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EPIGRAPH

You see, wire telegraph is a kind of a very, very long cat. You pull his tail in New
York and his head is meowing in Los Angeles. Do you understand this? And
radio operates exactly the same way: you send signals here, they receive them
there. The only difference is that there is no cat.

—Albert Einstein
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ABSTRACT OF THE DISSERTATION

Feedback Reduction Techniques and Fairness in Multi-User MIMO
Broadcast Channels with Random Beamforming

by

Matthew Owen Pugh

Doctor of Philosophy in Electrical Engineering
(Communication Theory and Systems)

University of California, San Diego, 2011

Professor Bhaskar D. Rao, Chair

With the rise of cellular communications, the broadcast channel has gained
prominence since it is an effective model of the cellular downlink channel. Multiple-
input multiple-output (MIMO) communications has also gained in popularity due
to its theoretically promised performance benefits over traditional single antenna
systems. Combining these two theoretical objects yields the the MIMO, or vector,
broadcast channel. To achieve the highest possible performance it is known that
channel state information (CSI) from each user in the broadcast channel must be
known at the transmitter. This requires each user to feed back this information,

which is an unwanted overhead.
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The first part of the dissertation discusses methods to reduce this feed-
back overhead by considering use of multiple receive antennas. Under the random
beamforming transmit methodology, the feedback is reduced by considering only
feeding back the largest SINR value observed at each user. Analysis of this re-
duced feedback scheme involves finding the distribution of the largest SINR over
correlated random variables. Each user can also use the additional receive anten-
nas to perform LMMSE reception. The distribution of the post-processed SINR
is found and used to compute the system performance. Feedback can be reduced
after LMMSE reception by feeding back only the largest post-processed SINR.
Bounding techniques on the distribution function of the maximum post-processed
SINR are used to evaluate the performance of this scheme. Fixed finite thresholds
are shown to have no asymptotic effects on the system performance.

The second part of the thesis considers the design of thresholds as a function
of the number of users to reduce feedback. The asymptotic properties of any suc-
cessful threshold are derived, namely any threshold T'(n) € o(logn) asymptotically
achieves the optimal sum-rate scaling rate while any threshold T'(n) € w(logn)
loses all multi-user diversity. Under three proposed system performance metrics,
the optimal threshold is obtained. These metrics are: constraining the average
number of users providing feedback, constraining the probability that no user feeds
back, and constraining the rate lost due to thresholding.

The final portion of the dissertation address the question of fairness in the
random beamforming technique. To improve fairness the proportional fair sharing
algorithm is proposed as a substitute for the greedy scheduling algorithm. Under
the Rayleigh fading model, the asymptotic performance is found to be identical
to the asymptotic performance of the greedy algorithm. The rate of convergence
of the proportional fair sharing algorithm to the asymptotic performance limit is
found. The distribution of the distance from the asymptotic limit is computed.
Additional analysis is performed on the use of thresholds under proportional fair

sharing.
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Chapter 1
Introduction

With cellular technologies becoming ubiquitous, and the demand for multi-
media content increasing, maximizing the throughput of the downlink channel is an
important and challenging problem. In traditional point-to-point communication
problems, transmission schemes that are agnostic of the channel conditions have
been developed that can achieve near-optimal performance. Thus in a traditional
setting, the need for CSI is not critical. In the multi-user communication scenario
of the broadcast channel, CSI becomes absolutely necessary to achieve the best
possible performance. The reason for this is that in the multi-user scenario, there
exists a form of diversity which cannot be exploited without channel knowledge,
and that diversity is multi-user diversity. When there are many users in a broad-
cast channel, each user will experience varying channel conditions, some of which
are good and some of which are poor. With CSI available at the transmitter, or the
base station in the cellular downlink channel, the transmitter can schedule users
who are currently in strong channel conditions that facilitate the highest through-
puts. By knowing the CSI and the channels that can support high data rates, the
transmitter is exploiting the multi-user diversity. Without any CSI at the trans-
mitter, such scheduling decisions cannot be made and all multi-user diversity is
lost. Therefore, as previously alluded to, CSI is required in order to exploit the
multi-user diversity of the broadcast channel. The transmitter is made aware of
the CSI by each user making some measurement of the channel and feeding back

this measurement. This feedback is an unwanted but necessary overhead to get



the best possible system performance.

This dissertations analyzes various methods of reducing the feedback of
channel state information (CSI) in multi-user multiple-input multiple-out (MIMO)
broadcast channels. Much research has been performed on designing efficient chan-
nel metrics that capture the nature of the channel conditions and on effective means
of conveying this metric back to the transmitter. Under the random beamforming
transmit scheme where signal-to-interference plus noise ratio (SINR) is the channel
metric which is fed back, various techniques are developed and analyzed to reduce
this feedback. Feedback reduction can be achieved in a MIMO broadcast channel
by exploiting the additional spatial diversity at each user created by the additional
spatially separated receive antennas. Feedback in this case is reduced by consider-
ing only the best channel locally at each user over receive antennas or by reducing
the total number of SINR values by employing an optimal linear receiver at each
user. To further facilitate feedback reduction a threshold can be implemented at
each user such that if a particular user’s SINR is below the threshold, the SINR
value is not fed back to the transmitter. Originally it was shown that no asymp-
totic throughput is lost by the implementation of any finite threshold. Additionally
research was done to find the scaling rates on any possible threshold as a function
of the number of users in the system such that optimal performance was obtained
asymptotically. Performance metric were proposed and optimal threshold derived
under these metric for non-asymptotic results. Finally, when exploiting multi-user
diversity, the fairness of the system can be a concern. Some users may suffer from
poor channel conditions for extended periods of time, and thus not be scheduled
by a greedy scheduling algorithm such as that used by the random beamforming
transmit scheme. To address this concern, use of the proportional fair sharing al-
gorithm (PFS) is suggested and under the proposed system model the convergence
to the performance of the greedy scheduling algorithm is proven. To once again
reduce feedback, the application of a threshold to the PFS algorithm is considered
and analyzed.

This chapter is organized as follows. Section 1.1 provides some background

on fading channels, the need for channel state information in multi-user systems



and the random beamforming transmit scheme under the i.i.d. Rayleigh fading
channel model. Section 1.2.1 provides details on the methodologies used to reduce
feedback and section 1.2.2 describes the design of thresholds to reduce feedback.
Finally, section 1.2.3 discusses in more detail the proportional fair sharing algo-

rithm and how it accommodates fairness.

1.1 Background

1.1.1 Background on Fading Channels

In a traditional point-to-point communication system with a single transmit
and receive antenna, the probability of symbol error decays exponentially fast
with respect to signal-to-noise ratio (SNR) when the channel is an additive white
gaussian noise (AWGN) channel. For simplicity, consider a narrowband channel
whose symbols are indexed by m. The input-output relationship of the AWGN
channel is simply

y[m] = x[m] + n[m)| (1.1)

where z[m] is the transmit symbol, y[m] the receive symbol, and n|[m| the additive
white gaussian noise. Under the AWGN model, errors occur only when the additive
noise term is so large that it shifts the transmit symbol into the decision region of
a different symbol at the receiver, and this leads to the exponential rate of decay
of the symbol error probability as a function of SNR.

Most channels unfortunately do not behave as the AWGN channel. The
environment in which the signal is propagated significantly affects the signal itself.
For example, a signal that is transmitted may have a direct line of sight path to
the receiver, as well as an indirect path that involves reflections off of near by envi-
ronmental objects. Thus at the receiver, various time delayed copies of the original
symbol are received and there is a self-inflicted interference. A common way of
modeling this phenomenon for narrowband flat fading channels is the Rayleigh

fading model given by the following equation

ylm] = hlm]z[m] + n[m] (1.2)



where the transmit symbol is now multiplied by the fading coefficient h[m]. In a
Rayleigh fading channel, h[m] is a complex circularly symmetric random variable
that models the effects of the environment. The distribution of the random variable
comes arises from the central limit theorem. Fading channels are much more
representative of channels encountered in reality and has adverse effects on the
system performance. Under the Rayleigh fading model, the probability of error
decays as ﬁ rather than the exponential rate of decay of the AWGN channel.
One might imagine that performance can be improved if h[m] is learned via pilot
symbols or some other mechanism. Unfortunately knowledge of h[m| only improves
performance by 3 db and the error probability still decays as the inverse of SNR.
Such poor performance compared to the AWGN channel comes about because
there are now two sources of error. An error can occur when the noise term is
large, or when the norm of the multiplicative fading term is small. The probability
of the later event dominates and leads to the inverse scaling.

MIMO systems can help combat fading channels and improve system
throughput because these systems provide additional spatial diversity and degrees
of freedom due to the multiple transmit and/or receive antennas. The trade-
off between exploiting the spatial diversity and the degrees of freedom is rather
complicated, but a simple example will now be shown that demonstrates how
additional receive antennas can help reduce the probability of error. Let there
be a single transmit antenna and N receive antennas in a point-to-point system
experiencing a Rayleigh fading channel. The channel model for the i** receive

antenna follows from Equation 1.2
yilm] = hy[m|x[m] + n;[m] (1.3)

and the fading coefficients are independent for each i € {1,...,N}. Using a
maximum ratio combining (MRC) receive technique, the probability of error now
scales as m, where the exponent of N is due to the receive spatial diversity.
This simple example illustrates just one of the benefits of MIMO communication

systems.



1.1.2 Multi-User MIMO Broadcast Channel Multi-User
Diversity

The channel that is considered in this dissertation is the multi-user MIMO
broadcast channel. In this channel, there is a transmitter, equipped with mul-
tiple transmit antennas, that sends messages to n users, each of which may be
equipped with multiple receive antennas. The channel between each transmit-
receive antenna pair for every user is assumed to follow an i.i.d Rayleigh fading
model according to Equation 1.2. From an information theoretic point of view
the n-dimensional capacity region is of fundamental interest in characterizing the
maximum potential of the channel. The works [WSS06],[YC04] were able to char-
acterize this region. An important point on the outer surface of the capacity region
had been characterized earlier in [CS03]. The point analyzed was the sum-rate ca-
pacity, which is the point where the vector-valued function f(x) = x intersects
the boundary of the capacity region. The sum-rate capacity is an interesting and
important metric for characterizing the maximum potential of a channel because it
measures the maximum total data rate that is capable of being transmitted. Any
other point on the capacity region may give a particular user a higher average rate,
but it comes at the expense of reducing the sum total of all the rates among the
users.

The theoretical capacity region is useful as a benchmark for any communi-
cation system since the capacity region is the theoretical maximum possible per-
formance given the channel model. The problem with the proofs of the theoretical
capacity and sum-rate capacity expressions is that they are often non-constructive.
The proof of the maximum sum-rate point uses the now well known dirty paper
coding technique, which is non-causal and computational expensive. The difficul-
ties of implementing the techniques used in the proofs has led to much research
dedicated to finding techniques that are computationally more feasible yet offer
good performance The sub-optimality of these techniques is traded off with the
ease of implementation.

One of the metrics that the suboptimal techniques attempt to match is the

sum-rate scaling rate as a function of the number of users in the broadcast chan-



nel. Assume that the transmitter in the broadcast channel has M antennas. The
number of transmit antennas limits the number of independent data streams that
can be multiplexed simultaneously on any given time-frequency resource. This is
to say that when there are M transmit antennas, at most M independent users
can be simultaneously transmitted to. When there are n > M users in the broad-
cast channel, a new form of diversity arises: multi-user diversity. If there are
more users than transmit antennas, by scheduling any subset of M independent
users, one would expect there to be roughly M times the throughput as opposed
to a single user system. This is indeed the case, but higher performance can be
achieved by carefully selection of the M users to schedule. The sum-rate analy-
sis work performed in [CS03] shows that as a function of the number of users n,
the optimal sum-rate of the broadcast channel scales as M loglogn. This result
says that in addition to the throughput gain due to multiple users and multiple
transmit antennas, that the sum-rate grows as a function of the number of users.
This growth due to the number of users is due to the multi-user diversity. When
there are many users, some users will experience high quality channels with high
probability. By transmitting to these users the sum-rate performance of the system
is increased. It is clear that to schedule the users experiencing the best channel
conditions requires knowledge of these channel conditions at the transmitter. The
feedback of this channel state information (CSI) is essential in order to exploit
the multi-user diversity and benefit from the growth rate of loglogn. Transmit
schemes of low computational complexity that can achieve the loglogn sum-rate
growth are asymptotically nearly optimal yet are easily implementable. The ran-
dom beamforming transmit scheme, the transmit scheme which is the basis of this

dissertation, is one such scheme.

1.1.3 Random Beamforming

In the broadcast channel, as mentioned in Section 1.1.2, when the trans-
mitter has M transmit antennas, up to M independent users can be scheduled at
any given scheduling epoch. A central question is how to select which users to

schedule. To exploit the multi-user diversity, this question then becomes one of



how does one characterize a “good” channel. Saying a channel is “good” is more
complicated than the point-to-point communication channel where everything can
be characterized by SNR. Since the transmitter is sending to M different users, the
messages interfere with each other and thus can decrease the SINR. Thus, schedul-
ing M quality users becomes not only a problem of finding users with high SNRs,
but making sure the scheduled users do not interfere with each other significantly.
The random beamforming technique proposed in [SHO05] confronts these issues.
The random beamforming technique assumes a Rayleigh block fading chan-
nel model. If there are M transmit antennas at the transmitter, then the trans-
mitter randomly generates an M dimensional orthonormal basis in C* drawn
uniformly from some isotropic distribution. Each of the random basis vectors will
act as a beamforming vector for one of the M messages that is to be sent during
each scheduling interval. It is assumed that each user in the broadcast channel
knows the randomly generated basis, whether the transmitter notifies them of this
basis via a message or by common randomness shared between the users and the
transmitter. Once the random basis is generated and known at each user, a pilot
signal is sent on each transmit beamforming vector, the basis vectors, and the
SINR is measured at each user. Notice that because the beamforming vectors are
known, the SINR is capable of being measured. The SINR is a scalar value that
represents the quality of the channel in each beamforming direction and is the
essential CSI required to exploit multi-user diversity. If the transmitter is noti-
fied of the SINR values measured at each user, then to maximize the sum-rate
throughput the scheduling algorithm selects the user with the highest SINR on
each of the transmit beamforming vectors. It was shown in [SHO5] that this ran-
dom beamforming transmit scheme with greedy scheduling under Rayleigh fading
achieves a sum-rate scaling that grows as loglogn, and thus asymptotically fully
exploits the multi-user diversity. Based on this very promising result, this disser-
tation focuses on how to reduce the amount of CSI, or in this case the number
of SINR values. Additionally, the greedy algorithm under random beamforming
and a Rayleigh fading model cannot guarantee fairness on any finite time frame so

the proportional fair scheduling algorithm is considered as a replacement for the



greedy scheduling algorithm and the performance is analyzed.

1.2 Contributions of the Thesis

The main results of this dissertation are contained in three parts. The first
part considers feedback reduction in multi-user MIMO broadcast channels by ex-
ploiting spatial diversity. The second section utilizes thresholding mechanisms to
reduce feedback. The final portion considers the fairness of the random beamform-

ing technique. The three parts are summarized below.

1.2.1 Feedback Reduction Techniques Exploiting Spatial
Diversity

For the most part, the work done in [SHO5] focuses on when each user has a
single receive antenna. If there are M transmit antennas at the transmitter, then
each user makes M SINR measurements, one for each random transmit beamform-
ing vector. Each of these M values is fed back to the transmitter, and if there are
n users in the system, the total number of SINR values fed back is nM. A ques-
tion addressed by this dissertation is what happens when each user, rather than
having a single receive antenna, has N < M receive antennas. Two approaches
are taken to this case. The first considers each antenna individually. Thus at each
user, their are NM SINR values to be measured, one for each antenna and each
transmit beam. The second approach utilizes the fact that the IV receive antennas
are co-located at a user and thus combining can be performed. A linear minimum
mean squared error (LMMSE) filter, which is the optimal linear receive filter, is
applied at each user. The application of the LMMSE receive filter results in M
values at the output of the filter, one for each transmit direction. These two ap-
proaches leverage the fact that there are additional receive antennas and thus more
possible measurements and diversity. A question to be ask however is if all the
measurements are required at the transmitter to exploit the multi-user diversity.

This question is addressed by this work.



Individual Antenna Perspective

In a system where the transmitter has M antennas and each user has
N < M receive antennas, then as previously mentioned there are NM SINR
measurements at each user. In the work [SHO05], it is pointed out that not all NM
values must be fed back to the transmitter to exploit the multi-user diversity. This
result is based on the observation that only the largest SINR for each transmit
beam at each user need be fed back. For each transmit vector, a user makes N
SINR measurements, one for each receive antenna. Only the maximum of these N
values need back fed back because the other N — 1 values are not even the max-
imum locally at the particular user, so it is impossible to be the maximum SINR
in the entire system. The scheduling algorithm at the transmitter is greedy, and
thus these N — 1 values becomes inconsequential. Therefore, as opposed to a total
feedback load of nNM SINR values if each measurement was fed back, only nM
values are fed back, M per user, and achieves the same performance as if every
value was known at the transmitter. Now the question is if each user is required
to feed back even M values.

Each user has NM SINR measurements and a method was just described
such that the maximum SINR value over the receive antennas is fed back. In an
effort to further reduce the amount of SINR fed back, what happens if only the
maximum over the M maximums is fed back? That is to say, consider feeding back
only the single largest SINR value among the N M SINR values and the transmit
beam index associated with that value. This problem proves to be much more
difficult than the previous feed back scheme. The primary reason is that when
taking the maximum over transmit beams, the SINR random variables become
correlated. The first step in solving this problem is to characterize the distribution
of the maximum value over both transmit vectors and receive antennas. After
this is done, the asymptotic sum-rate scaling rate must be found under this new
distribution. Fortunately, the sum-rate scales as log log n, the theoretical optimum.
Therefore, if rather than feeding back M wvalues, if each user only feeds back
the single largest measured SINR value and the associated beam index, the same

asymptotic scaling rate can be achieved as full SINR feedback. Under this modified
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scheme, only n SINR values are fed back, so the amount of total feedback has been
reduced by a factor of M as compared to the previous method. The details of this

analysis can be found in Chapter 2.4.

LMMSE Receivers

In the previous Section 1.2.1, each antenna provided an additionally SINR
observation for each user. The additional receive antenna can also increase system
performance by allowing for more complicated receive architectures. One such
architecture is the LMMSE receiver. At the output of the LMMSE receiver, there
are M post-processed SINR values, one for each transmit beamforming vector.
One would imagine that by implementing an LMMSE receiver at each user, and
feeding back the resulting M SINR values, that the scaling rate of loglogn is
achieved. This result however depends on the distribution of the SINR values
that are fed back to the transmitter, and thus to determine the scaling rate of
the system employing LMMSE receivers requires knowing the distribution of the
post-processed SINR. This distribution is found and shown to exhibit the desired
loglog n scaling. This scheme has a total feedback overhead of nM SINR values.

Akin to the individual antenna perspective, rather than feeding back the
M post-processed SINRs, what happens if only the maximum of these M values is
fed back along with the corresponding transmit beam index? Unfortunately, the
closed form distribution of the maximum of the M post-processed SINR values
could not be found due to the correlated nature of these random variables. To
characterize the scaling rate of this reduced feedback scheme where only the largest
post-processed SINR value is fed back, sufficiently tight bounds are found for the
distribution function of the maximum of the M values. It is then shown that
both the lower and upper bounds exhibit the loglogn scaling rate, and thus the
true, but unknown, distribution of the maximum exhibits the same scaling rate.
Therefore rather than feeding back all M post-processed SINR values, one can
feed back only the largest among the M and the corresponding beam index and
still achieve the same asymptotic sum-rate scaling rate. Chapter 2.5 contains the

details for these results.
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Finite Thresholds

To reduce the amount of feedback even further, a thresholding mechanism
is proposed. The idea is that a threshold is chosen such that if the SINR value that
a user would feed back falls below the threshold, then the SINR value is not fed
back. Because the scheduling algorithm is known to be greedy, such a mechanism
seems feasible because if the threshold is chosen properly, the feedback of SINR
values below the threshold are eliminated and these values hopefully had a small
probability of being the largest SINR values in the system. Thus the goal of the
thresholding mechanism is to reduce feedback by the elimination of the feedback
of small SINR values that would not be scheduled even had they been provided
to the transmitter, and therefore not affecting the system performance. The draw
back of the thresholding mechanism is that it is always possible that for any chosen
threshold, that no SINR value exceeds it, at which point no SINR values are fed
back to the transmitter. In such a scenario, the transmitter has no CSI, and thus
the multi-user diversity cannot be extracted.

It is shown that for any finite threshold value T, that as the number of users
asymptotically goes to infinity, that the rate lost due to the threshold goes to zero.
Thus asymptotically, for any finite threshold, there is no difference between the
thresholded system and the system without a threshold in terms of sum-rate. This
result basically follows from the fact that for the maximum of n random variables
that have unbounded support from above, as n grows to infinity, the maximum
becomes arbitrarily large and will exceed any fixed finite threshold. Thus a fixed
finite threshold is useful for reducing the total feedback load of the system while
not comprising the asymptotic properties of the system. Chapter 2.6 contains

these results.

1.2.2 Feedback Reduction Techniques Using
Thresholds

In Section 1.2.1 it is described how any fixed finite threshold does not affect

the asymptotic performance of the system. While this result is interesting, it does
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not provide insight into how an effective threshold can be designed. A meaningful
threshold should be a function of the number of users in the system rather than
some a priori fixed value. The reason for this is that as the number of users in the
system increases, the threshold should be increased. To see why this is the case,
when there are more users in the system, then there is an increased chance that at
least one user is experiencing very good channel conditions, or in our case a large
SINR value, and thus the threshold can be increased to reduce the amount of small
SINR values that are fed back. Conversely, when there are not many users in the
system, the threshold should be small since there is a significant probability that
no user experiences a large SINR. When no user exceeds the threshold, no SINR
is fed back to the transmitter and all multi-user diversity is lost. Two approaches
are considered in this dissertation for the appropriate design of thresholds. The
first class of results considers the asymptotic performance of any threshold as a
function of the number of users. The second set of results proposes certain metrics

and optimizes the thresholds accordingly.

Asymptotic Properties of Thresholds

If a threshold is a function of the number of users, how fast can the thresh-
old grow? That is, intuitively it is argued that as the number of users in the
system increases, so too should the threshold. It is possible however that if the
threshold grows too fast as a function of the number of users, that eventually
no user will exceed the threshold and the multi-user diversity cannot be utilized.
This dissertation provides the answer to the appropriate scaling rate of any pos-
sible threshold such that multi-user diversity is not lost. More precisely, let T'(n)
be a threshold which is a function of the number of users. It is shown that if
T(n) € o(logn) that multi-user diversity is still achieved and the sum-rate of the
system still asymptotically grows as loglogn.

The aforementioned result provides a sufficient condition for the scaling rate
of any possible threshold as a function of the number of users. A natural question
that follows is if it is possible for a thresholding function 7'(n) to grow faster than

logn and still achieve the loglogn sum-rate scaling. To address this question, the
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converse to the previous result is found. Namely it is shown for any thresholding
function T'(n) € w(logn), asymptotically no user in the system will exceed the
threshold almost surely, and thus asymptotically no users in the system provide
feedback and all multi-user diversity is lost. Therefore logn is a kind of boundary
on how fast the threshold can scale and still have the system achieve the optimal

sum-rate scaling rate. These results are contained in Chapter 3.4.

Thresholds for a Finite Number of Users

The results concerning the growth rate of possible successful thresholding
functions in Section 1.2.2 is a result of theoretical concerns, but how should the
threshold be chosen when the system designer knows there are a finite number of
users n in the system? The answer to this question depends on what the system
designer deems most important in terms of system performance and what can
be sacrificed. Obviously a system in which there is no threshold at all will yield
superior performance since full CSI is known at the transmitter, but the sacrifice
is that feedback load is maximum; costing uplink bandwidth and transmit power.
To reduce the feedback overhead, three metrics are proposed and the thresholds
are optimized under these metrics.

The first metric is to constrain the probability that no user feeds back for
any transmit beam to be less than some design parameter v ysaq.. When no user
feeds back for a particular transmit beamforming vector, then multi-user diversity
is lost, and this event is called an outage event. Therefore the challenge is to design
the threshold T'(n) such that when there are n users in the system, the probability
that no user exceeds T'(n) for any transmit beam is less than v,yuzqge. The threshold
in this case if found as a function of n and 7,ytage- The second proposed metric
constrains the average amount of feedback in the system. Namely, the goal is to
design the threshold such that on average only k of the n users in the system feed
back their SINR information for each transmit beam. Lastly, the third metric
constrains the difference between the rate of the thresholded and unthresholded
systems. Any non-zero threshold will cause the system to incur some rate loss

because there is always the probability that no user will experience an SINR larger
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than the threshold at any given scheduling epoch. Let Ry,ss be a design parameter
such that the difference between the rates of the thresholded and unthresholded
system is less than Rj,s;. Parameterized by n and Ry, the optimal threshold is

found. Chapter 3.5 provides the detailed analysis of these results.

1.2.3 Proportional Fair Sharing and Fairness

The random beamforming technique uses a greedy scheduling algorithm to
select the users experiencing the best SINR for each transmit beamforming vector.
Due to the i.i.d. nature of the Rayleigh fading channel no user is preferred over
time. Thus, each user has an equal chance of being the maximum which will be
scheduled and thus asymptotically each user will be scheduled an equal portion of
the time and will asymptotically experience the same average rate. The asymptotic
fairness hides the fact that the greedy scheduling algorithm may produce periods
where a specific user is not scheduled for an arbitrarily long period of time. To
confront this issue, this dissertation considers implementing a proportional fair
sharing algorithm in place of the greedy scheduling algorithm.

Under the proportional fair sharing algorithm, the transmitter schedules
the user with the best ratio of current rate to average rate for each transmit beam
instead of just the user with the largest SINR. More precisely, let R;, be the
current rate of user i at the n'* scheduling epoch (which is a function, in the ran-
dom beamforming scheme, of the SINR) and 1;,, be an indicator random variable
denoting whether user ¢ was scheduled at scheduling period n. The average rate
scheduled for user ¢ up to scheduling period n is given by ZZ;& 1; xR . The PFS
algorithm thus schedules the user with the largest ratio of R;,, to Z;é 1i xR g
This algorithm promotes fairness by increasing the chance that users who have
small averages rates are scheduled.

Generally there is a trade off between fairness and throughput. The greedy
algorithm with random beamforming maximizes the rate at each scheduling period,
but does not consider fairness at all, and thus for any finite time window, is not fair.
The PFS algorithm on the other hand sacrifices some rate to increase the average

throughput of users that have small average rates. The central question is how
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much rate is lost due to trying to be fair. The main result shown in this dissertation
is that when the rates are drawn from an i.i.d. distribution (which they are in the
random beamforming scheme under i.i.d. Rayleigh fading), asymptotically the
average rate experienced by each user under the PFS algorithm asymptotically
equals that of the greedy algorithm. That is to say that in the appropriate state-
space, the two algorithms converge to the same point. These results are detailed
in Chapter 4.4 and 4.5.

The equilibrium point in this state space is identified. The rate of conver-
gence of the PFS algorithm to this equilibrium point is derived in Chapter 4.6.1.
At any given time, the distance of the PFS algorithm to the equilibrium point is
a random variable. The asymptotic distribution of this distance random variable
is a normal random variable and the covariance matrix is found in Chapter 4.6.2.
Additionally, taking a cue from the previous section, application of a threshold is
considered under the PFS algorithm. A priori it is not clear how a threshold af-
fects the equilibrium point of the PFS algorithm. Convergence under the proposed
thresholding scheme is proven, and the new equilibrium point is found in Chapter

4.7.



Chapter 2

Reduced Feedback Schemes using
Random Beamforming in MIMO

Broadcast Channels

2.1 Outline

A random beamforming scheme first proposed in [SHO05] for the Gaussian
MIMO broadcast channel with channel quality feedback is investigated and ex-
tended. Considering the case where the n receivers each have N receive antennas,
the effects of feeding back various amounts of signal-to-interference-plus-noise ra-
tio (SINR) information are analyzed. Using the results from order statistics of
the ratio of a linear combination of exponential random variables, the distribution
function of the maximum order statistic of the SINR observed at the receiver is
found. The analysis from viewing each antenna as an individual user is extended to
allow combining at the receivers, where it is known that the linear MMSE combiner
is the optimal linear receiver. Using the results in [GS98b] and [GS98al, the CDF
for the SINR after optimal combining is derived. Analytically, using the Delta
Method, the asymptotic distribution of the maximum order statistic of the SINR
with and without combining is shown to be, in the nomenclature of extreme order

statistics, of type 3. Applying the main result in [SHO5], the throughput of the

16
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feedback schemes are shown to exhibit optimal scaling asymptotically in the num-
ber of users. Finally, to further reduce the amount of feedback, a hard threshold is
applied to the SINR feedback. The amount of feedback saved by implementing a
hard threshold is determined and the effect on the system throughput is analyzed
and bounded. This chapter is a reprint of a paper coauthored with Bhaskar D.
Rao and appears in the March 2010 issue of IEFEFE Transactions on Signal Pro-
cessing under the title “Reduced Feedback Schemes Using Random Beamforming
i MIMO Broadcast Channels”. Sections of this chapter also appear in “On the
Capacity of MIMO Broadcast Channels with Reduced Feedback by Antenna Selec-
tion” in Asilomar Conference on Signals Systems, and Computers, March 2008
and “Feedback reduction in MIMO broadcast channels with LMMSE receivers” in
ICASSP 2010.

2.2 Introduction

The users in a broadcast channel experience varying levels of channel qual-
ity. For high throughput, it is useful for the transmitter to be fully aware of the
channel to all the users. This represents a large amount of information that must
be known at the transmitter, especially if the number of users n is large. A mech-
anism by which the transmitter is aware of the channel state information is for
each user to feed back the observed channel. To send back the observed chan-
nel may impose unreasonable complexity, so schemes wherein the users send back
partial channel information, but still realize the major benefits of multiuser diver-
sity, are of interest. The questions that concerns this chapter are how to reduce
the amount of feedback, the tradeoff between reduced feedback and performance,
and what are the benefits of having multiple receive antennas. In this chapter,
the random beamforming scheme suggested in [SHO5] is considered. The random
beamforming scheme has the transmitter with M transmit antennas produce M
random orthonormal beams and send the messages on these beams. Because the
throughput is a function of SINR, if each user sends back the SINR it experiences,

then the transmitter transmits to the users that are currently experiencing the
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best channels for each beam. If each of the n users has N receive antennas, each
receive antenna of each user can be considered as an individual user and the SINR
values are fed back as such. In this case, the SINR measured at each antenna for
each beam results in M N SINR values to be fed back per user. Although M N
SINR values are measured at each user, if the maximum per beam is sent back,
namely M values, the same performance can be achieved with reduced feedback.

Other novel techniques that utilize random beamforming have since been
proposed. In [IMKTO05], random weight vectors are used during a training period
where the users feed back the required information so that the transmitter can
choose the optimal random weight vectors and users for the current transmission.
This concept is extended in [WCHO07] where training is done on a set of random
orthonormal bases and based upon the feedback, the transmitter will select the
best beamforming vectors and users. The question of how many random beams to
use based upon the available multiuser diversity is addressed in [JWZ08]. While
each of these techniques extend the methodology of random beamforming, the
focus of this chapter is to examine random beamforming schemes with minimal
feedback. As such, only a single random orthonormal basis will be considered per
fading block.

In this chapter, a feedback scheme is proposed where each user sends back
the maximum SINR experienced across all the receive antennas and across all
the transmitted beams. This reduces the number of SINR values fed back to the
transmitter further from M to 1 per user. Even with this significant reduction in
feedback, it is shown that asymptotically in the number of users, the distribution
of the maximum SINR is of type 3 (see [Dav70], [Gal78]), the same type as that in
[SHO5]. Ultimately, using the methodology developed in [SHO5], it is shown this
reduced feedback scheme also exhibits the same asymptotic scaling as the original
feedback scheme.

Next we consider an enhancement to the above schemes. In the above
mentioned feedback schemes, the receive antennas are making individual SINR
measurements. The availability of multiple receive antennas allows combining

to be performed at the receiver to increase the received SINR. Transmit random
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beamforming is utilized in [JCKO03] with each user performing receive beamforming
using the left singular vectors of the channel matrix. The effective SNR of each user
is fed back to the transmitter which then selects one user to transmit to based on a
proportional fair scheduler while using waterfilling for power control. This scheme
will not be pursued as it is well known ([TVO05] for example) that the optimal
linear receiver is the linear MMSE receiver and using a random orthonormal basis
allows parallel transmission to multiple users. Feeding back the M SINR values per
user after optimal combining increases the throughput of the system for the same
amount of feedback. The amount of feedback is further reduced when only the
maximum SINR seen across beams after optimal combining is sent back, i.e. the
maximum of those M values. This reduces the amount of feedback to a single SINR
value per user and the associated beam index. The behavior of such a scheme is
considered and evaluated in the chapter. The distribution of the SINR values after
optimal combining is derived and asymptotically the distribution of the maximum
is shown to be of type 3 and to have optimal throughput scaling. Similar analysis
of optimal combining in an interference limited regime is performed in [MPP07].
This work was then extended in [MPPO08] to the general SINR setting, where for
the the specific case of M = 4 and N = 2, they derive the SINR distribution and
scaling laws for the LMMSE receiver.

As the number of users in the system grows, the amount of feedback also
grows. In an effort to further reduce the amount of feedback, a thresholding mech-
anism can be employed in conjunction with the previously proposed schemes. If
the maximum SINR value that was to be sent back to the receiver is under the
threshold, then the SINR value is not sent back. Consequently, not every user
provides feedback. This scheme is also considered and it is shown that for any
finite thresholding value, the loss due to thresholding asymptotically goes to zero
in the number of users.

This chapter extends the work in [PR08] in several ways, most notably by
considering optimal combining, thresholding and finding a closed form expression
for the distribution of the maximum SINR observed at a user when SINR mea-

surements are taken at the antenna level.
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The organization of the chapter is as follows: the system model used to
analyze the problem and previous work conducted in [SH05] is discussed in Section
I1. Section III considers a new scheme where only the maximum SINR per user is
fed back. In the analysis of the problem, the distribution of the maximum SINR
per receive antenna is derived. The asymptotic performance is also analyzed with
the help of the Delta Method. Section IV extends the results of Section III to the
case where each user implements an LMMSE receiver. Section V investigates the
effects of thresholding the SINR feedback on the total amount of feedback in the
system as well as on system throughput. Section VI summarizes the results of this

chapter.

2.3 System Model and Background

In this section the system model used to analyze the problem and previous
work found in [SHO5] are discussed. The results found in [SHO5] will be built upon
in the latter parts of this chapter.

2.3.1 System Model

A block fading channel model is assumed for the Gaussian broadcast chan-
nel. The transmitter has M transmit antennas and there are n receivers, each with
N receive antennas. It is further assumed that n > M and N < M, a reasonable
assumption, for example, in a cellular system. Let s(t) € CM*! be the transmitted
vector of symbols at time slot ¢ and y;(t) € CV*! be the received symbols by the i
user at time slot ¢. The following model is used for the input-output relationship

between the transmitter and the it" user:

yi(t) = /piHs(t) + wi(t), i=1,....n. (2.1)

H,; € CN*M jg the complex channel matrix which is assumed to be known at the
receiver, w; € CV*! is the white additive noise, and the elements of H; and w; are
i.i.d. complex Gaussians with zero mean and unit variance (as defined by Edelman

in [Ede89]). The transmit power is chosen to be M, i.e. E{s*s} = M, the SNR at
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the receiver is E{p;|H;s|*} = Mp; and p; is the SNR of the i user. It is assumed
that p; = p V.

2.3.2 Background

The random beamforming scheme developed in [SHO5] forms the basis of

this chapter. The key elements of this work are now described.

SINR Distribution

The transmission scheme, as developed in [SHO5], involves generating M
random orthonormal vectors ¢, (M x 1) for m = 1,..., M, where the basis is
drawn from an isotropic distribution. Let s,,(t) be the m! transmit symbol at

time ¢, then the total transmit signal at time slot ¢ is given by

S(t) = Y dm(t)sm(?). (2.2)

The received signal at the ¥ user is given by

Yi(t) = VPH ()¢ (t)sm(t) + wi(t). (2.3)

Each receive antenna at each user is assumed to measure the SINR for each of the
M transmitted beams and the maximum of the observed SINR values is fed back
leading to the use of order statistics.

Assuming that the " user knows the quantity H;(t)¢,,(t) from Equation
(3) for all m, the SINR of the j* receive antenna of the i*" user for the m' transmit

beam is computed by the following equation:

| H; () m (t)]? ‘
2 D [ Hij () Ok (1)

SINR; jm = (2.4)
H,; is the j™ row of the " user’s channel matrix. Because the beamforming
vectors are orthonormal and the entries of H; are i.i.d. complex Gaussian with

zero mean and unit variance, the numerator in Equation (2.4) is distributed as
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a x?(2) random variable and the denominator as an independent x?(2(M — 1))

random variable. The density of the SINR is given in [SHO5]

—_z
e r

1
fs(x) = i (;(1 +x)+ M — 1) u(x) (2.5)

(1 +a)M
From now on, for notational simplicity, the u(z) will dropped from the distribution
and density expressions with the understanding that all the random variables of
interest are nonnegative. To find the distribution of the maximum SINR, the
distribution function must be known and is given by the integration of the density

in Equation (2.5) and is shown in [SHO5] to be

e

oy (2.6)

Fs(l‘)zl_

Scheduling Scheme

With the cdf of the SINR observed at each receive antenna known, one naive
feedback scheme is for each antenna to send back all the SINR values measured
for each transmit beam. This results in a total of nNM SINR values sent back
to the transmitter, which then transmits to the antennas with the largest SINR
for each transmit beam. Viewing each antenna as a separate user, the following

approximation is shown in [SHO5]:

M

R~E {Z log (1 + max SINRW) } — ME {log (1 + max SINRW) }

" (2.7)
The approximation sign is required because there is a small probability that the
same antenna is the best for multiple transmit beams and each beam can only
be used to serve one user. To find the approximate rate requires the use of order
statistics.

The distribution of the maximum SINR for a given beam is given by

classical order statistics ([Dav70], [Gal78]) and is
Finae () = [FS(x)]nN ’ (2.8)

where Fy(x) is the CDF of the SINR given in Equation (2.6). This equation can

be used because the SINR values across antennas for a specific transmit beam
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are independent and marginally are identically distributed. Feeding back only the
largest SINR value for each transmit beam per user reduces the system feedback
to nM SINR values and is considered in [SHO5]. Each SINR value fed back to the
transmitter is distributed according to [Fj (m)]N since the maximum was taken over
the NN receive antennas prior to feedback. The transmitter takes the maximum over
the n received SINR values for each beam resulting in maximum order statistic
distributed according to [Fy(x)]™" , which is identical to the distribution had every
measured SINR value been fed back. Therefore, there is no benefit to feeding back
all observed SINR values. For future reference, let us refer to this reduced feedback

scheme of [SHO5] as Scheme A.

2.4 Feeding Back the Largest SINR per User

Each user in Scheme A is feeding back the M SINR values associated
with the largest SINR measured for each beam. To further reduce the amount
of feedback, what happens if each user only feeds back the largest SINR value
observed over all receive antennas and transmit beams as well as the associated
beam index? For example, in Figure 2.1, when there are four transmit beams
and 3 receive antennas per user, the quantity of interest is max; ; SINR; ;, the
maximum SINR element in the grid. This scheme will reduce the total amount of
system feedback from nM SINR values to n SINR values and the corresponding
beam indices. This feedback scheme is referred to as Scheme B. Case 2 of Section
VI in [SHO5] proposes a method where at most one beam is assigned to each user
and the SINR metric for user ¢ is given by

¢O;HH;;
% + Dy O Hir

SINR;; =

which is the combined energy of transmit beam j over the sum of the inverse of the
SNR and the sum of the energy from the other transmit beams. In Scheme B,
the SINR is viewed at the antenna level for each beam while in Case 2 of [SHO05],
combining has been performed such that there is one SINR value per transmit

beam. The analysis of optimal combining schemes will come in Section IV of
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Tx Beam 1 Tx Beam 2 TxBeam 3 Tx Beam 4

Rx 1 {

SINRy SINR SINR, 3 SINRy 4
Rx2 [

SINR3, SINR; SINRs 3 SINR,
Rx 3 {

SINRs3, SINR;32 SINR3 3 SINRs34

Figure 2.1: SINR Observations at a single user for M=4, N = 3

this chapter, while the current focus is on Scheme B. The analysis of this scheme
poses some difficulties that do not arise when considering Scheme A. This section
addresses the new difficulties that arise and then, in the same vein as the work of

[SHO5], the asymptotic performance of Scheme B is analyzed.

2.4.1 Analysis of Scheme B

Although Scheme B reduces the amount of feedback by a factor of M
compared to Scheme A, it is suboptimal. This is due to the fact that the best
SINR values for a particular beam may not be fed back due to the restriction that
only one value can be sent back per user. This restriction, however, removes the
mechanism which led to the approximation symbol in Equation (2.7). Although
Scheme B may be suboptimal, in the interest of reducing the feedback as much
as possible, this scheme is considered. Later in this section the asymptotic perfor-
mance of the scheme in the number of users will be analyzed and will be shown to
have optimal scaling properties.

The distribution of the SINR that is served by the transmitter is fun-
damentally different for Scheme B than Scheme A for two reasons. The first
difference is that in Scheme A, the maximum is taken for each beam and the
marginal distributions of the SINR were i.i.d. across receive antennas. However,
the SINR values at a particular receive antenna for different transmit beams are

coupled. Looking again at Figure 2.1, the SINR values in a given column are i.i.d.,
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where as the SINR values in a given row are marginally identically distributed but

are not independent. To see this, fix the antenna at a particular user and vary

the beam index. Let |H, ;(t)¢m(t)]* = X, and ¢ = %. Then the SINR values at

a receive antenna are given by - +Z)§;1 X +Z)1:Zw < The SINRs are coupled
by the appearance of the numerator term of a particular SINR value appearing
in the denominator of all the other SINR values. Because the SINR values are
not independent, the order statistics used earlier cannot be applied. The second
difference between the two schemes is that in Scheme B since each user feeds
back the largest observed SINR over all receive antennas and transmit beams, the
number of SINR values to maximize over at the transmitter for each beam is a ran-
dom quantity. In terms of the distribution of the maximum order statistics, this

changes the exponent reflecting the number of variables being maximized over.

These fundamental differences will now be addressed.

Distribution of the Maximum SINR per User

If the distribution of the largest SINR value at a particular user for a fixed
receive antenna can be found, then the maximum SINR per user can be found
because the SINR random variables are independent across receive antennas. Using
the notation defined earlier, let |H; ;(¢)$,(t)|> = X, and ¢ = %. Then for a fixed

receive antenna, the SINR for each transmit beam is given by

X X
SINRy = — 1 SINRy = — =M
¢+ Zi;ﬁl Xi c+ Z#M X;

The distribution of interest is the maximum of these M SINR values. The
key observation is that if the X;s are ordered, i.e. X1y < X(g) <+ < X, then
the maximum SINR for a fixed receive antenna is given by

Xy
M—1
c+in X

SIN Ry = (2.9)

This makes intuitive sense, since to maximize the SINR, the largest signal power
should be put in the numerator and all the other signal powers should be considered
as interference and put in the denominator. To find the distribution of the quantity

in Equation (2.9), results based on the ratio of the linear combination of order
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statistics are called upon. As mentioned previously, the X;s are distributed as
a x5 random variable, which is equivalent to a exponential—(%) random variable.
The ratio of the linear combination of order statistics drawn from an exponential
distribution have been studied in [Dav70], [MMAS82]. After some manipulation
to get the x3 random variables in the proper exponential form, the distribution

function of the maximum SINR for a particular beam index is given by

M [d;(z)] exp e
Pr (SINR(M) S LE‘) FSINR(M) = Z )( di( )) (210)
=1

where d;(z) = %ﬁ;m, Ai(x) = di(x) Hj\iz (di(x) — dj(x)), and [-], is the posi-
tive part of the argument.

Equation (2.10) gives the distribution of the maximum SINR over the
beams for a particular receive antenna at a specific user. Scheme B feeds back
the largest SINR per user, so the maximum has to be taken over receive anten-
nas as well. As with Scheme A, the random variables across receive antennas
are independent, thus the distribution of the maximum SINR per user is given by
[FSINRW)(x)}N. Figure 2.2 verifies the distribution of the maximum SINR mea-
sured at a user given by Equation (2.10) raised to the N** power by comparing it

with Monte Carlo simulation and it is observed that the theoretical distribution

matches the simulation results exactly.

Order Statistics Over a Random Number of Observations

If each user feeds back the maximum observed SINR and the beam index
that produced it, then the transmitter receives n SINR values and n beam indices
over which to maximize. The number of SINR values to maximize over at the
transmitter for a particular beam is, however, a random number.

For example, in Figure 2.3, there are nine users and at the transmitter,
the number of users feeding back a particular beam index is random. In this case
three users feed back beam index 1, two users feed back beam index 2, and so
on. This effect is not taken into consideration in Case 2, Section VI of [SHO5].

There it is mentioned that only the maximum SINR (which differs from the SINR
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Figure 2.2: Monte Carlo simulated Maximum SINR per User versus Theoretical
Distribution for M = 5, N = 2, SNR = 0 dB

metric currently under consideration) and the corresponding beam index need be
fed back, yet the maximum is taken over all n users even though no information is
known about many of the users for a particular beam since that information will
not be fed back.

Because the beamforming vectors are a randomly generated orthonormal
basis from an isotropic distribution and the matrices are composed of i.i.d. circu-
larly symmetric complex Gaussian random variables, there is no preferred beam
over time. That is, each beam has an equal probability of being the one that
produced the maximum at any given user. The joint distribution of the number of
SINR values fed back for each beam can then be viewed as a multinomial distri-
bution where the probability of each beam being selected is % The distribution
of the order statistic of the maximum SINR is a distribution function raised to a
power that is a random variable. Marginally, the selection of each beam is dis-
tributed binomially with probability ﬁ Averaging over the binomially distributed
exponent applied to the distribution Fginrg,,,, (x) given by Equation (2.10) yields:

n

Fschemen(x) = |:FSINR(M) (x)}m ( :L > <%> <1 — %)n_ (2.11)

1=0
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Figure 2.3: 9 User System only Feeding Back Beam Index and Largest SINR
Over Transmit Beams and Receive Antennas

Figure 2.4 compares Equation (2.11) with monte carlo simulation for the
binomial averaging and the simulation results match the theoretical findings. The
distribution in Figure 2.4 starts at a value of approximately 0.1 rather than 0 since
there is a non-zero probability that no SINR values will be fed back for a particular
transmit beam. In fact the starting value is seen to be (1 — %)n from Equation

(2.11), which in this example evaluates to 0.107.

Throughput Analysis

Using integration by parts and Equation (2.7), the throughput of a scheme
is expressed as

1
1+

R= ME {log(1+ X)} :M/OO (1— F(z)) dz. (2.12)

where X is drawn from the distribution of the scheme being used. Numerical
integration is very attractive since the closed form expression of the expectations
in Equation (6) for the distributions derived earlier are not known to the authors.
Figure 2.5 compares the throughput of Scheme A with Scheme B as a function of
the number of users for various SNRs. Notice that Scheme A and Scheme B tend
towards each other as the number of users increases. This seems reasonable since

as the number of users in the system increases, it is expected that the maximum
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Figure 2.4: Comparing Monte Carlo simulated Distribution of the Maximum
SINR Serviced with Maximum SINR Observed at User Fed Back to Theoretical
Bounds for M =5, N =2, n =10, SNR =0 dB

SINR for each beam is distributed across users with high probability. When the
maximum SINR for each beam is distributed over users, Scheme B captures
the true maximum and the two schemes perform equivalently. Figure 2.5 also
shows that as the SNR increases, eventually there is no performance gain due
to the increased interference. Most noticeably, at SNRs of 20dB and 30dB, the

performance is virtually indistinguishable.

2.4.2 Asymptotic Performance

The asymptotic performance of these schemes compared with the optimal
sum-rate capacity that is achieved via dirty paper coding is of primary interest.
The main result from [SHO5] concerns the asymptotic scaling of Scheme A with

one receive antenna per user and is restated here:

Theorem 1. ([SH05]) Let M and p be fized and N = 1. Then

lim R

S 2.13
n—oo M loglogn ( )

where R is the throughput of Scheme A.
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Throughput for Scheme A and B versus Number of Users (M =5, N = 2)
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Figure 2.5: Throughput as a Function of Number of Users for Different Schemes
for M = 5, N = 2 and Various SNRs

In the single receive antenna case, i.e. N = 1, the value of M loglogn
comes from the fact that the transmitter is selecting the maximum SINR from n
values for each beam. For a single receive antenna per user, it is known that the
optimal sum-rate capacity scales as M loglogn, and so the scaling is optimal. For
Scheme A in the more general case where 1 < N < M, the sequence of random
variables for each transmit beam seen at the transmitter is zq, ..., z,y, thus the
dominator in Theorem (1) becomes M loglognN, as pointed out in Section VI,

Case 1 of [SHO05]. The following corollary summarizes the more general case.

Corollary 1. ([SH05]) Let M, N < M, and p be fized. Then for Scheme A, the

throughput satisfies
R

A% MoglognV
It should briefly be noted that a scaling rate of M loglogn/N is essentially
the same rate as M loglogn since NN is a constant that inside the double logarithm
becomes inconsequential in the limit as n goes to infinity, i.e.

lim (loglognN — loglogn) = 0.

n—o0

The denominator term in Theorem (1) is determined by the number of

observations that the maximum is taken over. Scheme B feeds back only the
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largest SINR measured at each user at the antenna level. The sequence of random
variables to be maximized over for each beam is then x4, ..., z),, where M; is the
number of SINR values fed back for the i beam. This led to the binomial type
expression of the maximum SINR. What is the scaling when the number of terms
to be maximized over is random?

Theorem (1) is concerned with the asymptotic scaling relative to the sum-
rate capacity. Using the strong law of large numbers, as the number of users n

grows, the total number of values fed back for each transmit beam converges to

n

17- In Scheme B let Y;,, be the sequence of random variables in n denoting the

number of SINR values fed back for the i"* beam in a system with n users. Let
0= % be the probability that a particular transmit beam is selected. The sequence
of random variables Y;,, are binomially distributed with probability of success 6.

Define X;, = Y;" Then this sequence of random variables, by the central limit

theorem, satisfies

lim Vi (X - %) Y (o, L (1 _ %)) | (2.14)

nNO
} . The mo-

Let 02 = - (1 — &) and define the function g (z,6) = [FSINR(M)(QC)
tivation for these equations is that as the number of users in the system increases,
with high probability the number of SINR values fed back per beam approaches
nf. The equation g(x, @) is selected from the term being binomially averaged in
Equation (2.11). The notion of each beam being the maximum for approximately

nf users with high probability is made rigorous by the Delta Method ([CBO01])

Vilg (2, Xin) — g (z,0)] = N (0,02 Ll%g (z, 9)} ) : (2.15)

Plugging the values into this equation yields

N
"1

~ (Fennon (@) "™] =

nNX; pn
{(FSINR)(M) (x))

N (o,n2M (1 - %) [Fsinn, (a;)]w”]’v (1o (FSINR(M)(;C)»Q) (2.16)

for a particular argument x. Because the distribution FS]NR(M)(:L') < 1 for any

finite argument, the variance of the above distribution tends to zero as the number
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of users in the system increases. Therefore, estimating any point of the distribution

of the extreme order statistic of the SINR where only the maximum SINR seen at
niN

each user is fed back can be approximated by [FSINR( M)(:c)} " This yields the

following corollary:

Corollary 2. The throughput of Scheme B for fited M, N < M, and p scales

as M loglog %, or
, R
m ——— =
n—oo M loglog -
Before proving the corollary, note that the effect of having the number of
users grow to infinity is to provide more observation to take the maximum over. In
Scheme B where the feedback is restricted to solely one SINR value, asymptot-

ically in the number of users, the performance scales doubly logarithmically with

niN

=7 rather than n/V as in Scheme A. As mentioned before, the multiplicative fac-

tor of % difference between the schemes is inconsequential in the limit since the

growth rate is double logarithmic.

Proof. Tt is well known ([Dav70], [Gal78]) that if there exists a limiting distribution
of the maximum order statistic, the limiting distribution is one of three types. It
will be shown that the distribution of the asymptotic order statistic of Fsing,,, ()

in the terminology of [Dav70], is of type 3, i.e.
As(z)=e®" —co<x<o00. (2.17)

A well-known condition for the asymptotic distribution to be of type 3 is

glrgo% [1;<—i§$>] = 0. (2.18)

Carrying out the differentiation, another equivalent condition for the asymptotic
distribution to be of type three is the following:
F(x)—1]f
i L)~ 117 0)
e (f(x))

where f(z) is the density of F'(x), which exists since our distribution is continuous.

=1 (2.19)

To show that Fsiyp,, is of type 3, it is shown that it satisfies Equation
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(2.19). Since differentiation is a local property of a function and Equation (2.19) is
concerned with the limit as the argument goes to infinity, significant simplification
of the distribution Fssyr,,, can be made because the terms [dl(m)]f =0forz>1

except when ¢ = M. Therefore the distribution simplifies to

Fsing,(2) =1— forz > 1 (2.20)

where a = H]]Vizl 3541\{1 Equation (2.19) can be verified by taking the first and

second derivatives of Equation (2.20), and thus Fsinr,,,, is of type 3.
Notice that Equation (2.20) is equivalent to Equation (2.6) except for the
a term. Following the analysis of [SHO5], to satisfy the conditions of Uzgoren’s

theorem ([Uzg]), it must be shown that there exists a u,, = O(logn) such that
1-F (up) = _ e 1 (2.21)
— Uy, . .
SINE () oz I)Mfl n

For sufficiently large n such that Equation (2.20) holds, the existence of a unique u,,
#)%M,l is continuous and mono-
tonically decreasing. To show that u,, = O(logn), notice that rearranging Equation
(2.21) yields “= + (M — 1) log (1 + uy) = logn — (M — 1) log a, where (M —1)log o

is constant for fixed M. Thus the same conclusion as [SHO05| is reached, that

satsifying Equation (2.21) is guaranteed since

u, = plogn — p(M — 1)loglogn + O(logloglogn), where the constant term can
be absorbed by the O-notation. With the above results, the fact FSINR(M) is of
type 3, and the results from Appendix A, Theorem (1) holds exactly as in [SHO5],
except for one key difference. In [SHO5], the rate scales with the number of users
n, but from the above analysis, for a particular beam, the number of values being

fed back is converging to %Y which yields Corollary (2). O

2.5 MMSE Receivers and Feedback

The previous feedback schemes measured the SINR at the individual an-
tenna level. However, since each user in the system has N receive antennas, a
more complex receiver structure can be utilized. It is known that the optimal

linear receiver is the linear MMSE receiver. Using the system model defined in
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Equations (2.1) - (2.3), the SINR after optimal combining for the i" user and the

5" transmit beam is given by

2
AWN&J:@EJE<§)mﬁ>E#;[

K]

-1

Hio, (2.22)

where * denotes conjugate transposition and [ is the identity matrix.

Once all the SINR values after optimal combining are computed for all the
transmit beams at each receiver, the transmitter requires feedback for user selec-
tion. Prior to any maximization, there are M SINR values after optimal combining
at each user. Immediately one could implement a scheme, call it Scheme C, sim-
ilar to Scheme A and feed back the SINR values for each transmit beam after
linear MMSE combining. Alternatively, if M SINR values represent too much data
to feedback to the transmitter, a scheme similar to Scheme B can be adopted,
call it Scheme D, where the maximum SINR after optimal combining can be sent
back. In Scheme D, the total amount of feedback in the system is reduced to
n analog SINR values and the corresponding n integer beam indices. To analyze
Scheme C and Scheme D requires the analysis of the distribution of the SINR
after optimal combining given by Equation (2.22), which leads to the following

theorem.

Theorem 2. The distribution function of the post-processing SINR given by Equa-
tion (2.22) for the system defined in Equations (2.1) - (2.3) is given by

M-1 ,
o) 272 (" >$(x)”. -

(14 x)M-1 (i —1)! »

FMMSE($> =1-
=1 p

Proof. See Appendix B. O

As mentioned in the introduction, the distribution function for the interfer-
ence limited regime is analyzed in [MPPO7], while the SINR distribution is derived
for the case M =4 and N = 2 in [MPP08]. Figure 2.6 shows the theoretical dis-
tribution given by the above theorem versus a monte carlo empirical distribution

for M =5, N =2, and SNR = 10dB and they are in agreement.
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Monte Carlo vs. Theoretical Distributions
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Figure 2.6: Theoretical vs. Empirical Distribution for SINR after Optimal Com-
bining for M = 5, N = 2, SNR = 10dB

The analysis of Scheme C is straight forward because at the transmitter
the values fed back from each user for each beam are independent and identically
distributed according to the distribution given by Equation (2.23). Therefore the
results from classical order statistics apply, namely the distribution of the maxi-
mum SINR selected by the transmitter for each beam is given by [Faase(2)]”.

The analysis of Scheme D becomes difficult in the same fashion that the
analysis of Scheme B becomes difficult, namely the SINR values after optimal
linear combining are correlated. Unlike the situation in Scheme B where the dis-
tribution of the maximum order statistic of the correlated random variables could
be found, the distribution of the maximum order statistic of the SINR values af-
ter optimal combining at a particular user could not be found. Since the explicit

distribution could not be found, bounds on the true distribution function will be

used. The bounds of interest are the classical Fréchet Bounds

Theorem 3. (/Gal78], The Fréchet Bounds) Let F(X) be an m-dimensional dis-

tribution function with marginals Fj(x),1 < 7 <m. Then, for all z1,z2,..., Ty

max (O’ZFj (x;) —m+ 1) < F (21,29, ..., Ty) <min (Fy (1), ..., Fy (Tm)) -
j=1
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The Fréchet Bounds provide control of the unknown joint distribution of
the SINR values after optimal combining, and can provide bounds on the order

statistic because all the marginal distributions are identical:

max (0, M (Fymse () —1) + 1) < Fyaammse(r) < Fuuse(z) (2.24)

where Faaammse is the distribution of the maximum SINR at a user after optimal
combining.

The asymptotic performance of Scheme C and Scheme D are of interest.
To show that Scheme C has optimal scaling asymptotically, it must first be shown

that Fyyse(z) given by Equation (2.23) is of type 3 (Equation (2.17)).

Theorem 4. The limiting distribution of the extreme order statistics drawn from

the distribution Fyyse(x) is of type 3.

Proof. See Appendix C. m

Having established the previous theorem, the scaling rate is shown in Ap-

pendix C to satisfying the following corollary:

Corollary 3. For fited M, N < M, and p, the throughput for Scheme C asymp-
totically scales as M loglogn, or
) R
A% M Toglogn

Compared with Scheme A, the asymptotic scaling is log log n rather than
loglogn N, but in the limit the extra factor of N becomes insignificant. The loss
of the factor of N comes from the fact that in Scheme C only one SINR value
(after optimal combining) is fed back per user and in Scheme A the SINR value
that was the maximum of N SINR values (without optimal combining) was fed
back, resulting in the extra factor of N.

Theorem (4) establishes that Fiyyse(z) is of type 3. The bounds in Equa-
tion (2.24) are in terms of Fyyse(x) and thus are also of type 3 implying the
true unknown distribution of the maximum order statistic is of type 3. As with

Scheme B, the number of SINR values after optimal combining that are max-

imized over at the transmitter in Scheme D is a random quantity, leading to
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binomial averaging. The binomial averaging can be applied to both the bounds
given by Equation (2.24) and the Delta Method arguments will yield an exponent
in both bounds asymptotically approaching . To get a handle on the asymptotic
scaling, consider the lower and upper bounds in Equation (2.24). The upper bound
scales as M loglogn as shown in Appendix C. Substituting the distribution into
the lower bound yields max {0,1 — M R(2)}, where R(z) is defined by Equation
(B.2) in Appendix B. For sufficiently large n, max {0,1 — M R(z)} =1 — MR(z)
since R(z) is monotonically decreasing to zero, so by the same methods as Ap-
pendix C, the lower bound scales as M log log n. Both the lower and upper bounds

have the same asymptotic scaling rate, yielding the following corollary:

Corollary 4. For fivred M, N < M, and p, the throughput for Scheme D asymp-

totically scales as M loglogn, or

R

nooo Mloglogn
The upper bound in Equation (2.24) is very loose. Although it could not be

shown, empirical evidence suggests that the SINR values after optimal combining

are negatively associated. The definition of negative association is as follows:

Definition 1. ([JDP83/, Negative Association) Random variables Xy, Xa, ..., Xk

are said to be negatively associated if for every pair of disjoint subsets Ay, Ay of

{1,2,...,k},
Cov {f1 (Xl,Z € Al) , fg (Xj,j € Ag)} <0

whenever f1 and fy are both increasing or both decreasing.

Negative association is a multivariate generalization of negative correlation.
The key property of interest is that if X, ..., X are negatively associated random

variables, then
N
Pr(X; <uz,....,Xy <zyn) < HPr(Xi < ).
i=1

Applying this to our distribution, we conjecture a tighter upper bound is given by

Frrazmmse(z) < [FMMSE($)]M (2.25)
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Comparing Bounds to Monte Carlo for Binomially Averaged Maximum SINR Distribution
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Figure 2.7: Theoretical vs. Empirical Distribution for SINR after Optimal Com-
bining for M = 5, N = 2, SNR = 10dB

Figure 2.7 shows the bounds versus monte carlo simulations. Although the original
upper bound due to Fréchet is weak, it sufficed in showing the optimal asymptotic
scaling since the bound was of type 3. The tighter hypothesized bound due to
negative association may be of use in numerical computations.

Figure 2.8 shows Scheme C and the upper and lower bounds for Scheme
D. The upper bound is the conjectured bound due to negative association. The
figure shows that the bounds on Scheme D converge as the number of users in-
creases and that they converge to the rate of Scheme C. As with Scheme A
compared with Scheme B, this convergence is expected as the maximum for each
transmit beam will be distributed over users with high probability as the number
of users increases. The throughput also becomes saturated as the SNR increases
and the interference becomes dominant. Comparing Figure 2.5 and Figure 2.8,
utilizing the extra receive antenna for optimal combining rather than just addi-
tional observations yields significant throughput gains at the expense of receive

complexity.
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Throughput for Scheme C and D (bounds) versus Number of Users (M = 5, N = 2)
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Figure 2.8: Throughput as a Function of Number of Users for Different Schemes
for M = 5, N = 2 and Various SNRs

2.6 Thresholding the Feedback

Feedback is a precious commodity and the amount of feedback may have
to be reduced to a bare minimum. One method of further reducing the amount
of feedback is to apply a threshold at the receivers, and only send back the SINR
values that exceed the threshold. Intuitively, if the SINR is below a reasonable
threshold, it is very unlikely to be the maximum selected by the transmitter. This
idea is briefly mentioned in [SHO5] for Scheme A, where it is mentioned that as
n grows large, the SINR value need only be fed back if it exceeds some constant
threshold 7, which is independent of n, to maintain the scaling laws. The rate
lost in a system with a finite number of users is not considered. The analysis in
this section determines the effects on throughput of applying any fixed threshold
to a system with an arbitrary number of users, and then applying that analysis to
show asymptotically there is no loss in throughput by applying any finite threshold.
Additionally, by applying an appropriate threshold, one can trade off throughput
for a reduction in feedback.

It is of interest to see how thresholding the SINR affects the distributions
over which the expectations are taken to determine the throughput of the previous

schemes. No closed form expression for the expectation could be found due to the
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complicated nature of the distributions. The effect of thresholding is to truncate

the underlying cdf of the SINRs observed at the users in the following manner:

F(wth) T < Ty

F(z) x>y (2.26)

Fthreshold(x) = {

where x4, is the threshold. All SINR values less than the threshold are not fed
back, which can be viewed as a mapping to zero throughput, resulting in the above
truncation.

For concreteness, consider Scheme A. Applying Equation (2.12) yields

|
~M 1— F(x)"™)d 2.2
ReM [ o (1R e (2.27)

After thresholding, the throughput of the scheme is

th 1 nN >
Rthreshold ~M [/ (1 - [FS (mth)] ) dx + /
0

1+=z oo

(1= Fy(2)™) dx}

(1= Fy(z)™) d:z:} ,

1+2x
1
1+z

=M [log (14 ) (1 — [F (iUth)]nN> + /x:)

which is a constant term plus an integral.

The loss in throughput due to thresholding can be expressed as

< 1
R—R resho =M —Freso _Fmazd
threshold /0 ]_‘I—.I’[th hold } Xr

Tth 1
=M P Fmax - Fmaz d
| T s ) = P o

M/OO1 Fonae (@) — P (@)] da

1+z

th

1

=M llOg (1 + Ith) Fmax (xth) - / 1
0

n mem(x)dx]

< Mlog (1 + z4,) Frae (),

where F),,, could be any of the maximum distributions derived earlier. As the
number of users grows, the upper bound on the throughput loss goes to zero for
all the distributions discussed, since for a finite threshold, F,.. (1) — 0 as the
number of users increases. Therefore, asymptotically, if the threshold is finite, the

scaling laws derived earlier hold.
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Throughput vs. Number of Users for Various Thresholds (SNR = 10dB)
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Figure 2.9: Throughput for Various Threshold Levels

For Scheme A, the number of SINR values not sent back due to threshold-
ing is nM F (x4,), that is the Pr [SINR < x| = F§ (24,) multiplied by the number
of possible values that could be sent back. Viewing it another way, it is a binomial
experiment with nM trials and the probability of success being F (zy,). Similarly,
using the cdf of the SINR after optimal combining, the number of SINR values
saved for Scheme C is on average nM Fyyse (24,). For Scheme B the amount
of savings is on average n [FSINRW) (a:th)]N and the savings for Scheme D can
be bounded using the Fréchet Bounds.

Figure 2.9 shows Scheme B without thresholding against Scheme A for
various levels of thresholding. For small thresholds, there is almost no change in
throughput performance, whereas for the higher thresholds, large losses are suf-
fered for small numbers of users. As the number of users is increased, there is no
loss in performance as expected. Scheme B performs better than Scheme A for
the threshold of 1 for small to moderate number of users, but does not uniformly
bound the thresholded version of Scheme A. It is not quite a far comparison since
Scheme B deterministically feeds back only one SINR value and the associated
beam index, while applying a threshold to Scheme A yields a reduction in feed-
back that is a random variable. In this vein, it may be of interest to design the

threshold to achieve an average amount of feedback per fading period.
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2.7 Conclusion

This chapter is concerned with a random beamforming scheme that puts
a premium on the amount of feedback in the system. To first reduce the amount
of feedback, a metric was chosen that captures the quality of the channel, and
that metric was the SINR, and has been motivated by its use in the formula for
throughput of the channel. With a good metric chosen, a few schemes that feed
back this SINR information are considered.

First, the scheme in [SHO5] (Scheme A) was reviewed to provide back-
ground and context for different novel schemes. Scheme B suggests utilizing
knowledge at the receiver and send back the maximum SINR observed at each
user over all beams. This reduces the amount of feedback in the system to n SINR
values. Since each user has N receive antennas, it is possible to perform optimal
combining at the receivers. The distribution for the SINR after optimal combin-
ing is derived. There are two schemes for utilizing this optimally combined SINR
value: either all M SINRs could be fed back per user (Scheme C), or send back
only the maximum SINR at each user leading to system total of n feedback values
(Scheme D). The asymptotic scaling of all the schemes is shown to be essentially
M loglogn.

Finally, thresholding was considered as another means of reducing the
amount of feedback. If the SINR value to be sent back in any scheme lies below
the set threshold, that SINR value is not sent back at all. Asymptotically in the
number of users, the throughput lost due to thresholding at any finite level is
shown to go to zero.

This chapter is a reprint of a paper coauthored with Bhaskar D. Rao and
appears in the March 2010 issue of IEEE Transactions on Signal Processing un-
der the title “Reduced Feedback Schemes Using Random Beamforming in MIMO
Broadcast Channels”. Sections of this chapter also appear in “On the Capacity of
MIMO Broadcast Channels with Reduced Feedback by Antenna Selection” in Asilo-
mar Conference on Signals Systems, and Computers, March 2008 and “Feedback
reduction in MIMO broadcast channels with LMMSE receiwers” in ICASSP 2010.

Both of these works are also coauthored with Professor Bhaskar D. Rao.



Chapter 3

Reducing Feedback in Broadcast
Channels via Thresholding

3.1 Outline

In a Gaussian multiple-input multiple-output (MIMO) broadcast channel
with random transmit beamforming and a greedy scheduling algorithm, the ques-
tion of which receivers should feed back their channel state information (CSI) is
investigated. A thresholding mechanism is applied to the CSI such that receivers
observing CSI lower than the threshold do not feed back. Thresholding is of in-
terest because it reduces the unwanted overhead, which is necessary to achieve
multiuser diversity, of CSI feedback in broadcast channels. Utilizing the theory
of convergence of types, it is shown that if the thresholding function 7'(n) scales
slower than logn, i.e. T'(n) € o(logn), that asymptotically in the number of users,
no performance is lost compared to the system without a threshold. Conversely,
using the asymptotic stability of order statistics, it is shown that if the thresh-
olding function T'(n) grows faster than logn, i.e. T(n) € w(logn), eventually no
user in the system will feed back their CSI and all multiuser diversity is lost. For
a finite number of users, utilizing the closed form SINR distribution expressions,
thresholds are designed to meet specific design criterion as a function of the total

number of receivers in the system. Three design criterion are considered: limiting
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the probability that no receivers feed back information for any transmit direction,
limiting the average number of receivers feeding back SINR information and lim-
iting the rate loss due to thresholding. The material in this chapter is work which
in preparation for submission to the IEEFE Transactions on Signal Processing un-
der the title “Reducing Feedback in Broadcast Channels via Thresholding” and
material submitted to Asilomar Conference on Signals, Systems, and Computers
2011 under the title “Feedback Reduction by Thresholding in Multi-User Broadcast

Channels: Design and Limits”.

3.2 Introduction

The multiuser broadcast channel has been the subject of intense study for
many years as it has numerous direct applications to modern technologies such as
the cell phone downlink channel. Great strides have been taken in characterizing
the theoretical limits of the broadcast channel, especially the vector Gaussian
broadcast channel. Specifically there has been an explosion of work regarding the
sum-rate capacity of the vector Gaussian broadcast channel starting with [CS03]
and then followed up by [VT03], [VJGO03], and [YCO04]. The capacity region of the
Gaussian vector broadcast channel was characterized in [WSS06]. While of great
theoretical importance, many of the schemes used to achieve the theoretical optimal
capacity are too complex or impractical to implement in real systems. One of the
greatest hinderances in achieving the theoretical optimum is having complete CSI
for all of the users in the multiuser broadcast channel available at the transmitter.
It is well known that without CSI at the transmitter, the system cannot achieve
multiuser diversity, which is a significant benefit of multiuser systems. In order to
reap the benefits of the more advanced multiuser MIMO architecture, CSI feedback
from the receivers to the transmitter is essential.

To address this critical problem, researchers have developed different meth-
ods of quantifying important information to feedback and how to best feed back
this information. The problem becomes more complicated when one also includes

considerations about the reliability of the CSI due to channel estimation errors and
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channel dynamics. In [IR07],[IAR09] and [IR10] the effects of imperfect channel
estimation, feedback delay, and finite-rate quantization are considered on bit, sym-
bol, and packet error probabilities in multiple-input single-output (MISO) chan-
nels. The effects of imperfect channel estimation and feedback delay on transmit
beamforming is considered in [MZ07] and [MLSO08].

In this chapter, channel estimation is assumed to be perfect and the feed-
back channel is delay and error free. Much reseach has been conducted under these
assumptions. In [Jin06], the channel vector from the multi-antenna transmitter to
the single receive antenna users is quantized using a random vector quantizer and
the performance is analyzed while [LHS03] considers codebook design using the
Grassmannian manifold. The asymptotic optimality of zero-forcing beamforming
is studied in [YGO06a]. The question of how much feedback is required so that the
system does not reach a sum-rate ceiling is considered in [BK06].

The first steps towards thresholding feedback are in the works [FFMO03,
GAO03, GA04] which consider one bit feedback schemes where a binary decision is
made as to whether or not the channel is in a good or bad state for transmission.
These works were later extended in [VHOO7], where the feedback channel is used
multiple times per coherence time to allow for refinement of the scheduling deci-
sion. The rate enhancement due to additional feedback bits is analyzed in [SNO7].
Additional work along these lines can be found in [YAHAO5] as well as an overview
of feedback systems in general in [LJLT08].

The tranmission scheme analyzed in this chapter is the random beamform-
ing scheme proposed in [SHO5]. The main idea is for the transmitter to transmit
on the basis vectors of a random orthonormal basis and each receiver measures the
SINR along each of the random directions. The receivers feed back their measured
SINR values and the transmitter schedules the users with the largest SINR value
for each orthonormal direction. In this transmission scheme, all of the channel
information is captured in the SINR values. This scheme is extended in [PR10a]
in several ways, including more advanced receive structures, namely LMMSE re-
ceivers, when each user is allowed multiple receive antennas. The main result

of these works is that random beamforming is simple yet, asymptotically in the
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number of users, achieves the optimal sum-rate throughput scaling.

In the aforementioned works, all the users in the system feed back some
form of CSI. This chapter addresses the question of which user should feed back
CSI. To answer this question, the random beamforming scheme is considered. In
the random beamforming scheme, the statistics of the SINR values, which is the
CSI, are known (e.g. see [SHO5, PR10a]). With knowledge of the CSI statistics,
consider the example where a particular user in the system observers a small SINR
value. Should that user feed back this small SINR value? If there are a large
number of users in the system, then it is highly probable that someone will have a
larger SINR value. In this case it does not affect the system if the small SINR value
is not fed back due to the scheduling algorithm always selecting the largest SINR.
On the other hand, it is always possible that every other user in the system has a
smaller SINR value, in which case not feeding back will prevent the system from
achieving the best throughput. The goal of this chapter is to design a threshold
that achieves certain performance metrics as a function of the number of users
in the system such that a user feeds back its observed SINR value if the value is
above the threshold and does not feed back if the SINR is below the threshold. By
allowing users to not feed back, transmit power can be saved as well as relieving
congestion on the radio resource.

The contributions of this chapter can be broken into two parts. First,
conditions on the scaling rate of the threshold T'(n) are considered as the number
of users n in the system asymptotically grows to infinity. It is shown that if the
threshold scales as o(logn), that asymptotically there is no loss in performances
as compared to the case where every user feeds back their SINR information.
Conversely, it is shown that if the threshold T'(n) scales as w(log n), that eventually
no user in the system will feed back their SINR information, i.e. asymptotically
no user in the system exceeds the threshold. In this case the transmitter has no
CSI information and it is known that multiuser diversity cannot be achieved. The
second part of the chapter considers explicit design of the thresholding function as
a function of the number of users in the system when the number of users is finite.

For a finite number of users, it is always possible that every user will be beneath
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any selected threshold and thus no one will feed back. Therefore, the design of
the threshold will be with respect to achieving certain design criterion. In this
chapter, three metrics are considered: limiting the probability that no user in the
system feeds back for any transmit direction, limiting the average number of users
feeding back and limiting the rate loss due to thresholding.

The organization of the chapter is as follows: the system model and random
beamforming transmit scheme are discussed in Section 3.3. Section 3.4 analyzes
the asymptotic scaling rate of the thresholding function. Section 3.5 addresses the
design of the thresholding function in the case of a finite number of users. Finally,

Section 3.6 summarizes the results of this chapter.

3.3 System Model and Random Beamforming

In this section the system model is described. Under the given system
model, the random beamforming technique first proposed in [SHO5] is outlined.
The key implications of this work will be discussed as well as extensions found in

[PR10a].

3.3.1 System Model

A block fading channel model is assumed for the Gaussian broadcast chan-
nel. The transmitter has M transmit antennas and there are n receivers (users),
each with N receive antennas. It is assumed that n > M and M > N, which is
typically the case in a cellular system. Let s(t) € CM*! be the transmitted vector
of symbols at time slot ¢ and y;(t) € C¥*! be the received symbols by the it
user at time slot ¢. The following model is used for the input-output relationship

between the transmitter and the i*" user:

yi(t) = /piHs(t) +wi(t), i=1,...,n. (3.1)
H; € CN*M 5 the complex channel matrix which is assumed to be known at

the receiver, w; € CV*! is the white additive noise, and the elements of H; and

w; are i.i.d. complex Gaussians with zero mean and unit variance. This is the
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standard Rayleigh fading model, where the channel gain between every transmit-
receive antenna pair is a complex circularly symmetric normal random variable.
The transmit power is chosen to be M, i.e. E{s*s} = M, so that the normal-
ized power per antenna is one. The signal-to-noise ratio (SNR) at the receiver
is E{pi|H;s|*} = Mp; and p; is the SNR of the i user. It is assumed that the

network is homogeneous, thus p; = p Vi.

3.3.2 Random Beamforming

The random beamforming transmit scheme proposed in [SH05] is the scheme
analyzed in this chapter. The key elements of this work, as well as extensions found
in [PR10a], are now described.

The random beamforming transmit scheme involves generating an M di-
mensional random orthonormal basis from an isotropic distribution, with basis
vectors ¢, € CM*1 for m = 1,..., M. Let s,(t) be the m™ transmit symbol at

time ¢, then the total transmit signal at time slot ¢ is given by

S(t) =Y dm(t)sm(?). (3.2)

The received signal at the ¥ user is given by

Yi(t) = VPH ()b (t)sm(t) + wi(t). (3.3)

In the original formulation in [SHO5], each of the N receive antennas at each user
measure the SINR for each of the M transmit directions and the maximum of the
observed SINR values for each transmit direction is fed back. Looking at Figure
3.1, which shows the SINR values for each receive antenna/transmit direction
pair, this scheme feeds back the maximum SINR in each column. The transmitter
then schedules the users experiencing the largest SINR for each transmit direction,
leading to maximal order statistics.

It is assumed that the i"* user knows the quantity H;(t)¢,,(t) from Equation
3.3 for each transmit direction. With this knowledge, the SINR observed at the
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Figure 3.1: SINR observations at a single user for M =4, N = 3

4t receive antenna of the i*" user for the m' transmit direction is given by the

following equation:

| H; j(t)om (1) '
2 D [ Hi i () k(1)

H; ; is the j™ row of the i*" user’s channel matrix. The orthonormal beamforming

SINRi’jym —

(3.4)

vectors and i.i.d. zero mean and unit variance complex Gaussian elements of H;
imply the numerator in Equation 3.4 is distributed as a x?(2) random variable and
the denominator is an independent y?(2(M — 1)) random variable.

When each receiver has a single receive antenna, i.e. N = 1, then under the
assumed system model, it is shown in [SHO5] that the distribution of the SINRs
at the receive antennas is given by

67% 1
fsinr(x) = FSL (;(1 +xz)+ M — 1) u(z), (3.5)
where u(z) is the unit step function. From now on, the u(x) will be dropped from
the SINR distribution and SINR density expressions with the understanding that
all the SINR random variables of interest are nonnegative. Integrating the density
in Equation 3.5 yields the distribution function for the SINR random variables:

_z
e P

F. =1— —.
siNR(T) (1+2)M-T

(3.6)

The main result of [SHO5] is that asymptotically random beamforming has
the optimal sum-rate throughput scaling. More specifically, the sum-rate through-
put of the random beamforming technique R asymptotically scales at a rate of
M loglogn, which is the theoretical optimal scaling rate. This theorem is now

stated:
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Theorem 5. ([SH05]) Let M and p be fired and N = 1. Then
R
lim ———— =1 3.7
neboo M loglogn (37)

where R is the throughput of the random beamforming technique.

If there are NV > 1 receive antennas at each user, the additional antennas
can be utilized in different ways. In [SHO5], each receive antenna at a given user
is considered an independent user, in which case all the SINRs observed at each
antenna are distributed according to the distribution function in Equation 3.6.
An extension considered in [PR10a] is to feedback only the largest SINR observed
across all receive antennas and over all transmit directions, thus limiting the feed-
back to a single SINR value per user (and the index of the transmit direction that
generated the largest SINR value) and reducing the total amount of feedback in
the system. Once again referring to Figure 3.1, this scheme corresponds to feeding
back the largest SINR value in the array. It is shown in [PR10a] that the distri-
bution of the SINR value fed back is given by [FSINR(M) (x)] " where Fsing,, ()
is given by

i i | Mexp< 75 o)

FSINR -
2T AW

and where d;(z) = 222010 4 (2) = dy(x) Hj\il (di(x) — dj(z)), and [-], is the

M—i+1

positive part of the argument.

The extra receive antennas at each user can also be utilized by implementing
a more complicated receive architecture such as an LMMSE receiver. With this
architecture, the receiver will measure the SINR after LMMSE reception along
each transmit direction and feed back the values. Under the given system model,
it is shown in [PR10a] that the distribution of SINR after LMMSE reception is
given by

p

M -1 .
w(g) &)
Fyyse(r) =1— AT ) 12 =] ( ) . (3.9

i=1
Using these distributions, it is shown in [PR10a] that the results of Theorem 5

hold for these alternative feed back schemes and architectures. With the previous
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results now reviewed, the properties of the distribution functions can be used to
ask questions about designing thresholds to limit which users feed back CSI and

the effects these thresholds have on the system performance.

3.4 Thresholding Asymptotically in the Number

of Users

Let T'(n) be the function that determines the threshold as a function of
the number of users n in the system. For a fixed n, users experiencing a SINR
less than 7'(n) do not report back their observed SINRs and users experiencing
SINR values larger than T'(n) feed back their observed values. In this section,
the question analyzed is how fast can the thresholding function T'(n) grow and
still have the thresholded system achieve the same optimal asymptotic sum-rate
scaling as the non-thresholded system? The theory of extreme value distributions
and the convergence of types are essential to answering this question and will now

be briefly reviewed.

3.4.1 Extreme Value Distributions

The convergence of types theorem is critical for the analysis of extreme

value distributions and is now stated.

Theorem 6. (Convergence of Types)
Suppose U(x) and V (x) are two distribution function neither of which concentrates
at a point. Suppose for n > 1, F,, is a distribution, a, > 0,b, € R,a,, > 0,5, € R

and
F, (apz +b,) = U(x)
F, (ox + ) = V(x)
weakly. If

a5 A>0

an

Bicbn , BER
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then
V(z) =U(Ax + B).

Let Xy,..., X, beiid. random variables with common distribution func-
tion F(z) and let M, = \/[_, X;. The main theorem concerning extreme value
distributions states that if a nondegenerate limiting distribution exists for M,

then the limiting distribution converges to one of three classes of types:

Theorem 7. (Gnedenko, 1943)
Suppose there exists a,, > 0,b, € R,n > 1 such that

P[(M, —b,)/a, < z] = F"(a,z +b,) = G(x),

weakly as n — 0o, where G is assumed nondegenerate. Then G is of the type of

one of the following three classes:

0 z <0
Type 1) @, (x) = for some a > 0.
exp{—z~%} >0
—(—x)¢ <0
Type 2) U, (z) = opi—(=o)) @ for some o > 0.
1 x>0

Type 8) A(x) = exp{—e®} z€R

The asymptotic scaling of the sum-rate throughput for the random beam-
forming scheme is established by showing the SINR values scheduled fall in the
domain of attraction of the Type 3 extreme value distribution given in Theorem
7. Formally, Fs;yg € D(A), i.e. the distribution function for the SINR, lies
in the domain of attraction of Type 3. Once the extreme value distribution is
established, the constants a, and b, are determined and used to show that the
sum-rate throughput of the random beamforming scheme scaled optimally. The
selection of the sequence a,, and b,, is not unique and the following lemma shows

the relationship between any selection of sequences that satsify ' € D(A).

Lemma 1. Suppose F' € D(G), where G is one of the limiting distributions
from Gnedenko’s Theorem, and let a, > 0,b, € R a,, > 0, and 8, € R sat-
isfy F" (apx +b,) — G(x) and F™ (anx + B,) — G(x). Then a, ~ a, (i.e.
lim,, o0 @n/a, = 1) and (B, — b,) € 0(a,).



53

Proof. The existence of a,,b,,a, and 3, is guaranteed by Gnedeno’s Theorem
since F' € D(G). Also by Gnedenko’s Theorem, G is the only possible limiting
distribution that F approaches since F' € D(G). Since F" (a,z + b,) — G(x) and
F" (apx + B,) — G(z), by the Convergence of Types Theorem and letting G play
the role of U and V yields the constants A = 1 and B = 0. Thus, also by the
Convergence of Types Theorem, ¢ — 1 and %;nb” — 0, which gives the desired
result. O

3.4.2 Sufficient Conditions on the Scaling Rate of the
Thresholding Function

The effects of thresholding on the distribution function Fg;yr must be
understood to design a threshold that achieves optimal asymptotic scaling of the
sum-rate throughput. In [PR10al, it is observed that that the threshold truncates
the distribution function of the SINR values fed back to the transmitter in the

following manner:

FSINR(I) € 2 Lthreshold
Fglli;\?%wm(x> = FSINR (xthreshold) 0 S T < Tthreshold (31())
0 z <0

Equation 3.10 states that the probablity mass less than ;,,esho1d, the threshold
value, concentrates at zero, and this is the probability that the user does not feed
back. The mass concentrates at zero because this is the lowest possible value
that the nonnegative SINR random variables can attain. With this mapping, the
values that do not exceed the threshold do not affect the scheduling decision since
they are assumed to be the smallest possible value. To generalize the truncation
from nonnegative random variables, let x; = inf {z : F(z) > 0} for an arbitrary
distribution function F', i.e. the left end point of the support of F. Thresholding
an arbitrary distribution function produces the following truncation:

F([E) X Z Tthreshold

FthTEShOld(x) = F (xthreshold) x S T < Zthreshold (311)

0 T <
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Figure 3.2: Uniform Distribution Truncated at iy eshoia = 0.5

Figure 3.2 shows the truncation of the uniform distribution at xiresnolq = 0.5.
The probability mass less than ;,,csnoiq = 0.5 maps to the left end point of the
support, which in this case is 1 = 0.

The effect of thresholding by truncation on a distribution function has been
mathematically quantified. Time will now be spent to show that this mathematical
definition corresponds with the goal of reducing feedback by implementation of
a threshold. Let X be a random variable drawn from a distribution function
F € D(A). Then the distribution function from Equation 3.11 corresponds to the

following random variable Y:

(3.12)

X X Z Tthreshold
Y =
X1 X < Lthreshold

From an engineering perspective, this formulation is motivated by the following
scenario. Let there be n users, where user ¢ makes an observation X; drawn i.i.d.
from F' € D(A). Each user decides to send back their observation X; if it exceeds
some threshold i,esnoq t0 a central unit, and the central unit has the task of
finding the maximum observation. The users that did not report their observations
because they did not exceed the threshold should not effect the decision of finding
the maximum. Thus if a user did not report a value, their observation is assumed to
be x;. By taking on the lowest possible value, it cannot affect the task of finding the

maximum value among the users that did feed back, and this motivates Equation
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3.11.

Remark: If z; = —oo, then Fhresheld(y) oiven by Equation 3.11 is not a proper
distribution function because there is non-zero probability mass at —oo. This will
not pose a problem in the following analysis. Additionally, any point x5 chosen
such that 1 < 29 < Tinreshora could be selected since such a selection would not
affect the task of finding the maximum among the fed back values, all of which
exceed 5.

In [PR10al, it is shown that any finite threshold does not affect the asymp-
totic performance. The goal here is to design a threshold as a function of the
number of users, T'(n), that grows as the number of users grows, and still has
the desired asymptotic scaling. The following theorem is the main result of this
section and provides conditions on the scaling rate of the threshold as a function
of the number of users that guarantee optimal asymtotic scaling of the sum-rate

throughput.

Theorem 8. Consider the system when N =1, i.e. each user has a single receive
antenna, under the model and random beamforming scheme described in Section

3.3. If the thresholding function T'(n) € o(logn), then the sum-rate throughput of

R

M loglogn — 1.

the system satisfies
Before presenting the proof of Theorem 8, the following lemma is required.

Lemma 2. Suppose F' € D(A) with the sequence of coefficients a,, > 0 and b, € R
satisfying F™ (apx + b,) — G(z) and the left end point of the support is xy. Let
X; be drawn i.i.d. from F and let M,, = \/\_, X;. Also let T(n) be the threshold as

a function of n. Then Fthreshold ¢ D(A) if and only if —2=" T(n o .y oo

Proof. <: Suppose T()=bn ) n 3 —00. Let Y; be drawn i.i.d. from Fthreshold and let
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Mth _ bn "
P |: n S ZL‘:| — [Fthreshold(anx + bn)]

F™*(apx +b,) apx + b, > T(n)
= F™(T(n)) 1 < apx + b, <T(n)
0 a,x + b, < x1

As n — o0, by the hypothesis %n_b" — —00, 80 ax + b, > T(n) for all z € R,
and thus [Fthrehseld(q, 2 +b,)]" — F"(a,z + b,) — G(z) as n — oo since F €
D(A). To show that this result holds regardless of which sequence of coefficients
were chosen, suppose «, and (3, are another sequence of coefficients satisfying
F"(anz +b,) = G(z). By Lemma 1, ¢* — 1 and % — 0. Substituting in the

new coefficients yields

T(n) - B, _ (uﬁ)(ﬂn)—m(m—m)

s 1/a, s
o (T(n)—bn _ﬁn—bn)
3—: , an,
A O Rl N
Qn,

Thus any coefficients satisfying F' € D(A) work.
=: Suppose Fthreshold ¢ D(A). Then there exists a, > 0 and b, € R such that
[Fthreshold(q, v+ b,)]" = G(z) = e " for all z € R. As before

F™(apz +b,) apz+b, >T(n)

[FHhreshold (g, oz + bn)}n = F™(T(n)) 21 < apx + b, < T(n)
0 a,t + b, < x1
Let lim,, ., 2=t — ¢ ¢ [—00,00], then in the limit as n — oo, the above

an

expression becomes

G(z) =z>c¢

[Fthreshold(anx + bn)]n _
G(c) z<c

where the left end point of the support need not be of concern because the left

end point of the support of G(x) is —oo. The only way the above expression can
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converge to G(x) for all x € R is if ¢ = —o0, and thus lim,,

T)=bn _y 55 the
an ?

desired result. O

Lemma 2 shows that if T'(n) scales sufficiently slowly, the convergence to
the extreme value distribution A(x) is unaffected. Having established Lemma 2,

Theorem 8 can now be proven.

Proof. When N = 1, the distribution of the SINR is given by Equation 3.6 in
Section 3.3. It is also shown in [SHO5] that Fg;nyr € D(A) and that the so called

auxiliary function f satifies

1 — Fginr(t)
A

where Fg;np(t) is the density given by Equation 3.5. Thus 1 — Fgryp(z) ~

—p

pFgnr(z). Using techniques from [Res87] (section 1.5), suitable coefficients a,,
and b, can be found so that F&;yp(a,z + b,) — G(z). The first step is to solve
for b, by solving pFg;yr(b,) = n~. Plugging in the density and taking the log of
both sides produces

—loge /P — Mlog(1 + b,) + log(1 + b, + p(M — 1)) = —logn
o Mlog(1+b,) +log(1+ b, + p(M — 1)) = —logn
p

bn
= o + Mlog(1 +b,) —log(1 + b, + p(M — 1)) = logn.

Asn — 00,b, — 00, so %bn dominates the above expression and %bn ~ logn =
b, ~ plogn. It is known, e.g. [Res87], that a suitable choice of a,, for this case is
f(bn), where f is the aforementioned auxiliary function, thus a suitable sequence
is a, = p for all n. The b,, sequence can be written as b, = plogn + r, where r,
is the remainder and r, € o(logn) in this case. Plugging in this formulation of b,

yields

Plog;l—i—m. + Mlog(1 + plogn +r,) —log(1+ plogn + 1, + p(M — 1)) = logn
= 1, + pMlog(1 + plogn +r,) — plog(1 + plogn +r, + p(M — 1)) =0
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and solving for r, produces

L+
r, = —pMloglogn — pM loglog (p—|— l;r )—i—
ogn
147, +p(M—1
ploglogn+ploglog(p+ rr ;giz )>

= —p(M —1)loglogn + o(1).
Plugging the remainder expression into b, yields
b, = plogn — p(M — 1)loglogn + o(1)

which is essentially the same expression found in [SHO5], where it is called u,,. This
sequence proved to be the key fact used in determining the sum-rate scaling result
in their work.

With a suitable choice of {a,} and {b,} established, Lemma 2 can be uti-
lized to determine the scaling rate of the threshold so that the asymptotic sum-rate

throughput scales optimally. Observe that

hyp, — by, T(n)— (plogn — p(M — 1) loglogn + o(1))

lim = lim
n—00 an, n—00 P
— lim (T(n) _ plogn — p(M —1)loglogn + 0(1))
T
= lim (ﬂ — (logn — (M — 1)loglogn + o(l)))
n— oo p
— —O0Q.

Therefore T(n) € o(logn) allows [Fineshod(a,z 4+ b,)]" — G(z) and all the con-
clusions derived in [SHO5] using Fs;yr € D(A) and {b,} hold. That is, selecting

T'(n) € o(logn) still achieves the optimal sum-rate scaling rate. O

3.4.3 Necessary Conditions on the Scaling Rate of the
Thresholding Function
In the previous section, it is shown how the threshold must scale in order

that F' remains in the domain of attraction D(A). This provides a sufficient con-

dition for the scaling rate of the threshold such that all previously derived results



99

based on the extreme value distribution hold. The goal of this section is finding a
necessary condition for the scaling rate of the threshold 7'(n) such that the asymp-
totic scaling rate of the sum-rate throughput of the random beamforming scheme
is optimal. To state it another way, it may be possible for T'(n) to grow faster than
the rate required to keep F' € D(A) and still have the sum-rate throughput of the
truncated scheme be optimal.

A different method of analysis will be used to address the necessary condi-
tions. The method is based upon the work in [RT73]. The following definition is

essential for the analysis that follows:

Definition 2. /[RT73] Let a sequence of random variables {X,,n > 1} be un-
bounded above and let M, = \/7_, X;. The sequence {M,} is almost surely rela-
tively stable (or stable for short) if there exist constants ¢, such that M,/c, — 1

almost surely as n — oco.

In this section it will be shown that if X;i,...,X,, are drawn i.i.d. from
Fsrnvgr, then the maximum of the SINRs, M,,, is stable, and to find the associated
constants ¢,,. With the known sequence ¢,, another sequence d,, can be chosen such
that lim,, o0 7+ — 0, 0r ¢, € 0 (dy). If d,, is substituted for ¢, then lim,, %—: —0
almost surely. This shows that the maximum of the SINRs is growing slower than
the sequence d,,. If the thresholding function T'(n) is selected such that T'(n) ~ d,,
eventually no user in the system will exceed the threshold and thus no users feed
back. If no user feeds back SINR information, there is no channel state information
at the transmitter, and in this case it is well known that multiuser diversity cannot
be achieved. Thus, a threshold T'(n) ~ d, will cause the random beamforming
scheduling algorithm to asymptotically fail.

Having discussed how stability plays into the analysis of the random beam-
forming scheduling algorithm, the following theorem states how fast is too fast for

the thresholding function to scale.

Theorem 9. Let the SINR observed at each user be distributed i.i.d. according to
Fsing. Then if T(n) € w(logn), asymptotically no user exceeds the threshold and

consequently all multiuser diversity is lost.
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Proof. Tt must now be shown that M, when X; ~ Fg;yg is in fact stable and find
the appropriate constants for stability. The following theorem of Resnick’s provide

necessary and sufficient conditions for stability.

Theorem 10. [RT73] Let {X,,n > 1} be i.i.d. random variables with common
distribution function F', where F'(x) < 1 for all x. There exist suitable normalizing

constants c¢,,n > 1 such that M, /c, — 1 almost surely as n — oo if and only if

e dF (x)
/1 = F((1-ez)

forall1>¢€>0.

The condition that F'(z) < 1 for all  means that the random variable
is unbounded from above, which is required in Definition 2. To verify Theorem
10 when X; ~ Fs;nyg, substitute in the distribution function and density from

Equations 3.5 and 3.6 into Theorem 10:

z
e*I/P P

/wm(%(l“_l’)“_M—l)d /OOW(%(l‘Fl‘)"’M—l)
i—oe L= e (-9z/
v (1 ) : p

%0 eTpe VEWA!
1

dx

1+2) p

00 e—%e 1
< —1+xM_1(—1+:v +M—1>dxsinceO<e<1
<[ Gimwtea (Sae

o

:/1001+p; (%(1+x)—|—M—1> < 00

Thus M,,, the maximum of n SINR observations, is stable. In the proof
of Theorem 10 in [RT73], it is shown that the coefficients ¢, ~ p, = F~1(1 —
n~1) are suitable for stability to hold. Since distribution functions need only
be right continuous, the inverse is defined as F~'(x) = inf{y|F(y) > z}. In
the SINR distribution of interest, the distribution function from Equation 3.6 is
continuous. Similar to example (viii) in [RT73], the coefficients ¢, will be found

for this distribution. Define the function R(z) = —log(1 — F(z)) and note p, =
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R '(logn). Thus for Fs;yr, R(z) can be calculated:

R(I) = —10g(1—FS]NR<J]>>
e~ T/p
)

= —log(e ") +log(1 4 )M}

T
= ;+(M—1)1og(l+x)
T
~ —asT — o0
p

and therefore R™'(z) ~ pz and a suitable sequence ¢, is R~ !(logn) = plogn.

Thus, if the threshold function 7'(n) is selected such that lim, . kaZi)n — 0,

or T'(n) € w(logn), then eventually no user in the system will feed back and
all multiuser diversity (and thus optimal sum-rate scaling) is lost, proving the

theorem. O

Theorem 9, along with the conclusion from Section 3.4.2 provide an inter-
esting result. Section 3.4.2 states that if T'(n) € o(logn), then optimal scaling
still occurs, but the previous result states that if T'(n) € w(logn), that optimal
scaling fails. Thus, any threshold 7'(n) € O(logn) provides a kind of bound-
ary between thresholds that allow optimal scaling and those that do not. When
T(n) € O(logn), stability is achieved, as shown before, and lim, ot — 1

gn
almost surely. In this case, it is unknown how the asymptotic scaling is effected.

3.5 Thresholds for a Finite Number of Users

The previous sections have established how fast thresholds can scale as a
function of the number of users in the system so that asymptotically the sum-rate
throughput still maintains the optimal scaling properties. While of theoretical
interest, in any real system the number of users is finite. So how should the
threshold be chosen in this case? The design of an appropriate threshold depends
on the metrics that are to be optimized. This section discusses how to design the

threshold for a system with n users to address the following metrics:
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1. What should the threshold be so that the probability that no user feeds

back information for any transmit beam is less than some design parameter

’Youtage(?

2. What should the threshold be so that on average only k users feed back SINR

information for every transmit beam?

3. What should the threshold be so that the rate loss compared to the unthresh-

olded system is less than some design parameter Rj,s"7

The first question is motivated by the fact that for any threshold, as long as
one users feeds back SINR information for each transmit beam, then the maximum
SINR is conveyed at the transmitter. In the event that the threshold is chosen so
that no user feeds back SINR information for a transmit beam, multiuser diversity
is lost on that beam, thus the probability that no user feeds back information
needs to be controlled. The design parameter 7,ytq¢e is the "multiuser diversity
outage probability”, which is the maximum proportion of the time that the system
is allowed to have no user feedback CSI information for any transmit direction.
The second question will follow as a simple consequence of the analysis of the
first question and constrains the average number of users feeding back. The final
question is motivated by the fact that feedback is a precious resource, so perhaps
one is willing to sacrifice some throughput to reduce the amount of feedback. As
a function of the amount of throughput that is sacrificed for the reduction in
feedback, an appropriate threshold can be designed. The following subsections

provide solutions to the threshold design questions just raised.

3.5.1 Designing a Threshold under Outage Constraints

The first design criterion corresponds to each transmit beam having fed
back SINR information 1 — vyyuzage percent of the time. The system is in multiuser
diversity outage if at least one transmit beam has no feedback information, and this
situation should occur less than v,y percent of the time. The key to the analysis
of designing a threshold to meet this requirement is to recall from Equation 3.10

the effect thresholding has on the underlying distribution function. Two feedback
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schemes will be considered. The first feedback scheme has each user feed back their
observed SINR value for each transmit direction. The second feedback scheme
has each user feed back only the largest observed SINR value over all transmit

directions, and the index of the transmit beam that generated the maximum.

SINR Information for each Transmit Direction

First, consider the feedback scheme where information is fed back for each
transmit beam and N = 1, i.e. the number of receive antennas per user is one.
Since the SINR is always positive, if 0 < SINR < Zipreshold, then the user does
not feed back the SINR information for that particular transmit beam, and this
happens with probability Fsinr(Zinresnod). For a system with n users and M
transmit beams, let Y; ;i € {1,...,n},j € {1,..., M} be a Bernoulli random
variable indicating that user i feeds back SINR information for transmit beam j.

From the previous statement, Y; ; are i.i.d. with the following distribution:
PriY;; =1 =1-Pr[Y;; =0] =1 — Foinr (Tthreshold) - (3.13)

Define the random variable Z; = Y7 ; +--- +Y,, ;, which denotes the total
number of users that feedback information for transmit beam j. Since the Y; ; are

i.i.d. for all 7, Z; is a binomial random variable, i.e.

Zj ~ B (TL, 1-— FSINR (xthreshold)) .

Outage occurs for transmit beam j when Z; = 0, and Pr{Z; =0] = (1 — (1 —
Fsinr(Tinreshod)))” = (Fsinr(Tinreshord))” and the probability that the system is

in outage is

Proutage] = 7outage = 1 — Pr[not in outage] =1 —Pr[Z; #0,...,Zy # 0]
M M
= 1-[][Pr(Zi#0)=1-]](1—Pr[z =0))
i=1 i=1

= 1- (1 - (FSINR(CEthreshold))n>M-

Thus, for a fixed number of users n, a fixed number of transmit antenna M, and
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Xipreshold VS Youtage O M = 4
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Figure 3.3: Threshold as a function of v,ytage for M =4 and p =1

design parameter Youtqage € [0, 1], the threshold can be determined:

Youtage = 11— (1 - (FSINR(xthreshold»n)M

1\ w
= Tthreshold = nglNR ((1 - (1 - Voutage)M) )

where Fg/\ is the inverse distribution function. The solution to the inverse dis-
tribution function can be expressed in terms of Lambert functions. An alternative
solution to evaluating the inverse is to use an iterative algorithm. Because the
distribution function is a function of a scalar and monotonic, iterative algorithms
are well suited for the computation of the inverse. Figure 3.3 shows the value of
Tihreshold @s @ function of Youege for varying numbers of users in the system. As
expected, for Youtege approaching zero, the threshold also has to go to zero, and for
Youtage aPproaching one, the threshold begins to blow up. For larger numbers of
users in the system, the threshold can be set higher and achieve the same outage
probability due to the increased maximum order statistics.

If the receivers are allowed to have N > 1 number of receive antenna, as
mentioned in Section 3.3.2, there are different ways to handle feedback. Originally
in [SHO5], one can consider each receive antenna as an independent user. In this
case, the previous analysis follows verbatim except substituting n with n/V since
the system effectively has n/N users under this methodology. Another approach
considered in [PR10a] is to have each user perform LMMSE reception, and then
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User 5 User 8|

User 4|User 9|User 6

User 1|User 3|User 2|User 7
Tx1 Tx2 Tx3 Tx4

Figure 3.4: Example of Maximization at the Transmitter under Alternate Feed-
back Scheme

feedback the post-processed SINR for each transmit direction. In this case, the
previous analysis is identical except substituting Fs;yg with Fiyarse from Equation
3.9. In this case, the closed form solution of the inverse distribution function does

not exist, and an iterative approach is required.

SINR Information for only the Best Transmit Direction

An alternative feedback scheme considered in [PR10a] has each user only
feed back the maximum SINR across all transmit beams, as well as the index for
the transmit beam that generated the maximum. Recall from Figure 3.1, this
corresponds to feeding back the largest value in the array. For the time being,
let N = 1. The number of SINR values fed back for a particular transmit beam
is a random variable under this scheme. To help understand this randomness,
consider Figure 3.4 which shows an example for a system with nine users and four
transmit beams. Each user feeds back the largest SINR observed across all transit
beams, so in this example, users 1,4 and 5 report back their SINR values and the
fact that transmit beam 1 generated the maximum. The number of users that
feed back SINR values corresponding to transmit beam 1 is not known a priori
and is thus random. Since each user is restricted to feed back only one SINR
value, and due to the symmetry of the system model, the number of SINR values
for each transmit beam received at the transmitter is multinomially distributed.
Using the traditional balls and bins analogy for the multinomial, the n users are

the n balls, the M transmit beams are the M bins, yielding a probability vector



66

p=[3.---»3;] € RM. The effect of thresholding on this problem is that rather
than each user’s feedback being in a bin associated with a transmit beam, that
value may not actually be there if it did not exceed the threshold. Leveraging the
balls and bins analogy again, each user can be thought of as putting a ball into a
bin, but then there is a chance that the ball may be invisible and not counted due
to the SINR not exceeding the threshold.

Recall the probability mass function of the multinomial of interest is

n! 1\Y1 1 \Ym M o
Pr [Yi = Yi,y--- 7YM B ym] — y1!l-ynm! (M) U (M) when Zz }/Z =n
0 otherwise

(3.14)
where Y; are the number of users who sent back information for the i** transmit
beam. For any given realization of the multinomial, the probability of an outage
event occuring is of interest. Let X;, drawn from Fginrg,,,, (as given by Equation
3.8), be the value that is to be fed back by the i* user. In this problem, if
X; < Zinreshold, then the ball is considered invisible. An outage event occurs
when all of the balls in at least one bin are invisible. Suppose, for concreteness,
that four users are to feed back information regarding transmit beam one. Then
there are four balls in bin one, and Y; = 4. The case where all of the balls are
invisible corresponds to the error event, and this event occurs with probability
1 - (FSINRW) (xthreshold)>4, where the exponent of four came from the fact that
Y} = 4. This argument can be extended to all the other bins. Thus, conditioned
on knowing the number of balls in each bin yields the following probability:

Pr[not in outage|Y: = y1,..., Yur = Yni)
M

= H <1 - (FSINR(M)(xthreshold))yi> : (3.15)

Removing the conditioning produces the total probability of not being in outage

Pr [not in outage]

= ZPr [not in outage|Ys =1, ..., Yy = ym| - Pr(Yi=w1,..., Y = Y]

H:s

= Y PrYi=yi.... Yy =y (1 — (PR (Tthreshota) ) )
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where the summation is taken over all possible configurations of the multinomial.
With the probability of not being in outage calculated, the threshold can be solved

for via the following equation:

::1:

Voutage Z PI' Yi =Y, .. M — ym (1 - FSINR M)(xthres}wld)) )

(3.16)

The closed form inverse does not exist, so once again iteratve approaches must

=1

be taken. Equation 3.16 thus provides a way of finding the threshold under a
multiuser diversity outage constraint when using a feedback algorithm that only
feeds back local maxima. For the case where N > 1, the extension of the previous
feedback scheme considered in [PR10a] takes the maximum over transmit beams
and antennas to reduce the feedback per use to a single SINR value (and the beam
index). In this case, the prior analysis follows substituting in <FSINR(M)>N for

Forn R which arises due to the additional maximization over receive antennas.

3.5.2 Designing a Threshold Constraining the Average
Number of Users Feeding Back

Because the SINR information is distributed across geographically sepa-
rated receivers, it is impossible to design a threshold that can guarantee that
exactly k£ < n users feed back information for each transmit beam without further
sharing of information. The best one can hope to do is use the statistical infor-
mation about the channel metric, the observed SINR, to create a threshold that
guarantees on average only k users feed back. First, consider the feedback schemes
from Section 3.5.1 where each user feeds back SINR information for each transmit
direction. Consider the case where N = 1. From Section 3.5.1 it is known that
the probability of feeding back is a Bernoulli random variable, and the number of
users feeding back for a particular transmit beam is a binomial random variable
with parameters n and 1 — Fg;nr (Tnreshoa). With these observations, the design
of the threshold under the average number of users feeding back per transmit beam

metric is straightforward. Once again, let Z; ~ B (n,1 — Fsingr (Zihreshoid)) be the
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Figure 3.5: Threshold as a function of the Average Number of Users Feeding
Back for M =4 and p=1

number of users feeding back for transmit beam j. Then

k= FE[# of users feeding back for transmit beamj]
= FE[Z;] =n (1 — Fsinr (Tthreshold))

_ n—k
= Tthreshold = FSIINR < n ) . (317)

Figure 3.5 shows the threshold as a function of the constraint on the average
number of users feeding back for varying number of users in the system. As the
average number of users allowed is increased, the threshold decreases as expected
to accomodate more users exceeding the threshold. When the average number of
users equals the number of users in the system, the threshold is equal to zero.

If one is interested in constraining the average total amount of feedback
to k (rather than on average k values per transmit beam), by the symmetry of
the problem, substitute & with & = ﬁ in Equation 3.17. This is saying that each
transmit direction gets on average % values, so for all M transmit beams, the total
on average is k. These thresholds extend to the case when N > 1 in two ways. If
one considers feeding back the maximum observed SINR over the receive antennas
for each transmit direction, then the previous analysis holds substituting Fg;yr(z)
with (Fsrnvgr(z))Y. If one allows for LMMSE reception, the previous results hold

by using the distribution function given in Equation 3.9.
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As in Section 3.5.1, consider the feedback scheme where only the local
maximum SINR over the transmit beams is fed back. Recall that Fg;y R denotes
the distribution function of the SINR values fed back under this scheme. The
analysis in this case is similar to the previous case, but now one must consider
that the transmit beam whose SINR value is being fed back is a random variable
that is uniform over the transmit beams, i.e. every transmit direction is equally
likely to produce the local maximum SINR. From Figure 3.1, this corresponds to
the fact that when finding the maximum value in the array, it is equally likely to
occur in any given column. Let Z} be the number of values fed back for transmit

beam j. Then Z ~ B (n, 1’FSINR](;””“““‘)>, where the factor of % comes from

the previously mentioned fact that associated transmit beam is a uniform random

variable over the M transmit beams. The threshold design is given by

k = FE[# of users feeding back for transmit beam|]

1 - F Lihresho
_ E[Zj’]:n< SINR(?\Z(th hld))

kM
= Tthreshold = F§11]VR(NI) <1 - _> . (318)

n

Notice that in this case it is required that k& < 7. This constraint makes sense

under this feedback scheme since without thresholding, on average there will be

n

17 values fed back per transmit beam. These results can be extended to the case

where N > 1 and the maximum SINR is taken over transmit directions and receive
N
antennas in a straight forward manner. Substituting (FSINR(M)> for FSINR(M)

kM)%

_ -1
pI"OdUCGS Lthreshold = FS[NR<M) (1 .

3.5.3 Designing a Threshold with Rate Loss Constraints

A third design constraint of interest is to select a threshold that bounds
the rate lost in the system as compared to the system without a threshold. Let R
be the throughput of the unthresholded system and consider the feedback scheme
where N = 1 and the SINR is fed back for each transmit direction as in Section

3.5.1. From [PR10a], it is known for this scheme that R can be expressed as

R~ M /0 "L 4= (Fawn(@)") de, (3.19)

1+2x
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where the approximation symbol becomes very accurate for a moderate number
of users in the system. Equation 3.19 is equivalent to writing out the integral
equation to evaluate

ME[log (1 4+ max{Xy,...,X,})], where the X; are drawn i.i.d. from Fs;yg. The
exponent of n on the distribution function is the effect of the maximum order
statistics. The sum-rate throughput of the thresholded system is more complicated.
The thresholded distribution given in Equation 3.10 cannot be directly plugged
into the above Equation 3.19. This is because the thresholded distribution defined
maps the rate to x; = 0 when the SINR does not exceed the threshold. This
mapping works when analyzing the question of optimal sum-rate scaling because
the primary concern is whether multiuser diversity is achieved or not. With a
finite number of users, even if no user exceeds the threshold and thus there is
no feedback, this does not mean the system achieves zero throughput. If no user
feeds back for a particular direction, the scheduler can randomly select a user and
transmit to it. This random selection does not benefit from multiuser diversity
since there is no CSI, but it can achieve a non-zero throughput.

The thresholded sum-rate throughput consists of two parts: the rate when a
transmit direction receives CSI and the rate when no user feeds back information
for a transmit direction and thus a random user is scheduled on that direction.
Let Fipresnora be the distribution of the SINR for a transmit direction under the
scheme where it schedules the maximum user if at least one user feeds back SINR
information, and schedules a random user if no CSI is fed back. Thus, as with
Equation 3.10, when at least one user feeds back CSI information for a transmit
direction, the true maximum is observed and the thresholded distribution is given
by

Finreshold(2) = Fgryp for & € [Tinreshold, 00). (3.20)

Now consider the situation when no CSI is fed back. Conditioned on the fact
that no SINR value exceeds the threshold,when the scheduling algorithm selects
a user at random to transmit to, from [Dav70] the conditional distribution of the
SINR of the randomly selected user is given by

- ) (x): Fs]NR(x)
random FS[NR(I’threshold)

for x € [07xthreshold)‘ (321)
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Fireshold for the Exponential Distribution with n = 10 and Xreshold = 35
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Figure 3.6: Thresholded Distribution Function for the Exponential Distribution
with n = 10 and Zihreshord = 3.9

The distribution is defined on [0, Zipreshora) since this distribution occurs when no
users exceeds the threshold. The denominator in Equation 3.21 renormalizes the
distribution Fs;ygr so that Frqngom is a true distribution function. The probabil-
ity that no user exceeds the threshold is given once again by Fsinr(Zinreshota)”
Putting together these facts with Equation 3.20 produces the total distribution

function for this thresholded scheme:

Fsing(z)" for x € [Tinreshotd, 00)

Bhreshold - { (322)

FSINR(xthreshold)n : Frandom($) fOI' HARS [07 xthreshold)

Figure 3.6 verifies this equation with the exponential distribution for n = 10 and
Tihreshold = 3-D. Substituting the distribution in Equation 3.22 for Fg;ygr(x)" in
Equation 3.19 provides the sum-rate throughput of this scheme Rpresnoid:

1
1+

Rthreshold ~ M/ (1 - Fthreshold(x)) dﬂ?, (323)
0

where the integral can be multiplied by M since all the transmit beams statistics
are independent and identically distributed.
Define the throughput of the system when random users are selected on

each transmit beam as R,qngom- Then from Equation 3.19, R,4ndom 1S given by

>~ 1
Rmndam ~ M/O 1—|——J} (1 — FS[NR(QZ» dx. (3.24)
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Figure 3.7: Threshold as a function of Ry, for M =4 and p =1

Let Rjoss = R— Rinreshoid € [0, Rrandom] be the design parameter that quantifies the
amount of rate that can be sacrificed in order to reduce feedback. The upper bound
on Ryyss 1S Rrandom Since in the worse case scenario this throughput can be achieved.
Since Fgrypg for this system is continuous and monotonically increasing, Rj,ss iS
monotonic increasing as a function of x;p,.csnoiq and there exists one solution for
Tinreshold that solves the above equation for Ryss. Rj.ss is a complicated function
of Tipresnoia, but due to its monotonicity, an iterative algorithm can be used to
find zresho1a to sufficient accuracy. Figure 3.7 shows the threshold as a function
of the design parameter Rjs. For small values of R, the larger the number
of users, the higher the threshold can be set and still achieve the same rate loss,
which is expected since for a larger number of users, the probability of exceeding
the threshold increases. All the thresholds eventually approach infinity as Ry,
approaches the unthresholded sum-rate throughput given by Equation 3.19.
Adapting the preceeding arguments for the feedback schemes considered in
Section 3.5.1 when N > 1 is straightforward. For the case where each antenna
is considered an individual user, change the exponent of Fis;yg in Equation 3.22
from n to nN. When LMMSE receivers are implemented, substitute Fy/asg in
Equations 3.21 and 3.22. The more difficult scheme to analyze is when only the
local maximum SINR values and the associated beam index are fed back as in

Section 3.5.1. Recall the multinomial distribution given by Equation 3.14. Define
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Y/ to be the number of users that feed back CSI for the ™" transmit beam and
exceed the threshold. Thus, Y/ is equal to Y; minus the the number of values
that would have been fed back but did not exceed the threshold. The difficulty in
analyzing the rate of this scheme from a theoretical perspective is two-fold. First,
> Y! < n since some values may not exceed the threshold, and hence the Y; do
not form a multinomial. This is a problem since the exponent of the distribution is
no longer known. For example, consider a system with n = 20 users, and suppose
> Y/ =15 and for concreteness Y7 = 5. When theoretically analyzing the rate, the
exponent for the first transmit beam could have been the maximum of five values
that were fed back, or it could have been a maximum of up to 10 values ( Y; +
n — > Y/), since there is no information available on five of the users. The second
problem is that if no information is available for a specific transmit direction, then
a random user is scheduled. Suppose that the user randomly selected fed back
CSI information, but for a different transmit direction. For example, suppose
N =1 and the SINR values at the randomly selected user are 1 and 2 for transmit
directions 1 and 2 respectively. If the threshold was Zipresnoiq = 0.5, both exceed the
threshold, but since only the local maximum is fed back, the value of 2 on the first
transmit direction is never observed. Thus, when this user is randomly selected
for the first transmit direction, the SINR value is greater than the threshold, but
is conditionally known to be less than 3 since the that value is known at the
scheduler. Therefore the distribution of the randomly selected users’ SINRs is
quite complicated. For these reasons, the analysis will not be performed on this

scheme. Simulations can be used to design an appropriate threshold.

3.6 Conclusion

This chapter addresses the question of which user should feed back the
observed SINR given statistical knowledge of the channel metric. When every
receiver feeds back their SINR information, it is shown in [SHO5] that random
beamforming achieves the optimal sum-rate throughput scaling. In [PR10a], it

is shown that any finite threshold such that users experiencing SINRs below this
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threshold do not feed back does not affect this optimal scaling rate. The questions
raised in this chapter discuss how the thresholds can be designed as a function of
the number of users in the system to achieve certain performance metrics.

The first performance metric considered is how fast can the threshold grow
yet still exhibit the optimal scaling. It is shown that any thresholding function
T(n) as a function of the number of users n that grows slower than logn, i.e.
T(n) € o(logn), achieves the optimal scaling rate. Conversely, any thresholding
function T'(n) € w(logn) causes the system to lose all multiuser diversity.

The second part of the chapter considers how to optimally design thresholds
for systems with a finite number of users. Using the statistics of the channel metric,
thresholds for an n user system under three different design criterion are found.
Under the first criterion, a threshold is designed to limit the probability that no
user in the system feeds back CSI information for any transmit beam to be less than
the design parameter Youtqqe- The second criterion considers choosing a threshold
such that on average only k out of n users in the system feed back CSI information
for each transmit beam. Finally, a threshold is designed to limit the rate lost
compared to a random scheduling algorithm to be below a design parameter Rj,ss.

The material in this chapter is work which in preparation for submission to
the IEEE Transactions on Signal Processing under the title “Reducing Feedback in
Broadcast Channels via Thresholding” and material submitted to Asilomar Confer-
ence on Signals, Systems, and Computers 2011 under the title “Feedback Reduction
by Thresholding in Multi-User Broadcast Channels: Design and Limits”. Both of

these works are coauthored with Professor Bhaskar D. Rao.



Chapter 4

Greedy Scheduling and

Proportional Fair Sharing Under
i.i.d. Models

4.1 Outline

There exists a trade-off between performance and fairness in scheduling al-
gorithms. A greedy scheduling algorithm will schedule the user with the best rate
during each epoch to maximize the throughput of the system at the expense of
neglecting fairness considerations. In an attempt to balance fairness and perfor-
mance the proportional fair sharing (PFS) algorithm has been proposed. In this
chapter, it is shown that when the rates of each user are i.i.d., the asymptotic
performance of the greedy and PFS scheduling algorithms are equivalent. Under
the i.i.d. model, the mean asymptotic throughput of the PFS algorithm is char-
acterized and the rate of convergence to this throughput is derived. Additionally,
the asymptotic distribution of the distance of the PFS algorithm from the asymp-
totic throughput is found. Because the rates of each user must be fed back to the
base station to make the scheduling decision, a thresholding mechanism is consid-
ered to reduce the amount of feedback overhead in the system. The effects of the

thresholding mechanisms on the PFS algorithm and the asymptotic performance
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is shown. This chapter contains material in preparation for submission to IEEE
Transactions on Information Theory under the title “Greedy Scheduling and Pro-
portional Fair Sharing Under i.i.d. Models” coauthored by Professor Bhaskar D.
Rao.

4.2 Introduction

Scheduling users in a cellular downlink channel is an important question
whose solutions balance system throughput and fairness. Suppose there are n
users in a given cell and the base station has M transmit antennas and n > M. In
this case, at most a subset of M of the n users can be scheduled for simultaneous
transmission by the base station if all the users are to receive independent signals.
The central question addressed by any scheduling algorithm is how to select the
k < M users to transmit to during any given scheduling epoch.

The scheduling algorithm can often be intimately related to the transmis-
sion scheme. For example in the semi-orthogonal user selection (SUS) algorithm
proposed in [YGO6b], the transmission scheme and scheduling algorithm are one
in the same. In the SUS algorithms, the first iteration identifies the user with the
best channel conditions and the corresponding transmit direction. In subsequent
iterations of the algorithm, the users with the best channel conditions and transmit
directions that are nearly orthogonal to the previously selected users are chosen.
The data for each selected user is transmitted along their beamforming directions,
which by construction are nearly orthogonal. Thus, the SUS algorithm simultane-
ously considers the transmission and scheduling procedure. Another transmission
protocol is the random beamforming scheme considered in [SHO5]. This scheme
has the base station generate a random M-dimension complex orthonormal basis
to use as the transmit beamformers. Each user measures the SINR along the basis
vectors and feeds back these measurements to the base station. At this point, a
greedy scheduling algorithm is used that schedules the user with the largest SINR
on each transmit basis vector.

These algorithms attempt to maximize the sum-rate throughput of the
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downlink. As such, fairness considers are not explicitly considered. For exam-
ple, in the the random beamforming scheme, a particular user may experience an
arbitrarily long wait time. The Rayleigh fading model assumed in [SHO5] however
guarantees that asymptotically each user will be scheduled an equal proportion
of time. An alternative to greedy scheduling is the round robin scheduler which
deterministically schedules a user once every n scheduling epochs. The round
robin method guarantees fairness, but the system performance is degraded. Any
scheduling algorithm that is agnostic to the channel conditions of the users cannot
exploit multi-user diversity. Therefore there is a fundamental trade-off between
fairness and performance. The random beamforming method is known to exploit
multi-user diversity and exhibit optimal throughput scaling asymptotically in the
number of users in the broadcast channel where as the round robin method is fair
but the throughput does not scale with the number of users.

Greedy algorithms are very attractive due to their ease of implementation
and good performance but ignores any fairness criterion. The proportional fair
sharing (PFS) algorithm is a scheduling algorithm that tries to balance perfor-
mance and fairness. The PFS algorithm forms a ratio of each user’s current rate
to their average scheduled rate and selects the user with the largest ratio. To
see that this provides some notion of fairness, consider a user that has rarely been
scheduled in the past. Then that user’s average scheduled rate is small, causing the
previously mentioned ratio to become large, and increase the likelihood of being
scheduled.

This chapter shows that when the rates are i.i.d., under suitable conditions
on the distribution, the PFS algorithm performance converges to the performance
of the greedy algorithm in time. In the appropriate state space, the convergence
is equivalent to showing the two algorithms converge to the same stationary limit
point. The rate of convergence of the PF'S algorithm to the limit point is charac-
terized as well as the asymptotic normality and covariance of the PFS algorithm
around the limit point. These results imply that the PFS algorithm can be used
to ensure some degree of fairness, and it is known that asymptotically the same

performance as the greedy algorithm will be attained. These results are shown by
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leveraging the theory of stochastic approximations, as is done in the motivating
work [KWO04].

Because the PFS algorithm is a function of the current rate of each user,
each user must provide channel state information (CSI) feedback to the base station
in order to make the scheduling decision. In this chapter it is assumed that the
rate information itself is fed back to the base station, and thus schemes where the
transmit and scheduling algorithms are decoupled, as in random beamforming, are
considered. Motivated by our previous work [PR10b], CSI feedback reduction can
be achieved by comparing a function of each user’s rate to a threshold, and if the
threshold is exceeded the user feeds back its rate information, otherwise the user
provides no feedback. CSI reduction is of interest since transmit power can be
saved as well as relieving congestion on the radio resource. A thresholding scheme
is considered under the PFS scheduling algorithm and is shown to converge to a
stationary limit point which is analytically characterized.

The organization of the chapter is as follows: the proportional fair shar-
ing algorithm is described in detail in Section 4.3. The convergence of the PFS
algorithm to the greedy algorithm when the rates are bounded is considered in
Section 4.4 and the convergence results are extended to the case where the rates
are unbounded in Section 4.5. The rate of convergence to the fixed stationary
point as well as asymptotic covariance structure around the fixed point are shown
in 4.6. Section 4.7 analyzes the effects of a thresholding mechanism applied to the
rate information feedback on the fixed point of the PFS algorithm. Section 4.9

summarizes the results and concludes the chapter.

4.3 The Proportional Fair Sharing Algorithm

The general proportional fair sharing problem formulation will follow the
set-up established in [KWO04]. The results of [KW04] show that under general
conditions the PFS algorithm converges, but does not address where it converges
to due to the generality of the conditions. The primary goal of this chapter is

to show that under an i.i.d. model, the convergence is to the performance of the
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greedy algorithm.

Let there be N users in the system and let X;,, be the instantaneous rate
of user 7 at time slot n. The X, are assumed to be i.i.d. continuous, non-negative
random variables, since the rates cannot be negative, forall 1 <i < N andn € N*.
At time n + 1, let the rates X, 11 be known at the scheduler for all 7. Then the
indicator random variable [; , 1 denotes the event that user 7 is scheduled for time
slot n + 1. The average throughput of the i user after n time slots is 6;,, and is

defined as follows: .

Xialiy
Loy (1)
=1
Because I;; = 1 only when user i is scheduled for time slot /, the sum in Equation
4.1 is the average scheduled rate for user ¢. Since the rates X, ,;; are known at

the scheduler at time n + 1, the PFS algorithm selects the user with the largest

ratio %, or formally the algorithm performs the following function
Xint1
— . 4.2
o {2} )

When the PFS algorithm starts, all the initial average rates ¢;,, are zero, and the
ratio in Equation 4.2 is undefined. This was observed in [KW04] and a solution
is to modify the ratio slightly. Let d; be positive constants for 1 < ¢ < N, which
can be arbitrarily small. Define the modified PFS algorithm as performing the

following function:

Xi,n+1

The ratio defined in Equation 4.3 is always well defined since the rates are non-
negative. In this chapter it is assumed that d; = d for all i and that d is incredibly
small, and is considered only to be needed so that the ratio is well defined during
the initial phases of the algorithm. That is until every user is scheduled at least
once so that average throughput term is non-zero for every user. Because the rates
X, are assumed to be continuous, the probability of there being a tie in either
Equation 4.2 or 4.3 is zero.

Having established the PFS algorithm, the next sections will address the
convergence under the i.i.d. model to the greedy algorithm. The greedy algorithm
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selects the user with the largest instantaneous throughput at every time slot n, i.e.
the schedule function for time slot n + 1 is given by

arg lrgnizgv {Xint1} (4.4)

The approach to prove the convergence is based on the ordinary differential equa-
tion (ODE) method of stochastic approximation (SA) as found in [KY03]. First,
the convergence is shown when the rate random variables X;, are bounded and
then the results will be extended to rates which are unbounded from above.
The extension to unbounded random variables is motivated by the Trajectory-

Subsequence (T'S) approach to the SA problem found in [Che02].

4.4 Convergence with Bounded Rates

This section is comprised of two parts. The first section discusses how
the PFS algorithm can be put into the framework of a stochastic approximation
algorithm. Much work has been done to characterize convergence properties of
stochastic approximation algorithms and the key points of the ordinary differ-
ential equation method of approaching stochastic approximation algorithms are
discussed. With the appropriate machinery described, the second part of this sec-
tion discusses the convergence of the PFS algorithm to the performance of the

greedy algorithm asymptotically in time.

4.4.1 The Stochastic Approximation Approach

In Sections 4.4.1 and 4.4.2 the non-negative i.i.d. rate random variables X; ,
are assumed to be bounded from above, i.e. there exists some constant K such
that Pr(X;, > K) =0 for all  and n. The key to showing the convergence result
is to put the PFS algorithm into the framework of a stochastic approximation
algorithm, and leverage the theory of SA algorithms. The general form of the SA
algorithm as defined in [FP96] will now be stated. Let (w"),>1, (7")n>1 be two

sequences of RP- and R% valued vectors respectively and let H : R? x RP — R%.
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Define the sequence (6"),>; by the recursive algorithm

{ 0° € R4 (45)

Ot = 0" + €, H (0™, 0" + €,0m™ ™, n e NT,

where (€,),>1 1 a sequence of positive real numbers called the gain of the algorithm
and 1" is a small residual perturbation.

Having established the general form of the SA algorithm, the PFS algorithm
can be put into this framework. Let 6™ = [0, ... ,HN,n]T € RY be the vector of
average throughputs, where it is understood that superscripts are time indices for
vector quantities and subscripts indicate elements of a vector at a particular time
index. Likewise, let X" = [X1,,..., Xna]" € RN and let [71(g7, X™H1) ¢ RV*N
be an N x N matrix of zeros except for diagonal element I;; ,41 = 1 if user ¢ is
scheduled for time slot n 4+ 1. The indicator function I"*(", X™*1) is explicitly
written as a function of the vector of average throughputs 6™ up to time n and
current rates X"*! since these values determine which component is non-zero by
Equation 4.3. The vector of average throughputs can be written in the recursive

form of Equation 4.5. Let w™!' = X" ¢, = 15, and the perturbation sequence

nt1 — ( for all n. Let it also be assumed that the initial average throughputs are

n
zero for every user, i.e. §° = 0 € R% Then the following equation gives the desired

recursive relationship:

0" = 0" + e H (67, X"
— en + €nii [In-l-l(en’Xn-&—l)Xn-‘rl . 9”} — 6)71 + En+lyn7 (46)

where H (6", X"!) = [["T1(9", X" ) X" — 9] = Y". Equation 4.6 is estab-
lished in [KW04].

The ODE Method for solving SA algorithms attempts to show that the
random SA algorithm generally behaves like a dynamical system, and that asymp-
totically the SA algorithm converges to a stationary point or stationary set of a set
of differential equations. Before putting the SA algorithm of Equation 4.6 into a
form suitable for the ODE method, some definitions are required. Let h be called

the mean function, and in the i.i.d. setting, as mentioned in [FP96], it can be
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defined as:

= /H(@, x)p(dx) (4.7)
where X € R" have common distribution p, 6 € RY and H(0, -) is u-integrable for
every € RY. The interpretation of the mean function is given that the current
location in the #-space is 6, on average one will move in the direction h(6). Let
(Fn)n>o0 be the filtration generated by 0 and (X™),>;. Then letting the random
vector of the current average throughputs 8™ be the argument of the mean function

produces
h(g™) =E (H(0", X")|F,). (4.8)

The right hand side of Equation 4.8 says where the algorithm is going to move
on average in the next time step given the past (the information contained in the

filtration F,,). Lastly, define a martingale difference sequence (MDS) as follows:

Definition 3. Let (X"),>0 and (Y"),>1 be two R¥-valued random sequences and
let (F™)p>1 be the filtration generated by (X™),>1. The sequence (Y™),>1 is called

a martingale difference sequence if
E(Y" ™ F") =0 for all n € N.

Having established the preceding definitions, Equation 4.6 can be written
in the following form suitable for analysis by the ODE method:
0" = 0" + €1 h(0") + €y (1107, XX — 67 — h(67)) (4.9)
= 0" + €y 1h(0") + €y M (4.10)
where h(6") is the mean function and §M™*! is a MDS. To see that dM™ T is a
MDS follows from the definition of the H, mean function h and using the filtration
(F™)p>0 generated by 6% and (X™),>1:
E (5Mn+1’fn) o ([nJrl 9n Xn+1)Xn+1 en . h(6n>|J—_-n)
. ]E ([n+1(9n Xn+1)Xn+1 n ]E (H(6n7 Xn+1)|.Fn) ’Fn)
—E ([n+1(6n Xn+1)Xn+1 " — T (In+l(9n’ Xn+1)Xn+1 _ en’f'n) ’fn)
—E (In+1(0n Xn—i—l)Xn—i-l en’f'n) (In+1 (9”, Xn—f—l)Xn—i-l - gn’f'n)
=0 for all n € N.
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The fact that Equation 4.6 could be written in the form of the sum of
a mean function and a MDS is not surprising. As pointed out in Chapter 5 of
[KY03], this form naturally arises when Y™ can be written in the form H (6", X")
and the X™ are mutually independent, as is the case here. If the conditions of the
celebrated Kushner-Clark Theorem ([KY03, FP96]) can be verified, the result of
the theorem says that almost surely the limit of sample paths 6™ are trajectories

of the differential equation
0 = h(0) (4.11)

The key implication of the Kushner-Clark Theorem is that the SA algorithm can
asymptotically be analyzed using the theory of differential equations and dynamical
systems. The distribution of the (6"),>1 is not known in closed form, but it
is still possible to analyze its performance due to the Kushner-Clark Theorem.
Additionally, if it can be shown that there is a unique singleton {6*} such that
regardless of the initial condition 6°, the solution to Equation 4.11 is 6*, then
the Kushner-Clark Theorem also says that (6"),>; converges almost surely to 6*
regardless of the initial condition. From [Ben96], let ®(¢,z) = ®;(x) be the flow
induced by Equation 4.11. A point 6 is an equilibrium point if ®,(0) = 0 for all
t € R. Another way of stating the second conclusion is that if * is the unique
global attractor, i.e. limy_ .., ®:(0°) = 6* regardless of the initial condition, then

the SA algorithm almost surely converges to 6*.

4.4.2 Convergence of the PFS Algorithm with Bounded
Rates

The goal of this section is to show that under bounded non-negative i.i.d.
random variables the PFS algorithm converges to greedy algorithm. This result
will be shown via the following steps. First, the conditions of the Kushner-Clark
Theorem will be shown to hold so the solution of the SA algorithm converges to
a solution of the differential equation given in Equation 4.11. Next, a theorem
in [KWO04] will be stated showing that there exist a unique global attractor, and
thus the SA algorithm converges almost surely to 6*. Lastly, it will be shown that
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0* corresponds to the solution of the greedy algorithm, so the two algorithms are
asymptotically equivalent. It should be pointed out that under the i.i.d. model
which yields Equation 4.9, almost sure convergence results are attainable, as op-
posed to the weak convergence results found in [KWO04] which consider more general
random sequences (X"),>1.

The first task is to show that the conditions required of the Kushner-Clark
Theorem are satisfied. There are six conditions that must be satisfied and they

are listed as follows ([KY03])
LY > g€ =00,6, > 0,6, — 0 for n > 0.
2. sup, E,|V,|? < oo.
3. There is a measurable function g(-) of # and random variables 3, such that

E.Y, =E[Y,|0,Y:,i <n] =G(0,) + 5.

4. g(-) is continuous.
5. Y€ < .

6. >, €&lBi| < oo w.p.l.

Conditions 1 and 5 are immediate since €, = %H and Condition 3 holds with
g = h, the mean function defined in Equation 4.7. From the mean function, notice
that 8, = 0 for all n, so Condition 6 is trivially true. Condition 2 is true since the
sequence of random variables (X"),>; are bounded. The last condition to check
is that the function g = h is continuous. In [KWO04], it is shown that g is in fact
Lipschitz continuous, a condition stronger than continuity, as a consequence of
(X™)n>1 being bounded. Therefore, the Kushner-Clark Theorem can be applied
to the SA algorithm and the solution converges to a trajectory of the ODE given
in Equation 4.11.

The existence of a unique global attractor 6* for Equation 4.11 is given by
Theorem 2.2 in [KW04]. The proof of the theorem is based on dynamical systems

theory, more specifically the monotonicity property of the solution to Equation
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4.11. An overview of monotone dynamical systems can be found in [Smi95]. Ap-
plications of monotone dynamical systems theory in a stochastic approximation
setting can be found in [BH99a, BH99b]. Combining the result of the Kushner-
Clark Theorem with Theorem 2.2 in [KWO04] says that the PFS algorithm converges
to a unique equilibrium point 0* regardless of the initial condition #° almost surely.

Since it is known that the PFS algorithm converges to a unique 6* almost
surely, the last step is to show that 8* corresponds to the average throughput given
by the greedy algorithm. First, the average throughput of the greedy algorithm

under the i.i.d. model is established in the following lemma:

Lemma 3. Let X ,,..., Xy, be i.i.d. non-negative bounded random variables for
alln € N*. Define My, = max{Xin,...,Xnn}, the mazimum order statistic at
time n and let 9~m be the average throughput of user i at time n under the greedy
scheduling algorithm given by Equation 4.4. Then the average throughput of the

E[MnN]
N

greedy algorithm 9~m converges to QNZ‘ = almost surely for alli € {1,... N}

and My does not depend on time.

Proof. Let fi,n be the indicator random variable for the event that user i was
scheduled at time slot n under the greedy algorithm. By Equation 4.4, fm(X " =1
if and only if max {X;,,..., Xyn} = Xi,, and fi,n(X”) = 0 otherwise. Because
the algorithm is greedy, fiyn(X ") is only a function of the current rates X", and
for simplicity the the explicit functional dependence will be dropped from the
notation. Due to the iid. X;,s, from [Dav70] it is known that Pr(X;, =1) = &

for all ¢ and all n. The average throughput of user ¢ at time n can be written
Gy = > i I X (4.12)
n,n T n J:1 ,] 1,7 .

The expectation of mei,j is given by

E[My ]

E[INZ‘J'XZ‘J] = E[Xi,j|]~i,j = 1] . PI‘(LJ = 1) = N

(4.13)

By the underlying i.i.d. assumption, E[My ,] does not depend on the time index
n, so it will be dropped. Let Z;,, = fiﬁin,j, then Equation 4.12 can be rewritten
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as ém = %2?21 Zij;, and the Z;; are i.i.d. for each ¢. By the boundedness and
non-negativity of the X,

E[M
[NN] < 00,

EHZi,nH = E[Zi,n] -

so the Strong Law of Large Numbers (SLLN) can be applied and yields

G, — 7 = EM]

(2

a.s. asn — oo foralli e {1,...,N}. (4.14)

O

Having established the previous results, the convergence of the PFS algo-

rithm to the greedy algorithm is proven in the following theorem:

Theorem 11. Let X ,,..., XNy, be i.i.d. non-negative bounded random variables
for all m € N*t. The PFS algorithm given by Equation 4.3 converges to the same
average throughput point 8% as the greedy scheduling algorithm given by Equation
4.4. Therefore the asymptotic performance of the two algorithms under i.i.d. rates

18 1dentical.

Proof. Due to the Kushner-Clark Theorem and Theorem 2.2 from [KWO04], the
PFS algorithm converges to a unique point 8*. This solution #* is the unique zero

of the mean function h. Lemma 3 states that the greedy algorithm under i.i.d.

E[Mp]

vy € RV, where 1y

rates converges to the average throughput point 0 =
is the N-dimensional vector of all ones. The last step to show convergence of the
PFS algorithm to the greedy algorithm is to show that the convergence point of

the greedy algorithm 6* is a zero of the mean function h:

h (9) - / H (9 x) p(dz) (4.15)

= / [[ (é*,x) T — é*} p(dx) (4.16)

— Ex [I (9 X) X} _ (4.17)
_ E[%N] Ay — 6 (4.18)

=0. (4.19)
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Equation 4.15 is the definition of the mean function given in Equation 4.7 with
the point 6* as the argument and the distribution w1 is for the random variable
X € RY. Equation 4.16 plugs in the definition of H (6, X) and since 0* is non-
random, Equation 4.17 follows. The key step of the proof is going from Equation
4.17 to Equation 4.18. Notice that when the 6 vector has equal components, the
PFS function given in Equation 4.3 is equivalent to the greedy function in Equation

4.4, 1.

Xi,n+1 o
arg max {m} = arg max {Xin+1} (4.20)
when 0 = ¢ - 1y for some positive constant c¢. For 0%, c = %, SO
_ EIM _
Ey [I (0*,X> X} _ [NN] _

the convergence point of the greedy algorithm. Therefore, 6* is a zero of the mean

function h, completing the proof. O

An interpretation of the mean function h is as a potential field induced by
the PFS algorithm. If one component of the current average throughput vector 6" is
large, then the PFS algorithm will select the large component at the next time slot
with decreased probability due to the larger denominator in Equation 4.3. Thus,
viewed as a potential field, the potential is trying to push the average throughput
vector 6" back to an equilibrium point, the zeros of h. The monotonicity properties
of the PFS algorithm guarantee that there is one unique equilibrium point, which
corresponds to the average throughput vector that the greedy algorithm converges
to. Figure 4.1 shows the sample paths of the PFS algorithm and the greedy
algorithm on the same set of realized i.i.d. uniform random variables. For the
two-dimensional uniform case, the mean of the maximum order statistic is 2/3, so
the equilibrium point is [1/3,1/3]7. As is expected by the preceding theory, both
the PFS and greedy algorithms converge to the equilibrium point.

4.5 Convergence with Unbounded Rates

In the previous section, the rate random variables X;, were assumed to

be bounded, but in some applications these random variables may be unbounded
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Figure 4.1: Sample Paths of the PFS and Greedy Algorithms for 2 i.i.d. Uniform
Rates

from above. For example, in [SHO5], the scheduling decision is based on the SINR
random variables which are supported on the non-negative real line. Unbounded
random variables pose problems for the SA algorithm because at any iteration,
the algorithm may move an arbitrarily large distance and prevent convergence. In
this section, conditions on the unbounded X, are found such the SA algorithm
converges to the greedy algorithm.

The possible unboundedness of the state variable @ is often too troublesome
to deal with, so in the SA literature, the state variable is constrained to be in some
bounded set of the state space. For example, in [KY03], a constraint set H =
{0 :a; <0; <b;} is defined, where [a;, b;] are the constraints on each individual
component of . At each iteration, the state space is projected back onto the

constraint set, so that § can never leave this set, i.e.
0" =TIy [0, + €01 Y"] (4.21)

where Il is the projection operator onto the constraint set. As in [KY03], Equa-

tion 4.21 can be written as
0" = 0" + e Y™ + e 2" (4.22)

where Z™ € R¥ is the projection term and €,,12" = "' — " — ¢, Y™ is the

shortest vector in Euclidean distance required to get 6™ + €,,1Y™ back into the
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constraint set H. Another approach to constraining the state variable is taken in

[Che02], and the approach is as follows:
0" = Tijonseanymii<ol (0" + €01 Y™) + Lonse, o206’ (4.23)

where ' € RV is a fixed point. Here I € RY*N is an indicator matrix of
zeros whose diagonal elements are one when the argument in the subscript is
true, and zero otherwise. Equation 4.23 states that when the norm of the next
iteration 0" +¢,,1 Y™ is less than some positive constant b, update the state 0”1 as
normal, otherwise the state vector gets updated as #"*! = 7. Both the methods
of Equation 4.21 and Equation 4.23 prevent the state variable from leaving some
bounded set in RY.

As discussed in [Che02], the weak convergence method of stochastic approx-
imation analysis can handle the unboundedness of the state variable sequence 6™
in some cases, but this method guarantees convergence in distribution only. The
convergence in Section 4.4 is almost sure convergence, and if possible, it should
be shown that under certain conditions, the PFS algorithm with unbounded rate
random variables also converges almost surely. A two step approach is taken to
find the conditions on the X;, such that the PFS algorithm converges to the
greedy algorithm. The first step is to find necessary and sufficient conditions for
the convergence of the greedy algorithm. If the greedy algorithm fails to converge,
then there is no need to prove the convergence of the PFS algorithm. The second
step is to show that under the necessary and sufficient conditions on X;, for the
convergence of the greedy algorithm, the PFS algorithm converges to the greedy
algorithm. The method for proving the second step is motivated by the method of
stochastic approximation algorithms with expanding truncations found in Chapter
2 of [Che02].

The question addressed by the first step is when does the greedy algorithm
converge? Necessary and sufficient conditions on the X;, random variables are
found that guarantee the desired convergence. First, the following theorem from

[Dur05] is required:

Theorem 12. (Thm 7.2, Chapter 1, [Dur05])
Let X1, Xo, ... be i.i.d. with EX;" = co and EX; < oo where X, and X; are the
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positive and negative parts of the random variables respectively. If S, = X1+ -+

X, then S, /n — oo almost surely.

Additionally, necessary and sufficient conditions for the existence of the ex-
pectation of the maximum order statistic of interest must be found. This conditions

are provided in the next lemma:

Lemma 4. Let Xy,..., Xy be i.i.d. non-negative random variables and My =
max {Xi,...,Xn}. Then E[My] < oo if and only if E[X;] < co.

Proof. < From Chapter 3 of [Dav70], it is a well known result in order statistics
that if E[X;] exists, then the mean of all the order statistics exist, including the
maximum order statistic. Thus if E[X;] < oo, then E[My] < co.

= To prove that E[My] < oo implies that E[X;] < oo for all ¢ € {1,...,N}

requires the following theorem:

Theorem 13. (Thm 3.1c, Chapter 1, [Dur05])
Suppose X, Y >0 or E|X|E|Y| <oco. If X > Y then EX > EY.

All the X; > 0, and hence My > 0 as well. By definition X; < My, and thus by

Theorem 13, 0 < E[X;] < E[My] < oo, providing the desired result. O

The result of Lemma 4 may appear obvious, but in general the existence
of the mean of an order statistic does not imply the existence of the mean of the
underlying random variables. The classical example, as mentioned in Chapter 3 of
[Dav70], is when X7, ..., Xy are i.i.d. Cauchy random variables. Let j,.n be the
mean of the r** order statistic. Then in this case, j,.y exists for 2 <r < N — 1,
but the mean of any X; does not exist.

Having defined Theorem 12 and Lemma 4, the necessary and sufficient
conditions for the convergence of the greedy algorithm under the i.i.d. model are

Nnow proven.

Theorem 14. Let X, ,,..., Xy, be i.i.d. non-negative random variables for all
n € Nt, My, = max{Xy,,..., Xy} and let 91-7” be the average throughput of
user ¢ at time n under the greedy scheduling algorithm given by Equation 4.4.

A necessary and sufficient condition for the convergence of the greedy algorithm
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is that E[X;,] < oo, in which case for each user i € {1,...,N} the algorithm

E[MnN]
N

converges to 07 = < 00.

Proof. By Lemma 4, a necessary and sufficient condition for the existence of
E[My,] is that E[X;,] < oo. Thus E[X;,] < oo is a sufficient condition for
the convergence of the greedy algorithm because the hypotheses of the SLLN hold
a =0, if
E[X;,] = oo, then by Lemma 4 E[My,] = oo and by Theorem 12 the greedy

and using the same arguments as Lemma 3. Because E[X; | = E[My

algorithm would diverge to infinity. Therefore the condition E[X;,] < oo is a nec-
essary condition. When the greedy algorithm converges, by the SLLN it converges
E[My] E[Aj\{m 1x. m

to 0] = = for each user 7, so the convergence point is 0" =

Theorem 14 provides the sought after necessary and sufficient conditions
for convergence of the greedy algorithm. The second step is to show that these
same conditions guarantee the convergence of the PFS algorithm to the same
point 6* = %1 ~- A method of analysis for the convergence of SA algorithms
with possibly unbounded increments is the method of expanding truncations. The
basic idea is that the bounded set containing the SA algorithm is expanded at
each iteration, and if it can be shown that the SA algorithm leaves these bounded
sets a finite number of times, then the performance of the expanding truncation
method is equivalent to the SA algorithm as if it were unconstrained. The theorems
provided in [Che02] that show convergence of the expanding truncations methods
typically depend on properties of the mean function h. In this case, the mean
function A is not explicitly known in closed form. Because of the similarity of the
PFS algorithm to the SLLN, the proof of the SLLN has provided a method to
prove the convergence of the PFS algorithm with unbounded rates under the same

conditions as Theorem 14 to the greedy algorithm. The following theorem proves

this convergence.

Theorem 15. Let X, ..., XNy be i.i.d. non-negative random variables such that

E[X;,] < oo for alln € Nt. The PFS algorithm given by Equation 4.3 converges

E[My
N

to the same average throughput point o = L as the greedy scheduling algorithm

given by Equation 4.4 and Theorem 14.
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Proof. Redefine the recursive stochastic approximation algorithm given in Equa-

tion 4.6 as
@nJrl — " 4 €nit [InJrl (@naXn+1)Xn+11[||I”+1(@”,X"+1)X"+1||§n+1] o @n}

where O refers to the average throughput vector under the new definition and
1 xn+1nt1(@n, xn+1y|<n+1) 18 the indicator matrix random variable whose diagonal
elements are one when [|["T1(©", X"1) X"+ || < n+1 and zero otherwise. Because
only one component of I"™1(@m, X™t1) X! is non-zero, ||[["T1(O", X" ) X"+ || =

X nt1 if user j is scheduled for time slot n+1. By this observation and the Triangle

Inequality
1 . o ,
|l < T D O, X)X e e e i <y |
1=0
n+1
“n+1 n+1 2 2 '

i=1

Therefore, at each iteration, the norm of the state random variable belongs to a

bounded set, although the constraint is not the one used in Equation 4.21 or Equa-

tion 4.23. If it can be shown that the number of terms that are truncated is finite,

then asymptotically the expanding truncations and non-truncated algorithms are

equivalent. From Section 4.4, it is known that the in the bounded case, the PFS
E[My]

algorithm converges to * = N

The method used to show the number of truncations is finite is motived
by Etemadi’s proof of the SLLN ([Ete81]). Because || X" ["t1(@n, X™H)|| <
My, = max{Xi,11,..., Xnn+1} and My, is a non-negative random variable,
the following inequality holds

S Pr(IXT(O XY > i) < Pr(My, > i)
i=1 =1
< / Pr (MN > t) dt
0

where EMy < oo since E[X;,,] < oo by assumption and Lemma 4. Let A,, be the
event that || X"I"(©"!, X™)|| > n. Then by the previous set of inequalities, the
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Figure 4.2: Sample Paths of the PFS and Greedy Algorithms for 2 i.i.d. Exp(1)
Rates

First Borel-Cantelli Lemma says that Pr (A,, infinitely often) = 0. Thus, there are

only a finite number of truncations. Therefore, if E[X;,] < 0o, the PFS algorithm

E[%N ], which under the same conditions is the convergence point

converges to 6* =

of the greedy algorithm as proven in Theorem 14. O

This section is concluded with an example. Figure 4.2 shows the sam-
ple paths of the PFS and greedy algorithm on the same set of realized i.i.d.
exponential-1 random variables. The exponential random variables are unbounded
from above, but the convergence still occurs as expected. In the case of two expo-
nential random variables, the mean of the maximum order statistic is 1.5, so the

equilibrium point is given by [3/4,3/4]T.

4.6 Rate of Convergence

4.6.1 Rate of Convergence to the Equilibrium Point

In Sections 4.4 and 4.5, it is shown that the PFS algorithm under the i.i.d.
model converges to a single average rate vector 6%, and that #* corresponds to the
performance of the greedy scheduler. The goal of this section is to find out how

fast ||0™ — 6*|| — 0. This section will leverage the results in Chapter 3 of [Che02],
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which are based on four assumptions, which are now stated:

1.

2.

e >0,¢,—>0ask— 00, > o € =00, and 2=*2 — o >0 as k — oo.

€k €k+1
A continuously differentiable function v(+) : R — R exists such that

sup  fL(0)v(f) <0
5<]l9—6| <A

for any A > § > 0, and v(0*) < infjg ., for some ¢g > 0 with ¢o > ||67]],

where 67 is used in Equation 4.23.

The noise sequence {dM"} can be decomposed into two parts IM™ = §M* +
OM3 such that

> e P0M; < oo and SME = O(e})
k=1
for some ¢ € (0, 1].

(Note: M™ is a single quantity, not to be confused with §.)

h(-) is a measurable and locally bounded, and is differentiable at 8* such that

as 6 — 0*

h(0) = F(0 — 0%) + 5()
5(0%) = 0
6(6) =o([|6 —67[]).

The matrix F' is stable.

Assuming that these four conditions are satisfied, the following theorem is true:

Theorem 16. (Theorem 3.1.1, [Che02]) Under the four assumptions previously

stated, 0" as given in Equation 4.23 converges to 0* with the following convergence

rate:

6" — 6 = o (). (4.26)

where § is the one given in Assumption 3.
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To verify the assumptions required of Theorem 16 looks formidable, but for

the most part this is not the case. For example, it is shown in [Che02] that when

€k —€k+1 1

the gain sequence is of the form ¢, = ¢ for some constant a > 0, then P .

Thus, the gain sequence of the PFS algorithm clearly satisfies the first assumption
with a = 1. The second assumption is only needed to guarantee convergence of the
SA algorithm and is not involved in the derivation of the rate of convergence in
Theorem 16. The convergence of the PFS algorithm was proven using a different
approach in the previous two sections, so Assumption 2 is not required to find the
rate of convergence. In the fourth assumption, if A is measurable, locally bounded,
and differentiable at #*, then the matrix F' is stable since 6* is a the unique zero
and global equilibrium. Therefore, to be able to utilize Theorem 16 and compute
the rate of convergence, Assumption 3 must be verified, and it must be shown
that h is measurable, locally bounded, and differentiable at #*. Showing these two

results yields the following theorem:

Corollary 5. Let X;,,,..., XN, be continuous, non-negative i...d. random vari-
ables for n € NT with continuous densities f such that ]E[an] < 00. The conver-

gence rate of the PFS algorithm is given by
n * 1
10" — 0*|| = o (ﬁ) , (4.27)
where 6 = 5 — € and € > 0.

Proof. As mentioned prior to the statement of the corollary, this results imme-
diately follows from Theorem 16, and is just a matter of verifying all of the as-
sumptions, and all the assumptions are apparent except for Assumption 3 and the
differentiability of h at 6*. To proof that Assumption 3 holds and to compute the
value of 0 is based on Remark 3.1.2 in [Che02]. In the remark, it is shown that if
OM™ is a martingale difference sequence, one can set dM{ = JM"™ and IMJ =

for all n. It is also shown that in order to have > 7, (%)1—5 SMF < oo as. | it

suffices to have

o 1
k=1

if 6M™ is a MDS such that sup, E [|[6 M"||?|F,.] < oo. Under this condition, Equa-

tion 4.28 holds provided ¢ < % The definition of the MDS dM™ is given in
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Equations 4.9 and 4.10 and the condition that sup, E [||6M™]|?|.F,] < co holds be-
cause of the hypothesis on the second moment, E[X?] < oo, and the fact all the
random variables are i.i.d. Therefore Assumption 3 holds with § < %

The final part of the proof is to show that h is measurable, locally bounded,
and differentiable at 8*. The function h is clearly measurable from its definition
in Equation 4.8. To show that A is locally bounded, consider the first component
of h. Let 1(0", X;) be the indicator function that the user corresponding to the
first component of h is scheduled, and let f denote the density of X;,. Then the

following expressions show that the first component of h, h(6"); is bounded.
h(0™); = /xll(Q", Xy)f(xy, ..., zp)dzy - doey — 0
= /xll(H",Xl)f(xl) - flany)dey - - dey — 07
< /xlf(:cl) o flay)dxy - -dey — 07
= /xlf(xl)dxl -0

=E[Xi] -0}

< OQ.

The last inequality is because E[X7, ] < co. Since all the random variables are i.i.d.,
the above analysis holds for all components of h, and thus h is locally bounded.
To show that h is differentiable at 6* leverages an observation on the smoothness
of h in [KWO04]. In their observation, it is shown that each component of h has
continuous derivative if f is bounded and continuous. Here, differentiability is only
required at #*, and f is bounded in the neighborhood of #*, otherwise f would not
be continuous. Therefore, since each component of h is differentiable at 6*, h is

differentiable at #*, and thus Assumption 4 holds, completing the proof. n

To see if this makes any sense, a simulation was run with N = 3 and X ,, ~
Exp(1). Figure 4.3 shows the results of the simulation. The convergence towards
equilibrium of the PFS algorithm will not be monotonic due to the randomness
of the rates and sample paths of the algorithm. The results of Theorem 16 and

Corollary 5 give the asymptotic scaling rate in terms of o notation. The red curve
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Figure 4.3: Distance from Equilibrium versus Time for N = 3, X, ,, ~ Exp(1)

in Figure 4.3 shows the function f(n) = n~2. The long term convergence rate of
the PFS algorithm to equilibrium is slightly slower than this, but the curve shows

that the results of the theory are reasonable.

4.6.2 Asymptotic Covariance Matrix

In Section 4.6.1 the rate at which the proportional fair sharing algorithm
converged to the equilibrium point, or the greedy solution, was found as measured
by the Euclidean distance. Because the PFS algorithm is a random algorithm, the
vector 6" —6* is a random variable. The goal of this section is to that an appropriate
normalized sequence ¢, (6™ —0*) converges to a normal random variable, where ¢, is
the normalizing sequence, and to to characterize the mean and covariance matrix
of this normal random variable.

Work has been done to identify this normal random variable. Two of the
more cited references in this area are [Sac58] and [Fab68]. A theorem in [Sac58],
adapted to the PFS framework, will be used to find the normal random variable

of interest as it applies to the PFS algorithm. The key theorem is now stated.

Theorem 17. (Theorem 5, [Sac58])
Let B[X7'] < oo for some v > 0. Let F be the Jacobian matriz of h(-), i.e.
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h(f) = F(0 — 0*) 4+ 0(8) with §(0*) =0 and 6(8) = o (||0 — %), and let

Jim [6M(0)6M(0)"] = .

Finally, let P be the matrixz of eigenvectors of —F and A be a diagonal matriz
whose diagonal values \; = A;; are the eigenvalues of —F and 7* = P~'nP. Then
n'2(0" — 0*) is asymptotically normal with mean 0 and covariance matriz PQP™!
where Q is the matriz whose (i, j)™" element is #

T A
To successfully utilize the Theorem 17 requires the explicit computation of

F and 7, which depends on the underlying distribution of the X, ,. It is straight

forward to get a general form for 7, which is stated in the following corollary.

Corollary 6. Let X;, have continuous density f and E[Xf:”] < oo for some

2

v > 0. Then m is a symmetric matriz with elements m;; = +E[X2,.] — (W)
2

when t = j and m;; = — (W) when © # j, where N is the number of users.

Proof. Recall, that parameterized by 6, éM(0) = 1(0, X)X — 6 — h(f). First,

consider the first diagonal element:
m = lim E [([u)(@, X)Xy =00y — h(l)(e)ﬂ

Notice that as § — 6%, any product involving h(6) goes to zero since h is smooth

and is zero at 6*. Thus, the above equation becomes

i = Jim B | (I (0, X)Xy — )] (4.29)
= lim E [1,)(0, X) X3y — 210y (0, X)X 1) - 00y + 0y (4.30)
= B [X} e - Pr(Iy(0%, X) = 1) — 20 E[Xnaa] - Pr(10) (0%, X) + (6(1))°

(4.31)
—1E X2 20 1]EX 071)> 4.32
=N (X7 e — Y [Ximaz] + (01)) (4.32)
1 B[ X nae) \ 2
_ —E X2 . max 4
B [Xinaa] (—N ) (4.33)

where Equation (4.31) is due to the continuity of the density and Equation (4.33)

is due to the definition of ;) = E[Xmaz]

H =N By the ii.d. assumption on the X, ,,



99

mi; = m1 when ¢ = j. Now consider the off-diagonal element 7, 5, given as follows:

mip = lim E [ (I (6, X)Xty = 6y = by (6)) - (I (8, X) Xy = b — Doy (9))] -

Evaluating this expression in a similar fashion as my; yields

since the terms involving the product I(1)(6, X) - I(2)(0, X) always equal zero due
to the fact only one component in the vector 1(6, X) can be non-zero. Once again,
by the i.i.d. assumption m;; = o for @ # j. Note that m can be written in the
special form 7© = E[X—]’\;“”]IN — (W)z 1N1% where Iy is the N x N identity

matrix and 1y is an N-dimension vector of 1s. This completes the corollary. [

Although a general form is easily obtained for the matrix 7 to be used in
Theorem 17, the matrix F' is more complicated. Rather than state a corollary,
two examples will be given in the simplest of cases to show how to evaluate F,
how the evaluation scales with N, and then the application of F' and 7 to find the

asymptotic covariance matrix of n'/2(§" — 6*) as promised by Theorem 17.
Example 1.

Consider the case where N = 2 and the X, are distributed i.i.d. according
to U[0,1]. In this case, the distribution function of X4 is Fiuee(2) = 2? for
x € [0,1] and the density is given by fiu.(z) = %me(m) = 2z on the same
support. Using this, it is straight forward to compute E[X?2,.] = 1 and E[X,,q,] =

2 . . . . .
5. Plugging these values into Corollary 6 to get the MDS covariance matrix yields

L5
9 36
Next, the Jacobian matrix must be computed. Due to the i.i.d. symmetry of the

problem, without loss of generality, consider the first component of h(6):

By (8) = Ex [Ty(6, X)Xy — 0] = Ex [0 (6, X) X] — 0

/ /(1) 371d$1d$€2 9 (434)
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where the indicator function determines the region of integration which is reflected

in the integration limits, i.e. X(j) is selected when % > % which implies
(1) . 9 9 . .

Xay > %X(g). Evaluating T and P of Equation (4.34) gives the first row of

the Jacobian matrix F', and by symmetry gives the full matrix F’

-2 1
1 =2

Using F', m and Theorem 17 gives an asymptotic covariance matrix > of

s _ | 0089 —001m1
~0.0111  0.0389

A simulation was performed that simulated 10* iterations of the PFS algorithm

10* times and the empirical covariance matrix was found to be

o [ oo —oour
" —0.0117  0.0394

which is very close to the theoretical value.
Example 2.

Consider the case where N = 3 and the X, are distributed i.i.d. according
to U[0,1]. This case is identical to the previous case except that there is an
additional user. Using the same computations as before, but with F,,., (1) = 23,

gives an MDS covariance matrix of

nmno 1 _ 1

80 16 16

_ 1 11 1
T= T 16 80 16
1 _1 1

16 16 80

The key difference between the N = 2 and N = 3 case is the evaluation of
o > Xo
) = O2)

. X X X X . .
but in the N = 3 case one must consider 72 > 72 and 7% > Z€. With this
<1> @) <1) ®)

Ex[/1)(0, X)X x)]. In the N = 2 case, one must only consider when

observation, [(1)X() can be written as

X if o s Xa s Ko o Xo s Xe s Xe
I Xy = @ Oy = b2 = O - = b 4
wX) = (4.35)

0 otherwise
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The conditions for I 1)X(1) = X(1) represent the fact that the ratio % needs

X2 X

B Oia, } Each of the conditions produces a different

to be larger than max{
integration region for the evaluation of h)(¢). Thus, for N = 3, the analog of

Equation (4.34) is

hea(6) = Ex (6, X)X )] - 6

1 1 1
/ / / ZL‘ldl'ldl‘QdZEg + / ﬁ / ZL‘ldI'ldl‘gdZEQ — 0(1)
(2) 0 %fm e z3

(3)
(4.36)

As in the N = 2 case, evaluating the partial derivatives of Equation (4.36) yields

Although the computation of the Jacobian looks cumbersome, due to the symmetry

of the problem fo fa(g) fﬂ(l) IEldl'ldl’QdIg is identical to
93" 0z
fo f%) fe(l) xld:vldasgdxz if the roles of 65 and 63y are switched. Equation
02)"? 9(3
(4.36) also gives the key to the general procedure for arbitrary N > 2 by considering

all possible orderings of the ratios By B

Once again, using w, F', and

Theorem 17 gives the asymptotic covariance matrix

0.0232 —0.0054 —0.0054
%=1 —0.0054 0.0232 —0.0054
—0.0054 —0.0054 0.0232

As before, a simulation was run that simulated 10% iterations of the PFS algorithm

10* times and the empirical covariance matrix was found to be

0.0236  —0.0053 —0.0057
Y%= —0.0054 0.0231 —0.0057
—0.0057 —0.0054 0.0238

which is once again very close to the theoretically predicated value.
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4.7 Thresholding Feedback under the PFS Algo-

rithm

The PFS algorithm considered has each user in the system feedback their
instantaneous rate. When there are many users in the system, the overhead of each
user feeding back can become large. For the case when the transmitter utilizes
the random beamforming algorithm and a greedy scheduling algorithm is applied
([SHO5, PR10a]), a thresholding method is proposed in [PR10b] to reduce the
feedback overhead as well as save transmit power at each user. The idea behind
thresholding in [PR10b] is that if the statistics are known, they can be used to
determine the likelihood of a user being selected for scheduling if that user were
to feedback and thus if the likelihood is too low, the user can decide not to feed
back. For example, when the greedy algorithm is implemented and there are many
users in the system, if one user experiences a small instantaneous rate, that user
should not feedback their rate information since it will most likely not be selected.
A thresholding procedure will be developed in this section to reduce the system
feedback overhead under the PFS scheduler.

The PFS algorithm is similar to the greedy algorithm, but is greedy with
respect to the ratio of current rate to average rate. A two-stage feedback mech-
anism is proposed that can be used to reduce feedback on the uplink channel at
the expense of introducing an additional layer of feedback in the downlink. The
function determining the user scheduled for time slot n + 1 is given by Equation
4.3. Let the base station, in addition to broadcasting the message of which user
is selected, also broadcast the updated average rate vector §"*!. Notice that to
notify all the users of the updated #"*! only requires sending the index of the
scheduled user k£ and X} ,,+1 since with this information each user can produce the
updated average rate vector §""!. Therefore the additional overhead is only the
value X}, 41 and the index k. With O"*! known at all the users, this information
can be used to determine the likelihood of scheduling in the next time slot, similar
to the ideas introduced in [PR10b]. The two-stage feedback mechanism functions

as follows: in the first stage the transmitter feeds back the index of the currently
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scheduled user k£ and their instantaneous rate Xy, 41, and then in the second stage
each user compares some function of their instantaneous rate for the next time slot
and 0" %! to some pre-designed threshold and feeds back their rate if it exceeds this
threshold.

The threshold that is considered is designed to address the following ques-
tion: how should the threshold be designed such that the difference between the
asymptotic average rate of the thresholded system compared to the asymptotic
average rate without thresholding is below some design parameter Rj,ss? Under
this metric, an optimal threshold for the previously mentioned two-stage feedback
scheme can be found. A slight modification of this scheme will also be considered
where in each time slot, the user with the minimum average rate feeds back their
rate, even if it falls below the threshold. A priori, it is unclear whether applying
a threshold to the PFS algorithm disrupts the algorithm’s convergence proven in
Sections 4.4 and 4.5. It will be shown that the thresholds considered applied to
the PFS algorithm still guarantee convergence, although this convergence will no

longer be to the same point as the greedy algorithm.

4.7.1 Pure Threshold
Defining the Pure Threshold

In this subsection, it is assumed that the thresholding decision is a function
of the full rate vector 6”. The goal is to design a threshold T'(IV, Rjyss) param-
eterized by the number of users in the system N and the amount of asymptotic
performance that is willing to be sacrificed, Ry, in order to reduce the amount

of feedback. The threshold will take the following form: having computed 6", each



104

user will calculate the following probability

h Xint1 _ Xint1 Xicintr _ Xint1 Xivin+r _ Xintl
P, =Pr < < e

0 = ) 0 -~ 0, 0 -0
1n i\n i—1n i,n i+1,n i,

(4.37)

(B B o

]'I’L

=1I"

i

H ( g1 < Xing1 - Zm) (4.39)
i in

=][

i

Oin
( il ) (4.40)

In Equation 4.37, Pfﬁ 41 stands for the threshold probability for user 7 at time
n + 1, as it will be the quantity that will be compared to some threshold. The
quantity on the right of Equation 4.37 is the probability that user ¢ has the largest
ratio of current rate to average scheduled rate for the next time slot n + 1, i.e.
the probability that user ¢ will be scheduled for time slot n + 1. Equation 4.38
is due to the i.i.d. assumption on the X ;, Equation 4.39 is a rearrangement of
Equation 4.38, and Equation 4.40 substitutes in the definition of the CDF, where
F' is the distribution function for the Xj; ;. Notice that the argument of the CDF
in Equation 4.40 is known at user ¢ since user ¢ knows its own rate and all the

Ojn

ratios P
,mn

Having defined P/, the thresholding operation is as follows. If P/ | <
T(N, Ripss), then user i does not feed back X;,41, otherwise user ¢ feeds back
Xint1 to the transmitter. In order to design the threshold to meet the asymptotic
rate loss constraint, it must be understood how choosing the threshold T'(N, Ryss)

affects the asymptotic performance of the system.

Convergence of the Thresholded Algorithm

In this section, the assumed convergence of the thresholded algorithm is

addressed. Under the feedback scheme presented in Section 4.7.1 the proportional
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fair scheduling algorithm in Equation 4.3 can be rewritten as

Ximtrlipm  Srovg
arg max { [P > T i) . (4.41)

1<i<N di + 0,

The difference between Equation 4.3 and Equation 4.41 is the inclusion of the

indicator random variable 1 that determines whether or not a user

[Pih  >T(N,Rioss)]
1 exceeded the threshold. The product random variables Xiv”+11[Pl.tyﬁ+1>T( N, Rigas)]
are no longer i.i.d. due to the dependence of the indicator random variable on
the entire histories of the past rates captured in the mean rates #". To prove the
convergence of the thresholded PFS algorithm to a unique equilibrium, the effects
of the threshold on the mean vector field h are analyzed.

Due to the symmetry of the i.i.d. rate random variables, without loss of
generality consider the first component of the mean vector field h. From [KW04]

and the past analysis in Section 4.6.2, the first component of h is given by

() = Ex [Ty (6, X)Xy — 60
:/x11[91 so msen] Hf ;) dw; — (4.42)
The thresholding mechanism alters the region of integration in Equation 4.42 due

to the additional indicator function. Therefore, for the first component of the mean

vector field under thresholding hﬁ’f) is given by

N

th (9) —
hy)(0) = /9511{22?;2311291;] 1[Pfh(9)>T(N Rioss)) };[1 fli)dz; — B (4.43)
N
:/zll[“gizzg,...,z;z?g]1[HJ¢1F( L0, ) >T(N,Rigss)| Hf(xi)dxi—e(l)-

(4.44)

In Equation 4.43, P/" | is written as P/"(6) in the indicator variable since the mean
vector field is a function of the location # in the space of average throughputs rather
than the past realization of any rate random variables. To prove the uniqueness
of the equilibrium point of the thresholded PFS algorithm, it is shown that the

thresholded mean vector field satisfies the Kamke condition, or K-condition for
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short. This condition was used in the proof of a unique equilibrium in [KW04].
Once the K-condition for ht"(6) is established, the implications of the K-condition
will lead to the desired result. Before proceeding with the proof, some definitions
are required.

Let z,y € Rf , where Rﬂf is the set of vectors with non-negative components,
and define the relation z < y if x; < y; for i € {1,..., N}, i.e. every component
of x is less than or equal to every component of y. With this relation, the Kamke

condition can be defined on RY.

Definition 4. (Kamke Condition [Smi95]) A function f : RY — RY satisfies
the Kamke condition if for any v,y € RN andi € 1,..., N such that v < y and
T =y, then fi(x) < fi(y).

From [Smi95], it is known that f satisfies the K-condition if

Ofi
8xj

() >0 when i # 5 (4.45)

Using this fact, the following Lemma is proven.

Lemma 5. Let the i.i.d. rate random variables have a continuous density f and
distribution F' on Ry. Then the thresholded mean vector field h'"(0) satisfies the

K-condition.

Proof. The indicator functions in the formulation of h"*(0) given by Equation 4.44
determine the region of integration. Therefore as mentioned before, and noticed
in [KWO04], the region of integration changes continuously with 0, and because f
is continuous, h'"(f) will have continuous derivatives. Without loss of generality,
consider the first component of h'"(f) as given Equation 4.44. Fix 6 except for

some component 0;, j # 1. Also, rewrite the indicator function 1[&1 >z, m>o]
01 = 0277701 = 6N
as 1 eI 1 [z1z2n] As a function of only 6;, h"(6;) is monotonically nonde-
01 = 6o 01 = 0N
creasing. To see this, notice that more values of z; satisfy 1 5] 38 f; increases,
W—eﬂ
the other indicator terms are independent of 6; and remain unchanged, and more

values of x| satisfy 1[ as 0; increases since F' (g-;@) is non-

Hj¢1F<%9j>>T(N’Rloss):|
decreasing in ;. Thus, the region of integration becomes larger as 6; increases,
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and hence the integral representing h?f) in Equation 4.44 is nondecreasing since the
integrand is nonnegative and the constant term 6,y disappears when the deriva-
tive is taken w.r.t. 6;, 7 # 1. Because hﬁb) is a nondecreasing function of 6, the
partial derivative w.r.t. 6; is non-negative. By Equation 4.45, h'"() satisfies the
K-condition. O

With the previous Lemma established, the main result of this section re-
garding the convergence of the thresholded PFS algorithm is now established in
two parts. The first result shows that there exists an equilibrium point for the
thresholded PFS algorithm of the form 0}, = c¢- 15 where ¢ is some non-negative
constant and 1y is an N-dimension vector of 1s. The result proves that this equi-
librium point is in fact unique and stable. The first result is now stated in the

following corollary:

Corollary 7. Under the same conditions as Theorem 15, the thresholded PFS
algorithm of Section 4.7.1 with fixed threshold T has an equilibrium point of the

]E[Xscheduled]

form 0}, = c-1n. Additionally the constant c is given by the expression N

where
o0

E[Xcheduled) = (1 — [F(T)]N> .T _|_/

(1 - [F(x)]N) dz.
T
Proof. To show that 67, is an equilibrium point is equivalent to showing that 67,
is a zero of the mean vector field h. Notice when 6, has the form 6}, = c- 1y that
all the components of the fed back average rate vector are equal, so Equation 4.40
becomes
N—
Ph =TI F Kini) = [F(Xin)V (4.46)
i

which is the probability that all other users are experiencing rates smaller than the
rate of user 7, i.e. the probability that user 7 has the maximum instantaneous rate.
Thus, the 7" component of the mean vector field evaluated at 67, of the proposed

form evaluates to
N

hzl) = /Z'il[argmax{xl,...,xN}:i]1[[F(xi)]N1>T] H f(xl)dxz — 9(1) (447)

i=1
The key property of Equation 4.47 is that the integral term no longer depends on

0 and by the symmetry of the i.i.d. model, the integral terms are equivalent for
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each i € {1,..., N}. Since all the random variables are non-negative, the integral
term in Equation 4.47 evaluates to some non-negative number, so there is some
non-negative ;) that causes the equation to evaluate to zero, and all the ;s are
equivalent. This shows that there exists some ¢ such that 0}, = c- 1y is a zero of
the mean vector field. The next step is to characterize the constant c.

Notice that Pfﬁ 41 1s a random variable, and recall that for any random
variable X with distribution function F'y that Fx(X) =4 U, where U is a uniform
random variable and =; mean equals in distribution. Therefore at 0}, = c - 1y,

from Equation 4.46, P/% , =4 UN~'. Using this fact for the threshold T, the
probability at 0, = ¢- 1y that P/, < T can be explicitly calculated as follows:

Pr [Pl S T] = Pr |[(F(Xi)) " < 7]

= Pr |F(Xipa1) < T*—l}

—pr|U < Tﬁ}
— T~-1, (4.48)
Equation 4.48 yields the probability of a user not feeding back at 6, = c- 1y

for a threshold 7. Let F' be the distribution function for a non-negative random

variable X. The distribution function of the thresholded random variable

X X>T
X = (4.49)
0 X<T

is Fy,, used extensively in [PR10b], and is given by

Flz) =>T
Fp(z) =< F(T) 0<2<T (4.50)
0 x <0

Equation 4.50 can be interpreted as the probability mass less than T" concentrates
at zero, which is the probability that the user does not feedback. Figure 4.4 gives
an example of the truncated distribution function a uniform random variable being
truncated at 1" = 0.5.

Recall from Sections 4.4 and 4.5, that when 6};, = c¢- 1y, the scheduling rule
given by Equation 4.3 becomes the greedy schedule rule. Thus at 6}, = c-1y, if any



109

Qriginal CDF
—-—--Truncated COF
|

. . . . . .
1] 01 02 03 04 05 0B 07 06 08 1
suppott

Figure 4.4: Uniform Distribution Truncated at 7" = 0.5

user experiences Pf’; 41 > T and feeds back Xj,;, then the maximum ratio will
be known at the transmitter. To see this, notice that Pfﬁ 4 at 0 = c- 1y given
by Equation 4.46 is monotonic in X;,4; due to the monotonicity of distribution
functions. Thus if at least one user exceeds the threshold at 6, = c- 1y, the
thresholded algorithm performs the same as if there was no threshold.

With the previous definitions and observations in hand, the performance of
the thresholded system can be determined for a fixed threshold T'. Equation 4.50
is the distribution function of the fed back rate random variable at equilibrium.
At 0}, = c- 1y, the PFS algorithm selects the largest rate, so the distribution of
the scheduled rate is given by

[F)™ z>T
Fpev(z) =< [F(M)Y 0<z<T (4.51)
0 <0

Using Equation 4.51, the mean of the scheduled rate at 6}, = c-1y can be computed

as follows:
E [Xscheduled] = / (1 - Fg}?ax (.I')) dx (452)
0

_ /OT (1 _ [F(T)]N) dr + /OO (1 - [F(x)]N> dz (4.53)

T
o)

_ (1 _ [F(T)]N> T +/T (1 - [F(x)]N> dz. (4.54)
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Equation 4.54 is the value of ¢ given by the corollary. O]

Notice that E [Xsonedqured) 18 always less than or equal to the performance
of the unthresholded PFS algorithm at equilibrium, or equivalently the greedy
algorithm, since in Equation 4.53

/OT (1 . [F(T)]N> dr < /OT (1 _ [F(x)]N> dx

for any T since F', by definition, is monotonically nondecreasing.
Corollary 7 shows that there is at least one zero to the mean vector field.
It remains to show that this is in fact the only equilibrium point and that the PFS

algorithm converges to it. This result is given in the following corollary.

Corollary 8. Under the same conditions as Theorem 15, the thresholded PFS
algorithm of Section 4.7.1 with fized threshold T converges to M.

Proof. From the calculations done in Section 4.7.1, there exists at least one zero
to the thresholded mean vector field h**(6), namely 6 = M The goal is
to show that this is in fact the only equilibrium point. The proof of the unique
equilibrium point given in [KW04] is composed of two parts. Suppose 6* is the
equilibrium point and let 6(0) be the initial condition of the PFS algorithm. The
first part of the proof shows that for all starting points 6(0) < 6%, the algorithm
converges to 8" as t — co. The second part of the proof considers starting points
0(0) > 6*,0(0) # 60* and shows that these points also converge to 6* asymptotically
in time. The monotonicity theorem given by Theorem 4.1 in [KWO04] covers the
remaining possibilities, so that all possible initial conditions #(0) converge to 6* as
t — 0o. By Lemma 5, the the first part of the proof and Theorem 4.1 in [KW04]
hold, so it remains to show that for 6(0) > 0*,6(0) # 6* the PFS algorithm
converges to 6*.

Let 0* = w and define the set Q(0) = {z : x > 6}. Consider the set
Q(0%) = Q(0*) — 0%, i.e. the set Q(#*) with 6* removed. For every point 6 € Q(6%),
there is a point h=c-1 ~, where 1y is a N-dimensional vector of ones and ¢ a

positive scalar, such that 6§ < 0. For 5, the integral part of h’é’f) given in Equation
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4.44 equals

N
E [Xscheduled]

/xll[zizzj,...,gizzx]1[Hj¢1F<Z,i€j)>T(N,Rloss)] Ef(zi)dxi - N

(4.55)
which is true of each component of h**. This is because when all the components of
0 are equal, the integral is the expectation of that component being the maximum
and exceeding the threshold, which is given by M Because 0 € @(9*),
0, > w and thus when evaluating hth(@\) given by Equation 4.44 each
component of hth(g) is negative. Thus by the K-condition guaranteed by Lemma
5, for each 6 € Q(6*), h'"(0) has strictly negative components. As in [KWO04], this
combined with monotonicity implies that all paths with initial condition 6(0) €

Q(0%) converge to 0*. Therefore 6* = M is the unique equilibrium of the

thresholded PFS algorithm. O

The previous results show that for any threshold T that there is a unique
equilibrium that the PFS algorithm converges to. In the next section it is shown

how to select T' to satisfy the rate loss constraint Rjss.

Threshold Design

The definition of E [Xcpequied] given in Equation 4.52 was for a fixed thresh-
old T. The goal is to design a threshold T'(IV, Ryyss) that is parameterized by the
number of users and the acceptable loss. Let Ry € [0, E [X,n42]] represent the
amount of asymptotic performance that can be acceptably lost due to threshold-
ing. X4 18 the maximum order statistic. Rj,ss cannot exceed E [X,,4.] because
this is the asymptotic performance of the system without a threshold as previously
proven. The desired threshold T'(NV, Ryss) will be found in two steps. First, define
a temporary threshold 7" that is also parameterized by N and Ry, that satisfies

the following equation:
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Rloss =E [Xmaz] —E [Xscheduled]
- / (1 = F™(z)) dz — / (1 — Foo()) da
_ /O (1— F(e)") do - /0 (1- F(T)) de
=T'F(T)N - / : F(x)Ndx (4.56)

An iterative algorithm, or in some case a close form solution, can be used to find
the value of 7" that satisfies Equation 4.56.

The quantity 7" is an intermediary because the random variables themselves
are not compared to 7" to determine whether or not to feedback; the value that
is compared to a threshold is Pfﬁ +1- To achieve the rate loss Rjo given by 77,
T(N, Ryoss) should be chosen such that the probability of a user not feeding back

at equilibrium equal 77, i.e.
Pr |:P7,t,}711+1 S T(N7 Rloss)} - T/- (457)
Using Equation 4.48, the threshold T'(N, Rj.ss) can be found as follows:

Pr [P’Lt,]rlLJrl < T(N7 Rloss)} = T(Na Rloss)ﬁ =T
= T(N, Rjpss) = TN (4.58)

At equilibrium, the probability that a user does not feedback is given by T”,
thus the number of users that do not feedback is a binomial random variable with
parameters N and 7”. Thus for this thresholding scheme, the average number of
users not feeding back is given by NT”, which is the asymptotic average savings in
feedback. Equation 4.58 can seem abstract, so the following example will provide

a closed form solution for the case of i.i.d. uniform random variables.
Example 3.

Let there be N users, each experiencing i.i.d. uniform random variables and

let Ripss € [0, E [Xnaz]] be the desired loss. The first task is to find the precursor
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Figure 4.5: Threshold for N = 2, Rjpss = 3

threshold, 7" as indicated by Equation 4.56. This can be done as follows:

T/
Ripss = T'F (TN — / F(z)Ndx
0
T/N+1

N+1
N
— T/N+1
N+1

N +1 N+1
= T, = [ ];/.’_ Rloss:| (459)

Having solved for 7", the threshold T'(N, Ry,ss) can be found using Equation 4.58:

_ T/N+1 _

N—-1

N +1 N
ROSS
N ]

T(N, Rjpss) = TN 7! = { (4.60)

Figure 4.5 shows an example where there are N = 2 users with i.i.d. uniform
random variables and Ry 55 = % In this case, The expected asymptotic throughput

of the unthresholded PFS algorithm is E[X,,..] = %, and since there are N = 2

users, this yields an unthresholded equilibrium point of [1/3,1/3]" in Figure 4.5.

With Rj,ss = %, the asymptotic throughput of the thresholded PFS algorithm is

expected to be %, yielding an equilibrium point for the thresholded algorithm of

3
[1/6,1/6]T, which is indeed the equilibrium point shown in Figure 4.5. A sample
path of the thresholded PFS algorithm with the threshold given by Equation 4.60

is also plotted in Figure 4.5.
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4.7.2 Modified Threshold

The thresholding scheme presented in Section 4.7.1 can immediately be im-
proved upon by allowing slightly more feedback. In the previous scheme, when no
user exceeds the threshold, it is assumed that throughput is zero for that schedul-
ing epoch. The modified thresholding scheme of this section assumes that the user
with the smallest average throughput at time period n + 1 will always feedback
their observed rate random variable. The users can determine if they have the
smallest average throughput because average rate vector " is known. Therefore,
the feedback scheme in this section is identical to that of Section 4.7.1 except for
the fact that the user with the smallest average throughput always feeds back
its rate. As in Section 4.7.1, the convergence of this thresholding scheme will be
proven via two corollaries; one corollary showing the existence of a zero of the
mean vector field and one corollary showing that this equilibrium is the only point

of convergence of the algorithm.

Corollary 9. Under the same conditions as Theorem 15, the thresholded PFS
algorithm just described with fized threshold T has an equilibrium point of the form

0}, = c-1y. Additionally the constant c is given by the expression W where

E[ ;cheduled} = EY[Y] - /Ooo (1 - FZI(y)) dy
and

Fy(y) = Fx(y) - Fx(T)N"' ify <T
Y y Fmaz(y) ny > T

Proof. There are two cases to consider when analyzing this scheme: when Pzﬁﬁ 41
exceeds the threshold for at least one user and when no user exceeds the threshold.
When no user exceeds the threshold, the central controller will select the rate of
the user with the smallest average throughput. In the case when at least one
user exceeds the threshold, than as previously mentioned, at 0}, = ¢ - 1y the true
maximum rate will have been fed back. Consider a fixed threshold and define the

following random variable:

X1 if X, <T
Y = { xsr | (4.61)

Xmaa: if szzr >T
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where X is the rate random variable, 1 is an indicator random variable and X,
is the maximum of n i.i.d. copies of X. At 6}, = c¢- 1y, the random variable Y
defined above is the random variable that represents the rate selected by the central
controller. When X,,,, < T, then the user with the smallest average throughput
will feed back its instantaneous rate, which is distributed as X conditioned on
X < T, and when X,,,, > T, the true max is known, conditioned on X,,,, > T,
and chosen at the controller.

The distribution function of Y is given by Fy (y) = Pr[Y < y], and this can
be broken into two cases depending on if y < T or y > T. When y < T', then

Fy(y) = Pr[Y <y] = Pr(X <y|X <T]-Pr[Xpnae < T]

= 5)){(((:;—,)) : Fma:c(T) = 5;;((:;—')) ’ FX(T)N
— Fy(y)- Fx(T)"" (4.62)

where Pr[X < y|X <T]| = 5;(_((%)) and Pr[X,,.. < T] = Fx(T)". Likewise, when

y > T, then the distribution function is given by
Fy(y) =PrlY <y| =Pr[Xnaw < y|Xmaz > T Pr[ X > T

= % (1= Fx(T)Y) = Fx ()" = Frnaz(y)- (4.63)

To combine these results yields:

{ Fx(y)- Fx(T)N"! ify<T

Fy(y) = (4.64)

Fraz(y) ify>T

Figure 4.6 gives an example of Fy(y) and F, . (z) when X ~ U[0,1], N = 2,
and 7' = 0.5. The linear portion up to y = 0.5 corresponds with Fx(y) = y for
the uniform distribution and it is scaled by Fx(T)¥=! = 0.5. After y = 0.5, the
distribution is equal to the distribution of the maximum order statistic, which in
this case is Fiaz(y) = y2.

Let X!

L eheduteq D€ the random rate selected by the scheduler at 65, = c- 1y

under this modified thresholding scheme. The average throughput is given by

E(X o ied] = B [V] = / T (- ) dy (4.65)

This is the analog of Equation 4.52 in Section 4.7.1. [
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Figure 4.6: Modified CDF vs. Maximum CDF

Aside: The distribution used in the design of T'(N, Ryyss) in Section 4.7.1
is given by Equation 4.51. The methods used here in deriving Equation 4.64 are
a generalization of Equation 4.51, i.e. Equation 4.51 can be derived from these
methods. In Section 4.7.1, if no user exceeds the threshold, then a rate of zero is
assigned for that time period. This is equivalent to setting Y = 0 if X, < T in
Equation 4.61. Therefore, computing Equation 4.62 in this case yields

Fy(y) = PrlY < y] =Pr[0 < y|X < T Pr[Xpa < T] = Fx(T)",

which is identical to the result given in Equation 4.51 when X,,., < 7. When
Xmaz > T, the two equations are clearly identical.

Having addressed the existence of an equilibrium point with Corollary 9,
the following corollary says that this is the only equilibrium, and the modified

thresholding scheme converges to this point.

Corollary 10. Under the same conditions as Theorem 15, the modified thresholded
PFES algorithm of Section 4.7.2 with fixed threshold T converges to %Ted“led} as
giwen by Equation 4.65.

Proof. The same arguments as the proof of Corollary 8 yield the desired result. []

Corollaries 9 and 10 analyze where the PFS algorithm converges to under

the modified thresholding scheme for a fixed threshold 7. The goal is to design
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T as a function of the number of users N such that a rate loss constraint Rj,ss 1S
satisfied. The solution to the design of T'(N, Ry,ss) in section 4.7.1 can be applied
to this modified feedback scheme using the distribution from Equation 4.64 and the
expectation in Equation 4.65. That is to say, for a given N and Ry, first compute
the precursor threshold 7" using these equations, and then use Equation 4.58 to
find T (N, Ripss). An important note is that for this scheme Ry,ss € [0, E[X]], rather
than in the previous case when Rjyss € [0, E[X,q.]]. This is because the user with
the minimum average throughput always feeds back their observed instantaneous
rate and thus the system on average cannot perform worse than E[X].

For this modified scheme let N} .z, be the number of users feeding back
rate information at equilbrium. The average number of users feeding back for this

scheme is given by
]E’[N]/”eedback] =1+ (N - 1) ) (1 - T/) (466)

The constant term 1 is due to the fact that at least one user is always feeding back
(the user with the smallest average rate), and the other N —1 users feedback if their
rate exceeds the threshold. This probability is given by 7" as shown in Equation
4.57. Therefore the average asymptotic savings in the amount of feedback of this

scheme is given by
N — E[N}eedback] =N - (1 + (N - 1) ’ (1 - T/)) = (N - 1)T/ (467)

For concreteness, Example 3 is revisited under the new modified thresholding

scheme.
Example 4.

Under the same set up as Example 3, i.e. N = 2 users experiencing i.i.d.
uniform random variables, consider applying the same threshold but under the

modified framework. From Example 1, the threshold is T (2, %) = (%)% and plug-

e

15, corresponding

ging this into Equation 4.65 gives an asymptotic throughput of
to an equilibrium point of [7/24,7/24]". Figure 4.7 shows a sample run of the
thresholded PFS algorithm, and the equilibrium point matches exactly what the

theory predicts. Also notice that for the same threshold, the modified scheme has
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Figure 4.7: Modified Threshold for N =2 and T = (%)%

a larger rate than the original scheme due to the fact that at least one user always
feeds back, which mathematically corresponds to Xscreduied < Xlnequiea fOr the
same threshold.
This comparison is not fair since the threshold was designed for a specific
Ry,ss under the feedback scheme in Section 4.7.1. In Example 3, Ry = %, but in
this case Rj,ss > E[X], which is the worst case scenario as previously described.
1

1
Choosing Rjyss = 1—12 and working through the machinery provides T'(2, 1—12) = (5) 3

which is the same threshold used in Example 3.

4.8 Additional Thresholding Methods

In Section 4.7 the threshold was based on the idea that only the users who
are most likely to be scheduled should be fed back. The threshold was mathemati-
cal quantified by the quantity given in Equation 4.40 and the theory was developed
from this point of view. In this section, additional thresholding mechanisms are
developed and analyzed. The first new method is based on the observation that
the metric defined in Equation 4.40 depends on n — 1 marginal distributions and
thus computationally it may be expensive to compute or requires the use of n — 1
table look ups. A simpler thresholding metric will be based upon a single marginal

distribution. The three thresholds considered in Section 3.5 of Chapter 3 will be
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applied to a system running the proportional fair sharing scheduler.

4.8.1 Minimum Average Rate Feedback
Pure Threshold

In this subsection, the threshold is a function of the minimum average
throughput
0

minn = min{6f ,...,0n.}

rather than the full average rate vector ™ as in Section 4.7.1. This scheme can
reduce computational complexity since accurate evaluation of Pf’; 41 given by Equa-
tion 4.40 may be difficult. (Note: Assuming a particular distribution on the rates,
Equation 4.40 can be implemented as a table look up). Once again, the goal is to
design a threshold f(N , Rioss) to help reduce the amount of feedback from the users

to the transmitter. Having received 6 each user will compute the following

min,n’
probability:
~ X X.
h min,n+1 il
Pit,n-i-l = Pr [ " < 9m ] (4.68)
min,n in
where Xminn 1 is the random variable associated with the user with the smallest

average throughput. The value of X is of course unknown at all of the

min,n+1

users, but under the ii.d. assumption X ~ F., and to avoid confusion

min,n+1
X

minn will be denoted as X ~ F'. Equation 4.68 is the analog to Equation 4.40

for this scheme.

The computed value of Igfﬁ 1 will be compared to the threshold T(N, Rioss)
at each user. If the i user’s ]Sffl 1 exceeds the threshold, then X, is fed back
to the central controller, otherwise nothing is fed back. By the monotonicity of
Equation 4.68 as a function of 6,,;,, n (and thus monotonically non-decreasing as a
function of 0;,,, j # i), it is straight forward to show that this thresholding scheme
converges using the same arguments as Corollary 7 and Corollary 8. The equilib-
rium point is once again of the form 60}, = c¢- 15 and for a fixed parameterization
(N, Ryoss) the constant ¢ is equivalent to ¢ from Section 4.7.1 because in both cases

the thresholds are designed to meet some rate loss constraint for a given number
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of users in the system. Thus knowing that the algorithm converges, and know-
ing where it converges to, the last challenge the actual design of the threshold
T(N , Rioss), which will now be addressed.

At equilibrium, all of the components of the average rate vector 0" are

equal, so Equation 4.68 becomes
ﬁit’?l+1 = PI' [X < Xi,n+1] ) (469>

which is a random variable. The probability that f’fﬁ 41 falls below the desired
threshold f(N , Rioss) 1s critical in the design of the threshold. To compute this
probability, first notice that Equation 4.69 can be rewritten as:

Pl =1=Pr[Xin < X]

—1-Fy,_ (X)=1- Fy(X)

i,n+1
=41 -U=4U (4.70)
where Fy, .., = Fx under the iid. assumption and U is a uniform random

variable. The probability that Igf" 41 does not exceed the threshold can now be

n

computed using Equation 4.70 as follows:
Pr [Py < T(N, Rigss)| = Pr [1 = U < TN, Rigss)|
= Pr [1 = T(N, Ripss) < U]
=1—"Pr [U <1—T(N, Rloss):|
—1— (1= T(N, R
= T(N, Rioss)- (4.71)

Comparing this to Equation 4.48, the difference in using the entire average rate
vector 6" versus 0, is the exponent of ﬁ versus 1.

Having established Equation 4.71, the computation of T (N, Rypss) follows
the same procedure as Section 4.7.1. The characterization of the precursor thresh-
old T" for a desired R, remains unchanged and is given by Equation 4.56. To

find f(N , Rioss), the analogous version of Equation 4.57 is evaluated:

Pr [15;{;;“ < T(N, R,oss)] = T(N, Rppss) = T", (4.72)
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Figure 4.8: Comparing Threshold Schemes for N = 2 and Rjss = %

where the first equality comes from Equation 4.71. Equation 4.57 says that the
threshold should be set to the solution of 7" for a given N and R, as opposed to
some power of T” as given in Section 4.7.1. For both the schemes considered here
and in Section 4.7.1, the average savings in feedback from the users at equilibrium
is given by NT’. Therefore, under the metric of designing a threshold as a function
of N and Ry, the scheme presented in this section is superior in the sense that
it achieve the same performance for less computation. However, while the two
schemes considered here perform identically at equilibrium, when the system is
starting off, their sample paths and performances will differ. Figure 4.8 shows
the two schemes run on the same realizations of the random rates. The plot on
the right shows the distance from the equilibrium point. On this realization, the
convergence of the scheme utilizing the full rate vector 8™ converges faster than
when only 0);y, , is used. While the relation of the convergence properties of the
two schemes depend on the realization, these authors have noticed generally the
full feedback scheme converges faster. Because of this, it is possible to use a hybrid
scheme that combines the two methods. In the transient initialization phase, the
scheme where 6, is used to compute the n — 1 marginal distribution is run, and
after a significant time, the system switches over to the scheme where only 6

min,n
is used.
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Modified Threshold

In this subsection the previous feedback scheme where the threshold is only
a function of emin,n is modified in the same way as Section 4.7.2. Because emin,n
is computed and known at each user, and each user computes its own average
throughput, each user knows if it has the minimum average throughput. If the

user’s average throughput equals the minimum average throughput 6 then

min,n’
that user will feed back its instantaneous rate regardless of whether or not ]Sfﬁ 1
exceeds the threshold.

The analysis of this modified scheme is the same as Section 4.7.2. The
distribution of the selected rates at equilibrium is once again given by Equation
4.64, and thus the computation to find the precursor threshold 7" is the same.
With T" computed for the parameters N and Ry, , Equation 4.72 yields that the
threshold should be set to T". The fact that the threshold T (N, Rypss) is set to T"
rather than 7"V~! as in Section 4.7 is in fact the only formal difference between

this section and that of Section 4.7.2. The average savings in feedback from the

users at equilibrium is given by Equation 4.67.

4.8.2 Thresholds for Random Beamforming

All the results of this chapter have been developed for any general sys-
tem utilizing a proportional fair sharing scheduling algorithm with i.i.d. rates. In
Chapter 3, three different thresholding metrics were proposed to help reduce feed-
back in a random beamforming transmit system utilizing the greedy scheduling
algorithm. In the random beamforming context, the three thresholding metrics
will be considered under the proportional fair sharing algorithm.

The difference between the thresholding methods of Chapter 3 and this
chapter is that in Chapter 3 the observation random variables are compared di-
rectly to a threshold as opposed to the thresholds presented previously in this
chapter where a probability was compared to a threshold. All the thresholds de-
rived in Chapter 3 lead to distribution functions for the random variables at the
scheduler of the form given by Equation 4.49. Therefore, under the thresholds

considered in Chapter 3, the random variables can be thought of as i.i.d. random
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variables with a thresholded distribution. Therefore, if the proportional fair shar-
ing algorithm is used instead of the greedy scheduler, the results of Section 4.5
guarantee that the rates converge to same average throughput as the greedy algo-
rithm. Therefore, under the same design criterion as those considered in Chapter
3, the same thresholds can be used under the proportional fair sharing algorithm
and yield asymptotically in time the same results. For example, consider restrict-
ing the average number of users feeding back, that is on average only k£ < N of
the users should provide feedback. Using Equation 3.18 the threshold is designed.
This threshold can be used under the PFS scheduling algorithm and the average

throughput of each user will converge to the results of Chapter 3.

4.9 Conclusion

This chapter addresses the asymptotic performance of the proportional fair
sharing algorithm under i.i.d. rate models. Under this model it is shown in the
state space of average throughput and under suitable conditions on the distribution
of the rates that the PFS algorithm converges to the same fixed point as the greedy
scheduling algorithm. Therefore, from the point of view of average throughput,
asymptotically in time there is no difference between using the PFS algorithm and
the greedy algorithm.

Under i.i.d. models, it is shown that the rate of convergence of the PFS
algorithm to the equilibrium average throughput point is essentially the fastest
rate possible for a stochastic approximation procedure. The distance of the PFS
algorithm from the equilibrium point at any given time is a random variable.
Asymptotically in time, it is known that this distance becomes distributed as a
zero mean normal random variable whose covariance matrix is characterized under
the i.i.d. model.

To reduce the amount of CSI feedback overhead in the system, a thresh-
olding scheme is analyzed. Under this scheme, the equilibrium point of the PFS
algorithm is found. In an effort to increase the average throughput of the thresh-

olded system, a modification is made that allows the user with the smallest average
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throughput to always provide feedback. Once again, under this modification, the
equilibrium point of the system is characterized.

This chapter contains material in preparation for submission to IEEE Trans-
actions on Information Theory titled “Greedy Scheduling and Proportional Fair

Sharing Under i.i.d. Models”. This work is coauthored with Professor Bhaskar D.
Rao.



Chapter 5
Conclusion

Design of efficient methods to effectively utilize the multi-user diversity and
maximize capacity of the broadcast channel is a very challenging problem. One
central aspect of any high performance solution to this problem is the require-
ment that the transmitter have channel state information about the users. Under
the random beamforming transmission scheme, the CSI is represented as a sin-
gle scalar quantity, the signal-to-interference plus noise ratio. With this metric
in mind, the question confronted by this work is how to reduce the amount of
feedback in the system yet still provide good system performance. Several ap-
proaches to this question have been analyzed. One method is to reduce feedback
by exploiting the spatial diversity that exists when each user has multiple receive
antennas, thus providing multiple SINR samples or the opportunity to implement
more sophisticated receive structures. Another approach to reduce feedback is the
design and implementation of a threshold such that users whose channel quality
does not exceed the threshold do not provide feedback. Lastly, due to the greedy
scheduling algorithm in the random beamforming scheme, fairness is considered.

The results are summarized in more detail in the following sections.
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5.1 Reduced Feedback Schemes using Random
Beamforming in MIMO Broadcast Channels

Chapter 2 considers feedback reduction by exploiting the multiple receive
antennas at each user. These techniques, while reducing feedback, still achieve the
desired asymptotic scaling rate of the sum-rate throughput. The contributions of

this chapter are now listed:

e The distribution of the maximum order statistic of the SINR over both receive
antennas and transmit beamforming vectors at any user is derived. Because
the SINR values on a single receive antenna over the various transmit beams
are correlated, the distribution of the maximum order statistic leveraged

previous results on the maximum of ratios of exponential random variables.

e Under the feedback scheme where only the largest SINR measured at each
user over both transmit beams and receive antennas is fed back achieves the

desired sum-rate scaling rate of loglogn.

e Utilizing the multiple receive antennas, each user implements an LMMSE

receive filter. The distribution of the post-processed SINR values is found.

e Two feedback schemes with LMMSE receive filtering are considered. The first
scheme has each user feed back the post-processed SINR for each transmit
beam. Under this scheme it is shown that the sum-rate scaling behaves as
desired, i.e. loglogn. The second scheme has each user feed back only the
maximum of the M post-processed SINR values. The distribution of this
random variable could not be analytically found due to the complicated way
in which the random variables become correlated. Bounds are found for
this unknown distribution, and the bounds are shown to exhibit the loglogn
sum-rate scaling rate, and thus this reduced feedback scheme also exhibits

this rate.

e A fixed finite threshold is considered to reduce the total feedback load in the

system. It is shown that for any such threshold, asymptotically as the number
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of users grows to infinity, the difference between the rate of the system with

a threshold and without a threshold goes to zero.

5.2 Reducing Feedback in Broadcast Channels
via Thresholding

Chapter 3 extends the idea first mentioned at the end of Chapter 2 regarding
reducing feedback via thresholds. A threshold should be designed as a function of
the number of users in the system. The asymptotic scaling rate of any successful
threshold as a function of the number of users is found. By success, it is meant that
the sum-rate throughput of the system under the threshold still achieves a scaling
rate of loglogn. Additionally, the explicit design of thresholds under different

proposed metrics is undertaken. These contributions are now described in detail.

e A sufficient condition is found for the asymptotic scaling rate as a function
of the number of users in the system of any possible thresholding function
such that the sum-rate throughput of the thresholded system still grows as
loglogn. This result is based on the theory of extreme value distributions

and their domain of attraction.

e A corresponding necessary condition is found for the asymptotic scaling rate
of any thresholding function. The necessary condition leverages results on

the asymptotic stability of order statistics.

e A threshold design metric is proposed that constrains the probability of the
event that any user does not exceed the threshold for any transmit beam-
forming vector. When such an event occurs, the transmitter does not have
CSI for at least one transmit direction and thus multi-user diversity cannot
be fully utilized. Parameterized by the constraint on this probability, as a
function of the number of users in the system, an explicit formulation of the

optimal threshold is derived.

e A second threshold design metric is to constrain the average number of users
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providing feed back for each transmit beam. Under this metric, the optimal
threshold is found.

e The last threshold metric considers constraining the difference between the
sum-rate throughput of the system without a threshold and the sum-rate
throughput of the thresholded system. The optimal threshold is found under

the constraint on the difference in these rates.

5.3 Greedy Scheduling and Proportional Fair
Sharing Under i.i.d. Models

Chapter 4 confronts the issue of fairness in the random beamforming trans-
mit scheme. The multi-user diversity is utilized by selecting the users with the
best channel conditions. The greedy nature of the scheduling algorithm implies
that there can be long periods of time in which a particular user may not be
scheduled. To address this problem, the use of the proportional fair sharing algo-
rithm is considered. This algorithm attempts to schedule users who have not been
scheduled in a long period of time yet still balance high instantaneous throughput.
The asymptotic system performance under the PFS scheduling algorithm is found.
Additionally, motivated by the results in Chapters 2 and 3, the performance of
the PFS algorithm is considered when a thresholding scheme is implemented. The

contributions of this chapter are detailed below:

e The appropriate state-space to consider the asymptotic average rate of each
user is identified. In this state space the convergence point of the greedy
scheduling algorithm is found using the law of large numbers. This point
serves as a base line to compare the asymptotic performance of the system
under PFS scheduling.

e The PFS algorithm is written in a recursive form suitable for the application
of the theory of stochastic approximation. Using this theory, the equilibrium

point of the PFS scheduler is found and is identical to that of the greedy
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algorithm. Therefore, asymptotically in time, the PFS scheduling algorithm

converges to the performance of the greedy algorithm.

The rate of convergence of the PFS algorithm to the equilibrium point is
found. This rate of convergence leverages the fact that for the i.i.d. chan-
nel model the noise term in the stochastic approximation formulation is a

martingale difference sequence.

At any given finite time, the distance of the PFS algorithm from its conver-
gence point is a random variable. The distribution of this random variable is
known to be gaussian from the theory of stochastic approximation. Methods
to find the covariance matrix of this distance random variable are discussed

and explicitly found in several cases.

A thresholding scheme is proposed to help reduce the total feedback load in
the system. It is shown that the implementation of the proposed threshold
does not affect the fact that the PFS algorithm converges to a unique equi-
librium. This unique equilibrium is identified and shown to differ from the
convergence point of the greedy algorithm. The difference is due to the fact
that compared to a system without a threshold, there will be some rate loss
due to the event where multi-user diversity is lost when no user exceeds the

threshold.



Appendix A

Uzgoren’s Theorem and a

Corollary of Sharif and Hassibi

Let xq,...,x, be a sequence of positive random variables with strictly
positive density function fx(z) on the positive real line and cdf Fix(x). The growth

function gx(x) is defined to be

1-— FX (Qf)
Also, define the variable wu,, to be the unique solution to
1
1 — Fx (u,) = e (A.2)

With these definitions in hand, the theorem due to Uzgoren is restated.

Theorem 18. (Uzgoren, [Uzg/) Let x1,...,x, be a sequence of i.i.d. positive
random variables with continuous and strictly positive pdf fx(x) for x > 0 and cdf
of Fx(z). Let also gx(x) be the growth function. Then if lim, . gx(x) = ¢ > 0,
then

2/ m ,(m)
log {— log F* (s + g (1))} = —u — () W)

o <eu+0(u29/)((un))> |
n
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The distributions for the maximum SINR per beam and the optimal com-
bining SINR have support on the non-negative real line and have continuous cdfs
that do not attain the value of unity for any finite value of the support, which
implies the densities are strictly positive on the support. Thus, it must be shown
that lim, . gx(x) = ¢ > 0. It is shown more generally that having an asymptotic
maximum order statistic distribution of type 3 implies this condition. Equation
(2.19) gives a condition for the asymptotic distribution of the maximum order
statistic to be of type 3, and it can be rewritten as

i (- [5] [52]) - () 0

It was shown that the distributions of interest satisfy this limit. Thus for the limit

fx (@)
fx(z)

non-negative for all z in the support of the distribution, lim, , gx(z) > 0. From

to go to zero, we need lim,_,~, gx () — —1. Because 1 — Fx(x) and fx(z) are

basic properties of limits, it is also known that

o) f L = o) i f =l A

Therefore, since the limit of the product is finite and non-zero, lim, ., gx(z) =
¢ > 0, and the conditions of the theorem are satisfied.

Next, it must be shown that the following corollary shown in the appendix
of [SHO5] holds.

Corollary 11. Let xy,...,x, be a sequence of i.i.d. positive random variables
with continuous and strictly positive pdf fx(x) for x > 0 and cdf of Fx(x). If
un, = O(logn), lim, o gx(x) = ¢ >0, and gg(m) (un) = O (1/ul), then

1
Pr{u, — cloglogn < maxz; <wu, + cloglogn} >1—- 0O (1 ) (A.5)
ogn

All the conditions of this corollary except for the derivative constraint were
previously shown to hold. Suppose that ggg)(a:) = 0O (1/x), where f(z) € ©(h(x))

means f is asymptotically bounded above and below by h, i.e. asymptotically
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|h(z)|k1 < |f(x)] < |h(x)|ke for some ky, ko. Then by integration gx(z) = O(log z),
but lim, , logx — oo, which contradicts lim, ,, gx(x) — ¢ > 0, therefore
gg)(:c) = o(1/x). This implies that gg(m)(a;) = o(1/x™), and because o( f(z)) C
O(f(x)), the derivative constraint of Corollary (11) is also met.



Appendix B

Post-Processing SINR

Distribution

The distribution of the SINR from Equation (2.22) turns out to be a
special case of the work in [GS98b], [GS98a]. In [GS98b], Gao and Smith let the
random variable Z denote the SINR at the output of the optimal combiner and

were interested in the link reliability
R(z) =Pr[Z > z]. (B.1)

The quantity of interest in this paper is the cdf of Z as to utilize order statistics,
which is given by the quantity F(z) = 1 — R(z). Define E [H,(b]gb;‘Hﬂ = P for
the " user and j™ transmit beam, and the noise covariance o?I. Assume the

5" beam is the intended signal, then let v = ’;I;i and ['y = %. For the additive
J

Gaussian noise channel where there are M —1 interferers for a given beam (i.e. the

other M — 1 beams), Equations (11) - (13) in [GS98b] define the function R(z):

- ()2t () T e

where

I, N>M+i
Ai(z) = 1+ 05 Cyzd

M5 s <M

The coefficient C; in Equation (B.3) is the coefficient of 27 in [Jrr;" (1 4 T'x2).

Y

(B.3)

This set-up is more general than is needed. All the channels have the same
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statistics and all the signals have the same power. Therefore I'y, = 1 for all k£, and

the term [[o;" (1 4 I'y2) becomes [[ns;' (14 2) = (1 4+ 2)™~", which is indepen-
M—-1

dent of any index, and from the binomial theorem the coefficient C; = ( . ) )
J

Assuming M > N implies A;(z) never equals unity. These simplifications yield

S M=1\
1+Z§V;;< , >zﬂ

J

(1+ z)Mfl (B-4)

AZ(Z) =

and the cdf of the SINR after optimal combining yields the result of the theorem.



Appendix C

Sum-Rate Scaling with LMMSE

Reception

The distribution Fyprsi(2) is of the form F(z) = 1—R(z), with R(2) given
by Equation (B.2). Combining this with the condition for the limiting distribution
to be of type 3, Equation (2.19), the limiting distribution is of type 3 if the following

limit is satisfied:

- R(2) = R(2) (C.1)
= (LR(2))”

Similar to previous analysis, consider the terms that dominate the limit
and show that their limit goes to unity. First, expanding the expression for R(z)

yields

i—1
e—lr XN (ﬁ) e—2lp N N S+l

R(z) = (1+ 2)M- 12( 1) 1+ZM 12 =1 — 1)

=1 i=1 j=1 P ’
(C.2)
All the terms in R(z) decay to zero as z tends to infinity monotonically, so the
terms that decay to zero the slowest are of interest. Looking at the first term in
R(z), of all the terms in the sum, the one that decays the slowest is when 2’ has

the largest exponent, thus the dominating term in the limit is
efz/pszl

L+ 2V (N = D)1

(C.3)
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Analyzing the second term in R(z), the term that decays the slowest in the sum-
mation as z tends to infinity is when 2/7%~1 has the largest exponent. The largest
value the index j in the exponent can take on is N — ¢, and substituting this
back into the expression yields 2V ~! which is independent of the indices i and j.
Therefore, the dominating term is given by
—=lp N1 MM -1 1

e #Py

L 1 (C.1)

(L+2)M =\ N4 ) p'i = 1)
Combining Equations (C.3) and (C.4) gives the dominating terms of R(z) in the

limit
e—z/pZN—l

(1+ z)M*10

where the constant C is defined as

1 M M-1 1
o= g 5 (vt )7 €0

(C.5)

From Equation (C.1), the limiting terms of the first and second derivatives
of R(z) are needed, and luckily the dominating term of R(z) in Equation (C.5) is
readily differentiable. Performing some calculus and ignoring terms that decay too

fast, the limiting term of - R(z) is

—z/p ,N—1
_Cp—?l fz)Nl, (C.7)
and the limiting term of %R(z) is
—z/p,N—1
,026(1 rZz)M—l' (©3)
Combining Equations (C.5),(C.7), and (C.8) yields
- R(z)4=R(z) _ Clgrr - Chaaamer L (C9)
T (ERG) (~olss)

Therefore the limiting distribution of the maximal order statistic for the SINR

after optimal combining is of type 3.
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If the scaling rate of the unique solution to 1 — Fyprsp(uy,) = % can be

found, then the asymptotic scaling rate is known by Equation (15) of [MPP0S]

R
lim ———— =1 C.10
b0 M log uy, ( )

For sufficiently large n, 1— Fy/ar5 is dominated by Equation (C.5). The solution w,,
to 1— Faymse(u,) = < is guaranteed to exist since Equation (C.5) is monotonically
decreasing and continuous. Following the analysis of Equation (21) in [SHO05],
e~un/ punN -1
(1 + u,)M-1
= % (M = 1) log(1 +un) — (N — 1) log(u,)

1
1 — Fynse(un) C = -

= logn —logC.
For fixed N, Mandp and sufficiently large n, this yields
up, = plogn + p(M — N)loglogn + O(logloglogn)
since log C' becomes inconsequential, u,, is monotonically increasing, and
nhg)lo (log(1 + u,) —logu,) = 0.

Thus, the desired scaling rate is achieved.
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