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Abstract of the Dissertation

Light Transfer Simulation Tools in

Photobiological Fuel Production

by

Euntaek Lee

Doctor of Philosophy in Mechanical Engineering

University of California, Los Angeles, 2013

Professor Prof. Laurent Pilon, Chair

Photobiological carbon dioxide fixation and fuel production have received signif-

icant attention in recent years as sustainable solutions to global warming and

energy crisis. However, this technology suffers from low production rates, poor

solar energy conversion efficiency, and relatively high cost compared with compet-

ing technologies. The objective of the present study is to address these limitations

by developing efficient and reliable simulation tools to optimize photobiological

fuel production systems.

First, an efficient radiative transfer equation (RTE) solver was developed using

the discontinuous Galerkin (DG) method and graphics processing units (GPUs).

In this study, the RTE solver was validated with benchmark problems related to

combustion systems. In addition, this study demonstrated computational benefits

of GPUs computing for solving the RTE.

Second, the spectral effective real and imaginary parts of the complex in-

dex of refraction of green microalgae Chlamydomonas reinhardtii were retrieved

from the its experimentally measured radiation characteristics. The microalgae

were considered as spherical cells with equivalent diameter distributions. Genetic

algorithm and Lorentz-Mie theory were used as inverse and forward method, re-
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spectively. In addition, T-matrix was used to predict the radiation characteristics

of filamentous cyanobacteria consisting of aligned and connected spheres. This

study established that, from a light absorption and scattering point of views, these

microorganisms can be treated as infinitely long cylinders with volume-equivalent

diameter. The methodology can be used in a wide range of applications and the

results can be used to predict the radiation characteristics of PBR suspensions.

Finally, light transfer in photobioreactors (PBRs) containing microalgae C.

reinhardtii was modeled using the previously developed RTE solver. Then, the

light transfer and growth kinetics were combined to estimate the daily biomass

productivity of outdoor open ponds, vertical flat-plate PBRs, and tubular PBRs.

The effects of growth kinetics models and cellular respiration on daily biomass

productivity were investigated. The study demonstrated that the daily produc-

tivity per unit of illuminated surface area for PBRs operated in batch mode were

identical and depended uniquely on the ratio X0/a where X0 is the initial mi-

croalgae concentration and a is the illuminated surface area per unit volume of

PBR. Similar results were obtained with experimental data and other simulation

results reported in the literature, for different microorganisms and PBRs operated

in continuous mode. The PBR optical thickness, represented by X0/a, constitutes

a convenient parameter for designing (via a) and operating (via X0) these PBRs

to achieve their maximum performance.
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Nomenclature
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C cross section, m2/mole

E emissive power, W/m2
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Y molar fraction

r position vector, m

Ea in vivo specific spectral absorption coefficient, m2/kg

C mass concentration, m2/kg

xw volume fraction of water in the cell

w dry mass fraction of pigment
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ds equivalent sphere of diameter, µm

n refractive index

k absorption index

T Transmittance

Cc intracellular carbon concentration, kg/m3

p′ absorption thickness parameter

a major diameter, µm

b minor diameter, µm

N the number of cells per unit volume of suspension

NT total number of cells per unit volume of suspension

c circularity

AS cell’s surface area, m2

P cell’s perimeter, m

f number frequency

Cabc absorption cross-section, m2

Csca scattering cross-section, m2

Aabc mass absorption cross-section, m2/kg

Ssca mass scattering cross-section, m2/kg

X mass concentration of microorganism, kg/m3

V32 mean particle volume, m3

T (θ) amplitude function

i angular distribution of the scattered intensity

m complex index of refraction

r radius, m

Qabc absorption efficiency factor

Qsca scattering efficiency factor

I radiation intensity, W/m2 sr

r location, m
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s direction

G fluence rate, W/m2

b backward scattering fraction

KS light half-saturation constant, µmol photon m−2· s−1

KI light inhibition constants, µmol photon m−2· s−1

P areal productivity, kg/m2/day

t time, hr

a specific illuminated area, m

Greek symbols

β extinction coefficient, m−1

ǫ emmisivity

θ, φ spherical coordinate

κ absorption coefficient, m−1

σ Stefan-Boltzmann constant, W/m2 K4

σs scattering coefficient, m−1

τ optical thickness

Φ scattering phase function

Ω solid angle, sr

ω scattering albedo
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λ wavelength

ǫ aspect ratio

δ objective function

µ specific growth rate, hr−1

Subscripts

abs absorption

b blackbody
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ext. external
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int. internal

i, j absorption coefficient indices

n,m grid element indices

p order of DG method

w wall

ν wavenumber

PAR photosynthetically active radiation region

av average

in incident

c collimated

d diffuse
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CHAPTER 1

Introduction

The present study aims to develop an efficient radiation transfer equation solver

and to model coupled light transfer and growth kinetics in photobioreactors to de-

sign and optimize photobiological fuel production systems. This chapter presents

the motivations of this study and describes the organization of the document.

1.1 Photobiological Carbon Dioxide Fixation and Fuel Pro-

duction

Microalgae have received significant attention in recent years as a way (i) to fixate

CO2 generated during fossil fuel combustion and (ii) to produce liquid or gaseous

biofuels [24] as well as (iii) food supplement [25] or (iv) protein for human or animal

feed [26]. Increasing concentration of carbon dioxide in the atmosphere caused

by fossil fuel combustion due to human activity has contributed to world climate

change [27]. To address this problem, photobiological CO2 mitigation is being

considered as an economically feasible and environmentally sustainable solution

[28]. It consists of consuming CO2 in the atmosphere or in flue gases by plants

and microorganisms using photosynthesis. Figure 1.1 shows the different possible

compounds that can be produced by providing light and CO2 to photosynthetic

microorganisms [1]. For example, microalgae have larger photosynthetic efficiency

than higher plants (e.g., trees or sugar cane) [29]. Therefore, they possess a greater

ability to fixate CO2 and produce biomass [28]. The concentration of CO2 in the
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Figure 1.1: Illustration of the different biofuels that can be produced by photo-

synthetic microorganisms (taken from Ref. [1]).

atmosphere is relatively small (∼400 ppm) and may not be sufficient to maintain

the microalgal growth [28]. However, exhaust gases from combustion processes

contain more than 15 vol.% of CO2. This CO2 source could provide sufficient

amounts of CO2 for large-scale production of microalgae [28]. Therefore, direct

utilization of power plant flue gases is a promising method to grow microalgae

while consuming CO2.

Photosynthetic microorganisms use sunlight as their energy source, CO2 as

their carbon source, and water as their electron source. They are typically grown

in open ponds and photobioreactors (PBRs) of various designs where sunlight

is absorbed and scattered by the microorganisms kept in suspension by stirring

and/or bubble sparging [30]. To be economically viable, the production of added-

value products requires the highest microorganisms production rate and efficiency.

Open ponds or PBRs can be operated in batch or continuous processes. Batch

cultures are widely used for their simplicity, flexibility, and low cost [31]. Scaling-

up benchtop PBRs to industrial scale remains a challenge [1]. Indeed, optimum
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Figure 1.2: In vivo specific absorption coefficient Ea (in m2/mg) of primary

pigments chlorophylls a, b, and c and photosynthetic carotenoids (PSC), and

photoprotective carotenoids (PPC) over the spectral region from 400 to 750 nm [2].

temperature, mixing, light and mass transfers should be maintained in photo-

bioreactors of any sizes [32]. In particular, sunlight available in photobioreactors

is an important parameter that determines the efficiency of PBRs. It affects the

microorganisms growth rate and the efficiency of the production process. Current

photobioreactors must be improved in order to achieve larger mass concentrations

and growth rate and to minimize auxiliary energy use and capital cost [33].

1.2 Radiation Transfer in Photobioreactors

1.2.1 Microbial Light Harvesting Pigments

Photosynthesis begins with the absorption of photons by the photosynthetic ap-

paratus which consists of three major components (i) the reaction center, (ii) the
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core antenna, and (iii) the peripheral antenna. Photochemical charge separation

and electron transport take place in the reaction center [34]. The core antenna

contains the photosynthetic pigments chlorophylls or bacteriochlorophylls. It is

surrounded by the peripheral antenna which is an assembly of chlorophylls, bac-

teriochlorophylls, and other accessory pigments such as carotenoids and phyco-

biliproteins. The peripheral antenna is particularly important in channeling addi-

tional photon energy to the reaction center at small light intensities. In microalgae

and cyanobacteria, the photosynthetic apparatus is located on the photosynthetic

membrane called thylakoid [35].

Different pigment molecules absorb over different spectral bands of the visible

and near infrared parts of the spectrum enabling more efficient utilization of solar

energy. Figure 1.2 shows the in vivo specific absorption coefficient Ea (in m2/mg)

of primary pigments chlorophylls a, b, and c as well as accessory pigments such as

photosynthetic carotenoids (PSC), and photoprotective carotenoids (PPC) mea-

sured over the spectral region from 400 to 750 nm [2]. It indicates that Chlorophyll

a (Chl a) absorbs around 435 and 676 nm while Chlorophyll b (Chl b) absorbs

around 475 and 650 nm. Since they do not absorb green light (λ ≈ 520-570 nm)

significantly, these microalgae appear green to the human eye. On the other hand,

carotenoids are accessory pigments found in all photosynthetic microorganisms.

They absorb mainly in the blue part of the spectrum (400 nm ≤ λ ≤ 550 nm) [34].

Carotenoids serve two major functions (i) shielding the photosynthetic apparatus

from photo-oxidation under large light intensities and (ii) increasing the solar light

utilization efficiency by expanding the absorption spectrum of the microorganism.

1.2.2 Microorganisms

Microorganisms include unicellular and colonial species. They may assume dif-

ferent shapes e.g., spheres, spheroids, and filamentous and various sizes (1–10

µm) [36]. Their shapes and sizes are determined to serve different functions such

8
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Figure 1.3: Differential interference contrast and fluorescence micrographs of (a)

CC125, (b) tla1, (c) tlaX, and (d) tla1-CW+ (taken from Ref. [3]).

as control of settling, nutrients transfer, and collection of sunlight for photosyn-

thesis [36]. The particular species are of interest in this study namely (i) the

given microalgae Chlamydomonas reinhardtii and (ii) filamentous cyanobacteria

Anabaena cylindrica.

Figure 1.3 shows in vivo differential interference contrast (DIC) and chloro-

phyll fluorescence micrographs of the green microalgae Chlamydomonas reinhardtii

strain CC125 and its truncated chlorophyll antenna transformants tla1, tlaX, and

tla1-CW+ [3]. C. reinhardtii is a unicellular green algae of a spheroidal shape

with average diameter around 10 µm. It is one of the best candidates for photo-

biological hydrogen production as it can produce only H2 by reversibly shutting

down its O2 production metabolism by sulphur deprivation [37]. They can also

9
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Figure 1.4: Micrograph image of A.cylindrica [4].

be genetically modified with truncated light harvesting chlorophyll antenna. In

fact, Polle et al. [38] genetically engineered C.reinhardtii via DNA insertional mu-

tagenesis to obtain the mutant strain tla1 with permanently reduced number of

chlorophyll molecules per photosystem, i.e., truncated light harvesting chlorophyll

antenna. This strain did not contain cell wall [38]. However, cell walls protect

the cells from excessive shear stress such as that observed in photobioreactors,

for example [38]. Thus, Polle et al. [38] crossed tla1 with a cell wall containing

strain and isolated the strain tla1-CW+ showing observable characteristics (phe-

notype) of tla1 but with a cell wall. In addition, the strain tlaX had even a

smaller chlorophyll antenna than tla1. Finally, the authors reported that the mi-

croorganisms with less pigments had higher quantum yield, photosynthesis rate,

and light saturation irradiance [38]. C. reinhardtii contains Chl a and Chl b and

photoprotective carotenoids (PPC) [39]. Pottier et al. [39] measured their mass

fraction by acetone extraction and optical density measurements as 1.4 wt.%, 0.7

wt.%, and 0.45 wt.%, respectively.

Moreover, Figure 1.4 shows a micrograph of the cyanobacteria Anabaena cylin-
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drica [4]. Its filamentous structure is more than 100 µm long. Each filament

consists of dozens of connected aspherical heterocysts and vegetative cells, each

2-4 µm in diameter. A.cylindrica contains Chl a and Chl b, accessory pigments

phycocyanin (PCCN), and photoprotective or photosynthetic carotenoids (PPC

or PSC). It is able to fixate nitrogen and to produce ammonia using its hetero-

cysts [40]. It can also be used to purify contaminated waters by removing nitrates

and phosphates and to produce fertilizers by fixating atmospheric nitrogen [41].

A.cylindrica can produce hydrogen using photosynthesis under nitrogen-starved

conditions. It is also considered for biofuel production because of its large cell

structure which requires less energy during harvesting.

1.2.3 Radiation Transfer

Solar radiation is the energy source driving the metabolic activity of photosyn-

thetic microorganisms. As light penetrates in the photobioreactor, it is absorbed

and scattered by the microorganisms. Light transfer in photobioreactors is gov-

erned by the radiative transfer equation (RTE). The latter is an energy balance

on the radiative energy traveling along a particular direction ŝ and is expressed

as [42]

ŝ · ∇Iλ(r, ŝ) = κλ(r)Ibλ(r, ŝ)− κλ(r)Iλ(r, ŝ)− σsλ(r)Iλ(r, ŝ)+

σsλ(r)

4π

∫

4π

Iλ(r, ŝ)Φλ(ŝi, ŝ)dΩi (1.1)

where κλ (in m−1) is the spectral absorption coefficient, σsλ (in m−1) is the spectral

scattering coefficient, Iλ(r, ŝ) is the radiation intensity at location r in direction

ŝ expressed in W/m2· sr · cm, Ibλ is the blackbody radiation intensity given by

Planck’s law. The scattering phase function Φλ(ŝi, ŝ) represents the probability

that radiation propagating in the solid angle dΩi direction around ŝi be scattered

into the solid angle dΩ around the direction ŝ. In addition, βλ (=σsλ + κλ) is

the spectral extinction coefficient while the single scattering albedo is defined as
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ωλ = σsλ/(σsλ + κλ).

The absorption and scattering coefficients of microalgae and their scattering

phase function are major parameters needed to solve the RTE for simulating,

designing, scaling-up, optimizing, and controlling photobioreactors [24]. These

characteristics are strongly dependent on wavelength and vary from one species to

another. They can be determined either experimentally [3,43] or based on electro-

magnetic wave theory [39]. This latter approach often assumes that the scatterers

have relatively simple shape (e.g., spherical) and ignore their heterogeneous nature

by attributing them a uniform effective complex index of refraction [44, 45]. Pot-

tier et al. [39] recognized that for complex microorganisms shapes (e.g., cylinders

and spheroids), advanced numerical tools are required to predict their absorption

and scattering coefficients and scattering phase function collectively called radia-

tion characteristics. On the other hand, experimental measurements account for

the actual shape, morphology, and size distribution of the microorganisms [24].

However, experimental setups can be expensive and measurements are time con-

suming.

1.2.4 Photobioreator Types

Photobioreactors can be categorized into three main groups namely (i) open out-

door systems, (ii) closed outdoor systems, and (iii) closed indoor systems [46].

Figure 1.5 shows various types of outdoor photobioreactors including (a) open

raceway ponds [5], (b) horizontal tubular PBRs [6], (c) vertical flat-plate PBRs [7],

and (c) polybag PBRs [8]. The construction and operating costs of these different

PBRs vary widely. The type of photobioreactors is selected based on the microor-

ganisms and the compounds they can produce. Closed systems are characterized

by better control of the operating conditions and are less susceptibility to contam-

ination as opposed to open systems. Therefore, closed systems are more suitable

for producing valuable products such as pharmaceuticals and pigments [47]. Open
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(a) (b)

(c) (d)

Figure 1.5: Field demonstration of outdoor photobioreactors (a) open raceway

ponds [5], (b) horizontal tubular PBRs [6], (c) vertical flat-plate PBRs [7], and

(c) polybag PBRs [8].

systems are more economical and easier to construct over large surface areas and

to operate than closed systems. Thus, open outdoor systems seem to be the most

promising for large scale microalgae production [32, 48].

1.3 Objectives of the Present Study

The objective of this study are discussed in the following sections.

1.3.1 Develop an Integrated Radiation Transfer Solver

This study aimed to develop a fast, robust, and accurate RTE solver implementing

high-order discontinuous Galerkin (DG) method based on graphics processing
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units (GPUs) computing. It was used to simulate light transfer in photobioreactors

[24]. It could also be useful in military and aerospace applications related to

thermal analysis of combustion and propulsion systems as well as target detection

and identification (remote sensing) [42]. It could also be used in the analysis of

exhaust gases in stationary power plants [49], and of furnaces to minimize energy

loss and pollution emissions [50].

1.3.2 Measure the Optical Properties of Microalgae

The second objective of this study was to retrieve the real part (or refraction

index) and imaginary part (absorption index) of the complex index of refraction

of microalgae from experimentally measured size distribution and absorption and

scattering cross-sections [3, 51]. The results can be enable the prediction of the

radiation characteristics of microalgae from first principles instead of carrying out

costly and time consuming experiments. It also provides a comprehensive and

integrated tools to accurately simulate PBRs. The green algae Chlamydomonas

reinhardtii strain CC125 and its truncated chlorophyll antenna transformants tla1,

tlaX, and tla1-CW+ [3] as well as filamentous cyanobacteria such as A.cylindrica

were considered in this study.

1.3.3 Model Coupled Radiation Transfer and Growth Kinetics in Pho-

tobioreactors

The third objective of this study was to develop accurate numerical simulation

tools to obtain design guidelines for the optimization and operation of efficient

photobioreactors. To do so, light transfer in outdoor PBRs with various geometries

exposed to solar radiation was analyzed on a spectral basis over the spectral

region between 400 and 700 nm corresponding to the photosynthetically active

radiation (PAR) region. The temporal evolution of microalgae concentration was

14



also predicted using growth kinetics model taking into account the local available

light in the photobioreactors at different times of the day. Finally, the daily

productivities of (i) open pons, (ii) flat-plate, and (iii) tubular PBRs was computed

and compared to identify design rules and operating guidelines.

1.4 Organization of the Document

Figure 1.6 shows a schematic diagram of the different aspect of this study focusing

on simulating outdoor photobioreactors and the corresponding chapters. Chapter

2 introduces the RTE solver based on DG method and GPUs computing along

with various validation cases. Chapter 3 presents the retrieval method of the com-

plex index of refraction of the green algae Chlamydomonas reinhardtii. Chapter 4

presents predictions of the radiation characteristics of filamentous microorganisms

by modeling them either as series of connected spheres or as infinitely long cylin-

ders. Chapter 5 describes 3D numerical simulations of commonly used outdoor

PBRs under sunlight. The daily productivities and optimum operation condi-

tions were estimated and compared for different geometries of PBRs. Finally,

Chapter 6 summarizes the main conclusions of the present study and discusses

recommendations and future work.
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Figure 1.6: Schematic diagram of the integrated RTE solver developed for simu-

lating outdoor photobioreactors. It indicates each chapter of this thesis describing

a specific aspect of this integrated simulation tool.
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CHAPTER 2

GPU-Based Radiative Transfer Equation Solver

This chapter presents the DG method and GPU computing used to solve the RTE.

The code was validated extensively and will be used in Chapter 5 to simulate

outdoor PBRs exposed to sunlight.

2.1 Introduction

Thermal radiation is a dominant mode of heat transfer in combustion systems

such as rocket engines, scramjets, and industrial furnaces [42, 52, 53]. It must

be properly accounted for in preliminary and detailed design phases of systems

development to result in a robust and fail-safe design. Hydrocarbon combustion

results in exhaust gases, which are dominantly composed of water vapor and car-

bon dioxide, both of which significantly participate in absorbing and emitting

thermal radiation [54]. For designing the rocket nozzle heat shield, quantities

such as radiation heat load on the sidewalls, and, more importantly on the noz-

zle lip which directly faces the exhaust plume, are critical quantities which must

be properly estimated [55]. Besides heating, accurate modeling of the thermal

radiation emitted by the exhaust plume of a rocket or missile is of utmost im-

portance for military applications for the design of low-observable vehicles and

remote-sensing [56].

Empirical correlations used in conjunction with experimental data have been

used in the past for the design of such systems [54]. However, increasing complex-
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ity and cost has prompted the development of modeling and numerical simulation

tools to better understand and design modern combustion systems. Numerical

simulation of combustion systems is computationally complex since it involves

multi-physics interactions, such as two-phase flow, turbulent mixing, fuel atom-

ization and vaporization, radiative and convective heat transfer, and chemical

reaction kinetics [52]. Furthermore, coupling radiative effects in such systems

entails the computational burden of addressing multi-scale physical phenomena.

Flow, turbulence, combustion, scattering from particles, property gradients (with

associated variations in optical thickness) and the propagation of radiation over

long distances, represent some multi-scale aspects of the problem. Since the tem-

perature field impacts combustion chemistry, resolution of temporal scales (on the

order of µs or less) also adds to the computational complexity. Despite various

advancements in numerical methods and computational hardware in recent times,

the development of effective physical models and innovative numerical methods

remains an important concern. This is particularly important when repeated cou-

pled solutions of flow and radiation are desired in a time evolving calculation, for

e.g., in turbulent combustion and plasma dynamics.

2.2 Background

2.2.1 Radiative Transfer Equation

The radiative transfer equation (RTE) was presented in Section 1.2.2. It governs

the spectral intensity Iλ and Iν where ν is the wavenumber given by ν = 1/λ.

Spectrally and angularly integrated radiative quantities of interest in thermal

science and in multiphysics problems, include the total fluence rate G(r), the

total radiative heat flux q(r), and its divergence ∇ · q(r) respectively defined
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as [53]

G(r) =

∫

4π

∞
∫

0

Iν(r, ŝ)dνdΩ, q(r) =

∫

4π

∞
∫

0

ŝIν(r, ŝ)dνdΩ,

and ∇ · q(r) =

∫

4π

∞
∫

0

κν(r) [Ibν(r)− Iν(r, ŝ)] dνdΩ (2.1)

2.2.2 Gas Radiation Model

The absorption coefficients of molecular gases vary significantly as function of

temperature, pressure, and wavenumber [42]. This makes radiative transfer cal-

culations in participating gases extremely difficult to carry out. Therefore, gas

radiation models have been developed to determine the absorption coefficient κν

as a function of gas mixture composition, temperature, and pressure. Water va-

por and carbon dioxide are of special importance in combustion of hydrocarbon

fuels [42] and also dominate atmospheric radiation [57].

2.2.2.1 Spectral Line-Based Weighted-Sum-of-Gray-Gases (SLW)

Denison and Webb [58–61] developed the spectral line-based weighted-sum-of-

gray-gases (SLW) model. This model transforms spectral integration in Equation

(2.1) into a summation of a group of fictitious gray gases with specified absorp-

tion cross-section Cabs and weights a. For a medium with a participating gas of a

specified uniform temperature Tg, molar fraction Yi, and total pressure of gas mix-

ture PT , the mixture’s absorption coefficient or the absorption cross-section can

be determined as a function of wavenumber. The blackbody distribution function

represents the fraction of blackbody emissive power at a particular temperature Tb

for wavenumber such that the cross-section C
′

abs(Tg, Yi, PT ) is less than a specific

value Cabs(Tg, Yi, PT ). Mathematically, it can be represented as [60]

F (Tg, Tb, Cabs, Yi, PT ) =
1

σT 4
b

∫

ν,C
′

abs
<Cabs

Ebν(ν, Tb)dν (2.2)
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where σ (=5.67 × 10−8 W/m2·K4) is the Stefan-Boltzmann constant. The weight

of blackbody emissive power pertaining to the jth fictitious gray gas component

is defined as [60]

aj = F (Tg, Tb, Cabs,j+1, Yi, PT )− F (Tg, Tb, Cabs,j, Yi, PT ) j = 1, · · · , NCabs
(2.3)

where NCabs
is the total number of the fictitious gray gas components. Assuming

the medium is non-scattering, the RTE along the kth direction ŝk becomes

ŝk · ∇Ij,k = κj(I
∗

b,j − Ij,k) with j = 1, · · · , NCabs
and k = 1, · · · , Nd (2.4)

where I∗b,j = ajIb,j, Nd is total number of the angular directions, and κj is the

absorption coefficient of the jth fictitious gray gas. Denison and Webb have con-

structed blackbody distribution functions from HITRAN database [62] for water

vapor [59] and carbon dioxide [60]. They also formulated the mathematical corre-

lations between absorption line and distribution function for convenient computer

code implementation. Treatments of nonisothermal and nonhomogeneous media

were discussed in Ref. [61] by scaling approximation, with the help of reference

temperature and the reference gas component fractions. Extension to multicom-

ponent gas mixtures was realized by the multiplication approach described in

Refs. [60, 63].

2.2.2.2 Hybrid SNBCK model

The hybrid statistical narrow-band correlated-k (SNBCK) model was proposed by

Lacis and Oinas [64]. It was described in detail by Goutière et al. [9]. For narrow

band gas model, the spectral domain is first divided into a series of narrow bands

(in the order of 10 ∼ 100 cm−1). The band width of the ith narrow band is

∆νi, and the RTE for an absorbing, emitting, and non-scattering medium can be

written as

ŝ · ∇Ii = κi(Ib,i − Ii) (2.5)
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where Ii = Ii(ŝ, r) and κi are the radiative intensity and absorption coefficient

of the ith narrow band, respectively. Note that κi may still vary widely in this

small spectral window, whereas the blackbody intensity Ib,i is a smooth function

in term of spectral variable, which can be safely assumed to be constant inside

∆νi around νi. Integration of Equation (2.5) over the spectral region ∆νi yields,
∫

∆νi

ŝ · ∇Iidν =

∫

∆νi

κi(Ib,i − Ii)dν (2.6)

A cumulative distribution function of absorption, gi(k), is introduced to represent

the fraction in the spectral domain with absorption coefficient less than a specific

value and defined as

gi(k) =

∫ k

0

fi(k
′)dk′ (2.7)

where fi(k
′) is the k-distribution function for the absorption coefficient in the

spectral interval ∆νi. The function gi(k) is smooth and varies within [0, 1]. Then,

Equation (2.6) can be written as

∆νi

∫ 1

0

ŝ · ∇Iidgi = ∆νi

∫ 1

0

κi(Ib,i − Ii)dgi (2.8)

Since the cumulative function is a smooth function, the integration can be trans-

formed into a quadrature summation, e.g., Gauss quadrature, with Nq quadrature

angles. Then, Equation (2.8) becomes

∆νi

Nq
∑

j=1

(wj ŝ · ∇Ii,j) = ∆νi

Nq
∑

j=1

wjκi,j (Ib,i − Ii,j) (2.9)

Assuming that the quadrature directions are decoupled, then for each direction

one can write [9]

ŝ · ∇Ii,j = κi,j(Ib,i − Ii,j) j = 1, 2, · · · , Nq (2.10)

where κi,j is the absorption coefficient at jth quadrature in ith narrow band and

wj is the weight of the jth Gauss quadrature. For example, the SNBCK model

has 44 narrow band (i=1, · · · , 44) in each band 7 Gauss quadrature points (j=1,

· · · , 7). Databases of κi,j for water vapor and carbon dioxide in the temperature

range 300-2500 K and pressure 1 atm were tabulated by Soufiani and Taine [65].
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2.2.3 Discontinuous Galerkin Method For Solving the RTE

The discontinuous Galerkin (DG) method was first used by Reed and Hill [66]

to solve the neutron transport equation. It has been applied in recent years,

to a large number of problems in computational physics - see, e.g., Hesthaven

and Warburton [67] for an exposition of the method. In the DG method the

solution is expressed in terms of basis functions which are local to each element

and can be discontinuous at element boundaries - as opposed to the traditional

finite element method where inter-element continuity of the basis is required.

Lagrange polynomials are commonly used as the basis and test functions in the

DG method [67]. A DG method of order n is referred to as Pn. In this study, the

n-th order Lagrange polynomials were used as basis. High-order accuracy can be

achieved by increasing n.

The DG method provides enormous numerical flexibility and is distinguished

by the following features: (1) it is elementwise conservative [68], (2) it can provide

arbitrarily high-order accuracy and polynomials [68], (3) adaptive variants of the

scheme can be developed, where n and mesh resolution may be refined locally

[69, 70], (4) the method can be applied to general mesh topologies [71], and (5)

it is well suited for parallel computing using graphics processing units (GPUs).

This last property results from the observation that high-order DG uses dense

local operators, an aspect further explained in Ref. [72].

Cui and Li [68] employed the P-1 DG method for solving the RTE in emitting,

absorbing, and anisotropically scattering gray medium. The authors solved the

2D and 3D RTE in square, quadrilateral, and cubic geometries with unstructured

triangle and tetrahedral elements. The walls were cold and black. They com-

pared the wall heat flux obtained using the DG method with that obtained by

ray-tracing and Monte Carlo methods and found excellent agreement. Moreover,

Cui and Li [73] used the P-1 DG method for solving the 2D RTE in emitting,
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absorbing, and anisotropically scattering gray medium with axisymmetric geome-

tries. The authors found good agreement between the heat flux obtained using

the DG method and that predicted by the discrete ordinates method and finite

volume method.

Zhao and Liu [71] developed the discontinuous spectral-element method com-

bining the different orders (P-1 to P-14) of DG method with spectral-element

method [74] to solve the 2D RTE. In the spectral-element method, orthogonal

polynomials such as Chebyshev and Legendre polynomials were used as the inter-

polation functions of a numerical solution to achieve high-order accuracy [71]. The

authors calculated the radiative heat flux for emitting, absorbing, and anisotrop-

ically scattering gray medium within 2D square enclosure with blackwalls. They

found that the maximum relative error in the radiative heat flux between the dis-

continuous spectral-element method and discrete ordinates method was less than

0.8%.

Recently, Balima et al. [75] solved the 2D RTE in non-emitting, absorbing,

isotropically scattering and gray medium using two finite element formulations

with the discrete ordinates method. The authors compared the wall heat flux

obtained by the least square finite element method and the P-1 DG method.

They considered collimated incident radiation and evaluated the accuracy of two

different angular quadrature sets namely SN and TN . They concluded that the

DG method with TN angular quadrature gave more accurate solutions than least

square finite element method with SN angular quadrature. Balima et al. [76]

also employed the P-1 DG method for solving the 2D RTE in frequency domain

for optical tomography. The medium was gray, non-emitting, absorbing, and

anisotropically scattering. The authors also considered collimated incident radi-

ation and used the gradient-based algorithm to retrieve the optical properties of

the medium. They concluded that DG method achieved good reconstruction of

the optical properties distribution and was well suited for optical tomography.
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2.2.4 Graphics Processing Units

The Graphics Processing Unit (GPU) is a highly parallel, multithreaded, and

many-core processor (100s of cores) with enormous computing power. Its low

cost and high floating-point operation throughput and memory access bandwidth

have been attracting more and more researchers in the field of high performance

computing [72,77–80]. In addition, compared with cluster systems that consist of

many CPUs, GPU computing is low cost and requires low energy at equivalent

performance. Across many disciplines of science and engineering, users have been

able to increase performance by several orders of magnitude using GPUs [81].

In the Computational Fluid Dynamics (CFD) community, structured grid Eu-

ler solvers for compressible flows on GPU was implemented by Elsen et al. [78].

Typically one order of magnitude speedup was achieved by using a single GPU

card compared with a single-node CPU implementation. Philips et al. [80] im-

plemented a parallel 2D structured grid Euler solver and used a GPU cluster

consisting of 8 GPU cards, each having 128 cores. They achieved a speedup of

160 compared with a single CPU implementation. It is worth mentioning that

a recent study by Klöckner et al. [72] achieved a 40 times speedup when solving

Maxwell’s equation solver with GPU using the discontinuous Galerkin method

and general unstructured 3D grids.

In previous studies solving the RTE using the DG method, the medium was

treated as gray and the walls as black. In this chapter, the scope of the prospective

applications of the DG-based RTE solver was significantly expanded by consid-

ering higher-order method and by including the effects of non-gray media and

generalized boundary conditions, as well as by porting the method to GPU com-

puting. In fact, high-order discontinuous Galerkin (DG) method were used to

solve the 3D RTE on a spectral basis using the gas radiation models SLW and

hybrid SNBCK. Diffuse and collimated incident radiation was considered. Black
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and diffusely or specularly reflecting walls were also used as boundary conditions

to analyze various radiative transfer problems.

2.3 Analysis

2.3.1 Mathematical Details

Efficiently solving the radiative transfer equation in a single direction, even with-

out scattering term, is of critical importance for the overall performance of the

RTE solver. For a given direction, the RTE in absorbing, emitting, but non-

scattering media takes the following form

ŝ · ∇Iν = −κνIν + κνIbν (2.11)

Under the DG framework [67], multiplying Equation (2.11) with a test function

lnm and performing volume integration for the nth grid element of volume V n and

surface area An yield

∫

V n

lnmŝ · ∇IndV +

∫

V n

lnmκI
ndV =

∫

V n

lnmκIbdV (2.12)

where the superscript n ∈ {1, · · · , N} is used to indicate that the integration

operation is carried out locally on the nth grid element, out of a total of N grid

elements, and lnm is the mth test function for the nth grid element m ∈ {1, · · · , Np}

where Np is the number of interpolation nodes. For the sake of simplicity, the

spectral subscript ν was dropped but it is understood that the radiative intensity

and the radiation characteristics presented in all formulations of this sections are

wavelength dependent. The weak formulation is obtained by applying the Gauss

(or divergence) theorem on the first term on the left-hand side (LHS) of Equation

(2.12) and is given by

∫

An

lnmŝI
∗ · dA−

∫

V n

∇lnm · ŝIndV +

∫

V n

lnmκI
ndV =

∫

V n

lnmκIbdV (2.13)
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where I∗ is the numerical radiative intensity to be specified along the boundary

of element. Applying the Gauss theorem again on the second term on the LHS of

Equation (2.13) yields the strong formulation expressed as

∫

V n

lnmŝ · ∇IndV +

∫

V n

lnmκI
ndV +

∫

An

lnm(ŝI
∗ − ŝI−) · dA =

∫

V n

lnmκIbdV (2.14)

The derivation of the weak and strong formulations as well as the introduction of

numerical flux through the element boundary is a standard procedure in the DG

framework, as detailed in Ref. [67]. The numerical radiative heat flux through the

grid element boundary ŝI∗ is a function of radiative intensity along both side of

the boundary. The up-wind scheme was employed for numerical flux construction

so that

ŝI∗ =











ŝI+ if ŝ ·A < 0

ŝI− if ŝ ·A > 0

(2.15)

where A is the outward normal vector to the the grid element surface area. The

minus superscript (−) refers to variables obtained from the grid element under

consideration while the positive superscript (+) is used for variables from adjacent

grid elements. Therefore, the third term on the LHS of Equation (2.14) can be

written as

∫

An

lnm(ŝI
∗ − ŝI−) · dA =

1

2

∫

An

lnm[1− sign(ŝ · dA)](I+ − I−)ŝ · dA (2.16)

where the sign function sign(x) is the sign of scalar x. Substituting Equation

(2.16) into Equation (2.14) yields

∫

V n

lnmŝ · ∇IndV +

∫

V n

lnmκI
ndV

+
1

2

∫

An

lnm[1− sign(ŝ · dA)](I+ − I−)ŝ · dA =

∫

V n

lnmκIbdV (2.17)

As previously noted, m ∈ {1, · · · , Np} and there are Np relations for the nth grid

element. Introducing the vector Ln = [ln1 , l
n
2 , · · · , l

n
Np
]T and combining Equations
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(2.14) to (2.17) yield

∫

V n

Lnŝ · ∇IndV +

∫

V n

LnκIndV

+
1

2

∫

An

Ln[1− sign(ŝ · dA)](I+ − I−)ŝ · dA =

∫

V n

LnκIbdV (2.18)

Here, the mass matrix can be defined as the matrix of weights used to inte-

grate polynomials whose elements Mn
mp for the nth grid element are expressed as

functions of Lagrange polynomials

Mn
mp =

∫

V n

lnml
n
pdV (2.19)

The inverse of this mass matrix can be applied to Equation (2.18) to yield

(Mn)−1

∫

V n

Lnŝ · ∇IndV + (Mn)−1

∫

V n

LnκIndV

+
1

2
(Mn)−1

∫

An

Ln[1− sign(ŝ · dA)](I+ − I−)ŝ · dA = (Mn)−1

∫

V n

LnκIbdV

(2.20)

The task of the RTE solver is to find In =
Np
∑

m=1

lnmI
n
m satisfying Equation (2.20),

upon which N ×Np algebraic equations can be constructed. With these algebraic

equations, in theory the solution of the RTE of a particular direction can be found

by inverting a (N×Np)×(N×Np) matrix. In the RTE solver, the matrix inversion

was achieved using an iterative method [82].

The third term in Equation (2.20) is separated into internal and external

boundary surfaces since it might involve contribution from domain boundaries

which need to be treated as a source term, i.e.,

∫

An

=

∫

An
int

+

∫

An
ext

(2.21)
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The external boundary surface integration is separated into

1

2
(Mn)−1

∫

An
bndy

Ln[1− sign(ŝ · dA)](I+ − I−)ŝ · dA =

1

2
(Mn)−1

∫

An
bndy

Ln[1− sign(ŝ · dA)](0− I−)ŝ · dA+

1

2
(Mn)−1

∫

An
bndy

Ln[1− sign(ŝ · dA)](I+ − 0)ŝ · dA (2.22)

Then, the second part to the RHS of Equation (2.20) is shifted and treated as a

source term. If scattering and/or reflecting emissive walls are present, radiative

intensities of different direction affect each other and therefore coupling of each

direction is required. In the RTE solver, their contribution was treated as a

source term using the most recently available intensity solutions and numerical

convergence was examined.

2.3.2 Matrix-Free Formulation

The matrix construction was found to consume significant amount of computa-

tional resource and time. It was also difficult to efficiently implement it with

GPGPUs. The solution adopted in this study consists of writing the algebraic

relations of Equation (2.20) for each wavenumber into the classic form

Mx = b (2.23)

whereM is a (N×Np)×(N×Np) matrix, x =
[

(Inm)16n6N,16m6Np

]T

is the radiative

intensity vector to be solved, and b corresponds to contribution from blackbody

emission, i.e., the RHS term of Equation (2.20) and in-scattering if applicable.

Both x and b are vectors of size N×Np. Krylov subspace iteration methods do not

require to explicitly build the matrix M [83]. The ultimate goal of constructing a

matrix is for the matrix-vector product computation in Krylov subspace iteration

algorithms. By correlating Equation (2.20) and Equation (2.23), the matrix-

vector product operation is identical to Equation (2.20)’s LHS. This matrix-vector

28



product can be evaluated using traditional function in the computation framework

of the DG method. With an additional vector-vector product function, a matrix

free RTE solver can be implemented using the bi-conjugate gradient stabilized (Bi-

CGSTAB) method described in Ref. [82]. Based on computational studies on a

variety of radiative problems and grids, Bi-CGSTAB method with preconditioner

was always able to satisfactorily produce converged solutions for matrix inversions.

2.3.3 Preconditioner

Preconditioner is of equal importance for the iterative method in matrix inversion.

The condition number of matrix involved in the RTE solver increases significantly

with DG order and grid refinements. Figure 2.1 shows the non-zero elements

of the matrix (represented by a + sign) for a problem of N = 86 tetrahedron

elements with P-3 DG method (Np = 20). A block diagonal pattern is clearly

distinguishable. Then, Equation (2.20) can be rewritten as

(Mn)−1

∫

V n

Lnŝ · ∇IndV −
1

2
(Mn)−1

∫

An

Ln[1− sign(ŝ · dA)]I−ŝ · dA

+ (Mn)−1

∫

V n

LnκIndV +
1

2
(Mn)−1

∫

An

Ln[1− sign(ŝ · dA)]I+ŝ · dA

= (Mn)−1

∫

V n

LnκIbdV (2.24)

The first three terms on the LHS of Equation (2.24) contribute to the diagonal

block, while the fourth term contributes to off-diagonal-block elements and source

term [Equation (2.22)] for the internal and external boundary, respectively. Then,

block Jacobi preconditioner is the natural choice [84]. It depends on direction and

gas absorption coefficient present in the second term of Equation (2.24). Since

most radiation transfer problems are convection-dominated, the second term can

be neglected. Moreover, a gas radiation model independent of preconditioner can

be constructed and called partial block Jacobi preconditioner.

Finally, the computational kernels for GPU were implemented using OpenCL
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Figure 2.1: Non-zero elements for the (N ×Np)× (N ×Np) matrix of a radiative

transfer problem with P-3 DG scheme (Np = 20). The grid mesh consists of N =

86 tetrahedron elements (a) full matrix, and (b) close-up view of the matrix.
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[85], which provides portability across multiple computing platforms. To effi-

ciently exploit the GPU’s enormous capability of floating point operations, com-

putational tasks should be parallelizable. Most of the computation operators in

the DG framework are carried out in an element-local manner. Therefore the

RTE solver based on GPU method is well suited for GPU computing [72]. For the

GPU kernels of RTE solver, a thread block was typically employed to carry out

element-wise calculations, whereas the threads within the same block cooperate

efficiently via shared memory. In the GPU computation mode, the entire solu-

tion process was performed on the GPU, with the exception of initialization (e.g.,

problem setup and grid reading and partitioning) and communication of fields on

processor boundaries which were performed by the CPU.

2.4 Validations

The RTE solver developed in this study was implemented as a 3D solver employing

tetrahedron elements. It can also be employed to investigate 2D or 1D radiative

problems which are frequently encountered in the literature [42]. To simulate

2D problems (in the x − y plane), a 3D mesh with one cell in the z−direction

was generated and the two x − y planes were set to be specularly reflecting. It

is evident that specularly reflecting boundary results in direction coupling and

increases computational needs/requirements. To diminish the coupling effect, a

grid of tall cells with aspect ratio of 50 in the z−direction was used. It was realized

by scaling up a homogeneous grid in the z−direction. Based on the experience,

3 to 5 iterations were sufficient to ensure the convergence of direction coupling

using tall cells.
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2.4.1 2D Radiative Transfer in Gray, Emitting, Absorbing, and Non-

scattering Media with Black Boundaries Exposed to Diffuse Ir-

radiation

Goutière et al. [9] solved the 2D RTE in 1.0 m × 0.5 m rectangular enclosure with

cold and black side walls containing a gray gas at uniform temperature 1000 K.

The absorption coefficient was also uniform and equal to κ = 0.5 m−1. The domain

was discretized in 61 × 31 square cells in the x− and y−directions, respectively.

The angular discretization T7 and finite volume spatial discretization were used

to solve the 2D RTE.

The same problem was solved by the 3D RTE solver using in the x− y plane.

The cell were 20 m long in the z−direction to diminish direction coupling intro-

duced by the reflecting walls. Here also, T7 angular discretization and P-1 DG

method were employed. Figure 2.2 compares the radiative heat flux and its di-

vergence as a function of x and y obtained by the solver with those reported in

Ref. [9]. The average and maximum relative errors between the numerical results

for the wall heat flux along the boundary walls y=0 m and those reported by

Goutière et al. [9] were 0.6% and 2.2%, respectively. In addition, the average and

maximum relative errors for the divergence of radiative heat flux along the center

lines were 0.1% and 0.3%, respectively. Overall the results from the DG solver

were in good agreement with those reported in Ref. [9].

2.4.2 2D Radiative Transfer in Non-gray, Emitting, Absorbing, and

Non-scattering Media with Black Boundaries Exposed to Diffuse

Irradiation

This section describes validation of the 3D RTE solver for non-gray gas models

contained in a 2D rectangular 1.0 m × 0.5 m enclosure as solved by Goutière et al.

[9]. The participating gases considered were H2O and CO2 in a non-participating
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Figure 2.2: Comparison of simulation results with Ref. [9] of a 2D 1.0 m × 0.5 m

rectangular enclosure with cold and black side walls containing a gas at uniform

temperature of 1000 K and uniform absorption coefficient κ = 0.5 m−1, (a) and

(b) heat flux along boundary walls in the x- and y- directions, respectively, and

(c) and (d) divergence of radiative heat flux along the center lines in the x- and

y- directions, respectively.
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Figure 2.3: Comparison of predicted wall heat flux using SLW and SNBCK gas

radiation models in a 2D rectangular enclosure with those reported in Ref. [9].

The enclosure contained H2O and CO2 in moral fractions 0.2 and 0.1, respectively.

The wall were cold and black walls. The gas temperature was non-uniform and

given by Equation (2.25).

gas with uniform mole fractions of 0.2 and 0.1, respectively. The temperature

distribution within the enclosure was prescribed as [9]

T (x, y) =











(14000x− 400)(1− 3y20 + 2y30) + 800 for 0 ≤ x ≤ 0.1 m

−10000
9 (x− 1)(1− 3y20 + 2y30) + 800 for x > 0.1 m

(2.25)

where y0 = 4|0.25 − y|. This temperature profile is a typical representation of

furnace combustion. The medium was absorbing, emitting, and non-scattering

and all walls were cold and black. Here, the RTE was solved using T7 angular

discretization and finite volume spatial discretization 61 × 31 square cells in the
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x− and y−directions. Figure 2.3 compares the predictions for the wall heat flux

obtained with the present RTE solver using the gas models SLW and SNBCK with

those reported in Ref. [9]. The average and maximum relative errors between the

numerical results for the wall heat flux along boundary walls and those reported by

Goutière et al. [9] were 1.7% and 3.1%, respectively. Overall, the results obtained

with the RTE solver using SLW and SNBCK gas radiation models were in good

agreement with those reported in Ref. [9].

2.4.3 3D Radiative Transfer in Non-gray, Emitting, Absorbing, and

Non-Scattering Media with Black Boundaries Exposed to Dif-

fuse Irradiation

Let us consider a parallelepiped enclosure with the dimension of [-1.0 m, 1.0 m]

× [-1.0 m, 1.0 m] × [0.0 m, 4.0 m] in the x−, y−, and z−directions, respectively.

All six of the enclosure’s sidewalls were black at 300 K. Temperature along the

enclosure centerline (x = 0, y= 0, z) was prescribed as

Tc(0, 0, z) =











Ti + (1800− Ti)z/0.375 for 0 ≤ z ≤ 0.375 m

1800 + (Te − 1800.0)(z − 0.375)/(4.0− 0.375) for z > 0.375 m

(2.26)

where Ti = 400 K and Te = 800 K. The gas temperature was symmetric about

the centerline with

T (r) = (Tc − Te)f(r/R) + Te with f(r/R) = 1− 3(r/R)2 + 2(r/R)3 (2.27)

where r =
√

x2 + y2 is the distance from the centerline and R = 1.0 m. The gas

mixture consisted on CO2 and water vapor in N2 with uniform mole fractions of

0.1, 0.2, and 0.7, respectively. Simulations were performed using (i) uniform grid

resolutions ∆x = ∆y = ∆z = 0.2 m corresponding to 10 × 10 × 20 cells (ii) three

different DG orders (P-1, P-2, or P-5), and (iii) two different angular quadrature

sets (S8 or T4). Figure 2.4 shows the computed wall heat flux along the centerline
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Figure 2.4: Comparison of simulated (a) radiative heat flux along the centerline of

a sidewall (x = -1.0, y = 0, z) and (b) divergence of radiative heat flux along the

centerline (x = 0, y = 0, z) for a 3D rectangular enclosure containing absorbing,

emitting, and non-scattering gas mixture at a specified temperature [Equation

(2.26)] with SNBCK gas model and different DG order (P-1, P-2, and P-5), grid

size (∆x = ∆y = ∆z), and angular quadratures (S8 and T4) with that reported

in Ref [10].
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of a sidewall (x = -1.0 m, y = 0, z), with different simulation settings and the

distribution of divergence of radiative heat flux along the centerline of enclosure (x

=0, y = 0, z). The predictions were compared with the results reported in Ref. [10]

obtained using T4 angular discretization and finite volume spatial discretization

17 × 17 × 24 rectangular cells in the x−, y−, and z−directions. The average and

maximum relative errors between the numerical results for the radiative heat flux

along (-1, 0, z) and those reported by Ref. [10] were 5% and 12%, respectively. In

addition, the average and maximum relative errors between the numerical results

for the divergence of radiative heat flux along (0, 0, z) and those reported by Ref.

[10] were 12% and 19%, respectively. The predictions using different combinations

of DG orders, grid resolutions, and angular quadrature types all agree well with

those reported in Ref. [10].

This study demonstrates that in order to achieve accurate simulation results

using the RTE solver, one can choose to employ coarse grid resolution and higher-

order of DG scheme or fine grid resolution and lower order of DG scheme. Based

on the testing, the combination of higher-order DG scheme and coarser grid is

preferable in terms of accuracy and computational time for problem with smooth

solution. However, finer grid resolution is required for area with sharp disconti-

nuity in the solution.

2.4.4 1D Radiative Transfer in Gray, Emitting, Absorbing, and Non-

Scattering Media with Reflecting Boundaries Exposed to Diffuse

Irradiation

All previous studies using the DG method to solve the RTE considered black

walls [68,71,75]. This section discusses the validity of the RTE solver for problems

involving non-black diffusive walls and diffusely emitting and reflecting bound-

aries. The incoming radiative intensity from non-black diffusive walls is deter-

mined by the reflected out-going intensity and the blackbody intensity. Here, the
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Figure 2.5: Comparison of divergence of dimensionless radiative heat flux [Equa-

tion (2.1)] between DG method solution and the exact solution [11] for 1D ab-

sorbing and emitting gray gas at Tg = 1500 K with gray diffusely reflecting and

emitting walls at Tw = 500 K with ǫ = 0.5. The medium optical thickness was

(a) τL = 0.1, (b) τL = 1.0, and (c) τL = 10.0.
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benchmark problems solved analytically in Ref. [11] were used. It consists of a 1D

gas layer of thickness L sandwiched between two walls at temperature Tw = 500

K with emissivity ǫ = 0.5. The gas was treated as gray, emitting, absorbing, and

non-scattering with optical thickness τL = κL equal to 0.1, 1.0, and 10. The gas

temperature was uniform and equal to Tg = 1500 K. The walls were gray and

diffusively emitting and reflecting. Figure 2.5 compares the numerical predictions

with the exact solution [11] for the divergence of the dimensionless radiative heat

flux as a function of x/L defined as [11]

dq∗

dτ
=

dq/dτ

σ(T 4
w − T 4

g )
(2.28)

The numerical results were obtained using the P-6 DG method and S8 angular

discretization with a grid consisting of 125 tetrahedron elements. They fell within

2% of the exact solution [11] for all optical thicknesses considered. These results

demonstrate that the DG method can accurately simulate diffusely emitting and

reflecting boundaries.

2.4.5 2D Radiative Transfer in Gray and Purely Scattering Media

with Black Boundaries Exposed to Diffuse Irradiation

This section explores the performance of the DG method to deal with different

scattering phase functions. Kim and Lee [12] considered a 2D 1 m × 1 m square

enclosure filled with a scattering medium and 5 different scattering phase func-

tions, namely (i) isotropic, (ii) two forward with Henyey-Greenstein asymmetric

factor g = 0.84534 (F1) and 0.66972 (F2), and (iii) two backward with g = -

0.18841 (B1) and -0.4 (B2) (see Fig. 2 in Ref. [12]). Trivic et al. [13] simulated

similar problems using the finite volume method for angular discretization with

25 × 25 control volumes. Trivic and Amon [86] extended their 2D study [13] to

3D problem, with the same set of scattering phase functions.

In the present study, the medium was purely scattering and all walls were black
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Figure 2.6: (a) Dimensionless heat flux q∗(0.5, y) and (b) fluence rate G∗(0.5, y)

along the y-axis for center of x-axis in a 2D enclosure containing purely scattering

media with isotropic, strongly forward (F1 and F2), and strongly backward (B1

and B2) scattering phase functions. The results are compared with previously

reported studies [12, 13] obtained using finite volume method and DOM. Here,

q∗(x, y) = q(x, y)/Ebw and G∗(x, y) = G(x, y)/4Ebw.
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and cold except the bottom wall at (x, y = 0) which had blackbody emissive power

Ebw. In addition, the dimensionless fluence rate G∗ was defined as G∗ = G/4Ebw

and the dimensionless radiative heat flux was defined as q∗ = q/Ebw [12]. The

simulations were carried out by using P-1 DG method on a grid consisting of 4810

tetrahedron elements and by using finite volume method for angular discretization

with Nθ = 4 and Nφ = 60. Figures 2.6 show the dimensionless heat flux q∗ and

the fluence rate G∗ predicted as a function of distance y along the center line x =

0.5 m. The average and maximum relative errors between the numerical results

for the dimensionless heat flux q∗(0.5, y) and those reported by Ref. [12, 13] were

3% and 4%, respectively. In addition, the average and maximum relative errors

between the numerical results for dimensionless fluence rate G∗(0.5, y) and those

reported by Ref. [12, 13] were 1% and 4%, respectively. Overall, the numerical

predictions were in good agreement with the data obtained from Refs. [12,13] for

all scattering phase functions considered.

2.4.6 3D Radiative Transfer in Gray, Emitting, and Absorbing, and

Scattering Media with Black and Reflecting Boundaries Exposed

to Diffuse Irradiation

This section compares the simulation results for the 3D combustor shown in Figure

2.7 with those provided in Refs. [14, 87]. The geometrical feature of this problem

was quite complex and grid generation was challenging as there were five thin

baffles located at a corner of the domain. A in-house grid generation tool was

used to generate an unstructured body-fitted grid. The medium was gray, emit-

ting, absorbing, and scattering, with the following temperature and absorption
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Figure 2.7: Geometry, dimension, and simulation results of the net radiative heat

flux on the front, side, and back walls of a 3D combustor chamber [14] with

absorbing, emitting, (a) non-scattering medium (ω = 0.0) and (b) scattering

medium (ω = 0.5). All dimensions are in meter.

42



coefficient spatial distributions











































κ = 0.20 m−1, T = 1600 K for z ≤ 5 m

κ = 0.25 m−1, T = 2000 K for 5 ≤ z ≤ 10 m

κ = 0.20 m−1, T = 1600 K for 10 ≤ z ≤ 20 m

κ = 0.18 m−1, T = 1200 K for 20 ≤ z ≤ 30 m

(2.29)

Temperature and emissivity of boundary region located at x = 10 m and 22 m

≤ z ≤ 30 m were specified to be 1200 K and 1.0, respectively. The temperature

and emissivity at other boundaries, including at the baffle surfaces, were specified

to be 800 K and 0.65, respectively. Two cases with different scattering albedos ω

= 0.0 and 0.5 were simulated. DOM with S8 angular discretization scheme and

P-3 DG method were employed. The grid consisted of 54266 tetrahedral elements.

In Refs. [14, 87], 72000 hexahedral elements were employed with block-off-region

procedure to deal with irregular geometrical domain, i.e, non-orthogonal walls

were represented with stair-case grid.

Figure 2.7 shows the net radiative heat flux on the front wall, sidewall, and

back wall for (a) ω = 0.0 and (b) ω = 0.5 of the 3D combustor. Discrepancies in

flux contour can be observed around the concave area compared with the solutions

reported in Fig. 10 of Ref. [87] and Fig. 9 of Ref. [14]. The simulations in this

study produce better results than that of Refs. [14,87] in these area since boundary

conforming mesh was employed instead of block-out technique on Cartesian grid

to represent the non-orthogonal boundaries. As pointed out in Ref. [88], the

block-off technique introduced significant error in the computed heat flux on non-

orthogonal walls.
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Figure 2.8: Dimensionless radiative heat flux along (a) the bottom wall q∗(r/R, 0)

and (b) along the sidewall of the cylindrical enclosure q∗(R, z/2H) with R = H =

1 m containing cold, absorbing, and isotropically scattering medium exposed to

collimated radiation incident from the top wall. Case 1 is such that ǫs = 1.0, κ =

0.0 m−1, and σs = 1.0 m−1. Case 2 is such that ǫs = 0.5, κ = 0.3 m−1, and σs =

0.7 m−1 [15].
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2.4.7 2D Radiative Transfer in Gray and Purely Scattering Media

with Black Boundaries Exposed to Collimated Irradiation

This section discusses validation of the RTE solver for applications with collimated

incident irradiation. Figure 2.8(a) shows the cylindrical enclosure of radius R

and height H such that R = H = 1.0 m. Normal collimated radiation (Ic =

1.0 W/m2.sr) was incoming from the top wall. The enclosure was filled with

cold, gray, and homogeneous absorbing and isotropically scattering medium with

optical radius τR = (κ + σs)R = 1.0. The cylindrical sidewall was cold and black

(ǫs = 1.0, Ts = 0 K). Jendoubi et al. [15] studied two cases. Case 1 had bottom wall

emissivity ǫs = 1.0 while the medium absorption and scattering coefficients were

κ = 0.0 m−1 and σs = 1.0 m−1, respectively. Case 2 had bottom wall emissivity

ǫs = 0.5 and absorption and scattering coefficients κ = 0.3 m−1 and σs = 0.7

m−1, respectively. Angular discretization scheme T4 and P-3 DG method were

employed. The grid consisted of 6872 tetrahedral elements. The dimensionless

radiative heat flux was defined as q∗(r, z) = q(r, z)/Eb where Eb is the blackbody

emissive power set at Eb = π. Figure 2.8 compares the numerical predictions

for the dimensionless radiative heat flux (a) at the bottom wall q∗(r/H, z) and

along the cylinder sidewall q∗(z/2H, z) with those reported by Ref. [15] for Cases

1 and 2. The average and maximum relative errors between them were 3% and

4%, respectively. This demonstration that the DG method can also simulate

collimated irradiation problems.

2.5 Speedup of GPU vs. CPU

Let us consider a benchmark problem consisting of a 3D square enclosure 2 m × 2

m × 2 m having cold black walls and containing a gray, absorbing, emitting, and

non-scattering medium with the following spatial distributions of the blackbody
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where the absorption coefficient was κ = 0.1 m−1 and a single angular direction,

ŝ = (sx, sy, sz) = (0.62402, 0.52802, 0.57602) was considered. The temperature

field can be defined as T (x, y, z) = [πIb(x, y, z)/σ]
1

4 where σ (= 5.67 × 10−8

W/m2·K4) is the Stefan-Boltzmann constant. The RTE was solved using the

DG method with order ranging from P-1 to P-4 and with two different grids
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consisting of 2,861 and 22,655 tetrahedron elements. The CPU code was executed

on a workstation with Intelr Xeonr CPU E5620 2.40GHz. The GPU code was

executed on a NVIDIAr GeForcer GTX 480 card, with OpenCL 1.0 CUDA 3.2.1.

The computational time for the solution along one radiative angular direction were

used to calculate the speedup associated with using GPU computing. Figure 2.9

shows the speedup of RTE solver in GPU mode vs. CPU mode for a benchmark

problem. The speedup was up to 4.0 and increased with increasing DG scheme

order. Indeed, higher-order DG requires more floating points and is better suited

to GPU computing.

2.6 Conclusions

This study presented high-order discontinuous Galerkin (DG),combined with finite

volume (FVM) and discrete ordinates method (DOM) for solving the RTE. DG

method was incorporated with non-gray gas radiation models such as spectral

line-based weighted-sum-of-gray-gases (SLW) and hybrid SNBCK model. Both

diffusively and specularly reflecting walls were modeled along with diffuse and

collimated incident irradiation in 3D enclosures. An important aspect of this

work is the porting of the DG RTE solver to GPUs demonstrating very attractive

computational speedup. Studies have revealed which computations benefit the

most from GPU acceleration. The GPU-based high-order accurate solver bears

the potential for high computational efficiency in large scale RTE simulations with

extensive variations in optical thickness. It will be used in Chapter 5 to compare

the design and performance of different outdoor PBRs exposed to sunlight.
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CHAPTER 3

Spectral Optical Properties of Spherical Green

Microalgae C. reinhardtii CC125 and Its

Truncated Chlorophyll Antenna Transformants

tla1, tlaX, and tla1-CW+

3.1 Introduction

In order to design, optimize, and operate photobioreactors for CO2 fixation and

biofuel production, it would be convenient to have the ability to predict the ra-

diation characteristics of microalgae from first principles instead of carrying out

costly and time consuming experiments. If the effective spectral real and imagi-

nary parts of the complex index of refraction as well as the microorganisms shape

and size distribution are known to within an acceptable level of uncertainties, the

absorption and scattering coefficients can be predicted by Lorentz-Mie theory [89],

if the microalgae are spherical, or by the T-matrix method [90], if the particles

have more complex shapes.

3.2 Background

3.2.1 Radiation Characteristics of Microalgae

A large body of literature exists on predicting and measuring the absorption and

scattering coefficients and the scattering phase function of microalgal suspension
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[24, 44, 91–93].

Bidigare et al. [2] used a predictive approach to determine the absorption coeffi-

cient in various species of phytoplankton. The cell was modeled as a homogeneous

particle in which only the pigments in the cell contributed to the absorption co-

efficient in the photosynthetically active radiation (PAR) region between 400 and

700 nm. Then, the absorption coefficient (in 1/m) was expressed as [94]

κλ =
N
∑

i=1

EaiCi (3.1)

where Eai (in m2/kg) is the in vivo specific spectral absorption coefficient of

pigment i (Figure 1.2) and Ci are their mass concentrations (in kg/m3).

Pottier et al. [39] used a similar approach to predict the spectral absorption

coefficient of C. reinhardtii by assuming that the pigments were uniformly dis-

tributed within the cell and only Chl a, Chl b, and PPC were present. The authors

modified the expression for the absorption coefficient given by Bidigare et al. [2]

to express it in terms of pigment mass fractions as

κλ = ρdm
1− xw

xw

N
∑

i=1

Eaiwi (3.2)

where ρdm is the density of dry material in the biomass (in kg/m3), xw is the

volume fraction of water in the cell, while wi is the dry mass fraction of pigment

i.

Moreover, Quirantes and Bernard [95] modeled algal cells as two-layer particles

with an inner core and an external coating. The coating was assumed to be non-

absorbing and had a refraction index of 1.36. The inner core was absorbing and

featured a larger refraction index than the outer coating. Its value was selected

such that the volume-averaged complex index of refraction of the composite parti-

cle was equal to that of an equivalent homogeneous scatterer with complex index

of refraction of 1.40 + i0.005, considered to be typical of microbial cells [45,96,97].

First, the extinction and absorption efficiency factors of homogeneous spheres and
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coated spheres were calculated using the Aden-Kerker theory [98] and the modified

anomalous diffraction approximation (ADA) [99], respectively. The heterogeneous

geometry of the coated spheres was found to increase the back-scattering efficiency

by a factor as high as 50 but had negligible effects on the absorption efficiency

factor and weak effects on the scattering efficiency factor when compared with

those of a homogeneous sphere with the same complex index of refraction. These

results were consistent with previous studies using volume-averaged equivalent

complex indices of refraction to compare homogeneous and heterogeneous multi-

layered spheres [100, 101]. In addition, Quirantes and Bernard [95] considered

three different geometries with the same size parameter and equivalent complex

refractive index namely (i) off-centered coated spheres, (ii) concentric spheroids,

and (iii) concentric spheres. The T-matrix method [102] was used to compute

the efficiency factors of the aspherical and non-concentric composite cells. The

absorption and scattering efficiency factors showed little dependency on particle

shape.

Mishchenko and Travis [23] concluded that particles that were even moderately

aspherical could not be approximated as equivalent spheres of diameter ds when

calculating their scattering efficiency factors for size parameter χ = πn2ds/λ less

that 5-15 where n2 is the refraction index of the surrounding medium and λ is

the wavelength of the incident radiation in a vacuum. In fact, the scattering

cross-section of spheroids computed using the T-matrix method was found to be

up to 30% smaller than that of equivalent spheres with the same cross-sectional

areas for χ ≈ 1. The difference in scattering cross-sections between spheroids

and equivalent spheres was found to decrease as the size parameter increases.

Note that in the present study, the size parameters χ for the different microalgae

were larger than 60. Thus, previous studies confirmed the view that treating

microalgae with aspect ratio less than 1.5 as spherical can be applied to infer

their optical properties from their measured absorption and scattering coefficients
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[44, 45, 103–105].

Recently, Berberoğlu and co-workers [3, 43] experimentally measured the ra-

diation characteristics of several H2 producing microorganisms namely (a) purple

non-sulfur bacteria R.sphaeroides [43], (b) cyanobacteria A.variabilis [43], and (c)

green algae Chlamydomonas reinhardtii strain CC125 and its truncated chloro-

phyll antenna transformants tla1, tlaX, and tla1-CW+ [3]. The authors also mea-

sured the radiation characteristics of the lipid producing microalgae C. littorale,

B. braunii, and Chlorella sp. [51]. Except for the purple bacteria R.sphaeroides

which absorbs in the near infrared, the absorption coefficients of these microor-

ganisms vanish beyond 750 nm when only scattering contributes to extinction.

For example, the wild strain C.reinhardtii CC125 absorbs mainly in the spectral

region from 300 to 700 nm with absorption peaks at 435 and 676 nm correspond-

ing to absorption peaks of in vivo chlorophyll a. It also has additional absorption

peaks at 475 and 650 nm corresponding to absorption by chlorophyll b. Berberoğlu

et al. [3] also showed that the genetically engineered strains of C.reinhardtii have

less chlorophyll pigments than the wild strain and thus have smaller absorption

cross-sections. In particular, the mutant tlaX featured a significant reduction in

chlorophyll b concentration. For all mutants, the reduction in their absorption

cross-section was accompanied by an increase in their scattering cross-section.

3.2.2 Effective Optical Properties of Microorganisms

3.2.2.1 Direct Experimental Measurements

The refraction index nλ of microalgae can be measured directly [45, 106–108].

However, the experimental measurements are complicated by the polydispersion

of the microbial particles and by light absorption. On the other hand and to the

best of our knowledge, no method has been reported in the literature to directly

measure the absorption index kλ of microbial particles in suspension.
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First, photometric immersion refractometry consists of suspending the cells in

a medium of known refraction index and measuring the transmittance Tλ or the

optical density (OD) of the suspension defined as ODλ = -logTλ [109,110] at a non-

absorbing wavelength. For example an aqueous solution of bovine serum albumin

(BSA) can be used as the immersion medium as it is not toxic to microorganisms.

Solutions with different refraction indices can be prepared by varying the BSA

concentration [111]. The OD of the suspension is then measured as a function of

BSA concentration. The refraction index of the microbial cells at the wavelength

considered is taken as that of the BSA solution corresponding to the minimum

OD.

Flow cytometry can also be used to directly measure the refraction index nλ of

microalgae [107, 108]. Collimated laser radiation is directed at a stream of saline

solution containing microbial particles. The latter are assumed to be homogeneous

spheres despite their potentially irregular morphologies. The intensities of forward

scattered light (typically at an angle of 1-19◦ with respect to the incident beam

direction), side scattered light (54-126◦), and chlorophyll fluorescence (660-700

nm) are measured [107]. The system is calibrated using standard suspensions

consisting of polydisperse spherical particles of known refraction index such as

oil globules and glass beads. For every individual cell, different intensities of the

forward and side scattered light are measured depending on their size, shape,

and refraction index. The refraction index is found by fitting the experimental

measurements and comparing with standards suspensions.

Finally, the abundance of refraction index data for various species of phyto-

plankton has been used to correlate the refraction index nλ to the intracellular

carbon concentration in the form [44]

nλ = n0,λ + n1,λCc (3.3)

where n0,λ and n1,λ are constants determined by experimental procedures and
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Cc is the intracellular carbon concentration (in kg/m3). For example, DuRand

and Olson [112] reported n0,λ = 1.02 and n1,λ = 0.000117 for Nannochloris sp.

at 665 nm. Unfortunately, most of the above methods measured the refraction

index at a single wavelength. It then has to be assumed constant over the PAR

for spectral calculations of light transfer in the suspension and estimation of the

average fluence rate available in PBRs and necessary in growth kinetic models

[39, 44, 113, 114].

The intracellular pigments such as chlorophylls and carotenoids are typically

extracted by using organic solvents which penetrates through the cell membrane

and dissolves the lipids to extract pigments [115, 116]. Methanol, acetone, and

ethanol are usually used as the organic solvents in the pigments extraction pro-

cess [117, 118]. Overall, measuring the pigment concentration can be very time

consuming and suffers from various and sometimes large experimental uncertain-

ties [115].

3.2.2.2 Model-Based Measurements

Despite their heterogeneous morphologies, microalgae have typically been treated

as homogeneous with some effective refraction and absorption indices. Stramski

and Mobley [93] experimentally measured the size distributions of various ma-

rine microbial particles and their spectral radiation characteristics in the PAR

region (400 to 700 nm). The experimental data were used as input to an inverse

method developed by Bricaud and Morel [45] to predict the complex refractive

index of the particles under the assumptions that the particles were homogeneous

and spherical. First, the absorption index was determined based on the anoma-

lous diffraction approximation describing the absorption coefficient as a monotonic

function of the absorption thickness parameter defined as p′ = 4χkλ [99,119] where

kλ is the absorption index of the particle and χ = πdsn2/λ is the size parame-

ter previously defined. For any given wavelength and particle size distribution,
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the absorption index was uniquely related to the absorption coefficient. Thus,

for a given wavelength, the absorption index kλ was varied iteratively until the

calculated absorption coefficient matched its experimental value. Calculations

were repeated for each wavelength to obtain the spectral absorption index. On

the other hand, the refraction index nλ was derived through an inverse method

described by Stramski et al. [105]. Here, the Lorentz-Mie theory [98] was used

instead of the anomalous diffraction approximation. The experimental data and

the previously retrieved absorption indices were used as input parameters into the

Lorentz-Mie theory code [98]. The refraction index was varied iteratively until

the calculated extinction coefficient matched its experimental value. It was found

that the measured microbial particles had absorption index ranging between 0

and 0.01 and refraction index between 1.38 and 1.42. The refraction index was

found to vary by less than 5% in the PAR region for all microorganism species

considered.

Pottier et al. [39] adopted a simpler approach to retrieve the refraction and

absorption indices of C.reinhardtii. They measured the normal hemispherical

transmittance of a suspension of C.reinhardtii at 820 nm where they do not absorb.

The corresponding refraction index was found to be 1.527 and assumed to be

constant over the PAR. Then, the authors estimated the spectral absorption index

kλ according to [39]

kλ =
κλλ

4π
=

λ

4π
ρdm

1− xw

xw

N
∑

i=1

Eaiwi (3.4)

where pigment mass fractions wi were estimated experimentally.
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Figure 3.1: Number frequency f(ds) of the equivalent sphere diameter of (a)

C.reinhardtii CC 125 (c=0.989, ǫ=1.149) and its truncated chlorophyll antenna

transformants (b) tla1 (c=0.996, ǫ=1.073), (c) tlaX (c=0.979, ǫ=1.220), and (d)

tla1-CW+ (c=0.986, ǫ=1.173). The equivalent diameter was estimated from Equa-

tion (3.6) and major and minor diameter distributions reported in Figure 2 in

Ref. [3].
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3.3 Analysis

3.3.1 Assumptions

In the present study, the different microalgae were assumed to be spherical. This

assumption simplifies the calculations of their radiation characteristics by using

the Lorentz-Mie theory instead of the T-matrix method. It has been validated by

Quirantes and Bernard [95] and its validity for the microalgae of interest will be

discussed later. Moreover, despite their heterogeneous structure, microalgae were

treated as homogeneous with some effective refraction and absorption indices.

Note that nλ was treated as wavelength-dependent over the PAR, unlike what

previous studies have often assumed [39].

3.3.2 Equivalent diameter and size distribution

The different microalgae were treated as homogeneous spheres with an equiva-

lent diameter such that their surface area was identical to that of their actual

spheroidal shape assumed to be axisymmetric [95, 120, 121]. The polar radius of

an axisymmetric spheroid in the spherical coordinate system is given by [23]

r (θ) =
a

2

(

sin2θ +
a2

b2
cos2θ

)

−1/2

(3.5)

where θ is the polar angle, while a and b are the major and minor diameters,

respectively. The spheroid aspect ratio is defined as ǫ = a/b. Note that ǫ is always

greater than 1.0 since a is the major diameter [23]. The equivalent diameter of

the sphere having the same surface area as the spheroid is given by [23]

ds =
1

2

(

2a2 + 2ab
sin−1e

e

)1/2

where e =
(ǫ2 − 1)

1/2

ǫ
(3.6)

Moreover, the number frequency of equivalent diameter ds denoted by f(ds) is
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defined as,

f(ds) =
N(ds)

∞
∫

o

N(ds)dds

=
N(ds)

NT
(3.7)

where N(ds) is the number of cells per unit volume of suspension having diameter

between ds and ds + dds. The denominator on the right-hand side of Equation

(3.7) is the total cell concentration NT expressed in total number of cells per m3

of suspension.

Berberoğlu et al. [3,51] reported the size distribution for the minor and major

diameters N(a) and N(b) for each C.reinhardtii strain (see Figure 2 in Ref. [3]).

Their average circularity is defined as c = 4π × AS/P
2 where AS and P are the

cell’s surface area and perimeter. The authors used the image analysis software

ImageJ [122] to measure their minor and major diameters assuming the cells to be

2D ellipses. Then, the surface area and perimeter of axisymmetric spheroids were

calculated as AS = πab/4 and P = 2π
√

2 (a2 + b2), respectively. The circularity

of C.reinhardtii CC125, tla1, tlaX, and tla1-CW+ was 0.989, 0.996, 0.979, and

0.986, respectively while their average aspect ratio ǫ was 1.149, 1.073, 1.220, and

1.173, respectively. Their circularity was equal to 0.961, 0.965, and 0.975 while

their average aspect ratio ǫ was 1.333, 1.301, and 1.212, respectively.

Finally, Figure 3.1 shows the number frequency f(ds) of the equivalent diam-

eter ds for C.reinhardtii CC125 and its truncated chlorophyll antenna transfor-

mants. It was calculated from experimentally measured major and minor diame-

ters using Equation (3.6).

3.3.3 Prediction of the Radiation Characteristics of Microalgae

The Lorentz-Mie theory predicts the absorption and scattering cross-sections de-

noted by Cabs,λ(ds) and Csca,λ(ds) (expressed in m2) of an individual spherical cell

of diameter ds with complex index of refraction nλ + ikλ submerged in phosphate

buffered saline (PBS) solution with refraction index nPBS. Then, the absorp-

57



tion coefficient κλ of a microorganism suspension with size distribution N(ds) is

expressed as [42],

κλ =

∞
∫

o

Cabs,λ(ds)N(ds)dds = C̄abs,λNT (3.8)

Similarly, the effective scattering coefficient of the microorganisms σs,λ can be

written as [123],

σs,λ =

∞
∫

o

Csca,λ(ds)N(ds)dds = C̄sca,λNT (3.9)

Here, C̄abs,λ and C̄sca,λ are the average absorption and scattering cross-sections of

the microalgae in suspension (in m2), respectively. These average cross-sections

can effectively be measured for typically polydisperse microalgae population. In

fact, Berberoǧlu et al. [51] measured the average absorption and scattering cross-

sections C̄abs,λ and C̄sca,λ for B. braunii, Chlorella sp., and C. littorale. Thus,

the predictions from Lorentz-Mie theory and Equations (3.8) and (3.9) could be

directly compared with experimental data.

Berberoǧlu et al. [3] measured the average mass absorption and scattering

cross-sections of C.reinhardtii and its mutants denoted by Āabs,λ and S̄sca,λ, ex-

pressed in m2/kg, and defined as

Āabs,λ = κλ/X and S̄sca,λ = σs,λ/X (3.10)

where X is the microorganism concentration expressed in kilogram of dry cell

weight per cubic meter of liquid medium. The average absorption and scattering

cross-sections C̄abs,λ and C̄sca,λ can be calculated from the average mass absorption

and scattering cross-sections Āabs,λ and S̄sca,λ according to [39],

C̄abs,λ = Āabs,λV32ρdm(1− xw) and C̄sca,λ = S̄sca,λV32ρdm(1− xw) (3.11)

where the density of C.reinhardtii and its mutants ρdm was taken as 1350 kg/m3

as reported in the literature [124]. Their mean particle volume V32 was computed
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from their respective Sauter mean diameter as 3.36× 10−16 m3 for CC125, 3.04×

10−16 m3 for tla1, 4.27 × 10−16 m3 for tlaX, and 5.24 × 10−16 m3 for tla1-CW+.

Note that Pottier et al. [39] used a similar value of V32 = 3.19 × 10−16 m3 for

their C.reinhardtii strain. Finally, xw was taken as 0.78 for C.reinhardtii and its

mutants [39].

3.3.4 Optimization Algorithm

Figure 3.2 shows the schematic diagram of the procedure used to simultaneously

retrieve the spectral refraction index nλ and the absorption index kλ. The Lorentz-

Mie theory [89] was employed in the forward model to calculate the spectral

average absorption and scattering cross-sections C̄abs,λ and C̄sca,λ over the PAR.

Various optimization algorithms can be used to efficiently and simultaneously

determine nλ and kλ. The objective is to find the values of these parameters

that minimize the difference between the predicted and experimentally measured

absorption and scattering cross-sections of the microalgal suspension in the least-

square sense. Genetic algorithm can find a global minimum of an objective func-

tion using the concept of evolution theory [125]. A given set of input parameters

[e.g., (nλ, kλ)] is called an individual and each parameter is called a gene. The

numerical procedure starts with a randomly generated population consisting of

numerous individuals. The objective function (or fitness function) is calculated

for each individual of the population and estimates some difference between ex-

perimental measurements and model predictions. Individuals with the largest

value of the objective function are dismissed. Those with the smallest objective

function are selected to form a new population. Breeding of the new generation

consists of producing new individuals by recombination and random mutation of

the genes of an arbitrary pair of individuals. The fitness function is evaluated for

each individual and the procedure is repeated generation after generation until the

objective function falls below a given convergence criterion. This method tends
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Figure 3.2: Block diagram of the procedure used to retrieve the refraction index

nλ and absorption index kλ from the absorption and scattering cross-sections

C̄abs,λ and C̄sca,λ at a given wavelength λ for number frequency f(ds). Individuals

N=120 per generation for a maximum of 50 generations were used. nλ and kλ

were allowed to range from 1.33 to 1.53 and from 10−5 to 0.01, respectively.
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to be slow but it is robust and eventually converges to the global minimum [126].

In the present study, genetic algorithm was implemented using the general pur-

pose function optimization code PIKAIA [127–129]. Here, the spectral refraction

index nλ was assumed to range from 1.33 to 1.53 based on the literature [39,130].

On the other hand, the absorption index kλ was allowed to range from 10−5 to

0.01. For each wavelength, the objective function δλ was defined as,

δλ =

(

C̄abs,λ,pred − C̄abs,λ,exp

C̄abs,λ,exp

)2

+

(

C̄sca,λ,pred − C̄sca,λ,exp

C̄sca,λ,exp

)2

(3.12)

The genetic algorithm used a maximum of 50 generations with population of

P=120 individuals. The convergence criteria was set as δλ < 10−4.

3.3.5 Experimental Uncertainties

Experimentally, the absorption and scattering cross-sections for each species were

measured for three different microalgae concentrations. The maximum experimen-

tal uncertainties, with 95% interval confidence, associated with the absorption and

scattering cross-sections were 6%, 8%, 16%, and 6% for C.reinhardtii CC125, tla1,

tlaX, and tla1-CW+, respectively. These experimental uncertainties propagated

in the retrieved values of nλ and kλ. Thus, for all species, nλ and kλ were retrieved

at wavelengths 435 and 676 nm, corresponding to Chl a absorption peaks, from

the cross-sections C̄abs,λ±∆C̄abs,λ and C̄sca,λ±∆C̄sca,λ where ∆C̄abs,λ and ∆C̄sca,λ

were equal to two standard deviations.

3.4 Results and Discussion

3.4.1 Validation: Retrieving nλ and ds of Monodisperse Latex Particles

Berberoǧlu et al. [3] measured the scattering cross-section, between 400 and 800

nm, of monodisperse polystyrene latex spheres 5 µm in diameter in suspension in

PBS solution. They used the same experimental procedure and analysis as that
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used to measure the radiation characteristics of the different microalgae considered

in the present study. For validation purposes, the previously described inverse

procedure and associated algorithm were used to retrieve the spectral refraction

index as well as the diameter of spherical polystyrene latex particles using the

measured scattering cross-section [3].

First, the absorption index of PBS in the visible was reported to be that of

water [131] which is less than 4.0 ×10−8 [132]. The absorption index of polystyrene

was reported to be less than 5.0×10−3 [133] between 400 and 700 nm. Thus, in the

present study, the absorption index of both polystyrene and PBS were taken as

k = 0.0 used as input parameters in the Lorentz-Mie theory. On the other hand,

the refraction index of both PBS and polystyrene were modeled by the Cauchy

dispersion relation expressed as [134]

nλ = A +
B

λ2
+

C

λ4
(3.13)

For PBS, the parameters APBS, BPBS, and CPBS were taken as APBS = 1.32711,

BPBS = 2.6×10−3 µm2, and CPBS=5.0 ×10−5 µm4 when λ was expressed in

µm [131]. Then, the inverse method simultaneously retrieved the particle diameter

ds and the parameters A, B, and C using the objective function

δλ =

9
∑

i=1

(

C̄sca,λi,pred − C̄sca,λi,exp

C̄sca,λi,exp

)2

(3.14)

where the nine wavelengths λi were uniformly distributed between 400 and 700

nm. The parameters were found to be respectively ds = 5.01 µm, A = 1.5555,

B = 3.911×10−3 µm2, and C = 3.867×10−4 µm4. First, the polystyrene sphere

diameter was retrieved very accurately. The values of parameters A, B, and C

should be compared with those reported by Ma et al. [133] as A = 1.5725, B

= 3.108×10−3 µm2, and C = 3.4779 ×10−4. Comparison (not shown) of the

refraction index of polystyrene retrieved here and that reported by Ma et al. [133]

indicated that the relative error was less than 1.2% for all wavelengths between
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400 and 800 nm. This is in excellent agreement and confirms the validity of the

methodology and the proper implementation of the genetic algorithm.

3.4.2 Retrieved Spectral Complex Index of Refraction of Microalgae

3.4.2.1 C.reinhardtii CC125 and its truncated chlorophyll antenna

transformants tla1, tlaX, and tla1-CW+

This section presents the retrieved spectral complex index of refraction of C.reinhardtii

CC125 and its truncated chlorophyll antenna transformants tla1, tlaX, and tla1-

CW+. The spectral complex index of refraction was retrieved at 36 different

wavelengths uniformly distributed over the spectral region from 400 to 750 nm

with 10 nm increments.

Figures 3.3(a) and 3.3(b) show the retrieved effective refraction and absorption

indices of C.reinhardtii CC 125 between 400 and 750 nm, respectively. Here, the

microalgae were assumed to be spherical with (i) the major diameter number fre-

quency f(a) and (ii) the minor diameter number frequency f(b), or with (iii) the

equivalent diameter number frequency f(ds) shown in Figure 3.1. In all cases, the

retrieved value of nλ of C.reinhardtii CC 125 was slightly dependent on wavelength

but significantly different from the constant value of 1.527 assumed by Pottier et

al. [39]. Instead, the retrieved value of nλ was around 1.36 which is similar to

the refraction index of phytoplanktons reported in the literature [130]. Note that

the effective refraction index retrieved by using the major and the minor diame-

ter number frequency differed from that obtained using the equivalent diameter

distribution by less than 0.3% in the wavelength range considered. Moreover, the

maximum relative differences between the retrieved absorption index kλ using the

equivalent diameter ds and that using the major and the minor diameter distri-

butions was 23%. In other words, the retrieved kλ was more sensitive to the size

distribution than nλ. For both nλ and kλ, the values retrieved using f(a) and f(b)
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Figure 3.3: Comparison of the retrieved refraction and absorption indices between

400 and 750 nm for the green algae C.reinhardtii CC 125 using major, minor, and

equivalent diameter distributions f(a), f(b), and f(ds), respectively.
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provided the upper and lower bounds for those retrieved using f(ds), respectively.

Figure 3.4(a) and (b) respectively compare the effective refraction and ab-

sorption indices for C.reinhardtii CC 125 and its truncated chlorophyll antenna

transformants tla1, tlaX, and tla1-CW+ between 400 and 750 nm. Here, nλ and kλ

were retrieved using the equivalent diameter distribution N(ds). Figure 3.4(a) in-

dicates that nλ ranged between 1.350 and 1.365 between 400 and 750 nm. Overall,

nλ varied slightly from one strain to another. On the other hand, Figure 3.4(b)

clearly shows that the absorption index decreases from CC 125 to tla1-CW+, tla1,

and tlaX corresponding to a reduction in the size of their chlorophyll antenna.

A significant decrease in kλ was apparent for tlaX at wavelength 475 nm corre-

sponding to a decrease in Chl b concentration caused by genetic engineering. In

addition, tla1-CW+ features an absorption index larger than tla1 possibly due to

the presence of a cell wall [38]. It is also interesting to note that (i) the retrieved

nλ and kλ were continuous functions of wavelength and that (ii) the absorption

peaks of in vivo Chl a at 435 and 676 nm and Chl b at 475 and 650 nm were

distinctly apparent. This further provides confidence in the inverse method and

the results since both nλ and kλ were retrieved for each wavelength independently.

Finally, Figure 3.5 compares the spectral absorption and scattering cross-

sections measured experimentally and those predicted by Equation (3.8) using

the Lorentz-Mie theory and the retrieved value of the optical properties of each

C.reinhardtii strains between 400 and 750 nm. It shows excellent agreement at

all wavelengths. The average relative and maximum errors between experimental

measurements and the predictions between 400 and 700 nm were respectively (i)

less than 0.3% and 1.4% for the average absorption cross-section C̄abs,λ and (ii) less

than 0.2% and 0.8% for the average scattering cross-section C̄sca,λ for all strains.
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Figure 3.4: Comparison of the retrieved refraction and absorption indices be-

tween 400 and 750 nm for the green algae C.reinhardtii CC 125 and its truncated

chlorophyll antenna transformants tla1, tlaX, and tla1-CW+ using their number

frequency f(ds).
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Figure 3.5: Comparison of the predicted and experimentally measured [3] average

spectral absorption C̄abs,λ and scattering C̄sca,λ cross-sections of the green algae

C.reinhardtii CC 125 and its truncated chlorophyll antenna transformants tla1,

tlaX, and tla1-CW+. Experimental data [3] for Āabs,λ and S̄sca,λ were converted

to C̄abs,λ and C̄sca,λ using Equations (3.10) and (3.11), respectively.
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3.4.3 Discussion

3.4.3.1 Retrieved Optical Properties

Figures 3.4(a) indicates that the refraction index nλ of all microorganisms fea-

tures a small dip around 676 nm corresponding to a peak in kλ caused by Chl a

absorption. Such a dip was also observed around the same wavelength for various

phytoplankton species as illustrated in Figures 6.14 and 6.20 in Ref. [44]. This can

be attributed to oscillator resonance around 676 nm. It can also be predicted by

optical constant theory such as the Lorentz model [98] or the Helmholtz-Kettler

theory [44]. Figures 3.4 also shows the error bars associated with the retrieved

values of nλ and kλ resulting from the error propagation of uncertainties in the

measured C̄abs,λ and C̄sca,λ. The relative error corresponding to 95% confidence

interval, associated with nλ and kλ was less than 0.1% and 7%, respectively for all

the species considered. The absorption index was more sensitive to the experimen-

tal uncertainties than the refraction index. Nevertheless, the error propagation

from the experimental measurements of C̄abs,λ and C̄sca,λ to the retrieved complex

index of refraction was acceptable.

It is also important to note that the good agreement between measured and

predicted cross-sections C̄abs,λ and C̄sca,λ reported for all species considered could

not be obtained when (i) the refraction index nλ of the microalgae was assumed

to be constant over the PAR and (ii) kλ was retrieved by optimizing the pigment

mass fractions wi for Chl a, Chl b, and PPC in Equation (3.2). In other words,

despite the fact that nλ varies slightly over the PAR, it should not be treated as

constant in predicting the microalgae absorption and scattering cross-sections.

3.4.3.2 Retrieved Pigment Concentrations of Microalgae

The mass fractions of the three pigments Chl a, Chl b, and photoprotective

carotenoids (PPC), denoted by wa, wb, and wPPC, were estimated simultaneously
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Figure 3.6: Comparison between the retrieved absorption index kλ and those

predicted by Equation (3.4) for C.reinhardtii with wa = 16.50 g/kg, wb = 9.68

g/kg, and wPPC = 1.98 g/kg.

from the retrieved absorption index kλ for all species considered. The inverse

method was also based on genetic algorithm and PIKAIA to minimize the objec-

tive function defined as

∆λ =

36
∑

i=1

(

kλi,pred − kλi

kλi

)2

(3.15)

where kλi,pred is the absorption index predicted by Equation (3.4) as a function

of wa, wb, and wPPC. Note that this approach relies on the validity of Equation

(3.4) and the database of in vivo spectral mass absorption coefficient Ea of various

pigments reported in Ref. [2] and shown in Figure 1.2.

Figure 3.6 compares the absorption index previously retrieved and that pre-

dicted by Equation (3.4) for C. reinhardtii CC 125 based on the fitted values wa

= 16.50 g/kg, wb = 9.68 g/kg, and wPPC = 1.98 g/kg. These values are in the
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same range as those measured by Pottier et al. [39] as wa = 14.00 g/kg, wb = 7.00

g/kg, wPPC = 4.50 g/kg. It indicates that the previously retrieved kλ and that

predicted using the fitted pigment mass fractions were in fair agreement despite

the inverse method used to minimize their difference. For example, the relative

error between kλ,pred and kλ for C. reinhardtii CC 125 at the absorption peaks of

Chl a at 435 and 676 nm were 43% and 16%, respectively.

It is important to mention that Equations (3.1) and (3.4) are valid for a hypo-

thetical slab of homogeneous and non-scattering microalgae materials for which

the absorption coefficient is given by κλ = 4πkλ/λ. The present results suggest

that these equations apply only approximately to heterogeneous and spherical or

spheroidal microalgae.

3.4.3.3 Compatibility with T-Matrix Method

The above analysis and results rely on the assumptions that the different mi-

croalgae can be treated as spherical. However, their circularity and aspect ratio

were not exactly unity [3, 51]. Figure 3.6 compares the average absorption and

scattering cross-sections C̄abs,λ and C̄sca,λ for C. reinhardtii CC 125 measured ex-

perimentally with those predicted by the T-matrix method using the retrieved

values of nλ and kλ to assess the validity and consequences of this assumption.

The predictions used (i) the average aspect ratio ǫ=1.149 for C. reinhardtii CC

125, (ii) their equivalent diameter distribution f(ds) shown in Figures 3.1, and

(iii) their refraction and absorption indices retrieved using Lorentz-Mie theory

shown in Figures 3.4. The results show that accounting for the non-sphericity of

microalgae via the T-matrix method had relatively small effect on both C̄abs,λ and

C̄sca,λ. In fact, the maximum relative difference between T-matrix predictions and

experimental data for both C̄abs,λ and C̄sca,λ was 1.8%. Similar or better results

were obtained for the other species since their average aspect ratio was closer to

unity when Lorentz-Mie theory is valid.
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Figure 3.7: Comparison of the prediction by T-matrix and experimental measure-

ment [3] for average spectral absorption C̄abs,λ and scattering C̄sca,λ cross-sections

of the green algae C.reinhardtii CC 125. Experimental data [3] for Āabs,λ and S̄sca,λ

were converted to C̄abs,λ and C̄sca,λ using Equations (3.10) and (3.11), respectively.
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Overall, the effective refraction and absorption indices nλ and kλ retrieved

over the PAR for all species considered in the present study can be used in the

Lorentz-Mie theory or in the T-matrix method along with their size distribution

to accurately predict their radiation characteristics.

3.5 Conclusions

This chapter presented and used a methodology to retrieve the spectral refrac-

tion and absorption indices of biofuel producing microalgae from experimentally

measured average absorption and scattering cross-sections between 400 and 750

nm. The microalgae were treated as spherical particles with equivalent diameter

distributions calculated from experimentally measured major and minor diameter

distributions. An inverse method was developed combining Lorentz-Mie theory

as the forward method and genetic algorithm. The retrieved refraction and ab-

sorption indices were continuous function of wavelength with apparent absorption

peaks corresponding to those of in vivo Chl a and b. These optical properties

can be used to predict the radiation characteristics of the species considered us-

ing Lorentz-Mie theory or the T-matrix method for a given size distribution and

average aspect ratio.
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CHAPTER 4

Radiation Characteristic of Filamentous

Microorganisms

In Chapter 3, the green microalgae C. reinhardtii were spheroidal. However, there

are many other photosynthetic microorganisms with different shapes including

filamentous cyanobacteria. This chapter presents predictions of the radiation

characteristics of filamentous cyanobacteria using the T-matrix method.

4.1 Introduction

Radiation characteristics of suspended microorganisms depend largely on their

size, shape, pigment composition, internal structure, and optical properties [97].

Figure 4.1 shows micrographs of (a) filamentous cyanobacteria A.cylindrica con-

sisting of dozens of connected spherical cells 2-4 µm in diameter and (b) filamen-

tous cyanobacteria A.variabilis with heterocysts and vegetative cells 4-6 µm in di-

ameter. Their morphology could be modeled as connected, aligned, spherical, and

homogeneous cells. Then, their radiation characteristics can be numerically pre-

dicted by the T-matrix method [22]. However, the method is very time consuming

particularly, for the length and size of these microorganisms. Alternatively, from

a radiation standpoint, these microorganisms in a well-mixed suspension could

potentially be modeled as infinitely long and randomly oriented cylinders. Then,

their absorption and scattering cross-sections could be predicted by Lorentz-Mie

theory for cylinders [89]. However, it remains unclear how valid this approach is
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Figure 4.1: Micrographs of (a) filamentous cyanobacteria A.cylindrica [4] and (b)

filamentous cyanobacteria A.variabilis grown in our laboratory [16].
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Figure 4.2: Scattering of incident radiation at incident angle of φ by a infinitely

long cylinder [17].

and what radius the cylinder should have. For example, the radius of the repre-

sentative cylinder could be such that the cylinder features the same surface area

or the same volume as the row of spheres.

4.2 Background

4.2.1 Lorentz-Mie Theory for Infinitely Long Cylinders

The Lorentz-Mie theory used to predict the absorption and scattering cross-

sections of infinitely long cylinders is now well established [98]. Cylinders can

be treated as infinitely long provided that their length L is much larger than their

diameter 2r, i.e., L ≫ 2r [98]. Figure 4.2 illustrates scattering by an infinitely
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long cylinder of radiation incident at an angle φ with respect to the normal of the

cylinder axis [17]. The scattered radiation propagates along the conical surface

defined by the apex angle of π/2− φ. The direction of the scattered radiation is

measured azimuthally relative to the incident radiation by the angle θ. The extinc-

tion and scattering cross-sections, denoted by C ′

ext and C ′

sca, per unit length (in

m2/m) of a single infinitely long cylinder of radius r for a given incident direction

φ are defined as [42]

C ′

ext(mχ, φ) = 2rQext(mχ, φ) =
2λ

π
Re {T (θ = 0)} (4.1)

C ′

sca(mχ, φ) = 2rQsca(mχ, φ) =
λ

π2

∫ 2π

0

i(θ, φ)dθ (4.2)

where m = n + ik is the relative complex index of refraction of the cylinder

with respect to that of the non-absorbing surrounding medium and χ = 2πr/λ is

the cylinder size parameter Here, T (θ) is the scattering amplitude function and

i = |T (θ)|2 is the angular distribution of the scattered intensity. In addition,

Qext(mχ, φ) and Qsca(mχ, φ) are the extinction and scattering efficiency factors,

respectively. The cross-sections C ′

ext(mχ, φ) and C ′

sca(mχ, φ) can be expressed in

terms of the Lorentz-Mie scattering coefficients an and bn expressed in terms of

Bessel and Hankel functions as [42],

C ′

ext(mχ, φ) =
λ

π
Re

{

b0,M + a0,E + 2

∞
∑

n=1

(bn,M + an,E)

}

(4.3)

C ′

sca(mχ, φ) =
λ

π

{

|b0,M |2 + |a0,E |
2 +

∞
∑

n=1

(

|bn,M |2 + |b0,E |
2 + |an,M |2 + |an,E|

2
)

}

(4.4)

Here, subscripts M and E refer to the transverse magnetic and transverse electric

modes, respectively. In addition, the extinction and scattering cross-sections of

infinitely long and randomly oriented cylinders can be found be averaging the

angular cross-sections over the observation hemisphere according to [17]

〈C ′

ext(mχ)〉 =

∫ π/2

0

C ′

ext(mχ, φ)cosφdφ (4.5)
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〈C ′

sca(mχ)〉 =

∫ π/2

0

C ′

sca(mχ, φ)cosφdφ (4.6)

4.2.2 T-matrix Method for Multiple Connected and Aligned Spheres

Particles in combustion processes, atmospheric aerosols, and interstellar dust have

complicated morphologies. Many of these particles are aggregates of simple spher-

ical particles [135]. The T-matrix method has been developed for non-spherical

particles as well as for randomly oriented clusters made of multiple spheres as de-

scribed in details in Ref. [136]. This approach is based on the superposition prin-

ciples. The scattered field from the entire cluster is estimated by summing those

from each of the spheres [136]. The scattered fields in sphere-centered coordinate

are also transformed into cluster-centered coordinates [136]. The cross-sections

for randomly oriented cluster can be obtained by using the matrix relationships

for the scattered and incident field and integrating the incident field over all prop-

agation and polarization directions [22]. The corresponding scattering matrix can

be obtained analytically from operations on the T-matrix [22]. The extinction

cross-section of a cluster of connected and aligned spheres is defined as [136],

〈Cext(mχ)〉 =
λ

2π

Emn

Ekl

(

T 0
mnMklET

0∗
mnMklE

)

(4.7)

where T 0 denotes the cluster-centered complex T-matrix. The indices m and n

are the order and degree of the outgoing wavevector spherical harmonic [135].

In addition, the indices M and E refer to the TM and TE modes, respectively.

The notation * corresponds to the complex conjugate. Moreover, k and l are

indices related to the number of order and degree in the expansion of the scattered

fields [136]. In addition, the scattering cross-section is expressed as [136],

〈Csca(mχ)〉 =
λ

2π
Re

{

T 0
mnMmnM

}

(4.8)
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Table 4.1: Comparison between the results reported in Ref. [17] and those pre-

dicted in this study for the extinction efficiency factor of randomly oriented and

infinitely long cylinders with complex index of refraction m = 2.0+i0.2 in vacuum

and different size parameters.

Size Lee [17] Present study Relative

parameter Qext Qext error

χ = 3 1.809 1.7597 1.7 %

χ = 6 1.809 1.7985 0.6 %

χ = 12 1.7267 1.7431 0.9 %

Mackowski and Mishchenko [22] defined the average scattering and absorption

cross-sections of a cluster of spheres (in m2) as

〈Csca(mχ)〉 = πr2eq,V 〈Qsca〉 and 〈Cabs(mχ)〉 = πr2eq,V 〈Qabs〉 (4.9)

where req,V = rN1/3 is the equivalent radius of a single sphere of volume identical

to that of the cluster of N spheres.

4.3 Validation

The computer codes for (i) Lorentz-Mie theory for randomly oriented and infinitely

long cylinders and (ii) the T-matrix method for randomly oriented multiple con-

nected and aligned spheres used in this study were obtained from Refs. [22, 137]

and were carefully validated, as discussed in this section.

4.3.1 Lorentz-Mie theory for Infinitely Long Cylinders

Lee [17] calculated the extinction efficiency factor Qext of a randomly oriented

and infinitely long cylinder with complex index of refraction m = 2.0 + i0.2 in
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Figure 4.3: Scattering phase function for randomly oriented infinitely long cylin-

ders as a function of the scattering angle for two test cases (1) m = 1.507 + i0.0

and χ = 6.283 and (2) m = 1.05 + i1.08 and χ = 0.684.

vacuum (n=1) for different size parameters χ = 3, 6, and 12. Table 4.1 compares

the extinction efficiency factors between the results reported in Ref. [17] and those

predicted in this study for these size parameters. The relative error was less than

2.0% and, overall, good agreement was found.

Moreover, Lee [138] calculated the scattering phase function of a randomly

oriented and infinitely long cylinder for two cases (1) the cylinder has complex

index of refraction m = 1.507+i0.0 (non-absorbing) and size parameter χ = 6.283

and (2) the cylinder has complex index of refraction m = 1.05 + i1.08 (strongly

absorbing) and size parameter χ = 0.684. In both cases, the surrounding medium

was vacuum. Figure 4.3 shows the scattering phase function for randomly oriented
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and infinitely long cylinders as a function of the scattering angle reported in

Ref. [138] and predicted in this study. Good agreement was found confirming the

validity of the computer code implementing the Lorentz-Mie theory for randomly

oriented infinitely and long cylinders.

4.3.2 T-matrix for Multiple Connected and Aligned Spheres

Table 4.2: Comparison of the absorption and scattering efficiency factors obtained

from the T-matrix code for multiple connected and aligned spheres [22] and from

the code for bispheres [23] for two connected spheres with size parameters χ =

0.01, 0.1, 1.0, and 10.0.

Qabs [22] Qabs [23]

χ = 0.01 1.002 × 10−4 1.002 × 10−4

χ = 0.1 1.002 × 10−3 1.002 × 10−3

χ = 1.0 1.012 × 10−2 1.012 × 10−2

χ = 10.0 9.877 × 10−2 9.877 × 10−2

Qsca [22] Qsca [23]

χ = 0.01 8.353 × 10−12 8.352 × 10−12

χ = 0.1 8.266 × 10−8 8.266 × 10−8

χ = 1.0 3.809 × 10−4 3.809 × 10−4

χ = 10.0 7.421 × 10−2 7.421 × 10−2

The results obtained from the code for bispheres developed in Ref. [23] were

used to validate the T-matrix code for multiple connected and aligned spheres

[22]. Mishchenko and Mackowski [23] compared the elements of Stokes scattering

matrix for randomly oriented prolate spheroids with an aspect ratio of 2 with

those of randomly oriented connected bispheres and calculated the corresponding

absorption and scattering efficiency factors. Here, size parameter was defined
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as χ = 2πr/λ where r is the radius of the spheres and χ varied from 0.01 to

10. Table 4.2 compares the absorption and scattering efficiency factors of two

connected spheres obtained from our T-matrix code [22] and the results reported

in the literature for bispheres [23]. The relative error was very small confirming

the validity of the T-matrix code used in this study.

4.4 Results and Discussion

In order to compare the scattering and absorption cross-sections of a randomly

oriented clusters of connected and aligned N spheres of radius r with those of a

randomly oriented infinitely long cylinders, the cross-sections per unit length (in

m) can be defined as

〈C ′

sca(mχ)〉 =
πr

2N1/3
〈Qsca〉 and 〈C ′

abs(mχ)〉 =
πr

2N1/3
〈Qabs〉 (4.10)

Figure 4.4 shows the absorption and scattering cross-sections per unit length of

randomly oriented clusters of multiple connected and aligned spheres as functions

of the number of spheres. Here, the complex index of refraction of the spheres and

of the equivalent cylinder was m2 = 1.355 + i0.004 while that of the surrounding

medium was m1 = 1.333 + i0.0. Three size parameters were considered namely

χ = 0.01, 0.1, and 1.0. The results were compared with those of a randomly

oriented and infinitely long cylinder with the same complex index of refraction

and equivalent radius req,V =
√

2/3r such that the volume of the cylinders was

identical to that of randomly oriented multiple connected and aligned spheres. In

addition, the results were also compared with those of a randomly oriented and

infinitely long cylinder with surface-equivalent radius req,S = r.

Figure 4.4 indicates that the scattering cross-section of multiple spheres in-

creased as the number of spheres increased for all size parameters considered. In

addition, as the number of sphere increased, the scattering cross-section asymp-

totically converged to that of randomly oriented and infinitely long cylinders with
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Figure 4.4: Scattering and absorption cross-sections 〈C ′

sca〉 and 〈C
′

abs〉 per unit

length (in m) for randomly oriented multiple connected and aligned spheres as a

function of the number of spheres N and for infinitely long cylinders of volume-

equivalent radius for (a, b) χ = 0.01, (c, d) χ = 0.1, and (e, f) χ = 1.0.
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volume-equivalent radius. However, the cross-sections of multiple spheres were

much smaller than those of the randomly oriented and infinitely long cylinder

with surface-equivalent radius.

Moreover, the absorption cross-section of multiple spheres was equal to that of

an infinitely long cylinder with volume-equivalent radius regardless of the number

of spheres. The relative error between the scattering cross-sections of multiple

spheres and those of infinitely long cylinders was less about 4.7, 2.9, and 4.9 %

for N = 3500, 800, and 170 for χ = 0.01, 0.1, and 1.0, respectively. For size

parameters larger than 1.0, twenty or more, connected and aligned spheres can

be approximated as infinitely long cylinders. These results establish that the

radiation characteristics of randomly oriented clusters of multiple connected and

aligned spheres can be approximated as randomly oriented and infinitely long

cylinders with volume-equivalent radius. Then, their radiation characteristics can

be computed using simpler Lorentz-Mie for infinitely long and randomly oriented

cylinders, thus, simplifying significantly the computational effort.

4.5 Conclusions

This chapter presented predictions of the radiation characteristics of multiple con-

nected and aligned spheres. The scattering cross-sections per unit length of ran-

domly oriented clusters of multiple connected and aligned spheres asymptotically

converged to those of randomly oriented infinitely long cylinders. The results es-

tablished that scattering and absorption by randomly oriented clusters of multiple

connected and aligned spheres can be approximated as those of randomly oriented

and infinitely long cylinders with volume-equivalent radius provided that there is

a sufficiently large number of spheres. These results will be useful in retrieving

the optical properties of filamentous cyanobacteria based on a method similar to

that presented in Chapter 3, for example.
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CHAPTER 5

Modeling and Design Guidelines for Outdoor

Photobioreactors

5.1 Introduction

Photobiological carbon dioxide (CO2) fixation and biofuel production have re-

ceived major academic and industrial interest in recent years due to rising concerns

over global warming, fossil fuel cost, as well as energy security. The technology

consists of providing CO2 and sunlight to selected species of microorganisms grown

in photobioreactors. These microorganisms, in turn, grow and may produce (i)

gases such as methane and hydrogen or (ii) lipids which can be converted to liquid

fuels, depending on the species and growth conditions. To achieve economic via-

bility, photobioreactors must be scaling-up and optimized for the mass production

of microorganisms.

5.2 Background

5.2.1 Radiation Transfer in Photobioreactors

The radiative transfer equation (RTE) is an energy balance for the radiation

intensity Iλ(r, ŝ) at location r traveling along direction ŝ. In absorbing, scattering,
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but non-emitting PBRs, the RTE is expressed as [42]

ŝ · ∇Iλ(r, ŝ) = −κλ(r)Iλ(r, ŝ)− σs,λ(r)Iλ(r, ŝ) +
σs,λ(r)

4π

∫

4π

Iλ(r, ŝ)ΦT,λ(ŝi, ŝ)dΩi

(5.1)

where the effective absorption and scattering coefficients of the suspension are

denoted by κλ and σs,λ (in m−1), respectively. The effective scattering phase

function of the suspension is denoted by ΦT,λ(ŝi, ŝ). It represents the probability

that radiation traveling in the solid angle dΩi around direction ŝi will be scattered

into the solid angle dΩ around direction ŝ.

The local spectral fluence rate, denoted by Gλ(r), and the local fluence rate

average over the PAR region between 400 and 700 nm, denoted by GPAR(r),

available to microalgae at location r are respectively defined as [42],

Gλ(r) =

∫

4π

Iλ(r, ŝ)dΩ and GPAR(r) =

∫ 700

400

Gλ(r)dλ (5.2)

The average fluence rate Gav over the entire PBR of volume V can be estimated

from the local PAR-averaged fluence rate GPAR(r) as,

Gav =
1

V

∫

V

GPAR (r) dV =
1

V

∫

V

(
∫ 700

400

Gλ (r) dλ

)

dV (5.3)

5.2.2 Method of solution of the RTE

Various solution methods have been developed to solve the RTE in photobiore-

actors including (i) Beer-Lambert’s law [139,140], (ii) the Schuster-Schwarzschild

two-flux approximation [113, 114, 141], (iii) finite volume method combined with

discrete ordinate method (DOM) [123, 142], and (iv) Monte Carlo method [143,

144].

The two-flux approximation assumes one-dimensional radiation transfer and

can account for in-scattering terms as well as anisotropic scattering [42] and

provides a simple analytical expression for the local spectral fluence rate Gλ(z)
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[113,114]. In cases when the PBR is exposed to both collimated and diffuse irra-

diances Gin,c,λ and Gin,d,λ, the total local spectral fluence rate Gλ(z) (in W/m2)

can be estimated by summing its collimated and diffuse components as [145],

Gλ(z) = Gc,λ(z) +Gd,λ(z) (5.4)

Pottier et al. [39] solved the radiative transfer equation (RTE) using the two-flux

approximation to model light transfer in a one-dimensional flat-plate photobiore-

actor with a transparent front window and a diffusely reflecting back side with

spectral reflectance ρλ. The authors derived an analytical expression for the local

spectral fluence rate Gc,λ(z) (in W/m2) in such PBRs exposed to solar irradi-

ance Gin,c,λ incident onto the photobioreactor at an angle θc with respect to the

surface’s normal direction as [39],

Gc,λ(z)

Gin,c,λ

=

2 sec θc
[ρλ(1 + αλ)e

−δλL − (1− αλ)e
−δλL]eδλz + [(1 + αλ)e

δλL − ρλ(1− αλ)e
δλL]e−δλz

(1 + αλ)2eδλL − (1− αλ)2e−δλL − ρλ(1− α2
λ)e

δλL + ρλ(1− α2
λ)e

−δλL

(5.5)

where the parameters αλ and δλ are expressed as [39],

αλ =

√

Āabs,λ

Āabs,λ + 2bλS̄sca,λ

and δλ = X sec θc

√

Āabs,λ(Āabs,λ + 2bλS̄sca,λ) (5.6)

Here, Āabs,λ and S̄sca,λ are the average mass absorption and scattering cross-

sections (in m2/kg) while X is the microorganism mass concentration X expressed

in kg dry cell weight cells per m3 of suspension (or kg/m3). They are such that [3],

κλ = Āabs,λX and σs,λ = S̄sca,λX (5.7)

The backward scattering fraction, denoted by bλ, is defined as [39],

bλ =

π
∫

π/2

ΦT,λ(θ) sin θdθ (5.8)
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The local diffuse spectral fluence rate Gd,λ(z) can be estimated from Equations

(5.5) and (5.6) by replacing sec θc by a factor 2.

Numerical methods such as finite volume method with DOM [142] and Monte

Carlo method [144] can be used to solve multidimensional RTE in PBRs with

more complex geometries. In the present study, the discontinuous Galerkin (DG)

method will be used to solve the 3D RTE in different PBRs. This method was first

used by Reed and Hill [66] to solve the neutron transport equation. It has recently

been used for solving the radiative transfer equation [68,73,146]. A major feature

of the DG method is that the constraint of the field variable continuity across the

inter-element boundaries in a computational domain is not enforced [73] unlike

in conventional Galerkin method. Thus, the DG method allows for a wide range

of interpolation functions for the solution of many problems, particularly if the

solution has sharp discontinuity in the variable field [68]. Lagrange polynomial

is generally used as the interpolation function in the local finite elements [147].

The nth order of Lagrange polynomial represents the order of DG method referred

to as Pn. A high order accuracy can be achieved by increasing the order of the

DG method [71]. The advantage of the DG method is that (1) it is elementwise

conservative and stable [68], (2) it can use high order accuracy and polynomials

of arbitrary order with a local mesh adaptive algorithm [68], (3) the method can

be applied to structured and unstructured meshes [71]. To accelerate the compu-

tation, the DG method can conveniently be implemented on Graphics Processing

Units (GPU) instead of CPU [146].

5.2.3 Microalgae Growth Kinetics

The time rate of change of microalgae mass concentration X can be modeled

as [148],
dX

dt
= µ̄X (5.9)
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where µ̄ is the average total specific growth rate expressed in hr−1. Various growth

kinetics models have been developed to predict the local specific growth rate µ.

Fouchard et al. [18] expressed the photosynthetic growth rate for C. reinhardtii

as a function of local fluence rate GPAR(r) at location r, accounting for light

limitation and inhibition as

µp(r) = µ0

(

GPAR(r)

KS +GPAR(r) +G2
PAR(r)/KI

)

(5.10)

where µ0 is the so-called maximum specific growth rate while the coefficients KS

and KI are the light half-saturation and inhibition constants, respectively. The

authors also considered reduction in growth rate due to cellular respiration as the

catabolic process. Then, the local total specific grow rate µ(r) can be expressed

as [18]

µ(r) = µp(r)− µs (5.11)

where µs is the respiration rate and was assumed to be constant at all times and

locations [18]. In addition, the average total specific growth rate µ̄ over the PBR

volume can be estimated as [18]

µ̄ =
1

V

∫

V

µ(r)dV (5.12)

Alternatively, Grima et al. [149] used the Monod model in terms of the average

fluence rate Gav [Equation (5.3)] accounting for light limitation to estimate µp

for marine microalgae Isochrysis galbana. The authors also consider a constant

respiration rate. In addition, Barbosa et al. [150] expressed the Monod model

as a function of the average fluence rate Gav to account for light limitation for

green algae Dunaliella tertiolecta. The photosynthetic growth rate as a function

of average fluence rate Gav accounting for light limitation and inhibition was

expressed as [151]

µp(Gav) = µ0

(

Gav

KS +Gav +G2
av/KI

)

(5.13)
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Here also, cellular respiration can be accounted for by defining the average total

specific growth rate as

µ̄′ = µp(Gav)− µs (5.14)

Note that µ̄′ can differ significantly from µ̄ for large microalgae concentrations as

discussed later.

5.2.4 Photobioreactor Modeling

Modeling of PBR typically consists of solving the RTE coupled with a growth

kinetics model. Aiba [143] calculated the light intensity distribution and absorp-

tance in one-dimensional flat-plate photobioreactor with microalgae Rhodopseu-

domonas spheroides using Monte Carlo method. The author considered anisotropic

scattering and neglected reflection at the walls. He compared the absorptance ob-

tained by the Monte Carlo method with that obtained by Beer-Lambert’s law as a

function of cell concentration. Beer-Lambert’s law was found to overestimate the

absorptance in the photobioreactor because it does not consider in-scattering [143].

This was also established in Ref. [16].

Cornet et al. [113] calculated the local fluence rate as a function of dimension-

less thickness within one-dimensional flat-plate photobioreactor with cyanobac-

terium Spirulina platensis using the two-flux approximation. The authors also

coupled light transfer and Monod growth kinetics model to estimate the biomass

volumetric production rate. They introduced the concept of working illuminated

volume which, combined with their models, can be used to retrieve the growth

kinetic parameters. Moreover, Cornet and Albiol [152] calculated the local flu-

ence rate in a one-dimensional flat-plate PBR using the two-flux approximation.

The authors predicted the temporal evolution of biomass concentration of photo-

heterotrophic bacteria Rhodospirillum rubrum using the Monod model. They also

experimentally measured the biomass concentrations in a rectangular PBR as a
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function of time for different carbon sources and incident collimated irradiances.

Good agreement was observed between experimental measurements and model

predictions.

Fouchard et al. [18] cultivated C. reinhardtii in a torus photobioreactor with

continuous injection of N2 and CO2 gases and white light provided by fluorescent

tubes. The authors calculated the light intensity inside the torus photobiore-

actor using the two-flux approximation [39]. They retrieved the parameters of

the kinetics model considering biomass concentration, extracellular sulfur concen-

tration, and intracellular quota. They also examined the model behavior and

sensitivity to different model parameters. Cornet and Dussap [153] experimen-

tally measured the temporal evolution of the biomass concentration of Arthrospira

(Spirulina) platensis in various photobioreactors. The authors calculated the flu-

ence rate using the two-flux approximation [39] and employed the Monod model

[Equation (5.10)] to predicted the biomass concentration as a function of time.

The predicted and experimentally measured biomass concentrations fell within

15% of each other for different shape and volume of photobioreactors and incident

irradiance.

Wheaton and Krishnamoorthy [142] simulated light transfer coupled with fluid

hydrodynamics within an air-lift tubular photobioreactor illuminated from inside

by fluorescent lamps. The authors identified the effects of angular discretization,

scattering phase function, air mass flow rate, and bubble size on the local fluence

rate. They used finite volume method to solve the 3D RTE based on spectrally

averaged incident radiation and radiation characteristics of cyanobacterium Syne-

chococcus sp. over three spectral bands in the PAR region. They concluded that

scattering by bubbles resulted in redistribution of the light but was negligible at

high microalgae concentrations, as previously reported [123].

Murphy and Berberoğlu [154] coupled light transfer with photosynthetic rate

model for C. reinhardtii wild strain and transformant tla1 within plane parallel
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PBR considering photoinhibition. The authors solved the one-dimensional RTE

using the discrete ordinates method with Gaussian quadrature to estimate the

local fluence rate. They calculated the local specific and total oxygen production

as function of optical thickness for different incident irradiances.

Slegers et al. [21] simulated outdoor vertical flat-plate PBRs operated in a

continuous manner and containing Phaeodactylum tricornutum or Thalassiosira

pseudonana. The authors coupled light transfer with growth kinetics model to esti-

mate volumetric daily and yearly biomass productivity. They used Beer-Lambert’s

law to calculate the fluence rate within the PBR and a growth kinetic model based

on pI-curves and accounting for respiration [155]. Here, the average total specific

growth rate was taken as µ̄ [Equation (5.12)]. They investigated the effect of

thickness of PBRs and biomass concentration on the volumetric productivity in

the Netherlands.

Huang et al. [156] simulated annular PBR with Porphyridium cruentum op-

erated in a continuous or batch culture. The authors integrated hydrodynamics,

radiation transfer, and growth kinetics models to predict biomass concentration as

a function of time. The 3D RTE was solved using finite volume method and dis-

crete ordinate method to estimate the light intensity within the annular PBR. The

box model with two boxes was used to account for spectral radiation in normal

diffuse incident irradiance and radiation characteristics of microalgae to estimate

the light intensity within the annular PBR. Good agreement was observed be-

tween the numerically prediction of biomass concentration and experimental data

reported in the literatures [157].

Finally, Pruvost et al. [145] simulated outdoor rectangular PBR exposed to

solar irradiance with cyanobacterium Arthrospira platensis operated in contin-

uous culture. The authors coupled light transfer with growth kinetics model to

estimate areal biomass productivity per unit illuminated surface area. They calcu-

lated the fluence rate using the two-flux approximation and biomass concentration
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for whole-year running. They also identified the effects of the location of PBR

and inclination of PBR surface on the maximum areal biomass productivity. The

location close to equator had larger biomass productivity than other higher lat-

itude location. In addition, the areal biomass productivity with solar tracking

system was larger the that with fixed inclination system.

Previous studies often used spectrally averaged incident irradiance and radia-

tion characteristics [113, 143]. In addition, light transfer in PBRs has frequently

been treated as one-dimensional [39, 113, 153] and estimated using either Beer-

Lambert’s law [21] or the two-flux approximation [113, 114, 141]. Most studies

also considered constant and normally collimated incident irradiance [39,153,158].

However, solar irradiance fluctuates in direction and intensity during the day.

Also, radiation characteristics of microalgae depend strongly on wavelength. In

addition, actual PBRs may have complex geometries for which simplified radiation

model may not be valid. In this study, light transfer was accurately simulated by

solving the three-dimensional RTE on a spectral basis using experimentally mea-

sured spectral radiation characteristics [3]. Both spectral diffuse and collimated

solar irradiances with different incident angle corresponding to different times of

the day were considered. It was coupled with the Monod growth kinetics model

accounting for photolimitation, photoinhibition, and cellular respiration. The flu-

ence rate, biomass concentration, and daily productivity of open ponds, vertical

flat-plate, and tubular PBRs were compared and discussed.

5.3 Analysis

5.3.1 Problem Statement

Algal biomass production in photobioreactors depends on numerous parameters

including (i) the cultivation location, (ii) the day of the year and the time of

the day along with (iii) the corresponding solar irradiance, (iv) the microalgae
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Figure 5.1: Schematic of the (a) open pond, (b) vertical flat-plate, and (c) tubular

photobioreactors simulated in this study along with coordinate systems.
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species, (v) the initial mass concentration, (vi) the photobioreactor geometry,

and (vii) its wall reflection and refraction. The present study simulates light

transfer and microalgae growth in photobioreactors located in Los Angeles, CA

USA (34.04◦N, 118.15◦W). Simulations were performed for open pond, vertical

flat-plate, and tubular photobioreactors. The photobioreactors were aligned along

the north-south direction and exposed to solar irradiance comprised of both a

collimated and a diffuse component. Figure 5.1 shows the geometries, dimensions,

and boundary conditions of the PBRs simulated in this study along with the

associated coordinate systems. The open pond had depth L varying from 0.05 to

1.0 m. The thickness L of the vertical flat-plate PBR ranged from 0.05 to 1.0 m

while the diameter L of the tubular PBR varied from 0.1 to 1.0 m. C. reinhardtii

were simulated for illustration purposes and because its growth kinetic parameters

were known [18].

5.3.2 Assumptions

In order to predict light transfer and the temporal evolution of microalgae con-

centration in the different photobioreactors considered, it was assumed that: (1)

the microalgae were well mixed, randomly oriented, and uniformly distributed in

the photobioreactor. In practice, this is achieved by stirring the PBR with paddle

wheels or gas sparging, for example. (2) The liquid medium was non-emitting

(cold) and non-scattering over the PAR region. (3) The absorption coefficient of

the medium was the same as that of water. (4) The photobioreactor was neither

mass transfer nor nutrient limited and operated at constant temperature. (5) The

radiation characteristics of C. reinhardtii remained the same throughout the day.

(6) The photosynthetic specific growth rate µp was only a function of the local

and average fluence rate available in the PBRs and given by Equations (5.10)

or (5.13). (7) Bubbles potentially used for stirring purposes featured interfacial

area concentration smaller than 450 m−1 so their effect on light transfer could be
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neglected [123].

5.3.3 Governing Equations

The radiation intensity Iλ(r, ŝ) in direction ŝ at location r can be decomposed as

the sum of a collimated Ic,λ(r, ŝ) and a diffuse Id,λ(r, ŝ) component so that [42],

Iλ(r, ŝ) = Ic,λ(r, ŝ) + Id,λ(r, ŝ) (5.15)

The steady-state RTE for the collimated intensity can be written as [42],

ŝ · ∇Ic,λ(r, ŝ) = −κλIc,λ(r, ŝ)− σs,λIc,λ(r, ŝ) (5.16)

Similarly, the steady-state RTE for the diffuse intensity Id,λ(r̂, ŝ) can be written

as [42],

ŝ · ∇Id,λ(r, ŝ) = −κλId,λ(r, ŝ)− σs,λId,λ(r, ŝ) +
σs,λ

4π

∫

4π

Id,λ(r, ŝi)Φλ(ŝi, ŝ)dΩi

+
σs,λ

4π

∫

4π

Ic,λ(r, ŝi)Φλ(ŝi, ŝ)dΩi (5.17)

5.3.4 Radiation Characteristics of C. reinhardtii

The effective absorption coefficient κλ of the suspension can be expressed in terms

of the microorganism mass concentration X as [159],

κλ = κL,λ(1− νX) + Āabs,λX (5.18)

where ν is the specific volume of microorganisms assumed to be equal to 0.001

m3/kg. The absorption coefficient of the liquid phase κL,λ is expressed in m−1 and

given by [42],

κL,λ =
4πkλ
λ

(5.19)

where kλ was taken as the absorption index of water reported by Hale and Querry

[132]. On the other hand, the effective scattering coefficient σs,λ of the suspension
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can be expressed as [43],

σs,λ = S̄sca,λX (5.20)

The average mass absorption and scattering cross-sections Āabs,λ and S̄sca,λ along

with the Henyey-Greenstein asymmetry factor of C. reinhardtii between 400 and

750 nm were reported in the literature [3]. Alternatively, they could have been

predicted by Lorentz-Mie theory using the complex index of refraction retrieved

by Lee et al. [160].

5.3.5 Boundary and Initial Conditions

The solar spectrum incident on Earth depends on the latitude, longitude, and

altitude. In this study, the Simple Model of the Atmospheric Radiative Transfer

of Sunshine (SMARTS) [161] was used to predict the incident collimated and

diffuse solar irradiances at sea level in Los Angeles, CA on June 21 at different

times of the day. Figure 5.2a shows the daily path of the sun on June 21 in Los

Angeles. Figure 5.2b shows examples of the incident collimated and diffuse solar

irradiances, denoted by Gin,c,λ and Gin,d,λ, in the PAR at noon. These irradiances

were used in the boundary conditions necessary to solve Equations (5.16) and

(5.17) according to Ic,λ(rwall, ŝ) = Gin,c,λ and Id,λ(rwall, ŝ) = Gin,d,λ/2π.

The other boundary conditions depend on the PBR geometry. The open pond

was assumed to have transparent top surface and black (ρλ = 0) or diffusely

reflecting (ρλ = 1) bottom and side walls. The panels of the vertical flat-plate

PBR simulated were assumed to be transparent with a constant index of refraction

of 1.49 over the PAR. The tubular PBR was assumed to be transparent and

refraction by the tube wall was ignored.
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Figure 5.2: (a) Schematic of the daily solar trajectory in the Los Angeles sky

on June 21 and (b) collimated Gin,c,λ and diffuse Gin,d,λ solar irradiance spectrum

over the PAR at 12:00 pm.
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5.3.6 Two-Flux Approximation

The analytical expression derived by Cornet et al. [113] for predicting the local flu-

ence rate Gλ(z) in vertical flat-plate PBRs exposed to collimated solar irradiance

with reflecting back wall [Equation (5.5)] can be extended to vertical flat-plate

PBRs with transparent faces, one exposed to direct collimated and diffuse inci-

dent solar irradiance Gin,c,λ and Gin,d,λ and the other exposed only to diffuse solar

irradiance Gin,d,λ. Then, the local spectral fluence rate at time t can be expressed

as

Gλ(z, t) = Gin,c,λ(t)fc(z) +Gin,d,λ(t)fd(z) +Gin,d,λ(t)fd(L− z) (5.21)

where fc(z) is defined as

fc(z) = 2 sec θc(t)
(1 + αλ)e

δλLe−δλz − (1− αλ)e
−δλLeδλz

(1 + αλ)2eδλL − (1− αλ)2e−δλL
(5.22)

and fd(z) is expressed as

fd(z) = 4
(1 + αλ)e

δd,λLe−δd,λz − (1− αλ)e
−δd,λLeδd,λz

(1 + αλ)2eδd,λL − (1− αλ)2e−δd,λL
(5.23)

Here, αλ and δλ are given by Equation (5.6) while δd,λ = 2X
√

Āabs,λ(Āabs,λ + 2bλS̄sca,λ).

Moreover, Berberoğlu et al. [3] reported that the Henyey-Greenstein asymme-

try factor of C. reinhardtii was 0.98 corresponding to strongly forward scattering,

typical of microalgae. Then, the backward scattering fraction bλ given by Equa-

tion (5.8) can be assumed to be zero and αλ ≈ 1. Then, the fluence rate in vertical

flat-plate PBR exposed to collimated and diffuse incident radiation simplifies to

Gλ(z, t) = sec θc(t)Gin,c,λ(t)e
−δλz+2Gin,d,λ(t)e

−δd,λz+2Gin,d,λ(t)e
−δd,λ(L−z) (5.24)

where δλ and δd,λ simplify to δλ = Āabs,λX(t)secθc(t) and δd,λ = 2Āabs,λX(t).

Similarly, the fluence rate in open ponds with reflecting back wall can be expressed

as

Gλ(z, t) = Gin,c,λ(t)fc(z) +Gin,d,λ(t)fd(z) (5.25)
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If αλ ≈ 1, the two-flux approximation for open-ponds simplifies to

Gλ(z, t) = Gin,c,λ(t) sec θc(t)
[

e−δλz + ρλe
−δλ(2L−z)

]

+2Gin,d,λ(t)
[

e−δd,λz + ρλe
−δd,λ(2L−z)

]

(5.26)

These expressions apply also in the case of open ponds with black walls with

ρλ = 0.

5.3.7 Method of solution

5.3.7.1 Discontinuous Galerkin (DG) method

The 3D RTE given by Equations (5.16) and (5.17) were solved numerically for

Iλ(r, ŝ) using the discontinuous Galerkin method.

Sunlight incident on the PBRs consists of a collimated and a diffuse compo-

nent. The direction θc(t) of collimated incidence changed during the course of

the day. Unfortunately, conventional angular discretization methods such as dis-

crete ordinate SN [162] and TN [163] approximations typically use fixed discrete

directions. Therefore, the discretization would need to be changed for simulating

different hours of the day [164]. Discrete ordinate scheme with infinitely small

weight (DOS+ISW) has been proposed as a way to solve problems involving col-

limated radiation [164]. It consists of adding a discrete direction, corresponding

to the direction of collimated irradiance, directly to a conventional discrete or-

dinate quadrature. The weight associated with this new discrete direction is set

to be infinitely small [164]. Thus, the new discrete direction has no effect on

the zeroth, first, and second order moments of the intensity [164]. This method

was employed in this study to simulate the collimated part of sunlight incident

on the PBRs during the course of the day. Finally, unstructured tetrahedral el-

ements were employed for spatial discretization. The number of elements varied

depending on the size of PBRs. The maximum number of elements in simulating

open ponds, vertical flat-plate, and tubular photobioreactors was 95633, 91257,
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and 112464, respectively. The S4 angular discretization, consisting of 6 discrete

ordinate directions per quadrant, was used. The PAR region, defined from 400

to 700 nm, was discretized in 10 nm increments for a total of 31 wavelengths.

To obtain a numerically converged solution of the RTE, the order of the DG

method was increased incrementally from P-1 to P-4 until the difference in the

average total specific growth rate between two consecutive refinements fell below

2%. This criterion was met between P-3 and P-4. Thus, P-3 order was used in all

simulations.

5.3.7.2 Growth kinetics

In the present study, the growth kinetics model described by Equations (5.9) to

(5.12) was used to determine the temporal evolution of microalgae concentration

in photobioreactors. Fouchard et al. [18] measured the average specific growth

rate µ̄ of the green algae C. reinhardtii. The authors estimated the parameters

µ0, µs, KS, and KI to be 0.2274 hr−1, 0.032 hr−1, 81.38 µmol photon m−2· s−1,

and 2500 µmol photon m−2· s−1, respectively for local irradiance GPAR(r) ranging

from 0 to 400 µmol photon m−2· s−1 [18]. Figure 5.3 shows the average total

specific growth rate µ̄ of C. reinhardtii measured experimentally [18,19] and that

predicted by Equations (5.10) to (5.12) using the above parameters. The same

parameters were used in the present study. Here, KS and KI , expressed in µmol

photon m−2· s−1, were converted in W/m2 using the conversion factor, 1 µmol

photon m−2· s−1 ≃ 0.2174 W/m2 over the PAR region [165].

5.3.7.3 Solution Procedure

The mass concentration of microalgae as a function of time was obtained by the

following procedure. First, the initial mass concentration of microalgae was set

as X(t = 0) = X0 at initial time 8:00 am. The corresponding effective absorption
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Figure 5.3: Total specific growth rate µ of C. reinhardtii as function of the local

fluence rate GPAR(r) measured experimentally [18,19] and predicted by Equations

(5.10) and (5.11) with parameters µ0 = 0.2274 hr−1, µs = 0.032 hr−1, KS = 81.38

µmol photon m−2· s−1, and KI = 2500 µmol photon m−2· s−1.

coefficient κλ and the scattering coefficient σs,λ were estimated using Equations

(5.18) and (5.20), respectively. Then, Equations (5.16) and (5.17) were solved for

Iλ,c and for Iλ,d using the DG method. Then, the local fluence rate was estimated

using Equation (5.2). The corresponding local photosynthetic specific growth rate

µp was estimated [Equation (5.10)] and used to calculate the average total spe-

cific growth rate µ̄ [Equation (5.12)] and the microalgae mass concentration X(t)

[Equation (5.9)] at subsequent time. This procedure was repeated by increment

of 2 hours. During that time interval, the local fluence rate and average total

specific growth rate were assumed to be constant. To assess the validity of this

101



assumption, the temporal evolution of the concentration in open ponds was pre-

dicted for 12 hours with initial mass concentration X0 = 0.1 kg/m3 using the

two-flux approximation and the same growth kinetics model. The local fluence

rates obtained for time intervals of 30 minutes, 1 hour, and 2 hours were compared

at 8:00 am, 10:00 am, 12:00 pm (noon), 2:00 pm, 4:00 pm, 6:00 pm, and 8:00 pm.

The maximum relative errors in µ̄(t) and X(t) throughout the day were less than

3% and 2%, respectively. Thus, a 2 hours time increment was judged appropriate

for simulating coupled radiation transfer and microalgae growth kinetics in the

PBR throughout the day.

5.4 Results and Discussion

Simulations were performed for commonly used photobioreactors including (i)

open ponds, (ii) vertical flat-plate, and (iii) tubular PBRs exposed to collimated

and diffuse solar irradiances and containing C. reinhardtii with initial concentra-

tionX0. The local fluence rate was computed as a function of time and the validity

of the two-flux approximation for open pond and flat-plate PBRs was assessed.

In addition, the effects of respiration on the microalgae growth were evaluated.

Finally, the daily biomass productivities of the different PBRs considered were

compared.

5.4.1 Open ponds

5.4.1.1 Fluence rate

Figure 5.4 shows the local PAR-averaged fluence rate GPAR(r) in the east/west

center plane of the open pond with either (a) black or (b) reflecting side and

bottom walls at times 8:00 am, 10:00 am, 12:00 pm (noon), 2:00 pm, and 4:00

pm. Here, the pond diameter D, depth L, and initial mass concentration X0 were
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taken as 2 m, 0.1 m, and 0.1 kg/m3, respectively. By comparing Figures 5.4a

and 5.4b, it is evident that the reflecting walls increased the local fluence rate in

the PBR, particularly before 4:00 pm. However, the relative difference, in terms

of mass concentration X(t), between open ponds with black and reflecting walls

was less than 1% after a day of growth. In both cases, the local fluence rate was

nearly one-dimensional except near the side walls where shadows were apparent in

the early morning and late afternoon. Note that even though, on June 21 in Los

Angeles, the sun rises at 05:42 am and sets at 8:08 pm, the average total specific

growth rate µ̄ at times earlier than 8:00 am and later than 8:00 pm was less than

0.01 hr−1 and growth was negligible.

Moreover, Figure 5.5 compares the local fluence rate GPAR(z) at the centerline

of the open pond with black walls (top) and reflecting walls (bottom) at times

8:00 am, 12:00 pm (noon), and 4:00 pm. It also compares the numerical predic-

tions obtained using the DG method with predictions by the two-flux approxi-

mation [Equation (5.5)] and by the simplified two-flux approximation [Equation

(5.26)]. The average relative difference between the numerical predictions using

DG method with DOS-ISW and the two-flux approximation for GPAR(z) at the

centerline of the open pond ranged between 4 and 10% depending on the time

of the day and the location inside the PBR. However, prediction by the two-flux

approximation was not able to predict the shadow and other multidimensional

effects in the open pond. Moreover, the average total specific growth rate µ̄ pre-

dicted based on Gλ(z) and GPAR(z) predicted by the two-flux approximation fell

within 1 to 7% of its numerically predicted value [Equation (5.12)]. These results

suggest that the two-flux approximation can be used to determine GPAR(z) and

the corresponding µ̄ in open ponds or race ponds with dimensions larger than 2

m when shadow effects become less and less significant. This can be very useful

in the design and real time control and operation of open ponds.
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Figure 5.4: Computed PAR-averaged local fluence rate GPAR(r) on June 21 at

8:00 am, 10:00 am, 12:00 pm, 2:00 pm, and 4:00 pm in the midplane of an open

pond located in Los Angeles, USA (34.04◦N, 118.15◦W) having diameter D = 2

m and depth L = 0.1 m with (a) black walls or (b) reflecting walls for initial mass

concentration X0 = 0.1 kg/m3.
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Figure 5.5: PAR-averaged local fluence rate GPAR(r) predicted on June 21 in Los Angeles, USA (34.04◦N, 118.15◦W) at

8:00 am, 12:00 pm, and 4:00 pm in the centerline of an open pond PBR predicted by (i) DG method with DOS-ISW, (ii)

two-flux approximation [Equation(5.5)], and (iii) simplified two-flux approximation [Equation(5.26)]. The pond featured

black or reflecting walls and had diameter D = 2 m and depth L = 0.1 m for initial mass concentration X0 = 0.1 kg/m3.
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5.4.1.2 Effect of cellular respiration

Figure 5.6 shows (a, b) the average specific growth rate µ̄ and (c, d) the mass

concentration ratio X/X0 of C. reinhardtii as function of time obtained without

and with accounting for cellular respiration in open pond of depth L = 0.1 m with

black walls. The initial mass concentrationsX0 were varied from 0.05 to 1.0 kg/m3.

The local fluence rate Gλ(z) was estimated by the two-flux approximation and the

average specific growth rate was calculated by Equations (5.10) to (5.12). Figures

5.6a and 5.6b indicate that at low initial mass concentration X0 = 0.05 kg/m3, the

relative difference in the specific growth rate without and with respiration varied

between 11 and 21% depending on the time of the day. However, at high initial

mass concentration X0 = 1.0 kg/m3, it varied between 58 and 70%. Therefore,

the effect of cellular respiration on the average specific growth rate was more

significant for high initial mass concentration.

Figures 5.6c and 5.6d show that at low initial mass concentration X0 = 0.05

kg/m3, the mass concentration ratio in the open ponds after 12 hours without

and with respiration increased by a factor of about 4.0 and 5.7, respectively. The

mass concentration achieved accounting for respiration was 30% smaller than when

ignoring respiration. Similar relative decrease in mass concentration was observed

for X0 = 1.0 kg/m3 when accounting for respiration. These results demonstrate

that cellular respiration must be accounted for in simulating coupled light transfer

and growth kinetics in PBRs.

5.4.1.3 Comparison of growth kinetics models

Figure 5.7 compares (a) the average total specific growth rates µ̄ and µ̄′ based on

the average fluence rate [Equation (5.14)] and (b) the corresponding microalgae

mass concentration X(t) as a function of time for open pond with depth L =

0.1 m and initial mass concentration X0 equal to 0.1 and 1.0 kg/m3. The local
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Figure 5.6: Comparison of (a, b) the average specific growth rate µ̄ and (c, d) C.

reinhardtii mass concentration ratio X(t)/X0 as a function of time without and

with respiration for initial mass concentration X0 between 0.05 and 1.0 kg/m3.

The open pond was of depth L = 0.1 m located in Los Angeles, USA (34.04◦N,

118.15◦W) on June 21 and had black walls.
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Figure 5.7: Comparison of (a) the average specific growth rate µ̄ [Equation(5.12)]

and µ̄′ [Equation(5.14)] and (b) the corresponding mass concentrations X(t) for

open pond with depth L = 0.1 m and initial mass concentration X0 = 0.1 and 1.0

kg/m3 located in Los Angeles, USA (34.04◦N, 118.15◦W) on June 21 and having

black walls.
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fluence rate was calculated by the two-flux approximation. At low initial mass

concentration X0 = 0.1 kg/m3, the relative difference between the average total

specific growth rates µ̄ and µ̄′ was less than 5% until 2:00 pm when X(t) was

about 0.2 kg/m3. However, after 2:00 pm, µ̄ and µ̄′ differed by 20% resulting in

mass concentration at 8:00 pm of 0.38 and 0.42 kg/m3, respectively. Furthermore,

at high initial mass concentration X0 = 1.0 kg/m3, µ̄ and µ̄′ were significantly

different throughout the day and the associated final mass concentration at 8:00

pm were 1.2 and 2.5 kg/m3, respectively. The specific growth rate based on the

average fluence rate µ̄′ overestimated the volume-averaged growth rate µ̄ because

it did not account for the local light limitation and/or inhibition since it averages

GPAR(z) over the entire PBR volume. However, at high mass concentration local

light limitation and inhibition can be severe. These results demonstrated that the

more rigorous expression of the average specific growth rate µ̄ given by Equation

(5.12) must be used to predict microalgae growth at high mass concentration.

5.4.1.4 Daily occupied areal productivity

The daily areal biomass productivity of a PBR, expressed in kg/m2/day, is defined

as the mass of microalgae produced after 12 hours of exposure to sunlight per unit

illuminated surface area exposed to collimated solar irradiance. It is expressed as

Pop =
(Xf −X0)V

Stf
=

(Xf −X0)

atf
(5.27)

where S and V are the illuminated surface area and volume of the PBR while Xf is

the final mass concentration and tf is equal to 1 day. The specific illuminated area

of the PBRs, denoted by a (in m−1), is defined as a = S/V [153]. For an open pond

of diameter D, thickness L, and illuminated surface area S = πD2/4, the specific

illuminated area is equal to aop = 1/L. In addition, the initial optical thickness

of open ponds is expressed as βλL = (Āabs,λ + S̄sca,λ)X0L where the average mass

cross-sections Āabs,λ and S̄sca,λ are intrinsic properties of the microalgae species.
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Figure 5.8: Comparison of daily areal biomass productivity per unit footprint

Pf,op of open pond with black walls growing C. reinhardtii as function of X0L

without and with in Los Angeles, USA (34.04◦N, 118.15◦W) on June 21.

Thus, X0L = X0a
−1
op can be considered as representative of the PBR’s initial

optical thickness.

Figure 5.8 shows the daily areal biomass productivity per unit illuminated sur-

face area of the open pond Pop without and with cellular respiration as a function

of X0a
−1
op for depth L varying from 0.05 to 1.0 m and initial concentration X0

between 0.1 and 5.0 kg/m3. It is interesting to note that Pop depended uniquely

on the product X0a
−1
op = X0L and not on X0 and a−1

op = L independently. This

was true regardless of whether respiration was accounted for. Moreover, the daily

areal biomass productivity per unit footprint of open pond Pop without respi-

ration reached a plateau at about 0.07 kg/m2/day for X0a
−1
op larger than 0.05
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kg/m2. However, the daily areal biomass productivity per unit footprint of open

pond Pop with respiration featured a maximum at 0.045 kg/m2/day for X0a
−1
op =

0.035 kg/m2. For X0a
−1
op < 0.035 kg/m2, the incident irradiance was not entirely

absorbed by microalgae as some photons were absorbed at the bottom of the

open pond and were wasted and productivity suffered. By contrast, for X0a
−1
op >

0.035 kg/m2, dark region appeared in the open pond thus decreasing the working

illuminated volume while the effects of respiration became significant [166].

5.4.2 Vertical flat-plate photobioreactor

Light transfer in a vertical flat-plate photobioreactor oriented north-south with

initial mass concentration X0 = 0.1 kg/m3 was simulated over 12 hours. The

vertical flat-plate PBR height H , width W , and thickness L were taken as 2 m, 2

m, and 0.1 m, respectively. The walls were made of 8 mm thick glass panels. The

effect of refraction due to mismatch in refractive indices of the air (n = 1.0), the

reactor walls (n = 1.49), and the C. reinhardtii suspension (n = 1.33) contained in

the PBR was investigated. These refraction indices were assumed to be constant

over the PAR region. Reflection and refraction were estimated using Fresnel’s

equations for optically smooth and specularly reflecting surfaces [42].

Figure 5.9 shows the local PAR-averaged fluence rate GPAR(r) along a vertical

cross-section of a 0.1 m thick flat-plate PBR accounting for refraction, at 8:00 am,

10:00 am, 12:00 pm (noon), 2:00 pm, 4:00 pm, and 6:00 pm. Three-dimensional

effects were apparent between 10:00 am and 2:00 pm when the sun was near its

zenith.

Figure 5.10 shows the PAR-averaged local fluence rate GPAR(x) predicted at

the centerline of the vertical flat-plate at 10:00 am, 2:00 pm, and 6:00 pm (a) with-

out and (b) with refraction by the PBR walls. Accounting for refraction reduced

slightly the local fluence rate due to reflection of the incident solar radiation by
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the glass wall estimated to be around 4%. The relative difference in C. reinhardtii

mass concentration after 12 hours was less than 0.1% when considering or ignoring

refraction. Therefore, refraction of sunlight by the front and back windows of the

PBR had negligible effects on the mass concentration of microalgae and could be

ignored in our simulations.

Figure 5.10 also compares numerical results with predictions from the two-

flux approximation [Equation (5.21)] and the simplified two-flux approximation

[Equations (5.24)]. The maximum relative difference between numerical results

and predictions by the two-flux approximation for the local GPAR(x) without

refraction ranged between 4 and 22% while the relative differences averaged over

the PBR volume were about 2 to 13% depending on the time of the day. The

two-flux approximation tended to overpredict GPAR(x) because it was not able to

predict the shadow and other multidimensional effects.

Moreover, the average total specific growth rate µ̄ estimated using GPAR(x)

predicted by the two-flux approximation [Equation (5.21)] fell within 2 to 10% of

its numerically predicted values. Overall, the two-flux approximation predictions

of GPAR(x) and the corresponding average total specific growth rate µ̄ in vertical

flat-plate PBRs were acceptable. It was used in combination with the Monod

model to predict the daily biomass productivity.

Finally, the average total specific growth rate µ̄ in the vertical flat-plate PBR

was found to be larger than that of an open pond of identical depth with black

walls at all times except at 12:00 pm because the surface area exposed to sunlight

was smaller.
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Figure 5.9: Computed PAR-averaged local fluence rate GPAR(r) at 8:00 am, 10:00

am, 12:00 pm, 2:00 pm, 4:00 pm, and 6:00 pm with refraction by the walls in the

midplane of a vertical flat-plate located in Los Angeles, USA (34.04◦N, 118.15◦W)

having height H = 2 m, width W = 2 m, and thickness L = 0.1 m with initial

mass concentration X0 = 0.1 kg/m3 on June 21.
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Figure 5.10: PAR-averaged local fluence rate GPAR(r) at 10:00 am, 2:00 pm, and 6:00 pm in the centerline of a vertical

flat-plate located in Los Angeles, USA (34.04◦N, 118.15◦W) predicted by (i) DG method with DOS-ISW, (ii) two-flux

approximation [Equation (5.21)], and (iii) simplified two-flux approximation [Equation (5.24)]. The vertical flat-plate (a)

without and (b) with refraction by the walls had height H = 2 m, width W = 2 m, and thickness L = 0.1 m with initial

mass concentration X0 = 0.1 kg/m3. GPAR(r) was predicted on June 21.

114



5.4.3 Tubular photobioreactor

A horizontal tubular photobioreactor oriented in the north-south direction with

initial mass concentration X0 = 0.1 kg/m3 was simulated over 12 hours on June

21. Here, the tubular PBR diameter L was taken as 0.1 m. Figure 5.11 shows

the local PAR-averaged fluence rate GPAR(r) over the cross-section of the pipe at

different times of the day. It shows significant multidimensional effects. A darker

region developed in the center of the tubular PBR under the combined effects of

microalgae growth and the setting of the sun. Given the inherent 2D nature of

this type of PBRs, the two-flux approximation could not be used.

5.4.4 Comparison of daily biomass productivities

The daily areal biomass productivity per unit surface area exposed to collimated

solar irradiance for vertical flat-plate and tubular PBRs, respectively denoted by

Pfp and Ptb (in kg/m2/day), are also defined by Equation (5.27). The specific

illuminated area of flat-plate PBRs of thickness L is expressed as afp = 1/L and

that of tubular PBRs of diameter L is equal to atb = 2/L. In other words,

Pfp =
(Xf −X0)L

tf
and Ptb =

(Xf −X0)L/2

tf
(5.28)

Here also, Xf is the final concentration after a duration tf of one day.

Figure 5.12 shows the daily areal biomass productivity of open ponds Pop,

vertical flat-plate Pfp, and tubular PBRs Ptb as a function of X0a
−1 for different

values of their characteristics length L (i.e., depth, thickness, or diameter) varying

from 0.05 to 1.0 m and initial concentration X0 between 0.0 and 5.0 kg/m3. The

daily areal biomass productivity of vertical flat-plate Pfp was calculated based

on µ̄ estimated with GPAR(x) predicted by the two-flux approximation, ignoring

wall refraction, and accounting for respiration. On the other hand, Ptb was cal-

culated numerically based on GPAR(r) and µ̄. It is interesting to note that the

daily biomass productivities Pop, Pfp, and Ptb nearly overlapped and were unique
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Figure 5.11: Computed local PAR-averaged fluence rate GPAR(r) at 8:00 am,

10:00 am, 12:00 pm, 2:00 pm, 4:00 pm, and 6:00 pm in the cross-section of a north-

south oriented tubular photobioreactor located in Los Angeles, USA (34.04◦N,

118.15◦W) having diameter L = 0.1 m with initial mass concentration X0 = 0.1

kg/m3 on June 21.
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Figure 5.12: Daily areal biomass productivity per unit illuminated surface area

exposed to collimated solar irradiance predicted on June 21 in Los Angeles for open

ponds Pop, vertical flat-plate PBRs Pfp, and tubular PBRs Ptb for C. reinhardtii

as function of X0a
−1 with depth or diameter L varying from 0.05 to 1.0 m and

initial concentration X0 between 0.1 and 5.0 kg/m3. Here, aop = 1/L, afp = 1/L,

and atb = 2/L.

function of X0a
−1. The maximum daily areal productivity per unit illuminated

surface area of these PBRs was Pmax = 0.045 kg/m2/day forX0a
−1 = 0.035 kg/m2.

Note that the fact that the maximum productivity is identical for PBRs with the

same specific illuminated area a irrespective of their geometry has already been

predicted by Cornet and Dussap [153] and experimentally validated by Takache et

al. [158]. Here, we expanded this conclusion by demonstrating that the productiv-

ities per unit of illuminated surface area of PBRs are identical (including at their

maximum) as long as they feature the same value of optical thickness represented

by X0a
−1. These results should be evaluated in combination with the associated
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capital and operational costs [167]. Shading between cultivation systems should

also be considered depending on the specific design configuration.

Finally, the fact that daily biomass productivities Pop, Pfp, and Ptb depend

only on the product X0a
−1 provides a simple and practical way to design (via a)

and to operate these PBRs (via X0) to achieve maximum productivity in batch

mode. However, one may wonder if these results are valid for (i) other types of

PBRs, (ii) for continuous operation, (iii) for different light transfer and growth

kinetic models, and if they are supported by experimental evidences.

5.4.5 Comparison with experimental data and other models

Pruvost et al. [20] cultivated Neochloris oleoabundans in vertical flat-plate air-

lift PBRs operated in continuous mode with different thicknesses L = 0.03 and

0.055 m. The authors also modeled the process using the two-flux approximation

to calculate the fluence rate in the PBRs. The growth kinetics model ignored

photoinhibition but accounted for respiration and for the effect of dilution to

predict the volumetric and areal productivities. The parameters µ0, KS, and µs

were estimated from experimental data as 0.21 hr−1, 90 µmol photon m−2· s−1,

and 0.005 hr−1, respectively. Figure 5.13a shows the experimentally measured

and predicted daily areal biomass productivity of vertical flat-plate air-lift PBRs

reported by Pruvost et al. [20]. First, it indicates that the productivity measured

experimentally had the same order of magnitude as those predicted in this study.

Figure 5.13a also establishes that the areal productivity of continuous air-lift PBRs

was also a unique function of X0a
−1.

Moreover, Figure 5.13b shows the simulation results reported by Slegers et

al. [21] for yearly volumetric biomass production (in kg/m3/year) for vertical flat-

plate PBRs operated in continuous mode with P. tricornutum and T. pseudonana.

Here, the PBR thickness ranged from 0.05 to 0.1 m and concentrations varied
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Figure 5.13: (a) Experimentally measured and predicted daily areal biomass

productivity as a function of X0a
−1 [20] for continuous vertical air-lift flat-plate

PBR of thickness L equals to 3 or 5.5 cm with N. oleoabundans. (b) Collapse of

the predicted yearly volumetric biomass productivity shown in Fig. 3 in Ref. [21]

plotted as function of X0a
−1 for 1 m tall vertical flat-plate PBRs in continuous

operation with L varying from 0.05 to 0.1 m and X0 between 1.0 and 13.0 kg/m3

for P. tricornutum and T. pseudonana.
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between 1.0 and 13.0 kg/m2. It is very interesting to observe that these data

obtained independently using different light and kinetics models collapsed also on

a single line when plotted as a function of X0a
−1, whereas they were scattered

when plotted as a function of L = 1/a (Figure 3 in Ref. [21]).

5.5 Conclusions

This study presented accurate 3D numerical simulations for coupled light transfer

and growth kinetics in the most commonly used PBRs exposed to collimated and

diffuse sunlight in Los Angeles on June 21. The local fluence rate was predicted

on a spectral basis by solving the 3D RTE. The temporal evolution of microalgae

mass concentration was predicted by accounting for light saturation, photolim-

itation, and respiration. In open ponds, the reflecting walls resulted in a more

uniform light distribution and increased the local fluence rate. However, the dif-

ference in overall biomass concentration after 12 hours was negligible. Similarly,

refraction by the container walls, in vertical flat-plate PBRs, had no significant ef-

fect on the microalgae concentration. The study demonstrated that the two-flux

approximation can be used to estimate the local fluence rate in open (or race)

ponds and flat-plate PBRs for all practical purposes including designing, control-

ling, and operating PBRs. The average specific growth rate should be estimated

by volume-averaging the local growth rate [Equations (5.10) to (5.12)] instead of

using the volume-averaging fluence rate Gav [Equations (5.13) and (5.14)]. This

is particularly important for high microalgae concentrations. Cellular respiration

significantly affects the daily productivity and should also be accounted for. Fi-

nally, the daily areal biomass productivity per illuminated surface area was found

to depend uniquely on the initial optical thickness represented by X0a
−1 for open

ponds and tubular PBRs operated in batch mode. Similar results were obtained

for the daily productivity per unit surface area illuminated for flat-plate PBRs.
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What’s more, the same conclusions were drawn by revisiting both experimental

data and numerical simulations reported in the literature for similar and other

PBR types cultivating other microorganisms in continuous mode. The parameter

X0a
−1 is useful and simple for designing (via a) and operating (via X0) these

PBRs at their maximum productivity.
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CHAPTER 6

Conclusions and Recommendations

6.1 Summary

This section summarizes the conclusions of the present study and its contributions

to the development of photobiological carbon dioxide fixation and fuel production.

6.1.1 GPU-Based Radiative Transfer Equation Solver

• High-order discontinuous Galerkin (DG) method was successfully imple-

mented to solve the radiative transfer equation (RTE) with finite volume

(FVM) and discrete ordinates method (DOM) for angular discretization.

• Non-gray gas radiation models such as spectral line-based weighted-sum-of-

gray-gases (SLW) and hybrid SNBCK models were incorporated with DG

method and validated.

• Radiative transfer in various 3D enclosures was modeled with diffusively or

specularly reflecting walls along with diffuse and collimated incident irradi-

ation.

• This study demonstrated that the porting of the DG RTE solver to GPUs

had very attractive computational speedup. The speedup was up to 4.0 com-

pared with comparable CPU computing and increased with increasing DG

scheme order for 3D square enclosure having cold black walls and containing

a gray, absorbing, emitting, and non-scattering medium.
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6.1.2 Spectral Optical Properties of Spherical Green Microalgae C.

reinhardtii CC125 and Its Truncated Chlorophyll Antenna Trans-

formants

• This study presented a methodology to retrieve the spectral refraction and

absorption indices of homogeneous spheres from experimentally measured

average absorption and scattering cross-sections.

• The methodology was demonstrated with unicellular green microalgae be-

tween 400 and 750 nm. The retrieved refraction and absorption indices were

continuous function of wavelength with apparent absorption peaks corre-

sponding to those of in vivo Chl a and b. These optical properties can be

used to predict the radiation characteristics of the species considered using

Lorentz-Mie theory for a given size distribution.

6.1.3 Radiation Characteristics of filamentous Microorganisms

• This study demonstrated that the absorption and scattering cross-sections

per unit length of randomly oriented clusters of multiple connected and

aligned spheres asymptotically approach those of randomly oriented and

infinitely long cylinders with volume equivalent radius as the number of

sphere increased.

6.1.4 Modeling and Design Guidelines for Outdoor Photobioreactors

• This study presented 3D numerical simulations for coupled light transfer and

growth kinetics in commonly used PBRs exposed to collimated and diffuse

sunlight. The temporal evolution of microalgae mass concentration was pre-

dicted by accounting for light saturation, photolimitation, and respiration.

• Open ponds with reflecting walls featured more uniform and larger fluence

123



rates. However, the difference in overall biomass concentration after 12

hours was negligible.

• Refraction by the container walls, in vertical flat-plate PBRs, had no signif-

icant effect on the microalgae growth and final concentration.

• The two-flux approximation can be used to estimate the local fluence rate

in open (or race) ponds and flat-plate PBRs with good accuracy.

• For a given microorganism species, the daily areal biomass productivity per

illuminated surface area was found to depend uniquely on the initial optical

thickness represented by X0a
−1 for open pond and vertical flat-plate and

tubular PBRs operated in batch mode.

• The results were also valid for experimental data and numerical simulations

reported in the literature for various PBRs cultivating other microorganisms

in continuous mode.

6.2 Recommendations for Future Research

Recommendations for future research on photobiological carbon dioxide fixation

and fuel production are as follows.

6.2.1 GPU-Based Radiative Transfer Equation Solver

• Line-by-line (LBL) model provides detailed spectral values of transmissiv-

ity and absorption coefficient. This model is more accurate than narrow

band model and can be combined easily with the radiative transfer equa-

tion solver. Obviously, solving the radiative transfer equation line-by-line

requires a significant amount of time compared with the narrow band model.
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However, computational time can be dramatically reduced by using GPU

computing. If the line-by-line calculations using GPU can take as much time

as narrow band calculations with central processing unit (CPU), the combi-

nation will provide an accurate method for a reasonable computational time

without any approximation in the gas radiation models.

6.2.2 Spectral Optical Properties of Spherical Green Algae C. rein-

hardtii and Its Truncated Chlorophyll Antenna Transformants

• The mass fractions of the three pigments Chl a, Chl b, and photoprotective

carotenoids (PPC) were retrieved from the retrieved absorption index kλ

using Equation (3.4). The previously retrieved kλ and that predicted using

the fitted pigment mass fractions were in fair agreement. It indicates that

a new model is required to predict the accurate absorption index with mass

fractions of the pigments.

• The lipid content in microorganisms is a very important parameter to se-

lect promising species for biofuel production. However, the extraction and

measurement of lipid content are difficult and time-consuming. Therefore,

the retrieved refraction index could be used to estimate the lipid content

of microorganisms. Equation (3.3) could be further developed for not only

intracellular carbon concentration but also lipid content.

6.2.3 Radiation Characteristics of Filamentous Microorganisms

• Current version of the T-matrix code [22] cannot predict the radiation char-

acteristics with size parameters larger than 10. However, many microor-

ganisms and various aggregates of spherical particles feature large size pa-

rameter. Therefore, the code needs to be modified to handle large size

parameters.
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• Based on the results of the present study, the refractive and absorption

indices of filamentous cyanobacteria should be retrieved by combining the

Lorentz-Mie theory code for infinitely long and randomly oriented cylinders

with the inverse mathod developed in Chapter 3.

6.2.4 Modeling and Design Guidelines for Outdoor Photobioreactors

• Photobioreactors containing microorganisms are often assumed to be well

mixed so that the microorganism mass concentration is uniform. That is

likely valid for benchtop or laboratory scale photobioreactors. However,

achieving uniform mixing is an important challenge for large scale PBRs.

Then, the local mass concentration of microalgae in the PBR can be pre-

dicted by coupling not only the radiative transfer and growth kinetics solver

but also a computational fluid dynamics (CFD) solver able to predict the tur-

bulent mixing. Then, the flow rate of medium, mass concentration, mixing

mechanism, and the PBR geometries can be optimized to achieve maximum

productivity.

• PBRs are often assumed to be operated at constant temperature. In fact,

PBRs should be maintained at optimum temperature to achieve maximum

productivity. However, outdoor PBRs suffer from large temperature fluc-

tuation during the day. Solar radiation and weather cycle can significantly

affect the temperature of PBRs [168]. These temperature fluctuations also

influence the growth kinetics [169]. Therefore, the controls of temperature

such as cooling and heating are needed for the maximum productivity. The

temperature of PBRs could be predicted and optimized by using radiative

and convective heat transfer analysis.
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APPENDIX A

Spectral Optical Properties Data of microalgae

A.1 Chlamydomonas reinhardtii CC125

Table A.1: Spectral Optical Properties Data of Chlamydomonas reinhardtii

CC125 in the spectral range from 400 to 750 nm.

λ (nm) nλ kλ λ (nm) nλ kλ

400 1.35677 0.00347 510 1.35545 0.00208

410 1.35525 0.00411 520 1.35621 0.00132

420 1.35406 0.00464 530 1.35650 0.00094

430 1.35303 0.00516 540 1.35671 0.00083

436 1.35257 0.00535 550 1.35685 0.00079

440 1.35257 0.00535 560 1.35701 0.00080

450 1.35327 0.00469 570 1.35709 0.00095

460 1.35321 0.00446 580 1.35708 0.00113

470 1.35281 0.00466 590 1.35719 0.00130

476 1.35266 0.00474 600 1.35732 0.00141

480 1.35274 0.00470 610 1.35736 0.00159

490 1.35331 0.00423 620 1.35751 0.00179

500 1.35441 0.00315 630 1.35758 0.00188

Continued on next page
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Table A.1 – continued

λ (nm) nλ kλ λ (nm) nλ kλ

640 1.35746 0.00227 700 1.36172 0.00082

650 1.35694 0.00331 710 1.36257 0.00028

660 1.35654 0.00411 720 1.36311 0.00012

670 1.35545 0.00564 730 1.36356 0.00005

676 1.35544 0.00593 740 1.36393 0.00005

680 1.35597 0.00563 750 1.36449 0.00001

690 1.35939 0.00264

A.2 Chlamydomonas reinhardtii tla1

Table A.2: Spectral Optical Properties Data of Chlamydomonas reinhardtii tla1

in the spectral range from 400 to 750 nm.

λ (nm) nλ kλ λ (nm) nλ kλ

400 1.35761 0.00200 476 1.35466 0.00267

410 1.35665 0.00244 480 1.35474 0.00264

420 1.35576 0.00282 490 1.35511 0.00230

430 1.35503 0.00317 500 1.35571 0.00167

436 1.35457 0.00330 510 1.35635 0.00107

440 1.35457 0.00327 520 1.35671 0.00066

450 1.35507 0.00278 530 1.35700 0.00049

460 1.35501 0.00256 540 1.35721 0.00040

470 1.35461 0.00266 550 1.35725 0.00041

Continued on next page
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Table A.2 – continued

λ (nm) nλ kλ λ (nm) nλ kλ

560 1.35741 0.00041 670 1.35725 0.00314

570 1.35749 0.00049 676 1.35734 0.00330

580 1.35768 0.00058 680 1.35797 0.00311

590 1.35779 0.00067 690 1.36059 0.00143

600 1.35782 0.00073 700 1.36232 0.00043

610 1.35796 0.00084 710 1.36277 0.00015

620 1.35811 0.00095 720 1.36311 0.00005

630 1.35818 0.00099 730 1.36336 0.00002

640 1.35816 0.00120 740 1.36362 0.00001

650 1.35804 0.00173 750 1.36409 0.00001

660 1.35784 0.00221

A.3 Chlamydomonas reinhardtii tlaX

Table A.3: Spectral Optical Properties Data of Chlamydomonas reinhardtii tlaX

in the spectral range from 400 to 750 nm.

λ (nm) nλ kλ λ (nm) nλ kλ

400 1.35781 0.00325 440 1.35447 0.00556

410 1.35685 0.00397 450 1.35497 0.00463

420 1.35586 0.00465 460 1.35491 0.00429

430 1.35503 0.00530 470 1.35461 0.00445

436 1.35457 0.00557 476 1.35456 0.00448

Continued on next page
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Table A.3 – continued

λ (nm) nλ kλ λ (nm) nλ kλ

480 1.35464 0.00441 630 1.35808 0.00159

490 1.35501 0.00385 640 1.35826 0.00193

500 1.35571 0.00281 650 1.35794 0.00280

510 1.35635 0.00181 660 1.35774 0.00358

520 1.35691 0.00114 670 1.35715 0.00515

530 1.35730 0.00083 676 1.35724 0.00543

540 1.35721 0.00071 680 1.35777 0.00514

550 1.35735 0.00068 690 1.36049 0.00234

560 1.35751 0.00069 700 1.36222 0.00076

570 1.35749 0.00082 710 1.36287 0.00025

580 1.35768 0.00097 720 1.36331 0.00015

590 1.35779 0.00109 730 1.36376 0.00008

600 1.35792 0.00119 740 1.36423 0.00004

610 1.35796 0.00134 750 1.36459 0.00002

620 1.35811 0.00152

A.4 Chlamydomonas reinhardtii tla1-CW+

Table A.4: Spectral Optical Properties Data of Chlamydomonas reinhardtii tla1-

CW+ in the spectral range from 400 to 750 nm.

λ (nm) nλ kλ λ (nm) nλ kλ

400 1.35677 0.00347 410 1.35525 0.00411

Continued on next page
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Table A.4 – continued

λ (nm) nλ kλ λ (nm) nλ kλ

420 1.35406 0.00464 590 1.35719 0.00130

430 1.35303 0.00516 600 1.35732 0.00141

436 1.35257 0.00535 610 1.35736 0.00159

440 1.35257 0.00535 620 1.35751 0.00179

450 1.35327 0.00469 630 1.35758 0.00188

460 1.35321 0.00446 640 1.35746 0.00227

470 1.35281 0.00466 650 1.35694 0.00331

476 1.35266 0.00474 660 1.35654 0.00411

480 1.35274 0.00470 670 1.35545 0.00564

490 1.35331 0.00423 676 1.35544 0.00593

500 1.35441 0.00315 680 1.35597 0.00563

510 1.35545 0.00208 690 1.35939 0.00264

520 1.35621 0.00132 700 1.36172 0.00082

530 1.35650 0.00094 710 1.36257 0.00028

540 1.35671 0.00083 720 1.36311 0.00012

550 1.35685 0.00079 730 1.36356 0.00005

560 1.35701 0.00080 740 1.36393 0.00005

570 1.35709 0.00095 750 1.36449 0.00001

580 1.35708 0.00113
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[123] H. Berberoğlu, J. Yin, and L. Pilon, “Simulating light transfer in a bubble
sparged photobioreactor for simultaneous hydrogen fuel production and CO2

mitigation”, International Journal of Hydrogen Energy, vol. 32, pp. 2273–
2285, 2007.

[124] E. Eroglu and A. Melis, ““density equilibrium” method for the quantitative
and rapid in situ determination of lipid, hydrocarbon, or biopolymer content

142



in microorganisms”, Biotechnology and Bioengineering, vol. 102, pp. 1406–
1415, 2009.

[125] T. Baeck, Genetic Algorithms in Theory and Practice, The Oxford Univer-
sity Press, Oxford, UK, 1996.

[126] P. Charbonneau, “Genetic algorithms in astronomy and astrophysics”, The
Astrophysical Journal, vol. 101, pp. 309, 1995.

[127] P. Charbonneau and B. Knapp, “A User’s guide to PIKAIA 1.0”, Tech.
Rep. NCAR Technical Note 418+IA, National Center for Atmospheric Re-
search, 1995.

[128] P. Charbonneau, “An Introduction to Genetic Algorithms for Numerical
Optimization”, Tech. Rep. NCAR Technical Note 450+IA, National Center
for Atmospheric Research, 2002.

[129] P. Charbonneau, “Release Notes for PIKAIA 1.2”, Tech. Rep. NCAR
Technical Note 451+STR, National Center for Atmospheric Research, 2002.

[130] A. Morel and A. Bricaud, “Inherent optical properties of algal cells including
picoplankton: Theoretical and experimental results”, In Photosynthetic
picoplankton. Can. Bull. Fish. Aquat. Sci., pp. 521–560, 1986.

[131] O. Zhernovaya, O. Sydoruk, V. Tuchin, and A. Douplik, “The refractive
index of human hemoglobin in the visible range”, Physics in Medicine and
Biology, vol. 56, pp. 4013–4021, 2011.

[132] G.M. Hale and M.R. Querry, “Optical constants of water in the 200-nm to
200-µm wavelength region”, Applied Optics, vol. 12, pp. 555–563, 1973.

[133] X. Ma, J.Q. Lu, R.S. Brock, K.M. Jacobs, P. Yang, and H.H. Hu, “Deter-
mination of complex refractive index of polystyrene microspheres from 370
to 1610 nm”, Physics of Medical Biology, vol. 48, pp. 4165–4172, 2003.

[134] I. D. Nikolov and C. D. Ivanov, “Optical plastic refractive measurements
in the visible and the near-infrared regions”, Applied Optics, vol. 39, pp.
2067–2070, 2000.

[135] D.W. Mackowski and M.I. Mishchenko, “Calculation of the t matrix and the
scattering matrix for ensembles of spheres”, Journal of the Optical Society
of Americal A, vol. 13, pp. 2266–2278, 1996.

[136] D.W. Mackowski, “Calculation of total cross sections of multiple-sphere
clusters”, Journal of the Optical Society of Americal A, vol. 11, no. 11, pp.
2851–2861, 1994.

143



[137] H.A. Yousif and E. Boutros, “A FORTRAN code for the scattering of EM
plane waves by an infinitely long cylinder at oblique incidence”, Computer
Physics Communications, vol. 69, pp. 406 – 414, 1992.

[138] S.C.Lee, “Scattering phase function for fibrous media”, International Jour-
nal of Heat and Mass Transfer, vol. 33, pp. 2183–2190, 1990.

[139] J. Pruvost, J. Legrand, P. Legentilhomme, and A. Muller-Feuga, “Simula-
tion of microalgae growth in limiting light conditions: Flow effect”, AIChE
Journal, vol. 48, pp. 1109–1120, 2002.

[140] F.G. Acién Fernández, F. Garćıa Camacho, J.A. Sánchez Pérez,
J.M. Fernández Sevilla, and E. Molina Grima, “A model for light distri-
bution and average solar irradiance inside outdoor tubular photobioreactors
for the microalgal mass culture”, Biotechnology and Bioengineering, vol. 55,
pp. 701–714, 1997.

[141] J.-F. Cornet, C.G. Dussap, P. Cluzel, and G. Dubertret, “A structured
model for simulation of cultures of the cyanobacterium Spirulina platensis
in photobioreactors: II. Identification of kinetic parameters under light and
mineral limitations”, Biotechnology and Bioengineering, vol. 40, pp. 826–
834, 1992.

[142] Z.C. Wheaton and G. Krishnamoorthy, “Modeling radiative transfer in pho-
tobioreactors for algal growth”, Computers and Electronics in Agriculture,
vol. 87, pp. 64 – 73, 2012.

[143] S. Aiba, “Growth kinetics of photosynthetic microorganisms”, Advances in
Biochemical Engineering/Biotechnology, vol. 23, pp. 85–156, 1982.

[144] J. Dauchet, S. Blanco, J.-F. Cornet, M. El Hafi, V. Eymet, and R. Fournier,
“The practice of recent radiative transfer Monte Carlo advances and its
contribution to the field of microorganisms cultivation in photobioreactors”,
Journal of Quantitative Spectroscopy and Radiative Transfer, pp. –, 2012.

[145] J. Pruvost, J. F. Cornet, V. Goetz, and J. Legrand, “Theoretical investiga-
tion of biomass productivities achievable in solar rectangular photobioreac-
tors for the cyanobacterium arthrospira platensis”, Biotechnology Progress,
vol. 28, pp. 699–714, 2012.

[146] X. He, E. Lee, L. Wilcox, R. Munipalli, and L. Pilon, “A high-order ac-
curate GPU-based radiative transfer equation solver for combustion and
propulsion applications”, Numerical Heat Transfer Part B-fundamentals,
2012 (accepted).

[147] J.S. Hesthaven and L. Koblinger, Nodal Discontinuous Galerkin Methods:
Algorithms, Analysis, and Applications, Springer, New York, NY, 2007.

144



[148] I.J. Dunn, E. Heinzle, J. Ingham, and J.E. Prenosil, Biological Reaction
Engineering: Dynamic Modelling Fundamentals with Simulation Examples,
Wiley-VCH, 2nd edition, 2003.

[149] E.M. Grima, J.M.F. Sevilla, J.A.S. Perez, and F.G. Camacho, “A study
on simultaneous photolimitation and photoinhibition in dense microalgal
cultures taking into account incident and averaged irradiances”, Journal of
Biotechnology, vol. 45, pp. 59 – 69, 1996.

[150] M.J. Barbosa, J. Hoogakker, and R.H. Wijffels, “Optimisation of cultivation
parameters in photobioreactors for microalgae cultivation using the A-stat
technique”, Biomolecular Engineering, vol. 20, pp. 115–123, 2003.

[151] J.A. Asenjo and J.C. Merchuk, Bioreactor System Design, Marcel Dekker,
New York, NY, 1995.

[152] J.F. Cornet and J. Albiol, “Modeling photoheterotrophic growth kinetics
of Rhodospirillum rubrum in rectangular photobioreactors”, Biotechnology
Progress, vol. 16, pp. 199–207, 2000.

[153] J.F. Cornet and C.G. Dussap, “A simple and reliable formula for assessment
of maximum volumetric productivities in photobioreactors”, Biotechnology
Progress, vol. 25, pp. 424–435, 2009.
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