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Abstract

Deterministic and stochastic fluid-structure interaction

by

Jeffrey Kuan

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Sunčica Čanić, Chair

This thesis will study fluid-structure interaction (FSI), which describes the coupled multi-
physical dynamical interaction between fluids and deformable structures. From modeling the
flow of blood in compliant elastic arteries to modeling biomedical prostheses and large-scale
structures such as wings, bridges, and dams, FSI is prevalent in science, making the rigorous
analysis of such coupled fluid-structure systems important for continued technological devel-
opment and progress in engineering. While prototypical models of FSI involving incompress-
ible, viscous, Newtonian fluids interacting with elastic structures have been well-studied in
the literature, the types of FSI models found in present-day real-life applications have unique
and interesting features that require new mathematical methods for their analysis. The goal
of this thesis will be to develop new tools for studying new complex FSI models of practi-
cal importance that extend past work on prototypical models of FSI. Motivated by real-life
applications, we will study stochastic FSI systems involving coupled FSI dynamics under
the additional influence of random noise in time, and fluid-poroelastic structure interaction
(FPSI) which describes FSI systems in which the structure is poroelastic and hence admits
fluid flow through its pores. In the study of stochastic FSI, we establish well-posedness for
two models: (1) a reduced model where the full stochastic fluid-structure dynamics can be
reduced to a single stochastic equation known as the stochastic viscous wave equation and (2)
a fully coupled stochastic FSI system involving linear coupling between a Stokes flow through
a channel and the stochastically forced elastic walls of the channel, where the full system is
described by a stochastic system of PDEs. Next, we study deterministic nonlinearly coupled
FPSI and consider a model in which a multilayered poroelastic structure consisting of a thin
plate and a thick poroelastic medium, modeled by the Biot equations, interacts with an
incompressible fluid modeled by the Navier-Stokes equation. We study well-posedness and
consistency of this nonlinearly coupled FPSI model, which is especially challenging since the
fluid and poroelastic structure domains are time-dependent and a priori unknown. To the
best of our knowledge, the results in this thesis represent the first well-posedness results for
stochastic fluid-structure systems and nonlinearly coupled FPSI with moving domains.
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Professor Čanić never fails to amaze me with her mathematical prowess, her compassion for
others, and her dedication to her students. From her mentorship, I have become a more
confident, well-rounded mathematician and individual, and I am so grateful for her presence
in my life. Thank you Professor Čanič, you are an inspiration!
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Chapter 1

Introduction and background

1.1 Fluid-structure interaction and its applications

Fluid-structure interaction (FSI) describes multiphysical systems consisting of fluids and
deformable solids interacting dynamically with each other. These coupled fluid-structure
systems are multiphysical systems in the sense that models of FSI involve partial differential
equations (PDEs) describing fluid dynamics which are coupled to partial differential equa-
tions describing the elastodynamics of a elastic structure, where the coupling is a two-way
coupling in which the fluid and structure dynamics mutually influence each other. Because
of the two-way coupling between the fluid and structure, rigorously analyzing FSI systems is
mathematically challenging, since FSI problems are described by systems of coupled PDEs,
which are often of mixed hyperbolic-parabolic type. Furthermore, since the structure in such
problems is often deformable, FSI problems can be moving boundary problems with addi-
tional geometric nonlinearities arising from the time-dependent fluid domain, which depends
on the structure displacement and is hence not known beforehand.

Despite all of these mathematical difficulties associated with the study of FSI, under-
standing FSI dynamics is essential for advancing science and technology. In particular, FSI is
widespread in applications to engineering since the interaction between fluids and structures
is a commonplace phenomena in the natural world. Advancements in the mathematical the-
ory and the development of stable and efficient numerical methods for FSI have contributed
to significant accomplishments in a variety of applications to engineering. This includes
advancements in the accurate simulation of real-life FSI systems in civil and mechanical
engineering, and the development of new biomedical technologies that significantly improve
standards of patient care. Hence, in addition to being of inherent mathematical interest, FSI
is fundamentally relevant to science and engineering, which makes the development of new
mathematical methods for analyzing FSI especially crucial for continued progress in science
and engineering.

To emphasize the fundamental importance of FSI and the prevalence of coupled fluid-
structure systems in science and engineering, we highlight some of the numerous applications
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of FSI to a broad variety of scientific disciplines below:

Biomedical engineering. Many physiological processes in the human body can be mod-
eled using coupled fluid-structure systems. Fluids, such as blood and air, interact with a
variety of tissues which can be modeled as elastic shells or solids. Numerical simulations
of FSI have been used to investigate the effects of medical pathologies, such as aneurysms
[17, 130] and plaque in arteries [106], on the human body via computational simulations. In
recent years, there has also been substantial progress in engineering new biomedical tech-
nologies that substantially improve quality of life for patients. The development of robust
numerical methods for FSI has played a crucial role in these technologies, as engineers can
use simulations to study the effects of biomedical interventions. This allows for the compu-
tational study of prostheses in the cardiovascular system, such as prosthetic heart valves [16,
92] and vascular stents [33, 28], and new technologies such as a bioartificial pancreas [26],
which is a revolutionary biomedical technology that would eliminate the need for long-term
immunosuppressant therapy after organ transplantation.

Mechanical engineering and aeroelasticity. The operation of many mechanical systems
involve the interaction between fluids and structures, and hence fluid-structure interaction
is important in many mechanical engineering applications. The study of the interaction
between solids and fluids has been applied to the simulation of various components of rockets,
such as rocket engine nozzles [77], rocket engines [110], and rocket motors [179]. Another
major application of fluid-structure interaction is the study of aeroelasticity, which studies
the deformations of elastic solid structures in surrounding air flows. Numerical studies of
aeroelasticity have included studies of wings, such as the AGARD 445.6 [104] and the ARW-
2 wing [71]. Computational studies of insect flight [145] are also another application of
aeroelasticity, and more generally, studies of flight involving both rigid and flexible wings
have contributed to the study of micro air vehicles [47]. Another significant application of
aeroelasticity found in the literature is the study of parachutes, which form a fluid-structure
interaction system in which the shape of the parachute derforms under the influence of the
surrounding air [76, 127, 168, 169, 176].

Civil engineering. Fluid-structure interaction is also particularly important in civil en-
gineering, where it is important for engineering large-scale structures, such as bridges and
dams, which are able to withstand external loading due to environmental factors, such as
wind and water, which can be modeled using the equations of fluid dynamics. In these sim-
ulations, it is important to take into account the elastic and vibrational properties of these
large-scale structures, in order to accurately assess their durability in response to external
environmental loading. The study of fluid-structure interaction in the context of bridges
interacting with surrounding airflow such as wind has been carried out mathematically in
small-scale experiments such as wind tunnel experiments [78] and also numerically in large-
scale simulations of bridges [133, 170]. Simulations of the robustness of bridges in response
to external loading due to water waves, as a result of natural disasters such as tsunamis [96]
and hurricanes [5], have also been conducted in the civil engineering literature. In addition,
there has been a lot of work on the interaction between dams and water, for example in
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surrounding reservoirs, which has been carried out in works such as [2, 4, 46, 59, 122, 147,
178].

Because of the widespread application of FSI to science, developing a robust mathemati-
cal theory for quantitatively analyzing fluid-structure interaction systems is of fundamental
importance for supporting continued progress in engineering. The mathematical study of
FSI is multifaceted, integrating a broad set of mathematical approaches. This includes
the mathematical modeling of FSI systems, which involves deriving equations describing
the dynamics of fluid-structure systems from physical principles and asymptotic analysis.
Upon obtaining such models, one can then study the rigorous mathematical analysis of the
systems of fully coupled PDEs that describe these physical systems, by examining mathe-
matical issues such as well-posedness (existence and uniqueness of weak or strong solutions)
and long-time behavior of these systems. Upon obtaining models of fully coupled fluid-
structure systems that are well-posed, one can then work on developing robust, stable, and
accurate numerical schemes for numerically solving for the solutions to FSI dynamics.
These numerical schemes are particularly valuable for practical applications, as they can be
used to simulate real-life technologies involving FSI. In this thesis, the emphasis will be on
the mathematical analysis of FSI systems, in terms of showing well-posedness for complex
FSI systems that are inspired by real-life applications to engineering.

Before discussing the types of more complex FSI models that we will consider in this the-
sis, we will start by describing a prototypical model of FSI, consisting of an incompressible,
viscous fluid interacting with an elastic plate or membrane. While this model has been ex-
tended to more complex settings, this prototypical model is a particularly useful benchmark
problem for FSI and this prototypical model was where much of the work on the mathemat-
ical analysis of FSI began. In this prototypical model of FSI, the coupling between the fluid
and structure can be of two types. First, the fluid and structure can be linearly coupled,
which is a linearization of the full moving-boundary FSI problem with a time-dependent
fluid domain around the state of zero structure displacement, where the fluid equations are
evaluated on a fixed, reference fluid domain and the coupling between the fluid and structure
occurs on the fixed, rather than time-dependent, fluid-structure interface. Second, the fluid
and structure can be nonlinearly coupled, which gives rise to moving-boundary problems
involving time-dependent fluid domains that are not known beforehand and must be solved
for as part of the FSI problem. In particular, in the real-life dynamics of such a prototypical
FSI system, the structure displacement at any given time determines the time-dependent
fluid domain, and since the structure displacement is a priori unknown, the moving (time-
dependent) fluid domain is not known a priori either. Hence, the equations for the dynamics
of the fluid in nonlinearly coupled models of FSI are posed on a moving time-dependent fluid
domain that is also an unknown of the problem, and the coupling conditions between the
fluid and structure are evaluated on the time-dependent interface between the fluid and the
structure. This gives rise to additional nonlinearities originating from the changing (time-
dependent) geometry, which makes these nonlinearly coupled moving boundary problems
particularly challenging.
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While there have been many techniques developed for solving FSI problems both in
the linearly coupled and nonlinearly coupled cases, one particular method for solving these
fully coupled problems that has been particularly robust in handling both the prototypical
model and its numerous extensions is the idea of Lie operator splitting. This involves semi-
discretizing the problem in time, and splitting the fully coupled problem into a structure and
a fluid subproblem on each time step, in order to construct approximate solutions. However,
not every such splitting into a structure and fluid subproblem would necessarily work, and
one must be careful to precisely split the problem in an appropriate way so as to respect
the energy of the problem, in order to produce a stable scheme. In this sense, developing a
proper splitting scheme is often the main challenge in this approach. However, this splitting
scheme approach remains particularly useful because it explicitly constructs weak solutions
to the FSI problem. This thesis will discuss extensions of this splitting scheme approach to
complex FSI problems involving stochasticity and more complex structures, such as poroelastic
structures. Hence, as a starting point, in the remainder of this section, we will first describe
the prototypical benchmark FSI model in both the linearly coupled and nonlinearly coupled
case, discuss the literature that has been done for these models, and finally outline the
method of constructive existence for these models via Lie operator splitting.

1.2 A linearly coupled prototypical FSI model

As a preliminary step in the analysis of fluid-structure interaction, linearly coupled models
of FSI were first analyzed, where the fluid domain is assumed to be fixed in time, so that the
fluid equations are posed on a fixed reference fluid domain Ωf , even though the structure is
assumed to displace. Therefore, the fluid equations are formulated on a fixed domain that
is not time-dependent, with the fluid-structure coupling occurring on a fixed fluid-structure
interface, rather than a moving interface. Although these linearly coupled models are not
moving-boundary problems, the analysis of these linearly coupled FSI models is still chal-
lenging due to the two-way coupling between the fluid and structure and the multiphysical
nature of these problems. In this section, we begin by reviewing the important results in
the study of linearly coupled models of FSI. We will then describe a prototypical model of
linearly coupled FSI and describe a Lie operator splitting approach to analyzing this lin-
early coupled model. Though the Lie operator splitting approach was only later used in
fluid-structure interaction in the context of moving boundary nonlinearly coupled models,
see for example [30, 140], we summarize the application of the splitting scheme approach to
the prototypical linearly coupled FSI model, since these splitting schemes will be important
in analyzing linearly coupled models presented later in this thesis.

Literature review

The first mathematically rigorous works on linearly coupled fluid-structure interaction in-
volve fluids and structures interacting with each other, where the fluids and structure are
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in domains of these same dimension. We will summarize the fundamental developments in
linearly coupled models of FSI of this type, but note that the prototypical model that we will
consider in the remainder of this section is of a slightly different type, where the structure
is a lower-dimensional membrane that is on the boundary of the fluid domain.

The study of linearly coupled fluid-structure interaction was initiated in the work [66],
where the linear Stokes equations posed on a fluid domain interact with the equations of
linear elasticity on a solid domain, where the fluid and solid domain are in contact with each
other along a common interface, and are both of the same dimension, either 2D or 3D. At
the interface, there is a kinematic coupling condition prescribing matching of the fluid and
structure velocity, and there is a dynamic coupling condition that prescribes continuity of
normal stresses. This work proves well-posedness from the perspective of weak solutions, by
using a Galerkin method and passing to the limit, and it shows that given initial structure
displacement, structure velocity, and fluid velocity in H1pΩsq, H

1pΩsq, and H
1pΩf q respec-

tively, there exists a solution where the structure displacement, structure velocity, and fluid
velocity are bounded in H1pΩsq, L

2pΩsq, and L2pΩf q for all time, while the fluid velocity
is also in L2p0, T ;H1pΩf qq. It is shown that with more regular initial data, one can obtain
improved regularity for the solution, in addition to being able to recover the fluid pressure,
which vanishes in the weak formulation when using divergence-free test functions.

After this initial work by [66], there was a growth in interest in linearly coupled models,
where the solid and fluid have the same spatial dimension, specifically models in which an
elastic solid is immersed in a fluid. For concreteness, in these models, we will refer to the
structure displacement by η on the reference structure domain Ωs, we will refer to the fluid
velocity by u on the reference fluid domain Ωf , and we will denote the reference configuration
of the fluid-structure interface by Γ. In the work [10], a solid modeled by the linear damped
wave equation ηtt ´ ∆η ` η “ 0 on Ωs is immersed in a fluid modeled by the linear Stokes
equations, where the solid and fluid are both 2D or are both 3D. The kinematic coupling
condition is a no-slip condition

u “ ηt, on Γ,

and the dynamic coupling condition is

Bu

Bν
´

Bη

Bν
“ pν, on Γ, (1.1)

where ν is the normal vector along Γ. As described in [10], this work improves upon the
past results in [66], where an initial structure displacement, structure velocity, and fluid
velocity in H1pΩsq, H

1pΩsq, and L
2pΩf q give rise to a solution that is bounded in time in the

weaker spaces H1pΩsq, L
2pΩsq, and L2pΩf q. In contrast, this work [10] does not have this

decrease in regularity from the initial data to the solutions. The main result of this work
is that the linearly coupled problem has an associated evolution that is given by a strongly
continuous C0 semigroup, so that initial data in a finite energy space H give rise to solutions
that are continuous in H. In addition, the semigroup is strongly stable on H quotiented out
by a one-dimensional space of stationary solutions, meaning that on this factor space, the
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operator norm of the semigroup converges to zero as t Ñ 8, which implies some long-time
decay of solutions. These results were obtained by reformulating the initial fluid-structure
interaction problem as an abstract evolution equation, where the fluid pressure is eliminated
from the equations by rewriting it using operators applied to the fluid velocity and structure
displacement. The study of well-posedness of this system was continued in a later work [7],
where it is shown that the solution possesses additional regularity if one assumes that the
initial data is in the domain of the generator A of the associated semigroup and the initial
structure displacement is in H2pΩsq, so that the initial data is more regular.

These asymptotic stability results about immersed structures in fluids were later improved
in [11], where the same model as in [10] is considered, but instead of a no-slip condition u “ ηt

on Γ, there is a boundary dissipation condition,

u “ ηt ` α
Bη

Bν
on Γ, (1.2)

where α “ 1 for concreteness. For this problem with boundary dissipation, the previous
work [10] shows that the associated semigroup is strongly stable, so that the operator norm
of the semigroup maps goes to zero as t goes to infinity. The work in [11] improves this
result by showing uniform stability of the semigroup, which means that the operator norm
of the semigroup maps more specifically decays exponentially as t goes to infinity.

We note that these past results on elastic structures immersed in fluids [7, 10, 11] involve
damped wave equations. These results were generalized to elastic structures modeled by
elasticity equations, specifically the Lamé equations of linear elasticity, interacting with
incompressible Stokes flows in later works [8, 9]. These models involve boundary dissipation
in the kinematic coupling condition so that

ηt ´ φσpηq ¨ ν|Γ “ u on Γ,

where φ ě 0 is a sufficiently regular and nonnegative function, for example in C1pΓq, and
σpηq is an elasticity stress tensor for the structure. The dynamic coupling condition, instead
of being the simpler condition (1.1), is now the full continuity of normal stress between the
fluid and structure:

2Dpuq ¨ ν “ σpηq ¨ ν ` pν, on Γ,

where Dpuq “
1

2
p∇puq ` p∇uq

t
q is the symmetrized gradient for the fluid velocity. We refer

the reader to [9] for the full details of the Stokes-Lamé model. In [9], it is shown that this
Stokes-Lamé system has an associated strongly continuous C0 semigroup, which establishes
well-posedness, and strong stability properties of the semigroup are established. As was
done for the model involving just the damped wave equation in [11], these strong stability
results for the Stokes-Lamé system in [9] were strengthened to results on uniform stability
of the semigroup in the work [8], in the sense of exponential decay of the operator norms of
the semigroup, when the boundary dissipation function φ is strictly positive. The boundary
dissipation function φ ą 0 in this case is the analogue of the constant α “ 1 in (1.2) for the
related model involving a linear damped wave equation interacting with Stokes flow.
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Nonlinear variants of these models were also considered, in which the Navier-Stokes
equations with the nonlinear advection term are considered for the fluid interacting with
the immersed solid. We emphasize that these models are still linearly coupled because the
Navier-Stokes equations are posed on a fixed reference fluid domain and the fluid-structure
coupling takes place at a fixed reference fluid-structure interface. This model was considered
in [12], where the continuity of normal stresses is modified into a transmission boundary
condition in order to obtain energy balance, due to the effect of the nonlinear advection
term in the Navier-Stokes equations and the fact that the nonlinear Navier-Stokes equations
interacting with a deformable structure are being posed on a fixed reference fluid domain.
In this work, existence of weak solutions which are defined globally in time is established
in finite energy spaces by using semigroup methods and microlocal analysis of hyperbolic
equations. The proof considers an auxiliary related nonlinear problem where the nonlinearity
is of a suitably tractable form, and this auxiliary problem is solved using semigroup methods.
The initial problem can be solved by truncating the Navier-Stokes advection nonlinearity
to reduce the initial problem to this auxiliary problem, and then passing to the limit in
the truncation parameter. However, an additional difficulty here is that to show that the
solutions which are solutions in the semigroup (mild) formulation are also weak solutions
satisfying a variational formulation, we must be able to interpret appropriate terms in the
weak formulation, such as the trace of the normal stress of the structure on the boundary.
While the finite energy space does not have a structure displacement and velocity with
sufficient regularity to classically define a trace of the normal stress of the structure along
the fluid-structure interface Γ, the work in [12] shows that one can use microlocal analysis
to establish a “hidden regularity” result where if we are given initial structure displacement
in H1pΩsq, initial structure velocity in L2pΩsq, and forcing in L2p0, T ;H1{2pΩsqq, then the
corresponding solution to the linear elasticity equation has a normal stress with a well-defined
trace on the boundary in L2p0, T ;H´1{2pΓqq. We remark that this “hidden regularity” result
has been fundamental to the development of methods for linearly coupled FSI, as it has
resulted in well-posedness results that do not require the addition of (potentilly artificial)
higher order terms in the structure equations that regularize the structure dynamics.

The consideration of this linearly coupled model consisting of the nonlinear Navier-Stokes
model interacting with an elastic immersed structure is continued in [13], where the existence
and uniqueness of strong solutions is considered in 2D and 3D. In terms of strong solutions,
there are global unique solutions in 2D, and in 3D, given an initial fluid velocity, structure
displacement, and structure velocity in H2pΩf q, H2pΩsq, and H

1pΩsq respectively, one can
obtain local existence of strong solutions. It is important to note also that because these
solutions are strong, an important component of the analysis in [13] involves obtaining
improved regularity estimates that will allow for the recovery of the fluid pressure function.
These results on local existence of strong solutions were later improved in subsequent works
[120], [118], and [119]. In [120], a variant of the model in [13] is considered with “slab”
domains containing flat boundaries, and in this context, the results from [13] are improved.
In [120], the regularity of the initial fluid velocity is reduced fromH2 toH1 and later, in [118],
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the regularity of the initial structure displacement and velocity is reduced to H
3
2

`k and H
1
2

`k

for sufficiently small k ą 0 by using “hidden regularity” and fractional estimates. Finally, in
[119], these well-posedness results for strong solutions are extended beyond the model with
“slab” domains with a flat fluid-structure interface that was previously found in [120, 118]
to a more general geometry involving a potentially non-flat fluid-structure interface.

Problem description

We start by describing a linearly coupled prototypical model, involving the interaction be-
tween a two-dimensional incompressible Newtonian fluid and a one-dimensional elastic struc-
ture. Define the two-dimensional reference domain for the fluid by

Ωf “ r0, Ls ˆ r0, Rs,

which represents half of a two-dimensional channel with elastic walls which contains the flow
of an incompressible fluid. We will represent points in the two-dimensional fluid domain Ωf

using the coordinates pz, rq P Ωf . The elastic channel will be open at the ends, so that we
allow for inlet and outlet flow through

Γin “ t0u ˆ r0, Rs and Γout “ tLu ˆ r0, Rs

respectively. The bottom boundary

Γb “ r0, Ls ˆ t0u,

represents the central axis of the channel, which will be a line of even symmetry, so that
the dynamics on Ωf can be reflected across the line Γb to retrieve the full (symmetric)
dynamics in the full elastic channel. We represent the elastic walls of the channel using the
top boundary, defined by

Γ “ r0, Ls ˆ tRu,

which will be the reference configuration of an elastic structure representing the deformable
walls of the channel. Hence, Γ is the reference configuration of the fluid-structure interface,
which represents the physical location of the fluid-structure interface when the displacement
of the elastic structure from its reference configuration is zero. See Figure 1.1.

Description of the fluid and structure dynamics

We now describe the subproblems for the fluid and structure, by explicitly specifying the
partial differential equations governing the dynamics of the fluid and structure separately.

Structure subproblem. We will describe the elastic walls of the channel, with reference
configuration Γ, by specifying the displacement of the structure from its reference config-
uration Γ. While one can consider general vector-valued displacements from the reference
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Figure 1.1: The domain for the linearly coupled prototypical FSI problem in two dimensions,

describing the interaction between a fluid modeled by the linear Stokes equation and an elastic

structure. Though the structure displaces from its reference configuration, by the linear coupling,

we evaluate the interface conditions on the reference fluid-structure interface Γ and pose the linear

Stokes equations for the fluid on the fixed fluid reference domain Ωf .

configuration such as η : Γ Ñ R2, we will consider a simplified case where the structure is
assumed to displace only in the radial direction. In this case, we can keep track of just the
scalar displacement of the structure in the radial direction from its reference configuration,
which we will denote by the scalar function η : Γ Ñ R. To describe the dynamics of the
elastic structure, we will use a partial differential equation describing a Koiter shell to specify
the evolution of the radial displacement of the elastic structure:

B
2
t η ´ C0B

2
zη ` C1B

4
zη “ F on Γ, (1.3)

where C0 and C1 are positive (constant) elasticity coefficients and F is the source term
describing the external load on the structure, to be specified later in the coupling conditions.
We will assume that the ends of the elastic walls are clamped so that

ηp0q “ ηpLq “ Bzηp0q “ BzηpLq,

where z “ 0 and z “ L represent the left and right endpoints of Γ. We remark that because
the structure equation is a fourth order equation in space, we need a total of four boundary
conditions, which is why we must specify that both η and Bzη are equal to zero at the left
and right endpoints z “ 0 and z “ L of Γ. For the structure subproblem, we are given initial
data for the initial displacement η0 P H2

0 pΓq and the initial structure velocity v0 P L2pΓq.
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Fluid subproblem. We model the fluid using the linear Stokes equations describing the
dynamics of an incompressible, viscous, Newtonian fluid with constant density in terms of
the fluid velocity u : Ωf Ñ R2 and the fluid pressure p : Ωf Ñ R:

#

ut ´ ∇ ¨ σpu, pq “ 0,

∇ ¨ u “ 0.

The first balance of momentum equation describes the dynamics of the fluid via Newton’s
second law, with the Cauchy stress tensor being defined by

σpu, pq “ 2µfDpuq ´ pI, where Dpuq “
1

2
rp∇uq ` p∇uq

t
s

and µf ą 0 is the (constant) fluid viscosity. The second equation (known as the incompress-
ibility condition) describing conservation of mass is an infinitesimal description of the fact
that the flow (under the assumption of constant fluid density, as we assume here) preserves
volume. We are given initial data u0 P L2pΩf q for the linear Stokes equations.

Next, we define the boundary conditions for the fluid subproblem. Because we are allow-
ing for flow through the inlet and outlet of the channel, we will set

p|Γin
“ Pinptq and p|Γout “ Poutptq,

where Pinptq and Poutptq are time-dependent inlet and outlet pressure data, which drive the
flow of the fluid through the channel. Furthermore, we will assume that the direction of the
flow at the inlet and outlet is purely horizontal so that

ur “ 0, on Γin Y Γout.

On the bottom boundary, because Γb is a line of even symmetry, we impose the following
boundary conditions along Γb for the flow velocity u, which essentially say that the flow
velocity respects the even symmetry at the central axis Γb:

ur “ 0 and Bruz “ 0, on Γb.

The coupling conditions. Now that we have separately described the fluid and structure
dynamics, we need to couple them together to get a fully coupled FSI system. We emphasize
that the coupling in this FSI system is a two-way coupling, in the sense that the motion
of the structure and the dynamics of the fluid both mutually affect each other. There
are two types of coupling conditions: one which specifies continuity of displacements (the
kinematic coupling condition) and one which specifies the dynamic loading on the structure
(the dynamic coupling condition).

We remark that in most of the FSI systems that we will consider, there will be two-
way coupling described by a set of kinematic coupling conditions and dynamic coupling
conditions, which need to be specified in such a way that allows for a proper energy estimate
while respecting certain physically relevant considerations. In this prototypical model of
linearly coupled FSI, we have the following coupling conditions, which are evaluated along
the fixed reference fluid-structure interface Γ:
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• Kinematic coupling condition. This describes continuity of the velocity at the
interface, via the no-slip condition, which states that the particles of the fluid along
the elastic walls have the same velocity as the moving structure. Since we assume that
the structure displaces in only the radial direction, this kinematic coupling no-slip
condition takes the form:

u|Γ “ Btηer.

• Dynamic coupling condition. This condition specifies the fluid load on the struc-
ture. In this FSI system, the motion of the elastic structure is driven by the forcing
exerted on the structure by the fluid. Mathematically, this amounts to specifying the
source term on the elasticity equation describing the structure elastodynamics in (1.3).
We specify the external fluid load on the structure via the Cauchy stress tensor of the
fluid as

F “ ´σpu, pqer ¨ er|Γ.

Physically, this force F represents the radial component of the force that the fluid
exerts on the elastic structure at the interface, where we are considering the fixed
reference fluid-structure interface Γ due to the linear coupling. We take only the radial
component of this force since we are assuming that the elastic walls of the channel are
constrained to move in only the radial direction for simplicity. Therefore, the equation
for the elastic structure reads

B
2
t η ´ C0B

2
zη ` C1B

4
zη “ ´σpu, pqer ¨ er|Γ.

A priori energy estimate and weak formulation

Our next step will be to formulate the definition of a weak solution to the linearly coupled
prototypical FSI problem. This is done in a classical way, by testing against sufficiently
regular test functions and integrating by parts, in order to move derivatives from the solution
itself to the sufficiently regular test function. However, before deriving the weak formulation
that a weak solution must satisfy, it is useful to first do an a priori energy estimate, which
uses a formal calculation to show that we should expect the total energy of the system to be
controlled by the initial and boundary data. Obtaining an energy estimate validates, at least
on a preliminary level, that the mathematical model that we are considering is physically
reasonable. In addition, obtaining an energy estimate gives valuable information about what
finite energy function spaces we expect our weak solutions to belong to.

For the linearly coupled prototypical FSI model, we do not provide the details of the
computation of the energy estimate, as a similar computation will be done in a later chapter,
see Section 4.5 in Chapter 4. To get the energy estimate, we would test the structure equation
by ηt, test the fluid equation by u, and relate the two resulting sets of equations using the
dynamic coupling condition. Define the norm

||η||
2
E :“

1

2
C0||Bzη||

2
L2pΓq `

1

2
C1||B

2
zη||

2
L2pΓq. (1.4)
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Then, we obtain the following energy estimate for all t P r0, T s, up to a fixed but arbitrary
final time T :

1

2
||Btηptq||

2
L2pΓq ` ||ηptq||

2
E `

1

2
||uptq||

2
L2pΩf q ` µf

ż t

0

||Dpuqpsq||
2
L2pΩf qds

ď
1

2
||v0||

2
L2pΓq ` ||η0||

2
E `

1

2
||u0||

2
L2pΩf q ` C

´

||Pinptq||
2
L2p0,T q ` ||Pout||

2
L2p0,T q

¯

,

where the constant C in the estimate above is independent of the final time T and depends
only on the pre-specified geometry of the problem.

From this energy estimate, we can define the finite energy spaces for our weak solution,
by noting which norms must be bounded as a result of energy considerations. For example,
from the estimate above, we see that formally, we would expect the structure displacement
η to have the norms ||Btηptq||2L2pΓq

and ||ηptq||2E be bounded for (almost every) t P r0, T s.
Hence, we would define the finite energy solution space for the structure displacement η to
be

Vs “ W 1,8
p0, T ;L2

pΓqq X L8
p0, T ;Vsq,

where Vs is the following fixed-time solution space which incorporates the clamped boundary
conditions for the structure:

Vs “ H2
0 pΓq. (1.5)

Similarly, we define the solution space for the fluid. For each fixed time, we expect the
solution to take values in the following space of divergence-free H1 functions respecting the
boundary conditions of the fluid subproblem:

Vf “ tu P H1
pΩf q : ∇ ¨ u “ 0, ur “ 0 on Γin Y Γout Y Γb, uz “ 0 on Γu. (1.6)

Then, from the energy estimate, we have the following finite energy space for the fluid
velocity u:

Vf “ L8
p0, T ;L2

pΩf qq X L2
p0, T ;Vf q.

Now that we have derived an energy estimate and the finite energy solution spaces, we
can define the weak formulation to the problem. We consider a test function pq, ψq where
q is the test function for the fluid velocity and ψ is the test function for the structure
velocity, and where q|Γ “ ψer (which is the kinematic coupling condition imposed on the
test functions). We multiply the fluid equation by q and we multiply the structure equation
by ψ, and then we integrate by parts. In fact, many of these calculations will be similar to
the corresponding calculations used to obtain the a priori energy estimate. We then obtain
that a weak solution to the linearly coupled prototypical FSI problem satisfies the following
weak formulation.

Definition 1.2.1. A fluid velocity u P Vf and a structure displacement η P Vs are a weak
solution to the linearly coupled FSI problem if ηp0q “ η0 and furthermore, for all test
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functions pq, ψq P C8
c pr0, T q;Vs ˆ Vf q such that q|Γ “ ψer, the following weak formulation

holds:

´

ż T

0

ż

Ωf

u ¨ Btq ` 2µf

ż T

0

ż

Ωf

Dpuq :Dpqq ´

ż T

0

ż

Γ

Btη ¨ Btψ ` C0

ż

Γ

∇η ¨ ∇ψ

` C1

ż

Γ

∆η ¨ ∆ψ “

ż T

0

ż

Γin

Pinptq ¨ qz ´

ż T

0

ż

Γout

Poutptq ¨ qz `

ż

Ωf

u0 ¨ qp0q `

ż

Γ

v0 ¨ ψp0q.

If we substitute pu, Btηq for the test function pq, ψq in the weak formulation, note that
we formally recover the a priori energy estimate above.

Construction of approximate solutions via Lie operator splitting

This linearly coupled FSI problem has a global weak solution, and we state this result in the
following theorem.

Theorem 1.2.1. Suppose we have initial data u0 P L2pΩf q, η0 P H2
0 pΓq, and v0 P L2pΓq.

Then, there exists a unique weak solution pu, ηq to the linearly coupled fluid-structure in-
teraction problem above.

The method for showing uniqueness of weak solutions is handled using energy-type ar-
guments, where we have to carefully consider the regularity of the weak solution and the
test functions. We will not handle the proof of uniqueness now, as we will demonstrate the
mathematical methodology for establishing uniqueness of weak solutions later in Chatper 4
(specifically, see Lemma 4.9.1), so we will instead focus on the existence result for now. In
order to show this existence result, we use a splitting scheme that semidiscretizes in time
and splits the structure and fluid apart into two separate subproblems on each time step, in
such a way that the energy balance of the resulting scheme resembles the energy balance of
the continuous problem, hence resulting in a stable scheme. We remark that this splitting
must be done in a particular way in order to obtain a stable scheme, as one must carefully
take into account the two-way coupling between the fluid and structure when splitting them
apart from each other.

The splitting scheme that is used for this prototypical linearly coupled FSI model is as
follows. We set a final target time T and for each positive integer N , we discretize the full
time interval r0, T s into N subintervals rtn, tn`1s of length ∆t “ T {N , where the endpoints
are defined by tn “ n∆t. On each time interval rtn, tn`1s, we run two subproblems, a
structure subproblem and a fluid subproblem, and update an approximate vector

¨

˚

˚

˝

η
n` i

2
N

v
n` i

2
N

u
n` i

2
N ,

˛

‹

‹

‚
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consisting of the approximate state of the structure displacement, the structure velocity,
and the fluid velocity at that current time step. Each of the subproblems, which we will
now describe, will handle certain terms in the full weak formulation, so that when the weak
formulations for each of the two subproblems are combined, we obtain a semidiscretized
version of the full (continuous) weak formulation.

The structure subproblem. For the structure subproblem, we solve the weak formulation
of the elasticity equation with zero external forcing. We keep the fluid velocity from the
previous subproblem

u
n` 1

2
N “ un

N

and update the structure displacement η
n` 1

2
N and the structure velocity v

n` 1
2

N . This entails

finding pη
n` 1

2
N , v

n` 1
2

N q P H2
0 pΓq ˆ H2

0 pΓq such that the following system is solved in the weak
formulation:

$

’

’

’

’

’

&

’

’

’

’

’

%

ż

Γ

η
n` 1

2
N ´ ηnN

∆t
φdz “

ż

Γ

v
n` 1

2
N φdz, for all φ P L2

pΓq,

ż

Γ

v
n` 1

2
N ´ vnN

∆t
ψ ` C0

ż

Γ

Bzη
n` 1

2
N Bzψ ` C1

ż

Γ

B
2
zη

n` 1
2

N B
2
zψ “ 0, for all ψ P H2

0 pΓq.

(1.7)

The fluid subproblem. For the fluid subproblem, we update both the structure velocity
vn`1
N and the fluid velocity un`1

N , and we keep the structure displacement from the previous
subproblem so that

ηn`1
N “ η

n` 1
2

N .

While the structure velocity is a quantity associated with the structure rather than the fluid,
one must update both to obtain a stable scheme, since the structure velocity affects the fluid
velocity through the kinematic coupling condition (since the trace of the fluid velocity along
the fluid-structure interface Γ is the structure velocity). For the fluid subproblem, we want
to find pun`1

N , vn`1
N q P Vf ˆ L2pΓq satisfying un`1

N |Γ “ vn`1
N such that

ż

Ωf

un`1
N ´ u

n` 1
2

N

∆t
¨ q ` 2µf

ż

Ωf

Dpun`1
N q :Dpqq `

ż

Γ

vn`1
N ´ v

n` 1
2

N

∆t
ψ

“

ż

Γin

P n
N,inqz ´

ż

Γout

P n
N,outqz,

where P n
N,in and P n

N,out are the numerical inlet and outlet pressures

P n
N,in{out “

1

∆t

ż pn`1q∆t

n∆t

P ptqdt.
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Semidiscrete weak formulation and discrete energy estimates. On each time step,
the approximate structure displacement, structure velocity, and fluid velocity satisfy the
following semidiscrete weak formulation, obtained by adding the weak formulations for each
of the structure and fluid subproblems:

ż

Ωf

un`1
N ´ un

N

∆t
¨ q ` 2µf

ż

Ωf

Dpun`1
N q :Dpqq `

ż

Γ

vn`1
N ´ vnN

∆t
ψ

` C0

ż

Γ

Bzv
n` 1

2
N Bzψ ` C1

ż

Γ

B
2
zv

n` 1
2

N B
2
zψ “

ż

Γin

P n
N,inqz ´

ż

Γout

P n
N,outqz. (1.8)

We establish discrete energy estimates for the approximate solutions on each time step, which
can be derived from the weak formulations for the structure and fluid subproblems above.

Define the discrete energy E
n` i

2
N and the discrete dissipation Dn

N by

E
n` i

2
N “

1

2

ż

Ωf

|u
n` i

2
N |

2
`

1

2

ż

Γ

|v
n` i

2
N |

2
`

1

2
C0

ż

Γ

|Bzη
n` i

2
N |

2
`

1

2
C1

ż

Γ

|B
2
zη

n` i
2

N |
2.

Dn
N “ µf p∆tq

ż

Ωf

|Dpun
Nq|

2.

We then obtain the following discrete energy estimates for the structure subproblem

E
n` 1

2
N `

1

2

ż

Γ

|v
n` 1

2
N ´ vnN |

2
`

1

2
C0

ż

Γ

|Bzpη
n` 1

2
N ´ ηnNq|

2
`

1

2
C1

ż

Γ

|B
2
zpη

n` 1
2

N ´ ηnNq|
2

“ En
N ,

and the fluid subproblem

En`1
N `

1

2

ż

Ωf

|un`1
N ´ u

n` 1
2

N |
2

`
1

2

ż

Γ

|vn`1
N ´ v

n` 1
2

N |
2

ď E
n` 1

2
N ` C

´

||Pinptq||
2
L2pn∆t,pn`1q∆tq ` ||Poutptq||

2
n∆t,pn`1q∆tq

¯

,

where the additional terms that are not already included in E
n` i

2
N and Dn

N are numerical
dissipation terms, which arise as a result of the discretization in time.

Approximate solutions and uniform boundedness. The approximate quantities u
n` i

2
N ,

η
n` i

2
N , and v

n` i
2

N are defined on each time step, so in order to construct approximate solutions,
we must glue together these approximate solutions on the individual time steps. We do this
using piecewise constant functions and linear interpolations, as described below.

We define the following piecewise constant approximate solutions ηN , vN , v
˚
N , and uN ,

which are constant on each time step rnp∆tq, pn ` 1q∆tq, with

ηNptq “ ηn`1
N , vNptq “ vn`1

N , v˚
N “ v

n` 1
2

N , uN “ un`1
N , if t P rnp∆tq, pn ` 1q∆tq.
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We also define the approximate solutions ηN , vN , and uN by linearly interpolating values at
the points tn “ n∆t, where the values of these linearly interpolated approximate solutions
at these discrete time values tn are

ηNpn∆tq “ ηnN , vNpn∆tq “ vnN , uNpn∆tq “ un
N , for n “ 0, 1, ..., N.

We remark that BtηN “ v˚
N . From the discrete energy estimates, we obtain the following

result, which shows that the approximate solutions are uniformly bounded in the finite energy
spaces.

Proposition 1.2.1. We have the following uniform boundedness results for the approximate
solutions, uniformly in N .

1. Structure displacement. ηN is uniformly bounded in L8p0, T ;H2
0 pΓqq and ηN is

uniformly bounded in W 1,8p0, T ;L2pΓqq X L8p0, T ;H2
0 pΓqq.

2. Fluid velocity. uN is uniformly bounded in L8p0, T ;L2pΩf qq X L2p0, T ;H1pΩf qq.

3. Structure velocity. v˚
N is uniformly bounded in L8p0, T ;L2pΓqq. Using the continu-

ous trace operator mapping from H1pΩf q Ñ H1{2pΓq, we have that vN “ uN |Γ ¨ er is
uniformly bounded in L8p0, T ;L2pΓqq X L2p0, T ;H1{2pΓqq.

An important feature of linearly coupled FSI models is that having uniform boundedness
of approximate solutions is sufficient for passing to the limit in approximate solutions in order
to obtain a weak solution to the continuous problem. This is because uniform boundedness
of approximate solutions in appropriate energy level function spaces allows us to obtain weak
and weak star convergence of approximate solutions along appropriate subsequences. Be-
cause the weak formulation to linearly coupled problems involves linear terms, this weak and
weak star convergence is sufficient for passing to the limit. From the uniform boundedness
result above, we conclude that there is a limiting structure displacement η, fluid velocity u,
and structure velocity v, such that the following convergences hold:

ηN á η weakly star in L8
p0, T ;H2

0 pΓqq,

ηN á η weakly star in W 1,8
p0, T ;L2

pΓqq X L8
p0, T ;H2

0 pΓqq,

v˚
N á v weakly star in L8

p0, T ;L2
pΓqq,

vN á v weakly in L2
p0, T ;H1{2

pΓqq and weakly star in L8
p0, T ;L2

pΓqq,

uN á u weakly in L2
p0, T ;H1

pΩf qq and weakly star in L8
p0, T ;L2

pΩf qq.

This is sufficient to pass to the limit in the semidiscrete formulation. We integrate the
semidiscrete formulation in time from t “ 0 to t “ T in order to obtain:

ż T

0

ż

Ωf

BtuN ¨ q ` 2µf

ż T

0

ż

Ωf

DpuNq :Dpqq `

ż T

0

ż

Γ

BtvN ¨ ψ ` C0

ż T

0

ż

Γ

Bzv
˚
N ¨ Bzψ

` C1

ż T

0

ż

Γ

B
2
zv

˚
N ¨ B

2
zψ “

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

ż

Γin

P n
N,in ¨ qz ´

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

ż

Γout

P n
N,out ¨ qz,
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for all test functions pq, ψq P C1
c pr0, T q;Vf ˆ Vsq. From the weak convergence of the approx-

imate structure velocities,

C0

ż T

0

ż

Γ

Bzv
˚
N ¨ Bzψ Ñ C0

ż T

0

ż

Γ

Bzv ¨ Bzψ, C1

ż T

0

ż

Γ

B
2
zv

˚
N ¨ B

2
zψ Ñ C1

ż T

0

ż

Γ

B
2
zv ¨ B

2
zψ.

From the weak convergence of the approximate fluid velocities,

2µf

ż T

0

ż

Ωf

DpuNq :Dpqq Ñ 2µf

ż T

0

ż

Ωf

Dpuq :Dpqq.

Finally, we use integration by parts in time, the weak convergence of the fluid velocities, and
the fact that q P C1

c pr0, T q;Vf q in order to deduce that

ż T

0

ż

Ωf

BtuN ¨ q “

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

ż

Ωf

BtuN ¨ q

“

N´1
ÿ

n“0

˜

´

ż pn`1q∆t

n∆t

ż

Ωf

uN ¨ Btq `

ż

Ωf

un`1
N ¨ qppn ` 1q∆tq ´

ż

Ωf

un
N ¨ qpn∆tq

¸

“ ´

ż

Ωf

u0 ¨ qp0q ´

ż T

0

ż

Ωf

uN ¨ Btq Ñ ´

ż

Ωf

u0 ¨ qp0q ´

ż T

0

ż

Ωf

u ¨ Btq.

An identical argument shows that

ż T

0

ż

Γ

BtvN ¨ ψ Ñ ´

ż

Γ

v0 ¨ ψp0q ´

ż T

0

ż

Γ

v ¨ Btψ.

Thus, the semidiscrete formulation converges to the weak formulation to the continuous
problem as N Ñ 8, which establishes the existence of a weak solution to the prototypical
linearly coupled FSI problem, stated in Theorem 1.2.1.

1.3 A nonlinearly coupled prototypical FSI model

Next, we consider a prototypical nonlinearly coupled FSI problem, where the fluid domain
is determined by the displacement of the elastic structure from its reference configuration,
which gives rise to a moving boundary problem involving a coupled system of PDEs. While
the Lie operator splitting approach also works well for this nonlinearly coupled prototypi-
cal FSI problem, there are many unique challenges that arise when considering the moving
boundary, and we will emphasize the differences in the mathematical approach to the nonlin-
early coupled problem in comparison to the linearly coupled problem that was just presented.
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Literature review

Before we state the prototypical nonlinearly coupled model that we will consider in this intro-
duction, we give a brief summary of the results for various types of prototypical nonlinearly
coupled FSI models of types similar to the one that we will describe below.

The study of FSI involving time-dependent fluid domains is classical, and it arose first
from the problem of considering the motion of a rigid body in a viscous incompressible
Newtonian fluid, which is a problem that has been widely studied in the literature, see for
example [49, 60, 61, 84, 87, 91, 146, 161, 171, 172, 173]. However, in many applications
of FSI where the fluid occupies a time-dependent domain in space that evolves according
to the movement of a structure, the structure is actually elastic or deformable, rather than
rigid. This is the case for example in the study of blood flow in arteries where the arterial
walls are modeled to be elastic structures, and models of FSI that take into account of the
displacement of the arterial walls and other relevant biological properties of the blood flow
system are commonplace in the literature, see for example [36, 73, 149, 151]. Hence, because
of their relevance to applications, the development of rigorous mathematical techniques for
analyzing the influence of the time-dependent nature of the fluid domain on nonlinearly
coupled fluid-structure dynamics is essential. There was some work done in [62] on the
interaction between an elastic structure and a fluid on a time-dependent domain modeled
by the Navier-Stokes equations, where only finitely many eigenmodes in order to update the
displacement of the structure. However, we want to more generally consider elastic structures
modeled with full equations of elasticity, which determine the a priori unknown configuration
of a time-dependent fluid domain in nonlinearly coupled models. In the literature, there are
two main types of such prototypical nonlinearly coupled FSI models: (1) models where the
structure is of lower dimension than the fluid, and is an elastic part of the boundary of the
time-dependent fluid domain [18, 30, 42, 81, 82, 124, 125, 140] and (2) models where the
structure has the same dimension as the fluid and hence can be thought of as an immersed
elastic body within a surrounding fluid [44, 45, 51, 52, 93, 94, 117, 152].

The first results for nonlinearly coupled FSI were obtained for fluid-structure systems
where the structure is of lower dimension than the fluid domain. One of the first well-
posedness results for nonlinearly coupled fluid-structure interaction was obtained in [18],
where existence of a local strong solution for sufficiently smooth and sufficiently small initial
data is obtained for a nonlinearly coupled FSI model involving the interaction between a 1D
viscoelastic structure described by the generalized string model interacting with the Navier-
Stokes equations in a 2D domain. This local existence result was shown by using a fixed
point argument to obtain a solution, after moving the problem on a moving domain to a fixed
domain, and linearizing the resulting system appropriately. These local existence results for
strong solutions were extended in [125], which considers a similar model involving a 1D
structure modeled by the damped beam equation interacting with a fluid modeled by the
Navier-Stokes equations. The smallness condition on the initial data from [18] is removed, so
that in [125], local existence of strong solutions is established for general sufficiently regular
initial data, under the additional assumption that the structure is a viscoelastic plate (so
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that it has fourth order spatial derivatives in the defining equations). Furthermore, if the
initial data is sufficiently small, the result in [125] establishes global existence for small data,
if the structure is a viscoelastic plate. These past results for strong solutions [18, 125] involve
local existence of strong solutions and were recently improved in [82], where it is established
that there is global existence of strong solutions to an FSI problem involving a viscoelastic
plate interacting with a fluid modeled by the Navier-Stokes equations, assuming the initial
data is sufficiently regular and does not contact the bottom boundary of the fluid domain
at the initial time. In particular, this work [82] shows that if the structure is not touching
the bottom of the fluid domain at the initial time, then the structure will never contact the
bottom of the fluid domain, and hence the strong solution will exist globally in time.

These previously described results for nonlinearly coupled models involving elastic struc-
tures of lower dimension than the fluid are results involving strong solutions, but there has
also been a lot of work from the perspective of weak solutions for this particular model from
[18]. An existence result for weak solutions to such a model was first shown in [42], where
it is established that a weak solution exists until the time of self-contact of the structure in
a nonlinearly coupled FSI model involving a 3D fluid modeled by the Navier-Stokes equa-
tions interacting with a elastic plate with an additional regularization term. This result
is extended in [81], where it is shown that a weak solution exists for this model when the
coefficient in front of the regularizing term in the plate equation is zero. The study of weak
solutions to nonlinearly coupled FSI was continued in [140], which considered a 2D fluid
modeled by the Navier-Stokes equations interacting with a Koiter shell, where the flow is
driven by inlet and outlet dynamic pressure data. This work [140] was important because it
gave a new methodology for studying existence of weak solutions to nonlinearly coupled FSI
problems, as it featured a new constructive proof based on using an operator splitting scheme
to explicitly construct approximate solutions. These results on existence of weak solutions
were extended to nonlinearly coupled FSI models with curved structures in [124], where a
Koiter shell structure that is potentially curved is modeled by considering the contributions
of the membrane energy and the bending energy to the dynamics of the elastic shell.

Another class of prototypical FSI models that has been considered are models where the
structure is of the same dimension as the fluid domain. These are models in which the struc-
ture is an elastic solid that is modeled by the equations of linear elasticity, which is immersed
in a surrounding incompressible viscous fluid modeled by the Navier-Stokes equations. The
first well-posedness result for such a model was established in [51], where it is shown that
for a nonlinearly coupled model involving a fluid modeled by the Navier-Stokes equations
interacting with a linearly elastic solid, there is local existence of strong solutions given that
the initial fluid velocity and structure velocity are in H5 and H2 respectively. This local ex-
istence result for strong solutions to such an FSI model was extended in [52] where an elastic
solid modeled by quasilinear equations of elasticity is considered, [44] where the structure is
a biofluid shell that is modeled by nonlinear equations, and [45] where the elastodynamics
of the elastic shell is affected by inertial, membrane, and bending contributions. The result
on local existence of strong solutions, which was established first in [51], was later improved
in [117], where this result is shown for less regular initial data, where the initial data for the



CHAPTER 1. INTRODUCTION AND BACKGROUND 20

fluid and structure velocity are required only to be in H3 and H2. Further analysis of this
model, in terms of a priori energy estimates that are necessary for studying well-posedness,
was subsequently carried out in [94]. A variant of the initial model from [51], in which there
is an additional transmission boundary condition that stabilizes the dynamics, is studied in
[93], where it is shown that the damping and additional transmission boundary condition
give rise to a global existence result for smooth solutions, under the assumption that the ini-
tial data is sufficiently small with respect to some higher regularity Sobolev norms. Finally,
well-posedness of a model involving the Navier-Stokes equations interacting with a structure
modeled by the Lamé equations of elasticity is considered in [152], where local existence
of strong solutions is established with initial data requiring less regularity, compared to the
corresponding local existence results for strong solutions in past works such as [51] and [117].

For further discussion of results for nonlinearly coupled FSI models, from the perspectives
of both weak solutions and strong solutions, we refer the reader to the references [30, 83].

Description of the model

We now discuss the existence of weak solutions to a prototypical nonlinearly coupled FSI
model, established using a splitting scheme that splits the fluid and structure dynamics to
explicitly construct approximate solutions.

In the summary that we will present in the remainder of this section, we summarize the
presentation of constructive existence for the prototypical nonlinearly coupled FSI model,
in the reference [30]. We refer the reader to this reference [30] for full details, and we insert
additional comments about the distinctions between the splitting scheme approach for the
prototypical nonlinearly coupled case and the linearly coupled case discussed in the previous
section.

First, we will define the prototypical nonlinearly coupled problem. As in the linearly
coupled case, we will consider a two-dimensional fluid domain where the reference configu-
ration for the fluid domain is Ωf “ r0, Ls ˆ r0, Rs, and the variables describing this domain
are pz, rq P Ωf . As in the linearly coupled case, we have that the top boundary Γ of Ωf

is the reference configuration for an elastic structure, the left and right boundaries Γin and
Γout of Ωf are the inlet and outlet, and the bottom boundary Γb of Ωf is a line of even
symmetry. We denote the fluid velocity by u and we denote the structure displacement by
η. As before, we assume that the structure displaces in only the radial direction, so that η
is a scalar quantity that describes the radial displacement of the structure from its reference
configuration Γ. Hence, the time-dependent configuration of the elastic structure is given by

Γptq “ tpz, rq P R2 : 0 ď z ď L, r “ R ` ηpt, zqu.

Since we must consider the time-dependent configuration Γptq of the elastic structure, we
remark that assuming that the structure displaces in only the radial direction simplifies the
analysis by preventing self-intersection of the structure with itself, so that domain degeneracy
occurs only when ηpt, zq “ ´R at any point z P Γ for any time t. Since this is a nonlinearly
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coupled FSI model, we have to take into account the motion of the elastic structure when
considering the fluid domain, which is now time-dependent. The time-dependent configura-
tion of the structure, given by Γptq, will determine the top boundary of the time-dependent
fluid domain Ωf ptq, so that the time-dependent fluid domain Ωf ptq is defined by

Ωf ptq “ tpz, rq P R2 : 0 ď z ď R, 0 ď r ď R ` ηpt, zqu. (1.9)

Note that the bottom boundary Ωf ptq is fixed at Γb because Γb is a fixed line of even symmetry
through the center of the full channel. See Figure 1.2.

Figure 1.2: Left: The reference configuration for the nonlinearly coupled prototypical FSI problem

in two dimensions. Note that the structure equation is posed on the reference configuration Γ

of the structure. Right: The moving fluid domain in physical space for the nonlinearly coupled

prototypical FSI problem in two dimensions. Note that the Navier-Stokes equations are posed on

the time-dependent a priori unknown fluid domain Ωf ptq, which is determined by the structure

displacement.

The fluid subproblem. In contrast to the linearly coupled prototypical FSI model, because
of the nonlinear coupling present in this current model, we must pose the fluid equations on
a moving fluid domain, whose time-dependent configuration Ωf ptq depends on the structure
displacement, as in (1.9). Because the fluid domain Ωf ptq is now time-dependent, we must
consider the full Navier-Stokes equations rather than just the linear Stokes equations, as the
advection term is needed in order to obtain an energy estimate. Therefore, we model the
fluid velocity u : Ωf ptq Ñ R2 and the fluid pressure p : Ωf ptq Ñ R by the Navier-Stokes
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equations
#

ut ` pu ¨ ∇qu´ ∇ ¨ σpu, pq “ 0,

∇ ¨ u “ 0,
on Ωf ptq, (1.10)

where the Cauchy stress tensor is defined by

σpu, pq “ 2µfDpuq ´ pI, Dpuq “
1

2

`

p∇uq ` p∇uq
t
˘

. (1.11)

We have the following boundary conditions on the inlet and outlet:

ur “ 0, p `
|u|2

2
“ Pinptq, on Γin,

ur “ 0, p `
|u|2

2
“ Poutptq, on Γout.

ur “ 0, Bruz “ 0, on Γb.

We note that all of these boundary conditions are the same, except for the condition

p `
|u|2

2
“ Pin{outptq, on Γin{out,

which takes the form of p “ Pin{out on Γin{out in the linearly coupled prototypical FSI model.
Due to the advection term which is present in the Navier-Stokes equations but not the linear

Stokes equations, we must include the additional
|u|2

2
term in order to obtain an energy

estimate, and we remark the term p `
|u|2

2
is referred to as the dynamic pressure.

The structure subproblem. The PDE describing the structure subproblem is unchanged
from the linearly coupled case:

B
2
t η ´ C0B

2
zη ` C1B

4
zη “ F, on Γ. (1.12)

The scalar quantity η : Γ Ñ R describes the radial displacement of the structure from its
reference configuration Γ, and C0 and C1 are positive elasticity coefficients, as in the linearly
coupled case. The external force F will be specified in the dynamic coupling condition
later as the fluid load on the structure. Even though the structure has a time-dependent
configuration described by

Γptq “ tpz, rq P R2 : 0 ď z ď L, r “ R ` ηpt, zqu,

the equations of elasticity for the structure are posed on the reference domain for the structure
Γ, or in the Eulerian formulation, which is common in the mathematical study of elasticity.

The coupling conditions. Next, we will describe the two-way nonlinear coupling between
the structure and the fluid via the kinematic coupling condition and the dynamic coupling
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condition. We emphasize that these coupling conditions are evaluated on the moving in-
terface Γptq, in contrast to the linearly coupled case in which the coupling conditions are
evaluated on the reference configuration Γ of the fluid-structure interface. The fact that the
coupling conditions are evaluated on a moving interface introduces additional challenging
nonlinearities arising from the time-dependent geometry of the FSI problem. We describe
the two coupling conditions below:

• The kinematic coupling condition. The kinematic coupling condition, which is
the no-slip condition on the fluid, now reads

upz,R ` ηpt, zqq “ Btηpt, zqer.

We will informally write this condition above as u|Γptq “ Btηer. We remark that this
informal way of writing this condition is not entirely precise, as Btη is defined on Γ
rather than on Γptq, so we are implicitly composing with the map sending pz, Rq P Γ
to pz, R ` ηpt, zqq P Γptq.

• The dynamic coupling condition. The dynamic coupling condition loads the elas-
todynamics of the structure via the external load of the fluid on the structure. Because
we are evaluating the coupling conditions along the moving interface Γptq, this condi-
tion reads

F “ ´J ησpu, pq|Γptqnptq ¨ er,

where F is the external load on the structure on the right hand side of the structure
equation (1.12), and nptq is the outward unit normal vector to the time-dependent
configuration Γptq of the structure representing the elastic walls of the channel. The
factor J η “

a

1 ` pBzηq2 appears since the fluid-structure interface is given by Γptq
while the elastodynamics of the structure are expressed on the reference domain Γ, so
J ω is the arc length measure for Γptq to convert from lengths on the moving interface
Γptq to lengths on the reference configuration Γ.

A priori energy estimate and weak formulation

Next, we use an a priori energy estimate to show that this prototypical nonlinearly coupled
mathematical FSI model is physically reasonable. Using the norm for the elastic energy
defined in (1.4), we multiply the Navier-Stokes equation by u and we multiply the structure
equation by ηt. After integrating by parts, we obtain the following formal energy estimate:

1

2
||Btηptq||

2
L2pΓq ` ||ηptq||

2
E `

1

2
||uptq||

2
L2pΩf ptqq ` µf

ż t

0

||Dpuqpsq||
2
L2pΩf psqqds

ď
1

2
||v0||

2
L2pΓq ` ||η0||

2
E `

1

2
||u0||

2
L2pΩf p0qq ` C

´

||Pinptq||
2
L2p0,T q ` ||Poutptq||

2
L2p0,T q

¯

.
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The only notable difference from the linearly coupled case is that the norms ||uptq||2L2pΩf ptqq

and ||Dpuqpsq||2L2pΩf ptqq
involve the moving time-dependent fluid domain, so that for example,

||uptq||
2
L2pΩf ptqq “

ż

Ωf ptq

|uptq|
2.

This is in contrast to the linearly coupled case, where the integrals in space over the fluid
domain were over the fixed reference fluid domain Ωf .

This energy estimate allows us to define the finite energy spaces for the solutions. We
define the solution space Vf ptq (for fixed but arbitrary time) for the fluid, which is time-
dependent since the fluid domain is time dependent:

Vf ptq “ tu P H1
pΩf ptqq : ∇ ¨ u “ 0, ur “ 0 on Γin Y Γout Y Γb, uz “ 0 on Γu. (1.13)

Since the structure problem is posed on the fixed reference domain Γ, the finite energy space
for the structure is the same as in the linearly coupled case

Vs “ H2
0 pΓq. (1.14)

The solution spaces for the fluid velocity and the structure displacement in space and time
are given by

Vf “ L8
p0, T ;L2

pΩf ptqqq X L2
p0, T ;Vf ptqq, (1.15)

Vs “ W 1,8
p0, T ;L2

pΓqq X L8
p0, T ;Vsq. (1.16)

The full coupled solution space is

V “ tpu, ηq P Vf ˆ Vs : u|Γptq “ Btηeru, (1.17)

and the test space is

Q “ tpq, ψq P C8
c pr0, T q;Vf ptq ˆ Vsq : q|Γptq “ ψeru. (1.18)

We note that the test space depends on the a priori unknown structure displacement because
the test space involves the function space Vf ptq, which depends on Ωf ptq and hence ηptq. The
fact that the test functions cannot be defined a priori is one of the additional challenges that
arises more generally in nonlinearly coupled FSI problems.

Now that we have defined the finite energy solution and test spaces, we can define the
weak formulation. To derive the weak formulation, we consider a test function pq, ψq satis-
fying q|Γptq “ ψer and use integration by parts to derive a weak formulation. In this case,
the weak formulation has an additional symmetrized term arising from the advection term
in the Navier-Stokes equation, and furthermore, the integrals over the fluid domain are over
the time-dependent fluid domain Ωf ptq.



CHAPTER 1. INTRODUCTION AND BACKGROUND 25

Definition 1.3.1. An ordered pair pu, ηq P V is a weak solution to the prototypical nonlin-
early coupled FSI problem if for all test functions pq, ψq P Q, the following weak formulation
holds:

´

ż T

0

ż

Ωf ptq

u ¨ Btq `
1

2

ż T

0

ż

Ωf ptq

´

rpu ¨ ∇qus ¨ q ´ rpu ¨ ∇qqqus

¯

´
1

2

ż T

0

ż

Γ

pBtηq
2

¨ ψ

` 2µf

ż T

0

ż

Ωf psq

Dpuq :Dpqq ´

ż T

0

ż

Γ

Btη ¨ Btψ ` C0

ż T

0

ż

Γ

Bzη ¨ Bzψ ` C1

ż T

0

ż

Γ

B
2
zη ¨ B

2
zψ

“

ż T

0

ż

Γin

Pinptq ¨ qz ´

ż T

0

ż

Γout

Poutptq ¨ qz `

ż

Ωf p0q

u0 ¨ qp0q `

ż

Γ

v0 ¨ ψp0q.

This is the weak formulation defined on the moving domain. However, when developing
a splitting scheme to solve this problem, it is more convenient to solve the semidiscretized
problem on a fixed reference domain Ωf . Hnece, we will need to formulate an equivalent
version of this weak formulation, defined on the fixed reference domain Ωf for the fluid. To
do this, we will need to discuss a mapping between the reference (Eulerian) fluid domain Ωf

and the time-dependent physical (Lagrangian) fluid domain Ωf ptq, known as the Arbitrary
Lagrangian-Eulerian (ALE) mapping.

The ALE mapping and transformation of functions/derivatives. For the given
two-dimensional geometry of this particular model, it is easy to define a bijective mapping
between Ωf and Ωf ptq, known as the Arbitrary Lagrangian-Eulerian (ALE) mapping, assum-
ing sufficient regularity of η. We will denote this mapping by Φη

f , where the superscript of η
emphasizes the dependency of the definition of this mapping on the structure displacement
η. We define the ALE mapping Φη

f : Ωf Ñ Ωf ptq by

Φη
f pz, rq “

˜

z,
´

1 `
η

R

¯

r

¸

, pz, rq P Ωf ,

with an inverse
`

Φη
f

˘´1
: Ωf ptq Ñ Ωf defined by

`

Φη
f

˘´1
pz, rq “

ˆ

z,
R

R ` η
r

˙

, pz, rq P Ωf ptq.

We emphasize that as long as the structure displacement η is sufficiently regular (for example,
if it is a continuous function on Γ) and η ą ´R so that the structure does not come into
contact with itself (since the bottom boundary Γb of the reference fluid domain Ωf is a line
of even symmetry), the ALE mapping is a bijective map with a Jacobian given by

J η
f “ 1 `

η

R
,

which is a positive quantity since we are assuming that the structure displacement η satisfies
η ą ´R.
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Next, we consider how functions and derivatives transform under this ALE mapping, so
that we can translate between quantities defined on Ωf ptq and Ωf . First, for a function h
defined on the physical domain Ωf ptq, we define the pullback of the function via composition
with the ALE mapping as follows:

hηpt, ¨q “ hpt,Φη
f pt, ¨qq.

Conversely, we also have that

hpt, ¨q “ hηpt, pΦη
f q

´1
pt, ¨qq.

Next, we want to consider how derivatives transform under the ALE mapping. To see why
we need to do this, let us consider the fluid velocity u, which is defined on Ωf ptq and which
is required to be divergence-free so that

∇ ¨ u “ 0 on Ωf ptq.

If we consider the pullback via the ALE mapping, we have that the resulting fluid velocity
uη is defined on the fixed reference domain Ωf . However, because the ALE mapping is a
nonlinear map, it is no longer true that ∇ ¨ uη “ 0 on Ωf , where the divergence is taken
with respect to the reference domain variables. Hence, we will need to find an appropriate
differential operator that translates the divergence-free condition on the physical domain to
an appropriate variant of the divergence-free condition on the fixed reference domain.

We use the chain rule to determine how derivatives will transform under the ALE map-
ping. For clarity, in the upcoming calculations, we will distinguish between the variables
pz̃, r̃q on the reference domain Ωf and the variables pz, rq on the physical domain Ωf ptq,
though we will drop the tilde notation in the remainder of the section. Given a function h
on the physical domain Ωf ptq, we have that

B

Bz
hpt, z, rq “

B

Bz
hη

ˆ

t, z,
R

R ` ηpt, zq
r

˙

“
Bhη

Bz̃
´

R

pR ` ηpt, z̃qq2
prBzηq

Bhη

Br̃

“
Bhη

Bz̃
´

r̃Bzη

R ` ηpt, z̃q

Bhη

Br̃
,

where we used that r “

´

1 `
η

R

¯

r̃, and we also have that

B

Br
hpt, z, rq “

B

Br
hη

ˆ

t, z,
R

R ` ηpt, zq
r

˙

“
R

R ` ηpt, z̃q
¨

Bhη

Br̃
.

So if we define the differential operator

∇η
“

ˆ

B

Bz̃
´

r̃Bzη

R ` ηpt, z̃q
,

R

R ` ηpt, z̃q

B

Br̃

˙

,
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we have that
∇ηhη “ p∇hq ˝ Φη

f . (1.19)

Similarly,
∇η

¨ uη
“ p∇ ¨ uq ˝ Φη

f ,

and

Dη
puη

q “ Dpuq ˝ Φη
f , where Dη

puη
q “

1

2

´

p∇ηuη
q ` p∇ηuη

q
t
¯

.

Next, we consider

B

Bt
hpt, z, rq “

B

Bt
hη

ˆ

t, z
R

R ` ηpt, zq
r

˙

“
Bhη

Bt
´

R

pR ` ηpt, z̃qq2
¨ rBtη

Bhη

Br̃

“
Bhη

Bt
´

r̃Btη

R ` ηpt, z̃q

Bhη

Br̃
.

So if we define the vector

wη
“

r̃

R
Btηer,

which represents the velocity of the ALE mapping so that wηpz̃, r̃q “ B

Bt
Φη

f pz̃, r̃q, we have
that

Bh

Bt
“

Bhη

Bt
´ pw ¨ ∇η

qhη. (1.20)

Using the transformation laws (1.19) and (1.20) for derivatives, we can rewrite the weak
formulation for the prototypical nonlinearly coupled FSI problem on the fixed reference
domain Ωf . By transferring the weak formulation on the physical moving domain Ωf ptq to
the weak formulation involving integrals defined on the fixed reference domain Ωf , we will
introduce additional geometric nonlinearities in the problem, which arise from the Jacobian
of the ALE mapping Φη

f and from the transformation of derivatives via the ALE mapping.
We will now state the weak formulation for the prototypical nonlinearly coupled FSI problem
defined on the fixed reference domain for the fluid Ωf .

We define the solution spaces for the fluid velocity and the structure displacement on
the fixed reference domain Ωf . Let us define the fluid velocity solution space on the fixed
reference domain Ωf by

V η
f “ L8

p0, T ;L2
pΩf qq X L2

p0, T ;Vη
f q, (1.21)

where

Vη
f “ tu P H1

pΩf q : ∇η
¨ u “ 0, ur “ 0 on Γin Y Γout Y Γb, uz “ 0 on Γu.

For the structure displacement, we will use the same solution space Vs defined in (1.16) for
the moving domain weak formulation. The full solution space is then

Vη
“ tpu, ηq P V η

f ˆ Vs : u|Γ “ Btηer.u.
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Similarly, the test space using the fixed reference fluid domain formulation is defined as

Qη
“ tpq, ψq P C8

c pr0, T q;V η
f ˆ Vsq : q|Γ “ ψeru. (1.22)

Then, we can define the weak formulation that a weak solution pu, ηq P Vη defined on the
fixed reference domain satisfies.

Definition 1.3.2. An ordered pair pu, ηq P Vη with u defined on the fixed reference fluid
domain Ωf , is a weak solution in the fixed reference domain formulation of the nonlinearly
coupled FSI problem if the following weak formulation is satisfied for all test functions
pq, ψq P Qη:

´

ż T

0

ż

Ωf

´

1 `
η

R

¯

u ¨ Btq`

ż T

0

ż

Ωf

´

1 `
η

R

¯ ´

rppu´wη
q ¨∇η

qus ¨q´rppu´wη
q ¨∇η

qqs ¨u
¯

´

ż T

0

ż

Ωf

1

2R
pBtηqu ¨ q ` 2µf

ż T

0

ż

Ωf

´

1 `
η

R

¯

Dη
puq :Dη

pqq ´

ż T

0

ż

Γ

Btη ¨ Btψ

` C0

ż

Γ

Bzη ¨ Bzψ ` C1

ż

Γ

B
2
zη ¨ B

2
zψ “

ż T

0

ż

Γin

Pinptq ¨ qz ´

ż T

0

ż

Γout

Poutptq ¨ qz

`

ż

Ωf

u0 ¨ qp0q `

ż

Γ

v0 ¨ ψp0q.

In the weak formulation above, there is an extra (yet important) term that arises due to

the motion of the fluid domain. This term is the term

ż T

0

ż

Ωf

1

2R
pBtηqu ¨q. This term arises

as a result of the fact that the time derivative is applied to the fluid velocity defined on the
fixed reference fluid domain Ωf rather than the fluid velocity defined on the physical moving
fluid domain Ωf ptq. More specifically, after formally integrating by parts in time, this term
appears, since

´

ż T

0

ż

Ωf

´

1 `
η

R

¯

uη
¨ Btq “

ż T

0

ż

Ωf

´

1 `
η

R

¯

Btu
η

¨ q `

ż T

0

ż

Ωf

Btη

R
¨ uη

¨ q.

For full details, we refer the reader to a similar computation in a later chapter, see specifically
the computation in (5.47).

We emphasize that the fact that we must have a weak formulation defined for both the
moving (physical) fluid domain and the reference fluid domain is an important distinction
between the nonlinearly coupled and the linearly coupled models of FSI. The need to define
a weak formulation where all integrals involving the fluid domain are defined on the fixed
reference fluid domain Ωf is due to the fact that the splitting scheme works better when
using a fixed domain, as we will see in the next step of the constructive existence proof
below.

Now that we have defined an appropriate weak formulation for the nonlinearly coupled
prototypical FSI problem, we can state the main existence result for this model.
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Theorem 1.3.1. Given an initial structure displacement η0 P H2
0 pΓq, an initial structure

velocity v0 P L2pΓq, and an initial fluid velocity u0 P L2pΩf p0qq, there exists a weak solution
pu, ηq P V that satisfies the weak formulation posed on the physical moving fluid domain
given by Definition 1.3.1 on the time interval r0, T s. Furthermore, the solution can be
maximally extended in time in the sense that T can be taken to be infinite, or else, T “

suptt ě 0 : R` ηpt, zq ą 0 for all z P r0, Lsu so that T is the first instance in time of domain
degeneracy.

The splitting scheme for nonlinearly coupled FSI

We will define a Lie operator splitting using the weak formulation defined on the fixed
reference domain. As in the linearly coupled case, we will develop a semidiscretized scheme,
where we discretize in time by the time step ∆t “ T {N , where N is the number of discretized
time subintervals. On each time subinterval rtn, tn`1s for tn “ n∆t, we run two subproblems
and update the following approximate solution vector at the nth time step for the time step
∆t “ T {N :

X
n` i

2
N “

¨

˚

˚

˝

u
n` i

2
N

η
n` i

2
N

v
n` i

2
N

˛

‹

‹

‚

for i “ 1, 2 and n “ 0, 1, ..., N ´ 1,

where u
n` i

2
N is the approximate fluid velocity defined on the fixed reference domain Ωf , η

n` i
2

N

is the approximate structure displacement, and v
n` i

2
N is the approximate structure velocity.

The structure subproblem. We keep the fluid velocity the same so that

u
n` 1

2
N “ un

N ,

and we update the structure displacement and velocity by letting η
n` 1

2
N and v

n` 1
2

N be the
unique solution that satisfies the following weak formulation. We remark that this weak
formulation is identical to that in the structure subproblem for the prototypical linearly
coupled FSI problem in (1.7), but we reproduce it here for the reader’s convenience.

$

’

’

’

’

’

&

’

’

’

’

’

%

ż

Γ

η
n` 1

2
N ´ ηnN

∆t
φdz “

ż

Γ

v
n` 1

2
N φdz, for all φ P L2

pΓq,

ż

Γ

v
n` 1

2
N ´ vnN

∆t
ψ ` C0

ż

Γ

Bzη
n` 1

2
N Bzψ ` C1

ż

Γ

B
2
zη

n` 1
2

N B
2
zψ “ 0, for all ψ P H2

0 pΓq.

The fluid subproblem. For the prototypical nonlinearly coupled FSI problem, the fluid
subproblem is more complex than the corresponding fluid subproblem for the prototypical
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linearly coupled FSI model, discussed in the previous section. This is because nonlinearly
coupled FSI models have weak formulations which include additional terms that take into
account the time-dependent geometry of the fluid domain, which must be handled properly
in the fluid subproblem for the splitting scheme, so that the fluid subproblem indeed has a
unique solution that exists, and so that the fluid subproblem has an appropriate semidiscrete
energy estimate.

We will keep the structure displacement the same so that

ηn`1
N “ η

n` 1
2

N ,

and we will update the coupled fluid/structure velocities un`1
N and vn`1

N , which will be in the
following solution space:

Q̃n
N “ tpu, vq P VηnN

f ˆ L2
pΓq : u|Γ “ veru, (1.23)

where we recall the definition of V η
f for a structure displacement η from (1.21). We then

let un`1
N and vn`1

N be the unique solution in Q̃n
N to the following weak formulation, to be

satisfied for all test functions pq, ψq P Q̃n
N :

ż

Ωf

ˆ

1 `
ηnN
R

˙

un`1
N ´ un

N

∆t
¨ q

`
1

2

ż

Ωf

ˆ

1 `
ηnN
R

˙ ˆˆˆ

un
N ´ v

n` 1
2

N

r

R
ey

˙

¨ ∇ηnNun`1
N

˙

¨ q ´

ˆˆ

un
N ´ v

n` 1
2

N

r

R
ey

˙

¨ ∇ηnNq

˙

¨ un`1
N

˙

`

ż

Ωf

1

2R
v
n` 1

2
N un`1

N ¨ q ` 2µf

ż

Ωf

ˆ

1 `
ηnN
R

˙

DηnN pun`1
N q :DηnN pqq `

ż

Γ

vn`1
N ´ v

n` 1
2

N

∆t
ψ

“

ż

Γin

Pn
N,inptqqz ´

ż

Γout

Pn
N,outptqqz,

where P n
N,in{out “

1

∆t

ż pn`1q∆t

n∆t

Pin{outptqdt is the discretized inlet/outlet pressure.

We have several remarks about this weak formulation, which we list below.

1. We note that in the original weak formulation for the problem defined on a fixed
reference domain, we have the following terms:

´

ż T

0

ż

Ωf

´

1 `
η

R

¯

u ¨ Btq ´
1

2R

ż T

0

ż

Ωf

pBtηqu ¨ q.

While the signs in the above weak formulation of the fluid subproblem may seem
incongruous with these terms at first, if we integrate by parts in time, we get that the
above expression is equal to

ż T

0

ż

Ωf

´

1 `
η

R

¯

Btu ¨ q `
1

2R

ż T

0

ż

Ωf

pBtηqu ¨ q,
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since the time derivative applies to both the term
´

1 `
η

R

¯

and u.

2. Because ηnN and v
n` 1

2
N have already been calculated previously in the splitting scheme,

the weak formulation above is a linearized problem, which crucial for allowing us to find
a unique solution (which can be done using a standard Lax-Milgram lemma argument).
Because we cannot use more than one term involving an unknown quantity at the n`1
time step per integral, in order to have a linearized problem, we must lag the numerical
fluid domains behind by one step when defining the weak formulations for the fluid
subproblem. For example, for the first term can be rewritten as:

ż

Ωf

ˆ

1 `
ηnN
R

˙

un`1
N ´ un

N

∆t
¨ q “

ż

Ωn
f,N

un`1
N ´ un

N

∆t
¨ q,

where Ωn
f,N “ tpz, rq P R2 : 0 ď z ď L, 0 ď r ď R ` ηnNpzqu. Note that this integral

(when brought back to the physical domain) is an integral over Ωn
f,N rather than Ωn`1

f,N so
that there is a lag in the fluid domain that is used in the weak formulation in the current

step. This is because we cannot use the nonlinear term

ż

Ωf

ˆ

1 `
ηn`1
N

R

˙

un`1
N ´ un

N

∆t
¨q

in the weak formulation.

3. Finally, we remark that the use of the term v
n` 1

2
N is due to energy considerations. If

we substitute q “ un`1
N ,

ż

Ωf

ˆ

1 `
ηnN
R

˙

un`1
N ´ un

N

∆t
¨ un`1

N

“
1

2

ż

Ωf

ˆ

1 `
ηnN
R

˙

|un`1
N |

2
´

1

2

ż

Ωf

ˆ

1 `
ηnN
R

˙

|un`1
N ´un

N |
2

´
1

2

ż

Ωf

ˆ

1 `
ηnN
R

˙

|un
N |

2.

However, we want the term

ż

Ωf

ˆ

1 `
ηn`1
N

R

˙

|un`1
N |

2 instead of

ż

Ωf

ˆ

1 `
ηnN
R

˙

|un`1
N |

2,

since

ˆ

1 `
ηn`1
N

R

˙

is the Jacobian of the ALE mapping for the fluid domain associated

with the current structure displacement ηn`1
N . It turns out that fortunately, the term

1

2R

ż

Ωf

v
n` 1

2
N un`1

N ¨ q compensates exactly for this, in the sense that upon substituting

q “ un`1
N , we have that

ż

Ωf

ˆ

1 `
ηnN
R

˙

un`1
N ´ un

N

∆t
¨ un`1

N `
1

2R

ż

Ωf

v
n` 1

2
N un`1

N ¨ q

“
1

2

ż

Ωf

ˆ

1 `
ηn`1
N

R

˙

|un`1
N |

2
´
1

2

ż

Ωf

ˆ

1 `
ηnN
R

˙

|un`1
N ´un

N |
2
´
1

2

ż

Ωf

ˆ

1 `
ηnN
R

˙

|un
N |

2,



CHAPTER 1. INTRODUCTION AND BACKGROUND 32

since v
n` 1

2
N “

ηn`1
N ´ ηnN

∆t
from the structure subproblem and the fact that ηn`1

N “ η
n` 1

2
N .

We note that the fluid subproblem has a unique solution pun`1
N , vn`1

N q as long as ηnN ą ´R.

In particular, this is because the Jacobian of the ALE mapping, which is J η
f “ 1`

η

R
, would

be less than or equal to zero when η ď ´R, which would prevent us from having the
necessary coercivity in order to use the Lax-Milgram lemma. The fact that having ηnN ď ´R
is problematic can also be seen by noting that the elastic structure comes into contact with
itself when ηnN “ ´R. Thus, the splitting scheme runs for each N as long as ηnN ą ´R, and
an important fact is that the splitting scheme indeed holds locally up to some time T0 ą 0
uniformly for all N (and hence ∆t). The fact that the splitting scheme runs uniformly up
to some common (local) time allows us to construct approximate solutions for each time
step ∆t that are all defined on a common time interval, and we will establish this essential
fact by deriving uniform energy estimates for the approximate solution vectors that we have
obtained from this splitting scheme.

Uniform energy estimates. By adding together the weak formulations for each of the sub-
problems, we obtain that the approximate solutions generated by the splitting scheme satisfy
the following semidiscrete weak formulation for all test functions pq, ψq in an appropriate
test space Qn

N :

ż

Ωf

ˆ

1 `
ηnN
R

˙

un`1
N ´ un

N

∆t
¨ q

`
1

2

ż

Ωf

ˆ

1 `
ηnN
R

˙ ˆˆˆ

un
N ´

r

R
v
n` 1

2
N ey

˙

¨ ∇ηnNun`1
N

˙

¨ q ´

ˆˆ

un
N ´

r

R
v
n` 1

2
N ey

˙

¨ ∇ηnNq

˙

¨ un`1
N

˙

`

ż

Ωf

1

2R
v
n` 1

2
N un`1

N ¨ q ` 2µf

ż

Ωf

ˆ

1 `
ηnN
R

˙

DηnN pun`1
N q :DηnN pqq `

ż

Γ

vn`1
N ´ vnN

∆t
ψ

` C0

ż

Γ
Bzη

n` 1
2

N Bzψ ` C1

ż

Γ
B2
zη

n` 1
2

N B2
zψ “

ż

Γin

Pn
N,inptqqz ´

ż

Γout

Pn
N,outptqqz, (1.24)

where the test space Qn
N is

Qn
N “ tpq, ψq P VηnN

f ˆ H2
0 pΓq : q|Γ “ ψeru. (1.25)

Next, we will derive uniform energy estimates for the approximate solutions, which will
be used to show weak convergence of the approximate solutions along a subsequence. We
define the total discrete energy

E
n` i

2
N “

1

2

ż

Ωf

˜

1 `
η
n` i

2
N

R

¸

|u
n` i

2
N |

2
`

1

2

ż

Γ

|v
n` i

2
N |

2
`

1

2
C0

ż

Γ

|Bzη
n` i

2
N |

2
`

1

2
C1

ż

Γ

|B
2
zη

n` i
2

N |
2,

and the total fluid dissipation

Dn
N “ µf

ż

Ωf

ˆ

1 `
ηnN
R

˙

|DηnN pun
Nq|

2.
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We remark that these are the same expressions as for the linearly coupled case, except any
integrals over the fluid domain are over Ωn

f,N (when transferred to the physical domain)
rather than Ωf . We have the following discrete energy inequalities for the splitting scheme
for the prototypical nonlinearly coupled FSI problem, which correspond to the structure and
fluid subproblems respectively:

E
n` 1

2
N “ En

N `
1

2

ż

Γ

|v
n` 1

2
N ´ vnN |

2
`

1

2
C0

ż

Γ

|Bzpη
n` 1

2
N ´ ηnNq|

2
`

1

2
C1

ż

Γ

|B
2
zpη

n` 1
2

N ´ ηnNq|
2,

En`1
N ď E

n` 1
2

N `
1

2

ż

Ωf

ˆ

1 `
ηnN
R

˙

|un`1
N ´ u

n` 1
2

N |
2

` C
´

||Pinptq||
2
L2pn∆t,pn`1q∆tq ` ||Poutptq||

2
L2pn∆t,pn`1q∆tq

¯

.

Recall that the splitting scheme holds as long as ηnN ą ´R, and hence these uni-
form energy estimates hold until this time step for which this condition no longer holds.

From the uniform discrete energy estimates above, we note that ||ηnN ||H2
0 pΓq and ||v

n` 1
2

N ||L2pΓq

are both uniformly bounded in time by some time-dependent constant Cptq depending on
||Pin{out||L2p0,tq that is independent of N , and the initial structure displacement η0 is a con-
tinuous function satisfying η0 ą ´R by assumption. Therefore, because of these uniform
estimates, we can deduce that there exists a sufficiently small T0 ą 0 for which ηnN ą ´R
as long as n∆t ă T0. See Lemma 5.6.2 in Chapter 5 for an explicit demonstration of this
argument. Without loss of generality, we will rename this time T0 to just be the time T , for
simplicity of notation.

Approximate solutions. As before in the prototypical linearly coupled FSI model, we
define piecewise constant approximate solutions uN , ηN , vN , and v

˚
N such that

ηNptq “ ηn`1
N , vNptq “ vn`1

N , v˚
Nptq “ v

n` 1
2

N , uN “ un`1
N , for t P pn∆t, pn ` 1q∆ts.

We also define the linearly interpolations, which interpolate the values of these functions
in the splitting scheme at the times tn “ n∆t. In particular, we will define the linear
interpolation ηN of the structure displacements by linearly interpolating the following values

ηNpn∆tq “ ηnN , for n “ 0, 1, ..., N,

and we note that BtηN “ v˚
N . We can similarly define the approximate solutions vN and uN

by linearly interpolating the values

vNpn∆tq “ vnN , uNpn∆tq “ un
N , for n “ 0, 1, ..., N.

From the discrete uniform energy estimates, we have the following uniform boundedness
result for the approximate solutions on the uniform time interval for which they are all
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defined. These follow from the fact that ||ηN ||Cp0,T ;CpΓqq ě R0 ą ´R for some R0 that is

independent of N and hence ∆t. This allows us to uniformly bound the factor of

ˆ

1 `
ηn`1
N

R

˙

which appears in the discrete energy estimates. Note that the uniform boundedness results
that follow hold with the approximate solutions for the fluid velocity uN being defined on
the fixed reference domain Ωf (however, the divergence free condition on each time step will
transform nonlinearly into the condition ∇ηnN ¨ un`1

N “ 0 on Ωf ).

Lemma 1.3.1. The following uniform boundedness results hold for the approximate solu-
tions constructed above:

• uN is uniformly bounded in L8p0, T ;L2pΩf qq X L2p0, T ;H1pΩf qq.

• ηN is uniformly bounded in W 1,8p0, T ;L2pΓqq X L8p0, T ;H2
0 pΓqq.

• ηN is uniformly bounded in L8p0, T ;H2
0 pΓqq.

• v˚
N is uniformly bounded in L8p0, T ;L2pΓqq.

• vN is uniformly bounded in L8p0, T ;L2pΓqq X L2p0, T ;H1{2pΓqq.

These uniform boundedness results give us the following weak convergences. There exist
limiting solutions u, η, and v such that

uN á u weakly-star in L8
p0, T ;L2

pΩf qq and weakly in L2
p0, T ;H1

pΩf qq,

ηN á η weakly-star in W 1,8
p0, T ;L2

pΓqq and weakly-star in L8
p0, T ;H2

0 pΓqq,

ηN á η weakly-star in L8
p0, T ;H2

0 pΓqq,

v˚
N á v weakly-star in L8

p0, T ;L2
pΓqq,

vN á v weakly-star in L8
p0, T ;L2

pΓqq and weakly in L2
p0, T ;H1{2

pΓqq.

Weak convergence is useful for passing to the limit in approximate solutions to linear
problems, which is why at this point, we were able to pass to the limit in the semidiscrete
formulation for the prototypical linearly coupled FSI problem to complete the proof of exis-
tence of a solution. However, with only weak convergences, we do not have strong enough
convergence to pass to the limit in the semidiscrete formulation (1.24) for the prototypical
nonlinearly coupled FSI problem. For example, if we consider the term

ż

Ωf

ˆ

1 `
ηnN
R

˙

rpun
N ¨ ∇ηnN qun`1

N s ¨ q

for a fixed test function q, we have a nonlinear term where we cannot just use weak conver-
gence to pass to the limit, as we would need additional strong convergence results to take
the limit in this nonlinear term. Thus, unlike in the linearly coupled case, we need to use
compactness arguments to obtain stronger forms of convergence, in order to properly pass
to the limit in the semidiscrete formulation.
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A summary of compactness arguments. The general principle behind compactness
arguments is that by obtaining uniform boundedness of spacetime functions in a particu-
lar function space and by obtaining additional uniform boundedness of the time derivatives
of these functions in a weaker function space, we can obtain strong convergence of these
functions to a limiting function. This is the fundamental principle behind the Aubin-Lions
compactness lemma, which we will use to obtain strong convergence results for our approx-
imate solutions. The Aubin-Lions compactness lemma relies on a chain of embeddings of
function spaces in spatial variables:

Z ĂĂ Y Ă X,

where the embedding of Z into Y is a compact embedding. Then, for any 1 ă p ď 8,
showing that the functions tfnu8

n“1 are uniformly bounded in Lpp0, T ;Zq and showing that
their time derivatives are uniformly bounded in Lpp0, T ;Xq implies that the functions fn
converge strongly along a subsequence in Lpp0, T ;Y q to a limiting function f . See [6, 129].

Note that the Aubin-Lions lemma immediately gives strong convergence of the structure
displacements ηN , via the chain of embeddings:

H2
0 pΓq ĂĂ L2

pΓq Ă L2
pΓq.

Since ηN are uniformly bounded in L8p0, T ;H2
0 pΓqq and BtηN “ v˚

N is uniformly bounded
in L8p0, T ;L2pΓqq, the Aubin-Lions compactness lemma implies that ηN converges along a
subsequence strongly to a limiting function η in L8p0, T ;L2pΓqq.

We will need a more involved argument to show the convergence of the fluid velocities and
the structure velocities puN , vNq. In principle, we should be able to use an Aubin-Lions type
argument to show strong convergence of puN , vNq in an appropriate function space along
a subsequence. To see this, let us return to the linearly coupled case for a brief moment,
and consider what would happen in that case. In the linearly coupled case, the semidiscrete
formulation reads:

ż

Ωf

un`1
N ´ un

N

∆t
¨ q ` 2µf

ż

Ωf

Dpun`1
N q :Dpqq `

ż

Γ

vn`1
N ´ vnN

∆t
ψ

` C0

ż

Γ

Bzv
n` 1

2
N ¨ Bzψ ` C1

ż

Γ

B
2
zv

n` 1
2 ¨ B

2
zψ “

ż

Γin

P n
N,inqz ´

ż

Γout

P n
N,outqz,

which we have reproduced from (1.8) for convenience, where pq, ψq is a test function in a
fixed test function space Q :“ Vf ˆ Vs, where Vf and Vs are defined by (1.6) and (1.5)

respectively. We can formally think of
un`1

N ´ un
N

∆t
and

vn`1
N ´ vnN

∆t
as a discretized form of

the time derivative of puN , vNq, in which case we can use the weak formulation for fixed
but arbitrary test functions pq, ψq satisfying ||pq, ψq||Q ď 1 to show that the discretized
time derivative of puN , vNq is at least formally uniformly bounded in L2p0, T ;Q1q. In ad-
dition, puN , vNq itself is uniformly bounded in L2p0, T ;H1pΩf q ˆ H1{2pΓqq, and hence we
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conclude that the fluid velocities and structure velocities puN , vNq are strongly precompact
in L2p0, T ;L2pΩf q ˆ L2pΓqq via the chain of embeddings:

H1
pΩf q ˆ H1{2

pΓq ĂĂ L2
pΩf q ˆ L2

pΓq Ă Q1.

Even though in principle, we should expect there to be a similar convergence of puN , vNq

in the nonlinearly coupled case, the same standard Aubin-Lions argument will not apply here.
This is because the approximate fluid velocities un

N are defined on moving fluid domains Ωn
f,N ,

which are defined by the approximate structure displacements ηnN via

Ωn
f,N “ tpz, rq P R2 : 0 ď z ď L, 0 ď r ď R ` ηnNu.

Therefore, all of the approximate fluid velocities un
N are defined on different fluid domains,

and hence, we cannot create a uniform chain of embeddings needed for the standard Aubin-
Lions compactness lemma.

We could try to pull back all of the approximate fluid velocities un
N to the fixed reference

domain Ωf so that all of the resulting approximate fluid velocities will be defined on the same
domain. However, the difficulty here is that the divergence-free condition ∇ ¨un

N “ 0 on the

physical domain will transform nonlinearly as ∇ηnN ¨ pun`1
N ˝Φ

ηnN
f q “ 0, so that the divergence-

free condition on the reference domain will change depending on n and N . This will make
it hard to properly identify an appropriate test space for the semidiscrete formulations on
the fixed reference domain, since the divergence-free condition on the fixed reference domain
becomes a nonlinear condition.

Instead, we will take the approach of working on the physical fluid domains Ωn
f,N so that

the divergence-free condition remains the same for all of the approximate fluid velocities un
N .

However, the difficulty here is that the approximate fluid velocities un
N are still all defined

on different domains Ωn
f,N . To address this difficulty, we will define the approximate fluid

velocities un
N on a common maximal fluid domain ΩM

f that contains all of the approximate
fluid domains Ωn

f,N by extending un
N by zero in ΩM

f zΩn
f,N . The existence of such a maximal

fluid domain ΩM
f can be shown by establishing the existence of a continuous function Mpzq

satisfying Mp0q “ MpLq “ 0 such that

ηnNpzq ď Mpzq, for all N and n “ 0, 1, ..., N,

which follows from the uniform boundedness properties of the structure displacements. Then,
we can define the maximal fluid domain by

ΩM
f “ tpz, rq P R2 : 0 ď z ď L, 0 ď r ď R ` Mpzqu,

and we can extend the fluid velocities un
N to ΩM

f by keeping these fluid velocities the same
on Ωn

f,N Ă ΩM
f and then using an extension by zero outside of Ωn

f,N so that

un
N “ 0, on ΩM

f zΩn
f,N .
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This gives us approximate fluid velocities that still satisfy the divergence-free condition, but
now all of the fluid velocities are defined on a common fluid domain ΩM

f . While this extension
by zero may introduce discontinuities into the functions un

N , because of the fact that the
structure displacements ηnN are uniformly Lipschitz and the fact that the fluid velocities uN

are uniformly bounded in L2p0, T ;H1pΩf ptqqq, we then have that the extended fluid velocities
uN are uniformly bounded in L2p0, T ;HspΩM

f qq for 0 ď s ă 1{2. This follows from results
in [131] on extensions by zero of functions defined on Lipschitz domains, and we refer the
reader to the arguments about extensions by zero to the maximal fluid domain in [30, 136]
for more details.

Therefore, for the approximate fluid velocities uN defined on the common maximal fluid
domain ΩM

f , we have that uN are uniformly bounded in L2p0, T ;HspΩM
f qq for 0 ď s ă 1{2.

However, for a Aubin-Lions type compactness argument to work, we need further bounds on
the “time derivatives” of uN . We get estimates on the “time derivatives” of uN by using the
semidiscretized form of the weak formulation, but since we are working with fluid velocities
that are defined on the physical domains Ωn

f,N , we must transfer the semidiscretized weak
formulation (1.24) from the reference fluid domain Ωf to the physical fluid domain Ωn

f,N , so
that the fluid velocities satisfy

ż

Ωn
f,N

un`1
N ´ ũn

N

∆t
¨ q

`
1

2

ż

Ωn
f,N

„ˆˆ

ũn
N ´

r

R ` ηnN
v
n` 1

2
N er

˙

¨ ∇un`1
N

˙

¨ q

ȷ

´

„ˆˆ

ũn
N ´

r

R ` ηnN
v
n` 1

2
N er

˙

¨ ∇q
˙

¨ un`1
N

ȷ

`

ż

Ωn
f,N

1

2pR ` ηnN q
v
n` 1

2
N un`1

N ¨ q ` 2µf

ż

Ωn
f,N

Dpun`1
N q :Dpqq `

ż

Γ

vn`1
N ´ v

n` 1
2

N

∆t
ψ

“

ż

Γin

Pn
N,inptqqz ´

ż

Γout

Pn
N,outptqqz,

where ũn
N “ un

N ˝ Φ
ηnN
f ˝

´

Φ
ηn´1
N

f

¯´1

is defined on Ωn
f,N . Thus, at least on a formal level,

we can estimate the discretized time derivative in a dual space, where the test functions are
test functions defined on Ωn

f,N . However, because the solution space and test space for this
semidiscretized weak formulation on the physical domains depend on n and N , we will have
to use a generalization of the Aubin-Lions compactness lemma to handle the fact that the
physical domains are changing, where we will have to verify additional conditions to show
that there exist mappings between the different test and solution spaces that are uniformly
bounded in an appropriate sense, which will allow us to be able to properly compare functions
defined on different physical domains with each other in a uniform way. We refer the reader to
[30, 136] for additional details. In the end, we will be able to obtain that along a subsequence,
we get convergence of the fluid velocities

uN Ñ u, in L2
p0, T ;L2

pΩM
f qq,



CHAPTER 1. INTRODUCTION AND BACKGROUND 38

as N Ñ 8, as a result of Aubin-Lions compactness arguments, generalized to the context of
moving domains.

Convergence of test functions. In contrast to the linearly coupled prototypical model,
we have seen that for the nonlinearly coupled prototypical model, we had to show strong con-
vergence of the approximate solutions, as weak and weak-star convergence is not sufficient to
handle the nonlinear terms in the weak formulation. Even upon obtaining strong convergence
of the approximate solutions, there are still additional difficulties in passing to the limit that
arise from the time-dependent nature of the fluid domain. Recall the semidiscrete formula-
tion for the approximate solutions, which was stated in (1.24). The approximate solutions
constructed via the splitting scheme, for each N and corresponding time step ∆t, satisfy the
semidiscrete formulation in (1.24) for all appropriate test functions pq, ψq P Qn

N . Note that
the test space Qn

N depends on n and N , however, because the test function q P H1pΩf q must
satisfy ∇ηnN ¨ q “ 0 on Ωf . Therefore, even though the test functions in Qn

N are all defined
on the same domain Ωf ˆΓ, the divergence free condition transforms differently back to the
reference domain depending on ηnN and hence, depending on n and N . The fact that the
divergence-free condition for the test space transforms differently depending on n and N is
a problem that directly arises from the fact that the moving domain Ωf ptq depends on the
displacement η of the structure.

Therefore, test functions that are admissible in the test space for a certain choice of n
and N will not generally be admissible for all of the semidiscrete formulations for all n and
N . This makes it difficult to compare the semidiscrete formulations for different values of
n and N , and hence, we have to find a way to transfer test functions between the various
semidiscrete formulations, in such a way that these test functions become close to each other
in the limit as N goes to infinity. While it is nice to have test functions pq, ψq that are
defined on a common reference domain Ωf ˆΓ, the divergence-free condition ∇ηnN ¨ q “ 0 on
Ωf is a nonlinear condition that is highly nontrivial to work with. Hence, we will instead
consider test functions on the physical domain, where the divergence-free condition always
reads ∇ ¨ q “ 0 (albeit on a time-dependent domain), and then we will pull test functions
back to the reference domain using the ALE mapping for the structure displacement ηnN for
a given value of n and N .

To do this, recall that we have defined a maximal domain by showing the existence of a
function Mpzq for z P r0, Ls, satisfying Mp0q “ MpLq “ 0 and

Mpzq ě ηnNpzq, for all z P r0, Ls, positive integers N, and n “ 0, 1, 2, ..., N.

We then defined the associated maximal fluid domain in the physical space, given by

ΩM
f “ tpz, rq P R2 : 0 ď z ď L, 0 ď r ď R ` Mpzqu.

Note that for all n and N , Ωn
f,N Ă ΩM

f and furthermore, Ωη
f ptq Ă ΩM

f for all t P r0, T s

by the convergence of the approximate structure displacements ηN to the limiting structure
displacement η, where

Ωη
f ptq “ tpz, rq P R2 : 0 ď z ď L, 0 ď r ď R ` ηpt, zqu.
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Recall that the test space for the problem on the fixed domain is given by Qη, defined
in (1.22). Our approach to constructing suitable test functions will involve constructing
an appropriate dense subset of test functions in Qη defined on the fixed reference domain,
for which we can find corresponding test functions for the semidiscrete weak formulations
which converge appropriately to the limiting test function for the limiting weak formulation
as N goes to infinity. We emphasize that we have already extracted the limiting structure
displacement η as a limit of the approximate structure displacements ηN so that η is a known
function. To construct appropriate test functions for the limiting weak formulation and for
the semidiscrete weak formulations, consider the subset of spatially smooth functions Q̂ from
r0, T s to ΩM

f ˆ Γ satisfying the following properties:

1. ψ P C1
c pr0, T q;H2

0 pΓqq

2. There exists a function ηmpt, zq P C8
c pr0, T q;H2

0 pΓqq such that ηmpt, 0q “ ηmpt, Lq “ 0,
for all t P r0, T s and ´R ă ηmpt, zq ď ηpt, zq for all t P r0, T s and z P r0, Ls, and
furthermore,

qptq “ ψer in ΩM
f zΩm

f ptq,

where
Ωm

f ptq “ tpz, rq P R2 : 0 ď z ď L, 0 ď r ď R ` ηmpt, zqu.

3. qpt, ¨q is a divergence-free function in H1pΩM
f q satisfying the boundary conditions:

qr “ 0, on Γin{out,

qr “ 0, on Γb.

So qpt, ¨q is a divergence-free extension of the constant vector field ψer defined on
ΩM

f zΩm
f ptq to the entire maximal fluid domain ΩM

f .

Given a function pq, ψq P Q̂, we define test functions pq̃N , ψq for the semidiscrete weak
formulations and the test function pq̃, ψq for the limiting weak formulation by pulling the
divergence-free fluid functions on the maximal fluid domain back to the reference fluid domain
using the appropriate ALE mapping:

q̃Npt, ¨q “ q|ΩηN
N ptq ˝ ΦηN

f pt, ¨q, q̃pt, ¨q “ q|Ωη
f ptq ˝ Φη

f pt, ¨q.

Note that ∇ηN ¨ q̃N “ 0 and ∇η ¨ q̃ “ 0 on Ωf and in addition, by the way the functions

q P Q̂ are defined, we also have that q̃N |Γ “ ψer and q̃|Γ “ ψer as desired for all sufficiently
large N , by the strong convergence of ηN to η in Cp0, T ;CpΓqq. We also remark that the test
function q̃N is actually discontinuous because of the fact that ηN itself is piecewise constant
on the subintervals rn∆t, pn` 1q∆tq and hence, (potentially) discontinuous at the endpoints
of each time step.

We then use the test functions pq̃N , ψNq restricted to the subintervals rn∆t, pn ` 1q∆tq
as the test functions in the semidiscrete weak formulations and we use pq̃, ψq as the test
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functions for the limiting weak formulation, whenever pq, ψq P Q̂. The test functions pq̃, ψq

on Ωη
f ptq that can be generated in this way are dense in the test space Qη. In general, the

test functions q̃N and q̃ are different. However, we can show that they are close to each
other for sufficiently large N , as

q̃N Ñ q̃ and ∇q̃N Ñ ∇q̃ pointwise uniformly in r0, T s ˆ Ωf .

This convergence result for the test functions combined with the strong convergence results
for the approximate solutions allows us to pass to the limit in the semidiscrete weak formu-
lations to show that the limiting fluid velocity and structure displacement pu, ηq satisfy the
limiting weak formulation. We remark that to show that this weak solution can be defined
on a maximal time interval until the time of domain degeneracy, one can use a standard
argument introduced in pg. 397-398 of [42], which is also used for the constructive existence
proof for the current nonlinearly coupled prototypical FSI model in the proof of Theorem
7.1 in [140]. This concludes the final step of the proof of the existence of a weak solution to
the nonlinearly coupled prototypical FSI model.

1.4 Summary of the prototypical FSI model

In the previous two sections, we outlined the main steps of constructive existence for two
prototypical models of FSI, consisting of a two-dimensional incompressible viscous fluid in
a channel interacting with the elastic walls of the channel, with the coupled fluid-structure
dynamics driven by inlet and outlet pressure data. The proof in both cases is a constructive
existence proof, which establishes existence of a weak solution to the prototypical FSI model
via a splitting scheme, where we split the structure and fluid subproblems and solve them
each on discretized time steps, giving rise to a semidiscrete weak formulation satisfied by
appropriate approximate solutions which are obtained from the constructive splitting scheme.
The splitting scheme is constructed by assigning certain terms in the weak formulation to
the structure and fluid subproblems, in a precise way that preserves the energy estimates in
the discretized setting.

From here, in the linearly coupled model involving the linear Stokes equations for the
fluid, uniform semidiscrete energy estimates obtained from the splitting scheme show that
we have uniform boundedness of the approximate solutions in the finite energy spaces, which
allows us to find weakly and weakly-star convergent subsequences of approximate solutions.
In the linearly coupled case, since the weak formulation involves linear terms, we can then
directly pass to the limit in the semidiscrete weak formulation to obtain existence of a weak
solution that satisfies the continuous-in-time weak formulation of the full problem. While we
also obtain uniform boundedness of approximate solutions in the nonlinearly coupled case,
the analysis is more complex in this case because of the moving boundary, which introduces
geometric nonlinearities into the weak formulation, and because of the nonlinear advection
term in the full Navier-Stokes equations.
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In contrast to the linearly coupled case, having weak and weak-star convergent subse-
quences of approximate solutions is not sufficient to conclude the proof for the nonlinearly
coupled prototypical model. The additional nonlinearities which appear in the weak formu-
lation require strong convergence of approximate solutions in order to pass to the limit, and
hence, one must obtain additional estimates on the time derivatives or on the discretized time
derivatives of the approximate solutions. By using the semidiscrete formulation, we can esti-
mate the discretized time derivatives of the approximate solutions in appropriate dual spaces
and obtain strong precompactness in appropriate function spaces by using Aubin-Lions type
compactness arguments. One important novelty in the analysis of the prototypical model
of nonlinearly coupled FSI is a new Aubin-Lions compactness argument for functions de-
fined on moving domains, which is needed to handle the fact that the test functions and
solution spaces for the semidiscretized problems depend on the structure displacement and
the moving physical fluid domains, so this generalization of the Aubin-Lions compactness
lemma to moving domains gives a way of uniformly comparing functions defined on different
physical domains with each other. These Aubin-Lions type compactness arguments allow
us to obtain the strong convergence results that will ultimately help us pass to the limit in
the semidiscrete formulations as N Ñ 8. The final ingredient needed in the constructive
existence proof for the nonlinearly coupled prototypical FSI model is a careful analysis of the
test functions in the semidiscrete formulations, as the test functions themselves depend on
the structure displacement, through the transformation of the divergence-free condition on
the physical fluid domain to a nonlinear divergence-free type condition on the reference fluid
domain, due to the transformation of spatial derivatives under the ALE mapping. However,
by considering an appropriate subset of test functions and pulling them back to the reference
domain via the ALE mappings defined by the approximate structure displacements ηN , we
can define a test function pq̃N , ψq for the semidiscrete weak formulation with parameter N
that will converge in the limit to the limiting test function pq̃, ψq with ∇η ¨ q̃ “ 0 where η is
the limiting structure displacement. This will allow us to complete the proof of constructive
existence of a weak solution for the nonlinearly coupled prototypical FSI model.

1.5 Extensions of the splitting scheme for FSI

The splitting scheme approach to fluid-structure interaction that we have demonstrated in
the context of the 2D prototypical model of FSI is robust, as it has been generalized to a
variety of different physically relevant contexts. The mathematical framework for showing
constructive existence of weak solutions provided by the splitting scheme approach has been
useful in analyzing complex fluid-structure interaction models, and has been used to analyze
coupled fluid-structure systems of real-life significance in applications. We outline the more
complex models of FSI that have been analyzed using extensions of this Lie operator split-
ting approach to fluid-structure interaction, in order to demonstrate the robustness of this
method, which will lay the foundation for the work outlined in this thesis.
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3D-2D fluid-structure systems

The prototypical model of FSI described in both the linearly coupled and nonlinearly cou-
pled case involves a 2D incompressible viscous fluid interacting with a 1D elastic structure.
However, it is of practical interest to extend constructive existence results for weak solutions
to coupled fluid-structure systems to the physically relevant dimensions. In particular, we
would like to obtain corresponding results for incompressible viscous fluids in three dimen-
sions interacting with two-dimensional elastic structures, such as membranes or shells.

We first note that in the linearly coupled prototypical model of FSI, the analysis would be
unchanged for the most part if we considered a three-dimensional Stokes flow interacting with
a two-dimensional elastic structure. This is because of the fact that in the linearly coupled
case, the geometric configuration of the fluid domain in time is not taken into account, so
the fluid equations, even in three dimensions, are posed on a fixed reference fluid domain Ωf ,
which has a regular and well-behaved fixed geometry, even though it is a three-dimensional
spatial domain.

However, there are additional challenges that appear when considering three-dimensional
incompressible Navier-Stokes equations coupled to two-dimensional elastic structures, in the
nonlinearly coupled prototypical model of FSI. The main difficulty lies in the fact that
when considering a plate, we have that the structure displacement η from the reference
configuration is in the finite energy space W 1,8p0, T ;L2pΓqq XL8p0, T ;H2

0 pΓqq. Because the
problem is nonlinearly coupled, the regularity of the structure displacement η is especially
important, as the structure displacement determines the time-dependent location of the
structure Γptq, which in turn determines the three-dimensional time-dependent fluid domain
Ωf ptq, which is a domain that is bounded by the inlet and outlet Γin and Γout, the bottom
boundary Γb, and the time-dependent moving structure Γptq.

Because we are considering three spatial dimensions for the fluid and two spatial dimen-
sions for the elastic structure, we have different Sobolev embeddings. For a one-dimensional
structure as in the 2D-1D prototypical fluid-structure model described before, we have
that for a one-dimensional structure, a structure displacement η P W 1,8p0, T ;L2pΓqq X

L8p0, T ;H2
0 pΓqq defines a function that is uniformly Lipschitz continuous for all t P r0, T s.

However, for a two-dimensional structure, a function η P H2
0 pΓq is not a Lipschitz continuous

function, so the domain Ωf ptq is not a Lipschitz domain. This has several important ram-
ifications that complicate the analysis of three-dimensional nonlinearly coupled FSI, which
was carried out in [137] and was later extended to three-dimensional FSI involving nonlinear
elasticity in [141].

First, the standard trace theorem from the classical theory of Sobolev spaces states that
functions in H1pΩq have well-defined traces in L2pBΩq and even H1{2pBΩq under the condition
that Ω is a Lipschitz domain. However, because Ωf ptq in the three-dimensional case of non-
linearly coupled FSI is no longer necessarily a Lipschitz domain due to the limited regularity
of the structure displacement η, we must use an extension of the trace theory for Sobolev
spaces. This extension of the Sobolev trace theory was developed in a note [135], which states
an extension of the Sobolev trace theorem to functions defined on domains which are locally
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subgraphs of Hölder continuous functions. This is exactly what is required in the current
scenario of three-dimensional nonlinearly coupled FSI, since structure displacements η which
are in H2

0 pΓq are not Lipschitz continuous, but are α-Hölder continuous for α P p0, 1q. The
result from [135] states that the trace of an H1pΩq function on a domain Ω that is locally a
subgraph of an α-Hölder continuous function belongs to HspBΩq for any s P p0, α{2q.

This result on the extension of the Sobolev trace theory, described in [135], is exactly
what is needed to properly define the trace of the fluid velocity u P L2p0, T ;H1pΩf ptqqq.
This allows us to impose the boundary conditions on Γin, Γout, and Γb on u, as the trace of
u along the inlet, outlet, and bottom boundary are well-defined. The fact that we can define
the trace of u in a well-defined manner allows us to also precisely make sense of the kinematic
coupling condition u|Γptq “ Btηer, which involves the trace of u along the time-dependent
moving interface Γptq.

Nonlinear structures

The study of nonlinearly elastic structures, for example St. Venant-Kirchhoff elastic struc-
tures, nonlinearly elastic Koiter shells, and nonlinear biomembranes, has also been considered
in the literature on FSI [141, 143, 44, 45, 52, 153, 74, 80]. The splitting scheme methodology
of establishing existence of weak solutions to fluid-structure interaction has been successfully
extended from the prototypical model of FSI to fluid-structure systems with nonlinear elastic
structures in [141, 143]. These elastic structures with nonlinear behavior appear in many
applications of real-life significance. For example, a computational study of fluid-structure
interaction in a curved coronary artery [28] involves considering nonlinear equations of elas-
ticity for the displacement of the curved cylindrical arterial walls from its reference configu-
ration, where a cubic-type nonlinearity appears in the elasticity equations as a result of the
curved cylindrical geometry of the coronary artery. The extension of the splitting scheme
to FSI systems involving nonlinear structures was done first in [141], and splitting scheme
methods have been used in FSI systems of practical significance involving nonlinearly elastic
structures, see for example [143, 28].

We briefly summarize some of the new approaches needed in the splitting scheme to
handle the unique challenges posed by nonlinear elastic structures. We describe these math-
ematical developments in the context of the study of FSI involving a nonlinear Koiter shell,
in [141]. Before discussing the nonlinear Koiter shell theory, we briefly look back at the
prototypical model of FSI, where in both the linearly coupled and the nonlinearly coupled
case, the transverse (scalar) displacement η of the elastic structure is described by a linear
Koiter shell equation

B
2
t η ´ C0B

2
zη ` C1B

4
zη “ F, on Γ,

where in the prototypical model that we discussed, Γ was the one-dimensional reference
configuration of a one-dimensional elastic structure. The linear Koiter shell equation is a
fourth-order linear PDE that has the following associated elastic energy ||η||2E, which arises
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from testing the equation with Btη in a formal energy estimate and integrating by parts:

||η||
2
E “

1

2

´

C0||Bzη||
2
L2pΓq ` C1||B

2
zη||

2
L2pΓq

¯

.

As seen above, the linear Koiter shell equation can be written as a PDE, which then gives
rise to a corresponding associated elastic energy. Meanwhile, for the nonlinear Koiter shell
equation, it is most natural to define the nonlinear elastic energy first, and then from there,
one can derive an expression for the PDE governing the nonlinear Koiter shell dynamics.
The nonlinear elastic energy of the nonlinear Koiter shell is given by

||η||
2
E “

ż

Γ

AGpηq : Gpηq,

where A describes the elasticity tensor, and Gpηq describes the change in the metric due to
the resulting curvature of the elastic shell arising from the displacement η of the shell. While
this elastic energy is inherently associated with a nonlinear operator, it can be shown to be
equivalent in norm to a standard Sobolev norm, which will be useful for the analysis of the
problem. We refer the reader to [141] for full details.

We mention that the main difference in the splitting scheme is the structure subprob-
lem. The nature of the splitting itself is similar in principle to the splitting scheme for
the prototypical FSI problem with the linear Koiter shell, in the sense that the structure is
split apart from the fluid, and the structure velocity is updated in both steps in order to
account for the influence of both the structure and fluid dynamics on the resulting structure
velocity. However, the main difference is the nature of the structure subproblem itself. The
prototypical model of FSI in both the linearly and nonlinearly coupled case involves solving
a time-discretized form of the linear Koiter shell with zero forcing, where the time deriva-
tive is discretized by using a backward Euler time discretization. This gives rise to a linear

elliptic problem for the new structure displacement η
n` 1

2
N written in weak formulation, see

(1.7), where the existence and uniqueness of the new updated structure displacement η
n` 1

2
N

can be obtained using standard tools from the theory of linear elliptic PDEs, namely the
Lax-Milgram theorem. However, in the case of a nonlinearly elastic Koiter shell, there are
notable differences. First, one cannot use just a backwards Euler time discretization to dis-
cretize the structure subproblem, as a more involved time discretization is required in order
to obtain a semidiscrete energy estimate which mirrors the corresponding continuous energy
estimates for the nonlinear Koiter shell PDE. In addition, because the resulting problem
that arises after time discretization is no longer a linear problem, the Lax-Milgram theorem
is not sufficient for obtaining existence and uniqueness of a solution to the (nonlinear) weak
formulation of the structure subproblem, and instead, one must invoke a fixed point argu-
ment using the Schaefer Fixed Point Theorem in order to obtain existence of an updated

structure displacement η
n` 1

2
N from the structure subproblem. However, if one is able to obtain

existence of a solution to the structure subproblem via a fixed point argument and if one is
able to discretize time derivatives in an appropriate way that preserves the balance of energy
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of the fully coupled FSI dynamics, then the splitting scheme remains an effective method for
studying well-posedness of FSI systems containing structures with nonlinear effects.

The consideration of splitting scheme methods for studying FSI with nonlinearly elastic
structures was extended in recent work [143], in which a more general nonlinear Koiter
shell considering contributions both membrane and bending energy is considered, whereas
the past work in [141] does not include the fully nonlinear terms arising from the bending
energy. The existence of a weak solution is established for this problem in [143] by using
a splitting scheme approach to show existence of a weak solution to a form of the weak
formulation containing a linear sixth order regularization of the structure dynamics, and
then obtaining uniform estimates that are independent of the regularization parameter. In
addition to showing well-posedness for this nonlinearly coupled FSI problem with a nonlinear
Koiter shell, this work also establishes regularity results for the structure displacement η and
the structure velocity Btη.

Fluid-structure interaction with the Navier slip condition

In the prototypical model of fluid-structure interaction, we use the no-slip condition as a
kinematic coupling condition to couple the fluid and structure dynamics together, and we
hence impose continuity of velocities at the fluid-structure interface. In particular, we impose
that the fluid velocity at the fluid-structure interface must be equal to the structure velocity,
so that in the linearly coupled prototypical FSI model, we have that

u|Γ “ pBtηqer,

and in the nonlinearly coupled prototypical FSI model, we have that

u|Γptq “ pBtηqer.

In both the linearly coupled and nonlinearly coupled models, the no-slip condition implies
that the fluid velocity along the fluid-structure interface is purely transversal (radial), since
one of the assumptions in the prototypical model is that the structure displaces in only the
transverse (radial) direction.

The no-slip condition is a useful condition to start with for mathematical analysis, but
in many real-life systems, the no-slip condition is not sufficient to describe the coupled fluid-
structure dynamics. In particular, in many fluid-structure systems, there is often tangential
slip of the fluid along the fluid-structure interface, and one way of modeling this tangential
slip is by imposing the Navier slip condition, which allows for a mismatch between the
tangential components of the structure and fluid velocities. The extension of the Lie operator
splitting method beyond the prototypical FSI model with the no-slip kinematic coupling
condition to more complex FSI models involving the Navier slip condition was achieved in
[139] and compactness arguments for this Navier slip nonlinearly coupled FSI model were
carried out in [136] using the generalized Aubin-Lions compactness lemma for functions on
moving domains.
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The Navier slip condition will appear in an FSI model that we study later in this thesis
(see the nonlinearly coupled model described in Chapter 5), so we briefly summarize the
nonlinearly coupled FSI model involving the Navier slip condition from [139] and we discuss
the ways in which the splitting scheme approach is adapted to handle the new features of
this model. The fluid velocity and pressure are described as before by the nonlinear Navier-
Stokes equations describing an incompressible, viscous Newtonian fluid, stated previously in
(1.10) and (1.11), where the Navier-Stokes equations are posed on a time-dependent and a
priori unknown fluid domain Ωf ptq, which will be two-dimensional. However, for the elastic
structure, we will allow for arbitrary vector-valued displacements rather than considering
only transverse (radial) structure displacements, as was done in the prototypical model of
nonlinearly coupled FSI. Therefore, we will describe the structure displacement η : Γ Ñ R2

from the reference configuration Γ by an elastodynamics equation governed by an elasticity
operator Le:

Bttη ` Leη “ F, on Γ,

where the elasticity operator Le has the property that it will give rise to an elastic energy
defined by the norm ||η||2E “ pLeη,ηqL2pΓq, and this elastodynamics equation will be given
appropriate clamped boundary conditions. The time-dependent location of the structure
Γptq will be described by

Γptq “ tpz,Rq ` ηpt, zq : z P r0, Lsu

and since ηp0q “ ηpLq, we can then define the time-dependent fluid domain Ωf ptq to be the
two-dimensional region that is bounded by Γin, Γout, Γb, and Γptq.

We will couple the fluid and structure dynamics via the kinematic coupling condition and
the dynamic coupling condition, but these two coupling conditions will be different from the
corresponding conditions in the prototypical model of nonlinearly coupled FSI. We describe
these below:

• Kinematic coupling condition. Rather than imposing a single no-slip condition as
in the prototypical model of FSI described previously, we will instead impose two kine-
matic coupling conditions: a condition for the normal component of the fluid velocity
and another for the tangential component of the fluid velocity, where we consider the
fluid velocity along the moving fluid-structure interface. For the normal component of
the fluid velocity, we prescribe a no penetration condition, which states that there
is no net leakage of fluid out of the domain in the sense that the normal components
of the fluid velocity and the structure velocity along the interface Γptq agree:

u|Γptq ¨ nptq “ Btη ¨ nptq,

where nptq is the outward pointing unit normal vector to the moving fluid-structure
interface Γptq. For the tangential component of the fluid velocity, we prescribe the
Navier slip condition, which states that the difference in the tangential components
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of the structure velocity and the fluid velocity along the interface is proportional to
the tangential component of the normal stress of the fluid on the structure:

βpBtη ´ u|Γptqq ¨ τ ptq “ σpu, πqnptq ¨ τ ptq|Γptq,

where τ ptq is the unit rightward pointing tangent vector to Γptq and β ě 0 is a non-
negative Navier slip coefficient.

• Dynamic coupling condition. In principle, the dynamic coupling condition here is
the same in the sense that it states that the structure subproblem is loaded by the
fluid load onto the structure. The only change in the dynamic coupling condition from
the prototypical model arises from the fact that we are considering general structure
displacements, so instead of loading the structure with ´J ησpu, πqnptq ¨ er which
would be the fluid load only in the transverse (radial) direction, the forcing on the
structure equation here is given by the full fluid load on the structure:

Bttη ` Leη “ ´J ησpu, πqnptq|Γptq.

Now that we have finished the description of the nonlinearly coupled FSI problem, we
now point out some of the key differences in the splitting scheme proof, and refer the reader
to [136, 139] for full details. One of the first key differences is in the energy estimate, where
we can see the impact of the Navier slip condition in an additional Navier slip dissipation
term. In particular, the energy estimate for the nonlinearly coupled Navier slip FSI model
is given by:

1

2
||Btηptq||

2
L2pΓq ` ||ηptq||

2
E `

1

2
||uptq||

2
L2pΩf ptqq

` µf

ż t

0

||Dpuqpsq||
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L2pΩf psqqds ` β

ż t

0
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ď
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||v0||
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||u0||

2
L2pΩf p0qq ` C

´

||Pinptq||
2
L2p0,T q ` ||Poutptq||

2
L2p0,T q

¯

,

where the term involving β represents the frictional dissipation due to the tangential slip of
the fluid along the structure interface.

When defining the weak formulation, there are also several important modifications. In
the prototypical nonlinearly coupled no-slip model, the solution space incorporates a no-slip
condition u|Γptq “ pBtηqer and the test space for the test functions pq, ψq incorporates this
condition also as q|Γptq “ ψer. However, this changes slightly in the Navier slip case. For
the model with the Navier slip condition, we note that the Navier slip condition will be
incorporated into the weak formulation via a term with β, so the only condition that needs
to be explicitly prescribed in the solution space and the test space is the no penetration
condition. Therefore, we instead define the coupled solution space to be

V “ tpu,ηq P Vf ˆ Vs : u ¨ nptq|Γptq “ Btη ¨ nptqu
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for appropriate finite energy spaces Vf and Vs, and we define the test space to be

Q “ tpq,ψq P C8
c pr0, T q;Vf ptq ˆ Vsq : q ¨ nptq|Γptq “ ψ ¨ nptqu,

where Vf and Vs are defined similarly to (1.15) and (1.16) as in the prototypical nonlinearly
coupled FSI model, but in the current context, the trace of the fluid velocity along Γptq is
no longer restricted to be purely radial and the structure displacement can more generally
be vector-valued.

In this case, the weak formulation involves finding a solution pu,ηq P V such that for all
test functions pq,ψq P Q,

´

ż T

0

ż

Ωf ptq
u ¨ Btq `

1

2

ż T

0

ż

Ωf ptq

´

rpu ¨ ∇qus ¨ q ´ rpu ¨ ∇qqqus

¯

´

ż T

0

ż
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`
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2
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0

ż
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ż
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rpBtψ ´ qq ¨ τptqs ¨ rpBtη ´ uq ¨ τptqs

` 2µf
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0
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0

ż
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ż
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u0 ¨ qp0q `

ż

Γ
v0 ¨ ψp0q.

We conclude by making a few observations about this weak formulation. Rather than having
a single term

´

ż T

0

ż

Γ

pBtηq
2

¨ ψ

in the weak formulation as in the no-slip prototypical model, the weak formulation instead
has the terms

´

ż T

0

ż

Γptq

pBtη ¨ nptqqpu ¨ qq `
1

2

ż T

0

ż

Γptq

pu ¨ nptqqpu ¨ qq,

which can also be expressed as the single term ´
1

2

ż T

0

ż

Γptq

pBtη ¨ nptqqpu ¨ qq by the no

penetration condition. Compared to the weak formulation for the prototypical model, there
is also an additional dissipation term in the weak formulation, which is the term involving
the Navier slip coefficient β. We note that although the Navier slip FSI model now allows for
tangential fluid velocities, the problem is still well-defined in the sense that the tangential
fluid velocities are taken into account in the weak formulation (so that the Navier slip
condition on the tangential fluid and structure velocities is weakly imposed) and then the
remaining normal component of the fluid velocity is handled explicitly in the definition of the
solution and test spaces, where the matching of normal velocities of the fluid and structure at
the interface is strongly imposed. A similar fluid-structure splitting scheme can be developed
for this Navier slip model, and we refer the reader to [139] for a full exposition.
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Multilayered structures in FSI

Another important extension of the prototypical FSI model that will play an important role
in an FSI model considered later in Chapter 5 of this thesis is the extension to coupled
fluid-structure systems involving multilayered composite structures, which are made up of
different layers with varying properties. This is an important extension that is particularly
relevant in many real-life applications of FSI, as many FSI systems, especially in biomedical
applications, have structures that are made up of multiple layers with different physical
properties. This includes for example, arterial walls, which are made up of several different
layers of arterial tissue with different thicknesses and elastic properties, and bioartificial
organs, which have different layers in the structural walls that have different functionalities
[138]. The extension of the splitting scheme approach for FSI to the interaction between a
fluid and a multilayered structure was first carried out in [138].

FSI with multilayered structures will play a role in a nonlinearly coupled FSI model
that is discussed later in this thesis in Chapter 5, so we will describe the multilayered
structure FSI model that is considered in [138]. In this model, the fluid is an incompressible,
viscous Newtonian fluid which is flowing in an elastic channel where the walls of the channel
are elastic and are made up of multiple layers. Thus, the structure is now a multilayered
composite structure that consists of an external thick layer and an inner thin layer that is
in contact with the fluid. The problem is posed on the following geometry: the fluid domain
has a reference configuration of Ωf “ r0, Ls ˆ r0, Rs, the thick structure has a reference
configuration of Ωs “ r0, Ls ˆ rR,R ` hs where h is the thickness of the structure, and
the thin structure is a one-dimensional elastic structure with a reference configuration of
Γ “ r0, Ls ˆ tRu.

Let us define d to be the displacement of the two-dimensional thick structure from its
reference configuration Ωs, and let η be the displacement of the thin structure from its
one-dimensional reference configuration Γ. The incompressible viscous Newtonian fluid is
described by the Navier-Stokes equations (1.10) posed on a moving time-dependent fluid
domain, where the moving fluid domain Ωf ptq is determined by the position Γptq of the inner
thin structure layer in direct contact with the fluid so that

Ωf ptq “ tpz, rq P R2 : 0 ď z ď L, 0 ď r ď R ` ηpt, zqu,

where we assume that the thin layer displaces in only the transverse (radial) direction so
that

Γptq “ tpz, rq P R2 : 0 ď z ď L, r “ R ` ηpt, zqu.

The elastodynamics of the thin structure is described by the wave equation, where the
scalar transverse displacement η of the one-dimensional thin structure from its reference
configuration Γ is given by

Bttη ´ ∆η “ F, on Γ,

where the external load F on the thin structure will be described later in the dynamic
coupling condition. The elastodynamics of the thick structure are described by the equations
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of elasticity for the (two-dimensional) vector-valued displacement d of the thick structure
from its reference configuration Ωs so that

Bttd´ ∇ ¨ Spdq “ 0, on Ωs.

The elasticity stress tensor S for the thick structure is given by the Piola-Kirchhoff stress
tensor

Spdq “ 2µeDpdq ` λp∇ ¨ dq,

where Dpdq is the symmetrized gradient.
The kinematic and dynamic coupling conditions must now account for the fact that there

are three subproblems that must be coupled together appropriately.

• The kinematic coupling condition is given by a no-slip condition between the fluid and
thin structure

u|Γptq “ pBtηqer,

and a continuity of displacements condition which ensures that the thin structure and
thick structure share the same displacement along their common interface so that the
structure remains intact:

d|Γ “ ηer, on Γ.

• The dynamic coupling condition specifies the fluid load on the thin structure, which is
in contact from one side with the fluid and which is in contact on the other side with
the thick structure. Therefore, there are two contributions to the traction along the
thin structure: the fluid load from the inside and the elastic loading from the outside
thick structure. Therefore, the elastodynamics equation for the thin structure reads:

Bttη ´ ∆η “ ´J ησpu, pqn ¨ er|Γptq ` Spηqer ¨ er|Γ,

where J η “
a

1 ` pBzηq2.

For the multilayered structure FSI problem, we get contributions to the energy estimate
for the fully coupled problem that involve energies and dissipation for the fluid, and elastic
energies for both the thin structure and the thick structure. We obtain an energy estimate of
the following form for the nonlinearly coupled multilayered structure FSI problem described
above:

1

2
||Btηptq||

2
L2pΓq ` ||ηptq||

2
H1pΓq `

1

2
||uptq||

2
L2pΩf ptqq ` µf

ż t

0

||Dpuqpsq||
2
L2pΩf psqqds

`
1

2
||Btdptq||

2
L2pΩsq ` µe||Dpdqptq||

2
L2pΩsq `

λ

2
||∇ ¨ dptq||

2
L2pΩsq

ď
1

2
||v0||

2
L2pΓq ` ||η0||

2
H1pΓq `

1

2
||u0||

2
L2pΩf p0qq `

1

2
||Btdp0q||

2
L2pΩsq

` µe||Dpd0q||
2
L2pΩsq `

λ

2
||∇ ¨ d0||

2
L2pΩsq ` C

´

||Pinptq||
2
L2p0,T q ` ||Poutptq||

2
L2p0,T q

¯

.



CHAPTER 1. INTRODUCTION AND BACKGROUND 51

As emphasized in the original manuscript [138], this energy estimate reveals one of the
primary reasons why considering multilayered structures in FSI is mathematically advanta-
geous, especially for problems involving thick structures that are of the same dimension as
the fluid domain. Having a multilayered structure where there is a thin layer that has a lower
dimension than the full composite structure/fluid regularizes the geometry of the problem in
the following way. For a thick elastic structure, the structure displacement d belongs to the
finite energy space L8p0, T ;H1pΩsqq where Ωs is two-dimensional. If the FSI model just in-
volved a two-dimensional fluid in direct contact with a two-dimensional thick structure, then
the time-dependent location of the interface between the fluid and the thick structure would
be determined by the trace of d along the bottom boundary of Ωs, which would only be in
L8p0, T ;H1{2pΓqq in the finite energy space. Even with the interface Γ between the thick
structure and the fluid being one-dimensional, H1{2pΓq is not enough Sobolev regularity to
ensure that we even have a continuous moving interface, and this lack of boundary regularity
of the structure displacement for thick structures is one of the predominant mathematical
obstacles in FSI models between fluids and thick structures of the same dimension.

If we instead consider a composite multilayered structure interacting with a fluid as in
the model described above, we see that the elastodynamics of the thin membrane separating
the thick structure and the fluid regularize the time-dependent fluid-structure interface. In
particular, even though d is still in L8p0, T ;H1pΩsqq, we have by the kinematic coupling
condition that the trace of d along Γ is equal to ηer, where by the energy estimates, η P

L8p0, T ;H1
0 pΓqq. Thus, the elastodynamics of η place the thin structure displacement in a

higher regularity space H1pΓq in contrast to the space H1{2pΓq that would arise from the
Sobolev trace theorem applied to d. Since we have that d|Γ “ ηer by the kinematic coupling
condition between the thick and thin structures, we see that the higher H1pΓq regularity of
the interface displacement (which is now the thin structure displacement) transfers to the
trace of the thick structure displacement along the bottom boundary Γ of Ωs. This allows us
to define the fluid-structure interface Γptq to be a continuous curve, which is advantageous
for the mathematical analysis of the problem.

One can then extend the splitting scheme for the nonlinearly coupled prototypical model
of FSI to this multilayered model by developing a similar fluid-structure splitting, where
the structure subproblem involves updating both the thick layer and the thin layer elasto-
dynamics, and the thin layer structure velocity is updated in both the fluid and structure
subproblem, in order to reflect the fact that the thin layer structure velocity must match the
fluid velocity along the moving fluid-structure interface Γptq. For full details on the extension
of the Lie operator splitting scheme to the case of multilayered structures interacting with
incompressible fluids, we refer the reader to the exposition in the manuscript [138].

FSI with mesh-supported elastic structures

We conclude this literature review by discussing one more extension of the prototypical FSI
model that is motivated by recent progress in biomedical engineering. Atherosclerosis is
a cardiovascular condition caused by the buildup of excess plaque on arterial vessel walls,
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which limits the resulting flow of blood through arteries [106, 151]. Recently, advances
in biomedical technology have improved the quality of patient health in patients who are
affected by atherosclerosis. One of the leading successful treatments for this condition is the
implantation of prostheses, called stents, which are mesh-like structures which are inserted
in arteries with plaque buildup to restore healthy circulation. The specific geometry of how
the metallic rods in a stent are connected to each other to form the stent is essential to
the performance of the stent. Constructing stents to test in real-life experiments can be
costly and time-inefficient, which makes developing numerical methods for simulating stents
computationally essential for assessing stent design.

In past works, stents have been modeled as three-dimensional rod-like structures, but
because stents are comprised of slender metallic rods, finite element discretizations in three
dimensions of stents are costly in time, and also can suffer from inaccuracies, see the dis-
cussions for example in [31, 32]. Instead, a new approach, introduced in [174], models these
stents using a reduced-dimensional model, so that the stents are modeled as one-dimensional
structures described by a given mesh or graph topology. The stent is thus modeled as a net-
work of one-dimensional hyperbolic equations which are coupled to each other at junction
points. The reduced equations modeling the stent are one-dimensional, and this dimen-
sional reduction is accurate since the metallic rods of the stent are thin and slender. This
gives rise to a set of equations that can be solved efficiently, and which accurately model
stent dynamics. These governing equations are derived from a curved rod model, where the
equations are a coupled hyperbolic system of PDEs describing the evolution of the displace-
ment and rotation of the stent, in addition to the contact force and contact moment. It
is shown that this new reduced one-dimensional model of stents shows good agreement in
computational simulations with three-dimensional simulations of stent dynamics, see [32].
In addition, asymptotic studies that relate three-dimensional dynamics of linear elasticity to
one-dimensional equations for stents in limiting regimes (for example, the radius of the cross
section decreasing to zero) have mathematically justified the use of these one-dimensional
equations, see [85, 100, 101, 102, 157].

Due to interest in simulating the behavior of stents on arterial walls, there was work on
simulating Naghdi type shells to the one-dimensional equations for a stent in [34], where
existence of a unique solution is established using the Lax-Milgram theorem. However,
the work [34] does not consider the blood flow through the arteries through an additional
coupling to the Navier-Stokes equations. Alternatively, there was also work on modeling
stents in [27], where a splitting scheme was used to show existence of weak solutions to a
nonlinearly coupled FSI problem involving an elastic shell and the Navier-Stokes equations,
where the elasticity parameters and thickness of the elastic shell are allowed to have jump
discontinuities and are hence only prescribed to be in L8, to model the influence of the stent
on the elastic properties of the structure. However, this work does not couple the resulting
fluid-structure system explicitly to the equations for stent dynamics.

A full FSI model with three subproblems considering a stent coupled to an elastic shell,
which is further coupled to fluid flow, was considered in [31, 35]. The splitting scheme
methodology has been used to analyze a linearly coupled version [35] and a nonlinearly cou-
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pled version [31] of an FSI involving mesh-supported elastic structures interacting with the
flow of a viscous incompressible Newtonian fluid. A similar fluid-structure splitting scheme
has been successfully employed in both the linearly coupled and nonlinearly coupled versions
of this FSI model involving structures supported by stents in order to show constructive ex-
istence of weak solutions. This model is particularly interesting because it is multiphysical,
involving the interaction between three different mediums across three different dimensions:
a three-dimensional fluid described by parabolic-type fluid equations for an incompressible
viscous Newtonian fluid, a two-dimensional elastic shell structure described by hyperbolic
equations of elasticity, and a one-dimensional mesh-like structure described by a hyperbolic
system of PDEs on a graph.

Since these first existence results via Lie operator splitting for this mesh-supported struc-
ture FSI model, there has been additional analysis of such models. Analysis of the regularity
of weak solutions to the linearly coupled model was carried out in recent work in [75]. In
addition, the mathematical analysis of mesh-supported structures in FSI has set the founda-
tion for the development of accurate numerical schemes which can be used to model real-life
stent dynamics and assess the performance of various stent designs through computational
simulations. This is done in [28] for example, where four different stent geometries are as-
sessed through computations that are performed using a numerical method, where the full
dynamics of blood flow interacting with arterial walls supported by different stent geometries
are computationally analyzed. We remark that the study of stents is now an active area of
research with many important practical implications for biomedicine. As a further example,
we refer the reader to work in [33], where a numerical solver is used to model drug-eluting
stents, which are stents which release anti-inflammatory agents into surrounding tissue in
order to reduce the risk of arterial reclosure after stent implantation. In addition, studies
of optimal stent design have been carried out in order to inform decisions about the de-
sign of stents in bioengineering, using mathematical techniques for constrained optimization
problems, see [37].

1.6 Outline of the thesis

In this chapter, we have discussed the major developments in the analysis of fluid-structure
interaction, focusing in particular on a splitting scheme approach to FSI which uses a Lie
operator splitting to separate the fluid and structure subproblems in a precise way to allow
for constructive existence of weak solutions to FSI. We summarized the splitting scheme
methodology in the context of a linearly coupled prototypical model and a nonlinearly cou-
pled prototypical model of FSI describing the flow of a two-dimensional incompressible vis-
cous Newtonian fluid in an elastic channel with one-dimensional elastic walls. In the linearly
coupled prototypical model, we considered a problem where the coupling conditions are eval-
uated along a fixed reference fluid-structure interface and where the linear Stokes equations
modeling the fluid are posed on a fixed reference fluid domain. The nonlinearly coupled
prototypical model involved a moving boundary problem where the full Navier-Stokes equa-
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tions are solved on a moving a priori unknown fluid domain and the coupling conditions are
evaluated along the moving interface between the fluid and the structure.

This splitting scheme methodology for studying weak solutions to coupled fluid-structure
systems has proven to be extremely robust, and the splitting scheme used for the prototypical
model of FSI has been extended to a wide variety of contexts of practical significance in real-
life applications, including higher-dimensional models involving three-dimensional fluid flow
through two-dimensional elastic shells, FSI models which allow tangential slip of the fluid
along the fluid-structure interface, FSI models involving multilayered structures, and FSI
models involving the flow of fluids in mesh-supported structures. This thesis will be focused
on new applications of the splitting scheme methodology, which involve new FSI models with
unique mathematical challenges that are inspired by real-life applications to engineering.
This thesis will initiate the study of FSI in brand new contexts, by generalizing a splitting
scheme approach in order to mathematically analyze new FSI models. The splitting scheme
approach to FSI will be generalized to two new contexts: FSI models involving stochastic-
ity (random effects in time) and models of nonlinearly coupled fluid-poroelastic structure
interaction. By demonstrating these new applications of the splitting scheme approach, this
work will affirm the robustness and wide applicability of splitting schemes in the analysis of
complex fluid-structure systems that arise in applications.

In Chapters 2-4, we focus on the study of fluid-structure interaction with stochastic ef-
fects, which involves fluid-structure systems where there are random effects which can affect
the system in time. All of the past analysis of fluid-structure systems has involved deter-
ministic systems and even though the study of stochastic PDEs is a rich field and an active
area of research, stochastic fluid-structure systems have not been considered previously. In
Chapter 2, we provide a brief summary of probabilistic preliminaries that will be useful for
the analysis of stochastic fluid-structure systems, with a particular emphasis on tools for
analyzing random variables which take values in Banach spaces. In Chapter 3, we describe
the first progress in stochastic fluid-structure interaction, involving the analysis of a lin-
early coupled reduced model of stochastic FSI, where the model is reduced in the sense that
the full fluid-structure dynamics can be fully described by a single self-contained stochastic
PDE for the structure dynamics known as the stochastic viscous wave equation. Although
the analysis of this stochastic viscous wave equation does not need the use of the splitting
scheme and relies more on standard tools from stochastic PDEs, we include a description of
the analysis of this equation in Chapter 3, since this equation was the first equation studied
in stochastic FSI. In Chapter 4, we use a splitting scheme approach to analyze a prototypi-
cal linearly coupled model of stochastic FSI, which describes the two-dimensional flow of an
incompressible fluid modeled by the linear Stokes equations through an elastic channel with
stochastically perturbed walls. This is the first such well-posedness result for a stochastic
fluid-structure system that is fully coupled, and the splitting scheme approach is shown to be
robust for such stochastic FSI problems involving stochastic multiphysical systems of PDEs.

Next, we turn our attention back to the deterministic theory of FSI in Chapter 5 and dis-
cuss recent developments in the analysis of fluid-structure interaction involving poroelastic
structures, known as fluid-poroelastic structure interaction (FPSI). Poroelastic structures
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are materials that are porous and have the flow of fluid through their pores coupled to
their elastic properties, and they can be modeled by a set of parabolic-hyperbolic or elliptic-
hyperbolic type PDEs known as the Biot equations. Many structures in applications which
are deformable or elastic are not completely solid or impermeable, and this includes soils,
tissues in the human body, bones, rocks, sponges, and media used in bioartificial prostheses
such as bioartificial organs. Due to their practical significance in technological advance-
ments that have positive and direct societal impacts, poroelastic materials are important to
consider, and creating a mathematical methodology for studying coupled FPSI systems is
essential. In Chapter 5, we describe a nonlinearly coupled model consisting of an incompress-
ible fluid interacting with a multilayered structure consisting of a thick poroelastic medium
and a thin plate. We use a spatial regularization to study a regularized nonlinearly coupled
FPSI problem via a splitting scheme approach, and the work done in this chapter represents
the first well-posedness result for a nonlinearly coupled moving boundary model of FPSI.
We continue the analysis of this nonlinearly coupled FPSI problem by showing that the
weak solutions that we have constructed to the regularized FPSI problem are consistent in
the sense that they converge as the regularization parameter tends to zero to classical solu-
tions of the original non-regularized FPSI problem when such classical solutions exist. This
will show that the weak solutions to the regularized FPSI problem that we have considered
are physically relevant to real-life FPSI dynamics. In Chapter 6, we give some concluding
remarks to summarize the work done in this thesis.



56

Chapter 2

Probabilistic preliminaries

In Chapters 2-4, we will discuss stochastic fluid-structure interaction, which describes a
new and emerging class of coupled systems where a fluid and an elastic structure interact
dynamically under the additional influence of stochasticity, or randomness in time. The
study of stochastic FSI is motivated by the fact that randomness is inherent in many real-
life systems, and this randomness can take the form of random forcing on the elastic structure
in an FSI system, random deviations in the fluid flow, or randomness in the inlet and outlet
pressure that drives the flow of a fluid through an elastic channel. Because randomness
is commonplace in real-life dynamics and because stochasticity can have strong effects on
the resulting observed dynamics of a system, the study of stochastic PDEs has been an
active area of research for many decades. Despite the significant progress made in the
analysis of stochastic PDEs, the analysis of stochastic fluid-structure systems has not been
considered until very recently. The goal of Chapters 3 and 4 is to discuss the recent progress
in stochastic FSI, and these chapters will discuss the models of stochastic FSI which have
been developed to initiate the study of stochastic fluid-structure systems. In order to prepare
for the presentation of the results in these chapters on stochastic FSI, we will use this current
chapter, Chapter 2, in order to summarize the necessary probabilistic background and results
from stochastic analysis that will be useful for studying stochastic fluid-structure systems.

In this chapter, we will focus on probabilistic background, with an emphasis on consider-
ing random variables which take values in Banach spaces. This will be important since
stochastic fluid-structure systems involve random quantities, such as the fluid/structure
velocity and the structure displacement, which will now be random functions due to the
stochasticity in the system. We will summarize results about random variables taking values
in Banach spaces and discuss the three modes of probabilistic convergence of such random
variables which will play a key role in our analysis of stochastic FSI: convergence in prob-
ability, weak convergence (or convergence in law or distribution), and convergence almost
surely. We will discuss the relationships between these modes of convergence and review
classical theorems that will be important in our analysis later. Finally, in order to develop
a vocabulary for discussing stochasticity in random systems, we will review the concept of
one-dimensional white noise and spacetime white noise, which are prototypical examples of
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random noise that arise in stochastic PDEs. We will conclude by discussing the notion of
stochastic integration against these types of random noise, which will be important for quan-
tifying the effects of randomness on PDE dynamics and for rigorously defining the notion of
a solution to a stochastic PDE or stochastic system of PDEs.

Though we will provide a brief review of many of the foundational results from probabil-
ity theory that we will need later in this thesis, we assume that the reader is acquainted with
abstract probability spaces and is comfortable with real-valued random variables. Though
we will review the basics of probability theory more generally for random variables taking
values in Banach spaces, we note that there are many parallels with the case of real-valued
random variables. We refer the reader to texts such as [67, 103] for a detailed account
of measure theoretic probability theory, and we assume basic familiarity with the general
theory of abstract measure theoretic probability theory and real-valued random variables in
the remainder of this chapter. For more information about Brownian motion and stochas-
tic integration, we refer the reader to [58, 103, 150, 155] and for more information about
stochastic PDEs, we refer the reader to the introductory book [58], the following classic book
on stochastic analysis in infinite dimensional spaces [150], and the references [90, 177]. For
more details about random variables taking values in general infinite dimensional Banach
spaces, we refer the reader to the reference [150].

2.1 Probability spaces and random variables

Recall that a probability space is an ordered triple pΩ,F ,Pq consisting of a set of outcomes Ω,
a sigma algebra of measurable sets F (which can be thought of as the collection of events),
and a probability measure P on the measurable sets (events) in F . Given a probability
space, we can talk about the probability of an event A P F happening, and we denote this
probability by PpAq.

Let B be a Banach space with a norm denoted by || ¨ ||B. A B-valued random variable
Xpωq is a measurable map Xpωq : pΩ,Fq Ñ pB,BorelpBqq, where BorelpBq is the sigma
algebra of Borel measurable subsets of the Banach space B. For simplicity of notation, we
usually omit the dependence of a random variable on the outcome ω P Ω, and hence, we will
denote a random variable by X instead of Xpωq, whenever it is clear from context that X is
random. In the case where B “ R, this coincides with the usual definition of a real-valued
random variable. Given a random variable Xpωq : Ω Ñ B, we define the law of X to be the
probability measure µX on pB,BorelpBqq defined by

µXpAq “ PpXpωq P Aq, for A P BorelpBq.

It will be important for us later to quantify the boundedness properties of random vari-
ables taking values in Banach spaces. A B-valued random variable Xpωq : Ω Ñ B belongs
to the space LppΩ;Bq if

E
´

||Xpωq||
p
B

¯

ă 8, if 1 ď p ă 8,
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||Xpωq||B ă C almost surely for some constant C ě 0, if p “ 8.

Knowing that a random variable Xpωq is in LppΩ;Bq gives important information about how
likely it is for X to attain large values. This is quantified through Chebychev’s inequality,
which states that if X P LppΩ;Bq for 1 ď p ă 8, then

Pp||X||B ě λq ď
Ep||X||

p
Bq

λp
, for all λ ą 0.

See also Theorem 1.6.4 in [67] for a more general form of Chebychev’s inequality.

2.2 Probabilistic convergence

Next, we discuss convergence of random variables, and review standard results about prob-
abilistic convergence in the context of random variables taking values in Banach spaces. We
discuss convergence in probability, weak convergence, and convergence almost surely, and
state several fundamental results which relate these different types of convergence with each
other and which will be useful in the future chapters about stochastic FSI.

Convergence almost surely

Convergence almost surely is the probabilistic analogy of pointwise convergence. Suppose
that tXnpωqu8

n“1 and Xpωq are B-valued random variables that are all defined on the same
probability space pΩ,F ,Pq. Then, Xnpωq converges to Xpωq almost surely if

P
´

lim
nÑ8

||Xnpωq ´ Xpωq||B “ 0
¯

“ 1,

or equivalently if Xnpωq Ñ Xpωq in B for all outcomes ω in some measurable set Ω0 P F
with Ω0 Ă Ω, where PpΩ0q “ 1.

Convergence in probability

Next, we describe convergence in probability of B-valued random variables, which states
informally that random variables are arbitrarily close in value to a limiting random variable
with arbitrarily high probabilities as n Ñ 8. Given a sequence tXnpωqu8

n“1 of B-valued
random variables and a B-valued random variable Xpωq, all defined on the same probability
space, we say that Xn converges in probability to X if

lim
nÑ8

Pp||Xn ´ X||B ě ϵq “ 0 for all ϵ ą 0.

There is the following well-known connection between convergence almost surely and
convergence in probability, see Theorem 2.3.2 in [67]. We note that the proof uses a well-
known measure theoretic result known as the Borel-Cantelli lemma, see Theorem 2.3.1 in
[67].
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Proposition 2.2.1. Let tXnpωqu8
n“1 be a sequence of B-valued random variables such that

Xnpωq converges in probability to a limiting B-valued random variable Xpωq. Then, there
exists a subsequence such that

Xnk
pωq Ñ Xpωq in B almost surely as k Ñ 8.

Weak convergence

Next, we will discuss weak convergence of random variables, which describes convergence of
the expected values of observable quantities. For further discussion of weak convergence, we
refer the reader to Section 3.2 in [67] for example.

A sequence of random variables tXnpωqu8
n“1 converges weakly (or equivalently, con-

verges in law or distribution) to a limiting random variable Xpωq if for all continuous
bounded functions f : B Ñ R,

lim
nÑ8

ErfpXnqs “ ErfpXqs.

Here, we can intuitively think of the bounded continuous function f : B Ñ R as some
observable which depends on the random value of Xn or X.

We can also define the notion of weak convergence for probability measures too, and
we will state this specifically for probability measures on Banach spaces. Suppose that
tµnu8

n“1 and µ are probability measures on a common Banach space pB,BorelpBqq. Then,
the probability measures µn converge weakly to µ if for all continuous bounded functions
f : B Ñ R,

lim
nÑ8

ż

B
fpxqdµnpxq “

ż

B
fpxqdµpxq.

Note that if B-valued random variables tXnu8
n“1 converge weakly to X, then their laws

tµXnu8
n“1 also converge weakly (as probability measures on B) to µX .

Weak convergence is a particularly nice form of probabilistic convergence because there
is a well-known criterion, known as tightness, which will allow us to extract a weakly
convergent subsequence from a tight sequence of random variables, see Theorem 3.2.13 in
[67] and Proposition 6.1 in [128]. A sequence of B-valued random variables tXnpωqu8

n“1 is
tight if for all ϵ ą 0, there exists a compact set Kϵ Ă B depending on ϵ such that

PpXnpωq P Kϵq ą 1 ´ ϵ, for all n.

Essentially, tightness is a condition that keeps the probabilistic mass of random variables
from escaping out to infinity, by requiring the probabilistic mass of a collection of probability
measures to be uniformly contained in compact sets. If we specialize to the case of separable
Banach spaces, then tightness allows us to extract weakly convergent subsequences from
tight sequences of random variables. This is the content of the following classical probability
result, which is part of a more general result known as Prokhorov’s theorem, stated for
example in Proposition 6.1 in [128].
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Theorem 2.2.1. If tXnpωqu8
n“1 is a tight sequence of random variables taking values in a

separable Banach space B, then there exists a subsequence and a B-valued random variable
Xpωq such that Xnk

pωq converges weakly to Xpωq as k Ñ 8.

We make some additional remarks about tightness, in terms of the connection between
uniform boundedness of random variables and tightness, which will be essential in the study
of stochastic PDEs. We first establish the following corollary to the previous theorem, which
states that uniform boundedness of real-valued random variables is sufficient to establish
tightness.

Corollary 2.2.1. Suppose that tXnpωqu8
n“1 is a sequence of real-valued random variables

such that
Ep|Xn|

p
q ă C, for all n, for some 1 ď p ă 8.

Then, the sequence tXnpωqu8
n“1 is tight and hence, there exists a real-valued random variable

Xpωq such that Xnk
pωq converges weakly to Xpωq as k Ñ 8, along some subsequence

tnku8
k“1.

Proof. Choose ϵ ą 0. Choose λ sufficiently large so that
C

λp
ă ϵ. Then, by Chebychev’s

inequality, if we set Kϵ “ r´λ, λs, we have that

PpXnpωq P Kϵq ą 1 ´ ϵ, for all n.

Since Kϵ is a closed and bounded subset of R, it is a compact set in R, which establishes
that tXnpωqu8

n“1 is a tight sequence of real-valued random variables, which establishes the
result.

However, we note that a similar argument does not work for random variables X that
take values in general (infinite-dimensional) Banach spaces. In particular, if tXnpωqu8

n“1 is
a sequence of B-valued random variables where B is a separable Banach space, then having
a uniform bound of the form

Ep||Xn||
p
Bq ă C, for all n, (2.1)

does not imply that the random variables tXnpωqu8
n“1 are tight. The reason the argument

above involving Chebychev’s inequality works for the case of real-valued random variables
is because closed and bounded subsets of R are compact in R. However, because general
Banach spaces can be infinite dimensional, closed and bounded subsets of Banach spaces are
no longer necessarily compact subsets of the Banach space. In particular, given the uniform
bound (2.1) above, we can find a closed ball BpRϵq of radius Rϵ in B for which

PpXn P BpRϵqq ą 1 ´ ϵ, for all n.

However, this closed ball BpRϵq is not necessarily compact in B, which prevents us from ob-
taining that the random variables tXnpωqu8

n“1 are tight. Hence, in order to deduce tightness
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from the uniform bound (2.1), one would need to embed the Banach space B compactly into
another Banach space B0. Then, the closure in B0 of the image of BpRϵq under this compact
embedding from B to B0 would be a compact subset of B0, in which case we can show that
the random variables tXnpωqu considered instead as B0-valued random variables are tight.

Additional classical results about convergence

We will finish this discussion of probabilistic convergence by discussing two classical results
that will be needed in later chapters on stochastic FSI. We will first discuss the Skorokhod
representation theorem, which relates weak convergence and convergence almost surely. We
will then discuss the Gyöngy-Krylov lemma, which relates weak convergence of appropri-
ate joint laws of random variables to convergence in probability, and hence to almost sure
convergence along a subsequence.

First, we discuss the Skorokhod representation theorem, which will give a way of “upgrad-
ing” weak convergence of random variables to almost sure convergence of random variables,
at the expense of moving to a potentially different probability space. However, moving to
a different probability space can be done while retaining the laws of the random variables,
so that even on the new probability space, we can make statements about the distributions
of the random variables on the initial probability space. The statement of the Skorokhod
representation theorem, see Proposition 6.2 in [128] for example, is as follows.

Theorem 2.2.2. Suppose that tµnu8
n“1 is a sequence of probability measures on a separable

Banach space B that converges weakly to a limiting probability measure µ on B. Then,
there exists a probability space pΩ̃, F̃ , P̃q and B-valued random variables tX̃nu8

n“1 and X̃ on
pΩ̃, F̃ , P̃q such that

X̃n Ñ X̃, P̃-almost surely,

and the laws of X̃n and X̃ for all positive integers n are µn and µ respectively.

Remark 2.2.1. Though we have stated the result above for a weakly convergent sequence
of probability measures tµnu8

n“1, the Skorokhod representation theorem is often applied
to weakly convergent sequences of random variables tXnu8

n“1 taking values in a separable
Banach space B, all defined on a common initial probability space pΩ,F ,Pq. Given such a
sequence tXnu8

n“1 that converges weakly to a B-valued random variable X also defined on
pΩ,F ,Pq, there exists a new probability space pΩ̃, F̃ , P̃q and new B-valued random variables
tX̃nu8

n“1 and X̃ on this new probability space such that X̃n Ñ X̃ P̃-almost surely, and X̃n

and X̃ have the same laws as Xn and X. This follows from the previous statement of the
Skorokhod representation theorem by letting µn be the law of Xn and by letting µ be the
law of X.

Example 2.2.1. Since the Skorokhod representation theorem may seem abstract initially,
we give a concrete example to demonstrate how this theorem works. Consider the probability
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space Ω “ r0, 1s, where F is the set of Borel measurable sets and P is the usual uniform
measure on r0, 1s (Lebesgue measure dx). For each k and n, define the random variables

Xn,kpωq “ 1rpk´1q{n,k{nspωq, for ω P r0, 1s,

where n ě 1 and 1 ď k ď n. Then, consider the sequence of random variables tXnu8
n“1, where

if N is the largest integer such that 1`2`3` ...`N ă n and if k “ n´ p1`2`3` ...`Nq,
then

Xn “ XN`1,k.

Explicitly, the sequence we are considering is

X1,1, X2,1, X2,2, X3,1, X3,2, X3,3, X4,1, X4,2, X4,3, X4,4, ....

One can verify that the sequence tXnu8
n“1 constructed above converges weakly to the zero

random variable X which is zero for all ω P r0, 1s, but Xn does not converge almost surely.
However, by the Skorokhod representation theorem, we can essentially rearrange how out-

comes are mapped to realizations without changing laws to recover almost sure convergence.
In the notation of the Skorokhod representation theorem, we will let the tilde probability
space pΩ̃, F̃ , P̃q be the same as the initial probability space pΩ,F ,Pq. (However, we remark
that in general, the probability space pΩ̃, F̃ , P̃q can be different from pΩ,F ,Pq, but we do
not need to do this for this particular example.) Then, we will define X̃n by letting N as
before be the largest positive integer such that 1 ` 2 ` ... ` N ă n, and then we will define

X̃n “ XN`1,1.

Thus, the sequence of random variables tX̃nu8
n“1 is given by

X1,1, X2,1, X2,1, X3,1, X3,1, X3,1, X4,1, X4,1, X4,1, X4,1, ....

Note that X̃n has the same law of Xn for all n, but now we have that X̃n converges almost
surely to the zero random variable X̃, whereas the original sequence tXnu8

n“1 converges
weakly to the zero random variable X, but does not converge almost surely.

Next, we will discuss a result which uses weak convergence in order to show convergence
in probability of random variables. This result is known as the Gyöngy-Krylov lemma, and
it will be closely connected to the Skorokhod representation theorem. In stochastic PDE
problems, what often happens is that one uses the Skorokhod representation theorem to
upgrade weak convergence to almost sure convergence, but the challenge is that the random
functions are now defined on an alternate tilde probability space. One often wants to see if
the random solution that is constructed to a stochastic problem can be shown to exist on
the original probability space, and to do this, one usually invokes a standard Gyöngy-Krylov
argument which uses a uniqueness result for the stochastic problem to transfer the random
functions on the tilde probability space back to the initial probability space. In Chapter 4,



CHAPTER 2. PROBABILISTIC PRELIMINARIES 63

we will discuss the full so-called Gyöngy-Krylov diagonal argument in the context of fully
coupled stochastic FSI problems, but here, we state the relevant lemma for future reference.
This lemma can be thought of as a criterion for showing that random variables converge
in probability, which relies on the weak convergence of the joint laws of ordered pairs of
these random variables. For further discussion about the Gyöngy-Krylov lemma and its
applications, see Lemma 1.1 in [88] and Proposition 6.3 in [128].

Theorem 2.2.3. Let tXnu8
n“1 be a sequence of random variables taking values in a separable

Banach space B. Denote the joint law of pXm, Xnq by νm,n, which is a probability measure
on B ˆ B defined by

νm,npA ˆ Bq “ PpXm P A,Xn P Bq, for A,B P BorelpBq,

and more generally,

µm,npAq “ PppXm, Xnq P Aq, for A P BorelpB ˆ Bq.

Consider the collection of joint laws tνm,nu8
m,n“1. Suppose that for any subsequence mk, nk

where tmku8
k“1 and tnku8

k“1 are monotically increasing to infinity, we have that the sequence
of probability measures tνmk,nk

u8
k“1 converges weakly to a probability measure ν on B ˆ B

such that
νptpx, yq P B ˆ B : x “ yuq “ 1.

This condition is known as the diagonal condition, and if the diagonal condition is satisfied,
then the sequence of B-valued random variables tXnu8

n“1 converges in probability to a limiting
B-valued random variable X.

2.3 Stochastic integration

Next, we will discuss the types of random noise that will be relevant to our analysis of
stochastic FSI later. We will begin with one-dimensional white noise, which is a type of
random noise in time whose intensity at every point in time is independent from its intensity
at every other point in time. We will formally denote the intensity of a one-dimensional
white noise at a given time t by 9W ptq, so that we can express this independence property of
white noise formally as

Er 9W psq 9W ptqs “ δ0pt ´ sq, s, t ě 0,

where δ0 is the Dirac delta function.
As the notation suggests, we can think of white noise as the formal time derivative

of a stochastic process tW ptqutě0, known as a one-dimensional Brownian motion. In this
section, we will review basic properties of stochastic processes, and review the definition and
properties of a one-dimensional Brownian motion. We will then use these ideas to review
the construction of the stochastic integral against one-dimensional white noise, which is the
Itô integral.
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Stochastic processes

While we described random variables in the previous section, because PDE dynamics are
often evolving in time, we will have to consider more generally random quantities in time.
Thus, we will introduce the notion of a stochastic process, or a random process in time.
Stochastic processes can be indexed by discrete time steps (such as a random walk), or can
be indexed by continuous time (such as a Brownian motion). We will focus on the case
of stochastic processes indexed by continuous time, since this will be the case that is most
relevant to our analysis later. In this case, a stochastic process on a probability space
pΩ,F ,Pq is a collection of random variables tXtutě0 indexed by time t ě 0, where each
random variable Xt is a random variable on the probability space pΩ,F ,Pq. These random
variables all take values in the same space, which can be assumed to be a Banach space
(which is often just the real numbers R, but can be more general Banach spaces too).

When we index the random variables tXtutě0 by time t ě 0, it will be convenient to think
of Xt as the random information that we observe at a time t ě 0. Intuitively, when we have
such a stochastic process, we can then think of observing Xt for increasing values of t as
observing more information in time about a random system. We will mathematically encode
this increase in observed information about a random system in time using the mathematical
concept of a filtration.

Definition 2.3.1. Suppose that pΩ,F ,Pq is a probability space. A filtration tFtutě0 is an
increasing family of sigma algebras, in the sense that Ft Ă F for all t ě 0, each Ft is a
sigma algebra, and Fs Ă Ft for all s ď t. This filtration is a complete filtration if every
measurable set A Ă F with PpAq “ 0 is included in Ft for all t ě 0. When we have a
probability space pΩ,F ,Pq and a particular filtration tFtutě0 on this probability space, we
can refer to the probability space with filtration as pΩ,F , tFtutě0,Pq.

Given a filtration, we can then discuss whether a given stochastic process is compatible
with the information that is observable at each time t ě 0, specified by the filtration tFtutě0

on the underlying probability space.

Definition 2.3.2. A stochastic process tXtutě0 defined on a probability space with filtration
pΩ,F , tFtutě0,Pq is adapted to the filtration tFtutě0 if Xt is Ft-measurable for all t ě 0.

By viewing a stochastic process tXtutě0 as a collection of random variables on a proba-
bility space pΩ,F ,Pq indexed in time, we are viewing the stochastic process as a collection
of random variables Xt : Ω Ñ B, where B is a Banach space. However, instead of viewing
time as just an index set, we can also view the entire stochastic process, which we will refer
to as X, as a random function X : r0,8q ˆΩ Ñ B, where Xpt, ωq is a function of both time
t P r0,8q and the outcome ω P Ω. We can then define measurability properties of stochastic
processes that refer to how the measurability properties of the stochastic process evolve in
time and interact with the time parameter. We will consider two measurability properties
in time that will be important in our future analysis: joint measurability and predictability.



CHAPTER 2. PROBABILISTIC PRELIMINARIES 65

Definition 2.3.3. Given a stochastic process tXtutě0 on a probability space pΩ,F ,Pq taking
values in a Banach space B, the stochastic process is jointly measurable if it is measurable
as a function X : r0,8q ˆ Ω Ñ B, where r0,8q ˆ Ω is considered with the product sigma
algebra consisting of the product of the Borel measurable subsets of r0,8q and F , and where
B is considered with the sigma algebra of Borel measurable subsets of B.

Definition 2.3.4. Given a probability space pΩ,F ,Pq with a filtration tFtutě0, the pre-
dictable sigma algebra is the sigma algebra on r0,8q ˆ Ω generated by subsets of the
form

tra, bq ˆ A : 0 ď a ă b and A P Fau.

A stochastic process tXtutě0 is predictable if it is measurable as a function from r0,8q ˆΩ
to B, where r0,8q ˆ Ω is considered with the predictable sigma algebra and B is considered
with the sigma algebra of Borel measurable subsets of B.

We can use the following criterion to classify stochastic processes as predictable, see
Proposition 5.1 in Chapter IV, Section 5 of [155].

Proposition 2.3.1. Suppose that tXtutě0 is a stochastic process on a probability space
pΩ,F ,Pq that is adapted to the filtration tFtutě0. Suppose that tXtutě0 also has left contin-
uous paths almost surely so that with probability one, Xpt, ωq : r0,8q Ñ B is left continuous.
Then, tXtutě0 is predictable as a stochastic process taking values in B.

We refer the reader to Chapter IV, Section 5 of [155] for example, for more details about
predictable processes and the predictable sigma algebra.

One-dimensional Brownian motion

We will next discuss an important stochastic process, known as (one-dimensional) Brownian
motion. Brownian motion is a nice prototypical stochastic process to consider in many
applications since it has many desirable properties, such as having continuous paths almost
surely and having stationary increments W ptq ´ W psq, whose distribution depends only on
the time difference t ´ s. We recall the following definition of a one-dimensional Brownian
motion.

Definition 2.3.5. Given a probability space pΩ,F ,Pq, a stochastic process tWtutě0 tak-
ing values in R is a one-dimensional Brownian motion if the following properties are
satisfied:

• The path W pt, ωq : r0,8q Ñ R is a continuous path with W p0q “ 0 almost surely (for
all ω in a measurable set having probability one).

• The increments W ptq ´W psq are distributed as Np0, t´ sq, a normal distribution with
mean zero and variance t ´ s.
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• The independent increments property is satisfied: if s1 ă t1 ď s2 ă t2, then W pt2q ´

W ps2q and W pt1q ´ W ps1q are independent random variables.

The independent increments property has the following direct corollary: if we define the
natural filtration tFtutě0 associated to the Brownian motion tWtutě0 by

Ft “ σptWs : 0 ď s ď tuq,

where σptWs : 0 ď s ď tuq Ă F denotes the sigma algebra generated by the random variables
Ws for 0 ď s ď t, then the increment W ptq ´ W psq for 0 ď s ă t is independent of any
random variable that is Fs-measurable.

We can extend this independence criterion to general filtrations. Suppose that we are
given a probability space pΩ,F ,Pq and a filtration tGtutě0 on this probability space. Then,
we say that a one-dimensional Brownian motion is more specifically a Brownian motion
with respect to the filtration tGtutě0 if

• Wt is adapted to Gt for all t ě 0.

• W ptq´W psq is independent of all Gs-measurable random variables whenever 0 ď s ă t.

In particular, note that any one-dimensional Brownian motion tWtutě0 is a Brownian motion
with respect to its natural filtration tFtutě0 defined above.

Brownian motion has many interesting properties, and we refer the reader to the ex-
position in references, such as [155], Chapter 7 of [67], and Chapter 14 of [103], for more
detailed information about Brownian motion and its relevant probabilistic properties. We
will conclude our brief summary of Brownian motion by describing some of its fundamental
path properties, in particular its properties when considered as a random function of time
t P r0,8q, that will play a role in describing some of the subtleties underlying the theory of
stochastic integration.

We recall the following definitions to discuss the path properties of one-dimensional
Brownian motion. Recall that a real-valued function f : r0,8q Ñ R is locally α-Hölder
continuous for α P p0, 1q if for all T ą 0,

sup
s,tPr0,T s,s‰t

|fptq ´ fpsq|

|t ´ s|α
ă 8.

Recall that a real-valued function f : ra, bs Ñ R is of finite variation if

sup
P

|P|
ÿ

i“1

|fptiq ´ fpti´1q| ă 8,

where the supremum is over all finite partitions P of the interval ra, bs consisting of points:

a “ t0 ă t1 ă ... ă tN´1 ă tN “ b,
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where N “ |P | is the number of subintervals in the partition. We then have the following
results about the path properties of one-dimensional Brownian motion. For more information
about these properties, see Theorem 14.5 and Proposition 14.10 in [103] and Chapter I,
Section 2 of [155].

Proposition 2.3.2. Let tWtutě0 be a one-dimensional Brownian motion on a probability
space pΩ,F ,Pq.

• With probability 1, the paths of Brownian motion are not differentiable for all t ě 0.

• More generally, with probability 1, the paths of Brownian motion are not α-Hölder
continuous on any closed interval for α P r1{2, 1q.

• The paths of Brownian motion are not of finite variation on any closed interval with
probability 1.

• The paths of Brownian motion with probability 1 are locally α-Hölder continuous for
α P p0, 1{2q.

Stochastic integration and the Itô integral

Next, we discuss the construction of the Itô integral, which is a way of integrating pre-
dictable processes against one-dimensional white noise dW ptq. For the construction of the
Itô integral, we follow the presentation in Section 2.2 in [111], co-authored with Sunčica
Čanić, which discusses stochastic integration more generally against spacetime white noise,
and we specialize the discussion in [111] to the more specific case of stochastic integration
against one-dimensional white noise in the current subsection. We refer the interested reader
to Chapter IV of [155] for a more involved discussion of stochastic integration.

As we discussed in the previous subsection, Brownian motion is almost surely not dif-
ferentaible at any time, so the formal expression dW ptq for white noise does not make sense in
a classical pathwise sense, meaning that with probability one, the path W pt, ωq : r0,8q Ñ R
is not differentiable at any time t ě 0. This complicates the construction of the stochastic
integral for the following reason. If we wanted to define the stochastic integral

ż T

0

Xpt, ωqdW ptq,

where Xpt, ωq is a predictable stochastic process, we might first try to follow the procedure
in the case of Riemann integration and consider for each partition P consisting of points

0 “ t0 ă t1 ă ... ă tN´1 ă tN “ T,

the following discrete sums:

N
ÿ

i“1

Xpti´1, ωq ¨ rW ptiq ´ W pti´1qs,
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which is a real-valued random quantity depending on ω, and then we might hope to pass to
the limit almost surely in these random sums, so that we would pass to the limit pathwise
for each ω in a probability one measurable subset of Ω. However, these random sums do not
necessarily converge pathwise as |P | Ñ 0, and this has to do with the fact that the paths
of Brownian motion are not differentiable for any time t ě 0, and are not even of finite
variation on any finite closed interval, with probability one. In fact, the convergence of these
random sums must be taken in probability, rather than almost surely, in order to obtain a
reasonable limit, which reflects the fact that Brownian motion behaves well in a probabilitic
sense but not path by path, see Proposition 2.13 in Chapter IV, Section 2 of [155].

We will thus use a different approach to define the stochastic integral, where we will define
stochastic integration of elementary integrands and then use a density argument to extend
the stochastic integral to a more general class of integrands. Consider a Brownian motion
tWtutě0 on a probability space pΩ,F ,Pq and let tFtutě0 be the natural filtration associated
with the Brownian motion. Then, we define the collection S of elementary predictable
integrands, which are finite sums of random functions in time of the following form:

fpt, ωq “ Xpωq1pa,bsptq,

where Xpωq is a real-valued Fa-measurable random variable and 0 ď a ă b. We define the
stochastic integral of fpt, ωq “ Xpωq1pa,bsptq to be

ż 8

0

fpt, ωqdW ptq “ Xpωq ¨ rW pbq ´ W paqs,

and by linearity, we have more generally that for f P S of the form

fpt, ωq “

N
ÿ

i“1

Xipωq1pai,bispωq, (2.2)

where Xi is a real-valued Fai-measurable random variable and 0 ď a1 ă b1 ă a2 ă b2 ă ... ă

aN ă bN ,
ż 8

0

fpt, ωqdW ptq “

N
ÿ

i“1

Xipωq ¨ rW pbiq ´ W paiqs.

We note that every elementary predictable integrand f P S can be expressed uniquely in the
form (2.2) since for 0 ď s ă t, we have that the filtration tFtutě0 satisfies Fs Ă Ft. For more
on elementary integrands and elementary processes, see Chapter IV, Section 2 of [155].

Next, we will extend the definition of the stochastic Itô integral from elementary pre-
dictable integrands to more general integrands by establishing the following identity, which
is known as the Itô isometry.

Proposition 2.3.3. For elementary predictable integrands f P S,

E

«

ˆ
ż 8

0

fpt, ωqdW ptq

˙2
ff

“ E
ˆ

ż 8

0

|fpt, ωq|
2dt

˙

.
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Proof. Consider f P S, which thus has the form

fpt, ωq “

N
ÿ

i“1

Xipωq1rai,biqptq,

where Xi is Fai-measurable and a1 ă b1 ă a2 ă b2 ă ... ă aN ă bN .
We first compute the left hand side and we use the definition of the stochastic integral

to calculate

E

«

ˆ
ż 8

0

fpt, ωqdW ptq

˙2
ff

“ E

»

–

˜

N
ÿ

i“1

Xipωq ¨ rW pbiq ´ W paiqs

¸2
fi

fl

“ E

˜

N
ÿ

i“1

N
ÿ

j“1

Xipωq ¨ Xjpωq ¨ rW pbiq ´ W paiqs ¨ rW pbjq ´ W pajqs

¸

.

We will show that the cross terms i ‰ j will vanish. Suppose without loss of generality that
i ă j so that we have ai ă bi ă aj ă bj. In this case, Xipωq, Xjpωq, and W pbiq ´ W paiq are
all Faj measurable (by properties of filtrations), so they are all independent of the increment
W pbjq ´ W pajq. Hence, we have that for i ă j,

E
´

Xipωq ¨ Xjpωq ¨ rW pbiq ´ W paiqs ¨ rW pbjq ´ W pajqs

¯

“ E
´

Xipωq ¨ Xjpωq ¨ rW pbiq ´ W paiqs

¯

¨ E
´

W pbjq ´ W pajq
¯

“ 0,

since the increment W pbjq ´ W pajq has mean zero. Therefore, only the terms where i “ j
remain and thus, using the fact that |Xipωq|2 is Fai-measurable and is hence independent of
|W pbiq ´ W paiq|2, we obtain that

E

«

ˆ
ż 8

0

fpt, ωqdW ptq

˙2
ff

“ E

˜

N
ÿ

i“1

|Xipωq|
2

¨ |W pbiq ´ W paiq|
2

¸

“

N
ÿ

i“1

Ep|Xipωq|
2
q ¨ Ep|W pbiq ´ W paiq|q

2
“

N
ÿ

i“1

pbi ´ aiq ¨ Ep|Xipωq|
2
q.

For the right hand side, we compute that

E
ˆ

ż 8

0

|fpt, ωq|
2dt

˙

“ E

˜

ż 8

0

N
ÿ

i“1

|Xipωq|
21rai,biqptq

¸

“

N
ÿ

i“1

pbi ´ aiq ¨ Ep|Xipωq|
2
q,

since the sets pai, bis are all disjoint from each other. This establishes the desired identity.
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Using this isometry, we can extend the definition of the Itô integral to a broader class of
integrands P , which is the collection of jointly measurable integrands fpt, ωq : r0,8qˆΩ Ñ R
that can be obtained as the closure of S in the set of jointly measurable stochastic processes,
under the norm || ¨ ||P defined by:

||f ||
2
P “ E

ˆ
ż 8

0

|fpt, ωq|
2dt

˙

.

Since we have defined the Itô integral for elementary predictable integrands f P S, we will
use the Itô isometry to extend the definition of the Itô integral to the broader class of
integrands f P P by using a density argument. Given an integrand f P P , we consider
an approximating sequence tfnu8

n“1 of elementary predictable integrands fn P S, where fn
converges to f in the norm of P . Given such an approximating sequence, we define the Itô

integral

ż 8

0

fpt, ωqdW ptq to be the real-valued random variable that is the limit in L2pΩq of

the random variables

ż 8

0

fnpt, ωqdW ptq for fn P S, where the existence of this limit follows

from the Itô isometry.

White noise and stochastic integration

We conclude this chapter by extending our past disucssion of one-dimensional white noise
and stochastic integration to the context of spacetime white noise, which is random noise
with an intensity that is formally independent at every point in space and time. The material
from this section is adapted from Section 2.2 of the manuscript [111] written with Sunčica
Čanić.

In this section we review the concept of spacetime white noise on R` ˆRn and stochastic
integration against white noise. This will be used throughout the rest of the manuscript.
Note that we will use R` to denote r0,8q, which represents the time variable. While we will
be primarily concerned with dimensions n “ 1, 2, we will define white noise in full generality,
as the extension to higher dimensions is no more difficult.

We follow the exposition that can be found in [107] about martingale measures and refer
the reader to the original reference by Walsh [177] for more details. We note that while
the forthcoming analysis can be carried out more generally for martingale measures, we will
restrict to the case of white noise for simplicity. The full martingale measure theory can be
found in [177] and [107].

Recall that a Gaussian process is a process tGiuiPI , such that the finite dimensional
random vectors

pGi1 , Gi2 , ..., Gikq, i1, i2, ..., ik P I

have distributions that are multivariable Gaussian, for any finite collection of i1, i2, ..., ik P I.
We will define the covariance function to be the symmetric function C : I ˆ I Ñ R that

gives the covariance of any two Gaussians Gi1 and Gi2 ,

Cpi1, i2q “ ErpGi1 ´ EpGi1qqpGi2 ´ EpGi2qqs.



CHAPTER 2. PROBABILISTIC PRELIMINARIES 71

For a mean zero Gaussian process, which is a Gaussian process tGiuiPI such that ErGis “ 0
for all i P I, this reduces to the simpler formula

Cpi1, i2q “ ErGi1Gi2s.

We will now define white noise as a Gaussian process, taking for granted the existence
of such a process.

Definition 2.3.6 (White noise on R` ˆ Rn). Let BpR` ˆ Rnq denote the collection of
all Borel subsets of R` ˆ Rn. White noise on R` ˆ Rn is a mean zero Gaussian process
t 9W pAquAPBpR`ˆRnq indexed by the Borel subsets of R` ˆ Rn, with the covariance function

CpA,Bq :“ Er 9W pAq 9W pBqs “ λpA X Bq, for A,B P BpR`
ˆ Rn

q, (2.3)

where λ is Lebesgue measure in R` ˆ Rn.

Some basic facts about white noise that will be useful later are summarized in the fol-
lowing proposition.

Proposition 2.3.4. Let t 9W pAquAPBpR`ˆRnq denote white noise. Then, the following holds
true:

• For each bounded set A P BpR` ˆ Rnq, 9W pAq is normally distributed with mean 0
and variance λpAq, namely 9W pAq „ Np0, λpAqq. So 9W pAq P L2pΩq, where Ω is the
probability space.

• If A X B “ ∅, then 9W pAq and 9W pBq are independent.

• Given A,B P BpR` ˆ Rnq, 9W pA Y Bq “ 9W pAq ` 9W pBq ´ 9W pA X Bq, almost surely
(a.s.), as random variables.

• White noise is a signed measure taking values in L2pΩq, namely 9W : BpR` ˆ Rnq Ñ

L2pΩq. Furthermore, white noise considered as a measure is σ-finite.

Proof. The first point follows from the fact that white noise is a mean zero Gaussian process,
and Erp 9W pAqq2s “ λpA X Aq “ λpAq by (2.3). The second and third points are from
Exercise 3.15 in [107]. The second point follows from the fact that 9W pAq and 9W pBq are
mean zero Gaussians with zero covariance, by applying (2.3). The third fact follows from
the computation of the expectation Erp 9W pAYBq ´ 9W pAq ´ 9W pBq ` 9W pAXBqq2s “ 0. One
can verify this by expanding the square and applying (2.3) repeatedly. Note that the third
property gives the finite additivity properties of a measure. For the final property, one must
check that white noise has the remaining properties of a measure, and we refer the reader
to the proof of Proposition 5.1 in [107].
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Remark 2.3.1. Heuristically, one thinks of white noise as random noise that is “indepen-
dent” at every point in time and space. One can then interpret 9W pAq heuristically as being
the net contribution of the noise in A. With this heuristic interpretation, it is at least intu-
itively reasonable that white noise has the properties of a measure. The fact that the noise
is independent at every point in time and space is in accordance with the second property
in Proposition 2.3.4.

Stochastic integration against white noise. We will first define integration of simple
functions against white noise, and then proceed to the most general case by an approximation
argument. For this purpose, we introduce the following nomenclature (see Sec. 5 of [107]):

• For any A P BpRnq and t P R`, we use WtpAq to denote WtpAq “ 9W pr0, ts ˆ Aq, for
A P BpRnq, so that r0, ts ˆ A P BpR` ˆ Rnq.

• For t ą 0, we consider the filtration Ft associated to white noise to be the σ-algebra
generated by the collection of random variables tWspAq : s P r0, ts, A P BpRnqu.

• We use S to denote the space of simple functions, which are functions of the form

fpt, x, ωq “

n
ÿ

i“1

Xipωq1pai,bisptq1Ai
pxq, (2.4)

where Xi is a bounded, Fai-measurable random variable with 0 ď ai ă bi, and Ai P

BpRnq is bounded.

Definition 2.3.7. Let f P S be a simple function. We define

ż t

0

ż

Rn

fps, x, ωqW pdx, dsq “

ż t

0

ż

Rn

n
ÿ

i“1

Xipωq1pai,bispsq1Ai
pxqW pdx, dsq

:“
n

ÿ

i“1

XipωqrWt^bipAiq ´ Wt^aipAiqs, (2.5)

where the “wedge” notation corresponds to α ^ β “ mintα, βu.

It is easy to check that the definition of the integral in (2.5) is independent of the repre-
sentation of the simple function as (2.4).

We have the following crucial isometry property for the stochastic integral of simple
functions against spacetime white noise. This is an extension of the Itô isometry to the
stochastic integral against spacetime white noise.

Proposition 2.3.5. For f P S,

E

«

ˆ
ż 8

0

ż

Rn

fpt, x, ωqW pdx, dtq

˙2
ff

“ E
ˆ

ż 8

0

ż

Rn

|fpt, x, ωq|
2dxdt

˙

. (2.6)
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Proof. In the case where fpt, x, ωq is a simple function of the form

fpt, x, ωq “ Xpωq1pa,bsptq1Apxq,

one easily checks that

E

«

ˆ
ż 8

0

ż

Rn

fpt, x, ωqW pdx, dtq

˙2
ff

“ E
`

X2
pωq rWbpAq ´ WapAqs

2
˘

“ E
`

E
“

X2
pωq pWbpAq ´ WapAqq

2
|Fa

‰˘

“ E
`

X2
pωqE

“

pWbpAq ´ WapAqq
2

|Fa

‰˘

,

where we used the fact that X P Fa to take it out of the conditional expectation. Using the
third property in Proposition 2.3.4,

E

«

ˆ
ż 8

0

ż

Rn

fpt, x, ωqW pdx, dtq

˙2
ff

“ E
´

X2
pωqE

”

9W 2
ppa, bs ˆ Aq|Fa

ı¯

.

Using the second property in Proposition 2.3.4 we deduce that this is equal to

“ E
“

X2
pωq

‰

E
”

9W 2
ppa, bs ˆ Aqq

ı

“ λpAqpb ´ aqE
“

X2
pωq

‰

“ E
ˆ

ż 8

0

ż

Rn

|fpt, x, ωq|
2dxdt

˙

.

We note that (2.6) holds for general f P S, by choosing a representation (2.4) of an
arbitrary simple function where the sets pai ˆ bis ˆ Ai are disjoint, and then using the
independence property in the second property listed in Proposition 2.3.4.

Next, we want to extend the definition of the stochastic integral to more general inte-
grands. For this purpose we recall the following definitions.

Definition 2.3.8. Let fpt, x, ωq be a real valued function f : R` ˆ Rn ˆ Ω Ñ R.

1. We say that fpt, x, ωq is adapted to the filtration tFtutě0 if the map ω Ñ fpt, x, ωq is
Ft measurable for each x P Rn and t ě 0.

2. We say that fpt, x, ωq is jointly measurable if it is measurable as a function in time,
space, and the probability space, f : R` ˆ Rn ˆ Ω Ñ R.

To define the stochastic integral, we must identify the class of admissible integrands,
which will be called predictable processes [56]. To do that, we denote by H the set of all
jointly measurable fpt, x, ωq such that

E
ˆ

ż 8

0

ż

Rn

fpt, x, ωq
2dxdt

˙

ă 8.

Note that S Ă H.
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Definition 2.3.9. Define PW to be the the closure of S Ă H under the norm

||f ||
2
PW

:“ E
ˆ

ż 8

0

ż

Rn

fpt, x, ωq
2dxdt

˙

ă 8. (2.7)

The elements of PW are called predictable processes .

Finally, we define the stochastic integral for predicable processes, namely

ż 8

0

ż

Rn

fpt, x, ωqW pdx, dtq, for f P PW , (2.8)

by utilizing a density argument that uses the Itô isometry. In particular, we use the fact
that functions S are dense in PW (see Proposition 2.3 in [177]). Hence, given f P PW , there
is a sequence fk P S such that fk Ñ f in PW , as k Ñ 8. Using the isometry relation in
Proposition 2.3.5, one can show that the sequence

"
ż 8

0

ż

Rn

fkpt, x, ωqW pdx, dtq

*8

k“1

(2.9)

is a Cauchy sequence in L2pΩq.

Definition 2.3.10. The random variable obtained in the limit of integrals (2.9) is the
stochastic integral (2.8).

We can also define the integral on bounded time intervals, by noting that

ż T

0

ż

Rn

fpt, x, ωqW pdx, dtq “

ż 8

0

ż

Rn

1p0,T sptqfpt, x, ωqW pdx, dtq.

Since the definition of the admissible integrands PW is abstract, we list a set of criteria
that will help us determine whether a given integrand is in PW or not. Hence, we use the
following proposition, which follows directly from Proposition 2 in [56].

Proposition 2.3.6. Let tupt, xqutPr0,T s,xPRn be a stochastic process adapted to the filtration
tFtutě0 such that the following conditions hold.

1. Joint measurability: pt, x, ωq Ñ upt, x, ωq is Bpr0, T s ˆ Rnq ˆ FT measurable.

2. Finite second moments: E p|upt, xq|2q ă 8 for all t P r0, T s, x P Rn.

3. Continuity in L2pΩq: The process u considered as a map pt, xq P r0, T s ˆ Rn Ñ L2pΩq

is continuous in L2pΩq.

4. Square integrability: E
ˆ

ż T

0

ż

Rn

|ups, yq|
2dyds

˙

ă 8.
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Then, the stochastic integral
ż t

0

ż

Rn

ups, yqW pds, dyq

is defined for all t P r0, T s.

Proof. This proposition follows from Proposition 2 of [56], and is Proposition 2 of [56]
adapted to the current context. Though Proposition 2 of [56] is stated for the more gen-
eral case of spatially homogeneous Gaussian noise, the statement of Proposition 2 of [56]
specialized to the case of white noise reads as follows:

Let tupt, xqutPR`,xPRn be a stochastic process adapted to the filtration tFtutě0 and define
F “

Ť

tě0Ft. Suppose the following conditions hold:

1. Joint measurability: pt, x, ωq Ñ upt, x, ωq is BpR` ˆ Rnq ˆ F measurable.

2. Finite second moments: E p|upt, xq|2q ă 8 for all t P R`, x P Rn.

3. Continuity in L2pΩq: The process u considered as a map pt, xq P R` ˆ Rn Ñ L2pΩq is
continuous in L2pΩq.

4. Square integrability on a compact set and finite time: There exists a compact set
K Ă Rn and t0 ą 0 such that

E
ˆ

ż t0

0

ż

K

|ups, yq|
2dyds

˙

ă 8.

Then, 1r0,t0sˆKpt, xqupt, xq P PW .

While the result in Proposition 2 of [56] is stated specifically for spatial dimension two,
one can verify that it holds for arbitrary dimension.

To see that the statement of Proposition 2 of [56] implies the result in Proposition 2.3.6,
let Ki be a sequence of compact sets that increase to Rn, and consider tupt, xqutPr0,T s,xPRn

satisfying the four conditions in Proposition 2.3.6. We extend tupx, tqutPr0,T s,xPRn to be defined
on all of time t ě 0 by defining

ũpx, tq “ upx, tq if t P r0, T s, ũpx, tq “ upx, T q if t ě T.

Then, tũpt, xqutPR`,xPRn along with t0 “ T and each Ki satisfies the conditions in Proposition
2 in [56]. Therefore, 1r0,T sˆKi

pt, xqupt, xq “ 1r0,T sˆKi
pt, xqũpt, xq P PW .

Since the fourth condition of Proposition 2.3.6 states that

E
ˆ

ż T

0

ż

Rn

|ups, yq|
2dyds

˙

ă 8,

we have that 1r0,T sˆKi
pt, xqupt, xq Ñ 1r0,T sˆRnpt, xqupt, xq in the norm of PW , since Ki is a

sequence of compact sets in Rn increasing to all of Rn. Hence, 1r0,T sˆRnpt, xqupt, xq P PW

since PW is complete with respect to its norm.
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A couple of remarks are in order. The first one uses the concept of modification, which
we now recall.

Definition 2.3.11. Let tupt, xqutPr0,T s,xPRn be a stochastic process. Then tũpt, xqutPr0,T s,xPRn

is a modification of tupt, xqutPr0,T s,xPRn if

Ppupt, xq “ ũpt, xqq “ 1, for all t P r0, T s, x P Rn.

Remark 2.3.2. The third condition in Proposition 2.3.6 implies that there is a jointly
measurable modification (see the discussion on pg. 201 of [56], and the proof of Theorem
13 in [54]). Thus, in practice, one does not need to check the first condition, as by taking a
modification, the third condition implies the first.

Finally, we recall the following useful inequality, which is a direct consequence of a clas-
sical result known as the BDG (Burkholder-Davis-Gundy) inequality, which will be used
frequently, see [107] and Chapter IV, Section 4 of [155].

Theorem 2.3.1. For each p ě 2, there exists a positive constant cp depending only on p
(and not on T ) such that

E
ˆˇ

ˇ

ˇ

ˇ

ż T

0

ż

Rn

fpt, x, ωqW pdx, dtq

ˇ

ˇ

ˇ

ˇ

p˙

ď cpE

˜

ˆ
ż T

0

ż

Rn

|fpt, x, ωq|
2dxdt

˙p{2
¸

,

for all f P PW .
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Chapter 3

A reduced model of stochastic FSI

In this chapter, we begin the study of stochastic fluid-structure interaction by considering
a reduced model of stochastic FSI, given by a stochastic viscous wave equation. The model
under consideration is a fully coupled fluid-structure interaction model involving a viscous
incompressible Newtonian fluid modeled by the stationary Stokes equations in the lower
half space pz ă 0q Ă R3 interacting dynamically with an elastic structure which displaces
transversally from its reference configuration pz “ 0q. There is two-way coupling between
the fluid and structure, and the model is linearly coupled so that the stationary Stokes
equations for the fluid are posed on the fixed reference domain for the fluid Ωf “ pz ă 0q.
In order to consider the effects of randomness on the coupled fluid-structure dynamics,
we consider spacetime white noise forcing, scaled by a nonlinear Lipschitz function of the
structure displacement, acting on the elastic membrane, where the stochastic forcing on
the membrane perturbs the coupled dynamics of the fluid and structure, as a result of the
two-way coupling between the fluid and structure.

This model is a reduced model because even though the original model is described in
terms of a fluid subproblem and a structure subproblem that are appropriately coupled
through a kinematic and dynamic coupling condition, one can show that the full dynamics
of the structure and fluid can be described by a single self-contained equation for the struc-
ture displacement, known as the stochastic viscous wave equation. This is a wave equation
perturbed by stochastic spacetime white noise forcing, with an additional term

?
´∆ηt aris-

ing from the Dirichlet-to-Neumann operator for the lower half space, which mathematically
reflects the regularizing effects of the fluid viscosity on the structure dynamics. The original
fully coupled FSI model, involving a coupled system of PDEs, can be reduced to a single self-
contained stochastic equation for the structure displacement, since the fluid normal stress on
the structure, which is the forcing on the elastodynamics equation for the structure via the
dynamic coupling condition, can be expressed purely in terms of the structure displacement.
This allows us to consider a single stochastic equation for the whole stochastic FSI model,
and the specific geometry for this model allows us to consider a stochastic equation on R2 for
the physical model, called the stochastic viscous wave equation. We can more generally
consider this stochastic viscous wave equation for general spatial dimensions n, where we
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emphasize that n “ 2 is the dimension of the physical FSI model from which we derived this
equation.

Having a single self-contained stochastic equation on Rn allows us to analyze this fluid-
structure interaction model by using classical methods from stochastic PDEs, that have been
used to study stochastic heat and wave equations for example. This involves considering mild
solutions, which are solutions that are defined via convolution of the fundamental solution
with the spacetime white noise via an appropriately defined stochastic integral. In this
chapter, we will derive the stochastic viscous wave equation, and analyze its well-posedness
in various dimensions. The important result here will be well-posedness in terms of mild
solutions in spatial dimensions n “ 1 and n “ 2, which improves upon classically known
results for the stochastic heat and wave equations. We will also show that the stochastic vis-
cous wave equation has better Hölder regularity of mild solutions in both spatial dimensions
n “ 1 and n “ 2 than the stochastic heat and wave equations. The improvements in terms
of well-posedness and regularity of mild solutions to the stochastic viscous wave equation
when compared to the classical stochastic heat and wave equations with spacetime white
noise arise from a combination of a favorable spacetime scaling in the equation combined
with the regularizing effects of fluid viscosity on the structure. While the methods we use
will be based on fundamental solutions, Fourier analysis, and stochastic integration rather
than the splitting scheme approaches found in Chapter 1, we discuss this reduced model
since the first well-posedness results for stochastic FSI were developed in the context of this
reduced model, and led the way for further analysis of such stochastic fluid-structure sys-
tems. In addition, the methods used in the analysis of this reduced model and the stochastic
viscous wave equation provide a nice application of the theory of spacetime white noise and
stochastic integration.

We emphasize that the content in this chapter is adapted from the previously published
paper [111], co-authored with Sunčica Čanić.

3.1 Introduction

We propose a stochastic model for fluid-structure interaction given by a stochastic wave
equation augmented by dissipation associated with the effects of an incompressible, viscous
fluid:

ηtt ` 2µ
?

´∆ηt ´ ∆η “ fpηqW pdt, dxq, in Rn. (3.1)

The wave operator models the elastodynamics of a linearly elastic membrane, where η denotes
membrane displacement, while the dissipative part, which is in the form of the Dirichlet-to-
Neumann operator applied to the time derivative of displacement, accounts for dissipation
due to fluid viscosity, where µ denotes the fluid viscosity coefficient. The equation is forced
by spacetime white noise W pdt, dxq, which accounts for stochastic effects in real-life prob-
lems. The spacetime white noise is scaled by a nonlinear, Lipschitz function fpηq. We show
below how this equation is derived from a coupled fluid-structure interaction problem in-
volving the Stokes equations describing the flow of an incompressible, viscous fluid, and the



CHAPTER 3. A REDUCED MODEL OF STOCHASTIC FSI 79

wave equation modeling the elastodynamics of a (stretched) linearly elastic membrane. We
consider equation (3.1) in Rn with n “ 1 and n “ 2, focusing primarily on n “ 2, which is
the physical dimension.

We prove the existence of a function-valued mild solution to a Cauchy problem for equa-
tion (3.1), which holds both in dimensions 1 and 2. Here, by “mild solution” we refer to
a stochastic mild solution defined via stochastic integration involving the Green’s function,
specified below in Definition 3.3.1. This is interesting because our result contrasts the results
that hold for the stochastic heat and wave equations: the stochastic heat and the stochastic
wave equations do not have function-valued mild solutions in spatial dimension 2 or higher.
Additionally, we prove that sample paths of the stochastic mild solution for the stochastic
viscous wave equation are Hölder continuous with Hölder exponents α P r0, 1q for n “ 1, and
α P r0, 1{2q for n “ 2.

Our results show that the viscous fluid dissipation in fluid-structure interaction is suffi-
cient to smooth out the rough stochastic nature of the real-life data in the problem modeled
by the spacetime white noise. In particular, the Dirichlet-to-Neumann operator controls the
high frequencies in the structure (membrane) displacement that are driven by the spacetime
white noise. To the best of our knowledge, this is the first result on stochastic fluid-structure
interaction.

We begin by describing the fluid-structure interaction model from which the equation
(3.1) arises. Consider a prestressed infinite elastic membrane surface, which is modeled by
the linear wave equation

ηtt ´ ∆η “ Fs, on Γ :“ tpx1, x2, 0q P R3 : px1, x2q P R2
u, (3.2)

where ηpx1, x2q denotes the transverse displacement (in the x3 direction) of the elastic surface
from its reference configuration Γ and the external load Fs will be specified later in the
dynamic coupling condition. See Figure 3.1.

Beneath this elastic drum surface, we consider a viscous, incompressible fluid, which
resides in the lower half-space in R3,

Ω “ tpx1, x2, x3q P R3 : x3 ă 0u, (3.3)

modeled by the stationary Stokes equations for an incompressible, viscous fluid:

∇ ¨ σpπ,uq “ 0,
∇ ¨ u “ 0,

*

in Ω “ tpx1, x2, x3q P R3 : x3 ă 0u, (3.4)

where σ is the Cauchy stress tensor, and the unknown quantities are the fluid pressure
π : Ω Ñ R and the fluid velocity v : Ω Ñ R3. We will be assuming that the fluid is
Newtonian, so that

σ “ ´πI ` 2µDpuq,

where µ denotes the fluid viscosity coefficient, I is the three by three identity matrix, and
Dpuq is the symmetrized gradient of fluid velocity Dpuq “ p∇u` p∇uqT q{2. Therefore, the
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Figure 3.1: A sketch of the fluid and structure domains.

Stokes equations now read

∇π “ µ△u,
∇ ¨ u “ 0,

*

in Ω “ tpx1, x2, x3q P R3 : z ă 0u, (3.5)

where we require that the fluid velocity is bounded in the lower half space, and the pressure
π Ñ 0 as |x| Ñ 8.

We consider the problem in which the elastic surface is displaced from its reference
configuration Γ with some given initial displacement and velocity, allowing only vertical
displacement, where the elastodynamics of the elastic surface is driven by the total force ex-
erted onto the membrane, which comes from the fluid on one side, and an external stochastic
forcing on the other. See Figure 4.1.

Inifinite domains are considered to simplify the analysis, since the main purpose of this
work is to understand the interplay between the dispersion effects in the 2D wave equation,
dissipation due to fluid viscosity, and stochasticity imposed by the external forcing, which can
be related to the stochasticity of not only the external forcing, but also to the stochasticity
of data (e.g., inlet/outlet data) in real-life applications, such as blood flow through arteries.

The fluid and the structure are coupled via two coupling conditions, the kinematic and
dynamic coupling conditions, giving rise to the so-called two-way coupled fluid-structure
interaction problem. The coupling conditions in the present study are evaluated at a fixed
(linearized) fluid-structure interface corresponding to the structure’s reference configuration
Γ. This is known as linear coupling . The two conditions read:

• Kinematic coupling condition. The kinematic coupling condition describes the
coupling between the kinematic quantities such as velocity. We will be assuming the
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no-slip condition, meaning that the fluid and structure velocities are continuous at the
interface (there is no slip between the two):

ηt “ u|Γ, for x “ px1, x2q P R2, t ě 0. (3.6)

• Dynamic coupling condition. The dynamic coupling condition describes the bal-
ance of forces at the fluid-structure interface Γ, namely, it states that the elastody-
namics of the membrane is driven by the force corresponding to the jump in traction
(normal stress) across the membrane. This specifies the external load Fs on the struc-
ture elastodynamics in the structure equation (3.2). On the fluid side, the traction
(normal stress) at the interface is given by ´σex3 , where ex3 is the normal vector to
Γ, while on the other side, we are assuming a given loading Fextpηq to be a stochastic
process fpηqW pdt, dxq in the ex3 direction. Examples of such a loading can be found
in cardiovascular applications, see e.g., [132]. Since we assume that the structure only
has transversal displacement, the dynamic coupling condition reads:

ηtt ´ ∆η “ ´σex3 ¨ ex3 ` fpηpt, xqqW pdt, dxq where x “ px1, x2q P R2, t ě 0. (3.7)

In fluid-structure interaction problems and physical problems in general, physical phe-
nomena are subject to small random deviations that cause deviations from deterministic
behavior. The consideration of such stochastic effects in partial differential equations can
give rise to new phenomena, and is an area of active research. Furthermore, in real-life data,
one observes such stochastic noise both in terms of the force exerted onto the structure, as
well as in the data that drives the problem. For example, the measured inlet/outlet pres-
sure data in a fluid-structure interaction problem describing arterial blood flow, has similar
stochastic noise deviations to Fextpηq “ fpηpt, xqqW pdt, dxq. Here W pdt, dxq is spacetime
white noise in pt, xq P R` ˆ R2, whose properties we will recall in Sec. 3.2. We will as-
sume that f : R Ñ R is a Lipschitz continuous function. In particular, the case f ı 1
allows dependence of the magnitude of the stochastic noise at each point on the structure
displacement ηpt, xq itself.

To derive equation (3.1) as a model which describes the fluid-structure interaction prob-
lem (3.2)-(3.7), we focus on the dynamic coupling condition (3.7). The goal is to try to
express the effects of fluid normal stress via the Dirichlet-to-Neumann operator defined en-
tirely in terms of η and/or its derivatives. In this derivation we also use the kinematic
coupling condition (3.6) as explained below.

First notice that the right hand-side of (3.7) is given by

´σex3 ¨ ex3 “ π ´ 2µ
Bux3

Bx3
on Γ.

Since the tangential displacements are assumed to be zero, the kinematic coupling condition
(3.6) implies that the x1 and x2 components of the fluid velocity u are zero on Γ, namely
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ux1 “ ux2 “ 0 on Γ. By the divergence free condition, one immediately gets that Bux3{Bx3 “ 0
on Γ. Therefore,

´σex3 ¨ ex3 “ π on Γ, (3.8)

where π is the fluid pressure given as a solution to the Stokes equations (3.5). So it remains
to find an appropriate expression for π on Γ in terms of the structure displacement η. In
fact, we will show that the following formula holds

π “ ´2µ
?

´∆ηt on Γ, (3.9)

under the assumption that η and ηt, along with their spatial derivatives, are smooth functions
that are rapidly decreasing at infinity. We will also impose the boundary conditions on (3.5),
stating that the fluid velocity is bounded on the lower half space, and the pressure π has
a limit equal to zero as |x| Ñ 8 in the lower half space. Details of this calculation are
presented in [112]. Here we present the main steps.

To derive the formula (3.9), we note that by taking the inner product of the first equation
in (3.5) with ex3 , we obtain

Bπ

Bx3
“ µ∆x1,x2ux3 ` µ

B2ux3

Bx23
“ µ∆ux3 , (3.10)

where ∆x1,x2 :“
B2

Bx21
`

B2

Bx22
. Furthermore, by taking the divergence of the first equation in

(3.5), and by using the divergence-free condition, we get that the pressure π is harmonic.
Thus, if we can compute the right hand side of (3.10) on Γ, we can recover π as the solution
to a Neumann boundary value problem for Laplace’s equation in the lower half space, with
the boundary condition requiring that π goes to zero at infinity.

To compute the right hand side of (3.10), we need to compute vx3 . Taking the Laplacian
on both sides of (3.10), and using the fact that π is harmonic, we obtain

∆2ux3 “ 0, on Ω “ tpx1, x2, x3q P R3 : x3 ă 0u. (3.11)

Thus, ux3 satisfies the biharmonic equation with the following two boundary conditions:
from the kinematic coupling condition, we get

ux3px1, x2, 0q “ ηtpx1, x2, 0q, on Γ “ tpx1, x2, x3q P R3 : x3 “ 0u, (3.12)

and from the fact that ux1 “ ux2 “ 0 on Γ, by the kinematic coupling condition and the fact
that u is divergence free, we get

Bux3

Bx3
px1, x2, 0q “ 0, on Γ “ tpx1, x2, x3q P R3 : x3 “ 0u. (3.13)

We solve (3.11) with boundary conditions (3.12) and (3.13) by taking a Fourier transform in
the variables x1 and x2, but not in x3. We will denote the Fourier variables associated with
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x1 and x2 by ξ1 and ξ2, and we will denote ξ “ pξ1, ξ2q, |ξ|2 “ ξ21 ` ξ22 . The Fourier transform
equation then reads:

|ξ|
4

xux3pξ, x3q ´ 2|ξ|
2 B2

Bx23
xux3pξ, x3q `

B4

Bx43
xux3pξ, x3q “ 0. (3.14)

The solution is given by

xux3pξ, x3q “ pηtpξqe|ξ|x3 ´ |ξ|pηtpξqx3e
|ξ|x3 . (3.15)

We can now compute the right hand side of (3.10). Taking the Fourier transform of (3.10)
in the x1 and x2 variables, and evaluating the equation on Γ by using the kinematic coupling
condition (3.6), we get

Bpπ

Bx3
pξ, 0q “ ´µ|ξ|

2
pηtpξq ` µ

B2
xux3

Bx23
pξ, 0q “ ´2µ|ξ|

2
pηtpξq, (3.16)

where the last equality follows by using the explicit formula for xux3pξ, zq in (3.15).
We now know that the pressure π is a harmonic function in the lower half space, satisfying

the Neumann boundary condition (3.16) given in Fourier space. To recover formula (3.9)
we want π on Γ. This can be obtained via the Neumann to Dirichlet operator. It is well
known that the Dirichlet to Neumann operator for Laplace’s equation in the lower half
space is given by

?
´∆, thereby having a Fourier multiplier |ξ|, see e.g., [29]. Therefore,

the Neumann to Dirichlet operator for Laplace’s equation in the lower half space (with the
solution to Laplace’s equation having a limit of zero at infinity) is a Fourier multiplier of

the form
1

|ξ|
. Thus, the Neumann to Dirichlet operator applied to the Neumann data (3.16)

gives the pressure as Dirichlet data:

pπpξq “ ´2µ|ξ|pηtpξq on Γ,

which establishes the desired formula (3.9).
The dynamic coupling condition (3.7), together with (3.9) gives the stochastic model

ηtt `
?

´∆ηt ´ ∆η “ fpηqW pdt, dxq on R2,

where we have set the fluid viscosity µ “ 1{2. We will refer to this model as the stochastic
viscous wave equation, as it is a stochastic wave equation augmented by the viscous effects of
the fluid, which are captured by the Dirichlet to Neumann operator acting on the structure
velocity ut.

Fluid-structure interaction systems have been considered extensively in the past mathe-
matical literature, and we refer the reader to the references described for linearly coupled and
nonlinearly coupled models of FSI in Chapter 1 of this thesis for an overview of what is known
in the deterministic context. However, we emphasize that to the best of our knowledge, prior
work in FSI has been exclusively for deterministic models of fluid-structure interaction.
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On the other hand, the study of stochasticity in PDEs has been of recent interest. Most
physical phenomena occurring in real-life applications feature the presence of some sort of
random noise that perturbs the system from what may be deterministically expected. The
types of noise added to the equation can vary, from the simplest spacetime white noise,
which intuitively is noise that is “independent at each time and space”, to forms of noise
with smoother spatial correlation so that the noise is still independent at separate times, but
the noise in space allows for correlation between points and is hence “smoother” than white
noise.

Many classical partial differential equations, such as the heat and wave equations, have
been studied with the addition of stochastic random forcing. There are many approaches to
the study of such stochastic PDEs. One approach uses Walsh’s theory of martingale mea-
sures, of which white noise is an example. The theory of integration against such martingale
measures can be found in Walsh’s work [177]. Upon defining such an appropriate theory
of stochastic integration, one can define what is called a mild solution to a given stochastic
partial differential equation by means of the Green’s function.

The choice of the stochastic noise used in the PDE being studied is of utmost importance.
White noise, which is noise that is intuitively “independent at all spaces and times”, is
a starting point for many studies. In formal mathematical notation, the time and space
independence property of white noise is expressed via expectation as

Ep 9W pt, xq 9W ps, yqq “ δ0pt ´ sqδ0px ´ yq,

where δ0 is the Dirac delta function, and 9W pt, xq, or W pdt, dxq, denotes spacetime white
noise. In the rest of this manuscript, we will be using W pdt, dxq to denote spacetime white
noise and stochastic integration against white noise.

The white noise perturbed heat and wave equations have interesting properties. When
perturbed by white noise, the two equations:

ηt ´ ∆η “ W pdt, dxq and ηtt ´ ∆η “ W pdt, dxq in Rn,

do not allow function-valued mild solutions in spatial dimensions two and higher, while they
do in spatial dimension one. See, for example, [55] and [107], where questions of existence
and uniqueness of mild solutions are addressed. This interesting property related to spatial
dimensions two and higher is due to the lack of square integrability of the Green’s function in
time and space, as we discuss later. Because of this property, “smoother” types of stochastic
noise, such as spatially homogeneous Gaussian noise, are used to perturb the stochastic heat
and wave equations in higher dimensions in order to yield function-valued mild solutions.
In formal mathematical notation, such spatially homogeneous Gaussian noise 9F pt, xq has a
covariance structure

Ep 9F pt, xq 9F ps, yqq “ δ0pt ´ sqkpx ´ yq, (3.17)

where k : Rn Ñ R. Note that the formal case of setting k to be the Dirac delta “function”
recovers the previous white noise case, though choosing smoother functions k allows us to
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formulate “smoother” types of noise. See Sec. 3 of [55] and the work in [56] for more infor-
mation about spatially homogeneous Gaussian noise. One of the key questions in studying
stochastically perturbed PDEs is what conditions on k need to be imposed so that the result-
ing equation with the spatially homogeneous Gaussian noise with covariance structure (3.17)
has function-valued mild solutions? See, for example [56], and for more general contexts [54]
and [105].

In the current manuscript, we do not need the properties of general spatially homogeneous
Gaussian noise. This is because, as we shall see below, the viscous wave equation

ηtt `
?

´∆ηt ´ ∆η “ F, on Rn, (3.18)

considered in [112, 116] as a model for fluid-structure interaction, combines the following
two desirable properties: the “right” spacetime scaling (c.f. wave equation), and adequate
dissipative effects. The resulting behavior is “in between” the wave and heat equations. The
viscous wave equation (3.18) turns out to have just the right scaling and dissipation to allow
function-valued mild solutions even in spatial dimension two for the white noise perturbed
equation

ηtt `
?

´∆ηt ´ ∆η “ W pdt, dxq in Rn. (3.19)

This is of great interest, since equations (3.1) and (3.19) in two spatial dimensions correspond
exactly to the physical fluid-structure interaction model we are considering, and hence have
direct physical significance.

The main results of this work are: (1) the existence of a function-valued mild solution for
the white noise perturbed viscous wave equation (3.1) (and (3.19)) for dimensions n “ 1 and
n “ 2, and (2) Hölder continuity C0,α with α P r0, 1q for n “ 1, and α P r0, 1{2q for n “ 2,
of “every” realization of the displacement u, obtained as a mild solution to the randomly
perturbed viscous wave equation.

In particular, in terms of Hölder continuity, our results imply that the stochastic mild
solution to equation (3.1) with zero initial data has a continuous modification that is α-
Hölder continuous in time and space, with α P r0, 1q for n “ 1, and α P r0, 1{2q for n “ 2.
Here, a modification of a stochastic process tXiuiPI is defined to be a stochastic process
tX̃iuiPI such that the probability PpX̃i “ Xiq “ 1, for all i P I. Thus, we show that
the stochastic function-valued mild solution has a modification that is a Hölder continuous
function for every realization u of the displacement, obtained as a mild solution to the
randomly perturbed viscous wave equation (3.1).

Even in dimension n “ 1, this contrasts the results for the stochastically perturbed heat
and wave equations:

ηt ´ ∆η “ fpηqW pdt, dxq and ηtt ´ ∆η “ fpηqW pdt, dxq on R. (3.20)

Namely, in n “ 1, the function-valued mild solutions (up to modification) for zero initial data
are α-Hölder continuous in time and β-Hölder continuous in space, where α P r0, 1{4q, β P

r0, 1{2q for the stochastic heat equation, and α, β P r0, 1{2q for the stochastic wave equation,
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Stochastic equation with W pdt, dxq Spatial dimension n Regularity of mild solution

Stochastic heat equation n “ 1 α P r0, 1{4q, β P r0, 1{2q

Stochastic wave equation n “ 1 α P r0, 1{2q, β P r0, 1{2q

Stochastic viscous wave equation n “ 1 α P r0, 1q, β P r0, 1q

Stochastic heat equation n “ 2 Mild solution does not exist
Stochastic wave equation n “ 2 Mild solution does not exist

Stochastic viscous wave equation n “ 2 α P r0, 1{2q, β P r0, 1{2q

Table 3.1: This table shows the α-Hölder regularity in time and the β-Hölder regularity in
space for the mild solutions of the various stochastic equations with spacetime white noise
in spatial dimensions n “ 1 and n “ 2. Note that the regularity of the mild solutions is
improved for the stochastic viscous wave equation over the classical stochastic heat and wave
equations, where these equations are all considered with spacetime white noise forcing.

see [107], [55], and [90]. The difference in space and time Hölder regularity between the heat
and wave equations is due to the scaling of space and time, where for the heat equation,
one time derivative “corresponds” to two spatial derivatives, while for the wave equation,
one time derivative “corresponds” to one spatial derivative. In the stochastic viscous wave
equation, the additional regularizing effect of the fluid viscosity implies improved Hölder
regularity. In spatial dimension one, the solution is Hölder continuous of order α P r0, 1q

in space and time, which is an improvement over the results for both the stochastic heat
and wave equations. In spatial dimension two, the solution is Hölder continuous of order
α P r0, 1{2q in space and time, whereas the stochastic heat and wave equations do not
have function-valued mild solutions in spatial dimension two. We summarize these Hölder
continuity results for mild solutions with appropriate initial data in Table 3.1 below, for the
three stochastic equations with spacetime white noise stochasticity that we have previously
mentioned.

The literature on the Hölder continuity properties of the solutions to the heat equation
and the wave equation with random noise in spatial dimensions two and higher, is an area of
extensive study. However, we emphasize again that for these equations, the stochastic noise
is not white noise, but something smoother, such as, e.g., spatially homogeneous Gaussian
noise, as a function-valued mild solution does not exist with spacetime white noise in spatial
dimensions two and higher for these equations. We refer the reader to [50], [57], [158] for
more details.

This chapter is organized as follows. In Sec. 3.2, we recall the properties of white noise,
stochastic integration, and the deterministic forms of the heat, wave, and viscous wave
equation solutions that will be necessary to show the main result. In Sec. 3.3, we show the
existence and uniqueness of a stochastic function-valued mild solution for equation (3.1), in
dimensions n “ 1, 2, where f : Rn Ñ R is a Lipschitz continuous function, and in Sec. 3.4,
we study the Hölder continuity of sample paths of solutions to (3.1).
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3.2 Preliminaries

In this section, we recall some basic facts about the deterministic linear heat, wave, and
viscous wave equations that will be needed later in the analysis of the stochastic viscous
wave equation.

The viscous wave equation

We begin by considering the (linear) viscous wave equation

ηtt `
?

´∆ηt ´ ∆η “ 0, (3.21)

with initial data
ηp0, xq “ gpxq, Btηp0, xq “ hpxq.

We recall some basic properties related to the analysis of this equation here, and recommend
[112] for more information. Assuming that the initial data g, h are regular enough, for
example g, h P SpRnq, we can explicitly solve this equation using the Fourier transform to
obtain

pηpt, ξq “ pgpξqe´
|ξ|

2
t

ˆ

cos

ˆ

?
3

2
|ξ|t

˙

`
1

?
3
sin

ˆ

?
3

2
|ξ|t

˙˙

` phpξqe´
|ξ|

2
t
sin

´?
3
2

|ξ|t
¯

?
3
2

|ξ|
. (3.22)

From the Fourier representation one can see that this equation has both parabolic and wave-
like properties. The wavelike behavior is represented by the presence of cosine and sine,

and the strong parabolic dissipation is given by the exponential factor e´
|ξ|

2
t, which causes

damping of frequencies over time.
Of particular interest to this work is the solution to the general inhomogeneous problem

ηtt `
?

´∆ηt ´ ∆η “ F, (3.23)

with initial data up0, xq “ gpxq, Btup0, xq “ hpxq, which can be obtained using Duhamel’s
principle:

pηpt, ξq “ pgpξqe´
|ξ|

2
t
´

cos
´?

3
2

|ξ|t
¯

` 1?
3
sin

´?
3
2

|ξ|t
¯¯

` phpξqe´
|ξ|

2
t
sin

´ ?
3
2

|ξ|t
¯

?
3
2

|ξ|

`

ż t

0

pF pτ, ξqe´
|ξ|

2
pt´τq

sin
´?

3
2

|ξ|pt ´ τq

¯

?
3
2

|ξ|
dτ. (3.24)

The inverse Fourier transform gives the solution u in physical space:

ηpt, ¨q “ e´
?

´∆
2

t
´

cos
´?

3
2

?
´∆t

¯

` 1?
3
sin

´?
3
2

?
´∆t

¯¯

g ` e´
?

´∆
2

t
sin

´ ?
3
2

?
´∆t

¯

?
3
2

?
´∆

h

`

ż t

0

e´
?

´∆
2

pt´τq
sin

´?
3
2

?
´∆pt ´ τq

¯

?
3
2

?
´∆

F pτ, ¨qdτ. (3.25)
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Of considerable importance in future sections will be the effect of an inhomogeneous
source term on the linear operator. In particular, the solution to (3.23) with zero initial data
is given by the formula:

ηpt, ¨q “

ż t

0

e´
?

´∆
2

pt´sq
sin

´?
3
2

?
´∆pt ´ sq

¯

?
3
2

?
´∆

F ps, ¨qdτ. (3.26)

By recalling that the Fourier transform interchanges multiplication of functions and con-
volution, we can rewrite the formula (3.26) in a more explicit manner. Let us define the
kernel Ktpxq by the inverse Fourier transform,

Ktpxq “
1

p2πqn

ż

Rn

eix¨ξe´
|ξ|

2
t
sin

´?
3
2

|ξ|t
¯

?
3
2

|ξ|
dξ. (3.27)

To take advantage of the scaling of this PDE, we introduce the unit scale kernel Kpxq,
defined by

Kpxq “
1

p2πqn

ż

Rn

eix¨ξe´
|ξ|

2

sin
´?

3
2

|ξ|

¯

?
3
2

|ξ|
dξ, (3.28)

which is just the kernel Ktpxq at unit time t “ 1. A simple change of variables shows the
following crucial scaling relation:

Ktpxq “ t1´nK
´x

t

¯

. (3.29)

Equipped with the notation above, we can rewrite (3.26) in physical spatial variables as

ηpt, ¨q “

ż t

0

Kt´sp¨q ˚ F ps, ¨qds “

ż t

0

ż

Rn

Kt´spx ´ yqF ps, yqdyds, (3.30)

where the convolution operator ˚ denotes a convolution only in the spatial variables.
The importance of using the kernel Ktpxq to express the solution to the viscous wave

equation explicitly as (3.30) lies in the fact that we have the following strong estimate for the
unit-scale kernel Kpxq, which carries over to the general kernel Ktpxq by the scaling relation
(3.29). The following lemma reflects the strong dissipative effects of the fluid viscosity,
represented by the presence of the Dirichlet to Neumann operator.

Lemma 3.2.1. For all dimensions n, the kernel Kpxq is in LqpRnq for all 1 ď q ď 8.

Proof. The proof of this lemma is by estimates using a repeated integration by parts. We
refer the reader to the proof of Lemma 3.3 in [112].
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This representation of solution will be important later in Section 3.3 when we discuss
well-posedness of the stochastic viscous wave equation. To compare the stochastic viscous
wave equation with the stochastic heat and the stochastic wave equations as will be done in
Section 3.3, we now give the analogue of the above analysis using a convolution kernel for
the heat and wave equations, focusing on the inhomogeneous forms of these equations with
zero initial data.

First, we consider the inhomogeneous heat equation. Define the heat equation kernel and
the corresponding unit scale kernel:

KH
t pxq “

1

p2πqn

ż

Rn

eix¨ξe´|ξ|
2tdξ “

1

p4πtqn{2
e´ x2

4t , KHpxq “
1

p2πqn

ż

Rn

eix¨ξe´|ξ|
2

dξ “
1

p4πqn{2
e´ x2

4 .

(3.31)

A simple change of variables shows the following scaling relation for the heat equation
kernel:

KH
t pxq “ t´

n
2KH

´ x

t1{2

¯

. (3.32)

In terms of the heat equation kernel, the solution to the inhomogeneous heat equation

ηt ´ ∆η “ F

with zero initial data is given by the formula:

ηpt, xq “

ż t

0

e´pt´sq∆F ps, ¨qds “

ż t

0

KH
t´sp¨q ˚ F ps, ¨qds “

ż t

0

ż

Rn

KH
t´spx ´ yqF ps, yqdyds.

(3.33)
Note that in all dimensions n, and for all times t ą 0, the kernel KH

t pxq defined in (3.31),
is function-valued and is, in fact, a Schwartz function.

Next, we carry out the same analysis for the inhomogeneous wave equation. The wave
equation kernel and the corresponding unit scale kernel can be defined similarly as

KW
t pxq “

1

p2πqn

ż

Rn

eix¨ξ sinp|ξ|tq

|ξ|
dξ, KW

pxq “
1

p2πqn

ż

Rn

eix¨ξ sinp|ξ|q

|ξ|
dξ. (3.34)

The corresponding scaling relation is

KW
t pxq “ t1´nKW

´x

t

¯

, (3.35)

which is the same as the scaling (3.29) of the kernel for the viscous wave equation. The
solution to the inhomogeneous wave equation

ηtt ´ ∆η “ F

with zero initial data is then given by the formula:

ηpt, xq “

ż t

0

sinppt´ sq
?

´∆q
?

´∆
F ps, ¨qds “

ż t

0

KW
t´sp¨q ˚ F ps, ¨qds “

ż t

0

ż

Rn

KW
t´spx´ yqF ps, yqdyds. (3.36)
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It is important to note that unlike the viscous wave and heat equation, the kernel Ktpxq is
no longer necessarily function-valued. In fact, we have, for example, the following well-known
formulas for the kernel Ktpxq, giving the fundamental solution for the wave equation:

KW
t pxq “

$

’

’

’

’

’

&

’

’

’

’

’

%

1

2
1|x|ăt for n “ 1,

1
?
2π

1
a

t2 ´ |x|2
1|x|ăt for n “ 2,

1

4π
σtpdxq for n “ 3,

(3.37)

where σtpdxq in the last expression denotes the surface measure on the sphere of radius t
centered at the origin. There are more complicated formulas for higher dimensions also,
but KW

t pxq is function-valued only in dimensions one and two. In fact, KW
t pxq becomes

increasingly singular as the dimension increases.
It is interesting to note that the kernel for the wave equation KW

t can be tied to the
kernel for the viscous wave equation Kt by the following result.

Proposition 3.2.1. The kernel Ktpxq for the viscous wave equation in dimension n, defined
by (3.27), is given by the convolution

Ktpxq “ cn

ż

Rn

t

pt2 ` 4|x ´ y|2q
n`1
2

KW?
3
2
t
pyqdy,

where cn is a constant depending only on the dimension n.

Proof. We use formula (3.27) and recall that the Fourier transform interchanges multiplica-

tion and convolutions. The inverse Fourier transform of e´
|ξ|

2
t is

1

p2πqn

ż

Rn

eix¨ξe´
|ξ|

2
tdξ “ c̃n

t

pt2 ` 4|x|2q
n`1
2

,

where c̃n depends only on n. From the definition of KW
t , we get

1

p2πqn

ż

Rn

eix¨ξ
sin

´?
3
2

|ξ|t
¯

?
3
2

|ξ|
dξ “

2
?
3
KW?

3
2
t
pxq. (3.38)

The result then follows by using the fact that the Fourier transform interchanges multipli-
cation and convolution, where we replaced the constant 2?

3
c̃n by cn.

We have so far considered the inhomogeneous viscous wave equation with zero initial data.
However, we will consider eventually the stochastic form of this equation with continuous
bounded initial data, and will hence have to consider the full form of the solution given in
(3.25), which takes into account the possibility of nonzero initial displacement and velocity.
Note that the convolution kernel Kpxq defined in (3.27) can be used to describe the effect
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of an inhomogeneous source term and an initial velocity, as seen in (3.25). However, the
kernel Kpxq does not describe the effect of an initial displacement g on the solution. For
this reason, we introduce the corresponding convolution kernel Jtpxq and the respective unit
scale kernel Jpxq associated to the propagation of gpxq in (3.25):

Jtpxq “
1

p2πqn

ż

Rn

eix¨ξe´
|ξ|

2
t

ˆ

cos

ˆ

?
3

2
|ξ|t

˙

`
1

?
3
sin

ˆ

?
3

2
|ξ|t

˙˙

dξ, (3.39)

Jpxq “
1

p2πqn

ż

Rn

eix¨ξe´
|ξ|

2

ˆ

cos

ˆ

?
3

2
|ξ|

˙

`
1

?
3
sin

ˆ

?
3

2
|ξ|

˙˙

dξ. (3.40)

A change of variables shows that

Jtpxq “ t´nJ
´x

t

¯

. (3.41)

We can then write the representation formula (3.25) for the solution of the general viscous
wave equation with nonzero initial data ηp0, xq “ gpxq and Btηp0, xq “ hpxq and inhomoge-
neous source term F , as

ηpt, xq “

ż

Rn

Jtpx´ yqgpyqdy`

ż

Rn

Ktpx´ yqhpyqdy`

ż t

0

ż

Rn

Kt´spx´ yqF ps, yqdsdy. (3.42)

In analogy to Lemma 3.2.1, one can show the following lemma, which shows that the
unit scale kernel Jpxq has strong integrability properties.

Lemma 3.2.2. For all dimensions n, the kernel Jpxq is in LqpRnq for all 1 ď q ď 8.
Furthermore, we have the estimate,

|Jpxq| ď CN |x|
´1´npN´1

N q,

for any N ě n ` 1, where CN is a constant depending on N .

Proof. We refer the reader to the proof of Lemma 3.3 in [112]. While the proof there is
for the slightly different unit kernel Kpxq, the corresponding proof for Jpxq is just a slight
modification of the proof given there.

Finally, we establish a final lemma in this section, which shows the effect of the viscous
wave operator on initial data ηp0, xq “ gpxq and Btηp0, xq “ hpxq, where g and h are the
continuous versions of functions in H2pRnq. This will be useful when showing existence and
uniqueness of a mild solution to the stochastic viscous wave equation with initial data g and
h, which are the continuous versions of functions in H2pRnq, see Section 3.3.

Lemma 3.2.3. Let n “ 1 or n “ 2, and let g and h be the continuous versions of functions
in H2pRnq. Then, for any positive time T ą 0, the solution to

ηtt `
?

´∆ηt ´ ∆η “ 0,
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with initial data
ηp0, xq “ gpxq, Btηp0, xq “ hpxq,

is a bounded, continuous function on r0, T s ˆ Rn. Furthermore, the solution ηpt, xq has the
following Hölder continuity properties depending on the dimension n:

• If n “ 1, then for every ρ P r0, 1s, there exists a constant Cρ,T depending only on ρ and
T such that for all t, t1 P r0, T s, x, x1 P R,

|ηpt, xq ´ ηpt, x1
q| ď Cρ,T |x ´ x1

|
ρ, |ηpt, xq ´ ηpt1, xq| ď Cρ,T |t ´ t1|ρ.

• If n “ 2, then for every ρ P r0, 1q, there exists a constant Cρ,T depending only on ρ
and T such that for all t, t1 P r0, T s, x, x1 P R2,

|ηpt, xq ´ ηpt, x1
q| ď Cρ,T |x ´ x1

|
ρ, |ηpt, xq ´ ηpt1, xq| ď Cρ,T |t ´ t1|ρ{2.

Remark 3.2.1. By Sobolev embedding, every function inH2pRnq for n “ 1, 2 is a continuous
function, up to a set of measure zero. Because we need the initial data g, h to be continuous
for our arguments, we state that g, h are the continuous versions of functions in H2pRnq, in
order to indicate that g, h P H2pRnq are potentially redefined on a set of measure zero so
that they are also continuous functions. We will use this terminology for the remainder of
the chapter.

Proof. First we show that ηpt, xq is bounded. By Lemma 3.2.1 and Lemma 3.2.2, J,K P

L1pRnq. Therefore, by using the scaling relations (3.41) and (3.29), we have that for t P r0, T s,
ż

Rn

|Jtpxq|dx “ t´n

ż

Rn

ˇ

ˇ

ˇ
J

´x

t

¯ˇ

ˇ

ˇ
dx “ ||J ||L1 ă 8, (3.43)

ż

Rn

|Ktpxq|dx “ t1´n

ż

Rn

ˇ

ˇ

ˇ
K

´x

t

¯
ˇ

ˇ

ˇ
dx “ t||K||L1 ď T ||K||L1 ă 8. (3.44)

Using these facts along with the fact that g, h are bounded (by Sobolev embedding since
they are in H2pRnq), the explicit formula

ηpt, xq “

ż

Rn

Jtpyqgpx ´ yqdy `

ż

Rn

Ktpyqhpx ´ yqdy (3.45)

implies that ηpt, xq is bounded on r0, T s ˆ Rn.
Next, we establish continuity. First, we consider spatial increments. Since g, h P H2pRnq

are continuous, they are ρ-Hölder continuous for ρ P r0, 1q by Sobolev embedding, and in
fact also Lipschitz continuous in dimension one. Then, for x, x1 P Rn and t ą 0,

|ηpt, xq ´ ηpt, x1q| ď

ż

Rn

|Jtpyq| ¨ |gpx´ yq ´ gpx1 ´ yq|dy `

ż

Rn

|Ktpyq| ¨ |hpx´ yq ´ hpx1 ´ yq|dy

ď Cρ|x´ x1|ρ
ˆ

ż

Rn

|Jtpyq|dy `

ż

Rn

|Ktpyq|dy

˙

ď Cρ,T |x´ x1|ρ, (3.46)
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where ρ “ r0, 1s if n “ 1, and ρ P r0, 1q if n “ 2, with Cρ depending on ρ. In particular,
the Lipschitz or Hölder continuity of the initial data is propagated in time on a finite time
interval. We have also shown that upt, xq at each fixed time is a continuous function.

Next, we consider time increments. Consider 0 ď t1 ă t ď T . We want to estimate the
quantity |ηpt, xq ´ ηpt1, xq| for arbitrary x P Rn. We consider the two cases of n “ 1 and
n “ 2 separately.

Case 1: If n “ 1, then we have that pη, ηtq P Cpr0, T s;H2pRqq ˆ Cpr0, T s;H1pRqq. Since
H1pRq embeds continuously into the bounded continuous functions on R, ηt is bounded and
continuous on r0, T s ˆ R. Hence, |ηtpt, xq| ď CT , @x P R and t P r0, T s. By the fundamental
theorem of calculus,

|ηpt, xq ´ ηpt1, xq| ď

ż t

t1

|ηtps, xq|ds ď CT |t ´ t1|. (3.47)

Case 2: If n “ 2, by uniqueness of the solution in Cpr0, T s;H2pR2qq ˆ Cpr0, T s;H1pR2qq,
we can consider ηpt1, xq and Btηpt1, xq as initial data at time t1, to get

|ηpt, xq ´ ηpt1, xq| “

ˇ

ˇ

ˇ

ˇ

ż

Rn

Jt´t1pyqηpt1, x ´ yqdy ´ ηpt1, xq `

ż

Rn

Kt´t1pyqBtηpt1, x ´ yqdy

ˇ

ˇ

ˇ

ˇ

.

Since

ż

Rn

Jtpyqdy “ pJtpξ “ 0q “ 1, the following estimate holds:

|ηpt, xq ´ ηpt1, xq| ď

ż

Rn

|Jt´t1pyq| ¨ |ηpt1, x´ yq ´ ηpt1, xq|dy `

ż

Rn

|Kt´t1pyq| ¨ |Btηpt1, x´ yq|dy

:“ I1 ` I2. (3.48)

To complete the estimate, we first consider integral I1. We break up the integral I1 into
two parts,

I1 “

ż

|y|ď|t´t1|1{2

|Jt´t1 pyq| ¨ |ηpt1, x´ yq ´ ηpt1, xq|dy `

ż

|y|ą|t´t1|1{2

|Jt´t1 pyq| ¨ |ηpt1, x´ yq ´ ηpt1, xq|dy

“ I1,1 ` I1,2. (3.49)

Using the Hölder continuity in space from (3.46), and using the estimate (3.43), we get for
ρ P r0, 1q,

I1,1 ď Cρ,T

ż

|y|ď|t´t1|1{2

|Jt´t1pyq| ¨ |y|ρdy ď Cρ,T |t´ t1|ρ{2

ż

|y|ď|t´t1|1{2

|Jt´t1pyq|dy ď Cρ,T |t´ t1|ρ{2.

(3.50)

To estimate I1,2, we recall that we already showed that ηpt, xq is bounded on r0, T s ˆ Rn

by some constant MT . Therefore, by the scaling relation (3.41), and by using a change of
variables, we get

I1,2 ď 2MT

ż

|y|ą|t´t1|1{2

|Jt´t1pyq|dy “ 2MT pt ´ t1q´n

ż

|y|ą|t´t1|1{2

ˇ

ˇ

ˇ

ˇ

J

ˆ

y

t ´ t1

˙ˇ

ˇ

ˇ

ˇ

dy

“ 2MT

ż

|z|ą|t´t1|´1{2

|Jpzq|dz. (3.51)



CHAPTER 3. A REDUCED MODEL OF STOCHASTIC FSI 94

To estimate the last integral, we recall the estimate stated in Lemma 3.2.2 and choose an N
in that estimate (which depends on ρ) Nρ ě n ` 1, sufficiently large so that

1 ` n

ˆ

Nρ ´ 1

Nρ

˙

ě n ` ρ, or equivalently ρ ď 1 ´
n

Nρ

, (3.52)

for arbitrary ρ P r0, 1q. Then, continuing from (3.51) and switching to polar coordinates, the
estimate from Lemma 3.2.2, together with the inequality (3.52), imply

I1,2 ď 2MTCNρ

ż

|z|ą|t´t1|´1{2

1

|z|
1`n

´

Nρ´1

Nρ

¯dz “ 2MTCNρ |Sn´1
|

ż 8

|t´t1|´1{2

r
´1´n

´

Nρ´1

Nρ

¯

rn´1dr

“ 2MTCNρ |Sn´1
|

ż 8

|t´t1|´1{2

r
´2` n

Nρ dr “ Cρ,T |t ´ t1|
1
2

´

1´ n
Nρ

¯

ď Cρ,T |t ´ t1|ρ{2,

(3.53)

for ρ P r0, 1q, where CNρ denotes the constant for N “ Nρ in the inequality in Lemma 3.2.2.
In the last inequality, we used the fact that t1, t belong to a bounded interval r0, T s, and in
the last step, with a slight abuse of notation, we used the same notation for the constant
CT,ρ.

Finally, we estimate

I2 :“

ż

Rn

|Kt´t1pyq| ¨ |Btηpt1, x ´ yq|dy.

Since pη, Btηq P Cpr0, T s;H2pRnqq ˆ Cpr0, T s;H1pRnqq, we have that Btηpt, ¨q is uniformly
bounded in H1pRnq for t P r0, T s. We note that for n “ 2, H1pRnq embeds into LqpRnq for
all 2 ď q ă 8. This is because for general dimension n, if a function f P Hn{2pRnq, we can

show that for all 1 ă p ď 2, pf P LppRnq, which implies the result by the Hausdorff-Young
inequality. Using Hölder’s inequality with the conjugate exponents 2{p and 2{p2 ´ pq, one
can compute:

ż

Rn

| pfpξq|
pdξ “

ż

Rn

p1 ` |ξ|
2
q

´np{4
p1 ` |ξ|

2
q
np{4

| pfpξq|
pdξ

ď

ˆ
ż

Rn

p1 ` |ξ|
2
q

´
np

2p2´pqdξ

˙
2´p
2

¨ ||f ||
p

Hn{2pRnq
“ Cp||f ||

p

Hn{2pRnq
,

since p
2´p

ą 1 for 1 ă p ď 2. Hence, for q such that 2 ď q ă 8, by the Hausdorff-Young
inequality, we have that for conjugate exponents p and q,

||f ||LqpRnq ď || pf ||LppRnq ď Cp||f ||Hn{2pRnq,

so that H1pR2q embeds continuously into LqpR2q for 2 ď q ă 8.
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Hence, since Btηpt, ¨q is uniformly bounded in H1pRnq on t P r0, T s, we have that

sup
0ďtďT

||Btηpt, ¨q||LqpR2q ď CT,q, for 2 ď q ă 8. (3.54)

In addition, we use the scaling property for the kernel Ktpxq given by (3.29) to deduce that

||Ktpxq||LppRnq “ t1´n

ˆ
ż

Rn

ˇ

ˇ

ˇ
K

´x

t

¯ˇ

ˇ

ˇ

p

dx

˙1{p

“ t1´n`n
p

ˆ
ż

Rn

|Kpyq|
pdy

˙1{p

“ t1´n
q ||K||LppRnq “ Cpt

1´n
q , (3.55)

where p and q are conjugate exponents. Therefore, by (3.54) and (3.55),

I2 ď C̃T,q|t ´ t1|1´n
q , (3.56)

for 2 ď q ă 8, where n “ 2. By choosing 2 ď q ă 8 appropriately, this implies the desired
estimate

I2 ď CT,ρ|t ´ t1|ρ{2

for ρ P r0, 1q.
By combining (3.48), (3.49), (3.50), (3.53), and (3.56), we get the desired result:

|ηpt, xq ´ ηpt1, xq| ď Cρ,T |t ´ t1|ρ{2, (3.57)

for ρ P r0, 1q in the case n “ 2.

The spatial estimate (3.46), and the time estimates (3.47) for n “ 1 and (3.57) for n “ 2,
which are uniform on r0, T s ˆ Rn, establish the continuity of ηpt, xq on r0, T s ˆ Rn.

3.3 The stochastic viscous wave equation in

dimensions n “ 1, 2

We are now in the position to study the stochastic viscous wave equation:

ηtt `
?

´∆ηt ´ ∆η “ fpηqW pdt, dxq, in Rn, (3.58)

with initial data:
ηp0, xq “ gpxq, Btηp0, xq “ hpxq. (3.59)

For simplicity, we assume that g and h are the continuous versions of functions in H2pRnq,
f : R Ñ R is Lipschitz continuous, and W pdt, dxq is spacetime white noise. In particular,
since f is Lipschitz continuous, there exists a constant L ą 0 such that

|fpxq ´ fpyq| ď L|x ´ y|, for all x, y P R,
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|fpxq| ď Lp1 ` |x|q, for all x P R. (3.60)

We will show that the Cauchy problem (3.58), (3.59) has a mild solution in the sense of a
stochastic process satisfying a stochastic integral equation (see Definition 3.3.1 below), which
is function-valued in dimensions n “ 1, 2. This is in contrast to the corresponding stochastic
heat and wave equations,

ηt ´ ∆η “ fpηqW pdt, dxq, in Rn, (3.61)

ηtt ´ ∆η “ fpηqW pdt, dxq, in Rn, (3.62)

which have function-valued mild solutions only in dimension n “ 1.
In the next section, we review the concept of mild solution for the stochastic heat and

wave equations, and demonstrate the well-known fact that there are function-valued mild
solutions only in dimension one. We then consider the concept of mild solutions for the
stochastic viscous wave equation, showing heuristically why we will be able to consider such
solutions in dimension two. In Section 3.3 we rigorously prove existence and uniqueness of a
mild solution to (3.58), (3.59) using a Picard iteration argument to deal with the nonlinearity
fpηq.

The concept of mild solution

To define the concept of mild solution for the stochastic viscous wave equation (3.58), we
first recall the solution for the deterministic inhomogeneous problem (3.23). Namely, as
shown earlier, the solution to the deterministic inhomogeneous problem (3.23) with initial
data ηp0, xq “ gpxq and Btηp0, xq “ hpxq, is given by the formula

ηpt, xq “

ż

Rn

Jtpx´ yqgpyqdy`

ż

Rn

Ktpx´ yqhpyqdy`

ż t

0

ż

Rn

Kt´spx´ yqF ps, yqdyds, (3.63)

where Jtpxq is defined by (3.39), and Ktpxq by (3.27). For the general stochastic case (3.58)
with initial data (3.59), we can formally regard the stochastic forcing fpηqW pdt, dxq as the
forcing term F in the deterministic equation, and formally require that the solution u to the
stochastic viscous wave equation satisfy the stochastic integral equation alla (3.63):

ηpt, x, ωq “

ż

Rn

Jtpx´ yqgpyqdy `

ż

Rn

Ktpx´ yqhpyqdy `

ż t

0

ż

Rn

Kt´spx´ yqfpηps, y, ωqqW pds, dyq.

The result of this formal argument gives rise to the concept of a mild solution.

Definition 3.3.1. A stochastic process ηpt, xq is a mild solution to the stochastic viscous
wave equation (3.58) with initial data (3.59) if ηpt, xq is jointly measurable and adapted to
the filtration Ft with

ηpt, x, ωq “

ż

Rn

Jtpx´ yqgpyqdy `

ż

Rn

Ktpx´ yqhpyqdy `

ż t

0

ż

Rn

Kt´spx´ yqfpηps, y, ωqqW pds, dyq,

(3.64)

and the stochastic integral on the right hand side of (3.64) is defined.
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Remark 3.3.1 (Probabilistic notation). In the remainder of this manuscript, we will gener-
ally follow the probabilistic convention of not writing the explicit ω dependence of random
variables and stochastic processes. In particular, while we wrote out the explicit ω de-
pendence in the stochastic process upt, x, ωq in (3.64), we will henceforth omit the explicit
ω dependence when it is clear from context that the mathematical quantity involved is a
random variable. For example, we would write

ηpt, xq “

ż

Rn

Jtpx´ yqgpyqdy`

ż

Rn

Ktpx´ yqhpyqdy`

ż t

0

ż

Rn

Kt´spx´ yqfpηps, yqqW pdy, dsq,

for the full expression in (3.64).

We can define the concept of a mild solution to the stochastic heat and the stochastic wave
equations (3.61) and (3.62) in the same way using the deterministic heat and wave equation
representation formulas for the solutions of the corresponding inhomogeneous equation, given
in (3.33) and (3.36).

As mentioned earlier, the existence of a function-valued mild solution to the stochastic
heat and wave equations (3.61) and (3.62), defined this way, can be obtained only in di-
mension n “ 1, as was discussed in [55] and [107]. However, we will be able to prove the
existence of a function-valued mild solution to the stochastic viscous wave equation (3.58)
in both dimensions n “ 1, 2. To give an idea of why we might expect this to be true, we
present the following heuristic argument.

A heuristic argument for the existence of a mild solution to (3.58), (3.59) in n “ 2.
For simplicity, let f : R Ñ R on the right hand-side in (3.58), (3.61), and (3.62) be identically
equal to 1, so that we can just consider the case of additive noise. Therefore, we consider
the equations

ηt ´ ∆η “ W pdt, dxq, on Rn, (3.65)

ηtt ´ ∆η “ W pdt, dxq, on Rn, (3.66)

ηtt `
?

´∆ηt ´ ∆η “ W pdt, dxq, on Rn. (3.67)

Furthermore, for simplicity, we consider zero initial data for the purposes of this heuristic
argument.

For the stochastic heat equation with additive noise (3.65), we have an explicit formula
for the solution as a stochastic integral,

ηpt, xq “

ż t

0

ż

Rn

KH
t´spx ´ yqW pds, dyq,

where the kernel KH
t is defined by (3.31). For this stochastic integral to make sense, we

must have
ż t

0

ż

Rn

|KH
t´spx ´ yq|

2dyds ă 8. (3.68)
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Using the scaling relation (3.32), we can rewrite condition (3.68) in terms of the unit kernel
as

ż t

0

ż

Rn

|KH
t´spx ´ yq|

2dyds “

ż t

0

ż

Rn

pt ´ sq´n

ˇ

ˇ

ˇ

ˇ

KH

ˆ

x ´ y

pt ´ sq1{2

˙
ˇ

ˇ

ˇ

ˇ

2

dyds

“

ż t

0

ż

Rn

pt ´ sq´n{2
|KH

pyq|
2dyds “

ˆ
ż t

0

pt ´ sq´n{2ds

˙

||KH
||
2
L2pRnq ă 8. (3.69)

Because KH is a Gaussian in all dimensions n, we have that ||KH ||2L2pRnq
ă 8 for all n.

However, the time integral
şt

0
pt ´ sq´n{2ds only converges in dimension n “ 1. This is the

reason why a function-valued mild solution to the stochastic heat equation with additive
noise (3.65) exists only in dimension 1.

Let us carry out a similar analysis for the stochastic wave equation with additive noise
(3.66). A mild solution, if it exists, must be given by the stochastic integral

ηpt, xq “

ż t

0

ż

Rn

KW
t´spx ´ yqW pds, dyq,

where KW
t is defined by (3.34). This stochastic integral exists only if the following integra-

bility condition is satisfied:

ż t

0

ż

Rn

|KW
t´spx ´ yq|

2dyds ă 8. (3.70)

By using the scaling relation (3.35), this condition can be rewritten as

ż t

0

ż

Rn

|KW
t´spx ´ yq|

2dyds “

ż t

0

ż

Rn

pt ´ sq2´2n

ˇ

ˇ

ˇ

ˇ

KW

ˆ

x ´ y

t ´ s

˙
ˇ

ˇ

ˇ

ˇ

2

dyds

“

ż t

0

ż

Rn

pt ´ sq2´n
|KW

pyq|
2dyds “

ˆ
ż t

0

pt ´ sq2´nds

˙

||KW
||
2
L2pRnq ă 8. (3.71)

Note here that the time integral

ż t

0

pt ´ sq2´n converges for n “ 1, 2. However, it is easy

to check from the explicit form of the fundamental solution in (3.37) that KW is in L2pRnq

only for dimension n “ 1. This is the reason why a function-valued mild solution to the
stochastic wave equation with additive noise (3.66) exists only in dimension one.

The stochastic viscous wave equation with additive noise (3.67) is exactly in between
these two cases, with both factors of the unit kernel integrable in both n “ 1 and n “ 2.
Namely, a function-valued mild solution to (3.67) would be defined by

ηpt, xq “

ż t

0

ż

Rn

Kt´spx ´ yqW pds, dyq,
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where Ktpxq is the kernel given by (3.27). Using the scaling relation (3.29) involving the unit
kernel (3.28), we compute, similarly as in the previous examples, that this integral exists
only if the following integrability condition is satisfied:

ż t

0

ż

Rn

|Kt´spx ´ yq|
2dyds “

ˆ
ż t

0

pt ´ sq2´nds

˙

||K||
2
L2pRnq ă 8. (3.72)

However, by Lemma 3.2.1, K P L2pRnq for all n. Therefore, this integrability condition is
satisfied in both dimensions one and two. Thus, the stochastic viscous wave equation with
additive noise (3.67) has a function-valued mild solution both in dimensions one and two.

Finally, we note that the nature of the parabolic damping is essential for the stochastic
viscous wave equation to have a function-valued mild solution in dimension two also. In
particular, the stochastic damped wave equation

ηtt ` cηt ´ ∆η “ W pdx, dtq, on Rn (3.73)

with c ą 0 and zero initial data, has a function-valued mild solution only in dimension one.
To see this, we use the explicit formula for the fundamental solution from [54] in frequency
space,

pKDW
t pξq “ pc2 ´ |ξ|

2
q

´1{2e´ct sinh
´

t
a

c2 ´ |ξ|2
¯

, (3.74)

so that the mild solution if it exists for (3.73) must be given by

ηpt, xq “

ż t

0

ż

Rn

KDW
t´s px ´ yqW pds, dyq.

Here, the superscript DW indicates that we are considering the fundamental solution for
the damped wave equation. Thus, the integrability condition for the mild solution to exist
is that

ż t

0

ż

Rn

|KDW
t´s px ´ yq|

2dyds ă 8.

This is equivalent, by Plancherel’s theorem, to

ż t

0

ż

Rn

|KDW
t´s px ´ yq|

2dyds “

ż t

0

ż

Rn

|KDW
t´s pyq|

2dyds “

ż t

0

ż

Rn

| pKDW
t´s pξq|

2dξds ă 8. (3.75)

However, the condition (3.75) holds only in dimension n “ 1. This is because pKtpξq R

L2pRnq for n ě 2 for all t ą 0. To see this, note that for |ξ| ą c, the explicit formula (3.74)
gives that

pKDW
t pξq “ p|ξ|

2
´ c2q´1{2e´ct sin

´

t
a

|ξ|2 ´ c2
¯

, for |ξ| ą c.
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We then compute that

|| pKDW
t ||

2
L2pRnq ě e´2ct

ż

|ξ|ąc

p|ξ|
2

´ c2q´1 sin2
´

t
a

|ξ|2 ´ c2
¯

dξ

“ αn´1e
´2ct

ż 8

c

rn´1

r2 ´ c2
sin2

´

t
?
r2 ´ c2

¯

dr,

where αn´1 denotes the surface area of the sphere Sn´1 Ă Rn. We use a change of variables,

ρ “
?
r2 ´ c2 ðñ r “

a

ρ2 ` c2 dρ “
r

?
r2 ´ c2

dr.

Then,

|| pKDW
t ||

2
L2pRnq ě αn´1e

´2ct

ż 8

0

sin2ptρq

ρ
pρ2 ` c2q

n
2

´1dρ.

So for n ě 2, we have that n
2

´ 1 ě 0 and hence for any t ą 0,

|| pKDW
t ||

2
L2pRnq ě αn´1e

´2ctcn´2

ż 8

0

sin2ptρq

ρ
dρ “ 8 for n ě 2,

since this integral diverges. Thus, the integrability condition (3.75) does not hold in di-
mensions two and higher and holds only in dimension one. So the stochastic damped wave
equation has a function-valued mild solution only in dimension one.

Existence and uniqueness for the stochastic viscous wave equation

While the heuristic argument above was done for a simpler case of additive white noise when
fpηq “ 1, we can get an existence and uniqueness result for the more general equation (3.58)
with a general, Lipschitz fpηq in dimensions one and two, by a standard Picard iteration
procedure, and by estimates of the kernel. We then obtain estimates on the higher moments
of the solution for later use in Section 3.4. Such a Picard iteration and higher moment bound
procedure are standard in the stochastic PDE literature [55, 107, 177, 54]. More precisely,
we have the following main result.

Theorem 3.3.1 (Existence and uniqueness). Let n “ 1 or n “ 2, and let g and h be the
continuous versions of functions in H2pRnq. Suppose f : R Ñ R is a Lipschitz continuous
function. Then, there exists a function-valued mild solution to the equation

ηtt `
?

´∆ηt ´ ∆η “ fpηqW pdt, dxq on Rn (3.76)

with initial data ηp0, xq “ gpxq, Btηp0, xq “ hpxq, which is unique up to stochastic modifica-
tion.
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Proof. To establish existence, we use Picard iterations. We begin by setting the first iterate
η0 to be the deterministic function

η0pt, xq “

ż

Rn

Jtpx ´ yqgpyqdy `

ż

Rn

Ktpx ´ yqhpyqdy, (3.77)

which is the solution to the deterministic linear homogeneous viscous wave equation with
initial data given by g and h. By Lemma 3.2.3, η0pt, xq is a bounded, continuous function
on r0, T s ˆ Rn.

Then, define the Picard iterates ηk for k ě 1 inductively by

ηkpt, xq “ η0pt, xq `

ż t

0

ż

Rn

Kt´spx ´ yqfpηk´1ps, yqqW pds, dyq, (3.78)

where η0 captures the deterministic evolution of the initial data g and h. However, we must
check that the stochastic integral on the right hand side makes sense. This is the content of
the following lemma.

Lemma 3.3.1. The Picard iteration procedure (3.78) is well-defined at each step. Further-
more,

sup
tPr0,T s

sup
xPRn

E
`

|ηkpt, xq|
2
˘

ă 8, for all k ě 0, T ě 0.

The proof of Lemma 3.3.1 is given in the Appendix.

Remark 3.3.2. Note that because random variables are only defined up to a measure zero
set, the kth Picard iterate tηkpt, xqutPr0,T s,xPRn is defined only up to stochastic modifica-
tion. However, as we show in the proof of Lemma 3.3.1, there exists a modification of
tηkpt, xqutPr0,T s,xPRn for which the stochastic integral

ż t

0

ż

Rn

Kt´spx ´ yqfpηkps, yqqW pdy, dsq

is defined, where this stochastic integral is needed to obtain the next iterate ηk`1. Hence,
when defining ηk at each point pt, xq P r0, T s ˆRn in (3.78), we choose the modification that
allows the stochastic integral needed for the next step of the Picard iteration to be defined.
Note that all of the arguments that follow are well suited to the fact that the Picard iterates
ηk are defined only up to stochastic modification. For example, we will later consider the
quantity for each k and t P r0, T s,

sup
0ďsďt,xPRn

Erpηk ´ ηk´1q
2
ps, xqs,

when studying convergence of the iterates, and this quantity is unchanged by stochastic
modification of any of the individual iterates.



CHAPTER 3. A REDUCED MODEL OF STOCHASTIC FSI 102

The next step is to show that ηkpt, xq converge in an appropriate sense as k Ñ 8, and
that the limit is a unique mild solution to the stochastic viscous wave equation (3.76).

Convergence. We start by considering the difference between consecutive iterates:

ηkpt, xq ´ ηk´1pt, xq “

ż t

0

ż

Rn

Kt´spx ´ yqrfpηk´1ps, yqq ´ fpηk´2ps, yqqsW pds, dyq, k ě 2.

(3.79)
Using the Itö isometry (2.6) and the fact that f is Lipschitz continuous with a global Lipschitz
constant L, we obtain

Erpηk ´ ηk´1q
2
pt, xqs ď L2E

ˆ
ż t

0

ż

Rn

K2
t´spx ´ yq|ηk´1ps, yq ´ ηk´2ps, yq|

2dyds

˙

“ L2

ż t

0

ż

Rn

K2
t´spx ´ yqErpηk´1 ´ ηk´2q

2
ps, yqsdyds,

where we used Fubini’s theorem in the last step.
Let

H2
kptq :“ sup

0ďsďt,xPRn

Erpηk ´ ηk´1q
2
ps, xqs. (3.80)

We want to show that for every t ě 0,
ř8

k“1Hkptq ă 8, as this would imply that tηkpt, xqu8
k“0

is a Cauchy sequence in L2pΩq for each t ě 0, x P Rn. Indeed, first notice that the following
inequality holds:

H2
kptq ď L2

ż t

0

ż

Rn

K2
t´spx ´ yqH2

k´1psqdyds. (3.81)

To further estimate the right hand side, we estimate the kernel using a calculation as in
(3.72) for dimensions n “ 1 and 2 to obtain

ż

Rn

K2
t´spx ´ yqdy “ pt ´ sq2´n

||K||
2
L2pRnq “ cnpt ´ sq2´n

ď cnt
2´n, (3.82)

for some constant cn depending only on n, for s P r0, ts. Combining this estimate with (3.81),
one obtains

H2
kptq ď cn,t

ż t

0

H2
k´1psqds, k “ 2, 3, . . . (3.83)

for a finite constant cn,t that depends only on t and the dimension n “ 1, 2. We will use
this inequality inductively, for k “ 2, 3, . . . to obtain the desired result. For this purpose,
we must first show that H1ptq is finite. In particular, recalling (3.80) and using the result in
Lemma 3.3.1, we have

H2
1 ptq ď 2

ˆ

sup
0ďsďt,xPRn

E
`

|η1ps, xq|
2
˘

` sup
0ďsďt,xPRn

E
`

|η0ps, xq|
2
˘

˙

“ At ă 8,
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where At is a constant depending only on t. Hence, by inductively using (3.83), we have that

H2
kptq ď

At ¨ pcn,tq
ktk

k!
. (3.84)

Thus,
8
ÿ

k“1

Hkptq ď A
1{2
t

8
ÿ

k“0

pcn,tq
k{2tk{2

pk!q1{2
ă 8, (3.85)

as this series converges. Recalling the definition of H2
kptq in (3.80), we conclude that

tηkpt, xqu8
k“0 for each t ě 0, x P Rn is a Cauchy sequence in L2pΩq. Hence, ηkpt, xq con-

verges in L2pΩq to some ηpt, xq for each t ě 0, x P Rn.

Existence of a mild solution. We now show that the limit ηpt, xq is a mild solution to
(3.76). Indeed, after passing to the limit on both sides of (3.78) we immediately see that
the left hand side of (3.78) converges to ηpt, xq in L2pΩq. To deal with the limit on the right
hand side of (3.78), we first calculate the following estimate: by the Lipschitz property of f
and the Itô isometry (2.6) we have

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż t

0

ż

Rn

Kt´spx ´ yqrfpηk´1ps, yqq ´ fpηps, yqqsW pds, dyq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pΩq

ď L2

ż t

0

ż

Rn

K2
t´spx ´ yqE

`

|ηk´1py, sq ´ ηpy, sq|
2
˘

dyds. (3.86)

To further estimate the right hand side, we recall the convergence of the series (3.85) and
the definition (3.80) of H2

kptq, to conclude:

Ep|ηk´1ps, yq ´ ηps, yq|
2
q Ñ 0 as k Ñ 8, uniformly for 0 ď s ď t and y P Rn.

(3.87)
Additionally, by recalling (3.82), we get:

ż t

0

ż

Rn

K2
t´spx ´ yqdyds “

cn
3 ´ n

t3´n. (3.88)

Therefore, combining this equality with (3.87), and using it in the right hand side of (3.86),
we obtain that for every fixed t ě 0, the following convergence result holds:

ż t

0

ż

Rn

Kt´spx, yqfpηk´1ps, yqqW pds, dyq Ñ

ż t

0

ż

Rn

Kt´spx, yqfpηps, yqqW pds, dyq in L2pΩq.

This shows that η satisfies (3.64).

To complete the proof that η is a mild solution, we must show according to Definition 3.3.1
that tηpt, xqutPR`ˆRn is jointly measurable and adapted to Ft. Since each ηk is adapted to
Ft, so is the limit u. In addition, by the uniform convergence (3.87), η is continuous in L2pΩq
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on R` ˆ Rn since each ηk has this property, by the proof of Lemma 3.3.1 in the Appendix.
Hence, by Remark 2.3.2, η has a stochastic modification that is jointly measurable. This
completes the proof that u is a mild solution.

Uniqueness. Uniqueness follows from Gronwall’s inequality. More precisely, suppose that
η and ϕ are both mild solutions with the same initial data (3.59). Then, their difference
ψ :“ η ´ ϕ satisfies the following stochastic integral equation:

ψpt, xq “

ż t

0

ż

Rn

Kt´spx ´ yqrfpηps, yqq ´ fpϕps, yqqsW pdy, dsq.

Taking the L2pΩq norm of both sides, we get that

Erψ2
pt, xqs ď L2

ż t

0

ż

Rn

K2
t´spx ´ yqE

`

|ηps, yq ´ ϕps, yq|
2
˘

dyds.

So defining
Hptq :“ sup

0ďsďt,xPRn

Erψ2
ps, xqs,

we get after using (3.82), the following inequality:

Hptq ď L2

ż t

0

Hpsq

ˆ
ż

Rn

K2
t´spx ´ yqdy

˙

ds “ cn,tL
2

ż t

0

Hpsqds.

SinceHp0q “ 0, using Gronwall’s inequality then implies thatHptq is identically zero for all t.
In particular, η is unique up to stochastic modification since the expectation Erψ2pt, xqs “ 0
for all t ě 0 and x P Rn. This completes the uniqueness proof, and the proof of Theorem 3.3.1.

Now that we have shown an appropriate notion of existence and uniqueness of a mild
solution for (3.58) in dimensions one and two, we would like to understand more details of
the solution behavior. In particular, we would like to study the Hölder continuity of the
sample paths , defined below in Section 3.4. In order to do that, it is useful to obtain uniform
boundedness of Lp moments of the unique mild solution, for p ě 2, uniformly in space and
time on a bounded time interval. The proof of this result will rely on the BDG inequality,
stated in Theorem 2.3.1.

Theorem 3.3.2. Let n “ 1 or 2, and let g and h be the continuous versions of functions in
H2pRnq. Let ηpt, xq be the unique function-valued mild solution to (3.58) with initial data
(3.59). Then, for each T ą 0 and p ě 2,

sup
0ďtďT

sup
xPRn

Ep|ηpt, xq|
p
q ă 8. (3.89)
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Proof. Note that we have already established this result for p “ 2 by using Lemma 3.3.1
and the uniform convergence in L2pΩq given by (3.87). To prove the higher moment bound
(3.89), we reexamine our Picard iterates (3.78):

ηkpt, xq ´ ηk´1pt, xq “

ż t

0

ż

Rn

Kt´spx ´ yqrfpηk´1ps, yqq ´ fpηk´2ps, yqqsW pds, dyq.

Using the BDG inequality stated in Theorem 2.3.1, for k ě 2 we get

Ep|ηkpt, xq ´ ηk´1pt, xq|pq ď cpE

«

ˆ
ż t

0

ż

Rn

K2
t´spx´ yq|fpηk´1ps, yqq ´ fpηk´2ps, yqq|2dyds

˙p{2
ff

.

Since f is Lipschitz, we can further estimate the right hand side to obtain:

Ep|ηkpt, xq ´ ηk´1pt, xq|pq ď cpL
p ¨ E

«

ˆ
ż t

0

ż

Rn

K2
t´spx´ yq|ηk´1ps, yq ´ ηk´2ps, yq|2dyds

˙p{2
ff

.

(3.90)

We would like to move the expectation inside the integral sign on the right hand side, but
we cannot do this yet because of the exponent of p{2. To handle this, we will separate
K2

t´spx ´ yq into

K2
t´spx ´ yq “ |Kt´spx ´ yq|

2p´4
p ¨ |Kt´spx ´ yq|

4
p . (3.91)

We then apply Hölder’s inequality with the conjugate exponents p{2 and p{pp´ 2q in (3.90)
to obtain

Ep|ηkpt, xq ´ ηk´1pt, xq|pq

ď cpL
p

ˆ
ż t

0

ż

Rn

K2
t´spx´ yqdyds

˙

p
2

´1

E
ˆ

ż t

0

ż

Rn

K2
t´spx´ yq|ηk´1ps, yq ´ ηk´2ps, yq|pdyds

˙

“ cpL
p

ˆ
ż t

0

ż

Rn

K2
t´spx´ yqdyds

˙

p
2

´1 ˆ
ż t

0

ż

Rn

K2
t´spx´ yqE p|ηk´1ps, yq ´ ηk´2ps, yq|pq dyds

˙

.

(3.92)

Therefore, defining

Jp
k ptq :“ sup

0ďsďt,xPRn

Ep|ηkps, xq ´ ηk´1ps, xq|
p
q,

we get that

Jp
k ptq ď cpL

p

ˆ
ż t

0

ż

Rn

K2
t´spx ´ yqdyds

˙

p
2

´1 ż t

0

Jp
k´1psq

ˆ
ż

Rn

K2
t´spx ´ yqdy

˙

ds. (3.93)

Using (3.82) and (3.88), we obtain the following recursive inequality:

Jp
k ptq ď cp,nt

p3´nqp p
2

´1q
ż t

0

Jp
k´1psqpt ´ sq2´nds ď cp,nt

p3´nq
p
2

´1

ż t

0

Jp
k´1psqds. (3.94)
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Note that Jp
1 ptq is finite. Namely, by using the BDG inequality from Theorem 2.3.1 one

obtains

Ep|η1pt, xq ´ η0pt, xq|
p
q “ E

ˆ
ˇ

ˇ

ˇ

ˇ

ż t

0

ż

Rn

Kt´spx ´ yqfpη0ps, yqqW pds, dyq

ˇ

ˇ

ˇ

ˇ

p˙

ď cpE

«

ˆ
ż t

0

ż

Rn

K2
t´spx ´ yq|fpη0ps, yqq|

2dyds

˙p{2
ff

ď cpL
p

¨

«

ˆ
ż t

0

ż

Rn

K2
t´spx ´ yqp1 ` |η0ps, yq|q

2dyds

˙p{2
ff

,

where we eliminated the expectation because η0pt, xq is deterministic. We then use the
splitting from (3.91) above, and the same Hölder inequality argument as before, to obtain

Ep|η1pt, xq ´ η0pt, xq|pq ď cpL
p

ˆ
ż t

0

ż

Rn

K2
t´spx´ yqdyds

˙

p
2 ´1 ˆ

ż t

0

ż

Rn

K2
t´spx´ yqp1 ` |η0ps, yq|qpdyds

˙

.

The right hand-side is uniformly bounded for t P r0, T s and x P Rn by Lemma 3.2.3 and
(3.72). So Jp

1 ptq is finite for each t ě 0.
The recursive inequality (3.94) implies that for any fixed T ą 0, we have that for all

0 ď t ď T and k ě 2,

Jp
k ptq ď CT,p,n

ż t

0

Jp
k´1psqds. (3.95)

Since Jp
1 ptq is finite and bounded by a constant AT for all 0 ď t ď T , we then apply (3.95)

inductively to conclude that

8
ÿ

k“1

Jkptq ď A
1{p
T

8
ÿ

k“0

pCT,p,nqk{ptk{p

pk!q1{p
ă 8, for all t P r0, T s. (3.96)

Since η0 is bounded on r0, T sˆRn for all T ą 0, deterministic, and continuous by Lemma
3.2.3, we have that η0 P Cpr0, T s ˆ Rn;LppΩqq. Since

ř8

k“1 JkpT q ă 8, we have that the
sequence ηk, k “ 1, 2, . . . is a Cauchy sequence in the complete space of bounded functions
on r0, T s ˆ Rn, taking values in LppΩq, equipped with the appropriate supremum norm:

||f || “ sup
0ďtďT

sup
xPRn

pEp|fpt, xq|
p
qq

1{p .

Hence, the sequence ηk converges in this space as k Ñ 8, and the limit must be u. Thus,
||η|| “ sup0ďtďT supxPRn pEp|ηpt, xq|pqq

1{p is bounded.

3.4 Hölder continuity of sample paths

In this section we investigate additional properties of our unique mild solution by focusing
on what the sample paths of the solution look like. In particular, we study Hölder continuity
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of sample paths. Because we are working with a stochastic process, we have to precisely
define what we mean by Hölder continuity of the sample paths.

For this purpose, we recall the notion of a modification. If tXiuiPI where I is an index set
is a stochastic process on a complete probability space pΩ,F ,Pq, then tX̃iu is a modification
if PpX̃i “ Xiq “ 1, @i P I.

We also recall that, given a stochastic process tXiuiPI , the finite dimensional distribu-
tions are the distributions of the random vectors pXi1 , Xi2 , ..., Xikq for all finite collections
pi1, i2, ..., ikq of indices in I.

Note that tXiuiPI and a modification have the same finite dimensional distributions.
Because the uniqueness result for the equation (3.58) is up to modification, we will show
that (3.58) has a suitable modification such that the sample paths are Hölder continuous
with a certain degree of Hölder regularity.

Theorem 3.4.1 (Hölder continuity of sample paths). Let g, h be the continuous ver-
sions of functions in H2pRnq, and let f : R Ñ R be a Lipschitz continuous function. For
each α P r0, 1q in the case of n “ 1 and for each α P r0, 1{2q in the case of n “ 2, the mild
solution to (3.58) has a modification that is (locally) α-Hölder continuous on R` ˆ Rn in
space and time.

Remark 3.4.1. There are analogous results for the stochastic heat and wave equations
(3.61) and (3.62), but only in one dimension, since existence and uniqueness hold only in
one dimension. For the stochastic heat equation in n “ 1 (3.61), there is a modification that
is α-Hölder continuous in time and β-Hölder continuous in space for each α P r0, 1{4q and
each β P r0, 1{2q. For the stochastic wave equation in n “ 1 (3.62), there is a modification
that is α-Hölder continuous in time and space for α P r0, 1{2q. The difference in the degree
of Hölder regularity is due to the differences in spacetime scaling. We emphasize that our
result for the stochastic viscous wave equation (3.58) considers both n “ 1 and n “ 2.

The proof of Theorem 3.4.1 follows from a version of the Kolmogorov continuity criterion
(see e.g. Theorem 2.1 in Chapter I, Section 2 of Revuz and Yor [155]).

Theorem 3.4.2 (Kolmogorov continuity criterion). Let tXiuiPr0,1sN be a real-valued
stochastic process. If there exist two positive constants γ and ϵ such that

Ep|Xi1 ´ Xi2 |
γ
q ď C|i1 ´ i2|

N`ϵ,

then for each α such that 0 ď α ă
ϵ

γ
, the stochastic process tXiuiPr0,1sN has a modification

that is α-Hölder continuous.

We can extend this to stochastic processes on unbounded Euclidean domains. In partic-
ular, we will reframe the Kolmogorov continuity criterion for our current case of a stochastic
process indexed by pt, xq P R` ˆ Rn. This is similar to Theorem 2.5.1 in [108].
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Corollary 3.4.1. Let tXpt, xqupt,xqPR`ˆRn be a real-valued stochastic process. If there exist
two positive constants γ and ϵ such that for each compact set K Ă R` ˆ Rn,

Ep|Xpt, xq ´ Xps, yq|
γ
q ď CK |pt, xq ´ ps, yq|

n`1`ϵ for all pt, xq, ps, yq P K,

where CK can depend on K, then for each α such that 0 ď α ă
ϵ

γ
, the stochastic process

tXpt, xqupt,xqPR`ˆRn has a modification tX̃pt, xqupt,xqPR`ˆRn that is locally α-Hölder continuous
on R` ˆ Rn.

Proof. Since the Kolmogorov continuity theorem appears more often in the form listed in
Theorem 3.4.2, we provide an explicit proof of Corollary 3.4.1, using an idea called a patching
argument, as described on pg. 160 of [108]. The corollary follows from the Kolmogorov
continuity criterion in Theorem 3.4.2 by considering compact cubes, for example

Ak :“ r0, ks ˆ r´k{2, k{2s
n

Ă R`
ˆ Rn,

that increase to all of R`ˆRn. We will construct the desired modification tX̃pt, xqupt,xqPR`ˆRn

as the limit k Ñ 8 of α-Hölder continuous modifications tXkpt, xqu defined for pt, xq P Ak,
constructed as follows.

Fix α such that 0 ď α ă ϵ
γ
. By the usual Kolmogorov continuity criterion given in

Theorem 3.4.2, we can construct a modification tXkpt, xqupt,xqPAk
of tXpt, xqupt,xqPAk

that is
α-Hölder continuous on Ak. The modifications tXkpt, xqupt,xqPAk

in particular are continuous.
We claim that any two of these modifications Xkpt, xq and Xlpt, xq must agree with

probability one on their overlap because they are continuous modifications. Otherwise there
exists a ball with rational radius and center with rational coordinates on which the two
modifications have disjoint range with positive probability. More precisely, consider k ď l so
that Ak Ă Al is the overlap. We claim that

PpXkpt, xq “ Xlpt, xq for all pt, xq P Akq “ 1.

We argue by contradiction. Suppose that PpXkpt0, x0q ‰ Xlpt0, x0q for some pt0, x0q P Akq ą

0. Since Xkpt, xq and Xlpt, xq are continuous on Ak, for every outcome ω P Ω for which
Xkpt0, x0q ‰ Xlpt0, x0q for some pt0, x0q P Ak, we can find an open ball Brpqq with rational
radius r centered at a point q “ pt, xq P Q` ˆ Qn X Ak Ă R` ˆ Rn, such that Xk and Xl

have “disjoint” range on the ball BrpqqXAk in the sense that there exist two closed intervals
K1 Ă R and K2 Ă R such that

XkpBrpqq X Akq Ă K1, XlpBrpqq X Akq Ă K2, K1 X K2 “ ∅.

Hence,

Pp
ď

rPQ,qPQ`ˆQnXAk

tXk and Xl have “disjoint” range on Brpqq X Akuq

ě PpXkpt0, x0q ‰ Xlpt0, x0q for some pt0, x0q P Akq ą 0.
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Therefore, by the countability of the index set, there exist r0 P Q` and q0 P Q` ˆ Qn X Ak

such that
PpXk and Xl have “disjoint” range on Br0pq0q X Akq ą 0.

But this implies that PpXkpq0q ‰ Xlpq0qq ą 0, which contradicts that tXkpt, xqupt,xqPAk
and

tXlpt, xqupt,xqPAl
are modifications of the same stochastic process on Ak and Al respectively,

since q0 P Ak Ă Al. Therefore, Xk “ Xl on Ak almost surely.
This implies that, with probability one (up to a null set), any two modifications from

this collection of modifications tXkpt, xqupt,xqPAk
on increasing cubes must agree.

To define the desired modification X̃pt, xq we now focus on the null sets Ek,l for k ă l on
which the modifications tXkpt, xqupt,xqPAk

and tXlpt, xqupt,xqPAl
do not agree on Ak. Define

E “
ď

kăl and k,lPZ`

Ek,l

and note that PpEq “ 0. Then, the desired modification tX̃pt, xqupt,xqPR`ˆRn is

X̃pt, x, ωq “ lim
kÑ8

Xkpt, x, ωq for ω P Ec,

X̃pt, x, ωq “ 0, for ω P E.

This limit exists since the sequence Xkpt, x, ωq for ω P Ec is eventually constant, because
the modifications tXkpt, xqupt,xqPAk

all agree pairwise on their common domains for ω P Ec.

It is easy to check that tX̃pt, xqupt,xqPR`ˆRn is a modification that is α-Hölder continuous,
by using the properties that each of the tXkpt, xqupt,xqPAk

are modification on Ak that are
α-Hölder continuous. This completes the proof of the corollary.

Proof of Theorem 3.4.1

We will prove the theorem for n “ 1 and n “ 2. Though the specific estimates will be
slightly different for each dimension, the general computations are the same for both and
hence we prove the results for n “ 1 and n “ 2 simultaneously.

By Corollary 3.4.1, it follows that to prove Theorem 3.4.1, it suffices to show that for all
T ą 0, for all δ P p0, 1q, and for all p ě 2, there exists a constant CT,p,δ depending on T , p,
and δ such that:

1. The following two estimates hold if n “ 1:

Ep|ηpt, xq ´ ηpt1, xq|
p
q ď CT,p,δ|t ´ t1|

p1`δqp
2 , for all t, t1 P r0, T s, and x P R, (3.97)

Ep|ηpt, xq ´ ηpt, x1
q|
p
q ď CT,p,δ|x ´ x1

|
p1`δqp

2 , for all t P r0, T s, and x, x1
P R. (3.98)

2. The following two estimates hold if n “ 2:

Ep|ηpt, xq ´ ηpt1, xq|
p
q ď CT,p,δ|t ´ t1|

δp
2 , for all t, t1 P r0, T s, and x P R2, (3.99)

Ep|ηpt, xq ´ ηpt, x1
q|
p
q ď CT,p,δ|x ´ x1

|
δp
2 , for all t P r0, T s, and x, x1

P R2. (3.100)
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Estimate for the time increments. To prove estimates (3.97) and (3.99), we consider
for p ě 2,

Ep|ηpt, xq ´ ηpt1, xq|
p
q, for t, t1 P r0, T s,

for n “ 1, 2, where T ą 0 is fixed but arbitrary. Recall from the definition of a mild solution
(3.64) that

ηpt, xq “ η0pt, xq `

ż t

0

ż

Rn

Kt´spx ´ yqfpηps, yqqW pds, dyq,

where η0pt, xq is the deterministic function solving the homogeneous deterministic viscous
wave equation with initial data g, h. We assume that 0 ď t1 ă t ď T and express the time
increment as

ηpt, xq ´ ηpt1, xq “ η0pt, xq ´ η0pt1, xq

`

ż t1

0

ż

Rn

rKt´spx´yq´Kt1´spx´yqsfpηps, yqqW pds, dyq`

ż t

t1

ż

Rn

Kt´spx´yqfpηps, yqqW pds, dyq.

Next, we use the BDG inequality from Theorem 2.3.1, along with pa ` b ` cqp ď cpp|a|p `

|b|p ` |c|pq for a, b, c ě 0, to obtain

E p|ηpt, xq ´ ηpt1, xq|
p
q

ď cp

«

|η0pt, xq ´ η0pt1, xq|
p

` E

˜

ż t1

0

ż

Rn

|Kt´spx ´ yq ´ Kt1´spx ´ yq|
2
|fpηps, yqq|

2dyds

¸p{2

`E
ˆ

ż t

t1

ż

Rn

|Kt´spx ´ yq|
2
|fpηps, yqq|

2dyds

˙p{2
ff

:“ cppI1 ` I2 ` I3q. (3.101)

By Lemma 3.2.3, there exists CT such that

I1 “ |η0pt, xq ´ η0pt1, xq|
p

ď CT |t ´ t1|p, in the case of n “ 1, (3.102)

and for every δ P p0, 1q, there exists a constant CT,δ depending only on T ą 0 and δ such
that

I1 “ |η0pt, xq ´ η0pt
1, xq|

p
ď CT,δ|t ´ t1|

δp
2 , in the case of n “ 2. (3.103)

For the integral in I2 defined in (3.101), we use the same idea as in (3.91) and separate the
term involving the kernel into two factors by using Hölder’s inequality with p{2 and p{pp´2q

to obtain

I2 ď

˜

ż t1

0

ż

Rn

|Kt´spx ´ yq ´ Kt1´spx ´ yq|
2dyds

¸
p
2

´1

¨E

˜

ż t1

0

ż

Rn

|Kt´spx ´ yq ´ Kt1´spx ´ yq|
2
|fpηps, yqq|

pdyds

¸

.
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In the second factor, we can move the expectation into the integrand, and use the Lipschitz
property of f to obtain that for all s P r0, t1s, y P Rn, the following estimate holds:

E p|fpηps, yqq|
p
q ď 2pLpEp1 ` |ηps, yq|

p
q “ CT,p ă 8, (3.104)

where the last inequality follows from the boundedness of pth moments in (3.89). Therefore,

I2 ď CT,p

˜

ż t1

0

ż

Rn

|Kt´spx ´ yq ´ Kt1´spx ´ yq|
2dyds

¸
p
2

.

Using Plancherel’s theorem and absorbing constants into CT,p,

I2 ď CT,p

¨

˚

˝

ż t1

0

ż

Rn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

e´
|ξ|pt´sq

2

sin
´?

3
2

|ξ|pt ´ sq
¯

|ξ|
´ e´

|ξ|pt1´sq

2

sin
´?

3
2

|ξ|pt1 ´ sq
¯

|ξ|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

dξds

˛

‹

‚

p
2

.

(3.105)
Continuing to absorb constants into CT,p as necessary, we separate this into

I2 ď CT,ppJ1 ` J2q
p
2 , (3.106)

where

J1 “

ż t1

0

ż

Rn

sin2
´?

3
2

|ξ|pt ´ sq
¯

|ξ|2

ˇ

ˇ

ˇ
e´

|ξ|pt´sq

2 ´ e´
|ξ|pt1´sq

2

ˇ

ˇ

ˇ

2

dξds, (3.107)

J2 “

ż t1

0

ż

Rn

e´|ξ|pt1´sq

¨

˝

sin
´?

3
2

|ξ|pt ´ sq
¯

|ξ|
´

sin
´?

3
2

|ξ|pt1 ´ sq
¯

|ξ|

˛

‚

2

dξds. (3.108)

To estimate J1, we first simplify J1 to get

J1 “

ż t1

0

ż

Rn

e´|ξ|pt1´sq
sin2

´?
3
2

|ξ|pt ´ sq
¯

|ξ|2

´

1 ´ e´
|ξ|pt´t1q

2

¯2

dξds.

Next, we use the fact that there exists a uniform constant C such that

0 ď 1 ´ e´r
ď minp1, rq, for all r ě 0. (3.109)

In addition, there exists a uniform constant depending only on δ P p0, 1q such that

rδe´r
ď Cδ, for all r ą 0, δ P p0, 1q. (3.110)
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Thus, for each δ P p0, 1q we have:

J1 ď Cδ

ż t1

0

1

pt1 ´ sqδ

ż

Rn

1

|ξ|δ
¨

1

|ξ|2
min

ˆ

1,
1

4
|ξ|

2
pt ´ t1q2

˙

dξds

ď Cδ

ż t1

0

1

pt1 ´ sqδ

ż

Rn

1

|ξ|2`δ
minp1, |ξ|

2
pt ´ t1q2qdξds

“ Cδ

˜

ż t1

0

1

pt1 ´ sqδ

ˆ
ż

|ξ|ďpt´t1q´1

1

|ξ|δ
pt ´ t1q2dξ `

ż

|ξ|ěpt´t1q´1

1

|ξ|2`δ
dξ

˙

ds

¸

, (3.111)

where CT,δ is a constant depending on δ P p0, 1q, and on the fixed but arbitrary T ą 0. Note
that we have restricted δ to the range of δ P p0, 1q so that the appropriate integrals converge
in both spatial dimension n “ 1 and n “ 2. Computing the integrals in (3.111) gives

J1 ď Cδ

˜

ż t1

0

1

pt1 ´ sqδ
pt ´ t1q1`δds

¸

“ CT,δ|t ´ t1|1`δ, for n “ 1, (3.112)

J1 ď Cδ

˜

ż t1

0

1

pt1 ´ sqδ
pt ´ t1qδds

¸

“ CT,δ|t ´ t1|δ, for n “ 2. (3.113)

We now consider J2 as defined in (3.108). By the mean value theorem,
ˇ

ˇ

ˇ

ˇ

sin

ˆ

?
3

2
|ξ|pt ´ sq

˙

´ sin

ˆ

?
3

2
|ξ|pt1 ´ sq

˙
ˇ

ˇ

ˇ

ˇ

ď min

ˆ

2,

?
3

2
|ξ|pt ´ t1q

˙

ď minp2, |ξ|pt ´ t1qq.

(3.114)
Combining the estimates (3.110) and (3.114) gives for arbitrary δ P p0, 1q,

J2 ď Cδ

ż t1

0

1

pt1 ´ sqδ

ż

Rn

1

|ξ|δ
¨

1

|ξ|2
min

`

1, |ξ|
2
pt ´ t1q2

˘

dξds.

The rest proceeds exactly as for the computation for J1, see (3.111), and thus we obtain

J2 ď CT,δ|t ´ t1|1`δ for n “ 1, J2 ď CT,δ|t ´ t1|δ for n “ 2,

for Cδ,T depending only on δ P p0, 1q and T . Substituting into (3.106), we have for arbitrary
δ P p0, 1q,

I2 ď CT,p,δ|t ´ t1|
p1`δqp

2 for n “ 1, I2 ď CT,p,δ|t ´ t1|
δp
2 for n “ 2. (3.115)

For I3 as defined in (3.101), we use the idea from (3.91), combined with the Lipschitz
property of f , the boundedness of pth moments of upt, xq on finite time intervals, and a
calculation similar to (3.72) to obtain for n “ 1, 2,

I3 ď cp

ˆ
ż t

t1

ż

Rn

|Kt´spx´ yq|2dyds

˙

p
2 ´1 ˆ

ż t

t1

ż

Rn

|Kt´spx´ yq|2Ep|fpηps, yqq|pqdyds

˙

ď cT,p

ˆ
ż t

t1

ż

Rn

|Kt´spx´ yq|2dyds

˙

p
2

“ cT,p

ˆ
ż t

t1

pt´ sq2´nds

˙p{2

||K||
p
L2pRnq

“ cT,p|t´ t1|
p
2 p3´nq.

(3.116)



CHAPTER 3. A REDUCED MODEL OF STOCHASTIC FSI 113

The estimates (3.102), (3.103), (3.115), (3.116) for I1, I2, and I3 and (3.101) establish the
desired time increment estimates (3.97) for n “ 1 and (3.99) for n “ 2.

Estimate for the spatial increments. We examine the spatial regularity of the stochastic
solution upt, xq by establishing (3.98) and (3.100). For 0 ď t ď T and x, x1 P Rn, we have
that

ηpt, xq ´ ηpt, x1q “ pη0pt, xq ´ η0pt, x1qq `

ż t

0

ż

Rn

pKt´spx´ yq ´Kt´spx1 ´ yqqfpηps, yqqW pds, dyq,

and hence, for p ě 2,

Ep|ηpt, xq ´ ηpt, x1q|pq

“ cp

ˆ

|η0pt, xq ´ η0pt, x1q|p ` E
ˆˇ

ˇ

ˇ

ˇ

ż t

0

ż

Rn

pKt´spx´ yq ´Kt´spx1 ´ yqqfpηps, yqqW pds, dyq

ˇ

ˇ

ˇ

ˇ

p˙˙

:“ cppI4 ` I5q. (3.117)

We bound I4 by using Lemma 3.2.3 to obtain

I4 “ |η0pt, xq ´ η0pt, x
1
q|
p

ď CT |x ´ x1
|
p for n “ 1, (3.118)

and for arbitrary δ P p0, 1q,

I4 “ |η0pt, xq ´ η0pt, x
1
q|
p

ď CT,δ|x ´ x1
|
δp
2 , for n “ 2. (3.119)

To estimate I5, we use the BDG inequality stated in Theorem 2.3.1 to obtain

I5 ď E
ˆ

ż t

0

ż

Rn

|Kt´spx ´ yq ´ Kt´spx
1
´ yq|

2
|fpηps, yqq|

2dyds

˙

p
2

.

By using the same computation as in (3.91),

I5 ď

ˆ
ż t

0

ż

Rn

|Kt´spx ´ yq ´ Kt´spx
1
´ yq|

2dyds

˙

p
2

´1

¨

ˆ
ż t

0

ż

Rn

|Kt´spx ´ yq ´ Kt´spx
1
´ yq|

2E p|fpηps, yqq|
p
q dyds

˙

.

Using the higher moment bound on u as in (3.104), we have

I5 ď CT,p

ˆ
ż t

0

ż

Rn

|Kt´spx ´ yq ´ Kt´spx
1
´ yq|

2dyds

˙

p
2

“ CT,p

ˆ
ż t

0

ż

Rn

|Kt´spyq ´ Kt´spy ` x1
´ xq|

2dyds

˙

p
2

.
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Absorbing constants into CT,p as necessary and using Plancherel’s formula gives that

I5 ď CT,p

¨

˚

˝

ż t

0

ż

Rn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

e´
|ξ|

2
pt´sq

sin
´?

3
2

|ξ|pt ´ sq
¯

|ξ|
p1 ´ eiξ¨px1´xq

q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

dξds

˛

‹

‚

p
2

“ CT,p

ˆ
ż t

0

ż

Rn

e´|ξ|pt´sq 1

|ξ|2
r1 ´ cospξ ¨ px1

´ xqqs dξds

˙

p
2

.

We use the inequality 1 ´ cospξ ¨ px1 ´ xqq ď minp2, |ξ|2|x1 ´ x|2q and (3.110) to obtain for
δ P p0, 1q,

I5 ď CT,p

ˆ
ż t

0

ż

Rn

e´|ξ|pt´sq 1

|ξ|2
r1 ´ cospξ ¨ px1

´ xqqs dξds

˙

p
2

ď CT,p,δ

ˆ
ż t

0

1

pt ´ sqδ

ż

Rn

1

|ξ|2`δ
minp2, |ξ|

2
|x1

´ x|
2
qdξds

˙

p
2

ď CT,p,δ

ˆ
ż t

0

1

pt ´ sqδ

ˆ
ż

|ξ|ď|x´x1|´1

1

|ξ|δ
|x1

´ x|
2dξ `

ż

|ξ|ě|x´x1|´1

2

|ξ|2`δ
dξ

˙

ds

˙

p
2

.

These integrals converge for n “ 1, 2 since δ P p0, 1q. We can compute these integrals to
obtain

I5 ď CT,p,δ

ˆ
ż t

0

1

pt ´ sqδ
|x ´ x1

|
1`δds

˙

p
2

“ CT,p,δ|x ´ x1
|

p1`δqp
2 , for n “ 1, (3.120)

I5 ď CT,p,δ

ˆ
ż t

0

1

pt ´ sqδ
|x ´ x1

|
δds

˙

p
2

“ CT,p,δ|x ´ x1
|
δp
2 , for n “ 2. (3.121)

The estimates (3.117), (3.118), (3.119), (3.120), and (3.121) establish the required spatial
increment estimates (3.98) for n “ 1 and (3.100) for n “ 2. This completes the proof of
Theorem 3.4.1.

3.5 Conclusion

We have shown that a Cauchy problem for the stochastically perturbed viscous wave equation
(3.1) has a unique (up to a modification) mild solution in both n “ 1 and n “ 2, and that the
stochastic mild solution has a modification which is α-Hölder continuous, where α-Hölder
continuity is up to α “ 1 in n “ 1, and up to α “ 1{2 in n “ 2. This result is significant,
especially for n “ 2, since it indicates that stochastically perturbed fluid-structure interaction
problems involving viscous, incompressible fluids at low-to-medium Reynolds numbers, will
have Hölder continuous solutions for almost all realizations of sample paths, even in the case
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when the stochasticity in the forcing (or data) is represented by the very rough spacetime
white noise. We remark that this would not be the case if the structure itself, modeled by the
stochastically perturbed wave equation in n “ 2, were considered without the fluid, as it is
well known that for the spacetime white noise perturbed wave and heat equations, stochastic
mild solutions do not exist in dimensions n “ 2 and higher. It is the coupled problem
that provides the right scaling and sufficient dissipation that damps high-order frequencies
exponentially fast in time, thereby allowing a unique stochastic, Hölder continuous mild
solution to exist for almost all realizations.

3.6 Appendix

Proof of Lemma 3.1. To prove this lemma we use induction, presented in several steps below.

Step 1. For the inductive step, suppose that the following properties of uk´1 are satisfied:
1. ηk´1 is adapted to the filtration tFtutě0,
2. ηk´1 is jointly measurable,
3. ηk´1 satisfies for every T ą 0,

sup
tPr0,T s

sup
xPRn

E
`

|ηk´1ps, yqq|
2
˘

:“ Ck´1,T ă 8. (3.122)

4. ηk´1 is continuous as a map from pt, xq P r0, T s ˆ Rn to L2pΩq, for arbitrary T ą 0.
Certainly, the base case holds. This is because η0 is deterministic, hence it immediately
satisfies the adaptedness and joint measurability conditions. For (3.122), we can get rid of
the expectation, since η0 is deterministic. Then, (3.122) follows from the fact that η0 is
bounded by Lemma 3.2.3. The L2pΩq continuity, since η0 is deterministic, follows from the
continuity statement in Lemma 3.2.3.

Step 2. We want to show that with this inductive assumption, the stochastic integral in
(3.78) is well-defined. So given arbitrary t ą 0, we must show that the integrand Kt´spx ´

yqfpηk´1py, sqq for s P r0, tq, y P Rn, satisfies the conditions in Proposition 2.3.6. Recall
from (3.78) that pt, xq is a fixed but arbitrary point in R` ˆRn and ps, yq here indicates the
variables that are integrated against the spacetime white noise. Since the kernel Kt´spx´ yq

is singular at s “ t and x “ y, we first show that the conditions in Proposition 2.3.6 hold
for s P r0, tq and then also in the limit s Ñ t. We start by showing that the conditions in
Proposition 2.3.6 hold for s P r0, tq:

• Since ηk´1ps, yq for s P r0, tq, y P Rn is adapted, so is Kt´spx, yqfpηk´1ps, yqq since f is
continuous.

• For each s P r0, tq, y P Rn, we have

E
`

|Kt´spx ´ yqfpuk´1ps, yqq|
2
˘

ď 2L2Ct´s

`

1 ` E
`

|ηk´1ps, yq|
2
˘˘

ă 8,
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by the inductive assumption (3.122). Here, L is the Lipschitz constant for f , and
we used the fact that Kt´sp¨q is bounded by a finite constant Ct´s depending on the
parameter t ´ s.

• To show that Kt´spx´ yqfpηk´1py, sqq is L2pΩq-continuous for s P r0, tq and y P Rn, we
fix s0 P r0, tq and y0 P Rn and compute

Ep|Kt´s1px´ y1qfpηk´1ps1, y1qq ´Kt´s0px´ y0qfpηk´1ps0, y0qq|2q

ď 2E
`

|Kt´s1px´ y1qfpηk´1ps1, y1qq ´Kt´s1px´ y1qfpηk´1ps0, y0qq|2
˘

` 2E
`

|Kt´s1px´ y1qfpηk´1ps0, y0qq ´Kt´s0px´ y0qfpηk´1ps0, y0qq|2
˘

.

Using the Lipschitz condition for f in the first term on the right hand side, and the
fact that f is linearly bounded by |fpxq| ď Lp1 ` |x|q in the second term on the right
hand side,

Ep|Kt´s1px ´ y1qfpηk´1ps1, y1qq ´ Kt´s0px ´ y0qfpηk´1ps0, y0qq|
2
q

ď 2L2
|Kt´s1px ´ y1q|

2E
`

|uk´1ps1, y1q ´ uk´1ps0, y0q|
2
˘

` 4|Kt´s1px ´ y1q ´ Kt´s0px ´ y0q|
2E

`

L2
p1 ` |uk´1ps0, y0q|

2
q
˘

.

By using the inductive assumption (3.122), in the second term above we can bound
the expectation of |ηk´1ps0, y0q|2 to obtain the following estimate:

Ep|Kt´s1px ´ y1qfpηk´1py1, s1qq ´ Kt´s0px ´ y0qfpηk´1ps0, y0qq|
2
q

ď 2L2
|Kt´s1px ´ y1q|

2E
`

|ηk´1ps1, y1q ´ ηk´1ps0, y0q|
2
˘

` C̃k´1,t|Kt´s1px ´ y1q ´ Kt´s0px ´ y0q|
2, (3.123)

for some constant C̃k´1,t depending only on k ´ 1 and t. To show continuity, we want
to make the right hand-side of (3.123) arbitrarily small whenever |ps1, y1q ´ ps0, y0q| is
small. Indeed, in the first term on the right hand-side, Kt´spx´ yq is locally bounded
for s P r0, tq and y P Rn, and uk´1 is L2pΩq continuous by the inductive assumption,
so the first term on the right hand-side of (3.123) can be made arbitrarily small for
|ps1, y1q ´ ps0, y0q| ă δ, for δ sufficiently small. This is also true for the second term on
the right hand side because Kt´spx ´ yq is continuous for s P r0, tq and y P Rn. This
establishes the claim.

• To check the square integrability condition, we compute

E
ż t

0

ż

Rn

|Kt´spx ´ yq|
2
|fpηk´1ps, yqq|

2dyds

ď 2L2

ż t

0

ż

Rn

|Kt´spx ´ yq|
2

`

1 ` E
`

|ηk´1ps, yq|
2
˘˘

dyds

“ 2L2

˜

1 ` sup
s1Pr0,ts,y1PRn

E p|ηk´1ps
1, y1

q|q
2

¸

ˆ
ż t

0

pt ´ sq2´nds

˙

||K||
2
L2pRnq ă 8,

(3.124)
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where we used the identity in (3.72), the fact that n “ 1 or 2, Lemma 3.2.1, and the
inductive assumption (3.122).

To show that the stochastic integral in (3.78) is still well-defined for s P r0, ts, we claim
that this stochastic integral can be defined as the L2pΩq limit of stochastic integrals whose
integrands are explicitly in the admissible class PW of integrands. To see this, choose an
increasing sequence ti, i “ 1, 2, . . . of positive real numbers such that ti Ñ t as i Ñ 8. Note
that

ż ti

0

ż

Rn

Kt´spx ´ yqfpηk´1ps, yqqW pdy, dsq (3.125)

is a well-defined stochastic integral by the properties verified above, by Proposition 2.3.6.
By (3.124),

E
ż t

ti

ż

Rn

|Kt´spx ´ yq|
2
|fpηk´1ps, yqq|

2dyds Ñ 0, as ti Ñ t.

Hence, since PW is a closed Banach space, the integrand in (3.78) is in PW , and can be
defined rigorously as the limit of the Cauchy sequence (3.125) in L2pΩq, by the Itô isometry
and the finiteness of the quantity in (3.124).

Step 3. It remains to show that ukpt, xq satisfies the conditions in the inductive assump-
tion in Step 1. Indeed, ηkpt, xq is adapted by the construction of the stochastic integral.
Joint measurability (up to modification) will follow from the later verification of continuity
in L2pΩq, as noted in Remark 2.3.2. Thus, properties 1 and 2 in Step 1 are verified.

To verify property 3 in Step 1, we check that for each T ą 0,

sup
tPr0,T s

sup
xPRn

E
`

|ηkpt, xq|
2
˘

“ Ck,T ă 8. (3.126)

This follows by direct calculation. Fix arbitrary T ą 0 and consider t P r0, T s, x P Rn. By
(2.6) and (3.78), we get

E
`

|ηkpt, xq|
2
˘

“ 2Ep|η0pt, xq|
2
q ` 2E

ż t

0

ż

Rn

|Kt´spx ´ yq|
2
|fpηk´1ps, yqq|

2dyds

“ 2|η0pt, xq|
2

` 2E
ż t

0

ż

Rn

|Kt´spx ´ yq|
2
|fpηk´1ps, yqq|

2dyds. (3.127)

Note that by Lemma 3.2.3, η0pt, xq is bounded on t P r0, T s, x P Rn. So we consider the
remaining term. Using the calculation in (3.124) and the bound |fpxq| ď Lp1` |x|q for some
L by the Lipschitz condition,

E
ż t

0

ż

Rn

|Kt´spx, yq|
2
|fpηk´1ps, yqq|

2dyds

ď 2L2

˜

1 ` sup
s1Pr0,ts,y1PRn

E p|ηk´1ps1, y1
q|q

2

¸

ˆ
ż t

0

pt ´ sq2´nds

˙

||K||
2
L2pRnq ď C̃k,T ,
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where C̃k,T is the finite constant, independent of t P r0, T s and x P Rn,

C̃k,T :“ 2L2

˜

1 ` sup
s1Pr0,T s,y1PRn

E p|ηk´1ps1, y1
q|q

2

¸

ˆ
ż T

0

pT ´ sq2´nds

˙

||K||
2
L2pRnq,

which is finite by the inductive assumption (3.122), Lemma 3.2.1, and the fact that n “ 1
or 2. This verifies (3.126).

Finally, we show that property 4 in Step 1 holds, namely that the mapping pt, xq ÞÑ

ηkpt, xq taking values in L2pΩq is continuous on R` ˆ Rn. We decompose ukpt, xq in (3.78)
as

ηkpt, xq “ η0pt, xq `

ż t

0

ż

Rn

Kt´spx ´ yqfpηk´1ps, yqqW pds, dyq :“ η0pt, xq ` ηstochk pt, xq.

Because η0pt, xq is deterministic and continuous by Lemma 3.2.3, it suffices to show that
ηstochk pt, xq is continuous in L2pΩq. Consider t0 ą 0 and x0 P Rn. (The argument for t0 “ 0
is similar.) Let

Sδ “ tpt, xq P R`
ˆ Rn : |t ´ t0| ă δ, |x ´ x0| ă δu. (3.128)

Continuity would follow if we can show that given arbitrary ϵ ą 0, there exists δ ą 0
sufficiently small such that

E
`

|ηstochk pt, x0q ´ ηstochk pt0, x0q|
2
˘

ă ϵ, for |t ´ t0| ă δ, (3.129)

E
`

|ηstochk pt, x1q ´ ηstochk pt, x0q|
2
˘

ă ϵ, for all pt, x1q, pt, x0q P Sδ. (3.130)

Denote
T ˚

“ t0 ` 1. (3.131)

Let us show the first part of the continuity estimate (3.129). For every ϵ ą 0, we need to
find a δ ą 0 such that (3.129) holds. We begin by first assuming that δ ą 0 is such that

δ ă mint1,
t0
2

u “
t0
2

^ 1 (3.132)

(the reason for this choice will be clear later), and we denote

τm “ t ^ t0 ą 0, τM “ t _ t0 ą 0, (3.133)

where t _ t0 :“ maxtt, t0u. By using a change of variables,

|ηstochk pt, x0q ´ ηstochk pt0, x0q|

“

ˇ

ˇ

ˇ

ˇ

ż τm

0

ż

Rn

Kτm´spx ´ yqrfpηk´1ps ` τM ´ τm, x0qq ´ fpηk´1ps, x0qqW pds, dyq

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ż τM´τm

0

ż

Rn

KτM´spx ´ yqfpηk´1ps, x0qqW pds, dyq

ˇ

ˇ

ˇ

ˇ

.
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Using the Lipschitz condition and the growth condition (3.60) on f , together with the Itô
isometry (2.6), we can bound the expectation Ep|ηstochk pt, x0q ´ ηstochk pt0, x0q|2q by two inte-
grals, J1 and J2, one integrated from 0 to τm and the other from τm to τM :

Ep|ηstochk pt, x0q ´ ηstochk pt0, x0q|
2
q

ď 2L2

ż τm

0

ż

Rn

|Kτm´spx ´ yq|
2E

`

|ηk´1ps ` τM ´ τm, x0q ´ ηk´1ps, x0q|
2
˘

dyds

` 4L2

ż τM´τm

0

ż

Rn

|KτM´spx ´ yq|
2

`

1 ` E
`

|ηk´1ps, x0q|
2
˘˘

dyds :“ 2L2
pJ1 ` 2J2q.

(3.134)

To handle J1, as long as the condition (3.132) on δ is satisfied, we have τm ď T ˚, where T ˚

is defined in (3.131). Hence, by (3.72),

ż τm

0

ż

Rn

|Kτm´spx ´ yq|
2dyds ď

˜

ż T˚

0

pT ˚
´ sq2´nds

¸

¨ ||K||
2
L2pRnq :“ C1.

Since continuous functions are uniformly continuous on compact sets, by using the fact that
uk´1pt, xq is L2pΩq continuous, along with 0 ă τm ă τM ď T ˚ and |τM ´ τm| ă δ, we can
make

J1 ă
ϵ

4L2
, (3.135)

by choosing δ ă t0
2

^ 1 sufficiently small so that

E
`

|ηk´1pt1, x0q ´ ηk´1pt2, x0q|
2
˘

ă C´1
1

ϵ

4L2
, whenever |t1 ´ t2| ă δ and t1, t2 P r0, T ˚

s.

To handle J2, we note that by (3.126) and a calculation similar to (3.72),

J2 ď p1 ` Ck´1,T˚q

ż τM´τm

0

ż

Rn

|KτM´spx ´ yq|
2dyds “ C̃k´1,T˚

ż τM´τm

0

pτM ´ sq2´nds

“
1

3 ´ n
C̃k´1,T˚pτ 3´n

M ´ τ 3´n
m q.

Therefore, because |τM ´ τm| ă δ and 0 ď τm ď τM ă T ˚ by (3.131) and (3.132), we can
choose δ satisfying condition (3.132) sufficiently small such that

J2 ă
ϵ

8L2
. (3.136)

So by (3.134), (3.135), (3.136), we can choose δ sufficiently small so that (3.129) holds.
Next, we verify (3.130). By the Itô isometry (2.6) and the bound in Lemma 3.3.1,

E
`

|ηstochk pt, x1q ´ ηstochk pt, x0q|2
˘

“

ż t

0

ż

Rn

|Kt´spx1 ´ yq ´Kt´spx0 ´ yq|2E
`

|ηk´1ps, yq|2
˘

dyds

ď Ck´1,T˚

ż t

0

ż

Rn

|Kt´spx1 ´ yq ´Kt´spx0 ´ yq|2dyds

“ Ck´1,T˚

ż t

0

ż

Rn

|Kspyq ´Kspy ` x0 ´ x1q|2dyds.
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Recall that the Fourier transform of Ktpxq is e´
|ξ|

2
t
sin

´ ?
3
2

|ξ|t
¯

?
3
2

|ξ|
. Therefore, by Plancherel’s

formula,

Ep|ηstochk pt, x1q ´ ηstochk pt, x0q|
2
q ď Ck´1,T˚

ż t

0

ż

Rn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

e´
|ξ|

2
s
sin

´?
3
2

|ξ|s
¯

?
3
2

|ξ|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

|1 ´ eipx0´x1q¨ξ
|
2dξds

“ 2Ck´1,T˚

ż t

0

ż

Rn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

e´
|ξ|

2
s
sin

´?
3
2

|ξ|s
¯

?
3
2

|ξ|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

r1 ´ cosppx0 ´ x1q ¨ ξqsdξds

ď 2Ck´1,T˚

ż T˚

0

ż

Rn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

e´
|ξ|

2
s
sin

´?
3
2

|ξ|s
¯

?
3
2

|ξ|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

r1 ´ cosppx0 ´ x1q ¨ ξqsdξds

ď 4Ck´1,T˚

ż τ

0

ż

Rn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

e´
|ξ|

2
s
sin

´?
3
2

|ξ|s
¯

?
3
2

|ξ|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

dξds

` 2Ck´1,T˚

ż T˚

τ

ż

Rn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

e´
|ξ|

2
s
sin

´?
3
2

|ξ|s
¯

?
3
2

|ξ|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

r1 ´ cosppx0 ´ x1q ¨ ξqsdξds

:“ 4Ck´1,T˚J3 ` 2Ck´1,T˚J4, (3.137)

where τ ą 0 will be chosen later. We have repeatedly used the fact that as long as δ is
chosen so that it is also less than one (see (3.132)), then t P r0, T ˚s for t P Sδ. Note that

ż T˚

0

ż

Rn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

e´
|ξ|

2
s
sin

´?
3
2

|ξ|s
¯

?
3
2

|ξ|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

dξds “

ż T˚

0

ż

Rn

|Kspyq|
2dyds ă 8,

by a calculation similar to (3.72). Therefore, by choosing τ P p0, T ˚q sufficiently small, we
can make

4Ck´1,T˚J3 ă
ϵ

2
. (3.138)

Now that we have fixed a choice of τ , we consider J4. We split it into two integrals, one over
the frequencies ξ such that |ξ| ą Ms´1, and the other over |ξ| ď Ms´1, where M ą 0 we
will be chosen later:

J4 ď

ż T˚

τ

ż

|ξ|ąMs´1

¨ `

ż T˚

τ

ż

|ξ|ďMs´1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

e´
|ξ|

2
s
sin

´?
3
2

|ξ|s
¯

?
3
2

|ξ|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

r1 ´ cosppx0 ´ x1q ¨ ξqsdξds.
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By noting that
sin

´ ?
3
2

|ξ|s
¯

?
3
2

|ξ|
ď s ď T ˚ and 0 ď 1 ´ cosppx0 ´ x1q ¨ ξq ď 2 in the first integral,

and 0 ď 1 ´ cospθq ď 1
2
θ2 in the second integral, we get:

J4 ď 2pT ˚
q
2

ż T˚

τ

ż

|ξ|ąMs´1

e´|ξ|sdξds `

ż T˚

τ

ż

|ξ|ďMs´1

e´|ξ|s
|x0 ´ x1|

2dξds

“ 2pT ˚
q
2

ż T˚

τ

s´n

ż

|α|ąM

e´|α|dαds ` |x0 ´ x1|
2

ż T˚

τ

s´n

ż

|α|ďM

e´|α|dαds

ď 2T ˚τ´n

ˆ

pT ˚
q
2

ż

|α|ąM

e´|α|dα ` |x0 ´ x1|
2

ż

Rn

e´|α|dα

˙

.

By taking M sufficiently large such that

ż

|α|ąM

e´|α|dα ă
1

2Ck´1,T˚

1

2pT ˚q3τ´n

ϵ

4
,

and then taking δ ą 0 sufficiently small satisfying the condition (3.132), such that

2T ˚τ´nδ2
ż

Rn

e´|η|dη ă
1

2Ck´1,T˚

ϵ

4
,

we have that 2Ck´1,T˚J4 ă ϵ
2
whenever pt, x0q, pt, x1q P Sδ with |x0 ´ x1| ă δ. Using this fact

along with (3.138) in (3.137) establishes the desired result (3.130).
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Chapter 4

A fully coupled model of stochastic
FSI

In this chapter, we continue the study of stochastic fluid-structure interaction by considering
a more general approach to stochastic FSI. In the past chapter, we showed well-posedness of
a reduced model of stochastic FSI represented by a stochastic viscous wave equation, which
is a single self-contained equation that describes the full dynamics of a linearly coupled
stochastic fluid-structure system in an unbounded domain. The special geometry of the
stochastic reduced model found in the previous chapter, which consists of a fluid residing
in the lower half space pz ă 0q Ă R3 interacting with an elastic membrane with reference
configuration pz “ 0q, was essential for reducing the equations down to a single self-contained
equation. In addition, the fact that we have a final equation, the stochastic viscous wave
equation, posed on R2 allowed us to appeal to Fourier analysis and fundamental solutions
in order to define the solution via a mild formulation, where the solution is defined by
convolving the fundamental solution with the stochastic spacetime white noise. In fact, the
use of Fourier analysis on the space R2 allowed for a very specific characterization of the
fundamental solution for the viscous wave operator, which was essential for our analysis of the
reduced stochastic model. However, the unbounded geometry of the model is not feasible for
use in real-life applications, which often involve problems posed on finite bounded domains,
and attempting to do the same model reduction in the case of even a linearly coupled fluid-
structure model posed on a finite domain would be challenging.

Thus, our goal in the current chapter is to develop a more general framework for ana-
lyzing stochastic FSI models posed on more general domains. In this case, we will use the
operator splitting method in order to construct random approximate solutions to our linearly
coupled fluid-structure problem, where we will more generally consider a 2D linear Stokes
flow describing an incompressible viscous Newtonian fluid (rather than a stationary Stokes
flow as in the previous chapter) interacting with a stochastically forced 1D elastic membrane
whose transverse displacement is described by a wave equation. The notion of solution that
we will develop here is the notion of a weak solution analytically, where the solution will
satisfy an appropriate weak formulation almost surely for every admissible deterministic test
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function, and we will constructively generate this analytically weak random solution through
an operator splitting method where we split the problem into three subproblems: a struc-
ture, stochastic, and fluid subproblem, which each will handle different parts of the full weak
formulation. We will then pass to the limit in these random approximate solutions using
probabilistic methods, which differ from the methods used for the deterministic problem. In
particular, because the uniform boundedness of approximate solutions in finite energy spaces
is only in expectation rather than pathwise, we will use compactness arguments to show that
the laws of the approximate solutions converge weakly to a limiting law. These compactness
arguments are used to establish weak convergence of the laws of the approximate solutions
since one must verify a condition called tightness to obtain a limiting law as a weak limit
along a subsequence of laws of the approximate solutions. Since weak convergence of laws
is not sufficient to conclude almost sure convergence of the approximate solutions, which is
what is needed to pass to the limit in the semidiscrete weak formulations for the approximate
solutions, we will need to use probabilistic techniques such as the Skorokhod representation
theorem and the Gyöngy-Krylov lemma (see Chapter 2), to strengthen the convergence of
our approximate solutions to almost sure convergence along a subsequence. This chapter
discusses a new general framework for analyzing general stochastic fluid-structure systems
based on an operator splitting approach, and represents the first application of this approach
to a stochastic FSI problem, which highlights the versatility of the operator splitting method.

We emphasize that the material discussed in this chapter is adapted from the manuscript
[113], co-authored with Sunčica Čanić.

4.1 Introduction

In this chapter, we introduce a constructive approach to study solutions of stochastic fluid-
structure interaction (SFSI) with stochastic noise. This chapter is written as an introduction
to the use of stochastic techniques to study SFSI, and is aimed at audiences that have
experience with deterministic FSI, but may be new to stochastic analysis. We focus on
a benchmark problem in which a stochastically forced linearly elastic membrane interacts
with the flow of a viscous incompressible Newtonian fluid in two spatial dimensions. The
membrane is modeled by the linear wave equation, while the fluid is modeled by the 2D time-
dependent Stokes equations. The problem is forced by a “rough” stochastic forcing given by
a time-dependent white noise 9W ptq, where W is a given one-dimensional Brownian motion
with respect to a complete probability space pΩ,F ,Pq with complete filtration tFtutě0. The
fluid and the membrane are coupled via a two-way coupling describing continuity of fluid and
structure velocities at the fluid-structure interface, and continuity of contact forces at the
interface. The coupling is calculated at the linearized, fixed interface, rendering this problem
a linear stochastic fluid-structure interaction problem. The goal is to show that despite
the rough white noise, the resulting problem is well-posed, showing that the underlying
deterministic fluid-structure interaction problem is robust to noise. Indeed, we prove the
existence of a unique weak solution in the probabilistically strong sense (see Definition 4.4.2
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in Section 4.4) to this stochastic fluid-structure interaction problem. This means that there
exist unique random variables (stochastic processes), describing the fluid velocity u, the
structure velocity v, and the structure displacement η, such that those stochastic processes
are adapted to the filtration tFtutě0, i.e., they only depend on the past history of the processes
up to time t and not on the future, which satisfy the weak formulation of the original problem
almost surely. This is the main result of this manuscript.

To prove the existence of a unique weak solution in the probabilistically strong sense,
we design a constructive existence proof. The constructive existence proof is based on semi-
discretizing the problem in time by dividing the time interval p0, T q into N subintervals
of width ∆t “ T {N , and combining a fluid-structure splitting introduced in [140] with a
stochastic splitting up method introduced in [20], to construct approximate solutions. The
goal is to show that the approximate solutions converge almost surely with respect to a cer-
tain topology, to the unique weak solution as ∆t goes to zero. In contrast to the deterministic
case, see the works of Muha and Čanić in [140, 138, 137], where a time-discretization via
operator splitting approach was used to study existence of weak solutions, we propose an
alternative splitting scheme in Section 4.6, where the stochastic part is considered separately
from the deterministic part, and the fluid and structure problems are split and solved in a
particular order so that the resulting stochastic integrals involving the stochastic noise in-
crements can be evaluated and estimated to prove stability. See Remark 4.6.1 in Section 4.6.
More precisely, along each time sub-interval ptnN , t

n`1
N q, n “ 0, . . . , N ´ 1, the following three

sub-problems are solved to obtain approximate solutions consisting of the fluid and struc-
ture velocities, and the structure displacement, pu, v, ηq. First, in Step 1, the structure
displacement and structure velocity are updated using only the structure displacement and
structure velocity from the previous time step. The resulting random variables are mea-
surable with respect to the sigma algebra FtnN

. Then, in Step 2, which is the stochastic
step, the structure velocity is updated by adding to the structure velocity calculated in Step
1 the stochastic noise increment from time step tnN to time step tn`1

N . Since the structure
velocity obtained in Step 1 is a random variable that is measurable with respect to the sigma
algebra FtnN

, and the stochastic increment from tnN to tn`1
N is independent of it, we will be

able to obtain boundedness of the stochastic integral involving these two quantities by using
their independence. This will lead to stability. The resulting updated structure velocity is
a random variable that is measurable with respect to the sigma algebra Ftn`1

N
. Finally, in

Step 3, the fluid and structure velocities are updated by using the information from the just
calculated structure velocity in Step 2. This gives rise to random variables that are measur-
able with respect to the sigma algebra Ftn`1

N
. We would like to show that the sequence or a

subsequence of random variables constructed this way converges in a certain topology to a
weak solution in the probabilistically strong sense of the coupled SFSI problem.

Based on this splitting scheme, uniform energy estimates in terms of expectation can
be derived. In addition to estimating the expectation of the kinetic and elastic energy of
the problem, it is important to get a uniform bound on the expectation of the numerical
dissipation, to show that the numerical dissipation is bounded and that it in fact, approaches
zero as the time step ∆t goes to zero, which is crucial in the convergence proof. This
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is provided in Proposition 4.6.7. Furthermore, another interesting observation is that the
energy estimates will have an extra term on the right-hand side which accounts for the energy
pumped into the problem by the stochastic noise. This is in addition to the energy/work
contributions by the initial and boundary data. These energy estimates define an energy
function space for the unknown functions pu, v, ηq. A separable Banach space containing the
energy space, specified in (4.34) in Section 4.8 is called a phase space, and is denoted by X ,
and will be the space in which we will consider our approximate solutions.

For this linearly coupled prototypical model of stochastic FSI, we want to pass to the
limit in our random approximate solutions. Our main goal in developing a way of passing
to the limit is to develop a robust methodology that generalizes well to a wide class of
stochastic FSI problems. In particular, we want to establish a mathematical framework
that generalizes both to the case where the stochastic noise dW ptq is scaled by a nonlinear
function f that can depend on the solution itself, as in the model discussed in Chapter 3, and
the case where the stochastic FSI system is nonlinearly coupled so that we are considering
the Navier-Stokes equations posed on an a priori random time-dependent domain. Thus,
we will consider probabilistic compactness arguments for passing to the limit, by invoking
probabilistic tools which show that the laws of the approximate solutions on the phase
space X converge as the time discretization parameter goes to 0, along a subsequence. We
anticipate that these probabilistic arguments which we apply to this prototypical linearly
coupled stochastic FSI system will generalize well to the aforementioned models of stochastic
FSI containing nonlinearities, both in the intensity of the noise and in the fluid-structure
coupling.

We remark that while it may be possible to use a generalization of the so-called Skorokhod
representation theorem to Jakubowski spaces [99] to pass to the limit, instead of probabilistic
compactness arguments, this methodology would not generalize well to other more complex
cases of interest. This methodology however would work well to handle convergence in
Banach spaces equipped with the topology of only weak or weak star convergence rather
than strong convergence, and we refer the reader to the discussions in Appendix A in both
papers [166, 167] for further discussion of more general Jakubowski spaces, which generalize
Banach spaces. This will however not be the approach that we will take here, and we will
use a more standard framework of well-known probabilistic compactness arguments that
generalizes well to more complex stochastic FSI models and gives a broad overview of some
key techniques from stochastic analysis that are commonly used in the study of stochastic
PDEs.

Hence, will develop a robust mathematical method of establishing probabilistic conver-
gence of our (random) approximate solutions, and the first step in doing this is to show that
the laws of the approximate solutions converge weakly. To establish weak convergence of
probability measures, one must show that the probability measures are tight. More pre-
cisely, one must show that for each ϵ ą 0, there exists a compact set in the phase space
X of displacements and fluid and structure velocities, such that the probability that our
approximate solutions puN , vN , ηNq live in that compact set is greater than 1 ´ ϵ. See Defi-
nition 4.8.1 for tightness of measures. The proof of tightness of the sequence of probability
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measures µN corresponding to the laws of the approximate solutions puN , vN , ηNq will follow
from a deterministic compactness argument alla Aubin-Lions. The compactness argument
will establish the existence of a compact subset of the phase space X that contains the
approximate solutions puN , vN , ηNq with probability greater than 1 ´ ϵ, thus verifying the
tightness property.

Once we have established the existence of a subsequence of probability measures µN that
converges weakly to some probability measure µ as N Ñ 8, or equivalently, as ∆t Ñ 0,
we would like to show that on a further subsequence, the random variables pu, v, ηqN will
converge almost surely to a random variable with the law µ, with respect to the probability
space pΩ,F ,Pq. Showing this almost sure convergence with respect to the probability space
pΩ,F ,Pq, however, has to be done in two parts. In the first part, we get a hold of a
subsequence of approximate solutions that converge almost surely but on another probability
space, and then use this information in the second part to construct a convergent subsequence
of approximate solutions that converge on the original probability space. The following is a
more detailed albeit succinct description of the two parts.

Part 1. We use the Skorokhod representation theorem to deduce that there exists a
sequence of random variables pũ, ṽ, η̃qN , defined on a probability space pΩ̃, F̃ , P̃q, which is
not necessarily the same as the original probability space pΩ,F ,Pq, such that the laws of
pũ, ṽ, η̃qN are µN , and pũ, ṽ, η̃qN converge almost surely to a random variable pũ, ṽ, η̃q with
the law µ, on the “tilde” probability space. On this “tilde” probability space we also show
that the almost sure limit pũ, ṽ, η̃q satisfies the weak formulation of the original problem
almost surely, but with respect to the “tilde” probability space. This means that this limit
is a weak solution to the original problem in the probabilistically weak sense, see
Definition 4.4.1. This result will be useful in showing the existence of a unique weak solution
in the probabilistically strong sense on the original probability space pΩ,F ,Pq, discussed in
the second part.

Part 2. We would like to be able to prove that our sequence of approximate solutions
pu, v, ηqN , obtained using our time-discretization via operator splitting approach described
above, converges almost surely to a random variable pu, v, ηq on the original probability
space, and satisfies the weak formulation almost surely on the original probability space.
Namely, we would like to prove that the limit is a weak solution to the original problem
in the probabilistically strong sense. If we could obtain that the sequence pu, v, ηqN

converges in probability to a random variable on the original probability space pΩ,F ,Pq,

namely pu, v, ηqN
p
ÝÑ pu, v, ηq, then the almost sure convergence along a subsequence will

follow immediately. To obtain convergence in probability of pu, v, ηqN , we will invoke a
standard Gyöngy-Krylov argument [88].

More precisely, to prove that XN “ pu, v, ηqN converge in probability to some random

variable X˚ “ pu, v, ηq on pΩ,F ,Pq, XN
p
ÝÑ X˚, based on the Gyöngy-Krylov lemma [88],

we need to show that for every two subsequences Xl and Xm, there exists a subsequence
xk “ pXlk , Xmk

q such that the following two properties hold:

1. The joint laws νXlk
,Xmk

of the subsequence xk converge to some probability measure ν
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as k Ñ 8;

2. The limiting law is supported on the diagonal: νptpX, Y q : X “ Y uq “ 1.

The first property will follow from the tightness of measures µl and µm, which are the laws
associated with the random variables Xl “ pu, v, ηql and Xm “ pu, v, ηqm. The tightness
of the measures µl and µm implies tightness of the joint measures νXl,Xm as well. To show
that the second property holds, we will use the result of Part 1 above, combined with
a deterministic uniqueness argument. Namely, Part 1 gives us the existence of the almost
surely convergent subsequences X̃l “ pũ, ṽ, η̃ql and X̃m “ pũ, ṽ, η̃qm on the “tilde” probability
space that have the same laws µl and µm as Xl “ pu, v, ηql and Xm “ pu, v, ηqm. Those two
“tilde” subsequences of random variables converge to the limits X̃1 and X̃2, respectively,
each of which has the law µ, and a joint law of pX̃1, X̃2q equal to ν from Property 1 above.
Recall, from Step 1, that both X̃1 and X̃2 are weak solutions in the probabilistically weak
sense. To show that this joint law ν is supported on the diagonal, namely, to show Property
2 above, it is sufficient to show that X̃1 is equal to X̃2 almost surely, namely it will be
sufficient to show that P̃pX̃1 “ X̃2q “ 1. Indeed, proving the diagonal condition from the
Gyöngy-Krylov lemma is associated with proving pathwise uniqueness of weak solutions,
which we present in Section 4.9.

Once the properties from the Gyöngy-Krylov lemma have been verified, we can conclude
that there exists a subsequence of pu, v, ηqN , which we continue to denote by N , such that

pu, v, ηqN
p
ÝÑ pu, v, ηq, which implies almost sure convergence along a subsequence on the

original probability space. This is presented in Section 4.9.
Finally, the proof that the limiting function pu, v, ηq recovered above is a weak solution

in the probabilistically strong sense is presented in Section 4.9.
To the best of our knowledge, this is the first well-posedness result in the context of

stochastic fluid-structure interaction. The result shows that our deterministic benchmark
FSI model is robust to stochastic noise, even in the presence of rough white noise in time.
This proof combines stochastic PDE analysis tools with deterministic FSI approaches. Ad-
ditionally, the constructive proof lays out a framework for the development of a numerical
scheme for this class of SFSI problems.

In the next section, we provide a brief review of the related literature.

4.2 Literature review

The mathematical analysis of deterministic fluid-structure interaction began around twenty
years ago by focusing on rigorous well-posedness for linearly coupled fluid-structure interac-
tion models. Linearly coupled FSI models are models where the fluid and structure coupling
conditions are evaluated along a fixed fluid-structure interface, and the fluid equations are
posed on a fixed fluid domain, even though the structure is assumed to be elastic and dis-
places from its reference configuration. The results concerning these linearly coupled models
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typically deal with establishing existence/uniqueness of weak or strong solutions. The exis-
tence and uniqueness of a weak solution to a linearly coupled model involving an interaction
between the linear Stokes equations and the equations of linear elasticity was established in
[66] using a Galerkin method. The Navier-Stokes equations for an incompressible, viscous
fluid linearly coupled to immersed elastic solids were considered in [12, 13, 118]. In partic-
ular, the work in [12] deals with showing the existence of energy-level weak solutions, by a
careful examination of the trace regularity of the hyperbolic structure dynamics in terms of
the normal stress at the fluid-structure interface. The results in [13, 118] deal with estab-
lishing sufficient regularity of initial data that provides existence of strong solutions of the
corresponding linearly coupled systems.

The well-posedness analysis of deterministic FSI models was extended later to nonlin-
early coupled models, where the fluid domain changes in time according to the structure
displacement, and hence the problem is a moving boundary problem where the fluid domain
is not known a priori. There is by now an extensive mathematical literature dealing with
the well-posedness of such models, see the discussion in Chapter 1. Of these references,
we note that the approach outlined in [86, 137, 138, 139, 140, 141] is closely related to the
approach used in the current manuscript, in that we use a splitting scheme in order to obtain
a constructive existence proof.

In particular, the approach is based on using a splitting scheme, known as the Lie operator
splitting scheme, that discretizes the nonlinearly coupled problem in time by a time step ∆t,
and separates the coupled problem into fluid and structure subproblems. Then, compactness
arguments of Aubin-Lions type (see [6, 129, 136]) are used to pass to the limit as ∆t Ñ

0 in the approximate weak formulations satisfied by the approximate solutions, in order
to obtain a constructive existence proof for weak solutions to nonlinearly coupled fluid-
structure interaction problems. This approach proved to be quite robust for deterministic
fluid-structure interaction problems, since it provided existence of weak solutions for several
different scenarios involving thin, thick, and multi-layered structures coupled to the flow of
an incompressible, viscous fluid via the no-slip or Navier slip boundary conditions, see [137,
138, 139, 140, 141].

In the present work, a version of this approach is extended to deal with stochastic fluid-
structure interaction problems, by combining stochastic calculus with stochastic operator
splitting approaches introduced in [20] and analyzed in [89]. More precisely, we design a
time-discretized, operator splitting method in just the right way so that all the stochastic
integrals are well-defined, and the resulting time-discretized scheme is stable, allowing us to
show, using stochastic calculus, an almost sure convergence of approximate solutions to a
weak solution in the probabilistically strong sense of the coupled fluid-structure interaction
problem. To the best of our knowledge, this is the first well-posedness result on fully coupled
stochastic fluid-structure interaction. Our result builds on recent developments in the area
of stochastic partial differential equations (SPDEs).

Stochastic partial differential equations are PDEs that feature some sort of random noise
forcing, such as white noise forcing in either time, or both time and space, or spatially
homogeneous Gaussian noise that is independent at every time but potentially correlated
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in space. They are motivated by the fact that many real-life systems modeled by PDEs
exhibit some type of random noise, which can significantly impact the resulting dynamics of
the system. The current manuscript considers a stochastic linearly coupled fluid-structure
interaction model involving the interaction between a fluid modeled by the linear Stokes
equations and an elastic membrane modeled by the wave equation. Although the coupled
stochastic FSI model has not been previously considered in the stochastic PDE literature,
there are many works that study either stochastic fluid dynamics or stochastic wave equations
separately, as we summarize below.

In terms of stochastic fluid equations, the consideration of stochastic Navier-Stokes equa-
tions is an active area of research, see e.g., [21, 38, 72, 121]. The study of stochastic Navier-
Stokes equations was initiated in the work of [21], which considered an abstract stochastic
equation of Navier-Stokes type, with an additive random noise forcing in time, and a ran-
dom initial condition. It was shown that there exists a solution that satisfies the problem
almost surely in a distributional sense. In the works of [38, 72], this abstract equation of
Navier-Stokes type is extended to more general settings where there is nonlinear dependence
of the intensity of the random noise forcing on the actual solution itself. These two works
consider different abstract conditions on this nonlinear dependence and prove existence of
martingale, or probabilistically weak, solutions to the resulting stochastic equations. Both
of these works use a Galerkin scheme to construct solutions and obtain existence by estab-
lishing uniform bounds on the sequence of random functions satisfying the finite-dimensional
Galerkin problems. We note that passing to the limit in the Galerkin solutions in [38, 72]
was done by using standard probabilistic methods, such as establishing tightness of laws,
showing weak convergence in law, and invoking the Skorokhod representation theorem, which
are standard techniques that we will employ for our current problem as well. While there
are many works on stochastic fluid dynamics, we mention in particular a recent work [128],
which establishes the existence of local martingale solutions, which are martingale solutions
up to some stopping time, for a system of one layer shallow water equations for fluid velocity
and water depth in two spatial dimensions, driven by random noise forcing described by
cylindrical Wiener processes. We remark that [128] employs similar probabilistic methods in
passing to the limit in a sequence of random approximate solutions (obtained by a Galerkin
method) that motivated many of the probabilistic arguments in this manuscript, though the
methods used in this current manuscript for constructing approximate solutions are differ-
ent, as they are based on time discretization using an operator splitting approach, and not
spatial discretization using a Galerkin method. One reason for the use of time-discretization
via operator splitting, versus a Galerkin approach, is a possible extension to the moving
boundary case. In the Galerkin case, the basis functions for the moving boundary case will
depend on the random solution itself, which is difficult to deal with.

In terms of stochastic wave equations, there is extensive work on well-posedness and
properties of solutions. It is classically well-known that the stochastic wave equation with
spacetime white noise has a mild solution only in dimension one, but not in dimensions two
and higher (see for example [55]). This is due to the fact that the fundamental solution of the
linear wave equation in dimension two is not square integrable in spacetime, and in higher
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dimensions, it is not even function-valued. Hence, work on the stochastic wave equation in
dimensions two and higher, focuses on considering stochastic wave equations with a more
general type of noise, such as spatially homogeneous Gaussian noise (see for example [150])
which is independent in time but correlated in space. In particular, the authors of [54,
56, 105] consider conditions for this spatially homogeneous Gaussian noise, such that the
resulting stochastic wave equation has a solution that is function-valued (rather than just
a distribution) in dimensions two and higher. Existence results for such stochastic wave
equations in higher dimensions are also considered in [50], and the Hölder continuity and
regularity properties of stochastic wave equations in higher dimensions are considered in [50,
57].

As discussed in Chapter 3, some past progress in stochastic FSI [111] involves a stochastic
viscous wave equation, which was derived as a reduced model for a stochastic linearly coupled
fluid-structure interaction problem, where the entire fluid-structure system can be modeled
by a single stochastic viscous wave equation, describing the random displacement of the
structure from its reference configuration. The work in [111] considers well-posedness for the
stochastic viscous wave equation and establishes existence and uniqueness of a mild solution
in spatial dimensions one and two, in addition to improved Hölder regularity properties.
While the results in [111] provide an insight into the behavior of solutions to stochastic FSI,
they are restricted by the fact that the stochastic viscous wave equation is not a fully coupled
model, it is defined in a special geometry on the entire R2, and it does not include the fluid
inertia effects. This allowed the use of mathematical techniques that are not available in
the fully coupled case of stochastic FSI. The goal of the current manuscript is to develop
techniques for studying fully coupled stochastic fluid-structure interaction systems, defined on
physically relevant geometries, including fluid inertia effects described by the time-dependent
Stokes equations.

4.3 Description of the model

The model problem considered here is defined on a fixed fluid domain, which is a rectangle
Ωf “ r0, Lsˆr0, Rs. The boundary BΩf of the fluid domain consists of four parts: the moving
boundary part denoted by Γ (it is the reference configuration of the moving boundary), the
bottom of the “channel” denoted by Γb, and the inlet and outlet parts of the boundary Γin

and Γout where the pressure data is prescribed. The flow in the fluid domain Ωf is driven by
the inlet and outlet pressure data, and by the motion of the moving boundary. See Fig. 4.1.
We will use x “ pz, rq to denote the coordinates of points in the fluid domain.

The fluid flow in Ωf will be modeled by the time-dependent Stokes equations for an
incompressible, viscous fluid:

Btu “ ∇ ¨ σ,
∇ ¨ u “ 0,

*

in Ωf , (4.1)
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Figure 4.1: Left: A sketch of the linearly coupled stochastic FSI problem, with Ωf denoting the

reference fluid domain, Γ denoting the reference configuration of the structure, and 9W ptq denoting

stochastic white noise forcing on the structure. Right: The different colors represent different

possible outcomes for the random configuration Γptq of the structure at some time t. The lightly

shaded region represents a confidence interval of where the structure is likely to be.

where upt,xq “ puzpt,xq, urpt,xqq is the fluid velocity, σ “ ´pI ` 2µDpuq is the Cauchy
stress tensor describing a Newtonian fluid, and p is the fluid pressure. This gives rise to the
following system:

Btu´ µ∆u` ∇p “ 0,
∇ ¨ u “ 0,

*

in Ωf . (4.2)

At the top boundary Γ of the fluid domain, an elastic membrane interacts with the fluid
flow. We assume that this elastic structure experiences displacement only in the vertical di-
rection from its reference configuration Γ, and we denote the magnitude of this displacement
by ηpt, zq. The elastodynamics of the structure will be modeled by the wave equation:

ηtt ´ ∆η “ f, on Γ, (4.3)

where f is an external forcing term.
The fluid and structure are coupled via two sets of coupling conditions, the kinematic and

dynamic coupling conditions, which are evaluated along the fixed interface. This is known as
linear coupling. The kinematic coupling condition considered in this work describes
the continuity of velocities at the fluid-structure interface

u “ ηter, on Γ, (4.4)

also known as the no-slip condition. The dynamic coupling condition describes balance
of forces at the interface. Namely, it states that the elastodynamics of the thin elastic
structure is driven by the jump in the force acting on the structure, coming from the normal
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component of the normal fluid stress σer ¨ er on one side, and the external forcing Fext on
the other:

ηtt ´ ∆η “ ´σer ¨ er ` Fext, on Γ,

where er is the unit outer normal to the fixed fluid-structure interface Γ.
In this manuscript, we consider the external force Fext to be a stochastic force. In

particular, as a start, we consider
Fext “ 9W ptq,

where W is a one-dimensional Brownian motion in time. Note that the stochastic force is
constant on the whole structure at each time. As a result, the stochastic noise is rough
temporally but is constant spatially. We remark that although this is a simplified model, we
use it to demonstrate the difficulties present in the stochastic case in the simplest possible
setting.

More precisely, we let W denote a one-dimensional Brownian motion with respect to an
underlying probability space with filtration, pΩ,F , tFtutě0,Pq, in which case dW is formally
the derivative of this Brownian motion. This is a purely formal notation that we will give
precise meaning to later, as Brownian motion is almost surely nowhere differentiable.

In addition, we will assume that the filtration tFtutě0 is a complete filtration, which
means that Ft contains all null sets of pΩ,F ,Pq for every t ě 0, where a null set is defined
to be any measurable set in F that has probability zero. This technical assumption will be
useful to pass to the limit in our analysis of the stochastic problem above, as it allows us
to bypass technicalities regarding null sets when considering almost sure limits of stochastic
processes. In particular, the almost sure limit of Ft measurable random variables for any
arbitrary t ě 0 is still Ft measurable under the assumption of a complete filtration. This is
not a restrictive assumption, as one can complete a filtration by simply adding all null sets
to Ft for all t ě 0, and W will still be a Brownian motion with respect to the completed
filtration. See Section 1.4 in Revuz and Yor [155] for more information about complete
filtrations.

In summary, the coupled stochastic fluid-structure interaction problem studied in this
manuscript, supplemented with initial and boundary data, is given by the following: Find
pu, ηq such that

ηtt ´ ∆η “ ´σer ¨ er ` dW ptq,
u “ ηter,

*

on Γ,
Btu “ ∇ ¨ σ,

∇ ¨ u “ 0,

*

in Ωf , (4.5)

with boundary data:

ur “ 0,
p “ Pin{outptq,

*

on Γin{out, ur “ Bruz “ 0, on Γb, (4.6)

and the following deterministic initial data:

up0, z, rq “ u0pz, rq, ηp0, z, Rq “ η0pzq, Btηp0, z, Rq “ v0pzq, (4.7)
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where u0 P L2pΩf q, η0 P H1
0 pΓq, and v0 P L2pΓq, and W is a given one-dimensional Brow-

nian motion with respect to the complete probability space pΩ,F ,Pq with complete filtration
tFtutě0.

Thus, the problem is driven by deterministic inlet and outlet pressure data Pin{outptq
prescribed on Γin{out, with the flow symmetry condition imposed at the bottom boundary
Γb. Notice that throughout this manuscript, we will be using Ω to denote the underlying
probability space, while Ωf denotes the fluid domain.

4.4 Definition of a weak solution and main result

To define the space of weak solutions to the above problem, we first introduce the function
space for the fluid velocity:

VF “ tu “ puz, urq P H1
pΩf q

2 : ∇ ¨ u “ 0, uz “ 0 on Γ, ur “ 0 on BΩf\Γu. (4.8)

Since the structure subproblem is given by the wave equation with clamped ends, the natural
space of functions for the structure is

VS “ H1
0 pΓq. (4.9)

Motivated by the energy inequality presented in Sec. 4.5, we introduce the following solution
spaces in time for the fluid and structure subproblems:

WF p0, T q “ L2
pΩ;L8

p0, T ;L2
pΩf qqq X L2

pΩ;L2
p0, T ;VF qq. (4.10)

WSp0, T q “ L2
pΩ;W 1,8

p0, T ;L2
pΓqqq X L2

pΩ;L8
p0, T ;VSqq. (4.11)

We emphasize that u and η are random variables, and that the L2pΩq part of the solution
spaces reflects the fact that the energy estimate will hold in expectation.

Finally, we introduce the solution space for the stochastic coupled FSI problem:

Wp0, T q “ tpu, ηq P WF p0, T q ˆ WSp0, T q : u|Γ “ ηter for almost every t P r0, T s, a.s.u.
(4.12)

Notice that in this solution space, the kinematic coupling condition is enforced strongly.
As in the deterministic case, we define weak solutions by integrating in space and time

against an appropriate space of test functions, which we define to be:

Qp0, T q “ tpq, ψq P C1
c pr0, T q;VF ˆ VSq : qpt, z, Rq “ ψpt, zqeru. (4.13)

These test functions are deterministic functions. Because the fluid domain does not change
in time with the assumption of linear coupling, we can define

Q “ tpq, ψq P VF ˆ VS : q|Γ “ ψeru, (4.14)
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and hence view the test functions as differentiable, compactly supported functions on r0, T q

that take values in the fixed function space Q.
To motivate the definition of a weak solution, we will proceed as in [140]. For the

purposes of the derivation of the weak solution, we consider, for the moment, the case of a
general deterministic external force Fextptq in place of 9W ptq, so that the first equation for
the structure becomes

ηtt ´ ∆η “ ´σer ¨ er ` Fextptq.

We will derive the standard deterministic partial differential equation definition of a weak
solution, assuming that Fextptq is a purely deterministic function in time, and then generalize
this to the stochastic case.

We start by taking a test function pq, ψq P Qp0, T q, and multiplying the linear Stokes
equation by q and integrating in space and time. We obtain

ż T

0

ż

Ωf

Btu ¨ qdxdt “

ż T

0

ż

Ωf

p∇ ¨ σq ¨ qdxdt.

By integrating the first term by parts in time, we obtain:
ż T

0

ż

Ωf

Btu ¨ qdxdt “

ż

Ωf

u ¨ qdx
ˇ

ˇ

ˇ

t“T

t“0
´

ż T

0

ż

Ωf

u ¨ Btqdxdt

“ ´

ż

Ωf

u0 ¨ qp0qdx´

ż T

0

ż

Ωf

u ¨ Btqdxdt.

By integrating the second term by parts in space and using the divergence free condition on
q, we obtain:

ż

Ωf

p∇ ¨ σq ¨ qdx “

ż

BΩf

pσnq ¨ qdS ´ 2µ

ż

Ωf

Dpuq :Dpqqdx,

where Dpuq and Dpqq represent the symmetrized gradient. Using the definition of the
Cauchy stress tensor, σ “ ´pI ` 2µDpuq, and integrating in time, we obtain

ż T

0

ż

Ωf

p∇ ¨ σq ¨ qdxdt “

ż T

0

ż

Γin

pqzdrdt´

ż T

0

ż

Γout

pqzdrdt´ 2µ

ż T

0

ż

Ωf

Dpuq :Dpqqdxdt

´

ż T

0

ż

Γ
∇η ¨ ∇ψdzdt`

ż T

0

ż

Γ
BtηBtψdzdt`

ż

Γ
v0ψp0qdz `

ż T

0

ˆ
ż

Γ
ψdz

˙

Fextptqdt.

Putting this all together, we get that

´

ż T

0

ż

Ωf

u ¨ Btqdxdt` 2µ

ż T

0

ż

Ωf

Dpuq :Dpqqdxdt´

ż T

0

ż

Γ
BtηBtψdzdt

`

ż T

0

ż

Γ
∇η ¨ ∇ψdzdt “

ż T

0
Pinptq

ˆ
ż

Γin

qzdr

˙

dt´

ż T

0
Poutptq

ˆ
ż

Γout

qzdr

˙

dt

`

ż

Ωf

u0 ¨ qp0qdx`

ż

Γ
v0ψp0qdz `

ż T

0

ˆ
ż

Γ
ψdz

˙

Fextptqdt,
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where we used the fact that Pin{outptq “ p on Γin{out.

Now, we formally substitute Fextptq “ 9W ptq, into the definition of the deterministic weak
solution, to get that the term containing Fextptq can be interpreted in the stochastic case as:

ż T

0

ˆ
ż

Γ

ψdz

˙

dW ptq.

Since W is a one dimensional Brownian motion and since
ş

Γ
ψdz is a deterministic function

in time, we can interpret this term as a stochastic integral.
Before we give the definition of a weak solution to the stochastic FSI problem above, we

recall the definition of a stochastic basis. A stochastic basis S is an ordered quintuple
(see [128] for the notation)

S “ pΩ,F , tFtutě0,P,W q,

where pΩ,F ,Pq is a probability space, tFtutě0 is a complete filtration with respect to this
probability space, and W is a one-dimensional Brownian motion on the probability space
with respect to the filtration tFtutě0, meaning that: (1) W has continuous paths, almost
surely, (2) W is adapted to the filtration tFtutě0, and (3) W ptq ´W psq is independent of Fs

for all t ě s and W ptq ´ W psq „ Np0, t ´ sq for all 0 ď s ď t, where N denotes the normal
distribution.

We will define two notions of solution: (1) a weak solution in a probabilistically weak
sense, and (2) a weak solution in a probabilistically strong sense. The second one is stronger
than the first, but we will need the first to be able to prove the existence of a weak solution
in a probabilistically strong sense.

Definition 4.4.1. An ordered triple pS̃, ũ, η̃q is a weak solution in a probabilistically weak
sense if there exists a stochastic basis

S̃ “ pΩ̃, F̃ , tF̃tutě0, P̃, W̃ q

and pũ, η̃q P Wp0, T q with paths almost surely in Cp0, T ;Q1q, which satisfies:

• pũ, η̃q is adapted to the filtration tF̃tutě0,

• η̃p0q “ η0 almost surely, and

• for all pq, ψq P Qp0, T q,

´

ż T

0

ż

Ωf

ũ ¨ Btqdxdt` 2µ

ż T

0

ż

Ωf

Dpũq :Dpqqdxdt´

ż T

0

ż

Γ
Btη̃Btψdzdt

`

ż T

0

ż

Γ
∇η̃ ¨ ∇ψdzdt “

ż T

0
Pinptq

ˆ
ż

Γin

qzdr

˙

dt´

ż T

0
Poutptq

ˆ
ż

Γout

qzdr

˙

dt

`

ż

Ωf

u0 ¨ qp0qdx`

ż

Γ
v0ψp0qdz `

ż T

0

ˆ
ż

Γ
ψdz

˙

dW̃ ,

almost surely.
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Definition 4.4.2. An ordered pair pu, ηq is a weak solution in a probabilistically strong
sense if pu, ηq P Wp0, T q with paths almost surely in Cp0, T ;Q1q, satisfies:

• pu, ηq is adapted to the filtration tFtutě0

• ηp0q “ η0 almost surely, and

• for all pq, ψq P Qp0, T q,

´

ż T

0

ż

Ωf

u ¨ Btqdxdt` 2µ

ż T

0

ż

Ωf

Dpuq :Dpqqdxdt´

ż T

0

ż

Γ
BtηBtψdzdt

`

ż T

0

ż

Γ
∇η ¨ ∇ψdzdt “

ż T

0
Pinptq

ˆ
ż

Γin

qzdr

˙

dt´

ż T

0
Poutptq

ˆ
ż

Γout

qzdr

˙

dt

`

ż

Ωf

u0 ¨ qp0qdx`

ż

Γ
v0ψp0qdz `

ż T

0

ˆ
ż

Γ
ψdz

˙

dW.

almost surely.

In a probabilistically strong solution as in the second definition above, we have a random
solution satisfying the initial conditions on the originally given (arbitrary) probability space
with a one dimensional Brownian motion with respect to a complete filtration. In a prob-
abilistically weak solution, we have a weaker requirement that the random solution exists
on a particular (not arbitrary) probability space, where the initial conditions are satisfied “in
law”. We will show the existence of a weak solution in the probabilistically strong sense.
However, to get to that solution, we will first show existence of a convergent subsequence
of probability measures corresponding to the laws of the approximate solutions, then con-
struct a weak solution in the probabilistically weak sense using the Skorokhod representation
theorem, and then use the Gyöngy-Krylov argument [88] to get to a weak solution in the
probabilistically strong sense.

The main result of this work is stated in the following theorem.

Theorem 4.4.1 (Main Result). Let u0 P L2pΩf q, v0 P L2pΓq, and η0 P H1
0 pΓq. Let

Pin{out P L2
locp0,8q and let pΩ,F ,Pq be a probability space with a Brownian motion W with

respect to a given complete filtration tFtutě0. Then, for any T ą 0, there exists a unique weak
solution in a probabilistically strong sense to the given stochastic fluid-structure interaction
problem (4.5)–(4.7).

4.5 A priori energy estimate

We derive a formal energy estimate by assuming that the solution is pathwise regular enough
to justify the integration by parts. We use } ¨ }L2pΓq and p¨, ¨q to denote the norm and inner
product on L2pΓq, and } ¨ }L2pΩf q and x¨, ¨y to denote the norm and inner product on L2pΩf q.
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We define the total energy at time T by

EpT q :“
1

2

ż

Γ

|∇η|
2dz `

1

2

ż

Γ

|v|
2dz `

1

2

ż

Ωf

|u|
2dx “

1

2

´

}∇η}
2
L2pΓq ` }v}

2
L2pΓq ` }u}

2
L2pΩf q

¯

,

and the total dissipation by time T by

DpT q “

ż T

0

ż

Ωf

|Dpuq|
2dx.

To estimate the total energy and dissipation for the stochastic processes u, v and η, we
rewrite the stochastic fluid-structure interaction problem in the following stochastic differ-
ential formulation:

dη “ vdt,

dv “ p∆η ´ σer ¨ erqdt ` dW,

du “ p∇ ¨ σqdt.

Notice that the first equation implies dp∇ηq “ p∇vqdt. To obtain an energy estimate, we first
apply Itö’s formula to express the differentials of the L2-norms of the stochastic processes
that define the total energy of the problem:

dp}∇η}
2
L2pΓqq “ 2p∇η,∇vqdt,

dp}v}
2
L2pΓqq “ r2p∆η, vq ´ 2pσer ¨ er, vq ` Lsdt ` 2p1, vqdW,

dp}u}
2
L2pΩf qq “ 2x∇ ¨ σ,uydt.

By adding these equations together, we obtain that the differential of the total energy sat-
isfies:

dp}∇η}
2
L2pΓq ` }v}

2
L2pΓq ` }u}

2
L2pΩf qq “ r2x∇ ¨ σ,uy ´ 2pσer ¨ er, vq ` Lsdt ` 2p1, vqdW,

where we have used that p∆η, vq “ ´p∇η,∇vq under the assumption that η and v are smooth
and vanish at the endpoints of Γ. Recalling the kinematic coupling condition u|Γ “ v, we
obtain that

ż

Ωf

p∇ ¨ σq ¨ udx “

ż

Γin

puzdr ´

ż

Γout

puzdr `

ż

Γ

pσer ¨ erqvdz ´ 2µ

ż

Ωf

|Dpuq|
2dx,

which implies

d

˜

1

2

ż

Γ

|∇η|
2dz `

1

2

ż

Γ

|v|
2dz `

1

2

ż

Ωf

|u|
2dx

¸

“

˜

L

2
´ 2µ

ż

Ωf

|Dpuq|
2dx`

ż

Γin

puzdr ´

ż

Γout

puzdr

¸

dt `

ˆ
ż

Γ

vdz

˙

dW.
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Therefore, after integration, for all T ě 0, we have

EpT q ` 2µ

ż T

0

ż

Ωf

|Dpuq|
2dxdt

“ E0 `
LT

2
`

ż T

0

ż

Γin

Pinptquzdrdt ´

ż T

0

ż

Γout

Poutptquzdrdt `

ż T

0

ˆ
ż

Γ

vdz

˙

dW. (4.15)

We estimate the terms on the right hand side of (4.15) as follows. For the pressure term
we use Hölder’s inequality, the trace inequality, Poincaré’s inequality, and Korn’s inequality
[109] to get

ˇ

ˇ

ˇ

ˇ

ż T

0

ˆ
ż

Γin

uzdr

˙

Pinptqdt

ˇ

ˇ

ˇ

ˇ

ď C

ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

ˆ
ż

Γin

|uz|2dr

˙1{2

Pinptqdt

ˇ

ˇ

ˇ

ˇ

ˇ

ď C

ˇ

ˇ

ˇ

ˇ

ż T

0
||∇u||L2pΩf qPinptqdt

ˇ

ˇ

ˇ

ˇ

ď C

ˇ

ˇ

ˇ

ˇ

ż T

0
||Dpuq||L2pΩf qPinptqdt

ˇ

ˇ

ˇ

ˇ

ď CpDpT qq1{2||Pinptq||L2p0,T q ď ϵDpT q ` Cpϵq||Pinptq||2L2p0,T q.

(4.16)

We note that the constant Cpϵq depends only on ϵ and the parameters of the problem. The
same computation holds for the outlet pressure.

For the stochastic integral, we bound the expectation E
`

max0ďτďT

ˇ

ˇ

şτ

0

`ş

Γ
Btηdz

˘

dW
ˇ

ˇ

˘

since the final energy estimate will be given in terms of expectation of the total energy and
dissipation at time T . To bound this quantity, we use the Burkholder-Davis-Gundy (BDG)
inequality (see Theorem 2.3.1) under the assumption that the process Btη is a predictable
stochastic process with respect to the given filtration tFtutě0:

E
ˆ

max
0ďsďT

ˇ

ˇ

ˇ

ˇ

ż s

0

ˆ
ż

Γ
Btηdz

˙

dW

ˇ

ˇ

ˇ

ˇ

˙

ď E

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

ˆ
ż

Γ
Btηdz

˙2

dt

ˇ

ˇ

ˇ

ˇ

ˇ

1{2
˛

‚ď CE

˜

ˇ

ˇ

ˇ

ˇ

ż T

0
||Btη||2L2pΓqdt

ˇ

ˇ

ˇ

ˇ

1{2
¸

ď C

ˆ

E
ˇ

ˇ

ˇ

ˇ

ż T

0
||Btη||2L2pΓqdt

ˇ

ˇ

ˇ

ˇ

˙1{2

ď CT 1{2 ¨

„

E
ˆ

max
0ďtďT

||Btηpt, ¨q||2L2pΓq

˙ȷ1{2

ď CpϵqT ` ϵE
ˆ

max
0ďtďT

||Btηpt, ¨q||2L2pΓq

˙

ď CpϵqT ` ϵE
ˆ

max
0ďtďT

Eptq

˙

. (4.17)

Now, we first use (4.16) in (4.15) to obtain

EpT q ` 2µDpT q ď Ep0q `
LT

2
` 2ϵDpT q ` Cpϵq

´

||Pinptq||2L2p0,T q ` ||Poutptq||2L2p0,T q

¯

`

ż T

0

ˆ
ż

Γ

vdz

˙

dW,

and then choose ϵ ă
µ
2
and ϵ ă 1

2
to get

EpT q ` µDpT q ď Ep0q `
LT

2
` Cpϵq

´

||Pinptq||2L2p0,T q ` ||Poutptq||2L2p0,T q

¯

`

ż T

0

ˆ
ż

Γ
vdz

˙

dW.

Taking a maximum over times t P r0, T s, taking an expectation, and then using the
estimate in (4.17), we obtain the following a priori energy estimate for the coupled problem
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(4.5)–(4.7):

E

˜

max
0ďtďT

Eptq ` µ

ż t

0

ż

Ωf

|Dpuq|2dxds

¸

ď C
´

T ` Ep0q ` ||Pinptq||2L2p0,T q ` ||Poutptq||2L2p0,T q

¯

,

where C is independent of T , depending only on the parameters of the problem.

Remark 4.5.1. The right hand side of the energy estimate shows the four sources of energy
input into the system: Ep0q represents the initial kinetic and potential energy, the two final
terms represent the energy input from the inlet and outlet pressure, and CT represents the
energy input from the stochastic forcing on the structure.

4.6 The splitting scheme

To prove the existence of a weak solution to the given stochastic FSI problem we adapt a Lie
operator splitting scheme that was first designed in the context of nonlinear fluid-structure
interaction by Muha and Čanić in [140]. See also [86]. To modularize the problem which now
involves a fluid, structure, and stochastic effects, we use a stochastic splitting introduced in
[20], which has been used in stochastic differential equations to split stochastic effects from
all other deterministic effects, and combine it with classical fluid-structure splitting such as
the one introduced in [140]. We design a three part splitting scheme that involves a structure
subproblem, a stochastic subproblem, and a fluid subproblem, which gives rise to a stable
and convergent scheme, as we show below.

Given a fixed time T ą 0, for each positive integer N , let ∆t “ T
N

denote the associated
time step, and let tnN “ n∆t denote the discrete times for n “ 0, 1, ...., N ´ 1, N . At each
time step, we update the following vector using a three step method described below:

X
n` i

3
N “

´

u
n` i

3
N , v

n` i
3

N , η
n` i

3
N

¯T

, n “ 0, 1, ...., N ´ 1, i “ 1, 2, 3,

where i “ 1 corresponds to the result after updating the structure subproblem, i “ 2
corresponds to the stochastic subproblem, and i “ 3 corresponds to the fluid subproblem,
with the initial data X0

N “ pu0, v0, η0q
T for each N .

The structure subproblem

In this subproblem, we keep the fluid velocity fixed, so that

u
n` 1

3
N “ un

N ,

and update the structure displacement and the structure velocity by having pη
n` 1

3
N , v

n` 1
3

N q

satisfy the following first order system in weak variational form:

ż

Γ

η
n` 1

3
N ´ ηnN

∆t
ϕdz “

ż

Γ

v
n` 1

3
N ϕdz, for all ϕ P L2

pΓq,
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ż

Γ

v
n` 1

3
N ´ vnN

∆t
ψdz `

ż

Γ

∇ηn` 1
3

N ¨ ∇ψdz “ 0, for all ψ P H1
0 pΓq, (4.18)

where this system is solved pathwise for each ω P Ω separately. We note that pη
n` 1

3
N , v

n` 1
3

N q

is a random variable taking values in H1
0 pΓq ˆ H1

0 pΓq. To verify this, we must check that it
is a measurable function of the probability space.

Proposition 4.6.1. Suppose that ηnN and vnN are FtnN
measurable random variables taking

values in H1
0 pΓq and L2pΓq respectively. Then, the structure problem (4.18) has a unique

solution pη
n` 1

3
N , v

n` 1
3

N q, which is a random variable taking values in H1
0 pΓq ˆ H1

0 pΓq that is
measurable with respect to FtnN

.

Proof. Let F n
N : pηnN , v

n
Nq Ñ pη

n` 1
3

N , v
n` 1

3
N q be the deterministic linear map that sends deter-

ministic data pηnN , v
n
Nq P H1

0 pΓq ˆL2pΓq to the unique solution pη
n` 1

3
N , v

n` 1
3

N q P H1
0 pΓq ˆH1

0 pΓq

satisfying the weak formulation (4.18) as a deterministic problem. We must show that this

deterministic linear map F n
N : pηnN , v

n
Nq Ñ pη

n` 1
3

N , v
n` 1

3
N q is a continuous (or equivalently,

bounded) linear map from H1
0 pΓq ˆL2pΓq to H1

0 pΓq ˆH1
0 pΓq. To do this, we must show that

for given deterministic functions ηnN and vnN in H1
0 pΓq and L2pΓq, there is a unique solution

pη
n` 1

3
N , v

n` 1
3

N q to the above problem in H1
0 pΓqˆH1

0 pΓq, and that the solution map is a bounded
linear map.

The existence of a unique weak solution follows from the Lax-Milgram lemma. Namely,

by plugging the first equation in (4.18) into the second equation, we see that η
n` 1

3
N must

satisfy the following weak formulation:

ż

Γ

η
n` 1

3
N ψdz ` p∆tq2

ż

Γ

∇ηn` 1
3

N ¨ ∇ψdz “ p∆tq

ż

Γ

vnNψdz `

ż

Γ

ηnNψdz, for all ψ P H1
0 pΓq.

(4.19)
The bilinear form B : H1

0 pΓq ˆ H1
0 pΓq Ñ R (defined by the left-hand side)

Bpη, ψq :“

ż

Γ

ηψdz ` p∆tq2
ż

Γ

∇η ¨ ∇ψdz,

is clearly coercive and continuous, and furthermore, for any fixed but arbitrary ηnN P H1
0 pΓq

and vnN P L2pΓq, the map

ψ Ñ p∆tq

ż

Γ

vnNψdz `

ż

Γ

ηnNψdz

is a linear functional on H1
0 pΓq. So the existence of a unique η

n` 1
3

N P H1
0 pΓq satisfying the

weak formulation above in (4.19) is given by the Lax-Milgram lemma applied to H1
0 pΓq. One

then recovers

v
n` 1

3
N “

η
n` 1

3
N ´ ηnN

∆t
P H1

0 pΓq.
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To show that the linear map F n : pηnN , v
n
Nq Ñ pη

n` 1
3

N , v
n` 1

3
N q is a bounded linear map from

H1
0 pΓqˆL2pΓq to H1

0 pΓqˆH1
0 pΓq, we note that by substituting ψ “ η

n` 1
3

N in (4.19), we obtain

||η
n` 1

3
N ||

2
H1

0 pΓq
ď CN

ˆ

p∆tq

ż

Γ

vnN ¨ η
n` 1

3
N dz `

ż

Γ

ηnN ¨ η
n` 1

3
N dz

˙

ď CN

´

||ηnN ||H1
0 pΓq ` ||vnN ||L2pΓq

¯

||η
n` 1

3
N ||H1

0 pΓq.

Hence, ||η
n` 1

3
N ||H1

0 pΓq ď CN

´

||ηnN ||H1
0 pΓq ` ||vnN ||L2pΓq

¯

for a constant CN depending only on N .

Then, by the fact that v
n` 1

3
N “

η
n` 1

3
N ´ ηnN

∆t
, we also have

||v
n` 1

3
N ||H1

0 pΓq ď CN

´

||ηnN ||H1
0 pΓq ` ||vnN ||L2pΓq

¯

.

Thus, F n
N : pηnN , v

n
Nq Ñ pη

n` 1
3

N , v
n` 1

3
N q is a bounded linear map from H1

0 pΓq ˆ L2pΓq to
H1

0 pΓq ˆH1
0 pΓq, and so the result of the structure subproblem, which consists of the random

functions pη
n` 1

3
N , v

n` 1
3

N q “ F n
N ˝ pηnN , v

n
Nq, is a pair of FtnN

measurable random variables, taking
values in H1

0 pΓq ˆ H1
0 pΓq.

To show that the approximate solutions defined by the subproblems converge to the
weak solution of the continuous problem as ∆t Ñ 0, we will need uniform bounds on the
approximating sequences, which will follow from the uniform bounds on the discrete energy
of the problem. For this purpose, we define the discrete energy at time tn by

E
n` i

3
N “

1

2

˜

ż

Ωf

|u
n` i

3
N |

2dx` ||v
n` i

3
N ||

2
L2pΓq ` ||∇ηn` i

3
N ||

2
L2pΓq

¸

, (4.20)

and we define the fluid dissipation at time tn by

Dn
N “ p∆tqµ

ż

Ωf

|Dpun
Nq|

2dx. (4.21)

We emphasize that these are random variables.

Proposition 4.6.2. The following discrete energy equality is satisfied pathwise:

E
n` 1

3
N `

1

2

´

||v
n` 1

3
N ´ vnN ||

2
L2pΓq

¯

`
1

2

´

||∇ηn` 1
3

N ´ ∇ηnN ||
2
L2pΓq

¯

“ En
N .

Proof. Because v
n` 1

3
N P H1

0 pΓq, we can substitute ψ “ v
n` 1

3
N in the weak formulation to obtain

that pathwise,
ż

Γ

pv
n` 1

3
N ´ vnNq ¨ v

n` 1
3

N dz ` p∆tq

ż

Γ

∇ηn` 1
3

N ¨ ∇vn` 1
3

N dz “ 0.
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By using the identity pa ´ bq ¨ a “ 1
2
p|a|2 ` |a ´ b|2 ´ |b|2q, along with the fact that v

n` 1
3

N “

η
n` 1

3
N ´ηnN

∆t
, we obtain that the following identity holds pathwise:

1

2
||v

n` 1
3

N ||2L2pΓq `
1

2
||∇ηn` 1

3
N ||2L2pΓq `

1

2
||v

n` 1
3

N ´ vnN ||2L2pΓq `
1

2
||∇ηn` 1

3
N ´ ∇ηnN ||2L2pΓq

“
1

2
||vnN ||2L2pΓq `

1

2
||∇ηnN ||2L2pΓq.

The result follows once we note that u
n` 1

3
N “ un

N .

The stochastic subproblem

In this subproblem, we incorporate only the effects of the stochastic forcing, which appears
in only the structure equation. In this step, we keep the structure displacement and fluid
velocity fixed

η
n` 2

3
N “ η

n` 1
3

N , u
n` 2

3
N “ u

n` 1
3

N ,

and only update the structure velocity as

v
n` 2

3
N “ v

n` 1
3

N ` rW ppn ` 1q∆tq ´ W pn∆tqs. (4.22)

In particular, we are splitting the stochastic part of the structure problem from the deter-
ministic part. This is necessary to obtain a stable scheme. We state the following simple
proposition.

Proposition 4.6.3. Suppose that v
n` 1

3
N is an FtnN

measurable random variable taking values

in H1
0 pΓq. Then, v

n` 2
3

N is an Ftn`1
N

measurable random variable taking values in H1pΓq.

Notice that the solution v
n` 2

3
N to the stochastic subproblem taking values in H1pΓq, sat-

isfies pathwise the following integral equality, which will be useful later:

ż

Γ

v
n` 2

3
N ´ v

n` 1
3

N

∆t
ψdz “

ż

Γ

W ppn ` 1q∆tq ´ W pn∆tq

∆t
ψdz, for all ψ P H1

0 pΓq. (4.23)

Proposition 4.6.4. The following discrete energy identity holds pathwise:

E
n` 2

3
N “ E

n` 1
3

N ` rW ppn ` 1q∆tq ´ W pn∆tqs

ż

Γ

v
n` 1

3
N dz `

L

2
rW ppn ` 1q∆tq ´ W pn∆tqs

2,

Proof. From v
n` 2

3
N “ v

n` 1
3

N ` rW ppn ` 1q∆tq ´ W pn∆tqs, we get that

1

2
|v

n` 2
3

N |
2

“
1

2
|v

n` 1
3

N |
2

` v
n` 1

3
N ¨ rW ppn ` 1q∆tq ´ W pn∆tqs `

1

2
rW ppn ` 1q∆tq ´ W pn∆tqs

2.

Therefore, after integrating over Γ, one gets the desired energy equality, after recalling that
η and u do not change in this subproblem.
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The fluid subproblem

In this subproblem, we keep the structure displacement fixed

ηn`1
N “ η

n` 2
3

N ,

and update the fluid and structure velocities. To define the problem satisfied by the fluid
and structure velocities, we introduce the following notation for the corresponding fixed time
function spaces:

V “ tpu, vq P VF ˆ L2
pΓq : u|Γ “ veru, Q “ tpq, ψq P VF ˆ H1

0 pΓq : q|Γ “ ψeru,

where VF is defined by (4.8). Note that the definition of V and Q does not depend on N or
n.

Then, the fluid subproblem is to find pun`1
N , vn`1

N q taking values in V pathwise, such that

ż

Ωf

un`1
N ´ u

n` 2
3

N

∆t
¨ qdx` 2µ

ż

Ωf

Dpun`1
N q :Dpqqdx`

ż

Γ

vn`1
N ´ v

n` 2
3

N

∆t
ψdz

“ P n
N,in

ż R

0

pqzq|z“0dr ´ P n
N,out

ż R

0

pqzq|z“Ldr, @pq, ψq P Q, (4.24)

pathwise for each outcome ω P Ω, where P n
N,in{out “ 1

∆t

şpn`1q∆t

n∆t
Pin{outptqdt.

Proposition 4.6.5. Suppose that u
n` 2

3
N and v

n` 2
3

N are Ftn`1
N

measurable random variables

taking values in VF and H1pΓq respectively. Then, the fluid subproblem (4.24) has a unique
solution pun`1

N , vn`1
N q that is an Ftn`1

N
measurable random variable taking values in V .

Proof. We establish this result using the Lax-Milgram lemma. Let T n
N : VF ˆ H1pΓq ˆ R ˆ

R Ñ V be the deterministic map that sends deterministic data pu
n` 2

3
N , v

n` 2
3

N , P n
N,in, P

n
N,outq P

VF ˆ H1pΓq ˆ R ˆ R to the unique solution pun`1
N , vn`1

N q P V satisfying the deterministic
form of the weak formulation (4.24). We want to show that the deterministic linear map

T n
N : pu

n` 2
3

N , v
n` 2

3
N , P n

N,in, P
n
N,outq Ñ pun`1

N , vn`1
N q is a continuous map. We start by showing

that the bilinear form B : V ˆ V Ñ R given by

Bppu, vq, pq, ψqq “

ż

Ωf

u ¨ qdx` 2µp∆tq

ż

Ωf

Dpuq :Dpqqdx`

ż

Γ

vψdz,

is coercive and continuous. Coercivity follows from the Korn equality (see for example,
Lemma 6 on pg. 377 in [42]), applied to

Bppu, vq, pu, vqq “

ż

Ωf

|u|
2dx` 2µp∆tq

ż

Ωf

|Dpuq|
2dx`

ż

Γ

v2dz,
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to obtain ||∇u||2L2pΩf q
“ 2||Dpuq||2L2pΩf q

. Continuity of the bilinear form B follows from an

application of the Cauchy-Schwarz inequality.
Next, one can verify that the map sending

pq, ψq Ñ

ż

Ωf

u
n` 2

3
N ¨ qdx`

ż

Γ

v
n` 2

3
N ψdz ` p∆tq

ˆ

P n
N,in

ż R

0

pqzq|z“0dr ´ P n
N,out

ż R

0

pqzq|z“Ldr

˙

,

is a continuous linear functional on V . Thus, the existence of a unique pun`1
N , vn`1

N q P V
satisfying (4.24) with the larger space of test functions pq, ψq P V is guaranteed by the
Lax-Milgram lemma. Note that V is a larger space than the space Q required for the test
functions in the fluid subproblem (4.24). However, we still have the desired uniqueness of
the solution in V if we restrict the test functions to Q as in (4.24) because Q is dense in V .

Then, using coercivity, the trace inequality for u P H1pΩf q, and the fact that

Bppun`1
N , vn`1

N q, pun`1
N , vn`1

N qq

“

ż

Ωf

u
n` 2

3

N ¨ un`1
N dx`

ż

Γ

v
n` 2

3

N ¨ vn`1
N dz ` p∆tq

˜

Pn
N,in

ż R

0

pun`1
N qz|z“0dr ´ Pn

N,out

ż R

0

pun`1
N qz|z“Ldr

¸

,

we obtain the continuity of the map T n.

Thus, since u
n` 2

3
N and v

n` 2
3

N are Ftn`1
N

measurable by assumption, the random functions

pun`1
N , vn`1

N q “ T n
N ˝ pu

n` 2
3

N , v
n` 2

3
N q, which solve the fluid subproblem, are Ftn`1

N
measurable

random variables also.

Proposition 4.6.6. The following discrete energy identity holds pathwise:

En`1
N ` 2µp∆tq

ż

Ωf

|Dpun`1
N q|

2dx`
1

2

´

||un`1
N ´ u

n` 2
3

N ||
2
L2pΩf q

¯

`
1

2

´

||vn`1
N ´ v

n` 2
3

N ||
2
L2pΓq

¯

“ E
n` 2

3
N ` p∆tq

ˆ

P n
N,in

ż R

0

pun`1
N qz|z“0dr ´ P n

N,out

ż R

0

pun`1
N qz|z“Ldr

˙

.

Proof. We can substitute pq, ψq “ pun`1
N , vn`1

N q into the weak formulation of the fluid sub-
problem since we showed in Proposition 4.6.5 that (4.24) holds more generally for test func-
tions in V . We obtain

ż

Ωf

un`1
N ´ u

n` 2
3

N

∆t
¨ un`1

N dx` 2µ

ż

Ωf

|Dpun`1
N q|

2dx`

ż

Γ

vn`1
N ´ v

n` 2
3

N

∆t
¨ vn`1

N dz

“ P n
N,in

ż R

0

pun`1
N qz|z“0dr ´ P n

N,out

ż R

0

pun`1
N qz|z“Ldr.

The desired equality follows after multiplication by ∆t, and by using the identity pa´bq ¨a “
1
2
p|a|2 ` |a ´ b|2 ´ |b|2q.
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The full, coupled semidiscrete problem

By adding the weak formulations of the stochastic and fluid subproblems (4.23) and (4.24),
and the second equation in the structure subproblem (4.18), we have that the solution to the

full semidiscrete problem is pun`1
N , vn`1

N q P V , and pv
n` 1

3
N , η

n` 1
3

N q P H1
0 pΓq ˆ H1

0 pΓq, satisfying
the following equality pathwise:

ż

Ωf

un`1
N ´ un

N

∆t
¨ qdx` 2µ

ż

Ωf

Dpun`1
N q :Dpqqdx`

ż

Γ

vn`1
N ´ vnN

∆t
ψdz `

ż

Γ
∇ηn`1

N ¨ ∇ψdz

“

ż

Γ

W ppn` 1q∆tq ´W pn∆tq

∆t
ψdz ` Pn

N,in

ż R

0
pqzq|z“0dr ´ Pn

N,out

ż R

0
pqzq|z“Ldr, @pq, ψq P Q,

ż

Γ

ηn`1
N ´ ηnN

∆t
ϕdz “

ż

Γ
v
n` 1

3
N ϕdz, @ϕ P L2pΓq,

(4.25)

where P n
N,in{out “

1

∆t

ż pn`1q∆t

n∆t

Pin{outptqdt. Note that η
n`1
N “ η

n` 1
3

N by the way we constructed

the splitting scheme.
The following proposition provides uniform estimates on the expectation of the kinetic

and elastic energy for the full, semidiscrete coupled problem (uniform in the number of time
steps N , or equivalently, uniform in ∆t), as well as uniform estimates on the expectation of
the numerical dissipation.

Proposition 4.6.7. Let N ą 0 and let ∆t “ T
N
. There exists a constant C independent of N

and depending only on the initial data, the parameters of the problem, and ||Pin{out||
2
L2p0,T q

,
such that the following uniform energy estimates hold:

1. Uniform semidiscrete kinetic energy and elastic energy estimates:

E
ˆ

max
n“0,1,...,N´1

E
n` 1

3
N

˙

ď C, E
ˆ

max
n“0,1,...,N´1

E
n` 2

3
N

˙

ď C, E
ˆ

max
n“0,1,...,N´1

En`1
N

˙

ď C.

2. Uniform semidiscrete viscous fluid dissipation estimate:

N
ÿ

j“1

EpDj
Nq ď C.

3. Uniform numerical dissipation estimates:

N´1
ÿ

n“0

´

E
´

||v
n` 1

3
N ´ vnN ||

2
L2pΓq

¯

` E
´

||∇ηn` 1
3

N ´ ∇ηnN ||
2
L2pΓq

¯¯

ď C.

N´1
ÿ

n“0

E
´

||v
n` 2

3
N ´ v

n` 1
3

N ||
2
L2pΓq

¯

ď C.
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N´1
ÿ

n“0

´

E
´

||un`1
N ´ u

n` 2
3

N ||
2
L2pΩf q

¯

` E
´

||vn`1
N ´ v

n` 2
3

N ||
2
L2pΓq

¯¯

ď C.

Proof. First, recall the definitions of the discrete energy E
n` i

3
N and the discrete fluid dissi-

pation Dn
N from (4.20) and (4.21). We start with the second uniform numerical dissipation

estimate. This estimate follows directly from the stochastic subproblem (4.22) after integra-
tion

ż

Γ

|v
n` 2

3
N ´ v

n` 1
3

N |
2dz “ L ¨ rW ppn ` 1q∆tq ´ W pn∆tqs

2,

and summation of the expectations of both sides:

N´1
ÿ

n“0

E
´

||v
n` 2

3
N ´ v

n` 1
3

N ||
2
L2pΓq

¯

“

N´1
ÿ

n“0

E
`

L ¨ rW ppn ` 1q∆tq ´ W pn∆tqs
2
˘

“ LT.

We now verify the remaining uniform energy estimates. By summing the structure,
stochastic, and fluid discrete energy identities, we obtain

En`1
N `

n
ÿ

k“0

˜

2µp∆tq

ż

Ωf

|Dpuk`1
N q|2dx`

1

2

´

||uk`1
N ´ u

k` 2
3

N ||2L2pΩf q

¯

`
1

2

´

||vk`1
N ´ v

k` 2
3

N ||2L2pΓq

¯

¸

`

n
ÿ

k“0

ˆ

1

2

´

||v
k` 1

3

N ´ vkN ||2L2pΓq

¯

`
1

2

´

||∇ηk` 1
3

N ´ ∇ηkN ||2L2pΓq

¯

˙

“ E0 ` p∆tq
n

ÿ

k“0

˜

P k
N,in

ż R

0

puk`1
N qz|z“0dr ´ P k

N,out

ż R

0

puk`1
N qz|z“Ldr

¸

`

n
ÿ

k“0

ˆ

rW ppk ` 1q∆tq ´W pk∆tqs

ż

Γ

v
k` 1

3

N dz `
L

2
rW ppk ` 1q∆tq ´W pk∆tqs2

˙

, (4.26)

E
n` 2

3

N `

n´1
ÿ

k“0

˜

2µp∆tq

ż

Ωf

|Dpuk`1
N q|2dx`

1

2

´

||uk`1
N ´ u

k` 2
3

N ||2L2pΩf q

¯

`
1

2

´

||vk`1
N ´ v

k` 2
3

N ||2L2pΓq

¯

¸

`

n
ÿ

k“0

ˆ

1

2

´

||v
k` 1

3

N ´ vkN ||2L2pΓq

¯

`
1

2

´

||∇ηk` 1
3

N ´ ∇ηkN ||2L2pΓq

¯

˙

“ E0 ` p∆tq
n´1
ÿ

k“0

˜

P k
N,in

ż R

0

puk`1
N qz|z“0dr ´ P k

N,out

ż R

0

puk`1
N qz|z“Ldr

¸

`

n
ÿ

k“0

ˆ

rW ppk ` 1q∆tq ´W pk∆tqs

ż

Γ

v
k` 1

3

N dz `
L

2
rW ppk ` 1q∆tq ´W pk∆tqs2

˙

,
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E
n` 1

3

N `

n´1
ÿ

k“0

˜

2µp∆tq

ż

Ωf

|Dpuk`1
N q|2dx`

1

2

´

||uk`1
N ´ u

k` 2
3

N ||2L2pΩf q

¯

`
1

2

´

||vk`1
N ´ v

k` 2
3

N ||2L2pΓq

¯

¸

`

n
ÿ

k“0

ˆ

1

2

´

||v
k` 1

3

N ´ vkN ||2L2pΓq

¯

`
1

2

´

||∇ηk` 1
3

N ´ ∇ηkN ||2L2pΓq

¯

˙

“ E0 ` p∆tq
n´1
ÿ

k“0

˜

P k
N,in

ż R

0

puk`1
N qz|z“0dr ´ P k

N,out

ż R

0

puk`1
N qz|z“Ldr

¸

`

n´1
ÿ

k“0

ˆ

rW ppk ` 1q∆tq ´W pk∆tqs

ż

Γ

v
k` 1

3

N dz `
L

2
rW ppk ` 1q∆tq ´W pk∆tqs2

˙

,

for n “ 0, 1, ..., N ´ 1. Therefore,

E
ˆ

max
i“1,2,3

„

max
n“0,1,...,N´1

E
n` i

3

N

ȷ˙

`

N´1
ÿ

k“0

«

E

˜

2µp∆tq

ż

Ωf

|Dpuk`1
N q|2dx

¸

`
1

2
E

´

||uk`1
N ´ u

k` 2
3

N ||2L2pΩf q

¯

`
1

2
E

´

||vk`1
N ´ v

k` 2
3

N ||2L2pΓq

¯

`

ˆ

1

2
E

´

||v
k` 1

3

N ´ vkN ||2L2pΓq

¯

`
1

2
E

´

||∇ηk` 1
3

N ´ ∇ηkN ||2L2pΓq

¯

˙

ff

ď 2E0 ` 2E

«

max
n“0,1,...,N´1

p∆tq
n

ÿ

k“0

˜

P k
N,in

ż R

0

puk`1
N qz|z“0dr ´ P k

N,out

ż R

0

puk`1
N qz|z“Ldr

¸ff

` 2E

«

max
n“0,1,...,N´1

n
ÿ

k“0

ˆ

rW ppk ` 1q∆tq ´W pk∆tqs

ż

Γ

v
k` 1

3

N dz `
L

2
rW ppk ` 1q∆tq ´W pk∆tqs2dr

˙

ff

.

What is left is to bound the quantities

I1 :“ E

«

max
n“0,1,...,N´1

p∆tq
n

ÿ

k“0

ˆ

P k
N,in

ż R

0

puk`1
N qz|z“0dr ´ P k

N,out

ż R

0

puk`1
N qz|z“Ldr

˙

ff

,

and

E

«

max
n“0,1,...,N´1

n
ÿ

k“0

ˆ

rW ppk ` 1q∆tq ´W pk∆tqs

ż

Γ

v
k` 1

3

N dz `
L

2
rW ppk ` 1q∆tq ´W pk∆tqs2dr

˙

ff

ď E

«

max
n“0,1,...,N´1

n
ÿ

k“0

ˆ

rW ppk ` 1q∆tq ´W pk∆tqs

ż

Γ

v
k` 1

3

N dz

˙

ff

`
L

2
E

˜

N´1
ÿ

k“0

rW ppk ` 1q∆tq ´W pk∆tqs2

¸

:“ I2 ` I3.

Bound for I1: The same argument will work for P k
N,in and P k

N,out so without loss of gen-

erality, we perform the bounds below for P k
N,in. We recall that P k

N,in “
1

∆t

ż pk`1q∆t

k∆t

Pinptqdt,

where P k
N,in is deterministic. Therefore, we have the following bound, for the term in I1 that
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involves P k
N,in:

E

«

max
n“0,1,...,N´1

p∆tq
n

ÿ

k“0

ˆ

P k
N,in

ż R

0
puk`1

N qz|z“0dr

˙

ff

ď E

˜

N´1
ÿ

k“0

p∆tq|P k
N,in|

ˇ

ˇ

ˇ

ˇ

ż R

0
puk`1

N qz|z“0dr

ˇ

ˇ

ˇ

ˇ

¸

ď

N´1
ÿ

k“0

E

«

p∆tq
1

4ϵ
|P k

N,in|2 ` ϵp∆tq

ˆ
ż R

0
puk`1

N qz|z“0dr

˙2
ff

ď

N´1
ÿ

k“0

E

»

–

1

4ϵ
¨
1

∆t

˜

ż pk`1q∆t

k∆t
Pinptqdt

¸2

` Cϵp∆tq

ż R

0
puk`1

N q2z|z“0dr

fi

fl

ď

N´1
ÿ

k“0

E

«

1

4ϵ
||Pin||2L2pk∆t,pk`1q∆tq ` Cϵp∆tq

ż

Ωf

|Dpuk`1
N q|2dx

ff

“
1

4ϵ
||Pin||2L2p0,T q `

N´1
ÿ

k“0

E

˜

Cϵp∆tq

ż

Ωf

|Dpuk`1
N q|2dx

¸

,

where we used Korn’s inequality in the last line. Therefore,

I1 ď
1

4ϵ
||Pin||

2
L2p0,T q `

1

4ϵ
||Pout||

2
L2p0,T q `

N´1
ÿ

k“0

E

˜

2Cϵp∆tq

ż

Ωf

|Dpuk`1
N q|

2dx

¸

.

Note that the constant C is independent of ∆t and N . It is the geometric constant arising
from the application of the Poincaré inequality on the fluid domain Ωf .

Bound for I2: Next, we examine I2 and start with an estimate involving the absolute
values:

I2 ď E

˜

max
n“0,1,...,N´1

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

k“0

ˆ
ż L

0

v
k` 1

3
N dz

˙

¨ rW ppk ` 1q∆tq ´ W pk∆tqs

ˇ

ˇ

ˇ

ˇ

ˇ

¸

.

Next, we consider the expression under the absolute value sign, and consider it as the fol-
lowing stochastic integral :

n
ÿ

k“0

ˆ
ż L

0

v
k` 1

3
N dz

˙

¨ rW ppk ` 1q∆tq ´ W pk∆tqs “

ż pn`1q∆t

0

fptqdW ptq,

where fptq is the random function on r0, T s defined by:

fptq “

N´1
ÿ

k“0

ˆ
ż L

0

v
k` 1

3
N dz

˙

¨ 1pk∆t,pk`1q∆tsptq. (4.27)

Because v
k` 1

3
N is FtkN

measurable, this integrand is predictable. This is a direct consequence of
how we split the stochastic part of the problem from the structure subproblem. Without such
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a splitting, we would not be able to make the same conclusion. Hence, since the stochastic
integral is a continuous process in time, we have

I2 ď E
ˆ

max
0ďsďT

ˇ

ˇ

ˇ

ˇ

ż s

0

fptqdW

ˇ

ˇ

ˇ

ˇ

˙

.

Using the BDG inequality, we obtain that

I2 ď E

«

ˆ
ż T

0
|fptq|2dt

˙1{2
ff

“ E

»

–p∆tq1{2

˜

N´1
ÿ

k“0

ˆ
ż L

0
v
k` 1

3
N dz

˙2
¸1{2

fi

fl

ď ϵp∆tqE
N´1
ÿ

k“0

ˆ
ż L

0
v
k` 1

3
N dz

˙2

`
1

4ϵ
ď ϵLp∆tqE

N´1
ÿ

k“0

||v
k` 1

3
N ||2L2pΓq `

1

4ϵ

ď ϵLNp∆tqE
ˆ

max
k“0,1,...,N´1

||v
k` 1

3
N ||2L2pΓq

˙

`
1

4ϵ
ď 2ϵLNp∆tqE

ˆ

max
n“0,1,...,N´1

E
n` 1

3
N

˙

`
1

4ϵ
.

Bound for I3: Finally, by using the properties of Brownian motion, we immediately deduce
that

I3 :“
L

2
E

˜

N´1
ÿ

k“0

rW ppk ` 1q∆tq ´ W pk∆tqs
2

¸

“
LT

2
.

Conclusion: From the above estimates, we conclude that

E
ˆ

max
i“1,2,3

„

max
n“0,1,...,N´1

E
n` i

3

N

ȷ˙

`

N´1
ÿ

k“0

«

E

˜

2µp∆tq

ż

Ωf

|Dpuk`1
N q|2dx

¸

`
1

2
E

´

||uk`1
N ´ u

k` 2
3

N ||2L2pΩf q

¯

`
1

2
E

´

||vk`1
N ´ v

k` 2
3

N ||2L2pΓq

¯

`

ˆ

1

2
E

´

||v
k` 1

3

N ´ vkN ||2L2pΓq

¯

`
1

2
E

´

||∇ηk` 1
3

N ´ ∇ηkN ||2L2pΓq

¯

˙

ff

ď 2E0 `
1

2ϵ
||Pin||2L2p0,T q `

1

2ϵ
||Pout||

2
L2p0,T q `

N´1
ÿ

k“0

E

˜

4Cϵp∆tq

ż

Ωf

|Dpuk`1
N q|2dx

¸

` 4ϵLT ¨ E
ˆ

max
n“0,1,...,N´1

E
n` 1

3

N

˙

`
1

2ϵ
` LT.

We note that the constant C depends only on the fluid domain Ωf and not on ∆t or N .
The result follows once we fix ϵ ą 0, independent of ∆t, such that 4Cϵ ă µ and 4ϵLT ă 1

2
,

and move the associated terms from the right hand side to the left hand side. We emphasize
that this gives a uniform energy estimate because the choice of ϵ is independent of ∆t and
hence N .

Remark 4.6.1. We remark that it is in these energy estimates that one can see the im-
portance of using our particular splitting strategy to obtain a stable scheme. Namely, this
splitting strategy enabled us to estimate the terms involving the white noise as stochastic
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integrals, such as the second to last term in estimate (4.26). Because v
k` 1

3
N is FtkN

measurable,

the stochastic increment rW ppk ` 1q∆tq ´ W pk∆tqs is independent of the integral of v
k` 1

3
N ,

and hence, we were able to rewrite this term as a stochastic integral, see (4.27).

4.7 Approximate solutions

We use the solutions at fixed times of our semidiscrete scheme, u
n` i

3
N , η

n` i
3

N , and v
n` i

3
N for

i “ 1, 2, 3, to create approximate solutions for the given stochastic FSI problem in time on
the time interval r0, T s, for each N , which we will need to pass to the limit as ∆t Ñ 0. The
approximate solutions will be defined as piecewise functions in time. However, we must be
careful in this construction of approximate solutions to make sure that they are adapted to
the given filtration tFtutě0 associated to the given Brownian motion.

Definition of approximate solutions

We start with the fluid. We define the approximate random function uN on r0, T s ˆ Ωf to
be the piecewise constant function

uNpt, ¨q “ un´1
N , for t P ppn ´ 1q∆t, n∆ts.

Note that because un
N is FtnN

measurable, the choice of un´1
N instead of un

N above is used so
that the resulting process uN is adapted to the filtration tFtutě0.

Next, we consider the functions associated with the structure. Note that ηnN , η
n` 1

3
N , and

v
n` 1

3
N are FtnN

measurable while v
n` 2

3
N is Ftn`1

N
measurable. It turns out that we will not need

to keep track of v
n` 2

3
N when passing to the limit, since it does not appear in (4.25). So it

suffices to define

ηNpt, ¨q “ ηn´1
N , vNpt, ¨q “ vn´1

N , v˚
Npt, ¨q “ v

n´ 2
3

N , for t P ppn ´ 1q∆t, n∆ts,

and these are all adapted to the given filtration tFtutě0. Note that vN defined on r0, T s ˆ Γ
is pathwise the trace of the fluid velocity uN defined on r0, T s ˆΩf for all t P r0, T s, but this
is not true for v˚

N , since v
˚
N is the structure velocity obtained after the structure subproblem

in the semidiscrete scheme, which does not update the fluid velocity directly.
We also introduce a piecewise linear interpolation ηN of ηN to add additional regular-

ity to the structure displacement, since we will want the structure displacement to be in
W 1,8p0, T ;L2pΓqq almost surely in the limit as ∆t Ñ 0. Thus, ηN is piecewise linear such
that

ηNpn∆tq “ ηnN , for n “ 0, 1, ..., N. (4.28)

Note that ηN has Lipschitz continuous paths in time, and furthermore,

BtηN “ v˚
N . (4.29)
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Because both ηnN and ηn`1
N are FtnN

adapted, ηN is adapted to the filtration tFtutě0. We will
also introduce a piecewise constant function η∆t

N for the structure displacement, given by

η∆t
N pt, ¨q “ ηnN , for t P ppn ´ 1q∆t, n∆ts. (4.30)

Note that η∆t
N is adapted to the filtration tFtutě0 and is a time-shifted version of ηN , which

is emphasized in the notation by the superscript of ∆t. This time-shifted structure displace-
ment will be useful for passing to the limit in Section 4.8.

We will also consider the corresponding piecewise linear interpolations for the fluid ve-
locity and structure velocity, which satisfy

uNpn∆tq “ un
N , vNpn∆tq “ vnN , for n “ 0, 1, ..., N. (4.31)

We will need to consider uN and vN because we will express the discrete time derivatives
un`1
N ´un

N

∆t
and

vn`1
N ´vnN

∆t
in the semidiscrete formulation (4.25) in terms of the time derivatives

of uN and vN . We will also need to consider piecewise constant time-shifted functions u∆t
N

and v∆t
N for the fluid velocity and the structure velocity, defined by

u∆t
N pt, ¨q “ un

N , v∆t
N pt, ¨q “ vnN , for t P ppn ´ 1q∆t, n∆ts. (4.32)

We note that u∆t
N and v∆t

N are time-shifted versions of uN and vN . We will need these time-
shifted functions because the fluid dissipation estimate in Proposition 4.6.7 implies that u∆t

N ,
rather than uN , is uniformly bounded in L2pΩ;L2p0, T ;H1pΩf qqq. See Proposition 4.7.2.

We make the following important observation. Unlike ηN , we note that uN and vN are
not necessarily adapted to the filtration tFtutě0, even though they can still be considered
as random variables taking values in their appropriate path spaces. Similarly, u∆t

N and v∆t
N ,

unlike uN and vN , are not necessarily adapted to the filtration tFtutě0. However, this will
not be an issue, because we will see later in Lemma 4.8.3 that uN , u

∆t
N , vN , and v∆t

N are
almost surely “close to” the random processes uN and vN , which are adapted to the filtration
tFtutě0, as N Ñ 8 along a subsequence.

We summarize some of the previously discussed measure theoretic properties of the
stochastic approximate solutions in the following proposition, for future reference.

Proposition 4.7.1. Recall that W is a one dimensional Brownian motion with respect to
the probability space with complete filtration, pΩ,F , tFtutě0,Pq. For all N P N, uN , vN , v

˚
N ,

ηN , and ηN are adapted to the filtration tFtutě0 with left continuous paths, with ηN having
continuous paths. In addition, for some fixed t ą 0 and for each N , define n0 “ t t

∆t
u ` 1.

Then, Wτ ´Wt is independent of each of the random variables in the following collection of
random variables for each N and for each τ ą t:

tun´1
N , vn´1

N , v
n´ 2

3
N : 1 ď n ď n0u, tη

n
N : 0 ď n ď n0u, tηNpsq : s P r0, n0∆tsu.
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Uniform boundedness of approximate solutions

Using the previous discrete energy estimates, we establish uniform boundedness of the ap-
proximate solutions in the following proposition. We note that in contrast to the case of
deterministic FSI, the uniform boundedness of these (random) approximate solutions is only
in expectation.

Proposition 4.7.2. The following uniform boundedness results hold:

• pηNqNPN is uniformly bounded in L2pΩ;L8p0, T ;H1
0 pΓqqq.

• pvNqNPN is uniformly bounded in L2pΩ;L8p0, T ;L2pΓqqq.

• pv∆t
N qNPN is uniformly bounded in L2pΩ;L2p0, T ;H1{2pΓqqq.

• pv˚
NqNPN is uniformly bounded in L2pΩ;L8p0, T ;L2pΓqqq.

• puNqNPN is uniformly bounded in L2pΩ;L8p0, T ;L2pΩf qqq.

• pu∆t
N qNPN is uniformly bounded in L2pΩ;L2p0, T ;H1pΩf qqq.

Proof. The only part of this result that does not follow directly from Proposition 4.6.7 is to
show that pu∆t

N qNPN is uniformly bounded in L2pΩ;L2p0, T ;H1pΩf qqq. We compute

||u∆t
N ||2L2pΩ;L2p0,T ;H1pΩf qqq “ E

ˆ
ż T

0
||u∆t

N ||2H1pΩf qdt

˙

“ p∆tqE

˜

N
ÿ

k“1

||uk
N ||2H1pΩf q

¸

ď Cp∆tqE

˜

N
ÿ

k“1

||Dpuk
N q||2L2pΩf q

¸

.

The result follows from the uniform boundedness of the sum of the dissipation terms (recall
that the p∆tq term is included in the definition of the energy dissipation (4.21)). By taking
the trace of the r component of the fluid velocity un

N , which is in H1{2pΓq, we get the
corresponding boundedness of pv∆t

N qNPN in L2pΩ;L2p0, T ;H1{2pΓqqq.

We also state the corresponding uniform boundedness property for the linear interpola-
tions pηNqNPN. Note that in terms of distributional derivatives, BtηN “ v˚

N holds pathwise
for ω P Ω. Therefore, we have:

Proposition 4.7.3. The sequence of linear interpolations of the structure displacements
pηNqNPN is uniformly bounded in L2pΩ;L8p0, T ;H1

0 pΓqqq X L2pΩ;W 1,8p0, T ;L2pΓqqq.

Remark 4.7.1. To be very precise, one must check that the stochastic approximate solutions
are measurable, as random variables taking values in a given path space. The measurability of
these stochastic processes is easy to see by using the measurability properties of the functions

un
N , v

n` i
3

N , and ηnN . For example, ηN is measurable as a map from the probability space Ω to
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L8p0, T ;H1
0 pΓqq because ηN can be considered as the composition of a measurable map F1

with a continuous map F2. F1 is the map from ω P Ω to the space of bounded sequences of
length N with values in H1

0 pΓq, given by F1 : ω Ñ pη0N , η
1
N , ..., η

N´1
N q, which is measurable by

the measurability properties of each ηnN . F2 is the map from the space of bounded sequences
of length N with values in H1

0 pΓq to L8p0, T ;H1
0 pΓqq, given by F2 : pη0N , η

1
N , ..., η

N´1
N q Ñ

řN´1
k“0 η

k
N ¨ 1pk∆t,pk`1q∆tsptq, which is continuous.

4.8 Passage to the limit

We would like to show that our approximate solution sequences converge in a certain sense,
to a weak solution of the original problem. While one could use a generalized Skorokhod-type
argument for general Jakubowski spaces (see [99, 166, 167]), we employ a standard proba-
bilistic compactness argument which has the advantage of generalizing to a broad class of
more complex nonlinear stochastic FSI systems of interest. In this probabilistic compactness
methodology, we will show the existence of a convergent subsequence of the probability mea-
sures which describe the laws or equivalently, the distributions of the approximate solutions.
From here, we will eventually be able to get to almost sure convergence of the stochastic
approximate solutions themselves.

We start by designing compactness arguments that will provide weak convergence of the
probability measures describing the laws of our random approximate solutions.

Weak convergence of measures

We first show that along subsequences, the probability measures, or the laws describing
the distributions of our stochastic approximate solutions constructed earlier, converge to a
probability measure, as the time step ∆t Ñ 0, or N Ñ 8. For this purpose, we recall
that we are given a probability space with complete filtration pΩ,F , tFtutě0,Pq, with a one
dimensional Brownian motion W with respect to the given filtration. For each N , we define
the probability measure (or the law) µN :

µN “ µηN ˆ µηN ˆ µη∆t
N

ˆ µuN
ˆ µvN ˆ µuN

ˆ µv˚
N

ˆ µuN
ˆ µvN ˆ µu∆t

N
ˆ µv∆t

N
ˆ µW , (4.33)

defined on the phase space X :

X “ rL2
p0, T ;L2

pΓqqs
3

ˆ rL2
p0, T ;L2

pΩf qq ˆ L2
p0, T ;L2

pΓqqs
4

ˆ Cp0, T ;Rq. (4.34)

Here, µηN denotes the law of ηN on L2p0, T ;L2pΓqq, µuN
denotes the law of uN on

L2p0, T ;L2pΩf qq, µW denotes the law of W on Cp0, T ;Rq, and so on. Thus, µN is the joint
law of the random variables ηN , ηN , η

∆t
N , uN , vN , uN ,v

˚
N , uN , vN , u

∆t
N , v∆t

N , and W . As we
shall see below, it is easier to work with the fluid velocity and the structure velocity in pairs,
which is the reason why in (4.33) above, we consider pµuN

, µvN q, pµuN
, µv˚

N
q, pµuN

, µvN q, and
pµu∆t

N
, µv∆t

N
q. The main result of this subsection is the following.
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Theorem 4.8.1. Along a subsequence (which we will continue to denote byN), µN converges
weakly as probability measures to a probability measure µ on X .

To show weak convergence of these probability measures along a subsequence, stated in
Theorem 4.8.1, we must show that the probability measures are tight.

Definition 4.8.1. The probability measures µN are tight if for every ϵ ą 0, there exists a
compact set Aϵ, compact in X , such that

µNpAϵq ą 1 ´ ϵ, for all N.

To get a hold of the compact subset Aϵ, we will need the following two deterministic
compactness results for the structure displacements tηNpωqu and for the fluid and structure
velocities tuNpωqu and tvNpωqu. The two results are obtained in the following two lemmas.

The first lemma, which will be applied to the structure displacements tηNpωqu, is a direct
consequence of the classical Aubin-Lions compactness lemma [6, 129]:

Lemma 4.8.1. The following holds:

rW 1,8
p0, T ;L2

pΓqq X L8
p0, T ;H1

0 pΓqqs ĂĂ L8
p0, T ;L2

pΓqq.

The Aubin-Lions compactness lemma actually gives a stronger compact embedding of
W 1,8p0, T ;L2pΓqq X L8p0, T ;H1

0 pΓqq into Cp0, T ;L2pΓqq, but since we want ηN and ηN to
take values in the same path space, we use L8p0, T ;L2pΓqq since ηN is not continuous.

To handle the compactness argument for the structure and fluid velocities, we consider
the subsets K and KR in L2p0, T ;L2pΩf qq ˆ L2p0, T ;L2pΓqq, defined as follows.

Definition 4.8.2 (Definition of K and KR). The sets K and KR of paths (or realizations)
are defined as follows. For the pathwise left continuous approximate functions uNpωq, vNpωq
on r0, T s, we define:

K “ tpu, vq P L2p0, T ;L2pΩf qq ˆ L2p0, T ;L2pΓqq : u “ uN pωq and v “ vN pωq for some ω P Ω and N P Nu.

For any arbitrary positive constant R, defineKR to be the subset of paths puNpωq, vNpωqq P K
where ω and N satisfy the following properties.

1. Uniform boundedness:

||pu∆t
N , v∆t

N q||L2p0,T ;H1pΩf qqˆL2p0,T ;H1{2pΓqq ď R, ||uN ||L8p0,T ;L2pΩf qq ď R,

||vN ||L8p0,T ;L2pΓqq ď R, ||ηN ||L8p0,T ;H1
0 pΓqq ď R.

2. Boundedness of numerical dissipation:

N´1
ÿ

n“0

||un`1
N ´ u

n` 2
3

N ||
2
L2pΩf q ď R,

N´1
ÿ

n“0

||v
n` 1

3
N ´ vnN ||

2
L2pΓq ď R,

N´1
ÿ

n“0

||v
n` 2

3
N ´ v

n` 1
3

N ||
2
L2pΓq ď R,

N´1
ÿ

n“0

||vn`1
N ´ v

n` 2
3

N ||
2
L2pΓq ď R.
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3. Boundedness of fluid dissipation:

p∆tq
N
ÿ

n“1

ż

Ωf

|Dpun
Nq|

2dx ď R.

4. Boundedness of 1{4-Hölder exponent of Brownian motion:

sup
s,tPr0,T s,s‰t

|W ptq ´ W psq|

|t ´ s|1{4
ď R.

Remark 4.8.1. In the fourth condition above, any positive Hölder exponent that is strictly
less than 1{2 would suffice, since Brownian motion is “almost” 1{2-Hölder continuous, but
we have fixed 1{4 for concreteness.

The following lemma provides the desired compactness result for puN , vNq.

Lemma 4.8.2. The set KR is precompact in L2p0, T ;L2pΩf qqˆL2p0, T ;L2pΓqq for any R ą 0.

Proof. We use the Simon’s compactness theorem [165, 136]. According to Simon’s theorem,
it suffices to check two conditions.

First condition: We show that for any 0 ă t1 ă t2 ă T , the collection
!

şt2
t1
fptqdt : f P KR

)

is relatively compact in L2pΩf q ˆ L2pΓq. Consider a sequence tfmpt, ¨qu8
m“1 in KR, where

fmpt, ¨q “ pumpt, ¨q, vmpt, ¨qq. We want to show that there is a subsequence
!

şt2
t1
fmk

ptqdt
)8

k“1

that converges in L2pΩf q ˆ L2pΓq.
For each m, there exists some Nm and ωm P Ω (both depending on m) such that

umptq “ u0 ¨ 1tPr0,p∆tqms `

Nm´1
ÿ

n“1

un
Nm

pωmq ¨ 1tPpnp∆tqm,pn`1qp∆tqms,

vmptq “ v0 ¨ 1tPr0,p∆tqms `

Nm´1
ÿ

n“1

vnNm
pωmq ¨ 1tPpnp∆tqm,pn`1qp∆tqms,

where p∆tqm “ T {Nm. Therefore, we have that

ż t2

t1

umptqdt “ amu0 `

ż maxpt2,p∆tqmq

maxpt1,p∆tqmq

umptqdt,

ż t2

t1

vmptqdt “ amv0 `

ż maxpt2,p∆tqmq

maxpt1,p∆tqmq

vmptqdt,

where am “ maxp0, p∆tqm ´ t1q. Because am P r0, T s, we can find a subsequence tmku8
k“1

such that amk
Ñ a as k Ñ 8, for some a P r0, T s. Because u0 and v0 are the fixed initial

data for the fluid velocity and the structure velocity, amk
u0 and amk

v0 converge along this
subsequence in L2pΩf q and L2pΓq.
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It remains to show that the sequences in k given by
ż maxpt2,p∆tqmkq

maxpt1,p∆tqmkq
umk

ptqdt and

ż maxpt2,p∆tqmkq

maxpt1,p∆tqmkq
vmk

ptqdt (4.35)

converge in L2pΩf q and L2pΓq respectively along a further subsequence. Because of the
compact embedding H1pΩf q ˆ H1{2pΓq ĂĂ L2pΩf q ˆ L2pΓq, it suffices to show that the two
sequences in k given in (4.35) are uniformly bounded in H1pΩf q and H1{2pΓq. This can be
easily verified by using the uniform boundedness property of functions in KR in Definition
4.8.2:

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż maxpt2,p∆tqmkq

maxpt1,p∆tqmkq
umk

ptqdt

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

H1pΩf q

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż maxpt2,p∆tqmkq

maxpt1,p∆tqmkq
vmk

ptqdt

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

H1{2pΓq

ď

ż T

p∆tqmk

||umk
ptq||H1pΩf qdt `

ż T

p∆tqmk

||vmk
ptq||H1{2pΓqdt

ď T 1{2

˜

ż T

p∆tqmk

||umk
ptq||

2
H1pΩf qdt

¸1{2

` T 1{2

˜

ż T

p∆tqmk

||vmk
ptq||

2
H1{2pΓq

dt

¸1{2

ď 2T 1{2R.

So we can further refine the subsequence tmku8
k“1 to obtain that

!

şt2
t1

pumk
ptq, vmk

ptqq dt
)8

k“1

converges in L2pΩf qˆL2pΓq, where we continue to denote the refined subsequence by tmku8
k“1.

Second condition: We must show that ||τhf ´ f ||L2ph,T ;L2pΩf qˆL2pΓqq Ñ 0 uniformly for all
f “ pu, vq P KR, as h Ñ 0. Here τh for h ą 0 denotes the time shift map pτhfqpt, ¨q “

fpt ´ h, ¨q. Consider an arbitrary ϵ ą 0. We want to find h ą 0 sufficiently small such that

||τhu´ u||L2ph,T ;L2pΩf qq ă ϵ and ||τhv ´ v||L2ph,T ;L2pΓqq ă ϵ @pu, vq P KR.

To verify this, we can write h “ lp∆tq ` s, for each ∆t “ T
N
, where 0 ď s ă ∆t, so that

||τhu´ u||L2ph,T ;L2pΩf qq ď ||τsτl∆tu´ τl∆tu||L2ph,T ;L2pΩf qq ` ||τl∆tu´ u||L2ph,T ;L2pΩf qq,

||τhv ´ v||L2ph,T ;L2pΓqq ď ||τsτl∆tv ´ τl∆tv||L2ph,T ;L2pΓqq ` ||τl∆tv ´ v||L2ph,T ;L2pΓqq.

The above estimates require one estimate for the small s time shift, and one for the larger
l∆t time shift. We will handle the first time shift estimate using the numerical dissipation
estimate holding for KR, specified in Definition 4.8.2, and we will handle the second time
shift estimate using an Ehrling property.

Estimate for time shift by s: Consider arbitrary puN , vNq P KR. Recalling that 0 ď s ă

∆t, we compute

||τsτl∆tuN ´ τl∆tuN ||
2
L2ph,T ;L2pΩf qq “ s

N´l´2
ÿ

n“0

||un`1
N ´ un

N ||
2
L2pΩf q

ď s
N´1
ÿ

n“0

||un`1
N ´ un

N ||
2
L2pΩf q ď sR,
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where we used that un
N “ u

n` 2
3

N and the numerical dissipation estimate in the last inequality.
Similarly,

||τsτl∆tvN ´ τl∆tvN ||2L2ph,T ;L2pΓqq “ s
N´l´2

ÿ

n“0

||vn`1
N ´ vnN ||2L2pΓq ď s

N´1
ÿ

n“0

||vn`1
N ´ vnN ||2L2pΓq

ď 3s

˜

N´1
ÿ

n“0

||v
n` 1

3
N ´ vnN ||2L2pΓq `

N´1
ÿ

n“0

||v
n` 2

3
N ´ v

n` 1
3

N ||2L2pΓq `

N´1
ÿ

n“0

||vn`1
N ´ v

n` 2
3

N ||2L2pΓq

¸

ď 9sR.

Recalling that h “ s` l∆t so that 0 ă s ď h, we can make these quantities arbitrarily small
by taking h sufficiently small, since R is a fixed arbitrary positive constant.

Estimate for time shift by l∆t: Consider arbitrary puN , vNq P KR. We want to estimate

||τl∆tuN ´ uN ||L2ph,T ;L2pΩf qq ` ||τl∆tvN ´ vN ||L2ph,T ;L2pΓqq.

This is identically zero if h ă ∆t, so we assume for the following estimate that h ě ∆t. We
use the chain of embeddings H1pΩf q ˆ H1{2pΓq ĂĂ L2pΩf q ˆ L2pΓq Ă Q1, where Q is the
test space defined in (4.14). Applying the uniform Ehrling property, see e.g., [154, 136], we
obtain

||τl∆tuN ´ uN ||L2ph,T ;L2pΩf qq ` ||τl∆tvN ´ vN ||L2ph,T ;L2pΓqq

ď 2||τl∆tpuN , vN q ´ puN , vN q||L2ph,pl`1q∆t;L2pΩf qˆL2pΓqq ` 2||τl∆tpuN , vN q ´ puN , vN q||L2ppl`1q∆t,T ;L2pΩf qˆL2pΓqq

ď 2||τl∆tpuN , vN q ´ puN , vN q||L2ph,pl`1q∆t;L2pΩf qˆL2pΓqq ` δ||τl∆tpuN , vN q ´ puN , vN q||L2ppl`1q∆t,T ;H1pΩf qˆH1{2pΓqq

` Cpδq||τl∆tpuN , vN q ´ puN , vN q||L2ppl`1q∆t,T ;Q1q :“ I1 ` I2 ` I3.

To estimate I1, we use the triangle inequality, the assumption that h ě ∆t, and the uniform
boundedness property of KR in Definition 4.8.2:

I1 ď 2||τl∆tpuN , vN q||L2ph,pl`1q∆t;L2pΩf qˆL2pΓqq ` 2||puN , vN q||L2ph,pl`1q∆t;L2pΩf qˆL2pΓqq ď 8p∆tq1{2R ď 8h1{2R.

To estimate I2, we use the triangle inequality and the uniform boundedness property of KR

in Definition 4.8.2:

I2 ď δ
´

||τl∆tpuN , vNq||L2ppl`1q∆t,T ;H1pΩf qˆH1{2pΓqq ` ||puN , vNq||L2ppl`1q∆t,T ;H1pΩf qˆH1{2pΓqq

¯

ď 2δ||puN , vNq||L2p∆t,T ;H1pΩf qˆH1{2pΓqq ď 2δR.

To estimate I3, we multiply the first equation in the weak formulation (4.25) by ∆t to obtain:
ż

Ωf

pun`l
N ´ un

Nq ¨ qdx`

ż

Γ

pvn`l
N ´ vnNqψdz “

ż

Γ

rW ppn ` lq∆tq ´ W pn∆tqsψdz

` p∆tq
l

ÿ

k“1

˜

P n`k´1
N,in

ż R

0

pqzq|z“0dr ´ P n`k´1
N,out

ż R

0

pqzq|z“Ldr

´ 2µ

ż

Ωf

Dpun`k
N q :Dpqqdx´

ż

Γ

∇ηn`k
N ¨ ∇ψdz

¸

, @pq, ψq P Q.

We estimate the terms on the right hand side as follows. For pq, ψq P Q, where Q is defined
in (4.14), with ||pq, ψq||Q ď 1, we have the following estimates.
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• Using Cauchy-Schwarz and the boundedness of the 1{4-Holder exponent of Brownian
motion in the definition of KR, see Definition 4.8.2, we obtain

ˇ

ˇ

ˇ

ˇ

ż

Γ

rW ppn ` lq∆tq ´ W pn∆tqsψdz

ˇ

ˇ

ˇ

ˇ

ď

ˆ
ż

Γ

|W ppn ` lq∆tq ´ W pn∆tq|
2dz

˙1{2

ď

ˆ
ż

Γ

ˇ

ˇRpl∆tq1{4
ˇ

ˇ

2
dz

˙1{2

ď Cpl∆tq1{4.

• We recall the definition of the discretized pressure P n
N,in{out “ 1

∆t

şpn`1q∆t

n∆t
Pin{outptqdt,

and use the trace inequality on the integral involving qz to obtain

p∆tq

ˇ

ˇ

ˇ

ˇ

ˇ

l
ÿ

k“1

P n`k´1
N,in

ż R

0

pqzq|z“0dr

ˇ

ˇ

ˇ

ˇ

ˇ

“ p∆tq

ˇ

ˇ

ˇ

ˇ

ˇ

l
ÿ

k“1

P n`k´1
N,in

ˇ

ˇ

ˇ

ˇ

ˇ

¨

ˇ

ˇ

ˇ

ˇ

ż R

0

pqzq|z“0dr

ˇ

ˇ

ˇ

ˇ

ď Cp∆tq

ˇ

ˇ

ˇ

ˇ

ˇ

l
ÿ

k“1

P n`k´1
N,in

ˇ

ˇ

ˇ

ˇ

ˇ

“ C

ˇ

ˇ

ˇ

ˇ

ˇ

ż pn`lq∆t

n∆t

Pinptqdt

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cpl∆tq1{2
||Pin||L2pn∆t,pn`lq∆tq ď Cpl∆tq1{2

||Pin||L2p0,T q “ Cpl∆tq1{2.

The same estimate holds for the outlet pressure term.

• Using Cauchy-Schwarz and the uniform fluid dissipation estimate in Definition 4.8.2
of KR, we get

p∆tq

ˇ

ˇ

ˇ

ˇ

ˇ

l
ÿ

k“1

2µ

ż

Ωf

Dpun`k
N q :Dpqqdx

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp∆tq
l

ÿ

k“1

˜

ż

Ωf

|Dpun`k
N q|

2dx

¸1{2

ď Cl1{2
p∆tq

˜

l
ÿ

k“1

ż

Ωf

|Dpun`k
N q|

2dx

¸1{2

ď Cl1{2
p∆tq

˜

N
ÿ

k“1

ż

Ωf

|Dpuk
Nq|

2dx

¸1{2

ď Cpl∆tq1{2.

• Using Cauchy-Schwarz and the uniform boundedness of ηN in Definition 4.8.2 of KR,
we get:

p∆tq

ˇ

ˇ

ˇ

ˇ

ˇ

l
ÿ

k“1

ż

Γ

∇ηn`k
N ¨ ∇ψdz

ˇ

ˇ

ˇ

ˇ

ˇ

ď p∆tq
l

ÿ

k“1

ż

Γ

|∇ηn`k
N ¨ ∇ψ|dz ď Cp∆tq

l
ÿ

k“1

||ηn`k
N ||H1

0 pΓq ď Clp∆tq.

Here, all constants C are independent of n, l, and ∆t and hence N , but can depend on the
fixed, arbitrary constant R, and on the given parameters of the problem. Combining all of
these estimates together, we obtain that

||pun`l
N , vn`l

N q ´ pun
N , v

n
Nq||Q1 ď Cpl∆tq1{4, (4.36)
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where we use the estimate 0 ď lp∆tq ď T to reduce all exponents on pl∆tq to the smallest
one, which is 1{4. Hence,

||τl∆tpuN , vNq ´ puN , vNq||
2
L2ppl`1q∆t,T ;Q1q

“ p∆tq
N´1´l

ÿ

n“1

||pun`l
N , vn`l

N q ´ punN , v
n
Nq||

2
Q1 ď Cp∆tq

N´1
ÿ

n“0

pl∆tq1{2
ď Cpl∆tq1{2.

and so I3 :“ Cpδq||τl∆tpuN , vNq ´ puN , vNq||L2ppl`1q∆t,T ;Q1q ď Cpδqpl∆tq1{4.
Combining the estimates for I1, I2, and I3, we obtain

||τl∆tuN ´ uN ||L2ph,T ;L2pΩf qq ` ||τl∆tvN ´ vN ||L2ph,T ;L2pΓqq ď 8h1{2R ` 2δR ` Cpδqpl∆tq1{4.

We can now conclude the verification of the second condition of Simon’s compactness
result. Namely, we have shown that

||τhu´ u||L2ph,T ;L2pΩf qq ď psRq
1{2

` 8h1{2R ` 2δR ` Cpδqpl∆tq1{4,

||τhv ´ v||L2ph,T ;L2pΓqq ď 3psRq
1{2

` 8h1{2R ` 2δR ` Cpδqpl∆tq1{4.

Now, since h “ s ` l∆t and s, l∆t P r0, hs, we get

||τhu´ u||L2ph,T ;L2pΩf qq ď phRq
1{2

` 8h1{2R ` 2δR ` Cpδqh1{4,

||τhv ´ v||L2ph,T ;L2pΓqq ď 3phRq
1{2

` 8h1{2R ` 2δR ` Cpδqh1{4.

Therefore, given ϵ ą 0, we can first choose δ ą 0 so that 2δR ă ϵ
2
, which fixes a value for

Cpδq. Then, we can choose h ą 0 sufficiently small so that

3phRq
1{2

` 8h1{2R ` Cpδqh1{4
ă
ϵ

2
.

This establishes the desired equicontinuity estimate, and hence Lemma 4.8.2 follows from
Simon’s compactness theorem.

Finally, we note that we have obtained compactness results only for the velocity approx-
imate function vN and not v˚

N . In addition, when passing to the limit, we will consider
the linear interpolations and time-shifted versions of the fluid velocity and of the struc-
ture displacement and velocity. We recall that the linear interpolations are piecewise linear
functions defined by (4.28), (4.31), and the time-shifted functions are piecewise constant
functions defined by (4.30), (4.32). Hence, we will need the following result.
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Lemma 4.8.3. For an appropriate subsequence, which we continue to denote by N ,

||vN ´ v˚
N ||L2p0,T ;L2pΓqq Ñ 0, as N Ñ 8, almost surely,

||vN ´ vN ||L2p0,T ;L2pΓqq Ñ 0, as N Ñ 8, almost surely,

||vN ´ v∆t
N ||L2p0,T ;L2pΓqq Ñ 0, as N Ñ 8, almost surely,

||uN ´ uN ||L2p0,T ;L2pΩf qq Ñ 0, as N Ñ 8, almost surely,

||uN ´ u∆t
N ||L2p0,T ;L2pΩf qq Ñ 0, as N Ñ 8, almost surely,

||ηN ´ ηN ||L2p0,T ;L2pΓqq Ñ 0, as N Ñ 8, almost surely,

||ηN ´ η∆t
N ||L2p0,T ;L2pΓqq Ñ 0, as N Ñ 8, almost surely.

Proof. We start by showing the first convergence result. To do that, we introduce the events

Ej,N “

"

||vN ´ v˚
N ||L2p0,T ;L2pΓqq ď

1

j

*

, j ě 1,

and show that the probability that the complements of Ej,N occur for infinitely many j,
is zero. Indeed, by multiplying by ∆t the uniform numerical dissipation estimate from
Proposition 4.6.7 and keeping only the first term on the left hand side, we obtain

E

˜

∆t
N´1
ÿ

n“0

||v
n` 1

3
N ´ vnN ||

2
L2pΓq

¸

“ E
´

||vN ´ v˚
N ||

2
L2p0,T ;L2pΓqq

¯

ď Cp∆tq. (4.37)

By Chebychev’s inequality, we get PpEc
j,Nq ď Cp∆tqj2 “ CTN´1j2. Thus, for the events

Ej,N“j4 , we have
ř8

j“1 PpEc
j,N“j4q ď CT

ř8

j“1
1
j2

ă 8. Therefore, by the Borel-Cantelli
lemma,

P
`

Ec
j,N“j4 occurs for infinitely many j

˘

“ 0.

This implies that for almost every ω P Ω, there exists j0pωq such that ||vNj
´v˚

Nj
||L2p0,T ;L2pΓqq ď

1
j
for all j ě j0pωq, where Nj :“ j4, which implies the desired result, where our subsequence

Nj will continue to be denoted by N for simplicity of notation.
To show the the remaining convergence results, we use Proposition 4.6.7 to conclude that

there exists a uniform constant C independent of N such that

N´1
ÿ

n“0

E
´

||vn`1
N ´ vnN ||2L2pΓq

¯

ď C,
N´1
ÿ

n“0

E
´

||un`1
N ´ un

N ||2L2pΩf q

¯

ď C,
N´1
ÿ

n“0

E
´

||∇ηn`1
N ´ ∇ηnN ||2L2pΓq

¯

ď C,

where we recall that u
n` 2

3
N “ un

N and η
n` 1

3
N “ ηn`1

N , and where we used the triangle inequality
to obtain the first estimate. Then, the same argument as above gives the desired result, once
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we note that

E
´

||vN ´ vN ||2L2p0,T ;L2pΓqq

¯

ď p∆tq
N´1
ÿ

n“0

E
´

||vn`1
N ´ vnN ||2L2pΓq

¯

ď Cp∆tq Ñ 0, as N Ñ 8,

(4.38)

E
´

||v∆t
N ´ vN ||2L2p0,T ;L2pΓqq

¯

“ p∆tq
N´1
ÿ

n“0

E
´

||vn`1
N ´ vnN ||2L2pΓq

¯

ď Cp∆tq Ñ 0, as N Ñ 8,

(4.39)

E
´

||uN ´ uN ||2L2p0,T ;L2pΩf qq

¯

ď p∆tq
N´1
ÿ

n“0

E
´

||un`1
N ´ un

N ||2L2pΩf q

¯

ď Cp∆tq Ñ 0, as N Ñ 8,

(4.40)

E
´

||u∆t
N ´ uN ||2L2p0,T ;L2pΩf qq

¯

“ p∆tq
N´1
ÿ

n“0

E
´

||un`1
N ´ un

N ||2L2pΩf q

¯

ď Cp∆tq Ñ 0, as N Ñ 8,

(4.41)

E
´

||ηN ´ ηN ||2L2p0,T ;L2pΓqq

¯

ď p∆tq
N´1
ÿ

n“0

E
´

||ηn`1
N ´ ηnN ||2L2pΓq

¯

ď C 1p∆tq Ñ 0, as N Ñ 8,

(4.42)

E
´

||η∆t
N ´ ηN ||2L2p0,T ;L2pΓqq

¯

“ p∆tq
N´1
ÿ

n“0

E
´

||ηn`1
N ´ ηnN ||2L2pΓq

¯

ď C 1p∆tq Ñ 0, as N Ñ 8,

(4.43)

where we used Poincaré’s inequality to deduce (4.42) and (4.43).

Notice that this result follows from the numerical dissipation estimates in Proposition
4.6.7, which imply convergence to zero in expectation, of the numerical dissipation terms,
shown in (4.38), (4.39), (4.40), (4.41), (4.42), and (4.43), from which we were able to deduce
the almost sure convergence.

Proof of Theorem 4.8.1. To show weak convergence of probability measures along a subse-
quence, we must show that the probability measures µN are tight, see Definition 4.8.1. Here,
we note that for reasons that will be clear later (see Step 2 below), we will take N to be the
subsequence provided by Lemma 4.8.3 and begin with this indexing convention of N .

Step 1: Weak convergence of µηN and µuN
ˆ µvN along a subsequence. We show

this by showing that µηN and µuN
ˆ µvN are tight. To show the tightness of µηN , we define

the set

AR “ tη P W 1,8p0, T ;L2pΓqq X L8p0, T ;H1
0 pΓqq : ||η||W 1,8p0,T ;L2pΓqq ď R, ||η||L8p0,T ;H1

0 pΓqq ď Ru.

By Lemma 4.8.1, AR is a compact set in L2p0, T ;L2pΓqq since L8p0, T ;L2pΓqq embeds con-
tinuously into L2p0, T ;L2pΓqq, where the closure is taken in the topology of L2p0, T ;L2pΓqq.
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So by Chebychev’s inequality and the previous uniform boundedness results, we have that
for an arbitrary ϵ ą 0,

µη̄N pARq ą 1 ´ ϵ,

if R is chosen sufficiently large. So there exists a subsequence, which we continue to denote
by N , for which µηN converges weakly to some probability measure µη on L2p0, T ;L2pΓqq.

To show the tightness of µuN
ˆ µvN , recall the definition of the set KR, and note that

by Lemma 4.8.2, KR is a compact set in L2p0, T ;L2pΩf qq ˆ L2p0, T ;L2pΓqq. Furthermore,
using the uniform boundedness estimates from Proposition 4.7.2 combined with Chebychev’s
inequality, we have that for any ϵ ą 0, we can find R sufficiently large such that

pµuN
ˆ µvN qpKRq ą 1 ´ ϵ.

Hence, there exists a subsequence, which we continue to denote by N , for which the measures
µuN

ˆ µvN converge weakly to some limiting probability measure on L2p0, T ;L2pΩf qq ˆ

L2p0, T ;L2pΓqq, which we denote by µu ˆ µv.

Step 2: Weak convergence of µuN
ˆµv˚

N
, µuN

ˆµvN , µu∆t
N

ˆµv∆t
N
, µηN , and µη∆t

N
along

the subsequence obtained from Step 1. Since µuN
ˆµvN ùñ µu ˆµv, by the definition

of weak convergence, we have

ErfpuN , vNqs Ñ

ż

L2p0,T ;L2pΩf qqˆL2p0,T ;L2pΓqq

fdpµu ˆ µvq,

for all bounded, Lipschitz continuous functions f : L2p0, T ;L2pΩf qq ˆ L2p0, T ;L2pΓqq Ñ R.
However, because ||vN ´ v˚

N ||L2p0,T ;L2pΓqq Ñ 0 a.s. due to Lemma 4.8.3, we have that by the
Lipschitz continuity of f ,

|fpuN , vNq ´ fpuN , v
˚
Nq| ď Lippfq||vN ´ v˚

N ||L2p0,T ;L2pΓqq Ñ 0, a.s. as N Ñ 8.

Hence, by the bounded convergence theorem, ErfpuN , vNqs´ErfpuN , v
˚
Nqs Ñ 0, as N Ñ 8,

and hence,

ErfpuN , v
˚
Nqs Ñ

ż

L2p0,T ;L2pΩf qqˆL2p0,T ;L2pΓqq

fdpµu ˆ µvq,

for all bounded, Lipschitz continuous functions f : L2p0, T ;L2pΩf qq ˆ L2p0, T ;L2pΓqq Ñ R.
Thus, along the subsequence generated from Step 1, we have that both µuN

ˆµvN and µuN
ˆ

µv˚
N
converge weakly to the same limiting probability measure µu ˆµv on L

2p0, T ;L2pΩf qq ˆ

L2p0, T ;L2pΓqq.
The same argument can be used to show that µuN

ˆ µvN and µu∆t
N

ˆ µv∆t
N

also converge

weakly to µuˆµv. This follows from the result on a.s. convergence of ||uN ´uN ||L2p0,T ;L2pΩf qq,
||vN ´ vN ||L2p0,T ;L2pΓqq, ||u∆t

N ´ uN ||L2p0,T ;L2pΩf qq, and ||v∆t
N ´ vN ||L2p0,T ;L2pΓqq in Lemma 4.8.3.

Finally, we have from Step 1 that µηN converges weakly to some probability measure µη,
as probability measures on L2p0, T ;L2pΓqq. Then, the weak convergence of µηN and µη∆t

N

to this same weak limit µη follows from the same argument as above, and the result from
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Lemma 4.8.3 that ||ηN ´ ηN ||L2p0,T ;L2pΓqq Ñ 0 and ||η∆t
N ´ ηN ||L2p0,T ;L2pΓqq Ñ 0, as N Ñ 8,

a.s.

Step 3: Tightness of full measures µN along the subsequence obtained from Step
1. We now consider the full probability measures µN specified in (4.33) on the phase space
X specified in (4.34). We want to show that these probability measures µN are tight along
the subsequence N constructed as a result of Step 1.

Consider ϵ ą 0. We want to construct a compact set in the phase space X for which the
probability measure µN has probability greater than 1´ ϵ on this compact set, for all N . We
will construct this compact set component-wise, using π1, . . . , π12 to denote the projections
onto the components 1 through 12 of µN .

By the weak convergence of the measures µηN , µηN , and µη∆t
N
, by Prohorov’s theorem

(see for example Proposition 6.1 in [128]), there exist compact sets B1, B2, and B3 in
L2p0, T ;L2pΓqq such that

π1pµNqpB1q ą 1 ´
ϵ

8
, π2pµNqpB2q ą 1 ´

ϵ

8
, π3pµNqpB3q ą 1 ´

ϵ

8
, for all N.

Similarly, because puN , vNq, puN , v
˚
Nq, puN , vNq, and pu∆t

N , v∆t
N q converge weakly along

this subsequence N by Step 1 and Step 2, there exist compact sets B4,5, B6,7, B8,9, and
B10,11 in L2p0, T ;L2pΩf qq ˆ L2p0, T ;L2pΓqq such that

π4,5pµNqpB4,5q ą 1 ´
ϵ

8
, π6,7pµNqpB6,7q ą 1 ´

ϵ

8
,

π8,9pµNqpB8,9q ą 1 ´
ϵ

8
, π10,11pµNqpB10,11q ą 1 ´

ϵ

8
, for all N.

Finally, the last component of µN , which is µW , is constant in N . Hence, the probability
measures π12pµNq defined on Cp0, T ;Rq are trivially, weakly compact. Therefore, the collec-
tion π12pµNq for all N is tight, and hence, there exists a compact set B12 Ă Cp0, T ;Rq such
that

π12pµNqpB12q ą 1 ´
ϵ

8
, for all N.

Based on this construction, we have the setMϵ :“ B1ˆB2ˆB3ˆB4,5ˆB6,7ˆB8,9ˆB10,11ˆ

B12, which is a compact subset of the phase space X , satisfying µNpMϵq ą 1 ´ ϵ, for all N.
This establishes the desired tightness of the probability measures, and completes the proof
of Proposition 4.8.1.

Continuity properties of the weak limit

To be able to prove appropriate measure theoretic properties of the limiting solutions, we
need to establish continuity properties of the limiting solution. This is because many mea-
sure theoretic properties are simpler for stochastic processes with continuous paths in time.
This is simple to do for the structure displacements, since the approximate structure dis-
placements ηN all have Lipschitz continuous paths. However, because the approximate fluid
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and structure velocities uN and vN have paths that are not continuous, we want to establish
that the limiting solutions for the fluid and structure velocities have continuous paths in
time, with an appropriate notion of continuity.

First, we introduce the following definition, which will be used throughout the remainder
of the manuscript.

Definition 4.8.3. Let B be an arbitrary Banach space and let f, g : r0, T s Ñ B. The
function g : r0, T s Ñ B is a version of f if f “ g a.e. on r0, T s.

The goal is to show that the limit function pu, vq is in Cp0, T ;Q1q almost surely, or more
precisely, that the limiting measure µ is supported on a measurable subset of phase space
X , with the projections onto the functions involving the fluid and structure velocities being
in Cp0, T ;Q1q almost surely. This continuity property will allow us to conclude later that
the resulting limit process is well-behaved in a stochastic measure theoretic sense.

To do this, we will use the idea of p-variation for functions in time taking values in Q1.
The notion of considering total variations of functions is a classical idea [144], [181]. We
remark however that our definition below differs slightly from classical definitions of total
p-variation.

Definition 4.8.4. For any real number p ě 1 and any δ ą 0, we define the p-variation of
length scale δ of a given function pu, vq : r0, T s Ñ Q1 by

V δ
p pu, vq “ sup

|P |ďδ

M
ÿ

i“1

||puptiq, vptiqq ´ pupti´1q, vpti´1qq||
p
Q1 ,

where P denotes a partition 0 ď t0 ă t1 ă ... ă tM ď T for some positive integer M , and
the condition |P | ď δ means that |ti ´ ti´1| ď δ for all i “ 1, 2, ...,M .

We introduce this definition of the p-variation of length scale δ because we will invoke
estimates on the time shifts, as in (4.36), in order to deduce continuity in Q1. The strategy
will be to show that almost surely, the limiting fluid velocity and structure velocity, denoted
by the pair pu, vq, has a variation that goes to zero as the length scale δ goes to zero, which
would imply that the pair pu, vq cannot have any discontinuities and is hence continuous in
Q1. We hence want to define and examine the subset of functions whose p-variation of length
scale δ is bounded above by a certain parameter ϵ. We do this in the following lemma.

Lemma 4.8.4. Let Ap,δ,ϵ be the set of functions pu, vq : r0, T s Ñ Q1 in

X “ L2
p0, T ;L2

pΩf qq ˆ L2
p0, T ;L2

pΓqq

such that the following properties hold:

1. pu, vq has a version that is left continuous on r0, T s as a function of time, taking values
in Q1.
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2. This version of pu, vq is also right continuous at t “ 0 as a function taking values in
Q1.

3. For this (necessarily unique) left continuous version, V δ
p pu, vq ď ϵ.

Then, for any p ě 1, δ ą 0, and ϵ ą 0, Ap,δ,ϵ is a closed set in X.

Proof. To show that Ap,δ,ϵ is a closed set in X, we consider a sequence tpun, vnqu8
n“1 in Ap,δ,ϵ

that converges to some element pu, vq P X in the norm of X. We claim that pu, vq P Ap,δ,ϵ.
We start by showing Property 3 above, namely V δ

p pu, vq ď ϵ. Because pun, vnq Ñ pu, vq

in L2p0, T ;L2pΩf q ˆ L2pΓqq, we have that along a subsequence, which we will continue to
denote by the same index, we have punptq, vnptqq Ñ puptq, vptqq in L2pΩf q ˆ L2pΓq, for a.e.
t P r0, T s. Since L2pΩf q ˆ L2pΓq embeds continuously into Q1,

punptq, vnptqq Ñ puptq, vptqq, in Q1, @t P S, (4.44)

where S is some measurable subset of r0, T s, which consists of the points t P r0, T s for which
the convergence above holds. Note that S has almost every t P r0, T s.

Consider any partition P with |P | ď δ, consisting only of points in S. Now, from the fact
that V δ

p pun, vnq ď ϵ for all n, we have that
řM

i“1 ||punptiq, vnptiqq´punpti´1q, vnpti´1qq||
p
Q1 ď ϵ.

Because the partition is finite and because the partition consists of points in S for which the
convergence (4.44) holds, in the limit as n Ñ 8:

M
ÿ

i“1

||puptiq, vptiqq ´ pupti´1q, vpti´1qq||
p
Q1 ď ϵ. (4.45)

This verifies Property 3 for partitions |P | ď δ consisting of points in S. To show Properties 1
and 2, we use the above inequality (4.45) and construct a version of pu, vq which will satisfy
all the properties of the set Ap,δ,ϵ. Then, we will conclude the proof by verifying Property 3
for this new version and extending the verification of Property 3 to general partitions |P | ď δ
consisting of any points in r0, T s. We start with Property 1 above, namely that pu, vq must
have a version that is left continuous. We do this in the following steps.

Step 1: First, we show that at each point t P r0, T s, the left and right limits of pu, vq along
points in S must exist. This will be useful, as S is dense in r0, T s. In addition, the density
of S in r0, T s means that for all t P r0, T s, the notion of a left and right limit along points in
S makes sense.

To show this, consider any point t0 P r0, T s. We emphasize that t0 is not necessarily
in the set S. We claim that the left and right limit at t0 along points in S must exist. In
particular, for any sequence ttnu8

n“1 with tn P S that increases to t0 or decreases to t0, we
claim that limnÑ8puptnq, vptnqq exists in Q1.

We show this by contradiction. Suppose there exists a strictly increasing sequence ttnu8
n“1

with tn P S and tn Õ t0, such that limnÑ8puptnq, vptnqq does not exist in Q1. The same
argument will hold in the case of a decreasing sequence. This implies that tpuptnq, vptnqqu8

n“1
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does not converge in Q1, and hence is not a Cauchy sequence. Thus, there exists ϵ0 ą 0,
such that given any N , there exists n1, n2 ě N such that

||puptn1q, vptn1qq ´ puptn2q, vptn2qq||Q1 ě ϵ0.

Note that we have called this constant ϵ0 to distinguish it from the ϵ in the definition of
Ap,δ,ϵ. Now, choose M sufficiently large such that

Mpϵ0q
p

ą ϵ.

Choose a partition P consisting of points s0, ..., s2M´1 in S with the following properties.

1. For each i “ 0, 1, ..., 2M ´ 1, we have that t0 ´ δ ă si ă t0.

2. The sequence s0, ..., s2M´2, s2M´1 is strictly increasing.

3. For even i “ 0, 2, ..., 2M´2, ||pupsiq, vpsiqq´pupsi`1q, vpsi`1qq||Q1 ě ϵ0. This can be ac-
complished by using the non-convergent sequence tpuptnq, vptnqqu8

n“1 and the definition
of ϵ0 to choose the si from the sequence ttnu8

n“1, as tn P S for all n.

Since M was chosen so that Mpϵ0q
p ą ϵ, for this partition P , consisting of points in S with

|P | ď δ, we have
2M´1
ÿ

i“1

||pupsiq, vpsiqq ´ pupsi´1q, vpsi´1qq||
p
Q1 ą ϵ

which is a contradiction.
Furthermore, the left and right limits along points in S are well-defined. Suppose for

contradiction that

lim
nÑ8

pupsnq, vpsnqq “ L1 ‰ L2 “ lim
nÑ8

puptnq, vptnqq,

for two increasing sequences sn Õ t0 and tn Õ t0, consisting of points in S. Then, we can
construct a new sequence trku8

k“1, where we set r0 “ s0. Then, we set r1 to be any tn for
which tn P ps0, t0q. We continue, creating an interlaced sequence where all odd indices of rk
come from the sequence of sn points, and all even indices of rk come from the sequence of tn
points, where along the odd sequence, the indices of the corresponding sn points is strictly
increasing, and similarly for the even sequence of the tn points. We can also perform this
construction so that the points in rk are strictly increasing to t0. However, one can see that
limnÑ8puprnq, vprnqq does not exist, which contradicts our earlier result. So the left and
right limits along points in S are well-defined.

Step 2: In Step 1, we have shown that limtÑt´
0 ,tPSpuptq, vptqq and limtÑt`

0 ,tPSpuptq, vptqq both

exist for all t P r0, T s, where these are limits in Q1. We show that there can only be countably
many points t0 P p0, T q for which these limits, which take values in Q1, do not agree.
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To do this, we argue by contradiction. Suppose that there are uncountably many points
in p0, T q for which these limits do not agree. Then, there exists ρ ą 0 sufficiently small such
that there are infinitely many points t0 P p0, T q for which

|| lim
tÑt´

0 ,tPS
puptq, vptqq ´ lim

tÑt`
0 ,tPS

puptq, vptqq||Q1 ě ρ.

Let M be sufficiently large such that M
`

ρ
2

˘p
ą ϵ and select t1, ..., tM points of discontinuity

in p0, T q with

|| lim
tÑt´

n ,tPS
puptq, vptqq ´ lim

tÑt`
n ,tPS

puptq, vptqq||Q1 ě ρ, for n “ 1, 2, ...,M.

We can order these points as t1 ă t2 ă ... ă tM , and select 2M points tsn,iu1ďnďM,i“1,2 in S,
such that

1. s1,1 ă s1,2 ă s2,1 ă s2,2 ă ... ă sM,1 ă sM,2.

2. For each n “ 1, 2, ...,M , tn ´ δ
2

ă sn,1 ă tn ă sn,2 ă tn ` δ
2
.

3. For each n “ 1, 2, ...,M , ||pupsn,1q, vpsn,1qq ´ limtÑt´
n ,tPSpuptq, vptqq||Q1 ă

ρ
4
, and

||pupsn,2q, vpsn,2qq ´ limtÑt`
n ,tPSpuptq, vptqq||Q1 ă

ρ
4
.

Then, we can form a partition of points in S that interlaces the sequence s1,1 ă s1,2 ă s2,1 ă

s2,2 ă ... ă sM,1 ă sM,2 with additional points so that the resulting partition P has |P | ă δ,
since S is dense in r0, T s. We can do this in a way that keeps the points sn,i for i “ 1, 2
consecutive in the partition for each n “ 1, 2, ...,M . Since M

`

ρ
2

˘p
ą ϵ, we have that the

variation for this resulting partition is greater than ϵ, which is a contradiction.
The same argument as above implies that there are only countably many points t0 P S

for which
lim

tÑt´
0 ,tPS

puptq, vptqq ‰ pupt0q, vpt0qq.

Thus, we define S˚ to be the set of points t0 P S for which

lim
tÑt´

0 ,tPS
puptq, vptqq “ pupt0q, vpt0qq.

Since countable sets have measure zero, S˚ still has the property that r0, T s´S˚ is of measure
zero. So in particular, S˚ is still dense in r0, T s. We emphasize that now, puptq, vptqq has the
useful property that it is left continuous on S˚.

Step 3: Because S˚ Ă S and is still a dense set in r0, T s, the result from Step 1 implies
that:

limtÑt´
0 ,tPS˚puptq, vptqq and limtÑt`

0 ,tPS˚puptq, vptqq exist for all t0 P r0, T s.
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However, these limits are only along points in S˚. By the density of S˚ in r0, T s and the fact
that r0, T s ´ S˚ has measure zero, we can redefine pu, vq up to a version, so that

pupt0q, vpt0qq is unchanged if t0 P S˚, and pupt0q, vpt0qq “ lim
tÑt´

0 ,tPS˚

puptq, vptqq if t0 P r0, T s ´ S˚.

(4.46)

For the remainder of this proof, pu, vq will denote this newly defined version in (4.46).
We then claim that for this version,

lim
tÑt´

0 ,tPS˚

puptq, vptqq “ lim
tÑt´

0

puptq, vptqq and lim
tÑt`

0 ,tPS˚

puptq, vptqq “ lim
tÑt`

0

puptq, vptqq,

(4.47)
for all t P r0, T s. We will just prove the first statement, for the limit from the left, as the
statement for the limit from the right is proved analogously. To see this, note that by the
definition of the version and by the definition of S˚ in Step 2,

pupt0q, vpt0qq “ lim
tÑt´

0 ,tPS˚

puptq, vptqq, for all t0 P r0, T s. (4.48)

So given any strictly increasing sequence tn Õ t0 where tn is not necessarily in S˚, we want
to show that

lim
nÑ8

puptnq, vptnqq “ lim
tÑt´

0 ,tPS˚

puptq, vptqq.

To do this, we use the density of S˚ in r0, T s along with (4.48) to construct a sequence sn
such that

1. s0 ď t0 and tn´1 ă sn ď tn for all n ě 1.

2. |sn ´ tn| ă 2´n for all n.

3. ||pupsnq, vpsnqq ´ puptnq, vptnqq||Q1 ă 2´n for all n.

4. sn P S˚ for all n.

This is possible because S˚ is dense in r0, T s, and shows the desired result, as sn is a strictly
increasing sequence converging to t0 by Property 1 and 2, and by Property 3 and 4 we have

lim
nÑ8

puptnq, vptnqq “ lim
nÑ8

pupsnq, vpsnqq “ lim
tÑt´

0 ,tPS˚

puptq, vptqq.

Note that this version of puptq, vptqq on r0, T s is left continuous by (4.47) and (4.48), with
only countably many points of discontinuity by Step 2.

Conclusion: We have constructed a left continuous version of puptq, vptqq on r0, T s taking
values in Q1 in Step 3. At the left boundary, t “ 0, we can set the version of pu, vq so that
pup0q, vp0qq “ limtÑ0`puptq, vptqq, so that we have right continuity at t “ 0. This is possible
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since this limit exists by Step 1 and (4.47). For the newly defined version of puptq, vptqq, we
have that

N
ÿ

i“1

||pupxiq, vpxiqq ´ pupxi´1q, vpxi´1qq||
p
Q1 ď ϵ,

for all partitions P consisting of points in S˚ with |P | ď δ, since we did not change the
original puptq, vptqq on points of S˚, which is a subset of S. We can now show that this
p-variation inequality holds more generally for all partitions P with points in r0, T s with
|P | ď δ. To do this, we note that since S˚ is dense in r0, T s, we can approximate any
partition P of arbitrary points in r0, T s with |P | ď δ by a sequence of partitions tPkukě1 of
points in S˚ with |Pk| ď δ containing the same number of points as P . We can do this by
approaching any partition points of P in p0, T s from the left by points in S˚, and approaching
t “ 0 from the right by points in S˚ if t “ 0 is a partition point in P . We then obtain the
desired result by taking the limit in k as the partitions Pk approach P . This process of
taking the limit uses the fact that the version of pu, vq as defined in Step 3 is left continuous
on r0, T s and right continuous at t “ 0. Therefore, we conclude that V δ

p pu, vq ď ϵ.

The next lemma, along with the weak convergence of the laws µN , will allow us to use the
result above to prove almost sure continuity in Q1 of the limiting fluid and structure velocity.
In particular, this next lemma will show that if the length scale δ is chosen appropriately,
then eventually, for large enough N (or equivalently small enough ∆t), the approximate
solutions will have p-variation (for p ą 4) with length scale δ bounded above uniformly with
high probability. This is to be expected, due to the time shift estimate (4.36), which is
independent of N .

For the following results, we recall the definition of µN on the phase space X from (4.33)
and (4.34), and we denote by π4,5µN the projection onto the fourth and fifth components of
X , which gives the law of puN , vNq on L2p0, T ;L2pΩf qq ˆ L2p0, T ;L2pΓqq.

Lemma 4.8.5. For any p ą 4 and any ϵ ą 0, there exists δ0 ą 0 sufficiently small and N0

sufficiently large such that for all 0 ă δ ď δ0,

π4,5µNpAp,δ,ϵq ą 1 ´ ϵ, for all N ě N0.

Proof. We start by first introducing a set KR,N . Let KR,N be the collection of paths in KR

(introduced in Definition 4.8.2), corresponding to path realizations of the random variables
puN , vNq for fixed N , satisfying the properties in the definition of KR. In particular, KR “
Ť8

N“1KR,N . Notice that we can choose R large enough so that

π4,5µNpKR,Nq ą 1 ´ ϵ, for all N,

where the closure is taken in L2p0, T ;L2pΩf qq ˆ L2p0, T ;L2pΓqq. Recall from (4.36) that

||pun`l
N , vn`l

N q ´ pun
N , v

n
Nq||Q1 ď CRpl∆tq1{4,
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where CR is a constant depending only on R for all puN , vNq P KR. In particular, CR is
independent of n, l, and N and hence ∆t. We will use this estimate on the increments
in Q1 to choose δ0 ą 0 and N0 such that KR,N Ă Ap,δ,ϵ, for all N ě N0 and 0 ă δ ď

δ0, and ultimately, KR,N Ă Ap,δ,ϵ, for all N ě N0 and 0 ă δ ď δ0, from which the result
π4,5µNpAp,δ,ϵq ą 1 ´ ϵ, for all N ě N0 and 0 ă δ ď δ0 will follow. Indeed, for any given
partition P with |P | ď δ, the following estimate holds:

M
ÿ

i“1

||pupxiq, vpxiqq ´ pupxi´1q, vpxi´1qq||
p
Q1 ď CR

l
ÿ

k“1

nkpk∆tqp{4,

for any pu, vq P KR, where nk is the number of increments that have indices k apart and l is
the maximum integer for which l∆t ă δ ` ∆t. This is true by the fact that the paths pu, vq

in KR are defined as piecewise constant functions taking values pun
N , v

n
Nq, and by inequality

(4.36). Because the partition P has |P | ď δ, we have that l must satisfy

l∆t ă δ ` ∆t “ δ ` N´1T and
l

ÿ

k“1

nkpk∆tq ď pN ´ 1q∆t “ T ´ ∆t. (4.49)

Therefore, since p ą 4, we have that for any partition P with |P | ď δ and for any pu, vq P KR,

M
ÿ

i“1

||pupxiq, vpxiqq ´ pupxi´1q, vpxi´1qq||
p
Q1 ď CR

l
ÿ

k“1

nkpk∆tqp{4 ď CR

˜

l
ÿ

k“1

nkpk∆tq

¸

pl∆tq
p
4

´1

ď CRT pl∆tq
p
4

´1 ď CRT pδ `N´1T q
p
4

´1,

where we used (4.49). The proof is complete once we choose δ0 ą 0 sufficiently small and
N0 sufficiently large such that

CRT pδ0 ` N´1
0 T q

p
4

´1
ă ϵ.

Therefore, for puN , vNq in KR for any N ě N0 and 0 ă δ ď δ0, we have V δ
p puN , vNq ď ϵ.

Thus,
KR,N Ă Ap,δ,ϵ, for all N ě N0 and 0 ă δ ď δ0.

Since Ap,δ,ϵ is closed in L2p0, T ;L2pΩf qq ˆL2p0, T ;L2pΓqq by Lemma 4.8.4, we conclude that

KR,N Ă Ap,δ,ϵ, for all N ě N0 and 0 ă δ ď δ0,

where the closure is taken with respect to the norm of L2p0, T ;L2pΩf qq ˆ L2p0, T ;L2pΓqq.
Since π4,5µNpKR,Nq ą 1´ ϵ for all positive integers N by the initial choice of R, this implies
the result.

Lemma 4.8.6. For the weak limit µ,

π4,5µpX X Cp0, T ;Q1
qq “ 1,

where X :“ L2p0, T ;L2pΩf qq ˆ L2p0, T ;L2pΓqq. Furthermore, π4,5µ is supported on a Borel
measurable subset of X such that every function has a version in Cp0, T ;Q1q that is equal
to pu0, v0q at t “ 0.
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Remark 4.8.2. We remark that X X Cp0, T ;Q1q is a Borel measurable subset of X, and
hence the statement above makes sense. To see this, note that the inclusion map

ι : X Ñ L2
p0, T ;Q1

q

is continuous since L2pΩf q ˆ L2pΓq embeds continuously into Q1. It suffices to show that
Cp0, T ;Q1q is a Borel measurable subset of L2p0, T ;Q1q. Then,XXCp0, T ;Q1q is the preimage
of Cp0, T ;Q1q under ι, and is hence measurable in X, which is the desired result.

To show that Cp0, T ;Q1q is a Borel measurable subset of L2p0, T ;Q1q, we note that a
closed ball of arbitrary radius R in L8p0, T ;Q1q is Borel measurable in L2p0, T ;Q1q since
it is a closed set in L2p0, T ;Q1q. Since one can express an open ball as a countable union
of closed balls, an open ball of arbitrary radius R in L8p0, T ;Q1q is also measurable in
L2p0, T ;Q1q. Since Cp0, T ;Q1q is closed in L8p0, T ;Q1q in the topology of L8p0, T ;Q1q, and
since closed and open balls of L8p0, T ;Q1q are Borel measurable in L2p0, T ;Q1q, this implies
that Cp0, T ;Q1q is Borel measurable in L2p0, T ;Q1q.

Proof. Fix p ą 4 and set ϵk “ 2´k. Then, by Lemma 4.8.5, there exists a decreasing sequence
of positive real numbers tδku8

k“1 and an increasing sequence of positive integers tNku8
k“1, such

that
π4,5µNpAp,δk,ϵkq ą 1 ´ ϵk, for all N ě Nk, and k P Z`.

Note that since µN converges weakly to µ, we have that π4,5µN converges weakly to π4,5µ.
For each fixed positive integer k, since Ap,δk,ϵk is a closed set in X, we have by Portmanteau’s
theorem for weak convergence of probability measures that

π4,5µpAp,δk,ϵkq ě lim sup
NÑ8

π4,5µNpAp,δk,ϵkq ě 1 ´ ϵk.

By the Borel Cantelli lemma and by the choice of ϵk “ 1
2k

so that
ř8

k“1
1
2k

ă 8,

π4,5µpAc
p,δk,ϵk

occurs infinitely often in k P Z`
q “ 0.

So almost surely, π4,5µ takes values in the set tAp,δk,ϵkoccurs for infinitely many ku. However,
one can show that

tAp,δk,ϵk occurs for infinitely many ku Ă X X Cp0, T ;Q1
q, (4.50)

which then implies the result. To see why this is true, suppose that

pu, vq P tAp,δk,ϵk occurs for infinitely many ku.

By the fact that V δk
p pu, vq ď ϵk, we must have that for every t0 P r0, T s (modified appropri-

ately for the endpoint cases t0 “ 0 and t0 “ T ),

||puptq, vptqq ´ pupt0q, vpt0qq||Q1 ď ϵ
1{p
k , for all t P pt0 ´ δk, t0 ` δkq X r0, T s,
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for any k such that pu, vq P Ap,δk,ϵk . But since pu, vq P Ap,δk,ϵk for infinitely many k and since
ϵk “ 2´k Ñ 0 as k Ñ 8, this implies that

lim
tÑt0

puptq, vptqq exists and equals pupt0q, vpt0qq.

This shows the desired result in (4.50). Therefore, we have shown the first part of the lemma,
that π4,5µpX X Cp0, T ;Q1qq “ 1.

It remains to show that π4,5µ is supported more specifically on a Borel measurable subset
of X that consists entirely of functions that have a version that is in Cp0, T ;Q1q with value
pu0, v0q at time t “ 0. Define the set BR to be the set of functions pu, vq P L2p0, T ;L2pΩf q ˆ

L2pΓqq such that

||pup¨q, vp¨qq ´ pu0, v0q||L2p0,h;Q1q ď CRh
3{4, for all 0 ă h ď T, (4.51)

where CR is the constant from the estimate (4.36).
One can check that for every R ą 0, every element of KR satisfies (4.51) and hence is in

BR. This is because by using (4.36), which states that

||pun`l
N , vn`l

N q ´ pun
N , v

n
Nq||Q1 ď CRpl∆tq1{4, for all puN , vNq P KR,

we have that for all 0 ă h ď T and for all pu, vq P KR,

||pup¨q, vp¨qq ´ pu0, v0q||
2
L2p0,h;Q1q ď

ż h

0

||pupsq, vpsqq ´ pu0, v0q||
2
Q1ds ď C2

Rh ¨
`

h1{4
˘2

“ C2
Rh

3{2.

Furthermore, one checks easily that BR is closed in L2p0, T ;L2pΩf qˆL2pΓqq since a sequence
that converges in L2p0, T ;L2pΩf q ˆ L2pΓqq also converges in L2p0, T ;Q1q, in which case one
can take the limit in (4.51) to get the corresponding property for the limit function. Since
KR Ă BR and BR is closed in X, we obtain that

KR Ă BR Ă X, for all R ą 0.

Consider any ϵ ą 0. Choose R sufficiently large so that

π4,5µNpKRq ą 1 ´ ϵ, for all N.

Then, by Portmanteau’s theorem,

π4,5µpBRq ě lim sup
NÑ8

π4,5µNpBRq ě lim sup
nÑ8

π4,5µNpKRq ě 1 ´ ϵ.

So there exists an increasing sequence tRku8
k“1 such that π4,5µ

`
Ť8

k“1BRk

˘

“ 1. Thus,

π4,5µ

«˜

8
ď

k“1

BRk

¸

X Cp0, T ;Q1q

ff

“ 1, where

˜

8
ď

k“1

BRk

¸

X Cp0, T ;Q1q “

˜

8
ď

k“1

BRk

¸

XX X Cp0, T ;Q1q
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is a Borel measurable subset of X. However, we note that any function in
`
Ť8

k“1BRk

˘

X

Cp0, T ;Q1q must have the property that its (unique) continuous version taking values in Q1

must be equal to pu0, v0q at t “ 0. To see this, if instead, pup0q, vp0qq ‰ pu0, v0q, let

d “ ||pup0q, vp0qq ´ pu0, v0q||Q1 ą 0.

Then, one can show that there exists h0 such that for all 0 ă h ď h0,

||pup¨q, vp¨qq ´ pu0, v0q||L2p0,h;Q1q ě
d

2
h1{2.

Therefore, this function cannot satisfy an estimate of the type

||pup¨q, vp¨qq ´ pu0, v0q||L2p0,h;Q1q ď Ch3{4, for all 0 ă h ď h0,

for any C, and so this function cannot be in any BR. This completes the proof.

Skorokhod representation theorem

We now use the classical Skorokhod representation theorem posed for random variables tak-
ing values in separable Banach spaces to translate weak convergence of probability measures
to almost sure convergence of random variables, which will allow us to pass to the limit in
the semidiscrete weak formulation. However, this will be at the expense of working on a
different probability space. Namely, the Skorokhod representation theorem provides the ex-
istence of a probability space, on which we will have almost sure convergence of new random
variables with the same laws as the original approximate solutions, to a weak solution with
the law µ from Theorem 4.8.1. This probability space is not necessarily the same as the
original probability space on which our problem is posed. Nevertheless, we can get back to
the original probability space by using another result, known as the Gyöngy-Krylov lemma,
see Section 4.9, to show that along a subsequence, the original approximate solutions on
the original probability space converge almost surely to a limit with the same law µ from
Theorem 4.8.1.

More precisely, showing convergence of our approximate solutions almost surely to a weak
solution on the original probability space, consists of two steps. First, we use the Skorokhod
representation theorem to show that there exists a probability space, which we denote by
“tilde”, on which a sequence of random variables that are equal to our approximate solutions
in law converges almost surely in X as N Ñ 8, to a weak solution on the “tilde” probability
space, where the law of this weak solution is equal to µ, obtained in Theorem 4.8.1. Thus,
in this step, we prove the existence of a weak solution in a probabilistically weak sense, see
Definition 4.4.1. Then, in step two, we show using the Gyöngy-Krylov lemma, that we can
bring that weak solution back to the original probability space, implying that we will have
constructed a weak solution in a probabilistically strong sense, see Definition 4.4.2, of the
original continuous problem. This will complete the existence proof, which is the main result
of this manuscript.
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To achieve these goals, we first obtain almost sure convergence along a subsequence of ap-
proximate solutions on a “tilde” probability space using Skorokhod’s theorem. A statement
of the Skorokhod representation theorem, which holds for probability measures on complete
separable metric spaces, can be found in Theorem 2.2.2.

Before we state the result, we introduce the notation ““d” to denote random variables
that are “equal in distribution” i.e., the random variables have the same laws as random
variables taking values on the same given phase space X . Namely, we will say that a random
variable X is equal in distribution (or equal in law) to the random variable X̃, and denote

X “d X̃ if µX “ µX̃ ,

where µX for example is the probability measure on X describing the law of the random
variable X on X .

Recall again the definition of the laws corresponding to the approximate solutions (4.33),
and the definition of the corresponding phase space (4.34).

Lemma 4.8.7. Let µ denote the probability measure obtained as a weak limit of the mea-
sures µN from Theorem 4.8.1. Then, there exists a probability space pΩ̃, F̃ , P̃q and X -valued

random variables on pΩ̃, F̃ , P̃q:

pη̃, η̃, η̃∆t, ũ, ṽ, ũ˚, ṽ˚, ũ, ṽ, ũ∆t, ṽ∆t, W̃ q, and pη̃N , η̃N , η̃
∆t
N , ũN , ṽN , ũ

˚
N , ṽ

˚
N , ũN , ṽN , ũ

∆t
N , ṽ∆t

N , W̃N q,

for each N , such that

pη̃N , η̃N , η̃
∆t
N , ũN , ṽN , ũ

˚
N , ṽ

˚
N , ũN , ṽN , ũ

∆t
N , ṽ∆t

N , W̃N q “d pηN , ηN , η
∆t
N ,uN , vN ,uN , v

˚
N ,uN , vN ,u

∆t
N , v∆t

N ,W q,

for all N , and

pη̃N , η̃N , η̃
∆t
N , ũN , ṽN , ũ

˚
N , ṽ

˚
N , ũN , ṽN , ũ

∆t
N , ṽ∆t

N , W̃N q Ñ pη̃, η̃, η̃∆t, ũ, ṽ, ũ˚, ṽ˚, ũ, ṽ, ũ∆t, ṽ∆t, W̃ q,
(4.52)

a.s. in X , as N Ñ 8, where the law of pη̃, η̃, η̃∆t, ũ, ṽ, ũ˚, ṽ˚, ũ, ṽ, ũ∆t, ṽ∆t, W̃ q is µ.
Furthermore, the following properties hold:

1. ũN “ ũ˚
N , ũ “ ũ˚

“ ũ “ ũ∆t almost surely, ṽ “ ṽ˚ “ ṽ “ ṽ∆t almost surely, and
η̃ “ η̃ “ η̃∆t almost surely.

2. ũ P L2pΩ̃;L2p0, T ;H1pΩf qq X L8p0, T ;L2pΩf qqq, ṽ P L2pΩ̃;L8p0, T ;L2pΓqqq, and
η̃ P L2pΩ̃;W 1,8p0, T ;L2pΓqq X L8p0, T ;H1

0 pΓqqq.

3. η̃p0q “ η0 almost surely.

4. Btη̃ “ ṽ almost surely.

5. pũ, ṽq P Cp0, T ;Q1q and pũ, η̃q P Wp0, T q almost surely.

6. Define the filtration
F̃t “ σpη̃psq, ũpsq, ṽpsq : 0 ď s ď tq. (4.53)

Then W̃ is a Brownian motion with respect to F̃t.
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7. pũ, η̃, ṽq is a predictable process with respect to the filtration tF̃tu0ďtďT .

Proof. The existence of the probability space pΩ̃, F̃ , P̃q and the given random variables fol-
lows from the previous result on weak convergence in Theorem 4.8.1 and the Skorokhod
representation theorem. So it suffices to prove the given properties.

Property 1: Because pũN , ũ
˚
Nq “d puN ,uNq, we have that ũN ´ ũ˚

N “d 0 as random
variables taking values in L2p0, T ;L2pΩf qq, so ũN “ ũ˚

N a.s. for all N . Hence, by taking the
limit as N Ñ 8, we obtain ũ “ ũ˚ a.s., since ũN Ñ ũ and ũ˚

N Ñ ũ˚ in L2p0, T ;L2pΩf qq

a.s.
Because uN and uN actually have different laws from each other, we must use a different

argument to conclude that ũ “ ũ a.s. However, we recall the following fact (4.40) from the
proof of Lemma 4.8.3,

E
´

||uN ´ uN ||
2
L2p0,T ;L2pΩf qq

¯

Ñ 0, as N Ñ 8.

Hence, by the equivalence of laws,

Ẽ
´

||ũN ´ ũN ||
2
L2p0,T ;L2pΩf qq

¯

Ñ 0, as N Ñ 8.

Therefore, along a further subsequence, ||ũN ´ ũN ||2L2p0,T ;L2pΩf qq
Ñ 0 almost surely, by a

standard Borel Cantelli lemma argument. Since ũN Ñ ũ and ũN Ñ ũ in L2p0, T ;L2pΩf qq,
we conclude that ũ “ ũ a.s.

The remaining statements follow from the same argument as above. In particular, by
using the estimates (4.37)–(4.43) from the proof of Lemma 4.8.3, the equivalence of laws,
and the almost sure convergence of the “tilde” random variables in (4.52), we obtain the
desired result.

Property 2: These properties will all be handled similarly. By the uniform energy estimates
in Lemma 4.7.2 and Lemma 4.7.3, we have that

E
´

||ηN ||
2
W 1,8p0,T ;L2pΓqq

¯

ď C, E
´

||ηN ||
2
L8p0,T ;H1

0 pΓqq

¯

ď C,

E
´

||u∆t
N ||

2
L2p0,T ;H1pΩf qq

¯

ď C, E
´

||uN ||
2
L8p0,T ;L2pΩf qq

¯

ď C, E
´

||vN ||
2
L8p0,T ;L2pΓqq

¯

ď C,

for a constant C that is independent of N . Therefore, by the equivalence of laws, we have
that these uniform estimates hold for the random variables on the new probability space, so
that

Ẽ
´

||η̃N ||
2
W 1,8p0,T ;L2pΓqq

¯

ď C, Ẽ
´

||η̃N ||
2
L8p0,T ;H1

0 pΓqq

¯

ď C,

Ẽ
´

||ũ∆t
N ||

2
L2p0,T ;H1pΩf qq

¯

ď C, Ẽ
´

||ũN ||
2
L8p0,T ;L2pΩf qq

¯

ď C, Ẽ
´

||ṽN ||
2
L8p0,T ;L2pΓqq

¯

ď C,

for a constant C that is independent of N . Therefore, by this uniform boundedness, we
conclude for example that η̃N converges weakly star in L2pΩ̃;W 1,8p0, T ;L2pΓqqq and weakly
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star in L2pΩ̃;L8p0, T ;H1
0 pΓqqq. Since we already have that η̃N converges to η̃ almost surely

in L2p0, T ;L2pΓqq and η̃ “ η̃ almost surely by Property 1, by the uniqueness of this limit, we
conclude that η̃N á η̃, weakly star in L2pΩ̃;W 1,8p0, T ;L2pΓqqq and L2pΩ̃;L8p0, T ;H1

0 pΓqqq.
Similarly, ũ∆t

N á ũ∆t, weakly L2pΩ̃;L2p0, T ;H1pΩf qqq, ũN á ũ weakly star in the space
L2pΩ̃;L8p0, T ;L2pΩf qqq, and ṽN á ṽ weakly star in L2pΩ̃;L8p0, T ;L2pΓqqq. This establishes
Property 2.

Property 3: Since η̃ “ η̃ almost surely, it suffices to show that η̃p0q “ η0 almost surely. To
do this, we use a method similar to the method in the proof of Lemma 4.8.6. We define

DM “ tη P L2
p0, T ;L2

pΓqq : ||ηp¨q ´ η0||L2p0,h,L2pΓqq ď Mh3{2, for all 0 ă h ď T u. (4.54)

Because of the uniform bound E
´

||ηN ||2W 1,8p0,T ;L2pΓqq

¯

ď C for all N, from Lemma 4.7.3,

we have that

PpηN P DMq ě 1 ´
C

M2
for all M and N,

by using Chebychev’s inequality. This is because if ||ηN ||W 1,8p0,T ;L2pΓqq ď M , then from the
fact that ηNp0q “ η0 for all ω P Ω and N , we have that

||ηp¨q ´ η0||L2p0,h,L2pΓqq “

ˆ
ż h

0

||ηpsq ´ η0||
2
L2pΓqds

˙1{2

ď

ˆ
ż h

0

pMsq2ds

˙1{2

ď Mh3{2.

Then, by equivalence of laws,

P̃pη̃N P DMq ě 1 ´
C

M2
for all M and N.

Because DM is a closed set in L2p0, T ;L2pΓqq and η̃N Ñ η̃ in L2p0, T ;L2pΓqq a.s., we conclude
that

P̃pη̃ P DMq ě lim sup
NÑ8

P̃pη̃N P DMq ě 1´
C

M2
for all M, which implies P̃

˜

η̃ P

8
ď

M“1

DM

¸

“ 1.

Because η̃ is almost surely continuous on r0, T s taking values in L2pΓq by Property 2, we
obtain η̃p0q “ η0 almost surely. This is because if a continuous function η on r0, T s taking
values in L2pΓq has ηp0q ‰ η0, then

||ηp¨q ´ η0||L2p0,h;L2pΓqq ě
d

2
h1{2,

for all h sufficiently small where d “ ||ηp0q´η0||L2pΓq, and hence η cannot belong to
Ť8

M“1DM .

Property 4: To prove this property, we recall from the second equation in the semidiscrete
formulation (4.25) that

ż

Γ

ηn`1
N ´ ηnN

∆t
ϕdz “

ż

Γ

v
n` 1

3
N ϕdz,
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almost surely for all ϕ P L2pΓq. Integrating in time, we obtain for all N that

ż T

0

ż

Γ

BtηNϕdzdt “

ż T

0

ż

Γ

v˚
Nϕdzdt, for all ϕ P C1

pr0, T q;L2
pΓqq,

almost surely. Because each ηN is almost surely a piecewise linear continuous function
satisfying ηp0q “ η0, we obtain by integration by parts that almost surely, for all ϕ P

C1pr0, T q;L2pΓqq,

´η0 ¨ ϕp0q ´

ż T

0

ż

Γ

ηNBtϕdzdt “

ż T

0

ż

Γ

v˚
Nϕdzdt,

and hence, by equivalence of laws,

´η0 ¨ ϕp0q ´

ż T

0

ż

Γ

η̃NBtϕdzdt “

ż T

0

ż

Γ

ṽ˚
Nϕdzdt.

Passing to the limit, we obtain

´η0 ¨ ϕp0q ´

ż T

0

ż

Γ

η̃Btϕdzdt “

ż T

0

ż

Γ

ṽϕdzdt,

for all ϕ P C1pr0, T q;L2pΓqq, almost surely. This implies that Btη̃ “ ṽ holds almost surely for
the limiting solution, since we showed in Property 3 that η̃p0q “ η0 almost surely.

Property 5: The fact that pũ, ṽq P Cp0, T ;Q1q almost surely follows from Lemma 4.8.6,
since the limiting random variables with the tildes have their law given by the probability
measure µ. So it remains to show that pũ, ṽq P Wp0, T q, where Wp0, T q is defined in (4.12).

To establish this result, first notice that we already know from Property 2 that ũ P

L2pΩ̃;L8p0, T ;L2pΩf qqq and ũ P L2pΩ̃;L2p0, T ;H1pΩf qqq, and Property 2 already gives the
desired result for the structure. Thus, it remains to show that ũ P L2p0, T ;VF q almost surely,
where VF is defined in (4.8), and that the kinematic coupling condition holds. By Property
4, we must show in particular that ũ “ ṽer a.s. on Γ.

To do this, define the deterministic function space

H “ tpu, vq P L2
p0, T ;VF q ˆ L2

p0, T ;L2
pΓqq : u “ ver for almost every t P r0, T su.

One can check that the linear subspace H Ă L2p0, T ;H1pΩf qq ˆ L2p0, T ;L2pΓqq is closed
in the Hilbert space L2p0, T ;H1pΩf qq ˆ L2p0, T ;L2pΓqq, and hence H is a Hilbert space
with the inner product of L2p0, T ;H1pΩf qq ˆ L2p0, T ;L2pΓqq. By equivalence of laws and
the uniform boundedness in Lemma 4.7.2, pũN , ṽNq is uniformly bounded in L2pΩ̃;Hq, and
hence converges weakly to pũ, ṽq P L2pΩ̃;Hq by uniqueness of the limit, since we already
have that pũN , ṽNq converges almost surely to pũ, ṽq in L2p0, T ;L2pΩf qq ˆ L2p0, T ;L2pΓqq.
This gives the desired result.

Property 6: First, we sketch the idea. By construction, we have that on the original
probability space, W ptq ´ W psq is independent of σpuNpτq, vNpτq, ηNpτq, for 0 ď τ ď sq,
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where we recall that these processes puNpτq, vNpτq, ηNpτqq are piecewise constant on intervals
of length ∆t “ T {N . This is because for a given time τ P r0, T s, puNpτq, vNpτq, ηNpτqq

depends only on the values of the Brownian motion at time t τ
∆t

u∆t or earlier, from which
the claim follows by the independent increments property of Brownian motion. The idea
will be to transfer this independence property over to the new random variables pũN , ṽN , η̃Nq

on the new probability space pΩ̃, F̃ , P̃q and then take a limit as N Ñ 8 to get the desired
independence in the limit.

Note that the definition of F̃t as

F̃t “ σpũpsq, ṽpsq, η̃psq, for 0 ď s ď tq

makes sense, since by the above properties, η̃ and pũ, ṽq are continuous on r0, T s in time,
taking values in L2pΓq and Q1 respectively. So it makes sense to refer to values pointwise
at specific times, for example as in ũpτq for a given τ P r0, T s. However, it is not clear yet,
for example, what ũNpτq would be, since a priori, we only know that ũN P L2p0, T ;L2pΩf qq,
and hence, each path of ũN is only defined up to a version for t P r0, T s.

To handle this, define the set KN of all functions in L2p0, T ;L2pΩf qq that have a version
that is piecewise constant on the intervals of the form r0,∆ts and pn∆t, pn ` 1q∆ts for
1 ď n ď N ´ 1, where ∆t “ T {N . Note that KN is a closed subset of L2p0, T ;L2pΩf qq, so
by equivalence of laws,

P̃pũN P KNq “ PpuN P KNq “ 1.

Therefore, ũN is almost surely piecewise constant on r0,∆ts and pn∆t, pn ` 1q∆ts for 1 ď

n ď N ´ 1. The same argument shows that ṽN and η̃N also almost surely have versions that
are piecewise constant on these same intervals, since vN and ηN on the original probability
space almost surely have this property too.

Therefore, for each N , up to taking a version of ũN , ṽN , and η̃N , we can define random
variables ũn

N , ṽ
n
N , and η̃

n
N for 0 ď n ď N ´ 1, satisfying

ũNpt, ωq “ ũ0
Npωq, if 0 ď t ď ∆t and ũNpt, ωq “ ũn

Npωq, if n∆t ă t ď pn ` 1q∆t,

ṽNpt, ωq “ ṽ0Npωq, if 0 ď t ď ∆t and ṽNpt, ωq “ ṽnNpωq, if n∆t ă t ď pn ` 1q∆t,

η̃Npt, ωq “ η̃0Npωq, if 0 ď t ď ∆t and η̃Npt, ωq “ η̃nNpωq, if n∆t ă t ď pn ` 1q∆t.

Furthermore, by the equivalence of laws, the joint distribution of ũn
N , ṽ

n
N , η̃

n
N for 0 ď n ď N´1

is the same as that of un
N , v

n
N , η

n
N for 0 ď n ď N ´ 1. Therefore, we can now make sense of

ũNpτq for example for any τ P r0, T s, by considering the piecewise constant versions of these
stochastic processes as given above. When we refer to ũN , ṽN , and η̃N , we will refer to the
piecewise constant versions defined above.

We now show the desired independence. We consider τ0 P r0, ss and 0 ď s ď t, and
show that ũpτ0q and W̃ ptq ´ W̃ psq are independent. The same argument will work for vpτ0q
and ηpτ0q, so it suffices to show the independence of W̃ ptq ´ W̃ psq and ũpτ0q for arbitrary
τ0 P r0, ss and 0 ď s ď t.
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Recall that ũN Ñ ũ almost surely in L2p0, T ;L2pΩf qq. Define the set

EN,n “ tpt, ωq P r0, T s ˆ Ω̃ : ||ũpt, ω, ¨q ´ ũNpt, ω, ¨q||L2pΩf q ě 2´n
u.

For each positive integer n, we can choose N :“ Npnq sufficiently large such that Npnq ą

Npn ´ 1q for n ě 2, and
pdt ˆ P̃qpENpnq,nq ď 2´n. (4.55)

To see this, one selects Npnq sufficiently large so that

P̃
`

||ũ ´ ũNpnq||L2p0,T ;L2pΩf qq ď 2´2n
˘

ě 1 ´ 2´2n,

and then apply Chebychev’s inequality in time. Then, by applying the Borel Cantelli lemma
to (4.55), we obtain that

ũNpt, ω, ¨q Ñ ũpt, ω, ¨q in L2
pΩf q, (4.56)

for all pt, ωq P S Ă r0, T s ˆ Ω̃ for a set S satisfying pdt ˆ P̃qpSq “ T , where we continue
to denote the new subsequence Npnq by N . Thus, pr0, T s ˆ Ω̃q ´ S has measure zero with
respect to the measure pdt ˆ P̃q.

Let S0 Ă r0, T s be the set of all t P r0, T s such that P̃ppt, ωq P Sq “ 1. By Fubini’s
theorem, S0 is a measurable subset of r0, T s for which r0, T s ´ S0 has measure zero. Note
that for each t P S0, ũNpt, ¨q Ñ ũpt, ¨q almost surely as random variables taking values in
L2pΩf q.

So if τ0 P S0, we deduce the independence of ũpτ0q and W̃ ptq ´ W̃ psq as follows. By the
fact that uNpτ0q and W ptq ´ W psq are independent, we have by equivalence of laws that

ũNpτ0q and W̃Nptq ´ W̃Npsq are independent.

Here, N denotes the subsequence Npnq we used to define S and S0. However, since τ0 P S0,
we have that ũpτ0q is the almost sure limit of ũNpτ0q, and furthermore, W̃ ptq ´ W̃ psq is the
almost sure limit of W̃Nptq ´ W̃Npsq. So since the almost sure limits of independent random
variables are independent, this gives the desired result.

If τ0 R S0, since r0, T s ´ S0 has measure zero in r0, T s, there exists a sequence τi P S0

that converges to τ0 as i Ñ 8, where τi P r0, ss. Then, since ũpτiq and W̃ ptq ´ W̃ psq
are independent for each i and since ũpτiq Ñ ũpτ0q almost surely by continuity, the result
follows. (For the case of τ0 “ 0, we recall from Lemma 4.8.6, that pũp0q, ṽp0qq “ pu0, v0q
almost surely.)

We use the equivalence of laws to verify the remaining properties of Brownian motion.
In particular, we just need to show that W̃ ptq ´ W̃ psq is distributed as Np0, t ´ sq. By the
equivalence of laws and the fact that W is originally a Brownian motion, W̃Nptq ´ W̃Npsq “d

W ptq ´ W psq, so that W̃Nptq ´ W̃Npsq is distributed as Np0, t ´ sq. Since W̃N Ñ W̃ a.s. in
Cp0, T ;Rq, we obtain that W̃Nptq´W̃Npsq Ñ W̃ ptq´W̃ psq almost surely, so that W̃ ptq´W̃ psq
is the almost sure limit of random variables distributed as Np0, t ´ sq. Thus, we conclude
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that W̃ ptq ´ W̃ psq must also be distributed as Np0, t ´ sq, which concludes the proof of
Property 6.

Property 7: By the definition of F̃t, the process pũ, ṽ, η̃q is adapted to F̃t. By Property
2, η̃ almost surely has continuous paths on r0, T s, taking values in L2pΩf q. By Property 5,
pũ, ṽq almost surely has continuous paths on r0, T s, taking values in Q1. Since a continuous
adapted process is predictable (see Proposition 5.1 in Chapter IV of Revuz and Yor [155]),
this establishes the desired property.

This completes the proof of Lemma 4.8.7.

Passing to the limit

We now consider the approximate solutions defined as random variables on the probability
space pΩ̃, F̃ , P̃q, discussed in Lemma 4.8.7, and show that the almost sure limit obtained
in Lemma 4.8.7, satisfies the weak formulation stated in Definition 4.4.1, almost surely on
pΩ̃, F̃ , P̃q. For this purpose, we recall the semidiscrete formulation of the problem from
(4.25), given by

ż

Ωf

un`1
N ´ un

N

∆t
¨ qdx` 2µ

ż

Ωf

Dpun`1
N q :Dpqqdx`

ż

Γ

vn`1
N ´ vnN

∆t
ψdz `

ż

Γ
∇ηn`1

N ¨ ∇ψdz

“

ż

Γ

W ppn` 1q∆tq ´W pn∆tq

∆t
ψdz ` Pn

N,in

ż R

0
pqzq|z“0dr ´ Pn

N,out

ż R

0
pqzq|z“Ldr, @pq, ψq P Q,

ż

Γ

ηn`1
N ´ ηnN

∆t
ϕdz “

ż

Γ

v
n` 1

3
N ϕdz, @ϕ P L2

pΓq,

where P n
N,in{out “ 1

∆t

şpn`1q∆t

n∆t
Pin{outptqdt. Notice that as stated, this semidiscrete formulation

refers to the original variables, defined on the original probability space. Given a general
pq, ψq P Qp0, T q, we use the semidiscrete formulation at each fixed time and integrate in
time from 0 to T to obtain for all pq, ψq P Qp0, T q,

ż T

0

ż

Ωf

BtuN ¨ qdx` 2µ

ż T

0

ż

Ωf

Dpu∆t
N q :Dpqqdxdt `

ż T

0

ż

Γ

BtvNψdzdt

`

ż T

0

ż

Γ

∇η∆t
N ¨ ∇ψdzdt “

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

ż

Γ

W ppn ` 1q∆tq ´ W pn∆tq

∆t
ψdzdt

`

N´1
ÿ

n“0

˜

ż pn`1q∆t

n∆t

P n
N,in

ż R

0

pqzq|z“0drdt ´

ż pn`1q∆t

n∆t

P n
N,out

ż R

0

pqzq|z“Ldrdt

¸

,

ż T

0

ż

Γ

BtηNϕdzdt “

ż T

0

ż

Γ

v˚
Nϕdzdt, @ϕ P C1

p0, T ;L2
pΓqq,

where uN , vN and ηN are the piecewise linear approximations, given by (4.28) and (4.31),
and u∆t

N and η∆t
N are the piecewise constant time shifted functions, given by (4.30) and
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(4.32). Now, we convert to the new probability space by noticing that the same identities
hold for the new random variables defined on the “tilde” probability space since the two
sets of random variables have the same law on X . So for all pq, ψq P Qp0, T q, on the new
probability space pΩ̃, F̃ , P̃q with the filtration tF̃tutě0 defined in (4.53), we obtain

ż T

0

ż

Ωf

BtũN ¨ qdx` 2µ

ż T

0

ż

Ωf

Dpũ∆t
N q :Dpqqdxdt `

ż T

0

ż

Γ

BtṽNψdzdt

`

ż T

0

ż

Γ

∇η̃∆t
N ¨ ∇ψdzdt “

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

ż

Γ

W̃Nppn ` 1q∆tq ´ W̃Npn∆tq

∆t
ψdzdt

`

N´1
ÿ

n“0

˜

ż pn`1q∆t

n∆t

P n
N,in

ż R

0

pqzq|z“0dr ´

ż pn`1q∆t

n∆t

P n
N,out

ż R

0

pqzq|z“Ldrdt

¸

,

ż T

0

ż

Γ

Btη̃Nϕdzdt “

ż T

0

ż

Γ

ṽ˚
Nϕdzdt @ϕ P C1

p0, T ;L2
pΓqq.

We can now pass to the limit in all of the integrals, and use the almost sure convergence of
the “tilde” random variables as follows.

First term: For the functions on the original probability space, note that because qpT q “ 0,
we can integrate by parts to obtain

ż T

0

ż

Ωf

BtuN ¨ qdxdt “ ´

ż T

0

ż

Ωf

uN ¨ Btqdxdt ´

ż

Ωf

u0 ¨ qp0qdx.

By equivalence of laws, this identity also holds with ũN in place of uN . Then, because
ũN Ñ ũ almost surely in L2p0, T ;L2pΩf qq, we can pass to the limit to obtain the desired
almost sure convergence,

ż T

0

ż

Ωf

BtũN ¨ qdx Ñ ´

ż T

0

ż

Ωf

ũ ¨ Btqdxdt ´

ż

Ωf

u0 ¨ qp0qdx.

Third term: For the third term, we use an argument similar to that for the first term.
Since ψpT q “ 0, we can integrate by parts,

ż T

0

ż

Γ

BtvNψdzdt “ ´

ż T

0

ż

Γ

vNBtψdzdt ´

ż

Γ

v0ψp0qdz.

This holds with ṽN in place of vN too by equivalence of laws. Since ṽN Ñ ṽ in L2p0, T ;L2pΓqq

almost surely, we have the desired almost sure convergence:

ż T

0

ż

Γ

BtṽNψdzdt “ ´

ż T

0

ż

Γ

ṽNBtψdzdt ´

ż

Γ

v0ψp0qdz Ñ ´

ż T

0

ż

Γ

ṽBtψdzdt ´

ż

Γ

v0ψp0qdz.
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Second and fourth term with smooth test function: For the second and fourth term,
we have to use an approximation argument, since we only have estimates of convergence of
ũN and ũ∆t

N in L2p0, T ;L2pΩf qq and ṽN in L2p0, T ;L2pΓqq.
We will first show the desired convergence under the assumption that pq, ψq P Qp0, T q is

spatially smooth at each time in r0, T s. Then, on the original probability space,

2µ

ż T

0

ż

Ωf

Dpu∆t
N q :Dpqqdxdt “ µ

ż T

0

ż

Ωf

∇u∆t
N : ∇qdxdt “ ´µ

ż T

0

ż

Ωf

u∆t
N ¨ ∆qdxdt,

where the last integration by parts has no boundary terms due to the properties of the
solution space and test space for the fluid. Then, by the uniform dissipation estimate in

Proposition 4.6.7,
řN´1

n“0 E
´

||un`1
N ´ un

N ||2L2pΩf q

¯

ď C, we have that

E
´

||u∆t
N ´ uN ||

2
L2p0,T ;L2pΩf qq

¯

ď Cp∆tq Ñ 0, as N Ñ 8.

By equivalence of laws, the above identities and estimates hold for ũ∆t
N in place of u∆t

N . By
the Borel-Cantelli lemma, we have that

||ũ∆t
N ´ ũN ||L2p0,T ;L2pΩf qq Ñ 0 almost surely as N Ñ 8,

taking a subsequence if needed. Because ũN converges to ũ in L2p0, T ;L2pΩf qq as N Ñ 8,
we also have that

||ũ∆t
N ´ ũ||L2p0,T ;L2pΩf qq Ñ 0 almost surely as N Ñ 8

along this subsequence, which allows us to pass to the limit to obtain

2µ

ż T

0

ż

Ωf

Dpũ∆t
N q :Dpqqdxdt “ ´µ

ż T

0

ż

Ωf

ũ∆t
N ¨ ∆qdxdt (4.57)

Ñ ´µ

ż T

0

ż

Ωf

ũ ¨ ∆qdxdt “ 2µ

ż T

0

ż

Ωf

Dpũq :Dpqqdxdt.

For the fourth term, one can use a similar argument under the assumption that the test
function pq, ψq is spatially smooth. On the original probability space,

ż T

0

ż

Γ

∇η∆t
N ¨ ∇ψdzdt “ ´

ż T

0

ż

Γ

η∆t
N ¨ ∆ψdzdt.

By the numerical dissipation estimate from Lemma 4.6.7,
řN´1

n“0 E
´

||∇ηn` 1
3

N ´ ∇ηnN ||2L2pΓq

¯

ď

C, so we obtain, by Poincaré’s inequality, that

E
´

||η∆t
N ´ ηN ||

2
L2p0,T ;L2pΓqq

¯

ď Cp∆tq Ñ 0, as N Ñ 8.
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These estimates hold on the new probability space with η̃N in place of ηN . By the Borel-
Cantelli lemma and the convergence of η̃N to η̃ in L2p0, T ;L2pΓqq,

||η̃∆t
N ´ η̃||L2p0,T ;L2pΓqq Ñ 0, almost surely as N Ñ 8,

taking a subsequence. This allows us to pass to the limit to obtain the almost sure conver-
gence,

ż T

0

ż

Γ

∇η̃∆t
N ¨ ∇ψdzdt “ ´

ż T

0

ż

Γ

η̃∆t
N ¨ ∆ψdzdt (4.58)

Ñ ´

ż T

0

ż

Γ

η̃ ¨ ∆ψdzdt “

ż T

0

ż

Γ

∇η̃ ¨ ∇ψdzdt, as N Ñ 8.

Second and fourth term with general test function: To show the almost sure conver-
gence in the previous step, we assumed that pq, ψq P Qp0, T q was spatially smooth. To get
the general convergence, we use an approximation argument. Suppose that pq, ψq P Qp0, T q

is not smooth spatially. It suffices to show that
şT

0

ş

Ωf
Dpũ∆t

N q : Dpqqdxdt Ñ
şT

0

ş

Ωf
Dpũq :

Dpqqdxdt in probability, and
şT

0

ş

Γ
∇η̃∆t

N ¨ ∇ψdzdt Ñ
şT

0

ş

Γ
∇η̃ ¨ ∇ψdzdt in probability (see

below for the precise definition), as we would get the desired result from the fact that we
then have almost sure convergence along a subsequence. So given any ϵ ą 0 and δ ą 0, we
must show that there exists N0 such that for all N ě N0,

P̃

˜
ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

Ωf

Dpũ∆t
N q :Dpqqdxdt ´

ż T

0

ż

Ωf

Dpũq :Dpqqdxdt

ˇ

ˇ

ˇ

ˇ

ˇ

ą δ

¸

ď ϵ, (4.59)

P̃
ˆˇ

ˇ

ˇ

ˇ

ż T

0

ż

Γ

∇η̃∆t
N ¨ ∇ψdzdt ´

ż T

0

ż

Γ

∇η̃ ¨ ∇ψdzdt
ˇ

ˇ

ˇ

ˇ

ą δ

˙

ď ϵ. (4.60)

To show this, observe that by the uniform dissipation estimate in Proposition 4.6.7, we
have that

E

˜

N´1
ÿ

n“0

p∆tq

ż

Ωf

|Dpun`1
N q|

2dx

¸

“ E
´

||Dpu∆t
N q||

2
L2p0,T ;L2pΩf qq

¯

ď C.

and hence by equivalence of laws,

Ẽ
´

||Dpũ∆t
N q||

2
L2p0,T ;L2pΩf qq

¯

ď C,

for a uniform constant C. Since ũ P L2pΩ;L2p0, T ;H1pΩf qqq by Property 2 of Lemma 4.8.7,
we conclude that there exists a sufficiently large positive constant M such that for all N ,

P̃
`

||Dpũ∆t
N q||L2p0,T ;L2pΩf qq ě M

˘

ď
ϵ

3
, P̃

`

||Dpũq||L2p0,T ;L2pΩf qq ě M
˘

ď
ϵ

3
. (4.61)
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For the fourth term involving structure displacements, recall from Lemma 4.6.7 that

E
´

||∇η∆t
N ||

2
L8p0,T ;L2pΓqq

¯

ď C,

and by Property 2 in Lemma 4.8.7, η̃ P L2pΩ̃;L8p0, T ;H1
0 pΓqqq. So using equivalence of laws,

M can also be chosen sufficiently large so that for all N ,

P̃
`

||∇η̃∆t
N ||L8p0,T ;L2pΓqq ě M

˘

ď
ϵ

3
, P̃

`

||∇η̃||L8p0,T ;L2pΓqq ě M
˘

ď
ϵ

3
. (4.62)

Then, choose ppq, pψq P Qp0, T q that are smooth spatially at all times in r0, T s, such that

||Dpqq ´Dppqq||L2p0,T ;L2pΩf qq ď
δ

3M
, ||∇ψ ´ ∇ pψ||L1p0,T ;L2pΓqq ď

δ

3M
. (4.63)

Then, the almost sure convergences (4.57) and (4.58), which hold for this smoother ppq, pψq,
allow us to choose N0 sufficiently large such that for all N ě N0,

P̃

˜
ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

Ωf

Dpũ∆t
N q :Dppqqdxdt ´

ż T

0

ż

Ωf

Dpũq :Dppqqdxdt

ˇ

ˇ

ˇ

ˇ

ˇ

ą
δ

3

¸

ď
ϵ

3
, (4.64)

P̃
ˆ

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

Γ

∇η̃∆t
N ¨ ∇ pψdzdt ´

ż T

0

ż

Γ

∇η̃ ¨ ∇ pψdzdt

ˇ

ˇ

ˇ

ˇ

ą
δ

3

˙

ď
ϵ

3
. (4.65)

Furthermore, the choice of ppq, pψq in (4.63) and the choice ofM in (4.61) and (4.62) give that
for all N ,

P̃

˜
ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

Ωf

Dpũ∆t
N q :Dpqqdxdt ´

ż T

0

ż

Ωf

Dpũ∆t
N q :Dppqqdxdt

ˇ

ˇ

ˇ

ˇ

ˇ

ą
δ

3

¸

ď
ϵ

3
, (4.66)

P̃
ˆ

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

Γ

∇η̃∆t
N ¨ ∇ψdzdt ´

ż T

0

ż

Γ

∇η̃∆t
N ¨ ∇ pψdzdt

ˇ

ˇ

ˇ

ˇ

ą
δ

3

˙

ď
ϵ

3
, (4.67)

and

P̃

˜
ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

Ωf

Dpũq :Dpqqdxdt ´

ż T

0

ż

Ωf

Dpũq :Dppqqdxdt

ˇ

ˇ

ˇ

ˇ

ˇ

ą
δ

3

¸

ď
ϵ

3
, (4.68)

P̃
ˆ

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

Γ

∇η̃ ¨ ∇ψdzdt ´

ż T

0

ż

Γ

∇η̃ ¨ ∇ pψdzdt

ˇ

ˇ

ˇ

ˇ

ą
δ

3

˙

ď
ϵ

3
. (4.69)

Combining the estimates (4.64), (4.65), (4.66), (4.67), (4.68), and (4.69) establishes the
desired estimates (4.59) and (4.60), and hence proves the desired convergence in probability.
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Passing to the limit in the stochastic integral. We want to pass to the limit in the
stochastic integral and show that for arbitrary ψ such that pq, ψq P Qp0, T q,

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

ż

Γ

W̃Nppn ` 1q∆tq ´ W̃Npn∆tq

∆t
ψdzdt Ñ

ż T

0

ˆ
ż

Γ

ψdz

˙

dW̃ , a.s. as N Ñ 8.

Note that because ψ is deterministic, we can express the right hand side as a stochastic
integral,

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

ż

Γ

W̃Nppn ` 1q∆tq ´ W̃Npn∆tq

∆t
ψdzdt

“

ż T

0

N´1
ÿ

n“0

˜

1

∆t

ż pn`1qp∆tq

n∆t

ż

Γ

ψps, zqdzds

¸

1tPpn∆t,pn`1q∆tsptqdW̃Nptq.

Because convergence in probability implies convergence almost surely along a subsequence,
it thus suffices to prove that

ż T

0

N´1
ÿ

n“0

˜

1

∆t

ż pn`1qp∆tq

n∆t

ż

Γ

ψps, zqdzds

¸

1tPpn∆t,pn`1q∆tsptqdW̃N Ñ

ż T

0

ˆ
ż

Γ

ψdz

˙

dW̃ ,

as N Ñ 8 in probability. So we must show that given any δ ą 0 and any ϵ ą 0, there exists
N0 sufficiently large such that for all N ě N0

P̃

˜
ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

N´1
ÿ

n“0

˜

1

∆t

ż pn`1qp∆tq

n∆t

ż

Γ

ψps, zqdzds

¸

1tPpn∆t,pn`1q∆tsptqdW̃N ´

ż T

0

ˆ
ż

Γ

ψdz

˙

dW̃

ˇ

ˇ

ˇ

ˇ

ˇ

ą δ

¸

ă ϵ.

We accomplish this through two estimates. We claim that we can choose N0 sufficiently
large such that

P̃

˜
ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

N´1
ÿ

n“0

˜

1

∆t

ż pn`1qp∆tq

n∆t

ż

Γ

ψps, zqdzds

¸

1tPpn∆t,pn`1q∆tsptqdW̃N ´

ż T

0

ˆ
ż

Γ

ψdz

˙

dW̃N

ˇ

ˇ

ˇ

ˇ

ˇ

ą
δ

2

¸

ă
ϵ

2
,

(4.70)

and

P̃
ˆ

ˇ

ˇ

ˇ

ˇ

ż T

0

ˆ
ż

Γ

ψdz

˙

dW̃N ´

ż T

0

ˆ
ż

Γ

ψdz

˙

dW̃

ˇ

ˇ

ˇ

ˇ

ą
δ

2

˙

ă
ϵ

2
, (4.71)

for all N ě N0.
For the first estimate (4.70), it suffices to use the Itô isometry along with the fact that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

N´1
ÿ

n“0

˜

1

∆t

ż pn`1qp∆tq

n∆t

ż

Γ
ψps, zqdzds

¸

1tPpn∆t,pn`1q∆tsptq ´

ż

Γ
ψdz

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2p0,T q

Ñ 0, as N Ñ 8,

to conclude that

Ẽ

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

N´1
ÿ

n“0

˜

1

∆t

ż pn`1qp∆tq

n∆t

ż

Γ

ψps, zqdzds

¸

1tPpn∆t,pn`1q∆tsptqdW̃N ´

ż T

0

ˆ
ż

Γ

ψdz

˙

dW̃N

ˇ

ˇ

ˇ

ˇ

ˇ

2
˛

‚Ñ 0,
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as N Ñ 8. The first estimate (4.70) thus follows from taking N0 sufficiently large to make
this expectation sufficiently small, and then using Chebychev’s inequality.

For the second estimate, note that we can approximate
ş

Γ
ψpt, zqdz :“ gptq by a deter-

ministic step function

gmptq “ g

ˆ

kT

m

˙

if
kT

m
ă t ď

pk ` 1qT

m
.

By the continuity of gptq, we can select m sufficiently large such that

||gptq ´ gmptq||
2
L2p0,T q

ă
ϵ

6
¨

ˆ

δ

6

˙2

.

Then, by the Itô isometry and Chebychev’s inequality,

P̃
ˆ

ˇ

ˇ

ˇ

ˇ

ż T

0

ˆ
ż

Γ

ψdz

˙

dW̃N ´

ż T

0

gmptqdW̃N

ˇ

ˇ

ˇ

ˇ

ą
δ

6

˙

ă
ϵ

6
, (4.72)

for all N , and

P̃
ˆ

ˇ

ˇ

ˇ

ˇ

ż T

0

ˆ
ż

Γ

ψdz

˙

dW̃ ´

ż T

0

gmptqdW̃

ˇ

ˇ

ˇ

ˇ

ą
δ

6

˙

ă
ϵ

6
. (4.73)

So it remains to choose N0 sufficiently large such that for all N ě N0,

P̃
ˆˇ

ˇ

ˇ

ˇ

ż T

0

gmptqdW̃N ´

ż T

0

gmptqdW̃

ˇ

ˇ

ˇ

ˇ

ą
δ

6

˙

ă
ϵ

6
. (4.74)

We note that |gmptq| ď K for some constant K that is deterministic, as gmptq is a determin-
istic function of time. Also, note that

ż T

0

gmptqdW̃N “

m´1
ÿ

k“0

g

ˆ

kT

m

˙

¨

ˆ

W̃N

ˆ

pk ` 1qT

m

˙

´ W̃N

ˆ

kT

m

˙˙

,

with an analogous formula for the integration against W̃ . Hence,
ˇ

ˇ

ˇ

ˇ

ż T

0

gmptqdW̃N ´

ż T

0

gmptqdW̃

ˇ

ˇ

ˇ

ˇ

ď

m´1
ÿ

k“0

ˇ

ˇ

ˇ

ˇ

g

ˆ

kT

m

˙

¨

„ˆ

W̃N

ˆ

pk ` 1qT

m

˙

´ W̃N

ˆ

kT

m

˙˙

´

ˆ

W̃

ˆ

pk ` 1qT

m

˙

´ W̃

ˆ

kT

m

˙˙ȷ
ˇ

ˇ

ˇ

ˇ

ď

m´1
ÿ

k“0

2K||W̃ ´ W̃N ||Cp0,T ;Rq ď 2Km ¨ ||W̃ ´ W̃N ||Cp0,T ;Rq.

Because W̃N Ñ W̃ in Cp0, T ;Rq almost surely, there exists N0 sufficiently large such that

P̃
ˆ

||W̃ ´ W̃N ||Cp0,T ;Rq ą
δ

12Km

˙

ă
ϵ

6
, for all N ě N0.
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Therefore,

P̃
ˆˇ

ˇ

ˇ

ˇ

ż T

0

gmptqdW̃N ´

ż T

0

gmptqdW̃

ˇ

ˇ

ˇ

ˇ

ą
δ

6

˙

ă
ϵ

6
, for all N ě N0.

The estimates (4.72), (4.73), and (4.74) thus imply the desired estimate in (4.71).

Convergence of the pressure term. Finally, we show that

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

P n
N,in

ˆ
ż R

0

pqzq|z“0dr

˙

dt Ñ

ż T

0

Pinptq

ˆ
ż R

0

pqzq|z“0dr

˙

dt, as N Ñ 8.

(4.75)
The same argument will work for the outlet pressure term.

Define the following piecewise approximation of the test function q,

qmpt, ¨q “ q

ˆ

kT

m
, ¨

˙

, if
kT

m
ă t ď

pk ` 1qT

m
.

For any positive integer N ,

ż T

0

Pinptq

ˆ
ż R

0

pqNz q|z“0dr

˙

dt ´

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

P n
N,in

ˆ
ż R

0

pqNz q|z“0dr

˙

dt

“

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

pPinptq ´ P n
N,inq

ˆ
ż R

0

pqNz q|z“0dr

˙

dt

“

N´1
ÿ

n“0

ˆ
ż R

0

pqNz q|z“0dr

˙
ż pn`1q∆t

n∆t

pPinptq ´ P n
N,inqdt “ 0.

To establish (4.75), it suffices to show that

ż T

0

Pinptq

ˆ
ż R

0

pqzq|z“0dr

˙

dt ´

ż T

0

Pinptq

ˆ
ż R

0

pqNz q|z“0dr

˙

dt Ñ 0, as N Ñ 8, (4.76)

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

Pn
N,in

˜

ż R

0

pqzq|z“0dr

¸

dt´
N´1
ÿ

n“0

ż pn`1q∆t

n∆t

Pn
N,in

˜

ż R

0

pqNz q|z“0dr

¸

dt Ñ 0, as N Ñ 8. (4.77)

For (4.76), we compute
ˇ

ˇ

ˇ

ˇ

ż T

0

Pinptq

ˆ
ż R

0

pqzq|z“0dr

˙

dt ´

ż T

0

Pinptq

ˆ
ż R

0

pqNz q|z“0dr

˙

dt

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż T

0

Pinptq

ˆ
ż R

0

pqz ´ qNz q|z“0dr

˙

dt

ˇ

ˇ

ˇ

ˇ

ď ||Pin||L2p0,T q

˜

ż T

0

ˆ
ż R

0

pqz ´ qNz q|z“0dr

˙2

dt

¸1{2

ď C||Pin||L2p0,T q

ˆ
ż T

0

||q ´ qN ||
2
H1pΩf qdt

˙1{2

. (4.78)
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Because q is continuous taking values in VF equipped with the norm of H1pΩf q, we have
that ||q´ qN ||H1pΩf q Ñ 0 uniformly on r0, T s as N Ñ 8, which establishes the desired limit.
Similary, to estabish (4.77) we calculate

ˇ

ˇ

ˇ

ˇ

ˇ

N´1
ÿ

n“0

P n
N,in

ż pn`1q∆t

n∆t

ˆ
ż R

0

pqz ´ qNz q|z“0dr

˙

dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

N´1
ÿ

n“0

p∆tq1{2P n
N,in

˜

ż pn`1q∆t

n∆t

ˆ
ż R

0

pqz ´ qNz q|z“0dr

˙2

dt

¸1{2
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

N´1
ÿ

n“0

p∆tq1{2P n
N,in

˜

ż pn`1q∆t

n∆t

||q ´ qN ||
2
H1pΩf qdt

¸1{2
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C

˜

N´1
ÿ

n“0

p∆tq1{2
|P n

N,in|

¸

¨ max
0ďnďN´1

˜

ż pn`1q∆t

n∆t

||q ´ qN ||
2
H1pΩf qdt

¸1{2

ď C

˜

N´1
ÿ

n“0

1

p∆tq1{2

ż pn`1q∆t

n∆t

|Pinptq|dt

¸

¨ max
0ďnďN´1

˜

ż pn`1q∆t

n∆t

||q ´ qN ||
2
H1pΩf qdt

¸1{2

ď C||Pin||L2p0,T q ¨ max
0ďnďN´1

˜

ż pn`1q∆t

n∆t

||q ´ qN ||
2
H1pΩf qdt

¸1{2

.

Again, because q is continuous taking values in VF equipped with the norm of H1pΩf q, we
have that ||q ´ qN ||H1pΩf q Ñ 0 uniformly on r0, T s as N Ñ 8, which establishes the desired
limit.

We have, therefore, established the existence of a weak solution to the stochastic fluid-
structure interaction problem in a probabilistically weak sense, as in Definition 4.4.1.

4.9 Return to the original probability space

We have thus constructed a stochastic process pũ, η̃q, which satisfies the weak formulation
of the continuous problem almost surely on the “tilde” probability space determined by
the Skorokhod representation theorem. However, we want to bring the solution back to the
original probability space. In particular, we must get convergence of the original approximate
solutions puN , vN , ηNq on the original probability space pΩ,F ,Pq with the original given
complete filtration tFtutě0 and the original Brownian motion W ptq.

Recall from Theorem 2.2.3 that to show that a sequence of random variablesXn converges
in probability, we must verify that for every two subsequences Xlk and Xmk

, there exists a
further subsequence such that the joint probability measures associated with xk “ pXlk , Xmk

q

on B ˆ B, defined by

νxk
“ νXlk

,Xmk
pA1 ˆ A2q “ PpXlk P A1, Xmk

P A2q, A1, A2 P BpBq,
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where BpBq is the Borel sigma algebra on B, converge weakly along this further subsequence
to some probability measure ν, where ν is such that

νptpx, yq P B ˆ B : x “ yuq “ 1. (4.79)

Thus, the limits of any two convergent subsequences have to be “the same” with probability
1.

Once we show convergence in probability of our original sequence using the Gyöngy-
Krylov lemma, we will have almost sure convergence along a subsequence of our approxi-
mate solutions on the original probability space. Then, using the fact that our approximate
solutions converge almost surely along a subsequence on the original probability space, we
can adapt the arguments in Section 4.8 in order to show that the limiting weak solution
on the original probability space satisfies the weak form of the continuous problem almost
surely, so that the limiting solution is a weak solution in a probabilistically strong sense.

Thus, what remains to be shown is that the diagonal condition in the Gyöngy-Krylov
lemma holds. Since our problem is linear and the stochastic noise is additive, using the
Skorokhod representation theorem, one can show that the diagonal condition is equivalent
to showing deterministic uniqueness holding pathwise. To demonstrate this, we first prove
deterministic uniqueness, and then use it to show how this implies the diagonal condition.

Uniqueness of the deterministic linear problem

Lemma 4.9.1 (Uniqueness for the deterministic problem). Suppose we have pu, v, ηq with
u P L8p0, T ;L2pΩf qq X L2p0, T ;VF q, η P W 1,8p0, T ;L2pΓqq X L8p0, T ;VSq, and u|Γ “ Btηer.
Suppose also that pu, Btηq P Cp0, T ;Q1q, with ηp0q “ 0. If for all pq, ψq P Qp0, T q,

´

ż T

0

ż

Ωf

u ¨ Btqdxdt` 2µ

ż T

0

ż

Ωf

Dpuq :Dpqqdxdt´

ż T

0

ż

Γ
BtηBtψdzdt`

ż T

0

ż

Γ
∇η ¨ ∇ψdzdt “ 0,

then pu, ηq “ 0.

Proof. Observe first that to get the usual energy equality, we would want to formally sub-
stitute in pu, Btηq for pq, ψq. However, since pq, ψq must have ψptq P H1

0 pΓq by the definition
of the test space Qp0, T q, we do not have enough regularity to do this. Therefore, we use
a different approach of taking an antiderivative, which is an approach used for example in
establishing uniqueness of weak solutions for general hyperbolic equations (see Section 7.2
in [70]).

Consider an arbitrary s such that 0 ď s ď T . We use the following test function,

pq0ptq, ψ0ptqq “

$

&

%

ˆ
ż s

t

ˆ
ż τ

0

upσqdσ

˙

dτ,

ż s

t

ηpτqdτ

˙

if 0 ď t ď s,

p0, 0q if s ď t ď T.

Recall that ηp0q “ 0 by assumption. Note that since
ż τ

0

upσqdσ
ˇ

ˇ

ˇ

Γ
“

ż τ

0

Btηpσqdσ “ ηpτq
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for all τ P r0, T s, the function pq0, ψ0q satisfies the necessary kinematic coupling condition
for Qp0, T q. While this test function is only piecewise differentiable, it is easy to show by an
approximation argument that the weak formulation should still hold with this test function
by approximating it with differentiable functions. For notational simplicity, we define

Uptq “

ż t

0

upσqdσ.

Substituting the test function into the weak formulation, we obtain for all s P r0, T s,
ż s

0

ż

Ωf

u ¨Udxdt`2µ

ż s

0

ż

Ωf

Dpuq :Dpq0qdxdt`

ż s

0

ż

Γ

Btη ¨ηdzdt`

ż s

0

ż

Γ

∇η ¨∇ψ0dzdt “ 0,

where we note that Btq0ptq “ ´Uptq and Btψ0ptq “ ´ηptq, for t P r0, sq. We handle the four
terms on the left hand side as follows.

• First term: We note that u “ BtU . Hence, using the fact that Up0q “ 0, we get

ż s

0

ż

Ωf

u ¨Udxdt “

ż s

0

d

dt

ˆ

1

2
||U ||

2
L2pΩf q

˙

dt “
1

2
||Upsq||

2
L2pΩf q.

• Second term: For the second term, we again use that u “ BtU . Therefore,

2µ

ż s

0

ż

Ωf

Dpuq :Dpq0qdxdt “ 2µ

ż s

0

ż

Ωf

DpBtUq :Dpq0qdxdt.

We integrate by parts in time. Note that Up0q “ 0 and q0psq “ 0, so there are no
boundary terms from the integration by parts. Hence, using the fact that Btq0 “ ´U ,
we obtain

2µ

ż s

0

ż

Ωf

Dpuq :Dpq0qdxdt “ ´2µ

ż s

0

ż

Ωf

DpUq :DpBtq0qdxdt “ 2µ

ż s

0

ż

Ωf

|DpUq|2dxdt.

• Third term: We immediately have that
ż s

0

ż

Γ

Btη ¨ ηdzdt “
1

2
||ηpsq||

2
L2pΓq ´

1

2
||ηp0q||

2
L2pΓq “

1

2
||ηpsq||

2
L2pΓq.

• Fourth term: Since η “ ´Btψ0, we have that
ż

Γ

∇η ¨ ∇ψ0dz “ ´
1

2

d

dt

´

||∇ψ0||
2
L2pΓq

¯

,

and hence, using the fact that ψ0psq “ 0, we get that
ż s

0

ż

Γ

∇η ¨ ∇ψ0dzdt “
1

2
||∇ψ0p0q||

2
L2pΓq.
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Therefore, for all 0 ď s ď T , the entire expression (energy) can now be written as

1

2
||Upsq||

2
L2pΩf q ` 2µ

ż s

0

ż

Ωf

|DpUq|
2dxdt `

1

2
||ηpsq||

2
L2pΓq `

1

2
||∇ψ0p0q||

2
L2pΓq “ 0.

Thus, we conclude that Upsq “ 0 and ηpsq “ 0 for all s P r0, T s. From the definition of U ,
we conclude that uptq “ BtUptq “ 0 for all t P r0, T s also, which completes the proof.

Verifying the diagonal condition of the Gyöngy-Krylov lemma

Now that we have established a uniqueness result, we can construct a solution on the original
probability space pΩ,F ,Pq by invoking a standard argument involving the Gyöngy-Krylov
argument (Theorem 2.2.3), to show that the random variables pηN ,uN , vNq defined on the
original probability space converge in probability, and hence converge almost surely along a
subsequence in the original topology.

Because we have already shown deterministic uniqueness in Sec. 4.9, it only remains to
demonstrate how the Skorokhod representation theorem can be used to show that the diag-
onal condition (4.79) from the Gyöngy-Krylov lemma is equivalent to showing deterministic
uniqueness.

For this purpose, denote by tX1
Mk

u8
k“1 and tX2

Nk
u8
k“1 any two subsequences of our random

variables (approximate solutions) defined on the original probability space pΩ,F ,Pq:

X1
Mk

“ pηMk
, ηMk

, η∆t
Mk
,uMk

, vMk
,uMk

, v˚
Mk
,uMk

, vMk
,u∆t

Mk
, v∆t

Mk
,W q,

X2
Nk

“ pηNk
, ηNk

, η∆t
Nk
,uNk

, vNk
,uNk

, v˚
Nk
,uNk

, vNk
,u∆t

Nk
, v∆t

Nk
,W q.

Recall that the laws corresponding to each of these these two sequences of random variables
individually converge to the law µ. However, to verify the diagonal condition in the Gyöngy-
Krylov lemma, we must examine the joint laws of these random variables pX1

Mk
, X2

Nk
q.

Hence, we consider the joint probability measures (or joint laws) tνX1
Mk

,X2
Nk

u8
k“1 on X ˆX ,

associated with the subsequence pX1
Mk
, X2

Nk
q. By the tightness of the original probability

measures µN , established in the proof of Theorem 4.8.1, we have that the collection of joint
laws tνX1

Mk
,X2

Nk
u8
k“1 is also tight, and hence converges weakly to a probability measure ν on

X ˆ X along a further subsequence, which we will continue to denote by the same indexing
for notational simplicity. Then, by the Skorokhod representation theorem, there exists a
probability space pΩ̃, F̃ , P̃q and random variables

X̃1
Mk

“ pη̃1Mk
, η̃

1

Mk
, η̃∆t,1

Mk
, ũ1

Mk
, ṽ1Mk

, ũ˚,1
Mk
, ṽ˚,1

Mk
, ũ

1

Mk
, ṽ

1

Mk
, ũ∆t,1

Mk
, ṽ∆t,1

Mk
, W̃ 1

Mk
q,

X̃2
Nk

“ pη̃2Nk
, η̃

2

Nk
, η̃∆t,2

Nk
, ũ2

Nk
, v2Nk

, ũ˚,2
Nk
, ṽ˚,2

Nk
, ũ

2

Nk
, ṽ

2

Nk
, ũ∆t,2

Nk
, ṽ∆t,2

Nk
, W̃ 2

Nk
q,

such that
pX̃1

Mk
, X̃2

Nk
q “d pX1

Mk
, X2

Nk
q, (4.80)
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and pX̃1
Mk
, X̃2

Nk
q Ñ pX̃1, X̃2q in X ˆ X almost surely as k Ñ 8, where

X̃1
“ pη̃1, η̃

1
, η̃∆t,1, ũ1, ṽ1, ũ˚,1, ṽ˚,1, ũ

1
, ṽ

1
, ũ∆t,1, ṽ∆t,1, W̃ 1

q,

X̃2
“ pη̃2, η̃

2
, η̃∆t,2, ũ2, ṽ2, ũ˚,2, ṽ˚,2, ũ

2
, ṽ

2
, ũ∆t,2, ṽ∆t,2, W̃ 2

q,

are random variables on pΩ̃, F̃ , P̃q, and ν is the law of pX̃1, X̃2q.
We want to show that ν is supported on the diagonal. It suffices to show that P̃pX̃1 “

X̃2q “ 1. We do this in three steps.
Step 1. First we notice that X̃1 is a weak solution in a probabilistically weak sense with

respect to the stochastic basis pΩ̃, F̃ , tF̃1
t utě0, P̃, W̃1q in the sense of Definition 4.4.1. This

follows from the results of Lemma 4.8.7. Namely, the results of Lemma 4.8.7 imply that

η̃1 “ η̃
1

“ η̃∆t,1, ũ1
“ ũ˚,1

“ ũ
1

“ ũ∆t,1, ṽ1 “ ṽ˚,1 “ ṽ
1

“ ṽ∆t,1, and Btη̃
1 “ ṽ1 almost surely.

Furthermore, pũ1, η̃1q P Wp0, T q and pũ1, ṽ1q P Cp0, T ;Q1q, satisfying the initial condition
η̃1p0q “ η0 almost surely. Furthermore, X̃1 is a weak solution in a probabilistically weak
sense with respect to the stochastic basis pΩ̃, F̃ , tF̃1

t utě0, P̃, W̃1q in the sense of Definition
4.4.1. The same is true for the components of X̃2, with respect to pΩ̃, F̃ , tF̃2

t utě0, P̃, W̃2q.
Here, the filtrations tF̃1

t utě0 and tF̃2
t utě0 are defined by (4.53) with the appropriate limiting

random variables with superscripts “1” and “2” respectively.
Step 2. Here we notice that the limiting white noise satisfies W̃1 “ W̃2. This follows

directly from (4.80), which implies W̃ 1
Mk

“ W̃ 2
Nk

almost surely, since the law of pW̃ 1
Mk
, W̃ 2

Nk
q

is the same as that of pW,W q. Thus, by the convergence of W̃ 1
Mk

and W̃ 2
Nk

in Cp0, T ;Rq

almost surely to W̃ 1 and W̃ 2, we have that W̃ 1 “ W̃ 2 almost surely in Cp0, T ;Rq. This will
allow us to make sense of the difference of the stochastic integrals with respect to W̃1 and
W̃2 in the weak formulations on the “tilde” probability space.

Step 3. Finally, we use deterministic uniqueness to obtain the diagonal condition. We
consider the difference pη̃1 ´ η̃2, ũ1

´ ũ2
q. By subtracting the weak formulations defining

pũ1, η̃1q and pũ2, η̃2q as probabilistically weak solutions, given in Definition 4.4.1, and by
using the result of Step 2 above, we obtain that pũ1

´ ũ2, η̃1 ´ η̃2q almost surely satisfies for
all pq, ψq P Qp0, T q,

´

ż T

0

ż

Ωf

pu1 ´ u2q ¨ Btqdxdt ` 2µ

ż T

0

ż

Ωf

Dpu1 ´ u2q :Dpqqdxdt

´

ż T

0

ż

Γ

Btpη1 ´ η2qBtψdzdt `

ż T

0

ż

Γ

∇pη1 ´ η2q ¨ ∇ψdzdt “ 0,

with η̃1 ´ η̃2 “ 0 almost surely. Therefore, by using the uniqueness result in Lemma 4.9.1,
we conclude that η̃1 “ η̃2 and ũ1

“ ũ2 almost surely. Since ṽ1 “ Btη̃
1 and ṽ2 “ Btη̃

2, we also
obtain that ṽ1 “ ṽ2 almost surely. This allows us to conclude that P̃pX̃1 “ X̃2q “ 1, which
implies that the limiting joint probability measure (or law) ν is supported on the diagonal.

This completes the verification of the diagonal condition of the Gyöngy-Krylov lemma.
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Existence of a weak solution in a probabilistically strong sense

The existence of a weak solution in a probabilistically strong sense, given by Definition 4.4.2,
now follows from the Gyöngy-Krylov lemma in Lemma 2.2.3. More precisely, by the Gyöngy-
Krylov lemma, the original sequence pηN , ηN , η

∆t
N ,uN , vN ,uN , v

˚
N ,uN , vN ,u

∆t
N , v∆t

N ,W q con-
verges in probability to some random variable pη, η, η∆t,u, v,u˚, v˚,u, v,u∆t, v∆t,W q, where
the last component must be W up to a null set, since the limit in probability of any constant
sequence is almost surely exactly that constant.

Since convergence in probability implies almost sure convergence along a subsequence,
we conclude that along a subsequence which we continue to denote by N , we have that

pηN , ηN , η
∆t
N ,uN , vN ,uN , v

˚
N ,uN , vN ,u

∆t
N , v∆t

N ,W q Ñ pη, η, η∆t,u, v,u˚, v˚,u, v,u∆t, v∆t,W q,
(4.81)

almost surely in X . To show that this limit is a weak solution in the sense of Definition 4.4.2,
we use the same arguments as in Lemma 4.8.7. All of the properties from Definition 4.4.2
follow from Lemma 4.8.7, except for uniqueness and showing that pu, v, ηq is Ft-adapted.

Uniqueness follows from the deterministic uniqueness result of Lemma 4.9.1.

Ft-adaptedness of pu, v, ηq: Note that this is not provided by Lemma 4.8.7, as we want
to show that this solution is adapted to the original filtration tFtutě0, while the filtration
defined in (4.53) is not necessarily the same filtration.

To verify this, we note that by construction, puN , vN , ηNq is adapted to the given complete
filtration tFtutě0. We want to pass to the limit as N Ñ 8. By the convergence in (4.81),

uN Ñ u, almost surely in L2
p0, T ;L2

pΩf qq,

vN Ñ v, almost surely in L2
p0, T ;L2

pΓqq,

ηN Ñ η, almost surely in L2
p0, T ;L2

pΓqq.

By the same argument used to establish (4.56) for example, we obtain that for a measurable
set S Ă r0, T s ˆ Ω with pdt ˆ PqpSq “ T ,

uNk
pt, ω, ¨q Ñ upt, ω, ¨q in L2

pΩf q, vNk
pt, ω, ¨q Ñ vpt, ω, ¨q, ηNk

pt, ω, ¨q Ñ ηpt, ω, ¨q in L2
pΓq

(4.82)

along a common subsequence Nk. In particular, pr0, T s ˆ Ωq ´ S has measure zero with
respect to the product measure dt ˆ P.

Define S0 Ă r0, T s to be all times t P r0, T s for which Pppt, ωq P Sq “ 1, so that the time
slice at time t has full measure in probability. S0 is measurable in r0, T s and contains almost
every time in r0, T s by Fubini’s theorem. So for all t P S0, the convergences (4.82) are almost
sure convergences.

Because tFtutě0 is a complete filtration by assumption, the almost sure limit of Ft-
measurable random variables must also be Ft-measurable, since Ft contains all null sets of
pΩ,F ,Pq. So for all t P S0, uptq, vptq, and ηptq are Ft-measurable since uNk

ptq, vNk
ptq, and

ηNk
ptq are Ft-measurable by construction.
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To show uptq, vptq, and ηptq are Ft-measurable for t R S0, we use the fact that S0

has full measure in r0, T s and is hence dense. We can assume t ‰ 0, since at t “ 0,
pup0q, vp0q, ηp0qq “ pu0, v0, η0q almost surely so the result holds. So for t R S0 and t ‰ 0,
we can construct tn P S0 such that tn Õ t. By the fact that pu, vq P Cp0, T ;Q1q and η is
Lipschitz continuous almost surely, we have that puptq, vptq, ηptqq is the almost sure limit of
puptnq, vptnq, ηptnqq, which are Ft-measurable since Ftn Ă Ft, as tn ď t. This establishes the
adaptedness of pu, v, ηq to the given complete filtration tFtutě0.

In conclusion, we have now shown that pu, v, ηq has all of the required properties needed to
be a weak solution in a probabilistically strong sense to the given fluid-structure interaction
problem with respect to the Brownian motion W with complete filtration tFtutě0, as in
Definition 4.4.2. This completes the proof of the main result, stated in Theorem 4.4.1, and
restated here:

Theorem 4.9.1 (Main Result). Let u0 P L2pΩf q, v0 P L2pΓq, and η0 P H1
0 pΓq. Let

Pin{out P L2
locp0,8q and let pΩ,F ,Pq be a probability space with a Brownian motion W with

respect to a given complete filtration tFtutě0. Then, for any T ą 0, there exists a unique weak
solution in a probabilistically strong sense to the given stochastic fluid-structure interaction
problem (4.5)–(4.7).

4.10 Conclusions

In this manuscript, we presented a constructive proof of the existence of a weak solution in
a probabilistically strong sense, to a benchmark stochastic fluid-structure interaction (SFSI)
problem (4.5)–(4.7). Our well-posedness result indicates that stochastic FSI models are
robust in the sense that a unique weak solution in the sense of Definition 4.4.2 will exist
even when the problem is stochastically forced by a rough time-dependent white noise, as
considered in this work.

In addition to the importance of this work in terms of modeling real-life fluid structure
interaction phenomena with stochastic noise, to the best of our knowledge the results of this
work present a first constructive existence proof of a unique weak solution in a probabilis-
tically strong sense to a stochastically forced and fully coupled FSI problem, as defined in
Definition 4.4.2.

In contrast to the deterministic case, the proof based on the operator splitting strategy
presented in this work has several new interesting components, which we summarize below.

1. The energy estimates are given in expectation, and do not necessarily hold pathwise.
Furthermore, the energy estimate has an extra term that accounts for the energy
pumped into the problem by the stochastic forcing in expectation.

2. We can modularize the fully coupled problem into three separate subproblems via an
operator splitting scheme, where the three separate subproblems must be solved in the
“correct” order to obtain a stable scheme. In particular, the order is: (1) the structure
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subproblem, (2) the stochastic subproblem, and (3) the fluid subproblem. With this
order, we can properly interpret the terms involving time increments of the stochastic
forcing as a stochastic integral, due to the measurability properties of the approximate
solutions, which allows us to show stability.

3. To establish weak convergence of probability measures, one can show that the probabil-
ity measures are tight, which requires the use of a compactness result alla Aubin-Lions.
This is a robust approach to showing convergence of the (random) approximate solu-
tions that generalizes well to problems with nonlinear scaling in the intensity of the
stochastic noise and to stochastic FSI problems with nonlinear coupling, where the
fluid domain is determined by the random structure displacement and hence the fluid
equations are posed on time-dependent random (and a priori unknown) domains. The
consideration of such complex nonlinearly coupled FSI models is work in progress [175].

4. Once weak convergence of the probability measures (laws) associated with the approx-
imate solutions is established, probabilistic techniques based on the Skorokhod repre-
sentation theorem and the Gyöngy-Krylov lemma can be employed to obtain almost
sure convergence along a subsequence to a weak solution.
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Chapter 5

Fluid-poroelastic structure interaction

This chapter will be devoted to the study of nonlinearly coupled fluid-poroelastic structure
interaction (FPSI), which describes the coupled dynamical interaction between poroelastic
structures and fluids. Poroelastic materials are porous materials with elastic properties that
are coupled to the flow of fluid through their pores. These materials are described by a
set of equations known as the Biot equations, which are a pair of coupled equations for
the displacement of the poroelastic material from its reference configuration and the pore
pressure. In this chapter, we will consider a nonlinearly coupled FPSI system consisting of
an incompressible fluid modeled by the Navier-Stokes equations interacting with a multilay-
ered poroelastic structure, consisting of a thin reticular plate and a thick Biot poroelastic
material modeled by the Biot equations. This FPSI system will be nonlinearly coupled,
so that both the fluid domain and the Biot domain are moving domains, where the time-
dependent configuration of the fluid domain is determined by the thin plate displacement
and the time-dependent configuration of the Biot domain is determined by the displacement
of the Biot material from its reference configuration. The nonlinearly coupled nature of
this problem and the additional geometric nonlinearities arising from considering the Biot
equations and the Navier-Stokes equations on moving domains make the analysis of this
problem complicated. In this chapter, our goal is to develop a well-posedness theory for
this problem, involving weak solutions to a regularized FPSI problem. We will then show
that our well-posedness theory is compatible with real-life dynamics, by establishing a weak-
classical consistency result that states that weak solutions to the regularized FPSI problem
coincide with smooth solutions to the original problem when smooth solutions exist, as the
regularization parameter goes to zero. We begin by describing the Biot equations on a fixed
domain in the introduction to this chapter, and we give a brief literature review of the Biot
equations and FPSI. We then precisely state the specific nonlinearly coupled FPSI model
that we will consider. We then carry out a priori estimates and define the concept of a
weak solution to a regularized form of the problem. We use a splitting scheme to construct
approximate solutions and then use compactness arguments for functions defined on moving
domains, where there are additional subtleties that make this constructive existence proof
distinct from the corresponding existence proof for the prototypical model of nonlinearly
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coupled FSI. We end this chapter by stating and establishing the weak-classical consistency
result for the regularized FPSI problem.

5.1 Introduction

The Biot equations on a fixed domain. In this introduction, we first define the Biot
equations for poroelasticity. These equations were first formulated in the context of geo-
science by Maurice A. Biot in the seminal works [22] and [23], where these equations for
poroelasticity arose from Biot’s interest in modeling soil consolidation. Our nonlinearly cou-
pled model of FPSI will involve the Biot equations posed on a moving (time-dependent)
domain. However, it will be useful to first discuss the Biot equations defined on a fixed
domain Ωb, where Ωb is a bounded domain in Rn. The Biot equations are a set of two
coupled PDEs for the displacement η : Ωb Ñ Rn of a poroelastic material from its reference
configuration Ωb and its pore pressure p : Ωb Ñ R, given by

ρbBttη ´ ∇ ¨ σp∇η, pq “ 0, in Ωb, (5.1)

c0Btp ` αp∇ ¨ ηqt ´ ∇ ¨ pκ∇pq “ 0, in Ωb, (5.2)

where the Cauchy stress tensor is given by

σp∇η, pq “ σEp∇η, pq ´ αpI.

Here, σEp∇η, pq is the elastic part of the full stress tensor, which can be given for example
by the usual Piola-Kirchhoff stress tensor in linear elasticity.

The first equation (5.1) describes the elastodynamics of the poroelastic material, arising
from balance of momentum, where the influence of the pore pressure on the elastodynamics
appears in the term αpI in the stress tensor σp∇η, pq for the poroelastic material. The
second equation (5.2) describes conservation of mass, where the quantity κ∇p is related to
the filtration velocity q, or the velocity of fluid flow through the pores of the poroelastic
material, via Darcy’s law:

q “ ´κ∇p, (5.3)

where κ ą 0 is a positive constant. If we use Darcy’s law to rewrite the term ´∇ ¨ pκ∇pq

appearing in the second equation (5.2) as ∇ ¨q, we see that the second equation (5.2) relates
the local change in the volume occupied by the fluid in the pores of the material to the local
expansion/contraction of the poroelastic material and the change in the pore pressure.

We make several remarks about the values of the physical constants which appear in
the Biot equations (5.1) and (5.2). The constant ρb is nonnegative, and if ρb “ 0, then
the resulting equations are known as the quasistatic Biot equations, which describe the
situation when the inertial effects of the structure are negligible. Generally, one can take
α ą 0, κ ą 0, and c0 ě 0, though in many works, it is assumed that c0 is a strictly positive
constant.
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Literature on the Biot equations. Now that we have stated the Biot equations on a
fixed domain, we describe some of the literature about these equations. One of the first well-
posedness analyses of the Biot equations was carried out in [183], where the quasi-static Biot
equations with ρb “ 0 in addition to c0 “ 0 are analyzed from the perspective of solutions
satisfying a variational formulation. The existence of weak (variational) solutions that are
in addition unique is established in this work by discretizing the problem in time using a
backwards Euler scheme and by discretizing the problem in space using finite elements, and
then passing to the limit in the time and space approximation parameters. The result in
[183] is later extended in [148], where the same quasistatic Biot system with ρb “ c0 “ 0
is considered, but more regularity is established for the resulting weak solutions. The Biot
displacement and pore pressure are shown to be continuous as functions taking values in
H1pΩbq, with the Biot displacement additionally having a time derivative in L2p0, T ;H1pΩbqq

in [148], via a Galerkin method combined with energy estimates.
Variational solutions to the Biot equations are also considered in the later work [15],

where the authors consider the Biot equations with so-called secondary consolidation. In
this case, the second equation (5.2) remains the same and the first equation has a secondary
consolidation term involving a parameter λ˚ ě 0 that reads

ρbηtt ´ ∇pλ˚
p∇ ¨ ηqtq ´ ∇ ¨ σp∇η, pq “ F on Ωb,

where F is an external forcing term. This work [15] considers several regimes, and shows the
existence of a weak solution via a Galerkin approach if ρ ą 0 and λ˚ ą 0. By taking the limit
as λ˚ “ 0, this work also obtains results for the so-called thermoelastic case where ρ ą 0 and
λ˚ “ 0, which has also been considered in the different context of linear thermoelasticity
in [53] (where in thermoelasticity, the elastodynamics equation takes a similar form to the
first equation in the Biot equations, and the temperature equation takes a similar form to
the pressure equations in the Biot equations). Finally, the work in [15] also considers the
limiting case where ρ “ 0 and λ˚ ą 0 by taking the limit as ρ goes to zero to obtain
results for the quasi-static Biot equations with secondary consolidation. Work on variational
solutions to Biot equations was extended to nonlinear Biot equations on fixed domains in
[14], where a semilinear Biot equation in 1D is considered. This equation involves the same
second equation (5.2), but adds an additional semilinear nonlinearity in addition to secondary
consolidation to the first equation (5.1), which now reads

ρbBttη ´ λ˚
BtB

2
xη ´ Bxσp∇η, pq ´ µ˚

Bxp|Bxη|
q´2

Bxuq “ f on Ωb,

for some q ą 1.
Another approach to studying the Biot equations is to reframe the Biot equations as an

abstract evolution equation, for which the tools of implicit/degenerate evolution equation
theory can be applied in order to obtain well-posedness results. This is the approach taken in
[162], where a quasistatic Biot model with c0 ě 0, and potentially with secondary consolida-
tion, is considered. This framework of considering abstract evolution equations is extended
in the work [164] to a quasistatic nonlinear Biot model on a fixed domain, where there are
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nonlinear relationships between the pore pressure and physical quantities in the problem.
The work in [164] studies a problem, which has the same relation for the first equation (5.1)
with ρb “ 0, but the second equation is now replaced by the nonlinear equation

pbppq ` α∇ ¨ ηqt ´ ∇ ¨ pκ∇p ` gppqq “ F on Ωb,

where b and g are nonlinear functions describing the relationship between pore pressure, and
density and gravitational effects respectively.

Finally, there has been recent work on challenging Biot models involving nonlinear per-
meability in Darcy’s law. This work was initiated in [25], where quasistatic Biot models with
c0 “ 0 are considered with poroelasticity and poroviscoelasticity. The model here was

∇ ¨ σp∇η, pq “ ´F,

αp∇ ¨ ηqt ´ ∇ ¨ pκp∇ ¨ ηq∇pq “ S,

on a fixed domain Ωb, where the permeability κ depends on ∇ ¨η. The stress tensor is given
by

σpη, pq “ 2µeDpηq ` λep∇ ¨ ηqI ` 2µvDpηtq ` λvp∇ ¨ ηtq ´ αpI,

and the problem is purely poroelastic when µv “ 0, λv “ 0 and poroviscoelastic when µv

and λv are positive. This work [25] discretizes in space and time, as in [183], and passes
to the limit in the discretization parameters, in order to establish existence of a solution
under appropriate assumptions on the nonlinear permeability. This work was extended in
[24], where a more general quasistatic case where c0 ě 0 is considered, rather than the case
of c0 “ 0 in [25]. In this case, the permeability κ is not just a function of ∇ ¨η, but it is more
generally a function of c0p ` α∇ ¨ η. The well-posedness analysis in this work [24] is based
on only spatial discretization rather than discretization in both time and space, and it relies
on analyzing a linear problem and using a fixed point argument for multi-valued maps, since
it is not known if weak solutions are unique for the specific linear system that is needed for
this fixed point argument.

Literature on FPSI. Now that we have discussed the literature for the Biot equations,
we discuss the literature for fluid-poroelastic structure interaction (FPSI), which couples the
Biot equations to the equations of fluid flow in order to describe a fluid interacting with a
poroelastic structure. Poroelastic structures are commonplace in applications, for example
in applications to geoscience [79, 126] and in applications to modeling biological tissues in
the human bodies [40, 180]. We remark that despite the importance of FPSI in engineering
applications, there are few works analyzing the well-posedness of fluids interacting with
poroelastic structures, and the past work in FPSI has only considered linearly coupled FPSI
models, leaving the consideration of nonlinearly coupled FPSI models with moving fluid and
Biot domains open.

The abstract evolution equation approach from the Biot equations on a fixed domain
[162, 164] has been considered for linearly coupled FPSI in [163], where an FPSI system
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involving the Biot equations interacting with slightly compressible (rather than incompress-
ible) Stokes equations is considered from an abstract evolution equation framework. Next, a
linearly coupled FPSI system involving a poroelastic material modeled by the Biot equations
interacting with an incompressible fluid modeled by the Navier-Stokes equations driven by
inlet flow is considered in [41], and it is shown that there exists a unique weak solution
to this problem given sufficiently small external forcing and inlet pressure. To show this
result, a Galerkin method is used to obtain existence of solutions to a weak formulation,
where the test functions for the fluid velocity are divergence-free test functions in H1pΩf q.
The fluid pressure is recovered using an inf-sup argument, where the fluid pressure along
with the other quantities satisfy a weak formulation where the fluid velocity test functions
are not necessarily divergence-free functions in H1pΩf q and the divergence-free condition on
the fluid velocity is enforced by testing this divergence-free condition with test functions in
L2pΩf q. The analysis of linearly coupled FPSI has been extended to the interaction between
Biot poroelastic materials and non-Newtonian fluids in [3], where the generalized Stokes
equations model the fluid dynamics. In this case, the fluid viscosity is a nonlinear function
of the strain Dpuq, which is a behavior that can be observed in non-Newtonian fluids such
as shear-thinning fluids. In addition, the effective viscosity in the Biot poroelastic material
is also a nonlinear function of the filtration velocity q, so that Darcy’s law (5.3) now reads

νeff pqqκ´1q ` ∇p “ 0.

Finally, we mention the recent work in [26], which considers a novel FPSI model involving
the coupled interaction between an incompressible fluid modeled by the Stokes equations and
a multilayered poroelastic structure consisting of a thin poroelastic plate and a thick Biot
poroelastic material. This model was motivated by applications to biomedical engineering
in the context of developing bioartificial organs. A well-posedness result in the context of
weak solutions is obtained for this problem by discretizing the problem in time in order to
construct approximate solutions and then passing to the limit in the time discretization.

While the study of fluids interacting with poroelastic materials is an emerging, yet im-
portant, field of mathematical research, we note that the study of FPSI has arisen naturally
from past studies of incompressible Newtonian fluids interacting with porous materials [63,
123, 156] and more generally non-Newtonian fluids interacting with porous materials [39, 64,
68, 69], where the porous material dynamics is modeled using the Darcy equation for porous
media flow.

Next, we discuss the nonlinearly coupled FPSI problem that we will consider. We empha-
size that this chapter is adapted from a forthcoming manuscript co-authored with Sunčica
Čanić and Boris Muha [115], and features work from the paper [114], co-authored with
Sunčica Čanić and Boris Muha also.
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5.2 Statement of the problem and motivation

Description of the model

In this chapter, we study the nonlinearly coupled evolution of a Biot poroviscoelastic ma-
terial with an incompressible fluid modeled by the Navier-Stokes equations, separated by a
plate interface. Such problems are of interest in biomedical applications, in which biofluids
interact with solid media. While past studies of fluid-structure interaction problems aris-
ing in biological applications model such solid structures using equations of elasticity (such
as the equations for a Koiter shell), many biological tissues and substances are actually
porous in nature, admitting fluid flow through their pores. This makes such moving bound-
ary fluid-poroelastic structure interaction (FPSI) problems of interest in modeling real-life
phenomena.

We begin by describing the model. We will consider a two-dimensional model for this
problem. Although eventually, it will be of interest to extend such a model to three spatial
dimensions, there are already significant mathematical difficulties arising from the moving
domains that occur in even the two-dimensional case. We thus begin with the simplest pos-
sible geometric configuration of two-dimensional rectangles as the reference configuration for
the whole problem, where the entire two-dimensional reference domain Ω̂ can be decomposed
into a reference domain for the fluid Ω̂f , a reference domain for the Biot poroviscoelastic

material Ω̂b, and the interface Γ̂ separating these two media, which will be the reference
configuration of the elastic plate that is between the fluid and the poroviscoelastic structure:

Ω̂ “ Ω̂b Y Ω̂f Y Γ̂.

We will consider a simple geometric configuration where

Ω̂b “ p0, Lq ˆ p0, Rq, Γ̂ “ p0, Lq ˆ t0u, Ω̂f “ p0, Lq ˆ p´R, 0q. (5.4)

We use the variables x and y as coordinates, where x P r0, Ls, y P r´R,Rs. Because we
are considering a problem with nonlinear coupling, all of these regions on the physical time-
dependent domain will evolve in time, giving rise to time-dependent Ωptq “ Ωbptq Y Ωf ptq Y

Γptq. See Figure 5.1. On each of these regions, we will pose a different subproblem, and
we will have three subproblems, one for the fluid, the Biot media, and the plate separately.
These will then be coupled using appropriate coupling conditions, to be described later. We
emphasize that we will be using the notational convention, where we will denote objects
associated with the reference domain with a hat, and we will denote objects associated with
the physical domain with no hat. We begin by first describing each of the subproblems
separately.

The Biot poroviscoelastic structure subproblem

We consider a 2D Biot poroviscoelastic material with reference configuration Ω̂b. We will
denote by η̂ : r0, T s ˆ Ω̂b Ñ R2 the displacement of the material from the reference config-
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Figure 5.1: A sketch of the nonlinearly coupled FPSI problem domains, with the reference domain

on the left and the moving time-dependent fluid/Biot domains Ωf ptq and Ωbptq, and time-dependent

interface Γptq on the right. We also illustrate the various maps between the reference domains

and the moving domains, including the Lagrangian map for the Biot medium and the Arbitrary

Lagrangian-Eulerian (ALE) map for the fluid.

uration Ω̂b and we will denote the pore pressure by p̂ : Ω̂b Ñ R. We denote the Lagrangian
map by

Φ̂
η

b pt, ¨q “ Id ` η̂pt, ¨q : Ω̂b Ñ Ωbptq, (5.5)

and we denote its inverse by pΦη
b q´1pt, ¨q : Ωbptq Ñ Ω̂b. We model the poroviscoelastic

structure by the nonlinear moving-domain Biot equations, given by

ρbBttη̂ “ ∇̂ ¨ Ŝbp∇̂η̂, p̂q, in Ω̂b, (5.6)

c0

rdetp∇̂Φ̂
η

b qs ˝ pΦη
b q´1

D

Dt
p ` α∇ ¨

D

Dt
η ´ ∇ ¨ pκ∇pq “ 0, in Ωbptq, (5.7)

where the Piola-Kirchhoff stress tensor is given by

Ŝbp∇η̂, p̂q “ 2µeD̂pη̂q `λep∇̂ ¨ η̂qI ` 2µvD̂pη̂tq `λvp∇̂ ¨ η̂tqI ´α detp∇̂Φ̂
η

b qpp∇̂Φ̂
η

b q
´t. (5.8)

In the Piola-Kirchhoff stress tensor, D denotes the symmetrized gradient, µe and λe are
parameters related to the elastic stress, µv and λv are parameters related to the viscoelastic
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stress, and Φ̂
η

b is the Lagrangian map defined above. Recall the convention that variables
with hats are defined on the reference domain Ω̂b, and variables without hats are defined
on the physical domain Ωbptq. Thus, for example, in the second equation (5.7), the Biot
material displacement η and the pore pressure p on the physical domain Ωbptq are defined
as

ηpt, ¨q “ η̂pt, pΦη
b q

´1
pt, ¨qq, ppt, ¨q “ p̂pt, pΦη

b q
´1

pt, ¨qq.

We remark that in the definition of the Piola-Kirchhoff stress tensor (5.8), we have used the
Piola transform. The Piola transform is a transformation that maps tensors in Lagrangian
coordinates to corresponding tensors in Eulerian coordinates, in such a way that divergence-
free tensors in Lagrangian coordinates are still divergence free when transferred to Eulerian
coordinates. In particular, given a tensor T pxq on the moving domain Ωbptq and the map

Φ̂
η

b : Ω̂b Ñ Ωbptq, the Piola transform is defined by

T pxq Ñ T̂ px̂q “ detp∇̂Φ̂
η

b qT pΦ̂
η

b px̂qqp∇̂Φ̂
η

b q
´t.

See Section 1.7 of [48] for more details about the Piola transform.
The first equation (5.6) describes the elastodynamics of the structure, while the second

equation (5.7) describes the change in the fluid content of the pores. We emphasize that
while the first equation is defined on the fixed domain Ω̂b, the second equation is defined on
the moving domain, where

Ωbptq “ Φ̂
η

b pt, Ω̂bq. (5.9)

These nonlinear Biot equations for a moving poroelastic structure have been introduced in
[160, 182].

A priori, we note that the notion of Ωbptq is not entirely clear, unless η̂ is sufficiently
regular, and furthermore, the formulation of this problem makes sense only if the map
Φ̂

η

b “ Id` η̂ is an injective map from Ω̂b to Ωbptq. For the purposes of defining the problem,
we do not consider these mathematical difficulties yet, and remark that we will handle these
important issues later.

The plate subproblem

We give the equations describing the plate separating the fluid and the Biot poroviscoelastic
medium. We assume for simplicity that the plate experiences displacement only in the
transverse y direction from the reference configuration Γ̂, and we denote this displacement
by ω̂ “ ω̂ey. Making this assumption avoids technical issues related to potential self-
intersection of the plate that would arise if we consider general vector displacements ω̂. The
equation for the plate displacement ω̂ in the radial direction is given by

ρ̂pBttω̂ ` ∆̂2ω̂ “ F̂p, on Γ̂, (5.10)

where ρ̂p is the plate density coefficient and F̂p is the external forcing on the plate in the
y direction, to be specified later as the difference in normal stress on both sides from the
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fluid and the Biot medium. We emphasize that the plate equation is posed on the reference
configuration Γ̂ of the plate.

The time-dependent configuration of the plate

Γptq “ tpx, yq : 0 ă x ă L, y “ ω̂pt, xqu,

forms the bottom boundary of the moving domain Ωbptq, and the remaining left, top, and
right boundaries of Ωbptq are fixed in time. This reflects the fact that the plate displaces in
only the transverse y direction. Hence, if the Biot structure displacement η is sufficiently
regular, then we can describe the moving domain Ωbptq, defined in (5.9), equivalently as

Ωbptq “ tpx, yq : 0 ă x ă L, ω̂pt, xq ă y ă Ru,

since on the left, top, and right boundary of Ωbptq, we assume that η “ 0 as a boundary
condition, see Sec. 5.2.

The fluid subproblem

We model the incompressible fluid by the Navier-Stokes equations, given by

Btu` pu ¨ ∇qu “ ∇ ¨ σf p∇u, πq, in Ωf ptq, (5.11)

∇ ¨ u “ 0, in Ωf ptq, (5.12)

where u is the fluid velocity and π is the fluid pressure. The Cauchy stress tensor is given
by

σf p∇u, πq “ 2νDpuq ´ πI,

where π is the fluid pressure and ν is the kinematic viscosity coefficient. The moving fluid
domain Ωf ptq is determined by the plate displacement ω̂, as follows:

Ωf ptq “ tpx, yq : 0 ă x ă L,´R ă y ă ω̂pt, xqu.

The first equation describes the balance of forces in the fluid, whereas the second equation
is the incompressibility condition for the fluid.

The coupling conditions

Next, we describe the coupling conditions that will couple these three subproblems together.
To state the coupling conditions, we introduce the following notation. The flow of fluid
through the poroviscoelastic medium is given by the Darcy velocity q, defined by

q “ ´κ∇p on Ωbptq, (5.13)

where κ is a positive permeability constant.
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We also define the Biot Cauchy stress tensor on the physical domain, by applying the
Piola transform to the Biot Cauchy stress tensor on the reference domain Ŝbp∇η, pq. In
particular,

Sbp∇η, pq “ rdetp∇̂Φ̂
η

b q
´1Ŝbp∇̂η̂, p̂qp∇̂Φ̂

η

b q
t
s ˝ pΦη

b q
´1

“

˜

1

detp∇̂Φ̂
η

b q

”

2µeD̂pη̂q ` λep∇̂ ¨ η̂q ` 2µvD̂pη̂tq ` λvp∇̂ ¨ η̂tq

ı

p∇̂Φ̂
η

b q
t

¸

˝ pΦη
b q

´1
´αp̂I.

(5.14)

We define the Eulerian structure velocity of the Biot poroviscoelastic material, which
gives the structure velocity at each point of the physical domain Ωbptq, by

ξpt, ¨q “ Btη̂
`

t, pΦη
b q

´1
pt, ¨q

˘

. (5.15)

Finally, we define nptq to be the normal unit vector to the moving interface Γptq and we
define n̂ to be the normal unit vector to the reference configuration of the interface Γ. Note
that n̂ “ ey. We will follow the convention that nptq and n̂ will point away from Ωf ptq and
Ωf , and inward towards Ωbptq and Ωb.

With all of this notation, we can now describe the coupling conditions:

• Conservation of mass of the fluid,

u ¨ nptq “ pq ` ξq ¨ nptq, on p0, T q ˆ Γptq.

• Continuity of the displacement (kinematic coupling condition),

η̂ “ ω̂ey, on p0, T q ˆ Γ̂.

• Beavers-Joseph-Saffman condition describing tangential fluid slip on the interface,

βpξ ´ uq ¨ τ ptq “ σfnptq ¨ τ ptq, on p0, T q ˆ Γptq, (5.16)

where β ě 0 is a constant and τ ptq is the rightward pointing unit tangent vector to
Γptq. The Beavers-Joseph-Saffman coupling condition was rigorously justified using
homogenization theory in the context of Stokes-Darcy coupling in seminal works of
Jäger and Mikelić [97, 98].

• Equality of forces (dynamic coupling condition) describing the external forcing on the
plate as the difference between the external and internal load,

F̂p “ ´detp∇Φ̂
ω

f qrσf p∇u, πq ˝ Φ̂
ω

f sp∇Φ̂
ω

f q
´tn̂ ¨ n̂` Ŝbp∇̂η̂, p̂qn̂ ¨ n̂|Γ̂, on Γ̂, (5.17)

where Φ̂
ω

f : Ω̂f Ñ Ωf ptq is the Arbitrary Lagrangian-Eulerian (ALE) map for the fluid

Φ̂
ω

f px̂, ŷq “

ˆ

x̂, ŷ `

ˆ

1 `
ŷ

R

˙

ω̂

˙

,
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which maps the reference fluid domain to the moving fluid domain, Ĵ ω
Γ is the arc length

measure
Ĵ ω

Γ “
a

1 ` |Bzω̂|2 (5.18)

and pΦω
Γq´1 : Γptq Ñ Γ̂ is the inverse of the Lagrangian map

Φ̂
ω

Γpx̂, 0q “ px̂, ω̂px̂qq, on Γ̂. (5.19)

• Balance of pressure at the interface,

´σf p∇u, πqnptq ¨ nptq `
1

2
|u|

2
“ p, on p0, T q ˆ Γptq. (5.20)

The boundary conditions

Furthermore, we will impose the following boundary conditions. We recall that the dynamics
are occurring in a domain with solid walls, given by r0, Ls ˆ r´R,Rs. The physical fluid
domain is given by

Ωf ptq “ tpx, yq : 0 ă x ă L,´R ă y ă ω̂pt, xqu,

so that the portion of the boundary given by BΩf ptqzΓptq consists of rigid walls. Thus, for
the fluid, we will impose a no-slip condition that

u “ 0, on BΩf ptqzΓptq.

Similarly, we will assume that the boundaries of the Biot poroviscoelastic medium, ex-
cluding the interface Γptq, are rigid walls. Thus, we will also impose a Dirichlet condition on
the left, top, and right boundaries of the Biot poroviscoelastic domain Ω̂b, so that

η̂ “ 0 and p̂ “ 0, on BΩ̂bzΓ̂.

Statement of the main results and overview of the proof strategy

The goal of this chapter is to study weak solutions to the presented FPSI problem. We
will work with class of finite energy weak solutions analogous to the Leray-Hopf class for the
Navier-Stokes equations. Such solutions have been widely studied in the context of FSI when
the structure is lower dimensional, i.e. described by plate/shell type of the model, see for
example the references for the prototypical model of FSI described in Chapter 1. However, in
the case of FSI problems with bulk elasticity (i.e. when the dimension of fluid domain is the
same as the dimension of the structure domain) the existence of a weak solution is still open.
The issue is that the energy inequality does not provide enough regularity of the interface
to define the moving domain, the corresponding traces of functions along the interface, and
integrals over the interface in the weak formulation. To the best of our knowledge, in the
current literature, there are currently only two approaches to circumvent this issue. The
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first one is to consider the elastic interface with mass [138]. The elastic interface with mass
regularizes the problem [134], which makes it possible to define and construct a weak solution.
The second one is to consider a nonlinear second order viscoelastic model with energy that is
coercive in W 1,p, p ą 3, see [19]. Our approach is closer to the former. In our FPSI problem,
the issue is even more difficult because equation (5.7) is given in Eulerian coordinates and
therefore, the weak formulation has terms involving integrals over Ωbptq which are not well
defined (see Section 5.3 for more a precise discussion and a formal derivation of the weak
formulation). Consequently, in the analysis of moving boundary FPSI problems it is not
enough to regularize the interface, since one needs more regularity of the displacement in
the whole domain. Our approach is to define weak solutions to a regularized form of the
problem by using a suitably constructed convolution in the space variables, see Section 5.4
for more details. We regularize only the ”problematic” terms, i.e. the terms that are not
well defined in the finite energy regularity class. We emphasize that the regularized problem
is still a nonlinear moving boundary problem of FPSI type and is thus very challenging.
Our first main result is the existence of a weak solution to the regularized FPSI problem. It
holds for both elastic and visocelastic case for the Biot material. Here we state the theorem
informally and refer reader to Theorem 5.5.1 for the precise statement.

Theorem 5.2.1 (Existence of a weak solution). Let ϱb, µc, λe, α, ρ̂b, ν ą 0 and µv, λb ě 0.
Moreover, assume that initial data are in finite energy class and that initially, the interface
does not touch the outer boundary and certain compatibility condition are satisfied. Then
for every regularization parameter δ ą 0, there exists T ą 0 (potentially depending on δ ą 0)
such that there is a weak solution to the regularized problem with regularization parameter
δ on r0, T s.

The proof of this theorem is carried out in Sections 5.5, 5.6, 5.7, and 5.8. In Section 5.5,
we define a splitting scheme that will be used in the construction of approximate solutions.
The scheme is combination of a semi-discretization in the time variable and a Lie operator
splitting. Even though this scheme has already been successfully used in analysis and nu-
merics for FSI problems, we needed to adapt it to the setting of FPSI problems. The main
benefit of this approach is that it enables us to decouple the interface dynamics from the
Biot-Navier-Stokes coupling so that we can treat both subproblems separately. The approx-
imate solutions are constructed in Section 5.6, where it is also proved that the approximate
solutions satisfy energy estimates which are uniform in the discretization parameter. In Sec-
tion 5.7, we study compactness properties of the sequences of approximate solutions, i.e. we
show that the approximate solutions converge strongly in a suitable topology. This is the
most delicate part of the existence proof. Here, we use two abstract compactness results
which are generalizations of the Aubin-Lions theorem for piecewise constant functions [65]
and moving domains [136]. Here, we note that the compactness proof differs from the stan-
dard FSI cases due to the fact that in the test space, the fluid and the structure test functions
are not coupled. Therefore, we can divide the compactness proof into several distinct parts.
Finally, in Section 5.8, we pass to the limit in the approximate solutions to show that the
limit of the approximate solutions is indeed a weak solution.
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Our second main result is a weak-classical consistency result. Namely, in order to justify
our regularization procedure and the corresponding definition of weak solutions to the reg-
ularized problem, we prove that weak solutions to the regularized problem indeed converge
to the solution to the original FPSI problem. More precisely, we prove the following result
(for the full statement, see Theorem 5.9.1)

Theorem 5.2.2 (Weak-classical consistency). Assume that a classical (smooth) solution to
the FPSI with a Biot poroviscoelastic medium exists (so that µv, λv ą 0). Then, there exists
T ą 0 such that every sequence of weak solutions to the regularized problem with regu-
larization parameter δ ą 0 converge to the classical solution on r0, T s as the regularization
parameter δ converges to 0. In particular, there exists δ0 ą 0 such that regularized solutions
exist on r0, T s for δ ă δ0, i.e. provided that a classical solution exists, the time interval
of existence for the weak solutions to the regularized problem is uniform in regularization
parameter.

The heart of the proof of this theorem is a bootstrap argument presented in Section
5.9. Namely, the main issue is that geometric quantities, such as the determinant of the
displacement, cannot be estimated by the energy and thus are not uniformly bounded in the
regularization parameter δ. We derive appropriate bounds by using a bootstrap argument in
combination with optimal convergence rate estimates for the convolution regularization. The
main technical issue in comparing the classical solution with weak solutions to the regularized
problem is the fact that they are defined on different domains. Therefore, we use a change
of variables that transfers fluid velocities as vector fields and preserves the divergence-free
condition. This transformation was introduced by [95] and was used in proving weak-strong
type of results in the context of FSI in [43, 142, 159]. The corresponding estimates are
carried out in Section 5.10.

5.3 Definition of a weak solution

Maps between reference and physical domains

Because this problem is nonlinearly coupled, the fluid domain Ωf ptq and the Biot porovis-
coelastic domain Ωbptq in physical space are time-dependent and hence are not known apriori.
This is a mathematical difficulty that is seen even in prototypical fluid-structure interaction
models.

To handle the moving domains, it will be useful to work on the fixed reference domains Ω̂b,
Γ̂, and Ω̂f , which are defined by (5.4). Hence, we need a map that maps the fixed reference
domains onto the appropriate time-dependent domains. We will denote these maps for the
Biot medium, plate, and fluid by

Φ̂
η

b pt, ¨q : Ω̂b Ñ Ωbptq, Φ̂
ω

Γpt, ¨q : Γ̂ Ñ Γptq, Φ̂
ω

f pt, ¨q : Ω̂f Ñ Ωf ptq.
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See Figure 5.1. We emphasize that these maps are time-dependent, even though in the rest
of this manuscript, we will not explicitly notate this time dependence for ease of notation.

On the reference domain for the Biot poroviscoelastic material Ω̂b “ p0, Lq ˆ p0, Rq, we
define Φ̂b on Ω̂η

b , as before in (5.5), by

Φ̂
η

b “ Id ` η̂.

On the reference domain Γ̂ for the plate, we define Φ̂
ω

Γ on Γ̂ as in (5.19) by

Φ̂
ω

Γpx̂, 0q “ px̂, ω̂px̂qq.

On the reference domain for the fluid Ω̂f “ p0, Lq ˆ p´R, 0q, we define Φ̂
ω

f on Ω̂f by using
the standard Arbitrary Lagrangian-Eulerian (ALE) mapping

Φ̂
ω

f px̂, ŷq “

ˆ

x̂, ŷ `

ˆ

1 `
ŷ

R

˙

ω̂

˙

, px̂, ŷq P Ω̂f , (5.21)

where we are using the variables px̂, ŷq to denote the coordinates on the reference domain
and we are using the variables px, yq to denote the coordinates on the physical domain. We
can express the inverse of this map as

pΦω
f q

´1
px, yq “

ˆ

x,´R `
R

R ` ω̂
pR ` yq

˙

, px, yq P Ωf ptq.

In the analysis of the full FPSI problem, it is necessary to consider functions on both
the reference and the physical domains, and hence, we must examine how functions and
derivatives transform under Φ̂

ω

f and Φ̂
η

b . We will first focus on the behavior of functions

under the transformation Φ̂
ω

f on Ω̂f , considering in particular the fluid velocity u.

First, we note that on Ω̂f , the Jacobian of Φ̂
ω

f is given by Ĵ ω
f “

ˇ

ˇ

ˇ

ˇ

1 `
ω̂

R

ˇ

ˇ

ˇ

ˇ

. Because our

results will hold up until the time of domain degeneracy when |ω̂| ě R, we can get rid of the
absolute values and just write

Ĵ ω
f “ 1 `

ω̂

R
. (5.22)

We will furthermore denote the fluid velocity u defined on Ωf ptq, transferred to the fixed

reference domain Ω̂f , by

ûpt, x̂, ŷq “ u ˝ Φ̂f , for px̂, ŷq P Ω̂f .

Recall that on the moving domain Ωf ptq, the fluid velocity u is divergence free, so that
∇ ¨ u “ 0. However, when we pull the fluid velocity back to the reference domain, û is
not necessarily divergence free on Ω̂f . Hence, we want to reformulate the divergence free
condition on the fixed reference domain. To do this, we look at how derivatives transform
under the map Φ̂

ω

f .
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In particular, note that for any function g defined on Ωf ptq,

∇g “ ∇
`

ĝ ˝ pΦω
f q

´1
˘

“ p∇̂ω
f ĝq ˝ pΦω

f q
´1

for the differential operator

∇̂ω
f “

ˆ

Bx̂ ´ pR ` yqBx̂ω̂
R

pR`ω̂q2
Bŷ

R
R`ω̂

Bŷ

˙

“

ˆ

Bx̂ ´
pR`ŷqBx̂ω̂

R`ω̂
Bŷ

R
R`ω̂

Bŷ

˙

, (5.23)

where we used y “ ŷ `
`

1 `
ŷ
R

˘

ω̂. Therefore, the divergence free condition on the fixed

reference domain Ω̂f is ∇̂ω
f ¨ û “ 0 and the symmetrized gradient transforms as D̂

ω

f pûq “

1

2

´

∇̂ω
f û` p∇̂ω

f ûq
t
¯

.

Next, we consider how time derivatives are transformed under the map Φ̂
ω

f . We have
that

Btupt, x, yq “ Btpûpt, pΦω
f q

´1
px̂, ŷqq “ Btû´Bŷû¨pR`yq¨

R

pR ` ω̂q2
Btω̂ “ Btû´Bŷû

pR ` ŷqBtω̂

R ` ω̂
.

So defining

ŵ “
R ` ŷ

R
Btω̂ey, (5.24)

we have that
Btu “ Btû´ pŵ ¨ ∇̂ω

f qû. (5.25)

The weak formulation will also involve integrals with a time-dependent domain for the
Biot equations, Ωbptq, so we will examine the transformation of spatial derivatives via the

map Φ̂
η

b on Ω̂b. Recall that

Φ̂
η

b px̂, ŷq “ px̂, ŷq ` η̂px̂, ŷq, for px̂, ŷq P Ω̂b,

where we recall that the displacement η̂ is defined on the fixed reference domain Ω̂b. So
given a scalar function g defined on Ωbptq, we want to see how ∇g transforms when pulled
back to the reference domain. We define the pull back of g to the reference domain Ω̂b by

ĝ “ g ˝ Φ̂
η

b .

We claim that for some differential operator ∇̂η
b ,

∇g “ ∇
`

ĝ ˝ pΦη
b q

´1
˘

“ p∇̂η
b ĝq ˝ pΦη

b q
´1.

We emphasize that ∇ is a gradient on the physical domain, ∇̂ is a gradient on the reference
domain, and ∇̂η

b is a differential operator (different from ∇̂) on the reference domain. For
any function g defined on the physical domain, we have that

∇̂
´

g ˝ Φ̂
η

b

¯

“ rp∇gq ˝ Φ̂
η

b s ¨ pI ` ∇̂η̂q.
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Hence, for
∇̂η

b ĝ “ p∇gq ˝ Φ̂
η

b ,

we have the following explicit formula for the differential operator ∇̂η
b on the reference do-

main, given by

∇̂η
b ĝ “

ˆ

Bĝ

Bx̂
,

Bĝ

Bŷ

˙

¨ pI ` ∇̂η̂q
´1. (5.26)

We finally note that the Jacobian of the map Φ̂
η

b on Ω̂b is

Ĵ η
b “ detpI ` ∇̂η̂q. (5.27)

We remark that the invertibility of the matrix I ` ∇̂η̂ will be related to whether the map
px̂, ŷq Ñ px̂, ŷq ` η̂px̂, ŷq is a bijection between Ω̂b and Ωbptq.

We now derive the definition of a weak solution to the given FPSI problem, by means
of the following formal calculation. We start with the fluid equations and multiply by a
test function v. Recall the definition of the Eulerian structure velocity ξ from (5.15). For
the acceleration term of the Navier-Stokes equations, we obtain by the Reynold’s transport
theorem and integration by parts,

ż

Ωf ptq

pBtu` pu ¨ ∇quqq ¨ v “
d

dt

ż

Ωf ptq

u ¨ v ´

ż

Ωf ptq

u ¨ Btv ´

ż

Γptq

pξ ¨ nqu ¨ v

`
1

2

ż

Ωf ptq

rppu ¨ ∇quq ¨ v ´ pu ¨ ∇qvq ¨ us `
1

2

ż

Γptq

pu ¨ nqu ¨ v

“
d

dt

ż

Ωf ptq

u¨v´

ż

Ωf ptq

u¨Btv`
1

2

ż

Ωf ptq

rppu¨∇quq¨v´ppu¨∇qvq¨us`
1

2

ż

Γptq

pu¨n´2ξ¨nqu¨v.

For the diffusive term of the Navier Stokes equations, we integrate by parts to obtain

´

ż

Ωf ptq

p∇ ¨ σf p∇u, πqq ¨ v “ 2ν

ż

Ωf ptq

Dpuq :Dpvq ´

ż

Γptq

σf p∇u, πqn ¨ v,

where we used the fact that the test function v is divergence free to eliminate the pressure
from the integral over Ωf ptq, and we use that the test function satisfies v “ 0 on BΩf ptqzΓptq
due to the boundary conditions for the fluid velocity u.

Next, we multiply the structure equation by a test function ψ̂ to obtain
ż

Ω̂b

pρbBttη̂ ´ ∇̂ ¨ Ŝbp∇̂η̂, p̂qq ¨ ψ̂ “ ρb

ˆ

d

dt

ż

Ω̂b

Btη̂ ¨ ψ̂ ´

ż

Ωb

Btη̂ ¨ Btψ̂

˙

`

ż

Ω̂b

Ŝbp∇̂η̂, p̂q : ∇̂ψ̂ `

ż

Γ̂

Ŝbp∇̂η̂, p̂qey ¨ ψ̂ “ ρb

ˆ

d

dt

ż

Ω̂b

Btη̂ ¨ ψ̂ ´

ż

Ω̂b

Btη̂ ¨ Btψ̂

˙

`

ż

Ω̂b

p2µeD̂pη̂q : D̂pψ̂q ` λep∇̂ ¨ η̂qp∇̂ ¨ ψ̂q ` 2µvD̂pBtη̂q : D̂pψ̂q ` λvp∇̂ ¨ Btη̂qp∇̂ ¨ ψ̂qq

´ α

ż

Ωbptq

pp∇ ¨ψq `

ż

Γ̂

Ŝbp∇η̂, p̂qer ¨ ψ̂.
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Except on Γ̂, there are no boundary terms, because η̂ “ 0 on the left, top, and right
boundaries of Ω̂b, and hence the same condition holds for the corresponding test function ψ̂.
Note that in the integral over Ωbptq, ψ :“ ψ̂ ˝ pΦη

b q´1.
Finally, we test the second equation corresponding to the evolution of the pore pressure

for the Biot poroviscoelastic medium with a test function r, where we recall the definition
of the Darcy velocity q from (5.13) and we emphasize that n is the inward normal vector to
Ωbptq.

ż

Ωbptq

˜

c0

rdetp∇̂Φ̂
η

b qs ˝ pΦη
b q´1

D

Dt
p ` α∇ ¨

D

Dt
η ´ ∇ ¨ pκ∇pq

¸

r

“

ż

Ω̂b

c0Btp̂ ¨ r̂ `

ż

Ωbptq

α

ˆ

∇ ¨
D

Dt
η

˙

r `

ż

Ωbptq

κ∇p ¨ ∇r ´

ż

Γptq

pq ¨ nqr

“
d

dt

ż

Ω̂b

c0p̂¨ r̂´

ż

Ω̂b

c0p̂¨Btr̂´

ż

Ωbptq

α
D

Dt
η ¨∇r´α

ż

Γptq

pξ ¨nqr`

ż

Ωbptq

κ∇p¨∇r´

ż

Γptq

pq ¨nqr.

There are no boundary terms except on Γptq from the integration by parts in the integral
involving α and in the integral involving κ because we have from the Dirichlet boundary
condition that the test function satisfies r “ 0 (since p “ 0) on the left, top, and right
boundaries of Ω̂b.

We recall the definition of Φ̂
ω

Γ in (5.19) and the arc length measure Ĵ ω
Γ (5.18) and we

sum the two terms

´

ż

Γptq

σf p∇u, πqn ¨ v `

ż

Γ̂

Ŝbp∇̂η̂, p̂qey ¨ ψ̂

“

ż

Γptq

σf p∇u, πqn ¨ pψ ´ vq `

ż

Γ̂

pŜbp∇̂η̂, p̂qey ´ Ĵ ω
Γ ¨ pσf p∇u, πqn|Γptq ˝ Φω

Γq ¨ ψ̂.

Since the displacement of the plate is only in the y direction so that η̂ “ ω̂ey on Γ̂, the test

function ψ̂ points in the y direction on Γ̂ as well. We will denote by φ̂ the magnitude of ψ̂|Γ̂

so that ψ̂ “ φ̂ey on Γ̂. By the dynamic coupling condition (5.17), we have that the previous
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expression is equal to

“

ż

Γptq

σf p∇u, πqn ¨ pψ´ vq `

ż

Γ̂

F̂p ¨ φ̂ “

ż

Γptq

σf p∇u, πqn ¨ pψ´ vq `

ż

Γ̂

pρpBttω̂` ∆̂2ω̂qφ̂

“

ż

Γptq

σf p∇u, πqn ¨ npψn ´ vnq `

ż

Γptq

σf p∇u, πqn ¨ τ pψτ ´ vτ q `

ż

Γ̂

pρpBttω̂ ` ∆̂2ω̂qφ̂

“

ż

Γptq

σf p∇u, πqn ¨ npψn ´ vnq `

ż

Γptq

βpξ ´ uq ¨ τ pψτ ´ vτ q `

ż

Γ̂

pρpBttω̂ ` ∆̂2ω̂qφ̂

“

ż

Γptq

ˆ

1

2
|u|

2
´ p

˙

pψn ´ vnq `

ż

Γptq

βpξ ´ uq ¨ τ pψτ ´ vτ q

`
d

dt

ˆ
ż

Γ̂

ρpBtω̂ ¨ φ̂

˙

´

ż

Γ̂

ρpBtω̂ ¨ Btφ̂ `

ż

Γ̂

∆̂ω̂ ¨ ∆̂φ̂,

where we used the coupling conditions (5.16) and (5.20) in the last step.
We sum everything together to get the following definition of a weak solution. Define the

transverse velocity of the plate by the variable ζ̂, so that

Btω̂ “ ζ̂ , (5.28)

and let ζ “ ζ̂ ˝ pΦω
Γq´1. The ordered four-tuple pu, ω̂, η̂, pq is a weak solution if for every test

function pv, φ̂, ψ̂, rq that is C1
c in time on r0, T s taking values in the test space, satisfying

ψ̂ “ φ̂ey on Γ̂, we have that

´

ż T

0

ż

Ωf ptq

u ¨Btv`
1

2

ż T

0

ż

Ωf ptq

rppu ¨∇quq¨v´ppu ¨∇qvq¨us`
1

2

ż T

0

ż

Γptq

pu ¨n´2ζey ¨nqu ¨v

`2ν

ż T

0

ż

Ωf ptq

Dpuq :Dpvq`

ż T

0

ż

Γptq

ˆ

1

2
|u|

2
´ p

˙

pψn´vnq`β

ż T

0

ż

Γptq

pζey´uq¨τ pψ´vq¨τ

´ ρp

ż T

0

ż

Γ̂

Btω̂ ¨ Btφ̂ `

ż T

0

ż

Γ̂

∆̂ω̂ ¨ ∆̂φ̂ ´ ρb

ż T

0

ż

Ω̂b

Btη̂ ¨ Btψ̂ ` 2µe

ż T

0

ż

Ω̂b

D̂pη̂q : D̂pψ̂q

` λe

ż T

0

ż

Ω̂b

p∇̂ ¨ η̂qp∇̂ ¨ ψ̂q ` 2µv

ż T

0

ż

Ω̂b

D̂pBtη̂q : D̂pψ̂q ` λv

ż T

0

ż

Ω̂b

p∇̂ ¨ Btη̂qp∇̂ ¨ ψ̂q

´ α

ż T

0

ż

Ωbptq

p∇ ¨ψ ´ c0

ż T

0

ż

Ω̂b

p̂ ¨ Btr̂ ´ α

ż T

0

ż

Ωbptq

D

Dt
η ¨ ∇r ´ α

ż T

0

ż

Γptq

pζey ¨ nqr

` κ

ż T

0

ż

Ωbptq

∇p ¨ ∇r ´

ż T

0

ż

Γptq

ppu´ ζeyq ¨ nqr

“

ż

Ωf p0q

up0q ¨ vp0q ` ρp

ż

Γ̂

Btω̂p0q ¨ φ̂p0q ` ρb

ż

Ω̂b

Btη̂p0q ¨ ψ̂p0q ` c0

ż

Ω̂b

p̂p0q ¨ r̂p0q. (5.29)

We remark however that the above weak formulation is inadequate for the regularity of
finite-energy solutions for the following reason. By the energy estimates (see Section 5.4), the



CHAPTER 5. FLUID-POROELASTIC STRUCTURE INTERACTION 214

regularity of the structure displacement η̂ on Ω̂b in the finite energy space is L8p0, T,H1pΩ̂bqq,
which is not enough regularity to interpret the term

α

ż

Ωbptq

p∇ ¨ψ,

since the test function has regularity ψ̂ P H1pΩ̂bq on the fixed reference domain, due to the
corresponding finite energy regularity of η̂. Hence, after changing variables, which adds an
extra factor of detpI ` ∇̂η̂q arising from the Jacobian (which is only in L8p0, T ;L1pΩ̂bqq in
two dimensions), there is not enough regularity to guarantee that this integral is finite.

Therefore, we cannot interpret the above notion of weak solution properly in the space
of finite energy solutions, as the finite energy space does not have enough regularity to make
sense of certain integrals in the weak formulation, involving the deformed domain Ωbptq.

5.4 Regularized weak solution

We note that all of these mathematical challenges, which are related to the inability to
properly interpret all of the terms in the weak solution, arise fundamentally from the lack
of regularity of η̂ on Ω̂b. Therefore, we modify our weak formulation appropriately to give
η̂ more regularity, by convolving with a smooth compactly supported function with support
on the order of δ. This allows us to develop an appropriate regularized weak formulation of
the original FPSI problem. To show that the weak solutions we construct to the regularized
problem are physically relevant, we show that as δ Ñ 0, given a sufficiently smooth classical
solution to the original FPSI problem, the weak solutions to the regularized problem will
converge to this classical solution as δ Ñ 0. See Section 5.9.

Therefore, we will define a regularized version of the structure displacement, η̂δ, which
is spatially smooth. We do this by convolution with a smooth compactly supported func-
tion. However, because we are working on a bounded domain Ω̂b, we must be careful to do
this convolution in a way that preserves the Dirichlet condition on the left, top, and right
boundaries of Ω̂b.

To do this, we define an extended domain Ω̃b as follows. Recalling that the reference
configuration of the Biot domain is given by Ω̂b “ p0, Lq ˆ p0, Rq, we define

Ω̃b “ r´L, 2Ls ˆ r´R, 2Rs.

Assuming that δ ă minpL,Rq, then the convolution of a function on Ω̃b with a smooth
function of compact support in the closed ball of radius δ gives a function defined on Ω̂b.

We must extend the function η̂ on Ω̂b to the larger domain Ω̃b in such a way so that
the resulting spatial convolution has the desired properties. To do this, we will use an odd
extension along the lines x̂ “ 0, x̂ “ L, ŷ “ 0 and ŷ “ R. Thus, we will introduce the
following definition.
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Definition 5.4.1. Given η̂ defined on Ω̂b satisfying η̂ “ 0 on x̂ “ 0, x̂ “ L, and ŷ “ R and
η̂ “ ω̂ey on ŷ “ 0, we define the odd extension of η̂ to Ω̃b by keeping η̂ the same on

r0, Ls ˆ r0, Rs and defining η̂ outside of the closure of Ω̂b as follows:

1. On r0, Ls ˆ r´R, 0s, set η̂px̂, ŷq “ ω̂px̂qey ` pω̂px̂qey ´ η̂px̂,´ŷqq.

2. On r0, Ls ˆ rR, 2Rs, set η̂px̂, ŷq “ ´η̂px̂, 2R ´ ŷq.

3. On r´L, 0s ˆ r´R, 2Rs, set η̂px̂, ŷq “ ´η̂p´x̂, ŷq.

4. On rL, 2Ls ˆ r´R, 2Rs, set η̂px̂, ŷq “ ´η̂p2L ´ x̂, ŷq.

Let σ be a radially symmetric function on R2 with compact support in the closed ball of

radius one, with the property that

ż

R2

σ “ 1. Let

σδ “ δ´2σpδ´1xq, on R2.

We regularize in space, and define

η̂δ
“ η̂ ˚ σδ, on Ω̂b, (5.30)

and we note that these regularized functions are spatially smooth on the closure of Ω̂b. We
define

Φ̂
ηδ

b “ Id ` η̂δ, (5.31)

and we define the regularized moving Biot domain by

Ωδ
bptq “ Φ̂

ηδ

b pΩ̂bq. (5.32)

Note that even though the kinematic coupling condition holds for η̂ in the sense that η̂|Γ̂ “

ω̂ey, it is not necessarily true that η̂δ
|Γ̂ “ ω̂ey. Therefore, we will also define the moving

interface by

Γδ
ptq “ Φ̂

ηδ

b pΓ̂q.

Alternatively, Γ̂δ is the plate interface if it were displaced from the reference configuration
Γ̂ in the direction η̂δ

|Γ̂, which is a purely transverse y displacement, as one can verify.
Note that by the way we extended η̂ to the larger domain Ω̃b before doing the spatial

convolution, we have that
η̂δ

“ 0,

on BΩ̂bzΓ̂.
With these regularized versions of the Biot structure displacement and velocity, we now

define the notion of a regularized weak solution with regularization parameter δ to the non-
linearly coupled FPSI problem. We start by defining the solution and test space, which
are motivated by the energy estimates in Section 5.4, and then we state the regularized
weak formulation. We will formulate the solution space, test space, and regularized weak
formulation for both the moving fluid domain and the fixed reference fluid domain.
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Definition 5.4.2. (Solution and test space)

• Fluid function space (moving domain).

Vf ptq “ tu “ pux, uyq P H1pΩf ptqq : ∇ ¨ u “ 0, and u “ 0 when x “ 0, x “ L, y “ ´Ru,
(5.33)

Vf “ L8
p0, T ;L2

pΩf ptqqq X L2
p0, T ;Vf ptqq. (5.34)

• Fluid function space (fixed domain).

V ω
f “ tû “ pûx, ûyq P H1

pΩ̂f q : ∇̂ω
f ¨ û “ 0, and û “ 0 when x̂ “ 0, x̂ “ L, ŷ “ ´Ru,

(5.35)
Vω
f “ L8

p0, T ;L2
pΩ̂f qq X L2

p0, T ;V ω
f q. (5.36)

• Plate function space.

Vω “ W 1,8
p0, T ;L2

pΓ̂qq X L8
p0, T ;H2

0 pΓ̂qq. (5.37)

• Biot displacement function space.

Vd “ tη̂ “ pη̂x, η̂yq P H1
pΩ̂bq : η̂ “ 0 for x̂ “ 0, x̂ “ L, ŷ “ R, and η̂x “ 0 on Γ̂u,

(5.38)
Vb “ W 1,8

p0, T ;L2
pΩ̂bqq X L8

p0, T ;Vdq X H1
p0, T ;Vdq. (5.39)

• Biot pore pressure function space.

Vp “ tp̂ P H1
pΩ̂bq : p̂ “ 0 for x̂ “ 0, x̂ “ L, ŷ “ Ru, (5.40)

Qb “ L8
p0, T ;L2

pΩ̂bqq X L2
p0, T ;Vpq. (5.41)

• Weak solution space (moving domain).

Vsol “ tpu, ω̂, η̂, p̂q P Vf ˆ Vω ˆ Vb ˆ Qb : η̂ “ ω̂ey on Γ̂u. (5.42)

• Weak solution space (fixed domain).

Vω
sol “ tpû, ω̂, η̂, p̂q P Vω

f ˆ Vω ˆ Vb ˆ Qb : η̂ “ ω̂ey on Γ̂u. (5.43)

• Test space (moving domain).

Vtest “ tpv, φ̂, ψ̂, r̂q P C1
c pr0, T q;Vf ptq ˆ H2

0 pΓ̂q ˆ Vd ˆ Vpq : ψ̂ “ φ̂ey on Γ̂u. (5.44)

• Test space (fixed domain).

Vω
test “ tpv̂, φ̂, ψ̂, r̂q P C1

c pr0, T q;V ω
f ˆ H2

0 pΓ̂q ˆ Vd ˆ Vpq : ψ̂ “ φ̂ey on Γ̂u. (5.45)
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Remark 5.4.1. Because Γ̂ is one dimensional, for plate displacements ω̂ P Vω, we have that
ω̂ P Cp0, T ;C1pΓ̂qq and hence, there is a one-to-one correspondence between functions in Vsol

and Vω
sol and functions in Vtest and Vω

test, given by composition with the ALE mapping (5.21)

for the fluid domain, Φ̂
ω

f : Ω̂f Ñ Ωf ptq, for the component involving fluid velocities.

We now state the regularized weak formulation in the moving domain formulation. We
note that the regularization that we have used in regularizing the Biot domain is minimal, in
the sense that it only affects four terms in the weak formulation, and we use the regularization
in only the terms in which it is strictly necessary. In the following statement of the regularized
weak formulation, we recall the definition (5.28) of the plate velocity ζ̂.

Definition 5.4.3. (Weak solution to the regularized problem, moving fluid domain for-
mulation) An ordered four-tuple pu, ω̂, η̂, pq P Vsol is a weak solution to the regularized
nonlinearly coupled FPSI problem with regularization parameter δ if for every test function
pv, φ̂, ψ̂, r̂q P Vtest,

´

ż T

0

ż

Ωf ptq

u ¨Btv`
1

2

ż T

0

ż

Ωf ptq

rppu ¨∇quq¨v´ppu ¨∇qvq¨us`
1

2

ż T

0

ż

Γptq

pu ¨n´2ζey ¨nqu ¨v

`2ν

ż T

0

ż

Ωf ptq

Dpuq :Dpvq`

ż T

0

ż

Γptq

ˆ

1

2
|u|

2
´ p

˙

pψn´vnq`β

ż T

0

ż

Γptq

pζey´uq¨τ pψ´vq¨τ

´ ρp

ż T

0

ż

Γ̂

Btω̂ ¨ Btφ̂ `

ż T

0

ż

Γ̂

∆̂ω̂ ¨ ∆̂φ̂ ´ ρb

ż T

0

ż

Ω̂b

Btη̂ ¨ Btψ̂ ` 2µe

ż T

0

ż

Ω̂b

D̂pη̂q : D̂pψ̂q

` λe

ż T

0

ż

Ω̂b

p∇̂ ¨ η̂qp∇̂ ¨ ψ̂q ` 2µv

ż T

0

ż

Ω̂b

D̂pBtη̂q : D̂pψ̂q ` λv

ż T

0

ż

Ω̂b

p∇̂ ¨ Btη̂qp∇̂ ¨ ψ̂q

´ α

ż T

0

ż

Ωδ
bptq

p∇ ¨ψ ´ c0

ż T

0

ż

Ω̂b

p̂ ¨ Btr̂ ´ α

ż T

0

ż

Ωδ
bptq

Dδ

Dt
η ¨ ∇r ´ α

ż T

0

ż

Γδptq

pζey ¨ nδ
qr

` κ

ż T

0

ż

Ωδ
bptq

∇p ¨ ∇r ´

ż T

0

ż

Γptq

ppu´ ζeyq ¨ nqr

“

ż

Ωf p0q

up0q ¨ vp0q ` ρp

ż

Γ̂

Btω̂p0q ¨ φ̂p0q ` ρb

ż

Ω̂b

Btη̂p0q ¨ ψ̂p0q ` c0

ż

Ω̂b

p̂p0q ¨ r̂p0q, (5.46)

where Dδ

Dt
“ d

dt
` pξδ ¨ ∇q with ξδ “ Btη

δ is the material derivative with respect to the
regularized displacement, n denotes the upward pointing normal vector to Γptq, and nδ

denotes the upward pointing normal vector to Γδptq.

Remark 5.4.2 (Remark on notation in the weak formulation). We will omit explicit mention
of function compositions with the mappings Φf and Φδ

b (defined in (5.21) and (5.31)), and
their inverses throughout the chapter, as the function compositions needed will be clear from
the context. In particular, we follow this convention in the weak formulation above. For
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example, since the pore pressure p and the test function ψ are defined on the reference
domain Ω̂b, the integral

´α

ż T

0

ż

Ωδ
bptq

p∇ ¨ψ,

means

´α

ż T

0

ż

Ωδ
bptq

´

p̂ ˝ pΦηδ

b q
´1

¯

∇ ¨

´

ψ̂ ˝ pΦηδ

b q
´1

¯

.

As another example, the integral

´

ż T

0

ż

Γptq

ppu´ ζeyq ¨ nqr

means

´

ż T

0

ż

Γptq

´´

u´

´

ζ̂ ˝ pΦω
Γq

´1
¯

ey

¯

¨ n
¯

`

r̂ ˝ pΦη
b q

´1
˘

.

Our goal will be to reformulate the definition of a regularized weak solution on the fixed
reference domain. In particular, we will need to handle any integrals dealing with time-
dependent domains by using a change of variables. We recall the factors that appear upon
using a change of variables to the reference domain for the fluid, the Biot medium, and the
moving interface, which are given by Ĵ ω

f , Ĵ
η
b , and Ĵ ω

Γ respectively in (5.22), (5.27), and
(5.18).

We handle the terms in (5.46) as follows. For the first term, we use the formula for the
transformation of time derivatives, given by (5.24) and (5.25). Furthermore, we assume that
|ω̂| ă R so that there is no domain degeneracy. Using (5.24) and (5.23), we then have that

ż

Ωf ptq

u ¨ Btv “

ż

Ω̂f

ˆ

1 `
ω̂

R

˙

û ¨ Btv̂ ´

ż

Ω̂f

ˆ

1 `
ω̂

R

˙

û ¨ rpŵ ¨ ∇̂ω
f qv̂s

“

ż

Ω̂f

ˆ

1 `
ω̂

R

˙

û ¨ Btv̂ ´
1

R

ż

Ω̂f

û ¨ rpR ` ŷqBtω̂Bŷv̂s

“

ż

Ω̂f

ˆ

1 `
ω̂

R

˙

û ¨ Btv̂ ´
1

2R

ż

Ω̂f

û ¨ rpR ` ŷqBtω̂Bŷv̂s `
1

2R

ż

Ω̂f

pBtω̂qû ¨ v̂

`
1

2R

ż

Ω̂f

rpR ` ŷqBtω̂Bŷûs ¨ v̂ ´
1

2

ż

Γ̂

pû ¨ v̂qBtω̂

“

ż

Ω̂f

ˆ

1 `
ω̂

R

˙

û ¨ Btv̂ ´
1

2

ż

Ω̂f

ˆ

1 `
ω̂

R

˙

rppŵ ¨ ∇̂ω
f qv̂q ¨ û´ ppŵ ¨ ∇̂ω

f qûq ¨ v̂s

`
1

2R

ż

Ω̂f

pBtω̂qû ¨ v̂ ´
1

2

ż

Γ̂

pû ¨ v̂qBtω̂, (5.47)
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where we integrated by parts in the ŷ direction. Recall that ŵ is defined by (5.24). We also
note that the final term in (5.47) will combine with the following term in (5.46):

ż T

0

ż

Γptq

pζey ¨ nqu ¨ v “

ż T

0

ż

Γ̂

pû ¨ v̂qBtω̂. (5.48)

This is clear, once we observe that the normal vector to the interface is n “
1

Ĵ ω
Γ

p´Bx̂ω̂, 1q,

and ζey|Γptq “ Btω̂ey, which establishes the equality (5.48). Because the transformation from

Γptq to Γ̂ cancels out the factor of Ĵ ω
Γ in the unit normal vector, it will be useful to define

the following renormalized normal and tangent vectors:

n̂ω
“ p´Bx̂ω̂, 1q, τ̂ ω

“ p1, Bx̂ω̂q. (5.49)

We will similarly define

n̂ωδ

“ p´Bx̂pη̂δ
|Γ̂q, 1q. (5.50)

We can now define a weak solution to the regularized problem on the fixed reference domain
as follows, where we recall that we use the variable ζ̂ to denote the plate velocity on Γ, see
(5.28).

Definition 5.4.4. (Weak solution to the regularized problem, fixed fluid domain formula-
tion) An ordered four-tuple pû, ω̂, η̂, p̂q P Vω

sol is a weak solution to the regularized nonlinearly

coupled FPSI problem with regularization parameter δ if for all test functions pv̂, φ̂, ψ̂, r̂q P

Vω
test, the following equality holds:

´

ż T

0

ż

Ω̂f

ˆ

1 `
ω̂

R

˙

û ¨ Btv̂`
1

2

ż T

0

ż

Ω̂f

ˆ

1 `
ω̂

R

˙

rppû´ ŵq ¨ ∇̂ω
f ûq ¨ v̂´ ppû´ ŵq ¨ ∇̂ω

f v̂q ¨ ûs

´
1

2R

ż T

0

ż

Ω̂f

pBtω̂qû ¨ v̂`
1

2

ż T

0

ż

Γ̂

pû ¨ n̂ω
´ ζ̂ey ¨ n̂ω

qû ¨ v̂` 2ν

ż T

0

ż

Ω̂f

ˆ

1 `
ω̂

R

˙

D̂pûq : D̂pv̂q

`

ż T

0

ż

Γ̂

ˆ

1

2
|û|

2
´ p̂

˙

pψ̂ ´ v̂q ¨ n̂ω
`

β

Ĵ ω
Γ

ż T

0

ż

Γ̂

pζ̂ey ´ ûq ¨ τ̂ ω
pψ̂ ´ v̂q ¨ τ̂ ω

´ ρp

ż T

0

ż

Γ̂

Btω̂ ¨ Btφ̂ `

ż T

0

ż

Γ̂

∆̂ω̂ ¨ ∆̂φ̂ ´ ρb

ż T

0

ż

Ω̂b

Btη̂ ¨ Btψ̂ ` 2µe

ż T

0

ż

Ω̂b

D̂pη̂q : D̂pψ̂q

` λe

ż T

0

ż

Ω̂b

p∇̂ ¨ η̂qp∇̂ ¨ ψ̂q ` 2µv

ż T

0

ż

Ω̂b

D̂pBtη̂q : D̂pψ̂q ` λv

ż T

0

ż

Ω̂b

p∇̂ ¨ Btη̂qp∇̂ ¨ ψ̂q

´ α

ż T

0

ż

Ω̂b

Ĵ ηδ

b p̂∇̂ηδ

b ¨ ψ̂ ´ c0

ż T

0

ż

Ω̂b

p̂ ¨ Btr̂ ´ α

ż T

0

ż

Ω̂b

Ĵ ηδ

b Btη̂ ¨ ∇̂ηδ

b r̂

´ α

ż T

0

ż

Γ̂

pζ̂ey ¨ n̂ωδ

qr̂ ` κ

ż T

0

ż

Ω̂b

Ĵ ηδ

b ∇̂ηδ

b p̂ ¨ ∇̂ηδ

b r̂ ´

ż T

0

ż

Γ̂

ppû´ ζ̂eyq ¨ n̂ω
qr̂

“

ż

Ωf p0q

up0q ¨ vp0q ` ρp

ż

Γ̂

Btω̂p0q ¨ φ̂p0q ` ρb

ż

Ω̂b

Btη̂p0q ¨ ψ̂p0q ` c0

ż

Ω̂b

p̂p0q ¨ r̂p0q. (5.51)
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We list the definitions of all of the relevant expressions below.

ŵ “
R ` ŷ

R
Btω̂ey, ∇̂ω

f “

ˆ

Bx̂ ´
pR ` ŷqBx̂ω̂

R ` ω̂
Bŷ,

R

R ` ω̂
Bŷ

˙

, ∇̂ηδ

b ĝ “

ˆ

Bĝ

Bx̂
,

Bĝ

Bŷ

˙

¨pI`∇̂η̂δq´1

n̂ω
“ p´Bx̂ω̂, 1q, τ̂ ω

“ p1, Bx̂ω̂q, n̂ωδ

“ p´Bx̂pη̂δ
|Γ̂q, 1q,

Ĵ ηδ

b “ detpI ` ∇̂η̂δ
q, Ĵ ω

Γ “
a

1 ` |Bx̂ω̂|2.

Formal energy inequality

In this subsection, we show that our regularization is defined in a way that preserves the
variational structure of the problem. More precisely, we formally prove that a weak solution
to the regularized problem satisfies an energy inequality. To do this, we recall the regularized
weak formulation (5.51) defined on the fixed reference domain and we formally substitute

pv̂, φ̂, ψ̂, r̂q “ pû, ζ̂, Btη̂, p̂q

in for the test function. We verify that

1

2

ż

Γ̂

pû´ ζ̂eyq ¨ n̂ω
|û|

2
`

ż

Γ̂

ˆ

1

2
|û|

2
´ p̂

˙

pζ̂ey ´ ûq ¨ n̂ω
´

ż

Γ̂

ppû´ ζ̂eyq ¨ n̂ω
qp̂ “ 0.

Furthermore, by integration by parts, we have that

α

ˆ
ż

Ω̂b

Ĵ ηδ

b p̂∇̂ηδ

b ¨ Btη̂ `

ż

Ω̂b

Ĵ ηδ

b Btη̂ ¨ ∇̂ηδ

b p̂ `

ż

Γ̂

pζ̂ey ¨ n̂ωδ

qp̂

˙

“ α

˜

ż

Ωδ
bptq

p∇ ¨ ξ `

ż

Ωδ
bptq

ξ ¨ ∇p `

ż

Γδptq

pζey ¨ nδ
qp

¸

“ 0,

where we recall that nδ is the upward pointing unit normal vector to Γδptq. Finally, by the
Reynold’s transport theorem, we have that

ż T

0

ż

Ωf ptq

u ¨ Btu`
1

2

ż T

0

ż

Γptq

pζey ¨ nq|u|
2

“
1

2

ż

Ωf pT q

|u|
2

´
1

2

ż

Ωf p0q

|u|
2.

We then obtain the final energy estimate:

1

2

ż

Ωf pT q

|upT q|2 ` 2ν

ż T

0

ż

Ωf ptq
|Dpuq|2 `β

ż T

0

ż

Γptq
|pξ´uq ¨ τ |2 `

1

2
ρp

ż

Γ̂
|Btω̂pT q|2 `

ż

Γ̂
|∆̂ω̂pT q|2

`
1

2
ρb

ż

Ω̂b

|Btη̂pT q|2 ` 2µe

ż

Ω̂b

|D̂pη̂qpT q|2 ` 2λe

ż

Ω̂b

|∇̂ ¨ η̂pT q|2 ` 2µv

ż T

0

ż

Ω̂b

|D̂pBtη̂q|2

` λv

ż T

0

ż

Ω̂b

|∇̂ ¨ Btη̂|2 `
1

2
c0

ż

Ω̂b

|p̂pT q|2 ` κ

ż T

0

ż

Ωδ
bptq

|∇p|2 “
1

2

ż

Ωf p0q

|up0q|2 `
1

2
ρp

ż

Γ̂
|Btω̂p0q|2

`

ż

Γ̂
|∆̂ω̂p0q|2 `

1

2
ρb

ż

Ω̂b

|Btη̂p0q|2 ` 2µe

ż

Ω̂b

|D̂pη̂qp0q|2 ` 2λe

ż

Ω̂b

|∇̂ ¨ η̂p0q|2 `
1

2
c0

ż

Ω̂b

|p̂p0q|2.
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5.5 The existence result and splitting scheme

To show the existence of a weak solution to the regularized problem, we use a constructive
existence proof, which involves a splitting scheme. This is an approach that has been used
for constructive existence of weak solutions for a large variety of FSI problems, see for
example [140]. The goal of this section is to define the splitting scheme, which consists of
two subproblems: one for the fluid/Biot medium, and one for the plate.

An important notational convention. For notational simplicity, we will no longer
distinguish between functions on the reference domain and functions on the physical domain,
as we have in previous sections. Specifically, we will no longer use the “hat” notation
to distinguish between functions and domains in the physical or reference configuration:
for example, we will denote both the pore pressure p on Ωbptq and p̂ on Ω̂b by p, as the
distinction between these two will be clear from context. In addition, we will remove the
“hat” convention from the reference domains, and for example, we will denote the reference
domain Ω̂b for the Biot medium by Ωb. We will follow this notational convention for the rest
of the manuscript.

We now state the main result.

Theorem 5.5.1. Let µe, λe ą 0, and let µv, λv both be positive or both be zero. Consider
initial data for the plate displacement ω0 P H2

0 pΓq, plate velocity ζ0 P L2pΓq, Biot displace-
ment η0 P H1pΩbq, Biot velocity ξ0 P L2pΩbq, Biot pore pressure p0 P L2pΩbq, and fluid
velocity u0 P H1pΩf p0qq, where u0 is divergence-free. Suppose further that |ω0| ď R0 ă R
for some R0 and η0|Γ “ ω0ey, and for some arbitrary but fixed regularization parameter
δ ą 0, suppose that Id ` pη0q

δ is an invertible map with detpI ` ∇pη0q
δq ą 0. Then,

there exists a weak solution pu, ω,η, pq to the regularized FPSI problem with regularization
parameter δ on some time interval r0, T s, for some T ą 0.

Remark 5.5.1. The result above is a local result, since it holds up to some time T ą 0,
which will need to be sufficiently small, as seen in the proof. However, it is easy to show
that this T ą 0 can be made to be maximal, in the sense that it is either infinite or it is
the finite time at which Id ` pη0q

δ fails to be invertible, or |ω̂pT, x̂q| “ R for some x̂ P r0, Ls

so that the plate collides with either the top or bottom boundary of the domain. This will
not be the focus of the current work, as this is done by a standard method. See for example
pg. 397-398 of [42] or the proof of Theorem 7.1 in [140].

We now define the splitting scheme. We will semi-discretize the problem in time with
time step ∆t “ T {N , and we will keep track of the fluid velocity, plate displacement and
velocity, and Biot poroviscoelastic material displacement and pressure. We will denote these
by

pu
n` i

2
N , ω

n` i
2

N , ζ
n` i

2
N ,η

n` i
2

N , p
n` i

2
N q, for n “ 0, 1, ...., N and i “ 0, 1.

Note that the plate displacement ω
n` i

2
N and the plate velocity ζ

n` i
2

N are scalars, because we
are assuming that the plate displaces in only the transverse y direction. For the splitting
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scheme, we will work on the fixed reference domain and hence, we will semi-discretize the
regularized weak formulation (5.51) on the fixed reference domain. We will use the backwards
Euler discretization to approximate time derivatives, and we will use the following shorthand
notation:

9f
n` i

2
N “

f
n` i

2
N ´ f

n` i
2

´1

N

∆t
.

Before stating the splitting scheme, we remark that the existence result above holds for
both the purely poroelastic case and the poroviscoelastic case. In the poroviscoelastic case
where µv and λv are both strictly positive, we remark that ξ P L2p0, T ;H1pΩbqq and hence
we can interpret the trace of ξ along Γ as the plate velocity ζ. While this is no longer
true in the purely poroelastic case µv “ λv “ 0, where ξ is only in L8p0, T ;L2pΩbqq, the
constructive existence proof via splitting scheme still works since the time discretized Biot

velocity
ηn`1
N ´ηn

N

∆t
still retains H1pΩbq regularity due to the time discretization, and hence

it can still be used as a test function in the weak formulation for the Biot subproblem.
Thus, we can get discrete energy estimates as usual and the rest of the argument works. We
remark that we will carry out the constructive existence proof in the specific case of a Biot
poroviscoelastic medium but we emphasize that the techniques that follow will generalize to
the purely poroelastic case as well.

The plate subproblem. For the plate subproblem, we will update only the plate
displacement and velocity, to obtain the updated time-dependent domains to be used for the
fluid/Biot subproblem in the next time step. Therefore,

u
n` 1

2
N “ un

N , η
n` 1

2
N “ ηn

N , p
n` 1

2
N “ pnN ,

and we will update ω
n` 1

2
N and ζ

n` 1
2

N . We write the structure subproblem in the following weak

formulation: find ω
n` 1

2
N P H2

0 pΓq and ζ
n` 1

2
N P H2

0 pΓq, such that

ż

Γ

˜

ω
n` 1

2
N ´ ω

n´ 1
2

N

∆t

¸

¨ ϕ “

ż

Γ

ζ
n` 1

2
N ¨ ϕ, for all ϕ P L2

pΓq, (5.52)

ρp

ż

Γ

˜

ζ
n` 1

2
N ´ ζnN

∆t

¸

¨ φ `

ż

Γ

∆ω
n` 1

2
N ¨ ∆φ “ 0, for all φ P H2

0 pΓq. (5.53)

When n “ 0, we set ω
´ 1

2
N “ ωp0q and ζ0N “ ζp0q. In particular, ωp0qey “ ηp0q|Γ and

ζp0qey “ ξp0q.
We must show that this subproblem written in weak formulation has a unique solution.

To see this, we use the fact that

ζ
n` 1

2
N “

ω
n` 1

2
N ´ ω

n´ 1
2

N

∆t
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so that we must find ω
n` 1

2
N P H2

0 pΓq such that the following is satisfied in weak formulation:

ρp

ż

Γ

ω
n` 1

2
N ¨ φ ` p∆tq2

ż

Γ

∆ω
n` 1

2
N ¨ ∆φ “ ρp

ż

Γ

pω
n´ 1

2
N ` p∆tqζnNq ¨ φ, for all φ P H2

0 pΓq.

We consider the bilinear form

Brω, φs “ ρp

ż

Γ

ω ¨ φ ` p∆tq2
ż

Γ

∆ω ¨ ∆φ.

It is clear that this bilinear form is coercive on H2
0 pΓq. In addition,

φ Ñ ρp

ż

Γ

´

ω
n´ 1

2
N ` p∆tqζnN

¯

¨ φ

is a continuous linear functional on H2
0 pΓq, since we will have ω

n´ 1
2

N P H2
0 pΓq and ζnN P L2pΓq

by the way our splitting scheme is defined. So this guarantees the existence of a unique

solution ω
n` 1

2
N P H2

0 pΓq by the Lax-Milgram theorem. We then recover

ζ
n` 1

2
N “

ω
n` 1

2
N ´ ω

n´ 1
2

N

∆t
P H2

0 pΓq.

To obtain an energy inequality, we then substitute φ “ ζ
n` 1

2
N “

ω
n` 1

2
N ´ω

n´ 1
2

N

∆t
P H2

0 pΓq and
use the identity

pa ´ bq ¨ a “
1

2
p|a|

2
` |a ´ b|2 ´ |b|2q.

We obtain the following energy equality:

1

2
ρp

ż

Γ

|ζ
n` 1

2
N |

2
`

1

2
ρp

ż

Γ

|ζ
n` 1

2
N ´ ζnN |

2
`

1

2

ż

Γ

|∆ω
n` 1

2
N |

2
`

1

2

ż

Γ

|∆pω
n` 1

2
N ´ ω

n´ 1
2

N q|
2

“
1

2
ρp

ż

Γ

|ζ
n´ 1

2
N |

2
`

1

2

ż

Γ

|∆ω
n´ 1

2
N |

2. (5.54)

The fluid and Biot subproblem. For the fluid and Biot subproblem, we update the
quantities related to the fluid and the Biot medium. Due to the kinematic coupling between
the Biot medium displacement and the plate displacement, we must also update the plate
velocity, as the dynamics of the Biot medium hence affect the kinematics of the plate via the
continuity of displacements. In this step, we will not update the plate displacement, so that

ωn`1
N “ ω

n` 1
2

N .

We will use ωn
N calculated from the previous step for the ALE mapping for the fluid.
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The weak formulation of the fluid and Biot subproblem reads as follows. First, we define
the solution space as

Vn`1
N “ tpu, β,η, pq P Vωn

N
f ˆ H2

0 pΓq ˆ Vd ˆ Vpu, (5.55)

and the test space as

Qn`1
N “ tpv, φ,ψ, rq P V

ωn
N

f ˆ H2
0 pΓq ˆ Vd ˆ Vp : ψ “ φey on Γu, (5.56)

where V ω
f , Vd, and Vp are defined as in (5.35), (5.38), and (5.40).

The weak formulation of the fluid/Biot subproblem is: find pun`1
N , ζn`1

N ,ηn`1
N , pn`1

N q P

Vn`1
N defined on the reference domain, such that for all test functions pv, φ,ψ, rq P Qn`1

N
defined on the reference domain, the following holds:

ż

Ωf

ˆ

1 `
ωn
N

R

˙

9un`1
N ¨ v

`
1

2

ż

Ωf

ˆ

1 `
ωn
N

R

˙ „ˆˆ

un
N ´ ζ

n` 1
2

N

R ` y

R
ey

˙

¨ ∇ωn
N

f un`1
N

˙

¨ v ´

ˆˆ

un
N ´ ζ

n` 1
2

N

R ` y

R
ey

˙

¨ ∇ωn
N

f v

˙

¨ un`1
N

ȷ

`
1

2R

ż

Ωf

ζ
n` 1

2

N un`1
N ¨ v `

1

2

ż

Γ

pun`1
N ´ 9ηn`1

N q ¨ nωn
N pun

N ¨ vq

` 2ν

ż

Ωf

ˆ

1 `
ωn
N

R

˙

D
ωn

N

f pun`1
N q :D

ωn
N

f pvq `

ż

Γ

ˆ

1

2
un`1
N ¨ un

N ´ pn`1
N

˙

pψ ´ vq ¨ nωn
N

`
β

J ωn
N

Γ

ż

Γ

p 9ηn`1
N ´ un`1

N q ¨ τωn
N pψ ´ vq ¨ τωn

N ` ρb

ż

Ωb

˜

9ηn`1
N ´ 9ηn

N

∆t

¸

¨ψ

` ρp

ż

Γ

˜

ζn`1
N ´ ζ

n` 1
2

N

∆t

¸

φ` 2µe

ż

Ωb

Dpηn`1
N q :Dpψq ` λe

ż

Ωb

p∇ ¨ ηn`1
N qp∇ ¨ψq

` 2µv

ż

Ωb

Dp 9ηn`1
N q :Dpψq ` λv

ż

Ωb

p∇ ¨ 9ηn`1
N qp∇ ¨ψq ´ α

ż

Ωb

J pηn
N q

δ

b pn`1
N ∇pηn

N q
δ

b ¨ψ

` c0

ż

Ωb

pn`1
N ´ pnN

∆t
r ´ α

ż

Ωb

J pηn
N q

δ

b 9ηn`1
N ¨ ∇pηn

N q
δ

b r ´ α

ż

Γ

p 9ηn`1
N ¨ npωn

N q
δ

qr

` κ

ż

Ωb

J pηn
N q

δ

b ∇pηn
N q

δ

b pn`1
N ¨ ∇pηn

N q
δ

b r ´

ż

Γ

rpun`1
N ´ 9ηn`1

N q ¨ nωn
N sr “ 0, (5.57)

and
ż

Γ

ˆ

ηn`1
N ´ ηn

N

∆t

˙

¨ ϕ “

ż

Γ

ζn`1
N ey ¨ ϕ, for all ϕ P L2

pΓq. (5.58)

Here, nωn
N and npωn

N qδ are the renormalized normal vectors p´Bxω
n
N , 1q and p´Bx

`

pηn
Nqδ|Γ

˘

, 1q

and τ ωn
N is the renormalized tangent vector p1, Bxω

n
Nq.

We consider the scheme under the following two essential assumptions, which are
necessary for the scheme to successfully produce a numerical solution:

1. Assumption 1A: Boundedness of the plate displacement away from R. There exists
a positive constant Rmax such that

|ω
k` i

2
N | ď Rmax ă R, for all k “ 0, 1, 2, ..., n ´ 1 and i “ 0, 1. (5.59)
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2. Assumption 2A: Invertibility of the map from fixed to moving Biot domain. The
map

Id ` pηn
Nq

δ : Ωb Ñ pΩbq
n,δ
N is invertible, (5.60)

where pΩbq
n,δ
N is defined as the image of the reference Biot domain Ωb under the map

Id ` pηn
Nqδ.

We will show that the above subproblem (5.57) and (5.58) in weak formulation has a unique
solution, under these two assumptions 1A and 2A.

To do this, we first rewrite the weak formulation so that all of the functions on the n` 1
time step are on the left hand side while all other quantities are on the right hand side. In
addition, we can rewrite the variable ζn`1

N in terms of ηn
N and ηn`1

N by using (5.58):

ζn`1
N ey “

ηn`1
N ´ ηn

N

∆t

ˇ

ˇ

ˇ

Γ
.

The resulting weak formulation does not involve a coercive bilinear form because of a mis-
match in scaling. However, we can recover a coercive structure when we transform the weak
formulation using the following rescaling of test functions:

v Ñ p∆tqv, r Ñ p∆tqr.

This scaling of the test functions is valid because if pv, φ,ψ, vq P Qn`1
N , then the rescaled

test function satisfies pp∆tq´1v, φ,ψ, p∆tq´1rq P Qn`1
N also. After performing this rescaling,

the weak formulation involves the following coercive and continuous bilinear form:

Bru,v,η,ψ, p, rs :“ p∆tq2
ż

Ωf

ˆ

1 `
ωn
N

R

˙

u ¨ v

`
1

2
p∆tq3

ż

Ωf

ˆ

1 `
ωn
N

R

˙ „ˆˆ

un
N ´ ζ

n` 1
2

N

R ` y

R
ey

˙

¨ ∇ωn
Nu

˙

¨ v ´

ˆˆ

un
N ´ ζ

n` 1
2

N

R ` y

R
ey

˙

¨ ∇ωn
Nv

˙

¨ u

ȷ

` p∆tq3 ¨
1

2R

ż

Ωf

ζ
n` 1

2

N u ¨ v `
1

2
p∆tq3

ż

Γ

pu´ p∆tq´1ηq ¨ nωn
N pun

N ¨ vq

` 2νp∆tq3
ż

Ωf

ˆ

1 `
ωn
N

R

˙

D
ωn

N

f puq :D
ωn

N

f pvq ` p∆tq2
ż

Γ

ˆ

1

2
u ¨ un

N ´ p

˙

pψ ´ p∆tqvq ¨ nωn
N

`
β

J ωn
N

Γ

p∆tq2
ż

Γ

rp∆tq´1η ´ us ¨ τωn
N pψ ´ p∆tqvq ¨ τωn

N ` ρb

ż

Ωb

η ¨ψ ` ρp

ż

Γ

η ¨ψ

` p2µep∆tq2 ` 2µvp∆tqq

ż

Ωb

Dpηq :Dpψq ` pλep∆tq2 ` λvp∆tqq

ż

Ωb

p∇ ¨ ηqp∇ ¨ψq

´ αp∆tq2
ż

Ωb

J pηn
N q

δ

b p∇pηn
N q

δ

b ¨ψ ` c0p∆tq2
ż

Ωb

pr ´ αp∆tq2
ż

Ωb

J pηn
N q

δ

b η ¨ ∇pηn
N q

δ

b r

´ αp∆tq2
ż

Γ

pη ¨ npωn
N q

δ

qr ` κp∆tq3
ż

Ωb

J pηn
N q

δ

b ∇pηn
N q

δ

b p ¨ ∇pηn
N q

δ

b r

´ p∆tq3
ż

Γ

rpu´ p∆tq´1ηq ¨ nωn
N sr.



CHAPTER 5. FLUID-POROELASTIC STRUCTURE INTERACTION 226

The weak formulation is: find functions pun`1
N ,ηn`1

N , pn`1
N q P Vωn

N
f ˆ Vd ˆ Vp such that for all

test functions pv,ψ, rq P Vωn
N

f ˆ Vd ˆ Vp,

Brun`1
N ,v,ηn`1

N ,ψ, pn`1
N , rs “ p∆tq2

ż

Ωf

ˆ

1 `
ωn
N

R

˙

un
N ¨ v ´

1

2
p∆tq2

ż

Γ
ηnN ¨ nωn

N pun
N ¨ vq

`
β

J ωn
N

Γ

p∆tq

ż

Γ
ηnN ¨ τωn

N pψ ´ p∆tqvq ¨ τωn
N ` ρb

ż

Ωb

p2ηnN ´ ηn´1
N q ¨ψ ` ρp

ż

Γ
pηnN ` p∆tqζ

n` 1
2

N eyq ¨ψ

` 2µvp∆tq

ż

Ωb

DpηnN q :Dpψq ` λvp∆tq

ż

Ωb

p∇ ¨ ηnN qp∇ ¨ψq

`c0p∆tq2
ż

Ωb

pnNr´αp∆tq2
ż

Ωb

J pηnN qδ

b ηnN ¨∇pηnN qδ

b r´αp∆tq2
ż

Γ
pηnN ¨npωn

N qδqr`p∆tq2
ż

Γ
pηnN ¨nωn

N qr.

(5.61)

We verify that the bilinear form Bru,v,η,ψ, p, rs is coercive and continuous as a bilinear
form on the Hilbert space

Vωn
N

f ˆ Vd ˆ Vp,

with the inner product given by

xpu,η, pq, pv,ψ, rqy “

ż

Ωf

pu ¨ v ` ∇u : ∇vq `

ż

Ωb

pη ¨ψ ` ∇η : ∇ψq `

ż

Ωb

pp ¨ r ` ∇p ¨ ∇rq.

Proving that this bilinear form is continuous is standard, so we focus on establishing coer-
civity. To compute Bru,u,η,η, p, ps, we note that by integration by parts,

´αp∆tq2
ż

Ωb

J pηnN qδ

b p∇pηnN qδ

b ¨ η ´ αp∆tq2
ż

Ωb

J pηnN qδ

b η ¨ ∇pηnN qδ

b p´ αp∆tq2
ż

Γ

´

η ¨ npωn
N qδ

¯

p “ 0.

To do this, we bring the integrals back to the time-dependent physical domain, which we
can do as long as pηn

Nqδ is a bijection from Ωb to pΩbq
n,δ
N , which we are assuming in

Assumption 2A (5.60). We compute

´ αp∆tq2
ż

Ωb

J pηnN qδ

b p∇pηnN qδ

b ¨ η ´ αp∆tq2
ż

Ωb

J pηnN qδ

b η ¨ ∇pηnN qδ

b p ´ αp∆tq2
ż

Γ

´

η ¨ npωn
N qδ

¯

p

“ ´αp∆tq2

˜

ż

pΩbq
n,δ
N

p∇ ¨ η `

ż

pΩbq
n,δ
N

η ¨ ∇p `

ż

Γn,δ
N

pη ¨ nqp

¸

“ 0,

by integration by parts, once we recall that n points outwards from Ωf and hence inwards
towards Ωb, and also once we recall that η “ 0 on the left, right, and top boundaries of

Ωb by the Dirichlet boundary condition. Combining this with the fact that p∆tqζ
n` 1

2
N “
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ω
n` 1

2
N ´ ω

n´ 1
2

N “ ωn`1
N ´ ωn

N , we compute that

Bru,u,η,η, p, ps :“ p∆tq2
ż

Ωf

ˆ

1 `
ωn
N ` ωn`1

N

2R

˙

|u|
2

` 2νp∆tq3
ż

Ωf

ˆ

1 `
ωn
N

R

˙

ˇ

ˇ

ˇ
D

ωn
N

f puq

ˇ

ˇ

ˇ

2

`
β

J ωn
N

Γ

p∆tq

ż

Γ

ˇ

ˇpη ´ p∆tquq ¨ τ ωn
N

ˇ

ˇ

2
`ρb

ż

Ωb

|η|
2
`ρp

ż

Γ

|η|
2
`p2µep∆tq

2
`2µvp∆tqq

ż

Ωb

|Dpηq|
2

` pλep∆tq
2

` λvp∆tqq

ż

Ωb

|∇ ¨ η|
2

` c0p∆tq
2

ż

Ωb

|p|
2

` κp∆tq3
ż

Ωb

J pηnN qδ

b |∇pηnN qδ

b p|
2.

We must show that the symmetrized gradient can be expressed in terms of the usual
gradient. It is well-known that one can do this for the fluid, and one even has a Korn
equality in this case. However, this is not immediate for the Biot material. We thus prove
the following explicit Korn inequality for the Biot domain.

Proposition 5.5.1 (Korn inequality for the Biot poroviscoelastic domain). For all η P Vd,

ż

Ωb

|Dpηq|
2

ě
1

2

ż

Ωb

|∇η|
2.

Proof. By a standard approximation argument, it suffices to assume that η is smooth. Be-
cause ηx “ 0 on Γ and because η “ 0 on the left, top, and right boundaries of Ωb, we have
from integration by parts, that

ż

Ωb

Bηx
By

Bηy
Bx

“ ´

ż

Ωb

ηx
B2ηy
BxBy

“

ż

Ωb

Bηx
Bx

Bηy
By

.

Therefore,

ż

Ωb

|Dpηq|
2

“

ż

Ωb

ˆ

Bηx
Bx

˙2

`

ˆ

Bηy
By

˙2

`
1

2

ˆ

Bηx
By

`
Bηy
Bx

˙2

“

ż

Ωb

ˆ

Bηx
Bx

˙2

`

ˆ

Bηy
By

˙2

`
1

2

«

ˆ

Bηx
By

˙2

`

ˆ

Bηy
Bx

˙2
ff

`
Bηx
By

Bηy
Bx

“

ż

Ωb

ˆ

Bηx
Bx

˙2

`
Bηx
Bx

Bηy
By

`

ˆ

Bηy
By

˙2

`
1

2

«

ˆ

Bηx
By

˙2

`

ˆ

Bηy
Bx

˙2
ff

ě
1

2

ż

Ωb

|∇η|
2,

by using the inequality a2 ` 2ab ` b2 ě 0.

We then deduce coercivity from the fact that |ω
k` i

2
N | ă R (see Assumption 1A in (5.59))

and the preceding Korn inequality, once we handle the last term and show that

κp∆tq3
ż

Ωb

J pηnN qδ

b |∇pηnN qδ

b p|
2

ě c

ż

Ωb

|∇p|
2,
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for some positive constant c ą 0. Recall from (5.27) and (5.26) that

J pηnN qδ

b “ detpI ` ∇pηn
Nq

δ
q, ∇pηnN qδ

b p “ ∇p ¨ pI ` ∇pηn
Nq

δ
q

´1.

Therefore, letting | ¨ | denote the matrix norm, we have that

κp∆tq3
ż

Ωb

J pηnN qδ

b |∇pηnN qδ

b p|
2

ě κp∆tq3
ż

Ωb

J pηnN qδ

b |I ` ∇pηn
Nq

δ
|
´2

|∇p|
2. (5.62)

We recall from Assumption 2A (5.60) that I` pηn
Nqδ is an invertible map from Ωb to pΩbq

n,δ
N ,

and note that |I ` ∇pηn
Nqδ| is continuous on Ωb and hence is bounded from above. Thus,

|I ` ∇pηn
Nqδ|´2 ě c0 ą 0 for some positive constant c0. The assumption that I ` pηn

Nqδ is
invertible implies that detpI`∇pηn

Nqδq ą 0. However, since this determinant is a continuous
function on the compact set Ωb, we conclude that there exists a positive constant c1 ą 0
such that detpI ` ∇pηn

Nqδq ě c1 ą 0. This establishes coercivity.

We obtain the existence of a unique solution pun`1
N ,ηn`1

N , pn`1
N q P Vωn

N
f ˆ Vd ˆ Vp to the

weak formulation (5.61) from the Lax-Milgram lemma. We recover ζn`1
N , by using ζn`1

N ey “

ηn`1
N ´ ηn

N

∆t

ˇ

ˇ

ˇ

Γ
. Note that we have that

ηn`1
N ´ ηn

N

∆t

ˇ

ˇ

ˇ

Γ
points in the y direction, because the

trace of any function η P Vd on Γ points in the y direction by definition (see (5.38)).

Energy equality: For the fluid and Biot subproblem, we substitute v “ un`1
N , φ “ ζn`1

N ,
ψ “ 9ηn`1

N , and r “ pn`1
N , and we use the identity

pa ´ bq ¨ a “
1

2
p|a|

2
` |a ´ b|2 ´ |b|2q.

We will substitute this test function into the original form of the weak formulation (5.57),

without the time scaling. Since ωn`1
N “ ω

n` 1
2

N and p∆tqζ
n` 1

2
N “ ω

n` 1
2

N ´ ωn
N , we obtain the

following energy equality for the fluid subproblem:

1

2

ż

Ωf

ˆ

1 `
ωn`1
N

R

˙

|un`1
N |2 `

1

2
ρb

ż

Ωb

| 9ηn`1
N |2 `

1

2
c0

ż

Ωb

|pn`1
N |2 ` µe

ż

Ωb

|Dpηn`1
N q|2 `

1

2
λe

ż

Ωb

|∇ ¨ ηn`1
N |2

`
1

2
ρp

ż

Γ

|ζn`1
N |2 ` 2µvp∆tq

ż

Ωb

|Dp 9ηn`1
N q|2 ` λvp∆tq

ż

Ωb

|∇ ¨ 9ηn`1
N |2 ` κp∆tq

ż

Ωb

J pηn
N q

δ

b |∇pηn
N q

δ

b pn`1
N |2

`
βp∆tq

J ωn
N

Γ

ż

Γ

|p 9ηn`1
N ´un`1

N q ¨ τωn
N |2 `

1

2
ρb

ż

Ωb

| 9ηn`1
N ´ 9ηn

N |2 `
1

2
c0

ż

Ωb

|pn`1
N ´ pnN |2 `µe

ż

Ωb

|Dpηn`1
N ´ηn

N q|2

`
1

2
λe

ż

Ωb

|∇ ¨ pηn`1
N ´ ηn

N q|2 “
1

2

ż

Ωf

ˆ

1 `
ωn
N

R

˙

|un
N |2 `

1

2
ρb

ż

Ωb

| 9ηn
N |2 `

1

2
c0

ż

Ωb

|pnN |2 ` µe

ż

Ωb

|Dpηn
N q|2

`
1

2
λe

ż

Ωb

|∇ ¨ ηn
N |2 `

1

2
ρp

ż

Γ

|ζ
n` 1

2

N |2

Note that the following terms cancel out, by bringing the integrals back to the time-
dependent domain and integrating by parts, recalling that the normal vector points inward
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towards the Biot domain.

´α

ż

Ωb

J pηnN qδ

b pn`1
N ∇pηnN qδ

b ¨ 9ηn`1
N ´α

ż

Ωb

J pηnN qδ

b 9ηn`1
N ¨∇pηnN qδ

b pn`1
N ´α

ż

Γ

´

9ηn`1
N ¨ npωn

N qδ
¯

pn`1
N

“ ´α

ż

pΩbq
n,δ
N

pn`1
N p∇ ¨ 9ηn`1

N q ´ α

ż

pΩbq
n,δ
N

9ηn`1
N ¨ ∇pn`1

N ´ α

ż

Γn,δ
N

p 9ηn`1
N ¨ nqpn`1

N “ 0.

The semidiscrete problem. We express the entire scheme in the following weak
semidiscrete formulation. The following equality holds for all test functions pv, φ,ψ, rq P

Qn`1
N , where Qn`1

N is defined by (5.56).

ż

Ωf

ˆ

1 `
ωn
N

R

˙

9un`1
N ¨ v

`
1

2

ż

Ωf

ˆ

1 `
ωn
N

R

˙ „ˆˆ

un
N ´ ζ

n` 1
2

N

R ` y

R
ey

˙

¨ ∇ωn
N

f un`1
N

˙

¨ v ´

ˆˆ

un
N ´ ζ

n` 1
2

N

R ` y

R
ey

˙

¨ ∇ωn
N

f v

˙

¨ un`1
N

ȷ

`
1

2R

ż

Ωf

ζ
n` 1

2

N un`1
N ¨ v `

1

2

ż

Γ

pun`1
N ´ 9ηn`1

N q ¨ nωn
N pun

N ¨ vq

` 2ν

ż

Ωf

ˆ

1 `
ωn
N

R

˙

D
ωn

N

f pun`1
N q :D

ωn
N

f pvq `

ż

Γ

ˆ

1

2
un`1
N ¨ un

N ´ pn`1
N

˙

pψ ´ vq ¨ nωn
N

`
β

J ωn
N

Γ

ż

Γ

p 9ηn`1
N ´ un`1

N q ¨ τωn
N pψ ´ vq ¨ τωn

N ` ρb

ż

Ωb

˜

9ηn`1
N ´ 9ηn

N

∆t

¸

¨ψ

` ρp

ż

Γ

ˆ

ζn`1
N ´ ζnN

∆t

˙

φ` 2µe

ż

Ωb

Dpηn`1
N q :Dpψq ` λe

ż

Ωb

p∇ ¨ ηn`1
N qp∇ ¨ψq

` 2µv

ż

Ωb

Dp 9ηn`1
N q :Dpψq ` λv

ż

Ωb

p∇ ¨ 9ηn`1
N qp∇ ¨ψq ´ α

ż

Ωb

J pηn
N q

δ

b pn`1
N ∇pηn

N q
δ

b ¨ψ

` c0

ż

Ωb

pn`1
N ´ pnN

∆t
r ´ α

ż

Ωb

J pηn
N q

δ

b 9ηn`1
N ¨ ∇pηn

N q
δ

b r ´ α

ż

Γ

p 9ηn`1
N ¨ npωn

N q
δ

qr

` κ

ż

Ωb

J pηn
N q

δ

b ∇pηn
N q

δ

b pn`1
N ¨ ∇pηn

N q
δ

b r ´

ż

Γ

rpun`1
N ´ 9ηn`1

N q ¨ nωn
N sr `

ż

Γ

∆ω
n` 1

2

N ¨ ∆φ “ 0, (5.63)

ż

Γ

¨

˝

ω
n` 1

2
N ´ ω

n´ 1
2

N

∆t

˛

‚ϕ “

ż

Γ
ζ
n` 1

2
N ϕ,

ż

Γ

˜

ηn`1
N ´ ηnN

∆t

¸

¨ ϕ “

ż

Γ
ζn`1
N ey ¨ ϕ, for all ϕ,ϕ P L2pΓq.

(5.64)

Uniform energy estimates. Define the following discrete energy and discrete dissipa-
tion:

E
n` i

2
N “

1

2

ż

Ωf

ˆ

1 `
ωn
N

R

˙

|u
n` i

2
N |

2
`

1

2
ρb

ż

Ωb

| 9η
n` i

2
N |

2
`

1

2
c0

ż

Ωb

|p
n` i

2
N |

2
` µe

ż

Ωb

|Dpη
n` i

2
N q|

2

`
1

2
λe

ż

Ωb

|∇ ¨ η
n` i

2
N |

2
`

1

2
ρp

ż

Γ

|ζ
n` i

2
N |

2
`

1

2

ż

Γ

|∆ω
n` i

2
N |

2. (5.65)
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Dn`1
N “ 2νp∆tq

ż

Ωf

ˆ

1 `
ωn
N

R

˙

ˇ

ˇ

ˇ
D

ωn
N

f pun`1
N q

ˇ

ˇ

ˇ

2
` 2µvp∆tq

ż

Ωb

|Dp 9ηn`1
N q|2 ` λvp∆tq

ż

Ωb

|∇ ¨ 9ηn`1
N |2

` κp∆tq

ż

Ωb

J pηnN qδ

b |∇pηnN qδ

b pn`1
N |2 `

βp∆tq

J ωn
N

Γ

ż

Γ

ˇ

ˇp 9ηn`1
N ´ un`1

N q ¨ τωn
N

ˇ

ˇ

2
. (5.66)

We then have the following energy equality.

E
n` 1

2
N `

1

2
ρp

ż

Γ

ˇ

ˇ

ˇ
ζ
n` 1

2
N ´ ζnN

ˇ

ˇ

ˇ

2

`
1

2

ż

Γ

ˇ

ˇ

ˇ
∆pω

n` 1
2

N ´ ω
n´ 1

2
N q

ˇ

ˇ

ˇ

2

“ En
N (5.67)

En`1
N `Dn`1

N `
1

2

ż

Ωf

ˆ

1 `
ωn
N

R

˙

ˇ

ˇun`1
N ´ un

N

ˇ

ˇ

2
`
1

2
ρb

ż

Ωb

ˇ

ˇ 9ηn`1
N ´ 9ηn

N

ˇ

ˇ

2
`
1

2
c0

ż

Ωb

ˇ

ˇpn`1
N ´ pnN

ˇ

ˇ

2

` µe

ż

Ωb

ˇ

ˇDpηn`1
N ´ ηn

Nq
ˇ

ˇ

2
`

1

2
λe

ż

Ωb

ˇ

ˇ∇ ¨ pηn`1
N ´ ηn

Nq
ˇ

ˇ

2
`

1

2
ρp

ż

Γ

|ζn`1
N ´ ζ

n` 1
2

N |
2

“ E
n` 1

2
N .

(5.68)

The remaining terms not included in the definition of the discrete energy and discrete dissi-
pation are numerical dissipation terms.

These discrete energy estimates immediately imply that E
n` i

2
N for n` i

2
“ 0, 1

2
, 1, 3

2
, ..., N´

1
2
, N and

řN
n“1D

n
N are uniformly bounded by a constant C independent of n and N .

5.6 Approximate solutions

Now that we have defined the numerical solutions at each time step, we collect the solutions
into approximate solutions defined on the whole time interval r0, T s, for which we will obtain
uniform estimates from our previous energy estimates.

We define the following piecewise constant approximate solutions

uNptq “ un
N , ηNptq “ ηn

N , pNptq “ pnN , ωNptq “ ω
n´ 1

2
N , ζNptq “ ζ

n´ 1
2

N , ζ˚
Nptq “ ζnN ,

for pn ´ 1q∆t ă t ď n∆t.

To obtain an estimate on time derivatives for the compactness arguments, we also define
the following approximate solutions, which are linear interpolations of the following points:

ηNpn∆tq “ ηn
N , pNpn∆tq “ pnN , ωNpn∆tq “ ω

n´ 1
2

N , for n “ 0, 1, ..., N,

where we formally set ω
´ 1

2
N “ ω0. Note that by construction, we have that

BtωN “ ζN , BtηN |Γ “ ζ˚
Ney.

From the preceding energy estimates, we have the following lemma on uniform bound-
edness.
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Lemma 5.6.1 (Uniform boundedness of approximate solutions). Consider the following
three assumptions:

1. Assumption 1B: Uniform boundedness of plate displacements. There exists a positive
constant Rmax such that for all N ,

|ω
n´ 1

2
N | ď Rmax ă R, for all n “ 0, 1, ..., N, (5.69)

ˇ

ˇpηn
Nq

δ
|Γ

ˇ

ˇ ď Rmax ă R, for all n “ 0, 1, ..., N. (5.70)

2. Assumption 2B: Uniform invertibility of the ALE mapping (Jacobian). There exists
a positive constant c0 such that for all N ,

detpI ` ∇pηn
Nq

δ
q ě c0 ą 0, on Ωb for all n “ 0, 1, ..., N. (5.71)

3. Assumption 2C: Uniform boundedness of the ALE mapping (matrix norm). There
exists positive constants c1 and c2 such that for all N ,

|pI ` ∇pηn
Nq

δ
q

´1
| ď c1, |I ` ∇pηn

Nq
δ
| ď c2, for all n “ 0, 1, ..., N. (5.72)

If these three assumptions hold, then we have the following uniform boundedness results for
all N :

• uN is uniformly bounded in L8p0, T ;L2pΩf qq and L2p0, T ;H1pΩf qq.

• ηN is uniformly bounded in L8p0, T ;H1pΩbqq.

• pN is uniformly bounded in L8p0, T ;L2pΩbqq and L2p0, T ;H1pΩbqq.

• ωN is uniformly bounded in L8p0, T ;H2
0 pΓqq.

In addition, we have the following estimates on the linear interpolations.

• ηN is uniformly bounded in W 1,8p0, T ;L2pΩbqq.

• ωN is uniformly bounded in W 1,8p0, T ;L2pΓqq.

Remark 5.6.1 (A crucial remark about invertibility). At first, it would appear that to
show the uniform boundedness results above, we also need to have a fourth assumption,
which is Assumption 2A (5.60) from before: that the map Id ` pηn

Nqδ : Ωb Ñ R2 is injective
(and is hence a bijection onto its image), for each n “ 0, 1, ..., N and for all N . However,
this is implied by an injectivity theorem (see Ciarlet [48] Theorem 5-5-2). Note also that
Assumption 1A (5.59) from before is automatically satisfied once we verify Assumption 1B
(5.69).

In particular, this injectivity theorem is as follows. Since detpI ` ∇pηn
Nqδq ą 0 by

Assumption 2B (5.71), it suffices to show that Id ` pηn
Nqδ “ φ0 on BΩb, for some injective
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mapping φ0 from Ωb Ñ R2. Furthermore, this would imply the very useful fact that pId `

pηn
NqδqpΩbq “ φ0pΩbq, so that the deformed configuration is fully determined by the behavior

on the boundary.
To construct the mapping φ0, we use a standard ALE mapping. Because pηn

Nqδ “ ωey
on Γ for some function ω with |ω| ď Rmax ă R (by Assumption 1B (5.69)) and ω “ 0 on
BΓ, with pηn

Nqδ satisfying Dirichlet boundary conditions on all other parts of the boundary
BΩb, we can define the following injective mapping φ0 satisfying the necessary conditions on
Ωb “ p0, Lq ˆ p0, Rq:

φ0pz, rq “

´

x, y `

´

1 ´
y

R

¯

ω
¯

.

Note also that ω, which is the trace of pηn
Nqδ on Γ, is a continuous function. We observe

that this map φ0 is an injective map. Thus, we conclude that Id ` pηn
Nqδ is injective for all

n “ 0, 1, ..., N and for all N , if Assumptions 1B and 2B, given by (5.69), (5.70), (5.71), hold.

Proof. This result follows from the uniform energy estimates. To establish the uniform
boundedness of uN in L8p0, T ;L2pΩf qq, we use Assumption 1B (5.69). To establish the
uniform boundedness of uN in L2p0, T ;H1pΩf qq, we use Korn’s inequality on the fluid do-
main. To establish the uniform boundedness of ηN in L8p0, T ;H1pΩbqq, we combine the
uniform energy estimates with Korn’s inequality, stated in Proposition 5.5.1. To establish
the uniform boundedness of pN in L2p0, T ;H1pΩbqq, we recall that by the uniform dissipation
estimate,

N
ÿ

n“1

κp∆tq

ż

Ωb

J pηnN qδ

b |∇pηnN qδ

b pn`1
N |

2
ď C,

for some constant C uniform in N , where

J pηnN qδ

b “ detpI ` ∇pηn
Nq

δ
q,

and
∇pηnN qδ

b r “ ∇r ¨ pI ` ∇pηn
Nq

δ
q

´1 on Ωb.

By Assumption 2B (5.71), we conclude that

p∆tq
N
ÿ

n“1

ż

Ωb

|∇pηnN qδ

b pn`1
N |

2
ď C.

Since on Ωb, we have that∇pn`1
N “ ∇pηnN qδ

b pn`1
N ¨pI`∇pηn

Nqδq, we use the fact from Assumption
2C (5.72) that |I ` ∇pηn

Nqδ| ď c2 to obtain the estimate

p∆tq
N
ÿ

n“1

ż

Ωb

|∇pn`1
N |

2
ď |I ` ∇pηn

Nq
δ
|
2

¨ p∆tq
N
ÿ

n“1

ż

Ωb

|∇pηnN qδ

b pn`1
N |

2
ď C,

for a constant C independent of N , which gives the final estimate that pN is uniformly
bounded in L2p0, T ;H1pΩbqq.
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We emphasize that later, we will have to establish that the three assumptions listed above
are in fact true, in order to use this uniform boundedness result. Using the above uniform
boundedness result, we can obtain the following weak convergences.

Proposition 5.6.1. Assuming that the three assumptions listed in Lemma 5.6.1 hold, we
conclude that along an appropriate subsequence, we have the following weak convergences
to limiting functions u, p, η, and ω:

• uN á u weakly* in L8p0, T ;L2pΩf qq.

• uN á u weakly in L2p0, T ;H1pΩf qq.

• ηN á η weakly* in L8p0, T ;H1pΩbqq.

• ηN á η weakly* in W 1,8p0, T ;L2pΩbqq.

• pN á p weakly* in L8p0, T ;L2pΩbqq.

• pN á p weakly in L2p0, T ;H1pΩbqq.

• ωN á ω weakly* in L8p0, T ;H2
0 pΓqq.

• ωN á ω weakly* in W 1,8p0, T ;L2pΓqq.

Furthermore, η “ η and ω “ ω.

Because the uniform boundedness result requires the three assumptions listed in Lemma
5.6.1, we must verify that these assumptions hold. We note that these assumptions in Lemma
5.6.1 imply the assumptions needed for the splitting scheme to successfully go through, in
Assumptions 1A (5.59) and 2A (5.60). This is because Assumptions 1B and 2B in Lemma
5.6.1 imply Assumption 2A (5.60) that I ` ∇pηn

Nqδ is invertible, by the previous discussion
in Remark 5.6.1.

So in particular, verifying these assumptions is essential for showing that our approximate
solutions can actually be constructed. We verify the assumptions in Lemma 5.6.1 in the
lemma below.

Lemma 5.6.2. Suppose that the initial data satisfies |ω0| ď R0 ă R for some R0, and η0

has the property that Id ` pη0q
δ is invertible with detpI ` ∇pη0q

δq ą 0 on Ωb for some
positive constant c0. Then, there exists a sufficiently small time T ą 0 such that for all N ,
the splitting scheme successfully runs until time T and all three assumptions (Assumptions
1B, 2B, and 2C) in Lemma 5.6.1 hold.

Proof. Consider T ą 0 sufficiently small that we will choose later in the proof. It suffices to
show that the three assumptions in Lemma 5.6.1 hold, as this will ensure that the splitting
scheme will successfully go through.
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First, we note that the three assumptions clearly hold for n “ 0, because ω0
N “ ω0 and

η0
N “ η0 for all N , and because of the assumptions on the initial data. In particular, there

exist constants α0, α1, and α2 such that

detpI ` ∇pη0q
δ
q ě α0 ą 0, (5.73)

|I ` ∇pη0q
δ
| ě α1 ą 0, |pI ` ∇pη0q

δ
q

´1
| ě α2 ą 0. (5.74)

This is because detpI ` ∇pη0q
δq, |I ` ∇pη0q

δ|, and |pI ` ∇pη0q
δq´1| are positive continuous

functions on the compact set Ωb.
Next, we want to choose an appropriate time T such that the three assumptions hold

uniformly for all N and n∆t up to time T . To do this, we use the energy estimates. Define
the initial energy determined by the initial data by E0. Recall the definition of the discretized
energy in (5.65). Then, by the uniform energy estimates, we have that

E
k` 1

2
N ď E0, Ek`1

N ď E0.

Therefore, after completing both subproblems of the scheme on the time step rk∆t, pk`1q∆ts,
we obtain that

|| 9ηn
N ||L2pΩbq ď C, for n “ 0, 1, ..., k ` 1, (5.75)

||ω
n` 1

2
N ||H2

0 pΓq ď C, for n “ 0, 1, ..., k, (5.76)

||ζ
n` i

2
N ||L2pΓq ď C, for 0 ď n `

i

2
ď k ` 1 and i “ 0, 1, (5.77)

for a constant C depending only on the initial energy E0.
Step 1. Let us first find a condition on T that will imply that Assumption 1B (5.69)

and (5.70) will hold up to time T , if the splitting scheme runs until time T . Suppose that
the linear interpolation ωN is defined up to time pk ` 1q∆t. Then, by (5.76) and (5.77), it
satisfies

||ωN ||W 1,8p0,pk`1q∆t;L2pΓqq ď C, ||ωN ||L8p0,pk`1q∆t;H2
0 pΓqq ď C, (5.78)

where C depends only on E0 and is independent of N . Thus, following the method in [140],
we obtain by an interpolation inequality that for all t, t ` τ P r0, pk ` 1q∆ts with τ ą 0,

||ωNpt ` τq ´ ωNptq||H1pΓq ď C||ωNpt ` τq ´ ωNptq||
1{2

L2pΓq
||ωNpt ` τq ´ ωNptq||

1{2

H2pΓq
. (5.79)

Here, we used a Sobolev interpolation inequality, see for example Theorem 4.17 (pg. 79) of
[1]. By the Lipschitz continuity of ωN taking values in L2pΓq and the boundedness of ωN in
H2

0 pΓq,
||ωNpt ` τq ´ ωNptq||H1pΓq ď C ¨ τ 1{2 (5.80)

for a constant C depending only on E0 (and in particular, not depending on k or N).
Therefore, setting t “ 0 and τ “ pk ` 1q∆t and using the continuous embedding of H1pΓq

into CpΓq,
||ωk`1

N ´ ω0||CpΓq ď C ¨ rpk ` 1qts1{2
ď C ¨ T 1{2, (5.81)



CHAPTER 5. FLUID-POROELASTIC STRUCTURE INTERACTION 235

where C depends only E0. Because |ω0| ă R, we can choose T ą 0 sufficiently small so that

C ¨ T 1{2
ă R ´ ||ω0||CpΓq. (5.82)

This will give the first part of Assumption 1B, which is (5.69).
Step 2. Next, we show the remaining assumptions by controlling the behavior of the

structure displacement η. To do this, note that

||ηk`1
N ´ η0||L2pΩbq ď p∆tq

k`1
ÿ

n“1

|| 9ηn
N ||L2pΩbq ď Cpk ` 1qp∆tq ď CT,

for C depending only on E0. So by the odd extension defined in Definition 5.4.1,

||ηk`1
N ´ η0||L2pΩ̃bq ď C

`

||ηk`1
N ´ η0||L2pΩbq ` ||ωk`1

N ´ ω0||L2pΓq

˘

ď CT,

for a constant C depending only on E0, where the estimate ||ωk`1
N ´ ω0||L2pΓq ď CT follows

from the bound (5.78). By regularization, we then have that for a constant depending only
on δ and E0,

||pηk`1
N q

δ
´ pη0q

δ
||H3pΩbq ď Cpδ, E0q ¨ T.

By using the trace theorem and the continuous embedding of H2pΓq into CpΓq, we thus
conclude that

||pηk`1
N q

δ
|Γ ´ pη0q

δ
|Γ||CpΓq ď Cpδ, E0q ¨ T. (5.83)

Since H2pΩbq embeds continuously into CpΩbq, we also have that

||∇pηk`1
N q

δ
´ ∇pη0q

δ
||CpΩbq ď Cpδ, E0q ¨ T. (5.84)

Note that detpI ` Aq is a continuous function of the entries of A. Also note that the
matrix norms |I`A| and |pI`Aq´1| are continuous functions of the matrixA. Furthermore,
we emphasize that the constant Cpδ, E0q depends only on δ and E0 and hence is independent
of k and N . This dependence on δ is allowable, since for this existence proof, δ is an arbitrary
but fixed regularization parameter.

Thus, there exists T sufficiently small so that by (5.83) and (5.84), the remaining as-
sumptions (5.70), (5.71), and (5.72) are satisfied, since these assumptions are all satisfied for
the initial displacement η0. Furthermore, we can choose the constants c0, c1, c2, and Rmax

(defined in the statement of those assumptions) independently of N and n “ 0, 1, ..., N , be-
cause of the fact that the constant Cpδ, E0q in our estimates does not depend on k (satisfying
pk ` 1q∆t ď T ) or N .

5.7 Compactness arguments

We next want to pass to the limit in the semidiscrete formulation for the approximate
solutions, stated in (5.63) and (5.64). Because this is a nonlinear problem with geometric
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nonlinearities, we must obtain stronger convergence than just weak and weak* convergence
in Proposition 5.6.1, in order to pass to the limit. To do this, we will use compactness
arguments of two types: the classical Aubin-Lions compactness theorem for functions defined
on fixed domains, and generalized Aubin-Lions compactness arguments for functions defined
on moving domains (using methods from [140], [136]). We will first deal with compactness
arguments for the plate displacement and the Biot domain displacement. Then, we will deal
with compactness arguments for the fluid velocity defined on moving domains.

Compactness for Biot poroelastic medium displacement

We begin with compactness arguments for the quantities associated with the Biot medium.
In particular, we will show strong convergence of the Biot structure displacements ηN . Since
the Biot poroviscoelastic structure displacement is defined on the fixed domain Ωb, this will
be achieved by using a standard Aubin-Lions compactness argument. In particular, we have
the following strong convergence result for the Biot medium displacement:

Lemma 5.7.1. We have the following compact embedding:

W 1,8
p0, T ;L2

pΩbqq X L8
p0, T ;H1

pΩbqq ĂĂ Cp0, T ;L2
pΩbqq.

Hence, there exists a subsequence such that ηN Ñ η strongly in Cp0, T ;L2pΩbqq.

Proof. The compact embedding above is a direct consequence of the standard Aubin-Lions
compactness lemma [6, 129] in the case of p “ 8, which gives a stronger compact embedding
into Cp0, T ;L2pΩbqq rather than just L8p0, T ;L2pΩbqq. The fact that we can find a strongly
convergent subsequence follows from this compact embedding, once we recall that tηNu8

N“1

are uniformly bounded in the Banach space W 1,8p0, T ;L2pΩbqq X L8p0, T ;H1pΩbqq by the
uniform energy estimates.

Compactness for the plate displacement

Next, we show strong convergence of the approximate plate displacements ωN . We have that
the linear interpolation ηN of the plate displacement is bounded in W 1,8p0, T ;L2pΓqq and
L8p0, T ;H2

0 pΓqq. We use this to establish the following convergence result.

Proposition 5.7.1. Given arbitrary 0 ă s ă 2, there exists a subsequence such that the
following strong convergences hold:

ωN Ñ ω, in Cp0, T ;Hs
pΓqq,

ωN Ñ ω, in L8
p0, T ;Hs

pΓqq.

Proof. For the linear interpolations ωN , we have the uniform estimate for τ ą 0, t, t ` τ P

r0, T s, that
||ωNpt ` τq ´ ωNptq||H2αpΓq ď Cτ 1´α, for 0 ă α ă 1,
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where the constant C is independent of N (but can depend on the choice of α). This follows
from the same argument used in Step 1 of the proof of Lemma 5.6.2. Because the constant
C in the estimate above is independent of N , the estimate implies that for a given arbitrary
α P p0, 1q, the functions ωN are uniformly bounded as functions in C0,1´αp0, T ;H2αpΓqq.
Hence, the strong convergence of ωN follows directly from the Arzela-Ascoli theorem and
the fact that H2α embeds compactly into any H2α´ϵ for ϵ ą 0, once we choose α P p0, 1q

and ϵ ą 0 appropriately so that 2α ´ ϵ “ s for a given arbitrary 0 ă s ă 2. Hence, we
obtain the desired strong convergence, as the equicontinuity condition for the Arzela-Ascoli
theorem follows from the above estimate.

To show a similar strong convergence result for ωN , we must show that

||ωNptq ´ ωNptq||L8p0,T ;HspΓqq Ñ 0,

for arbitrary 0 ă s ă 2. Once we observe that ωNpn∆tq “ ωNptq for n∆t ď t ă pn ` 1q∆t,
this follows immediately from the above Hölder continuity estimate, as

||ωNptq ´ ωNptq||L8p0,T ;HspΓqq ď Cp∆tq1´ s
2 Ñ 0, as N Ñ 8.

Thus, ωN and ωN have the same limit in L8p0, T ;HspΓqq for 0 ă s ă 2.

Compactness arguments for the Biot velocity and plate velocity

Next, we will obtain compactness for the Biot velocity, plate velocity, pore pressure, and fluid
velocity. Because the test space (5.56) has the pore pressure and fluid velocity decoupled
from the Biot/plate velocity, we can handle the compactness argument for each of these
quantities separately. In particular, we recall the definition of the discrete test space from
(5.56):

Qn`1
N “ tpv, φ,ψ, rq P V

ωn
N

f ˆ H2
0 pΓq ˆ Vd ˆ Vp : ψ “ φey on Γu.

We note that we can decouple this test space into three smaller test spaces, one for the
Biot/plate displacement/velocity, one for the pore pressure, and one for the fluid velocity.
In this section, we will start by obtaining compactness results for the Biot/plate velocity,
which must be treated together since they are coupled by a kinematic coupling condition at
the plate interface Γ. We will show the following result:

Theorem 5.7.1. For ´1{2 ă s ă 0, there exists a subsequence such that

pξN , ζNq Ñ pξ, ζq strongly in L2
p0, T ;H´s

pΩbq ˆ H´s
pΓqq.

Proof. We will establish this result by using a compactness criterion for piecewise constant
functions due to Dreher and Jüngel [65]. To simplify arguments, we define a slightly more
regular Biot/plate velocity test space:

Qv “ tpψ, φq P pVd X H2
pΩbqq ˆ H2

0 pΓq : ψ “ φey on Γu. (5.85)
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We will use the following chain of embeddings

L2
pΩbq ˆ L2

pΓq ĂĂ H´s
pΩbq ˆ H´s

pΓq Ă Q1
v,

where the first embedding is compact, in the Dreher-Jüngel compactness criterion [65].
Let τ∆t denote the time shift τ∆tfpt, ¨q “ fpt ´ ∆t, ¨q for a function f defined on r0, T s.

We must verify that there exists a uniform constant C such that for all ∆t “ T {N ,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

τ∆tpξN , ζNq ´ pξN , ζNq

∆t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L1pτ,T ;Q1
vq

` ||pξN , ζNq||L8p0,T ;L2pΩbqˆL2pΓqq ď C. (5.86)

We have that pξN , ζNq is uniformly bounded in L8p0, T ;L2pΩbq ˆ L2pΓqq by Lemma 5.6.1.
For the other term, we use the semidiscrete formulation. Because we are considering only

the Biot and plate velocities, we can set the test functions v and r for the fluid velocity and
Biot pore pressure to be zero. We obtain that for all test functions pψ, φq P Qv, where Qv

is defined in (5.85),

ρb

ż

Ωb

ˆ

ξn`1
N ´ ξnN

∆t

˙

¨ψ ` ρp

ż

Γ

ˆ

ζn`1
N ´ ζnN

∆t

˙

¨ φ

“ ´

ż

Γ

ˆ

1

2
un`1

N ¨ un
N ´ pn`1

N

˙

pψ ¨ nωn
N q ´

ż

Γ

β

J ωn
N

Γ

pζn`1
N ey ´ un`1

N q ¨ τ ωn
N pψ ¨ τ ωn

N q

´ 2µe

ż

Ωb

Dpηn`1
N q :Dpψq ´ λe

ż

Ωb

p∇ ¨ ηn`1
N qp∇ ¨ψq ´ 2µv

ż

Ωb

Dpξn`1
N q :Dpψq

´ λv

ż

Ωb

p∇ ¨ ξn`1
N qp∇ ¨ψq ` α

ż

Ωb

J pηnN qδ

b pn`1
N ∇pηnN qδ

b ¨ψ ´

ż

Γ

∆ω
n` 1

2
N ¨ ∆φ.

Consider an arbitrary ||pψ, φq||Qv ď 1, so that ||ψ||H2pΩbq ď 1 and ||φ||H2
0 pΓq ď 1. By the

uniform estimates in Lemma 5.6.1 and the regularity of the test functions in (5.85), it is
clear that the terms on the right hand side are all uniformly bounded by a constant C,
independent of ||pψ, φq||Qv ď 1, so that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pξn`1
N , ζn`1

N q ´ pξnN , ζ
n
Nq

∆t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Q1
v

ď C, for a constant C that is independent of n and N .

The only term that requires some care is the term

α

ż

Ωb

J pηnN qδ

b pn`1
N ∇pηnN qδ

b ¨ψ.

For this term, we recall that by definition,

J pηnN qδ

b “ detpI ` ∇pηn
Nq

δ
q, ∇pηnN qδ

¨ψ “ tr
“

∇ψ ¨ pI ` ∇pηn
Nq

δ
q

´1
‰

.
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By assumption 2C (5.72) and the fact that ||ψ||H1pΩbq ď 1, we have that ||∇pηnN qδ ¨ψ||L2pΩbq is

uniformly bounded, while by the boundedness of ηn
N in H1pΩbq, we have that |J pηnN qδ

b | ď C.
Therefore, using the fact that pN is uniformly bounded in L8p0, T ;L2pΩbqq, we can estimate

ˇ

ˇ

ˇ

ˇ

α

ż

Ωb

J pηnN qδ

b pn`1
N ∇pηnN qδ

b ¨ψ

ˇ

ˇ

ˇ

ˇ

ď C.

Since
N´1
ÿ

n“1

p∆tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pξn`1
N , ζn`1

N q ´ pξnN , ζ
n
Nq

∆t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Q1
v

ď p∆tq
N´1
ÿ

n“1

C ď CT,

we conclude that (5.86) holds for a uniform constant C. This establishes the desired result.

Compactness arguments for the pore pressure

We show a similar compactness result for the Biot pore pressure in this section.

Theorem 5.7.2. There exists a subsequence such that

pN Ñ p, strongly in L2
p0, T ;L2

pΩbqq.

We proceed using similar arguments based on the Dreher-Jüngel compactness criterion
for piecewise constant functions [65]. We observe that the approximate solutions for the
pore pressure satisfy the following weak formulation for all test functions r P Vp, where Vp is
defined by (5.40):

c0

ż

Ωb

ˆ

pn`1
N ´ pnN

∆t

˙

¨ r ´ α

ż

Ωb

J pηnN qδ

b 9ηn`1
N ¨ ∇pηnN qδ

b r ´ α

ż

Γ

p 9ηn`1
N ¨ npωn

N qδ
qr

` κ

ż

Ωb

J pηnN qδ

b ∇pηnN qδ

b pn`1
N ¨ ∇pηnN qδ

b r ´

ż

Γ

rpun`1
N ´ 9ηn`1

N q ¨ nωn
N sr “ 0. (5.87)

Proof. By the Dreher-Jüngel compactness criterion [65], it suffices to show that for a constant
C independent of N ,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

τ∆tpN ´ pN
∆t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L1p∆t,T ;pVpXH2pΩbqq1q

` ||pN ||L2p0,T ;H1pΩbqq ď C, (5.88)

since we have the chain of embeddings pVp X H2pΩbqq1 ĂĂ L2pΩbq Ă H1pΩbq. We use more
regularity for the test space Vp X H2pΩbq to make the following estimates simpler.

We compute that for any r P Vp X H2pΩbq,

c0

ż

Ωb

ˆ

pn`1
N ´ pnN

∆t

˙

¨ r “ α

ż

Ωb

J pηnN qδ

b ξn`1
N ¨ ∇pηnN qδ

b r ` α

ż

Γ

pζn`1
N ey ¨ npωn

N qδ
qr

´ κ

ż

Ωb

J pηnN qδ

b ∇pηnN qδ

b pn`1
N ¨ ∇pηnN qδ

b r `

ż

Γ

rpun`1
N ´ ζn`1

N eyq ¨ nωn
N sr.
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We estimate the right hand side for ||r||VpXH2pΩbq ď 1. Recall that J pηnN qδ

b “ detpI`∇pηn
Nqδq,

∇pηnN qδ

b r “

ˆ

Br

Bx̃
,

Br

Bỹ

˙

¨ pI`∇pηnN qδq´1, and ∇pηnN qδ

b pn`1
N “

˜

Bpn`1
N

Bx̃
,

Bpn`1
N

Bỹ

¸

¨ pI`∇pηnN qδq´1.

We have by Assumption 2C (5.72) that |pI`∇pηn
Nqδq´1| is uniformly bounded, and further-

more, J pηnN qδ

b is positive and bounded above. Therefore, combining these facts with standard
estimates, we conclude that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pn`1
N ´ pnN

∆t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pVpXH2pΩbqq1

ď C, for a constant C that is independent of n and N .

Combining this with the fact that pN is uniformly bounded in L2p0, T ;H1pΩbqq, this gives
the desired estimate in (5.88).

Compactness arguments for the fluid velocity

We will obtain convergence of the fluid velocity along a subsequence, by using a generalized
Aubin-Lions compactness theorem for functions defined on moving domains. The reason
we must use a generalized Aubin-Lions compactness theorem is that the approximate fluid
velocities are defined on different time-dependent fluid domains. Thus, we need to introduce
a maximal domain that contains all of the possible moving fluid domains, extend the fluid
velocities to be defined on this maximal domain, and then apply a generalized form of the
Aubin-Lions compactness theorem for problems on moving domains. For these compactness
arguments, we can modify the argument found in [136] since we are still considering a moving
fluid domain with a boundary determined by the time-dependent configuration of an elastic
plate, with additional arguments which are needed to handle the unique form of the weak
formulation corresponding to this specific FPSI model.

We first recall the semidiscrete formulation in (5.63) and rewrite it so that we can obtain
an equation for the fluid velocities defined on the physical domain, rather than the reference
domain. Since the fluid velocities are decoupled from the remaining physical quantities,
we can simplify the semidiscrete weak formulation (5.63) by taking the fluid velocity test
function to be the only nonzero test function. Our arguments will require us to consider the
physical fluid domain Ωn

f,N rather than the fixed reference fluid domain Ωf , where we define

Ωn
f,N “ tpx, yq P R2 : 0 ď x ď L,´R ď y ď ωn

Npxqu.

We redefine the fluid velocity solution space and test space as follows:

V n`1
N “ tu P H1

pΩn
f,Nq : ∇ ¨ u “ 0 on Ωn

f,N ,u “ 0 on BΩn
f,NzΓn

Nu. (5.89)

Qn
N “ V n`1

N X H3
pΩn

f,Nq. (5.90)
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We then obtain the following semidiscrete formulation on the physical fluid domain: the
approximate fluid velocities un`1

N P V n`1
N satisfy the following equality for all test functions

v P Qn
N :

ż

Ωn
f,N

un`1
N ´ ũn

N

∆t
¨ v ` 2ν

ż

Ωn
f,N

Dpun`1
N q :Dpvq

`
1

2

ż

Ωn
f,N

„ˆˆ

ũn
N ´ ζ

n` 1
2

N

R ` y

R ` ωn
N

ey

˙

¨ ∇un`1
N

˙

¨ v ´

ˆˆ

ũn
N ´ ζ

n` 1
2

N

R ` y

R ` ωn
N

ey

˙

¨ ∇v
˙

¨ un`1
N

ȷ

`
1

2R

ż

Ωn
f,N

R

R ` ωn
N

ζ
n` 1

2
N un`1

N ¨ v `
1

2

ż

Γn
N

pun`1
N ´ 9ηn`1

N q ¨ npũn
N ¨ vq

´

ż

Γn
N

ˆ

1

2
un`1
N ¨ ũn

N ´ pn`1
N

˙

pv ¨ nq ´ β

ż

Γn
N

p 9ηn`1
N ´ un`1

N q ¨ τ pv ¨ τ q “ 0, (5.91)

where we recall that un
N is originally defined on the domain Ωn´1

f,N , and hence we define

ũn
N “ un

N ˝ Φ
ωn´1
N

f ˝ pΦ
ωn
N

f q
´1,

where the ALE map Φ
ωn
N

f : Ωf Ñ Ωn
f,N is defined by (5.21).

Extension to maximal domain

We first uniformly bound the physical fluid domains Ωn
f,N , as this will allow us to extend

the approximate fluid velocity functions to a common maximal domain. To do this, we will
use the following proposition, which is Lemma 2.5 in [30] and Lemma 4.5 in [136], which
was established in the context of nonlinearly coupled FSI between an incompressible viscous
Newtonian fluid and an elastic Koiter shell.

Proposition 5.7.2. There exists smooth functions mpxq and Mpxq defined on Γ “ r0, Ls,
such that

mpxq ď ωn
Npxq ď Mpxq, for all x P r0, Ls, N, and n “ 0, 1, ..., N.

Furthermore, there exist smooth functions mn,l
N pxq and Mn,l

N pxq defined for positive integers
N , n “ 0, 1, ..., N ´ 1 and l “ 0, 1, ..., N ´ n, such that

1. mn,l
N pxq ď ωn`i

N pxq ď Mn,l
N pxq, for all x P r0, Ls and i “ 0, 1, ..., l.

2. Mn,l
N pxq ´ mn,l

N pxq ď C
?
l∆t, for all x P r0, Ls.

3. ||Mn,l
N pxq ´ mn,l

N pxq||L2pΓq ď Cpl∆tq,

where C is independent of n, l, and N . Finally, the functions Mn,l
N pxq and mn,l

N pxq for all
n, l, and N , are Lipschitz continuous with a Lipschitz constant that is uniformly bounded
above by some constant L ą 0 independent of n, l, and N .
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The result in Proposition 5.7.2 allows us to define a maximal domain ΩM
f defined by the

function Mpxq, containing all of the physical approximate fluid domains Ωn
f,N :

ΩM
f “ tpx, yq P R2 : 0 ď x ď L,´R ď y ď Mpxqu.

We can extend the fluid velocities un
N on Ωn

f,N to this common maximal domain ΩM
f , by

extending by zero in ΩM
f X pΩn

f,Nqc. We have the following result, which follows from the
fact that the functions ηnNpxq are all uniformly Lipschitz and a result on extensions by zero
of H1 functions defined on Lipschitz domains, see [131] and the corresponding discussions in
[30, 136].

Lemma 5.7.2. The approximate fluid velocities tuNu8
N“1 defined on the maximal fluid

domain ΩM
f by extension by zero are uniformly bounded in L2p0, T ;HspΩM

f qq for s P p0, 1{2q.

The generalized Aubin-Lions compactness lemma

We now pass to the limit along a subsequence in the approximate fluid velocities uN , which
are now functions in time defined on the fixed maximal domain ΩM

f . We have the following
convergence result.

Proposition 5.7.3. The sequence uN is relatively compact in L2p0, T ;L2pΩM
f qq.

The rest of this section will be devoted to using a generalized Aubin-Lions compactness
theorem for problems on moving domains, see [136, 30], to verify this convergence result.
We first define the relevant function spaces

H “ L2
pΩM

f q, V “ Hs
pΩM

f q, for 0 ă s ă 1{2,

where we note that V ĂĂ H. Note that V n
N ˆ Qn

N defined by (5.89) and (5.90) embeds
continuously into V ˆ V by the extension by zero operator to the maximal domain ΩM

f ,
uniformly in n and N .

We want to verify the conditions of the generalized Aubin-Lions compactness theorem
[136] (Properties A, B, C1, C2, and C3), for the approximate solutions uN , which we recall
are defined by

uN “ un
N , on ppn ´ 1q∆t, n∆ts, for n “ 1, 2, ..., N.

The proofs of Properties A, C1, C2, and C3 are analogous to the corresponding proofs in
[136] (Section 4.2). So it suffices to verify Property B.

Property B. There exists a constant C independent of n and N , a constant 1 ď p ă 2,
and for eachN , a sequence of nonnegative tanNu

N´1
n“0 satisfying p∆tq

řN´1
n“0 |anN |2 ď C uniformly

in N , such that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

P n
N

un`1
N ´ un

N

∆t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pQn
N q1

ď C
´

anN ` ||un
N ||V n

N
` ||un`1

N ||V n`1
N

¯p

, for all n “ 0, 1, ..., N ´ 1,

(5.92)
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where P n
N denotes the orthogonal projection onto the closed subspace Qn

N

H
of the Hilbert

space H.

Remark 5.7.1. In the original reference [136], there is a different statement of Property B,
which is that there exists a constant C ą 0 independent of N such that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

P n
N

un`1
N ´ un

N

∆t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pQn
N q1

ď C
´

1 ` ||un`1
N ||V n`1

N

¯

, for all n “ 0, 1, ..., N ´ 1. (5.93)

The above version of Property B can be seen as a generalization of this, and this generalized
version of Property B is needed, due to the appearance of terms in the weak formulation
that do not allow us to show that (5.93) holds. With the generalized form of Property B as
above in (5.92), the generalized Aubin-Lions compactness theorem stated in [136] for moving
domains still holds, as we still have the essential equicontinuity estimate needed in the proof.
In particular, for the original form of Property B in (5.93), one has from Lemma 3.1 in [136]
the following equicontinuity estimate for a constant C ą 0 that is independent of N :

||P n,l
∆t pun`l

N ´ un
Nq||

pQn,l
N q1 ď C

?
l∆t.

With the generalized form of Property B that we use above in (5.92), the same arguments as
in the proof of Lemma 3.1 in [136] will still give rise to the following equicontinuity estimate
for a constant C ą 0 that is independent of N :

||P n,l
∆t pun`l

N ´ un
Nq||

pQn,l
N q1 ď Cpl∆tq1´

p
2 ,

where the generalized Aubin-Lions compactness theorem on moving domains still holds with
this new equicontinuity estimate, since 1 ď p ă 2 and hence, Cpl∆tq1´

p
2 still converges to

zero as ∆t Ñ 0.

Proof of Property B. We consider

ũn
N “ un

N ˝ Φ
ωn´1
N

f ˝ pΦ
ωn
N

f q
´1,

and use the semidiscrete formulation for the fluid velocity on the physical domain. By
definition,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

P n
N

un`1
N ´ un

N

∆t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pQn
N q1

“ max
||v||Qn

N
ď1

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

un`1
N ´ un

N

∆t
¨ vdx

ˇ

ˇ

ˇ

ˇ

ˇ

. (5.94)

We then estimate
ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

un`1
N ´ un

∆t
¨ vdx

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

un`1
N ´ ũn

N

∆t
¨ vdx

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

ũn
N ´ un

N

∆t
¨ vdx

ˇ

ˇ

ˇ

ˇ

ˇ

. (5.95)
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By the semidiscrete formulation (5.91), we have that

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

un`1
N ´ ũn

N

∆t
¨ vdx

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2ν

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

Dpun`1
N q :Dpvq

ˇ

ˇ

ˇ

ˇ

ˇ

`
1

2

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

„ˆˆ

ũn
N ´ ζ

n` 1
2

N

R ` y

R ` ωn
N

ey

˙

¨ ∇un`1
N

˙

¨ v ´

ˆˆ

ũn
N ´ ζ

n` 1
2

N

R ` y

R ` ωn
N

ey

˙

¨ ∇v
˙

¨ un`1
N

ȷ

ˇ

ˇ

ˇ

ˇ

ˇ

`
1

2R

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

R

R ` ωn
N

ζ
n` 1

2
N un`1

N ¨ v

ˇ

ˇ

ˇ

ˇ

ˇ

`
1

2

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Γn
N

pun`1
N ´ 9ηn`1

N q ¨ npũn
N ¨ vq

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Γn
N

ˆ

1

2
un`1
N ¨ ũn

N ´ pn`1
N

˙

pv ¨ nq

ˇ

ˇ

ˇ

ˇ

ˇ

` β

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Γn
N

p 9ηn`1
N ´ un`1

N q ¨ τ pv ¨ τ q

ˇ

ˇ

ˇ

ˇ

ˇ

.

We can bound the terms uniformly in n, N , and ||v||Qn
N

ď 1 as follows. By the boundedness

of un`1
N in the uniform energy estimates, we have

2ν

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

Dpun`1
N q :Dpvq

ˇ

ˇ

ˇ

ˇ

ˇ

ď C||un`1
N ||H1pΩn

f,N q.

Because ||v||Qn
N

ď 1, by the definition of Qn
N in (5.90), we have that v is bounded in

H3pΩn
f,Nq, and hence, v and ∇v are bounded pointwise. Furthermore, by the boundedness

of the fluid velocity un
N on the reference domain by the uniform energy estimates, and the

uniform boundedness of the Jacobian of the ALE map Φ
ωn
N

f , we obtain the following bound:

1

2

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

„ˆˆ

ũn
N ´ ζ

n` 1
2

N

R ` y

R ` ωn
N

ey

˙

¨ ∇un`1
N

˙

¨ v ´

ˆˆ

ũn
N ´ ζ

n` 1
2

N

R ` y

R ` ωn
N

ey

˙

¨ ∇v
˙

¨ un`1
N

ȷ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
´

||ũn
N ||L2pΩn

f,N q ` ||ζn` 1
2 ||L2pΓq

¯

||un`1
N ||H1pΩn

f,N q ¨ ||v||H3pΩn
f,N q ď C||un`1

N ||H1pΩn
f,N q.

The next term is bounded similarly by

1

2R

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

R

R ` ωn
N

ζ
n` 1

2
N un`1

N ¨ v

ˇ

ˇ

ˇ

ˇ

ˇ

ď C||ζ
n` 1

2
N ||L2pΓq||u

n`1
N ||L2pΩn

f,N q ¨ ||v||H3pΩn
f,N q ď C||un`1

N ||L2pΩn
f,N q.

We observe that || 9ηn`1
N ||L2pΓq is bounded uniformly and furthermore, the arc length el-

ement on Γn
N is uniformly bounded pointwise since ηnN is uniformly bounded in H2

0 pΓq.
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Therefore, by using the trace inequality on Ωf , we have that

1

2

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Γn
N

pun`1
N ´ 9ηn`1

N q ¨ npũn
N ¨ vq

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
`

||un`1
N ||L4pΓq ¨ ||un

N ||L4pΓq ¨ ||v||L2pΓq ` || 9ηn`1
N ||L2pΓq ¨ ||un

N ||L4pΓq ¨ ||v||L4pΓq

˘

ď C
`

||un`1
N ||H1{4pΓq ¨ ||un

N ||H1{4pΓq ¨ ||v||H1pΩf q ` || 9ηn`1
N ||L2pΓq ¨ ||un

N ||H1{4pΓq ¨ ||v||H1{4pΓq

˘

ď C
´

||un`1
N ||H3{4pΩf q ¨ ||un

N ||H3{4pΩf q ` || 9ηn`1
N ||L2pΓq ¨ ||un

N ||H3{4pΩf q

¯

¨ ||v||H3pΩf q

ď C
´

||un`1
N ||

1{4
L2pΩf q

||un`1
N ||

3{4
H1pΩf q

||un
N ||

1{4
L2pΩf q

||un
N ||

3{4
H1pΩf q

` || 9ηn`1
N ||L2pΓq||un

N ||
1{4
L2pΩf q

||un
N ||

3{4
H1pΩf q

¯

ď C
´

||un`1
N ||

3{4
H1pΩf q

¨ ||un
N ||

3{4
H1pΩf q

` ||un
N ||

3{4
H1pΩf q

¯

ď C
”

1 `
`

||un
N ||V n

N
` ||un`1

N ||V n
N

˘3{2
ı

.

We also estimate

ˇ

ˇ

ˇ

ż

Γn
N

ˆ

1

2
un`1

N ¨ ũn
N ´ pn`1

N

˙

pv ¨ nq

ˇ

ˇ

ˇ

ď C
`

||un`1
N ||L4pΓq ¨ ||un

N ||L4pΓq ¨ ||v||L2pΓq ` ||pn`1
N ||L2pΓq ¨ ||v||L2pΓq

˘

ď C
`

||un`1
N ||H1{4pΓq ¨ ||un

N ||H1{4pΓq ¨ ||v||H1pΩf q ` ||pn`1
N ||H1pΩbq ¨ ||v||H1pΩf q

˘

ď C
´

||un`1
N ||H3{4pΩf q ¨ ||un

N ||H3{4pΩf q ` ||pn`1
N ||H1pΩbq

¯

ď C
´

||un`1
N ||

1{4

L2pΩf q
||un`1

N ||
3{4

H1pΩf q
¨ ||un

N ||
1{4

L2pΩf q
||un

N ||
3{4

H1pΩf q
` ||pn`1

N ||H1pΩbq

¯

ď C

„

1 `

´

||pn`1
N ||H1pΩbq ` ||un

N ||V n
N

` ||un`1
N ||V n`1

N

¯3{2
ȷ

.

Finally, we estimate

β

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Γn
N

p 9ηn`1
N ´ un`1

N q ¨ τ pv ¨ τ q

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
`

|| 9ηn`1
N ||L2pΓq ¨ ||v||L2pΓq ` ||un`1

N ||L2pΓq ¨ ||v||L2pΓq

˘

ď C
`

1 ` ||un`1
N ||H1pΩf q

˘

.

Therefore, we obtain the final estimate that for a constant C independent of n and N ,

max
||v||Qn

N
ď1

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

un`1
N ´ ũn

N

∆t
¨ vdx

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
´

anN ` ||un
N ||V n

N
` ||un`1

N ||V n`1
N

¯3{2

,

for anN :“ 1 ` ||pn`1
N ||H1pΩbq, where p∆tq

N´1
ÿ

n“0

|anN |
2

ď 2
”

p∆tqN ` ||pN ||
2
L2p0,T ;H1pΩbqq

ı

ď C.

(5.96)
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From the inequality (5.95), it remains to estimate

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

ũn
N ´ un

N

∆t
¨ vdx

ˇ

ˇ

ˇ

ˇ

ˇ

. The same

estimates as in [136] show that there exists a constant C independent of n and N , such that

max
||v||Qn

N
ď1

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωn
f,N

ũn
N ´ un

N

∆t
¨ vdx

ˇ

ˇ

ˇ

ˇ

ˇ

ď C. (5.97)

Combining (5.96) and (5.97) with (5.94) and (5.95) establishes Property B.

This completes the proof of Proposition 5.7.3.

5.8 Passing to the limit

With the convergences that we have established, we now pass to the limit in the semidiscrete
formulation. The main difficulty in passing to the limit will be the test functions for the fluid
velocity. In particular, on the fixed reference domain Ωf for the fluid, we note that the test
functions for the fluid velocity in (5.45) satisfy ∇ω

f ¨ v “ 0 on Ωf , where ω is the solution for
the plate displacement. However, the test functions for the fluid velocity in the semidiscrete
formulation in the semidiscrete test space Qn`1

N , defined by (5.56), satisfy ∇ωn
N ¨v “ 0 on Ωf .

Hence, we need a way of comparing test functions in Qn`1
N to test functions in the actual

test space Vω
test.

To do this, recall that we have defined the maximal domain ΩM
f that contains all of

the numerical fluid domains Ωn
f,N . Note that the maximal domain ΩM

f is fixed in time.
Hence, we can consider the following test space X , which consists of functions v defined on
C1

c pr0, T q;H1pΩM
f qq, satisfying the following properties for each t P r0, T q:

1. For each t P r0, T q, vptq is a smooth vector-valued function on ΩM
f .

2. ∇ ¨ vptq “ 0 on ΩM
f for all t P r0, T q.

3. vptq “ 0 on BΩM
f zΓM for all t P r0, T q, where ΓM “ tpx,Mpxqq : 0 ď x ď Lu is the top

boundary of the maximal fluid domain ΩM
f .

We note that restricting functions in X to the physical domain defined by the plate displace-
ment ω and composing with the ALE mapping Φω

f defined in (5.21) gives a space of test
functions X ω

f that is dense in Vω
f , which is the fluid velocity component of the full test space

(5.45). We emphasize that in the definition of the full test space Vω
test in (5.45), the only

component of the test space whose definition depends on the plate displacement is the fluid
velocity, and fortunately, this fluid velocity component of the test space is decoupled from
the other components of the test space.

Then, given a function v P X , we can construct a fluid velocity that is in the limiting
test space Vω

f and the semidiscrete test space Qn
N . We transfer the function by the ALE

mapping, and define
ṽpt, ¨q “ vpt, ¨q|Ωω

f ptq ˝ Φω
f pt, ¨q,
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where Ωω
f ptq “ tpx, yq P R2 : 0 ď x ď L,´R ď y ď ωpt, xqu. To construct approximate test

functions that are admissible in the semidiscrete formulation, we define

ṽNpt, ¨q “ vpt, ¨q|ΩωN
f ptq ˝ ΦωN

f pt, ¨q,

where we analogously define ΩωN
f ptq “ tpx, yq P R2 : 0 ď x ď L,´R ď y ď ωn

Npxqu. We
note that ṽN P Qn

N on rn∆t, pn ` 1q∆tq. Therefore, we can use the test function ṽN in
the semidiscrete formulation on the time interval rn∆t, pn ` 1q∆tq. We emphasize that
ṽN is discontinuous at time, due to the jumps in ωN at each n∆t. We have the following
convergence result, see Lemma 7.1 in [140] and Lemma 2.8 in [30], which shows that the
test functions for the semidiscretized problem ṽN given v P X converge to the test function
ṽ P X ω

f for the limiting weak formulation.

Proposition 5.8.1. For v P X , ṽN Ñ ṽ, and∇ṽN Ñ ∇ṽ pointwise uniformly on r0, T sˆΩf ,
as N Ñ 8.

We use this convergence result to pass to the limit in the semidiscrete formulation. We
have from (5.63) that for all pṽN , φ,ψ, rq in the test space with v P X ,

ż T

0

ż

Ωf

´

1 `
τ∆tωN

R

¯

BtuN ¨ ṽN `
1

2

ż T

0

ż

Ωf

´

1 `
τ∆tωN

R

¯

«

ˆˆ

τ∆tuN ´ ζN
R ` y

R
ey

˙

¨ ∇τ∆tωN

f uN

˙

¨ ṽN

´

ˆˆ

τ∆tuN ´ ζN
R ` y

R
ey

˙

¨ ∇τ∆tωN

f ṽN

˙

¨ uN

ff

`
1

2R

ż T

0

ż

Ωf

ζNuN ¨ ṽN

`
1

2

ż T

0

ż

Γ

puN ´ ζ˚
Neyq ¨ nτ∆tωN pτ∆tuN ¨ ṽN q ` 2ν

ż T

0

ż

Ωf

´

1 `
τ∆tωN

R

¯

Dτ∆tωN

f puN q :Dτ∆tωN

f pṽN q

`

ż T

0

ż

Γ

ˆ

1

2
uN ¨ τ∆tuN ´ pN

˙

pψ ´ ṽN q ¨ nτ∆tωN `
β

J τ∆tωN

Γ

ż T

0

ż

Γ

pζ˚
Ney ´ uN q ¨ τ τ∆tωN pψ ´ ṽN q ¨ τ τ∆tωN

` ρb

ż T

0

ż

Ωb

ˆ

ξN ´ τ∆tξN
∆t

˙

¨ψ ` ρp

ż T

0

ż

Γ

BtζN ¨ φ` 2µe

ż T

0

ż

Ωb

DpηN q :Dpψq

` λe

ż T

0

ż

Ωb

p∇ ¨ ηN qp∇ ¨ψq ` 2µv

ż T

0

ż

Ωb

DpξN q :Dpψq ` λv

ż T

0

ż

Ωb

p∇ ¨ ξN qp∇ ¨ψq

´ α

ż T

0

ż

Ωb

J pτ∆tηN q
δ

b pN∇pτ∆tηN q
δ

b ¨ψ ` c0

ż T

0

ż

Ωb

BtpN ¨ r ´ α

ż T

0

ż

Ωb

J pτ∆tηN q
δ

b ξN ¨ ∇pτ∆tηN q
δ

b r

´ α

ż T

0

ż

Γ

pζ˚
Ney ¨ npτ∆tωN q

δ

qr ` κ

ż T

0

ż

Ωb

J pτ∆tηN q
δ

b ∇pτ∆tηN q
δ

b pN ¨ ∇pτ∆tηN q
δ

b r

´

ż T

0

ż

Γ

rpuN ´ ζ˚
Neyq ¨ nτ∆tωN sr `

ż T

0

ż

Γ

∆ωN ¨ ∆φ “ 0.

We summarize the main strong convergences that we have obtained.

ηN Ñ η, in Cp0, T ;L2
pΩbqq,

ωN Ñ ω, in L8
p0, T ;Hs

pΓqq for 0 ă s ă 2,
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ζ˚
N Ñ ζ, in L2

p0, T ;H´s
pΓqq, for ´ 1{2 ă s ă 0,

ζN Ñ ζ, in L2
p0, T ;H´s

pΓqq, for ´ 1{2 ă s ă 0,

ξN Ñ ξ, in L2
p0, T ;H´s

pΩbqq, for ´ 1{2 ă s ă 0,

uN Ñ u, in L2
p0, T ;L2

pΩM
f qq, pN Ñ p, in L2

p0, T ;L2
pΩbqq,

where ζ˚
N and ζN converge to the same limit in L2p0, T ;H´spΓqq for ´1{2 ă s ă 0 due to

the numerical dissipation estimates
řN

n“1 ||ζnN ´ ζ
n´ 1

2
N ||2L2pΓq

ď C, which imply that ||ζN ´

ζ˚
N ||L2p0,T ;L2pΓqq Ñ 0.

Due to the presence of terms in the weak formulation involving the trace of the fluid
velocity along Γ, we will also need stronger convergence results for the trace of the fluid
velocities along Γ. In particular, we have the following convergence result.

Proposition 5.8.2. We have that

ûN |Γ Ñ û|Γ, in L2
p0, T ;Hs´ 1

2 pΓqq, for s P p0, 1q,

where ûN “ uN ˝ Φτ∆tωN
f and û “ u ˝ Φω

f .

To prove Proposition 5.8.2, we will use the following elementary lemma.

Lemma 5.8.1. Suppose that the functions tfnu8
n“1 and f are all uniformly bounded in

L2p0, T ;H1pΩf qq and fn Ñ f in L2p0, T ;L2pΩf qq. Then, fn Ñ f in L2p0, T ;HspΩf qq and

hence fn|Γ Ñ f |Γ in L2p0, T ;Hs´ 1
2 pΓqq for s P p0, 1q.

Proof of Lemma 5.8.1. For s P p0, 1q, we compute using the trace lemma and Sobolev inter-
polation that

||fn|Γ ´ f |Γ||
2

L2p0,T ;Hs´ 1
2 pΓqq

ď ||fn ´ f ||
2
L2p0,T ;HspΩf qq “

ż T

0

||pfn ´ fqptq||
2
HspΩf qdt

ď

ż T

0

||pfn´fqptq||
2p1´sq

L2pΩf q
¨||pfn´fqptq||

2s
H1pΩf qdt ď ||fn´f ||

2p1´sq

L2p0,T ;L2pΩf qq
¨||fn´f ||

2s
L2p0,T ;H1pΩf qq.

The result then follows from the fact that ||fn ´ f ||L2p0,T ;H1pΩf qq ď C for a constant C that
does not depend on N and the assumption that ||fn ´ f ||L2p0,T ;L2pΩf qq Ñ 0 as N Ñ 8.

We can use the elementary lemma above to show the desired strong convergence of the
fluid velocity traces.

Proof of Proposition 5.8.2. We have that uN Ñ u in L2p0, T ;L2pΩM
f qq on the physical max-

imal fluid domain and we want to combine this with the fact that uN for all N and u are
all uniformly bounded in L2p0, T ;H1pΩf ptqqq in order to deduce strong convergence of the
trace of the fluid velocities using the previous elementary lemma. We do this in the following
steps.
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Step 1. Consider the fluid velocities ûN and û defined on the reference fluid domain. We
claim that ûN Ñ û on L2p0, T ;L2pΩf qq. To show this, we recall that the original functions
uN and u are defined on the maximal domain ΩM

f and we compute that

||ûN ´ û||2L2p0,T ;L2pΩf qq “

ż T

0

ż

Ωf

ˇ

ˇ

ˇ
uN

´

t, x, y `

´

1 `
y

R

¯

τ∆tωN

¯

´ u
´

t, x, y `

´

1 `
y

R

¯

ω
¯

ˇ

ˇ

ˇ

2

ď 2pI1 ` I2q,

where

I1 “

ż T

0

ż

Ωf

ˇ

ˇ

ˇ
uN

´

t, x, y `

´

1 `
y

R

¯

τ∆tωN

¯

´ u
´

t, x, y `

´

1 `
y

R

¯

τ∆tωN

¯
ˇ

ˇ

ˇ

2

,

I2 “

ż T

0

ż

Ωf

ˇ

ˇ

ˇ
u

´

t, x, y `

´

1 `
y

R

¯

τ∆tωN

¯

´ u
´

t, x, y `

´

1 `
y

R

¯

ω
¯

ˇ

ˇ

ˇ

2

.

Since 1 `
ωn
N

R
is uniformly bounded from above by a positive constant, we have that

I1 “

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

ˆ

1 `
ωn
N

R

˙
ż

Ωn
f,N

|un`1
N ´ u|

2
ď C

N´1
ÿ

n“0

ż pn`1q∆t

n∆t

ż

Ωn
f,N

|un`1
N ´ u|

2

ď C||uN ´ u||
2
L2p0,T ;L2pΩM

f qq
Ñ 0,

as N Ñ 8, since ΩM
f contains all of the domains Ωn

f,N . For I2, we break up the integral into
two parts:

I2 “ I2,1 ` I2,2,

where

I2,1 “

ż T

0

ż L

0

ż minp0,y˚pt,xqq

´R

ˇ

ˇ

ˇ
u

´

t, x, y `

´

1 `
y

R

¯

τ∆tωN

¯

´ u
´

t, x, y `

´

1 `
y

R

¯

ω
¯ˇ

ˇ

ˇ

2

,

I2,2 “

ż T

0

ż L

0

ż 0

minp0,y˚pt,xqq

ˇ

ˇ

ˇ
u

´

t, x, y `

´

1 `
y

R

¯

τ∆tωN

¯ˇ

ˇ

ˇ

2

,

for y˚pt, xq “
ω´τ∆tωN

R`τ∆tωN
. We can interpret y˚pt, xq as the y value for which y`

`

1 `
y
R

˘

τ∆tωN “

ω. Note that

I2,1 ď

ż T

0

ż L

0

ż minp0,y˚pt,xqq

´R

˜

ż y`p1`
y
Rqω

y`p1`
y
Rqτ∆tωN

|Byupt, x, y1
q|dy1

¸2

ď

ż T

0

ż L

0

ż minp0,y˚pt,xqq

´R

˜

ż y`p1`
y
Rqω

y`p1`
y
Rqτ∆tωN

|Brupt, x, y1
q|
2dy1

¸

¨

´

1 `
y

R

¯

¨ |ω ´ τ∆tωN |.
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By Proposition 5.7.1, ωN Ñ ω in Cp0, T ;HspΓqq for 0 ă s ă 2, and combining this with the
estimate (5.80), we obtain that τ∆tωN Ñ ω pointwise uniformly on r0, T s ˆ Γ as N Ñ 8.
Combining this with the fact that ||∇u||L2p0,T ;L2pΩω

f ptqqq is bounded, we have that I2,1 Ñ 0 as
N Ñ 8.

Next, by Poincare’s inequality,

I2,2 ď

ż T

0

ż L

0

|minp0, y˚
pt, xqq| ¨ max

wPr´R,ωpt,xqs
|upt, x, wq|

2

ď

ż T

0

ż L

0

|minp0, y˚
pt, xqq| ¨

ż ωpt,xq

´R

|Brupt, x, y1
q|
2dy1,

so we conclude that I2,2 Ñ 0 as N Ñ 8 by the fact that |minp0, y˚pt, xqq| Ñ 0 uniformly
on r0, T s ˆ Γ, and by the boundedness of ||∇u||L2p0,T ;L2pΩω

f ptqq. Thus, we have that ||ûN ´

û||L2p0,T ;L2pΩf qqq Ñ 0.

Step 2. We claim that the functions ûN for positive integers N and û are all uniformly
bounded in L2p0, T ;H1pΩf qq. Recall from Lemma 5.6.1 that the approximate solutions
ûN are uniformly bounded in L2p0, T ;H1pΩf qq. Since û is the strong limit of ûN in
L2p0, T ;L2pΩf qq and ûN converge weakly in L2p0, T ;H1pΩf qq along a subsequence to a weak
limit which hence must also be û, we conclude that û is also in L2p0, T ;H1pΩf qq, which
establishes the desired result of this step.

Step 3. From Step 1, we have that ûN Ñ û in L2p0, T ;L2pΩf qq and from Step 2, the
functions ûN and û are bounded in L2p0, T ;H1pΩf qq independently of N , so we can conclude
the proof of Proposition 5.8.2 by using Lemma 5.8.1.

Using these strong convergences, in addition to the previously established weak conver-
gences in Proposition 5.6.1, we can pass to the limit in all of the terms in the semidiscrete
weak formulation except those involving time derivatives. However, we can handle these by
a discrete integration by parts. For example, for the first integral, we can use a discrete
integration by parts to obtain that

ż T

0

ż

Ωf

´

1 `
τ∆tωN

R

¯

BtuN ¨ ṽN

Ñ ´

ż T

0

ż

Ωf

´

1 `
ω

R

¯

u ¨ Btṽ ´
1

R

ż T

0

ż

Ωf

pBtωqu ¨ ṽ ´

ż

Ωf

´

1 `
ω0

R

¯

up0q ¨ ṽp0q,

where ṽN “ v ˝ Φτ∆tωN
f and ṽ “ v ˝ Φω

f for v P X . See for example pg. 79-81 in [30].
Thus, we conclude that the weak formulation holds for all test functions in the smooth

test space X ω
f for the fluid velocities, which consists of all test functions of the form ṽ “ v˝Φω

f

for v P X . We can extend to the more general test space Vω
test defined in (5.45) by using

a density argument. This completes the proof of the existence of a weak solution to the
regularized nonlinearly coupled FPSI problem.



CHAPTER 5. FLUID-POROELASTIC STRUCTURE INTERACTION 251

We conclude this section by making the important observation that the weak solution that
we have constructed to the regularized FPSI problem satisfies the desired energy estimate.
This will be important for showing weak-classical consistency in the next section, and can
be shown easily by using the discrete energy estimate for the approximate solutions.

Proposition 5.8.3. The weak solution pu,η, p, ωq constructed from the splitting scheme as
the limit of approximate solutions satisfies the following energy estimate

1

2

ż

Ωf ptq

|u|
2

`
1

2
ρb

ż

Ωb

|ξ|
2

`
1

2
c0

ż

Ωb

|p|
2

` µe

ż

Ωb

|Dpηq|
2

`
1

2
λe

ż

Ωb

|∇ ¨ η|
2

`
1

2
ρp

ż

Γ

|ζ|
2

`
1

2

ż

Γ

|∆ω|
2

` 2ν

ż t

0

ż

Ωf psq

|Dpuq|
2

`2µv

ż t

0

ż

Ωb

|Dpξq|
2

`λv

ż t

0

ż

Ωb

|∇ ¨ξ|
2

`κ

ż t

0

ż

Ωδ
bpsq

|∇p|
2

`β

ż t

0

ż

Γpsq

|pζey ´uq ¨τ q|
2

ď E0,

(5.98)

for almost every t P r0, T s.

Proof. The approximate solutions puN ,ηN , pN , ωNq satisfy the following energy inequality:

1

2

ż

Ωf,N ptq
|uN |2 `

1

2
ρb

ż

Ωb

|ξN |2 `
1

2
c0

ż

Ωb

|pN |2 ` µe

ż

Ωb

|DpηN q|2 `
1

2
λe

ż

Ωb

|∇ ¨ ηN |2

`
1

2
ρp

ż

Γ
|ζN |2 `

1

2

ż

Γ
|∆ωN |2 ` 2ν

ż t

0

ż

Ωf,N psq

|DpuN q|2 ` 2µv

ż t

0

ż

Ωb

|DpξN q|2

` λv

ż t

0

ż

Ωb

|∇ ¨ ξN |2 ` κ

ż t

0

ż

Ωδ
b,N psq

|∇pN |2 ` β

ż t

0

ż

Γpsq

|pζ˚
Ney ´ uN q ¨ τ |2 ď E0,

where E0 is the initial energy of the problem. We can then use the weak and weak-star con-
vergences of the approximate solutions, stated in Proposition 5.6.1, and lower semicontinuity
in order to pass to the limit in the energy inequality.

5.9 Weak-classical consistency

Statement of the result and notation

We have now shown the existence of weak solutions to the regularized FPSI problem (5.46).
However, it is not clear that the solutions to this regularized problem are physically relevant,
since the regularized weak formulation is not equivalent to the original weak formulation
without the regularization. However, we will demonstrate a weak-classical consistency result
in this section: given a spatially and temporally smooth solution pu1,η1, p1, ω1q to the FPSI
problem, then the weak solutions to the regularized problem with regularization parameter
δ, which we will denote by pu2,δ,η2,δ, p2,δ, ω2,δq, converge to the smooth solution as δ Ñ 0.
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Recall that the regularized weak formulation uses a spatial convolution with respect to
a smooth compactly supported function to regularize the Biot displacement η. For ease of
notation, for the regularized solutions, we will use a more compact notation for the spatial
convolution, defined by (5.30). In particular, we will use the new notation in this section,
that

η̃2,δ “ pη2,δq
δ :“ δ´2η2,δ ˚ σpx{δq.

Because we will later have to use the spatial convolution of the strong solution η1 with the
convolution kernel, we will adopt a similar notation:

η̃1 “ pη1q
δ

“ δ´2η1 ˚ σpx{δq.

We also use this notation for the domain Ω̃b,2,δptq, which denotes the physical Biot domain
under the regularized displacement. In particular,

Ω̃b,2,δptq “ pI ` η̃2,δptqqpΩbq. (5.99)

For convenience, we reproduce the weak formulation and the regularized weak formula-
tions below. Furthermore, we note that even though the weak formulation (5.29) and the
regularized weak formulation (5.46) are stated up until a fixed final time T , we can refor-
mulate the weak formulation for almost every time τ P r0, T s by using a cutoff function (see
for example the proof of Lemma 5.12.2 in the appendix where this is done explicitly). Thus,
we have that the classical solution pu1,η1, p1, ω1q satisfies the following (non-regularized)
weak formulation for almost all τ P r0, T s, for all test functions pv, φ,ψ, rq P Vtest with the
(moving domain) test space Vtest defined in (5.44):

´

ż τ

0

ż

Ωf,1ptq

u1 ¨ Btv`
1

2

ż τ

0

ż

Ωf,1ptq

rppu1 ¨ ∇qu1q ¨ v´ ppu1 ¨ ∇qvq ¨u1s `
1

2

ż τ

0

ż

Γ1ptq

pu1 ¨n´ 2ξ1 ¨nqu1 ¨ v

` 2ν

ż τ

0

ż

Ωf,1ptq

Dpu1q :Dpvq `

ż τ

0

ż

Γ1ptq

ˆ

1

2
|u1|2 ´ p1

˙

pψn ´ vnq ` β

ż τ

0

ż

Γ1ptq

pξ1 ´ u1q ¨ τ pψτ ´ vτ q

´ ρp

ż τ

0

ż

Γ

Btω1 ¨ Btφ`

ż τ

0

ż

Γ

∆ω1 ¨ ∆φ´ ρb

ż τ

0

ż

Ωb

Btη1 ¨ Btψ ` 2µe

ż τ

0

ż

Ωb

Dpη1q :Dpψq

` λe

ż τ

0

ż

Ωb

p∇ ¨ η1qp∇ ¨ψq ` 2µv

ż τ

0

ż

Ωb

DpBtη1q :Dpψq ` λv

ż τ

0

ż

Ωb

p∇ ¨ Btη1qp∇ ¨ψq

´ α

ż τ

0

ż

Ωbptq

p1∇ ¨ψ ´ c0

ż τ

0

ż

Ωb

p1Btr ´ α

ż τ

0

ż

Ωbptq

D

Dt
η1 ¨ ∇r ´ α

ż τ

0

ż

Γptq

pξ1 ¨ nqr

` κ

ż τ

0

ż

Ωbpτq

∇p1 ¨ ∇r ´

ż τ

0

ż

Γ1ptq

ppu1 ´ ξ1q ¨ nqr

“ ´

ż

Ωf,1ptq

u1pτq ¨ vpτq ´ ρp

ż

Γ

β1pτq ¨ψpτq ´ ρb

ż

Ωb

ξ1pτq ¨ψpτq ´ c0

ż

Ωb

p1pτq ¨ rpτq

`

ż

Ωf p0q

u0 ¨ vp0q ` ρp

ż

Γ

β0 ¨ψp0q ` ρb

ż

Ωb

ξ0 ¨ψp0q ` c0

ż

Ωb

p0 ¨ rp0q. (5.100)

We also have that for each δ ą 0 and for almost every τ P r0, Tδs where the final
time Tδ potentially depends on δ, the corresponding solution pu2,δ,ψ2,δ, p2,δ, ω2,δq to the
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regularized FPSI problem with regularization parameter δ satisfies the following regularized
weak formulation for every test function pv, φ,ψ, rq P Vtest:

´

ż τ

0

ż

Ωf,2,δptq

u2,δ ¨Btv`
1

2

ż τ

0

ż

Ωf,2,δptq

rppu2,δ ¨∇qu2,δq¨v´ppu2,δ ¨∇qvq¨u2,δs`
1

2

ż τ

0

ż

Γ2,δptq

pu2,δ ¨n´2ξ2,δ ¨nqu2,δ ¨v

` 2ν

ż τ

0

ż

Ωf,2,δptq

Dpu2,δq :Dpvq `

ż τ

0

ż

Γ2,δptq

ˆ

1

2
|u2,δ|

2
´ p2,δ

˙

pψn ´ vnq ` β

ż τ

0

ż

Γ2,δptq

pξ2,δ ´ u2,δq ¨ τ pψτ ´ vτ q

´ ρp

ż τ

0

ż

Γ

Btω2,δ ¨ Btφ`

ż τ

0

ż

Γ

∆ω2,δ ¨ ∆φ´ ρb

ż τ

0

ż

Ωb

Btη2,δ ¨ Btψ ` 2µe

ż τ

0

ż

Ωb

Dpη2,δq :Dpψq

` λe

ż τ

0

ż

Ωb

p∇ ¨ η2,δqp∇ ¨ψq ` 2µv

ż τ

0

ż

Ωb

DpBtη2,δq :Dpψq ` λv

ż τ

0

ż

Ωb

p∇ ¨ Btη2,δqp∇ ¨ψq

´ α

ż τ

0

ż

Ω̃b,2,δptq

p2,δ∇ ¨ψ ´ c0

ż τ

0

ż

Ωb

p2.δBtr ´ α

ż τ

0

ż

Ω̃b,2,δptq

Dδ

Dt
η2,δ ¨ ∇r ´ α

ż τ

0

ż

Γ̃2,δptq

pξ2,δ ¨ nqr

` κ

ż τ

0

ż

Ω̃b,2,δptq

∇p2,δ ¨ ∇r ´

ż τ

0

ż

Γ2,δptq

ppu2,δ ´ ξ2,δq ¨ nqr

“ ´

ż

Ωf,2,δpτq

u2,δpτq ¨ vpτq ´ ρp

ż

Γ

β2,δpτq ¨ φpτq ´ ρb

ż

Ωb

ξ2,δpτq ¨ψpτq ´ c0

ż

Ωb

p2,δpτq ¨ rpτq

`

ż

Ωf p0q

u0 ¨ vp0q ` ρp

ż

Γ

β0 ¨ φp0q ` ρb

ż

Ωb

ξ0 ¨ψp0q ` c0

ż

Ωb

p0 ¨ rp0q, (5.101)

where Dδ

Dt
is the material derivative with respect to the regularized Biot displacement. We

remark that while our existence proof in the previous sections holds for both a purely elastic
and viscoelastic Biot medium, our weak-classical consistency result will hold in the specific
case of a Biot poroviscoelastic medium so that the viscoelasticity parameters µv and λv are
strictly positive, and hence, the plate velocity ζ2,δey in the weak formulation is equivalently
the trace of the Biot medium velocity ξ2,δ P L2p0, T ;H1pΩbqq along Γ. We need viscoelasticity
in the Biot medium because we will need to estimate certain terms involving the trace of the
Biot velocity along the moving interface, which will require having extra spatial regularity
on the Biot velocity defined on Ωb.

In the remainder of the manuscript, we will prove the weak-classical consistency result,
which we will state at the end of this subsection. However, before stating the result, we
need to introduce some additional notation. To motivate why we need this notation, we
note that to prove this weak-classical consistency, we will subtract the weak formulations
for the two solutions and test formally with the difference of the two solutions. Hence, for
the fluid part of the weak formulation, we formally want to test with a fluid test function
v “ u1´u2,δ. However, the functions u1 and u2,δ are defined on different domains, and hence,
the difference u1 ´ u2,δ is not well-defined. Therefore, we will have to use a transformation
to bring a divergence-free function defined on one fluid domain to a divergence-free function
on another fluid domain.

Consider the two fluid domains

Ωf,1ptq “ tpx, yq P R2 : 0 ď x ď L,´R ď y ď ω1pt, xqu,

Ωf,2,δptq “ tpx, yq P R2 : 0 ď x ď L,´R ď y ď ω2,δpt, xqu,
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that are associated to the plate displacements ω1 and ω2,δ. We define a map between Ωf,1ptq
and Ωf,2,δptq, and a transformation that sends functions on one domain to functions on the
other domain as follows. We denote

γδpt, xq “
R ` ω1pt, xq

R ` ω2,δpt, xq
, (5.102)

and we define the map ψδptq : Ωf,2,δptq Ñ Ωf,1ptq by

ψδpt, x, yq “ pt, x, γδpt, xqpR ` yq ´ Rq. (5.103)

However, we cannot use ψδ to move fluid velocity functions from one fluid domain to the
other because of the fact that we want the fluid velocity to remain divergence free under
such a transformation. Therefore, we define the matrices

Jδpt, x, yq “

ˆ

1 0
pR ` yqBxγδpt, xq γδpt, xq

˙

, (5.104)

J̃δ “ Jδ ˝ ψ´1
δ “

ˆ

1 0
pR ` yqγ´1

δ Bxγδpt, xq γδpt, xq

˙

. (5.105)

Note that the Jacobian matrix Jδ defined in (5.104) is associated with a change of variables
under the map ψδ of the gradient of functions, since for a function u defined on Ωf,1,

∇pu ˝ ψδq “ rp∇uq ˝ ψδsJδ. (5.106)

Given a divergence-free function u1 on Ωf,1ptq, we can define a function pu1 on Ωf,2,δptq
by

pu1 “ γδJ
´1
δ ¨ pu1 ˝ ψδq, (5.107)

and given a divergence-free function u2,δ defined on Ωf,2,δptq, we can define a function qu2,δ

on Ωf,1ptq by
qu2,δ “ γ´1

δ J̃δ ¨ pu2,δ ˝ ψ´1
δ q. (5.108)

We remark that even though the definition of pu1 depends on δ, we will not explicitly notate
this dependence, as δ will be clear from the context, since we will be considering u1 and
u2,δ together for a specific but arbitrary choice of δ whenever this notation appears. The
resulting functions are both also divergence free on their respective fluid domains. Note
further that both of these transformations preserve the trace of the function along Γ also.

We now state the weak-classical consistency result.

Theorem 5.9.1. Consider smooth initial data pη0, ξ0, p0, ω0, β0,u0q to the given nonlinearly
coupled FPSI problem. Suppose pη1, ω1, p1,u1q is a classical solution to the given FPSI
problem on the time interval r0, T s with this initial data, that is smooth in space and time.
Then, if pη2,δ, ω2,δ, p2,δ,u2,δq denotes the weak solution to the regularized FPSI problem
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with regularity parameter δ, then pη2,δ, ω2,δ, p2,δ,u2,δq can be uniformly defined on the time
interval r0, T s for all δ ą 0, and furthermore,

Eδptq Ñ 0, for all t P r0, T s, as δ Ñ 0,

where

Eδptq :“ ||ppu1 ´ u2,δqptq||
2
L2pΩf,2,δptqq `

ż t

0

||Dppu1 ´ u2,δqpsq||
2
L2pΩf,2,δpsqqds

` ||pξ1 ´ ξ2,δqptq||
2
L2pΓq ` ||pω1 ´ ω2,δqptq||

2
H2pΓq ` ||pξ1 ´ ξ2,δqptq||

2
L2pΩbq

` ||Dpη1 ´ η2,δqptq||
2
L2pΩbq ` ||p∇ ¨ pη1 ´ η2,δqqptq||L2pΩbq `

ż t

0

||Dpξ1 ´ ξ2,δqpsq||
2
L2pΩbqds

`

ż t

0

||∇ ¨ pξ1 ´ ξ2,δqpsq||L2pΩbq ` ||pp1 ´ p2,δqptq||
2
L2pΩbq `

ż t

0

||∇pp1 ´ p2,δqpsq||
2
L2pΩ̃b,2,δpsqq

.

(5.109)

The general strategy

We want to estimate the energy difference between pu1,η1, p1, ω1q and pu2,δ,η2,δ, p2,δ, ω2,δq,
defined in (5.109). We want to obtain an estimate for Eδptq in terms of Eδp0q, the integral
of Eδpsq for times s P r0, ts, and other terms that have sufficiently strong convergence in
δ as δ Ñ 0 (see Lemma 5.9.1 in the next subsection). To do this, we will test the weak
formulations for u1 and u2,δ with appropriate test functions and use the energy inequality,
as described formally in the following steps:

1. Since pu1,η1, p1, ω1q is a classical solution to the non-regularized FPSI problem, we test
the non-regularized weak formulation with the “difference” of pu1, Btη1, p1, Btω1q and
pu2,δ, Btη2,δ, p2,δ, Btω2,δq, where this notion of the difference between these two solutions
will be made precise in Section 5.9.

2. We test the weak formulation for pu2,δ,η2,δ, p2,δ, ω2,δq with pu1, Btη1, p1, Btω1q.

3. We rewrite the energy inequality for pu2,δ,η2,δ, p2,δ, ω2,δq so that it parallels the terms
in the weak formulation.

4. We combine the equations from Step 1, Step 2, and Step 3. This will give us an
expression that we can analyze term by term in order to obtain an estimate for the
energy difference Eδptq by Gronwall’s inequality.

Most of the proof, carried out in Section 5.10, will involve estimating, term by term, the
various quantities that arise from combining the weak formulations in Steps 1 and 2, and
the energy estimate in Step 3. As noted in Step 4 above, this will allow us to obtain an
inequality for the energy Eδptq that can be used to conclude the proof of Theorem 5.9.1 by
an application of Gronwall’s inequality. We emphasize that the outline of the proof given
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above is formal, and needs to be rigorously justified due to the following two mathematical
difficulties:

1. The regularized weak formulation involves integrals on the physical time-dependent
Biot domain Ω̃b,2,δptq, which give an extra factor of detpI`∇η̃2,δq in the integrand from
the Jacobian, when the integrals are transferred to the fixed reference Biot domain Ωb.
This factor cannot be estimated in the finite energy space, where η2,δ is only bounded
uniformly in δ in the function space L8p0, T ;H1pΩbqq. Thus, we need to use a bootstrap
argument to estimate this determinant, as discussed in Section 5.9.

2. We want to test with the “difference” of pu1, Btη1, p1, Btω1q and pu2,δ, Btη2,δ, p2,δ, Btω2,δq.
However, this is formal because the test functions in Vtest, defined in (5.44), must
be continuously differentiable in time, and furthermore, for the fluid velocities, the
difference between u1 and u2,δ does not make sense, since these functions are defined
on different fluid domains. Thus, we must carefully define which test functions we will
use, see Section 5.9.

Setting up the bootstrap argument

We note that one recurring challenge in showing weak-classical consistency involves the terms
in the regularized weak formulation (5.46), which are integrals over Ω̃b,2,δptq. This is because
if we use a change of variables to rewrite these as integrals on the fixed reference domain Ωb,
we obtain an additional factor of detpI ` ∇η̃2,δq in the integrand from the Jacobian.

This factor of detpI ` ∇η̃2,δq is problematic, because although this factor is a smooth
function due to the spatial convolution, it is not uniformly bounded in the appropriate func-
tion space. In particular, we only have that η2,δ is uniformly bounded in L8p0, T ;H1pΩbqq

in δ. Therefore, detpI ` ∇η̃2,δq is only uniformly bounded in L8p0, T ;L1pΩbqq, which is
insufficient for estimating any integrands with this factor, since any explicit estimate on this
Jacobian incurs a substantial loss in spatial integrability.

Hence, we will use an alternative strategy. In particular, we recall that by the way we
constructed the weak solution to the regularized problem by the splitting scheme, we have
that there exists a sufficiently small constant c (uniform in δ) such that

detpI ` ∇η̃2,δq ě c ą 0, for all t P r0, Tδs, (5.110)

for Tδ ą 0 potentially depending on δ. This estimate holds at least locally (though not
locally uniformly) for each δ ą 0. However, we would ideally want to show a stronger result,
which states that

detpI ` ∇η̃2,δq ě c ą 0, for all t P r0, T s, (5.111)

for some time T ą 0 that is independent of δ.
To do this, the strategy will be to use a bootstrap argument. We note that like the

estimate in (5.110), the following three estimates hold locally (though not locally uniformly
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in δ), with positive constants c and C that are independent of δ:

detpI ` ∇η̃2,δq ě c, (5.112)

0 ă c ď |I ` ∇η̃2,δ| ď C, pointwise in Ωb, (5.113)

|∇η̃2,δ| ď C, pointwise in Ωb. (5.114)

We emphasize that the time interval for which these estimates hold may depend on δ. Note
that the previous three estimates imply (after potentially making c ą 0 smaller, if necessary)
that

0 ă C´1
ď |pI ` ∇η̃2,δq

´1
| ď c´1.

We can choose c and C so that these estimates also hold for the classical solution η up to
the time T , where the classical solution exists on the time interval r0, T s.

We will use Gronwall’s inequality to get an estimate that will hold as long as the assump-
tions (5.112), (5.113), and (5.114) are valid. The resulting estimate we obtain will formally
be of the form

Eδptq ď C1

ż t

0

||pη̃1 ´ η1qpsq||
2
H1pΩbqds ` C2

ż t

0

Eδpsqds,

where the constants C1 and C2 are independent of δ and Eδptq is the energy difference be-
tween the classical solution and the weak solution to the regularized problem with regularity
parameter δ, defined by (5.109).

As we will prove in the upcoming lemma,

||η̃1 ´ η1||H1pΩbq ď Cδ3{2, for all t P r0, T s,

since the classical solution η1 is spatially smooth. This is an essential observation, as the
Gronwall estimate we obtain would give that

Eδptq ď C1

ˆ
ż t

0
||pη̃1 ´ η1qpsq||2H1pΩbqds

˙

eC2t ď C1

ˆ
ż T

0
||pη̃1 ´ η1qpsq||2H1pΩbqds

˙

eC2t „ Cδ3eC2t.

By the definition of Eδptq and an application of Poincare’s and Korn’s inequality on Ωb (see
Proposition 5.5.1), this implies that ||pη1 ´ η2,δqptq||H1pΩbq and ||pω1 ´ ω2,δqptq||H2pΓq, which

are terms in Eδptq, converges to zero as δ Ñ 0 at a rate of δ3{2, as long as the assumptions
(5.112), (5.113), and (5.114) hold. Therefore, by Holder’s inequality, this gives the estimate
for sufficiently small δ that

|p∇η̃1 ´ ∇η̃2,δqpt, xq| “

ˇ

ˇ

ˇ

ˇ

ż

Ω̃b

p∇η1 ´ ∇η2,δqpt, yqσδpx ´ yqdy

ˇ

ˇ

ˇ

ˇ

„ δ3{2
¨ δ´1

Ñ 0,

pointwise uniformly in r0, T s ˆ Ωb as δ Ñ 0. (5.115)

Here, we recall that the convolution is defined using an odd extension as in Definition 5.4.1,
and by the definition of the odd extensions of η1 and η2,δ to the larger domain Ω̃b,

||η1 ´ η2,δ||H1pΩ̃bq ď C
`

||η1 ´ η2,δ||H1pΩbq ` ||ω1 ´ ω2,δ||H1pΓq

˘

.
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In addition, since we have extended the functions η1 and η2,δ to the larger domain Ω̃b, the

estimate (5.115) holds for all δ such that tpx, yq P R2 : distppx, yq,Ωbq ď δu Ă Ω̃b. In addition,
from the upcoming lemma,

|p∇η1 ´ ∇η̃1qpt, xq| ď Cδ Ñ 0, pointwise uniformly in r0, T s ˆ Ωb as δ Ñ 0.

So combining this with (5.115), we have that |p∇η1 ´ ∇η̃2,δqpt, xq| Ñ 0 pointwise uniformly
in r0, T sˆΩb as δ Ñ 0. So we can use a bootstrap argument on detpI`∇η2,δq by continuity,
since we have that detpI ` ∇η1q ě c ą 0 up to a final time T ą 0 (which depends only on
the classical solution and has no dependence on δ). Similarly, for all sufficiently small δ, the
assumptions (5.113) and (5.114) will also hold up to the final time T ą 0, as we can also
bootstrap these two conditions (5.113) and (5.114) similarly. This closes the bootstrap and
so we obtain that the estimate (5.112), and similarly the estimates (5.113) and (5.114), hold
uniformly up to the final time T ą 0 uniformly in δ.

We end this section by proving the following lemma, which establishes convergence of the
spatial convolution of the classical solution η1 in H1pΩbq, which is needed for the bootstrap
argument described above.

Lemma 5.9.1. Let η1 P L8p0, T ;Vdq be an arbitrary but fixed smooth function in time
and space on r0, T s ˆ Ωb, where Vd is defined in (5.38). Then, there exists a constant C
independent of δ ą 0, depending only on η1, such that

max
tPr0,T s

||η̃1 ´ η1||H1pΩbq ď Cδ3{2,

and |∇η̃1 ´ ∇η1| ď Cδ for all x P Ωb and for all t P r0, T s.

Remark 5.9.1. More generally, if f is a smooth function on R2 with sufficient decay at
infinity, such as a Schwartz function, then the argument shown below shows that the function
f̃ defined by

f̃ “ f ˚ σδ on R2

would satisfy ||f̃ ´ f ||H1pΩbq ď Cδ2 for a constant C. However, because we are working on a
bounded domain Ωb, we must use an odd extension to define the spatial convolution of η1.
Since the odd extension of η1 to the larger domain Ω̃b is not necessarily smooth on Ω̃b even if
η1 is a smooth function on Ωb, we incur a loss in our estimate due to potentially irregularities
of the odd extension due to the behavior of the initial function η1 near the boundary BΩb,
which gives rise to the convergence rate δ3{2 instead of the optimal rate of convergence δ2.

Proof. We separate the domain Ωb “ p0, Lq ˆ p0, Rq into two parts:

Ωb,1 “ pδ, L ´ δq ˆ pδ, R ´ δq, Ωb,2 “ ΩbzΩb,1.

For x P Ωb,1, we note that because the convolution kernel σδ is radially symmetric,

pη̃1 ´ η1qpxq “

ż

Ωb

ˆ

1

2
η1px` x1

q ´ η1pxq `
1

2
η1px´ x1

q

˙

σδpx
1
qdx1,
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p∇η̃1 ´ ∇η1qpxq “

ż

Ωb

ˆ

1

2
∇η1px` x1

q ´ ∇η1pxq `
1

2
∇η1px´ x1

q

˙

σδpx
1
qdx1.

For x P Ωb,1, we have that these points are at least δ away from the boundary, so that we
have the following estimate for the discretized second derivative:

ˇ

ˇ

ˇ

ˇ

1

2
η1px` x1

q ´ η1pxq `
1

2
η1px´ x1

q

ˇ

ˇ

ˇ

ˇ

ď Cδ2 for |x1
| ď δ,

and similarly for ∇η1, by using the fact that η1 is spatially smooth in Ωb. So we conclude
that

|pη̃1 ´ η1qpxq| ď Cδ2, |p∇η̃1 ´ ∇η1qpxq| ď Cδ2, for x P Ωb,1, (5.116)

for a constant C depending only on η1.
For x P Ωb,2, we cannot use the same estimate, since after extending η1 to the larger

domain Ω̃b, the extended function on Ω̃b does not necessarily have a continuous second deriva-
tive, as a result of the properties of odd extension, and in fact, there may be discontinuities
of the second derivative along the boundary BΩb. However, ∇η1 on the larger domain Ω̃b is
still Lipschitz continuous so we instead use the equations:

pη̃1 ´ η1qpxq “

ż

Ωb

pη1px` x1
q ´ η1pxqqσδpx

1
qdx1,

p∇η̃1 ´ ∇η1qpxq “

ż

Ωb

p∇η1px` x1
q ´ ∇η1pxqqσδpx

1
qdx1.

Since x P Ωb,2, even if |x1| ď δ, we may have that x ` x1 is outside of Ωb. However, due to
the Lipschitz continuity of ∇η1 on the larger domain Ω̃b, we still have the estimates

|η1px` x1
q ´ η1pxq| ď Cδ, |∇η1px` x1

q ´ ∇η1pxq| ď Cδ, for x P Ωb,2, |x
1
| ď δ,

which gives

|pη̃1 ´ η1qpxq| ď Cδ, |p∇η̃1 ´ ∇η1qpxq| ď Cδ, for x P Ωb,2. (5.117)

The area of Ωb,2 is ď p2R`2Lqδ, so by (5.116) and (5.117), we have ||η̃1 ´η1||H1pΩbq ď Cδ3{2

for a spatially smooth function η1 on Ωb, where C depends only on the norms of up to the
second spatial derivative of η1 on Ωb. The generalization of this result to a function η1 that
also depends on time and is spatially smooth in both space and time follows analogously.
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The test functions

As described in Section 5.9, we want to test the non-regularized weak formulation formally
with the difference between pu1, Btη1, p1, Btω1q and pu2,δ, Btη2,δ, p2,δ, Btω2,δq. However, there
are two reasons why this is not rigorously justified. First, Btη1 ´ Btη2,δ is not a continuously
differentiable function in time as is required for the test functions, and hence, we must first
use a convolution in time and pass to the limit as the convolution parameter goes to zero.
Second, the fluid velocities give an additional difficulty, as the fluid velocities are defined
on time-dependent moving domains. Thus, we must transfer the fluid velocities between
different time-dependent domains in order to make sense of the “difference” between u1 and
u2,δ as a test function, and the way in which we do this transformation and the way in which
we perform the convolution in time must both respect the divergence-free nature of the fluid
velocity on the time-dependent domain. We will address both of these difficulties in this
section, using a transformation that preserves the divergence-free condition from [95] and
additional mathematical techniques for regularizing the test functions found in [159].

We address the first difficulty by defining a convolution in time. This will allow us
to regularize Btpη1 ´ η2,δq “ ξ1 ´ ξ2,δ, p1 ´ p2,δ, and Btpω1 ´ ω2,δq “ β1 ´ β2,δ so that
these functions are continuously differentiable in time. Since the classical solution is already
continuously differentiable in time, we only need to regularize the weak solutions to the
regularized problem. Because these differences are all defined on fixed domains, we can use a
standard convolution in time. We let jp¨q : R Ñ R be a compactly supported even function

with supppjq Ă r´1, 1s and

ż

R
j “ 1, and we define jαptq “ α´1jpα´1tq, where α ą 0 is the

convolution parameter in time.
Consider α ą 0. We extend ξ2,δ, p2,δ, and ζ2,δ to the larger interval r´α, T ` αs by

reflecting across t “ 0 and t “ T . For example, we define

ξ2,δptq “ ξ2,δp´tq, for t P r´α, 0s,

ξ2,δptq “ ξ2,δp2T ´ tq, for t P rT, T ` αs.

We then convolve in time and define for t P r0, T s,

pξ2,δqαptq “ ξ2,δpt, ¨q ˚ jα “

ż

R
ξ2,δpsqjαpt ´ sqds.

We define pp2,δqα and pζ2,δqα similarly. We will hence test with ξ1 ´ pξ2,δqα, p1 ´ pp2,δqα, and
ζ1 ´ pζ2,δqα.

Because the fluid velocities are defined on moving time-dependent domains, we cannot
directly apply a convolution in time. Before we can convolve in time, we must be able to
transform fluid velocities from one domain to another, while preserving the divergence-free
condition. We do this by using the following matrix:

Kps, t, x, yq “

˜ R`ωps,xq

R`ωpt,xq
0

´pR ` yqBx

´

R`ωps,xq

R`ωpt,xq

¯

1

¸

. (5.118)
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This matrix has the following essential property. If upx, yq is a divergence-free function
defined on the domain Ωf psq defined by the structure displacement ωps, xq, then the function

Kps, t, x, yqu

ˆ

x,
R ` ωps, xq

R ` ωpt, xq
pR ` yq ´ R

˙

is a divergence-free vector field defined on Ωf ptq defined by the structure displacement ωpt, xq.
We can therefore use this transformation to convolve in time, as follows. We extend u2,δ to
r´α, T ` αs by reflection, as above, and define, for t P r0, T s,

pu2,δqαptq “

ż

R
K2,δps, t, x, yqu2,δ

ˆ

s, x,
R ` ω2,δps, xq

R ` ω2,δpt, xq
pR ` yq ´ R

˙

jαpt ´ sqds. (5.119)

For a divergence-free function v, extended as above in time to r´α, T `αs, we can define vα
on Ωf,1ptq analogously by

vαptq “

ż

R
K1ps, t, x, yqv

ˆ

s, x,
R ` ω1ps, xq

R ` ω1pt, xq
pR ` yq ´ R

˙

jαpt ´ sqds.

Here, K1ps, t, x, yq and K2,δps, t, x, yq are defined as Kps, t, x, yq with the choices of ω “

ω1 and ω “ ω2,δ respectively. One such function v which will be convenient to consider
on Ωf,1ptq is the function qu2,δ defined on Ωf,1ptq, which is the function u2,δ defined on
Ωf,2,δptq transferred in a divergence-free manner, as described above, onto the domain Ωf,1ptq.
Specifically,

qu2,δpt, x, yq “

¨

˝

R`ω2,δpt,xq

R`ω1pt,xq
0

´pR ` yqBx

´

R`ω2,δpt,xq

R`ω1pt,xq

¯

1

˛

‚¨ u

ˆ

x,
R ` ω2,δpt, xq

R ` ω1pt, xq
pR ` yq ´ R

˙

.

We collect some properties of pu2,δqα in the proposition below, which are from the refer-
ence [159], and which are a specific case of Lemma 2.6 in [159].

Proposition 5.9.1. Fix an arbitrary δ ą 0. Given u2,δ P L2p0, T ;H1pΩf,2,δptqq and ω1, ω2,δ P

H2
0 pΓq with |ω1| ď R0 ă R and |ω2,δ| ď R0 ă R, div rpu2,δqαs “ 0 and divrpqu2,δqαs “ 0 for all

t P r0, T s and for all α ą 0. In addition,

pu2,δqα Ñ u2,δ strongly in Lp
p0, T ;Lq

pΩf,2,δqq, for all p P r1,8q, q P r1, 2q,

pqu2,δqα Ñ qu2,δ strongly in Lp
p0, T ;Lq

pΩf,1qq, for all p P r1,8q, q P r1, 2q,

and
pu2,δqα á u2,δ weakly in L2

p0, T ;W 1,p
pΩf,2,δqq, for all p P r1, 2q,

pqu2,δqα á qu2,δ weakly in L2
p0, T ;W 1,p

pΩf,1qq, for all p P r1, 2q.
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5.10 Proof of weak-classical consistency: obtaining a

Gronwall estimate

In the next subsections, we will carry out the strategy outlined in the previous section by
obtaining an appropriate Gronwall estimate involving the energy difference Eδptq defined
in (5.109) between the classical solution u1 and the weak solution u2,δ to the regularized
problem with regularization parameter δ, under the assumption that the three conditions
(5.112), (5.113), and (5.114) hold. We will test the weak formulation (5.100) for the classical
solution pu1,η1, p1, ω1q to the original non-regularized problem with

v “ u1 ´ pqu2,δqα, φ “ ζ1 ´ pζ2,δqα, ψ “ ξ1 ´ pξ2,δqα, r “ p1 ´ pp2,δqα. (5.120)

We test the regularized weak formulations (5.101) for the weak solutions pu2,δ,η2,δ, p2,δ, ω2,δq

with
v “ pu1, φ “ ζ1, ψ “ ξ1, r “ p1. (5.121)

Finally, we note that the energy estimate in Proposition 5.8.3 holds for the function u2,δ. We
will rewrite the energy inequality for u2,δ in a more convenient form by adding extra terms
that will cancel out, in order to have the energy inequality parallel the weak formulation
term by term. In particular, we have that for almost every τ P r0, Tδs,

1

2

ż

Ωf,2,δpτq

|u2,δ|
2

`
1

2

ż τ

0

ż

Ωf ptq

rppu2,δ ¨∇qu2,δq ¨u2,δ ´ ppu2,δ ¨∇qu2,δs `
1

2

ż τ

0

ż

Γ2,δptq

pu2,δ ¨n´ 2ξ2,δ ¨nqu2,δ ¨u2,δ

` 2ν

ż τ

0

ż

Ωf,2,δptq

|Dpu2,δq|
2

`

ż τ

0

ż

Γ2,δptq

ˆ

1

2
|u2,δ|

2
´ p2,δ

˙

pξ2,δ ´ u2,δq ¨ n` β

ż T

0

ż

Γ2,δptq

|pξ2,δ ´ u2,δq ¨ τ q|
2

`
1

2
ρp

ż

Γ

|ξ2,δ|
2

`
1

2

ż

Γ

|∆ω2,δ|
2

`
1

2
ρb

ż

Ωb

|ξ2,δ|
2

` µe

ż

Ωb

|Dpη2,δqpτq|
2

`
1

2
λe

ż

Ωb

|∇ ¨ η2,δpτq|
2

` 2µv

ż τ

0

ż

Ωb

|Dpξ2,δq|
2

` λv

ż τ

0

ż

Ωb

|∇ ¨ ξ2,δ|
2

´ α

ż τ

0

ż

Ω̃b,2,δptq

p2,δ∇ ¨ ξ2,δ `
1

2
c0

ż

Ωb

|p2,δpτq|
2

´ α

ż τ

0

ż

Ω̃b,2,δptq

D̃

Dt
η2,δ ¨ ∇p2,δ ´ α

ż τ

0

ż

Γ̃2,δptq

pξ2,δ ¨ nqp2,δ

` κ

ż T

0

ż

Ω̃b,2,δptq

|∇p2,δ|
2

´

ż τ

0

ż

Γ2,δptq

ppu2,δ ´ ξ2,δq ¨ nqp2,δ ď
1

2

ż

Ωf p0q

|u0|
2

`
1

2
ρp

ż

Γ

|ξ0|
2

`
1

2

ż

Γ

|∆ω0|
2

`
1

2
ρb

ż

Ωb

|ξ0|
2

` µe

ż

Ωb

|Dpη0q|
2

`
1

2
λe

ż

Ωb

|∇ ¨ η0|
2

`
1

2
c0

ż

Ωb

|p0|
2. (5.122)

We will then combine these estimates together by taking the weak formulation for u1 tested
with (5.120), subtracting the regularized weak formulation for u2,δ tested with (5.121), and
adding the energy estimate for u2,δ in (5.122). After doing this, we will obtain an expression
of the form

ÿ

Ti ď 0, (5.123)

where each Ti contains the terms relating to a particular term in the weak formulation. We
will then take the limit in the resulting expression as α Ñ 0 in order to obtain a Gronwall
estimate for the energy difference E2,δ defined in (5.109). The terms Ti in the expression
(5.123) are as follows.
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T1 “ ´

ż τ

0

ż

Ωf,1ptq

u1 ¨ Bt ru1 ´ pqu2,δqαs ´
1

2

ż τ

0

ż

Γ1ptq

pξ1 ¨n1qu1 ¨ ru1 ´ pqu2,δqαs `

ż

Ωf,1pτq

u1pτq ¨ ru1 ´ pqu2,δqαspτq

´

ż

Ωf p0q

u1p0q ¨ ru1 ´ pqu2,δqαsp0q ´

ż τ

0

ż

Ωf,2,δptq

u2,δ ¨ Btpu1 ´
1

2

ż τ

0

ż

Γ2,δptq

pξ2,δ ¨ n2,δqu2,δ ¨ pu1

`

ż

Ωf,2,δpτq

u2,δpτq ¨ pu1pτq ´

ż

Ωf p0q

u2,δp0q ¨ pu1p0q `
1

2

ż

Ωf,2,δpτq

|u2,δpτq|
2

´
1

2

ż

Ωf,2,δp0q

|u0|
2 (5.124)

T2 “
1

2

ż τ

0

ż

Ωf,1ptq

ppu1 ¨ ∇qu1q ¨ ru1 ´ pqu2,δqαs ´
1

2

ż τ

0

ż

Ωf,1ptq

pu1 ¨ ∇qru1 ´ pqu2,δqαs ¨ u1

´
1

2

ż τ

0

ż

Ωf,2,δptq

ppu2,δ ¨ ∇qu2,δq ¨ ppu1 ´ u2,δq `
1

2

ż τ

0

ż

Ωf,2,δptq

ppu2,δ ¨ ∇qppu1 ´ u2,δqq ¨ u2,δ (5.125)

T3 “
1

2

ż τ

0

ż

Γ1ptq

pu1 ¨ n1 ´ ξ1 ¨ n1qu1 ¨ ru1 ´ pqu2,δqαs ´
1

2

ż τ

0

ż

Γ2,δptq

pu2,δ ¨ n2,δ ´ ξ2,δ ¨ n2,δqu2,δ ¨ pu1

`
1

2

ż τ

0

ż

Γ1ptq

|u1|
2
pξ1 ¨n1´u1 ¨n1q´

1

2

ż τ

0

ż

Γ1ptq

|u1|
2
rpξ2,δqα ¨n1´pqu2,δqα ¨n1s´

1

2

ż τ

0

ż

Γ2,δptq

|u2,δ|
2
pξ1 ¨n2,δ´ pu1 ¨n2,δq

`
1

2

ż τ

0

ż

Γ2,δptq

pu2,δ ¨ n´ ξ2,δ ¨ nq|u2,δ|
2

`
1

2

ż τ

0

ż

Γ2,δptq

|u2,δ|
2
pξ2,δ ¨ n´ u2,δ ¨ nq (5.126)

T4 “ 2ν

ż τ

0

ż

Ωf,1ptq

Dpu1q :Dpu1 ´ pqu2,δqαq ´ 2ν

ż τ

0

ż

Ωf,2,δptq

Dpu2,δq :Dppu1 ´ u2,δq (5.127)

T5 “ β

ż τ

0

ż

Γ1ptq

pξ1 ´u1qτ rpξ1 ´ pξ2,δqαqτ ´ pu1 ´ pqu2,δqαqτ s ´ β

ż τ

0

ż

Γ2,δptq

pξ2,δ ´u2,δqτ rpξ1 ´ ξ2,δqτ ´ ppu1 ´u2,δqτ s

(5.128)

T6 “ ´ρp

ż τ

0

ż

Γ

ζ1 ¨ Bt rζ1 ´ pζ2,δqαs ` ρp

ż

Γ

ζ1pτq ¨ rζ1pτq ´ pζ2,δqαpτqs ´ ρp

ż

Γ

ζ1p0q ¨ rζ1p0q ´ pζ2,δqαp0qs

` ρp

ż τ

0

ż

Γ

ζ2,δ ¨ Btζ1 ´ ρp

ż

Γ

ζ2,δpτq ¨ ζ1pτq ` ρp

ż

Γ

ζ2,δp0q ¨ ζ1p0q `
1

2
ρp

ż

Γ

|ζ2,δpτq|
2

´
1

2
ρp

ż

Γ

|ζ0|
2 (5.129)

T7 “

ż τ

0

ż

Γ

∆ω1 ¨ ∆ rζ1 ´ pζ2,δqαs ´

ż τ

0

ż

Γ

∆ω2,δ ¨ ∆ζ1 `
1

2

ż

Γ

|∆ω2,δpτq|
2

´
1

2

ż

Γ

|∆ω0|
2 (5.130)

T8 “ ´ρb

ż τ

0

ż

Ωb

Btη1 ¨ Bt

“

ξ1 ´ pξ2,δqα
‰

` ρb

ż

Ωb

ξ1pτq ¨
“

ξ1pτq ´ pξ2,δqαpτq
‰

´ ρb

ż

Ωb

ξ1p0q ¨
“

ξ1p0q ´ pξ2,δqαp0q
‰

` ρb

ż τ

0

ż

Ωb

Btη2,δ ¨ Btξ1 ´ ρb

ż

Ωb

ξ2,δpτq ¨ ξ1pτq ` ρb

ż

Ωb

ξ2,δp0q ¨ ξ1p0q `
1

2
ρb

ż

Ωb

|ξ2,δpτq|
2

´
1

2
ρb

ż

Ωb

|ξ0|
2 (5.131)

T9 “ 2µe

ż τ

0

ż

Ωb

Dpη1q :D
“

ξ1 ´ pξ2,δqα
‰

´ 2µe

ż τ

0

ż

Ωb

Dpη2,δq :Dpξ1q ` µe

ż

Ωb

|Dpη2,δqpτq|
2

´ µe

ż

Ωb

|Dpη0q|
2

(5.132)
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T10 “ λe

ż τ

0

ż

Ωb

p∇ ¨η1q
`

∇ ¨
“

ξ1 ´ pξ2,δqα
‰˘

´λe

ż τ

0

ż

Ωb

p∇ ¨η2,δqp∇ ¨ξ1q`
1

2
λe

ż

Ωb

|∇ ¨η2,δpτq|
2

´
1

2
λe

ż

Ωb

|∇ ¨η0|
2

(5.133)

T11 “ 2µv

ż τ

0

ż

Ωb

Dpξ1q :D
“

ξ1 ´ pξ2,δqα
‰

´ 2µv

ż τ

0

ż

Ωb

Dpξ2,δq :Dpξ1q ` 2µv

ż τ

0

ż

Ωb

|Dpξ2,δq|
2. (5.134)

T12 “ λv

ż τ

0

ż

Ωb

p∇ ¨ ξ1q
`

∇ ¨
“

ξ1 ´ pξ2,δqα
‰˘

´ λv

ż τ

0

ż

Ωb

p∇ ¨ ξ2,δqp∇ ¨ ξ1q ` λv

ż τ

0

ż

Ωb

|∇ ¨ ξ2,δ|
2. (5.135)

T13 “ ´α

ż τ

0

ż

Ωb,1ptq

p1
`

∇ ¨
“

ξ1 ´ pξ2,δqα
‰˘

` α

ż τ

0

ż

Ω̃b,2,δptq

p2,δ
`

∇ ¨ pξ1 ´ ξ2,δq
˘

(5.136)

T14 “ ´c0

ż τ

0

ż

Ωb

p1 ¨ Bt rp1 ´ pp2,δqαs ` c0

ż

Ωb

p1pτq ¨ rp1pτq ´ pp2,δqαpτqs ´ c0

ż

Ωb

p0 ¨ rp1p0q ´ pp2,δqαp0qs

` c0

ż τ

0

ż

Ωb

p2,δ ¨ Btp1 ´ c0

ż

Ωb

p2,δpτq ¨ p1pτq ` c0

ż

Ωb

|p0|
2

`
1

2
c0

ż

Ωb

|p2,δpτq|
2

´
1

2
c0

ż

Ωb

|p0|
2. (5.137)

T15 “ ´α

ż τ

0

ż

Ωb,1ptq

ξ1 ¨ ∇ rp1 ´ pp2,δqαs ` α

ż τ

0

ż

Ω̃b,2,δptq

ξ2,δ ¨ ∇pp1 ´ p2,δq (5.138)

T16 “ ´α

ż τ

0

ż

Γ1ptq

pξ1 ¨ nq rp1 ´ pp2,δqαs ` α

ż τ

0

ż

Γ̃2,δptq

pξ2,δ ¨ nqpp1 ´ p2,δq (5.139)

T17 “ κ

ż τ

0

ż

Ωb,1ptq

∇p1 ¨ ∇ rp1 ´ pp2,δqαs ´ κ

ż τ

0

ż

Ω̃b,2,δptq

∇p2,δ ¨ ∇pp1 ´ p2,δq (5.140)

T18 “

ż τ

0

ż

Γ1ptq

p1pu1 ´ ξ1q ¨ n´

ż τ

0

ż

Γ1ptq

p1rpu2,δqα ´ pξ2,δqαs ¨ n´

ż τ

0

ż

Γ2,δptq

p2,δpu1 ´ ξ1q ¨ n

`

ż τ

0

ż

Γ2,δptq

p2,δpu2,δ ´ ξ2,δq ¨ n´

ż τ

0

ż

Γ1ptq

ppu1 ´ ξ1q ¨ nqrp1 ´ pp2,δqαs `

ż τ

0

ż

Γ2,δptq

ppu2,δ ´ ξ2,δq ¨ nqpp1 ´ p2,δq

(5.141)

We will estimate each of the terms in this list in the subsequent subsections.

Term 1

In the weak formulation (5.100) for u1, we test with v “ u1 ´ pqu2,δqα and obtain the terms:

T1,1 “ ´

ż τ

0

ż

Ωf,1ptq

u1 ¨ Bt ru1 ´ pqu2,δqαs ´
1

2

ż τ

0

ż

Γ1ptq

pξ1 ¨ n1qu1 ¨ ru1 ´ pqu2,δqαs

`

ż

Ωf,1pτq

u1pτq ¨ ru1 ´ pqu2,δqαspτq ´

ż

Ωf p0q

u1p0q ¨ ru1 ´ pqu2,δqαsp0q,
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where Ωf p0q is the fluid domain corresponding to the initial structure displacement ω0. We
note that u1 is smooth in time and pqu2,δqα as a result of the time convolution is differentiable
in time. Thus, by the Reynold’s transport theorem,

T1,1 “

ż τ

0

ż

Ωf,1ptq

Btu1 ¨ ru1 ´ pqu2,δqαs `
1

2

ż τ

0

ż

Γ1ptq

pξ1 ¨ n1qu1 ¨ ru1 ´ pqu2,δqαs.

Because u1 is smooth and by the weak convergence properties of pqu2,δqα in Proposition 5.9.1,

T1,1 “

ż τ

0

ż

Ωf,1ptq

Btu1 ¨ ru1 ´ qu2,δs `
1

2

ż τ

0

ż

Γ1ptq

pξ1 ¨ n1qu1 ¨ ru1 ´ qu2,δs ` K1,1,α,

where K1,1,α Ñ 0 as α Ñ 0. Using estimates as found in [159], we can transfer the first
integral from Ωf,1ptq to Ωf,2,δptq at the cost of an additional term, so that

T1,1 “

ż τ

0

ż

Ωf,2,δptq

Btpu1 ¨ ppu1 ´ u2,δq `
1

2

ż τ

0

ż

Γ1ptq

pξ1 ¨ n1qu1 ¨ pu1 ´ qu2,δq ` R1,1,δ ` K1,1,α,

where

|R1,1,δ| ď ϵ

ż τ

0

||pu1 ´ u2.δ||
2
H1pΩf,2,δptqq

` Cpϵq

ˆ
ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||Btω1 ´ Btω2,δ||
2
L2pΓq `

ż τ

0

||pu1 ´ u2,δ||
2
L2pΩf,2,δptqq

˙

.

Thus, by using Proposition 5.9.1 again,

T1,1 “

ż τ

0

ż

Ωf,2,δptq

Btpu1 ¨ ppu1 ´ pu2,δqαq `
1

2

ż τ

0

ż

Γ1ptq

pξ1 ¨n1qu1 ¨ pu1 ´ pqu2,δqαq `R1,1,δ ` K̃1,1,α,

(5.142)
where K̃1,1,α Ñ 0 as α Ñ 0.

Next, we test the regularized weak formulation for u2,δ with pu1 and obtain the following
terms:

T1,2 “ ´

ż τ

0

ż

Ωf,2,δptq

u2,δ ¨ Btpu1 ´
1

2

ż τ

0

ż

Γ2,δptq

pξ2,δ ¨ n2,δqu2,δ ¨ pu1

`

ż

Ωf,2,δpτq

u2,δpτq ¨ pu1pτq ´

ż

Ωf p0q

u2,δp0q ¨ pu1p0q.

We want to integrate by parts in time, but u2,δ is not necessarily smooth in time. Thus, we
replace u2,δ by its time regularization pu2,δqα at the cost of a term K1,2,α which goes to zero
as α Ñ 0 by Proposition 5.9.1. Combining this with the Reynold’s transport theorem,

T1,2 “

ż τ

0

ż

Ωf,2,δptq

Bt rpu2,δqαs ¨ pu1 `
1

2

ż τ

0

ż

Γ2,δptq

pξ2,δ ¨ n2,δqpu2,δqα ¨ pu1 ` K1,2,α, (5.143)
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where K1,2,α Ñ 0 as α Ñ 0.
From the energy inequality, we obtain the terms

T1,3 “
1

2

ż

Ωf,2,δpτq

|u2,δpτq|
2

´
1

2

ż

Ωf,2,δp0q

|u2,δp0q|
2. (5.144)

Using the Reynold’s transport theorem, the total contribution T1 “ T1,1 ´ T1,2 ` T1,3 is

T1 “
1

2

ż

Ωf,2,δpτq

|pu1pτq|2 ´
1

2

ż

Ωf,2,δp0q

|pu1p0q|2 ´

ż

Ωf,2,δpτq

ppu1 ¨ pu2,δqαqpτq `

ż

Ωf,2,δp0q

ppu1 ¨ pu2,δqαqp0q

`
1

2

ż

Ωf,2,δpτq

|u2,δpτq|2 ´
1

2

ż

Ωf,2,δp0q

|u2,δp0q|2 ´
1

2

ż τ

0

ż

Γ2,δptq

pξ2,δ ¨ n2,δqpu1 ¨ ppu1 ´ pu2,δqαq

`
1

2

ż τ

0

ż

Γ1ptq

pξ1 ¨ n1qu1 ¨ pu1 ´ pqu2,δqαq `R1,1,δ ` K̃1,1,α `K1,2,α.

By Proposition 5.9.1, pu2,δqα and pqu2,δqα converge weakly to u2,δ and qu2,δ respectively,
weakly in L2p0, T,W 1,ppΩf,2,δqq and L2p0, T,W 1,ppΩf,1qq for all p P r1, 2q. Furthermore, we
have that
ż

Ωf,2,δp0q

ppu1 ¨pu2,δqαqp0q Ñ

ż

Ωf,2,δp0q

ppu1 ¨u2,δqp0q,

ż

Ωf,2,δpτq

ppu1 ¨pu2,δqαqpτq Ñ

ż

Ωf,2,δpτq

ppu1 ¨u2,δqpτq.

(5.145)

We defer the technical proof of this statement to the appendix, see Lemma 5.12.5. Thus,
taking the limit as α Ñ 0, the contribution of this term is now

T1 “
1

2

ż

Ωf,2,δpτq

|ppu1 ´ u2,δqpτq|
2

´
1

2

ż

Ωf,2,δp0q

|ppu1 ´ u2,δqp0q|
2

´
1

2

ż τ

0

ż

Γ2,δptq

pξ2,δ ¨ n2,δqpu1 ¨ ppu1 ´ u2,δq `
1

2

ż τ

0

ż

Γ1ptq

pξ1 ¨ n1qu1 ¨ pu1 ´ qu2,δq ` R1,1,δ.

Since pu1p0q “ u2,δp0q “ u0, we obtain after some standard estimates that

T1 “
1

2

ż

Ωf,2,δpτq

|ppu1 ´ u2,δqpτq|
2

` R1,δ,

where

|R1,δ| ď ϵ

ż T

0

||pu1 ´ u2.δ||
2
H1pΩf,2,δptqq

` Cpϵq

ˆ
ż T

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż T

0

||Btω1 ´ Btω2,δ||
2
L2pΓq `

ż T

0

||pu1 ´ u2,δ||
2
L2pΩf,2,δptqq

˙

.



CHAPTER 5. FLUID-POROELASTIC STRUCTURE INTERACTION 267

Term 2

Because pqu2,δqα converges weakly to qu2,δ in L
2p0, T ;W 1,ppΩf,1qq for p P r1, 2q by Proposition

5.9.1, and because u1 is smooth, as α Ñ 0, we have that T2 converges to

T2 :“
1

2

ż τ

0

ż

Ωf,1ptq

ppu1 ¨ ∇qu1q ¨ pu1 ´ qu2,δq ´
1

2

ż τ

0

ż

Ωf,1ptq

ppu1 ¨ ∇qpu1 ´ qu2,δqq ¨ u1

´
1

2

ż τ

0

ż

Ωf,2,δptq

ppu2,δ ¨ ∇qu2,δq ¨ ppu1 ´ u2,δq `
1

2

ż τ

0

ż

Ωf,2,δptq

ppu2,δ ¨ ∇qppu1 ´ u2,δqq ¨ u2,δ.

We note that the quantity

1

2

ż τ

0

ż

Ωf,2,δptq

ppu2,δ ¨ ∇qu2,δq ¨ u2,δ,

is well-defined because u2,δ P L8p0, T ;L2pΩf,2,δqq X L2p0, T ;H1pΩf,2,δqq, which by interpola-
tion is in L4p0, T ;H1{2pΩf,2,δqq, which embeds into L4p0, T ;L4pΩf,2,δqq.

We want to transfer the integrals
ż τ

0

ż

Ωf,1ptq

ppu1 ¨ ∇qu1q ¨ pu1 ´ qu2,δq,

ż τ

0

ż

Ωf,1ptq

ppu1 ¨ ∇qpu1 ´ qu2,δqq ¨ u1, (5.146)

to integrals on Ωf,2,δptq by using the map ψδ : Ωf,2,δptq Ñ Ωf,1ptq defined by (5.103). We use

pu1 “ γδJ
´1
δ ¨ pu1 ˝ ψδq, pu1 ´ u2,δ “ γδJ

´1
δ ¨ ppu1 ´ qu2,δq ˝ ψδq,

where we recall the definitions of the appropriate terms from (5.102), (5.103), (5.104), (5.107),
and (5.108).

Following arguments found in [159], we obtain the following estimates. We have, using
(5.106), that

ż τ

0

ż

Ωf,1ptq

ppu1 ¨∇qu1q¨pu1´ qu2,δq “

ż τ

0

ż

Ωf,2,δptq

γδrp∇pu1˝ψδqqJ´1
δ pu1˝ψδqs¨pu1´ qu2,δq˝ψδ

“

ż τ

0

ż

Ωf,2,δptq

rp∇pu1 ˝ ψδqqpu1s ¨ rγ´1
δ Jδppu1 ´ u2,δqs

“

ż τ

0

ż

Ωf,2,δptq

rp∇pu1˝ψδqqpu1s¨ppu1´u2,δq´

ż τ

0

ż

Ωf,2,δptq

rp∇pu1˝ψδqqpu1s¨rpI´γ´1
δ Jδqppu1´u2,δqs

“

ż τ

0

ż

Ωf,2,δptq

pp∇pu1qpu1q ¨ ppu1 ´ u2,δq `

ż τ

0

ż

Ωf,2,δptq

p∇ppI ´ γδJ
´1
δ qpu1 ˝ ψδqqpu1q ¨ ppu1 ´ u2,δq

´

ż τ

0

ż

Ωf,2,δptq

rp∇pu1 ˝ ψδqqpu1s ¨ rpI ´ γ´1
δ Jδqppu1 ´ u2,δqs

“

ż τ

0

ż

Ωf,2,δptq

rppu1 ¨ ∇qpu1s ¨ ppu1 ´ u2,δq ` R1, (5.147)
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where

R1 “

ż τ

0

ż

Ωf,2,δptq

p∇ppI ´ γδJ
´1
δ qpu1 ˝ ψδqqpu1q ¨ ppu1 ´ u2,δq

´

ż τ

0

ż

Ωf,2,δptq

rp∇pu1 ˝ ψδqqpu1s ¨ rpI ´ γ´1
δ Jδqppu1 ´ u2,δqs.

In the following estimates, we will repeatedly use the following inequalities, which hold for
a constant C that is independent of δ:

|γ´1
δ Jδ ´ I| ď Cp|γ´1

δ ´ 1| ` |∇γδ|q ď C||ω1 ´ ω2,δ||H2pΓq,

|γδJ
´1
δ ´ I| ď Cp|γδ ´ 1| ` |∇γδ|q ď C||ω1 ´ ω2,δ||H2pΓq,

|∇pγδJ
´1
δ q| ď Cp|Bxγδ| ` |Bxxγδ|q ď Cp||ω1 ´ ω2,δ||H2pΓq ` |Bxxpω1 ´ ω2,δq|q, (5.148)

so that
||∇pγδJ

´1
δ q||L2pΩf,2,δptqq ď C||ω1 ´ ω2,δ||H2pΓq. (5.149)

To obtain (5.148), we estimate |Bxxγδ| by using the fact that ω1 is smooth so that |Bxxω1| ď C
and a direct computation of Bxxγδ.

Using these estimates, the Leibniz rule, and the smoothness of u1,

ˇ

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωf,2,δptq

p∇ppI ´ γδJ
´1
δ qpu1 ˝ ψδqqpu1q ¨ ppu1 ´ u2,δq

ˇ

ˇ

ˇ

ˇ

ˇ

ď C

ż τ

0

||ω1´ω2,δ||H2pΓq||pu1´u2,δ||L2pΩf,2,δptqq ď C

ˆ
ż τ

0

||ω1 ´ ω2,δ||2H2pΓq `

ż τ

0

||pu1 ´ u2,δ||2L2pΩf,2,δptqq

˙

.

By using (5.106), and using the fact that |Jδ| ď C is uniformly bounded, due to the fact
that |Jδ| ď Cp1 ` ||ω1 ´ ω2,δ||H2pΓqq ď C is uniformly bounded, we obtain a similar estimate
that

ż τ

0

ż

Ωf,2,δptq

rp∇pu1 ˝ ψδqqpu1s ¨ rpI ´ γ´1
δ Jδqppu1 ´ u2,δqs

ď C

ˆ
ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||pu1 ´ u2,δ||
2
L2pΩf,2,δptqq

˙

.

Thus, we obtain

|R1| ď C

ˆ
ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||pu1 ´ u2,δ||
2
L2pΩf,2,δptqq

˙

. (5.150)
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Handling the second integral in (5.146), we have by using (5.106) that

ż τ

0

ż

Ωf,1ptq

ppu1¨∇qpu1´qu2,δqq¨u1 “

ż τ

0

ż

Ωf,2,δptq

γδrp∇ppu1´qu2,δq˝ψδqqJ´1
δ pu1˝ψδqs¨pu1˝ψδq

“

ż τ

0

ż

Ωf,2,δptq

rp∇ppu1 ´ qu2,δq ˝ ψδqqpu1s ¨ pγ´1
δ Jδpu1q

“

ż τ

0

ż

Ωf,2,δptq

rp∇ppu1´qu2,δq˝ψδqqpu1s¨pu1´

ż τ

0

ż

Ωf,2,δptq

rp∇ppu1´qu2,δq˝ψδqqpu1s¨rpI´γ´1
δ Jδqpu1s

“

ż τ

0

ż

Ωf,2,δptq

p∇ppu1 ´ u2,δqpu1q ¨ pu1 `

ż τ

0

ż

Ωf,2,δptq

p∇rpI ´ γδJ
´1
δ qppu1 ´ qu2,δq ˝ ψδqspu1q ¨ pu1

´

ż τ

0

ż

Ωf,2,δptq

rp∇ppu1 ´ qu2,δq ˝ ψδqqpu1s ¨ rpI ´ γ´1
δ Jδqpu1s

“

ż τ

0

ż

Ωf,2,δptq

pppu1 ¨ ∇qppu1 ´ u2,δqq ¨ pu1 ` R2, (5.151)

where

R2 :“

ż τ

0

ż

Ωf,2,δptq

p∇rpI ´ γδJ
´1
δ qppu1 ´ qu2,δq ˝ ψδqspu1q ¨ pu1

´

ż τ

0

ż

Ωf,2,δptq

rp∇ppu1 ´ qu2,δq ˝ ψδqqpu1s ¨ rpI ´ γ´1
δ Jδqpu1s.

To estimate R2, we will use the following inequalities:

|pu1 ´ qu2,δq ˝ ψ| “ |γ´1
δ Jδ ¨ ppu1 ´ u2,δq| ď C|pu1 ´ u2,δ|,

|∇ppu1´qu2,δq˝ψδq| “ |∇pγ´1
δ Jδ ¨ppu1´u2,δqq| ď |∇pγ´1

δ Jδq|¨|pu1´u2,δ|`|γ´1
δ Jδ|¨|∇ppu1´u2,δq|

ď Cp|∇pγ´1
δ Jδq| ¨ |pu1 ´ u2,δ| ` |∇ppu1 ´ u2,δq|q.

Therefore, we estimate, using max
`

|I ´ γ´1
δ Jδ|, |I ´ γδJ

´1
δ |

˘

ď Cmin
`

1, ||ω1 ´ ω2,δ||H2pΓq

˘

,

|R2| ď C

˜

ż τ

0

ż

Ωf,2,δptq

|∇pγδJ
´1
δ q| ¨ |pu1 ´ qu2,δq ˝ ψδ| `

ż τ

0

ż

Ωf,2,δptq

|I ´ γδJ
´1
δ | ¨ |∇ppu1 ´ qu2,δq ˝ ψδq|

`

ż τ

0

ż

Ωf,2,δptq

|I ´ γ´1
δ Jδ| ¨ |∇ppu1 ´ qu2,δq ˝ ψδq|

¸

ď C

˜

ż τ

0

ż

Ωf,2,δptq

`

|∇pγδJ
´1
δ q| ` |∇pγ´1

δ Jδq|
˘

¨ |pu1 ´ u2,δ| `

ż τ

0

ż

Ωf,2,δptq

||ω1 ´ ω2,δ||H2pΓq ¨ |∇ppu1 ´ u2,δq|

¸

ď ϵ

ż τ

0

||∇ppu1 ´ u2,δq||
2
L2pΩf,2,δptqq ` Cpϵq

ˆ
ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||pu1 ´ u2,δ||
2
L2pΩf,2,δptqq

˙

. (5.152)
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In the last line, we use the following estimates, derived similarly as for (5.149),

|∇pγ´1
δ Jδq| ď Cp|Bxpγ´1

δ q| ` |Bxγδ| ` |Bxxγδ|q ď Cp||ω1 ´ ω2,δ||H2pΓq ` |Bxxpω1 ´ ω2,δq|q,

||∇pγ´1
δ Jδq||L2pΩf,2,δptqq ď C||ω1 ´ ω2,δ||H2pΓq.

Therefore, in the expression in (5.125), after transferring the integrals (5.147) and (5.151)
and estimating R1 (5.150) and R2 (5.152), the remaining terms we have to handle are as
follows:

1

2

ż τ

0

ż

Ωf,2,δptq

rppu1 ¨ ∇qpu1s ¨ ppu1 ´ u2,δq ´ rppu1 ¨ ∇qppu1 ´ u2,δqs ¨ pu1

´
1

2

ż τ

0

ż

Ωf,2,δptqq

rpu2,δ ¨ ∇qu2,δs ¨ ppu1 ´ u2,δq ´ rpu2,δ ¨ ∇qppu1 ´ u2,δqs ¨ u2,δ

“
1

2

ż τ

0

ż

Ωf,2,δptq

rpppu1 ´ u2,δq ¨ ∇qu2,δs ¨ pu1 ´
1

2

ż τ

0

ż

Ωf,2,δptq

rpppu1 ´ u2,δq ¨ ∇qpu1s ¨ u2,δ.

In absolute values, we can bound this by

ď ϵ

ż τ

0

||∇ppu1 ´ u2,δq||
2
L2pΩf,2,δptqq ` Cpϵq

ż τ

0

||pu1 ´ u2,δ||
2
L2pΩf,2,δptqq.

Thus, combining this with (5.150) and (5.152), we obtain

|T2| ď ϵ

ż τ

0
||∇ppu1 ´ u2,δq||2L2pΩf,2,δptqq ` Cpϵq

ˆ
ż τ

0
||ω1 ´ ω2,δ||2H2pΓq `

ż τ

0
||pu1 ´ u2,δ||2L2pΩf,2,δptqq

˙

.

Term 3

Because u1 and ξ1 are smooth, we can pass to the limit as α Ñ 0 using Proposition 5.9.1
and the fact that pξ2,δqα Ñ ξ2,δ strongly in L2p0, T ;H1pΩbqq, so that we can ultimately just
test with v “ u1 ´ qu2,δ and ψ “ ξ1 ´ ξ2,δ. In the regularized weak formulation for u2,δ, we
test with u1 and ξ1. Note that both test functions u1 ´ qu2,δ and pu1 ´ u2,δ have the same
trace along Γ1ptq and Γ2,δptq respectively, which we will formally denote by u1 ´ u2,δ along
the reference configuration of the interface Γ. Combining the resulting expressions, we have
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the following contribution of T3 in the limit as α Ñ 0:

T3 “
1

2

ż τ

0

ż

Γ1ptq

pu1 ¨n1 ´ξ1 ¨n1qu1 ¨ pu1 ´ qu2,δq ´
1

2

ż τ

0

ż

Γ2,δptq

pu2,δ ¨n2,δ ´ξ2,δ ¨n2,δqu2,δ ¨ pu1

`
1

2

ż τ

0

ż

Γ1ptq

|u1|
2
pξ1 ¨ n1 ´ u1 ¨ n1q ´

1

2

ż τ

0

ż

Γ1ptq

|u1|
2
pξ2,δ ¨ n1 ´ qu2,δ ¨ n1q

´
1

2

ż τ

0

ż

Γ2,δptq

|u2,δ|
2
pξ1 ¨ n2,δ ´ pu1 ¨ n2,δq “

1

2

ż τ

0

ż

Γ1ptq

pξ1 ¨ n1 ´ u1 ¨ n1qu1 ¨ qu2,δ

´
1

2

ż τ

0

ż

Γ1ptq

pξ2,δ ¨ n1 ´ qu2,δ ¨ n1q|u1|
2

´
1

2

ż τ

0

ż

Γ2,δptq

pξ1 ¨ n2,δ ´ pu1 ¨ n2,δq|u2,δ|
2

`
1

2

ż τ

0

ż

Γ2,δptq

pξ2,δ ¨ n2,δ ´ u2,δ ¨ n2,δqu2,δ ¨ pu1 “ R1 ` R2,

where

R1 “
1

2

ż τ

0

ż

Γ

pξ1 ´ u1qyu2,δ ¨ pu1 ´ u2,δq ´
1

2

ż τ

0

ż

Γ

pξ2,δ ´ u2,δqyu1 ¨ pu1 ´ u2,δq,

R2 “
1

2

ż τ

0

ż

Γ

Bxω1pu1qxu1 ¨ u2,δ ´
1

2

ż τ

0

ż

Γ

Bxω1pu2,δqx|u1|
2

´
1

2

ż τ

0

ż

Γ

Bxω2,δpu1qx|u2,δ|
2

`
1

2

ż τ

0

ż

Γ

Bxω2,δpu2,δqxu1 ¨ u2,δ.

We estimate R1 as follows. We decompose R1 as R1 “ R11 ` R12, where

R11 “ ´
1

2

ż τ

0

ż

Γ

pξ1qypu1 ´ u2,δq ¨ pu1 ´ u2,δq `
1

2

ż τ

0

ż

Γ

pξ1 ´ ξ2,δqyu1 ¨ pu1 ´ u2,δq,

R12 “
1

2

ż τ

0

ż

Γ

pu1qypu1 ´ u2,δq ¨ pu1 ´ u2,δq ´
1

2

ż τ

0

ż

Γ

pu1 ´ u2,δqyu1 ¨ pu1 ´ u2,δq.

By interpolation,

|R11| ď C

ˆ
ż τ

0

||pu1 ´ u2,δ||
1{2

L2pΩf,2,δptqq
||pu1 ´ u2,δ||

3{2

H1pΩf,2,δptqq
`

ż τ

0

||ξ1 ´ ξ2,δ||L2pΓq||pu1 ´ u2,δ||H1pΩf,2,δptqq

˙

ď ϵ

ż τ

0

||pu1 ´ u2,δ||
2
H1pΩf,2,δptqq ` Cpϵq

ˆ
ż τ

0

||pu1 ´ u2,δ||
2
L2pΩf,2,δptqq `

ż τ

0

||ξ1 ´ ξ2,δ||
2
L2pΓq

˙

.

By using the same interpolation inequality, we obtain

|R12| ď ϵ

ż τ

0

||pu1 ´ u2,δ||
2
H1pΩf,2,δptqq ` Cpϵq

ż τ

0

||pu1 ´ u2,δ||
2
L2pΩf,2,δptqq.
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For R2, we rewrite R2 as

R2 “ ´
1

2

ż τ

0

ż

Γ

pBxω1´Bxω2,δqpu1qxu1 ¨pu1´u2,δq´
1

2

ż τ

0

ż

Γ

Bxω2,δpu1qxpu1´u2,δq¨pu1´u2,δq

`
1

2

ż τ

0

ż

Γ

pBxω1 ´ Bxω2,δqpu1 ´ u2,δqx|u1|
2

`
1

2

ż τ

0

ż

Γ

Bxω2,δpu1 ´ u2,δqxu1 ¨ pu1 ´ u2,δq.

By interpolation, the boundedness of |Bxω1| and |Bxω2,δ|, and the smoothness of u1,

|R2| ď ϵ

ż τ

0

||pu1 ´ u2,δ||
2
H1pΩf,2,δptqq ` Cpϵq

ˆ
ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||pu1 ´ u2,δ||
2
L2pΩf,2,δptqq

˙

.

Hence, we obtain the final result that

|T3| ď ϵ

ż τ

0

||pu1 ´ u2,δ||
2
H1pΩf,2,δptqq

` Cpϵq

ˆ
ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||ξ1 ´ ξ2,δ||
2
L2pΓq `

ż τ

0

||pu1 ´ u2,δ||
2
L2pΩf,2,δptqq

˙

.

Term 4

As usual, we use Proposition 5.9.1 to pass to the limit as α Ñ 0 so that the contribution
from T4 is

T4 :“ 2ν

ż τ

0

ż

Ωf,1ptq

Dpu1q :Dpu1 ´ qu2,δq ´ 2ν

ż τ

0

ż

Ωf,2,δptq

Dpu2,δq :Dppu1 ´ u2,δq. (5.153)

We want to transfer the integral on Ωf,1ptq to Ωf,2,δptq. Recalling (5.106), we have that
ż τ

0

ż

Ωf,1ptq

Dpu1q :Dpu1 ´ qu2,δq “

ż τ

0

ż

Ωf,2,δptq

γδr∇pu1 ˝ψδqJ
´1
δ s

s : r∇ppu1 ´ qu2,δq ˝ψδqJ
´1
δ s

s,

where the superscript ‘s’ notation denotes a symmetrization. Following estimates in [159],
we break up the integral as

ż τ

0

ż

Ωf,1ptq

Dpu1q :Dpu1 ´ qu2,δq “

ż τ

0

ż

Ωf,2,δptq

Dppu1q :Dppu1 ´u2,δq `R1 `R2 `R3 `R4,

(5.154)

where

R1 “

ż τ

0

ż

Ωf,2,δptq

p∇pu1 ˝ ψδqJ
´1
δ q

s : r∇ppu1 ´ u2,δqpJ´1
δ ´ Iq ` pJδ ´ Iq∇ppu1 ´ u2,δqJ

´1
δ s

s,

R2 “

ż τ

0

ż

Ωf,2,δptq

rpI ´ γδJ
´1
δ q∇pu1 ˝ ψδq ` ∇pu1 ˝ ψδqpJ´1

δ ´ Iqs
s :Dppu1 ´ u2,δq,
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R3 “

ż τ

0

ż

Ωf,2,δptq

p∇pu1 ˝ ψδqJ
´1
δ q

s : pγδ∇pγ´1
δ Jδqppu1 ´ u2,δqJ

´1
δ q

s,

R4 “ ´

ż τ

0

ż

Ωf,2,δptq

rp∇pγδJ
´1
δ qqu1 ˝ ψδs

s :Dppu1 ´ u2,δq.

To verify this equality, one can use the Leibniz rule, the definition pu1 “ γδJ
´1
δ ¨ pu1 ˝ ψδq,

and the identity pu1 ´ u2,δ “ γδJ
´1
δ ¨ ppu1 ´ qu2,δq ˝ ψδq.

Recalling the definition of Jδ from (5.104), we have the following inequalities

|J´1
δ | ď Cp1 ` |Bxγδ|q, |J´1

δ ´ I| ď Cp|γ´1
δ ´ 1| ` |Bxγδ|q,

|Jδ ´ I| ď Cp|γδ ´ 1| ` |Bxγδ|q, |γδJ
´1
δ ´ I| ď Cp|γδ ´ 1| ` |Bxγδ|q.

Recalling the definition (5.102),

|γδ ´ 1| ď C||ω1 ´ ω2,δ||H2pΓq, |γ´1
δ ´ 1| ď C||ω1 ´ ω2,δ||H2pΓq,

|Bxγδ| ď C||ω1 ´ ω2,δ||H2pΓq, |Bxpγ´1
δ q| ď C||ω1 ´ ω2,δ||H2pΓq.

Because |J´1
δ | ď Cp1 ` |Bxγδ|q ď C since |Bxγδ| is bounded, and because u1 is smooth,

|R1| ď C

ż τ

0

||∇ppu1 ´ u2,δq||L2pΩf,2,δptqqp||γ´1
δ ´ 1||L2pΩf,2,δptqq ` ||γδ ´ 1||L2pΩf,2,δptqq ` ||Bxγδ||L2pΩf,2,δptqqq

ď ϵ

ż τ

0

||∇ppu1 ´ u2,δq||2L2pΩf,2,δptqq ` Cpϵq

ż τ

0

||ω1 ´ ω2,δ||2H2pΓq.

We also have that

|R2| ď ϵ

ż τ

0

||Dppu1 ´ u2,δq||
2
L2pΩf,2,δptqq ` Cpϵq

ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq.

For R3 and R4, we compute that

∇pγ´1
δ Jδq “ ∇

ˆ

γ´1
δ 0

pR ` yqγ´1
δ Bxγδ 1

˙

, ∇pγδJ
´1
δ q “ ∇

ˆ

γδ 0
´pR ` yqBxγδ 1

˙

.

Therefore,

|∇pγ´1
δ Jδq| ď Cp|Bxpγ´1

δ q| ` |Bxγδ| ` |Bxxγδ|q, |∇pγδJ
´1
δ q| ď Cp|Bxγδ| ` |Bxxγδ|q,

where we can estimate

|Bxxγδ| ď Cp||ω1 ´ ω2,δ||H2pΓq|Bxxω1| ` |Bxxpω1 ´ ω2,δq| ` ||ω1 ´ ω2,δ||H2pΓqq.

So since ||Bxxω1||L2pΩf,2,δptqq ď C since ω1 is uniformly bounded in H2pΓq, we have that

|R3| ď C

ż τ

0

||∇pγ´1
δ Jδq||L2pΩf,2,δptqq||pu1 ´ u2,δ||L2pΩf,2,δptqq

ď C

ż τ

0

||ω1 ´ ω2,δ||H2pΓq||pu1 ´ u2,δ||L2pΩf,2,δptqq

ď C

ˆ
ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||pu1 ´ u2,δ||
2
L2pΩf,2,δptqq

˙

.
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Similarly, using ||∇pγδJ
´1
δ q||L2pΩf,2,δptqq ď C||ω1 ´ ω2,δ||H2pΓq, we have the following estimate

for R4:

|R4| ď C

ż τ

0

||∇pγδJ
´1
δ q||L2pΩf,2,δptqq||Dppu1 ´ u2,δq||L2pΩf,2,δptqq

ď ϵ

ż τ

0

||Dppu1 ´ u2,δq||
2
L2pΩf,2,δptqq ` Cpϵq

ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq.

Therefore, using (5.153) and (5.154), we have that the total contribution of this term is

T4 “ 2ν

ż τ

0

ż

Ωf,2,δptq

|Dppu1 ´ u2,δq|
2

` R,

where

|R| ď ϵ

ż τ

0
||Dppu1 ´ u2,δq||2L2pΩf,2,δptqq ` Cpϵq

ˆ
ż τ

0
||ω1 ´ ω2,δ||2H2pΓq `

ż τ

0
||pu1 ´ u2,δ||2L2pΩf,2,δptqq

˙

.

Term 5

After passing to the limit as α Ñ 0, the contribution of this term is

T5 “ β

ż τ

0

ż

Γ1ptq

pξ1 ´u1qτ rpξ1 ´ξ2,δqτ ´pu1 ´ qu2,δqτ s´β

ż τ

0

ż

Γ2,δptq

pξ2,δ ´u2,δqτ rpξ1 ´ξ2,δqτ ´ppu1 ´u2,δqτ s.

We note that when we test the weak formulation for u1 with v “ u1 ´ pqu2,δqα and ψ “

ξ1 ´ pξ2,δqα, we can pass to the limit as α Ñ 0 to obtain the first term in T5 above, by using
similar arguments involving Proposition 5.9.1, as for the previously considered terms.

We can rewrite this term as

T5 “ β

ż τ

0

ż

Γ2,δptq

|pξ1 ´ ξ2,δqτ ´ ppu1 ´ u2,δqτ |
2

` R5,

where

R5 “ β

ż τ

0

ż

Γ1ptq

pξ1 ´u1qτ rpξ1 ´ ξ2,δqτ ´ pu1 ´ qu2,δqτ s ´ β

ż τ

0

ż

Γ2,δptq

pξ1 ´ pu1qτ rpξ1 ´ ξ2,δqτ ´ ppu1 ´u2,δqτ s.

We denote the arc length elements of Γtptq and Γ2,δptq respectively by J ω1
Γ “

a

1 ` |Bxω1|
2

and J ω2,δ

Γ “
a

1 ` |Bxω2,δ|
2, and we denote the tangent vectors to Γ1ptq and Γ2,δptq respec-

tively by τ 1 “ 1
J ω1
Γ

p1, Bxω1q and τ 2,δ “ 1

J
ω2,δ
Γ

p1, Bxω2,δq.

We can rewrite R5 by writing everything in terms of the x and y components, where
we recall that ξ1 and ξ2,δ along the interface displace in only the y direction. We formally
express the common trace of u1 ´ qu2,δ and pu1 ´u2,δ along the reference configuration of the
interface Γ by u1 ´ u2,δ. Thus,

R5 “ β

ż τ

0

ż

Γ

pξ1 ´ u1q ¨ p1, Bxω1qrpξ1 ´ ξ2,δq ´ pu1 ´ u2,δqs ¨ τ 1

´ β

ż τ

0

ż

Γ

pξ1 ´ u1q ¨ p1, Bxω2,δqrpξ1 ´ ξ2,δq ´ pu1 ´ u2,δqs ¨ τ 2,δ.
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In the previous step, we use the fact that when transferred back to the reference configuration
Ωf , pu1 ´ u2,δ and u1 ´ qu2,δ have the same trace along Γ. Thus, R5 “ R5,1 ` R5,2, where

R5,1 “ β

ż τ

0

ż

Γ

pξ1 ´ u1qypBxω1 ´ Bxω2,δqrpξ1 ´ ξ2,δq ´ pu1 ´ u2,δqs ¨ τ 1,

R5,2 “ β

ż τ

0

ż

Γ

pξ1 ´ u1q ¨ p1, Bxω2,δqrpξ1 ´ ξ2,δq ´ pu1 ´ u2,δqs ¨ pτ 1 ´ τ 2,δq.

We can use the fact that |Bxω1| and |Bxω2,δ| are uniformly bounded to obtain the following
estimates:

|R5,1| ď ϵ

ż τ

0

||Dppu1 ´ u2,δq||L2pΩf,2,δptqq ` Cpϵq

ˆ
ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||ξ1 ´ ξ2,δ||
2
L2pΓq

˙

,

where we used the trace inequality, Poincare’s inequality, and Korn’s inequality for the fluid.
For the second term R6,2, we use the estimate |τ ω1 ´ τ ω2,δ | ď C|Bxω1 ´ Bxω2,δ| to obtain

|R5,2| ď ϵ

ż τ

0

||Dppu1 ´ u2,δq||L2pΩf,2,δptqq ` Cpϵq

ˆ
ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||ξ1 ´ ξ2,δ||
2
L2pΓq

˙

.

Hence,

T5 “ β

ż τ

0

ż

Γ2,δptq

|pξ1 ´ ξ2,δqτ ´ ppu1 ´ u2,δqτ |
2

` R6,

where

|R5| ď ϵ

ż τ

0

||Dppu1 ´ u2,δq||L2pΩf,2,δptqq ` Cpϵq

ˆ
ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||ξ1 ´ ξ2,δ||
2
L2pΓq

˙

.

Terms 6-8

We will consider Term 6, as the same procedure will hold for Terms 7 and 8. For Term 6,
we note that ζ1 and ζ2,δ are weakly continuous in L2pΓq, by the weak formulation. Hence,

ż τ

0

ż

Γ

ζ1 ¨ Bt rpζ2,δqαs `

ż τ

0

ż

Γ

ζ2,δ ¨ Btζ1

“

ż τ

0

ż

Γ

ζ1 ¨ Bt rpζ2,δqαs `

ż τ

0

ż

Γ

ζ2,δ ¨ Bt rpζ1qαs ´

ż τ

0

ż

Γ

ζ2,δ ¨ Bt rpζ1qα ´ ζ1s

Ñ

ż

Γ

ζ1pτq ¨ ζ2,δpτq ´

ż

Γ

|ζ0|
2.

This is because by Lemma 2.5 in [159],

ż τ

0

ż

Γ

ζ1 ¨ Bt rpζ2,δqαs `

ż τ

0

ż

Γ

ζ2,δ ¨ Bt rpζ1qαs Ñ

ż

Γ

ζ1pτq ¨ ζ2,δpτq ´

ż

Γ

|ζ0|
2, as α Ñ 0,
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and since ζ1 is smooth in space and time, we have that
ż τ

0

ż

Γ

ζ2,δ ¨ Bt rpζ1qα ´ ζ1s Ñ 0, as α Ñ 0.

Furthermore, because ζ1p0q “ ζ2,δp0q “ ζ0, we have that

ż

Γ

ζ1p0q ¨ rζ1p0q ´ pζ2,δqαp0qs Ñ 0 as

α Ñ 0 by the weak continuity of ζ2,δ at t “ 0 and similarly,

ż

Γ

ζ1pτq ¨ rζ1pτq ´ pζ2,δqαpτqs Ñ 0

as α Ñ 0 for almost every τ P r0, T s. Hence, as α Ñ 0, the contribution from T6 is

T6 “
1

2
ρp

ż

Γ

|pζ1 ´ ζ2qpτq|
2.

Similarly, the contributions from Terms 7 and 8 as α Ñ 0 are

T7 “
1

2

ż

Γ

|∆pω1 ´ ω2qpτq|
2, T8 “

1

2
ρb

ż

Ωb

|pξ1 ´ ξ2qpτq|
2.

Terms 9-12

Because ξ2,δ P L2p0, T ;H1pΩbqq where Ωb is a fixed domain, we have that pξ2,δqα Ñ ξ2,α
strongly in L2p0, T ;H1pΩbqq. Hence, we have that Terms 9-12 converge to the following as
α Ñ 0.

T9 “ µe

ż

Ωb

|Dpη1 ´ η2,δqpτq|
2, T10 “

1

2
λe

ż

Ωb

|∇ ¨ pη1 ´ η2qpτq|
2,

T11 “ 2µv

ż τ

0

ż

Ωb

|Dpξ1 ´ ξ2,δq|
2, T12 “ λv

ż τ

0

ż

Ωb

|∇ ¨ pξ1 ´ ξ2,δq|
2.

Term 13

By taking the limit as α Ñ 0, we have that

T13 “ ´α

ż τ

0

ż

Ωb,1ptq

p1∇ ¨ pξ1 ´ ξ2,δq ` α

ż τ

0

ż

Ω̃b,2,δptq

p2,δ∇ ¨ pξ1 ´ ξ2,δq.

Then, we estimate using (5.26) and the matrix identity B´1
“ 1

detpBq
BC ,

|T13| “ α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

J η1

b p1∇η1

b ¨ pξ1 ´ ξ2,δq ´

ż τ

0

ż

Ωb

J η̃2,δ

b p2,δ∇
η̃2,δ

b ¨ pξ1 ´ ξ2,δq

ˇ

ˇ

ˇ

ˇ

“ α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

p1 ¨ tr
`

∇pξ1 ´ ξ2,δq ¨ pI ` ∇η1qC
˘

´

ż τ

0

ż

Ωb

p2,δ ¨ tr
`

∇pξ1 ´ ξ2,δq ¨ pI ` ∇η̃2,δqC
˘

ˇ

ˇ

ˇ

ˇ

ď I1 ` I2,

where the superscript “C” denotes the cofactor matrix and where

I1 “ α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

p1 ¨ tr
`

∇pξ1 ´ ξ2,δq ¨ p∇pη1 ´ η̃2,δqq
C

˘

ˇ

ˇ

ˇ

ˇ

,
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I2 “ α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

pp1 ´ p2,δq ¨ tr
`

∇pξ1 ´ ξ2,δq ¨ pI ` ∇η̃2,δq
C

˘

ˇ

ˇ

ˇ

ˇ

.

In the previous calculations, we observe that the cofactor matrix operation is linear when
the matrices are two by two. Using the fact that p1 is smooth, the assumption (5.114), and
the fact that

||∇η̃1 ´ ∇η̃2,δ||L2pΩbq ď C||∇η1 ´ ∇η2||L2pΩ̃bq ď C
`

||∇η1 ´ ∇η2,δ||L2pΩbq ` ||ω1 ´ ω2,δ||H2pΓq

˘

(5.155)
for a constant C independent of δ, by Young’s convolution inequality and the definition of
odd extension to the larger domain Ω̃b in Definition 5.7.2, we obtain

I1 ď ϵ

ż τ

0

||∇pξ1 ´ ξ2,δq||
2
L2pΩbq ` Cpϵq

ˆ
ż τ

0

||∇η1 ´ ∇η̃2,δ||
2
L2pΩbq

˙

ď Cpϵq

ż τ

0

||∇η1 ´ ∇η̃1||
2
L2pΩbq ` ϵ

ż τ

0

||∇pξ1 ´ ξ2,δq||
2
L2pΩbq

` Cpϵq

ˆ
ż τ

0

||∇η1 ´ ∇η2,δ||
2
L2pΩbq `

ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq

˙

,

and

I2 ď ϵ

ż τ

0

||∇pξ1 ´ ξ2,δq||
2
L2pΩbq ` Cpϵq

ˆ
ż τ

0

||p1 ´ p2,δ||
2
L2pΩbq

˙

.

Therefore, we conclude that

|T13| ď Cpϵq

ż τ

0

||∇η1 ´ ∇η̃1||
2
L2pΩbq ` ϵ

ż τ

0

||∇pξ1 ´ ξ2,δq||
2
L2pΩbq

` Cpϵq

ˆ
ż τ

0

||∇η1 ´ ∇η2,δ||
2
L2pΩbq `

ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||p1 ´ p2,δ||
2
L2pΩbq

˙

.

Term 14

This term can be handled in the same way as Terms 6-8. We obtain that in the limit as
α Ñ 0, the contribution from this term is

T14 “
1

2
c0

ż

Ωb

|pp1 ´ p2,δqpτq|
2.

Term 15

Upon passing to the limit as α Ñ 0,

T15 “ ´α

ż τ

0

ż

Ωb,1ptq

D

Dt
η1 ¨ ∇pp1 ´ p2,δq ` α

ż τ

0

ż

Ω̃b,2,δptq

D̃

Dt
η2,δ ¨ ∇pp1 ´ p2,δq.



CHAPTER 5. FLUID-POROELASTIC STRUCTURE INTERACTION 278

By pulling back to the reference domain, we can estimate using (5.26) and the cofactor
formula for the matrix inverse:

|T15| “ α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

J η1

b Btη1 ¨ ∇η1

b pp1 ´ p2,δq ´

ż τ

0

ż

Ωb

J η̃2,δ

b Btη2,δ ¨ ∇η̃2,δ

b pp1 ´ p2,δq

ˇ

ˇ

ˇ

ˇ

“ α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

Btη1 ¨
“

∇pp1 ´ p2,δq ¨ pI ` ∇η1qC
‰

´

ż τ

0

ż

Ωb

Btη2,δ ¨
“

∇pp1 ´ p2,δq ¨ pI ` ∇η̃2,δqC
‰

ˇ

ˇ

ˇ

ˇ

ď I1 ` I2,

where

I1 “ α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

Btη1 ¨
“

∇pp1 ´ p2,δq ¨ p∇η1 ´ ∇η̃2,δq
C

‰

ˇ

ˇ

ˇ

ˇ

,

I2 “ α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

pBtη1 ´ Btη2,δq ¨
“

∇pp1 ´ p2,δq ¨ pI ` ∇η̃2,δq
C

‰

ˇ

ˇ

ˇ

ˇ

.

For I1, by using (5.112), (5.113), and the convolution inequality (5.155), we have

I1 ď ϵ

ż τ

0

||∇pp1 ´ p2,δq||
2
L2pΩ̃b,2,δptqq

` Cpϵq

ż τ

0

||∇η1 ´ ∇η̃1||
2
L2pΩbq

` Cpϵq

ˆ
ż τ

0

||∇η1 ´ ∇η2,δ||
2
L2pΩbq `

ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq

˙

.

Here, we used the following estimate on the norm of the gradient of the pressure on the
reference domain and on the moving domain. We observe, using (5.112), (5.113), and (5.26),
that

||∇pp1´p2,δqptq||
2
L2pΩbq “

ż

Ωb

|∇pp1´p2,δq|
2

“

ż

Ωb

J η̃2,δ
b |∇η̃2,δ

b pp1´p2,δq¨pI`∇η̃2,δq|
2
¨pJ η̃2,δ

b q
´1

ď C

ż

Ωb

J η̃2,δ
b |∇η̃2,δ

b pp1 ´ p2,δq|
2

“ C||∇pp1 ´ p2,δqptq||
2
L2pΩ̃b,2,δptqq

, (5.156)

for a constant C independent of δ and the time t P r0, Tδs.
For I2, we have

I2 ď ϵ

ż τ

0

||∇pp1 ´ p2,δq||
2
L2pΩ̃b,2,δptqq

` Cpϵq

ż τ

0

||Btη1 ´ Btη2,δ||
2
L2pΩbq.

Thus, we have that

|T15| ď ϵ

ż τ

0

||∇pp1 ´ p2,δq||
2
L2pΩ̃b,2,δptqq

` Cpϵq

ż τ

0

||∇η1 ´ ∇η̃1||
2
L2pΩbq

` Cpϵq

ˆ
ż τ

0

||∇η1 ´ ∇η2,δ||
2
L2pΩbq `

ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq `

ż τ

0

||Btη1 ´ Btη2,δ||
2
L2pΩbq

˙

.
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Term 16

After passing to the limit as α Ñ 0, we want to estimate the quantity

T16 “ ´α

ż τ

0

ż

Γ1ptq

pξ1 ¨ n1qpp1 ´ p2,δq ` α

ż τ

0

ż

Γ̃2,δptq

pξ2,δ ¨ ñ2,δqpp1 ´ p2,δq,

where ñ2,δ is the upward pointing normal vector to Γ̃2,δptq. We integrate by parts to obtain
that |T16| ď I1 ` I2, where

I1 :“ α

ˇ

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb,1ptq

p∇ ¨ ξ1qpp1 ´ p2,δq ´

ż τ

0

ż

Ω̃b,2,δptq

p∇ ¨ ξ2,δqpp1 ´ p2,δq

ˇ

ˇ

ˇ

ˇ

ˇ

,

I2 :“ α

ˇ

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb,1ptq

ξ1 ¨ ∇pp1 ´ p2,δq ´

ż τ

0

ż

Ω̃b,2,δptq

ξ2,δ ¨ ∇pp1 ´ p2,δq

ˇ

ˇ

ˇ

ˇ

ˇ

.

By using (5.26) and the bootstrap assumption (5.114), we have that

I1 “ α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

J η1

b ptrp∇η1

b ξ1qqpp1 ´ p2,δq ´

ż τ

0

ż

Ωb

J η̃2,δ

b ptrp∇η̃2,δ

b ξ2,δqqpp1 ´ p2,δq

ˇ

ˇ

ˇ

ˇ

“ α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

trp∇ξ1 ¨ pI ` ∇η1qCqpp1 ´ p2,δq ´

ż τ

0

ż

Ωb

trp∇ξ2,δ ¨ pI ` ∇η̃2,δqCqpp1 ´ p2,δq

ˇ

ˇ

ˇ

ˇ

ď α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

trp∇ξ1 ¨ p∇η1 ´ ∇η̃2,δqCqpp1 ´ p2,δq

ˇ

ˇ

ˇ

ˇ

` α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

trp∇pξ1 ´ ξ2,δq ¨ pI ` ∇η̃2,δqCqpp1 ´ p2,δq

ˇ

ˇ

ˇ

ˇ

ď C

ż τ

0

||∇η1 ´ ∇η̃2,δ||L2pΩbq ¨ ||p1 ´ p2,δ||L2pΩbq ` C

ż τ

0

||∇ξ1 ´ ∇ξ2,δ||L2pΩbq ¨ ||p1 ´ p2,δ||L2pΩbq.

For the second term, we compute that

I2 “ α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

ξ1 ¨
“

∇pp1 ´ p2,δq ¨ pI ` ∇η1qC
‰

´

ż τ

0

ż

Ωb

ξ2,δ ¨
“

∇pp1 ´ p2,δq ¨ pI ` ∇η̃2,δqC
‰

ˇ

ˇ

ˇ

ˇ

ď α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

ξ1 ¨
“

∇pp1 ´ p2,δq ¨ p∇η1 ´ ∇η̃2,δqC
‰

ˇ

ˇ

ˇ

ˇ

` α

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Ωb

pξ1 ´ ξ2,δq ¨
“

∇pp1 ´ p2,δq ¨ pI ` ∇η̃2,δqC
‰

ˇ

ˇ

ˇ

ˇ

ď C

ż τ

0

||∇p1 ´ ∇p2,δ||L2pΩbq ¨ ||∇η1 ´ ∇η̃2,δ||L2pΩbq ` C

ż τ

0

||ξ1 ´ ξ2,δ||L2pΩbq ¨ ||∇p1 ´ ∇p2,δ||L2pΩbq.

By the convolution inequality (5.155) and the previous estimate on the gradient of the
pressure (5.156), we conclude that

|T16| ď ϵ

ˆ
ż τ

0

||∇ξ1 ´ ∇ξ2,δ||2L2pΩbq `

ż τ

0

||∇p1 ´ ∇p2,δ||2
L2pΩ̃b,2,δptqq

˙

` Cpϵq

ˆ
ż τ

0

||p1 ´ p2,δ||2L2pΩbq

`

ż τ

0

||∇η1 ´ ∇η̃1||2L2pΩbq `

ż τ

0

||∇η1 ´ ∇η2,δ||2L2pΩbq `

ż τ

0

||ω1 ´ ω2,δ||2H2pΓq `

ż τ

0

||ξ1 ´ ξ2,δ||2L2pΩbq

˙

.
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Term 17

We want to estimate

T17 “ κ

ż τ

0

ż

Ωb,1ptq

∇p1 ¨ ∇pp1 ´ p2,δq ´ κ

ż τ

0

ż

Ω̃b,2,δptq

∇p2,δ ¨ ∇pp1 ´ p2,δq.

Using (5.26), we compute that

T17 “ κ

ż τ

0

ż

Ωb

J η1
b ∇η1

b p1 ¨ ∇η1
b pp1 ´ p2,δq ´ κ

ż τ

0

ż

Ωb

J η̃2,δ
b ∇η̃2,δ

b p2,δ ¨ ∇η̃2,δ
b pp1 ´ p2,δq

“ κ

ż τ

0

ż

Ωb

J η̃2,δ
b ∇η̃2,δ

b pp1´p2,δq¨∇η̃2,δ
b pp1´p2,δq`I1`I2 “ κ

ż τ

0

ż

Ω̃b,2,δptq

|∇pp1´p2,δq|
2
`I1`I2,

where

I1 “ κ

ż τ

0

ż

Ωb

J η1
b ∇η1

b p1 ¨ ∇η1
b pp1 ´ p2,δq ´ κ

ż τ

0

ż

Ωb

J η̃2,δ
b ∇η1

b p1 ¨ ∇η̃2,δ
b pp1 ´ p2,δq,

I2 “ κ

ż τ

0

ż

Ωb

J η̃2,δ
b p∇η1

b p1 ´ ∇η̃2,δ
b p1q ¨ ∇η̃2,δ

b pp1 ´ p2,δq.

We estimate I1 as follows. Using (5.26), we compute

I1 “ κ

ż τ

0

ż

Ωb

∇η1
b p1 ¨

´

∇pp1 ´ p2,δq ¨
“

pI ` ∇η1q
C

´ pI ` ∇η̃2,δq
C

‰

¯

.

Because η1 is smooth, |∇η1
b p1| ď C uniformly in space and time. Therefore,

|I1| ď C

ż τ

0

||∇pp1 ´ p2,δq||L2pΩbq ¨ ||p∇η1 ´ ∇η̃2,δq
C

||L2pΩbq.

Using the estimate in (5.156), we obtain the desired estimate that

|I1| ď ϵ

ż τ

0

||∇pp1 ´ p2,δq||
2
L2pΩ̃b,2,δptqq

` Cpϵq

ż τ

0

||∇η1 ´ ∇η̃2,δ||
2
L2pΩbq.

For I2, we use the bootstrap assumption (5.114) that there exists a constant C (inde-
pendent of δ) such that |∇η̃2,δ| ď C pointwise for t P r0, Tδs. Therefore, |pI ` ∇η2,δq

C | is is
pointwise uniformly bounded in space and time on the time interval r0, Tδs. Thus, by (5.26),

I2 “ κ

ż τ

0

ż

Ωb

p∇η1
b p1 ´ ∇η̃2,δ

b p1q ¨
“

∇pp1 ´ p2,δq ¨ pI ` ∇η̃2,δq
C

‰

and hence,

|I2| ď C

ż τ

0

||∇η1
b p1 ´ ∇η̃2,δ

b p1||L2pΩbq ¨ ||∇pp1 ´ p2,δq||L2pΩbq.
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Using (5.26), we compute that

||∇η1
b p1 ´ ∇η̃2,δ

b p1||
2
L2pΩbq “

ż

Ωb

ˇ

ˇ∇p1 ¨
“

pI ` ∇η1q
´1

´ pI ` ∇η̃2,δq
´1

‰
ˇ

ˇ

2

“

ż

Ωb

ˇ

ˇ∇p1 ¨ pI ` ∇η̃2,δq
´1

rpI ` ∇η̃2,δqpI ` ∇η1q
´1

´ Is
ˇ

ˇ

2

“

ż

Ωb

ˇ

ˇ∇p1 ¨ pI ` ∇η̃2,δq
´1

rpI ` ∇η̃2,δq ´ pI ` ∇η1qspI ` ∇η1q
´1

ˇ

ˇ

2

“

ż

Ωb

ˇ

ˇ∇p1 ¨ pI ` ∇η̃2,δq
´1

p∇η̃2,δ ´ ∇η1qpI ` ∇η1q
´1

ˇ

ˇ

2
.

Using the fact that p1 is smooth and the bootstrap assumption (5.113), we have that

||∇η1
b p1 ´ ∇η̃2,δ

b p1||
2
L2pΩbq ď C||∇η̃2,δ ´ ∇η1||

2
L2pΩbq.

Therefore, combining this with the previous estimate (5.156), we obtain

I2 ď ϵ

ż τ

0

||∇pp1 ´ p2,δq||
2
L2pΩ̃b,2,δptqq

` Cpϵq

ż τ

0

||∇η1 ´ ∇η̃2,δ||
2
L2pΩbq.

By applying the previous convolution inequality (5.155), we thus obtain the final estimate
that

T17 ď κ

ż τ

0

ż

Ω̃b,2,δptq

|∇pp1 ´ p2,δq|
2

` R,

where the remainder is bounded by

|R| ď ϵ

ż τ

0

||∇pp1 ´ p2,δq||
2
L2pΩ̃b,2,δptqq

` Cpϵq

ˆ
ż τ

0

||∇η1 ´ ∇η̃1||
2
L2pΩbq `

ż τ

0

||∇η1 ´ ∇η2,δ||
2
L2pΩbq `

ż τ

0

||ω1 ´ ω2,δ||
2
H2pΓq

˙

.
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Term 18

We want to estimate

T18 “

ż τ

0

ż

Γ1ptq

p1pu1 ´ ξ1q ¨ n1 ´

ż τ

0

ż

Γ1ptq

p1pu2,δ ´ ξ2,δq ¨ n1

´

ż τ

0

ż

Γ2,δptq

p2,δpu1 ´ ξ1q ¨ n2,δ `

ż τ

0

ż

Γ2,δptq

p2,δpu2,δ ´ ξ2,δq ¨ n2,δ

´

ż τ

0

ż

Γ1ptq

ppu1 ´ ξ1q ¨ n1qpp1 ´ p2,δq `

ż τ

0

ż

Γ2,δptq

ppu2,δ ´ ξ2,δq ¨ n2,δqpp1 ´ p2,δq

“ ´

ż τ

0

ż

Γ1ptq

p1pu2,δ ´ ξ2,δq ¨ n1 ´

ż τ

0

ż

Γ2,δptq

p2,δpu1 ´ ξ1q ¨ n2,δ

`

ż τ

0

ż

Γ1ptq

ppu1 ´ ξ1q ¨ n1qp2,δ `

ż τ

0

ż

Γ2,δptq

ppu2,δ ´ ξ2,δq ¨ n2,δqp1.

By bringing all of the integrals back to the reference domain Γ,

T18 “ ´

ż τ

0

ż

Γ
p1pu2,δ ´ ξ2,δq ¨ p´Bxω1, 1q ´

ż τ

0

ż

Γ
p2,δpu1 ´ ξ1q ¨ p´Bxω2,δ, 1q

`

ż τ

0

ż

Γ
p2,δpu1 ´ ξ1q ¨ p´Bxω1, 1q `

ż τ

0

ż

Γ
p1pu2,δ ´ ξ2,δq ¨ p´Bxω2,δ, 1q

“

ż τ

0

ż

Γ
p1pu2,δ ´ ξ2,δqx ¨ pBxω1 ´ Bxω2,δq ´

ż τ

0

ż

Γ
p2,δpu1 ´ ξ1qx ¨ pBxω1 ´ Bxω2,δq

“ ´

ż τ

0

ż

Γ
p1rpu1´ξ1qx´pu2,δ´ξ2,δqxs¨pBxω1´Bxω2,δq`

ż τ

0

ż

Γ
pp1´p2,δqpu1´ξ1qx¨pBxω1´Bxω2,δq.

We obtain that in absolute values, this quantity is bounded as follows.

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Γ

p1rpu1 ´ ξ1qx ´ pu2,δ ´ ξ2,δqxs ¨ pBxω1 ´ Bxω2,δq

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ż τ

0

ż

Γ

pp1 ´ p2,δqpu1 ´ ξ1qx ¨ pBxω1 ´ Bxω2,δq

ˇ

ˇ

ˇ

ˇ

ď C

ˆ
ż τ

0

||pu1 ´ ξ1qx ´ pu2,δ ´ ξ2,δqx||L2pΓq||Bxω1 ´ Bxω2,δ||L2pΓq `

ż τ

0

||p1 ´ p2,δ||L2pΓq||Bxω1 ´ Bxω2,δ||L2pΓq

˙

.

We thus use the trace theorem, Poincare’s inequality, and Korn’s inequality to conclude
that

|T18| ď ϵ

ˆ
ż τ

0

||Dppu1 ´ u2,δq||2L2pΩf,2,δptqq `

ż τ

0

||∇pξ1 ´ ξ2,δq||L2pΩbq `

ż τ

0

||∇pp1 ´ p2,δq||2
L2pΩ̃b,2,δptqq

˙

` Cpϵq

ż τ

0

||ω1 ´ ω2,δ||2H2pΓq.

5.11 The Gronwall estimate

Combining all of the previous estimates, we have that the following integral inequality holds
for almost all τ P r0, Tδs, as long as the three assumptions (5.112), (5.113), and (5.114) hold:
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Eδpτq ď C

ˆ
ż τ

0

||∇η1 ´ ∇η̃1||
2
L2pΩbq `

ż τ

0

Eδptqdt

˙

, (5.157)

where Eδptq is defined by (5.109). We have by Lemma 5.9.1 that

ż t

0

||∇η1 ´ ∇η̃1||
2
L2pΩbq ď Cδ3.

So we rewrite (5.157) as

Eδptq ď Cδ3 ` C

ż t

0

Eδpsqds.

So by Gronwall’s inequality, for all t P r0, Tδs,

Eδptq ď Cδ3eCt,

as long as the three conditions (5.112), (5.113), and (5.114) hold, where the constant C is
independent of δ. By using the bootstrap argument described in Section 5.9, we complete the
proof of the weak-classical consistency result described in the statement of Theorem 5.9.1.

5.12 Appendix

In this appendix, we show a result related to weak continuity of solutions to the regularized
FPSI problem. This result will allow us to verify the claims from before that as α Ñ 0,

ż

Ωf,2p0q

pu1p0q¨pu2,δqαp0q Ñ

ż

Ωf,2p0q

|u0|
2, and

ż

Ωf,2ptq

pu1ptq¨pu2,δqαptq Ñ

ż

Ωf,2ptq

pu1ptq¨u2,δptq,

for almost all points 0 ă t ď T . This result was used in (5.145), for estimating the first
term T1 given by (5.124) in order to show the weak-classical consistency result. We will
accomplish this through the following series of lemmas.

Lemma 5.12.1. Let ω P L8p0, T ;H2
0 pΓqq X W 1,8p0, T ;L2pΓqq with

min
tPr0,T s,xPr0,Ls

R ` ωpt, xq ą 0,

define the moving fluid domain Ωω
f ptq. Given u P L2p0, T ;H1pΩω

f ptqqq X L8p0, T ;L2pΩω
f ptqqq

where Ωω
f ptq “ tpx, yq P R2 : 0 ď x ď L,´R ď y ď ωpt, xqu, we have that

||uαpt, x, yq ´ upt, x, yq||L2pΩω
f ptqq Ñ 0 as α Ñ 0,

for almost all t P r0, T s.
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Proof. Recall that in the case of real-valued functions, one shows convergence of the convolu-
tion to the function itself almost everywhere by using the Lebesgue differentiation theorem,
see Section C.5 in [70]. To apply the theorem in this context, we need to apply it to a
function taking values in a fixed Banach space rather than a time-dependent Banach space.

As a result, we consider the following function,

vpt, x, yq “ Kpt, 0, x, yqu

ˆ

t, x,
R ` ωpt, xq

R ` ωp0, xq
pR ` yq ´ R

˙

,

where we have pulled the fluid velocity back to the fixed initial domain Ωω
f p0q. We recall the

definition of Kps, t, z, rq from (5.118) and its inverse:

Kps, t, x, yq “

˜ R`ωps,xq

R`ωpt,xq
0

´pR ` yqBx

´

R`ωps,xq

R`ωpt,xq

¯

1

¸

,

K´1
ps, t, x, yq “

˜ R`ωpt,xq

R`ωps,xq
0

pR ` yq
R`ωpt,xq

R`ωps,xq
Bx

´

R`ωps,xq

R`ωpt,xq

¯

1

¸

.

By the uniform boundedness of R`ωpt, xq and |Bxωpt, xq|, and mintPr0,T s,xPr0,Ls R`ωpt, xq ą 0,
it is immediate to see that vpt, z, rq is in L8p0, T ;L2pΩω

f p0qqq, where we emphasize that
L2pΩω

f p0qq is a fixed function space that no longer depends on time.
By Lebesgue’s differentiation theorem, almost every t P r0, T s is a Lebesgue point satis-

fying

lim
αÑ0

1

2α

ż t`α

t´α

||vpt, ¨q ´ vps, ¨q||L2pΩω
f p0qqds Ñ 0. (5.158)

Recall that by definition (5.119),

uαpt, x, yq “

ż

R
Kps, t, x, yqu

ˆ

s, x,
R ` ωps, xq

R ` ωpt, xq
pR ` yq ´ R

˙

jαpt ´ sqds.

Thus, we compute that

uαpt, x, yq ´ upt, x, yq “

ż

R

ˆ

Kps, t, x, yqu

ˆ

s, x,
R ` ωps, xq

R ` ωpt, xq
pR ` yq ´R

˙

´ upt, x, yq

˙

¨ jαpt´ sqds

:“ I1 ` I2,

where

I1 “

ż

R
K´1

ˆ

t, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´ R

˙

¨

ˆ

v

ˆ

s, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´ R

˙

´ v

ˆ

t, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´ R

˙˙

jαpt ´ sqds,
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I2 “

ż

R

ˆ

Kps, t, x, yqK´1

ˆ

s, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙

´K´1

ˆ

t, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙˙

¨

v

ˆ

s, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙

jαpt´ sq.

We estimate each of these terms as follows. For I1, we compute that

K´1

ˆ

t, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´ R

˙

“

¨

˝

R`ωp0,xq

R`ωpt,xq
0

pR ` yq

´

R`ωp0,xq

R`ωpt,xq

¯2

Bx

´

R`ωpt,xq

R`ωp0,xq

¯

1

˛

‚,

which we note is uniformly bounded on r0, T s. Hence, using the fact that |jαpt ´ sq| ď 1
α
,

||I1||L2pΩω
f ptqq

ď C ¨
1

α

ż t`α

t´α

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

v

ˆ

s, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙

´ v

ˆ

t, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pΩω
f ptqq

ds

ď C ¨
1

α

ż t`α

t´α

ˆ

R ` ωpt, xq

R ` ωp0, xq

˙1{2

||vps, x, yq ´ vpt, x, yq||L2pΩω
f p0qqds Ñ 0,

as α Ñ 0 if t is a Lebesgue point, by (5.158) and the uniform boundedness of R`ωpt,xq

R`ωp0,xq
on

r0, T s.
To estimate I2, we can use the continuity in time of ω and Bxω to calculate that
ˇ

ˇ

ˇ

ˇ

Kps, t, x, yqK´1

ˆ

s, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙

´K´1

ˆ

t, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙
ˇ

ˇ

ˇ

ˇ

Ñ 0,

uniformly in px, yq as s Ñ t. We estimate

||I2||L2pΩω
f

ptqq

ď

ż

R
max

x,yPΩω
f

ptq

ˇ

ˇ

ˇ

ˇ

Kps, t, x, yqK´1

ˆ

s, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙

´K´1

ˆ

t, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙
ˇ

ˇ

ˇ

ˇ

¨

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

v

ˆ

s, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pΩω
f

ptqq

¨ jαpt´ sqds

ď

ż

R
max

x,yPΩω
f

ptq

ˇ

ˇ

ˇ

ˇ

Kps, t, x, yqK´1

ˆ

s, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙

´K´1

ˆ

t, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙ˇ

ˇ

ˇ

ˇ

¨

ˆ

R ` ωpt, xq

R ` ωp0, xq

˙1{2

¨ ||v ps, x, yq||L2pΩω
f

p0qq
¨ jαpt´ sqds

ď C

ż

R
max

x,yPΩω
f

ptq

ˇ

ˇ

ˇ

ˇ

Kps, t, x, yqK´1

ˆ

s, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙

´K´1

ˆ

t, 0, x,
R ` ωp0, xq

R ` ωpt, xq
pR ` yq ´R

˙ˇ

ˇ

ˇ

ˇ

¨ jαpt´ sqds,

where we used the fact that v P L8p0, T ;L2pΩω
f p0qqq. Thus, we conclude that ||I2||L2pΩω

f ptqq Ñ

0 as α Ñ 0. This completes the proof.
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We also have a weak continuity lemma, which states that the value of u2,δ tested against
any function in the fluid function space has a continuity property as t Ñ 0.

Lemma 5.12.2. Consider an arbitrary q P C1p0, T ;Vf,2,δptqq and the weak solution u2,δ to
the regularized problem for arbitrary δ, where Vf,2,δptq is defined by the displacement ω2,δ

and (5.33). There exists a measure zero subset S of r0, T s (depending on δ) such that

lim
tÑ0,tPr0,T sXSc

ż

Ωf,2,δptq

u2,δptq ¨ qptq “

ż

Ωf,2,δp0q

u0 ¨ qp0q.

Proof. Consider the following function for each τ P r0, T s and α ą 0, given by

Jτ,αptq “ 1 ´

ż t

0

jαps ´ τqds, (5.159)

and note that J 1
τ,αptq “ ´jαpt ´ τq. We want to test the regularized weak formulation for

u2,δ with the test function Jτ,αptqq for certain admissible choices of τ . To see which τ we
want to choose, we define the function

wpt, x, yq “
R ` ω2,δptq

R ` ω2,δp0q
¨ u2,δ

ˆ

t, x,
R ` ω2,δptq

R ` ω2,δp0q
pR ` yq ´R

˙

¨ q

ˆ

t, x,
R ` ω2,δptq

R ` ω2,δp0q
pR ` yq ´R

˙

.

We claim that w P L8p0, T ;L1pΩf,2,δp0qqq. To see this, we compute by a change of variables
that

||wpt, x, yq||L1pΩf,2,δp0qq “

ż

Ωf,2,δptq

|u2,δpt, x, yq ¨ qpt, x, yq|,

and we then use the fact that u2,δ, q P L8p0, T ;L2pΩf,2,δptqqq.
Hence, by the Lebesgue differentiation theorem, there exists a measurable subset S Ă

r0, T s of measure zero such that every point in r0, T s X Sc is a Lebesgue point of w, in the
sense that

lim
αÑ0

1

2α

ż τ`α

τ´α

||wpτ, ¨q ´wps, ¨q||L1pΩf,2,δp0qqds Ñ 0. (5.160)

for every τ P r0, T s X Sc. These are the τ for which we will consider the test function
Jτ,αptqq. For the test functions for the Biot medium and the plate, we will take these test
functions to be zero. Hence, in the regularized weak formulation (5.101), we will test with
pv, φ,ψ, rq “ pJτ,αptqq, 0, 0, 0q.

Hence, we obtain the following equality:

´

ż T

0

ż

Ωf,2,δptq

u2,δ ¨ BtpJτ,αptqqq `
1

2

ż T

0

ż

Ωf,2,δptq

rppu2,δ ¨∇qu2,δq ¨ pJτ,αptqqq ´ ppu2,δ ¨∇qpJτ,αptqqqq ¨u2,δs

`
1

2

ż T

0

ż

Γ2,δptq

pu2,δ ¨ n´ 2ξ2,δ ¨ nqu2,δ ¨ pJτ,αptqqq

` 2ν

ż T

0

ż

Ωf,2,δptq

Dpu2,δq :DpJτ,αptqqq ´

ż T

0

ż

Γ2,δptq

ˆ

1

2
|u2,δ|2 ´ p2,δ

˙

Jτ,αptqqn

´ β

ż T

0

ż

Γ2,δptq

rpξ2,δqτ ´ pu2,δqτ s ¨ Jτ,αptqqτ “

ż

Ωf,2,δp0q

u0 ¨ Jτ,αp0qqp0q.
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Consider τ P p0, T q XSc. We want to pass to the limit as α Ñ 0, and then pass to the limit
as τ Ñ 0, in order to obtain the desired result.

First, we pass to the limit as α Ñ 0. We handle the convergences as follows.

First term: We will show that because τ is a Lebesgue point of w,

´

ż T

0

ż

Ωf,2,δptq

u2,δ ¨ BtpJτ,αptqqq Ñ

ż

Ωf,2,δpτq

u2,δpτqqpτq ´

ż τ

0

ż

Ωf,2,δptq

u2,δ ¨ Btq, as α Ñ 0.

We compute that

´

ż T

0

ż

Ωf,2,δptq

u2,δ ¨ BtpJτ,αptqqq “

ż T

0

ż

Ωf,2,δptq

u2,δ ¨ jαpt ´ τqq ´

ż T

0

ż

Ωf,2,δptq

u2,δ ¨ Jτ,αptqBtq.

It is easy to see that

ż T

0

ż

Ωf,2,δptq

u2,δJτ,αptqBtq Ñ

ż τ

0

ż

Ωf,2,δptq

u2,δBtq.

So it remains to show that

ż T

0

ż

Ωf,2,δptq

u2,δ ¨ jαpt ´ τqq Ñ

ż

Ωf,2,δpτq

u2,δpτqqpτq, as α Ñ 0.

By a change of variables, we compute that

ż T

0

ż

Ωf,2,δptq

u2,δ ¨ jαpt´ τqq

“

ż T

0

ż

Ωf,2,δpτq

R ` ω2,δptq

R ` ω2,δpτq
¨ u2,δ

ˆ

t, x,
R ` ω2,δptq

R ` ω2,δpτq
pR ` yq ´R

˙

¨ jαpt´ τqq

ˆ

t, x,
R ` ω2,δptq

R ` ω2,δpτq
pR ` yq ´R

˙

“

ż T

0

ż

Ωf,2,δpτq

R ` ω2,δp0q

R ` ω2,δpτq
w

ˆ

t, x,
R ` ω2,δp0q

R ` ω2,δpτq
pR ` yq ´R

˙

¨ jαpt´ τq “

ż T

0

ż

Ωf,2,δp0q

wpt, x, yq ¨ jαpt´ τq.

By (5.160), we have that

ż T

0

ż

Ωf,2,δp0q

wpt, x, yq ¨ jαpt ´ τq Ñ

ż

Ωf,2,δp0q

wpτ, x, yq “

ż

Ωf,2,δpτq

u2,δpτq ¨ qpτq,

which establishes the desired convergence.

Final term: It is immediate to see that for all sufficiently small α ą 0,

ż

Ωf,2,δp0q

u0 ¨ Jτ,αp0qqp0q “

ż

Ωf,2,δp0q

u0 ¨ qp0q.
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Passing to the limit in the remaining terms as α Ñ 0, we obtain that for any τ P

p0, T q X Sc,

ż

Ωf,2,δpτq

u2,δpτq ¨qpτq´

ż τ

0

ż

Ωf,2,δptq
u2,δ ¨Btq`

1

2

ż τ

0

ż

Ωf,2,δptq
rppu2,δ ¨∇qu2,δq ¨q´ppu2,δ ¨∇qqq ¨u2,δs

`
1

2

ż τ

0

ż

Γ2,δptq
pu2,δ ¨ n´ 2ξ2,δ ¨ nqu2,δ ¨ q ` 2ν

ż τ

0

ż

Ωf,2,δptq
Dpu2,δq :Dpqq

´

ż τ

0

ż

Γ2,δptq

ˆ

1

2
|u2,δ|2 ´ p2,δ

˙

qn ´ β

ż τ

0

ż

Γ2,δptq
rpξ2,δqτ ´ pu2,δqτ s ¨ qτ “

ż

Ωf,2,δp0q

u0 ¨ qp0q.

Passing to the limit as τ Ñ 0 with τ P p0, T q X Sc gives the desired result.

Lemma 5.12.3. Recall the definition (5.118)

Kδps, t, x, yq “

¨

˝

R`ω2,δps,xq

R`ω2,δpt,xq
0

´pR ` yq∇
´

R`ω2,δps,xq

R`ω2,δpt,xq

¯

1

˛

‚,

and consider the function

q̃pt, x, yq “ Kδp0, t, x, yqu0

ˆ

x,
R ` ω2,δp0, xq

R ` ω2,δpt, xq
pR ` yq ´ R

˙

. (5.161)

for u0 which is divergence free and smooth on Ωf p0q. There exists a sequence of functions
q̃m P C1

c p0, T ;Vf,2,δptqq, with Vf,2,δptq determined by the plate displacement ω2,δ via the
definition (5.33), such that

max
0ďtďT

||q̃ ´ q̃m||L2pΩf,2,δptqq Ñ 0, as m Ñ 8.

Proof. There exists a rectangular two-dimensional maximal domain ΩM of the form r0, Ls ˆ

r´R,Rmaxs for some positive constant Rmax that contains all of the domains Ωf,2,δptq for
t P r0, T s. We will extend q̃ to the maximal spacetime domain r0, T s ˆ ΩM by extending
vertically in the radial direction by the trace of q̃ along Γ2,δptq. In particular, we define

q̃pt, x, yq “ Kp0, t, x, ω2,δpt, xqqu0 px, ω2,δp0, xqq ,

for pt, x, yq P pr0, T s ˆ ΩMq ´ pr0, T s ˆ Ωf,2,δptqq. (5.162)

Note that this extension preserves the divergence free property.
We have the following two claims about the extended function, considered as a function on

the fixed maximal domain ΩM . First, we claim that q̃ P L8p0, T ;H1pΩMqq. Second, we claim
that q̃ P Cp0, T ;L2pΩMqq. To see that q̃ P L8p0, T ;H1pΩMqq, we note that ω2,δ and Bxω2,δ

are bounded uniformly pointwise, and furthermore u0 and its first spatial derivatives are
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bounded by assumption. In addition, B2
xω2,δ P L8p0, T ;L2pΓqq, which allows us to conclude

that q̃ P L8p0, T ;H1pΩMqq.
Next, we want to verify that q̃ P Cp0, T ;L2pΩMqq. Consider any t P r0, T s and consider

any s P r0, T s with s ‰ t. We define the following regions:

Aps, tq “ ΩM
f X pΩf,2,δpsq Y Ωf,2,δptqq

c,

Bps, tq “ rΩf,2,δpsq X pΩf,2,δptqq
c
s Y rpΩf,2,δpsqq

c
X Ωf,2,δptqs,

Cps, tq “ Ωf,2,δpsq X Ωf,2,δptq.

Consider ϵ ą 0. We want to find h ą 0 such that

||q̃pt, ¨q ´ q̃ps, ¨q||
2
L2pΩM q ď ϵ, for all s P pt ´ h, t ` hq X r0, T s. (5.163)

We compute that

||q̃pt, ¨q ´ q̃ps, ¨q||
2
L2pΩM q

“

ż

Aps,tq

|q̃pt, x, yq ´ q̃ps, x, yq|
2

`

ż

Bps,tq

|q̃pt, x, yq ´ q̃ps, x, yq|
2

`

ż

Cps,tq

|q̃pt, x, yq ´ q̃ps, x, yq|
2

“ IA ` IB ` IC . (5.164)

We estimate each of the terms IA, IB, and IC separately.
For IA, we recall that we are extending by the trace as in (5.162) on Aps, tq, so we have

that

IA “

ż

Aps,tq

|Kδp0, t, x, ω2,δpt, xqq ´ Kδp0, s, x, ω2,δps, xqq|
2

¨ |u0px, ω2,δp0, xqq|
2.

We have that |u0px, ω2,δp0, xqq| ď M1 for some constantM1 by the fact that u0 is continuous

on Ωf p0q. By continuity, we can choose h ą 0 sufficiently small so that

|Kδp0, t, x, ω2,δpt, xqq´Kδp0, s, x, ω2,δps, xqq|2 ă
ϵ

3M2
1 pR `RmaxqL

, for all s P pt´h, t`hqXr0, T s.

Thus, for all s P pt ´ h, t ` hq X r0, T s,

IA ď |Aps, tq| ¨
ϵ

3pR ` RmaxqL
ď
ϵ

3
.

For IB, we will use the fact that ω2,δ does not change much in time over small time
intervals, by continuity. We note that there exists a uniform constantM2 such that |q̃| ď M2

on r0, T s ˆ ΩM . Hence,

IB “

ż

Bps,tq

|q̃pt, z, rq ´ q̃ps, z, rq|
2

ď |Bps, tq| ¨ 4M2
2 “ 4M2

2

ż L

0

|ω2,δpt, xq ´ ω2,δps, xq|dx.
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Because ω2,δ P L8p0, T ;H2
0 pΓqqXW 1,8p0, T ;L2pΓqq, there exists h ą 0 sufficiently small such

that

|ω2,δpt, xq ´ ω2,δps, xq| ď
ϵ

12M2
2L
, for all x P r0, Ls and s P pt ´ h, t ` hq X r0, T s.

This allows us to conclude that IB ď ϵ
3
, for all s P pt ´ h, t ` hq X r0, T s.

For IC , we refer to the definition of q̃ in (5.161) and note that Kδp0, t, x, yq is continuous
in time uniformly in px, yq P r0, Ls ˆ r´R,Rmaxs, u0 is uniformly continuous as a function on
Ωf p0q, and ω2,δpt, xq is continuous in time uniformly in x P r0, Ls. Hence, there exists h ą 0
sufficiently small such that

|q̃pt, x, yq´q̃ps, x, yq|
2

ď
ϵ

3pR ` RmaxqL
, for all px, yq P Cps, tq and s P pt´h, t`hqXr0, T s,

which gives the desired result that IC ď ϵ
3
for all s P pt ´ h, t ` hq X r0, T s. Thus, by using

(5.164), we have established (5.163).
Since q̃ P L8p0, T ;H1pΩMqqXCp0, T ;L2pΩMqq, we can extend q̃ to a continuous function

on all of R as follows. We can find an increasing sequence Tm with Tm Ñ T as m Ñ 8, such
that q̃pTmq P H1pΩMq for all m. Define an extension q̂m for each m to all of R by q̂m “ q̃ if
t P r0, Tms,

q̂m “ q̃p0q, if t ă 0, q̂m “ q̃pTmq, if t ą Tm.

Define
q̃m “ q̂m ˚ j1{m,

where the convolution is a convolution in time with jα for α “ 1{m. Because q̂m P

L8p0, T ;H1pΩMqq X Cp0, T ;L2pΩMqq with q̂m being divergence free for every t P r0, T s,
we have that q̃m restricted to

Ť

tPr0,T s
ttu ˆ Ωf,2,δptq gives a function in C1pr0, T q;Vf,2,δptqq,

where Vf,2,δptq is the space defined in (5.33) with the plate displacement ω2,δ. The fact that

max
0ďtďT

||q̃ ´ q̃m||L2pΩf,2,δptqq Ñ 0, as m Ñ 8,

follows from the uniform continuity of q̃ on r0, T s as a function taking values in L2pΩMq,
convergence properties of convolutions, and the fact that q̃ P Cp0, T ;L2pΩMqq which gives
the convergence

max
tPrTm,T s

||q̃pT q ´ q̃ptq||L2pΩM q Ñ 0, as m Ñ 8.

Lemma 5.12.4. For the function q̃ defined in (5.161), there exists a measure zero subset S
of r0, T s such that

lim
tÑ0,tPr0,T sXSc

ż

Ωf,2,δptq

u2,δptq ¨ q̃ptq “

ż

Ωf,2,δp0q

u0 ¨ q̃p0q.
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Proof. Note that because Btq̃ is not necessarily in H1pΩf,2,δptqq, q̃ is not a valid test function.
Thus, we use the sequence q̃m P C1p0, T ;Vf,2,δptqq from Lemma 5.12.3, which satisfies

max
0ďtďT

||q̃ ´ q̃m||L2pΩf,2,δptqq Ñ 0, as m Ñ 8.

We can then apply Lemma 5.12.2 to each of the test functions q̃m, to deduce that there
exists a measure zero subset Sm of r0, T s such that

lim
tÑ0,tPr0,T sXSc

m

ż

Ωf,2,δptq

u2,δptq ¨ q̃mptq “

ż

Ωf,2,δp0q

u0 ¨ q̃mp0q.

In addition, by uniform boundedness, u2,δ P L8p0, T ;L2pΩf,2,δptqqq, and hence, there exists
a measure zero subset S0 of r0, T s, and a positive constant C such that ||u0||L2pΩf,2,δp0qq ď C,
and

||u2,δptq||L2pΩf,2,δptqq ď C, for all t P Sc
0. (5.165)

Define S “ S0 Y
Ť

mě1 Sm, which is also a measure zero subset of r0, T s. Then, for each m,

lim
tÑ0,tPr0,T sXSc

ż

Ωf,2,δptq

u2,δptq ¨ q̃mptq “

ż

Ωf,2,δp0q

u0 ¨ q̃mp0q. (5.166)

By passing to the limit in m, we claim that in addition,

lim
tÑ0,tPr0,T sXSc

ż

Ωf,2,δptq

u2,δptq ¨ q̃ptq “

ż

Ωf,2,δp0q

u0 ¨ q̃p0q.

To see this, consider ϵ ą 0. We claim that there exists h ą 0 sufficiently small such that
for all t P p0, hq X Sc,

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωf,2,δptq

u2,δptq ¨ q̃ptq ´

ż

Ωf,2,δp0q

u0 ¨ q̃p0q

ˇ

ˇ

ˇ

ˇ

ˇ

ă ϵ.

We can choose M sufficiently large such that max
0ďtďT

||q̃ ´ q̃M ||L2pΩf,2,δptqq ă
ϵ

3C
, where C is

defined by (5.165). Therefore, for all t P r0, T s X Sc,

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωf,2,δptq

u2,δptq ¨ q̃ptq ´

ż

Ωf,2,δptq

u2,δptq ¨ q̃Mptq

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ϵ

3
.

In addition,
ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωf,2,δp0q

u0 ¨ q̃p0q ´

ż

Ωf,2,δp0q

u0 ¨ q̃Mp0q

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ϵ

3
.
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By applying (5.166) with m “ M , we can choose h ą 0 sufficiently small such that for all
t P p0, hq X Sc,

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωf,2,δptq

u2,δptq ¨ q̃Mptq ´

ż

Ωf,2,δp0q

u0 ¨ q̃Mp0q

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ϵ

3
.

Thus, by applying the triangle inequality, we have that for all t P p0, hq X Sc,

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωf,2,δptq

u2,δptq ¨ q̃ptq ´

ż

Ωf,2,δp0q

u0 ¨ q̃p0q

ˇ

ˇ

ˇ

ˇ

ˇ

ă ϵ,

which establishes the desired result.

We can now prove the final result of this appendix. We recall the definition of pu1 from
(5.107).

Lemma 5.12.5. As α Ñ 0,
ż

Ωf,2,δp0q

pu1p0q¨pu2,δqαp0q Ñ

ż

Ωf,2,δp0q

|u0|2, and

ż

Ωf,2,δptq

pu1ptq¨pu2,δqαptq Ñ

ż

Ωf,2,δptq

pu1ptq¨u2,δptq,

for almost all points t P p0, T s.

Proof. The second convergence for almost all points t P p0, T s follows directly from Lemma
5.12.1 and the fact that pu1 P L8p0, T ;L2pΩf,2,δptqqq.

So we just need to verify the convergence at t “ 0. To do this, we note that pu1p0q “ u0.
Hence,

ż

Ωf,2,δp0q

pu1p0q ¨ pu2,δqαp0q

“

ż

Ωω0

ˆ
ż

R
Kδps, 0, x, yqu2,δ

ˆ

s, x,
R ` ω2,δps, xq

R ` ω2,δp0, xq
pR ` yq ´ R

˙

jδpt ´ sqds

˙

u0px, yqdxdy

“

ż

R

ˆ
ż

Ωω0

Kδps, 0, x, yqu2,δ

ˆ

s, x,
R ` ω2,δps, xq

R ` ω2,δp0, xq
pR ` yq ´ R

˙

¨ u0px, yqdxdy

˙

jαpt ´ sqds

“

ż

R

˜

ż

Ωf,2,δpsq

u2,δps, x, yq ¨
R ` ω2,δp0, xq

R ` ω2,δps, xq
Kt

δ

ˆ

s, 0, x,
R ` ω2,δp0, xq

R ` ω2,δps, xq
pR ` yq ´ R

˙

¨u0

ˆ

x,
R ` ω2,δp0, xq

R ` ω2,δps, xq
pR ` yq ´ R

˙

dxdy

˙

jαpt ´ sqds.
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We compute that

R ` ω2,δp0, xq

R ` ω2,δps, xq
¨ Kt

δ

ˆ

s, 0, x,
R ` ω2,δp0, xq

R ` ω2,δps, xq
pR ` yq ´ R

˙

“

¨

˝

1 pR ` yq∇
´

R`ω2,δp0,xq

R`ω2,δps,xq

¯

0
R`ω2,δp0,xq

R`ω2,δps,xq

˛

‚

“

¨

˝

R`ω2,δp0,xq

R`ω2,δps,xq
0

´pR ` yq∇
´

R`ω2,δp0,xq

R`ω2,δps,xq

¯

1

˛

‚`

¨

˝

1 ´
R`ω2,δp0,xq

R`ω2,δps,xq
pR ` yq∇

´

R`ω2,δp0,xq

R`ω2,δps,xq

¯

pR ` yq∇
´

R`ω2,δp0,xq

R`ω2,δps,xq

¯

R`ω2,δp0,xq

R`ω2,δps,xq
´ 1

˛

‚

:“ Kδp0, s, x, yq ` Rδp0, s, x, yq.

Hence,

ż

Ωf,2,δp0q

pu1p0q ¨ pu2,δqαp0q

“

ż

R

˜

ż

Ωf,2,δpsq

u2,δps, x, yq ¨Kδp0, s, x, yqu0

ˆ

x,
R ` ω2,δp0, xq

R ` ω2,δps, xq
pR ` yq ´R

˙

dxdy

¸

jαpt´ sqds

`

ż

R

˜

ż

Ωf,2,δpsq

u2,δps, x, yq ¨Rδp0, s, x, yqu0

ˆ

x,
R ` ω2,δp0, xq

R ` ω2,δps, xq
pR ` yq ´R

˙

dxdy

¸

jαpt´ sqds “ IK,δ ` IR,δ.

Note that

IK,δ “

ż

R

˜

ż

Ωf,2,δpsq

u2,δps, x, yq ¨ q̃ps, x, yqdxdy

¸

jαpt ´ sqds

where q̃ is defined by (5.161). Since u2,δpsq “ u2,δp´sq so that ω2,δpsq “ ω2,δp´sq for s ď 0
(see the extension procedure in Section 5.9), we conclude by Lemma 5.12.4 that

IK,δ Ñ

ż

Ωf,2,δp0q

u0 ¨ q̃p0q “

ż

Ωf,2,δp0q

|u0|
2, as α Ñ 0.

So it suffices to show that IR,δ Ñ 0 as α Ñ 0. This follows from the fact that |Rδ| Ñ 0
uniformly as s Ñ 0. In particular,

ż

Ωf,2,δpsq

ˇ

ˇ

ˇ

ˇ

u2,δps, x, yq ¨ u0

ˆ

x,
R ` ω2,δp0, xq

R ` ω2,δps, xq
pR ` yq ´R

˙ˇ

ˇ

ˇ

ˇ

dxdy ď C, for almost all s P r0, T s,

by the boundedness of u2,δ P L8p0, T ;L2pΩf,2,δptqq and the fact that u0 is uniformly
bounded. In addition, by the continuity properties of ω2,δ in time, we have that

max
px,yqPΩf,2,δpsq

|Rδp0, s, x, yq| Ñ 0, as s Ñ 0,

which implies that IR,δ Ñ 0 as α Ñ 0. This completes the proof.
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Chapter 6

Concluding remarks

In this thesis, we have studied several important extensions of FSI models that are moti-
vated by real-life applications in engineering. These include two main types of models: (1)
stochastic FSI models that take into account the influence of stochasticity and randomness
on the fully coupled fluid-structure dynamics, and (2) fluid-poroelastic structure interaction
systems (FPSI), specifically FPSI in the context of nonlinearly coupled models in which the
fluid and Biot domains are time-dependent and a priori unknown. While there has been
significant progress in prototypical models of fluid-structure interaction and several exten-
sions of this model, as discussed in Chapter 1, the models considered in this thesis are novel
problems that require the development of new mathematical techniques for their analysis.

The work in this thesis has initiated the study of stochastic fluid-structure interaction
by considering two models of stochastic FSI. The first model that was considered in the
field of stochastic FSI was the model described in Chapter 3, which is a reduced model
whose dynamics are described by a stochastic viscous wave equation. This stochastic viscous
wave equation is a single self-contained stochastic equation for the structure displacement
in a linearly coupled FSI model where a fluid modeled by the stationary Stokes equations
interacts with an elastic membrane modeled by the wave equation, under the additional
influence of stochastic forcing in space and time acting on the elastic membrane. Due to the
special geometry of this model, the full fluid-structure dynamics can be captured in just a
single stochastic equation rather than a stochastic system of equations, which allows us to
invoke classical techniques from the theory of stochastic analysis to establish the existence
and uniqueness of a mild solution. Furthermore, we also established regularity of sample
paths of the mild solution and showed that when compared to classical stochastic heat and
wave equations with the same type of random noise, the stochastic viscous wave equation
arising in stochastic FSI has improved existence and sample path properties.

We then extended the study of stochastic FSI to a stochastic fully coupled model involv-
ing a linear Stokes flow through a channel with elastic and stochastically forced walls. The
goal of this work, described in Chapter 4, was to develop a new methodology for studying
stochastic systems of PDEs, as this problem cannot be reduced to a single equation, and
hence must be considered as a coupled stochastic system of fluid and structure equations.
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Here, we used an operator splitting scheme for a constructive existence proof, which explicitly
constructs random approximate solutions to the problem, and we introduce a methodology
for passing to the limit in the random approximate solutions that combines compactness
arguments with tools from stochastic analysis and stochastic PDEs. This involves showing
weak convergence of the approximate solutions, using the Skorokhod representation theo-
rem to upgrade this weak convergence to almost sure convergence to obtain probabilistically
weak solutions, and then using the Gyöngy-Krylov lemma to show that we can obtain prob-
abilistically strong solutions on the initially given probability space. We anticipate that
this constructive existence scheme that we have developed for fully coupled stochastic FSI
will apply more generally to more challenging problems of interest, including the study of
stochastic nonlinearly coupled FSI, where the fluid domain is not only time-dependent and a
priori unknown, but also random. Work on the well-posedness of these stochastic nonlinearly
coupled FSI models is ongoing [175].

In this thesis, we have also studied deterministic FPSI, with particular attention given to
nonlinearly coupled FPSI. As discussed in the introduction to Chapter 5, there have been a
few works that have studied the well-posedness of linearly coupled FPSI systems, where the
fluid and Biot domains are fixed in time for the purposes of defining the problem. The goal of
the work in this thesis was to extend well-posedness results to the context of FPSI problems
where we take into account the time-dependent nature of the Biot and fluid domains. The
particular challenge here is that the Biot displacement determines the moving Biot domain
in time via the Lagrangian map, but the structure displacement η of the Biot material does
not possess enough spatial regularity to make proper sense of the moving Biot domain, or to
guarantee that the integrals over the moving Biot domain appearing in the weak formulation
are well-defined. Therefore, we have developed a new mathematical framework for analyzing
these nonlinearly coupled FPSI problems which involves minimally regularizing the FPSI
problem using a spatial regularization of the structure displacement η of the Biot medium.
This regularization is minimal in the sense that we try to regularize as few terms as possible
in the regularized weak formulation of the FPSI problem. We apply this regularization tech-
nique to a model of nonlinearly coupled FPSI involving a multilayered structure consisting
of a thin plate and a thick Biot poroelastic medium interacting with a fluid described by the
Navier-Stokes equations. In this case, the regularization must be performed in a specific way
by using an odd extension to extend the structure displacement to a larger domain and then
convolving spatially, since we are working on bounded domains. We use a splitting scheme to
show constructive existence of weak solutions to the regularized FPSI problem and in order
to show that these resulting solutions to the regularized problem are physically reasonable,
we have also established a weak-classical consistency result in the case of a poroviscoelastic
Biot medium. This result shows that given a classical (smooth) solution to the original FPSI
problem without regularization, the weak solutions to the regularized FPSI problem will con-
verge to the classical solution as the regularization parameter tends to zero. This method of
using regularization to study FPSI problems on moving domains shows significant promise,
and we hope to extend these methods in order to analyze and simulate more complex FPSI
systems, in particular those that are directly relevant to real-life applications.
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[65] M. Dreher and A. Jüngel. “Compact families of piecewise constant functions in
Lpp0, T ;Bq”. In: Nonlinear Anal. 75.6 (2012), pp. 3072–3077.

[66] Q. Du et al. “Analysis of a linear fluid-structure interaction problem”. In: Discrete
Contin. Dyn. Syst. 9.3 (2003), pp. 633–650.

[67] R. Durrett. Probability: Theory and examples. Fifth edition. Vol. 49. Cambridge Series
in Statistical and Probabilistic Mathematics. Cambridge: Cambridge University Press,
2019.

[68] V. J. Ervin, E. W. Jenkins, and S. Sun. “Coupled generalized nonlinear Stokes flow
with flow through a porous medium”. In: SIAM J. Numer. Anal. 47.2 (2009), pp. 929–
952.



BIBLIOGRAPHY 301

[69] V. J. Ervin, E. W. Jenkins, and S. Sun. “Coupling nonlinear Stokes and Darcy flow
using mortar finite elements”. In: Appl. Numer. Math. 61.11 (2011), pp. 1198–1222.

[70] L. C. Evans. Partial differential equations. Second edition. Vol. 19. Graduate Studies
in Mathematics. Providence, Rhode Island: American Mathematical Society, 2010.

[71] C. Farhat, M. Lesoinne, and P. Le Tallec. “Load and motion transfer algorithms for
fluid/structure interaction problems with non-matching discrete interfaces: momen-
tum and energy conservation, optimal discretization and application to aeroelastic-
ity”. In: Comput. Methods Appl. Mech. Engrg. 157.1–2 (1998), pp. 95–114.

[72] F. Flandoli and D. Gatarek. “Martingale and stationary solutions for stochastic
Navier-Stokes equations”. In: Probab. Theory Related Fields 102.3 (1995), pp. 367–
391.

[73] L. Formaggia et al. “On the coupling of 3D and 1D Navier-Stokes equations for flow
problems in compliant vessels”. In: Comput. Methods Appl. Mech. Engrg. 191.6 (2001),
pp. 561–582.

[74] G. P. Galdi and M. Kyed. “Steady flow of a Navier-Stokes liquid past an elastic body”.
In: Arch. Ration. Mech. Anal. 194.3 (2009), pp. 849–875.
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[174] J. Tambača et al. “Mathematical modeling of vascular stents”. In: SIAM J. Appl.
Math. 70.6 (2010), pp. 1922–1952.
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