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Abstract As theuseof viscoelasticmaterials becomes
increasingly popular, stability of viscoelastic structures
under random loads becomes increasingly important.
This paper aims at studying the asymptotic stability of
viscoelastic systems under Gaussian and Poisson white
noise excitations with Lyapunov functions. The vis-
coelastic force is approximated as equivalent stiffness
and damping terms. A stochastic differential equation
is set up to represent randomly excited viscoelastic sys-
tems, fromwhich aLyapunov function is determinedby
intuition. The time derivative of this Lyapunov function
is then obtained by stochastic averaging. Approximate
conditions are derived for asymptotic Lyapunov sta-
bility with probability one of the viscoelastic system.
Validity and utility of this approach are illustrated by a
Duffing-type oscillator possessing viscoelastic forces,
and the influence of different parameters on the stability
region is delineated.
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1 Introduction

Viscoelasticity occurs in modern materials such as
polymers, composites and alloys. A viscoelastic mate-
rial can store energy due to its elasticity, and it can
also dissipate energy through damping. In order to
use these new materials at elevated temperatures with
confidence, it is necessary to develop techniques for
the analysis of viscoelastic structures under random
loads [1,2]. Zhu and Cai [3] studied the response of
a viscoelastic system under broad-band random exci-
tations using the quasi-conservative averaging. Zhao et
al. [4] investigated the stochastic stationary responses
of a viscoelastic system with impacts under additive
Gaussian white noise excitation using stochastic aver-
aging method. Later, Wang et al. [5] and Zhao et al. [6]
extended thismethod to explore responses of viscoelas-
tic systems under additive and multiplicative random
excitations.

Due to the existence of cyclic loads associated with
earthquakes, high winds, or sea waves, the stability of
viscoelastic systems has also been gained much atten-
tion in the literature [7–9]. The central issue in stability
is the deviation of system response from an equilibrium
or stationary state over time. There are many defini-
tions of stochastic stability in the classical literature, for
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1580 X. Li et al.

example Lyapunov stability with probability one, sta-
bility in probability, and stability in pth mean [10,11].
This paper is concerned with Lyapunov stability with
probability one.

There are two common methods for investigating
Lyapunov stability with probability one. They are,
respectively, the method of largest Lyapunov exponent
and the method of Lyapunov functions. The largest
Lyapunov exponent, evaluated from an Itô stochas-
tic differential equation, was first described by Khas-
minskii [12]. Using the largest Lyapunov exponents,
the stability of certain two-dimensional systems under
white noise orwideband excitationswere obtained [13–
15]. Later, Ariaratnam et al. [16], Zhu [17], and Liu et
al. [18,19] extended this study to obtain the largest Lya-
punovexponents of higher-dimensional systems.Using
a combination of the method of averaging and the tech-
nique of Khas’minskii, Ariaratnam et al. [16] studied
the almost-sure asymptotic stability of a class of cou-
pled multi-degree-of-freedom systems subject to para-
metric excitation of small intensity. Zhu [17] examined
the largest Lyapunov exponent of quasi-non-integrable
Hamiltonian systems under Gaussianwhite noise. Sub-
sequently, Liu et al. [18,19] used this method success-
fully to study stochastic stability of different Hamilto-
nian systems under Gaussian and Poisson white noise
excitations.

A second major technique for studying Lyapunov
stability with probability one is the Lyapunov function
method. A Lyapunov function is a scalar real function,
and it is often necessary to evaluate its derivative to
deduce the stability of the equilibrium position. Simi-
lar to the largest Lyapunov exponent method, a com-
bination of stochastic averaging and Lyapunov func-
tions is also an efficient procedure to evaluate stochas-
tic stability [20–22]. The asymptotic Lyapunov sta-
bility with probability one for quasi-Hamiltonian sys-
tems with Gaussian white noise was studied by Huang
et al. [20], where the Hamiltonian was taken as the
Lyapunov function. Ling et al. [21] adopted a spe-
cific linear combination of subsystem energies as the
Lyapunov function and then obtained sufficient con-
ditions for stochastic stability with probability one.
Liu and Zhu [22] employed Lyapunov functions to
study the asymptotic Lyapunov stability with probabil-
ity one of multi-degree-of-freedom quasi-Hamiltonian
systems subject to parametric excitations of combined
Gaussian and Poisson white noises. However, stochas-
tic stability of viscoelastic system subject to combined

Gaussian and Poisson white noise excitations has not
been reported in the open literature.

The objective of this paper is to conduct stability
analysis of stochastic viscoelastic systems. The paper
is organized as follows. In Sect. 2, the governing equa-
tion of viscoelastic systems and a brief description of
Poisson white noise are given. A viscoelastic force is
replaced as a sum of stiffness and damping forces in
Sect. 3, and an Itô-type stochastic differential equation
is set up to describe viscoelastic systems. A Lyapunov
function of viscoelastic systems is constructed and suf-
ficient conditions of stability with probability one are
obtained in Sect. 4. In Sect. 5, an example involving a
Duffing-type oscillator is given to illustrate the valid-
ity and application of the proposed method. Finally,
conclusions are summarized in Sect. 6.

2 Problem statement

In modeling randomly excited viscoelastic systems, a
general equation of motion is

ẍ + ε2g (x, ẋ) + ε2u (x) + ε2Z

= ε

n1∑

k=1

f1k(x, ẋ)ξk(t) + ε

n2∑

l=1

f2l (x, ẋ) ηl(t), (1)

where g(x, ẋ) represents damping force, u(x) non-
linear stiffness force, Z the viscoelastic force, and ε

is a small parameter. The functions f1k(x, ẋ)

(k =1, 2, . . . , n1) are twicedifferentiable, and f2l(x, ẋ)

(l = 1, 2, . . . , n2) are infinitely differentiable, ξk(t)
(k = 1, 2, . . . , n1) are Gaussian white noises with zero
mean and correlation functions E[ξk(t)ξm(t + τ)] =
2Dkmδ(τ )(k, m = 1, 2, . . . , n1) and ηl(t)(l = 1, 2,
. . . , n2) are independent Poisson noises with zero
mean. Stability of Eq. (1) is the focus of this paper.

Poisson white noises ηl(t) are sequence of impulses
arriving at Poisson times:

ηl(t) =
Nl (t)∑

p=1

Ylpδ(t − tp), l = 1, 2 . . . , n2, (2)

where Nl(t) are a homogeneous Poisson counting pro-
cesses with mean arrival rate λl > 0, which denote the
number of pulses in the time interval [0, t). In the above
equations, δ(·) is a delta function, and Ylp are inde-
pendent and identically distributed random variables
representing the impulse amplitudes, which are inde-
pendent of the pulse occurring time tp. Poisson white
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noises ηl(t) can be considered as formal derivatives of
the following compound Poisson processes [22,23],

Cl(t) =
Nl (t)∑

p=1

YlpU (t − tp), (3)

where U (·) is unit step function. The compound Pois-
son processes in Eq. (3) are defined as [23,26]

Cl(t) =
∫ t

0

∫

Yl

Yl Ml(dt, dYl), (4)

where Ml(dt, dYl) are the Poisson random measures
and Yl denote the Poisson mark spaces. The r -order
correlation functions of Poisson white noises have the
following forms

Rr [ηl (t1) , ηl (t2) , . . . , ηl (tr )]

= λl E
[
Y r

l

]
δ (t2 − t1) . . . δ (tr − t1) ,

r = 2, 3, . . . ∞. (5)

The powers and j th moments of dCl(t) are

(dCl(t))
j =

∫

Yl

Y j
l Ml (dt, dYl) ,

E[(dCl(t))
j ] = λl E

[
Y j

l

]
dt. (6)

A detailed description of Poisson white noise is given
in [23–26].

3 Stochastic differential equation of viscoelastic
systems

According to Zhu et al. [3–6], the viscoelastic force Z
is taken as

Z =
∫ t

0
h (t − τ) x (τ ) dτ, (7)

where h(t) is relaxation function and can be obtained
from the Maxwell model

h(t) =
∑

i

βi exp

(
− t

αi

)
, αi ≥ 0, (8)

where h(t) is composed of a number of relaxation
domains, αi (i = 1, 2, 3, . . .) are the relaxation times,
and βi (i = 1, 2, 3, . . .) denote their magnitudes which
can be either positive or negative. From Eqs. (7) and
(8), the viscoelastic force can be rewritten as

Z =
∫ t

0

∑

i

βi exp

(
− t − τ

αi

)
x (τ ) dτ. (9)

Assume that the coefficients of all excitations are
proportional to small parameters, on the basis of Liu
and Zhu [27], Z can be approximated as

x (t − s) ≈ x cos ω̄s − ẋ

ω̄
sin ω̄s, (10)

Substituting Eq. (10) into the viscoelastic term, it fol-
lows that
∫ t

0
h (t − τ) x (τ ) dτ =

∫ t

0
h (s) x (t − s) ds

=
∫ t

0

∑

i

βi exp

(
− s

αi

) (
x cos ω̄s− ẋ

ω̄
sin ω̄s

)
ds

=
∑

i

{
βiαi

1 + ω̄2α2
i

x − βiα
2
i

1 + ω̄2α2
i

ẋ

+αi exp (−t/αi )

1 + ω̄2α2
i

[βi x (ω̄αi sin ω̄t − cos ω̄t)

+ βi ẋ

ω̄
(ω̄αi cos ω̄t + sin ω̄t)

] }
. (11)

When the system is exposed to the excitations for
a long time, the terms associated with exp (−t/αi )

can be ignored. Thus the viscoelastic force Z can
be approximated as equivalent stiffness and damping
terms. Neglect the decaying transient part to obtain

Z =
∑

i

βiαi

1 + ω̄2α2
i

(x − αi ẋ) . (12)

The averaged frequency ω̄ is determined by

π

ω̄
= 2

A∫

0

dx√
2H − 2U (x)

, (13)

where H is the total energy function andU (x) is poten-
tial function of system (1). The parameter A is the
amplitude for a given H , and the positive root is calcu-
lated from H = U (A). It is found that the viscoelastic
force can be split up into stiffness and damping terms,
and the original system (1) can be rewritten as

ẍ + ε2g1 (x, ẋ) + ε2u1 (x)

= ε

n1∑

k=1

f1k(x, ẋ)ξk(t) + ε

n2∑

l=1

f2l(x, ẋ)ηl(t), (14)

where

g1 (x, ẋ) = g (x, ẋ) −
∑

i

βiα
2
i

1 + ω̄2α2
i

ẋ, (15)

u1 (x) = u (x) +
∑

i

βiαi

1 + ω̄2α2
i

x . (16)
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1582 X. Li et al.

Based on Eqs. (14)–(16), the total energy function H
and potential function U (x) can be expressed, respec-
tively, as

H = 1

2
ẋ2 + U (x) , (17)

U (x) =
∫ x

0
ε2u1 (z) dz. (18)

Let x = x1, ẋ = x2, and Eq. (14) is equivalent to a pair
of first-order equation

ẋ1 = x2, ẋ2 = −ε2g1 (x1, x2) − ε2u1 (x1)

+ ε

n1∑

k=1

f1k (x1, x2) ξk(t) + ε

n2∑

l=1

f2l (x1, x2) ηl(t).

(19)

The system (19) can be modeled as the following Itô-
type stochastic differential equation by adding Wong–
Zakai correction terms [28],

dx1 = x2dt, dx2 =
(

− ε2g1 (x1, x2) − ε2u1 (x1)

+ ε2
n1∑

k,m=1

Dkm f1m (x1, x2)
∂ f1k

∂x2

)
dt

+ ε

n1∑

k=1

σ1k (x1, x2) dBk(t)

+
n2∑

l=1

∞∑

j=1

ε j

j ! f ( j)
2l (x1, x2) (dCl(t))

j , (20)

whereσ1k = (
σσT

)
1k andσσT = 2 f D f T, f ( j)

2l (x1, x2)

= ∂ f j−1
2l

∂x2
f2l , f (1)

2l = f2l (l = 1, 2, . . . , n2) . By means
of the property of Poissonwhite noises Eq. (6), Eq. (20)
is also equivalent to

dx1 = x2dt, dx2 =
(

− ε2g1 (x1, x2) − ε2u1 (x1)

+ ε2
n1∑

k,m=1

Dkm f1m (x1, x2)
∂ f1k

∂x2

)
dt

+ ε

n1∑

k=1

σ1k (x1, x2) dBk(t)

+
n2∑

l=1

∫

Yl

γl(x1, x2, Yl)Ml (dt, dYl) , (21)

where γl (x1, x2, Yl) = ∑∞
j=1

ε j

j ! f ( j)
2l (x1, x2) Y j

l . In
the following sections, Eqs. (20) or (21) is used to deter-
mine the stochastic stability of the original system (1).

4 Lyapunov functions and stability of viscoelastic
systems

The trivial solution x1 = x2 = 0 of system (21) is rep-
resented by the state vector X = 0. According to [20–
22], the stability of the trivial solution can be deduced
by a Lyapunov function V (X, t) and its derivative in
the vicinity of the equilibrium position. If V (X, t) > 0
in a domain except when X = 0, it is a positive definite
function. In this paper, total energy H in Eq. (17) is
chosen as a Lyapunov function.

Apply the stochastic jump-diffusion chain rule [23,
26], the stochastic differential equation of H can be
derived from Eq. (21),

dH (X, t) = ε2
(

− x2g1 (x1, x2)

+ x2

n1∑

k,m=1

Dkm f1m
∂ f1k

∂x2
+1

2

n1∑

k=1

σ 2
1k

)
dt

+ εx2

n1∑

k=1

σ1kdBk(t) +
n2∑

l=1

∫

Yl

(H (x1, x2 + γl)

− H (x1, x2))Ml (dt, dYl) , (22)

where H (x1, x2 + γl)− H (x1, x2) is calculated by its
Taylor expansion, which results in

H (x1, x2 + γl) − H (x1, x2)

=
∞∑

k=1

εkY k
l A1,k,l (x1, x2) , (23)

and the j th power of H (x1, x2 + γ ) − H (x1, x2) is
obtained from Eq. (23) as

(H (x1, x2 + γl) − H (x1, x2))
j

=
( ∞∑

k=1

εkY k
l A1,k,l

) j

=
∞∑

k= j

εkY k
l A j,k,l (x1, x2) .

(24)

Detailed calculations of Eqs. (23–24) are given in Refs.
[23,29].

Using Eq. (24), the stochastic differential equation
of H can be rewritten in the following form

dH (X, t) = ε2 (−x2g1 (x1, x2)

+ x2

n1∑

k,m=1

Dkm f1m
∂ f1k

∂x2
+ 1

2

n1∑

k=1

σ 2
1k

⎞

⎠ dt

+ εx2

n1∑

k=1

σ1kdBk(t)
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+
n2∑

l=1

∫

Yl

( ∞∑

k=1

εk A1,k,l (x1, x2) Y k
l

)
Ml (dt, dYl) ,

(25)

Neglect all terms of power εu+1 and higher, the aver-
aged Itô stochastic differential equation of H has the
form [22,23,29]

dH (X, t) =
(

ε2m̄(H) +
u−2∑

i=0

εi+2Ui (H)

)
dt

+ εσ̄ (H)dB(t) +
n2∑

l=1

u−1∑

k=1

∫

Ȳkl

k∑

s=1

εs Vk,s,l(H)Ȳkl Mkl
(
dt, dȲkl

)

=
(

ε2m̄(H) +
u−2∑

i=0

εi+2Ui (H)

)
dt

+ εσ̄ (H)dB(t) +
n2∑

l=1

u−1∑

k=1

k∑

s=1

εs Vk,s,l(H)dC̄kl ,

(26)

where Mkl
(
dt, dȲkl

)
are independent Poisson random

measures with the property

E
[(
dC̄kl

)r
]

= λ̄kl E
[
Ȳ r

kl

]

=
⎧
⎨

⎩

0, r = 1,
M̄k,r,l , r = 2, . . . , u − k + 1,
m̄k,r,l , r = u − k + 2, u − k + 3, . . . ,

(27)

The parameters M̄k,r,l � ε, m̄k,r,l < εu . The param-
eters λ̄kl represent the mean numbers of arrivals per
unit time of compound Poisson processes C̄kl , and Ȳkl

are the random magnitudes of compound Poisson pro-
cesses C̄kl . The expressions m̄(H), Ui (H), σ̄ (H) and
Vk,s,l(H) of Eq. (26) are

m̄(H) = 4

T

∫ A

0

(
− x2g1 (x1, x2)

+ x2

n1∑

k,l=1

Dkl f1l
∂ f1k

∂x2

+ 1

2

n1∑

k=1

σ 2
1k

)/
x2 dx1|x2=√

2H−2U (x1),

(28)

U0(H) =
n2∑

l=1

4λl E
[
Y 2

l

]

T

∫ A

0

A1,2,l

x2
dx1|x2=√

2H−2U (x1), (29)

Uk(H) =
n2∑

l=1

4λl E
[
Y k+2

l

]

T

∫ A

0

A1,k+2,l

x2

dx1|x2=√
2H−2U (x1), k = 1, . . . , u − 2, (30)

σ̄ (H) = 4

T

∫ A

0

n1∑

k=1

σ 2
1k x2dx1|x2=√

2H−2U (x1), (31)

u−1∑

k=1

(
k∑

s=1

εs Vk,s,l(H)

) j

λ̄∗
kl E

[
Ȳ ∗ j

kl

]

=
u∑

m= j

4εmλl E
[
Y m

l

]

T

∫ A

0

A j,m,l

x2
dx1

∣∣∣∣
x2=√

2H−2U (x1)
, (32)

T = 4
∫ A

0

1√
2H − 2U (x1)

dx1, (33)

where the parameter A is defined in Eq. (13).
To suppress the stochastically varying terms in

Eq. (26), conditional expectation is taken on both sides
to yield

dE (H (X, t))

dt

∣∣∣∣
X=x

= L (X, t) , (34)

where L = ε2m̄(H) + ∑u−2
i=0 εi+2Ui (H). The Lya-

punov stability with probability one of the trivial solu-
tion can be determined according to the sign of H and
L in the vicinity of the trivial solution. Here are two
criteria according to Refs. [20,22].

Theorem 1 If there is a positive definite function H,
which is continuously differentiable with respect to t ,
infinitely differentiable with respect to xi and L ≤
0, t ≥ t0, 0 < ||X || ≤ h, then the trivial solution
X = 0 of system (20) or (21) is Lyapunov stable with
probability one.

Theorem 2 Except that system (20) or (21) satisfies
the above condition of Theorem 1, H has the infinitesi-
mal superior limit, and L < 0, t ≥ t0, 0 < ||X || ≤ h.
Then the trivial solution X = 0 of system is asymptot-
ically Lyapunov stable with probability one.

Based on Theorem 2, the viscoelastic system is
asymptotically Lyapunov stable with probability one
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in the averaged sense if the drift coefficient satisfies
the following condition

L = ε2m̄(H) +
u−2∑

i=0

εi+2Ui (H) < 0,

t ≥ 0, 0 < H < h. (35)

If L of inequality (35) can be linearized at H = 0, the
approximately sufficient condition of the asymptotic
Lyapunov stability with probability one in the sense of
average can be simplified as

L ′(0) < 0.

Now, if u = 4, the truncated averaged Itô stochastic
differential equation of H is

dH =
(
ε2m̄(H) + ε2U0(H)

+ ε3U1(H) + ε4U2(H)
)
dt

+ εσ̄ (H)dB(t) +
n2∑

l=1

εV11ldC̄1l

+
n2∑

l=1

(
εV21l + ε2V22l

)
dC̄2l

+
n2∑

l=1

(
εV31l + ε2V32l + ε3V33l

)
dC̄3l . (36)

The approximately sufficient condition of the Lya-
punov stability of Eq.(36)

L = ε2m̄(H) + ε2U0(H) + ε3U1(H)

+ ε4U2(H), t ≥ 0, 0 < H < h. (37)

5 Illustrative example

In this section, a Duffing oscillator possessing vis-
coelastic forces is considered to illustrate the validity
and application of the method proposed in this paper.
The governing equation of the example system is

ẍ + 2ξω0 ẋ + ω2
0x + γ x3 + Z

= f1xη1(t) + f2xη2(t)

Z = β1

∫ t

0
e−(t−τ)/α1x (τ ) dτ, (38)

where the damping, nonlinear stiffness, and viscoelas-
tic force are assumed to be the order of ε2, f1 and
f2 represent the amplitudes of excitations of order of
ε, η1(t) is Gaussian white noise with intensity 2D and

η2(t) is Poisson white noise with zero mean. Accord-
ing to Eqs. (17, 18), the system equivalent to Eq. (38)
with i = 1 is

ẍ + α ẋ + βx + γ x3 = f1xη1(t) + f2xη2(t), (39)

where

α = 2ξω0 − β1α
2
1

1 + ω̄2α2
1

,

β = ω2
0 + β1α1

1 + ω̄2α2
1

. (40)

Let x = x1, ẋ = x2, and Eq. (39) is equivalent to

ẋ1 = x2, ẋ2 = −αx2 − βx1 − γ x31 + f1x1η1(t)

+ f2x1η2(t). (41)

The above equation can be converted to the Itô-type
stochastic differential equation

dx1 = x2dt, dx2 =
(
−αx2 − βx1 − γ x31

)
dt

+√
2D f1x1dB(t)

+
∫

Y
f2x1Y M (dt, dY ) .

(42)

The trivial solution is X = (x1, x2) = 0. The total
energy is taken as Lyapunov function of system (42)
with

H = 1

2
x22 + 1

2
βx21 + γ

4
x41 . (43)

It is found that H is positive in the domain except when
X = 0. Thus the stochastic differential equation of H
is

dH =
(

D f 21 x21 − αx22

)
dt + √

2D f1x1x2dB(t)

+
∫

Y
[H (x1, x2+κ)−H (x1, x2)] M (dt, dY ) ,

(44)

where κ = f2x1Y and

H (x1, x2 + κ) − H (x1, x2)

= 1

2
(x2 + f2x1Y )2 − 1

2
x22

= f2x1x2Y + 1

2
f 22 x21Y 2. (45)

The averaged Itô stochastic differential equation of H
is

dH = (m̄(H) + U (H)) dt + σ̄ 2(H)dB(t)

+
u∑

k=1

∫

Ȳk

k∑

s=1

Vk,s(H)Ȳk
(
dt, dȲk

)
, (46)

where
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Fig. 1 Boundaries of asymptotic Lyapunov stability with prob-
ability one of Duffing system (38) with different β1 by using the
Lyapunov function method

m̄(H)

= 4

T

∫ A

0

D f 21 x21 − αx22
x2

dx1

∣∣∣∣∣
x2=

√
2H−βx21− γ

2 x41

, (47)

U (H)

= 2

T

∫ A

0

λ1E
(

Y 2
1

)
f 22 x21

x2
dx1

∣∣∣∣∣∣
x2=

√
2H−βx21− γ

2 x41

, (48)

T = 4
∫ A

0

1

x2
dx1, (49)

in which the amplitude A is the positive root of the
equation U (A) = H . Take conditional expectation on
both sides of Eq. (46) to obtain

dE[H ]
dt

= m̄(H) + U (H). (50)

Based on the results given in Sect. 4, system (42) is
asymptotically Lyapunov stable with probability one
in the averaged sense if

m̄(H) + U (H) < 0, t ≥ 0, 0 < H < h. (51)

If m̄(H)+U (H) in the above inequality is linearized at
H = 0, an approximate condition for asymptotic Lya-
punov stability with probability one can be simplified
to

m̄′(0) + U ′(0) < 0. (52)

In the following simulations of system (38), the values
of different parameters are chosen as λ1 = 1, D =

Fig. 2 Boundaries of asymptotic Lyapunov stability with prob-
ability one of Duffing system (38) with different γ by using the
Lyapunov function method

0.05, EY 2
1 = 0.05, ξ = 0.05, ω0 = 0.5. According to

Eq. (38), β1 is the magnitude of the viscoelastic force.
And it can be seen in Eq. (40) that the lager magni-
tude β1, the lower damping α and the higher stiffness
β. But it is known that lower damping makes stabil-
ity region smaller, and higher stiffness makes stability
region larger. This means that the magnitude β1 has
two opposite effects on the stability of system (38).
The boundaries of asymptotic Lyapunov stability with
probability one of system (38) in plane (α1, f1) with-
out Poisson noise are shown in Figs. 1 and 2. Figure 1
shows that the stability region become smaller when β1

increases, so it indicates that the damping effect is pre-
dominant over that of the stiffness and the effect of the
viscoelastic force on the stiffness is insignificant. Fig-
ure 2 shows the boundaries of asymptotic Lyapunov
stability with probability one of Duffing system (38)
with different γ , and it is observed that the area of sta-
bility region increases when γ is increased; it shows
that the effect of the nonlinear stiffness coefficient γ

on the stability of Duffing system; what is more, the
parameter γ is even chosen as 0.2, so it means that this
method can work for the system with strong nonlin-
ear stiffness. Figure 3 shows the boundaries of asymp-
totic Lyapunov stability of system (38) with different
f2. It is observed that as f2 increases, the stability
region decreases. It indicates that Poisson white noise
excitation has important influence on the stability of
Duffing system. Figures 4 and 5 show the boundaries
of asymptotic Lyapunov stability with probability one
of system (38) in plane (α1, f1) under Poisson noise.
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Fig. 3 Boundaries of asymptotic Lyapunov stability with prob-
ability one of Duffing system (38) with different f2 by using the
Lyapunov function method

Fig. 4 Boundaries of asymptotic Lyapunov stability with proba-
bility one of Duffing system (38) with different β1 and f2 = 0.01
by using the Lyapunov function method

With Poisson noise f2, the stability region of system
(38) is smaller than that without Poisson noise f2. The
stability region of system (38) is also reduced when
β1 increases and expands when γ is increased. These
results coincide with those without Poisson noise. Fig-
ures 6, 7, and 8 show that the boundaries of asymptotic
Lyapunov stability with probability one of system (38)
in plane ( f1, f2). We can find that the boundary value
of the intensity of Gaussian noises is smaller than that
of Poisson noise in stable region for system (38). It
implies that the effect of Gaussian white noise on the
stability of system is stronger than that of Poissonwhite
noise.

Fig. 5 Boundaries of asymptotic Lyapunov stability with proba-
bility one of Duffing system (38) with different γ and f2 = 0.05
by using the Lyapunov function method

Fig. 6 Boundaries of asymptotic Lyapunov stability with prob-
ability one of Duffing system (38) with α1 = 0.2, γ = 0.1 by
using the Lyapunov function method

To verify the effectiveness and correctness of the
analytical results, the directly numerical simulations of
the largest Lyapunov exponent of system (38) are per-
formed here. The largest Lyapunov exponent is another
efficient method to evaluate the stochastic stabil-
ity [20–22]. Figures 9 and 10 show that the boundaries
of asymptotic Lyapunov stability of Duffing system
(38) with different parameters by using the Lyapunov
function method and the largest Lyapunov exponent
method. It is found that the domain of asymptotic stabil-
ity by using Lyapunov function method is smaller than
that by using the largest Lyapunov exponent method.
The reason is that the stable condition, obtained byLya-
punov function method, is sufficient, while it is neces-
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Fig. 7 Boundaries of asymptotic Lyapunov stability with prob-
ability one of Duffing system (38) with α1 = 0.2, β1 = − 0.1
by using the Lyapunov function method

Fig. 8 Boundaries of asymptotic Lyapunov stability with prob-
ability one of Duffing system (38) wit β1 = − 0.1, γ = 0.1 by
using the Lyapunov function method

sary and sufficient, obtained by the largest Lyapunov
exponent method. That implies smaller stability area,
obtained by using Lyapunov function method, is rea-
sonable and our proposed method is effective.

6 Conclusions

The asymptoticLyapunov stabilitywith probability one
of viscoelastic systems under combined Gaussian and
Poisson white noise excitations has been studied. Vis-
coelastic forces are treated as a sum of stiffness and
damping forces, and a stochastic differential equation
has been set up to represent randomly excited viscoelas-
tic systems. Total energy of the system is chosen as a

Fig. 9 Boundaries of asymptotic Lyapunov stability with proba-
bility one of Duffing system (38) without Poisson noise by using
the Lyapunov function method and the largest Lyapunov expo-
nent method. A: The largest Lyapunov exponent method. B: The
Lyapunov function method

Fig. 10 Boundaries of asymptotic Lyapunov stability with prob-
ability one of Duffing system (38) with f2 = 0.05 by using the
Lyapunov function method and the largest Lyapunov exponent
method. A: The largest Lyapunov exponent method. B: The Lya-
punov function method

Lyapunov function, whose time derivative is obtained
by stochastic averaging. Approximate conditions that
guarantee asymptotic Lyapunov stability with proba-
bility one of viscoelastic systems have been deduced.
An example involving a Duffing-type oscillator has
been given to illustrate the validity and application of
the approach presented herein. As the use of viscoelas-
tic materials becomes increasingly popular, analysis of
the behavior of viscoelastic systems becomes increas-
ingly important. This paper contributes to the develop-
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ment of analytical techniques for stability analysis of
randomly excited viscoelastic systems.
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