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A Unified Framework for Optimizing Linear
Nonregenerative Multicarrier MIMO Relay
Communication Systems

Yue Rong, Member, IEEE, Xiaojun Tang, Student Member, IEEE, and Yingbo Hua, Fellow, IEEE

Abstract—In this paper, we develop a unified framework
for linear nonregenerative multicarrier multiple-input mul-
tiple-output (MIMO) relay communications in the absence of the
direct source-destination link. This unified framework -classi-
fies most commonly used design objectives such as the minimal
mean-square error and the maximal mutual information into
two categories: Schur-concave and Schur-convex functions. We
prove that for Schur-concave objective functions, the optimal
source precoding matrix and relay amplifying matrix jointly diag-
onalize the source-relay—destination channel matrix and convert
the multicarrier MIMO relay channel into parallel single-input
single-output (SISO) relay channels. While for Schur-convex ob-
jectives, such joint diagonalization occurs after a specific rotation
of the source precoding matrix. After the optimal structure of the
source and relay matrices is determined, the linear nonregenera-
tive relay design problem boils down to the issue of power loading
among the resulting SISO relay channels. We show that this
power loading problem can be efficiently solved by an alternating
technique. Numerical examples demonstrate the effectiveness of
the proposed framework.

Index Terms—Majorization, MIMO relay, multicarrier system,
nonregenerative relay.

1. INTRODUCTION

ESEARCH on cooperative communications employing
R relay nodes dates back to 1970s [1], [2]. Recently, coop-
erative communications have seen a renewed interest [3]-[6].
Both regenerative and nonregenerative cooperative strategies
have been considered [3]-[6]. When multiple antennas are
deployed at one or more nodes of the relay system, we also call
such relay system a multiple-input multiple-output (MIMO)
relay channel. The achievable rate and capacity upper bound
of a MIMO relay channel have been studied in [7]. The diver-
sity-multiplexing tradeoff of multiantenna cooperative systems
has been studied in [8].
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For the nonregenerative strategy, the relay node only ampli-
fies and retransmits its received signal. The complexity of the
nonregenerative strategy is much lower than that of the regen-
erative strategy. This advantage is particularly important when
all nodes are equipped with multiple antennas, since decoding
multiple data streams involves much more computational efforts
than decoding a single data stream.

Linear nonregenerative approaches have been proposed for
single carrier MIMO relay systems [9]-[13]. In [9], the op-
timal relay amplifying matrix which maximizes the mutual in-
formation (MI) between source and destination was derived as-
suming that the source covariance matrix is an identity matrix.
This approach is suitable when the source-relay channel state
information (CSI) is unknown to the scheduler. Independent
from [9], the authors of [10] also studied a similar problem
and arrived at the same optimal relay amplifying matrix. In
[11], both the source covariance matrix and the relay ampli-
fying matrix are jointly designed to maximize the source-des-
tination MI. This approach requires the scheduler to know all
CSI of the relay system, which we also assume in this paper.
Minimal arithmetic mean-square error (MA-MSE)-based ap-
proaches for MIMO relay systems were developed in [12], [13].
A method based on maximum signal-to-noise ratio (SNR) was
proposed by the authors of [13]. In [14], the authors compared
the performance-complexity tradeoffs of nonregenerative and
other MIMO relay techniques. Examples of recent work on mul-
ticarrier MIMO relay systems are in [15] and [16]. The design
criterion in [15] is to maximize the source-destination MI. The
work in [16] aims to minimize the arithmetic sum of the MSE
of the signal waveform estimation at all data streams. While the
above works [9]-[16] assume complete CSI, another line of re-
search on nonregenerative MIMO relaying assumes partial CSI
[17], [18]. In the sequel, for simplicity, we refer to the source
precoding matrix and relay amplifying matrix as source matrix
and relay matrix, respectively.

A key component in linear nonregenerative MIMO relay
design is to optimize the source and relay matrices to maximize
(minimize) an objective function. In this paper, we consider
the design of a linear nonregenerative multicarrier MIMO relay
system under a unified framework that is more general than those
used in [9]-[16]. We focus on the case where the direct link
between the source and destination nodes is sufficiently weak to
be ignored as in [11]-[13] and [15]. This scenario occurs when
the direct link is blocked by an obstacle such as a mountain. Our
unified framework classifies most common design objectives
such as the maximal MI, minimal MSE, and minimax MSE, etc.,
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into two broad categories: Schur-convex and Schur-concave
functions of the main diagonal elements of the MSE matrix.
By using the theory of majorization [19], [20], we prove that
for Schur-concave objective functions, the optimal source and
relay matrices jointly diagonalize the source-relay-destination
channel, and convert the multicarrier MIMO relay channel
into parallel single-input single-output (SISO) relay channels.
While for Schur-convex objectives, such a joint channel diago-
nalization occurs after a specific rotation of the source matrix.
Note that for one-hop MIMO systems (either single-user or
multiuser systems), the optimality of channel diagonalization
has been proven in [21]-[23]. For linear MIMO relay systems,
the channel diagonalization optimality has been shown under the
maximal MI objective [9]-[11] and the MA-MSE criterion [12],
[13]. However, the channel diagonalization optimality results
obtained in this paper are more general, since they include all
Schur-concave and Schur-convex objective functions.

After the optimal structure of the source and relay matrices
is determined, the linear nonregenerative multicarrier MIMO
relay design problems boil down to the issues of power loading
among the resulting SISO relay channels based on the given cri-
terion. We demonstrate that the power loading problem can be
efficiently solved by iteratively updating the power allocation
vectors at the source and relay nodes [11], [15], [16]. Inter-
estingly, the updating of each power allocation vector follows
the well-known water-filling principle for Schur-concave objec-
tives. While for Schur-convex functions, the power allocation
result can be viewed as a multilevel water-filling solution. Nu-
merical examples in Section IV illustrate the effectiveness of the
proposed framework.

The main contributions of this paper are summarized as fol-
lows: First, we rigorously prove the optimality of channel diago-
nalization in nonregenerative multicarrier MIMO relay systems.
As the second contribution, we propose a novel MIMO relaying
algorithm based on Schur-convex objective function. Note that
there is no existing work in nonregenerative MIMO relay com-
munication area which addresses Schur-convex objective func-
tions. It will be seen that the new algorithm has a much better
performance in terms of raw bit-error-rate (BER) and clipping
probability than all competing algorithms. For the third contri-
bution, we investigate the performance-complexity tradeoff of
subcarrier-independent and subcarrier-cooperative nonregener-
ative MIMO relay systems. We show that a subcarrier-indepen-
dent system trades only a slight performance loss for a much re-
duced computational complexity and thus is very attractive for
practical applications.

We would like to mention that majorization theory has been
applied for optimizing the source matrix in a point-to-point mul-
ticarrier MIMO system [21]. In fact, a point-to-point MIMO
system can be viewed as a special case of a linear MIMO relay
system, where either the source-relay link or the relay-desti-
nation link has a very high (infinite) channel gain. Thus, our
work is a generalization of the results in [21]. In [24], the au-
thors applied majorization theory to optimize the relay matrices
in the asymptotic regime of a multilevel nonregenerative relay
channel.

Compared with the point-to-point MIMO system [21], the
objective function of MIMO relay systems depends on both the
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source and relay matrices. Moreover, the additional constraint
on the transmission power at the relay node is a function of both
the source and relay matrices. Therefore, although both [21] and
our work apply the majorization theory to prove the optimality
of channel diagonalization, it will be seen that the introduction
of the relay node greatly complicates the proof. A rigorous proof
of the main theorem in this paper is technically challenging. In
fact, the only part in [21] that is used in the current work is the
link between some practical objective functions and the main
diagonal elements of the minimal MSE matrix.

The rest of this paper is organized as follows. In Section Il we
introduce the system model for a three-node linear nonregen-
erative multicarrier MIMO relay communication system. The
proposed framework is developed in Section III. In Section IV,
we show some numerical examples. Conclusions are drawn in
Section V.

II. SYSTEM MODEL

We consider a three-node multicarrier MIMO communication
system where the source node transmits information to the desti-
nation node with the aid of one relay node. The source, relay, and
destination nodes are equipped with Ny, IV,., and N, antennas,
respectively. To account for the practical half-duplex constraint
that a node cannot transmit and receive at the same time within
the same spectrum band, we assume that the source-relay and
relay-destination channels are orthogonal. To efficiently exploit
the system hardware, the relay node uses the same antennas to
transmit and receive signals. Due to its merit of simplicity, a
linear nonregenerative strategy is applied at the relay node to
process and forward the received signal.

We use the (either physical or virtual) multicarrier technique
to turn a broadband frequency-selective channel into multiple
frequency-flat subcarrier channels. Based on whether the sub-
carriers cooperate with each other in processing the signals at
the source and relay nodes, we can have either subcarrier-inde-
pendent or subcarrier-cooperative systems.

A. Subcarrier-Independent System

The communication process between the source and destina-
tion nodes is completed in two time slots. In the first slot, the
modulated signal sequence at the source node is divided into
N, blocks. We denote N,E"], n =1,..., N, as the number of
symbols in the nth subblock. Hereafter, the superscript [n] de-
notes the corresponding variables for the nth subcarrier. The
NIE"] x 1 symbol vector sl™(t) is linearly precoded as

xM(t) =BMsM(t), n=1,... N,
where B["l is an N, x N,[n], (N > N,[n]) source precoding
matrix for the nth subblock of the source symbol sequence.
The precoded vector x!™(¢) is transmitted to the relay node via
the nth subcarrier. The received signal at the relay node can be
written as

yrl(t) = () + vi(), n=1,....N.
where H,[Tﬁ] is an N, X Ny MIMO channel matrix between

the source and relay nodes, yir (t) and vl (t) are the received
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signal and the additive Gaussian noise vectors at the relay node,
respectively.

In the second slot, the source node is silent and the relay node
multiplies (linearly precodes) the received signal vector at the
nth subcarrier by an N, x N, relay amplifying matrix FI*! and
transmits the precoded signal vector

xM(t+ 1) =FylM@), n=1,...,N,
to the destination node. The received signal vector at the nth
subcarrier of the destination node can be written as

HIx (4 1) + v+ 1)
= HT[fc‘l]F[n] HYBMs (1)
+ HB:i]F[n]VLn] (f)
vl +1) n=1,...,N. (1

vyl +1) =

where H[’fi] is an Ng x N, MIMO channel matrix between
the relay and destination nodes, y[n](t + 1) and v["] t+1)
are the received signal and the additive Gaussian noise vectors
at the destination node, respectively. We assume that HL?]
and H[Td], = 1,..., N, are all quasi-static and known by
the scheduler and the destination node. The source and relay
matrices are calculates by the scheduler, which can be any
node in the system. The optimal Bl is forwarded from the
scheduler to the source and destination nodes, while F["]
is sent to the relay and destination nodes. We assume that
without wasting the transmission power at the source and
relay nodes, N™ < min (rank(HJ!), rank(H))) and
rank(F["]) = rank(B["]) = Ngn],
the rank of a matrix.

Note that if the noise vectors are spatially correlated

such that CI"l 2 E [VL"] (t) (V,[nn] (t))H # Iy, and/or
chl 2 g [v([in](t) (vgl](t))H # Iy,, pre-whitening of the
received signals can be performed at the relay and destination
nodes such that

where rank(-) stands for

5 (¢ + 1) = ADEFFER BRS¢

HALFIVIG + 9+ 1), n=1, N @)
where I,, denotes an n x n identity matrix, E[-] stands for the
statistical expectation, (-)¥ denotes the matrix (vector) Hermi-
tian transpose, and

HI — (C[n])—lﬂH[g]

s

() = (C) T v )
Fnl :F[n](c[n1)1/2
g+ 1) = (i) Py 41
"l = (o)~ 2l

W+ 1) = (cih ™ ["]<t+ 1).

From (2) we see that all noises are independent and identically
distributed (i.i.d.). Thus, in the following, without loss of gener-
ality, we assume i.i.d. complex circularly symmetric Gaussian
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noise with zero mean and unit variance, and use (1) as the system
input-output model for subcarrier-independent systems.

It is worth noting that the subcarrier-independent system
model can also be used for two-hop MIMO relay systems
with multiple MIMO relay nodes when the relay nodes do
not cooperate with each other and the signals at different
source-relay-destination links are transmitted at orthogonal
time/frequency slots.

B. Subcarrier-Cooperative System

The input-output model for a subcarrier-cooperative MIMO
relay communication system is

ya(t+1) = H,4FH,,Bs(t) + H,4Fv,.(t) + va(t + 1) (3)
where

H,, =bd(HU HEZ . HD 4)

H,, =bd(HY HZ HE}]) (5)

s(1) (NI

(
vo(t) = (V1) (vEw) " (vLNc1(t>)T]T
vat+1) = [Vl + )7, (Bl + )7

(V[Nc](t + 1))T:|T
va(t+1) = [+ 1) P e+ 1)”
)]
Here (-)T denotes the matrix (vector) transpose, bd(-) stands

for a block-diagonal matrix, Hs, is an N.NV,. x N N block-
diagonal matrix of the “super” channel of the source-relay link,
H, ; isan N.N;x N.N, block-diagonal “super’” channel matrix
between the relay and destination nodes, s(t), v..(t), vq(t + 1),
and y4(t+1) are obtained by stacking the corresponding vectors
at all subcarriers. From (3), we see that the cooperation among
different subcarriers is performed by a “super” N. N, X L source
matrix B where L £ Zﬁ;l N, ,E"], and a “super” relay matrix F
with a dimension of N.N, X N.N,.

A subcarrier-cooperative MIMO relay system is a general-
ization of a subcarrier-independent system, since if we impose
a block-diagonal structure on both F and B such that

F[J\U])
BN ])

F =bd(FM FE,.
B =bd(B!, B, ..,

then (3) becomes (1). Hence, we anticipate that a subcarrier-
cooperative system has a better performance than a subcarrier-
independent system. Interestingly, from a mathematical point
of view, the subcarrier-independent system model (1) is more
general, since (3) can be obtained from (1) by simply setting
N, = 1. Thus, in the following, we use (1) to develop the unified
framework. After the establishment of the unified framework,
we revisit (3) to derive the optimal structure of F and B for
subcarrier-cooperative systems.
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III. PROPOSED UNIFIED FRAMEWORK

In this section, we develop a unified framework for most
common linear nonregenerative multicarrier MIMO relay de-
sign problems.

First we establish the link between the main diagonal ele-
ments of the minimal MSE matrix and various common design
objectives. Using a linear receiver, the estimated signal wave-
form at the destination node is given by

é[n](t) = (W[n])Hy([ln](t_l_ 1), n=1,...,N.

where W™ isan Ngx N IE"] weight matrix at the nth subcarrier.
The MSE matrix at the nth subcarrier of the destination node is
given by

gl AR [(g[n](t) —stl#)) (s (1) - S["](t))H]

n|Erin nlgrn H
— (W[ Igh _ INL["]) (W[ Igh _ IN;E"])
+ (W[n])Hc[n]W[n]_/ n=1,...,N, (6)
where we assume that E [s["](t) (s (t))H} =T, H s

b
the effective MIMO channel matrix of the source-relay-desti-
nation link, and C[™ is the equivalent noise covariance matrix.
They are written respectively as

a2 HLZ]F["]H["]B["]
bl 2 ulfFED T () + Ly,

The weight matrix of the optimal linear receiver which mini-
mizes EI" is the Wiener filter given by [25]

wl = (ﬂ["l @) + C["l)_l H", n=1,...,N.
(7N

where (-)~! denotes the matrix inversion. Here for ma-
wix variables, E"(W.Y) is minimal indicates that
EM (W) — ER(W[) is a positive semi-definite ma-
trix for any winl # W([,"]. Substituting (7) back into (6), we
find that the minimal MSE matrix is a function of B[ and F["!
and can be written as

E([]"] (B[n]7 F[n])

= Ty + @M (CFYTHHI| =1,

e Ne. (8)

The link between most practical objective functions and the
main diagonal elements of the minimal MSE matrix has been es-
tablished in [21] for point-to-point multicarrier MIMO commu-
nications. Now we show that such link can be extended to linear
nonregenerative multicarrier MIMO relay communications. We
take as examples three common functions: the arithmetic sum of
the MSE (AMSE) of the signal waveform estimation at all data
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streams, the MI between source and destination, and the geo-
metric product of the signal-to-interference-noise ratio (SINR)
of all data streams. First, AMSE can be written as

AMSE({BI"]}, {Fl"})

Zm«([ i+ ( R (C[n])—lH[n]}ﬂ)

N. b
=2 Z (Bl (Bl F )] ©)
n=1 i=1

7,7

where for a matrix A, {Al"] {AD AR AN
[A]; j denotes the (¢, j)-th element of A, and tr(A) stands for
the trace of A. Here [Eg"] (B["]7 F["])] ~is the MSE of the

signal waveform estimation of the ith data stream at the nth
subcarrier, given by

[ESBULFM)] = 1+ B R

where h[ " 1s the ith column vector of H"!, and C[n] Clnl 4

H" (H["]) [n]( [n]) is the interference-plus-noise co-
variance matrix for the ¢th data stream at the nth subcarrier.
Second, the MI between source and destination is

MI({Bl}, {Fl"})

N,
Sty (970
n=1

where | - | denotes the matrix determinant. Since (10) is in-
variant to any unitary rotation of B[], we choose BI™ such that

(I:I["])H(C[”])fllil["], n = 1,..., N, is diagonal. Thus, we
have
N, NI
MI({B["]L {F[n]}) 3 log, [E["] (Bl F[”])} ‘
n=1 =1 e

(11)

Finally, the geometric product of the SINR of all data streams
is given by

2
2

S
Il
o
-
Il
=

[n]

b

=2

I
i ::]?

1
H Wl Bl B
i\ [Bg (B FID)]

(12)

From (9), (11), and (12) we see that all three func-
tions are strongly linked to the main diagonal ele-
ments of E([)"] (B FM), n = 1,...,N.. Let us use
f(d [E%"] (Bl*],FI")]) as a unified notation for the objective
function at the nth subcarrier, where d[A] is a column vector
containing all main diagonal elements of A. Then at the nth
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subcarrier, the linear nonregenerative multicarrier MIMO relay
design problem can be written as

i f(a[E} (81, B0 a3

st tr(BIF(BE)T) < plol (14)
(P BB (B17) (a1t

+1y] (F["])H) < pl (15)

where (14) and (15) are constraints for the transmission power
at the source and relay nodes, respectively. Here pL"] > 0 and
pL"] > 0 are the corresponding power used at the nth subcarrier
satisfying Zf;l oMl < g, and Zg;l Pl < .. We denote p,
and p,- as the total power constraints across all subcarriers at the
source and relay nodes, respectively.

Before stating the key theorem on the solution of problem
(13)—(15), we introduce two important definitions from [19].

Definition 1 [19, 1.A.1, 1.A.2]: Consider any two real-valued
N x 1 vectors x and y, let ;) > zpg) > -+ 2 T[N]> Y1) 2
Y] = -+ = yin) denote the elements of x and y sorted in
decreasing order, respectively. Then we say that x is majorized
byy,orx <y, if 3wy <3y, forn=1,...,N—1,
and Z 1 T = Zf\;l y1i)- Vector X is weakly submajorized
by vector y, or X <y y, if Y1 ap < Yo7 yp). forn =
1,...,N.

Definition 2 [19, 3.A.1]: A real-valued function f is Schur-
convex if for x < y, there is f(x) < f(y). Similarly, f is
Schur-concave if f(x) > f(y), forx < y.

Let us denote

) £ OLAL (Vi)
Y £ GPIAP (Vi)

(16)
a7

as the singular value decomposition (SVD) of H and H[n]

where the dimensions of U™, A[S"], v are N, x N,, N, x N,
N, X Ng, respectively, and the dimensions of U,[nn], A,[," ], VL"]
are given as Ny X N4, Ng x N,., N, X N,, respectively. We
assume that the main diagonal elements of AL"] and AL"] are ar-
ranged in increasing order, respectively. The following theorem
is the main contribution of this paper. It establishes the structure
of the optimal B!/, F["] for Schur-concave and Schur-convex
objective functions, respectively.

Theorem 1: For the linear nonregenerative multicarrier
MIMO relay optimization problem (13)—(15) withan Ng x NV, gn]
matrix B[, we assume that i) The objective function in (13) is
anincreasing function of d [EJ" (Bl FI"] )]] ;ii) rank (B[)) =
rank(F[n]) Ngn] < min (rank (H[Q, ) rank( ["])) If
the obf'ective function in (13) is a Schur-concave function of
d [EE" (B[ FI"])], then the optimal source and relay matrices
have the following structure:

n n n n H
P = iAol
By _vilAp
where AEC"] and A{E"] are N,En] X N,En] diagonal matrices, V!

r,1°

(18)
19)

U[ﬁ, and VL”% contain the rightmost N\™ columns from VI,
U[s"], and VL"], respectively.
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On the other hand, if (13) is a Schur-convex function of
d[EJY (Bl Fi)], FIY s given by (18), while B! has the
structure as

B! = VAV (20)
where Vt[,n] isan NV, b["] X N, lEn] unitary (rotation) matrix such that
d[EJT (B FI)] has identical elements.

Proof: See the Appendix. O

Condition i) is a natural choice for any practical purpose.
While condition ii) sets the upper-bound for the maximal
number of independent data streams in each subcarrier such
that no transmission power is wasted. From Theorem 1, we
see that for Schur-concave objective functions, the optimal
relay and source matrices (18) and (19) jointly diagonalize the
source-relay-destination channel. The equivalent minimal MSE
matrix is diagonal and given by

(AT ARIAI Al

2 -1
+IN1[>H]:| :|

where diagonal matrices A[ ] and A[ 1 contain the largest

[ ]

N,E"] singular values of H) and H[S,n], respectively. For
Schur-convex objective functions, the relay and source ma-
trices (18) and (20) diagonalize the channel up to a specific
rotation of the source matrix.

Most practical linear nonregenerative multicarrier MIMO
relay design problems can be solved by using the unified
framework established by Theorem 1. For each objective func-
tion, we need to determine its Schur-convexity with respect
to d[E([]"] (B["]7 F["])]. The Schur-convexity results for most
common objectives including MSE-based, SINR-based, and
BER-based criteria are summarized in [21] for point-to-point
MIMO systems. It is easy to find that these results can also be
applied to the objective functions of linear nonregenerative mul-
ticarrier MIMO relay design. In the following two subsections,
we demonstrate four examples of applying Theorem 1 and the
Schur-convexity results in [21] to solve linear nonregenerative
multicarrier MIMO relay design problems.

An interesting link between the transmitter optimization for
point-to-point multicarrier MIMO communication systems [21]
and our work can be drawn by rewriting the minimal MSE ma-
trix (8). In fact, by using the matrix inversion lemma (A +

EJ (AT AL = [I Nl

x| (A A

BCD)_1 = A1 - A‘lB(DA_lB + C_l)_lDA_l, and
the identity BH(BCBH+I)_1B = C_l—(CBHBC—i—C)_1
we have

E["]( Bl F[n])

= L ()[R EIM ) (B EC) 1] ~'gln)
]—(HL?]B["])H[(M["]) — (M (e Er)

KE IV 4 M) } HIIBM)

=1 [
Nb

—el'(B) + ELY(BI, FlM) @1)
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where
M 2 ghigll (H[;ﬁ]B["])H + Iy

-1
B~ s ] o
EY (B, FIM) = (HEIBI) ™ (M) (B R )

x HIprIMM 4 vl

x HIBM, (23)

Obviously, E[I"] (B["]) is the minimum MSE matrix for a
point-to-point (one-hop) MIMO system. Thus, (21) indicates
that the minimum MSE matrix for a two-hop linear non-
regenerative MIMO relay system is a superposition of the
minimum MSE matrix (22) for a point-to-point MIMO system
and the increment of MSE (23) introduced by the relay-des-
tination link. If the relay-destination link has a very high
(infinite) channel gain, then E[Qn] (B["],F["]) =0 NP o nInTs
b b

and Eg"] (B["]7 F["']) = E[ln] (B[”]). Theorem 1 shows that for
Schur-concave objective functions, the source matrix diagonal-
izes (22) as in [21]. When HI"/ is finite, we know from (18) and
(19) that the source and relay matrices jointly diagonalize (23).
Therefore, our work is a generalization of the results in [21].

A. Relay Design With Schur-Concave Objective Functions

We consider the following three common design criteria with
Schur-concave objective functions. The minimal arithmetic
MSE (MA-MSE) relay [12], [13], [16] has the objective to
minimize AMSE of the signal waveform estimation at all
data streams (9). The maximal MI (MMI) relay [9]-[11], [15]
aims to maximize the MI between source and destination in
(11). While the maximal SINR (MSINR) relay has the goal
to maximize the geometric product of the SINR of all data
streams (12).

It can be shown similar to [21] that (9?, (11), and (12) are all
Schur-concave functions of vector d [Eon] (Bl FI")]. Thus,
at each subcarrier, the optimal relay and source matrices have
the structure specified by (18) and (19), respectively. We only
needs to determine {AEZL]} and {A([)n] }, which can be obtained
by the following optimization problems. The objective function
of the MA-MSE relay problem is given by

1

N N, NONONCNONA.
Z <1+ ( i i s, 1),1,) ) (24)

(AMIAI)® 41

where )\1[:2], )\5@, )\[Snz] )\l[)nz], i=1,..., Nb[n], are the main di-
agonal elements of Aﬂ, Agfn], A[ﬂ, Al[}"] , respectively, and for
a scalar a, {agn]} = {a[ll], ces agﬁj\],cl } The objective of the
MMI relay can be written as ’

[n]

N. N, /\[n]/\[n]/\[n])\[n] 2\ —1
min Z 10g2 (1 + ( T’/L[n]f#[n]s’; b;’],) ) .
EVEN R VLY o R (AMAIY?

(25)
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While for the MSINR relay design, the objective function is

Ne N\l y Iyl ]2

. ,07's,0 b,
min f T

Gy as i i) 4

(26)

All these three problems have the same transmission power con-
straints, given by

n

N. N}
s.t. ()\l[)nz])2 < ps 27
n=l i=1
N, N
n]\ 2 n] \ [n]\ 2
DI +1] < (28)
n=1 i=1
A >0, A >0 =1, N, =1, N
(29)

Closed-form solutions to problem (24), (27)—(29), problem
(25), (27)-(29), and problem (26), (27)—(29) are intractable. In
fact, since these problems are nonconvex, the global-optimal
solution is hard to obtain. In [26], a grid search-based algo-
rithm is designed to find the global-optimal solution for a mul-
ticarrier SISO relay system with the MMI criterion. In partic-
ular, at each subcarrier, the power loading parameters are ob-
tained by solving a cubic equation with two fixed Lagrangian
multipliers. A two-dimensional grid search is employed to find
the optimal Lagrangian multipliers. Obviously, this algorithm
can be extended to linear nonregenerative multicarrier MIMO
relay systems, for example, to provide a global-optimal solution
to problem (25), (27)—(29). However, the computational com-
plexity of the algorithm in [26] is extremely high, since in order
to obtain a reasonably good solution, search over a high-dense
grid must be employed. The global-optimal power allocation pa-
rameters can also be obtained by using the dual decomposition
technique [27]. However, similar to [26], a grid search must be
performed to obtain the optimal dual variables. Therefore, the
complexity of the dual decomposition technique is also very
high.

In the following, we provide a numerical method to obtain a
local-optimal {)\Efnl} and {/\,[)nz]} which has a much lower com-
putational complexity than that of [26] and [27]. This method
employs an alternating technique as shown in [11], [15], and
[16]. To simplify notations, let us define

a2 ()2l A\
n nl 2 n nl\ 2 n] \ [n]\ 2
A2 )7 o 2 P I + 1),

n=1,...,N, i=1,....N". 30

Then the objective functions in (24)—(26) can be equivalently
rewritten as (31)—(33), shown at the bottom of the next page.
The transmission power constraints (27)—(29) are equivalently
converted to

(34)
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N, N
g <p (35)
n=1 =1
e >0, >0
n=1,...,N, i=1,... N (36)

From (31)—(36) we see that all three problems are symmetric in
{xE”]} and {yl["]ﬁ Moreover, from (34)—(36) we find that the
constraints on {z!"} and {y!™} are decomposed. Thus, we can
efficiently update {:c["]} and {y[n]} in an alternating way [1 1],
[15], [16]. As an example, for the MMI relay, with fixed {117 },
we can update {w[n]} in (25) by solving

N, N NONOIMGNG
mln ZZI g2< + b 1 )

2 2 e LT PP T
(37)
N, ]\TZEH]
>3 el <, (38)
n=1 1=1
w"M>0 n=1,... N, i=1,... N" 39
Problem (37)—(39) has the well-known water-filling solution,
given by
[l (], [n] f
n 1 n] [n]\2 4ai bl Y; n] [n
xE I= [n] [\/(bg ]yz[ ]) + -—b,E ]?/z[ ]_21
2a; 2
n=1,...,N., i=1,... N

where for a real-valued number z, [as]]L £ max(z, 0). The water
level p5 is the solution to the following nonlinear equation:

N N [n]p[n], [n] f
1 4
ZZ ] [\/(bz[n]yl[n]){i‘ L —bl["]yl["] _2] = 2p,
‘1

H2

which can be efficiently solved by the bisection method [28].
Similarly, for the MA-MSE and MSINR relay design, we update
{xL"] }, respectively, as
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f
[n] 5ln]
n 1 n 4%’ H n
2a; 3
n=1,...,N,, i=1,...,NM"
where H,L[n] £ b,[i"] yﬁ"] + 1, p1 and pg are the solutions to the
following equations, respectively:
Nc NlEn] 1 T
Tn] =Ps
n=1 =1 a7[ ]
T
4a[n],3-[n] [n]
ZZ — IB["] T Ma _ﬂin :2ps.
n=1;=1@ [ ] \/ K3

In a similar fashion, we can update {yl[n]} with given {wEn]}
for all three problems. Note that the conditional updates of
{xgn]} and {yq[n]} may either decrease or maintain but cannot
increase the objective functions in (24)—(26). Monotonic
convergence of {zI™} and {y!™} follows directly from this
observation. After the convergence of the alternating algorithm,
/\,E"Z] and )\Bfnl can be obtained from (30) as

LN @0

Compared with [26] and [27], the alternating algorithm trades
the local optimality for a greatly reduced computational com-
plexity. Note that in [26] and [27], if the grid density is not suf-
ficiently high, the global-optimal solution is not guaranteed. In
Section IV, we study the performance comparison of [26] with
our alternating algorithm through numerical simulations.

B. Relay Design With Schur-Convex Objective Functions

In multicarrier MIMO relay communication systems, the
overall system performance, for example, the average raw BER,
is dominated by the maximal MSE among all space-frequency
data streams. The relay scheme which minimizes the maximal
MSE (MM-MSE) has the following objective function:

] 1 [n]b [n] [n]
zi" = — —— -1 [l (gn] gln
al[ ] Hlﬂz[ ] {B[”H}n{nF n]}nrlla;x [E ( ,F )]m 41)
[n] [n] [n]
. +1
min (€2))
{m[]}{y[]}; lz: n]b[n] [n] [n] +a [n] [n] bgn]ygn] +1
N, N SMCINMONG
+ b; +1
min log, (32)
{ } {y 1} nz:l Z (a[n]b[n]x[n] [n] [n] [n] + b[n]yZ + 1)
N, N [n] [n] [n] [n]
in oy R | o3

{1l 1;[1 i1
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It can be shown similar to [21] that (41) is a Schur-convex
function of d[EB"] (B[”],F[n])]. Based on Theorem 1, the
optimal structure of {F["} and {B["l} are given by (18)
and (20), respectively. Thus, we only need to optimize
{A[f"]}, {Al[,n]}, and {Vl[}n]}. From Theorem 1 and Lemma 5 in
the Appendix, we know that at each subcarrier, the elements
of d[EB"] (B[”],F[”])] should be identical for Schur-convex
functions. Therefore, the objective function (41) can be written
as

& tr (Eg” (A, AF)) . (42)

ey 2 OO
Function (42) can be equivalently converted to

min t 43)

VeI REVE
NI AT \[n] 0] y ]
s.t. Z ( T4 f,z s, L/\ ) 7
n= 1,...,Nc, (44)

Using simplified notations defined in (30), we can rewrite (43)
and (44) as (45)—(46), shown at the bottom of the page. Finally,
the MM-MSE relay design problem is given by (45), (46), and
(34)—(36). This problem can be solved by using the alternating
technique we developed in Section III-A. In particular, for fixed
{y;"'}, the solution of updating {x;"'} is given by

T
1 plrlglplrly ] ;
i ol (o] (1, ] -
Nb (bL Yi +1)
n=1,...,N., i=1,....N" @7

Equation (47) can be seen as a multilevel water-filling solu-
tion [21], where the water level at the nth subcarrier is deter-
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TABLE 1
ALGORITHM 1: TWO BISECTION LOOPS IN COMPUTING {:TE”] }

1) Initialize the upper bound t,, and the lower bound ¢; of t.
2) Sett= (tu+11)/2.

For each n = 1,--- , N, applying the bisection method to solve the
following equation for ("], using (47) with given {yl[n] }

[n]
N, allglr] oy plmlylnl

N[n] 2 T, [n DO RO DN

Update {z["]} as (47)
3) If Z Ez ”1 m - ps‘ < ¢, then end; Here € is a small positive
number.

elseif Y2 Ne DI b M py > ety =t goto step 2.
else ty = t, goto step 2

After A[f"] and AL"] are obtained, the final step is to compute

the rotation matrix V,[,"] such that the main diagonal elements
of

(V) g+

(ATTAFIAT ALY

-1
<A 41, } vl

are identical. Such V}[,"] can be any rotation matrix that satisfies
| [V[n] ; k| | g"]] i |, Vi, k, 1. When the dimensions are ap-
proprlate such as a power of two, the discrete Fourier transform
matrix can be chosen for Vl[)"]. While for general case, V,[)n] can
be computed using the method developed in [29].

C. Subcarrier-Cooperative MIMO Relay System

In this subsection, we derive the optimal structure of F and B
for a subcarrier-cooperative MIMO relay system. Based on the
block-diagonal structure of (4) and (5) we can write the SVD of
H,, and H,, as

mined by v["]. Obviously, "] should satisfy the constraint (46) H,, = UsAsV£I (48)
at the nth subcarrier, while ¢ is determined by the transmission H,.,= UTATVf 49)
power constraint (34) across all subcarriers. In practice, {:UE”]} where
can be found by an algorithm with two bisection loops as listed
in Table 1. Us =hd (U[l]/ UL2]7 . 7ULNC])
Since {2} and {y!"!} are symmetric in (45) and (46), A, =bd(A AP AN
{yI"} can be updated in a similar fashion as {z"'}. A mono- V., =bd(VIY, Vi VIN)
tonic'c'onvergence of {a:gn][i]and {yl" [}n]is achieve?d because the Uj« b d(UFI] l Ufz]: . : UFNF])
conditional updates of {xz } and {yi } may either decrease o [;] [ 1\7; ]
or maintain but cannot increase the objective function (42). Fi- A, =bd (A AT AT )
nally, {\"}} and {A"l} are obtained by (40). V, =bd(VIH, V2 VIV
min t (45)
{a} ol
Ny APl 4 el
s.t. t> ! +b +1 n=1,...,Nc. (46)

= NI A P [n] [n] —}—a[n]a: o

b[n] Iiq’
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Note that although the main diagonal elements of A[S"] and AET’] ,
n =1,..., N, are ordered, the main diagonal elements of A
and A, remain unsorted. Let us introduce permutation matrices
II, 1, II; 5,11, 4, and I, » with commensurate dimensions such
that main diagonal elements of A, 2 I, 1A, 5 and A, &
HT71A7‘HT’2 are sorted in an increasing order, respectively. We
can rewrite (48) and (49) as

H,, = Ij'slis{/vg{v H,; = fjrf’irvql«{

where U, 2 USHZJ, V. and
V, 2 V,II,.,.

According to Theorem 1, for Schur-concave objective func-
tions, the optimal F and B jointly diagonalize the “super”
source-relay-destination channel. Therefore, their optimal
structure is given respectively by

é VSHS,27 fjr é UT]IT

r,1

F=V, A U0, B=V,A, (50)
where Ay and A, are L x L diagonal matrices, Vr,l, st,l, and
\N/SJ contain the rightmost L columns from VT, fJS, and \78,
respectively. For Schur-convex objective, the optimal structure
can be written as

F=V.1A UYL, B=V,1AV, (51)
where Vy, is an L X L unitary rotation matrix.

From (50) and (51) we find that the cooperation among sub-
carriers is essentially carried out by the permutation matrices
I, ;, I, 5,11, 1, and II, 5. In fact, the subcarriers are reshuf-
fled at the relay and source nodes such that the strong space-
frequency subchannels at the source-relay link are paired with
the strong subchannels at the relay-destination link, while the
weak subchannels are coupled with weak ones. The optimality
of such pairing has been shown in [15] and [26] for the spe-
cial case where the design objective is to maximize the MI be-
tween source and destination. Here we generalize this result to
any problem with Schur-concave and/or Schur-convex objective
functions.

After the optimal structure of F and B is determined, we are
left with the optimization of Ay and Ay, which can be efficiently
solved by the alternating power loading algorithms developed in
Sections III-A and III-B for Schur-concave and Schur-convex
objective functions, respectively.

From the computational complexity point of view, per-
forming SVD and calculating the power loading parameters are
the two most computationally intensive parts of the proposed
algorithm. By exploiting the block-diagonal feature of F and B,
the complexity of SVD for the subcarrier-cooperative system is
equivalent to that of the subcarrier-independent system. How-
ever, since for a subcarrier-independent system, optimization
of power loading parameters are decomposed into N, subprob-
lems, thus it has a lower computational complexity than the
subcarrier-cooperative system. On the other hand, as mentioned
in Section II-B, the subcarrier-cooperative relay system has a
better performance than the subcarrier independent one. Such
a performance-complexity tradeoff is very useful for practical
systems and is further studied in Section I'V.

4845

TABLE II
CHARACTERISTICS OF THE ETSI “VEHICULAR A” CHANNEL ENVIRONMENT

[ Tap [ Time Delays (1) [ Average Power (dB) |

1 0 0
2 1.55 -1
3 3.55 -9
4 545 -10
5 8.65 -15
6 12.55 -20

BER

o Subearrier ndependent Sysiem] ¥
Sl== Subcarrier—Cooperative System
10 . . : : !
5 7.5 10 12.5 15 17.5 20
SNRS (dB)

Fig. 1. Example 1: BER versus SNR,. N, = N, = N, = 3, NL[,W] =2,
SNR, = 20dB.

IV. SIMULATIONS

In this section, we study the performance of the linear non-
regenerative multicarrier MIMO relay techniques developed
using the proposed framework through numerical simulations.
For all examples, the channel between each transmit-receive
antenna pair is modelled as the ETSI “Vehicular A” multipath
channel environment which has been defined for the evaluation
of UMTS radio interface proposals [30]. The multipath time
delays and the variances of the multipath gains of the “Vehic-
ular A” channel are shown in Table II, where 7' is the sampling
interval.

An OFDM communication system with N. = 64 subcarriers
and QPSK constellations is assumed. The channel matrices have
zero-mean entries with variances o2 /N, and o2 /N, for H[;f«]
and Hy;], respectively. We define

2 2
A JspsNr A UrprNd
SNR, = N.N, ' SNR; = N.N,

as the SNR of the source-relay and relay-destination links, re-
spectively. All simulation results are averaged over 2000 inde-
pendent channel realizations.

First we compare the performance of the subcarrier-cooper-
ative and subcarrier-independent systems, in order to study the
performance-complexity tradeoffs of the former system. Fig. 1
shows the performance of both systems in terms of BER versus
SNR,. Here we set Ny = N, = N; = 3, Nb[n] =2,n =
1,..., N., and SNR, = 20 dB. Both systems are designed by
using the proposed framework under the MA-MSE criterion.
In particular, the subcarrier-independent system is optimized
based on Section III-A, while the subcarrier-cooperative system
is developed following the steps in Section III-C. From Fig. 1,
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Mutual Information (b/s/Hz)
W
W

—6— Alternating Algorithm

2 —v— Optimal Algorithm (q=20) |
g —&— Optimal Algorithm (q=100)
1.5 * * :
5 10 15 20 25
SNRS (dB)
Fig.2. Example2: MIversus SNR;. N, = N,. = Ny = J\"l[,”] =1,SNR, =
20 dB.

we find that the subcarrier-cooperative system provides only a
marginal performance improvement over the subcarrier-inde-
pendent system. The reason can be explained as follows. The
performance gain of the subcarrier-cooperative system is essen-
tially obtained by pairing all space-frequency subchannels in a
proper order. We call such gain space-frequency pairing gain.
While in subcarrier-independent systems, only the spatial sub-
channels within one subcarrier is properly paired. It appears that
such space-only pairing gain is only slightly smaller than the
space-frequency pairing gain. Since the subcarrier-independent
systems trade only a slight performance loss for a much reduced
computational complexity, it is very attractive for practical ap-
plications. Therefore, in the following simulations, we focus on
subcarrier-independent systems.

In the second example, we compare the proposed alternating
power loading algorithm for Schur-concave objective functions
developed in Section III-A with the optimal power loading al-
gorithm proposed in [26]. Since [26] is designed for the MMI
criteria, in Fig. 2, we show the performance of both algorithms
in terms of MI versus SNR. Here we set Ny = N,, = Ny =1
(i.e., a SISO relay system as in [26]) and SNR, = 20 dB. To
find the optimal solution, a two-dimensional grid search is per-
formed as proposed in [26]. In particular, we try ¢ = 20 and
qg = 100, respectively, where ¢ denotes the number of uni-
formly-spaced intervals in each search dimension. From Fig. 2
we find that, as expected, the performance of [26] greatly de-
pends on the density of the two-dimensional grid. When the
grid is sparse, the global optimality is not guaranteed. In fact,
at ¢ = 20, it has a worse performance than our alternating al-
gorithm throughout the whole SNRj region. On the other hand,
with a dense grid (¢ = 100), its performance is better than the
proposed alternating algorithm in the low and medium SNRg
range. However, its performance is still inferior to that of our
alternating algorithm at high SNR;. This indicates that a grid
search with very high density (for example, ¢ = 1000) is re-
quired at high SNRy. Obviously, the computational complexity
for searching over a dense grid is extremely high. Therefore, for
practical systems, the alternating power loading algorithm is a
better choice.

In the following two examples, we compare the performance
of different algorithms in terms of BER. We consider the
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BER

f| —=— NAF Algorithm
—v— PMF Algorithm
—#*— MA-MSE Algorithm
10" | —e— MMI Algorithm
—*— MSINR Algorithm
——— MM-MSE Algorithm

5 7.5 10 12.5 15 17.5 20 225
SNR_(dB)

Fig. 3. Example 3: BER versus SNR,. N, = N,. = N; = 3, NIE”] =2,
SNR, = 20dB.

MA-MSE, MMI, MSINR, and MM-MSE relay algorithms
developed using the proposed framework, and the following
two suboptimal schemes.
* Naive amplify-and-forward (NAF) algorithm: In this
scheme, one chooses the following source matrix:

Ps

B — o
N
n=1
x [Iymr Oprn n] ]T n=1 N. (52
N NP (No=NY | seees NG

where 0, ,, stands for a pxm matrix with all zeros entries.
The relay matrix F["l is taken as

n] _ DPr )
F = oy

N tr(T

where

i —grIBM(HIBM) T 41y, n=1,...,N..

* Pseudo match-and-forward (PMF) algorithm [31]: In this
scheme, B[™ is given by (52), and Fl s

Flnl — pTH
Newr((ELEE) Tt ETED)

x(HIEMT =1, N,

In our third example, we choose Ny, = N, = N4 = 3, and
NIE"] =2,n=1,..., N..Fig. 3 shows BERs of all algorithms
versus SNR; for SNR, = 20 dB. While Fig. 4 demonstrates
BERs of all algorithms versus SNR, for SNRy fixed at 20 dB.
It can be seen from Figs. 3 and 4 that the algorithms developed
using the proposed framework perform consistently better than
the NAF and PMF algorithms over the whole SNR and SNR,;.
range.

In the fourth example, we simulate a relay system with dif-
ferent number of antennas at each node. In particular, we set
N, =5 N, =6 N;=4,and N =3,n=1,...,N,. The
BERs of all algorithms except the PMF scheme versus SNRy
are displayed in Fig. 5 for a fixed SNR, at 20 dB. Fig. 6 shows

BERs of the competing algorithms with respect to SNR, for
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BER

f| —8— NAF Algorithm
—v— PMF Algorithm
—#*— MA-MSE Algorithm
10 H —e—MMI Algorithm
—*— MSINR Algorithm
—>— MM-MSE Algorithm|

5 7.5 10 12.5 15 17.5 20 225
SNR (dB)

Fig. 4. Example 3: BER versus SNR,. N, = N, = N; = 3, NLE"] =2,
SNR, = 20dB.

10

104

BER

—&— NAF Algorithm

—*— MA-MSE Algorithm|[ "\~
10 " H —o— MMI Algorithm
—*— MSINR Algorithm
—o— MM-MSE Algorithm|

5 10 15 20 25
SNR_(dB)

Fig. 5. Example 4: BER versus SNR,. N, =5, N, =6, N, = 4, NIE"] =
3, SNR, = 20dB.

BER

_, [| —*— MA-MSE Algorithm
10 f —e— MMI Algorithm HEHIHH
—*— MSINR Algorithm =N\
—0— MM-MSE Algorithm|
7.5 10 12.5 15 17.5 20 225
SNRr(dB)

Fig. 6. Example 4: BER versus SNR,. N, =5, N, =6, Ny = 4, NLE"] =
3,SNR. = 20dB.

SNR. = 20 dB. Note that in contrast to other schemes, the PMF
algorithm requires N; = N;. We observe that the algorithms
using our unified framework have a tremendously improved per-
formance compared with the NAF algorithm.

From Figs. 3-6 we find that among the four algorithms de-
veloped using the proposed framework, the MM-MSE relay
scheme has the best performance. Note that the MMI (as con-
sidered in [9]-[11] and [15]) is a good criterion only for coded
systems in which the number of symbols for each coding block
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25

—+— MA-MSE (Max)
20 || —e—MA-MSE (Min)

—6— MM-MSE (Max)
|| —— MM-MSE (Min)

Power Range (dB)

10 15 20 25
SNR_(dB)

Fig. 7. Example 5: Power range versus SNR,. N, = N, = N, = 3, N,E”] =
2, SNR, = 20dB.

is large. However, in the numerical comparison, we consider un-
coded systems with a small number of symbols (QPSK, N, ,["] =
2, 3) for each block and compare the different schemes in term
of raw BER. It is not surprising that the MMI-based algorithm
does not yield a better performance than algorithms based on
other criteria (such as MSE-based ones including MA-MSE and
MM-MSE) in this setting.

In the last example, we investigate two practical issues of
our algorithms: the dynamic range of the transmission power
at each antenna, and the clipping probability at the source and
relay nodes. The clipping probability is an important parameter
for multicarrier systems and is defined as the probability that
the instantaneous signal amplitude exceeds a clipping value. We
choose MA-MSE and MM-MSE as the example of Schur-con-
cave and Schur-convex objective functions, respectively. For
both Schur-convex and Schur-concave objective functions, the
transmission power p,j and p,; of the kth antenna at the
source and relay nodes are computed respectively as

NC N[En.]

EDI [B([)n]}kﬂ/ k=1,...,N,
n=1 i=1
N, N

Pri = B0 . k=1 N
n=1 i=1 ksé

Weset Ny = N, = Ny = 3,and N™ = 2,n = 1,...,N..
Fig. 7 shows the maximal and minimal transmission power of
the first antenna (k = 1) at the source node versus SNRy at
SNR, = 20dB. Fig. 8 demonstrates the transmission power
range of the first antenna at the relay node versus SNR, for
SNRs = 20dB. From Figs. 7 and 8 we find that for a given
SNR; or SNR,, the required dynamic range of the power ampli-
fier is around 5 dB, which can be easily implemented in practice.
Interestingly, it can be seen from Figs. 7 and 8 that the MM-MSE
algorithm yields a slightly larger dynamic power range than that
of the MA-MSE algorithm.

The clipping probability at each antenna of the source and
relay nodes is calculated respectively as

pr{Is.o1> /35 )

Dr
Pr{|5r(t)| > NN }
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—+— MA-MSE (Max)
20 H ——MA-MSE (Min)
—o—MM-MSE (Max)
H —— MM-MSE (Min)

Power Range (dB)

5 10 15 20 25
SNR (dB)

Fig. 8. Example 5: Power range versus SNR,. N, = N, = N, = 3, NIEH] =
2, SNR, = 20dB.

Clipping Probability

—#— MA-MSE (Source) [~ "

10 " —e— MA-MSE (Relay) [iiiiiiiiNgiiN
—0— MM-MSE (Source)| =5
—+—MM-MSE (Relay) |

1 1.5 2 2.5 3 3.5 4
n

Fi%.]Q. Example 5: Clipping probability versus . Ny, = N, = Ny = 3,
Ny

= 2,SNR, = SNR, = 20dB.

where Pr{-} stands for probability, |Ss(t)| and |S,(t)| are the
amplitude of the transmitted signal at the source and relay nodes,
respectively, and 7 is a scalar controlling the clipping value.
Fig. 9 shows the clipping probability versus n for Ny = N, =
Ny =3, N" =2 n=1,._ N.,andSNR, = SNR, =
20 dB. It can be seen from Fig. 9 that thanks to the rotation
matrices VZE"], n = 1,..., N, the clipping probability of the
MM-MSE algorithm at the source node is much lower than that
of the MA-MSE algorithm. We would like to mention that both
the dynamic power range and the clipping probability can be
controlled by incorporating additional constraints into the opti-
mization problem [21]. From Figs. 3—6 and 9 we find that the
MM-MSE algorithm has a better performance in terms of both
BER and clipping probability than all competing techniques.
Thus, it is very attractive for practical multicarrier MIMO relay
systems.

V. CONCLUSION

We developed a unified framework which systematically
solves most commonly formulated optimization problems
for the source and relay matrices in a linear nonregenerative
multicarrier MIMO relay communication system. We have
shown that the optimal source and relay matrices jointly diag-
onalize the multicarrier MIMO relay channel if the objective
function is Schur-concave. While for Schur-convex objective
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functions, the source-relay-destination channel is diagonalized
after a specific rotation of the source matrix. With this optimal
structure, the relay design problem is simplified to the issue of
power loading among parallel SISO relay channels, and can
be efficiently solved by using an alternating technique. Using
the unified framework, we developed an MM-MSE relaying
algorithm using a Schur-convex objective function. This new
algorithm has a much better performance in terms of BER and
clipping probability than all competing techniques.

APPENDIX
PROOF OF THEOREM 1

To prove Theorem 1, we need the following lemmas from
[19].

Lemma 1 [19, 9.B.1]: For a Hermitian matrix A with the
vector of main diagonal elements d[A] and the vector of eigen-
values A[A], there is d[A] < A[A].

Lemma 2 [19, Proof of 9.H.2]: For two N x N com-
plex matrices A; and Ay, let B = AfIAgAl, then o <«
(64, ® 04, ® 04,), where oy, 04, and a,, denote N x 1 vec-
tors containing the singular values of B, A; and A, arranged
in the same order, respectively, and ® denotes the Schur (ele-
ment-wise) product of two vectors.

Lemma 3 [19, 3.A.8]: A real-valued function f satisfies
X <w ¥ = f(x) < f(y) if and only if f is increasing and
Schur-convex.

Lemma4 [19, 9.H.1.h]: Fortwo N x N positive semidefi-
nite Hermitian matrices A and B with eigenvalues A\, ; and Ay ;,
i1 =1,..., N, arranged in the same order, respectively, there is
tI‘(AB) Z Zfil )\a,i/\b,N-l—l—i~

Lemma 5 [19, p.7]: Foran N x 1 vector x, let us define
an N x 1 vector 1y with identical elements of Zfil x;/N,
there is 1 %1 < X.

Lemma 6 [19, 9.B.2]: For any N X 1 real-valued vector
x, there exists a real symmetric (and thus Hermitian) matrix
A with equal main diagonal elements and eigenvalues given
by x. Equivalently, there is a unitary matrix U such that A =
UHD(x)U, where D(x) denotes a diagonal matrix taking x as
the main diagonal.

We start to prove the first half of Theorem 1. Let us define
APl 2 HL?;]B["] (B[n])H(H[n])H

sr

= Ul gl (53)
x ] éHLZ]F"](A["] + Iy )2
= Ul (v (54)

where ALn] isan JV, ,[n] x N diagonal matrix containing nonzero
eigenvalues of A", U,[ff is an N, x N,En] matrix of the associ-
ated eigenvectors, UM A (VI H is the SVD of X[ with the
dimensions of UL"], A_Lf’], v being Ny X Nb["], NIE"] X NIE"],
N, x N, ,En] , respectively. The diagonal elements of AL"] and AL[E"]
are sorted in increasing order, respectively. Here, we use condi-
tion ii) in Theorem 1. From (53) and (54) we have

HUIBM =Ull(Al)2Ql
HLT(‘i]F[n] —x[] (A[n] + INT)

(55)

—1/2 (56)
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where Q[ln] is an arbitrary N,E"] X N,E"] unitary matrix. Substi-
tuting (55) and (56) into (8), we have

El! =T - (|l [H[:;]F[n]( Al 11y )
SULDERS
o — EEBM)H
~ (A[n] + INr)_l/Z(X["])H
x XX 41y ] -1
% X[n](A[n] +1 r)—l/QH[;;;]B[n]
I — Q)7 (AL
X (AL"] F L) " gy
x VAL [(A"]) +1, }7
« A["]( )HU[“]
x (A 1) Al
:INIE"] ( [n])HD X
x Qi pl Q™
éIN[n] el

b

(57)
where the matrix inversion lemma is applied to obtain the first

equation from (8), and

Q& (vi)rol
s —-1/2
(AL + 1]

ALy 1]

1>

pl"

(1>

D

It will be seen later that the power constraints (14) and (15) are
invariant to Q") and Q.
Applying Lemmas 1 and 2 to G in (57), we have

d[GM"] < A[GM] <, a[ (D}’ DY 58
which indicates that d [G[”]] is majorized if
= ‘I’Nb[nl, QY = ‘I’Nb[n]- (59)

Here ®,,, denotes an arbitrary m x m diagonal matrix with unit-
norm main diagonal elements, i.e., |[®,,];:] = 1, [®w]i; =
0,7,j = 1,...,m,i # j. Since fﬂd [Eg"]]) is Schur-concave
and increasing with respect to d[Eon]], f(d[Lyr — GIM]) s
Schur-concave and decreasing with respect to d [G[”]]. Obyvi-
ously, —f(d[I 1 — GI)]) is Schur-convex and increasing
with respect to d [G[”]] . Based on (58) and Lemma 3, we have
(Al = GM]) < — (At (D) "DET]) e
Fd[Typ = GM]) > f(d[Tym - (DE )"D57]). where
the equahty holds at (59). Wlthout affectlng the objective func-
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tion (13) and the power constraints (14) and (15), we choose
["] = Q[Q"] = , hence VI = Ul
Now we con51der the ﬂvower constraints (14) and (15). Sub-
stituting the SVD of H in (16) into (55), we have

0N, —r)x(N, 1) o

O, —r1)xr } Bl
07‘1 X(Ns—’fl) 5,71

= (urhEullAl'h2Ql (60)

where 71 £ rank (H[ﬁ«]) s A[T’lll is a diagonal matrix containing

all nonzero singular values of H[;f«], and Bl & ( [n]) Hpinl,
Let us denote UM = LUL”L U[snll] where U[ ]1 and U[s”}»l
contain the vectors in U}" | associated with the zero and nonzero
singular values of H[;l], respectively.

We find that depending on N, N,., and 71, (60) can be classi-

fied to the following three cases. Firstly, if Ny = N, = r1, (60)
holds if and only if

Bl = (A )"

) THo Fuld a2t e

Secondly, if Ny > N, = rq, then (60) is valid if and only if

[0 v,y Al ] BI = (Ul ) HUlel(Al)12Q
(62)

Finally, if Ny > r; and N, > rq, (60) holds if and only if
(U[n] ) U,[?] = O(N —r)x NI and (62) holds. For the latter
r—T1 3

s5,T1
two cases, the complete solution for Bl s

B[n] = [0T1><(Ns —r1) (A[sn1]~1 ) ]

x(UEL)MULIAL) QI + [Z0 Oy, 17 (63)
where Z is an arbitrary N, ,En] X (Ng — 71) matrix. Obviously, to
minimize the transmission power at the source node, Z should
be chosen as 0 T (Ns—r1)" To determine UL"] in (61) and (63),
let us con51der the transmlssion power at the nth subcarrier of
the source node given by

tr(B["](B["])H) :tr(B[n](B[n])H)
=tr((Al2,) T Ul TulAl
x (Ul (AL?AI)’l). (64)

Note that (64) is invariant to Q[n] and Q[ "] It can be seen from
Lemma 4 that (64) is minimized if Ul = U, 1<I> 1. Without
affecting the objective function and the constramts we take
U["] U™, and together with Q1 (=], wWe prove the op-

s,1»
timal structure of B in (19) with A["] (A[n]) (AL"]) vz,
Now we cons1der the power constraint (15). Similar to steps
(60)(63), by solving (56) for FI"l we have (U] )7 Ul =
O(Nd —ra)x NI if Ng > 79 and
B0 = ()7 (UR, ) PULIAL (v

[
x (A 41y )72 No=1y (65)
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Fil = [OrQX(NT—rz) (A[:lz)il]H
X

n n n n H
(Ul ulA (Vi)
x (AP 413 )72 N>y (66)

where 75 £ rank (H[Z]), Finl 2 (VL"])HF[”], Al s a di-

T T2
agonal matrix containing all nonzero singular values of HE;]

Ug-r,lqlz and U} contain the vectors in UL

zero and nonzero singular values of HLZ], respectively. To de-

associated with the

termine UL"] in (65) and (66), we consider the power consumed
by the relay node written as

tr (F[n1 (Al 1+ 1y) (F[n1)H)
—ir (B (AR 41y ) (5)")
=tr ((AlZ,) 7 (Ul )TUbI AL (Ul)

<UL, (AR,) 7).

T,r2

H
(67)

Obviously, (67) is invariant to Q[ln] and Q[Q"]. From Lemma 4,
we know that (67) is minimized if Ul = ULﬂ‘I) w11 Without
affecting the objective function and the constraintsf we choose
ull = ULT_q, and using V") = Ul = U[ﬂ, we prove the op-
timal structure of Fl') in (18) with A" = (AI"}) 7 Al (Al 4
I e ) - ? This concludes the proof for the first part of The-
orem 1.

For Schur-convex objective functions, based on Definition
2 and Lemma 5, we know that the minimum of the objective
function is obtained if EJ” (BI"], FI"]) has equal main di-
agonal elements. Let us introduce the eigendecomposition of
@) (el Tak = UlIAR (UI) 7 Hence, we have
Egn] (B[”], F["]) = Ugg] (IN[”] + Agg])il (U%])H. Based on
Lemma 6, for any B[ and bF["], we can improve the perfor-
mance by using Bl = B["]UEg]V,[)"] without affecting the
power constraints (14) and (15). Here Vl[)"] is a unitary matrix
such that E" (B, Flnl) (V,[)"])H(IN[W] + Agg])flV}[,"]
has identical main diagonal elements, i.e., ’
[B5(BI,FM)]

tx (" (B, F1))

N[

N (68)

From (68), we see that B[ and F[™ should be chosen to
minimize tr (E([)"] (B["]7 FlM ))- Such optimal Fl") and BI" are
given by (18) and (19), respectively, since tr(E([]n] (B[”], F["]))
is a Schur-concave function of d [EE"] (B["], F[”])] .

In a nutshell, there are two steps in the optimal relay de-
sign with Schur-convex objectives. First, we calculate the
optimal an] and Bgn] according to (18), (19) and using
tr (B (B[], FIM)) as the objective function. After the first
step, we obtain a diagonal Eg”] (B, Fi") with minimal
tr(E([)"] (Bl*),FI)). In the second step, B! is rotated by
V,[)"] based on (68). Therefore, for Schur-convex objective
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functions, F([)"] is given by (18), while Bgn] is represented as

(20). O

REFERENCES

[1] E.C. van der Meulen, “Three-terminal communication channels,” Adv.
Appl. Prob., vol. 3, pp. 120-154, 1971.

[2] T. M. Cover and A. A. El Gamal, “Capacity theorems for the relay
channel,” IEEE Trans. Inf. Theory, vol. 25, pp. 572-584, Sep. 1979.

[3] A. Sendonaris, E. Erkip, and B. Aazhang, “User cooperation di-
versity—Part I and Part II,” IEEE Trans. Commun., vol. 51, pp.
1927-1948, Nov. 2003.

[4] Y.Hua, Y. Mei, and Y. Chang, “Wireless antennas—making wireless
communications perform like wireline communications,” in Proc.
IEEE Topical Conf. Wireless Commun. Tech., Honolulu, HI, Oct.
15-17, 2003, pp. 1-27.

[5] J.N.Laneman, D.N.C. Tse, and G. W. Wornell, “Cooperative diversity
in wireless networks: Efficient protocols and outage behavior,” IEEE
Trans. Inf. Theory, vol. 50, pp. 3062-3080, Dec. 2004.

[6] G. Kramer, M. Gastpar, and P. Gupta, “Cooperative strategies and ca-
pacity theorems for relay networks,” IEEE Trans. Inf. Theory, vol. 51,
pp. 3037-3063, Sep. 2005.

[7]1 B. Wang, J. Zhang, and A. Hgst-Madsen, “On the capacity of MIMO
relay channels,” IEEE Trans. Inf. Theory, vol. 51, pp. 29-43, Jan. 2005.

[8] M. Yuksel and E. Erkip, “Multi-antenna cooperative wireless systems:
A diversity multiplexing tradeoff perspective,” IEEE Trans. Inf.
Theory, vol. 53, pp. 3371-3393, Oct. 2007.

[9] X.Tangand Y. Hua, “Optimal design of non-regenerative MIMO wire-
less relays,” IEEE Trans. Wireless Commun., vol. 6, pp. 1398-1407,
Apr. 2007.

[10] O.Muiioz-Medina, J. Vidal, and A. Agustin, “Linear transceiver design
in nonregenerative relays with channel state information,” IEEE Trans.
Signal Process., vol. 55, no. 6, pp. 2593-2604, Jun. 2007.

[11] Z.Fang, Y. Hua, and J. C. Koshy, “Joint source and relay optimization
for a non-regenerative MIMO relay,” in Proc. IEEE Workshop Sensor
Array Multi-Channel Signal Processing, Waltham, WA, Jul. 2006, pp.
239-243.

[12] W.Guan and H. Luo, “Joint MMSE transceiver design in non-regenera-
tive MIMO relay systems,” IEEE Commun. Lett., vol. 12, pp. 517-519,
Jul. 2008.

[13] A.S. Behbahani, R. Merched, and A. M. Eltawil, “Optimizations of a
MIMO relay network,” IEEE Trans. Signal Process., vol. 56, no. 10,
pp. 5062-5073, Oct. 2008.

[14] Y. Fan and J. Thompson, “MIMO configurations for relay channels:
Theory and practice,” IEEE Trans. Wireless Commun., vol. 6, pp.
1774-1786, May 2007.

[15] 1. Hammerstrom and A. Wittneben, “Power allocation schemes for am-
plify-and-forward MIMO-OFDM relay links,” IEEE Trans. Wireless
Commun., vol. 6, pp. 2798-2802, Aug. 2007.

[16] Y.Rong, “Non-regenerative multicarrier MIMO relay communications
based on minimization of mean-squared error,” in Proc. IEEE Int. Conf.
Commun., Dresden, Germany, Jun. 2009.

[17] B. Khoshnevis, W. Yu, and R. Adve, “Grassmannian beamforming for
MIMO amplify-and-forward relaying,” IEEE J. Sel. Areas Commun.,
vol. 26, pp. 1397-1407, Oct. 2008.

[18] S. Peters and R. W. Heath, “Nonregenerative MIMO relaying with op-
timal transmit antenna selection,” IEEE Signal Process. Lett., vol. 15,
pp. 421-424, 2008.

[19] A. W.Marshall and 1. Olkin, Inequalities: Theory of Majorization and
Its Applications. New York: Academic, 1979.

[20] T. Ando, “Majorization, doubly stochastic matrices, and comparison
of eigenvalues,” Linear Algebra Appl., pp. 163-248, 1989.

[21] D. P. Palomar, J. M. Cioffi, and M. A. Lagunas, “Joint Tx-Rx beam-
forming design for multicarrier MIMO channels: A unified framework
for convex optimization,” IEEE Trans. Signal Process., vol. 51, no. 9,
pp. 2381-2401, Sep. 2003.

[22] S. Jafar and A. Goldsmith, “Transmitter optimization and optimality
of beamforming for multiple antenna systems,” IEEE Trans. Wireless
Commun., vol. 3, pp. 1165-1175, Jul. 2004.

[23] A. Soysal and S. Ulukus, “Optimum power allocation for single-user
MIMO and multi-user MIMO-MAC with partial CSL,” IEEE J. Sel.
Areas Commun., vol. 25, pp. 1402-1412, Sep. 2007.

[24] N.Fawaz, K. Zarifi, M. Debbah, and D. Gesbert, “Asymptotic capacity
and optimal precoding strategy of multi-level precode & forward in
correlated channels,” in Proc. IEEE Inf. Theory Workshop, Porto, Por-
tugal, May 2008, pp. 209-213.



RONG et al.: OPTIMIZING LINEAR NONREGENERATIVE MULTICARRIER MIMO RELAY COMMUNICATION SYSTEMS

[25] S. M. Kay, Fundamentals of Statistical Signal Processing: Estimation
Theory. Englewood Cilffs, NJ: Prentice-Hall, 1993.

[26] W.Zhang, U. Mitra, and M. Chiang, “Optimization of amplify-and-for-
ward multicarrier two-hop transmission,” /EEE Trans. Commun., sub-
mitted for publication.

[27] R. Cendrillon, W. Yu, M. Moonen, J. Verlinden, and T. Bostoen, “Op-
timal multiuser spectrum balancing for digital subscriber lines,” IEEE
Trans. Commun., vol. 54, pp. 922-933, May 2006.

[28] S. Boyd and L. Vandenberghe, Convex Optimization.
U.K.: Cambridge Univ. Press, 2004.

[29] P. Viswanath and V. Anantharam, “Optimal sequences and sum ca-
pacity of synchronous CDMA systems,” IEEE Trans. Inf. Theory, vol.
45, pp. 1984-1993, Sep. 1999.

[30] Universal Mobile Telecommunications System (UMTS); Selection
Procedures for the Choice of Radio Transmission Technologies of the
UMTS (UMTS 30.03 Version 3.2.0), ETSI Standard, Document TR
101 112 V3.2.0, 1998.

[31] P.U. Sripathi and J. S. Lehnert, “A throughput scaling law for a class of
wireless relay networks,” in Proc. 38th Annu. Asilomar Conf. Signals,
Systems, Computers, Nov. 2004, vol. 2, pp. 1333-1337.

Cambridge,

Yue Rong (S’03-M’06) received the B.E. de-
gree from Shanghai Jiao Tong University, China, the
M.Sc. degree from the University of Duisburg-Essen,
Duisburg, Germany, and the Ph.D. degree (summa
cum laude) from Darmstadt University of Tech-
nology, Darmstadt, Germany, all in electrical
engineering, in 1999, 2002, and 2005, respectively.

From April 2001 to October 2001, he was a Re-
search Assistant at the Fraunhofer Institute of Mi-
croelectronic Circuits and Systems, Duisburg, Ger-
many. From October 2001 to March 2002, he was
with Nokia Limited, Bochum, Germany. From November 2002 to March 2005,
he was a Research Associate at the Department of Communication Systems in
the University of Duisburg-Essen. From April 2005 to January 2006, he was
a Research Associate with the Institute of Telecommunications at Darmstadt
University of Technology. From February 2006 to November 2007, he was a
Postdoctoral Researcher with the Department of Electrical Engineering, Uni-
versity of California, Riverside. Since December 2007, he has been a Lecturer
with the Department of Electrical and Computer Engineering, Curtin Univer-
sity of Technology, Perth, Australia. His research interests include signal pro-
cessing for communications, wireless communications, wireless networks, ap-
plications of linear algebra and optimization methods, and statistical and array
signal processing.

Dr. Rong received the 2001-2002 Graduate Sponsoring Asia scholarship of
DAAD/ABB (Germany) and the 2004 Chinese Government Award for Out-
standing Self-Financed Students Abroad (China).

4851

Xiaojun Tang (S’07) received the B.S. and M.S.
degrees from University of Electronic Science and
Technology of China (UESTC) in 2000 and 2003,
respectively. He is now working toward the Ph.D.
degree at Wireless Information Network Laboratory
(WINLAB) at Rutgers University, New Brunswick,
NI.

From 2003 to 2005, he was a Research Assistant at
the University of California, Riverside, working on
MIMO cooperative and relay systems. Since 2005,
he has been with WINLAB at Rutgers University
working on information theoretic security and ensuring wireless security at the
physical layer. In the summer of 2008, he was a research intern at DOCOMO
Communications Laboratory USA. His research interests are in the areas
of wireless communications, signal processing, information theory, modern
coding theory, information privacy and security.

Mr Tang received an outstanding teaching assistant award at University of
California, Riverside, in 2005, and multiple year research fellowships at Rutgers
University. He also received a best student paper award at the IEEE VTC 2009,
Anchorage, AK.

Yingbo Hua (S’86-M’88-SM’92-F’02) received
the B.S. degree from Nanjing Institute of Tech-
nology, Nanjing, China, in February 1982, and
M.S. and Ph.D. degrees from Syracuse University,
Syracuse, NY, in 1983 and 1988, respectively.

From 1988 to 1989, he was a research fellow at
Syracuse, consulting for Syracuse Research Co., NY,
and Aeritalia Co., Italy. He was Lecturer from Feb-
ruary 1990 to 1992, Senior Lecturer from 1993 to
1995, and Reader and Associate Professor from 1996
to 2001, with the University of Melbourne, Australia.
He served as a visiting professor with Hong Kong University of Science and
Technology from 1999 to 2000, and consulted for Microsoft Research Co., WA,
during summer 2000. Since February 2001, he has been Professor of Electrical
Engineering with the University of California, Riverside, CA. He is an author/
coauthor of numerous articles in journals, conference proceedings and books,
which span the fields of sensor array signal processing, channel and system iden-
tification, wireless communications and networking, and distributed computa-
tions in sensor networks. He is a co-editor of Signal Processing Advances in
Wireless and Mobile Communications, Prentice-Hall, 2001, and High-Resolu-
tion and Robust Signal Processing, Marcel Dekker, 2003.

Prof. Hua has served on the Editorial Boards for IEEE TRANSACTIONS ON
SIGNAL PROCESSING, IEEE SIGNAL PROCESSING LETTERS, /EEE Signal Pro-
cessing Magazine, and Signal Processing (EURASIP). He also served on IEEE
SPS Technical Committees for Underwater Acoustic Signal Processing, Sensor
Array and Multichannel Signal Processing, and Signal Processing for Commu-
nications and Networking, and on numerous international conference organiza-
tion committees.





