasible due to finite capacities of communication channels, finite memory
capacities of agents and finite precision of the computations. These constraints
motivate the problem of quantized averaging where agents are only allowed to
exchange quantized information to reach average consensus. In Chapter 3, we come
up with a class of distributed quantized averaging algorithms on asynchronous
communication networks characterized by fixed, switching and random topologies.
The algorithms are shown to asymptotically reach quantized average consensus
in probability. Furthermore, we utilize meeting times of two random walks on

graphs as a unified approach to derive polynomial upper bounds on the expected



convergence times of our presented algorithms.

Chapters 2 and 3 are based on the following published papers:

(JP-3) M. Zhu and S. Martinez, “On the convergence time of asynchronous dis-
tributed quantized averaging algorithms”, IEEFE Transactions on Automatic

Control, 56(2), pages 386 — 390, 2011.

(JP-2) M. Zhu and S. Martinez, “On discrete-time dynamic average consensus”,

Automatica, 46(2), pages 322 — 329, 2010.

(CP-4) M. Zhu and S. Martinez, “On the convergence time of distributed quantized
averaging algorithms”, The 47" IEEE Conference on Decision and Control,

pages 3971 — 3976, Cancun, Mexico, Dec. 2008.

(CP-3) M. Zhu and S. Martinez, “Dynamic average consensus on synchronous com-
munication networks”, The 27" American Control Conference, pages 4382 —

4387, Seattle, USA, Jun. 2008.

1.2 Part II: Distributed cooperative constrained
optimization

In order to allow the network perform at an optimal level, decision makers
face the problem of choosing the best option among a set of candidates. Dis-
tributed optimization provides a holistic and mathematically rigorous framework
to entail network-wise optimal decision making. In particular, a wealth of engi-
neering problems can be formulated as a distributed optimization problem where
agents possess different objective functions and are required to obey inhomoge-
neous constraints. For the purpose of preserving information privacy, agents are
not willing to reveal their own components, but they share the common goal of
collectively finding a decision vector which minimizes the sum of local objective
functions and simultaneously enforces all the individual constraints. The lack of

global information prevents individual agents to solve the problem on their own,



and it becomes necessary for agents to negotiate their estimates with neighbors in

order to determine a global optimal solution.

Literature review

The seminal work [14] provides a framework to tackle optimizing a global ob-
jective function among different processors where each processor knows the global
objective function. In the context of multi-agent systems, the paper [118] presents
an algorithm using average consensus algorithms to minimize a sum of continuously
differentiable local objective functions. These results are significantly extended in
the paper [100] to nonsmooth objective functions and time-varying topologies via
subgradient methods. Using projection in the algorithm of [100], the authors
in [102] further address a more general scenario that takes local state constraint
sets into account. The paper [79] focuses on the scenario where communication
is Markovian with respect to the states of agents; i.e., the probability each link
becomes available depends upon the states of agents. The paper [68] addresses a
special case of [102] where the network topology is fixed and all the local constraint
sets are identical.

In the robotics and control communities, convex optimization has been ex-
ploited to design algorithms coordinating mobile robotic networks. In [40], in order
to increase the connectivity of a multi-agent system, a distributed supergradient-
based algorithm is proposed to maximize the second smallest eigenvalue of the
Laplacian matrix of the state dependent proximity graph of agents. In [42], opti-
mal shape changes of mobile robots are achieved through second-order cone pro-
gramming techniques. In [43], a target tracking problem is addressed by means
of a generic semi-definite program where the constraints of network connectivity
and full target coverage are articulated as linear-matrix inequalities. In [94], in
order to attain the highest possible positioning accuracy for mobile robots, the
authors express the covariance matrix of the pose errors as a functional relation
of measurement frequencies, and then formulate an optimal sensing problem as a

convex programming of measurement frequencies.



Summary of main contributions

In this dissertation, we investigate a general class of distributed optimiza-
tion problems in Chapters 4 and 5, where agents are to collectively minimize a
global objective function subject to a global inequality constraint, a global equality
constraint, and a global constraint set. The global objective function, represent-
ing the network objective, is a sum of local objective functions. This multi-agent
optimization problem is characterized by the distinct feature that all the functions
depend on a global decision vector.

In Chapter 4, we study the convex case of the aforementioned multi-agent
optimization problem; i.e., all the ingredients of the problem are convex. In par-
ticular, we study two cases: one in which the equality constraint is absent, and the
other in which the local constraint sets are identical. We propose two distributed
algorithms based on the (Lagrangian and penalty) saddle-point characterization
of primal-dual solutions. These algorithms allow agents to asymptotically agree
upon a global optimal solution and the optimal value under the standard Slater’s
condition. These algorithms can be implemented over the dynamically changing
topologies which satisfy some standard connectivity assumption.

Chapter 5 aims to relax the convexity assumption in Chapter 4; i.e., the
objective and constraint functions as well as the state-constraint set could be non-
convex. We first introduce an approximation of the problem of interest where the
exact consensus is slightly relaxed. We propose a distributed dual subgradient
algorithm to solve the approximate problem where the update rule for local dual
estimates combines a dual subgradient scheme with average consensus algorithms
and local primal estimates are generated from local dual optimal solution sets.
This algorithm is shown to asymptotically converge to a pair of primal-dual solu-
tions to the approximate problem provided that: firstly, the dual optimal solution
set is singleton; secondly, dynamically changing network topologies satisfy some
standard connectivity condition.

The results presented in Chapters 4 and 5 are published or to appear in the

following papers:

(JP-6) M. Zhu and S. Martinez, “An approximate dual subgradient algorithm for



distributed non-convex constrained optimization”, IEEE Transactions on

Automatic Control, 2011, provisionally accepted.

(JP-4) M. Zhu and S. Martinez, “On distributed convex optimization under in-
equality and equality constraints”, IEEFE Transactions on Automatic Con-

trol, 2011, to appear.

(CP-10) M. Zhu and S. Martinez, “An approximate dual sugbradient algorithm for
multi-agent nonconvex optimization”, The 49" IEEE Conference on Deci-

sion and Control, pages 7487 — 7492, Atlanta, USA, Dec. 2010.

(CP-8) M. Zhu and S. Martinez, “On distributed optimization under inequality con-
straints via Lagrangian primal-dual subgradient methods”, The 29** Ameri-

can Control Conference, pages 4863 — 4868, Baltimore, USA, Jun. 2010.

(CP-7) M. Zhu and S. Martinez, “On distributed optimization under inequality and
equality constraints via penalty primal-dual subgradient methods”, The 29"
American Control Conference, pages 2434 — 2439, Baltimore, USA, Jun.
2010.

1.3 Part III: Distributed online learning based

coordination

The multi-agent systems are expected to remain capable of performing the
given missions when facing environmental uncertainties and even interference of
adversaries. A robust solution simply takes into account the worst-case of the
uncertainties induced by the physical environment or human adversaries. Because
they do not utilize observations to refine the underlying model poorly known in ad-
vance, robust solutions are usually over-conservative, greatly degrading the quality
of service provided by the network. In contrast, online learning and adaptation
enable agents to explore the (partially) unknown environment via continuous in-
teraction, and adapt their behavior by exploiting past experiences. The process

of exploration-exploitation realizes that agents are able to autonomously adjust



themselves to compensate the negative effects caused by uncertain and malicious
components. In this part, we integrate online learning and adaptation into dis-
tributed decision making, and address two different cooperative control problems:
seeking equilibrium of optimal coverage games in an unknown environment, and

distributed formation control against cyber attacks in an operator-vehicle network.

Literature review
Game-theoretic coordination

Non-cooperative game theory addresses the question how multiple players
independently reason about each other to achieve their own goal. Because of the
inherent feature of decision making as a distributed process, non-cooperative game
theory becomes compelling in distributed coordination.

In the areas of networking and communication, non-cooperative game the-
ory and learning schemes have been widely used to analyze a variety of fundamental
problems; e.g., [3] on power control, [126] on routing, and [139] on flow control. Its
usage to address the coordination of multiple vehicles is relatively new. Recently,
the paper [82] establishes a link between cooperative control problems (in partic-
ular, consensus problems), and games (in particular, potential games and weakly
acyclic games). In [81], the authors present a game-theoretic analysis of a cover-
age optimization problem for static sensor networks. This problem is equivalent to
the weapon-target assignment problem in [95] which is NP complete. In general,
the solution to assignment problems is hard from a combinatorial optimization
viewpoint. In the paper [9], a game-theoretic learning algorithm is proposed to
minimize the assumption on inter-agent communication in dynamic vehicle rout-
ing. In the recent papers [50, 78, 133], extremum seeking is novelly applied to find

Nash equilibrium when the game model is not available in advance.

Cyber security of cyber-physical systems

Nowadays, control systems have grown into cyber-physical systems where

a number of information technologies (e.g., wireless communication and embed-
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ded computation) have been integrated to monitor and control physical processes.
Information infrastructures, on the one hand, introduce new and competitive func-
tions into control systems; on the other hand, impose significant security risks on
control systems due to their inherent vulnerability to cyber attacks.

In information technology networks, either reactive or protective mecha-
nisms has been exploited to prevent cyber attacks. Non-cooperative game the-
ory [51] is advocated as a mathematical framework to model the interdependency
between attackers and administrators, and predict the behavior of attackers; see
an incomplete list of references [2, 57, 127, 141]. These findings can help us as-
sess network vulnerability; however, the papers aforementioned do not consider
how to maintain the operational function of networked systems in the presence of
malicious attacks.

There has been a considerable research effort on investigating networked
control systems in which the effects of imperfect communication channels on remote
control are analyzed and compensated. Most of the existing papers focus on; e.g.,
band-limited channels [77, 97], quantization [24, 96], packet dropout [58, 128],
delay [22, 145], and sampling [103]. The paper [60] presents an excellent survey on
recent advances in networked control systems.

Very recently, cyber-security of the emerging cyber-physical systems has
drawn mounting attention in the control society. Denial-of-service attacks, affect-
ing the data availability in control systems, are entailed in recent papers [4, 6,
13, 57]. Another important class of cyber attacks, namely false data injection,
compromises the data integrity of state estimation and is attracting considerable
effort; an incomplete reference list includes [90, 115, 140, 149]. In [17, 18], the
authors exploit pursuit-evasion games to compute optimal evasion strategies for
mobile agents in the face of jamming attacks. Other relevant papers include [5]
examining the stability of a SCADA water management system under a class of
switching attacks. In the paper [67], a class of trust based distributed Kalman
filters is proposed for power systems to prevent data disseminated by untrusted

phase measurement units.
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Summary of main contributions

In Chapter 6, we investigate an optimal coverage problem for a group of
mobile visual sensors where the environmental distribution function is unaccessible
in advance. The problem of interest is formulated as a non-cooperative constrained
game between agents where the utility function is unknown a prior to each player.
To solve this model-free game, we extend the use of the payoff-based learning
dynamics, and come up with two distributed learning algorithms. In particular,
the first one allows for the convergence in probability to the set of (constrained)
Nash equilibria, from which no agent is willing to unilaterally deviate. The second
algorithm is shown to be convergent in probability to the set of global maxima of
a coverage performance metric.

In Chapter 7, we study a formation control problem for an operator-vehicle
network in which each vehicle is remotely controlled by an operator. Each operator-
vehicle pair is attacked by an adversary, who corrupts the control commands sent
to the vehicle. The adversaries are modeled as rational decision makers and their
strategies are linearly parameterized by some (potentially time-varying) matrices
which are unknown to operators in advance. We investigate two plausible scenarios
depending on the learning capabilities of adversaries. The first scenario involves
unilateral learning, where adversaries possess (potentially incorrect) private infor-
mation of operators in advance, but do not update such information during the
attacking course. The second scenario assumes bilateral learning, where adver-
saries are intelligent and attempt to infer some private information of operators
through their observations. We propose a class of novel distributed attack-resilient
formation control algorithms each consisting of two feedback-connected blocks: a
formation control block and an online learning block. We show how each proposed
algorithm guarantees that vehicles achieve asymptotically the desired formation
from any initial vehicle configuration and any initial estimates of adversaries. For
each proposed algorithm, the sequence of the distances to the desired formation is
shown to be square summable.

The following papers summarize the results in Chapters 6 and 7:

(JP-8) M. Zhu and S. Martinez, “On attack-resilient distributed formation control



(JP-5)

(CP-12)

(CP-6)

(CP-5)
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in operator-vehicle networks”, SIAM Journal on Control and Optimization,

2011, submitted.

M. Zhu and S. Martinez, “Distributed coverage games for mobile visual sensor

networks”, SIAM Journal on Control and Optimization, 2011, revised.

M. Zhu and S. Martinez, “Attack-resilient distributed formation control via
online adaptation”, The 50" IEEE Conference on Decision and Control and

Furopean Control Conference, Orlando, USA, Dec. 2011, to appear.

M. Zhu and S. Martinez, “Distributed coverage games for mobile visual sen-
sor networks (I1): Reaching the set of global optima”, The Joint 48" [EEE
Conference on Decision and Control and 28" Chinese Control Conference,

pages 175 — 180, Shanghai, China, Dec. 2009.

M. Zhu and S. Martinez, “Distributed coverage games for mobile visual sensor
networks (I): Reaching the set of Nash equilibria”, The Joint 48" [EEE
Conference on Decision and Control and 28" Chinese Control Conference,

pages 169 — 174, Shanghai, China Dec. 2009.
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Chapter 2

Distributed dynamic average

consensus

2.1 Introduction

We consider the problem in which a set of autonomous agents aims to track
the average of individually measured time-varying signals by local communica-
tion with neighbors. This problem is referred to as dynamic average consensus
in opposition to the more studied static consensus. The dynamic average consen-
sus problem arises in different contexts, such as formation control [152], sensor
fusion [105][109][132], distributed estimation [87] and distributed tracking [151].
These tasks require that all agents agree on the average of time-varying signals
and thus the consensus on a static average value, e.g., the initial states of the
agents, is insufficient.

Literature review. The distributed static consensus problem was introduced
in the literature of parallel processors in [142] and has attracted significant at-
tention in the controls community. A necessarily incomplete list of references
includes [47][108] for continuous-time consensus, [19][65][93] for discrete-time con-
sensus, [14][88] discuss asynchronous consensus, and [20][69][138][102] treat ran-
domized consensus, quantized consensus, consensus over random graphs and con-

strained consensus, respectively. The convergence rate of consensus algorithms is

14
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e.g., discussed in [111][147], consensus propagation is considered in [91], and con-
ditions on consensus algorithms to achieve different consensus values is discussed
in [34]. Consensus algorithms find application in a variety of areas such as load
balancing [39][150], formation control [47][152], and, as we have mentioned, sen-
sor fusion [87][105][109][132], distributed tracking [106][151] and consensus-based
belief propagation in Bayesian networks [107].

The dynamic average consensus problem in continuous-time is studied in [48]
[109][120][132]. By using standard frequency-domain techniques, the authors in [132]
showed that their algorithm was able to track the average of ramp reference in-
puts with zero steady-state error. In the context of input-to-state stability, [48]
showed that proportional dynamic average consensus algorithm could track with
bounded steady-state error the average of bounded reference inputs with bounded
derivatives. On the other hand, [48] showed that proportional-integral dynamic
average consensus algorithm could track the average of constant reference inputs
with sufficiently small steady-state error. The authors in [109] proposed a dynamic
consensus algorithm and applied it to the design of consensus filters. The algo-
rithm in [109] can track with some bounded steady-state error the average of a
common reference input with a bounded derivative. The problem studied in [120)]
is similar to that in [109], and consensus of agents is over a common time-varying
reference signal. However, the algorithm in [120] assumes that agents know the
nonlinear model which generates the time-varying reference function. The problem
studied in the present chapter is close to those in [48] and [132] and includes those
in [109] and [120] as special cases.

Statement of contributions. In this chapter, we propose a class of discrete-
time dynamic average consensus algorithms and analyze their convergence prop-
erties. This chapter contributes to the problem of dynamic average consensus
in the following aspects: The continuous-time communication assumption for dy-
namic average consensus in [48] and [132] is relaxed, and we consider more real-
istic discrete-time synchronous communication models. This allows us to obtain
a direct relation between the frequency of inter-agent communication and the dif-

ferences of reference signals. Our dynamic average consensus algorithms are able
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to track the average of a larger class of time-varying reference inputs than [48]
and [132] with zero or sufficiently small steady-state error. This includes poly-
nomials, logarithmic-type functions, periodic functions and other functions whose
n"-order differences are bounded, for n > 1. We can also handle the case where
the difference of the common part, that appears in all the individual reference in-
puts, explodes. Furthermore, the algorithms proposed are robust to the dynamic
change of communication topologies as well as the joining and leaving (or failure)
of nodes. The convergence analysis for our dynamic average consensus algorithms
relies upon the input-to-output stability property of discrete-time static average

consensus algorithms in the presence of external disturbances.

2.2 Preliminaries and problem statement

In this section, we introduce the notation to be employed along the chapter
and state the problem of dynamic average consensus.

The positive real number h is the time discretization unit and the update
time instants & € R (or s, 7) will be of the form k = ph (or s = ph, 7 = ¢h) for
D,q € Z.

We will consider a network of N nodes or agents, labeled by ¢ € V =
{1,--+, N}, interacting over a communication network. The topology of the net-
work at time k will be represented by a directed graph G(k) = (V, E(t)) with an
edge set E(k) C V x V. We consider that (i,j) € E(k) if and only if node ¢ com-
municates to node j at time k. The in-neighbors of node i at time k are denoted
by Ni(k) ={j € V : (j,i) € E(k) and j # i}. The matrix A(k) = [a/(k)] € RV*N
represents the adjacency matrix of G(k) where a(k) # 0 if edge (j,7) € E(k).
Finally, 1 € R” is the column vector whose entries are all ones.

At each time instant k, every node synchronously measures the local con-
tinuous physical process r; : R — R, communicates with its neighbors and updates
the state of its consensus algorithm. We ignore the delays induced by the commu-
nication and computation process. In the remainder of this chapter, the sample

ri(k) is referred to as the reference signal (or input) of node i at time k. Denote
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by 7(k) = & S N 7i(k) the average of the reference inputs at time k.

Our objective is to design an n'-order dynamic average consensus algorithm
that the nodes can utilize to asymptotically achieve the average of the reference
inputs if the maximum relative deviation between the n'"-order differences of any
two reference inputs is bounded for some integer n > 1. We denote by x;(k) =

({EE](]{), e ,xgn](k)) € R" the consensus state of node i at time k. The quantity
[n]

of rgg/xlim sup;_,oo|x; (k) —7(k — h)| is referred to as the steady-state error of
n'"-order dynamic average consensus algorithm. This can be interpreted as a
measurement of how far the components of the consensus state (x[ln] (k),---, xK,L] (k))
are from achieving the dynamic average consensus. Our algorithms will reach the
dynamic average consensus with either a zero steady-state error or rendering the

steady-state error smaller than (or equal to) any given bound.

2.3 First-order dynamic average consensus algo-

rithm

In this section, we present first-order algorithms to achieve dynamic average
consensus. Main references include [14][19], and [111]. We define:
M(k) = max zi(k), m(k) = min z;(k),
D(k) = M (k) — m(k), Ari(k) = ri(k) —ri(k — h),

Arpax (k) = r?ea‘tfx Ari(k), Arpin(k) = Izrél‘;l Ar;(k).

By induction, the n"-order difference of r;(k) is given by
AMri(k) = AP Vr(k) — A D (k — h)

for n > 2 where AWr;(k) = Ar;(k). We will use the notations AMr .. (k) =
max;ey AM™r(k) and AM™r (k) = mingey A™r;(k) for n > 2.
In what follows, we will make use of the following assumption on G(k) that

was proposed in [65] and also used in [19][111].
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Assumption 2.3.1 (Periodical strong connectivity) There is some positive
integer B > 1 such that, for all time instant k& > 0, the directed graph (V, E(k) U
E(k+h)U---UE(k+ (B —1)h)) is strongly connected.

Assumption 2.3.2 (Relatively bounded first-order differences) For any

h > 0, there exists a time invariant constant # > 0 such that

AR(k) = Armax(k) — Arin(k) < b0, Vk > 0. (2.1)

Remark 2.3.1 Inequality (2.1) becomes me{n/xh(k) —mi‘;lh(k) <# as h — 0.
1€ 1€
Hence, Assumption 2.3.2 can be viewed as the discretized version of the prop-
erty me‘m/xh(k:) - mi‘gl (k) < 0 for some fixed # > 0 and all time instant & > 0.
1€ 1€

We propose the First-Order Dynamic Average Consensus algorithm (the

FODAC algorithm for short) below to reach dynamic average consensus:
zi(k +h) = (k) + Y aj(k)(2;(k) — (k) + Ari(k), (2.2)
i

when the reference input r(k) satisfies Assumption 2.3.2.

Remark 2.3.2 The FODAC algorithm can be rewritten as:

[wilk +h) — @i (k)] /h =8 aj(k)(x;(k) = 2i(k)) + [ri(k) = ri(k = h)]/h, (2.3)
J#i

where the parameters § and h satisfy hd = 1. Observe that (2.3) is close to the

discretized version of the continuous-time dynamic consensus algorithm in [132]

but is not exactly the same. If h — 0, then § = % — o0, and thus the right-hand

side of (2.3) is not well-defined. °

We will further suppose that the coefficients a;'»(k) in the FODAC algorithm

satisfy the following two assumptions.
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Assumption 2.3.3 ([19], Non-degeneracy) There exists a constant a > 0 such
that aj(k) = 1 — 37, ;ai(k) > a, and aj(k) (i # j) satisfies a(k) € {0} U
la, 1], VE > 0.

Assumption 2.3.4 ([108], Balanced Communication) There hold for all & >
0 that 1TA(k) = 17 and A(k)1 = 1.

Equivalently, the matrix A(k) is referred to as doubly stochastic, each of

whose rows and columns sums to 1. Assumption 2.3.4 renders the conservation
N

N
property Z zi(k+h) = Z ri(k) which is essential to reach the dynamic average
i=1 i=1
consensus. It plays a similar role in achieving the static average consensus [108].

We now proceed to analyze the FODAC algorithm. Let us fix k € V
for every s and define Dy = {k}. By Assumption 2.3.1, there is a non-empty
set Dy C V \ {k} of nodes such that for all i € D;, node x communicates to
node i at least once during the time frame [s,s + (B — 1)h]. By induction, a
set Dy C V\ (Do U ---UDy) can be defined by considering those nodes j to
which some i € Dy U --- U D, communicates at least once during the time frame
[s+{¢Bh,s+ (({+1)B—1)h]. By Assumption 2.3.1, Dy1 # () as long as V'\ (Dy U
-+-UDy) # 0. Thus, there exists £ < N — 1 such that the collection of Dy, ..., D,

is a partition of V.

Lemma 2.3.1 Consider the FODAC algorithm and suppose that Assumptions 2.5.1
and 2.3.3 hold. Let s > 0 and Kk € V be fized and consider the associated

Do, ..., De. Then for every £ € {1,...,L}, there exists a real number n, > 0

such that for every integer p € [{B, (LB + B —1)], and i € Dy, it holds that for

k = s+ ph

zi(k) > m(s) + i Arin(s 4+ gh) + ne(zk(s) —m(s)), (2.4)
zi(k) < M(s) + _ AT ax (s + qh) —ne(M(s) — z.(s)). (2.5)
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Proof: Without loss of generality, we only consider the case where s = 0,

being the proof for a general s identical. Fix some 7, it holds that

0) + Y _af(0)(x;(0) — z;(0)) + Ar;(0)

J#i
= (1= a(0)a;(0) + > al(0)a;(0) + Ar;(0)
J#i J#i
Z(l—z +ZCL +Armm( )
J#i J#i
= m(0) + Aryin(0). (2.6)

Since (2.6) holds for all ¢, we have
m(h) > m(0) + Aryin(0). (2.7)

Repeatedly applying (2.7) gives that

:‘\?r

m(k) > )+ Z Armin(ph). (2.8)

p=0

Since ZJ a5(k) =1 at every k > 0, we have that

(ke + h) Z Ay (ph)

N -1
= af(k)(x;(k) = m(0) = > Aruin(ph)) + Ary(k) — Aryiy (k)

j=1 p=0

%
> (1) (s () Z Ariin(ph))
%

> ofzq(t) Z Arpin(ph)), (2.9)

where we are using the property of (2.8) in the last two inequalities. Applying
repeatedly (2.9) we have that, for any integer p € [0, (LB + B — 1)], the following
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holds for k = ph

—_

p—

z,.(k) —m(0) — Z Aryin(qh)

> o N (h) — m(0) — Aryin(0))
> af(2,(0) —m(0)) > no(x.(0) —m(0)),

[}

where 1y = oV

~1 and we are using the properties of (2.8) and z,(0) —m(0) > 0.
This proves inequality (2.4) for the nodes in Dy = {k} and for any integer p €
0,(LB+ B —1)].

Now we proceed by induction on ¢. Suppose that (2.4) holds for some
0 < ¢ < L; then we should show (2.4) for i € Dy44. It follows from the construction
of the sets of {Dy, - -+, D} that there exists some time k' € [{Bh, ({B+ B — 1)h]
such that a’ (k') # 0 for some j € Dy U---UD; and i € Dyyy. By the induction
hypothesis, we have that for all integers p € [(B, (LB + B —1)], there exists some

n¢ > 0 such that the following holds for £ = ph

(L’J(k) — m(O) - i: ATmin(qh) Z W(%(O) - m(0>>

7=0

Consequently, as in (2.9), we have

(K + k) —m(0) = > Aruin(gh)

> a (K) (2 (k) — m(0) = > Aruin(gh)) > ane(z,(0) — m(0))

Following along the same lines as in (2.9), we have that

ZL’Z(]{? + h) - m(0> - Z Armin(qh> > 77@_,'_1(%',@(0) - m(0>> )

q=0

holds for all p € [(¢ +1)B, (LB + B — 1)], where 1,41 = a8y, and k = ph.

This establishes (2.4) for ¢ € Dy;1. By induction, we have shown that (2.4) holds.

The proof for (2.5) is analogous. n
The following theorem is the main result in this section and shows the

convergence properties of the FODAC algorithm.
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1
Sz NN+1)B+1
TN Under

Assumptions 2.3.1, 2.3.3, 2.3.4 and 2.3.2, the implementation of the FODAC al-
gorithm with h € (0, hy] and initial conditions z;(0) = r;(—=h), i € {1,...,N},

Theorem 2.3.1 Let 6; be a positive constant and h, =

achieves dynamic average consensus with a nonzero steady-state error upper bounded

by 61.

Proof: Let n = a2NW+DB-1 then 5 < g, for any € {1,...,N —1}. By
replacing s and k in (2.4) with k and k; = k+ (LB + B — 1)h respectively, we have
that for every k > 0, there holds that

m(k;) = min  minx;(k;)
£€{0,--- ,L} i€D,

k1
71

> m(k) + Z Arpin(gh) + mgin ne(x. (k) — m(k))

k
9=

LS R

> m(k> + Z ATmin(qh) + U(Jﬁn(k) - m(k))

=1
Similarly, we have
L
M(k1) < M(k) + Y Aruac(gh) = n(M(k) =z (k).
k
=y

Combining the above two inequalities gives that
L
D(ky) < (1=n)D(k) + > AR(gh). (2.10)
=7
Let us denote 7, = v(NB — 1)h for an integer v > 1. From (2.7), we know
that D(k + h) < D(k) + AR(k). Thus we have

D(Ty) < (1=n)D(0) + Y AR(gh). (2.11)

SR In g

Qn) = (1—n)"" Y AR(gh)+---+ > AR(qh).

q:O o Th—1
~ h
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For any k > 0, let Ui, to be the largest integer such that (,(NB — 1)h < k,
and Q(k) := Q) + Zh o AR(qh). Thus for all k£ > 0 it follows that

Loy,
h

< (1—1)“D(0) + Qk) < (1 — )05 ' D(0) + Q(k). (2.12)

Since AR(k) < h#, D(k) is input-to-output stable with ultimate bound
= < 4h9(NB —2); < 4h0(NB — 2)a 2 NWHDBHL e there exist [ > 0 and
0 < A <1 such that

D(k) < max{T'A#,Z},  Vk>0. (2.13)

Choose as initial state z;(0) = r;(—h) for all i € {1,..., N}. By Assumption 2.3.4,

the following conservation property is satisfied for all £ > 0:

Zx, (k+h)= Zx,(/{:) —i—ZAr,(kJ)
= sz(O) + Z Ar;(qh)

=2_wil0) + D _(rilk) = ri(=h)) = Y _ri(k), (2.14)

where we have used the induction in Line 2 of the above expressions.

It follows from (2.14) that m(k + h) < + SOV ri(k) < M(k + h) and thus

N
1
max lim sup |z; (k) — N ;n (k—h)| <limsup D(k) < =.

€V koo k—o0

Hence, for any given 6; > 0, choosing h < h; gives an steady-state error
= < d;. In other words, choosing a step of size h induces at least an error of order
40(NB — 2)a~ 2 NIN+DB+HL |

The following corollary states an interesting special case of Theorem 7.3.2

when klim AR(k) = 0 for any h > 0.
—00
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Corollary 2.3.1 Suppose Assumptions 2.3.1, 2.53.3, 2.3.4 hold for any h > 0.

If klim AR(k) =0, then the implementation of the FODAC algorithm with any
—00

h > 0 and initial state x;(0) = r;(=h), i € {1,...,N}, achieves the dynamic

average consensus with a zero steady-state error.

2.4 Higher-order algorithms for dynamic aver-

age consensus

In this section, we present n'*-order algorithms for dynamic average consen-
sus where n > 2. First of all, let us consider the case of n = 2. We will assume that

the reference inputs satisfy the following condition weaker than Assumption 2.3.2.

Assumption 2.4.1 (Relatively bounded second-order differences) For any

h > 0, there exists a time invariant constant 6 > 0 such that

A(Q)Tmax(k) - A(Q)Trllin(k) S h927 t Z 0.

Correspondingly, we propose the following Second-Order Dynamic Average

Consensus algorithm (the SODAC algorithm for short)

2Pk + ) =2l (k) + 3 al (1) (2P (k) — 2 (k) + 2 (k + n),
JFi

ek +h) =2 (k) + > ai — 2 (k) + AP (k), (2.15)
J#

and its convergence properties are described in the following theorem and corollary.

SoaN(N+1)B+2
TN - Under As-

sumptions 2.3.1, 2.3.3, 2.8.4 and 2.4.1, the implementation of the SODAC algo-
rithm with h € (0, hy], and initial states x[ ]( 0) = Ary(—h), x?](O) = r;(—h),

i€ {1,...,N}, achieves dynamic average consensus with a nonzero steady-state

Theorem 2.4.1 Let 6y be a positive constant and hy =

error upper bounded by ds.
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Proof: Note that the algorithm for xgl] (k) in the SODAC algorithm has the
same form as the FODAC algorithm, and can be obtained from this by replacing
Ar;(k) with A®@r;(k). Since Assumption 2.4.1 holds, it follows from Theorem 7.3.2
that by choosing the initial state as :1:[ ](O) = Ar;(—h) we can find I'y > 0 and
0 < A; < 1 such that for all £ > 0 and all i € {1,..., N}, there holds that

N
1 k
2 (k) — 5 2 Ari(k = 1) < DY(k) < max{TiAf, =},
-

where DIY(k) = max;ey 2" (k)—minsey 21" (k) and 2, < 4hfy(NB—2)a~ 2 NNTHBHL
Hence, there exists a finite k£ > 0 such that Fl/\'f < =, for all k£ > k. Then
for k >k, IE?](]{) in the SODAC algorithm can be written in the following way:

w2k + 1) = 2P (k) + ) ai — 2P (k) + di(k), (2.16)
J#i
with a reference input d;(k) = + SV Ari(k) +95(k) and |95(k)| < ;. Note that
for all £k > k, there holds that
max di(k) — mindi(k) < 22, < 4h0(NB — 2)q 2NN+ B+
S S
Hence, (2.16) has the same form as the FODAC algorithm, and can be obtained
from it by replacing Ar;(k) with d;(k) where 6 = 465(NB — 2)a—2NO+DBHL
Assumption 2.3.2.
Furthermore, consider as initial states x?](O) =ri(—h)foralli € {1,...,N}.
Similarly to (2.14) with Ar;(k) instead of r;(k), we can obtain the following con-
servation property of the SODAC algorithm for every k > 0

N

i Wk +h) = ZAn Z ek +h) =Y ri(k).

i=1 i=1

By using similar arguments to those employed in Theorem 7.3.2, we have
that there exist I's > 0 and 0 < Ay < 1 such that for all £k > k and all i € V, there
holds

N ,
1
2P(6) = = 0 rilk = )] < DP(k) < max{Ta," ,Z5},
=1
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where DP/(k) = max;cy x[ J(k)—min;ey x?](k;) and Z, = 4h0(NB—2)a e NW+DB+1 —
16h0y(N B — 2)2a~NWN+DB+2  For any given 8, > 0, choosing h < hs leads to the
property of =5 < 4. [ |

Corollary 2.4.1 Suppose Assumptions 2.53.1, 2.3.3, 2.3.4 hold for any h > 0. If
klim (A(Q)rmax(k;) — A(2)rmm(k)) = 0, then the implementation of the SODAC algo-
%

rithm with any h > 0 and initial states x[ ]( 0) = Ar;(—h), x?](O) =r;(—h) for all

i€ {l,...,N} achieves dynamic average consensus with a zero steady-state error.

Now, let us consider the following general n'"-Order Dynamic Average Con-

sensus algorithm (the NODAC algorithm for short).

2 (k+h) =2 (k) + 3 al (k) (@ (k) — 2l (k) + 27k + h)
J#

ek +h) = 2N (k) + 3 al (k) @ k) — 2 (k) + AWri(k), e f2,...,n}.
J#i

(2.17)

Remark 2.4.1 In [123], the authors propose a continuous-time higher-order con-
sensus algorithm to allow higher-order derivatives converge to common values.

While related, the problem statement of [123] is different from ours. .

The previous algorithm is the cascade of n FODAC algorithms and can be

compactly rewritten in the following vector form
2k + h) = A(k)z9(k) + 2V (k + n),
W (k+n) = A(k)sM (k) + A™r(k), (€{2,...,n}.

The above NODAC algorithm is able to track the average of reference inputs which
satisfy the following condition under which Theorem 2.4.2 holds.

Assumption 2.4.2 (Relatively bounded n'"-order differences)For any h >

0, there exists a time invariant constant #,, > 0 such that

A r (k) — A5 (k) < R, Vi > 0.
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The following theorem and corollary show the convergence properties of

n"-order dynamic average consensus algorithm.

1
5, EN(NF1)B+1)
520, (NB—2)" Under

the Assumptions 2.3.1, 2.5.3, 2.8.4 and 2.4.2, the implementation of the NODAC
algorithm with h € (0, h,] and initial states xy](O) = Ay (=h) (t=1,--- ,n—

Theorem 2.4.2 Let 6, be a positive constant and h, =

1), ZL’En](O) =r;(=h) foralli € {1,..., N}, achieves the dynamic average consensus

with a nonzero steady-state error upper bounded by 0, .

Proof: The case of n = 1 has been proven in Theorem 7.3.2. By using

similar arguments in Theorem 2.4.1, we can finish the proof in an inductive way.

Corollary 2.4.2 Suppose Assumptions 2.3.1, 2.8.3, 2.8.4 hold for any h > 0.
IF im0 (AP 7oy (1) — Ay (1)) = 0, then the implementation of the NODAC
algorithm for any h > 0 and initial states xEZ](O) = Ay (=h) (0=1,--- ,n—1),
ZL’En](O) = ri(=h) for all i € {1,..., N}, achieves dynamic average consensus with

a zero steady-state error.

2.5 Extensions

This section includes some remarks about the possible extension of the

presented results.

2.5.1 Discussion on the choice of the order for the dynamic

average consensus algorithm

If Assumption 2.4.2 holds, m'-order dynamic consensus algorithm can
reach the dynamic average consensus for any m > n. However, we need a smaller A
than the NODAC algorithm to render the steady-state error smaller than the given
bound. Then there is no advantage to use m*-order average dynamic consensus

algorithm when Assumption 2.4.2 is satisfied.
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2.5.2 Discussion on Assumption 2.4.2

It can be shown that for any n'-order polynomial f(k) = >_1" , a;k’, there
holds that A™ f(k) = a,n!'h. Hence, any set of n'"-order polynomials satisfies
Assumption 2.4.2 with 6,,, = 0.

If the reference inputs r;(k) take the form of r;(k) = v(k) + 74(k), i € V,
and the function 7;(k) is a linear combination of polynomials, the logarithmic
function, periodic functions and other functions whose n'*-order differences are
bounded, then Assumption 2.4.2 also holds for any common v(k) even when n'"-
order difference of v(k) explodes, e.g., like the exponential function. It is worth

mentioning that it is unnecessary for Assumption 2.4.2 to hold that A™r;(k) be
bounded for all 7, £ > 0.

2.5.3 Discussion on Assumption 2.3.1

In the case that the communication is symmetric; i.e., when (7, 5) € E(k) if
and only if (j,i) € E(k), then Assumption 2.3.1 in Corollary 2.4.2 can be weakened

into the following one:

Assumption 2.5.1 (Eventual strong connectivity) For any time instant k£ >

0, the directed graph (V,Us>,E(s)) is strongly connected.

Corollary 2.5.1 Suppose Assumptions 2.5.1, 2.3.3, 2.3.4 and the relation of

My 00 (A7 ax (B) — A™r0 (k) = 0 hold for any h > 0. If G(k) is undirected,
the implementation of the NODAC algorithm with any h > 0 and initial states
a:y](O) = AOp(—h) ((=1,--- ,n—1), xE"](O) =r;(—h) foralli e {1,...,N},

achieves dynamic average consensus with a zero steady-state error.

If the communication is symmetric, Assumption 2.3.1 in Corollary 2.4.2 can
also be replaced with the assumption in Proposition 2 of [93]; i.e., for any time
instant & > 0, there is a node connected to all other nodes in the undirected graph
(V,Us>pE(s)). It is interesting to further think about the weaker assumption in
Proposition 1 of [93]; i.e., there exists an integer B > 1 such that for any time
instant £ > 0, there is a node connected to all other nodes in the directed graph

(V,E(k)UE(k+h)U---UE((k+ (B—1)h)).
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2.5.4 The robustness to joining and leaving of nodes

If some nodes join the network at some time ¢, > 0 during the implemen-
tation of the NODAC algorithm, all the nodes in the new network are able to
reach the new dynamic average consensus as long as the joining nodes choose their
“initial” states at time ty according to the rules in Theorem 2.4.2 and Assump-
tions 2.3.1, 2.3.3, 2.3.4 and 2.4.2 are satisfied for the new network.

To make the NODAC algorithm adaptive to the departure of some nodes,
we slightly modify its implementation. Assume node x wants to leave the network
at some time ko and (k,i) € FE(ko) for some node i. Node k sends the value of
:L’,[?](ko) — rx(ko) to node 7, and then node ¢ updates its values according to the
NODAC algorithm by replacing the top equation in the NODAC algorithm with
the following

(ko + ) = 2 (to) + D a (ko) (a5 (ko) — 27" (ko))

J#

"k 1) + () (ko) — (ko)) (2.18)
All other remaining nodes update their values according to the NODAC algorithm
at time kq. After time kg, the remaining nodes in the network update their values
according to the NODAC algorithm, and then the dynamic average consensus
is reached if Assumptions 2.3.1, 2.3.3, 2.3.4 and 2.4.2 are satisfied for the new
network. The update law (2.18) ensures the following conservation property:

Z arg»n](k:o +h) = er(ko).

7w i
2.5.5 Asynchronous first-order dynamic average consensus

algorithm

In this part, the asynchronism is incorporated into the FODAC algorithm.
First, let us define the following notations: a set T; of time instants when node i
measures r;(k); a variable 7;(k) which denotes the latest time instant before time
k in T;. We adopt the partial asynchronism time model adapted from [14]; i.e.,
there exists a positive integer B, such that k — B,h < 7;(k) < k for each i € V
and each k£ > 0.
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Asynchronous First-Order Dynamic Average Consensus algorithm (asyn-
chronous FODAC algorithm for short) is given by: if k € T}, node i measures 7;(k)

and updates its value according to the following rule:
ik +h) = a;(k) + > al(k)(@;(k) — z3(k)) + (ri(k) — ri(rs(k))); (2.19)
J#i
otherwise, node i sets x;(k + h) = x;(k).
Assumption 2.5.2 (Bounded first-order differences) For any h > 0, there

exist time invariant constants p; > 0 and ps < 0 such that Arp.c(k) < hp; and
Armin(k) > hps hold for all k > 0.

Theorem 2.5.1 Let 0, be a positive constant and
= o
Y 4B(p1 — p2)(NB — 2)a—sVOHDEH L inaxd o | pa|H(By — 1)

Under Assumptions 2.3.1, 2.53.3, 2.8.4 and 2.5.2, the implementation of the asyn-
chronous NODAC algorithm with the partial asynchronism time model, h € (0, hy]
and initial conditions z;(0) = r;(—=h), i € {1,..., N}, achieves dynamic average

consensus with a nonzero steady-state error upper bounded by o1,

Proof: Here we only provide a sketch of the proof. Following the same
lines in Lemma 2.3.1 and Theorem 7.3.2, we utilize Assumption 2.5.2 to have that

there exist I' > 0 and A > 0 such that
D(k) <max{TA\%*,Z},  Vt>0 (2.20)

where Z < 4Buh(p1 — p2)(NT — 2)1 <4B.h(p1 — po) (NB — 2)a— 2 NVFDEHL

Since z;(0) = r;(—h) for all i € {1,..., N}, the conservation property of
Zfil z;i(k) = Zf\il ri(7:(k)) holds. From Assumption 2.5.2 and the property of
t — 7;(k) < Byh, it can be shown that
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Combining (2.20) and (2.21) gives the following estimate for the steady-
state error

N
1
max im sup [z, (k) — > ik — b))

(2

1
< 4B,(p1 — p2)(NB = 2)a 3N TP 4 mmax{p) o[} (B, — 1),

2.6 Simulations

In this section, we present several examples with their simulations to demon-

strate the effectiveness of our theoretical results.

Example 1

We first illustrate the conclusion of Corollary 2.3.1 with a simulation. Let
us consider a network consisting of four nodes, labeled 1 through 4. Suppose that

the graph G(k) satisfies Assumption 2.3.1 with B = 4. The reference inputs are

given by:
. 10 . 10
7"1(k)>:5S1Hl€—|—k—+2+1, 7‘2(1{3>:5S1n1€—|—m+2,
10

7"3(/{3):5Sin]€+m+3, 7‘4(k):5sink;+106_k—|—4.
Figure 2.1 shows that the tracking errors of the nodes asymptotically converge to
Zero.
Example 2

Now, we provide an example to illustrate the robustness of the NODAC
algorithm. Consider a network with five nodes. The graph G is fixed when no

node joins or leaves the network. The reference inputs are given by:

ri(k) =k+1+5sink, ro(k)=k—1+5sink,
r3(k) =k +5sink, ry(k)=k+50+5sink, 7r5(k) =k —50+5sink.
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It can be readily verified that Assumption 2.3.2 holds with § = 0. Thus we choose
the FODAC algorithm with A = 1. During the simulation, node 5 leaves the
network at time 50 and joins the network at time 100 again. Figure 2.2 provides

the consensus states in comparison with the average of the reference inputs.

Example 3

In this part, we present an example of the asynchronous FODAC algo-
rithm. The network consists of five nodes. The topology is switching and satisfies

Assumption 2.3.1 with B = 3. The reference inputs for the nodes are as follows

ri(k) =~k —2, ro(k)=—2k—2,
ry(k) =5k 4+ 0.5, 7r4(k) =2k +1.5, r5(k)=Fk+2.

Then Assumption 2.5.2 holds with p; = 5 and p, = —2. For the given 6; = 1,
we choose h = 0.01 for the algorithm. The consensus states with the average of
the reference inputs are shown in Figure 2.3. The oscillation in the evolution is
induced by the changes of network topologies. And the steady-state error is upper
bounded by 0.9.

2.7 Conclusions

We have proposed a class of discrete-time dynamic average consensus algo-
rithms and analyze their convergence properties. Due to slow convergence rates of
the algorithms, tracking is shown at the expense of frequent communication and

higher throughput. This chapter is based on the following published papers:

(JP-2) M. Zhu and S. Martinez, “On discrete-time dynamic average consensus”,

Automatica, 46(2), pages 322 — 329, 2010.

(CP-3) M. Zhu and S. Martinez, “Dynamic average consensus on synchronous com-
munication networks”, The 27" American Control Conference, pages 4382 —

4387, Seattle, USA, Jun. 2008.
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Figure 2.2: Evolution of the states of the FODAC algorithm in comparison with
the average of the inputs with the joining and leaving nodes
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Figure 2.3: Evolution of the states of the asynchronous first-order dynamic aver-
age consensus algorithm in comparison with the average of the inputs



Chapter 3

Distributed quantized average

consensus

3.1 Introduction

In real-world communication networks, the capacities of communication
channels and the memory capacities of agents are finite. Furthermore, the com-
putations can only be carried out with finite precision. From a practical point
of view, real-valued averaging algorithms are not feasible and these realistic con-
straints motivate the problem of average consensus via quantized information.
Another motivation for distributed quantized averaging is load balancing with in-
divisible tasks. Prior work on distributed quantized averaging over fixed graphs
includes [12, 28, 29, 69]. Recently, [98] examines quantization effects on distributed
averaging algorithms over time-varying topologies. As in [69], we focus on quan-
tized averaging algorithms preserving the sum of the state values at each iteration.
This setup has the following properties of interest: the sum cannot be changed
in some situations, such as load balancing; and the constant sum leads to a small
steady-state error with respect to the average of individual initial states. This
error is equal to either one quantization step size or zero (when the average of the
initial states is located at one of the quantization levels) and thus is independent

of N. This is in contrast to the setup in [98] where the sum of the states is not

35
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maintained, resulting in a steady-state error of the order O(N?log N).

The convergence time is typically utilized to quantify the performance of
distributed averaging algorithms. The authors in [20, 111] study the convergence
time of real-valued averaging, while [69, 98] discuss the case of quantized averag-
ing. The polynomial bounds of the expected convergence time on fixed complete
and linear graphs are derived in [69]. Recently, the authors in [98] give a polyno-
mial bound on the convergence time of a class of quantized averaging algorithms
over switching topologies. Among the papers aforementioned, [20, 98, 111] require
global synchronization, and [69] needs some global information (e.g, a central-
ized entity or the total number of the edges) to explicitly bound the expected
convergence times. However, real-world communication networks are inherently
asynchronous environment and lack of centralized coordination.

Statement of contributions. The present chapter proposes a class of dis-
tributed quantized averaging algorithms on asynchronous communication networks
with fixed, switching and random topologies. The algorithms are shown to asymp-
totically reach quantized average consensus in probability. Furthermore, we utilize
meeting times of two random walks on graphs as a unified approach to derive poly-
nomial bounds on the expected convergence times of our presented algorithms. To
the best of our knowledge, this note is the first step toward characterizing the ex-
pected convergence times of completely distributed quantized averaging algorithms

over asynchronous communication networks.

3.2 Preliminaries and problem statement

In this section, we present the problem formulation along with some nota-
tion and terminology.

Asynchronous time model. In this note, we will employ the asynchronous
time model proposed in [20]. More precisely, consider a network of N nodes, labeled
1 through N. Each node has a clock which ticks according to a rate 1 Poisson
process. Hence, the inter-tick times at each node are random variables with rate

1 exponential distribution, independent across nodes and independent over time.
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By the superposition theorem for Poisson processes, this setup is equivalent to a
single global clock modeled as a rate N Poisson process ticking at times {Z; };>o.
By the orderliness property of Poisson processes, the clock ticks do not occur
simultaneously. The inter-agent communication and the update of consensus states
only occur at {Z;};>o. In the reminder of this chapter, the time instant & will be
discretized according to {Z;}i>0 and defined in terms of the number of clock ticks.

Network model. We will employ the undirected graph G(k) = (V, E(k))
to model the network. Here V := {1,--- N} is the vertex set, and an edge
(7,7) € E(k) if and only if node j can receive the message from node i (e.g., node
j is within the communication range of node i) at time ¢. The neighbors of node
i at time ¢ are denoted by Nj(k) = {j € V | (j,7) € E(k) and j # i}. The state
of node i at time ¢ is denoted by z;(k) € R and the network state is denoted by
z(k) = (z1(k), -+ ,zn(k))T. Suppose the initial states z;(0) € [Uwmin, Umax) for all
1 € V and some real numbers U, and Upypay.

Quantization scheme. Let R denote the number of bits per sample. The
total number of quantization levels can be represented by L = 2f and the step
size is A = (Upax — Unin)/2%. The set of quantization levels, {wy,---,wr}, is a
strictly increasing sequence in R and the levels are uniformly spaced in the sense
that w1 —w; = A. A quantizer Q : [Upin, Unax] — {w1, -+ ,wr} is adopted to
quantize the message u € [Upin, Unax| in such a way that Q(u) = w; if u € [w;, w;11)
for some ¢ € {1,---, L —1}. Assume that the initial states z;(0) for all ¢ € V" are
multiples of A.

Problem statement. The problem of interest in this chapter is to design dis-
tributed averaging algorithms which the nodes can utilize to update their states by
communicating with neighbors via quantized messages in an asynchronous setting.
Ultimately, quantized average consensus is reached in probability; i.e., for any ini-
tial state 2(0), there holds that limy_,. P(z(k) € W(x(0))) = 1. The set W(z(0)) is
dependent on initial state 2(0) € RY and defined as follows. If z(0) = SN 2:(0)
is not a multiple of A, then W(z(0)) = {z € RY | z; € {Q(%(0)), Q(Z(0)) + A} };
otherwise, W(z(0)) = {z € RN | 2; = 2(0)}. Now it is clear that the steady-state

error is at most A after quantized average consensus is reached.
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Notions of random walks on graphs. In this chapter, random walks on
graphs play an important role in characterizing the convergence properties of our
quantized averaging algorithms. The following definitions are generalized from

those defined for fixed graphs in [23, 33].

Definition 3.2.1 (Random walks) A random walk on the graph G(k) under the
transition matrix P(k) = (p;;(k)), starting from node v at time s, is a stochastic
process {X (k)}rss such that X(s) =v and P(X(k+ 1) = j | X(k) = 1) = pi;(k).
A random walk is said to be simple if for any i € V, p;(k) = 0 for all & > 0;

otherwise, it is said to be natural. °

Definition 3.2.2 (Hitting time) Consider a random walk on the graph G(k),
beginning from node i at time s and evolving under the transition matrix P(k).
The hitting time from node i to the set A C V, denoted as Hgr),p(),s) (i, A), is
the expected time it takes this random walk to reach the set A for the first time.
We denote Hg),p))(A) = sup,so maxiey Hg),px),s) (%, A) as the hitting time to
reach the set A. The hitting time of the pair 4, j, denoted as Hgu), p(),s)(%,7), is
the expected time it takes this random walk to reach node j for the first time.
Denote Hg),pk)) = SUP,>o MaxX; jev H(gk),Pk),s)(4,7) as the hitting time of going

between any pair of nodes. °

Definition 3.2.3 (Meeting time) Consider two random walks on the graph G(k)
under the transition matrix P(k), starting at time s from node ¢ and node j respec-
tively. The meeting time M) pk).s)(4,j) of these two random walks is the ex-
pected time it takes them to meet at some node for the first time. The meeting time

on the graph G(k) is defined as Mg, p(k)) = SUp,>( MaX; jev M), pk),s) (i, 7). ®

For the ease of notation, we will drop the subscript s in the hitting time
and meeting time notions for fixed graphs. The following notion is only defined

for fixed graphs.

Definition 3.2.4 (Irreducibility and reversibility) A random walk on the
graph G is irreducible if it is possible to get to any other node from any node.
An irreducible random walk with stationary distribution 7 is called reversible if

TiPij = T;Pji for all Z,j eV. L]
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Notations. For a € R, define V, : RN — R as Vo (z) = SN (2 — )2
We define J : RY — R as J(z) = (max;ey ¥; — mingey ;)/A. Denote the set
O = {(k,k) | k € V}. The distribution of a vector x € RY is defined to be the list
{(q1,m1), (g2, m2), -+, (gr, ms)} for some k € V where >, my = N, ¢; # ¢; for
i # 7 and my is the cardinality of the set {i € V' | 2; = ¢;}. The cardinality of the
set M is denoted by |M]|.

3.3 Asynchronous distributed quantized averag-
ing on fixed graphs

In this section, we propose and analyze an asynchronous distributed quan-
tized averaging algorithm on the fixed and connected graph G. Main references
are [69] on quantized gossip algorithms and [23] on the meeting time of two simple

random walks on fixed graphs.

3.3.1 Proposed algorithm

The asynchronous distributed quantized averaging algorithm on the fixed
and connected graph G (AF, for short) is described as follows. Suppose node i’s
clock ticks at time t. Node ¢ randomly chooses one of its neighbors, say node 7,
with equal probability. Node ¢ and j then execute the following local computation.
If z;(k) > x;(k), then
zi(k+1)=x;(k) =9, zj(k+1)=ux;k)+; (3.1)
otherwise,
zi(k+1)=zi(k)+6, z;(k+1)=wx;k)—0, (3.2)
where 0 = L(z;(k) — a;(k)) if 2iM)=2(®) ig an integer; otherwise, § = QL (zi(k) —

A 2
zj(k))) + A. Every other node k € V \ {i,j} preserves its current state; i.e.,

A
2
update laws (3.1) and (3.2). It is easy to verify that z;(k) € [Umin, Umax] and x;(k)

Remark 3.3.1 The precision £ is sufficient for the computation of ¢ and thus the
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are multiples of A for all ¢ € V and k£ > 0. Furthermore, the sum of the state
values is preserved at each iteration.

If |z;(k) — z;(k)| = A, the update laws (3.1) and (3.2) become z;(k + 1) =
z;(k) and z;(k+1) = =;(k). Such update is referred to as a trivial average in [69].
If |x;(k) — xj(k)| > A, then (3.1) or (3.2) is referred to as a non-trivial average.
Although it does not directly contribute to reaching quantized average consensus,

trivial average helps the information flow over the network. °

3.3.2 The meeting time of two natural random walks on

the fixed graph G

To analyze the convergence properties of AF, we first study a variation of
the problem in [33], namely, the meeting time of two natural random walks on the
fized graph G. More precisely, assume that the fixed graph G be undirected and
connected. Initially, two tokens are placed on the graph G; at each time, one of
the tokens is chosen with probability % and the chosen token moves to one of
the neighboring nodes with equal probability. What is the meeting time for the
tokens?

The tokens move as two natural random walks with the transition matrix
Pap on the graph G. The matrix Pap = (p;;) € RV*N is given by p;; = 1 — +
for v € V, pi; = ﬁ for (i,j) € E. The meeting time of these two natural
random walks is denoted as Mg p,,). Denote any of these two natural random
walks as X. Correspondingly, we construct a simple random walk, say Xg, with
the transition matrix Psp on the graph G where the matrix Psp = (p;;) € RVV is
given by p; = 0 and p;; = ﬁ if (4, j) € E. The hitting times of the random walks
Xs and X are denoted as H g py.) and Hg p,,), respectively.

Proposition 3.3.1 The meeting time of two natural random walks with transition

matrices Pap on the fived graph G satisfies that Mg p,.y < 2NHg pgy — N.

Proof: Since the fixed graph G is undirected and connected, the random
walks Xy and Xg are irreducible. The reminder of the proof is based on the

following claims:
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(i) It holds that H(Q,PAF) > N.
(ii) For any pair ¢, j € V with i # j, we have H(g p, (2, 7) = NHg py) (3, 7).
(iii) For any i,7,¢ € V, the following equality holds:

H(gJDAF)(i’ ]) + H(Q,PAF)(jv L) + H(Q,PAF)(L> Z)
= Hg pyp) (15 t) + Hig,pap) (4, 5) + Hig.par) (J; 1)

(iv) There holds that Mg p,p) < 2H g pyy) — N

Now, let us prove each of the above claims.

(i) The quantity Hg, p,.)(%,J) reaches the minimum when A; = {j}. We
now consider the graph G with N; = {j} and compute Hg p,,(,7). The proba-

bility that X stays up with node i before time ¢ and moves to node j at time ¢ is

L(1— L)1 Then, we have Hg p,(i,7) = > ,57 (+(1 — )" = N and Claim
(i) holds.

(ii) For any pair 4,7 € V with i # j, it holds that

o 1 o
H(Q,PAF)(Z7]) = Z ‘N‘ (H(g PAF)(L ]) + 1) + (1 - N)(H(Q,PAF)(Z7]) + 1)'
LEN;

Hence, we have that Hg p,.)(i,7) = N + X2 cn ﬁH(g?pAF)(L,j). Furthermore,
Hig,pee) (1, 5) = X en i (Hg, ey (4:5) + 1) = 14+ 3, cns hr Hig,poe (¢, ). Hence,
Claim (ii) holds.

(iii) Denote by m; = |Ni|/NMuax and m = (7, ,7w5)T where Npax =
max;cy{|N;|}. Since Pizm = 7, then 7 is the stationary distribution of the random
walk X . Furthermore, for any pair i, j € V, we have m;p;; = /l//:ﬂ/d[( Nli\fl < A}mx =
TiDji = /l//\rfa[( N|}\/j| and thus the random walk X is reversible. From Lemma 2 of
[33] it follows that Claim (iii) holds.

(iv) Claim (iv) is an extension of Theorem 2 in [33]. An immediate result

of Claim (iii) gives a node-relation on V; i.e., i < j if and only if Hg p,)(4,7) <
H g py)(j, 7). This relation is transitive and constitutes a pre-order on V. Then
there exists a node u satisfying Hg, p,.)(v,u) > Hg pyp)(u,v) for any other node

v € V. Such a node u is called hidden. As in [33], we define a potential function
© by (i, 5) = Hig,pap)(6:5) + Hg.par) (4, 4) = Hig pap) (1 5)-



42

Define the functions ®(4,j) and Mg p,,(i,j) below, the averages of the

functions ® and Mg p,,) over the neighbors of node 7 and j, respectively:

17‘7 "/\/" Z(I) 6 J) ’./\/” ZH(QPAF)(L 7) +H(QPAF)(j, u) — H(Q,PAF)(U7j>7

M(QPAF)Z] |N|ZM(QPAF L]
LEN;

In Claim (i), we have shown that H g p)(7,7) = >_,cn ﬁH(g,pAF)(L,j) +
N. Thus, @(5,]) + N = @(Z,]) Similarly, M(Q,PAF)(%j) + N = M(Q,PAF)(Z.7J)'
We are now in a position to show that for any pair ¢, 7 € V, it holds that

M(Q,PAF)(i7j) < CD(Z’]) (33)

Assume that (3.3) does not hold. Let ¢ be ¢ = maxy vev (Mg pyp)(w,v) —
®(w,v)) > 0. Choose a pair of 7,7 with minimum distance among the set = =
{(w,v) € VxV | Mg py)(w,v) — ®(w,v) = ¢}. Toward this end, consider the
following two cases:

(1) j € N;. Observe that the following holds:

(I)(j,j) - H(Q,PAF)(jvj) + H(Q,PAF)(jv u) - H(Q,PAF)(u7j> > 0= M(Q,PAF)(j7j>‘

We have ®(i, j) + ¢ > Mg p,y) (i, j) and thus

M(gvaF)(i7j) = @(i,j) +¢=N+ @(E,]) + ¢
>N+ M(Q,PAF)(gvj) = M(Q,PAF)(ivj)' (3'4)

(2) j ¢ N;. There exists node ¢« € N; such that node ¢ is closer to node j
than node 7. Since the pair of 7, 7 has the minimum distance in the set =, we have
Mg pypy(t,7) — ®(1,7) < ¢. Tt yields that ®(i,5) + ¢ > Mg p,(4,7), and thus
(3.4) holds.

In both cases, we get to the contradiction Mg p,.)(i,7) > Mg, pye (i ]),
and thus (3.3) holds.

Combining Claims (i), (ii) and inequality (3.3) gives the desired result of
MiG,pyp) < 2NH(g,pye) — N.B
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3.3.3 Convergence analysis

We now proceed to analyze the convergence properties of AF. The conver-
gence time of AF is a random variable defined as follows: T, (2(0)) = inf{k | z(k) €
W(x(0))}, where z(k) starts from 2(0) and evolves under AF. Choose V(o) (z) =
S (2;—(0))? as a Lyapunov function candidate for AF. One can readily see that
Vaoy(@(k + 1)) = Vz)(z(k)) when a trivial average occurs and Vz(g)(x) reduces at
least 2A? when a non-trivial average occurs. Hence, V(o) () is non-increasing along
the trajectories, and the number of non-trivial averages is at most 53z V(o) (2(0)).
Define the set ¥ = {z € R" | the distribution of = is {(0,1), (A, N —2), (2A,1)}}
and denote E[Ty] = max,gycw E[Tton(2(0))]. It is clear that the expected time
between any two consecutive non-trivial averages is not larger than E[Ty]. Then

we have the following estimates on E[T¢,,(2(0))]:

1 _ NJ((0))?

E[Teon (x(0))] < 5735 Ve (2(0))E[Ty] < g

<o BT (35)

where the second inequality is a direct result of Lemma 4 in [69].

Theorem 3.3.1 For any initial state x(0) ¢ W(x(0)), the expected convergence

time E[Teon(x(0))] of AF is upper bounded by W(%N?’ —1).

Proof: By (3.5), it suffices to bound E[Ty]. Assume that x(0) € V. Before
they meet for the first time, the values 0 and 2A move as two natural random
walks which are identical to X in Proposition 3.3.1. At their meeting for the first
time, the values of 0 and 2A average and quantized average consensus is reached.
Hence, E[Ty] = Mg, p,,) and thus inequality (3.5) becomes

E[Too (2(0))) < d

M(Q,PAF) < (2NH(Q7PSF) - N)? (3'6)

where we use Proposition 3.3.1 in the second inequality. By letting M = 0 in the
theorem of Page 265 in [23], we can obtain the upper bound %N3 on Hg, pyy).-
Substituting this upper bound into inequality (3.6) gives the desired upper bound
on E[Tou (x(0))]. 1

Theorem 3.3.2 Let 2(0) € RY and suppose x(0) ¢ W(z(0)). Under AF, almost

any evolution x(k) starting from x(0) reaches quantized average consensus.
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Proof: Denote T = W(%N?’ — 1), and consider the first 7" clock

ticks of evolution of AF starting from x(0). From Markov’s inequality, we have the

following estimate:

7 E[Teon (z(0))] 1

P(Teon(2(0)) > T 2(0)  W(a(0))) < =220 < -
that is, the probability that after T clock ticks AF has not reached quantized
average consensus is less than % Starting from x(T), let us consider the posterior

evolution of z(k) in the next 7" clock ticks. We have

P(Ten(e(F) > | o(F) ¢ Wiao)) < et <

N —

That is, the probability that after 2T clock ticks x(k) has not reached quantized
average consensus is at most (3)2. By induction, it follows that after nT clock
ticks the probability (k) not reaching quantized average consensus is at most
(3)™. Since the set W(x(0)) is absorbing, we have limy_,o P(z(k) ¢ W(z(0))) = 0.
This completes the proof.l

3.4 Asynchronous distributed quantized averag-
ing on switching graphs

We now turn our attention to the more challenging scenario where the com-
munication graphs are undirected but dynamically changing. We will propose and
analyze an asynchronous distributed quantized averaging algorithm on switching
graphs (AS, for short). The convergence rate of distributed real-valued averaging
algorithms on switching graphs in [98] will be employed to characterize the hitting

time of random walks on switching graphs.

3.4.1 Proposed algorithm

The main steps of AS can be summarized as follows. At time £, let node ¢’s

clock tick. If |NV;(k)| # 0, node ¢ randomly chooses one of its neighbors, say node

J, with probability max{IV; (,3”7' N Then, node 7 and j execute the computation
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(3.1) or (3.2) and every other node k € V\{i,j} preserves its current state. If
|N;(k)| = 0, all the nodes do nothing at this time.
Here, we assume that the communication graph G(k) be undirected and

satisfies the following connectivity assumption also used in [19, 65, 98, 111].

Assumption 3.4.1 (Periodical connectivity) There exists some B € N.q such
that, for all & > 0, the undirected graph (V, E(k)UE(k+1)U---UE(k+ B —1))

is connected.

Remark 3.4.1 In the AS, the probability that node i chooses a neighbor j is

1
max{ |V (k)[,|V; ()]}

way, the matrix Pag(k) defined later is symmetric and double stochastic. °

Thus, this information should be available to node i. In this

3.4.2 The meeting time of two natural random walks on
the time-varying graph G(k)

Before analyzing AS, we consider the following problem which generalizes
the problem in Section 3.3.2 to the case of dynamically changing graphs.

The meeting time of two natural random walks on the time-varying graph
G(k). Assume that G(k) be undirected and satisfies Assumption 3.4.1. Initially,
two tokens are placed on G(0). At each time, one of the tokens is chosen with

probability % The chosen token at some node, say ¢, moves to one of the neighbors,

say node j, with probability n1ax{|]\/¢(lj)|,|/\/}(k)|} if |N;(k)| # 0; otherwise, it will stay
up with node 7. What is the meeting time for these two tokens?

Clearly, the movements of two tokens are two natural random walks, say
X; and Xj, on the switching graph G(k). Their meeting time is denoted as
MGk, Pas(k)) Where the transition matrix Pag(k) = (pi;(k)) is given as follows:
if [Ni(k)l # 0, then pi;(k) = vy for (54) € E(k) and pi(k) =
1= Gienm anax{w(lk)"'/\/j(k)'}; if [N;(k)| = 0, then p;(k) = 1. One can easily
verify that the matrix Pag(k) is symmetric and doubly stochastic. The natural

random walks X; and X, on the graph G(k) are equivalent to a single natural
random walk, say X, on the product graph G(k) x G(k). That is, X, moving
from node (i1,73) € V x V to node (j1,j2) € V x V on the graph G(k) x G(k) at
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time ¢, is equivalent to X; moving from 4, to j; and X5 moving from 75 to j, on
the graph G(k) at time ¢. Denote the transition matrix of the random walk X,
as Q(k) = (q(iri)(r.g2) (K)) € RN,

In the following lemma, we will consider the random walk X,; on the graph
G(k) x G(k) with the absorbing set © and the transition matrix Q(k) € RN**N”,
Denote ey, ¢,) by the row corresponding to (1, £) € VxV ina N*x N? identity ma-
trix. The transition matrix Q(k) is defined by replacing the row associated with the
absorbing state ({1,/0;) € © in Q(k) with e, 4,). Define ¥, 4,)(k) = P(Xa (k) =
(01, 62)), I(k) = col{dr, o) (k)} € RN, dg(k) = > (tr.t2)e0 Vit ) (k) for the ran-
dom walk Xy, and O, 1,y (k) = P(Xar(k) = (61, 62)), 9(k) = col{0, 1) (k)} € RN,
Jo(k) = >t 12)cO U4, 0) (k) for the random walk Xy;.

Lemma 3.4.1 Consider a network of N nodes whose communication graph G(k)
be undirected and satisfies Assumption 3.4.1. Let (i1,19) € V X V be a given node
and suppose that the random walks Xy, and Xy start from node (i1, is) at time 0.
Then it holds that Ve (k) > Yo (k) > ﬁ for k > t| where t, is the smallest integer
which is larger than B(SN®log(v/2N) + 1).

Proof: Tt is not difficult to check that G(k)x G(k) is undirected and satisfies
Assumption 3.4.1 with period B. The minimum of nonzero entries in Q(k) is lower
bounded by m, and Q(k) is symmetric. Observe that for any (iy,ip) € V x V
and any k£ > 0, it holds that

Z Q(i1,i2)(j1,j2)(k) == Z ﬁiljl (k)pZQJQ(k)

(J1,32)€EV XV (J1,J2)EV XV
- Z pi1j1 (k> X Z pinQ(k> =1
J1EV JoeV

where we use the fact that the matrix Pag(k) is doubly stochastic. Hence, the
matrix Q(k) is doubly stochastic.

The evolution of ¥(k) is governed by the equation 9(k+1) = QT (k)9¥(k) with
initial state J(0) = 661@)' Consider the Lyapunov function Vﬁ () = Zi]\:l (9; —

+z)? with Vi, (9(0)) =1 — 5. It follows from Lemma 5 in [98] that

Vo, (0((k+ 1)B)) < (1 - m)vﬁ (W(kB)) (3.7)
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for k£ € Ny. Denote 1 € RN? as the vector of N2 ones and note that

= (0() — )T (O(k) — 1)~ (PT(RO(R) — DT (PT(R)O(R) — 1)
= (k) — D) — 1)

— (PT(RI(R) — . PTRLYT (PT(k)9(K) — - PT (b))

= (k) — 31"~ QRIQT(R)(B(K) — 1i51).

Since Q(k) is doubly stochastic, so is Q(k)QT (k). Hence, the diagonal
entries of the matrix T'(k) = I — Q(k)QT (k) = (v;;(k)) € R¥N"*N* are dominant
in the sense of v;;(k) = >, 7ij(k). According to Gershgorin theorem in [62],
all eigenvalues of I'(k) lie in a closed disk centered at max;cqy ... n2y Vii(k) with a
radius max;e(y,... n2y Vii(k). Hence, I'(k) is positive semi-definite. Consequently,
Vﬁ (I(k)) — Vﬁ(l‘}(kz + 1)) > 0 and thus Vﬁ(ﬁ(k;)) is non-increasing along the
trajectory of J(k). Combining (3.7) with the non-increasing property of Vﬁ (V(k))
gives that

o
ON3(N — 1)
2

N1 L
N? 2N5(N — 1)

-1

e

N

Va (0(k)) <V, (9(0))(1

Since 9(k)'1 = 1, then Vnin(k) = ming, g)ev<v Ve, m)(k) < 5. Since
Vi (9(k)) > (Omin(k) — +5)?, inequality (3.8) gives that

N2 NZ

1 N2 -1 1 t
) > 0 _ 51
Vrmin () 2 N2 ( N2 (1 2N3(N — 1)) )

Therefore, it holds that

N[

log(4N?(N? — 1))
—log(1 —

1
ﬁmin(k) > — Vk Z B(

)
Since logx < x — 1, there holds
1
—log(1 — WM)

< 2N°(N —1) < 2N°.
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Hence, we have that ¥, (k) > ﬁ and thus Je (k) > ﬁ for k > t;.

Note that the evolution of J(k) is governed by the equation J(k + 1) =
Q(k)TY(k) with 9(0) = e(;, ,). Since the set © is absorbing, Je (k) > Ve (k) for all
k > 0 and thus the desired result follows.H

Proposition 3.4.1 The meeting time of two natural random walks with transition

matriz Pag(k) on the time-varying graph G(k) satisfies that Mgy, pas(k)) < 4Nt1.

Proof: Denote by Hg)xak),owk)(©) the hitting time of the random walk
XM to reach the set of ©. Observe that M(g( k),Pas(k)) — H(g( E)YxG(k )Q(k))(@>' To

(i1,32)

find an upper bound on Hgx)xg(k),ok) (©), we construct the random walk X,

) starts from (11,12) at time 0 with 4; # iy and the set

© is the absorbing set of X}, (i) The transition matrix of X](\ff’iz) is Q(k) defined
before Lemma 3.4.1. Define 9{; %) (k) = P(X{7* (k) = ({1, £)), and 902) (k) =
001{19 i) (k) € R™*. The dynamics of 902) (k) is given by 9012 (k 4+ 1) =
Q(k:)Tﬁ(“ “)(k) with the initial state 92)(0) = ef} . |

Define the function ,u( " 22 : Ng — {0,1} in such a way that ME?’Z;)) = 1if
X2 (k) = (01, 6,); otherwise, Mggfgg(k;) = 0. Define nf" ) = S75%0 ul 2 ()
which is the total times that the random walk X](\Zj ) is at node (£1, (5). Then, the

in such a way that X"

hitting time H(gk)xg(k).qk),0)((i1,%2), ©) of X](\f[“iQ) equals the expected time that
X](\}”Q) stays up with the nodes in V' x V\©, that is,

11,8 o (31,3
Higwyxaw.ouo((ii2),0) = Y ERiEl= > ZM(UQ

(61,€2)¢® (01,62)¢0  T=0
(G (1,1 )
- Y SEEEE-Y. Y deEe) (3.9)
(01,62)¢© T=0 7=0 (¢1,02)¢O

It follows from Lemma 3.4.1 that 93" (k) > S for k > ¢,. With that, the
fact of 9(1%2) (k)71 = 1 implies that

% Z 1
Yoot <1- 08 (3.10)
(£1,62)¢©
For each (ki,ks) ¢ ©, we construct the random walk X](\f[l’h) in such a

way that X (k1k2) otarts from (k1, ko) at time ¢; and the set © is the absorbing
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set of XJ(\'jl’kQ). The transition matrix of X Uhk2) 35 Q(k). Define 19?;1 f?(l{;) =
P(X"*2) (k) = (¢4, 4,)). Following the forgoing arguments for X\ we have

1
SoogtE ) < 1=y (3.11)
(€1,02)¢©

Combining (3.10) and (3.11) gives that

01,0 01,0 k1,k
Z 1924 622) (2t1) = Z Z ﬁkl 132 1926162)(2’51)

(€1,62)¢© (01,02)20 (k1,k2)¢©
11,0 k1,k2) 1
= D0 OEm) D0 I en) < (- o0 (3.12)
(k1,k2)¢0 (€1,2)¢0©

By induction, we have 37, /¢ 19%211 Z)(ntl) < (1—55)™ and then obtain a strictly

decreasing sequence > ;26 ?9%2 Z))(ntl) with respect to n € Zg. Since the set

O is absorbing, then 2(61762)&5@ 19&112))(]6) is non-increasing with respect to k& > 0.

Therefore, we have the following estimate

1,8 1,0 1 -1 1 -1
> oEm s Y dEnon- it =it @)
(1,02)¢0 (zl 05)¢0
Substituting (3.13) into (3.9) gives that
400 1
.. T
Hg(yxatky. o0 (i, 12), 0) < Y (1 — o)
7=0
1 2 1
2N 1— (1 _ ﬁ)tl
Since t; > 1, it holds that (1— ﬁ)_ﬁ < 2 < 2. Tt follows from Bernoulli’s
inequality that (1 — ﬁ)ﬁ < 1 — 37, and thus % < 2Nt;. Inequality

1- (1——) 1
(3.14) becomes

Hguxg(e),Q(k),0)((i1,12), ©) < 4N'ty. (3.15)

Actually, inequality (3.15) holds for any starting time, any starting node
(il,ig). Thus it holds that M(g(k‘),PAs(k)) = H(g(k;)xg(k),Q(k),)(@> < 4Nty;. This
completes the proof.ll
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3.4.3 Convergence analysis

We are now in the position to characterize the convergence properties of
AS. The quantities Tion(2(0)) and Ty for AS are defined in a similar way to those

in Section 3.3.

Theorem 3.4.1 Let x(0) € RY and suppose x(0) ¢ W(z(0)). Assume that
G(k) be undirected and satisfies Assumption 3.4.1. Under AS, almost any evo-
lution x(k) starting from x(0) reaches quantized average consensus. Furthermore,

E[Toon (2(0))] < $BJ(x(0))2N?(16N" + 1).

Proof: Note that inequality (3.5) also hold for AS. Similar to Theo-

rem 3.3.1, we have E[Ty] = Mgu) pask)). As a result, the following estimate
on E[T¢on(x(0))] holds:
NJ(x(0))*
ETeon(2(0))] < TM(g(k),PAS(k))- (3.16)

Substituting the upper bound on Mgy pagk)) i Proposition 3.4.1 into
(3.16) and using log(v/2N) < 2N gives the desired upper bound on E[T,, (2(0))] of
AS. The reminder of the proof on the convergence to quantized average consensus

is analogous to Theorem 3.3.2, and thus omitted.l

3.5 Discussion

3.5.1 Asynchronous distributed quantized averaging on ran-

dom graphs

Random graphs have been widely used to model real-world networks such
as Internet, transportation networks, communication networks, biological networks
and social networks. The Erdés - Rényi model G(N,p) is the most commonly
studied one, and constructed by randomly placing an edge between any two of N
nodes with probability p.

At any time, the probability that the (directed) edge (i, 7) is selected is

1 N—-2 D
— 70771 mi1 — N—-2—m
Do N P m 41 N_op™(1—p) )
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that is, node i is active, the edge (i,7) with other m € {0,---, N — 2} edges
connecting node i are placed, and the edge (i,7) is selected by node . To study
the convergence properties of AF on G(N,p), it is equivalent to study AF on
complete graphs with the transition matrix Pag = (p;;) € RVN where pi; = po
and p; = 1 — (N — 1)pp. The meeting time is denoted as Mg(np) pyg)- The
probability that the two tokens meet for the first time at time ¢ is 2pg, that is,
one of the tokens is chosen and simultaneously the edge between the two tokens is

chosen. Hence, we have

“+oo
MG(np).Par) = 252190 (1—2po)"

1
2]70

Observe that the following estimate holds for py:

N—
p m —z2—MmM
=¥ E 1 CN-2p (1 —p)N
N—-2
2p N—2— 2p

Like Theorem 3.3.1, we have

BT (x(0)] < 2O gy -

NJ((0)? _ N*(N - 1)J((0))*
16]90 - 32]9 '

NJ(z(0))?

3 M(G(N p),Par)

3.5.2 Discussion on the bounds obtained

Consider a fixed graph L7} with IV vertices consists of a clique on m vertices,
including vertex ¢, and a path of length N — m with one end connected to one
vertex ¢ # i of the clique, and the other end of the path being 5. It was shown
in [23] that Hgmo p) is O(N?) where mo = [ 2% |. Let us consider the case that
the algorithm AF is implemented on the graph L} and initial states z;(0) = 0,
2;(0) = 2 and z,(0) = 1 for all ¢ # 4, j. Observe that E[Teon(2(0))] = Mzmo p, -
From Proposition 3.3.1, we have that E[T..,(z(0))] is O(N*), that is one order less
than the bound in Theorem 3.3.1.
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Consider switching graphs G(k) where G(k) is the graph L} defined above
when k is a multiple of B; otherwise, all the vertices in G(k) are isolated. Random
walks on G(k) can be viewed as time-scaled versions of those on L\, that is,
random walks on G(k) only make the movements when k is a multiple of B. Let
us consider the case that the algorithm AS is implemented on the graph L° and
initial states z;(0) = 0, x;(0) = 2 and z,(0) = 1 for all ¢ # 4,j. Following the
same lines above, we have that the bound on E[T..,(z(0))] is O(BN*) which is
N*log N-order less than that in Theorem 3.3.2.

It can be directly computed that Hg,, . py) is O(N?) where Geop, is a com-
plete graph with NV vertices. Following the same lines in Theorem 3.3.1, we have
that E[T,on(x(0))] is O(N?) when the algorithm AF is implemented on the graph
Geom- It implies that the convergence of AF on Gy is as fast as that on G(V,p)
when p is independent of N. This is consistent with the fact that the underlining

graph of G(N,p) is Geom-

3.6 Simulations

This section presents a simulation of AS. Consider a network of 10 nodes.
Assume that the quantization step size A = 1 and the communication graph
G(k) satisfies Assumption 3.4.1 with B = 3. Suppose the initial state z(0) =
(5,6,14,17,0,11,10,21,10,6)" with average z(0) = 10. The worst-case upper
bound on E[T,.,(2(0))] in Theorem 3.4.1 is 10'° clock ticks. Figure 3.1 shows that

all the consensus states agree on z(0) after about 70 clock ticks.

3.7 Conclusions

In this chapter, we have proposed a class of quantized average consensus
algorithms, and characterized their expected convergence times. The results pre-

sented in this chapter are based on the following published papers:

(JP-3) M. Zhu and S. Martinez, “On the convergence time of asynchronous dis-

tributed quantized averaging algorithms”, IEEE Transactions on Automatic
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Figure 3.1: The states of asynchronous quantized averaging algorithm on switch-

ing graphs

Control, 56(2), pages 386 — 390, 2011.

(CP-4) M. Zhu and S. Martinez, “On the convergence time of distributed quantized
averaging algorithms”, The 47" IEEE Conference on Decision and Control,
pages 3971 — 3976, Cancun, Mexico, Dec. 2008.
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Chapter 4

Distributed cooperative convex

optimization

4.1 Introduction

Recent advances in sensing, communication and computation technologies
are challenging the way in which control mechanisms are designed for their efficient
exploitation in a coordinated manner. This has motivated a wealth of algorithms
for information processing, cooperative control, and optimization of large-scale
networked multi-agent systems performing a variety of tasks. Due to a lack of a
centralized authority, the proposed algorithms aim to be executed by individual
agents through local actions, with the main feature of being robust to dynamic
changes of network topologies.

In this chapter, we consider a general multi-agent optimization problem
where the goal is to minimize a global objective function, given as a sum of lo-
cal objective functions, subject to global constraints, which include an inequality
constraint, an equality constraint and a (state) constraint set. Each local objec-
tive function is convex and only known to one particular agent. On the other
hand, the inequality (resp. equality) constraint is given by a convex (resp. affine)
function and known by all agents. Each node has its own convex constraint set,

and the global constraint set is defined as their intersection. This problem is

95
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motivated by others in distributed estimation [104] [136], distributed source lo-
calization [117], network utility maximization [70], optimal flow control in power
systems [110, 146] and optimal shape changes of mobile robots [42]. An important
feature of the problem is that the objective and (or) constraint functions depend
upon a global decision vector. This requires the design of distributed algorithms
where, on the one hand, agents can align their decisions through a local informa-
tion exchange and, on the other hand, the common decisions will coincide with an
optimal solution and the optimal value.

Literature Review. In [14] and [142], the authors develop a general frame-
work for parallel and distributed computation over a set of processors. Consensus
problems, a class of canonical problems on networked multi-agent systems, have
been intensively studied since then. A necessarily incomplete list of references
includes [47, 108] tackling continuous-time consensus, [19, 65, 93] investigating
discrete-time versions, and [88] where asynchronous implementation of consensus
algorithms is discussed. The papers [20, 69, 138] treat randomized consensus via
gossip communication, achieving consensus through quantized information and
consensus over random graphs, respectively. The convergence rate of consensus al-
gorithms is discussed, e.g., in [111, 147], and the author in [34] derives conditions
to achieve different consensus values.

In robotics and control communities, convex optimization has been ex-
ploited to design algorithms coordinating mobile multi-agent systems. In [40],
in order to increase the connectivity of a multi-agent system, a distributed super-
gradient based algorithm is proposed to maximize the second smallest eigenvalue
of the Laplacian matrix of the state dependent proximity graph of agents. In [42],
optimal shape changes of mobile robots are achieved through second-order cone
programming techniques. In [43], a target tracking problem is addressed by means
of a generic semidefinite program where the constraints of network connectivity
and full target coverage are articulated as linear-matrix inequalities. In [94], in
order to attain the highest possible positioning accuracy for mobile robots, the
authors express the covariance matrix of the pose errors as a functional relation

of measurement frequencies, and then formulate an optimal sensing problem as a



57

convex programming of measurement frequencies.

The recent papers [100, 102] are the most relevant to our work. In [100], the
authors solve a multi-agent unconstrained convex optimization problem through
a novel combination of average consensus algorithms with subgradient methods.
More recently, the paper [102] further takes local constraint sets into account. To
deal with these constraints, the authors in [102] present an extension of their dis-
tributed subgradient algorithm, by projecting the original algorithm onto the local
constraint sets. Two cases are solved in [102]: the first assumes that the network
topologies can dynamically change and satisfy a periodic strong connectivity as-
sumption (i.e., the union of the network topologies over a bounded period of time
is strongly connected), but then the local constraint sets are identical; the second
requires that the communication graphs are (fixed and) complete and then the
local constraint sets can be different. Another related paper is [68] where a special
case of [102], the network topology is fixed and all the local constraint sets are
identical, is addressed.

Statement of Contributions. Building on the work [102], this chapter further
incorporates global inequality and equality constraints. More precisely, we study
two cases: one in which the equality constraint is absent, and the other in which
the local constraint sets are identical. For the first case, we adopt a Lagrangian
relaxation approach, define a Lagrangian dual problem and devise the distributed
Lagrangian primal-dual subgradient algorithm (DLPDS, for short) based on the
characterization of the primal-dual optimal solutions as the saddle points of the
Lagrangian function. The DLPDS algorithm involves each agent updating its
estimates of the saddle points via a combination of an average consensus step,
a subgradient (or supgradient) step and a primal (or dual) projection step onto
its local constraint set (or a compact set containing the dual optimal set). The
DLPDS algorithm is shown to asymptotically converge to a pair of primal-dual
optimal solutions under the Slater’s condition and the periodic strong connectivity
assumption. Furthermore, each agent asymptotically agrees on the optimal value
by implementing a dynamic average consensus algorithm developed in Chapter 2,

which allows a multi-agent system to track time-varying average values.
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For the second case, to dispense with the additional equality constraint,
we adopt a penalty relaxation approach, while defining a penalty dual problem
and devising the distributed penalty primal-dual subgradient algorithm (DPPDS,
for short). Unlike the first case, the dual optimal set of the second case may not
be bounded, and thus the dual projection steps are not involved in the DPPDS
algorithm. It renders that dual estimates and thus (primal) subgradients may
not be uniformly bounded. This challenge is addressed by a more careful choice
of step-sizes. We show that the DPPDS algorithm asymptotically converges to a
primal optimal solution and the optimal value under the Slater’s condition and the

periodic strong connectivity assumption.

4.2 Problem formulation and assumptions

4.2.1 Problem formulation

Consider a network of agents labeled by V' := {1,..., N} that can only
interact with each other through local communication. The objective of the multi-

agent group is to cooperatively solve the following optimization problem:

st. g(x) <0, h(x) =0, z€n¥ X, (4.1)

where f; : R®" — R is the convex objective function of agent i, X; C R" is the
compact and convex constraint set of agent i, and x is a global decision vector. Here
we assume that the projection onto the set X; is easy to compute. Assume that f;
and X; are only known by agent 7, and probably different. The function g : R —
R™ is known to all the agents with each component g, for £ € {1,...,m}, being
convex. The inequality g(x) < 0 is understood component-wise; i.e., go(x) < 0,
for all ¢ € {1,...,m}, and represents a global inequality constraint. The function
h : R* — RY, defined as h(z) := Az — b with A € R”*" represents a global
equality constraint, and is known to all the agents. We denote X = N¥,X;,
flx) = 3N fi(x), and Y := {z € R" | g(x) <0, h(zr) = 0}. We assume
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that the set of feasible points is non-empty; i.e., X NY # (). Since X is compact
and Y is closed, then we can deduce that X NY is compact. The convexity of f;
implies that of f and thus f is continuous. In this way, the optimal value p* of
the problem (4.1) is finite and X*, the set of primal optimal points, is non-empty.
Throughout this chapter, we suppose the following Slater’s condition holds:

Assumption 4.2.1 (Slater’s Condition) There exists a vector Z € X such that
g(x) < 0 and h(z) = 0. And there exists a relative interior point Z of X such that
h(Z) = 0 where Z is a relative interior point of X; i.e., # € X and there exists an
open sphere S centered at & such that SNaff(X) C X with aff(X) being the affine
hull of X.

In this chapter, we will study two particular cases of problem (4.1): one
in which the global equality constraint h(xz) = 0 is not included, and the other in
which all the local constraint sets are identical. For the case where the constraint
h(z) = 0 is absent, the Slater’s condition 4.2.1 reduces to the existence of a vector

z € X such that g(z) < 0.

4.2.2 Network model

We will consider that the multi-agent network operates synchronously. The
topology of the network at time & > 0 will be represented by a directed weighted
graph G(k) = (V, E(k), A(k)) where A(k) := [al(k)] € RY*V is the adjacency
matrix with a(k) > 0 being the weight assigned to the edge (j,7) and E(k) C
V x V \ diag(V) is the set of edges with non-zero weights a}(k). The in-neighbors
of node i at time k are denoted by N;(k) ={j € V| (,7) € E(k) and j #i}. We
here make the following assumptions on the network communication graphs, which

are standard in the analysis of average consensus algorithms; e.g., see [108], [111],

and distributed optimization in [100], [102].

Assumption 4.2.2 (Non-degeneracy) There exists a constant o > 0 such that
ai(k) > a, and da}(k), for i # j, satisfies a’(k) € {0} U [a, 1], for all k> 0.
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Assumption 4.2.3 (Balanced Communication) ! It holds that Zjvzl a (k) =
Lforalli €V and k>0, and 3. ai(k) =1 for all j € V and k > 0.

Assumption 4.2.4 (Periodical Strong Connectivity) There is a positive in-
teger B such that, for all ky > 0, the directed graph (V,Jr—) E(ko+k)) is strongly

connected.

4.2.3 Notion and notations

The following notion of saddle point plays a critical role in our chapter.

Definition 4.2.1 (Saddle point) Consider a function ¢ : X x M — R where X
and M are non-empty subsets of R™ and R™. A pair of vectors (z*, u*) € X x M
is called a saddle point of ¢ over X x M if ¢(x*, ) < o(a*, u*) < ¢(x, p*) hold for
all (z,pn) € X x M.

Remark 4.2.1 Equivalently, (z*, u*) is a saddle point of ¢ over X x M if and
only if (z*, ") € X x M, and sup ¢ ¢(2*, ) < ¢z, p*) < infrex d(w, ). °

In this chapter, we do not assume the differentiability of f; and g,. At the
points where the function is not differentiable, the subgradient plays the role of
the gradient. For a given convex function F' : R” — R and a point & € R”, a
subgradient of the function F' at 7 is a vector DF(Z) € R™ such that the following
subgradient inequality holds for any = € R™:

DF (7)) (x — %) < F(x) — F(%).

Similarly, for a given concave function G : R™ — R and a point 1 € R™, a
supgradient of the function G at i is a vector DG(fi) € R™ such that the following
supgradient inequality holds for any € R™:

DG()" (n — i) > G(p) — G().
Given a set S, we denote by co(S) its convex hull. We let the function
[]* : R™ — RZ; denote the projection operator onto the non-negative orthant in
R™. For any vector ¢ € R", we denote |c| := (|c1],- -+, |ca])T, while || - | is the

2-norm in the Euclidean space.

Tt is also referred to as double stochasticity.
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4.3 Case (i): absence of equality constraint

In this section, we study the case of problem (4.1) where the equality con-
straint h(z) = 0 is absent; i.e.,

N
min Zfi(x), st. g(r) <0, zen, X, (4.2)

i=1
We first provide some preliminaries, including a Lagrangian saddle-point character-
ization of the problem (4.2) and finding a superset containing the Lagrangian dual
optimal set of the problem (4.2). After that, we present the distributed Lagrangian

primal-dual subgradient algorithm and summarize its convergence properties.

4.3.1 Preliminaries

We here introduce some preliminary results which are essential to the de-

velopment of the distributed Lagrangian primal-dual subgradient algorithm.

A Lagrangian saddle-point characterization

Firstly, the problem (4.2) is equivalent to

m]%n f(x), st. Ng(x)<0, z€X,
TzeR™

with associated Lagrangian dual problem given by

4 pu>0.
521%%5%(“)’ st p >

Here, the Lagrangian dual function, ¢r : RZ; — R, is defined as qr(u) :=
inf,ex L£(w, 1), where £ : R x RZ; — R is the Lagrangian function L(x,pn) =
f(x)+ Nu'g(x). We denote the Lagrangian dual optimal value of the Lagrangian
dual problem by dj and the set of Lagrangian dual optimal points by Dj. As
is well-known, under the Slater’s condition 4.2.1, the property of strong duality
holds; i.e., p* = dj, and Dj # (). The following theorem is a standard result on
Lagrangian duality stating that the primal and Lagrangian dual optimal solutions

can be characterized as the saddle points of the Lagrangian function.
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Theorem 4.3.1 (Lagrangian Saddle-point Theorem [15])

The pair of (z*, p*) is a saddle point of the Lagrangian function L over X x RZ,
if and only if it is a pair of primal and Lagrangian dual optimal solutions and the
following Lagrangian minimax equality holds:

sup inf L(z,u) = inf sup L(x,pn).
NER%”O rzeX ( ) rzeX NER%”O ( )

This following lemma presents some preliminary analysis of saddle points.

Lemma 4.3.1 (Preliminary results on saddle points) Let M be any super-
set of Dj.

(a) If (z*, p*) is a saddle point of L over X x RZ, then (x*,u*) is also a
saddle point of L over X x M.

(b) There is at least one saddle point of L over X x M.

(c) If (Z, 1) is a saddle point of L over X x M, then L(Z, 1) = p* and [i is

Lagrangian dual optimal.

Proof: (a) It just follows from the definition of saddle point of £ over
X x M.
(b) Observe that

sup inf L(x,p) = sup qp(p) =dp,

peRT, TEX PERT

e 2 L) = B T =
Since the Slater’s condition 4.2.1 implies zero duality gap, the Lagrangian minimax
equality holds. From Theorem 4.3.1 it follows that the set of saddle points of £
over X X RZ is the Cartesian product X* x Dj. Recall that X* and D7 are non-
empty, so we can guarantee the existence of the saddle point of £ over X x RZ.
Then by (a), we have that (b) holds.
(c) Pick any saddle point (2%, %) of £ over X x RZ;. Since the Slater’s

condition 4.2.1 holds, from Theorem 4.3.1 one can deduce that (z*, u*) is a pair of
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primal and Lagrangian dual optimal solutions. This implies that

dy = inf Lz, p*) < L(z*, p1*) < sup L(z*,pn) =p".
veX per,
From Theorem 4.3.1, we have d; = p*. Hence, L(z*, u*) = p*. On the other
hand, we pick any saddle point (&, ) of £ over X x M. Then for all x € X
and p € M, it holds that L(z,u) < L(Z, 1) < L(z,f1). By Theorem 4.3.1, then
p* € Dy € M. Recall z* € X, and thus we have L(&, u*) < L(Z, 1) < L(z*, 1).
Since z € X and i € RY,, we have L(z*, 1) < L(2*, p*) < L(&, p*). Combining
the above two relations gives that £(Z, 1) = L(z*, u*) = p*. From Remark 4.2.1
we see that L(&, 1) < infyex L(x, 1) = qr(i1). Since L(&, 1) = p* = di > qr(j1),
then qr (1) = d} and thus f is a Lagrangian dual optimal solution. ]

Remark 4.3.1 Despite that (c) holds, the reverse of (a) may not be true in gen-
eral. In particular, z* may be infeasible; i.e., g,(z*) > 0 for some ¢ € {1,...,m}.

A upper estimate of the Lagrangian dual optimal set

In what follows, we will find a compact superset of Dj. To do that, we
define the following primal problem for each agent i:

m]iRn fi(z), st. g(z) <0, ze€X,.
zeR™

Due to the fact that X; is compact and the f; are continuous, the primal optimal
value p; of each agent’s primal problem is finite and the set of its primal optimal
solutions is non-empty. The associated dual problem is given by

(), st p>0.
gel]%;gq(u) st p >

Here, the dual function ¢; : RZ; — R is defined by ¢;(1) := infyex, Li(, p),
where £; : R" X RY; — R is the Lagrangian function of agent ¢ and given by
Li(x,p) = fi(x) + pTg(x). The corresponding dual optimal value is denoted by

d;. In this way, £ is decomposed into a sum of local Lagrangian functions; i.e.,

[’(me) = Zz]il [’i(me)'
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Define now the set-valued map @ : RT; — 2(BZo) by
Q) = {p € RYy | qr(p) = qr(it)}.

.....

serve that if x is a Slater vector, then v(z) > 0. The following lemma is a direct

result of Lemma 1 in [99)].

Lemma 4.3.2 (Boundedness of dual solution sets) The set Q(f1) is bounded

Jor any i € RYy, and, in particular, for any Slater vector Z, it holds that

1 _ -
max ]| < @(f(w) —qr(f1)).

O

Notice that D} = {u € RZ; | qr(u) > dp}. Picking any Slater vector

z € X, and letting i = p* € D} in Lemma 4.3.2 gives that
ma ] € (@) ). (4.3
Define the function r : X xRZ; — RU{+o0} by r(z, i) := % max;ey{ fi(x)—
¢i(1)}. By the property of weak duality, it holds that df < p! and thus f;(x) > ¢;(n)
for any (z,p) € X x RZ,. Since v(z) > 0, thus r(z,u) > 0 for any p € RZ,,.
With this observation, we pick any i € RZ, and the following set is well-defined:

M;(z, 1) == {p € RZ | ||p]| < r(z, 1)+ 0;} for some 0; € R.y. Observe that for all

p € RY:
qrp) = xe%{}ix Z(fz(x) +u"g(x))
> inf (fil@) + u"g(2) = D _ailk). (4.4)

Since dj > qr(j1), it follows from (4.3) and (4.4) that

max ||| < — -
weDj, 7(Z) Y(Z) —
N
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Hence, we have D} C M;(z, i) for all i € V.

Note that in order to compute M;(z, i), all the agents have to agree on
a common Slater vector z € MY, X; which should be obtained in a distributed
fashion. To handle this difficulty, we now propose a distributed algorithm, namely
Distributed Slater-vector Computation Algorithm, which allows each agent i to
compute a superset of M;(Z, fi).

Initially, each agent i chooses a common value i € RY; e.g., i = 0, and
computes two positive constants b;(0) and ¢;(0) such that b;(0) > sup,c; {fi(z) —
¢;(f)} and ¢;(0) < miny <<, infre,{—ge(x)} where J; .= {z € X; | g(z) < 0}.

At every time k > 0, each agent ¢ updates its estimates by using the fol-
lowing rules:

bk 1) = e k), ekt D) = i o)

We denote b* := max;ey b;(0),c¢* := min;ey ¢;(0) for all £ > (N —1)B, and

MU(f) = {p e RY | [|ull < 52 +0;}, J == {z € X | g(z) < O}.

— ¥

Lemma 4.3.3 (Convergence properties of the distributed Slater-vector
Computation Algorithm): Assume that the periodical strong connectivity as-
sumption 4.2.4 holds. Consider the sequences of {b;(k)} and {c;(k)} generated by
the Distributed Slater-vector Computation Algorithm. It holds that after at most
(N — 1)B steps, all the agents reach the consensus, i.e., bi(k) = b* and ¢;(k) = ¢*
for all k > (N —1)B. Furthermore, we have MU (ji) D M;(z, fi) fori € V.

Proof: It is not difficult to verify achieving max-consensus by using the
periodical strong connectivity assumption 4.2.4. Note that J C J;, Vi € V. Hence,
we have

max sup{ f;(z) — ¢:(2)} < maxsup{fi(z) — q:()} <",

inf : . > in inf . . > o
inf min {=0(@)} = mip inf min {—g.(@)} = ¢

Since & € J, then the following estimate on r(z, fi) holds:

N sup,;ymax;ey{ fi(z) — ¢(i1)} - Nb*
inf ey ming<p<pm{—ge(x)} T oo

(7, ) <
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The desired result immediately follows. ]

From Lemma 4.3.3 and the fact that D} C M;(%, 1), we can see that the
set of M(f1) := N, MU (i) contains D%. In addition, MU () and M(ji) are non-
empty, compact and convex. To simplify the notations, we will use the shorthands
M; := MU(fi) and M := M(f1).

Convexity of L

For each i € RZ,, we define the function £y, : R" — R as L;,(v) =
Li(x,p). Note that L£;, is convex since it is a nonnegative weighted sum of
convex functions. For each z € R", we define the function £;, : RY; — R as
Lix(p) = Li(z, p). It is easy to check that L, is a concave (actually affine) func-
tion. Then the Lagrangian function £ is the sum of a collection of convex-concave
local functions. This property motivates us to significantly extend primal-dual

subgradient methods in [8, 101] to the networked multi-agent scenario.

4.3.2 Distributed Lagrangian primal-dual subgradient al-
gorithm

Here, we introduce the Distributed Lagrangian Primal-Dual Subgradient Al-
gorithm (DLPDS; for short) to find a saddle point of the Lagrangian function £
over X x M and the optimal value. This saddle point will coincide with a pair
of primal and Lagrangian dual optimal solutions which is not always the case; see
Remark 4.3.1.

Through the algorithm, at each time k, each agent ¢ maintains the estimate
of (z'(k), u'(k)) to the saddle point of the Lagrangian function £ over X x M and
the estimate of y*(k) to p*. To produce z'(k+ 1) (resp. p'(k+ 1)), agent i takes a
convex combination v}, (k) (resp. v/,(k)) of its estimate z*(k) (vesp. p'(k)) with the
estimates sent from its neighboring agents at time k, makes a subgradient (resp.
supgradient) step to minimize (resp. maximize) the local Lagrangian function £,
and takes a primal (resp. dual) projection onto the local constraint X; (resp. M;).

Furthermore, agent i generates the estimate y’(k + 1) by taking a convex com-
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bination v, (k) of its estimate y’(k) with the estimates of its neighbors at time &
and taking one step to track the variation of the local objective function f;. More
precisely, the DLPDS algorithm is described as follows:

Initially, each agent 7 picks a common g € RY, and computes the set M;
with some #; > 0 by using the Distributed Slater-vector Computation Algorithm.
Agent i then chooses any initial state 2(0) € X;, p'(0) € RZy, and y'(1) =
N fi(2(0)).

At every k > 0, each agent i generates x'(k + 1), p'(k + 1) and y*(k + 1)

according to the following rules:

S

vy (k) = Z i (k)27 (k). v, (k) = Zaé(k)uj(k% vy (k) = Zaé(k)yj(k),

o'(k+1) = Px,[v;(k) — a(k)D,(k)],
p'(k +1) = Pag,[v,(k) + (k) D, ()],
y'(k+1) = v, (k) + N(fi(2"(k)) = filz'(k = 1))),

where Py, (resp. Py,) is the projection operator onto the set X; (resp. M;), the
scalars a’ (k) are non-negative weights and the scalars a (k) > 0 are step-sizes®. We
use the shorthands D, (k) = DLy kv (vy(k)), and D}, (k) = DLy 1y (v, (K))-

The following theorem summarizes the convergence properties of the DLPDS
algorithm where it is guaranteed that agents asymptotically agree upon a pair of

primal-dual optimal solutions.

Theorem 4.3.2 (Convergence properties of the DLPDS algorithm): Con-
sider the optimization problem (4.2). Let the non-degeneracy assumption 4.2.2, the
balanced communication assumption 4.2.3 and the periodic strong connectivity as-
sumptions 4.2.4 hold. Consider the sequences of {x'(k)}, {p'(k)} and {y'(k)} of

the distributed Lagrangian primal-dual subgradient algom'thm with the step-sizes

+o00

{a(k)} satisfying hm a(k) =0, Z (k) = +o0, and Z > < 4o00. Then,
k=0

there is a pair of pmmal and Lagrangian dual optimal solutwns (x*,u*) € X*x D3

2Each agent i executes the update law of y*(k) for k > 1.
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such that lim |[2*(k) — 2*|| =0 and lim ||p'(k) —p*|| =0 for alli € V. Fur-
k—+o00 ] k—+o00
thermore, we have that klim |y (k) —p*|| =0 for alli € V.
—+00

Remark 4.3.2 For a convex-concave function, continuous-time gradient-based
methods are proved in [8] to converge globally towards the saddle-point. Recently,
[101] presents (discrete-time) primal-dual subgradient methods which relax the dif-
ferentiability in [8] and further incorporate state constraints. The method in [§]
is adopted by [86] and [119] to study a distributed optimization problem on fixed
graphs where objective functions are separable.

The DLPDS algorithm is a generalization of primal-dual subgradient meth-
ods in [101] to the networked multi-agent scenario. It is also an extension of the
distributed projected subgradient algorithm in [102] to solve multi-agent convex
optimization problems with inequality constraints. Additionally, the DLPDS algo-
rithm enables agents to find the optimal value. Furthermore, the DLPDS algorithm
objective is that of reaching a saddle point of the Lagrangian function in contrast

to achieving a (primal) optimal solution in [102]. o

4.4 Case (ii): identical local constraint sets

In last section, we study the case where the equality constraint is absent
in problem (4.1). In this section, we turn our attention to another case of prob-
lem (4.1) where h(x) = 0 is taken into account but we require that local constraint
sets are identical; i.e., X; = X for all i« € V. We first adopt a penalty relaxation
and provide a penalty saddle-point characterization of the primal problem (4.1)
with X; = X. We then introduce the distributed penalty primal-dual subgradient

algorithm, followed by its convergence properties.

4.4.1 Preliminaries

Some preliminary results are developed in this section, and these results are
essential to the design of the distributed penalty primal-dual subgradient algorithm

in the sequel.
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A penalty saddle-point characterization

Note that the primal problem (4.1) with X; = X is trivially equivalent to
the following:

min f(x), st. Ng(x) <0, Nh(z)=0, z€lX, (4.5)

FASING

with associated penalty dual problem given by

.t. > > 0. .
eimax . ap(w ), st w20, A=0 (4.6)

Here, the penalty dual function, gp : RT; x RY; — R, is defined by

qp(u, A) = mf H(z, p, A),

where H : R" x RZ; x RY; — R is the penalty function given by H(z,pu, \) =
f(x)+ Nu[g(z)]" + NAT|h(x)|. We denote the penalty dual optimal value by d}
and the set of penalty dual optimal solutions by D}. We define the penalty function
Hi(w, pp, A) - R" x RZ; x Ry — R for each agent i as follows: H;(xz, i1, \) = fi(z) +
pTlg(x)]t + AT|h(x)]. In this way, we have that H(z, 1, \) = S0 Hi(w, 1, \). As
proven in the next lemma, the Slater’s condition 4.2.1 ensures zero duality gap and

the existence of penalty dual optimal solutions.

Lemma 4.4.1 (Strong duality and non-emptyness of the penalty dual

optimal set): The values of p* and d} coincide, and D} is non-empty.

Proof: Consider the auxiliary Lagrangian function £, : R" X RT; x R —
R given by L,(z, 1, \) = f(x) + NuTg(z) + NATh(z), with the associated dual
problem defined by

£ > 0. :
ueﬂgln%wqa(u,k), st. pu>0 (4.7)

Here, the dual function, ¢, : RY; x R” — R, is defined by

Ga(ft, A) := inf Lo(z, 1, N).

The dual optimal value of problem (4.7) is denoted by d and the set of dual optimal

solutions is denoted D?. Since X is convex, f and g, for ¢ € {1,...,m}, are convex,
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p* is finite and the Slater’s condition 4.2.1 holds, it follows from Proposition 5.3.5
in [15] that p* = d and D # (). We now proceed to characterize d} and Dj. Pick
any (u*,\*) € Dk, Since u* > 0, then

d;, = qu(p*, \%) = inf {f(2) + N(u)" g(x) + N(A)"h(z)}
< i {f(2) + N [g(@)]" + NN ["|h() ]}
= qp(p, |N)) < dp. (4.8)

On the other hand, pick any 2* € X*. Then z* is feasible, i.e., z* € X, [g(x*)]T =
and |h(z*)| = 0. It implies that ¢p(u, \) < H(z*, u, \) = f(z*) = p* holds for any
1€ REy and A € RY,, and thus dp = supepm sery, qp(t, A) < p* = d. Therefore,

>0
*

we have d}j = p*.
To prove the emptyness of D%, we pick any (u*, A*) € D’. From (4.8) and
d: = d}, we can see that (u*, |A\*|) € D3 and thus D} # 0. |

The following is a slight extension of Theorem 4.3.1 to penalty functions.

Theorem 4.4.1 (Penalty Saddle-point Theorem) The pair of (z*, u*, \*) is
a saddle point of the penalty function H over X X RTZy x RY, uf and only if it
is a pair of primal and penalty dual optimal solutions and the following penalty
minimax equality holds:

sup inf H(x,p, A) = inf sup H(z, p, ).
(M) ERT, xRY, ) TEX TEX (1,0)ERT, XRY,

Proof: The proof is analogous to that of Proposition 6.2.4 in [16], and for
the sake of completeness, we provide the details here. It follows from Proposition
2.6.1 in [16] that (z*, u*, A*) is a saddle point of H over X x RZ, x RY if and only

if the penalty minimax equality holds and the following conditions are satisfied:

sup  H(z" p,A)=min{ sup  H(z,pu )}, (4.9)
(M) ERT, XRY TEX (1)) ERT, XRY
inf H(z, ", \*) = max  {inf H(x,u, \)}. (4.10)

zEX (1A ERT XRY, " zEX
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Notice that inf,cx H(x, 1, A) = gp(p, A); and if x € Y, then the following holds:

sup  H(z,p,\) = f(z),

(1A ERT XRY, o

otherwise, sup,, NERT, xR, H(x, pu, \) = +o0. Hence, the penalty minimax equality
is equivalent to dj = p*. Condition (4.9) is equivalent to the fact that 2* is primal
optimal, and condition (4.10) is equivalent to (u*, \*) being a penalty dual optimal

solution. ]

Convexity of H

Since gy is convex and [-]T is convex and non-decreasing, thus [ge(x)]T is

T

convex in z for each ¢ € {1,...,m}. Denote A := (al,--- al)T. Since | -] is

convex and a] x — by is an affine mapping, then |al z — by| is convex in x for each
ted{l,...,v}.

We denote w := (p, A). For each w € RZ; x RY,, we define the function
Hiw : R" — R as H;y(x) := Hi(z,w). Note that H;,(x) is convex in = by using
the fact that a nonnegative weighted sum of convex functions is convex. For each
r € R", we define the function H;, : RZ) x RY; — R as Hi,(w) := Hi(z,w). It
is easy to check that H;,(w) is concave (actually affine) in w. Then the penalty

function H(x,w) is the sum of convex-concave local functions.

Remark 4.4.1 The Lagrangian relaxation does not fit to our approach here since

the Lagrangian function is not convex in x by allowing A\ entries to be negative.

4.4.2 Distributed penalty primal-dual subgradient algorithm

We now proceed to devise the Distributed Penalty Primal-Dual Subgradient
Algorithm (DPPDS, for short), that is based on the penalty saddle-point theo-
rem 4.4.1, to find the optimal value and a primal optimal solution to the primal
problem (4.1) with X; = X. The main steps of the DPPDS algorithm are described
as follow.

Initially, agent 4 chooses any initial state °(0) € X, p'(0) € RZ, A'(0) €
RY,, and y'(1) = N fi(2'(0)). At every time k > 0, each agent i computes the



72

following convex combinations:

(k) = S a0 (k), k) = D ai k) k),
Gk = D EmE), k) = > a RN E)

and generates x'(k+1), y'(k+1), u'(k+1) and X'(k+1) according to the following:

where Px is the projection operator onto the set X, the scalars ai»(k) are non-

negative weights and the positive scalars {a(k)} are step-sizes®. The vector
Sy (k) == Dfi(v +ZU k)¢D[ge(v ))]++ZU§(/€)£D|W|(U;(/€))
=1 =1

is a subgradient of Hyig () at x = v}, (k) where w'(k) := (v],(k), v} (k)).
Given a step-size sequence {a(k)}, we define the sum over [0, k| by s(k) :=

Z?:o a(f) and assume that:

Assumption 4.4.1 (Step-size assumption) The step-sizes satisfy

+oo +oo
lim a(k) =0,) a(k) =+00, Y a(k)’ < +oo,
feo k=0 k=0
2
Jim ok +1)s(k —OZ <+ooz (k+1)%s(k)? < +o0.

k=0

The following theorem is the main result of this section, characterizing the
convergence of the DPPDS algorithm where a optimal solution and the optimal

value are asymptotically achieved.

3Each agent i executes the update law of y*(k) for k > 1.
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Theorem 4.4.2 (Convergence properties of the DPPDS algorithm): Con-
sider the problem (4.1) with X; = X. Let the non-degeneracy assumption 4.2.2,
the balanced communication assumption 4.2.3 and the periodic strong connectiv-
ity assumption 4.2.4 hold. Consider the sequences of {x'(k)} and {y'(k)} of the
distributed penalty primal-dual subgradient algorithm where the step-sizes {a(k)}
satisfy the step-size assumption 4.4.1. Then there exists a primal optimal solu-
tion T € X* such that k1—1>r—&I—1<>o |2 (k) — Z|| = 0 for all i € V. Furthermore, we have

lim ||y'(k) —p*|| =0 for alli € V.
k—+o00

Remark 4.4.2 As the primal-dual subgradient algorithm in [8, 101], the DPPDS
algorithm produces a pair of primal and dual estimates at each step. Main differ-
ences include: firstly, the DPPDS algorithm extends the primal-dual subgradient
algorithm in [101] to the multi-agent scenario; secondly, it further takes the equal-
ity constraint into account. The presence of the equality constraint can make
D3 unbounded. Therefore, unlike the DLPDS algorithm, the DPPDS algorithm
does not involve the dual projection steps onto compact sets. This may cause the
subgradient S (k) not to be uniformly bounded, while the boundedness of sub-
gradients is a standard assumption in the analysis of subgradient methods, e.g.,
see [15, 16, 99, 100, 101, 102]. This difficulty will be addressed by a more careful
choice of the step-size policy; i.e, assumption 4.4.1, which is stronger than the more
standard diminishing step-size scheme, e.g., in the DLPDS algorithm and [102].
We require this condition in order to prove, in the absence of the boundedness
of {S%(k)}, the existence of a number of limits and summability of expansions to-
ward Theorem 4.4.2. Thirdly, the DPPDS algorithm adopts the penalty relaxation

instead of the Lagrangian relaxation in [101]. o

Remark 4.4.3 Observe that p'(k) > 0, A(k) > 0 and v (k) € X (due to the
fact that X is convex). Furthermore, ([g(vi(k))]T, |h(vi(k))|) is a supgradient

of Hivé(k)(w"(k;)); i.e. the following penalty supgradient inequality holds for any
p € RT; and A € RY;:

(g oD (1= v, (k) + [h(ve. ()T (A = vA(K))
> Hi(v, (k), 1, A) = Hi(vg (), vy, (k), v (k). (4.11)
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Remark 4.4.4 A step-size sequence that satisfies the step-size assumption 4.4.1

: : : . . 1

is the harmonic series {a(k) = k+r1}’€€Z>o‘ It is obvious that k1—1>51-100k——|—1 =0,

and well-known that >, k+1 = +o0 and > % kH)Q < +00. We now proceed

to check the property of khm a(k +1)s(k) = 0. For any k > 1, there is an integer
—+00

n > 1 such that 277! < k < 2. Tt holds that

11 1 1 1
E)<s(2) =144 (=4 ) dbeod(— e —
s(k) < s(2™) +2+(3+4)+ +(2n71+1+ +2n)
<1+1+(}+})+ +(71 Fp )
-2 '3 3 2n-1 41 2n=1 41

<14+1+4+1+4---+1=n<logy,k+1.

k log, k + 1
Then we have lim sup ﬁ < lim 08l 2

Then we have the property of k;hgl a(k+1)s(k) = 0. Since logy k < (log, k)? <
—400
(k+2)2, then

. .. . s(k)
= 0. > 0.
0. Obviously, llir_rg igof s 0

<% (logs k +1)2
k+ 1)
ot ) kz (k+2)?

—+00

log2 )2 21 k+ 1 )
k+2 (k 2)2 (k4 2)?

k=

+00 +00 +00
1
S — < +00
(k+2)7 kz k+2% ZO(/H?)2
Additionally, we have Z,‘::S alk+1)2s(k) < S a(k +1)%s(k)? < +oo. .

4.5 Convergence analysis

We next provide the proofs for the main results, Theorem 4.3.2 and 4.4.2,
of this chapter. We start our analysis by providing some useful properties of the

sequences weighted by {a/(k)}.

Lemma 4.5.1 (Convergence properties of weighted sequences): Let K >
0. Consider the sequence {J(k)} defined by 6(k) := % where k> K + 1,
14
a(k) > 0 and 325 a(k) = +oo.
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(a) [fklirf p(k) = 400, then lim §(k) = 4o0.

X k—+o00
(b) If kgrfoop(k;) , then kgrfoo d(k) = p".

Proof: (a) For any II > 0, there exists ky > K such that p(k) > II for all
k > ki. Then the following holds for all £ > ki + 1:

1 ki—1 k—1
o(k all)p(l a(O)II
()_Z“{a()(; ()P()Jrg;1
1 ki—1 ki1
=1+ all)p(l) — a(0)II).
Z“(Oé()(ZZK()/)() ZZK())

Take the limit on % in the above estimate and we have liminf 0(k) > II. Since II

k—+o00

is arbitrary, then khrf d(k) = +o0.
—400
(b) For any € > 0, there exists ky > K such that ||p(k) — p*|| < € for all

k > ko + 1. Then we have

Z %@(T )
- k—1
< Z Do) = p*l+ ) alr)e)
Z =K T=k2
)i ;a< >|\p<¢> ol
< P +e.
ZT:K Oé(T)
Take the limit on k in the above estimate and we have limsup ||0(k) — p*|| < e.
k——+o00
Since € is arbitrary, then klim |0(k) — p*|| = 0. |
—+00

4.5.1 Proofs of Theorem 4.3.2

We now proceed to show Theorem 4.3.2. To do that, we first rewrite the
DLPDS algorithm into the following form:

'k +1) =vi(k)+e(k), pk+1)= vl(k:) + ei(k:),

where ¢ (k) and ¢, (k) are projection errors described by
ex(k) == Px, [, (k) — a(k)Dy (k)] — v, (k),
e, (k) = Pag[v, (k) + a(k) D}, (k)] — v, (k),
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and u'(k) := N(f;(z'(k)) — fi(z'(k — 1))) is the local input which allows agent i
to track the variation of the local objective function f;. In this manner, the up-
date law of each estimate is decomposed in two parts: a convex sum to fuse the
information of each agent with those of its neighbors, plus some local error or
input. With this decomposition, all the update laws are put into the same form
as the dynamic average consensus algorithm in the Appendix. This observation
allows us to divide the analysis of the DLPDS algorithm in two steps. Firstly, we
show all the estimates asymptotically achieve consensus by utilizing the property
that the local errors and inputs are diminishing. Secondly, we further show that
the consensus vectors coincide with a pair of primal and Lagrangian dual optimal

solutions and the optimal value.

Lemma 4.5.2 (Lipschitz continuity of £;) Consider L;, and L;,. Then there
are L >0 and R > 0 such that |DL;,(z)|| < L and ||DLi(1)|| < R for each pair
of v € co(UN, X;) and p € co(UX, M;). Furthermore, for each i € co(UX, M;), the
function L;,, is Lipschitz continuous with Lipschitz constant L over co(UY | X;), and
for each x € co(UX| X;), the function L, is Lipschitz continuous with Lipschitz

constant R over co(UN M;).

Proof: Observe that DL;, = Df; + u' Dg and DL;, = g. Since f; and g,
are convex, it follows from Proposition 5.4.2 in [15] that df; and dg, are bounded
over the compact co(UY, X;). Since co(UY | M;) is bounded, so is 9L;,,, i.e., for any
€ co(UN M;), there exists L > 0 such that [|0L;,(x)| < L for all z € co(UN, X;).
Since g, is continuous (due to its convexity) and co(UY,X;) is bounded, then g
and thus 0L;, are bounded, i.e., for any z € co(UN,X;), there exists R > 0 such
that ||0L: (1) < R for all p € co(UX, M;).

It follows from the Lagrangian subgradient inequality that

DL ()" (2! — 2) < L&)
DL () (@ — a') < Liu(2)

- ‘Ciu(x>7
- Eiu(x/)v

for any z,2’ € co(UN,X;). By using the boundedness of the subdifferentials, the
above two inequalities give that —L||z — 2'|| < L£;,(z) — £;,(2") < L||z — 2'||. This



7

implies that || L;,(x) — L;,(2)|| < L|jx — 2’| for any z, 2" € co(U2, X;). The proof
for the Lipschitz continuity of £;, is analogous by using the Lagrangian supgradient
inequality. |

The following lemma provides a basic iteration relation used in the conver-

gence proof for the DLPDS algorithm.

Lemma 4.5.3 (Basic iteration relation) Let the balanced communication as-
sumption 4.2.3 and the periodic strong connectivity assumption 4.2.4 hold. For

any x € X, any p € M and all k > 0, the following estimates hold:
> lleb(k) + ak) D (k)|
<Y a(k)’|Di(k H2+Z{Hw — | = lla"(k + 1) — 2"}

= D 20 (L, (R). v (k) — Lil, v (K))), (4.12)

<Y alk)| Dy (k ||2+Z{||u = pl® = [l (k + 1) — ul*}

+ 2 20(k)(Li(vy (k), vy, (k)) = Li(0, (k). 1), (4.13)
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Proof: By Lemma 4.8.1 with Z = M;, z = v/,(k) + a(k)D},(k) and y = pu €
M, we have that for all £ > 0

guem — a(k) D}k

- i [0, (k) + (k) D, (k) = pll” = i I (k + 1) = pl?
in — ] +Z PP ()12

+ ilm(/f)ﬂi(k)T(vf;(k) —p) - Z i (k + 1) — pl?

<> alk)? Dk ||2+22a YDL (k)" (W (k) — 1)

+ 3 Il (k) u||2—Z||ui(k+1) -l (4.14)

=1

One can show (4.13) by substituting the following Lagrangian supgradient inequal-
ity into (4.14):

Dy, (k)" (= v, (k) > Li(vy(k), ) — Li(vy(k), v, (k).

Similarly, the equality (4.12) can be shown by using the following Lagrangian
subgradient inequality: DL (k)" (z — vi(k)) < Li(x,v),(k)) — Li(vi(k), v, (k). W
The following lemma shows that the consensus is asymptotically reached.

Lemma 4.5.4 (Achieving consensus) Let the non-degeneracy assumption 4.2.2,
the balanced communication assumption 4.2.3 and the periodic strong connectivity

assumption 4.2.4 hold. Consider the sequences of {x'(k)}, {u'(k)} and {y'(k)} of
the DLPDS algorithm with the step-size sequence {a(k)} satisfying kgrfoo a(k) =0.

Then there exist * € X and p* € M such that

Jm flat(k) 2" =0, lim |lu*(k) —p*l| =0, VieV,

lim ||ly'(k) — ¢’ (k)| =0, Vi,jeV.

k——+o00
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Proof: Observe that v} (k) € co(UY, X;) and v/, (k) € co(UX, M;). Then it
follows from Lemma 4.5.2 that || D% (k)| < L. From Lemma 4.5.3 it follows that

D Mtk 1) —all* < 3 Ll (h) =l + 3 ok

+Z2a (1Lt (), o ()| + [, o (R))- (4.15)

Notice that v} (k) € co(UY,X;), vl (k) € co(UY,M;) and z € X are bounded.

Since £; is continuous, then L;(vi(k),v/,(k)) and Ei(xwi(k:)) are bounded. Since
N

lim «a(k) =0, one can verify that khm Z 2" (k) — z|* exists for any € X.

k—+o00

On the other hand, taking limits on both 51des of (4.12) we obtain

i 2
kgrgooz € (k) + a(k)YDL (B> =0,

and therefore we deduce that kl_l}gl_loo et (k)| = 0 foralli € V. It follows from Corol-
lary 2.3.1 in Chapter 2 that kginoo |z (k) — 2’ (k)|| = 0 for all 7, 5 € V. Combining
this with the property that kEToo |z (k) — x| exists for any = € X, we deduce
that there exists x* € R™ such that kginoo |x* (k) — 2*|| = 0 for all i € V. Since
r'(k) € X; and X; is closed, it implies that z* € X; for all i € V and thus z* € X.
Similarly, one can show that there is u* € M such that kl_l}I_Eloo |’ (k) — p*|| = 0 for
alli e V.

Since klirf |z(k) — 2*|| = 0 and f; is continuous, then klirf |’ (k)| = 0.
——400 —10o0
It follows from Corollary 2.3.1 in Chapter 2 that klim lly (k) — (k)| = 0 for all
—+00
i,jeV. |

From Lemma 4.5.4, we know that the sequences of {z'(k)} and {u‘(k)}
of the DLPDS algorithm asymptotically agree on to some point in X and some
point in M, respectively. Denote by © C X x M the set of such limit points.
Denote by the average of primal and dual estimates (k) = + SV 2i(k) and
k) = SV Wi (k), respectively. The following lemma further characterizes

that the points in © are saddle points of the Lagrangian function £ over X x M.

Lemma 4.5.5 (Saddle-point characterization of ©) FEach point in © is a sad-
dle point of the Lagrangian function L over X x M.
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Proof: Denote by the maximum deviation of primal estimates A, (k) :=

max; jey |27 (k) — z'(k)||. Notice that

lvs (k) — 2 (k)| = |l Z aj(k)a’ (k) = %x](kﬁ)

Jj=1

= | Y aj(k) (! (k) —a'(k) = Y %(wj(/f) —2'(k))]

JFi J#i
i 1 ] i
< > (Bl (k) — 2 (k)] + D o lle? (k) — 2" (k)| < 24(k).
J#i J#i

Denote by the maximum deviation of dual estimates A, (k) := max; jev ||’ (k) —
(k)| Similarly, we have [Jv}, (k) — (k)| < 2A,(k).

We will show this lemma by contradiction. Suppose that there is (z*, u*) €
© which is not a saddle point of £ over X x M. Then at least one of the following
equalities holds:

dre X st Lz p") > Lz, p"), (4.16)
JueM st L(x*p) > L™ 1. (4.17)

Suppose first that (4.16) holds. Then, there exists ¢ > 0 such that L£(z*, u*) =
L(z,u*) + . Consider the sequences of {z'(k)} and {u’(k)} which converge re-
spectively to z* and p* defined above. The estimate (4.12) leads to

Z 2" (k +1) — z]|* < Z 2" (k) = ]|* + a( Z 1D, (k)[1* = 2a(k)

x> (Ai(k) + Bi(k) + Ci(k) + Di(k) + Ei(k) + Fi(k)),

Ai(k) = Li(vy (), v, (k) — Li(2(k), v, (K)),
Bi(k) = Li(2(k), v, (k) = Li(2(k), i(k)),
Ci(k) = Li(2(k), i(k)) — L™, pu(k)),

i i ) = Lilz", 1),
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It follows from the Lipschitz continuity property of L£;; see Lemma 4.5.2; that

| A4s(k)|| < Lo, (k) — 2(k)|| < 2LA(k),
1B; (k)| < Rljvi,(k) — iu(k)|| < 2RA(k),

GBI < L) — ol < 5 3 e (k)

N
~ * R i *
1Di(k)[| < R i(k) — | < NZ |1 (k) = w71,
=1
IF(&)| < Rllp" — v, (k)| < Rllp” — (k)|
+ R|[a(k) — v, (k)| < Z 1" (K (F)l| +2RA.(K).
Since lim |[|z*(k) —2*|| =0, lim |lu'(k) — " =0, lim A,(k)=0and

lim A, (k) =0, then all A;(k), B;(k),C;(k), D;(k), F;(k) converge to zero as k —

k—+o00

+00. Then there exists ky > 0 such that for all £ > kg, it holds that
N N
Stk +1) =2 <D lla' (k) — 2l* + Na(k)*L? — sa(k).
i=1 i=1

Following a recursive argument, we have that for all £ > kg, it holds that

N N k k
Z |zt (k+1) —z|? < Z |2 (ko) — z||* + NL? Z a(r)? —¢ Z ().
=1 1=1 T=ko T=ko

Since Y% a(k) = +oo and Y% a(k)? < +oo and 2'(ky) € X;, v € X are
bounded, the above estimate yields a contradiction by taking & sufficiently large.
In other words, (4.16) cannot hold. Following a parallel argument, one can show
that (4.17) cannot hold either. This ensures that each (z*,p*) € © is a saddle
point of £ over X x M. |
The combination of (¢) in Lemmas 4.3.1 and Lemma 4.5.5 gives that, for
each (z*, u*) € ©, we have that L(z*, p*) = p* and p* is Lagrangian dual optimal.
We still need to verify that x* is a primal optimal solution. We are now in the
position to show Theorem 4.3.2 based on two claims.
Proofs of Theorem 4.3.2:
Claim 1: Each point (z*, p*) € © is a point in X* x Dj.
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Proof: The Lagrangian dual optimality of u* follows from (c) in Lemma 4.3.1

and Lemma 4.5.5. To characterize the primal optimality of z*, we define an aux-
Sr_ga(n)i(r)
Srspa(r)

average of primal estimates. Since klim z(k) = x”, it follows from Lemma 5.4 (b)
—+00

iliary sequence {z(k)} by z(k) := which is a weighted version of the
that lim z(k) = 2"
k—+o00
Since (z*, u*) is a saddle point of £ over X x M, then L(z*, pu) < L(z*, u*)
for any p € M; i.e., the following relation holds for any pu € M:

g(a) (p —p*) <0. (4.18)

Choose 1, = p* +min;ey 91”5—” where 6; > 0 is given in the definition of M;. Then
ta > 0 and ||pq| < ||p*|| + miney 6; implying pu, € M. Letting p = p, in (4.18)
gives that

miney 0; |, .o .

Wg(x ) " <0.
Since 0; > 0, we have g(z*)"p* < 0. On the other hand, we choose p, = Su*
and then p, € M. Letting g = g in (4.18) gives that —5g(z*)"p* < 0 and
thus g(z*)"p* > 0. The combination of the above two estimates guarantees the
property of g(z*)Tu* = 0.

We now proceed to show g(z*) < 0 by contradiction. Assume that g(z*) <0
does not hold. Denote J*(z*) := {1 < £ < m | gi(z*) > 0} # 0 and 7 =
minge s+ (;+){ge(2*)}. Then n > 0. Since g is continuous and v (k) converges to
2*, there exists K > 0 such that g,(v.(k)) > 2 for all k > K and all £ € J*(z*).
Since v}, (k) converges to p*, without loss of generality, we say that [|v/,(k) — p*|| <
sminey 0; for all & > K. Choose fi such that fiy = g for ¢ ¢ J*(z*) and
fe = [y, + ﬁminiev 0; for ¢ € J™(x*). Since p* > 0 and 6; > 0, thus g > 0.
Furthermore, [|ji|| < ||*|] + minsey 6;, then i € M. Equating u to fi and letting
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Di (k) = g(vi(k)) in the estimate (4.14), the following holds for k > K:

m

N|JT* (%) min Gia(k) < 20(k Z > o(wi (k) (@ — v (k)

i=1 teJ+ (")

N N
< Z Iy (k) = all* = Z i (k + 1) = flI* + NR*a(k)*

203 Y )G - ke (4.19)
i=1 0 J+ (z%)
Summing (4.19) over [K, k — 1] with £ > K + 1, dividing by ZT - oT) on
both sides, and using — 3>~ [|u*(k) — 1]|* < 0, we obtain

NH*@ﬂmmga

k—1

< Z {Z |1 (K) — al|* + NR? Z a(r)?

—Z2a Z > gl v(7))e} (4.20)

=1 L¢J+ (z*)

Since p'(K) € M;, i € M are bounded and >°">5 a(7) = +oo, then the
limit of the first term on the right hand side of (4.20) is zero as k — +o00. Since
S a(r)? < +oo, then the limit of the second term is zero as k — +o0o. Since

lim v (k) = 2" and lim v (k) = p*, thus the following holds:
k—+o00

k—+o00

kEIEOOQZ Z ge(v —v;,(k))e = 0.

i=1 0gJ+(z*)

Then it follows from Lemma 5.4 (b) that then the limit of the third term is zero
as k — +oo. Then we have N|J(z*)|nminey 0; < 0. Recall that |JT(z*)] > 0,
n > 0 and ; > 0. Then we reach a contradiction, implying that g(z*) < 0.

Since 2* € X and g(2*) < 0, then z* is a feasible solution and thus f(z*) >

p*. On the other hand, since z(k) is a convex combination of Z(0),---,z(k — 1)
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and f is convex, thus we have the following estimate:

z(k —
e = =5t
1 k—1 k—1
= a(r)L(z(T), (1)) — Na(D) () g(z(r
STy | 2 ), 7)) — 3 Na )it 7))

Recall the following convergence properties:

lim (k) =2*, lim L(&(k), a(k) = L(z", 17) = p*,

k——+o00 k——+o00
Jim (k) g(a(k)) = g(2") " = 0.
—+00

It follows from Lemma 5.4 (b) that f(2*) < p*. Therefore, we have f(x*) = p*,
and thus z* is a primal optimal point. [ |
Claim 2: It holds that kl_l}zl_loo ' (k) — p*|| = 0.

Proof: The following can be proven by induction on k for a fixed k&’ > 1:

N N k

DYk =) YE)FNY D (fila'(0) — fila'(0 = 1)). (4.21)

i=1 i=1 (=K i=1

Let £ = 1 in (4.21) and recall that initial state y*(1) = N f;(2%(0)) for all i € V.
Then we have

N N N

Zyi(k +1) =Y () +NY (fila (k) = fi(«'(0))) = N Y fila' (k). (4.22)

=1 =1 i=1

The combination of (4.22) with klim lly' (k) — 3’ (k)| = 0 gives the desired result.
—+00
|

4.5.2 Proofs of Theorem 4.4.2
In order to analyze the DPPDS algorithm, we first rewrite it into the fol-
lowing form:
pi (ke + 1) = v, (k) +up, k), N(k+1) = v} (k) +uj(k),
o' (k+1) =0 (k) +el(k), y(k+1)= v;(k) + u;(kz)7
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where €’ (k) is projection error described by

ex(k) == Px[v,(k) — a(k)S, (k)] — v, (k).

x

and (k) = a(k)[g(vy(R)]", uj(k) = a(k)[h(v,(k))], u,(k) = N(fi(z'(k)) —
fi(x'(k — 1))) are some local inputs. Denote by the maximum deviations of dual
estimates M), (k) := max;ey ||’ (k)| and M, (k) := max;ey || A (k)||. Before showing
Lemma 4.5.6, we present some useful facts. Since X is compact, and f;, [g(-)]"
and h are continuous, there exist F,G*, H > 0 such that for all z € X, it holds
that || fi(z)]] < F for alli € V, ||[g(x)]"|| < GT and ||h(z)|| < H. Since X is a
compact set and f;, [go(-)]T, |he(+)| are convex, then it follows from Proposition
5.4.2 in [15] that there exist Dp, Dg+, Dy > 0 such that for all x € X, it holds that
IDfi(@)ll < D (i € V), m|[Dlge(x)]"|| < Dg+ (1 < £ < m) and v[|Dlh|(z)]| <
Dy (1 < ¢ < v). Denote by the averages of primal and dual estimates z(k) :=
LSV (), k) = & S (k) and AGR) = & SN, N (B)

Lemma 4.5.6 (Diminishing and summable properties) Suppose the bal-

anced communication assumption 4.2.3 and the step-size assumption 4.4.1 hold.
(a) The following holds:

lim a(k)M,(k) =0, lim a(k)My(k)=0, lim a(k)|S.(k)| = 0.

k—+o00 k—+o00 k—+o00

Furthermore, the sequences of {a(k)*M7(k)}, {a(k)* M3 (k)} and {a(k)?||SL(F)[*}
are summable.

(b) The following sequences are summable:

{a()lIalk) = v (R) 1}, {a(R)IAK) — o5 (k) 1}, {alk) M (k)2 (k) — oy (k)13
{a(k)My(k) |2 (k) — vy (B[}, {a(k)[[2(k) — v, (k)][}-

Proof: (a) Notice that

[ () = | Zaé-(/f)/ﬂ(k)H < Zaé(k)le(k)H < Zaé-(k)Mu(k) = M,(k),
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where in the last equality we use the balanced communication assumption 4.2.3.

Recall that v’ (k) € X. This implies that the following holds for all £ > 0:

11" (k + D] < v, (k) + a(k)[g(vs (k)] ]
< v, (k)[| + G* (k) < My, (k) + G (k).

From here, then we deduce the following recursive estimate on M, (k+1): M, (k+
1) < M, (k) + G*a(k). Repeatedly applying the above estimates yields that

M,(k+1) < M,(0)+ G"s(k). (4.23)
Similar arguments can be employed to show that
My(k+1) < My(0) + Hs(k). (4.24)

Since lim a(k+1)s(k) =0 and lim «(k) =0, then we know that

k—+o00 k—r4-00

lim a(k+1)M,(k+1)=0, lim a(k+1)M\(k+1)=0.

k—+o00 k—+o00

Notice that the following estimate on S (k) holds:
ISL(E)|| < Dp + Da+ My (k) + Dy My (k). (4.25)

Recall that lim a(k) =0, lim o(k)M,(k) =0and lim «o(k)My(k)=0. Then
k——+o00 - k=400 k——+o00
the result of k;hT a(k)||S.(k)|| = 0 follows. By (4.23), we have
—400

—+00

> ak)*Mi(k) < )+ Z )+ Gtk —1))2

k=0

It follows from the step-size assumption 4.4.1 that Y, % a(k)?M?2(k) < +oc.
Similarly, one can show that S5 a(k)?M3(k) < +oco. By using (4.23), (4.24)

and (4.25), we have the following estimate:

> alk)?Se (k)P < a(0)*(Dr + D+ M, (0) + DMy (0)*

k=0

+ Z 2(Dp + Dg+ (M, (0) + GFs(k — 1)) + D (My(0) + Hs(k — 1)))%.
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Then the summability of {a(k)?}, {a(k + 1)?s(k)} and {a(k + 1)%s(k)?} verifies
that of {a(k)*[|S; (k)[*}.

(b) Consider the dynamics of p’(k) which is in the same form as the dis-
tributed projected subgradient algorithm in [102]. Recall that {[g(v%(k))] T} is uni-
formly bounded. Then following from Lemma 4.8.2 in the Appendix with Z = RY,
and d;(k) = —[g(vi(k))]T, we have the summability of {a(k)max;cy ||i(k) —

p'(E)||}. Then {a(k)|| (k) — vj,(k)||} is summable by using the following set of

inequalities:
(k) = v ()| < D a5 (k)llak) — p (k)| < max || a(k) — w'(R)]|,  (4.26)

where we use 32 | a’ (k) = 1. Similarly, it holds that Y27 a/(k)||A(k) — vi (k)| <

+00.

J1J

We now consider the evolution of z'(k). Recall that v'(k) € X. By
Lemma 4.8.1 with Z = X, z = v’ (k) — a(k)SL(k) and y = v’ (k), we have

x

" (k + 1) = v (B)II* < v (k) — a(k)S, (k) — v, (k)|
= [l2*(k + 1) = (v, (k) — a(R)S, (k)%

and thus ||e’ (k)+a(k)SL(k)|| < a(k)||SL(k)|. With this relation, from Lemma 4.8.2
with Z = X and d;(k) = S.(k), the following holds for some v > 0 and 0 < 3 < 1:

2" (k) — & (k)| < NyB* 1Z||a; ||+2N725k Ta(n)[Sy (D] (4.27)

Multiplying both sides of (4.27) by a(k)M, (k) and using (4.25), we obtain
a(k) M, (k)" (k) — 2 (k)| < NVZ 12" (0) (k) My, (k) B*" + 2Nyau (k) M, (k)

X Z@k "a(1)(Dp + Dg+ M, (1) + D My(7)).
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Notice that the above inequalities hold for all ¢ € V. Then by employing

the relation of ab < 3(a® + b%) and regrouping similar terms, we obtain

k—1
(k) My (k) max ' (k) — 2 (k)| < Nv(5 ZH!B )l + (Dr + Dg+ + D) Yy 57)
7=0

a(k)’ My (k) + N’YZHUU (O] s

+N726’“ "a(7)(Dp + D+ M2(1) + Dy M3(T)).

Part (a) gives that {a(k)*?M}(k)} is summable. Combining this fact with
SEL g < S gk = ﬁ, then we can say that the first term on the right-hand
side in the above estimate is summable. It is easy to check that the second term
is also summable. It follows from Part (a) that

lim «a(k)*(Dp + DG+M3(k) + Dy M3 (k)) =0,

k—+o0

and thus {a(k)*(Dp + Dg+ M (k) + Dy M3 (k))} is summable. Then Lemma 7
in [102] with v, = Nya(€)*(Dp + Dg+ M7 (£) + Dy M3({)) ensures that the third
term is summable. Therefore, the summability of {a(k)M, (k) max;ey ||z'(k) —
z(k)| } is guaranteed. Following the same lines in (4.26), one can show the summa-

bility of {a(k) M, (k)||v:(k)—2(k)||}. Following analogous arguments, we have that

{a(k) M) |[v; (k) — 2(k)[[} and {a(k)||v;,(k) — £(k)[|} are summable. .

Remark 4.5.1 In Lemma 4.5.6, the assumption of all local constraint sets being
identical is utilized to find an upper bound of the convergence rate of ||z(k) —
vi(k)|| to zero. This property is crucial to establish the summability of expansions

pertaining to || (k) — vl (k)| in part (b). o
The following is a basic iteration relation of the DPPDS algorithm.

Lemma 4.5.7 (Basic iteration relation) The following estimates hold for any



89

v € X and (p, \) € RY; x RY,:

N
> lle(k) +a BI* < Z RG]

- izam(%(v;(k), ol (), v (k) = Hi(w, vl (k), vi (k)

+ il(llxi(k) — o = [l (k + 1) - al]?), (4.28)
0< :1<||u< )= pll? = [l (ke + 1) = )

+é<w<> A2 = [Nk + 1) = AJ1?)
é2a<k><%<v2<k>7vi(km;(k» A CAONTIPN)

+ §a<k>2<||[g<v;<k>>m|2 + {1l () [?). (4.29)

Proof: One can finish the proof by following analogous arguments in

Lemma 4.5.3. [ |

Lemma 4.5.8 (Achieving consensus) Letl us suppose that the non-degeneracy

assumption 4.2.2, the balanced communication assumption 4.2.3 and the periodi-

cal strong connectivity assumption 4.2.4 hold. Consider the sequences of {x'(k)},

{it(k)}, {N(k)} and {y'(k)} of the distributed penalty primal-dual subgradient

algorithm with the step-size sequence {a(k)} and the associated {s(k)} satisfy-

ing lim a(k)=0 and lim a(k+1)s(k) =0. Then there ezxists & € X such
k——4o00 ) k—+o00 . .

that lim ||z*(k) — Z|| =0 for alli € V. Furthermore, lim ||u'(k) — p’ (k)| =0,
k—+o00 ) ] ) k—+o00

lim [[A(k) = N (k)| =0 and lim ||y’ (k) —y’ (k)| =0 for alli,j € V.

k—+o00 k—+o00

Proof: Similar to (4.14), we have
N N
Dol (k+1) — | < Z 2" (%) — |

—|—Za( 2||SE (K ||2+22a Sz () [lv, (k) — |-
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Since klim a(k)||SL(k)|| = 0, the proofs of klim |2 (k) — Z|| = 0 for all i € V are
—+00 —r+00
analogous to those in Lemma 4.5.4. The remainder of the proofs can be finished
by Corollary 2.3.1 with the properties of lim u/ (k) = 0, lim wuj(k) = 0 and
) k—400 k—+o0
lim u! (k) =0 (due to klim z'(k) =z and f; is continuous). |
—+00

k——+o00
We now proceed to show Theorem 4.4.2 based on five claims.

Proof of Theorem 4.4.2:
Claim 1: For any z* € X* and (p*,\*) € D3, the following sequences are

summable:

Proof: Observe that

IHa(a™, v (), w3 (K)) — Ha(2™, k), AK)) |
< Jop (k) = k) g (@) [+ [[o5 (k) = AR) 1) |
< GHlvj, (k) — ak)| + Hvi (k) = AK)]| (4.30)

By using the summability of {a(k)| (k) — v}, (k)||} and {a(k)|IN(E) — vi(k)||} in

Part (b) of Lemma 4.5.6, we have that the following are summable:

{a(k )Z 1 Haa o) (k). v (k) = Hala™, k), AGR)) 1},

Similarly, the following estimates hold:

1 (v (k) 7, X°) = Hi(@(k), 1, A7)

< [lfiop (k) = Fi@RDI + 1) (g (o ()] = [g(@ (k)]
+ ) (A ()] = [R(2 (k)]

< (Dr + De+lp[l + D[N ) [lvs, (k) — (k)]
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Then the property of % a(k)||#(k) — vi (k)| < +oc in Part (b) of Lemma 4.5.6

implies the summability of the following sequences:

ZH% ) 15 N) = Hi(@ (k) 1, A1}
Z ), AT = Hi(@(k), 1, A7)}

Claim 2: Denote the weighted version of H; as

The following property holds: kl_lglOo Zl Hi(k) =p".

Proof: Summing (4.28) over [(:), k — 1] and replacing = by z* € X* leads to

a(f) Z(Hi(vi(ﬁ),vf;(ﬁ),vi(ﬁ)) = Hi(a", v, (), vA(0)))
< Zl\xi(O)—x*|]2+ZZa “ISz O (4.31)

The summability of {a(k)?||S%(k)||*} in Part (b) of Lemma 4.5.6 implies that the
right-hand side of (4.31) is finite as k — +o00, and thus

k—

,_\

(O[3 (Hwh(0), v (0). 04(6)) — Hala® 0} (0), 4 (0)))] < 0.

=0 =1

lim sup
k—o0 3

(4.32)

Pick any (u*, \*) € Dp. It follows from Theorem 4.4.1 that (z*, u*, \*) is
a saddle point of H over X x RZ; x RY,. Since (fi(k), AEK)) e RZ, x RY,, then
we have H(z*, fu(k), A(k)) < H(z*, u*, \*) = p*. Combining this relation, Claim 1
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and (4.32) renders that

k-1 N
likm sup s(k:l— ) Z a(l) [ZHz(vi(ﬁ),vL(ﬁ),vi(@) - p*}
—too (=0 i=1
o =0 i=1
+ likmsup s(kl— 0 i:oz(é)[z%i(x*,vi(é), v3(0)) — H(x*, fu(l), 5\(5))}
o =0 i=1
k—1
sy s S (G000~ ) <0

and thus limsup,,_,, . S2N, H,(k) < p*.

On the other hand, #(k) € X (due to the fact that X is convex) implies that
H(z(k), p*, A*) > H(x*, p*, \*) = p*. Along similar lines, by using (4.29) with u =
1, A = X*, and Claim 1, we have the following estimate: liminfy,_, o Zf\il 7—21(]{) >

p*. Then we have the desired relation. |

And we denote the weighted version of H as

[y

(k) = gy S alOM(EO), D). MO0).

=0

~

The following property holds: lim I'(k) = p*.

k——+oo
Proof: Notice that

(k) = ;(fi(vi( ) — fi@ (k)

+ i (v (k) g wg (D] = 0 (k) (9 (2 (k))]Y)

. i (o (W Ta (R — ()T [g(a(8))))

n il (Vi (k)T |h (Vi (k)| — vi (k)T [R(2(k))])

" i (o5 (R)T |G (R)] = AR h(&(k))]). (4:33)
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By using the boundedness of subdifferentials and the primal estimates, it follows

from (4.33) that

[m(B)|l < (Dp + Da+ My(k) + Dy My (k) % Z lvs (k) — 2 (k)]

+G+levi(ff) — k)| +HZH?}§(’€) — A (4.34)

Then it follows from (b) in Lemma 4.5.6 that {a(k)||7(k)||} is summable Notice

that [D(k) — 2, H(k) | < SO OL o thus lim (| (k Z’H

The desired result immediately follows from Claim 2. ]
Claim 4: The limit point # in Lemma 4.5.8 is a primal optimal solution.

Proof: Let ji(k) = (fir(k), -, im(k))" € RZ). By the balanced commu-
nication assumption 4.2.3, we obtain
S 0906 + 09 Yl

N

;k—Fli::
0l

~.
[y

This implies that the sequence {/i,(k)} is non-decreasing in R>q. Observe that
{fe(k)} is lower bounded by zero. In this way, we distinguish the following two
cases:

Case 1: The sequence {/i,(k)} is upper bounded. Then {i,(k)} is convergent
in R>(. Recall that kl_l}r_{loo ' (k) — 1/ (k)| = 0 for all i,j € V. This implies that
there exists pu; € Rs( such that kgrfoo lp(k) — ]| = 0 for all i € V. Observe

that 35,0, p'(k + 1) = 30, 4(0) + X3 _ga(r) X [g(vi(r))]*. Thus, we have
S a(k) SoN  [ge(vi (k)T < +oo, implying that liminfy_, [ge(vi(k))]T = 0.
Since lim ||z'(k) —Z|| =0 for all i € V, then lim |[v’(k)—Z| =0, and thus
k— 400 k—4o00
[9¢(2)]" = 0.
Case 2: The sequence {fi(k)} is not upper bounded. Since {fi,(k)} is non-
decreasing, then fi,(k) — +o0. It follows from Claim 3 and (a) in Lemma 5.4 that
it is impossible that H (i (k), i(k), A(k)) — +oco. Assume that [g,(Z)]" > 0. Then
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we have

H(#(k), ilk), A(R)) = f(@(k) + Na(k) Tg(@ (k)] "+ NAK) [h(E(k))|
F@(R)) + fre(k)[ge(2(k))]™. (4.35)

Taking limits on both sides of (4.35) and we obtain:

v

lim inf H(&(k), i(k), A(K)) = limsup(f(2(k)) + jie(k)[ge(2(k))] ") = +oo.

k—+o00 k—+4o00

Then we reach a contradiction, implying that [g,(Z)]" = 0.
In both cases, we have [g¢(Z)]T = 0 for any 1 < ¢ < m. By utilizing similar
arguments, we can further prove that |h(Z)| = 0. Since Z € X, then Z is feasible

k—1 -
and thus f(Z) > p*. On the other hand, since W is a convex combination
=0 &
of #(0),---,z(k — 1) and klim Z(k) = &, then Claim 3 and (b) in Lemma 5.4
—+00
implies that

p* = lim T(k)= lim > img (OH (A(é),/l(ﬁ),ﬁ(é))
k——+4o00 k—+o00 Ze . Oé(é)

La(l .
_>+°° Ze 0 O‘( )
Hence, we have f(z) = p* and thus 7 € X*. |
Claim 5: It holds that lim ||y‘(k) — p*|| = 0.
k——+o0

Proof: The proof follows the same lines in Claim 2 of Theorem 4.3.2 and

thus omitted here. [ |

4.6 Discussion

In this section, we present some possible extensions and interesting special

cases.

4.6.1 Discussion on the periodic strong connectivity as-

sumption in Theorem 4.3.2

In the case that G(k) is undirected, then the periodic strong connectivity

assumption 4.2.4 in Theorem 4.3.2 can be weakened into:
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Assumption 4.6.1 (Eventual strong connectivity) The undirected graph
(V,Ur>sE(k)) is connected for all time instant s > 0.

If G(k) is undirected, the periodic connectivity assumption 4.2.4 in Theo-
rem 4.3.2 can also be replaced with the assumption in Proposition 2 of [93]; i.e
for any time instant k£ > 0, there is an agent connected to all other agents in the

undirected graph (V, Ug>sE(k)).

4.6.2 A generalized step-size scheme

The step-size scheme in the DLPDS algorithm can be slightly general-
ized the case that the maximum deviation of step-sizes of agents at each time
is not large. It is formally stated as follows: kgr}rlooa( ) =0, S % ai(k) =
+00, Y.i%al(k)? < +oo, miney al(k) > C,maxey of(k), where o'(k) is the
step-size of agent i at time k and C, € (0, 1].

4.6.3 Discussion on the Slater’s condition in Theorem 4.4.2

If go (1 < ¢ <'m) is linear, then the Slater’s condition 4.2.1 can be weakened
to the following: there exists a relative interior point z of X such that h(z) = 0
and ¢g(z) < 0. For this case, the strong duality and the non-emptyness of the
penalty dual optimal set can be ensured by replacing Proposition 5.3.5 [15] with
Proposition 5.3.4 [15] in the proofs of Lemma 4.4.1. In this way, the convergence
results of the DPPDS algorithm still hold for the case of linear g,.

4.6.4 The special case in the absence of inequality and
equality constraints

The following special case of problem (4.1) is studied in [102]:

N
min Zfi(x), st. xeny, X, (4.36)
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The following Distributed Primal Subgradient Algorithm is a special case of the
DLPDS algorithm, and can be utilized to solve the problem (4.36):

2k + 1) = Px, [0} (k) — a(k)D (v} (k)]

Corollary 4.6.1 (Convergence properties of the distributed primal sub-
gradient algorithm): Consider the problem (4.36), and let the non-degeneracy
assumption 4.2.2, the balanced communication assumption 4.2.3 and the periodic
strong connectivity assumption 4.2.4 hold. Consider the sequence {x'(k)} of the
distributed primal subgradient algorithm with initial states z°(0) € X; and the step-

+oo +oo
sizes satisfying k;hrf alk) =0, Za(k) = 400, and Za(k)2 < +00. Then there
—400
k=0 k=0

exists an optimal solution z* such that klim 2" (k) —2*|| =0 alli € V.
—+00

Proof: The result is an immediate consequence of Theorem 4.3.2 with g(z) = 0.
|

4.7 Conclusions

We have studied a multi-agent optimization problem where the agents aim
to minimize a sum of local objective functions subject to a global inequality con-
straint, a global equality constraint and a global constraint set defined as the
intersection of local constraint sets. We have considered two cases: the first one
in the absence of the equality constraint and the second one with identical local
constraint sets. To address these cases, we have introduced two distributed subgra-
dient algorithms which are based on Lagrangian and penalty primal-dual methods,
respectively. These two algorithms were shown to asymptotically converge to pri-
mal solutions and optimal values. The results presented are published or to appear

in the following papers:

(JP-4) M. Zhu and S. Martinez, “On distributed convex optimization under in-
equality and equality constraints”, IEEFE Transactions on Automatic Con-

trol, 2011, to appear.
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(CP-8) M. Zhu and S. Martinez, “On distributed optimization under inequality con-
straints via Lagrangian primal-dual subgradient methods”, The 29** Ameri-

can Control Conference, pages 4863 — 4868, Baltimore, USA, Jun. 2010.

(CP-7) M. Zhu and S. Martinez, “On distributed optimization under inequality and
equality constraints via penalty primal-dual subgradient methods”, The 29"
American Control Conference, pages 2434 — 2439, Baltimore, USA, Jun.
2010.

4.8 Appendix

4.8.1 A property of projection operators
The proof of the following lemma can be found in [15], [16] and [102].

Lemma 4.8.1 Let Z be a non-empty, closed and convex set in R™. For any z €

R", the following holds for any y € Z: |Pz[z] — y||* < ||z — y||* — || Pz[z] — =]

4.8.2 Some properties of the distributed projected subgra-
dient algorithm in [102]

Consider the following distributed projected subgradient algorithm pro-
posed in [102]: 2%(k + 1) = Pz[vi(k) — a(k)d;(k)]. Denote by €'(k) := Pz[vi(k) —
a(k)d;(k)] —v. (k). The following is a slight modification of Lemma 8 and its proof
in [102].

Lemma 4.8.2 Let the non-degeneracy assumption 4.2.2, the balanced communi-
cation assumption 4.2.3 and the periodic strong connectivity assumption 4.2.4 hold.
Suppose Z € R™ is a closed and convex set. Then there exist v > 0 and § € (0,1)
such that

2" (k) — 2(k)]| < N’yiﬁ’“’T{a(T)|!di(T)|!

+[le'(r) + a(r)di()|I} + NyBH Z =" (01
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Suppose {d;(k)} is uniformly bounded for eachi € V, and 3,5 a(k)? < 400, then
we have Y ;20 a(k) maxiey ||2'(k) — 2(k)| < +oo.



Chapter 5

Distributed cooperative

non-convex optimization

5.1 Introduction

The focus of the current chapter is to relax the convexity assumption
in Chapter 4. Our method will integrate Lagrangian dualization, subgradient
schemes and average consensus algorithms. The techniques of Lagrangian dualiza-
tion and subgradient schemes have been popular and efficient approaches to solve
large-scale, structured convex optimization problems, e.g., [15, 16]. Numerous ap-
proaches have been designed to construct primal solutions to convex programs;
e.g., by removing the nonsmoothness [124], by employing ascent approaches [72],
and generating ergodic sequences [75, 99].

Statement of Contributions. This chapter investigates a multi-agent op-
timization problem where agents desire to agree upon a global decision vector
which minimizes a sum of local objective functions in the presence of a global in-
equality constraint and a global state constraint set. The objective and constraint
functions as well as the state-constraint set could be non-convex. We first intro-
duce an approximation of the problem of interest where the exact consensus is
slightly relaxed. We propose a distributed dual subgradient algorithm to solve the

approximate problem where the update rule for local dual estimates combines a

99
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dual subgradient scheme with average consensus algorithms and local primal esti-
mates are generated from local dual optimal solution sets. This algorithm is shown
to asymptotically converge to a pair of primal-dual solutions to the approximate
problem provided that: firstly, the dual optimal solution set is singleton; secondly,
dynamically changing network topologies satisfying some standard connectivity

condition.

5.2 Problem formulation and preliminaries

Consider a networked multi-agent system where agents are labeled by i €
V :={1,..., N}. The multi-agent system operates in a synchronous way at time
instants £ € NU {0}, and its topology will be represented by a directed weighted
graph G(k) = (V, E(k), A(k)), for k > 0. Here, A(k) := [a}(k)] € RV*N is the
adjacency matrix, where the scalar aﬁ-(k:) > ( is the weight assigned to the edge
(7,1) pointing from agent j to agent i, and E(k) C V x V \ diag(V) is the set of
edges with non-zero weights. The set of in-neighbors of agent ¢ at time k is denoted
by Ni(k) ={j € V| (j,i) € E(k) and j # i}. Similarly, we define the set of out-
neighbors of agent i at time k as N2"(k) = {j € V | (i,j) € E(k) and j #i}. We

here make the following assumptions on network communication graphs:

Assumption 5.2.1 (Non-degeneracy) There exists a constant o > 0 such that

ai(k) > a, and d}(k), for i # j, satisfies a’(k) € {0} U [, 1], for all k> 0.

1

Assumption 5.2.2 (Balanced Communication) 'It holds that ., a}(k) =
Lforalli €V and k>0, and ), a(k) =1 forall j € V and k > 0.

Assumption 5.2.3 (Periodical Strong Connectivity) There is a positive in-
teger B such that, for all ky > 0, the directed graph (V, U,y E(ko+Fk)) is strongly

connected.

The above network model is standard to characterize a networked multi-
agent system, and has been widely used in the analysis of average consensus al-

gorithms; e.g., see [108, 111], and distributed optimization in [102]. Recently, an

Tt is also referred to as double stochasticity of the adjacency matrix A(k).
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algorithm is given in [55] which allows agents to construct a balanced graph out
of a non-balanced one under certain assumptions.

The objective of the agents is to cooperatively solve the following primal
problem (P):

ginRI}L ;fi(z), st. g(z) <0, zeX, (5.1)
where z € R™ is the global decision vector. The function f; : R* — R is only
known to agent ¢, continuous, and referred to as the objective function of agent 7.
The set X C R", the state constraint set, is compact. The function g : R” — R™
are continuous, and the inequality g(z) < 0 is understood component-wise; i.e.,
ge(z) <0, forall £ € {1,...,m}, and represents a global inequality constraint. We
will denote f(2) := > ..y fi(z) and YV := {z € R" | g(2) < 0}. We will assume
that the set of feasible points is non-empty; i.e., X NY # (). Since X is compact
and Y is closed, then we can deduce that X NY is compact. The continuity of
f follows from that of f;. In this way, the optimal value p* of the problem (P)

is finite and X*, the set of primal optimal points, is non-empty. Throughout this

chapter, we suppose the following Slater’s condition holds:

Assumption 5.2.4 (Slater’s Condition) There exists a vector z € X such that
g(Z) < 0. Such z is referred to as a Slater vector of the problem (P).

Remark 5.2.1 All the agents can agree upon a common Slater vector zZ through
a maximum-consensus scheme. This can be easily implemented as part of an
initialization step, and thus the assumption that the Slater vector is known to all
agents does not limit the applicability of our algorithm. Specifically, the maximum-
consensus algorithm is described as follows:

Initially, each agent i chooses a Slater vector z;(0) € X such that g(z;(0)) <
0. At every time k£ > 0, each agent i updates its estimates by using the rule of
zi(k+1) = max;jen, gy 2j(k), where we use the following relation for vectors: for
a,b € R", a < b if and only if there is some ¢ € {1,...,n — 1} such that a, = b,
for all Kk < £ and a, < b,.

The periodical strong connectivity assumption 5.2.3 ensures that after at

most (N —1)B steps, all the agents reach the consensus; i.e., z;(k) = max; ey 2;(0)



102

for all £ > (N —1)B. In the remainder of this chapter, we assume that the Slater

vector z is known to all the agents. °

In Chapter 4, in order to solve the convex case of the problem (P) (i.e.; f;
and ¢ are convex functions and X is a convex set), we propose two distributed
primal-dual subgradient algorithms where primal (resp. dual) estimates move
along subgradients (resp. supgradients) and are projected onto convex sets. The
absence of convexity impedes the use of the algorithms in Chapter 4 since, on the
one hand, (primal) gradient-based algorithms are easily trapped in local minima.;
on the other hand, projection maps may not be well-defined when (primal) state
constraint sets are non-convex. In the sequel, we will employ Lagrangian dualiza-
tion, subgradient methods and average consensus schemes to design a distributed
algorithm which is able to find an approximate solution to the problem (P).

Towards this end, we construct a directed cyclic graph Geye = (V, Egye)
where |E.| = N. We assume that each agent has a unique in-neighbor (and
out-neighbor). The out-neighbor (resp. in-neighbor) of agent i is denoted by ip
(resp. iy). With the graph Gy, we will study the following approximate problem
of problem (P):

st g(x;) <0, —xi+wz, —A<0, z;—x, -A<0, zeX, VieV,

(5.2)

D

where A := §1, with 0 a small positive scalar, and 1 is the column vector of n
ones. The problem (5.2) provides an approximation of the problem (P), and will be
referred to as problem (Pa). In particular, the approximate problem (5.2) reduces
to the problem (P) when 6 = 0. Its optimal value and the set of optimal solutions
will be denoted by pi and X}, respectively. Similarly to the problem (P), p} is
finite and X% # 0.

Remark 5.2.2 The cyclic graph Gy can be replaced by any strongly connected
graph. Each agent i is endowed with two inequality constraints: z; —x; — A <0

and —z; + x; — A < 0, for each out-neighbor j. For notational simplicity, we
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will use the cyclic graph Geye, which has a minimum number of constraints, as the

initial graph. °

5.2.1 Dual problems

Before introducing dual problems, let us denote by Z' := RZ x R%Y x RL{,
2= RZY x R x RLY, & = (p, A w) € E, & := (. A\, w) € ZEand z := (1) €
XN The dual problem (D,) associated with (Pa) is given by

max Q(p, A, w), st p A w >0, (5.3)
L AW

where p = (g;) € R™, X := (\;) € R™ and w := (w;) € R"™. Here, the dual
function @ : = — R is given as Q(§) = Q(u, A, w) = inf,cx~ L(x, u, A, w), where

L :R"™ x = — R is the Lagrangian function

E(l'? f) = E(l'? /’67 )\7 w)
= (filwa) + (i g(2) + Ny = + i, — A) + (wi, 15 — 33, — A)).
iev
We denote the dual optimal value of the problem (D) by di and the set of
dual optimal solutions by D3. We endow each agent 7 with the local Lagrangian

function £; : R™ x Z — R and the local dual function Q; : 2 — R defined by

Li(zi, &) = fil@i) + (i, 9(zi)) + (=i + Xiyy, i)
+ <wi - wi[pxi> - <)\z‘,A> - <wz‘,A>,
Qi(&) = xlfelg( Li(zi,&).

In the approximate problem (Pa), the introduction of —A < z; —z;, < A,
1 € V, renders the f; and g separable. As a result, the global dual function () can
be decomposed into a simple sum of the local dual functions ();. More precisely,
the following holds:
Q(§) = inf (fz(fl’z) + (s, g(x4)) + (Ni, =20 + 23, — A) + (Wi, 75 — T4, — A>)

exN
v eV

Notice that in the sum of ), (N, —; + x;, — A), each x; for any i € V

appears in two terms: one is (\;, —z;+x;, —A), and the other is (\;,,, —x;, +x;—A).

iU
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With this observation, we regroup the terms in the summation in terms of z;, and
have the following:
Q€)= inf > (filwi) + (i g(@:)) + (=i + Xy, 23)

eXN
v eV

+ (Wi — wyy,, ) — (N, A) — (wy, A))
—Z lnf fz wz <:Uzv ( Z)) < Ai +)\ZU7 >

= Z Qi(&)- (5-4)
=%
It is worth mentioning that )., Q;(&) is not separable since (); depends

upon neighbor’s multipliers \;, and w;,,.

5.2.2 Dual solution sets

The Slater’s condition ensures the boundedness of dual solution sets for
convex optimization; e.g., [61, 99]. We will shortly see that the Slater’s condition
plays the same role in non-convex optimization. To achieve this, we define the
function Q; : RY) x RE, x RY, — R as follows:

Qi(ﬂia iy W;) = inf (fz(xz) + (s, 9(2:1))

$¢€X,$¢D€X
+ <)\17 —T; + Tip — A> + (wi7a:i — Tip — A))
Let z be a Slater vector for problem (P). Then 7 = (z;) € X with z; = 2

is a Slater vector of the problem (Pa). Similarly to (3) and (4) in Chapter 4, we
have that for any u;, A;, w; > 0, it holds that

£eb; ev B(z) ’

(5.5)

.....

it leads to the following upper bound on D}:

fi(2) — Q:(0,0,0)
max €|l = N max 5 :

(5.6)
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where Q;(0,0,0) = inf, cx f;(2;) and it can be computed locally. We denote

. fil8) = Qi(0,0,0)

vi(Z) == e (5.7)

Since f; and g are continuous and X is compact, it is known that @); is
continuous; e.g., see Theorem 1.4.16 in [11]. Similarly, @) is continuous. Since D}

is also bounded, then we have that D3 # 0.

Remark 5.2.3 The requirement of exact agreement on z in the problem P is
slightly relaxed in the problem Pa by introducing a small positive scalar §. In this
way, on the one hand, the global dual function @) is a sum of the local dual functions
Qi, asin (5.4); on the other hand, D} is non-empty and uniformly bounded. These

two properties play important roles in the devise of our subsequent algorithm. e

5.2.3 Other notation

Define the set-valued map ; : &' — 2% as (&) = argmin, o L(z;,&);
ie., given &, the set €2;(§;) is the collection of solutions to the following local
optimization problem:

z,€X

Here, €); is referred to as the marginal map of agent 7. Since X is compact and
fi, g are continuous, then €;(&) # 0 in (5.8) for any & € Z'. In the algorithm
we will develop in next section, each agent is required to obtain one (globally)
optimal solution and the optimal value the local optimization problem (5.8) at
each iterate. We assume that this can be easily solved, and this is the case for
problems of n = 1, or f; and ¢g being smooth (the extremum candidates are the
critical points of the objective function and isolated corners of the boundaries of
the constraint regions) or having some specific structure which allows the use of
global optimization methods such as branch and bound algorithms.

In the space R™, we define the distance between a point z € R" to a set
A C R*asdist(z, A) := inf e ||z—y||, and the Hausdorff distance between two sets
A, B C R" as dist(A, B) := max{sup,. 4 dist(z, B), sup,cp dist(A4,y)}. We denote
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by By(A,r):={uel | dist(u, A) < r} and By (A,7) = {U € 24| dist(U, A) <
r} where U C R™.

5.3 Distributed approximate dual subgradient al-
gorithm

In this section, we devise a distributed approximate dual subgradient al-
gorithm which aims to find a pair of primal-dual solutions to the approximate
problem (Pa). Its convergence properties are also summarized.

For each agent i, let z;(k) € R™ be the estimate of the primal solution z;
to the approximate problem (PA) at time & > 0, u;(k) € RZ; be the estimate of
the multiplier on the inequality constraint g(z;) < 0, X(k) € R%Y (resp. w'(k) €
RZY)? be the estimate of the multiplier associated with the collection of the local
inequality constraints —x; +z;, — A <0 (resp. z; —z;, — A <0), forall j € V.
We let &(k) == (ui(k)T, N(E)T,w'(k)")T € 2/, for i € V to be the collection of
dual estimates of agent 7. And denote v;(k) = (u;(k)T, vs (k)T vl (k)T € Z
where v (k) := 3,y ai(k)N (k) € R and v}, (k) == 7.y af(k)w’ (k) € RLY are
convex combinations of dual estimates of agent ¢ and its neighbors at time k.

At time k, we associate each agent i a supgradient vector D;(k) defined as
Di(k) = (D}, (k)", D5(k)", D}, (k)")", where Dj,(k) := g(x;(k)) € R™, Di(k) has
components D (k); :== —A—uxz;(k) € R, D (k) := x;(k) € R, and Di(k); =0 €
R" for j € V\{i,iy}, while the components of D! (k) are given by: D! (k); := —A+
z;(k) € R", D! (k);, := —x;(k) € R", and D (k); =0 € R", for j € V' \ {4,ir}.
For each agent i, we define the set M; := {&§; € Z' | [|§]| < v+ 0;} for some 6; > 0.
Let Py, to be the projection onto the set M;. It is easy to check that M; is closed
and convex, and thus the projection map Py, is well-defined.

The Distributed Approzimate Dual Subgradient (DADS, for short) Algo-
rithm is described in Table 1.

Remark 5.3.1 The DADS algorithm is an extension of the classical dual algo-

2We will use the superscript i to indicate that A’(k) and w’(k) are estimates of some global
variables.
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Algorithm 1 The Distributed Approximate Dual Subgradient Algorithm
Require: Initially, all the agents agree upon some 6 > 0 in the approximate

problem (Pa). Each agent ¢ chooses a common Slater vector z, computes 7;(2)
and obtains v := N max;cy 7;(2) through a max-consensus algorithm where v;(z)
is given in (5.7). After that, each agent i chooses initial states z;(0) € X and
&(0) e 2.
Ensure: At each time k, each agent ¢ executes the following steps:
1. For each k > 1, given v;(k), solve the local optimization problem (5.8), obtain
a solution z;(k) € Q;(v;(k)) and the dual optimal value Q;(v;(k)).
2: For each k > 0, generate the dual estimate &;(k+ 1) according to the following

rule:
&i(k + 1) = Py, [vi(k) + (k) Ds(k)], (5.9)

where the scalar a(k) > 0 is a step-size.

3: Repeat for k =k + 1.

rithm, e.g., in [116] and [15] to the multi-agent setting and non-convex case. In
the initialization of the DADS algorithm, the value v serves as an upper bound
on Di. In Step 1, one solution in Q;(v;(k)) is needed, and it is unnecessary to

compute the whole set §;(v;(k)). o

In the remainder of the chapter, we further assume that €;(£’) is singleton

given any £* € Di:

Assumption 5.3.1 (Singleton optimal dual solution sets) Given any dual
optimal solution £* € DJ, the set of €2;(&)) is singleton where £ = (uf, \*, w*) for
eachi e V.

Recall that v provides an upper bound of Dj. Then it suffices to verity
that Q;(&;) is singleton for any ||&;]| < . The above assumption is easy to check
when z; is a scalar. Furthermore, it follows from the second equality in (5.4) that

Assumption 5.3.1 is equivalent to the following:
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Assumption 5.3.2 Given any £* € D}, there is a unique solution to mir}V L(x,&).
zeX

The primal and dual estimates in the DADS algorithm will be shown to
asymptotically converge to a pair of primal-dual solutions to the approximate

problem (Pa). We formally state this in the following theorem:

Theorem 5.3.1 (Convergence of the DADS algorithm) Consider the prob-
lem (P) and the corresponding approximate problem (Pa) with some § > 0. We
let the non-degeneracy assumption 5.2.1, the balanced communication assump-
tion 5.2.2 and the periodic strong connectivity assumption 5.2.3 hold. In addition,
suppose the Slater’s condition 5.2.4 holds for the problem (P) and the assump-
tion 5.3.1 holds for the approzimate problem (Pa). Consider the dual sequences
of {us(k)}, {\N(k)}, {wi(k)} and the primal sequence of {z;(k)} of the distributed
approzimate dual subgradient algorithm with {a(k)} satisfying the following:

+oo +oo
klirf a(k) =0, Za(k) = 00, Za(k)2 < +o0.
—+00

k=0 k=0

Then, there exists a pair of primal-dual solution (z*,£*) € XX x DX where £ =
(u, N w*) with p* = (uf) and x* := (xF) such that the following holds for all
1eV:

lim |lps(k) = il =0, Yim [N (k) = A" =0,
—+00

k——+o00
i (k) — =0, Jim (k) — o] =0,

5.4 Convergence analysis

This section provides the complete analysis of Theorem 5.3.1. Recall that
g is continuous and X is compact. Then there are G, H > 0 such that [|g(z)]| < G
and ||z|| < H for all x € X. We start our analysis from the computation of

supgradients of Q);.
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Lemma 5.4.1 (Supgradient computation) Ifz; € (&), then (g(:i’i)T7 (—A—
)"zl (2 — AT, =207 is a supgradient of Q; at &; i.e., the following holds for

any & € =':

Qi(&) — Qi(&) < (g(Z), ps — ) + (—A = Ty, A — i)

Proof: The proof is based on the computation of dual subgradients, e.g.,
in [15, 16]. n

It follows from Lemma 5.4.1 that (g(z;(k))”, (—A—z; (k)T z:(k)T, (z:(k) —
AT —z;(k)T) is a supgradient of Q; at v;(k); i.e., the following supgradient in-
equality holds for any §; € =

Qi(&) — Qi(vi(k)) < (g(@i(k)), i — pua(k)) + (A = 25 (), Ai — vi(k)s)
+ (i (k), Ny — A (R)i) + (i (k) — A w; — vy, (k)i) + (—i(k), wiy, — vy, (k)i )-
(5.11)
Now we can see that the update rule (5.9) of dual estimates in the DADS
algorithm is a combination of a dual subgradient scheme and average consensus
algorithms. The following establishes that (); is Lipschitz continuous with some

Lipschitz constant L.

Lemma 5.4.2 (Lipschitz continuity of @);) There is a constant L > 0 such
that for any &,& € =/, it holds that ||Qi(&) — Qi(&)| < L||& — &l

Proof: Similarly to Lemma 5.4.1, one can show that if Z; € (&), then
(g(@)7, (—A — z)", 27 (z; — AT, —z7)T is a supgradient of Q; at &; i.e., the

(]

following holds for any &; € =':
Qi(&) — Q&) < (g(Ti), i — i) + (A =T, A — Ay)
+(Zi, Niy — S\iU> + (T — A w; — wy) + (=T, wiy, — Wiy, )-

Since ||g(%;)|| < G and ||z;]] < H, there is L > 0 such that Q;(&) — Qi(&) <

L|[& — &) Similarly, Q;(&) — Qi(&) < L||& — &]|. We then reach the desired
result. u
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In the DADS algorithm, the error induced by the projection map Py, is
given by:

We next provide a basic iterate relation of dual estimates in the DADS algorithm.

Lemma 5.4.3 (Basic iterate relation) Under the assumptions in Theorem 5.3.1,
for any ((11:), A, w) € Z with (p;, \,w) € M; for all i € V', the following estimate
holds for all k > 0:

> lleik) — a(k)Di(k)|?

< a(k)? Z 1D (k)||* + Z(Hfi(k) — &P =&k +1) = &17)
+ 2a(k) Z{@(%(k))nuz(k) — i) + (A = zi(k), vy (k)i — A
+ (i (k), 3 (R)iy, — Nig) + (i(k) — A v, (k) — wi) + (—ai(k), v}, (k)i — wiy)}-

(5.12)

Proof: Recall that M; is closed and convex. The proof is a combination
of the nonexpansion property of projection operators in [16] and the property of
balanced graphs. ]

The lemma below shows the asymptotic convergence of dual estimates.

Lemma 5.4.4 (Dual estimate convergence) Under the assumptions in Theo-
rem 5.3.1, there exists a dual optimal solution £ = ((u}), \*,w*) € D} such that

Jm lpi(k) = pill =0, Lim [|X(k) = A% =0, and lim jw'(k) —w?]] = 0.

Proof: By the dual decomposition property (5.4) and the boundedness of

dual optimal solution sets, the dual problem (Dj) is equivalent to the following:

max Yy Q;(&), st. &€ M. (5.13)

(&) v

Note that @; is affine and M, is convex, implying that the problem (5.13) is a

constrained convex programming where the global objective function is a simple
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sum of local ones and the local state constraints are convex and compact. The
rest of the proofs can be finished by following similar lines in Chapter 4, and thus
omitted. ]

The remainder of this section is dedicated to characterizing the convergence

properties of primal estimates. Toward this end, we present some properties of €2;.

Lemma 5.4.5 (Properties of marginal maps) The set-valued marginal map

Q; is closed. In addition, it is upper semicontinuous at & € Z'

s d.e., for any
¢ > 0, there is & > 0 such that for any & € B=(&;,0"), it holds that Ql(fl) C

BQX (Qz (52)7 E’).
Proof: Consider sequences {z;(k)} and {&;(k)} satistying klir+n &(k) =&,
— 100
z;i(k) € Q;(&(k)) and k;hT z;(k) = &;. Since L; is continuous, then we have
—400

Li(z:,&) = lim Li(x;(k),&(k) < lim (Qi(&(k))) = Qi(&),

k—4o00 T k—+oo

where in the inequality we use the property of x;(k) € ©;(&(k)), and in the last
equality we use the continuity of ;. Then #; € (&) and the closedness of €
follows.

Note that €;(&) = (&) N X. Recall that ©Q; is closed and X is compact.
Then it is a result of Proposition 1.4.9 in [11] that €;(&;) is upper semicontinuous
at & € Z'; i.e, for any neighborhood U in 2% of €;(&;), there is &' > 0 such that
V& € Bz(&,0'), it holds that (&) C U. Let U = Box (Qi(&), €), and we obtain
upper semicontinuity at &;. ]

With the above results, we are ready to show the convergence of primal

estimates.

Lemma 5.4.6 (Primal estimate convergence) Under the assumptions in The-

orem 5.3.1, for each i € V, there is &; € (&) such that klim zi(k) = Z;.
—+00

7

Proof: The combination of upper semicontinuity of €2; in Lemma 5.4.6
and klim &i(k) = & with & given in Lemma 5.4.4 ensures that each accumulation
—+00

point of {x;(k)} is a point in the set ;(£f); i.e., the convergence of {z;(k)} to
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the set €;(&F) can be guaranteed. By Assumption 5.3.1, we notice that €;(&/) is
singleton and then let ; = ;(£). We arrive in the desired result. |

Now we are ready to show the main result of this chapter, Theorem 5.3.1.
In particular, we will show complementary slackness, primal feasibility of z, and
its primal optimality, respectively.

Proof for Theorem 5.3.1:

Claim 1: (-A—7;+%;,, /) =0, (=A+7;,—Z;,,w]) = 0 and (9(Z;), ) =

Proof: Rearranging the terms related to A in (5.12) leads to the following
inequality holding for any ((u;), A\, w) € = with (u;, \,w) € M for all i € V:

- Z 20(k)((=A = a;(k), 03(k)i = Xi) + (i, (K), 0 (k)i — As))

< a(k)® Z IDi(k)|I” + Z(H&(k) = &lI* = [l&(k + 1) — &)
+ 2a(k) Z{<—xz’(’€)a Vi (R)iyy — Wiy ) + (wi(k) — A, v, (k); — w;)
+ (g(xi(k)), pi(k) — pa) }- (5.14)

Sum (5.14) over [0, K], divide by s(K) := Y& a(k), and we have

7 D0 0R) D2 + k) (k) = ) + (i (). = 1)
1 - 2 2 1 2 2
< ) 2 00 2 IPARIIE + s (3 0 0) = & = e+ 1) = 1)
+> 2a(k) Z(<g(xi(k>>mui(k> — i) + (wi(k) — A, vy, (k); — wi)
+ (=aik). vl )iy — i)} (5.15)

We now proceed to show (—A — Z; + Z;,, A\f) > 0 for each i € V. Notice
that we have shown that kgrfoo |x;(k) — &;|]| = 0 for all i € V, and it also holds that
Jim & (k) = €]l =0 for all i € V. Let \i = I, &y = A; for j # i and s = i,
w = w* in (5.15). Recall that {a(k)} is not summable but square summable, and

{D;(k)} is uniformly bounded. Take K" — 400, and then it follows from Lemma in
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Chapter 4 that:

(A+ 7 — &, N < 0. (5.16)

On the other hand, since £* € D}, we have [|£*|| < ~ given the fact that
v is an upper bound of DX. Let & := (u, A, w) where & = (u;, \,w). Then we
could choose a sufficiently small ¢ > 0 and £ € = in (5.15) such that [|§] < v+ 0;
where 0; is given in the definition of M; and £ is given by: A; = (14+0")A}, \; = A]
for j # i, w = w*, p = p*. Following the same lines toward (5.16), it gives that
—0(A +Z; — T;,, A\]) <0. Hence, it holds that (—=A — &; + Z;,, Af) = 0. The rest
of the proof is analogous and thus omitted. ]

Claim 2: 7 is primal feasible to the approximate problem (Ph).

Proof: We have known that z; € X. We proceed to show —A—2z;+2;, <0
by contradiction. Since ||£*|| < v, we could choose a sufficiently small ¢’ > 0 and
¢ = (u, \,w) where & = (u;, A,w) and [|&] < v+ 6; in (5.15) as follows: if
(=A—=Z;4+T;,)e > 0, then (N\;)p = (A])¢+d'; otherwise, (A\;); = (A])¢, and w = w*,
1= p*. The rest of the proofs is analogous to Claim 1.

Similarly, one can show ¢(Z;) < 0 and —A + Z; — Z;, < 0 by applying
analogous arguments. We conclude that z is primal feasible to the approximate
problem (Pp). |

Claim 3: 7 is a primal solution to the problem (Pa).

Proof: Since 7 is primal feasible to the approximate problem (Px), then
> iev fi(Zi) = pia. On the other hand, it follows from Claim 1 that

Zfz(fz) = Zﬁz’(iif;) < ZQz(fz*) < Pa-

=% eV =%
We then conclude that ).\, fi(Z;) = pA. In conjunction with the feasibility of z,
this further ensures that Z is primal optimal to the problem (PX). This completes

the proofs for Theorem 5.3.1. ]

5.5 Conclusions

We have studied a multi-agent optimization problem where the goal of

agents is to minimize a sum of local objective functions in the presence of a global
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inequality constraint and a global state constraint set. The optimization problem
under consideration is not necessarily convex. We have presented the distributed
approximate dual subgradient algorithm which allow agents to asymptotically con-
verge to a pair of primal-dual solutions to the approximate problem. This chapter

is based on the following papers:

(JP-6) M. Zhu and S. Martinez, “An approximate dual subgradient algorithm for
distributed non-convex constrained optimization”, IEEE Transactions on

Automatic Control, 2011, provisionally accepted.

(CP-10) M. Zhu and S. Martinez, “An approximate dual sugbradient algorithm for
multi-agent nonconvex optimization”, The 49" IEEE Conference on Deci-

sion and Control, pages 7487 — 7492, Atlanta, USA, Dec. 2010.
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Chapter 6

Game-theoretic optimal coverage

of visual mobile sensors

6.1 Introduction

There is a widespread belief that continuous and pervasive monitoring will
be possible in the near future with large numbers of networked, mobile, and wire-
less sensors. Thus, we are witnessing an intense research activity that focuses on
the design of efficient control mechanisms for these systems. In particular, decen-
tralized algorithms would allow sensor networks to react autonomously to changes
in the environment with minimal human supervision.

A substantial body of research on sensor networks has concentrated on
simple sensors that can collect scalar data; e.g., temperature, humidity or pressure
data. Here, a main objective is the design of algorithms that can lead to optimal
collective sensing through efficient motion control and communication schemes.
However, scalar measurements can be insufficient in many situations; e.g., in au-
tomated surveillance or traffic monitoring applications. In contrast, data-intensive
sensors such as cameras can collect visual data that are rich in information, thus
having tremendous potential for monitoring applications, but at the cost of a higher
processing overhead.

Precisely, this chapter aims to solve a coverage optimization problem tak-

116
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ing into account part of the sensing/processing trade-off. Coverage optimization
problems have mainly been formulated as cooperative problems where each sensor
benefits from sensing the environment as a member of a group. However, sens-
ing may also require expenditure; e.g., the energy consumed or the time spent by
image processing algorithms in visual networks. Because of this, we endow each
sensor with a utility function that quantifies this trade-off, formulating a coverage
problem as a variation of congestion games in [125].

Literature review. In broad terms, the problem studied here is related to
a bevy of sensor location and planning problems in the Computational Geometry,
Geometric Optimization, and Robotics literature. For example, different variations
on the (combinatorial) Art Gallery problem include [113][130][143]. The objective
here is how to find the optimum number of guards in a non-convex environment
so that each point is visible from at least one guard. A related set of references for
the deployment of mobile robots with omnidirectional cameras includes [53][52].
Unlike the Art Gallery classic algorithms, the latter papers assume that robots
have local knowledge of the environment and no recollection of the past. Other
related references on robot deployment in convex environments include [37][76] for
anisotropic and circular footprints.

The paper [1] is an excellent survey on multimedia sensor networks where
the state of the art in algorithms, protocols, and hardware is surveyed, and open
research issues are discussed in detail. As observed in [38], multimedia sensor
networks enhance traditional surveillance systems by enlarging, enhancing, and
enabling multi-resolution views. The investigation of coverage problems for static
visual sensor networks is conducted in [32][63][144].

Another set of relevant references to this chapter comprise those on the
use of game-theoretic tools to (i) solve static target assignment problems, and (ii)
devise efficient and secure algorithms for communication networks. In [81], the
authors present a game-theoretic analysis of a coverage optimization problem for
static sensor networks. This problem is equivalent to the weapon-target assignment
problem in [95] which is NP complete. In general, the solution to assignment

problems is hard from a combinatorial optimization viewpoint.
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Game Theory and Learning in Games are used to analyze a variety of
fundamental problems in; e.g., wireless communication networks and the Internet.
An incomplete list of references includes [3] on power control, [126] on routing,
and [139] on flow control. However, there has been limited research on how to
employ Learning in Games to develop distributed algorithms for mobile sensor
networks. One exception is the paper [82] where the authors establish a link
between cooperative control problems (in particular, consensus problems), and
games (in particular, potential games and weakly acyclic games).

Statement of contributions. The contributions of this chapter pertain to
both coverage optimization problems and Learning in Games. Compared with [74]
and [76], this chapter employs a more accurate sensing model and the results can
be easily extended to include non-convex environments. Contrary to [74], we do
not consider energy expenditure from sensor motions.

Regarding Learning in Games, we extend the use of the payoff-based learn-
ing dynamics first novelly proposed in [83][84]. The coverage game we consider
here is shown to be a (constrained) exact potential game. A number of learning
rules; e.g., better (or best) reply dynamics and adaptive play, have been proposed
to reach Nash equilibria in potential games. In these algorithms, each player must
have access to the utility values induced by alternative actions. In our problem
set-up; however, this information is unaccessible because of the information con-
straints caused by unknown rewards, motion and sensing limitations. To tackle
this challenge, we develop two distributed payoff-based learning algorithms where
each sensor only remembers its own utility values and actions played during the
last two plays.

In the first algorithm, at each time step, each sensor repeatedly updates its
action synchronously, either trying some new action in the state-dependent feasible
action set or selecting the action which corresponds to a higher utility value in the
most recent two time steps. As the algorithm for the special identical interest games
in [84], the first algorithm employs a diminishing exploration rate. The dynamically
changing exploration rate renders the algorithm a time-inhomogeneous Markov

chain, and allows for the convergence in probability to the set of (constrained)
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Nash equilibria, from which no agent is willing to unilaterally deviate.

The second algorithm is asynchronous. At each time step, only one sensor is
active and updates its state by either trying some new action in the state-dependent
feasible action set or selecting an action according to a Gibbs-like distribution from
those played in last two time steps when it was active. The algorithm is shown to be
convergent, in probability to the set of global maxima of a coverage performance
metric. Rather than maximizing the associated potential function in [83], the
second algorithm optimizes the sum of local utility functions which captures better
a global trade-off between the overall network benefit from sensing and the total
energy the network consumes. By employing a diminishing exploration rate, our
algorithm is guaranteed to have stronger convergence properties that the ones

in [83].

6.2 Problem formulation

Here, we first review some basic game-theoretic concepts; see, for exam-
ple [51]. This will allow us to formulate subsequently an optimal coverage problem
for mobile visual sensor networks as a repeated multi-player game. We then intro-

duce notations used throughout the chapter.

6.2.1 Background in Game Theory
A strategic game I' := (V, A, U) has three components:
1. A set V enumerating players i € V := {1,--- , N}.

2. An action set A := HZJL A; is the space of all actions vectors, where s; € A;

is the action of player i and a (multi-player) action s € A has components

S1,...,SN-

3. The collection of utility functions U, where the utility function u; : A — R

models player i’s preferences over action profiles.

Denote by s_; the action profile of all players other than i, and by A_; =
I i Aj the set of action profiles for all players except ¢. The concept of (pure)
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Nash equilibrium (NE, for short) is the most important one in Non-cooperative

Game Theory [51] and is defined as follows.

Definition 6.2.1 (Nash equilibrium [51]) Consider the strategic game I'. An
action profile s* := (sf,s*;) is a (pure) NE of the game I" if Vi € V and Vs; € A;,
it holds that u;(s*) > u;(s;, s*;).

—i

An action profile corresponding to an NE represents a scenario where no
player has incentive to unilaterally deviate. Exact potential games form an im-
portant class of strategic games where the change in a player’s utility caused by a

unilateral deviation can be exactly measured by a potential function.

Definition 6.2.2 (Exact potential game [92]) The strategic game I' is an ex-
act potential game with potential function ¢ : A — R if for every i € V, for every

s_; € A_;, and for every s;, s; € A;, it holds that

P(si,5-3) — ¢(5;7 5_i) = ui(85,5-4) — ui(sg, i) (6.1)

In conventional Non-cooperative Game Theory, all the actions in A; always
can be selected by player ¢ in response to other players’ actions. However, in
the context of motion coordination, the actions available to player ¢ will often
be constrained to a state-dependent subset of A;. In particular, we denote by
Fi(si,s_;) C A; the set of feasible actions of player i when the action profile is
s = (si,5-;). We assume that s; € Fj(s;,s_;) for any s € A throughout this
chapter. Denote F(s) := [[,cy Fi(s) € A, Vs € A and F := U{F(s) | s € A}.
The introduction of F' leads naturally to the notion of constrained strategic game

[es := (V, A, U, F), and the following associated concepts.

Definition 6.2.3 (Constrained Nash equilibrium) Consider the constrained
strategic game I'os. An action profile s* is a constrained (pure) NE of the game

[es if Vi € V oand Vs; € Fi(sf, s*;), it holds that u;(s*) > u;(s;, s*,).

Definition 6.2.4 (Constrained exact potential game) The game I, is a con-
strained exact potential game with potential function ¢(s) if for every i € V', every

s_; € A, and every s; € A;, the equality (6.1) holds for every s, € F;(s;,s_;).
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With the assumption of s; € Fi(s;,s_;) for any s € A, we observe that
if s* is an NE of the strategic game I', then it is also a constrained NE of the
constrained strategic game I',os. For any given strategic game, NE may not exist.
However, the existence of NE in exact potential games is guaranteed [92]. Hence,
any constrained exact potential game with the assumption of s; € F(s;,s_;) for

any s € A has at least one constrained NE.

6.2.2 Coverage problem formulation
Mission space

We consider a convex 2-D mission space that is discretized into a (squared)
lattice. We assume that each square of the lattice has unit dimensions. Each square
will be labeled with the coordinate of its center ¢ = (., q,), where ¢, € [Gr,1. s rmas)
and gy € [Qyoins Qmas)s TOr sSOMeE INtEGETS Gy Guonins Comars Qymax- DeNOte by Q the
collection of all squares of the lattice.

We now define an associated location graph Gio. := (Q, Eioc) where ((q., qy),
(475 qy)) € Eioe if and only if |g; — gu| + |gy — gy| = 1 for (¢z, ), (¢2r, qy) € Q.
Note that the graph G is undirected; i.e., (¢,q') € Fio. if and only if (¢, q) € Ejoc.
The set of neighbors of ¢ in Ey is given by N)°° := {¢' € Q\ {q} | (¢,¢) € Eloc}-
We assume that the location graph G is fixed and connected, and denote its
diameter by D.

Agents are deployed in Q to detect certain events of interest. As agents
move in @ and process measurements, they will assign a numerical value W, > 0
to the events in each square with center ¢ € Q. If W, = 0, then there is no
significant event at the square with center ¢. The larger the value of W, is, the
more of interest the set of events at the square with center ¢ is of. Later, the
amount W, will be identified with a benefit of observing the point ¢. In this set-
up, we assume the values W, to be constant in time. Furthermore, W, is not
a prior knowledge to the agents, but the agents can measure this value through

sensing the point q.
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Modeling of the visual sensor nodes

Each mobile agent i is modeled as a point mass in Q, with location a; :=
(x;,y;) € Q. Each agent has mounted a pan-tilt-zoom camera, and can adjust its
orientation and focal length.

The visual sensing range of a camera is directional, limited-range, and has

a finite angle of view. Following a geometric simplification, we model the visual

sensing region of agent ¢ as an annulus sector in the 2-D plane; see Figure 6.1.

"

Figure 6.1: Visual sensor footprint and a configuration of the mobile sensor
network

The visual sensor footprint is completely characterized by the following
parameters: the position of agent i, a; € Q, the camera orientation, 6; € [0, 27), the
camera angle of view, (; € [min, Omax, and the shortest range (resp. longest range)
between agent i and the nearest (resp. farthest) object that can be recognized from
shrt .Ing

r

A A

the image, 7™ € [rin, Tmax] (T€SP. ring € [Fmin, "max)). The parameters r
(; can be tuned by changing the focal length FL; of agent i’s camera. In this way,
¢; = (FL;, 0;) € [0, FLyax] X [0, 27) is the camera control vector of agent . In what
follows, we will assume that ¢; takes values in a finite subset C C [0, FLax] X [0, 27).
An agent action is thus a vector s; := (a;,¢;) € A; := Q x C, and a multi-agent

action is denoted by s = (s1,...,sy) € A=Y | A;.
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Let D(a;, ¢;) be the visual sensor footprint of agent i. Now we can define a
proximity sensing graph' G, (s) := (V, Esen(s)) as follows: the set of neighbors of
agent i, N7(s), is given as N (s) := {j € V\{i} | D(a;, ;) N D(a;,c;) N Q # 0}.

Each agent is able to communicate with others to exchange information. We
assume that the communication range of agents is 2r,,.,. This induces a 27,,,,~disk
communication graph Geomm(s) := (V, Feomm(5)) as follows: the set of neighbors of
agent i is given by N (s) == {j € V\{i}] (05— 2)° + (35 — 1))? < (2ruan)’}.
Note that Geomm(s) is undirected and that Gen(S) € Geomm (5)-

The motion of agents will be limited to a neighboring point in G, at each
time step. Thus, an agent feasible action set will be given by F;(a;) := ({a;} U
Nee) x C.

Coverage game

We now proceed to formulate a coverage optimization problem as a con-
strained strategic game. For each ¢ € Q, we denote n,(s) as the cardinality of the
set {k € V| g € D(ag,cr) N Q}; i.e., the number of agents which can observe the
point g. The “profit” given by W, will be equally shared by agents that can observe
the point q. The benefit that agent ¢ obtains through sensing is thus defined by

Wy

quD(ai,ci)ﬂQ ng(s)”

On the other hand, and as argued in [85], the processing of visual data can
incur a higher cost than that of communication. This is in contrast with scalar
sensor networks, where the communication cost dominates. With this observation,
we model the energy consumption of agent i by fi(c;) = L¢((r"%)? — (r3™)?).
A similar energy model is used in [144] and references therein. This measure
corresponds to the area of the visual sensor footprint and can serve to approximate
the energy consumption or the cost incurred by image processing algorithms.

We will endow each agent with a utility function that aims to capture the

above sensing/processing trade-off. In this way, we define a utility function for

1See [25] for a definition of proximity graph.
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agent ¢ by

4%
wi(s)= Y = — file).
qED(ai,ci)ﬁQ nq(s)
Note that the utility function w; is local over the visual sensing graph Ggen($);
i.e., u; is only dependent on the actions of {i} UN"(s). With the set of utility
functions U,y = {u; }icv, and feasible action set Foo, = I1Y, Uai A, Fi(a;), we now
have all the ingredients to introduce the coverage game Iy := (V) A, Ucoy, Feov)-

This game is a variation of the congestion games introduced in [125].

Lemma 6.2.1 The coverage game ., 1S a constrained exact potential game with

potential function

ng(s) W N
YRR S 3L Y1
qeQ (=1 i=1

Proof: The proof is a slight variation of that in [125]. Consider any
s = (si,5_;) € A where s; := (a;,¢;). We fix i € V and pick any s, = (a},c})

from F;(a;). Denote s = (si,s_;), Q1 = (D(a;,¢;)\D(a;,c;)) N Q and Qy :=
(D(a}, ;)\D(a;, c;)) N Q. Observe that

171

qeQ)y 4=1 (=1 qeQa /=1 /=1
Wq Wq
= - — filei) + fi(c)
foered ng(s) QEZQQ ng(s')

where in the second equality we utilize the fact that for each ¢ € €y, n,(s) =
ng(s") + 1, and each g € Qy, ny(s") = ny(s) + 1. |

We denote by £(Tcoy) the set of constrained NEs of T,y It is worth men-
tioning that £(Teey) # 0 due to the fact that T'w,y is a constrained exact potential

game.
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Remark 6.2.1 The assumptions of our problem formulation admit several exten-
sions. For example, it is straightforward to extend our results to non-convex 3-D
spaces. This is because the results that follow can also handle other shapes of the
sensor footprint; e.g., a complete disk, a subset of the annulus sector. On the other
hand, note that the coverage problem can be interpreted as a target assignment
problem—here, the value W, > 0 would be associated with the value of a target

located at the point q. °

6.2.3 Notations

In the following, we will use the Landau symbol, O, as in O(e"), for some
¢ > 0. This implies that 0 < lim. o+ OSL) < +00. We denote by diag(A) :=

{(s,s) € A% s € A} and diag(€(Teoy)) := {(5,5) € A%| s € E(Teov)}-

Consider a,a’ € QY where a; # a, and a_; = a’; for some i € V. The

transition a — o’ is feasible if and only if (a;,a}) € Ee. A feasible path from a
to a’ consisting of multiple feasible transitions is denoted by a = da/. Let oa :=
{d’ € Q| a = d'} be the reachable set from a.

Let s = (a,c¢), s = (d, ') € A where a; # a; and a_; = a’_; for some i € V.
The transition s — ' is feasible if and only if s} € F;(a). A feasible path from
s to s’ consisting of multiple feasible transitions is denoted by s = s’. Finally,

os :={s € A| s = s'} will be the reachable set from s.

6.3 Preliminaries

For the sake of a self-contained exposition, we include here some background

in Markov chains [64] and the Theory of Resistance Trees [154].

Background in Markov chains

A discrete-time Markov chain is a discrete-time stochastic process on a finite
(or countable) state space and satisfies the Markov property (i.e., the future state

depends on its present state, but not the past states). A discrete-time Markov
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chain is said to be time-homogeneous if the probability of going from one state to
another is independent of the time when the step is taken. Otherwise, the Markov
chain is said to be time-inhomogeneous.

Since time-inhomogeneous Markov chains include time-homogeneous ones
as special cases, we will restrict our attention to the former in the remainder of
this section. The evolution of a time-inhomogeneous Markov chain {Py} can be
described by the transition matrix P(k) which gives the probability of traversing
from one state to another at each time k.

Consider a Markov chain {Py} with time-dependent transition matrix P(k)

on a finite state space X. Denote by P(m,n) := nol P(k), 0 <m < n.

t=m

Definition 6.3.1 (Strong ergodicity [64]) The Markov chain {P} is strongly
ergodic if there exists a stochastic vector p* such that for any distribution g on X

and any m € Z., it holds that limy_,, o u? P(m, k) = (u*)T.

Strong ergodicity of {Py} is equivalent to {P;} being convergent in distribu-
tion and will be employed to characterize the long-run properties of our learning
algorithm. The investigation of conditions under which strong ergodicity holds
is aided by the introduction of the coefficient of ergodicity and weak ergodicity
defined next.

Definition 6.3.2 (Coefficient of ergodicity [64]) For any nxn stochastic ma-

trix P, its coefficient of ergodicity is defined as follows:

n

AP):=1- Join 3 min(P;, P, ).

Definition 6.3.3 (Weak ergodicity [64]) The Markov chain {P;} is weakly er-
godic if Vx,y, 2 € X, Vm € Z,, it holds that lim_, (P,.(m, k) — P,.(m, k)) = 0.

Weak ergodicity merely implies that {P)} asymptotically forgets its initial
state, but does not guarantee convergence. For a time-homogeneous Markov chain,
there is no distinction between weak ergodicity and strong ergodicity. The following
theorem provides the sufficient and necessary condition for {Pj} to be weakly

ergodic.
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Theorem 6.3.1 ([64]) The Markov chain {Py} is weakly ergodic if and only if
there is a strictly increasing sequence of positive numbers k;, i € Z, such that

;03(1 - )\(P(/fu ki+1)) = +00.

We are now ready to present the sufficient conditions for strong ergodicity
of the Markov chain {P;}.

Theorem 6.3.2 ([64]) A Markov chain {Py} is strongly ergodic if the following
conditions hold:

(B1) The Markov chain {Py} is weakly ergodic.

(B2) For each k, there exists a stochastic vector u* on X such that p* is
the left eigenvector of the transition matriz P(k) with eigenvalue 1.

(B3) The eigenvectors pi* in (B2) satisfy > 10> .cx |1 — pi+| < +o0.

Moreover, if u* = limy_, oo ¥, then u* is the vector in Definition 6.5.1.

Background in the Theory of Resistance Trees

Let PY be the transition matrix of the time-homogeneous Markov chain
{P} on a finite state space X. Furthermore, let P¢ be the transition matrix of
a perturbed Markov chain, say {Pg}. With probability 1 — ¢, the process {Pg}
evolves according to PV, while with probability €, the transitions do not follow PY.

A family of stochastic processes {Ps} is called a regular perturbation of
{PP} if the following holds Vz,y € X:

(A1) For some ¢ > 0, the Markov chain {Ps} is irreducible and aperiodic
for all € € (0,¢].

(A2) lim,o+ P, = Py,

(A3) If P;, > 0 for some ¢, then there exists a real number x(z — y) > 0
such that lim._,o+ P5,/eX"7%) € (0, +00).

In (A3), x(z — y) is called the resistance of the transition from x to y.

Let Hy, Hs, -+, Hjy be the recurrent communication classes of the Markov
chain {P?}. Note that within each class Hy, there is a path of zero resistance from

every state to every other. Given any two distinct recurrence classes H, and Hj,
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consider all paths which start from H, and end at H,. Denote by xs the least
resistance among all such paths.

Now define a complete directed graph G where there is one vertex ¢ for each
recurrent class Hy, and the resistance on the edge (¢, s) is xus. An f-tree on G is
a spanning tree such that from every vertex s # ¢, there is a unique path from s
to £. Denote by G(¢) the set of all ¢-trees on G. The resistance of an (-tree is the
sum of the resistances of its edges. The stochastic potential of the recurrent class

Hy is the least resistance among all (-trees in G(/).

Theorem 6.3.3 ([154]) Let {P5} be a regular perturbation of {Py}, and for each
e > 0, let u(e) be the unique stationary distribution of {Pg}. Then lim, o+ p(e)
exists and the limiting distribution pu(0) is a stationary distribution of {PY}. The
stochastically stable states (i.e., the support of 11(0)) are precisely those states con-

tained in the recurrence classes with minimum stochastic potential.

6.4 Distributed learning algorithms and conver-

gence results

In our coverage problem, we assume that W, is unknown to all the sensors
in advance. Furthermore, due to the restrictions of motion and sensing, each agent
is unable to obtain the information of W, if the point ¢ is outside its sensing range.
In addition, the utility of each agent depends upon the group strategy. These
information constraints render that each agent is unable to access the utility values
induced by alternative actions. Thus the action-based learning algorithms; e.g.,
better (or best) reply learning algorithm and adaptive play learning algorithm can
not be employed to solve our coverage games. It motivates us to design distributed
learning algorithms which only require the payoff received.

In this section, we come up with two distributed payoff-based learning algo-
rithms, say Distributed Inhomogeneous Synchronous Coverage Learning Algorithm
(DISCL, for short) and Distributed Inhomogeneous Asynchronous Coverage Learn-
ing Algorithm (DIACL, for short). We then present their convergence properties.
Relevant algorithms include payoff-based learning algorithms proposed in [83][84].
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6.4.1 Distributed Inhomogeneous Synchronous Coverage

Learning Algorithm

For each k > 1 and ¢ € V, we define 7;(k) as follows: 7;(k) = k if u;(s(k)) >
u;(s(k—1)), otherwise, 7;(k) = k—1. Here, s;(7;(k)) is the more successful action of
agent ¢ in last two steps. The DISCL algorithm is formally stated in the following
table:

1. [Initialization:] At k = 0, all agents are uniformly placed in Q. Each agent i
uniformly chooses its camera control vector ¢; from the set C, communicates
with agents in NV7*"(s(0)), and computes u;(s(0)). At k& = 1, all the agents
keep their actions.

2: [Update:] At each time k > 2, each agent i updates its state according to the

following rules:

1
e Agent i chooses the exploration rate e(k) = ¢ ¥2+D with D being the

diameter of the location graph G.., and computes s;(7;(k)).

e With probability e(k), agent i experiments, and chooses the temporary
action si® := (a{®, ¢’) uniformly from the set F;(a;(k)) \ {si(7:(k))}.

10

e With probability 1 — e(k), agent i does not experiment, and sets slfp =

t . . . . t
e After s;” is chosen, agent i moves to the position ¢;” and sets the camera

t
control vector to ¢;”.

p

3: [Communication and computation:] At position a;”, each agent i sends the

information D(a{®, ¢;?) N Q to agents in N5 (sP, s'®). After that, each agent

AR

i identifies the quantity n,(s'), for each ¢ € D(a{®,c’) N Q, computes the

utility u;(s;?, s'®) and the feasible action set of F;(a;?).

4: Repeat Steps 2 and 3.

Remark 6.4.1 A variation of the DISCL algorithm corresponds to e(k) = € €

(0, %] constant for all £ > 2. If this is the case, we will refer to the algorithm as

Distributed Homogeneous Synchronous Coverage Learning Algorithm (DHSCL, for
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short). Later, the convergence analysis of the DISCL algorithm will be based on
the analysis of the DHSCL algorithm. °

Denote the space B := {(s,s') € Ax A| s, € Fi(a;), Vi € V}. Observe
that z(k) := (s(k—1), s(k)) in the DISCL algorithm constitutes a time-inhomogeneous
Markov chain {P)} on the space B. The following theorem implies that the DISCL
algorithm asymptotically converges to the set of £(I'.,y) in probability.

Theorem 6.4.1 Consider the Markov chain {Py} induced by the DISCL Algo-
rithm. It holds that limy_, o P(2(k) € diag(E(Teoy))) = 1.

The proofs of Theorem 6.4.1 are provided in Section 6.5.

Remark 6.4.2 An algorithm is proposed for the general class of weakly acyclic
games (including potential games as special cases) in [84], and is able to find an
NE with an arbitrarily high probability by choosing an arbitrarily small and fixed
exploration rate € in advance. However, it is difficult to derive an analytic relation
between the convergent probability and the exploration rate. For the special case
of identical interest games (all players share an identical utility function), the
authors in [84] exploit a diminishing exploration rate and obtain a stronger result
of convergence in probability. This motivates us to utilize a diminishing exploration
rate in the DISCL algorithm which allows for the convergence to the set of NEs
in probability. In the algorithm for weakly acyclic games in [84], each player may
execute the baseline action which depends on all the past plays. As as result,
the algorithm for weakly acyclic games in [84] cannot be utilized to solve our
problem because the baseline action may not be feasible when the state-dependent
constraints are present. It is worth mentioning that the paper [84] also investigates

a case where the utility values are corrupted by noises. °

6.4.2 Distributed Inhomogeneous Asynchronous Coverage

Learning Algorithm

Lemma 6.2.1 shows that the coverage game I'.,, is a constrained exact po-

tential game with potential function ¢(s). However, this potential function is not a
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straightforward measure of the network coverage performance. On the other hand,
the objective function Uy(s) := >, u,(s) captures the trade-off between the over-
all network benefit from sensing and the total energy the network consumes, and
thus can be perceived as a more natural coverage performance metric. Denote by
S* = {s| argmax,. 4U,(s)} as the set of global maximizers of U,(s). In this part,
we present the DIACL algorithm which is convergent in probability to the set S*.

Before that , we first introduce some notations for the DIACL algorithm.

Denote by the space B as follows:

B = {(5,3’) EAXA| s;=5",, s € Fia;) for some i€ V}.

71'7

For any s, s' € A with s, = s, for some i € V', we denote

A )= 3 e Dy T

1 0y’
S5 malst) 2 S5 ng(s0)

where Q; := D(a}, cH)\D(a},?) N Q and Qy := D(a?, ))\D(a},c}) N Q, and

pi(s°,81) == wui(sh) — Ay(s, %) — u(s?) + Ay(s%,s1),
\Ill-(so, 31) = max{ui(so) — Ai(so, sl), ui(sl) — Ay(st, so)},

. 1
m' = (50,511()%%),(3%53{%(80’ sh) — (ui(s°) — Ay(s%, 1)), 5}
It is easy to check that A;(s!, s%) = —A;(s°, s') and U,(sY, s') = ¥, (s, s°). Assume
that at each time instant, one of agents becomes active with equal probability.
This can be realized by employing the asynchronous time model proposed in [20]
where each node has a clock which ticks according to a rate 1 Poisson process.
For this reason, we will refer the following algorithm to be asynchronous. Denote
by ~i(k) the last time instant before ¢ when agent i was active. We then denote
752)(k) = 7(7i(k)). The main steps of the DIACL algorithm are described in the
following.

1. [Initialization:] At k& = 0, all agents are uniformly placed in Q. Each agent
¢ uniformly chooses the camera control vector ¢; from the set C, and then
communicates with agents in N"(s(0)) and computes u;(s(0)). Furthermore,
each agent i chooses m; € (2m*, Km*] for some K > 2. At k = 1, all the

sensors keep their actions.
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2: [Update:] Assume that agent i is active at time k& > 2. Then agent i updates
its state according to the following rules:
e Agent i chooses the exploration rate (k) = ™ T
e With probability e(k)™, agent i experiments and uniformly chooses si° :=
(a®, ¢'P) from the action set F;(a;(k)) \ {s:(k), s;(v? (k) + 1)}.
e With probability 1 — e(k)™, agent i does not experiment and chooses s.”
according to the following probability distribution:

1

P(s® = s;(k)) = ;
( () 1+ ek (410060

7

fo)Pi(si (v () +1),s0(k)
P(s? = 5,(12 (k) + 1)) = — )

1+ e(k)Pis? 41,008

o After szp is chosen, agent ¢ moves to the position a‘;p and sets its camera
control vector to be ¢;P.
3: [Communication and computation:] At position azp, the active agent 7 initiates

a message to agents in N5 (si®, s_;(k)). Then each agent j € N**(s'P, s_;(k))

sends the information of D( Poc )ﬂ Q to agent i. After receiving such informa-
tion, agent ¢ identifies the quantlty ny(si®, s_i(k)) for each ¢ € D(a}®, cP)N Q,

computes the utility u;(s.", s_;(k)), As((s{2, 5_5(k)), s(7i(k) + 1)), and the fea-
sible action set of Fj(a;?).

4: Repeat Steps 2 and 3.

Remark 6.4.3 A variation of the DIACL algorithm corresponds to €(k) = € €
(0, %] constant for all £ > 2. If this is the case, we will refer to the algorithm as the
Distributed Homogeneous Asynchronous Coverage Learning Algorithm (DHACL,
for short). Later, we will base the convergence analysis of the DIACL algorithm
on that of the DHACL algorithm. °

Like the DISCL algorithm, z(k) := (s(t — 1), s(k)) in the DIACL algorithm
constitutes a time-inhomogeneous Markov chain {Py} on the space B’. The fol-
lowing theorem implies that the DTACL algorithm asymptotically converges to the
set of S* with probability one.

Theorem 6.4.2 Consider the Markov chain {Py} induced by the DIACL algo-
rithm for the game TUeo,. Then it holds that limy_,, o P(z(k) € diag(S*)) =
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The proofs of Theorem 6.4.2 are provided in Section 6.5.

Remark 6.4.4 A synchronous payoff-based, log-linear learning algorithm is pro-
posed in [83] for potential games in which players aim to maximize the potential
function of the game. As we mentioned before, the potential function is not suit-
able to act as a coverage performance metric. As opposed to [83], the DIACL
algorithm instead seeks to optimize a different function U,(s) perceived as a nat-
ural network performance metric. Furthermore, the DIACL algorithm exploits a
diminishing step-size, and this choice allows for convergence to the set of global
optima in probability. On the other hand, convergence in [83] is to the set of NE
with arbitrarily high probability. Theoretically, our result is stronger than that

of [83] by choosing an arbitrarily small and fixed exploration rate in advance. e

6.5 Convergence Analysis

In this section, we prove Theorem 6.4.1 and 6.4.2 by appealing to the Theory
of Resistance Trees in [154] and the results in strong ergodicity in [64]. Relevant
papers include [83][84] where the Theory of Resistance Trees in [154] are novelly
utilized to study the class of payoff-based learning algorithms, and [7][56][89] where
the strong ergodicity theory is employed to characterize the convergence properties

of time-inhomogeneous Markov chains.

6.5.1 Convergence analysis of the DISCL Algorithm

We first utilize Theorem 6.3.3 to characterize the convergence properties of
the associated DHSCL algorithm. This is essential for the analysis of the DISCL
algorithm.

Observe that z(k) := (s(k — 1), s(k)) in the DHSCL algorithm constitutes
a time-homogeneous Markov chain {P;} on the space B. Consider z,2' € B.
A feasible path from z to 2’ consisting of multiple feasible transitions of {P;} is

denoted by z = 2’. The reachable set from z is denoted as oz := {2’ € B | z = 2'}.

Lemma 6.5.1 {P¢} is a reqular perturbation of {Py}.



134

Proof: Consider a feasible transition z!' — 2? with 2! := (so,sl) and
2% := (s',s%). Then we can define a partition of V as A; := {z eVl s n(0, 1)}
and Ay := {z eV| s? € Fi(al)\ {5?(0,1)}}. The corresponding probability is given
by

Pzele = H X H ’ 1 (62)

SN JEA2
Hence, the resistance of the transition z! — 22 is |Ay| € {0,1,---, N} since
0< El_l}r(% —€|A2| H | — < +o0.
JEA2

We have that (A3) in Section 6.3 holds. It is not difficult to see that (A2)
holds, and we are now in a position to verify (Al). Since G, is undirected and
connected, and multiple sensors can stay in the same position, then oa’ = Q¥ for
any a’ € Q. Since sensor ¢ can choose any camera control vector from C at each
time, then ¢s” = A for any s € A. It implies that ¢z° = B for any 2° € B, and
thus the Markov chain {Pf} is irreducible on the space B.

It is easy to see that any state in diag(A) has period 1. Pick any (s°, s') €
B\ diag(A). Since Gy is undirected, then sV € F;(a}) if and only if s} € F;(a?).
Hence, the following two paths are both feasible:

Hence, the period of the state (s, s') is 1. This proves aperiodicity of {P5}. Since
{P;} is irreducible and aperiodic, then (A1) holds. |

Lemma 6.5.2 For any (s, s") € diag(A)\diag(E(Leoy)), there is a finite sequence
of transitions from (s°,s%) to some (s*,s*) € diag(E(Teoy)) that satisfies

L= (s Q) (5%, sh) o) (s, s) Q) (st 5?)
oQ (5%, 5%) %A (571 s57) oQ (s7,87)

where (s7,s7) = (s*,s*) for some T > 1.
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Proof: If s° ¢ (T ), there exists a sensor ¢ with a action s} € F;(a) such

that w;(s') > u;(s?) where s, = s!,. The transition (s° s°) — (s°, s') happens

when only sensor i experiments, and its corresponding probability is (1 —€)V =1 x

____€
|Fi(a?)]-1"

have that ¢(s') — ¢(s?) = u;(s') — u;(s°) and thus ¢(s) > ¢(s").

Since u;(s') > u;(s°) and s°, = st ;. the transition (s°, s') — (s!,s') occurs

—17

Since the function ¢ is the potential function of the game I'.,,, then we

when all sensors do not experiment, and the associated probability is (1 — €)V.
We repeat the above process and construct the path £ with length 7 > 1.
Since ¢(s') > ¢(s 1) for i = {1,...,7}, then s" # s/ for i # j and thus the path
L has no loop. Since A is finite, then 7 is finite and thus s™ = s* € E(Teoy)- [ |
A direct result of Lemma 6.5.1 is that for each ¢, there exists a unique
stationary distribution of {Pf}, say u(€). We now proceed to utilize Theorem 6.3.3

to characterize lim o+ pu(€).

Proposition 6.5.1 Consider the reqular perturbation {Pg} of {Pp}. Then el_ig&r p(€)
exists and the limiting distribution u(0) is a stationary distribution of {P2}. Fur-
thermore, the stochastically stable states (i.e., the support of 1(0)) are contained
in the set diag(E(Leoy))-

Proof: Notice that the stochastically stable states are contained in the re-
current communication classes of the unperturbed Markov chain that corresponds
to the DHSCL Algorithm with € = 0. Thus the stochastically stable states are
included in the set diag(A) C B. Denote by T}, the minimum resistance tree and
by h, the root of T,;,. Each edge of T, has resistance 0, 1,2, ... corresponding
to the transition probability O(1),O0(¢), O(€?),.... The state 2’ is the successor
of the state z if and only if (z,2') € Tin,. Like Theorem 3.2 in [84], our analysis
will be slightly different from the presentation in 6.3. We will construct 7,;, over
states in the set B (rather than diag(A)) with the restriction that all the edges
leaving the states in B\ diag(.A) have resistance 0. The stochastically stable states

are not changed under this difference.
Claim 1 For any (s°,s') € B\ diag(A), there is a finite path

L= (s sh) OL%) (st 5?) O—> (5%, 5%)
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where s = szi(o’l) forallieV.

Proof: These two transitions occur when all agents do not experiment. The

corresponding probability of each transition is (1 — ¢)V. |
Claim 2 The root h, belongs to the set diag(A).

Proof: Suppose that h, = (s°,s') € B\ diag(A). By Claim 1, there is a
finite path £’ := (s, s!) o) (st s%) o) (s?,5*). We now construct a new tree T’
by adding the edges of the path £’ into the tree Ty, and removing the redundant
edges. The total resistance of adding edges is 0. Observe that the resistance of
the removed edge exiting from (32752) in the tree T,,;, is at least 1. Hence, the

resistance of 7" is strictly lower than that of T,,;,, and we get to a contradiction.Hl

Claim 3 Pick any s* € E(Leoy) and consider z = (s*,s*), 2/ := (s*,§) where

S+ s*. If (2,2') € T, then the resistance of the edge (z,2') is some T > 2.

Proof: Suppose the deviator in the transition z — 2’ is unique, say i.
Then the corresponding transition probability is O(e). Since s* € E(Teoy) and
§; € Fi(af), we have that (s}, s*;) > u;(8;, 5_;), where s*, = §_,.

Since 2’ € B\ diag(A), it follows from Claim 2 that the state 2’ can not be
the root of T, and thus has a successor z”. Note that all the edges leaving the
states in B\ diag(.A) have resistance 0. Then none experiments in the transition
2 — 2" and 2" = (8, 8) for some §. Since w;(s}, s*;) > u;(8;,5-;) with s*, = 5,
we have § = s* and thus z” = (8, s*). Similarly, the state z” must have a successor
2" and 2" = z. We then obtain a loop in T, which contradicts that T}, is a
tree.

It implies that at least two sensors experiment in the transition z — 2’

Thus the resistance of the edge (z, 2') is at least 2. |
Claim 4 The root h, belongs to the set diag(E(Teoy))-

Proof: Suppose that h, = (s, s°) ¢ diag(E(Teoy)). By Lemma 6.5.2, there
is a finite path £ connecting (5%, s%) and some (s*, s*) € diag(€(Teoy)). We now
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construct a new tree 7" by adding the edges of the path £ into the tree T},;, and
removing the edges that leave the states in £ in the tree T},;,. The total resistance
of adding edges is 7. Observe that the resistance of the removed edge exiting from
(s%,s") in the tree Tpyy, is at least 1 fori € {1,--- ,7—1}. By Claim 3, the resistance
of the removed edge leaving from (s*, s*) in the tree Ty, is at least 2. The total
resistance of removing edges is at least 7+ 1. Hence, the resistance of 7" is strictly
lower than that of T,;,, and we get to a contradiction. [ |
It follows from Claim 4 that the states in diag(€(I'cy)) have minimum
stochastic potential. Since Lemma 6.5.1 shows that Markov chain {P:} is a reg-
ularly perturbed Markov process, Proposition 6.5.1 is a direct result of Theo-
rem 6.3.3. |
We are now ready to show Theorem 6.4.1.

Proof of Theorem 6.4.1:
Claim 5 Condition (B2) in Theorem 6.3.2 holds.

Proof: For each k£ > 0 and each z € X, we define the numbers

= > II AP, ot =ou(elh))

TeG(z) (z,y)eT

Mwwzzﬁﬁgwx&wxwy

Since {Pg} is a regular perturbation of {Pp}, then it is irreducible and thus
0% > 0. As Lemma 3.1 of Chapter 6 in [49], one can show that (;*)7 P<®) = (1/*)7.
Therefore, condition (B2) in Theorem 6.3.2 holds. |

Claim 6 Condition (B3) in Theorem 6.3.2 holds.

Proof: We now proceed to verify condition (B3) in Theorem 6.3.2. To do
that, let us first fix k, denote € = €(k) and study the monotonicity of ., (e) with
respect to . We write o, (€) in the following form

> Mm-3 T 56-5 09

TeG(z) (z,y)eT TeG(2) (z,y)eT
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for some polynomials a,(e) and S,(¢) in e. With (6.3) in hand, we have that

> sex 0z(€) and thus p.(e) are ratios of two polynomials in €; ie., p.(e) = “%Z((S)

where @, (¢) and f(€) are polynomials in €. The derivative of u.(€) is given by

Iy (€) 1 Op.(e) 95(€)
e = B(€>2( e B(E) _SOZ( ) e )

Note that the numerator 8%(6)5 () — . (e )86 (© is a polynomial in €. Denote

by ¢, # 0 the coefficient of the leading term of M — (€ )ﬁ The leading term

2500 — (0210

dominates =

when e is sufficiently small. Thus there exists €, > 0

B,uz(e
Oe

such that the sign of is the sign of ¢, for all 0 < € <e,. Let € = max.cx€..

Since €(k) strictly decreases to zero, then there is a unique finite time instant
k* such that e(k*) = € (if €(0) < €, then k* = 0). Since (k) is strictly decreasing,

we can define a partition of X as follows:

E1 = {2 € X | pa(e(k)) > pa(e(t + 1)), Vt € [k7,+00)},
Sy i={z€ X | p(elk)) < p.(e(t+1)), Vte k" +oo)}.

We are now ready to verify (B3) of Theorem 6.3.2. Since {P;} is a regular
perturbed Markov chain of {P?}, it follows from Theorem 6.3.3 that limy_, | o p.(e(k)) =
1-(0), and thus it holds that

DD Ikt =i =30 Ina(e(k) — pa(e(k + 1)

== ==

zggmw ek + 1) ]+k%;+1;uz )~ 3 etk )

. f - Z (el ) = 1= 32 plel4)

= 2 ZX e (e(k)) = sk + 1))| +2 Z a(e(k + 1)) =2 Z 1:(0) < +oo.
) ) [ |

Claim 7 Condition (B1) in Theorem 6.3.2 holds.
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Proof: Denote by P the transition matrix of {P;}. As in (6.2), the
probability of the feasible transition 2! — 22 is given by

iEAl jEAs

Observe that |F;(a})| < 5|C|. Since e(k) is strictly decreasing, there is ¢y > 1 such

that ¢ is the first time when 1 — (k) > 5|€éf_)1 it holds that

k)
P> (A
= (5\0\_1>

Denote P(m,n) = [[}—L P® 0<m < n. Pick any z € B and let u, € B
be such that P,_.(k,k+D+1) = mingep P,.(k, k+D+1). Consequently, it follows
that for all £ > t,

in P D 1 Pe(k . e(k+D 1)P§(k+D)
min P, (k. k + D + =) )

Uzi1 zD 11D ipz
i1€8B ip€eEB

D )
k+1) e(k)
> Pe(k) .. pelk+D=1) pe(k+D) > e N > (D+1)N
usis " Cipmaip i 1_£(5|C| = 21

where in the last inequality we use that e(k) is strictly decreasing. Then we have

1= AP(k,k+D+1)) = min me{sz(k k+D+1),P.(k,k+D+1)}

z,yeB
zEB

(k) D
>§Pquk D 1>37<+1>N.

zeB

Choose k; :== (D + 1)i and let i be the smallest integer such that (D + 1)ig > to.
Then, we have that:

+oo
(D e((D+1)) 1)7)
1— MP(ki, ki) > B )(PHON
1=0 =10
8] 1
(BIC] = DN 2 (D4 1) = T (6.4)
1=10
Hence, the weak ergodicity property follows from Theorem 6.3.1. |

All the conditions in Theorem 6.3.2 hold. Thus it follows from Theo-
rem 6.3.2 that the limiting distribution is s* = limy_, o #*. Note that limj,_, o ¥ =
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limys oo pi(e(k)) = p(0) and Proposition 6.5.1 shows that the support of 1(0) is
contained in the set diag(€(I'cov)). Hence, the support of p* is contained in the set
diag(&(Leoy)), implying that limy; o P(2(k) € diag(E(Teov))) = 1. It completes
the proof.

6.5.2 Convergence analysis of the DIACL Algorithm

First of all, we employ Theorem 6.3.3 to study the convergence proper-
ties of the associated DHACL algorithm. This is essential to analyze the DIACL
algorithm.

To simplify notations, we will use s;(k—1) := s,»(%@) (k)+1) in the remainder
of this section. Observe that z(k) := (s(k — 1), s(k)) in the DHACL algorithm

constitutes a Markov chain {P} on the space 5’
Lemma 6.5.3 The Markov chain {P} is a reqular perturbation of {Py}.

Proof: Pick any two states z! := (s°, s!) and 2% := (s!, s?) with 2! # 22

We have that P¢,_. > 0 if and only if there is some ¢ € V such that s';, = s?, and

2

9 51}, 52 = sl or s? = &Y. In particular,

one of the following occurs: s? € F;(a})\ {s?, s}

the following holds:

m, s € Filap) \{s, 57},

€ — 2 .1
P2122 — \ 72, S; = §;

where

e 1 —em (1 — ™) x eris"sh)
T NFEG@NEL ST T N e BTN et

17 %

Observe that 0 < lim_,o+ ;771 < +o00. Multiplying the numerator and de-

Wi(sh,s?)—(ui(sh)—Ai(s",5))

nominator of 7, by € , we obtain

1 — ¢mi E\IIZ-(so,sl)—(ui(sl)—Ai(sl,so))

o = X P
N 72
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where 75 := e¥i(ssh) = (ui(sh)=Ai(sh,8%) 4 (Wi(s®s1) = (wa(s%)=Ai(s%51)  Uge

1, =0,
lim € =
0t 0, z>0,
and we have
li 2 %7 u;i(s%) — DNi(s, s') # ui(s') — Ay(st, %),
im —
W, (s9,81)— (ui(s1)—A;(s1,89 )
et Wil m{uile)mAulsh) ﬁ, otherwise.
Similarly, it holds that
1 1
lim e { 1.

S (m(O) A ) © N N
Hence, the resistance of the feasible transition z! — 22, with 2! # 22 and sensor i

as the unilateral deviator, can be described as follows:

mi,  si € Fi(a') \ {s], s},
X(21 = 2%) = W%, s1) = (wils) = Ails', "), 57 = sl
U,(sY) s1) — (u;(s?) — Ay(sY, s1)), s2=s.

Then (A3) in Section 6.3 holds. It is straightforward to verify that (A2) in
Section 6.3 holds. We are now in a position to verify (A1l). Since G, is undirected
and connected, and multiple sensors can stay in the same position, then ca® = Q¥
for any a” € Q. Since sensor i can choose any camera control vector from C at each
time, then ¢s = A for any s € A. This implies that ¢z° = B’ for any 2° € B/,
and thus the Markov chain {Pf} is irreducible on the space B'.

It is easy to see that any state in diag(.A) has period 1. Pick any (s°, s') €
B\ diag(A). Since Gy, is undirected, then s? € F;(a}) if and only if s} € F;(a?).

Hence, the following two paths are both feasible:
(%, 51) = (51, 5%) = (%, 51)
(s, 8') = (s',8") = (sh,8") — (50, sh).

Hence, the period of the state (s°, s') is 1. This proves aperiodicity of {Pf}. Since
{Ps} is irreducible and aperiodic, then (A1) holds. |
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A direct result of Lemma 6.5.3 is that for each € > 0, there exists a unique
stationary distribution of {Pf}, say u(e). From the proof of Lemma 6.5.3, we can
see that the resistance of an experiment is m; if sensor 7 is the unilateral deviator.

We now proceed to utilize Theorem 6.3.3 to characterize lim, o+ pu(€).

Proposition 6.5.2 Consider the regular perturbed Markov process {P5}. Then
lim, o+ pu(€) exists and the limiting distribution p(0) is a stationary distribution of
{P2}. Furthermore, the stochastically stable states (i.e., the support of 1(0)) are
contained in the set diag(S*).

Proof: The unperturbed Markov chain corresponds to the DHACL Algo-
rithm with € = 0. Hence, the recurrent communication classes of the unperturbed
Markov chain are contained in the set diag(A). We will construct resistance trees
over vertices in the set diag(.A). Denote T, by the minimum resistance tree. The

remainder of the proof is divided into the following four claims.

Claim 8 x((s°,5%) = (s',s')) = m; + U;(s', %) — (wi(s') — Ay(st, %)) where

0 1

s £ st and the transition s° — s' is feasible with sensor i as the unilateral

deviator.

Proof: One feasible path for (s°,s°) = (s!,s') is £ := (5%, s°) — (s°,s') —
(s',s') where sensor 7 experiments in the first transition and does not experiment
in the second one. The total resistance of the path £ is m; + W;(s!, s%) — (u;(s) —
A;(s', s%)) which is at most m; + m*.

Denote by £’ the path with minimum resistance among all the feasible paths
for (s¥,s%) = (s',s'). Assume that the first transition in £’ is (s°,s°) — (s, s?)
where node j experiments and s* # s'. Observe that the resistance of (5%, s%) —
(s°, %) is m;. No matter whether j is equal to ¢ or not, the path £’ must include at
least one more experiment to introduce s!. Hence the total resistance of the path
L' is at least m; +m;. Since m; +m; > m; + 2m”*, then the path £’ has a strictly
larger resistance than the path £. To avoid a contradiction, the path £ must start

0

from the transition (s° s°) — (s° s'). Similarly, the sequent transition (which

is also the last one) in the path £’ must be (s°,s') — (s',s') and thus £ = L.
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Hence, the resistance of the transition (s°,s%) = (s!,s!) is the total resistance of

the path £; i.e., m; + W;(sh, s%) — (u;(s') — A;(sh, s9)). |

Claim 9 All the edges ((s,$),(s,8")) in Tyin must consist of only one deviator;

i.e., 8; # s; and s_; = s, for somei € V.

Proof: Assume that (s, s) = (', s') has at least two deviators. Suppose the
path £ has the minimum resistance among all the paths from (s, s) to (s', s'). Then,
¢ > 2 experiments are carried out along L. Denote by i, the unilateral deviator
in the 7-th experiment s7~! — 57 where 1 < 7 </, s = s and s’ = s’. Then the
resistance of £ is at least 3.0_ my.; i.e., x((s°,8°) = (s,8')) > S2_, ma,.

Let us consider the following path on T,;,:
L= (525 = (s's") = - = (s, 5).

From Claim 1, we know that the total resistance of the path £ is at most 25:1 m; +
m*.

A new tree T can be obtained by adding the edges of L into T, and
removing the redundant edges. The removed resistance is strictly greater than
S ma, 4 2(0 — 1)m* where Y2_ m,_ is the lower bound on the resistance on
the edge from (s, s%) to (s°, s*), and 2(¢ — 1)m* is the strictly lower bound on the
total resistances of leaving (s7,s7) for 7 = 1,--- £ — 1. The adding resistance is
the total resistance of £ which is at most Zizl m,, + {m*. Since ¢ > 2, we have

that 2(¢ — 1)m* > ¢m* and thus 7" has a strictly lower resistance than 7j,;,. This

contradicts the fact that 7, 1S a minimum resistance tree. [ |

Claim 10 Given any edge ((s,s),(s',s")) in T, denote by i the unilateral devi-

ator between s and s'. Then the transition s; — s, is feasible.

Proof: Assume that the transition s; — s; is infeasible. Suppose the path
L has the minimum resistance among all the paths from (s,s) to (s',s'). Then,
there are £ > 2 experiments in £. The remainder of the proof is similar to that of

Claim 9. ]

Claim 11 Let h,, be the root of Tyn,. Then, h, € diag(S*).
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Proof: Assume that h, = (s°,s%) ¢ diag(S*). Pick any (s*, s*) € diag(S*).
By Claim 9 and 10, we have that there is a path from (s*, s*) to (s%, s°) in the tree

T as follows:

L= (s = (L s ) == (58 = (50, )

for some ¢ > 1. Here, s* = s, there is only one deviator, say i,, from s™ to s771,
and the transition s” — s7 7! is feasible for 7 = ¢,..., 1.
T4+1 3

Since the transition s — s77 is also feasible for 7 = 0,...,¢—1, we obtain

the reverse path £ of £ as follows:
L= (25" = (sh,s)) = - = (s, 557 = (54 5.

By Claim 8, the total resistance of the path £ is
¢ ¢
= mi Yy AW (7,5 = (us (771 = Ag (s 5T}
T=1 =1
and the total resistance of the path £’ is
¢ ¢
=Y e+ S W () = (i (57) = A (T, 57)
k=1 =1

We make the following notations:

A= (D(al ,i)\D(a] 7)) N Q, Ay = (D(aj ,r{ " )\D(a] ,1])) N Q.

i) Ulr 1r—17 Z —17 Z7— 1

Observe that

= u; (s7) — uy (s Z W 1 B nq(37—1)>

qeN]

+ Z Wq(nQ(ST) o nQ(S ) )

ng(s7)  ng(s7H)

= (i, (s7) = D, (s7,5771)) = (us, (71) = A (571, 87).

We now construct a new tree 7" with the root (s*, s*) by adding the edges
of £’ to the tree Ty, and removing the redundant edges £. Since U, (s77187) =
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U, (s7,s771), the difference in the total resistances across the trees x(7”) and

X(Thnin) is given by

3
Il
—
3
Il
—

This contradicts that T}, 1S & minimum resistance tree. [ |
It follows from Claim 4 that the state h, € diag(S*) has minimum stochastic

potential. Then Proposition 6.5.2 is a direct result of Theorem 6.3.3. ]
We are now ready to show Theorem 6.4.2.

Proof of Theorem 6.4.1:
Claim 12 Condition (B2) in Theorem 6.3.2 holds.

Proof: The proof is analogous to Claim 5. |
Claim 13 Condition (B3) in Theorem 6.3.2 holds.

Proof: Denote by P*) the transition matrix of {7, }. Consider the feasible

1 2

transition z* — 2 with unilateral deviator . The corresponding probability is
given by
m, i € Filai) \ {s,s;},
Pib =, =,
Ny, 87 =S,
where

. e(k)™ - 1 — e(k)™
T NEE@NGLD T N ey

(1= e(k)™) x e(k)r ")
N1+ (k)"

N3 =

The remainder is analogous to Claim 6. |
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Claim 14 Condition (B1) in Theorem 6.3.2 holds.

Proof: Observe that |F;(a;)| < 5|C|. Since €(k) is strictly decreasing, there
is tg > 1 such that ty is the first time when 1 — e(k)™ > e(k)™
Observe that for all ¢t > 1, it holds that

(k)™ e(k)mim*
M NGl - 1) © NGIC - 1)

Denote b := u;(s*) —A;(s', s°) and a := u;(s°) —A;(sY, s1). Then p;(s°, s') =
b — a. Since b — a < m*, then for k£ > t; it holds that

B 1 — E(k>mi B (1 ( ) )E(k)max{a,b}—b
2 = N(l _i_e(k)bfa) - (E(k)max{ab} b_‘_E(k)max{a,b}fa)
- E(k‘)miE(k‘)maX{a’b}_b E(k)mﬁ_m
= 2N N(5ycy 1)

Similarly, for k > t, it holds that

(R ey
N3 = N(E(k)rnax{a,b}—b+€(k)n1ax{a,b}—a>

e(k)mitm”
NGl = 1)

>

Since m; € (2m*, Km*] for all i € V and Km* > 1, then for any feasible transition

2t — 22 with 2! # 22, it holds that:

k) < 6(k;)(K+1)m*
22T N(ICl - 1)
for all k > ty. Furthermore, for all & > ¢, and all 2! € diag(.A), we have that:

(K+1)m

1 & 1 e(k)
oL iy s
el NZI1 (™) 2 5 D (k)" = NGBS = 1)

z:1

e _ ¢ _ 1
P2121 — 1 - N

Mz

i=1
Choose k; :== (D+1)i and let iy be the smallest integer such that (D+1)ig >

to. Similar to (6.4), we can derive the following property

— 8| 1
Z(l — AM(P(ke, ket1))) > (N(5|C| — 1))P+D(E+)m* Z (D+1)i = oo

(=0 i=1ig

Hence, the weak ergodicity of {Py} follows from Theorem 6.3.1. |



147

All the conditions in Theorem 6.3.2 hold. Thus it follows from Theo-
rem 6.3.2 that the limiting distribution is p* = limy_,, . u*. Notice the following
relation

lim g = lim p(e(k)) = p(0),

k—+o00 k—+o00

and Proposition 6.5.2 shows that the support of p(0) is contained in the set
diag(S*). Hence, the support of p* is contained in the set diag(S*), implying
that limg_, 1 P(z(k) € diag(S*)) = 1. It completes the proof.

6.6 Discussion and simulations

In this section, we present some remarks along with two numerical examples
to illustrate the performance of our algorithms. All the figures of the numerical
examples are provided at the end of the chapter.

Theorem 6.4.1 and 6.4.2 guarantees the asymptotic convergence in proba-
bility of the proposed algorithms. However, our theoretic results do not provide
any estimate of the convergence rates, which could be very slow in practice. This
is a consequence of the well known exploration-exploitation tradeoff termed in
reinforcement learning; e.g., in [137]. Intuitively, each algorithm starts from a rel-
atively large exploration rate and this allows the algorithm to explore the unknown
environment quickly. As time processes, the exploration rate is decreased, allowing
each algorithm to exploit the information collected and converge to some desired
configuration. In order to avoid being locked-in some undesired configuration,
each algorithm requires a very slow exploration decreasing rate. In the numerical

examples below, we have chosen suitable exploration rates empirically.

A numerical example of the DISCL algorithm

Consider a 10 x 10 square and each grid is 1 x 1 and a group of 9 mobile
visual sensors are deployed in this area. Note that, given arbitrary sensing range

and distribution, it would be difficult to compute an NE. In order to avoid this
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computational challenge and make our simulation results evident, we make the

following assumptions:

1. All the sensors are identical, and each has a fixed sensing range which is a

circle of radius 1.5.
2. Each point in this region is associated with an uniform value of 1.

With these two assumptions, it is not difficult to see that any configuration where
sensing ranges of sensors do not overlap is an NE at which the global potential
function is equal to 81.

In this example, the diameter of the location graph is 20 and N = 9.
According to our theoretic result, we should choose an exploration rate of e(k) =
(%)ﬁ The exploration rate decreases extremely slowly and the algorithm requires
an extremely long time to converge. Instead, we choose e(k) = (ﬁém)% in the our
simulation. Figure 6.2 shows the initial configuration of the group where all of the
sensors start at the same position. Figure 6.3 presents the configuration at iterate
500 and it is evident that this configuration is an NE. Figure 6.4 is the evolution
of the global potential function which eventually oscillates between 78 and the
maximal value of 81. This verifies that the sensors approach the set of NEs.

As [83][84], we will use fixed exploration rates in the DISCL algorithm
which then reduces to the DHSCL algorithm. Figures 6.5, 6.6 and 6.7 presents
the evolution of the global potential functions for e = 0.1,0.01,0.001, respectively.
When € = 0.1, the convergence to the neighborhood of the value 81 is the fastest,
but its variation is largest. When ¢ = 0.001, the convergence rate is slowest. The
performance of ¢ = 0.01 is similar to the diminishing step-size e(k) = (m)%
This comparison shows that, for both diminishing and fixed exploration rates, we

have to empirically choose the exploration rate to obtain a good performance.

A numerical example of the DIACL algorithm

We consider a lattice of unit grids and each point is associated with a
uniform weight 0.1. There are four identical sensors, and each of them has a fixed

sensing range which is a circle of radius 1.5. The global optimal value of U, is 36.
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All the sensors start from the center of the region. We run the DIACL algorithm
for 50000 iterates and sample the data every 5 iterates. Figure 6.9 to 6.12 show
the evolution of the global function U, for the following four cases, respectively:

e(k) = 1(;35)1, e = 0.1, ¢ = 0.01 and € = 0.001.

6.7 Conclusions

We have formulated a coverage optimization problem as a constrained ex-
act potential game. We have proposed two payoff-based distributed learning al-
gorithms for this coverage game and shown that these algorithms converge in
probability to the set of constrained NEs and the set of global optima of certain
coverage performance metric, respectively. The following papers summarize the

results presented in this paper:

(JP-5) M. Zhu and S. Martinez, “Distributed coverage games for mobile visual sensor

networks”, SIAM Journal on Control and Optimization, 2011, revised.

(CP-6) M. Zhu and S. Martinez, “Distributed coverage games for mobile visual sen-
sor networks (IT): Reaching the set of global optima”, The Joint 48" [EEE
Conference on Decision and Control and 28" Chinese Control Conference,

pages 175 — 180, Shanghai, China, Dec. 2009.

(CP-5) M. Zhu and S. Martinez, “Distributed coverage games for mobile visual sensor
networks (I): Reaching the set of Nash equilibria”, The Joint 48" [EEE
Conference on Decision and Control and 28" Chinese Control Conference,

pages 169 — 174, Shanghai, China Dec. 2009.
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Figure 6.2: Initial configuration of the network
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Figure 6.3: Final configuration of the network at iterate 5000 of the DISCL
algorithm
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The evolution of global potential function
90 ; T T T

0 1000 2000 3000 4000 5000
iterate

Figure 6.4: The evolution of the global potential function with a diminishing
exploration rate for the DISCL algorithm.

The evolution of global potential function
90 ; ; ; :

20 1

10¢ ]

0 1000 2000 3000 4000 5000

Figure 6.5: The evolution of the global potential function under DHSCL when
e=0.1
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The evolution of global potential function
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Figure 6.6: The evolution of the global potential function under DHSCL when
e =0.01

The evolution of global potential function
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Figure 6.7: The evolution of the global potential function under DHSCL when
e = 0.001
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Figure 6.8: Final configuration of the network at iterate 50000 of the DIACL
algorithm

The evolution of global potential function
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Figure 6.9: The evolution of the global potential function under the DIACL
algorithm with a diminishing exploration rate



154

The evolution of global potential function
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Figure 6.10: The evolution of the global potential function under the DIACL
algorithm when € = 0.1 is kept fixed

The evolution of global potential function
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Figure 6.11: The evolution of the global potential function under the DIACL
algorithm when e = 0.01 is kept fixed



155

The evolution of global potential function
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Figure 6.12: The evolution of the global potential function under the DIACL
algorithm when € = 0.001 is kept fixed



Chapter 7

Distributed formation control

against cyber-attacks

7.1 Introduction

Recent advances in communications, sensing and computation have made
possible the development of highly sophisticated unmanned vehicles. Applications
include, to name a few, border patrol, search and rescue, surveillance, and target
identification operations. Unmanned vehicles operate without crew onboard, which
lowers their deployment costs in scenarios that are hazardous to humans. More
recently, the use of unmanned vehicles by (human) operators has been proposed
to enhance information sharing and maintain situational awareness. However, this
capability comes at the price of an increased vulnerability of information technol-
ogy systems. Motivated by this, we consider a formation control problem for an
operator-vehicle network where each unmanned vehicle is able to perform real-time
coordination with operators (or ground stations) via sensor and communication
interfaces. However, the operator-vehicle links can be attacked by adversaries, dis-
rupting the overall network objective. Since we cannot rule out that adversaries
are able to successfully amount attacks, it is of prominent importance to provide
resilient solutions that assure mission completion despite the presence of security

threats.

156
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Literature review. In information technology networks, either reactive or
protective mechanisms has been exploited to prevent cyber attacks. Non-cooperative
game theory [51] is advocated as a mathematical framework to model the inter-
dependency between attackers and administrators, and predict the behavior of
attackers; see an incomplete list of references [2, 57, 127, 141]. These findings
can help us assess network vulnerability; however, the papers mentioned do not
consider how to maintain the operational function of networked systems in the
presence of malicious attacks.

Another relevant field is networked control systems in which the effects
of imperfect communication channels on remote control are analyzed and com-
pensated. Most of the existing papers focus on; e.g., band-limited channels [77],
quantization [24], packet dropout [131], delay [22], and sampling [103].

Very recently, cyber-security of the emerging cyber-physical systems has
drawn mounting attention in the control society. Denial-of-service attacks, de-
stroying the data availability in control systems, are entailed in recent papers [4,
6, 13, 57]. Another important class of cyber attacks, namely false data injection,
compromises the data integrity of state estimation and is attracting considerable
effort; an incomplete reference list includes [90, 115, 140, 149]. In [17, 18], the
authors exploit pursuit-evasion games to compute optimal evasion strategies for
mobile agents in the face of jamming attacks. Other relevant papers include [5]
examining the stability of a SCADA water management system under a class of
switching attacks, and our recent paper [155] studying a secure control problem of
linear time-invariant systems through a receding-horizon Stackelberg game model.
As [5, 155], the current chapter is devoted to studying deception attacks where
attackers maliciously modify the transmitted data. In the paper [67], a class of
trust based distributed Kalman filters is proposed for power systems to prevent
data disseminated by untrusted phase measurement units.

Regarding malicious behavior in multi-agent systems, we distinguish [114,
134] as two representative references mostly relevant to this work. The paper [134]
considers the problem of computing arbitrary functions of initial states in the pres-

ence of faulty or malicious agents, whereas [114] focuses on consensus problems. In
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both settings, the faulty or malicious agents are part of the network and subject to
unknown (arbitrarily non-zero) inputs. Their main objective is to determine con-
ditions under which the misbehaving agents can (or cannot) be identified, and then
devise algorithms to overcome the malicious behavior. This significantly departs
from the problem formulation we consider here, where the attackers are external
to the operator-vehicle network and can affect inter operator-vehicle connections.
Additionally, we make use of a model of attackers as rational decision makers, who
can make decisions in a real-time and feedback fashion. Here we aim to design com-
pletely distributed algorithms for the operator-vehicle network to maintain mission
assurance under limited knowledge of teammates and opponents. Our objective is
to determine an algorithm that is independent of the number of adversaries and
robust to dynamical changes of communication graphs between operators.
Statement of contributions. The current chapter studies a formation con-
trol problem for an operator-vehicle network in which each vehicle is remotely con-
trolled by an operator. Each operator-vehicle pair is attacked by an adversary, who
corrupts the control commands sent to the vehicle. The adversaries are modeled
as rational decision makers and their strategies are linearly parameterized by some
(potentially time-varying) matrices which are unknown to operators in advance.
We investigate two plausible scenarios depending on the learning capabilities of
adversaries. The first scenario involves unilateral learning, where adversaries pos-
sess (potentially incorrect) private information of operators in advance, but do
not update such information during the attacking course. The second scenario
assumes bilateral learning, where adversaries are intelligent and attempt to infer
some private information of operators through their observations. We propose a
class of novel distributed attack-resilient formation control algorithms each con-
sisting of two feedback-connected blocks: a formation control block and an online
learning block. The online learning mechanism serves to collect information in a
real-time fashion and update the estimates of adversaries through continuous con-
tact with them. The formation control law of each operator is adapted online to
minimize a local formation error function. To do this, each operator exploits the

latest estimate of her opponent and locations of neighboring vehicles. We show
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how each proposed algorithm guarantees that vehicles achieve asymptotically the
desired formation from any initial vehicle configuration and any initial estimates
of adversaries. For each proposed algorithm, the sequence of the distances to the
desired formation is shown to be square summable. Two numerical examples are
provided to verify the performance of the proposed algorithms. In the simulation,
the convergence rates turn out to be exponential, which outperform the analytic

results characterizing the worst-case convergence rates.

7.2 Problem formulation

In this section, we first articulate the layout of the operator-vehicle network
and its formation control mission. Then, we present the adversary model that is
used in the remainder of the current chapter. After this, we specify two scenarios

investigated in the chapter.

7.2.1 Architecture and objective of the operator-vehicle

network

Consider a group of vehicles in R?, labeled by i € V := {1,---, N}. The dy-
namics of each vehicle is governed by the following discrete-time and fully actuated

system:
pi(k +1) = pi(k) +u;(k), (7.1)

where p;(k) € R? is the position of vehicle i and u;(k) € R? is its input. Each
vehicle 7 is remotely maneuvered by an operator ¢, and this assignment to be one-to-
one and fixed over time. For simplicity, we assume that vehicles communicate only
with the associated operator and not with other vehicles. Moreover, each vehicle is
able to identify its location and send this information to its operator. On the other
hand, an operator can exchange information with neighboring operators and deliver
control commands to her vehicle. We assume that the communications between

operators, and from vehicle to operator are secure!, while the communications

! Alternatively, it can be assumed that operators have access to vehicles’ positions by an
external and safe measurement system.
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from operator to vehicle can be attacked. Other architectures are possible, and the

Figure 7.1: The architecture of the operator-vehicle network

present one is chosen as a first main class of operator-vehicle networked systems;
see Figure 7.1.

The mission of the operator-vehicle network is to achieve some desired for-
mation which is characterized by a formation digraph G := (V,&). Each edge
(7,1) € £ CV x V \ diag(V), starting from vehicle j and pointing to vehicle 4, is
associated with a vector v;; € R%. Denote by N; := {j € V | (j,i) € £} the set
of in-neighbors of vehicle i in G and let n; be the cardinality of N;; i.e., n; = [N
The set of in-neighbors of agent ¢ will be enumerated as N; = {iy,...,i,,}. Being
a member of the team, each operator i is only aware of local formation constraints;
Le., v;; for j € N.

The multi-vehicle formation control mission can be formulated as a team
optimization problem where the global optimum correspond to the desired forma-

tion of vehicles. In particular, we encode the formation control problem into the
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following quadratic program:?

min [ J(p) = > v =i —viglly,]
(e€
where the vector p := [pT,--- | pL]T € RN is the collection of vehicles’ locations.

The matrix P; € R™? is a diagonal and positive-definite weight matrix and rep-
resents the preference of operator ¢ on the link (j,7) with j € N;. Observe that
J(p) is a convex function of p since || - [|%,, is convex and p; — p; — v is affine [21].
Denote by the set of the (global) minimizers X* C R4, We impose the following

to ensure the desired formation is well-defined:

Assumption 7.2.1 The digraph G is strongly connected. In addition, X* # () and
J(p*) =0 for any p* € X*.

The objective function J(p) can describe any shape in R¢ by adjusting the forma-
tion vectors v;;. We assume that operators and vehicles are synchronized. The
communication digraph between operators is assumed to be fixed and identical to
G. That is, each operator only receives information from in-neighbors in N at
each time instant. We later discuss a possible extension to deal with time-varying

communication digraphs; see Section 7.5.

Remark 7.2.1 Similar formation functions are used in [36, 46]. When v;; = 0 for
all (7,7) € &, then the formation control problem reduces to the special case of

rendezvous which has received considerable attention [27, 65, 108]. o

7.2.2 Model of rational adversaries

A group of N adversaries aims to abort the mission of formation stabiliza-
tion. To achieve this, an adversary is allocated to attack a specific operator-vehicle
pair and this relation does not change over time. Thus, we identify adversary ¢
with the operator-vehicle pair i. Each adversary is able to locate her target vehicle,

and eavesdrop on incoming messages of her target operator. We further assume

2In this chapter, we denote by ||z||% := 2T Az the weighted norm of vector z for a matrix A
with the proper dimensions.
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that adversaries are able to collect some (potentially imperfect and dynamically
changing) information of their opponents. Specifically, adversary ¢ will have esti-
mates v (k) € R? of v;; at time k and P, € R™? of Py, for j € N;. Here, the
matrix P is positive-definite and diagonal.

As [17, 18, 57], we assume that adversaries are rational decision makers,
and they make real-time decisions based on the latest information available. In
particular, at time k, adversary i identifies p;(k) of her target vehicle, eavesdrops
p;(k) sent from operator j € N; to operator i, and intercepts w;(k) sent from
operator i to vehicle i. The adversary then computes a command v;(k) which is

added to wu;(k) so that vehicle i receives and implements u; (k) +v;(k) instead. The

command v;(k) will be the solution to the following program:

max »  |[p;(k) = (pa(k) + wi(k) +vi) = v (R)|[Be = [loill%,. (7.2)
where R; € R™? is diagonal and positive definite. The above optimization prob-
lem captures two partly conflicting objectives of adversary ¢. On the one hand,
adversary ¢ would like to destabilize the formation associated with vehicle ¢, and
this malicious interest is encapsulated in the first term. On the other hand, ad-
versary ¢ would like to avoid a high attacking cost ||v;]|% . The attacking cost will
be justified in the next part. We assume the following on the cost matrices of

adversaries:

Assumption 7.2.2 For each i € V, it holds that Z P} —R; <0.

JEN;
In this way, the objective function of the optimization problem (7.2) is strictly
concave. This can be easily verified by noticing that the Hessian of 23 .\ Pjj —
2R; is negative definite. As a consequence, the optimization problem (7.2) is well

defined, and its solution is uniquely determined by:

vilk) = = > Lij(p; (k) = (pi(k) + us(k)) = v (k)), (7.3)

JEN;

where the matrix of Ly == (R; — ..o\ P) ™' P € R™? is diagonal and positive
definite.
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7.2.3 Justification of attacking costs

Here we would like to justify the attacking cost ||v;]|%, in problem (7.2).
At each time, adversary i has to spend some energy to successfully decode the
message and deliver the wrong data to vehicle 7. The energy consumption depends
upon the security schemes; e.g., the cryptography and radio frequency, employed
by operator i. A larger v; alerts operator i that there is a greater risk to her
vehicle, and consequently operator ¢ raises the security level (e.g., the expansion
of radio frequencies) of the link to vehicle i, increasing the subsequent costs paid
by adversary i. The term |lv;(k)||% represents a consideration of adversary i for
her subsequent energy consumption which is directly determined by v;(k). As a
rational decision maker, adversary ¢ is willing to reduce such cost.

In problem (7.2), the inclusion of the cost ||v;||%, limits the actions of ad-
versary 4 to some extent. If [[v;|% is removed or replaced by some constant, the
problem (7.2) becomes ill-posed, and the optimal solution is trivially unbounded.
In this way, the problem becomes trivial from the analysis point of view. It is no-
ticed that, for denial-of-service attacks, the paper [57] limits the number of attacks,
and the papers [4, 6, 13] then restrict the attacking strategies to follow some 1.I1.D.
probability distributions. We argue that it is necessary to reasonably constrain

the actions of adversaries when investigating attacking policies.

7.2.4 Information about opponents and online adaptation

In a hostile environment, it is not realistic to expect that decision makers
have complete and perfect information of their opponents. On the other hand,
information about opponents plays a vital role in defending or attacking a sys-
tem. Throughout this chapter, we assume that operator ¢ knows that adversary
1 is rational and makes decisions online based on the solution to the optimiza-
tion problem (7.2). In particular, we will investigate the following two plausible
attacking scenarios.

SCENARIO I - Unilateral learning

In the first scenario, adversary i does not update her estimates; i.e., v (k) =
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v for all £ > 0 even though v and PZ‘; may be different from the true values of
vij and P;;. On the other hand, operator i has no access to the values of R;, P
and v, which are some private information of adversary i. It would be hard for
operators to gather this private information from adversaries a priori. In order
to defeat them and enhance system resilience, operators can aim to identify the
adversarial behavior. To do this, we will novelly exploit the ideas of reinforcement
learning [137], and adaptive control [10], which operators can use to learn these
parameters through continuous contact with adversaries.

SCENARIO II - Bilateral learning

Adversaries could be intelligent, attempting to learn some unknown infor-
mation online as well. This motivates us to investigate a second scenario in which
adversaries infer private information during the attacking course. For simplicity,
we will assume that operator ¢ and adversary ¢ know the cost matrices of each
other, and how each other makes real-time decisions on v;(k) and u;(k). However,
adversary ¢ is unaware of the formation vectors v;; associated with operator 4, and
thus attempts to identify these quantities online. In order to play against this class
of intelligent adversaries, we show how operators can keep track of the dynamically
changing and unmodeled estimates of adversaries, and in turn adapt their defense

tactics.

7.2.5 Discussion

Informally speaking, we pose the formation control problem as a dynamic
non-cooperative game between two teams of rational decision makers: operators
and adversaries. In SCENARIO I (unilateral learning), adversaries does not adapt
their strategies online, but they do in SCENARIO II (bilateral learning). In con-
trast to [17, 18], decision makers in our problem formulation do not aim to deter-
mine a Nash equilibrium, which is a widely used notion in non-cooperative game
theory. From an operator’s point of view, Nash strategies may not assure the mis-
sion of formation control despite malicious attacks. Instead, the main focus of the
current chapter is to quantitatively analyze how online adaptation helps operators

maintain system functions when they are facing vague and (potentially intelligent)



165

adversaries.

The papers [90, 115, 140, 149] focus on detection of false data injection
attacks against state estimation. There, attackers could intelligently take advan-
tage of channel noises and successfully bypass the detectors if they have perfect
information of the system dynamics and detectors. The papers [114, 134] aim to
detect malicious behavior in a multi-agent setting. Attack detection is a key secu-
rity variable, and we should mention that this is trivial in the set-up of the current
chapter. Since we assume communication channels are noise-free, then operators
can verify whether their commands are corrupted by simply examining the loca-
tions of their associated vehicles. Here, our focus is network resilience to malicious
attacks, which is another key security aspect. It is of interest to investigate attack
detection in the setting of operator-vehicle networks and this is one of the future
work.

Notations. In the sequel, we let tr be the trace operator of matrices, and let

||Al| - and ||A]| denote the Frobenius norm and 2-norm of a real matrix A € R"™*",

respectively. Recall that ||A||} = tr(A"A) = ) "aZ; and [|A]| < [|A]lp. We will
i=1 j=1
use the shorthand of [Bijljen; = [Biiy, -+, Bi,,] € R™™" where the dimensions

of the given B;; € R™™ will be identical for all j € N;. Consider the diagonal
vector map, diag,, : R*% — RY defined as diag,,(A) = v, with v; = Ay, for all 4.
Similarly, define the diagonal matrix map, diag,,, : R? — R%‘ as diag,,(v) = D,
with Dy = v, D;; = 0, for all i,j and j # i. Let P5o : R? — R? be the
projection operator from R? onto the non-negative orthant of RY. Now define the
linear operator P; : Ri(d+)xd _y Rni(d+1)xd a5 follows. Given A € R7(d+Dxd then

P;(A) = M € R@H+Dxd " defined block-wise as follows:

if AT = [[Lz;]je/\fm [Uz;]jej\/i]a then M* := [[Mi:g’]jej\/m [/‘Lg;]jeM]7 with

qu; = dia’gma(PZO(dia’gve(LZ;)))7 :uzj; = 771‘7;'7 J € -/\/; (74)

The linear operator P; will be used in the learning rule of the algorithm proposed

for SCENARIO I (unilateral learning).
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7.3 Attack-resilient distributed formation control

with unilateral learning

In this section, we investigate SCENARIO I (unilateral learning) and pro-
pose a novel attack-resilient distributed formation control algorithm un-
der unilateral learning, ARFCU for short, to guarantee the formation control
mission under malicious attacks. It is worthy to recall that in this scenario ad-
versary i does not update her estimates in this scenario; i.e., vf;(k) = v for all

k> 0.

7.3.1 A linearly parametric interpretation of attacking poli-
cies

Recall that operator i is aware that the decisions of adversary i are based

on the solution to the optimization problem (7.2). This implies that operator i

knows that v;(k) is in the form of (7.3), but does not have access to the real values

of Li; and ;. A more compact expression for v;(k) is given in the following.

Lemma 7.3.1 The vector v;(k) can be written in the following form:
vi(k) = O] @i(k) = = > {Lij(p;(k) — (pi(k) + wi(k)) — vi) + iz}
JEN;

== Lij((pj (k) = (pilk) + us(k)) — vij) + (vig — v52)),
JEN;
where 1;; = Lij(vij — v) € R, and matrices ©; € Rri(d+)xd =g (k) € R4,

®,;(k) € R gre given by:

piy (k) — (pi(k) + ui(k)) — viy

Pin, (k) = (pi(k) + wi(k)) — v,
O = [[Lijljen: [mjljen),  @i(k) = —[ai(k)" 1--- 1], (7.5)
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Proof: This fact can be readily verified. |

In the light of the above lemma, we will equivalently assume that operator ¢
is aware of v;(k) being the product of ©; and ®;(k), where the unknown parameter
©; is referred to as the target parameter of operator i, and the vector ®;(k) is
referred to as the regression vector of operator ¢ at time k. In other words, from
the point of view of operator ¢, the attacking strategy of adversary i is linearly

parameterized by the unknown (but fixed) matrix ©;.

7.3.2 The ARFCU algorithm and its convergence properties

[Informal description] Overall, the ARFCU algorithm can be roughly de-
scribed as follows. At each time instant, each operator first collects the current
locations of neighboring operators’ vehicles. Then, the operator computes a con-
trol command u;(k) minimizing a local formation error function by assuming that
her neighboring vehicles do not move. This computation is based on the certainty
equivalence principle; i.e., operator ¢ exploits her latest estimate ©;(k) to predict
that adversary ¢ corrupts her command by adding v¢(k) := ©,(k)T®;(k) as if ©,(k)
were identical to ©,. After that, the operator sends the new command u;(k) to her
associated vehicle. Adversary i then corrupts the command by adding the signal
v;(k) linearly parameterized by ©;. Vehicle i receives, implements, and further
sends back to operator ¢ the new position p;(k + 1). After that, operator i com-
putes the new estimation error of ©;, and updates her estimate to minimize a local
estimation error function.

We now formally state the interactions of the i*" group consisting of oper-
ator, vehicle and adversary i in Algorithm 2. The rule to compute u;(k), and the
precise update law for ©;(k) can be found there. The notations used to describe

the ARFCU algorithm are summarized in Table 7.1.

Remark 7.3.1 We denote P, := P, + Zje/\a- P;; and let ©;(k)” be partitioned
in the form of ©;(k)" = [[Lij(k)ljen; [mij(k)]jen;], where Lyj(k) € R™? and
ni;(k) € R for j € N = {1,--- ,n;}. Then, the solution u;(k) to the quadratic
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Algorithm 2 The ARFCU Algorithm for group ¢

Require: Operator i chooses any ©; € R™(@1*d and and lets ©,(0) = P;[0,] as

the initial estimate of ©;.

Ensure: At each k& > 0, adversary, operator, and vehicle i execute the following

1:

steps:

Operator i receives p;j(k) from operator j € N, and solves the following

quadratic program:

hin Z lp; (k) = pi(k + 11k) = visllp, + llps(k) — pi(k + 1[E)[I5,

eRd

s.t. pik + 1|k) = pi(k) + wi(k) + 0 (k), (7.6)

to obtain the optimal solution wu;(k) where v¢(k) := ©;(k)T®;(k) and P is a

positive-definite and diagonal matrix.

: Operator i sends u;(k) to vehicle 7, and generates a prediction of p;(k + 1) in

such a way that p;(k + 11k) = p;(k) + u;(k) + v? (k).

: Adversary ¢ identifies p;(k), eavesdrops on p;(k) sent from operator j € N; to

operator 7, and corrupts u;(k) by adding v;(k) = 7 ®;(k).

: Vehicle ¢ receives and implements the corrupted command w;(k) 4+ v;(k), and

then sends back the new location p;(k+1) = p;(k) +u; (k) +v;(k) to operator i.

. Operator ¢ computes the estimation error e;(k) = p;(k + 1) — pz-(k + 1]k), and
updates her parameter estimate as ©;(k + 1) = P;[0,(k) + (k) D (k)e; (k)]
where m;(k) := /1 + ||D;(k)||?.

: Repeat for k =k + 1.
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Table 7.1: Notations used in the ARFCU algorithm

pi(k) € R4 the location of vehicle 7 at time k&
the prediction of p;(k 4+ 1) produced

pi(k +1lk) € RY by oIl)i)erator 1 at tIi)n(le k v
the weight matrix assigned by operator ¢
to the formation vector v;; for j € N
the weight matrix assigned by operator ¢
to her own current location
u;(k) € R? the control command of operator 7 at time &
the command generated by adversary ¢

Pz‘j c Rdxd

P,; € Rixd

, d
vi(k) € R at time k£ and given in (7.3)
v2(k) € R? the prediction of v;(k) generated by operator i
0, € Rud+1)xd the target parameter of operator i given in (7.5)
A the estimate of ©; produced by operator ¢
. nz(d+1)><d )
Oi(k) €R at time k

the regression vector of operator i
at time k given in (7.5)
m;i(k) :== /14 [|®;(k)||2 | the normalized term of operator i
P; a projection operator defined by (7.4)

®;(k) € Rmild+D)

program in Step 1 of the ARFCU algorithm can be explicitly computed as follows:

wi(k) = (I+ > Lij(k) " x {3 P71 Py(ps(k) — pi(k) — viy)

JEN; JEN:
+ ) Li(k)(pi (k) = pik) — vig) + > mig (k) }. (7.7)
JEN; JEN;

Hence, the program in Step 1 of the ARFCU algorithm is equivalent to the com-
putation (7.7). In Step 5 of the ARFCU algorithm, operator i utilizes a projected
parameter identifier to learn O; online. This scheme extends the classic (vector)
normalized gradient algorithm; e.g., in [10], to the matrix case and further incor-
porates the projection operator P; to guarantee that u;(k) is well defined. That
is, the introduction of P; ensures that the estimate L;;(k) is positive definite, and
that [ 4 3.\ Lij(k) is nonsingular. As in [10], the term —=®;(k)e; (k)" in

i(K)

the update law of ©;(k) is to minimize the error cost % Here, ¢;(k) is the

position estimation error, and m;(k) is a normalizing factor. °

The following theorem guarantees that our proposed ARFCU algorithm is
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attack-resilient and allows the multi-vehicle to achieve the desired formation in

SCENARIO I (unilateral learning).

Theorem 7.3.1 (Convergence properties of the ARFCU algorithm): Con-
sider SCENARIO I (unilateral learning) with any initial configuration p(0) € RN4
of vehicles. If Assumptions 7.2.1 and 7.2.2 hold, then the ARFCU algorithm for
every group i ensures that the vehicles asymptotically achieve the desired formation;

i.e., lim dist( (k),X™) = 0. Furthermore, the convergence rate of the ARFCU

algorithm ensures Z Z i (k) — pi(k) — vi||* < +oo.
k=0 (i,7)€€

Proof of Theorem 7.3.1:
Proof: First of all note that, through the choice of u;(k), p;(k + 1]k) is the

minimizer of Z lpj(k) —pi — ?Dij + |Ipi(k) — pillF .. Therefore,
JEN;
pi(k+ 1k) = pi(k) + > P7'P, — pi(k) — i),

JEN;

where we use the fact that P;; is diagonal and positive definite. Recall that e;(k) =
pi(k +1) — p;(k + 1]k). The above relation leads to:

pilk + 1) = pi(k + 1|k) + ei(k) = pi(k) + Y P Py(p;(k) — pi(k) — vij) + ei(k).
JEN
(7.8)

Pick any p* := [pjlicy € X*. Then p; — p; = v;; for any (j,4) € £. Denote
yi(k) = pi(k) — pf, for i € V. Subtracting p} on both sides of (7.8) leads to:

yilk+1) =yi(k)+ > _ PP —p;) — (pi(k) — p}))
JEN;
_ZP p]—i_pz—i_l/l])—i_el(k)
JEN;
= yi(k) + > PPy (k) — yak)) + ea(k). (7.9)
JEN;

Since the P;; are diagonal and positive definite, system (7.9) can be viewed as

d parallel first-order dynamic consensus algorithms in the variables y;(k) subject
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to the time-varying signals e;(k). We can guarantee convergence of the vehicles
to the desired formation if consensus in the y;(k) is achieved. In other words,
kgr-{loo llyi(k) —y;(k)|| = 0, for all (z,7) € £, is equivalent to
kggloo lps(k) — pj(k) — (p; — p;)|l = 0. Since p; — pj = vy;, consensus on the y;(k)
is equivalent to kgfiloo lpi(k) — p;(k) — vi;]] = 0. The rest of the proof is devoted
to verify this consensus property.

For each ¢ € {1,--- ,d}, we denote the following:

(1) = ma ) = ese (), D) = mas e () = ()|

Here, the quantity D,(k) represents the maximum disagreement of the (" con-
sensus algorithm. The following claim characterizes the input-to-state stability
properties of consensus algorithms, and it is based on the analysis of dynamic
average consensus algorithms of Chapter 2:

Claim 1: There exist D;(0),5 > 0, and ¢ € (0,1), such that the following

holds:
k

Dy(k+1) < o*'Dy(0) + B " *gu(s). (7.10)

s=0
Proof: Denote T := k(N — 1) and, for any integer k > 0, let ¢} be the
largest integer such that ¢,(N — 1) < k. From (16) in the proof of Theorem in
Chapter 2, we know that there exists some 7 € (0, 1) such that

T —1

Dy(k) < (1 =n)"Dg(0) + (1 — )" Z ge(s) + -+

T([k_l)—l Tgkfl k—1

+(1—mn) Z ge(s) + Z ge(s) + Z ge(s).

s:T(gk,Q) s:T(gk,l) =Ty,

This relation can be rewritten as follows:

E

-1

Di(k) < (1=m)*Dy(0) + ) (1= )" "ge(s). (7.11)

Since k < £, (N — 1) and
that

]Iff_sl — 1< 4, — 4y for k > s, then it follows from (7.11)
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We get the desired result by letting o = (1 — 7])ﬁ and 3 = ﬁ in the above
relation. ]

Define now an auxiliary scalar sequence {z(k)}:

k

2(k+1) =" 2(0) + ) 0" f(s), k>0, (7.12)

5=0
where z(0) = max Dy(0), and f(k) =8 max g,(k). It is not difficult to verify
tef1, -} tefl, - d}
that {z(k)} is an upper bound of {D,(k)} in such a way that 0 < D,(k) < z(k),
forall k > 0 and ¢ € {1,---,d}. In order to show the convergence of {D,(k)} to
zero for any i € {1,---,d}, it suffices to show that {z(k)} converges to zero. We
do this in the following.
Observe that {z(k)} satisfies the following recursion:

k

2(k 4+ 1) = o"12(0) + Z o* o f(s)

For any A > 0, it follows from (7.13) that
1
Ak +1)° < (L4 No2(k)” + (1+ 1) (k)% (7.14)
by noting that 20z(k)f(k:) Ao?z(k)? + 1 f(k)?. From the definition of f(k), it is

not difficult to see that f(k)* < 4/3° Z lles(k)||*. Therefore, we have the bound:
icV

z(k+1)2§(1+)\)02z()+41+ 282> [les(k)|1*.
i€V

In the sequel, we choose a (sufficiently small) A > 0 such that (1+ \)o? < 1. The
following claim finds a bound for |le;(k)|| in terms of z(k)?, for each i € V.
Claim 2: For each ¢ € V, there is a positive and summable sequence

{7:(k)}, and positive constants Ai, A9, such that the following holds:
e (k) |1? < 7i(k) (1 +n; + Az(k)* + o). (7.15)

Furthermore, {||©;(k)||} is uniformly bounded.
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~

Proof: Denote ©;(k) := 0;(k)+ W@i(lﬂ)ei(k;)? Subtracting ©; on both

sides leads to the following:

®;(k)e; (k)T (7.16)

m n

Recall that ||Al% = ZZ@% for a matrix A € R™*". Similarly to the vec-
i=1 j=1

tor normalized gradient algorithm in [10], one can compute %H@Z(k) — 0,3 =

%tr((@z(k) —0,)T(6,(k) — ©,)), just plugging in (7.16), as follows:

s e - B ),

(7.17)

1 4 1
S161(k) — 1] = Sl1en(k) — &4l -

where we use the fact that tr is a linear operator, and that e;(k) = (0,—0;(k))T ®;(k).
As a consequence, the difference of 1(0;(k) — 6,]|% — 1||©;(k) — ©,]|% can be char-

acterized in the following way:

» 1 1 Jesth)
~105(k) — ©:]1% — < 118i(k) — 4|3 < ———— tr (es(k)es(k)") = ——
5104(0) = O = 51€4(8) = Ol < —5—rms 1 (s(h)es(h)”) = 52 L,
(7.18)
where we have used that 2 — % > 1, since m;(k) is a normalizing term.

Since the projection operator P; is applied block-wise, then ||©;(k + 1) — ©;|% <
10:(k) — ©;]|%. Then from (7.18) we have:

les (k) 1I*

. 1) — 0.2 — 110:(k) — 6,12 < — )
[©i(k +1) — Oif|p — |8i(k) — O4f| - < (k)2

(7.19)

This implies that {[|©;(k)—©;||%} is non-increasing and uniformly bounded.
Further, this ensures that {||©;(k)||} is uniformly bounded by noting that:

10:(k)|I* = [|(©i(k) — ©;) + 6:]]> < [[(©i(k) — ;) + 647
< 2(10i(k) — 6:]|F + 2[|04]/7-

Denote ;(k) := ||©;(k) — ©;]|% — [|©:(k + 1) — ©;]|%. Tt is noted that

K

Z%(k?) = [18i(0) = ©4[|F = 18:(K + 1) — ©4[}.

k=0
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The previous discussion implies that the sequence {v;(k)} is non-negative, summable,
and thus converges to zero by Lemma 7.8.1. Now, from (7.50) we obtain the fol-
I

lowing upper bound on ||e;(k)||* in terms of ~;(k):

le:(R)1* < ~i(k)mi(k)* = %(k)(1 + [|2:(R) ) < 7i(k)(L + i+ [|&:(R)]*). (7.20)

We would like to find now a relation between ||¢;(k)|| and z(k). To do this,
recover from (7.7) the expression for w;(k) :
= (I+ > Li(k) " x {> B Pyly; (k) — wilk))
JEN; JEN;

+ 3 Lij(k) (i (k) — wi(k)) + > mig(k)}- (7.21)

JEN; JEN;

Recall that L;;j(k) and P;; are positive definite and diagonal. This gives us that
(1 + 3" en;, Lis(k)) 7' < 1. Now, it follows from (7.21) that

lui(B)|| < Y IPT Py IVdz(k) + > V|| Lig(k) || 2(k) + Y i (k)
JEN; JEN; JEN;

Since {||©;(k)||} is uniformly bounded, there exists some 6;,6, > 0 such that
|lu; (k)| < 012(k) + O, for all k& > 0 and all ¢ € V. Notice that ¢;(k) can be

rewritten as follows:

Yin (k) = yi(k) — wi(k)
¢i(k) = '
This implies that there exists some A;, Ao > 0 such that the following holds for all
k>0andall s e V:

[¢s(K)||> < Az(k)? + As,
lea(R))1* < vi(B) (14 ni + |6 (R)1?) < vi(B)(1 4 ni + Az(k)® + o).

|2, and the uniform bound on the

Using the upper bound on the |[le;(k)
1©;(k)]|, we can now obtain an inequality involving the {z(k)*} and other dimin-

ishing terms. This is used to determine the stability properties of {z(k)?}.
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Claim 3: The sequence {z(k)} is square summable.
Proof: From the recursion for z(k), we found that
2(k+1)* < (1+No2(k)* +4(1 + BQZHQ N (7.22)
eV
where a (Sufﬁciently small) A > 0 is chosen such that (1 + \)o? € (0,1). We now

define V(k >+ Z llei(k)||* to be a Lyapunov function candidate for the

eV
ARFCU algorithm, and have that:

V(k+1) = V(E) = 2(k+1)°+ Y _lles(k + 1) = 2(k)* =Y _ [les(k)|?
% eV
2+ 12+ ek + 1)) — 2(k)™
eV

Using now the bound for [le;(k + 1) in Claim 2, we obtain:

V(k+1)—=V(k) <
(L4 M) vk +1)2(k+ 1%+ ) 5k + D)1+ n; + ) — 2(k)*.

i€V i€V
Finally, upper-bounding z(k 4 1)? as in (7.22), we get:
V(k+1) = V(k) < 1+ M) vk + 1)1+ A)o’z(k)?
i€V
Ly a2 2 2
A8 D lleith)I?) = (k) + 3 ik + (1 2). (7:23)
eV eV
Substituting the upper bound on ||e;(k)||? from (7.15) of Claim 2 into (7.23),
we find that there exists o € (0, 1) and two scalar sequences {m(k)} and {m(k)}
such that

V(k+1)=V(k) <(a—1+m(k)z(k)?* + ma(k), (7.24)

where {m(k)} is positive and diminishing and {m(k)} is positive and summable
by using that each sequence of {7;(k)} is summable. There is a finite K > 0 such
that 1 —a —m (k) <1—§ forall K > K. Then, for £ > K, we have the following
relations for z(k):

(0%

(L= 3)=(k)? < (1= a = m(k)=(k)* < V(k) = V(k+1) +ma(k)
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This implies that

(1- %> STk < VIE) + Y m(k). (7.25)

Upper-bounding ||e;(k)||* by (7.15) from Claim 2 in the recursion (7.22), it
can be found that z(k) is finite for any finite k. As a consequence, e;(k), and thus
V(k), are finite for every finite time. In this way, V(K) is finite in (7.25) and,
since {my(k)} is summable, so is {z(k)*}. |

Claim 3 guarantees that {z(k)}, and thus {D,(k)}, for all £ € {1,--- ,d},
converge to zero by Lemma 7.8.1. Therefore, {p(k)} asymptotically converges to

the set X*. In order to estimate the convergence rate, note that

Z D llpi(k) = pilk) = vy I* = Z > llyi(k) = w(k)]?

k=0 (i,7)€& k=0 (i,5)€€

+oo
< d|&| Zz(kz)2 < +o0,
k=0

where |£| is the cardinality of £, and in the last inequality we use the summability

of {z(k)?} from Claim 3. This completes the proof of Theorem 7.3.1. |

7.4 Attack-resilient distributed formation control
with bilateral learning

In this section, we investigate the more challenging SCENARIO II (bilateral
learning) and we propose an attack-resilient distributed formation control
algorithm under bilateral learning, ARFCB for short, to defeat a class of
intelligent adversaries.

In SCENARIO II (bilateral learning), adversary i is aware of P; (i.e, P =
P;;) and the policy of operator i to compute u;(k). However, adversary i has
no access to the formation vectors of v;; for j € N; in advance. This motivates
adversary 4 to learn v;; and the quantity vf;(k) is an estimate of v;; maintained
by adversary i at time k. On the other hand, operator i is assumed to know R;

and the rule of adversary ¢ making decisions without accessing the instantaneous
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estimate I/Z(/f) In order to play against her opponent, operator ¢ has to keep
track of the time-varying quantity v;(k). Operator 7 is completely unaware of the
learning dynamics associated with the estimates vf;(k), and thus v{;(k) is totally
unmodeled for operator 7. The best operator i can do is to observe some quantity
that depends on v{;(k) at time k, and generate a posterior estimate vf;(k + 1) of
I/Z(k‘) Through the certainty equivalence principle, the actions of operator ¢ and
adversary 7 at time k employ the estimates of vf;(k) and vf;(k), respectively.

In the remainder of this section, the subscripts of a and o are used to
indicate the target parameters of adversaries and operators, respectively, and the
superscripts of a and o are employed to indicate the estimates of target parameters
or other local variables of adversaries and operators, respectively. Towards this end,
let us make the following notations: Qq; = [[1/]]jen;]” (resp. W (k) = QF(k)) is
the target parameter of adversary i (resp. operator i), and Q¢ (k) = [[v (k)" ]jen;]”
(resp. W(k) = [[7;(k)"]jen:]") represents the estimate of Qg ; (resp. W,;(k — 1))

produced by adversary i (resp. operator i) at time k.

7.4.1 A linearly parametric interpretation of attacking poli-
cies and local formation control laws

In this part, we first find a linearly parametric interpretation of attacking

policies from the point of view of operators. Then we devise a local formation

control law for each operator.

Before doing that, we adopt the following notation?:

Lij = (R; — Z Py) 'Py, Li:= Z Lyj,

JEN; JEN
M= (I+ L) '\P7'Py, M= My
jeN;

Throughout this section, we assume that the cost matrices of each operator are

homogeneous, and this assumption is formally stated as follows:

Assumption 7.4.1 For each ¢ € V, there is a diagonal and positive-definite ma-

trix P such that Pj; = ,%pz for all j € N;.

3Note that similar letters do not exactly match their meaning in the previous section.
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With this assumption, it is easy to see that:

1 o 1 1
Lj= (Ri—P)'P, Lyj= L M= —M,.
Lemma 7.4.1 The vector v;(k) can be written in the following way:
=D Li(ps (k) = pik) —ui(k) + () Wou(k),  (7.:26)
JEN;

where the matrices of ¢ and ¥, (k) are given by:

(@9)" = [Lijljens],  Woilk) = [[v5(k) Tiens]” (7.27)

Proof: It is straightforward to verify this result. |

In SCENARIO II (bilateral learning), operator ¢ knows that adversary i
bases her decisions on the solution to the optimization problem (7.2) which is pa-
rameterized by the unknown quantity vf;(k). Lemma 7.4.1 indicates that, from
operator ¢’s point of view, the attacking strategy of adversary i is linearly pa-
rameterized by the unknown and time-varying matrix ¥, ;(k). The quantity ®¢ is
referred to as the regression vector of operator 7.

We are now in the position to devise a local formation control law for each
operator. In particular, with p;(k) for j € N; at hand, operator ¢ computes the
control command wu;(k) by solving the following quadratic program to minimize

the local formation error:

8 3 U0 = k18D = v, I h) = -+ LR

s.it. pi(k + 1k) = pi(k) + us (k) +02(k), (7.28)
where v{(k) is a prediction of v;(k) and defined as follows:

= > Liy(i(k) = (mi(k) + wi(k))) + (©F) "7 (k). (7.29)
JEN;
The solution to (7.28) is uniquely determined by:
wi(k) = (I+ L) { > B Py(p;(k) — pi(k) — vij)
JEN;

+ 37 Lij(pi (k) — pilk) — v ()} (7.30)

JEN;
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7.4.2 A linearly parametric interpretation and estimates of

formation control commands

In SCENARIO II (bilateral learning), adversary i, on the one hand, is
unaware of the formation vector v;; for j € N;; and on the other hand, is able
to intercepts u;(k) produced by operator i. This motivates adversary ¢ to infer
v;; through the observation of w;(k). To achieve this, she generates the following
estimate uf(k) of the control command w;(k) before receiving w;(k):

(k) = (I + L)Y P Py(p(k) — pilk) — vi5(K))
JEN;

+ Z Lij(pj(k) — pi(k) — I/Z(k))}, (7.31)

JEN;
and computes the estimation error ef(k) = u;(k) — ul(k) via the comparison with
u;(k) and u?(k). In the next part, we will explain how adversary i updates her

estimates of v;; based on e} (k).

7.4.3 The ARFCB algorithm and convergence properties

[Informal description] We informally describe the ARFCB algorithm as
follows. At each time instant k, operator i, adversary ¢ and vehicle ¢ implement
the following steps.

(1) Each operator first receives the information of p,(k) from neighboring
operator j. The operator then computes a control command wu;(k) to minimize a
local formation error function by assuming that her neighboring vehicles do not
move and the strategy of adversary i is linearly parameterized by ©¢(k). After this
computation, the operator sends the generated command w;(k) to vehicle 1.

(2) Adversary @ intercepts p;(k) for j € N; and w;(k), and further corrupts
u;(k) by adding the signal v;(k) linearly parameterized by ©¢2. Adversary i main-
tains a scheduler T * which determines the collection of time instants to update
her estimate Q¢ (k). In particular, if £ € T}, then adversary ¢ generates an estimate
ul(k) of u;(k), identify her estimation error and then produces her estimate Q¢(k)

by minimizing some local estimation error function.

4YWithout loss of any generality, we assume that 0 € T2,
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(3) Vehicle i receives, implements, and further sends back to operator i the
new position p;(k + 1).

(4) After that, operator ¢ determines the estimation error of W, ;(k), and
updates her estimate to minimize a local estimation error function.

We proceed to formally state the ARFCB algorithm in Algorithm 3. The

notations used in Algorithm 3 are summarized in Table 7.2.

Table 7.2: The notations of the ARFCB algorithm

pi(k) € R? the location of vehicle 7 at time k&
the prediction of p;(k + 1) produced by
) d )
pi(k+1]k) €R operator 7 at time k
u;(k) € R? the control command of operator 7 at time &
the estimate of u;(k) maintained by

a d
uy(k) €R adversary i at time k and given in (7.31)
the command generated by adversary ¢
, d
vi(k) € R at time k
(k) € R the prediction of v;(k) produced by
Vi operator i at time k and given by (7.29)
Qi = [[V]]sen]” the target parameter of adversary i

a(1\ _ (g (T T the estimate of €2, ,; produced by
(k) = [5(k) ljen] adversary 7 at time k
U, (k) = Q¢k) the target parameter of operator i
01N — [0 (INT]. AT the posterior estimate of U, ;(k — 1)
Wi (k) = [V (k) Jjen] produced by operator 7 at time k

(@)1 = [[Mij]jen] the regression vector of adversary i
(@9 = [[Lij]jen;] the regression vector of operator i
m; = /1 + || P22+ |®¢]2 | the normalized term of group i
pé € (0,1] the step-size of adversary ¢
p € (0,1] the step-size of operator ¢
T the scheduler of adversary ¢

We now set out to analyze the ARFCB algorithm. First of all, let us spell

out the estimation errors ef(k) and e?(k) as follows:

e)(k) = pi(k 4+ 1) — pi(k + 1|k) = (B7)" (Vo (k) — ¥I(k)),
e(k) = u; (k) — uf (k) = r¥(k) + (I + L) el (k), (7.34)

(2

where r¢(k) = (®9)7(Q,; — Q¢(k)). In addition, we notice that operator i is

attempting to identify some time-varying quantities, and the evolution of her time-
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Algorithm 3 The ARFCB Algorithm for group ¢
Require: Vehicle i informs operator i of its initial location p;(0) € R%. Operator i

chooses initial estimate U¢(0), and adversary i chooses initial estimates of Q¢(0).
Ensure: At each k£ > 0, adversary, operator, and vehicle i execute the following
steps:

1: Operator i receives p;(k) from operator j € N;, solves the quadratic pro-
gram (7.28), and obtains the optimal solution wu;(k). Operator i then sends
u;(k) to vehicle i, and generates the prediction of p;(k + 1|k) = p;(k) + u;(k) +
v? (k).

2: Adversary ¢ identifies the location p;(k) of vehicle 7, eavesdrops on p;(k) sent
from operator j € N; to operator 4, and corrupts u;(k) by adding v;(k) in (7.3).
Adversary i produces an estimate uf(k) of w;(k) in the way of (7.31), and
computes her estimation error e?(k) = w;(k) — uf(k). If k ¢ T2, then Q%(k +
1) = Q¢(k); otherwise,

Ok +1) = Q2 (k) + %@geg(k), (7.32)
with the step-size p¢ € (0,1 and the normalized term m; :=
V1[92 + (2]

3: Vehicle i receives and implements the corrupted command w;(k) + v;(k), and

then sends back its new location p;(k + 1) = p;(k) + w;(k) + v;(k) to operator
l.

4: Operator i computes the estimation error e?(k) = p;(k + 1) — p;(k + 1|k), and
updates her parameter estimate in the following manner:

ok +1) = W0(k) + %tbfef(ls), (7.33)

with the step-size u¢ € (0, 1].
5: Repeat for k = k + 1.
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varying target parameters is given by:

WOk + 1) = Wo(k) + 1 oeet(k), (7.35)
m?

(]

which can be readily obtained from the update rules of (7.32) in Algorithm 3
by noting that U¢(k) = €Q,,(k). The following lemma describes a linear relation
between the regression vectors ®¢ and ®¢. This fact will allow us to quantify
the estimation errors of operators which are introduced by the variations of time-

varying target parameters.

Lemma 7.4.2 The regression vectors of the i™ adversary-operator pair satisfy

o = OYLM,.

Proof: It follows from Assumption 7.4.1 and the non-singularity of corre-
sponding matrices. ]
For each k > 1, we denote by 7/ (k) the largest time instant in 7 that sat-
isfies 7/ (k) < k. The following proposition summarizes the convergence properties

of the estimation errors of the learning schemes in the ARFCB algorithm.

Proposition 7.4.1 Consider SCENARIO I (bilateral learning) with any initial
configuration p(0) € RN of vehicles and any initial estimates of Q(0) and ¥2(0).
Suppose Assumptions 7.2.1, 7.2.2 and 7.4.1 hold and the following inequalities are
satisfied:

a a Mg N2y i\ 2 -
— 24 +5(ui)2+(ﬁ) |L; 11\/fz’ll2+(ﬁ) (1 + L)~ H* <0,

3 3

= 2005 + 4(u5)" + 4P II(T + Lo) 1”208 | L P Ma[II(T + L)~ < 0. (7.36)

Then the following statements hold for the sequences generated by the ARFCB

algorithm:
1. The sequence of {W¢(k)} is uniformly bounded.

2. The sequence of {e?(k)} is square summable and the sequence of {ri(k)} is

diminishing.
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3. If there is an integer Tg > 1 such that k — 78(k) < Tg for any k > 0, then

the sequence of {e%(k)} is square summable.

Proof: We will divide the proof into several claims.

Claim 4: For adversary ¢, then the following relation holds when k € T

Qak 1 —Q 12 _ Qak) —Q 112 < -9 a a\2 ”T;l(k)”2
127 (R + 1) = Qaallip = 19 (k) = Qaallp < =200 = (Wi)") 5~
o llre ) Nes (B . e lled(R)1?
+2M?H(I+Li> 1” H ( )HH2 ( )” +2(Mz‘>2||(l+Li) 1||2H (2)” ] (737>
my; m;
If k ¢ T, then the following holds:
198 (k +1) = Qaullf = 97 (k) = Quill 7 (7.38)

Proof: First of all, we notice that, analogous to (7.17), the following holds

for adversary ¢ when k € T}

a a ILLZa 2 a a a . a
||Qz (k+ 1) - Qa,i| % = ||Qz (k) - QMH% + (W) tr(ei (k)T((I)z‘ )Tq)z‘ €; (k))

)

+2tr ((Q (k) — Qa,i)T::f;q)?eg(k)). (7.39)

2

For the last term on the right-hand side of the relation (7.39), we have

(Q2(k) — )" @tes (k) = (U (K) — ) L @52 (h) + (74 L))

ILL? a a ILL;I a — o
= _Elgri (k)" r{ (k) — Egri ()" (I + Li)~"ef (k). (7.40)

The trace of the second term in the last term of (7.40) can be upper bounded in

the following way:

e+ noteml < B W ey, ran

Let us consider the second term on the right-hand side of the relation (7.39).
Note that (®f)"®¢ = diag(M}}) is a diagonal matrix from the fact that M;; is a
diagonal matrix. Using the definition of m; as a normalizing term and e} (k) =

ro(k) 4+ (I + L;)te(k), we have

2

(L) ey @y aser (k) < il et (i)
< 2V )12 4 (2 + Lo 22 k) ), (7.42)

m;
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where in the last inequality we use the relations of ||a + b||*> < 2(||al|* + ||b||*) and
lled]] < |lelllld]|. Substitute the bounds of (7.41) and (7.42) into (7.39), and we
have the desired relation (7.37) for k € T by using the fact that tr is a linear
operator. The relation for k ¢ T/ is trivial to verify. |

Claim 5: For operator 4, the following relation holds when k € T}

17 (k +1) = Wo,i(k + D)l — 97(k) — Toi(k)[[7

_ all o B ed (k)|
< (= 20 4 () + 20001+ L7+ 2w+ 2~ IR
a /r'? k 2 a — o,,.a r;l k elo k
If k ¢ T?, then the following holds:
ezt

1020k + 1) = Wb+ D)3 — [ 0208) — W) 3 < (= 202 + ()1 DI

(7.44)

Proof: We first discuss the case when both adversary ¢ and operator ¢

update their estimates at time k. Note that the following holds for operator i:

Wk + 1) = Toi(k 4 1) = WI(k) + L5007 (k) — oo (k) — L5@7et (k). (7.45)

7 7

Analogous to (7.17), it follows from (7.45) that

17 (k + 1) = Wo,i(k + 1)l = (197 (k) — Wo(k)|IF

L (0908 — 0 (R0 () — L e (WE0R) — ()T @€ R)).

2
(7.46)
One can verify that
0 i go0 i o AT o
(W2(R) = Was (k)T Ltz (k) = — L5 eo(ryTer (), (7.47

which produces the following upper bounds for the second term on the right-hand

side of (7.46):

0 B o o B o
| tr(Wf (k) — \Ifo,z-(k))Tﬁ@i ef (k)| < ﬁllei(k)H?. (7.48)

1
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From (7.47), we can derive the following upper bounds for the third term
on the right-hand side of (7.46):

||(\Ij?(k>_\1/o,i(k))T7’:: ofef (k)| = II(‘P"( ) = Wo,i(k)) @FL; Miei (k)|
( )

- M—i”@f(k)TL;lMie (B < gl Ly 1MHH ( )
( ) (k)

|
()

< wil|Ly

I+ 11+ L)~ 1HH

H(H 1) (7.49)

where in the first equality we use Lemma 7.4.2, in the second equality we use
the definition of e?(k), and the third equality follows from the definition of ef(k).
The combination of (7.46), (7.48) and (7.49) gives (7.43). When k ¢ T¢, then
Wo(k+ 1) = W2(k) and thus (7.43) reduces to (7.44). |

We now denote the following quantity to characterize the estimation errors

of the i*" group:

Ui(k) = 197 (k) = QallE + 1|97 (k) — Wo,i(k)|-

With the two claims just proved, one can characterize the difference U;(k+1)—U; (k)

as follows:

Uil +1) ~ Uk) < — [ el fles(®)l] ] T (R

m

(7.50)

Ire (k) | ]
le(®)]| |

where the time-varying matrix II(k) is given that: if £ € T, then

(k) = 1) = [51 ’ ]
Z 0 &

a —1 X N—1 a
with & = —2p¢ +5(puf)? + (“LEAH) o (LRI and & = —200 4+ 4(0) +

(NI + L) 7HIP 4 20 [|L MGl (T + Li) ~]J; otherwise,

IL; (k) = mn” =

2

0 0
0 —2u¢ + (u2)* |

Claim 6: The matrix HZ@) are negative semi-definite and Hgl) is negative

definite.
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Proof: Since u¢ € (0, 1), then it is easy to see that HZ@) is negative semi-
definite. From (7.36), it can be seen that HZ@) is negative definite. |
Claim 7: The sequence of {¥¢(k)} is uniformly bounded. Furthermore, the
sequence of {r{(k)} is diminishing, and the sequence of {e?(k)} is square summable.
Proof: It follows from Claim 6 and (7.50) that the sequence of {U;(k)}
is non-increasing and uniformly bounded. Since [|Q¢(k) — Q,]|3 and || ¥2(k) —
U, (k)||% are non-negative, they are uniformly bounded. Since €; is constant, so
{Q¢(k)} and thus {¥,;(k)} are uniformly bounded. It further implies that {¥¢(k)}

are uniformly bounded. Sum (7.50) over [0, K|, and we have the following relation:

)\max(H(2)) 0 a 2:“? — (,uf)2 0
== D (WP + W) + === > bl
i 0<k<K,keT® ‘ 0<k<K k¢To

This implies that the sequence of {||e7(k)||*} and the subsequence {||r{(k)||*}rere
are summable. Then the subsequence of {||7{(k)||*}rere diminishing by Lemma 7.8.1.

Notice that r#(s) = r#(rf(k) + 1) for all 77(k) +1 < s < k. We are now
in the position to show the convergence of the whole sequence {e?(k)}. Pick any
€ > 0, there is K(e) > 0 such that the following holds for any &', k" > K(e) with
K k' e To:

lr (k) = ()] < e (7.51)

Pick any kq, ko > K (€), the difference of ||r#(k;) — r¢(k2)|| can be characterized as

follows:
175 (k1) = 7 (ko) || = (|7 (75" (k1)) — rif (7 (R2)) | < e, (7.52)

where the last inequality is a result of (7.51). As a result, the sequence of
{r#(k)}x=o is a Cauchy sequence and thus converges. Since {r{(k)}rere is a subse-
quence of {7{(k)}r>o, it implies that {r{(k)}i>0 has the same limit as {r{ (k) }rere
and thus {r¢(k)}x>o goes to zero. Since ef(k) = r&(k) + (I + L;)"'e?(k), this gives
that {e?(k)} is diminishing. |

Claim 8: If k — 7(k) < Tp, then the sequence of {ef(k)} is square

summable.
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Proof: Since k — 7f(k) < Tg, then we have

Z Ir¢(R) > < Tp Y [Irf (k)1 < +o0. (7.53)

kIET“
Recall that e?(k) = r¢(k)+ (I + L;) " e¢(k). It follows from the square summability
of {ef(k)} and {r¢(k)} that {ef(k)} is square summable. B This completes the
proof of Proposition 7.4.1. [ |
Based on Proposition 7.4.1, we are able to characterize the asymptotic

convergence properties of the ARFCB algorithm as follows.

Theorem 7.4.1 (Convergence properties of the ARFCB algorithm): Con-
sider SCENARIO II (bilateral learning) with any initial position p(0) € RN of
vehicles and any initial estimates of Q2(0) and U¢(0). Suppose Assumptions 7.2.1,
7.2.2 and 7.4.1 and condition (7.36) hold. Then the ARFCB algorithm ensures
that the vehicles asymptotically achieve the desired formation; i.e., the following

relation holds:

lim dist(p(k), X*) = 0.

k—+o0
Furthermore, the convergence rate of the algorithm can be estimated in the following

way:

Z Z lp; (k) — pi(k) — V¢j|]2<+oo.

k=0 (i,5)€&

Proof: The proof is analogous to Theorem 7.3.1, and we only provide its
sketch here. From Proposition 7.4.1, we know that {e?(k)} is square summable
and {W?(k)} is uniformly bounded. This result is the counterpart of Claim 2 in the
proof of Theorem 7.3.1. The remainder of the proof can be finished by following
analogous lines in Claim 1 and Claim 3 in Theorem 7.3.1. The details are omitted
here. |

Through the comparison of Theorem 7.4.1 and Theorem 7.3.1, it is not
difficult to see that the ARFCB algorithm shares analogous convergence properties
with the ARFCU algorithm, but requires an additional condition (7.36). The

following provides a set of sufficient conditions that can ensure (7.36).
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Lemma 7.4.3 The following statements hold:

1. For any pair of step-sizes u$ € (0, \/g) and 1§ € (0, %), there is a P; such
that condition (7.36) holds.

2. For any given triple of p¢ € (0,3), (I + L;)7*|| and || L; ' M;||, then there is

i € (0,4/2) such that for any pg € (0, 1%], condition (7.36) holds.

Proof: Let us investigate the first condition. If we take the limit on R; — P, to
0, then we have ||(I + L;)~!| — 0 and ||L;'M;|| — 0. This means that operator
i can always choose P; such that ||(1 + L;)~!|| and || L; ' M;|| are sufficiently small.
As a result, operator i can always choose P; to enforce condition (7.36). We now
consider the second condition. When pf is sufficiently small, then —2u¢ and —24
dominate in the two inequalities of condition (7.36), respectively. By continuity,
there exists ¢ € (0, \/g) such that condition (7.36) holds for any p? € (0,n¢]. W

To conclude this section, we leverage singular perturbation theory (e.g.,
in [71]) to provide an informal interpretation of the conditions in Lemma 7.4.3.
This will help us draw some insights from Proposition 7.4.1 and Theorem 7.4.1.

From (7.34) and Lemma 7.4.2, we know the following:

ef (k) = (DL " M;)" (Quy — QF (k) + (I + Li) "€l (k).

7

The first condition in Lemma 7.4.3 renders that ||(I + L;)~!|| and ||L; ' M;]|, and
thus ||e(k)||, are sufficiently small. The second condition in Lemma 7.4.3 renders
pd ~ 0 and thus ||ef (k)| ~ 0 as well. Hence, under any condition in Lemma 7.4.3,
the dynamics (7.32) approximates Q¢(k + 1) ~ Q¢(k); i.e., the learning dynamics
of adversary i evolves on a slow manifold. On the other hand, for any fixed €2,
the update rule (7.33) becomes:

W+ 1) = WEk) + M as(we(h) — ), (7.54)

and the trajectories of (7.54) asymptotically reach the set of {W¢ | ||P?(V?—Q¢)| =
0} where the estimation error of operator ¢ vanishes.
If we informally interpret pf and pf as learning rates of adversary ¢ and

operator 7, respectively, then the second condition in Lemma 7.4.3 demonstrates



189

that operators can win the game if their learning rates are sufficiently faster than

their opponents.

7.5 An extension to time-varying inter-operator

communication digraphs

So far, we have only considered a fixed communication digraph of operators.
The ARFCU algorithm, together with Theorem 7.3.1, can be extended to a simple
case of time-varying inter-operator communication digraphs with some additional
assumptions. Let N¢(k) C N; be the set of operators who can send information to
operator i at time k. We define an operator communication digraph as G%(k) :=
(V,EC(k)) where £€(k) := {(j,i) | 7 € NE(k)}. It can be seen that G(k) is a
subgraph of G. We slightly modify the ARFCU algorithm as follows. If N¢(k) #
N;, then operator ¢ does nothing at this time instant. Since operator 7 does not send
out any information, then adversary and vehicle ¢ will have to keep idle at this time
instant as well. If V¢ (k) = A, then operator i, adversary i and vehicle i implement
one iteration of the ARFCU algorithm. In other words, this situation models a
type of asynchronous operator interactions under the assumption that vehicles can
maintain their positions. To guarantee the convergence of the modified algorithm,
we require that the frequency that the set N can be recovered by operators is high

enough. Formally, we need the following to hold:

Assumption 7.5.1 There is some integer T > 1 such that the event of N (k) =

N; occurs at least once within any T consecutive steps.

This assumption in conjunction with Assumption 7.2.1 ensures that for all
ko > 0, the digraph (V, Uf;ol EC (ko + k)) is strongly connected with the integer
B := NT'. The proof of Theorem 7.3.1 can be carried out almost exactly by only
changing T} := k(N B — 1) in the proof of Claim 1 of the proofs for Theorem 7.3.1
in the appendix, as we did in Chapter 2. This extension applies to the ARFCB
algorithm as well. The possible solution aforementioned allows for tolerating unex-

pected changes of communication digraphs between operators, but this robustness
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comes with the expense of potentially slowing down the algorithms. An interesting
future research problem is to maintain the convergence rates of algorithms under

switching topologies.

7.6 Illustrative examples

Here we evaluate the performance of our proposed algorithms through some
numerical examples. All the figures can be found at the end of the current chapter

to facilitate the comparison.

7.6.1 A numerical example for the ARFCU algorithm

Consider a group of 15 vehicles which are initially randomly deployed over
a square of 50 x 50 length units as shown in Figure 7.2. Figure 7.4 delineates
the trajectory of each vehicle in the first 60 iterations of the algorithm. The
configuration of the vehicles at the 60" iteration of the ARFCU algorithm is given
by Figure 7.3 and this one is identical to the desired formation. This fact can
be verified by Figure 7.5, which shows the evolution of the formation errors of
the ARFCU algorithm. Figure 7.5 also demonstrates that the convergence rate of
the ARFCU algorithm in the simulation is exponential and this is faster than our

analytical result in Theorem 7.3.1.

7.6.2 A numerical example for the ARFCB algorithm

In order to compare with the performance of the ARFCU algorithm, we
consider the same problem where a group of 15 vehicles are initially randomly
deployed over the square of 50 x 50. Figure 7.6 shows the initial configuration, and
Figure 7.8 then presents the trajectory of each vehicle in the first 100 iterations
of the algorithm. The group configuration at the 100" iteration is provided in
Figure 7.7. We can verify the fact that the desired formation is exponentially
achieved from Figure 7.5 of the evolution of the formation errors of the ARFCB

algorithm.
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The simulations provide some insights of the algorithms. Comparing Fig-
ures 7.5 and 7.9, it can be seen that the ARFCU algorithm converges faster than
the ARFCB algorithm. Figure 7.4 shows that vehicles stay close to the region
where they start from while Figure 7.8 shows that vehicles drift significantly away
from the starting area. These two facts verify the fact that the damage induced

by intelligent adversaries is greater.

7.7 Conclusions

In this chapter, we have studied a distributed formation control problem for
an operator-vehicle network which is threatened by a team of adversaries. We have
proposed a class of novel attack-resilient distributed formation control algorithms
and analyzed their asymptotic convergence properties. Our results have demon-
strated the capability of online learning to enhance network resilience, and suggest
a number of future research directions which we plan to investigate. For example,
the current operator-vehicle architecture can be enlarged to allow for more com-
plex interactions. Moreover, the types of malicious attacks can be broadened and
the models of attackers can be further refined. In addition, it would be interesting
to study the cyber-security of other cooperative control problems in the operator-

vehicle setting. The following papers summarize the results in this chapter:

(JP-8) M. Zhu and S. Martinez, “On attack-resilient distributed formation control
in operator-vehicle networks”, SIAM Journal on Control and Optimization,

submitted.

(CP-12) M. Zhu and S. Martinez, “Attack-resilient distributed formation control via
online adaptation”, The 50" IEEE Conference on Decision and Control and

FEuropean Control Conference, Orlando, USA, Dec. 2011, to appear.

7.8 Appendix

We give two instrumental facts as follows where the second one is a direct

result of the first one.



192
Lemma 7.8.1 The following statements hold:

1. Let {a(k)} be a non-negative scalar sequence. If {a(k)} is summable, then it

CONVETGES to zero.

2. Consider non-negative scalar sequences of {V (k)} and {b(k)} such that V (k+
1) = V(k) < —=b(k). Then it holds that klirf b(k) = 0.
—+00

It is worthy to remark that the second fact in Lemma 7.8.1 is a discrete-time

version of Barbalat’s lemma (e.g., in [71]).
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Figure 7.2: Initial configuration of vehicles for the ARFCU algorithm
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Figure 7.3: The configuration of vehicles at the 60" iteration under the ARFCU

algorithm
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Figure 7.4: Trajectories of the vehicles during the first 60 iterations of the ARFCU
algorithm. The green squares stand for initial locations and red circles represent

final locations
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Figure 7.5: The evolution of formation errors during the first 60 iterations of the
ARFCU algorithm
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Figure 7.7: The configuration of vehicles at the 100" iteration under the ARFCB
algorithm
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Figure 7.8: Trajectories of the vehicles during the first 100 iterations of the
ARFCB algorithm. The green squares stand for initial locations and red circles
represent final locations
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Figure 7.9: The evolution of formation errors during the first 100 iterations of
the ARFCB algorithm



Chapter 8
Conclusions and Future Work

This dissertation investigates distributed decision making by networked
multi-agent systems in complex environments. The objective of this dissertation
is to design and analyze practical mechanisms which allow autonomous agents to
coordinate their actions via local communication and perform given tasks with sat-
isfactory performance guarantees. The environments where agents are deployed are
dynamic, uncertain and adversarial. More specifically, three classes of networked
decision making problems have been studied: (1) distributed average consensus;
(2) distributed cooperative constrained optimization; and (3) distributed online
learning based coordination. In the sequel, we discuss some possible future direc-

tions.

1. In Part II, we focus on the asymptotic convergence properties of the algo-
rithms. It would be interesting to characterize their convergence rates and

reveal the relation of convergence rates and network topologies.

In addition, the algorithms proposed in Part II are subgradient-based. In the
literature of optimization, it is already known that the (centralized) subgra-
dient methods are easy to implement and suitable for large-scale optimization
problems, but suffer from slow convergence. From a practical point of view, it
would be of great interest to devise distributed algorithms whose convergence

is faster.

Furthermore, it is an interesting problem to investigate how imperfection of

196
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communication channels (e.g., quantization, delay and channel noises) affects

the performance of the algorithms developed in Part II.

. In Chapter 6, the physical environment is discretized, and thus the action
space of the induced game is finite. A possible future direction is to investi-

gate the counterpart of the continuous state space.

Moreover, in Chapter 6, the optimal coverage problem is posed as a non-
cooperative game. The advantage of non-cooperative games is that decision
making of players is distributed, robust and scalable. However, inefficiency of
Nash equilibrium would degrade the system performance. In contrast, play-
ers in cooperative games aim to reach mutually beneficial agreements. One
then can expect that cooperative games may induce more efficient network
coalitions through proper negotiation mechanisms. It would be interesting to

explore the application of cooperative games in distributed decision making.

. In Chapter 6, our results have demonstrated that some desired configurations
can still be expected in some completely unknown environment. In Chap-
ter 7, operators are able to maintain system resilience if they have access to
partial prior information on adversaries. This is achieved by the integration
of online learning where it is key to efficiently exploit past observations and
experiences. An interesting problem along the direction of Chapter 7 is that
operators and adversaries have limited resources to defend or attack the net-
worked control system, and what are their optimal strategies to adaptively

reallocate their resources given the history of observations?

In Chapter 7, we have investigated formation control mechanisms against
deception attacks. One possible future direction is to address other cooper-
ative control problems in the presence of different classes of cyber attacks;

e.g., denial-of-service attacks and replay attacks.
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