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‘The local Nusselt number in the rear région‘is found te be proper--
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Mass Transfer to the Rear of a Cylinder
at High Schmidt Numbers
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'Abstract
" The Lighthill transformation gives the solutien for two-dimen-
. . ’ & ’
sional diffusien layers at high Schmidt numbers if the . shear-stress

'disfribution is knewn. 'This diffusion-layer solutien breaks down

at the rear of the object, but it provides.a basis for obtaining

the solution in the rear region. 'The analysis is restricted to sym-
metric, two-dimensional cyiinders with rounded back sides at

Reynolds numbers so low that ne eddies exist behind the cylinder.

tional to the Schmidt number to the ene-sixth power.



.'-Introduction
: Levichl obtained the diffusien-layer soLution fér mass transfer to a

sphere in Stokes flow.at high Péclet numbers, an analysis which is net
valid near the rear of the sphere. Recently, it has been shown- how to
treat the rear regien and the, wake.  Such an analysis can be extended
directly to ether axisymme@ric bodies?and te semewhat higher Reynelds num-
bers (where eddies still are not formed), and a similar analysis can be
applied to tWomdimensional_objects,v

At high Schmidt numbers, the.diffusion layer is very thin, even when
compared to any hydrodynamic boundary.layer which may be present. Under
these conditiens it is valid teo approximate the velocity ﬁithin the dif-
fusien layér by.tﬁe first term in an expansion in the normal distance
y from the surface, for examplé,
v, = yB(x) where. B = Bvx/ay at y =0 . : (1)
‘For a steady, two~dimensional.diffusién iayer, the Lighthill transformation3
- then provides a similarity solution'for the concentration profile, as
pointed out by Acrivos,h Thus the rate o% mass transfer can be calculated
from a knowledge only ef B(i);:the velocity derivative at the wéllc

The Lighthill methed alse breaks dewn at the rear of‘aﬁ object, but
from earlier wérk2 on mass transfer to the rear of a sphere.it appears
likely that the rate of mass transfer in the rear regien cah also be cal-
culated correctly when enly B(x) is given; Figure 1 illustrates the types
of two-dimensional objects considered in this work.. The back sides of
these are similar in that they are ail rounded. It is assumed that the -

flow iIs symmetric about a plane pérallel to the undisturbed flow and that

there are no eddies behihd the objéct; The Lighthill transformation
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Figure 1. Symmetric cylinders with rounded ba.ck sides.
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_ where ' c,-C
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providés the diffusion-layer Solutions at high Schmidt numbers for the
front;paff of thesg objects, as well as for a wider class of problems.

The two-dimensional problem is treated first. Later it i1s shown

in detail hew the earlier results2 for the sphere are applicable teo other

axisymmefric problems. The rate of mass transfei to the surface can be
calculated from B(x), but treatment of the cencentration profiles in the
wake would require additional infermation about the Velocity distributien.
Analysis
Near the solid surface, the tangential component of the velocity can

be approximated by equation (1), and for two-dimensional objects the
nermal component'is-

1 2.,/ , ‘

Vy;“'2yﬁ()_{) ° : ‘ (2)

For a consﬁant concentiation at the surfaée, the Lighthill transformation

yields the solution in the diffusion layer

| A
oy =iy J e o (3)
P

. X , co &)
9D f JB ax

The subscript d denetes the diffusidn—layer solution; X ié measured alohg

.the surface from the front, and y is the nermal distance from the surface.

We suspeét, on the basis of the treatment of mass transfer to the
rear of a spliere in Stokes flow, that the regien of interest at the rear

of the cylinder is small in both the x and y directiens and that, since x
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and y are essentially cartesian codordinates in this region; the equation

of convective diffusien can be written

®,  ®_ (e P |
Vx & : yg‘ D <5X ay2> o ) (5)

It should still be pos;iﬁle furthér to approximate the velocity profiles
by their values near the solid surface, but B should ge to zere at the
rear like |
B AGx) as x ok | (6)
where Xy is the value of x at the rear of the ¢ylinder. In the rear region
the equation of conVective diffusion thus becomes
% 1,20 (o %) -
Ay(x-x) 5o+ 5 Ay gy=_D<é—2+—3 . (1)
‘ \ox oy~

The diffusion coefficient and the cénétant A can be made to disappear by

stretching the coordinates:
1 "'1\, ’ 1, ’ .
X = (x-0)@/D)3, ¥ -yt ®
so that @ satisfies the equation

Y2 g——a—— -@— (9)

Near the rear region the similafity variable 10 Qf‘the diffusioen layer

can be expressed in these coordinates in the form

which is small because the diffusion ceefficieqt is small. Henée,'in order

te match the solution in the rear region with the diffusion-layer solutien,



we must haﬁe
| 1/3
' @—rl—\(h/37 " i as X =+ @ . (11)

9 J[ Vq;dx
% -

The problem in the rear region can fihally"how be made independent of D

. by stretching the concentration; Let
11/3 -
h/3) Jf VB ax . _ (12)

This will also make the problem for © independent of the Reynelds number
and of the geemetry of the front part of the cylinder.

The diffusion equation now becemes

|

1,298 a@ a 6,29

2" oY Si BX BY2 '

with the boundary cenditions

1. ®8=0at Y = 0, on the solid surface.

2, 3B/3X = 0 at. X = 0, on the plane of symmetry.

- _3;A]® —*Y’J&?as X —*#y in order to match with the. dlffu81on-layer solutlon° =

ha‘-As Y'-*m,'we suspect that Bgé/BY should become negligible, in order to.
match with reg1ons downstream where dlfqu1on in the dlrectlon normal
to the surface should be_negligible, 

‘The last boundary cenditien canabe Stated.more explicitly by finding

the aSymptotic‘soldtion as Y = %, . Then @ should satisfy the eqﬁatibn

Y2 a@ - YX 0 a © | ' (14)
X NG :



It

with the solution

@-»Y3/“ (&) where £ = x\/‘ ' (15)

and where F satisfies the ordinary differential equation
n,3epr 37 -
F +.h§F gF=0 . (16)

with the boundary conditions

F'=0at €=0and F>VE as £ =,

Résults

The problem poéed in eﬁuation (13) was solved by finite-difference
metheds using successive»ovérrelaxation on a high-speed digital cemputer,
the method being similar‘to that used for mass transfer to the réar of
a sphereog The .rate of mass transfef to the cylinder in the rear regipn
can be calculated from the values of 5@/5Y at ¥ = 0 which are plotted in
figure 2. The valﬁe at the resr itself is 9°8l9a »From these values and
the diffusion%layer solution,.ohe cah cénstruct a composite expansien for
the méss-transfer rate if desired. The local Nusselt number iéiof order
Scl'/6 near the fear of the c¢cylinder. o
It is interesting that the éélution in the rear:fegion approaches the :
diffusion-layer solutien from below rathér than frém.above.as X = oo, Thaf
this is reallylfhe éase can be-verifiea by obtaining the ‘asymptotic selu-
tion for © as X — © Let |

®=yYVx + T, - | - (iT)-

_Substituiion-ihto equation (13) gives a differential equation for'T:
Yz ‘ Y a T, a T | '
- WX 5— . (18)
X ux3[2 ax2 ‘ '

- 2.- | |
The term - Y/MX3/ acts as a negative source in this equation. By neglecting
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Figure 2. Rate of mass transfer near the rear of a bluff
: two-dimensional body at large
Schmidt numbers.
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the term O°T/OX” as X =, one obtains the solution for T as X — ®¢
, P . '.
r = a0/ (19)

where G satisfies the ordinary differential equatien

WG = Y + 2Y°G" + 6YC _ (20)

end the beundary conditions
G=0at¥=0 and G—=-1/6 as Y =x .

Thus the cencentration derivative can be expressed for large X as

RE] G'(0) [ 0.1242 - |
Flyog s x3/2 VT B s rT e (e

Here J&?represents the diffusionélayer solutien és plotted in figure 2; and

the correction term GTO)/Xs/E is negative.

The Axisymmetrié Problem
In this section we should like té show explicitly how the results for
mass transfér to the rear of a sphere in Stekes fleﬁg canAbe appliedvto
other axisymmetfip problems as long as the back-éide of the object is

rounded and the Reynolds number is so low that there are-no'eddies behind

the ebject. For an axisymmetric bedy the continuity equation within tﬁe

diffusion layer has the form

o0 vy _ .
. +7€5y =0, _ (22)_

where K(x) is the normal distance of the‘Surface from the axis of symmetry,
Correspondingly, when v. is approximated by equation (1), the appropriate .
form for v, within the diffusion layer is

Yy T T %’ye,(ﬁg)' ) .. (23)
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The solutlen in the diffusion layer is then glven by equation (3) where

Y\/—_ =175 - (k)

Near the rear of the body,

B _’A<Xov-x) 'gnd R~ Xo"X 88 X X . | " (25)

Since y and R are like cylindrical coordinates in the small region at the

rear, the equation of convective diffusion becemes

. 30 2 38 5® |
= + T
vx& y? AKYF Ay dy =D 2 ‘KB—RE_ (26)
In order teo obtain'tﬁé same form as for the sphere, let us stretch the.

coordinates as followss’

v = y(ea/30)3, s - w(ea/3)3 - () (ea/30)Y3 1)
The mgssHtransfer equatien becomes

, 2

In the coordinates Y and S, the similarity variable N of the diffusion-

layer solutioen is BRI : _ :

gV ys /3
Yo BEE o
9D fvemdx | ux/lx_f.‘f@dxi
e C o ; |

i73 : (29)

v‘CoﬁSequently, in erder te match with the diffusion-layer selution, the solu-
tion in-the rear regien must satisfy the condition

| ‘ pL/3

n____18 . D :
T3 CTR T x, L s T (30)

v)+§0§ J[i7€\ﬁ%§ dx;E

® =
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With a new dimensienless coencentration
X 1/3 |
5 (h 3 |luda | s
8 = 73 yNa [ RVEB ax| , (31)
0. _

the problem becomes independent of the conditiens on the front part of the

- bedy. Now © satisfies

8@8'8

3.2 3 % 1.0
ERER TR i b (32)

subject to the boundary conditions

1. 8=04dt Y =0, on. the solid surface.

2. 08/dS = 0at S =0, on the rear axis.

3. ® =YS as S = @, in order to match with the diffusion-layer selutioen.
L, As Y = %, the term 82@/5Y2 should become negligible.

A similar prob}em has been solved2 for mass transfer to the reai of a
sphere in Stokes flow: The dimensionless Massﬁtransfer rate BG/BY at Y =0
is plotted in figure 3. For large S,

®| o, 0.ho6

= S+ =———— . g8 8 = ‘ (33)
6Y S . 2 )
lY=0 o

- while at the rear itself the value " is’ 1. lEM L

For'a sphere in Stekes flow '
3v, : 3V, 1/3 Rv l/3

X P . N RV *
# =R sin ﬁ’ B = 55 sin s A = —5 ¥ =% <%5— ., 5=20 <}5— . (34)

Substitution into the defining equations shows that the local_Nusselt number

in the rear region is related to the derivative of ® by

8

2
1 060 <= 6Y

, e
Nu(8) = 2R 5o =
iy Yiy=0 T(4/3) (37r)1/3 SY

. ~ (35)

Y=0
This gives the value of the local Nusselt number at the rear of the sphere

2 .
~as 1.192, in agreement with the value reperted earlier.
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Figure 3. Rate of mass transfer near the rear of a bluff
axisymmetric body at large Schmidt numbers.
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Cénclusiéns
A aiffusionwlayef solution*fof velocify profiles is not valid near where’
the fléw separates from. the boayo There are a few cases where such prob-

- lems can be elucidated and where a valid descriptién of the behavier near
the point of separatien can be.obtaineda For symmetric cylinders and axi-
symmetric bedies with reunded back sides, this separation occurs at the
rear if no eddies are formed. Then, as shown in this work, the diffusien~ .
layer solution for high Schmidt numbers canvbe uéed as a basis to obtain
a valid approximation to the mass-transfer rate near the reér of the
object.

The importance of this work lies mainly in previding this wvalid approxi-
mgtion te the mass=transfer rate near the rear, since the contributien of
the rear région to the average-Nusselt:numbe? is smallo However, this

_contribﬁtién is‘considerably larger for the two-dimensienal objects thén for
the axisymmetric boaiesy as indicated in table 1. Oné should expect that,
in the calculatien of higher ofder contributions te the average Nussélt

_ number‘by the diffusion~layer methqd, it_will eventually be necessary to

ftékeiinté acceunt Ehe siﬁéﬁlaf'behéviérrétvthe rears = | o

Table 1. Schmidt-number dependenée of the Nusselt
number at high Schmidt numbers.

two-dimensional axisymmetric

problem problem
order of local Nusselt number . 1/6
in the rear region o 0(sc™ ™) o(1)
order of contribution of rear region ' -1/6 N 2/3 g
to the average Nusselt number . 0(Se ) 0(sec )

" order of average Nusselt number O(Scl/3) O(Scl/3)
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~ Nemenclature

’showsvhow B goes té zero at the rear.
Eencentratien of diffusiﬁg species,
concentraﬁion at the surface.
concentration far frem the bédy,
‘diffusion coefficient.

expresses behavier of © as Y >,
expresses behavior of ® és X =,

Nusselt number.

radius of sphere.

disfance of surface from axis of symmetry.
dimensionliess distancé aléng surfacekfrom,the rear.
_Schmidt,nﬁmber, Sc = v/D.

correction te diffusien-layer selution as X — %,

- velocity in x-directien. ..

velécity in y-direction.
velecity far from the bedy.
distance measured aleng surface from the frent.

value of x at the rear.

- dimensionless distance: aleng surface from the rear.

normal distance frem the surface.

dimensionless distance frem.the surface.
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B ~>velocity derivative at theisurfacea
I'(4/3) - gamma functien, I'(4/3) =-0.89298,
N —‘similarity‘variable for diffusioen layer.
8 - angle measured from the rear of the spheregv k
ch - dimensiénless concentration.
® - strétched dimensionless concentration approﬁriate to;rear region.
v - kinemat&c viscosity,
3 - similarity variable for behavier as Y — =,
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