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Doctor of Philosophy in Aerospace Engineering

University of California, Los Angeles, 2014

Professor Richard E. Wirz, Chair

Large wind turbine blades are being developed at lengths of 85–125 meters, in order to

improve energy capture and reduce the cost of wind energy. Bending loads in the inboard

region of the blade make large blade development challenging. The “biplane blade” design

was proposed to use a biplane inboard region to improve the design of the inboard region and

improve overall performance of large blades. This work uses a “structures-first” approach

with aero-structural analyses to (1) examine the feasibility of the biplane blade, (2) deter-

mine how the dimensions of the biplane inboard region affect performance, and (3) compare

the aero-structural performance of a 100-meter biplane blade to the Sandia SNL100-00 ref-

erence blade. Two-dimensional CFD simulations were used to compare the aerodynamic

performance of a biplane with a thick monoplane. The lift-to-drag ratio and the maximum

lift coefficient is significantly greater for the biplane than the thick monoplane for angles of

attack of 0–15 degrees. Analytical methods and beam finite elements with cross-sectional

analysis were both used to examine the performance of biplane blade structures. These

structures varied in complexity from isotropic spars to composite spars to composite full

blades. In each case, biplane blade structures were compared to monoplane blade structures

of the same length, mass, and complexity. Simple load cases were applied to each structure

and their displacements, bending moments, axial forces, and stresses were compared. Sim-

ilar performance trends are identified with both the analytical and computational models.

Parametric analyses show that gap-to-chord ratios bewteen 1.0–1.2 and joint length-to-span
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ratios of about 0.5 give good aero-structural performance. At the tip, the biplane blade in-

creases flapwise structural efficiency by 20–40%, depending on the load. Edgewise structural

efficiency was decreased by 27–35% at the tip. The benefits for the inboard region could

lead to mass reductions in wind turbine blades. Innovations that create lighter blades can

make large blades a reality, suggesting that the biplane blade is an attractive design for large

(100-meter) blades.
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CHAPTER 1

Introduction

1.1 Current status of wind energy

Sparked by concerns over domestic energy security during the 1970s oil crisis, the U.S.

government began investing in wind energy research in the 1980s. These investments, along

with concerns about climate change, helped grow the wind industry over the past 35 years.

Today, wind energy generates 4% of the electricity used in the U.S. [1].

Several renewable energy policies have been put in place to encourage this growth at

both the federal and state levels [2]. At the federal level, the Production Tax Credit (PTC)

provides subsidies to wind farms. Along with the PTC, the federal goverment also sets long-

term goals for wind energy. In 2008, the U.S. Department of Energy set a goal to produce

20% wind energy by 2030 [3]. In 2013, President Obama described his national Climate

Action Plan, part of which would aim to double U.S. wind energy capacity in the next

4 years [4]. At the state level, Renewable Portfolio Standards (RPS) mandate how much

electricity must be generated from renewable sources. In 2013, California produced 23% of

its electricity from renewable energy sources; its current RPS mandates 33% renewables by

2020 [5].

The U.S. wind resource is large, both on land and offshore (Figure 1.1). Land-based

winds are generally strongest in the middle of the country. As a result, Iowa, South Dakota,

and Kansas produced more than 20% of their electricity from wind in 2012 [6]. By contrast,

California produced 5% from its wind farms in Altamont Pass (east of the Bay Area) and in

Tehachapi Pass (east of Bakersfield).

Although land-based winds are plentiful, offshore winds are even more attractive. Off-
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shore winds tend to be faster and less turbulent than land-based winds, which have to pass

over rough terrain and buildings. Stronger offshore winds are also located near many large

coastal cities with a high demand for energy, reducing transmission costs. However, offshore

wind farms need to overcome numerous technical challenges (deep waters, harsh environmen-

tal conditions, difficult to access for maintenance) and policy challenges (leasing government

lands), which often lead to higher costs than land-based wind farms. In the U.S., several

offshore wind farms have been proposed (such as Cape Wind, off the coast of Massachus-

setts), but none have been built [6]. By contrast, in Europe in 2011, 9% of wind capacity

was installed offshore [7]. In order for wind energy to continue growing, researchers are

continually looking for ways to reduce its costs, both on land and offshore.

1.2 Motivation

To reduce costs and increase energy capture, wind turbines have grown dramatically over

time. From 1980–2013, the rotor diameter of wind turbines increased more than tenfold,

from 15 meters to 171 meters (Figure 1.2). Longer blades are being developed to enable

large, multi-MW wind turbines to increase their rated power and capture more energy. In

2013, SSP Technology manufactured an 83.5 meter blade for a 7-MW offshore wind turbine

[8], and blades are expected to grow even larger in the future. Current research is focused

on developing 100+ meter blades [9, 10].

The equation for rotor power (Equation (1.1)) explains the benefits of large turbines.

The power extracted from the wind by the rotor is determined by the power coefficient of

the rotor Cp, air density ρ, the radius of the rotor R, and the velocity of the wind V . Rotor

power increases with R2 (larger rotors have more area to capture more wind) and V 3 (taller

hub heights can access faster winds out of the terrestrial boundary layer).

Protor =
1

2
CpρπR

2V 3 (1.1)

There are four main challenges with the development of large rotor blades: (1) manufac-

3



Figure 1.2: Height, size, and power of wind turbines over time: hub height (y-axis position of
circle centers), rotor diameter (size of circles), and rated capacity (color of circles).
Wind turbines have grown dramatically from 1980 to 2014 [3, 11, 12, 13, 14, 15, 16].
Researchers are focused on developing even larger tubine concepts for the future:
the Sandia 100-m blade [9] and the Upwind 20MW turbine [10]. Taller hub heights
can access faster winds and larger rotor diameters can capture more wind, both of
which increase turbine power.
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turing∗, (2) transportation†, (3) limiting the growth of blade mass, and (4) supporting large

blade loads. This dissertation focuses on the last two challenges.

To discuss the growth of blade mass, consider the following scenario. Assuming geometric

similarity as a rotor grows in size, its power (revenue) scales with R2, but the volume of its

material (and hence, its mass and cost) scales with R3. This implies that cost will increase

linearly with scale, and at some size, the extra cost of a larger blade will exceed the extra

revenue it can generate. This concept is commonly known as the “square-cube law” [3].

However, if design improvements are applied to a large blade, then its mass (and cost)

will grow more slowly than R3. In practice, engineers and blade manufacturers have been

able to improve blade designs as they have upscaled them, to keep mass growth closer to R2

[18, 19]. Cost reductions in blades can significantly reduce the cost of the whole turbine, since

blades are estimated to account for roughly 18% of the total turbine cost [20]. Furthermore,

reducing blade mass will also reduce the costs of other turbine support structures [21].

Clearly, the goal of large blade development is to reduce the cost of energy by limiting

the growth of blade mass. Historically, this has reduced the levelized cost of energy (LCOE)

threefold (Figure 1.3) [21]. LCOE is the price at which electricity from wind has to be sold

to break even over the lifetime of the project. More recently, LCOE has started increasing

again (to about $80/MWh in 2009), due to increases in the price of wind turbines, which

were driven by turbine upscaling, and increases in material prices.‡ This suggests that the

square-cube law is getting harder to beat, and motivates further improvements in blade

∗Manufacturing constraints limit the dimensions and shapes of blades. Blades are built with composite
materials, which consist of woven glass or carbon fibers suspended in a cured plastic resin. In a typical
manufacturing process called resin infusion, dry fibers are placed in a mold and sealed off, liquid resin is
injected into the fiber package, and the component is cured to produce a hardened composite material [17].
As blades become longer, it becomes more difficult to ensure component quality. Furthermore, manufacturing
considerations tend to discourage large changes in shape along the blade length, because when the dry fibers
are placed inside a mold with a complex shape, the fibers tend not to lay flat. These crooked fibers result in
a weakened component.
†Transportation constraints limit the maximum dimensions of the blade. These dimensions depend on the

width of roads, the height of bridges, and the dimensions of railcars or truck trailers used for transportation.
Most conventional blades are built as monolithic, one-piece structures, which are usually thickest near the
root. Sometimes the root needs to be designed for transportation constraints, at the expense of optimal
structural or aerodyanmic performance considerations.
‡This is somewhat complicated by the 2008 financial crisis, which may have also increased prices. Many

other forms of electricity generation besides wind energy also had higher costs over the timeframe of 2004-
2009 [21].
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Figure 1.3: From 1980–2004, the levelized cost of energy (LCOE) for wind decreased threefold,
but from 2004–2009, LCOE increased slightly [21, 22, 23].

inboard region outboard region

Figure 1.4: Schematic of the inboard and outboard regions on a wind turbine blade.

design to bring LCOE back down again.

On the other hand, large blades must support large loads. For a simple geometric up-

scaling of a blade and assuming a constant tip speed ratio, the bending moments due to

aerodynamic forces scale with R3, and the bending moments due to gravitational forces

scale with R4 [9]. These bending moments are highest in the inboard region, near the root of

the blade (Figure 1.4). Hence, the inboard region needs an efficient structure that can sup-

port the bending loads, provide favorable aerodynamic performance, but also limit overall

blade mass (and cost). The blade cannot be too heavy, because excess blade mass increases

inertial fatigue loads, which decrease the blade lifetime. Heavier blades also tend to cost more

to manufacture and transport, which limits the economic benefits of large wind turbines.
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1.3 Design approaches for improving the inboard region

Recent research suggests that design improvements to the inboard region may improve the

overall blade performance. Conventionally, the inboard region used thick airfoils to support

large flapwise bending loads [24, 20, 25]. While the aerodynamic efficiency of thick airfoils

is generally poor, this is the standard compromise between structures and aerodynamics

in blade design. The inboard region is primarily designed for structural efficiency: thick

cross-sections (with a large second moment of area in the flapwise direction) support the

large flapwise bending loads. The inboard region design is also influenced by manufacturing

constraints related to the root attachment, as well as transportation requirements that limit

the maximum allowable dimensions.

To improve the performance of the inboard region within the context of these constraints,

blunt trailing-edge “flatback” airfoils have been designed to address both the structural and

aerodynamic performance challenges of the inboard region [26, 27]. For a given sectional

maximum thickness, structural advantages include a larger sectional area and increased sec-

tional moment of inertia; aerodynamic advantages include a larger maximum lift coefficient

and reduced sensitivity to surface soiling [28]. Known challenges include large base drag and

vortex shedding noise [29]. Essentially, flatbacks are state-of-the-art thick airfoils for wind

turbine blades, and they have been recently used on commercial blades [30].

More recently, several unconventional blade concepts have proposed using multiple airfoils

in the inboard region to improve blade performance. These blade concepts form a new class

of “multi-element” blade designs (Figure 1.5).

Wirz proposed a conceptual design for wind turbine blades that has the potential to

improve the structural and aerodynamic performance of the inboard region: the biplane

blade [34]. The biplane blade design uses a biplane inboard region that transitions into a

mid-blade joint, which is connected to a monoplane outboard region (Figure 1.6). At the

blade root, it was also envisioned that the biplane inboard region could transition into a root

joint, which is connected to a conventional root cylinder that can bolt into a conventional

hub. Analytical and computational structural analysis of the internal spar of the biplane

7



Figure 1.5: “Multi-element blades” are a new class of unconventional blade designs, which use
multiple airfoils in the inboard region: (a) the biplane blade [31], (b) multi-element
airfoils [32], and (c) leading edge slats [33].

Figure 1.6: Artistic rendering of a biplane blade for next-generation wind turbine blades. Image
credit: Phillip Chiu.

blade showed an increase in structural efficiency in the flapwise direction [35, 31, 36]. Two-

dimensional computational aerodynamic analysis also showed that biplane airfoils increase

the maximum lift coefficent [31, 37]. These benefits can lead directly to weight and cost

reductions for large blades. A similar design was independently proposed by Grabau [38],

but did not include a root joint; instead the biplane airfoils were bolted directly into the

hub. Another study [39] used basic structural and aerodynamic analyses to examine the

feasibility of a biplane blade without a root joint, but the structural analyses were not as

detailed as the results presented here. This study also recommended a configuration with

a small gap§ between the biplane airfoils, which seemed to limit the stiffness of the biplane

blade in the chosen configuration.

§The recommended gap-to-chord ratio for the biplane inboard region ranged from 0.3 at the mid-blade
joint to 0.7 at the root.

8



Other aerodynamic studies [40, 41] have shown that multi-element airfoils¶ have greater

lift-to-drag ratios and maximum lift coefficients compared to standard thick airfoils for wind

turbines. Another study examined a 10-MW turbine with a leading edge slat fitted to the

inboard region, which obtained an 8% increase in the power coefficient (at the cost of a

12% increase in thrust coefficient) and a 1% increase in the annual energy production [42].

Hence, it may be possible to increase the maximum power production, improve start-up

performance, and improve overall efficiency of blades for MW-size turbines. These studies

showed aerodynamic improvements, but did not explicitly examine the structural consider-

ations for large multi-element blades.

This dissertation focuses on the biplane blade, and uses a “structures-first” approach

with aero-structural investigations to move the biplane blade from a conceptual idea to a

well-defined design. The following research questions were considered:

1. Is the biplane blade a feasible design?

2. How do the dimensions of the biplane inboard region affect blade performance?

3. How does the aero-structural performance of the biplane blade compare to a conven-
tional “monoplane” blade?

1.4 Significance of this work

While its potential benefits are interesting, the unconventional configuration of the biplane

blade makes it challenging to design and analyze. It is not initially apparent exactly how

the biplane should be incorporated into the overall blade structure, because several design

parameters need to be specified for the inboard biplane region. This work provides the

following contributions to the wind energy research community:

1. a feasibility study of the biplane blade, which demonstrates its basic aerodynamic and
structural improvements

2. an analytical model for the displacement field of simple biplane spars, which reveals

¶These multi-element airfoils are specifically designed for wind turbines, and are usually thick airfoils with
thickness-to-chord ratios of 15-30%. This differs from prior investigations of thinner multi-element airfoils,
which focused on aircraft applications.

9



how they carry loads differently from conventional cantilevered monoplane spars

3. an approach to model the biplane blade with beam finite elements, which was carried
out on 3 types of structures, each with increasing complexity: isotropic biplane beams,
composite biplane spars, and a composite biplane blade

4. a blade definition for a 100-meter biplane wind turbine blade, with detailed cross-
sectional geometries and a laminate schedule

5. an open-source technology stack and methodology for biplane blade design and analysis

This dissertation finds that the biplane blade improves flapwise structural efficiency,

relative to a conventional monoplane blade of the same mass and length. Therefore, it may

be possible to construct a lighter biplane blade with an equal structural efficiency. These

benefits can lead directly to weight and cost reductions for large blades.

1.5 Outline of the thesis

The main objective of this dissertation is to develop and document the design of a large (100-

meter) biplane blade, and compare its performance to the conventional 100-meter Sandia

SNL100-00 reference blade [9]. Chapter 2 defines the nomenclature used to describe the

external (aerodynamic) and internal (structural) geometry of both conventional monoplane

blades and the biplane blade. Chapters 3 to 5 describe three studies of the biplane blade,

carried out in order of increasing complexity:

Chapter 3 analyzes the aerodynamic and structural performance of the biplane blade
separately, in a proof-of-concept manner. The work in this chapter was published in
[35, 31].

Chapter 4 uses analytical and computational methods to compare the structural per-
formance of composite biplane spars to a composite monoplane spar from the Sandia
reference blade. The work in this chapter originally appeared in [36].

Chapter 5 gives a detailed blade definition for a full 100-meter biplane blade, and
compares its structural performance to the Sandia reference blade.

Finally, Chapter 6 gives concluding remarks and recommendations for future research.
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CHAPTER 2

Anatomy of a wind turbine and its components

This chapter will introduce the names and functions of the major components found in

modern wind turbines. These component names will be reused throughout this dissertation.

Because this dissertation focuses on blade design, this chapter will also briefly discuss the

components of conventional (“monoplane”) blades. Finally, some new nomenclature will be

introduced for biplane blades.

2.1 Wind turbine components

Modern wind turbines are large machines made of many components (Figure 2.1). Overall,

these components can be grouped into three main systems: (1) a rotor, (2) a nacelle, and

(3) a tower. The rotor is attached to the front of the nacelle, which sits on top of a tower,

which is fixed to the ground.

First, the rotor converts the kinetic energy of the wind into useful torque for the wind

turbine. The rotor is made up of three blades and a hub. The root of each blade is bolted

into the hub. As the wind rushes by, aerodynamic lift forces develop on each blade; these

aerodynamic forces turn the rotor.

As the rotor turns, it sweeps out a circular area called the “rotor plane” (Figure 2.2).

The turning rotor provides large amounts of torque to a rotor shaft connected to the hub.

The rotor shaft turns at a low speed (typically about 10 rpm) and transmits the torque to

the nacelle.

The wind speed often varies in time, which changes the lift forces on the blade. The angle

between the incoming wind and a blade can be changed to alter the lift forces on the blade.

11
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rotor
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Figure 2.1: Components of wind turbines. Adapted from [43].
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rotor plane

rotor
rotation

pitch
axis

wind

Figure 2.2: Schematic of a typical wind turbine rotor in operation.

In the hub, pitch mechanisms attached to each blade root can rotate individual blades about

their “pitch axis” (Figure 2.2). This rotation, or “pitching,” changes the angle between the

wind and the blade, and alters the lift forces on the blade. This can be used to optimize

rotor performance during normal operation, or to slow and stop the rotor during a storm.

Second, the nacelle houses the machinery that converts torque into electricity. The rotor

shaft passes through the front of the nacelle and delivers its torque to a gearbox. The

gearbox converts the low speed from the rotor shaft to a higher speed for the generator.

Many generators typically require a high speed of rotation to efficiently convert torque into

electricity.∗ Power cables transmit the electricity out the bottom of the nacelle, through the

tower, and to the electrical grid on the ground.

Third, the tower holds up the entire wind turbine. The tower resists thrust loads from

the wind that develop on the rotor and nacelle. For land-based turbines, the bottom of the

∗New “direct-drive” generators have been developed that do not require a high speed of rotation for
efficient operation, thus eliminating the need for a gearbox. In this case, the rotor shaft is directly connected
to the generator. Since gearboxes are usually heavy and prone to failure, many manufacturers are moving
towards direct-drive generators to reduce overall turbine cost. However, these cost reductions may be limited
by the large quantities of expensive rare earth metals that are used in direct-drive generators.
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tower sits on a concrete foundation, which anchors the turbine into the ground. For offshore

turbines, the tower sits on a substructure that connects it to the ocean floor.

2.2 Conventional blades and their substructures

Conventional (“monoplane”) blades are long slender structures. Three coordinate directions

are used to describe a blade’s geometry (Figure 2.3). The maximum dimensions of a blade

in each of these direction are its span (along the spanwise coordinate), its maximum chord

length (along the edgewise coordinate), and its maximum thickness (along the flapwise coor-

dinate). The root and tip of the blade are located at the minimum and maximum spanwise

coordinates, respectively. The spanwise coordinate runs along the pitch axis of the blade

(Figure 2.2). These three coordinates are also used to describe the displacements, forces, and

bending moments of the blade under applied loads. For example, when a load is applied to

the blade in the flapwise direction, a flapwise bending moment develops about the edgewise

axis to resist flapwise deflection of the blade.

Since the maximum dimension in the spanwise direction is so much larger than its dimen-

sions in the edgewise and flapwise directions, blade designs are usually defined by a set of

cross-section geometries that are distributed along the span at “blade stations” (Figure 2.4).

In turn, each of these cross-section geometries are specified with an external and internal ge-

ometry. Generally, aerodynamic considerations inform the selection of the external geometry,

while structural considerations inform the selection of the internal geometry.

Since wind turbine blades are pre-twisted, it is important to clearly define the edgewise

and flapwise directions. In this dissertation, the “edgewise” direction refers to the direction

that is in-the-rotor-plane. In helicopter rotors, this is also referred to as the “lead-lag”

direction. In this dissertation, the “flapwise” direction refers to out-of-the-rotor-plane.

14



spanwise
coordinate

flapwise
coordinate

edgewise
coordinate

Figure 2.3: Nomenclature for blade coordinate directions: flapwise, edgewise, and spanwise.
When bending loads are applied to the blade, bending moments develop in the
blade to resist bending in the direction of the applied load. When loads are applied
in the flapwise direction, bending moments that develop about the edgewise axis are
called flapwise bending moments. Similarly, when loads are applied in the edgewise
direction, bending moments that develop about the flapwise axis are called edgewise
bending moments.

Figure 2.4: Blade designs are defined by a set of cross-section geometries at “blade stations”
distributed along the spanwise coordinate (red line).
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Figure 2.5: External geometry of a conventional blade cross-section. This cross-section is viewed
from the edge of the rotor plane (the dashed line), looking down the pitch axis (the
point on the dashed line). Both the rotor plane and pitch axis were shown earlier,
from the perspective of the entire rotor, in Figure 2.2.

2.2.1 External (aerodynamic) geometry

The external shape of a cross-section (Figure 2.5) is determined by an airfoil profile, which

has a chord length c. Thick airfoil profiles (which can fit over tall spars with good structural

performance) are typically chosen for the inboard blade region. Thin airfoil profiles (which

have better aerodynamic performance) are usually chosen for the outboard blade region.

The pitch axis is located along the chord line, at a distance ξc behind the leading edge of

the airfoil. The parameter ξ is the pitch axis fraction, where 0 < ξ < 1. In other words, the

pitch axis fraction ξ is a nondimensional length, normalized by the chord length c. Depending

on the airfoil profile and spanwise location along the blade, typical values for the pitch axis

fraction range between 0.3 < ξ < 0.5. The pitch axis can be used as a reference point for

positioning the shear webs (see Section 2.2.2), typically with one shear web forward of the

pitch axis, and another aft of the pitch axis.

The relative wind velocity “seen” by the cross-section, Vrelative, is broken up into two
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components: the velocity of the incoming wind, Vwind; and the linear velocity of the cross-

section Vrotor, which comes from the rotation of the rotor, and is seen as a right-to-left motion

of the cross-section along the rotor plane.† The local inflow angle ϕ (measured between the

rotor plane and the relative wind velocity) is also broken up into two smaller angles: the

angle of attack, α; and the angle between the local chord line and the rotor plane, θ.

The angle θ typically varies along the span of the blade, so that during normal operation,

each cross-section will “see” the wind at an appropriate angle of attack α for good aerody-

namic performance. In other words, θ describes the local rotation of the cross-section about

the blade’s pitch axis. Although it is not shown on Figure 2.5, θ is the sum of the local twist

angle θt and the blade pitch angle θp.

In a typical blade design, the local twist angle θt varies along the span of the blade,

with maximum twist near at the root (≈15-20◦), and minimum twist at the tip (Figure 2.6).

During normal operation, the blade twist allows each cross-section to “see” the wind at the

appropriate angle of attack α for optimum aerodynamic performance. While the value of θt

changes along the span of a twisted blade, it is fixed for each cross-section once the blade is

built.

During the turbine’s operation, the blade pitch angle is set by the pitch mechanism

attached to the blade root. As described in Section 2.1, the pitch mechanism can rotate the

entire blade around its pitch axis, which collectively changes the pitch angle θp for all the

cross-sections at once.‡ This in turn changes the angles θ, α, and φ in order to regulate the

lift forces on the blade, hence, regulating the power produced by the blade.§

†In Figure 2.5, Vwind and Vrotor are shown as approximate values because the solid rotor blades slow
down the incoming wind, leading to slight changes of these velocities. Momentum theory, which models the
actuator disc can be used to describe this phenomenon in more detail [44].
‡If the blade pitch angle θp is set to zero, then θ = θt, since θ = θt + θp.
§A control algorithm chooses the appropriate pitch angle in response to changes in the incoming wind

velocity, Vwind.
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Figure 2.6: A view down the pitch axis of a conventional blade shows maximum twist for thick
airfoil profiles at the root, and minimum twist for thin airfoil profiles at the tip. The
red line represents horizontal (zero twist).

18



Figure 2.7: Flapwise and edgewise load distributions on a wind turbine blade in operation.
Adapted from [25].

2.2.2 Internal (structural) geometry

The blades are subjected to external loads, which come from (1) the wind, which generates

aerodynamic forces in the flapwise direction, and (2) gravity, which generates gravitational

and inertial forces in the edgewise direction (Figure 2.7). Inside the blade, several structural

parts are used to stiffen the blade to support the loads in each of these directions. Parts

placed on the top and bottom surfaces help resist flapwise loads, while parts placed on the

forward and aft surfaces help resist edgewise loads (Figure 2.8). Figure 2.9 shows a schematic

of the internal structure for a typical blade.

Each part of the internal structure is made of different materials, depending on the type

of load it is designed to support. Most of these parts are made of glassfiber-reinforced plastic

(GFRP), more commonly known as “fiberglass” or “glass fiber”. The high strength-to-weight

ratio of GFRP makes it ideal for large wind turbine blades, as compared to other materials

like wood, aluminum, or steel.§ GFRP is a composite material made of strong fibers, which

are suspended in a plastic resin matrix that has been cured and hardened. Usually, GFRP

is manufactured in thin sheets (plies). These plies are laid on top of each other in a specific

orientation and order (a layup) to constuct a laminate. Uniaxial, biaxial, and triaxial GFRP

§Newer blades are also made of carbon fiber, which is stronger and lighter (but also about 10 times more
expensive) than glass fiber.
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Figure 2.8: Flapwise bending loads lead to compression and tension on the upper and lower
parts of a cross-section (top). Edgewise bending loads lead to compression and
tension on the forward and aft parts of a cross-section (bottom).

laminates are made by using different layups of GFRP plies (Figure 2.10).

In general, GFRP is strongest when loads are applied along the direction of the fibers

in the GFRP. In uniaxial GFRP, all the fibers are aligned in one direction (0◦). In biaxial

GFRP, half the plies have fibers pointing in one direction (+45◦), and the other half point

in an orthogonal direction (-45◦). Triaxial GFRP has fibers pointing in three directions (0◦,

+45◦, and -45◦).

Uniaxial GFRP is only designed to take loads in one direction, along its fibers. Spar caps,

located at the top and bottom of the cross-section, are made of uniaxial GFRP to support

the largest tensile and compressive stresses from flapwise bending loads. The trailing edge

reinforcement, located at the aft of the cross-section, is also made of uniaxial GFRP to

support the largest tensile and compressive stresses from edgewise bending loads.

Biaxial GFRP can take loads in the same plane as the laminate, but is weak at supporting

out-of-plane loads. Shear webs, which connect the top and bottom spar caps, are made of

biaxial GFRP to resist the shear loads that can slide one spar cap past the other in the

spanwise direction.

Triaxial GFRP is the most “multipurpose” laminate, and can take loads in most direc-

tions, but it is weaker than uniaxial GFRP at supporting tensile loads in one direction.
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Figure 2.10: Example stacking sequences for uniaxial, biaxial, and triaxial layups of glassfiber-
reinforced plastics (GFRP).
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Hence, triaxial GFRP is used heavily in the root buildup (near the blade root), as well as

along the airfoil skin, where loads are applied in many directions.

Foam is also used to provide buckling resistance to the shear webs, leading edge panel,

and aft panels. It is usually sandwiched between GFRP laminates. For example, shear webs

are made of foam sandwiched between two thin layers of biaxial GFRP. This leads to a stiff,

lightweight structure for structural parts that do not need to support the largest flapwise or

edgewise bending loads.

2.3 Biplane blades and their substructures

Like conventional blades, biplane blade designs can be defined by a set of cross-section

geometries along the span at blade stations. However, since the inboard region of the blade

uses biplane cross-sections, some new parameters need to be defined to specify the external

(aerodynamic) shape of each airfoil in the biplane cross-section. Furthermore, substructures

like joints are present in the biplane blade, which do not exist in conventional blades. This

section introduces some new nomenclature for the substructures and cross-section geometries

that are unique to the biplane blade.

2.3.1 Blade regions and substructures

A biplane blade can be divided up into two main regions (Figure 2.11). The outboard

monoplane region of a biplane blade is essentially the same as the outboard region of a

conventional blade (for example, see Figure 1.4). However, the inboard biplane region of a

biplane blade is much different from a conventional blade.

The inboard biplane region is made up of four substructures (Figure 2.12): a mid-blade

joint, an upper biplane element, a lower biplane element, and a root joint. The mid-blade

joint connects the outboard monoplane region to the outboard ends of the upper and lower

biplane elements. The root joint connects the hub to the inboard ends of the upper and

lower biplane elements. Both of these joints provide a transition between monoplane cross-
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outboard monoplane region inboard biplane region

Figure 2.11: The biplane blade has an outboard monoplane region and an inboard biplane region.
(Image outline courtesy of Phillip Chiu.)

upper biplane element

lower biplane element
root joint

mid-blade joint

Figure 2.12: Four substructures make up the inboard region of the biplane blade. (Image outline
courtesy of Phillip Chiu.)

sections (in the outboard monoplane region and at the root) and biplane cross-sections (in

the inboard biplane region).

2.3.2 External (aerodynamic) geometry for the inboard biplane region

A biplane cross-section is made up of two airfoils; the relative position of each airfoil is

specified by a gap g and a stagger s (Figure 2.13). The gap is the distance between each

chord line. The stagger is the distance from the leading edge of the upper airfoil to the

leading edge of the lower airfoil. Stagger can be positive, zero, or negative; it is defined as

positive if the upper airfoil is placed forward of the lower airfoil. ¶

In general, the upper and lower airfoil profiles can be different, and the upper and lower

chord lengths (cupper and clower) can also be different. However, in this study, both profiles

and chord lengths were chosen to be the same at each blade station. This choice was made

¶Note: the chord lines of each airfoil do not have to be parallel, as they are drawn in Figure 2.13. The
angle between each chord line is called decalage, which is sometimes used to fine-tune the aerodynamic
performance of a biplane cross-section. A review of the literature showed that the effect of decalage on
aerodynamic performance is small compared to the effects of gap and stagger. Therefore, decalage was not
considered in this study. However, it may be a useful parameter to consider in future studies of the biplane
blade.

24



g

s

c lower

cupper
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Figure 2.13: Gap (g) and stagger (s) dimensions for a biplane cross-section.

to limit the design space for the biplane blade. However, different airfoil profiles and chord

lengths could be considered in future studies.

Different configurations of biplane cross-sections can be compared with two nondimen-

sional parameters: the gap-to-chord ratio g/c and the stagger-to-chord ratio s/c. In each of

these ratios, c is chosen to be the lower chord length.

In a conventional blade, the pitch axis is located inside the airfoil profile, along the chord

line (Figure 2.5). In a biplane blade, however, the pitch axis may be located outside both

airfoil profiles (Figure 2.14). The chordwise position of the pitch axis is specified by ξctotal.

Here, ξ is the pitch axis fraction (as defined earlier in Section 2.2.1), and ctotal is the total

chord length (the distance from the leading edge of the upper airfoil to the trailing edge of

the lower airfoil).‖ The flapwise position of the pitch axis is specified by ηg. Here, η is the

gap fraction, where 0 < η < 1.

‖The total chord length depends on the stagger. If there is no stagger, then ctotal = cupper = clower in this
study.
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Once the pitch axis location has been specified, the twist angle θ can be determined by

rotating the biplane cross-section about the pitch axis. This definition of θ is similar to

a monoplane cross-section. In fact, the local flow angle ϕ and the angle of attack α for a

biplane are also defined similarly to a monoplane.

In a monoplane cross-section, the pitch axis is used as a reference point to position the

shear webs, with one shear web forward of the pitch axis, and another aft of the pitch axis.

In a biplane cross-section, it is convenient to define two new reference points to place shear

webs in the upper and lower airfoils (see Figure 2.15). The upper reference point is located

at a distance fuppercupper along the upper chord line. Similarly, the lower reference point is at

a distance flower along the lower chord line. Here, fupper and flower are chord length fractions

for each airfoil, where 0 < fupper < 1 and 0 < flower < 1.

2.3.3 Internal (structural) geometry for the inboard biplane region

In this study, the internal (structural) geometry of each biplane cross-section was chosen to

be identical for the upper and lower airfoils (Figure 2.15). If we consider one of the airfoils in

a biplane cross-section by itself, then the discussion presented in Section 2.2.2 can be applied

to size each of the structural parts inside that individual airfoil. Then, the structural parts

inside the other individual airfoil can be sized in a similar way. Therefore, the internal

dimensions for a biplane will not be discussed further in this section.
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Figure 2.14: The external geometry of a biplane cross-section for a biplane blade. The upper
and lower reference points (used to position the shear webs in each airfoil) are
abbreviated as upper ref pt and lower ref pt, respectively.
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CHAPTER 3

Aero-structural investigation of biplane wind turbine

blades

As wind turbines grow larger, loads increase dramatically, particularly in the inboard region

of the blade. A key problem is to design a strong inboard region that supports these loads

without sacrificing too much aerodynamic performance. A new design is proposed: a bi-

plane inboard region that transitions into a joint, which connects to a monoplane outboard

region. The objective is to develop biplane inboard configurations that improve the aero-

structural performance of blades. To approximately compare a conventional inboard region

with a biplane inboard region, cross-sectional properties of a thick monoplane and a biplane

were measured. Numerical simulations were used to explicitly compare the aerodynamic

performance of a thick monoplane to a biplane. Then, several model beams were designed

to be simple approximations of a conventional blade (“monoplane beam”) and the biplane

blade (“biplane beam”). Canonical bending loads were applied to each model beam and

their deflections were compared. Numerical simulations show that the lift-to-drag ratio is

significantly greater for the biplane than the thick monoplane for 0◦ < α < 15.5◦. A para-

metric analysis of biplane beam configurations shows that their tip deflections are smaller

than monoplane beams of the same length. These benefits for the inboard region of (1)

improved aerodynamics and (2) improved strength could lead to weight reductions in wind

turbine blades. Innovations that create lighter blades can make large blades a reality. These

results suggest that the biplane blade is an attractive design for large blades.
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inboard region outboard region

Figure 3.1: Schematic of the inboard and outboard regions on a wind turbine blade.

3.1 Introduction

Structural loads in wind turbine blades have increased dramatically as commercial turbines

have grown in size [19]. The greatest bending loads are sustained in the inboard region of the

blade, near the blade root (Figure 3.1). The structural design of the inboard region is driven

by these large loads. Hence, the key problem for the blade designer today is to construct

lighter blades with a strong inboard region to limit blade mass and support blade loads.

Conventionally, the inboard region used thick airfoils to support large bending loads

[24, 20, 25] (Figure 3.2). While the aerodynamic performance of thick airfoils is generally

poor, this is the standard compromise between structures and aerodynamics in blade design.

The inboard region is primarily designed for structures: thick cross-sections (with a large

second moment of area in the flapwise direction) support the large flapwise bending loads.

The outboard region is primarily designed for aerodynamics: thin airfoils with high lift

and low drag supply torque to turn the rotor. Normally, this compromise is sufficient for

small- and mid-size turbines, because the aerodynamics of the inboard region are assumed

to be minor. However, large turbines currently use airfoils in the inboard region that are

approaching thickness-to-chord ratios of 45% [41]. Much thicker airfoils would likely be

needed for the inboard region on longer blades. For very long blades, this approach is

infeasible.

While many have developed airfoils for the mid- and outboard regions of wind turbine

blades [24, 45, 46, 47, 48, 49], less work has focused on the improving the inboard region.

Prior efforts in flow control attempted to improve the poor aerodynamics of the thick inboard

region. Separation of the boundary layer was delayed to a certain extent with aerodynamic

30



conventional

bladeA

A A

A

inboard region

thick

airfoil

Figure 3.2: Thick airfoil cross-sections used in the inboard region of conventional wind turbine
blades.

devices (e.g. flaps, wedges, stall strips, and vortex generators) installed on the surface of

the inboard region [50]. However, this approach does not explicitly address the structural

requirements for the inboard region. Therefore, it is unlikely to help drive the design of

longer blades. More recently, blunt trailing-edge “flatback” airfoils have been designed to

address both the structural and aerodynamic performance of the inboard region [26, 27].

Structural advantages of flatback airfoils include a larger sectional area and increased sec-

tional moment of inertia; aerodynamic advantages include a larger sectional maximum lift

coefficient, increased lift curve slope, and reduced sensitivity to surface soiling [28].

Wirz proposed a new conceptual design for wind turbine blades that has the potential

to improve the structural and aerodynamic performance of the inboard region: the biplane

blade [34]. This design uses a biplane inboard region that transitions into a joint, which is

connected to a monoplane outboard region. Improved structural performance of the biplane

blade could allow the blade to be stiffer and lighter. It is expected that this design will be

most applicable to large (3-7 megawatt) and ultra-large (8-10 megawatt) turbines for both

land-based and offshore applications. An artist’s conception of a biplane blade is shown in

Figure 3.3.

The aero-structural advantages of this design are summarized in Figure 3.4. The slen-
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Figure 3.3: Artistic rendering for several views of a biplane blade for next-generation wind tur-
bine blades.

der biplane airfoils improve the aerodynamic performance of the inboard region, which can

increase the power produced by the blade. While the flow in the inboard region is known

to be highly complex and three-dimensional [51, 52], initial two-dimensional studies have

shown that biplane airfoils demonstrate improved lift-to-drag ratios, larger sectional max-

imum lift coefficients, and gentler stall characteristics than comparable thick monoplane

airfoils [35, 37]. Other researchers also found that multi-element airfoils designed for wind

turbine blades offered similar improvements [41]. If considering a cross-section, the gap be-

tween the biplane airfoils also greatly improves the second moment of area of the inboard

region, which can improve the flapwise bending stiffness of the blade. Compared to a large

conventional blade, a biplane blade of the same length could offer (1) less weight and cost

in the rotor, as well as (2) less demand for rotor overhang, a major cost in nacelle structure.

The first benefit is subject to the evaluation of material costs, as well as manufacturing costs

for the biplane blade. The second benefit is subject to the evaluation of the stiffness of the

biplane blade. All of these aero-structural advantages have the potential to increase the

annual energy production of wind turbine blades.

While its potential benefits are compelling, the radical configuration of the biplane blade

makes it challenging to design and analyze. One challenge with the concept is the design of

the mid-blade joint between the inboard biplane region and the outboard monoplane region.

The geometry near the joint is complex, and the flow around the joint may be highly three-

dimensional. This makes it difficult to calculate the aerodynamic drag on the joint without

32



σx, top

σx, top

σx, bottom

σx, bottom

x

x

z

y

z

z

Vrelative, wind
Mbending

Tensile stress

on top airfoil

Compressive stress

on bottom airfoil

midgap plane

x

y

Figure 3.4: For the biplane blade, loads manifest themselves on the beam flanges similar to the
behavior of an I-beam. These diagrams show a downwind view of a wind turbine
rotor rotating clockwise about the z-axis (upper left), a biplane section cutout
(middle), and an illustrative stress diagram resulting from bending moments about
the y-axis (right). Wind is in the positive z-direction.

detailed three-dimensional computational fluid dynamics simulations. The drag forces near

the joint of the biplane blade may be high; similar results were found for aerodynamic

analyses of joined-wing aircraft [53]. However, for biplane wind turbine blades, this is an

open research question that needs to be addressed with future studies. Another challenge

with the concept is the manufacture of the blade, particularly near the mid-blade joint and

the root, where the ends of the biplane region merge together. It may be possible to combine

some of the design elements from (1) segmented blades [10], and (2) blades with pre-bend

[54] and/or swept blades [55] to design the biplane blade for manufacturing. However, these

considerations are outside the scope of this paper, but they should also be treated in future

studies.

More generally, Wirz proposed that this design opens up a new paradigm for the design

of large multiplane blades, as a natural extension of the concept for biplane blades. Here,

“multiplane blade” refers to any blade with an inboard region that uses more than one airfoil

(e.g. biplane, triplane, quadplane, etc.). If the advantages of the biplane blade are realized,

then triplane blades or quadplane blades could also be investigated in the future.
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It should also be noted that a key challenge with upscaling blades is that the mass of

the blades increases faster than the rotor power. Assuming geometric similarity, material

similarity, and constant tip speed ratio, blade mass scales with length cubed, while rotor

power scales with length squared. According to these scaling laws, the edgewise bending

moments (due to gravitational loads from blade mass) grow with length raised to the fourth

power; flapwise bending moments (due to aerodynamic loads) grow with length raised to the

third power [9]. Considering today’s blades (typically about 50 meters long), aerodynamic

loads are usually larger than gravitational loads. For much longer blades, edgewise bending

moments due to gravitational loads will become important. Blade design innovations may

be able to reduce the growth rate of blade mass and edgewise bending moments; however

this is an open question for research that should be investigated in future studies. This

paper focuses on the scale of 50-meter blades, where flapwise bending moments are still the

principal design driver.

The objective of this effort is to develop biplane inboard configurations that improve the

aero-structural performance of wind turbine blades. This paper reveals their basic aerody-

namic and structural benefits separately using simple techniques.

3.2 Approach

To compare the performance of a conventional inboard section with a biplane inboard sec-

tion, the structural and aerodynamic performance of a thick monoplane cross-section was

compared to a biplane cross-section. As discussed in Section 3.2.1, cross-sectional properties

were measured to approximately characterize the structural and aerodynamic performance.

Next, as presented in Section 3.2.2, computational fluid dynamics (CFD) simulations were

used to explicitly compare the aerodynamic performance of a thick monoplane to a biplane.

Finally, Section 3.2.3 describes how several model beams were designed to be simple, first-

order approximations of a conventional wind turbine blade and a biplane blade. Three

canonical bending loads were applied to each of these model beams and the deflection of

each beam was compared.

34



x/c

y
/c

0.2 0.4 0.6 0.8 1.00.0
−0.4

−0.3

−0.2

−0.1
0.0

0.1

0.2

0.3

0.4

SC(2)-0714 biplane

FFA-W3-301
monoplane

14.0%
thick

30.1%
thick

Figure 3.5: Schematic of a biplane airfoil cross-section and a thick monoplane airfoil cross-
section.

3.2.1 Cross-sectional properties of a thick monoplane and biplane

To approximately characterize the structural and aerodynamic characteristics of a thick

monoplane and a biplane cross-section, several cross-sectional properties were measured for

two model airfoils. An FFA-W3-301 airfoil (Figure 3.5) was chosen as the thick monoplane

cross-section. This airfoil has a thickness-to-chord ratio of 30.1% and is similar to those used

near the root in conventional wind turbine blades [56]. An SC(2)-0714 airfoil (Figure 3.5)

was used in the biplane cross-section. This airfoil has a thickness-to-chord ratio of 14.0%;

thus, an SC(2)-0714 biplane using two of these airfoils has a total thickness-to-chord ratio

of 28.0%, roughly equal to that of an FFA-W3-301 monoplane. In this preliminary analysis,

however, the SC(2)-0714 airfoil was not chosen for its aerodynamic properties, but instead

for its structural shape. This airfoil is designed to operate in the transonic regime [57],

which is well beyond the subsonic regime of wind turbine aerodynamics in the inboard

region. However, because the box-like profile of the SC(2)-0714 airfoil is more similar to

the rectangular shape of I-beam flanges than other airfoils, it was expected that this airfoil

would have large principle area moments of inertia. It was also expected that the smaller

thickness-to-chord ratio of the SC(2)-0714 airfoil would create less pressure drag than the

thicker FFA-W3-301 airfoil. Therefore, this airfoil was used in both this cross-sectional

analysis, as well as a comparative aerodynamic analysis described in Section 3.2.2.
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Three cross-sectional properties were measured for the thick monoplane and the biplane

cross-sections: the second moments of area in the flapwise and edgewise directions (Iflap

and Iedge, respectively), the projected frontal area, and the wetted surface area. Because

a cross-section’s bending stiffness is proportional to its second moment of area, the second

moment of area gives an approximate measure of the structural stiffness of a cross-section

when subjected to bending loads. Similarly, a cross-section’s pressure and viscous drag

are roughly proportional to its projected frontal area and wetted surface area, respectively.

Thus, the projected frontal area and wetted surface area give an approximate measure of

the pressure and viscous aerodynamic drag of a cross-section. The chord length of each

cross-section was c = 1 m. The airfoils in the biplane cross-section were not staggered and

were separated by a gap-to-chord ratio of g/c = 0.5. The SolidWorks 2010 software [58] was

used to calculate these properties, assuming the airfoils in each cross-section were made of

a solid material with density ρ = 2.0 × 103 kg/m3. Results from this analysis are given in

Section 3.3.1.

3.2.2 Aerodynamic comparison of a thick monoplane and biplane cross-section

In order to quantify the comparative aerodynamic performance of the thick monoplane cross-

section and the biplane cross-section, a two dimensional (2D) CFD analysis was performed

using O-grid computational domains (Figure 3.6). As before, the chord length of each cross-

section was c = 1 m; the airfoils in the biplane cross-section were not staggered and were

separated by a gap-to-chord ratio of g/c = 0.5. Both domains had a diameter of 21 chord

lengths, so that incompressible viscous calculations could accurately model the flow far away

from the cross-section. A velocity-inlet boundary condition was used along the left edge of

each domain to define the upstream flow velocity. An outflow boundary condition was used

along the right edge of each domain to extrapolate the downstream flow properties from the

domain interior. Wall boundary conditions were used along each airfoil.

Two structured grids were generated for each domain with Gridgen 15.06 (Figure 3.7).

The thick monoplane used an O-grid with 131,072 cells. The biplane used an H-grid between
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Figure 3.6: Geometry of the biplane cross-section, shown with numerical boundary conditions.
Note: figure not to scale.

each airfoil and an O-grid for the surrounding far-field region; the entire grid used 151,500

cells. In both grids, cells were concentrated near the airfoil walls, where large gradients in

the flow exist from the boundary layer.

Steady-state, incompressible viscous CFD calculations were performed with the Fluent

6.3.26 software [59]. CFD was used to implicitly solve the pressure-based Navier-Stokes

equations in 2D, such that

∇ ·V = 0 (3.1)

ρ (V · ∇V) = −∇p+ µ∇2V, (3.2)

where V is the velocity vector, p is the pressure, and µ is the dynamic viscosity of the fluid.

Turbulent viscosity was modeled with the one-equation Spalart-Allmaras model [60]. The

solution scheme was second-order accurate in space.

All flow conditions in the numerical simulation were for air at atmospheric pressure

patm = 1.01325×105 Pa, density ρ = 1.225 kg/m3, and viscosity µ = 1.7894×10−5 kg/(m·s).
All simulations had a Reynolds number of Re = 1.479 × 106 and a freestream velocity of

V∞ = 21.6 m/s. The flow over the thick monoplane was computed at angles of attack
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(a) O-grid for FFA-W3-301 monoplane. (b) Clustered grid points near FFA-W3-301 monoplane.

(c) O-grid for SC(2)-0714 biplane. (d) Clustered grid points and H-grid between SC(2)-
0714 biplane.

Figure 3.7: Computational grids for preliminary aerodynamic analysis.
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Table 3.1: Definition of design parameters for the biplane blade.

Parameter name Symbol Description

Chord c Length from leading edge to trailing edge
Gap g Length between upper and lower chord lines
Span R Length from blade root to tip
Joint length rj Length from blade root to joint
Transition length rt Length of transition from biplane to monoplane

between 0◦ ≤ α ≤ 15.5◦; the flow over the biplane was computed between 0◦ ≤ α ≤ 15.3◦.

Convergence criteria of 10−3 were used for all computed solutions.

3.2.3 Structural comparison of monoplane beams and biplane beams

Several model beams (Figure 3.8) were designed to be simple, first-order approximations of a

conventional wind turbine blade (“monoplane beam”) and a biplane blade (“biplane beam”).

Design parameters for the biplane beam are defined in Table 3.1. Three canonical types of

bending load profiles were applied to the model beams (Figure 4.14), and the deflection

of each beam was calculated. These deflections were calculated with a 1D beam finite

element analysis, and validated with a fully 3D finite element analysis. The 1D analysis was

used to quickly explore the effect of three non-dimensional design parameters (referring to

Figure 3.8(c): the joint length-to-span ratio rj/R, the transition length-to-joint length ratio

rt/rj, and the gap-to-chord ratio g/c) on the tip deflection of the biplane beam. The results

from this parametric analysis are given in Section 4.3.2.3.

3.2.3.1 Design of model beams

In order to quickly evaluate the effect of several design parameters on structural performance,

simplified representations of a biplane blade were designed. For this initial study, tapering

of the cross-section along the span of the beam was not considered (the cross-sectional area,

chord length c = 1 m, and height h = 0.35 m were kept constant from root to tip). Composite

materials were also not considered. An isotropic material that approximated aluminum was
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Figure 3.8: Model beams for preliminary structural analysis.
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Figure 3.9: Load profiles applied to model beams.
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used for all beams (Young’s modulus E = 5.0× 1010 Pa, Poisson’s ratio ν = 0.3, and density

ρ = 2.0 × 103 kg/m3). Because weight is one of the important limiting parameters that

determines the length of wind turbine blades [19], all beams had equal cross-sectional areas,

and hence, equal mass per unit length. This allowed for a self-consistent comparison between

their structural performance.

Monoplane beam, hollow rectangular cross-section: A monoplane beam with a

hollow rectangular cross-section (Figure 3.8(a)) was constructed to mimic the “box beam”

structure typically used for the spars in conventional wind turbine blades [9]. The rectangular

cross-section had a wall thickness-to-chord ratio of tm/c = 11.08%.

Monoplane beam, 25% circular - 75% rectangular cross-section: Another mono-

plane beam (Figure 3.8(b)) with a hollow circular cross-section in the inboard region (0 ≤
x ≤ R/4) and the same rectangular cross-section in the outboard region (R/4 ≤ x ≤ R) was

constructed to mimic the cylindrical root section of conventional blades. The circular cross-

section had a wall thickness-to-chord ratio of tm,1/c = 8.72%; the rectangular cross-section

had tm,2/c = 11.08%.

Biplane beam: A biplane beam (Figures 3.8(c) and 3.8(d)) was also constructed to

mimic the “box beam” structure that would be used in a biplane blade. For this analysis,

the beam was symmetric about the xy-plane. The monoplane outboard region (rj < x < R)

used the same rectangular cross-section (tm/c = 11.08%) as the first monoplane beam. The

biplane inboard region (0 < x < rj) used a rectangular cross-section with thinner walls

(tb/c = 5.0% wall thickness-to-chord ratio). The area of this thinner-walled cross-section

was half of the area of the thicker-walled cross-section. This kept the weight of the biplane

beam equal to the weight of both monoplane beams.

3.2.3.2 Load profiles and boundary conditions

To approximate the flapwise bending moment (the primary load on wind turbine blades

[51]), three canonical bending load profiles were applied to the model beams: a point load,

a constant load distribution, and a triangular load distribution (Figure 4.14). The point
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load magnitude was 10,000 N (Fo = 1000). The maximum magnitude of the constant and

triangular load distributions was 1,000 N/m. In particular, the triangular load distribution

was chosen to approximate the load distribution that develops on a wind turbine blade

during operation (largest loads near the tip and smallest loads near the root). To load the

monoplane beams and the biplane beam in an equivalent manner, it was assumed that the

loads on the biplane inboard region of the biplane beam were equally distributed among the

upper and lower beams (Figures 3.9(f) and 4.14(b)). All beams were cantilevered at the root

(x = 0 m) and free at the tip (x = R = 50 m).

3.2.3.3 Validation of 1D beam finite element analysis

Both 1D beam and 3D tetrahedral finite elements were used to carry out a linear static

analysis on both monoplane beams and one biplane beam configuration. This validation

study was conducted to determine if the 1D models of these beams (Figure 3.10(a)) were

accurate, when compared to the 3D models of these beams (Figure 3.10(b)). In particular,

the authors wanted to ensure that the region near the joint of the biplane beam could be

modeled accurately with 1D beam elements. The biplane beam used for this validation study

had a joint length-to-span ratio of rj/R = 0.6, a transition length-to-joint length ratio of

rt/rj = 0.6, and a gap-to-chord ratio of g/c = 2.0. Each of the load profiles described in

Section 3.2.3.2 was applied to each beam. In the 1D models, the 3D structure of each beam

was approximated with 1D beam finite elements. In the 3D models, the 3D structure of each

beam was approximated with 3D tetrahedral finite elements. Results from this validation

study are given in Section 3.3.3.1.

For the 1D models, each beam was modeled with 3rd-order 1D Timoshenko beam finite

elements (Figure 3.10(a)) in DYMORE 3.0, a flexible multibody dynamics finite element

program [61, 62]. For this linear static analysis, DYMORE solved the equation

[S]{q} = {f}, (3.3)

where q is the vector of all the degrees of freedom, and f is the vector of externally applied
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(a) Biplane beam discretized with 1D beam finite elements.

(b) Biplane beam discretized with 3D tetrahedral finite elements.

Figure 3.10: Computational meshes used for finite element analysis.

forces.

The 2D cross-sectional properties of these beam elements were calculated with the VABS

3.4 software [63, 64], also known as Variational Asymptotic Beam Sectional analysis. VABS

uses the variational asymptotic method [65, 66] to accurately calculate the mass and stiffness

matrices for arbitrary beam cross-sections. The 6 × 6 mass matrix [M ] can be determined

from the equation for the kinetic energy density K, such that

K =
1

2



V1

V2

V3

Ω1

Ω2

Ω3



T 

µ̃ 0 0 0 µ̃xm̃3 −µ̃xm̃2

0 µ̃ 0 −µ̃xm̃3 0 0

0 0 µ̃ µ̃xm̃2 0 0

0 −µ̃xm̃3 µ̃xm̃2 i22 + i33 0 0

µ̃xm̃3 0 0 0 i22 −i23

−µ̃xm̃2 0 0 0 −i23 i33





V1

V2

V3

Ω1

Ω2

Ω3


, (3.4)

where K is the kinetic energy density, V is the linear velocity, Ω is the angular velocity, µ̃ is

the mass per unit length, x is the distance from the root, y is the distance from the leading
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edge, z is the distance from the chord line, and i is the mass moment of inertia. Symbols

with a subscripted 1, 2, or 3 refer to properties along the beam reference line, the chord line

in the cross-sectional plane, or the thickness line in cross-sectional plane, respectively.

VABS uses a generalized Timoshenko beam model [67], whose 6× 6 stiffness matrix [S]

can be determined from the equation for the strain energy density U , such that

U =
1

2



γ11

2γ12

2γ13

κ1

κ2

κ3



T 

S11 S12 S13 S14 S15 S16

S12 S22 S23 S24 S25 S26

S13 S23 S33 S34 S35 S36

S14 S24 S34 S44 S45 S46

S15 S25 S35 S45 S55 S56

S16 S26 S36 S46 S56 S66





γ11

2γ12

2γ13

κ1

κ2

κ3


, (3.5)

where U is the strain energy density, γ is the strain, κ is the curvature, and Sij are the

entries in the generalized Timoshenko stiffness matrix.

DYMORE and VABS were selected as structural analysis tools because they are fast

[67, 68], and they have successfully modeled helicopter blades [69, 61, 70] and wind turbine

blades [71, 72, 73, 68]. Furthermore, several researchers have also used 1D beam finite

elements to model a joined wing structure [74, 75, 76, 77].

For the 3D models, each beam was modeled with 3D tetrahedral finite elements (Fig-

ure 3.10(b)) in the Structural Mechanics module of COMSOL Multiphysics 4.1.0.88 [78].

For this linear static analysis, COMSOL also solved Equation (3.3). Again, note that this

3D analysis was conducted to validate the 1D analysis, so that DYMORE and VABS could

be confidently used to quickly analyze several different biplane beam configurations (as de-

scribed in Section 4.3.2.3).
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3.3 Results

3.3.1 Cross-sectional properties of a thick monoplane and biplane

The FFA-W3-301 thick monoplane cross-section has second moments of area Iflap = 8.202×
10−4 m4 and Iedge = 7.848×10−3 m4, a projected frontal area of 0.301 square meters per unit

span, and a wetted surface area of 2.168 square meters per unit span. The SC(2)-0714 biplane

cross-section has second moments of area Iflap = 1.165×10−2 m4 and Iedge = 1.288×10−2 m4,

a projected frontal area of 0.280 square meters per unit span, and a wetted surface area of

4.134 square meters per unit span. In the flapwise direction, the second moment of area

for the biplane is about one order of magnitude (1320%) greater than the thick monoplane.

In the edgewise direction, the second moment of area for the biplane is about 64% greater

than the thick monoplane. The projected frontal area of the biplane is slightly less than

the frontal area of the thick monoplane. Finally, the wetted surface area of the biplane is

nearly twice that of the thick monoplane. Two of the three cross-sectional properties for the

biplane are better than those for the thick monoplane; this motivates further comparisons

of the two cross-sections with CFD, as well as a structural comparison of monoplane and

biplane beams.

3.3.2 Aerodynamic comparison of a thick monoplane and biplane cross-section

Lift and drag coefficients of both the thick monoplane and biplane were calculated from the

integrated pressure force along each of the airfoil walls. The lift and drag coefficients calcu-

lated with CFD for the FFA-W3-301 thick monoplane were then compared to experimental

data [56]. The pressure and viscous parts of the lift and drag data were also reported from

CFD to study the effect of the biplane’s increased surface area on viscous drag. Finally,

the lift-to-drag ratio at each angle of attack was calculated to compare the aerodynamic

efficiency of the thick monoplane and the biplane.

Numerical and experimental results for the FFA-W3-301 thick monoplane match well for

angles of attack between 0◦ < α . 10◦ (Figure 3.11). Above this range, CFD calculations
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Figure 3.11: Comparison of lift and drag coefficients for the FFA-W3-301 thick monoplane,
calculated by CFD and measured from experiments conducted by Fuglsang et al.
[56].

did not predict lift and drag coefficients measured in wind tunnel experiments [56]. The

CFD results predict that the FFA-W3-301 thick monoplane would stall near α ≈ 14◦, while

experimental measurements show an earlier stall near α ≈ 10◦. Thus, the CFD results

overpredict the lift and underpredict the drag when α & 10◦. CFD also slightly overpredicts

the drag when 3◦ . α . 10◦.

Overall, CFD calculations show that the SC(2)-0714 biplane outperforms the FFA-W3-

301 thick monoplane for angles of attack between 0◦ ≤ α ≤ 15.5◦ (Figure 3.12). The lift

generated by the biplane for each angle of attack is always greater than the lift generated by

the thick monoplane (Figure 3.12(a)). The pressure drag on the biplane is always smaller

than the pressure drag on the thick monoplane. Although the viscous drag on the biplane is

always greater than the viscous drag on the thick monoplane, the total drag for the biplane

is always less than the total drag for the thick monoplane. As a result, the lift-to-drag

ratio of the biplane is always greater than the lift-to-drag ratio of the thick monoplane

(Figure 3.12(b)). However, the results for angles of attack α & 10◦ in Figure 3.12 may be

inaccurate because, as mentioned earlier, numerical and experimental results for the thick

monoplane only match well for angles of attack between 0◦ ≤ α . 10◦ (Figure 3.11).
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Figure 3.12: Aerodynamic performance of a thick monoplane and a biplane cross-section. Forces
on each cross-section were integrated with Fluent CFD.

3.3.3 Structural comparison of monoplane beams and biplane beams

3.3.3.1 Validation of 1D beam finite element analysis

Both monoplane beams and one biplane beam configuration (joint length-to-span ratio of

rj/R = 0.6, transition length-to-joint length ratio of rt/rj = 0.6, and gap-to-chord ratio of

g/c = 2.0) were used to validate the 1D beam finite element analysis against a 3D finite

element analysis for each of the load profiles described in Section 3.2.3.2. Figure 3.13 shows

the deflections calculated by both analyses. For the point load, the tip deflections calculated

by each approach for the point load differ by 0.27% (monoplane beam, hollow rectangu-

lar cross-section), 8.48% (monoplane beam, 25% circular - 75% rectangular cross-section),

and 2.76% (biplane beam). For the constant load distribution, the tip deflections differ by

0.64% (monoplane beam, rectangular cross-section), 10.17% (monoplane beam, 25% circular

- 75% rectangular cross-section), and 3.42% (biplane beam). For the triangular load dis-

tribution, the tip deflections differ by 0.38% (monoplane beam, rectangular cross-section),

9.79% (monoplane beam, 25% circular - 75% rectangular cross-section), and 3.31% (biplane

beam). Although the tip deflections of the monoplane beam with 25% circular - 75% rect-
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Figure 3.13: Comparison of beam deflections under various load profiles, calculated with DY-
MORE (1D FEA) and COMSOL (3D FEA): a monoplane beam with a rectangular
cross-section (MB-R); a monoplane beam with 25% circular - 75% rectangular
cross-section (MB-CR); and a biplane beam with design parameters g/c = 2.0,
rj/R = 0.6, and rt/rj = 0.6 (BB).

angular cross-section have higher errors than the other two model beams, the results still

show decent agreement between the 1D and 3D approaches. The disagreement is likely due

to the sharp gradient in this beam’s cross-sectional properties at x = R/4, which cannot be

resolved well by the mesh of 1D beam elements. For a triangular load distribution, which

approximates the loading on a wind turbine blade during operation, the tip deflection of the

biplane blade is less than 30% of the tip deflection of a monoplane blade (Figure 3.13(b)).
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Figure 3.14: Effect of three design parameters (joint length-to-span ratio rj/R, transition
length-to-joint length ratio rt/rj, and gap-to-chord ratio g/c) on the tip deflection
of a biplane beam under a triangular load distribution. Lighter filled contours show
smaller tip deflections.

3.3.3.2 Parametric analysis of different biplane beam configurations

Several biplane beam configurations were constructed by varying three non-dimensional de-

sign parameters (joint length-to-span ratios of rj/R = 0.2, 0.3, . . . 0.8; transition length-

to-joint length ratios of rt/rj = 0.2, 0.3, . . . 0.8; and gap-to-chord ratios of g/c = 0.5, 0.6,

. . . 2.0), while the span R = 50 m was held constant. From all the permutations of these

three parameters, 784 biplane beam configurations were constructed. Three load profiles

(described in Section 3.2.3.2) were applied to each biplane beam configuration, and DY-

MORE was used to calculate the tip deflections. The effect of three non-dimensional design

parameters (joint length-to-span ratio rj/R, transition length-to-joint length ratio rt/rj,

and gap-to-chord ratio g/c) on the tip deflection of all 784 biplane beam configurations was

evaluated (Figure 4.25).

Overall, tip deflections decrease as the joint length-to-span ratio rj/R increases. For
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a given joint length-to-span ratio rj/R, tip deflections always decrease as the gap-to-chord

ratio g/c increases. When 0.2 ≤ rj/R ≤ 0.4, tip deflections decrease as the transition length-

to-joint length ratio rt/rj decreases. However, for 0.5 ≤ rj/R ≤ 0.8, tip deflections show

a dependence on both the transition length-to-joint length ratio rt/rj and the gap-to-chord

ratio g/c. When the gap-to-chord ratio g/c is small (≈ 0.5), tip deflections decrease slightly

as the transition length-to-joint length ratio rt/rj decreases. When the gap-to-chord ratio

g/c is large (≈ 2.0), tip deflections sometimes increase as the transition length-to-joint length

ratio rt/rj decreases. As the joint length-to-span ratio rj/R increases, the tip deflection is

more likely to depend on the transition length-to-joint length ratio rt/rj across a wider range

of gap-to-chord ratios g/c. For example, at a joint length-to-span ratio of rj/R = 0.5, this

behavior is seen when 1.9 . g/c ≤ 2.0, but at rj/R = 0.8, this behavior is seen for a much

wider range of 0.75 . g/c ≤ 2.0. Only results from the triangular load distribution are shown

in Figure 4.25. Results from other load profiles gave similar results and are not shown.

3.4 Conclusion

The results show that the biplane blade significantly improves both the aerodynamic and

structural characteristics of the blade. As discussed in Section 3.3.1, it was expected that the

smaller thickness-to-chord ratio of the SC(2)-0714 airfoil would create less pressure drag than

the thicker FFA-W3-301 airfoil. This aerodynamic benefit was confirmed in Section 3.3.2,

where CFD calculations show that the lift-to-drag ratio of the biplane is much greater than

the lift-to-drag ratio of the thick monoplane for the angles of attack investigated (0–15.5◦).

Although the projected frontal areas of the biplane and thick monoplane are about equal,

the biplane has less pressure drag than the thick monoplane because the biplane configu-

ration splits the frontal area between two separate airfoils. The biplane also has less total

drag than the thick monoplane, despite having nearly twice the wetted surface area of the

thick monoplane and more viscous drag. As presented in Section 3.3.1, the second moment

of area for the biplane was about one order of magnitude greater than those for the thick

monoplane in the flapwise direction. This structural benefit was confirmed in Section 3.3.3
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through a comparison of monoplane and biplane beams. For a triangular load distribution,

which approximates the loading on a wind turbine blade during operation, the tip deflection

of the biplane beam is less than 30% of the tip deflection of a monoplane beam. A para-

metric analysis of different biplane beam configurations shows that tip deflections of biplane

beams are reduced overall as each of the design parameters (joint length-to-span ratio rj/R,

transition length-to-joint length ratio rt/rj, and gap-to-chord ratio g/c) are increased.

The aerodynamic and structural benefits described above suggest that the biplane blade

is an attractive design for the next generation of large wind turbine blades. Aerodynamic

performance improvements to the inboard region can lower the cut-in wind speed at which a

needed to start rotating a wind turbine rotor. Structural performance improvements indicate

that for a monoplane blade of fixed length, it is likely possible to construct a lighter biplane

blade with an equal tip deflection. These benefits can lead directly to weight reductions for

large blades that can reduce the cost of the blades, the gravitational loads on the blades, as

well as the inertial loads on the rest of the wind turbine. Thus, it is likely that this design

will be significant for large (3-7 megawatt) and ultra-large (8-10 megawatt) turbines for both

land-based and offshore applications.

3.4.1 Outlook & future work

Aerodynamic work will continue with CFD to obtain validated results up through high

angles of attack. The differences between the results from CFD and experiments at high

angles of attack are likely due to the choice of the Spalart-Allmaras turbulence model. It

has been shown that this model is prone to give nonphysical results at high angles of attack

when the flow becomes separated from the airfoil surface [59]. In the future, wind tunnel

experiments will also be conducted on biplane cross-sections up through high angles of attack.

This paper only considered one biplane configuration (gap-to-chord ratio g/c = 0.5, without

stagger), but further work is needed to explore the effects of varying gap and stagger on

biplane performance across a range of angles of attack; at the time of writing, the authors’

colleagues are performing this work with both computational and experimental methods.
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This work will allow for a more accurate evaluation of the aerodynamic performance of the

biplane-monoplane transition region near the mid-blade joint of the biplane blade, where the

gap-to-chord ratio varies from 2.0 ≤ g/c ≤ 0.0. The flow around the joint is also expected

to be highly complex and three-dimensional. The drag forces near the joint of the biplane

blade may be high because similar results were found for aerodynamic analyses of joined-

wing aircraft [53]. However, effect of the joint’s drag on the performance of the biplane blade

is not yet clear and needs to be addressed with 3D CFD studies in the future.

Structural work will be extended to construct more accurate models of monoplane and

biplane blades with realistic geometries and composite layups, and to load these models under

actual operating conditions (including loads in both the flapwise and edgewise directions).

These loads can be obtained from wind turbine Blade Element Momentum codes [51]. The

finite element analysis can also be extended to measure internal stresses, perform dynamic

simulations, calculate buckling modes, and analyze centrifugal loading under rotation of the

biplane beam. Overall, this paper lays a foundation for future side-by-side comparisons of

monoplane and biplane blades at a fixed multi-megawatt scale and rotor diameter, which

will include loads, structural design, materials, and manufacturing aspects.
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CHAPTER 4

Structural design of spars for 100-meter biplane wind

turbine blades

Large wind turbine blades are being developed at lengths of 75-100 meters, in order to

improve energy capture and reduce the cost of wind energy. Bending loads in the inboard

region of the blade make large blade development challenging. The “biplane blade” design

was proposed to use a biplane inboard region to improve the design of the inboard region

and improve overall performance of large blades. This paper focuses on the design of the

internal “biplane spar” structure for 100-meter biplane blades. Several spars were designed

to approximate the Sandia SNL100-00 blade (“monoplane spar”) and the biplane blade

(“biplane spar”). Analytical and computational models are developed to analyze these spars.

The analytical model used the method of minimum total potential energy; the computational

model used beam finite elements with cross-sectional analysis. Simple load cases were applied

to each spar and their deflections, bending moments, axial forces, and stresses were compared.

Similar performance trends are identified with both the analytical and computational models.

An approximate buckling analysis shows that compressive loads in the inboard biplane region

do not exceed buckling loads. A parametric analysis shows biplane spar configurations

have 25-35% smaller tip deflections and 75% smaller maximum root bending moments than

monoplane spars of the same length and mass per unit span. Root bending moments in the

biplane spar are largely relieved by axial forces in the biplane region, which are not significant

in the monoplane spar. The benefits for the inboard region could lead to weight reductions in

wind turbine blades. Innovations that create lighter blades can make large blades a reality,

suggesting that the biplane blade may be an attractive design for large (100-meter) blades.
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4.1 Introduction

In order to improve energy capture and reduce the cost of wind energy, wind turbines have

grown dramatically over time. Longer blades are being developed to enable large, multi-

megawatt wind turbines capture more energy. The rated power of wind turbines has grown

almost linearly for the past 30 years [3, 10]. At the time of writing, a 73.5-meter blade had

been manufactured for a 6-megawatt offshore wind turbine [79, 80]. Blades are expected

to grow even larger in the future; current investigations include the development of a 20-

megawatt turbine [10] and the design of a 100-meter blade [9]. However, the development

of large blades at this scale is challenging. For a simple geometric upscaling of a blade and

assuming a constant tip speed ratio, the bending stresses due to aerodynamic forces are

independent of blade length, and the bending stresses due to gravitational forces increase

linearly as blades get longer [9]. These bending loads are highest in the inboard region,

near the root of the blade. Hence, the inboard region needs an efficient structure that

can support the bending loads, provide favorable aerodynamic performance, but also limit

overall blade mass (and cost). The blade cannot be too heavy, because excess blade mass

increases inertial fatigue loads, which decrease the blade lifetime. Heavier blades also tend

to cost more to manufacture and transport, which limits the economic benefits of large wind

turbines. This paper investigates a new biplane structural design of the inboard region for

large wind turbine blades.

Recent research suggests that improving performance in the inboard region of the blade

may improve the overall blade performance. Conventionally, the inboard region used thick

airfoils to support large flapwise bending loads [24, 20, 25]. While the aerodynamic perfor-

mance of thick airfoils is generally poor, this is the standard compromise between structures

and aerodynamics in blade design. The inboard region is primarily designed for structures:

thick cross-sections (with a large second moment of area in the flapwise direction) support the

large flapwise bending loads. (The inboard region design is also influenced by manufacturing

constraints related to the root attachment, as well as transportation requirements that limit

the maximum allowable dimensions.) In order to improve the performance of the inboard

55



region within the context of these constraints, blunt trailing-edge “flatback” airfoils have

been designed to address both the structural and aerodynamic performance of the inboard

region [26, 27]. Structural advantages of flatback airfoils include a larger sectional area and

increased sectional moment of inertia for a given airfoil maximum thickness; aerodynamic

advantages include a larger sectional maximum lift coefficient, increased lift curve slope, and

reduced sensitivity to surface soiling [28].

Multi-element airfoils for the inboard region have also been proposed as an alternative

concept that may improve performance. Recent aerodynamic investigations [40, 41] have

shown that multi-element airfoils (which are specifically designed for wind turbines, and are

usually thick airfoils with thickness-to-chord ratios of 15–30%) have greater lift-to-drag ratios

and maximum lift coefficients compared to standard thick airfoils for wind turbines. Another

study found that multi-element airfoils fitted to the inboard region improved the annual

energy production of a 10-megawatt turbine [42]. Hence, it may be possible to increase the

maximum power production, improve start-up performance, and improve overall efficiency

of blades for megawatt-size turbines. These studies showed aerodynamic improvements, but

did not explicitly examine the structural considerations for large blade designs.

Wirz proposed a conceptual design for wind turbine blades that has the potential to

improve the structural and aerodynamic performance of the inboard region: the biplane

blade [34]. A similar design was independently proposed by Grabau [38]. The biplane blade

design uses a biplane inboard region that transitions into a joint, which is connected to a

monoplane outboard region. Preliminary structural analysis suggests that a biplane blade

could be expected to achieve a 30% decrease in blade tip deflection [31, 35]. This indicates

that for a monoplane blade of fixed length, it may be possible to construct a lighter biplane

blade with an equal tip deflection. These benefits can lead directly to weight and cost

reductions for large blades. Preliminary aerodynamic analysis showed that biplane airfoils

can also achieve significant increases in lift [37], similar to the multi-element airfoils discussed

above.

While its potential benefits are interesting, the unconventional configuration of the bi-

plane blade makes it challenging to design and analyze. Hence, a new method is needed to
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Figure 4.1: Two major design parameters for the biplane blade: joint length (the spanwise
distance between the blade root and the mid-blade joint), and the gap (the flapwise
distance between the upper and lower elements of the biplane).

Table 4.1: Definition of design parameters for the biplane blade.

Parameter name Symbol Description
joint length rj length from blade root to joint
span R length from blade root to tip
joint length-to-span ratio rj/R fraction of blade span containing the inboard biplane region
gap g length between the upper and lower chord lines of the biplane
chord c length from the leading edge to trailing edge
gap-to-chord ratio g/c gap between biplane elements, normalized by chord

design and analyze the biplane blade. It is not initially apparent exactly how the biplane

should be incorporated into the overall blade structure, because several design parameters

need to be specified for the inboard biplane region. This paper focuses on two important

design parameters (see Figure 4.1 and Table 4.1): the joint length rj (the spanwise dis-

tance between the blade root and the mid-blade joint), and the gap g (the flapwise distance

between the upper and lower elements of the biplane).

To design the biplane blade, the authors used a “structures-first” design approach: (1)

design the internal “biplane spar” structure, and (2) fit the airfoil exterior over that spar

(Figure 4.2). (This approach is the reverse of the design process used for the Sandia SNL100-

00 reference blade [9], an example of a conventional “monoplane blade.” The Sandia blade

was designed by first choosing an airfoil family for the aerodynamic exterior of the blade, and

then fitting a “monoplane spar” structure inside these airfoils.) For the biplane blade, the

two-step structures-first approach will give an initial design for the biplane blade. This design

will be refined later by iterating through these two steps several times, in order to arrive

at a final design for the biplane blade that provides desirable aero-structural performance.

In some respects, the structures-first approach is similar to the “Aerosolve” design process

proposed for designing conventional monoplane blades [28]. No aerodynamic analysis of
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Figure 4.2: Example design approach for a conventional wind turbine blade (left), and the
“structures-first” approach to design biplane blades (right). This paper focuses on
the first step of the structures-first approach.

the biplane blade is presented here. Instead, this paper focuses on the first step of the

structures-first approach (structural design of biplane spars), which lays the foundation for

future studies of biplane blades.

Following on from the preliminary investigations, this work aims to show that 100-meter

biplane spars can provide improved flapwise structural performance, relative to a conven-

tional 100-meter monoplane spar. First, this work introduces a new analytical model for the

displacement field of simplified biplane spars (“biplane beams”), which reveals how biplane

spars carry loads differently from conventional cantilevered monoplane spars. Second, a com-

putational model is developed to investigate the design of 100-meter biplane spars made of

composite (anisotropic) materials and use realistic cross-sections that taper the spar thick-

ness from root to tip. An approximate buckling analysis is used to verify that compressive

loads in the inboard region do not exceed critical buckling loads. This extends earlier re-

search [31, 35] that considered simplified 50-meter biplane spars made of isotropic materials

and used uniform rectangular cross-sections (which did not taper the spar thickness from

root to tip). Earlier research did not consider buckling. Last, the computational model is

used to perform a parametric study of different biplane spar configurations. Fifteen biplane

spar configurations were constructed by varying two design parameters (the joint length rj

and the gap g), while the blade span was held constant. This parametric study investigated

58



the effect of these design parameters on the flapwise structural performance of biplane spars.

4.2 Methods

Both analytical and computational models were used to investigate the structural design of

biplane spars. The analytical model gives physical insights into the structural behavior of the

biplane spar, which are not clear from the computational model alone. The analytical model

used the method of minimum total potential energy [81] to derive the displacement field of

a biplane beam (a simplified structure that approximates a biplane spar, using three Euler-

Bernoulli beams and a rigid joint). The computational model used beam finite elements and

cross-sectional analysis to create more complex models of monoplane and biplane spars made

with composite materials and realistic cross-sections that taper the spar thickness from root

to tip. These computational models were used in two ways: (1) to compare the structural

performance of a monoplane spar to biplane spars, and (2) to perform a parametric study

of different biplane spar configurations.

4.2.1 Analytical model

The method of minimum total potential energy [81] was used to derive the displacement field

of a simplified biplane spar, or “biplane beam” (Figure 4.3). This method is often used for

structures that are difficult or cumbersome to analyze with free body diagrams, because it

offers a systematic framework to obtain the equilibrium equations and boundary conditions

for the structure. The resulting boundary value problem can be solved analytically for the

displacement field. The derivation of the analytical model is outlined below.

4.2.1.1 Geometry

Consider a “biplane beam” structure (Figure 4.3), composed of an inboard biplane region

(0 ≤ x ≤ rj) and an outboard monoplane region (rj ≤ x ≤ R). The inboard biplane region

is made up of two beams separated by a gap g: the “upper biplane” (UB) beam and the
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Figure 4.3: Schematic of the biplane beam structure used for the analytical model.
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Figure 4.4: Schematics for the kinematic assumptions at the rigid joint (x = rj) used for the
analytical model.

“lower biplane” (LB) beam. The UB and LB beams are both cantilevered at x = 0 and both

affixed to a rigid joint at x = rj. This joint is assumed to be very thin compared to the span

R. The outboard monoplane region is made of one beam: the “outboard monoplane” (OM)

beam. The OM beam is affixed to the rigid joint at x = rj, and free at x = R.

4.2.1.2 Loads

Three transverse distributed loads (qUB(x), qLB(x), and qOM(x)) are applied to the UB, LB,

and OM beams, respectively. To approximate the flapwise bending moment (the primary

load on wind turbine blades [51]), the transverse distributed loads were assumed to be con-

stant along each of the spans of the OM, UB, and LB beams. The constant load distribution

approximates an “instantaneous snapshot” of a gust load on a wind turbine blade. These
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gust loads often lead to the worst-case scenario of all the design load cases suggested by

international certification standards of wind turbine blades [82], as was shown in [9]. The

magnitude of the inboard distributed loads was assumed to be half of the magnitude of the

outboard distributed load (Eqs. (4.1)). In other words, the constant load distribution that

would normally be present on the inboard region of a conventional monoplane blade was

equally distributed among the UB and LB beams.

qOM(x) = q0

qUB(x) =
1

2
q0

qLB(x) =
1

2
q0.

(4.1)

The transverse distributed loads only simulate flapwise bending loads on the biplane

spar. Consider a “full” biplane blade, with airfoils added over a biplane spar. The flapwise

bending response of a full biplane blade is unlikely to be much different from the flapwise

response of a biplane spar, so flapwise loads are considered in the present study. However,

edgewise loads and torsional response will likely be different in the full biplane blade, so they

were not investigated here with the analytical model for the biplane spar.

4.2.1.3 Engineering properties

Each beam is assumed to be made of an isotropic, linear elastic material. The UB beam

has bending stiffness EIUB(x) and extension stiffness EAUB(x). Similarly, the LB and OM

beams have stiffnesses EILB(x), EALB(x), EIOM(x), and EAOM(x).

In order to make the analytical model tractable, some assumptions were made for the en-

gineering properties and loads on the biplane beam, leading to simpler equilibrium equations

and natural boundary conditions. It was assumed that EA and EI were constant along each

of the spans of the OM, UB, and LB beams. Furthermore, the inboard biplane properties
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were scaled to the outboard monoplane properties with constants α and β, such that

α =
EAUB

EAOM

=
EALB

EAOM

β =
EIUB

EIOM

=
EILB

EIOM

.

(4.2)

4.2.1.4 Kinematic assumptions

The UB, LB, and OM beams were modeled with Euler-Bernoulli beam theory. In addition

to transverse bending, all beams were allowed to stretch axially.

The rigid joint has three degrees of freedom: transverse displacement, rotation, and axial

displacement (Figure 4.4). The joint effectively links the movement of all three beams at

x = rj. At the joint, the transverse displacements and rotations of all three beams must

be equal. Additionally, at the joint, the axial displacements of the UB and LB beams are

related to the axial displacement of the OM beam and the rotation of the OM beam.

uUB(rj) = uOM(rj) +
1

2
gv′OM(rj)

uLB(rj) = uOM(rj)−
1

2
gv′OM(rj)

(4.3)

4.2.1.5 Solution for transverse and axial displacements

An expression for the total potential energy of the structure and applied loads was developed

and minimized [83, 84]. Then, the minimum total potential energy was used to obtain the

equilibrium equations and boundary conditions. Python-based software (the symbolic math

package SymPy 0.7.2. [85] and the web-based notebook environment of IPython 0.13 [86])

was used to help derive the solution to these equilibrium equations and boundary conditions.

The resulting analytical solution is given below.
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The transverse displacements are

vUB(x) =
q0x

4

48EIβ
− Rq0x

3

12EIβ

+
q0x

2
(
3ARαg2rj − Aαg2r2

j + 12IR2β
)

24EIβ (Aαg2 + 4Iβ)
(4.4a)

vLB(x) =
q0x

4

48EIβ
− Rq0x

3

12EIβ

+
q0x

2
(
3ARαg2rj − Aαg2r2

j + 12IR2β
)

24EIβ (Aαg2 + 4Iβ)
(4.4b)

vOM(x) =
q0x

4

24EI
− Rq0x

3

6EI
+
R2q0x

2

4EI

+
q0rjx

6EI (Aαg2 + 4Iβ)

(
−3AR2αg2 + 3ARαg2rj − Aαg2r2

j

−12IR2β + 6IR2 + 12IRβrj − 6IRrj − 4Iβr2
j + 2Ir2

j

)
+

q0r
2
j

48EIβ (Aαg2 + 4Iβ)

(
12AR2αβg2 − 16ARαβg2rj

+ 2ARαg2rj + 6Aαβg2r2
j − Aαg2r2

j + 48IR2β2

−24IR2β − 64IRβ2rj + 32IRβrj + 24Iβ2r2
j − 12Iβr2

j

)
. (4.4c)

The axial displacements are

uUB(x) =
gq0x

(
3R2 − 3Rrj + r2

j

)
6E (Aαg2 + 4Iβ)

(4.5a)

uLB(x) = −gq0x
(
3R2 − 3Rrj + r2

j

)
6E (Aαg2 + 4Iβ)

(4.5b)

uOM(x) = 0. (4.5c)

Compare Equations (4.4) and (4.5) to the analytical solution for a cantilever beam of length

R, with uniform axial stiffness EA and bending stiffness EI, under a constant distributed

load q0 [87]; here, this reference beam is referred to as a “monoplane beam”.

vmonoplane(x) =
q0R

4

24EI

[( x
R

)4

− 4
( x
R

)3

+ 6
( x
R

)2
]

(4.6a)

umonoplane(x) = 0 (4.6b)
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(a) Monoplane spar. (b) Biplane spar, with joint length-to-span ratio
rj/R = 0.452 and gap-to-chord ratio g/c = 1.25.
The outboard monoplane region of this biplane spar
(shown in black) is identical to the outboard region
of the monoplane spar. The inboard biplane region
(shown in red) has replaced the inboard monoplane
region of the monoplane spar.

Figure 4.5: Surface geometry of spars used for the computational model. Three views are shown
for each spar: edgewise (top), flapwise (middle), and isometric (bottom).

4.2.2 Computational model

Computational models (Figure 4.5) were constructed to include some more complex design

features of the biplane spar that could not be included in the analytical model (such as

tapering of the spar from root to tip, a smooth biplane-monoplane transition at the joint, and

anisotropic composite cross-sections). A computational model of a monoplane spar was also

constructed for benchmark comparisons against these biplane spars. These computational

models more accurately represent the real structures inside biplane blades and conventional

blades than the analytical models used in Section 4.2.1. The computational models were

analyzed with 1D beam finite elements and 2D cross-sectional analysis (described further

in Section 4.2.2.4). An approximate buckling analysis was used to verify that compressive

loads in the inboard region do not exceed critical buckling loads.

The first step of the structures-first approach centers around the design and analysis

of spars (Figure 4.2). The 100-meter Sandia research blade [9] was used as a template to

design these spars. The Sandia blade was chosen because many details of its design were

made publicly available, including its cross-section geometries, composite layup, and material

64



properties. The Sandia blade is an open platform that can be modified to create new blade

designs, making it ideal for this investigation.

4.2.2.1 Assumptions

The main assumption behind the structures-first approach is that the structural performance

of a spar is representative of the structural performance of an entire blade. This assumption

is reasonable because the spar is the primary load-bearing component in the blade [88, 89].

Furthermore, to the authors’ best knowledge, the airfoil shells on the Sandia blade are not

intended to be load-bearing; they merely transfer the aerodynamic loads from the wind to

the internal spar structure. The spar is composed of spar caps on the top and bottom,

and shear webs on the left and right. The spar caps are made of the primary load-carrying

unidirectional fibers, and the shear webs stabilize the spar caps under shear forces; this

creates a closed-box section.

In this analysis, the spar is defined to include the following structural components from

the Sandia blade: the two principal shear webs, the two spar caps, and the portion of the

root buildup that is adjacent to the spar caps (Figure 4.6). The root buildup was included

because the spar caps are very thin near the spar root, and the root buildup is needed to

provide more stiffness in the root structure. All other components in the Sandia blade were

neglected.

Three other assumptions were made to simplify the geometry of all spars. First, a

rectangular cross-section was assumed for all spars (Figure 4.7). In other words, the curvature

of the spar caps and root buildup was neglected. The maximum thickness of each airfoil

profile was used to determine the height of each rectangular cross-section in the spar. Second,

twist of the cross-section along the span of the spar was not considered (i.e. the spar had

zero twist from root to tip). Third, the cylindrical root shown in Figure 4.1 was neglected

to limit the number of design parameters in this analysis; future studies will be necessary to

quantify its effect on structural performance.

To evaluate the validity of these assumptions, the spanwise properties of the monoplane

65



trailing edge

reinforcement

internal blade surfaceroot buildup

root buildup

adjacent to

``box-beam''

shear webs

spar

caps

leading edge panel

external blade

surface

aft panels

airfoil

profile

Figure 4.6: The spar is defined to include the two spar caps, the two primary shear webs, and
the root buildup adjacent to the “box-beam” formed by the spar caps and shear
webs. Note: figure is not to scale.
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Figure 4.7: All spars were assumed to have rectangular cross-sections, made of the components
and materials shown above. Glass fiber reinforced plastics (GFRP) and structural
foam were used to construct all spar cross-sections. Note: figure is not to scale.
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spar (Table C.2) and the Sandia blade (stations 7–30, reported in Table 2 of Ref. [90]) were

compared to each other. In the flapwise direction, these properties match well everywhere

except near the root where, as expected, the monoplane spar is less stiff than the full Sandia

blade. The monoplane spar root has a lower stiffness because it neglects triaxial laminates

in the leading and trailing edges of the root buildup, which provide additional flapwise

stiffness. In the edgewise and torsional directions, the properties of the monoplane spar

across its entire span have similar distributions, but are about 1-2 orders of magnitude

smaller than the Sandia blade. This result is expected, since the leading edge panel and

trailing edge reinforcement (which provide edgewise stiffness) and the airfoil shells (which

provide torsional stiffness) were neglected from the monoplane spar.

Based on these results, the monoplane spar is an acceptable structural approximation of

the Sandia blade in the flapwise direction. It is clear that the monoplane spar is not a good

approximation in the edgewise and torsional directions, which is a limitation of the first step

in the structures-first approach. Nevertheless, in the absence of the detailed aerodynamic

exterior, the monoplane spar is a useful 1st-order characterization of the Sandia blade’s

structural interior. Bearing this in mind, the monoplane spar can be used as a 1st-order

baseline for comparisons against biplane spars in this study to examine the impacts of the

biplane blade design.

4.2.2.2 Design of spars

A monoplane spar was designed to approximate the Sandia blade and 15 biplane spars

were designed to approximate different biplane blade configurations. Material properties

(Table 4.2) and laminate dimensions of all spars were based on the Sandia blade [9]. The

material properties of the glass fabrics and epoxy resin materials are also described in more

detail in the DOE/MSU Composite Material Fatigue Database [91, 92]. Because weight is

one of the important limiting parameters that determines the length of wind turbine blades

[19], all monoplane and biplane spars had equal cross-sectional areas at a given spanwise

station (Figure 4.8), and hence, equal mass per unit span. This allowed for a self-consistent
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Table 4.2: Material property data for glass fiber reinforced plastic (GFRP) composites and struc-
tural foam [91, 92, 9].

material fabric/resin lay-up E1 (GPa) E2 (GPa) G12 (GPa) ν12 ρ (kg/m3)
uniaxial GFRP E-LT-5500/EP-3 [0]2 41.8 14.0 2.63 0.28 1920
biaxial GFRP Saertex/EP-3 [±45]4 13.6 13.3 11.8 0.49 1780
triaxial GFRP SNL Triax [±45]4[0]2 27.7 13.65 7.2 0.39 1850
foam - - 0.256 0.256 - 0.3 200

comparison between their structural performance.

Monoplane spar: Figure 4.9 summarizes the procedure used to design and analyze the

monoplane spar (Figure 4.5(a)). First, the geometry, layup, and materials of the Sandia

blade were used to construct a monoplane spar. Second, the cross-sectional dimensions

of the spar caps, shear webs, and root buildup were defined. Third, each cross-section in

the spar was meshed and analyzed to compute its stiffness properties. Fourth, a beam

finite element model for the monoplane spar was defined. Fifth, a simulated load case was

applied to the beam model. Finally, the analysis results were postprocessed to obtain the 1D

deflections, 1D bending moments, 1D axial force resultants, and 2D cross-sectional stresses.

See Section 4.2.2.4 for details on the software and analyses used in this procedure.

Table B.1 lists the laminate dimensions for each of the monoplane cross-sections (Fig-

ure 4.7) that make up the monoplane spar. The monoplane spar (Figure 4.5(a)) had a span

of 91.9 m, and a maximum height of 5.3 m at the root. Although the spar was derived from

the 100-meter Sandia blade, the spar is slightly shorter because it begins just past the blade

root (spar station 1 corresponds to 2.4% span along the Sandia blade) and terminates just

before the blade tip (spar station 24 corresponds to 94.3% span along the Sandia blade) [9].

Table C.2 lists the spanwise properties for the monoplane spar, which were calculated with

2D cross-sectional analysis as described later in Section 4.2.2.4.

Biplane spar: Figure 4.10 summarizes the procedure used to design and analyze the

biplane spar (one configuration is shown in Figure 4.5(b)), which is similar to the procedure

used for the monoplane spar. First, the geometry, layup, and materials of the monoplane

spar (which were derived from the Sandia blade) were used to construct a biplane spar. The

outboard monoplane region of the biplane spar was left unchanged from the monoplane spar.
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Figure 4.8: All cross-sections had equal areas, so all spars had the same mass per unit span.
Note: figure is not to scale.
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Figure 4.9: Design and analysis procedure for the monoplane spar. The software used in this pro-
cedure (TrueGrid for cross-sectional mesh generation, VABS for 2D cross-sectional
analysis, and DYMORE for 1D beam finite element analysis) is typeset in italics.
The surface geometry of the Sandia blade was taken from [9].

The inboard monoplane region of the monoplane spar was replaced with an inboard biplane

region in order to construct a biplane spar [93]. Second, the cross-sectional design parameters

were defined. The biplane cross-section included an upper and lower element, which were

assumed to be identical in this study. Third, each cross-section in the spar was meshed and

analyzed to compute its stiffness properties. Only the upper element of each biplane cross-

section was meshed and analyzed, because it was identical to the lower element. Fourth,

a beam finite element model was defined, which included the inboard biplane region of the

biplane spar. Fifth, a simulated load case was applied to the beam model. An equivalent

load was defined for the inboard biplane region so that the total load on the biplane spar

was the same as the monoplane spar. Finally, the analysis results for the biplane spar were

postprocessed to obtain the same quantities that were obtained for the monoplane spar. See

Section 4.2.2.4 for details on the software and analyses used in this procedure.

Two types of biplane cross-sections (Figure 4.8) were constructed to bound the design

space for biplane spars. A “half-height” biplane cross-section was constructed, so that the
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Figure 4.10: Design and analysis procedure for the biplane spar. The software used in this pro-
cedure (TrueGrid for cross-sectional mesh generation, VABS for 2D cross-sectional
analysis, and DYMORE for 1D beam finite element analysis) is typeset in italics.

upper and lower elements of the biplane cross-section were half as tall as the monoplane

cross-section. A “full-height” biplane cross-section was also constructed, so that the upper

and lower elements of the biplane cross-section were the same height as the monoplane cross-

section. Overall, the upper and lower elements of the full-height biplane cross-section are

thinner-walled versions of the monoplane cross-section.

Figure 4.11 illustrates the edgewise views of two sample biplane spars constructed from

half-height and full-height biplane cross-sections. The half-height cross-sections form a more

slender inboard biplane region than the full-height cross-sections. Once airfoils are fitted over

each of these spars, the half-height cross-sections will offer more of an aerodynamic benefit,

while the full-height cross-sections will offer more of a structural benefit. No attempt was

made in this study to find the optimum biplane cross-section height. Rather, these two

configurations bound the design space for the biplane spar, and the optimum configuration

is somewhere in between.

Table B.2 lists the laminate dimensions for a biplane spar made with half-height biplane
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Figure 4.11: Edgewise views of two biplane spars constructed with half-height biplane cross-
sections (top) and full-height biplane cross-sections (bottom). Both biplane spars
have a joint length-to-span ratio of rj/R = 0.452 and a gap-to-chord ratio of
g/c = 1.25.
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cross-sections. Figure 4.12(a) shows how these cross-sections are distributed along the bi-

plane spar in the spanwise direction (x1) and the flapwise direction (x3). Table C.3 lists

the spanwise properties of this biplane spar, which were calculated with 2D cross-sectional

analysis, as described later in Section 4.2.2.4. Table B.3, Figure 4.12(b), and Table C.4 give

the corresponding details for a biplane spar made with full-height biplane cross-sections.

In order to evaluate the effect of joint length and gap on the structural performance

of biplane spars, 15 configurations of the inboard biplane region were made (Figure 4.13).

Each configuration had a different value for the joint length-to-span ratio (rj/R = 0.245,

0.274, 0.452, 0.540, and 0.629) and gap-to-chord ratio (g/c = 0.75, 1.00, and 1.25). The

procedure in Figure 4.10 was repeated for each different pair of values for rj/R and g/c.

The span (R = 91.9 m) and reference chord (c = 7.628 m, taken to be the maximum chord

in the Sandia blade) were held constant for each configuration. Each configuration used

“full-height” biplane cross-sections. The location of the biplane-monoplane transition region

varied, depending on the configuration.

4.2.2.3 Load profiles and boundary conditions

Simple flapwise loads were used to compare the structural performance of biplane spars

and the monoplane spar, following the same argument used in the analytical model (Sec-

tion 4.2.1.2). A constant load distribution was statically applied to each spar (Figure 4.14).

The maximum magnitude of the constant load distribution was 1000 N/m. To load the

monoplane spar and the biplane spar in an equivalent manner, it was assumed that the

loads on the biplane inboard region of the biplane spar were equally distributed among the

upper and lower elements (Figure 4.14(b)). All spars were cantilevered at the root (x1 = 0

m) and free at the tip (x1 = R = 91.9 m). These flapwise constant load distributions were

also used to estimate the structural efficiency of biplane spars (Section 4.2.2.6).

Static tip loads were also used to estimate the structural efficiency of biplane spars. Two

load cases were considered: a flapwise tip load and a torsional tip load (Figure 4.15). Again,

both spars were cantilevered at the root and free at the tip. The magnitude of the flapwise
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(a) Biplane spar made of “half-height” biplane cross-sections.
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(b) Biplane spar made of “full-height” biplane cross-sections.

Figure 4.12: One-dimensional representations of biplane spars with a joint length-to-span ratio
rj/R = 0.452 and gap-to-chord ratio g/c = 1.25. One-dimensional reference lines
are plotted as thick solid green lines. Spar station locations are plotted with dashed
magenta lines. The solid black lines with x-symbols show the height of each spar
cross-section (cross-section height = hSW + 2hRB) at each spar station.
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Figure 4.13: Fifteen biplane spar configurations were designed and analyzed in this study.
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Figure 4.14: Load profiles applied to spars.
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Figure 4.15: Tip loads applied to spars: flapwise (top) and torsional (bottom).

tip load was varied between 1000 N < Fflap < 100,000 N, and flapwise deflections were

calculated. The magnitude of the torsional tip load was varied between 1000 N-m < Ttwist <

100,000 N-m, and both twist angles and edgewise deflections were calculated.

This paper did not investigate biplane spars under edgewise loading. While edgewise

loads are important for large blades, they are beyond the scope of this paper because the

airfoil shells have been neglected. The airfoil shells contain reinforcements along the leading

and trailing edges (Figure 4.6), which help resist edgewise loads. Therefore, it would be

inappropriate to load biplane spars in the edgewise direction without the additional support

of the reinforcements in the airfoil shells. Edgewise load cases will be considered in future

studies that include both the biplane spar and the airfoil shells to model the complete biplane

blade. This paper also did not model the dynamic response of biplane spars, but this should

be considered in the future for fatigue analyses.

4.2.2.4 1D beam models and 2D cross-sectional analysis

Each spar was modeled with geometrically exact beam finite elements [71] in DYMORE 3.0,

a flexible multibody dynamics finite element program [61, 62]. These elements were 3rd-

order elements, and were based on a generalized Timoshenko beam model with six degrees

of freedom per node [67]. DYMORE performed a nonlinear static analysis to solve for the

deformed configuration of each spar under loading.
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(a) Monoplane spar discretized with 1D beam finite el-
ements.

(b) Biplane spar discretized with 1D beam finite ele-
ments.

Figure 4.16: Computational meshes used for finite element analysis. (Note: mid-element nodes
not shown)

Figure 4.16 compares the 1D beam models for the monoplane spar and a biplane spar.

The spanwise location of the end-nodes was chosen to match the spanwise locations of

the blade stations defined for the Sandia blade [9]. In the outboard monoplane regions, the

monoplane and biplane spar meshes are identical. However, in the inboard region, the biplane

spar mesh has an upper and lower assembly of beam elements, which merge together into one

node at the biplane-monoplane joint. Non-Uniform Rational B-Spline (NURBS) curves were

used to construct the curved beam elements in the biplane-monoplane transition region.

The 2D cross-sectional properties of all beam elements were calculated with the VABS

3.6 software [63, 64], also known as Variational Asymptotic Beam Sectional analysis. VABS

uses the variational asymptotic method [65, 66] to calculate the mass and stiffness matrices

for arbitrary beam cross-sections. This work used VABS for cross-sectional analysis in the

same manner as in the authors’ earlier investigations [31, 35], except some additional features

of VABS were used here that were not used earlier. The curvature and pre-twist corrections

were considered to calculate the mass and stiffness matrices for cross-sections that belonged

to the curved beam elements, and then the 1D beam analysis results from DYMORE were

used in VABS to recover the cross-sectional stresses [64].

DYMORE and VABS were selected as structural analysis tools because they are fast and

accurate, when compared to three-dimensional finite element analysis (3D FEA) [67, 68].

This was a major requirement in order to conduct a parametric analysis of all fifteen biplane

spar configurations. While it is true that 3D FEA is highly accurate, it was judged to be too

time consuming to set up the models and compute the results. DYMORE and VABS were

also selected because they have successfully modeled helicopter blades [61, 69, 70] and wind

turbine blades [68, 71, 72, 73]. This 1D modeling technique has also been previously validated
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against 3D FEA for biplane spar structures [31, 35]. Furthermore, several researchers have

also used 1D beam finite elements to model a joined wing [94, 74, 75, 76, 77]; which has a

joint that resembles the joint of the biplane blade.

4.2.2.5 Buckling analysis

As a result of the approach to conserve mass per unit span, the biplane spar cross-sections

have thinner walls than the monoplane spar cross-sections (Figure 4.8), motivating a buckling

analysis of the biplane spar. Analytical formulas and representative structures were used to

estimate two critical buckling criteria: (1) a “global” beam buckling load, and (2) a “local”

plate buckling stress.

The global beam buckling load was estimated with the Euler buckling formula for a

simply supported beam under uniaxial compression (Equation (4.7)), where Pcritical is the

buckling load, EI is the flapwise bending stiffness and l is the length of the beam [95]. The

lower biplane element in the biplane spar is subjected to the largest axial compressive loads.

Therefore, this analysis finds the critical buckling load for a representative beam similar to

the lower biplane element.

Pcritical =
π2EI

l2
(4.7)

The local plate buckling stress was estimated with the buckling formula for a simply

supported orthotropic plate under uniaxial compression (Equation (4.8)) [95, 96]. Here,

σx,critical is the buckling stress; m is the number of longitudinal half waves; h is the plate

thickness; R = a/b is the ratio of plate length a to width b; D11 and D22 are the bending

rigidities about the x and y axes, respectively; D66 is the twisting rigidity; and D12 is related

to the Poisson’s ratio ν21. It is assumed that the smallest buckling load occurs when the

buckled plate has only one transverse half wave. The lower flange in the lower biplane

element of the biplane spar is subjected to the largest axial compressive loads. Therefore,

this analysis finds the critical buckling stress for a representative plate similar to the lower

flange.
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σx,critical =
π2

hm2a2

[
D11m

4 + 2(D12 + 2D66)m2R2 +D22R
4
]
, (4.8)

where

R = a/b,

D11 =
E1h

3

12(1− ν12ν21)
,

D22 =
E2h

3

12(1− ν12ν21)
,

D12 =
E2ν21h

3

12(1− ν12ν21)
, and

D66 = G12
h3

12
.

4.2.2.6 Structural efficiency

The monoplane spar and biplane spars considered all had the same length and mass per unit

span. Therefore, the deflections of each spar can be directly compared to each other, in order

to estimate the structural efficiency of biplane spars. A factor φ was defined as the ratio of

the monoplane and biplane spar tip deflections (under a flapwise load) or as the ratio of tip

twist angles (under a torsional load).

φflap =
vtip,monoplane

vtip,biplane

, or φtwist =
θtip,monoplane

θtip,biplane

(4.9)

If φ > 1, then the biplane spar is more structurally efficient than the monoplane spar;

conversely, if φ < 1, then the biplane spar is less efficient. This definition of a structural

efficiency factor is somewhat similar to the stiffness shape factor described in Ref. [97], which

compares the curvature of a shaped cross-section to that of a reference beam with the same

area. Instead of considering curvatures of cross-sections, this work considers tip deflections

of the entire spar structure.
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Table 4.3: Scaling factors for the engineering properties of the biplane beam, used in the ana-
lytical model.

Biplane cross-section α β
half-height 1/2 1/8
full-height 1/2 1/2

4.3 Results

4.3.1 Analytical model: comparison of biplane beam and monoplane beam

The displacement fields for two variants of the biplane beam (Equations (4.4) and (4.5)) and

the monoplane beam (Equation (4.6)) were used to compare their structural performance.

Two variants of the biplane beam were analyzed, a biplane beam with “full-height” biplane

cross-sections, and a biplane beam with “half-height” biplane cross-sections. Both variants

of the biplane beam had a joint length-to-span ratio of rj/R = 0.45 and a gap-to-chord

ratio of g/c = 1.31. However, each variant used different values of the scaling factors α and

β in Equations (4.4) and (4.5); Table 4.3 summarizes the values that were chosen.∗ These

variants were constructed to bound the design space for biplane beams, similar to the design

space used for biplane spars (Section 4.2.2.2).

Along with the scaling factors in Table 4.3, nominal values were substituted into Equa-

tions (4.4) and (4.6), and the resulting expressions for flapwise (transverse) displacements,

bending moments, and axial force resultants were plotted (Figure 4.17). These nominal val-

ues were assumed to be R = 100 m, rj = 45 m, g = 10 m, q0 = 1000 N/m, E = 40.0×109 Pa,

A = 1.5 m2, and I = 4.5 m4.

The tip deflection of the biplane beam with half-height cross-sections is about 62% less

than the tip deflection of the monoplane beam (Figure 4.17(a)). The tip deflection of the

biplane beam with full-height cross-sections is about 77% less than the monoplane beam. In

the inboard region (5 m . x . 35 m), the half-height biplane beam deflects slightly more

∗The values of α and β depend on the geometry of the biplane cross-section. In order to choose these
values for both biplane beams, the analytical model used the same cross-sections illustrated in Figure 4.8,
assuming nominal values of bRB = 1.81 m, hSW = 4.84 m, bSW = 0.10 m, hSC = 0.15 m, hRB = 0 m, and
E = 40.0 × 109 Pa. These nominal values were used to calculate EA and EI for each cross-section, which
together with Equation (A.20) give the appropriate values for α and β.
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(a) Flapwise deflections

0 20 40 60 80 100
x, span [m]

−1000

0

1000

2000

3000

4000

5000

M
, 
b
e
n
d
in

g
 m

o
m

e
n
t 

[k
N

*m
]

(b) Flapwise bending moments
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(c) Axial force resultants

Figure 4.17: Comparison of beam deflections, bending moments, and axial force resultants
under equivalent flapwise constant load distributions, calculated with the analyt-
ical model: a monoplane beam, a biplane beam with “full-height” biplane cross-
sections, and a biplane beam with “half-height” biplane cross-sections. Both bi-
plane beams had design parameters of rj/R = 0.45 and g/c = 1.31, and were
composed of an “upper biplane” (UB) beam, a “lower biplane” (LB) beam, and
an “outboard monoplane” (OM) beam.
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than the monoplane beam, while the full-height biplane beam does not.

The maximum root bending moment of both biplane beams are about 80% less than

the root bending moment of the monoplane beam (Figure 4.17(b)). Past the root of both

biplane beams, the bending moment changes sign; this occurs at x ≈ 22 m for the half-height

biplane beam, and at x ≈ 25 m for the full-height biplane beam. The bending moments

in both biplane beams continue to decrease until they reach a minimum at the rigid joint

(x = 45 m). At the rigid joint, there is a discontinuity in the bending moment of both

biplane beams. Outboard of the joint (45 m ≤ x ≤ 100 m), the bending moments of both

biplane beams are identical to the bending moment of the monoplane beam.

The axial force resultants of both biplane beams are constant and nonzero in the inboard

biplane region, where the upper biplane element is under tension, and the lower biplane

element is under compression (Figure 4.17(c)). Outboard of the joint, the axial force returns

to zero in both biplane beams. The axial force is zero everywhere in the monoplane beam.

4.3.2 Computational model

4.3.2.1 Comparison of biplane spar and monoplane spar

The monoplane spar, a biplane spar with “full-height” biplane cross-sections, and a biplane

spar with “half-height” biplane cross-sections were analyzed to compare their structural

performance under the constant load distribution described in Section 4.2.2.3. Both biplane

spars had a joint length-to-span ratio of rj/R = 0.452 and a gap-to-chord ratio of g/c = 1.25.

Cross-sectional Properties: Figure 4.18 shows the flapwise bending stiffness distri-

butions for all three spars. In the inboard region, the biplane spars have larger effective

stiffnesses than the monoplane spar, which was a key motivation to investigate the biplane

blade concept. In the outboard region, all spars have identical stiffnesses because they each

use identical monoplane cross-sections.

Cross-sectional analysis (VABS) was used to calculate the flapwise stiffness at each cross-

section in the monoplane spar. For the biplane spars, biplane cross-sections are made of an

82



0 20 40 60 80 100

span [m]

0.0

0.5

1.0

1.5

2.0

fl
a
p
w
is
e
 b
e
n
d
in
g
 s
ti
ff
n
e
ss
, 
E
I_
x
2
 [
N
*m

^
2
]

1e11

biplane spar, full-height CS

biplane spar, half-height CS

monoplane spar

single element, full-height biplane CS

single element, half-height biplane CS

Figure 4.18: Flapwise bending stiffness distributions for a monoplane spar, a biplane spar with
“full-height” biplane cross-sections, and a biplane spar with “half-height” cross-
sections. Both biplane spars had design parameters of rj/R = 0.452 and g/c =
1.25. Cross-sectional analysis (VABS) was used to calculate stiffnesses for the
monoplane spar. VABS was also used to calculate stiffnesses of “single” elements
in full-height and half-height biplane cross-sections. The parallel axis theorem was
used with the stiffnesses of “single” elements to approximate the effective flapwise
stiffness distributions for both biplane spars.
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upper and lower element. VABS was used to calculate the individual stiffnesses of each single

element (i.e. the stiffness of only the upper element of the biplane cross-sections shown in

Figure 4.8, not the effective stiffness of the upper and lower elements as a collective whole).

Then, the parallel axis theorem was used to approximate an effective stiffness for the entire

biplane cross-section (upper and lower elements). Since the upper and lower elements of the

inboard biplane cross-sections are not attached together in the biplane spar, this analysis is a

1st-order approximation of the bending stiffness. As will be shown later, the inboard region

of the biplane spar also supports axial loads that play a major role in improving the effective

bending stiffness of the entire structure. Nevertheless, the qualitative result in Figure 4.18

still holds: in the inboard region, the biplane spars have larger effective stiffnesses than the

monoplane spar.

1D beam analysis: Figure 4.19 shows the flapwise deflections, bending moments, and

axial force resultants calculated by the 1D beam finite element analysis from DYMORE. The

tip deflection of the biplane spar with half-height cross-sections is about 25% less than the

tip deflection of the monoplane spar (Figure 4.19(a)). The tip deflection of the biplane spar

with full-height cross-sections is about 35% less than the monoplane spar. The maximum

root bending moment of both biplane spars is about 75% less than the root bending moment

of the monoplane spar (Figure 4.19(b)). The axial force resultants of both biplane spars are

constant and nonzero in the inboard biplane region.

Structural efficiency: Table 4.4 lists the structural efficiency factors of both biplane

spars from Equation (4.9), using the tip deflections and tip twist angles calculated by DY-

MORE for each of the three load cases (Figures 4.14 and 4.15). For the two tip loads, the

structural efficiency factors remained constant across the range of load magnitudes that were

considered, because the deflections and twist angles of all spars scaled linearly with the load

applied. Both flapwise load cases show that both biplane spars are more structurally efficient

(with 1.148 < φ < 1.528) at reducing flapwise tip deflections than the monoplane spar.

The torsional tip load shows that the biplane spars have about the same structural

efficiency (with φ ≈ 1.06) as the monoplane spar in the torsional direction. For the largest

torsional tip load (100,000 N-m), all tip twist angles were about 5–6 degrees. While these
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Table 4.4: Structural efficiency factors for biplane spars under three different load cases, calcu-
lated with Equation (4.9). Both biplane spars have a joint length-to-span ratio of
rj/R = 0.452 and a gap-to-chord ratio of g/c = 1.25.

Load case
Structural efficiency, φ, of biplane spar

half-height cross-sections full-height cross-sections
flapwise constant load distribution 1.315 1.528
flapwise tip load 1.148 1.234
torsional tip load 1.057 1.059

twist angles were small, in both biplane spars, torsional motions at the joint caused edgewise

deflections in the inboard region (Figure 4.20). The largest deflections occurred just inboard

of the joint, with a magnitude of about 0.012 m. Conversely, the monoplane spar had little

edgewise deflection under the torsional load.

Cross-sectional stresses: Figure 4.21 compares the cross-sectional stresses of both

biplane spars and the monoplane spar. The normal components of pointwise stress fields,

σ11(x2, x3), were calculated for cross-sections at each spar station. Maximum values in

each cross-section (which correspond to tensile stresses) were plotted above, while minimum

values (which correspond to compressive stresses) were plotted below. The maximum and

minimum values of stress change for different cross-sections; some jumps in the stress results

are observed in the root and joint regions. Section 4.4.2 discusses the possible sources of

these jumps in the data.

For the inboard region (0-42 m), the full-height biplane spar tended to have larger maxi-

mum normal stresses than the monoplane spar. In the inboard region, the half-height biplane

spar tended to have smaller maximum normal stresses than the monoplane spar, except for

the stresses in the upper biplane region in between spans of 26-42 m.

For the minimum normal stresses in the inboard region, the magnitude of stresses in the

full-height biplane spar tended to be smaller than the monoplane spar. The half-height also

tended to have smaller stress magnitudes than the monoplane spar in the inboard region,

except for the stresses in the lower biplane region at spans of 0-6 m and 25 m, as well as

stresses in the upper biplane region at 4 m.

Contour plots of the normal stresses in selected cross-sections of the monoplane spar

85



and both biplane spars (Figures 4.22 to 4.24) were plotted with Tecplot 10.0 [98]. In the

monoplane spar, the maximum normal stresses are concentrated in the upper spar caps

of each cross-section, while the minimum normal stresses are concentrated in the lower

spar caps; the stresses in the shear webs are near zero. For the half-height biplane spar

(Figure 4.23), in the inboard region (cross-sections A-C), the maximum normal stresses are

concentrated in the upper spar caps of the upper biplane region (near x3 = 6.1 m (A), 5.5

m (B), and 5.3 m (C)), while the minimum normal stresses are concentrated in the lower

spar caps of the lower biplane region (near x3 = -6.1 m (A), -5.5 m (B), and -5.3 m (C)). In

the outboard region (cross-sections D and E), the normal stresses in the half-height biplane

spar are identical to the monoplane spar (Figure 4.22). Stresses in the half-height biplane

spar (Figure 4.24) show similar behaviors.

4.3.2.2 Buckling analysis

Analytical formulas given in Section 4.2.2.5 were used to estimate two critical buckling

criteria: (1) a “global” beam buckling load, and (2) a “local” plate buckling stress.

“Global” beam buckling load: This analysis considered a representative beam similar

to the lower biplane element of the biplane spar. The representative beam had a length

l = 25.2 m, and a flapwise bending stiffness EI = 2.876 × 109 N-m2. Substituting these

values into Equation (4.7) gives a critical buckling load of Pcritical = 44700 kN. Figure 4.19(c)

shows that the largest compressive load occurs in the lower biplane element of the half-height

biplane spar, and has a magnitude of 269 kN � Pcritical. Therefore, the compressive load is

far below the critical value.

The representative beam’s length was chosen to be the straight length of the lower biplane

element, from spar stations 1 to 13 (Table B.2). Since the bending stiffness varies along the

span of the biplane spar (Figure 4.18), the representative beam’s stiffness was chosen to be

uniformly equal to the smallest value that occurs in the lower biplane element; this value

occurs at 25.2 m span in the single element of a half-height biplane cross-section. It was

expected that the values chosen for l and EI in Equation (4.7) would give a conservative
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buckling load.

“Local” plate buckling stress: This analysis considered a representative plate similar

to the lower flange in the lower biplane element of the biplane spar. The representative

plate had a length a = 25.2 m, width b = 1.5 m, thickness h = 0.0275 m, and material

properties equal to those for uniaxial GFRP (Table 4.2). Substituting these values into

Equation (4.8) gives a critical buckling stress of σx,critical = 17.4 MPa, which occurs when m =

13. Figure 4.21 shows that the largest compressive stress occurs in the lower biplane element

of the half-height biplane spar, and has a magnitude of 5.4 MPa < σx,critical. Therefore, the

compressive stress is well below the critical value.

The representative plate’s length was chosen to be the straight length of the lower biplane

element. The width was chosen to be the spar cap width, bSC = 1.5 m. Since the flange

thickness varies along the span of the biplane spar (Table B.2), the representative plate’s

thickness was chosen to be uniformly equal to the smallest thickness that occurs in the lower

flange; this thickness occurs at spar station 4 (h = hRB + hSC = 0.0125 m + 0.0150 m).

According to Table B.2, the lower flange is made of both uniaxial GFRP (the spar cap)

and triaxial GFRP (the root buildup) between spar stations 1 and 6 (35.7% of the length of

the representative plate). However, for this analysis, it was assumed that the representative

plate was made entirely of uniaxial GFRP. These material properties (along with the other

chosen values) gave the most conservative buckling stress.

The plate buckling stress of the monoplane spar was also calculated with Equation (4.8)

as 69.6 MPa, for comparison against the plate buckling stress of the biplane spar. The

representative plate for the monoplane spar was identical to the plate for the biplane spar,

except that it had a thickness of h = 0.55 m (see spar station 4 in Table B.1, where h =

hRB + hSC = 0.025 m + 0.030 m). The buckling stress of the plate for the monoplane spar

(69.6 MPa) is four times larger than the plate for the biplane spar (17.4 MPa), because the

plate for the monoplane spar is twice as thick.
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4.3.2.3 Parametric analysis of different biplane spar configurations

Fifteen biplane spar configurations (Figure 4.13) with “full-height” biplane cross-sections

were analyzed to compare their structural performance under the constant load distribution

described in Section 4.2.2.3. In particular, the effect of two non-dimensional design parame-

ters (joint length-to-span ratio rj/R, and gap-to-chord ratio g/c) on the tip deflections and

root bending moments of each spar was evaluated (Figure 4.25). Overall, tip deflections

decrease as the joint length-to-span ratio rj/R increases (Figure 4.25(a)). For a given joint

length-to-span ratio rj/R, tip deflections always decrease as the gap-to-chord ratio g/c in-

creases. The joint length-to-span ratio rj/R has a stronger effect on the tip deflection than

the gap-to-chord g/c ratio. The biplane spar configuration with the smallest tip deflection

has a joint length-to-span ratio of rj/R = 0.629 and a gap-to-chord ratio of g/c = 1.25

(configuration 3 in Figure 4.13).

Similarly, root bending moments also tend to decrease as the joint length-to-span ratio

rj/R increases, as long as rj/R . 0.50 (Figure 4.25(b)). For a given joint length-to-span

ratio rj/R, root bending moments tend to increase as the gap-to-chord ratio g/c increases,

provided that rj/R . 0.40. If the joint length-to-span ratio grows too large (rj/R & 0.50),

the root bending moments begin to increase if the gap-to-chord ratio is large (g/c & 1.0).

The biplane spar configuration with the smallest root bending moment has a joint length-

to-span ratio of rj/R = 0.540 and a gap-to-chord ratio of g/c = 1.25 (configuration 6 in

Figure 4.13).

4.4 Discussion

4.4.1 Comparison of results from analytical and computational models

This paper develops analytical and computational models to analyze the structural perfor-

mance of biplane spars for 100-meter biplane blades. Results from both the analytical model

(Figure 4.17) and the computational model (Figure 4.19) in this investigation show similar

performance trends for tip deflections and bending moments of biplane beams and spars.
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The tip deflections of biplane beams and spars are much smaller than the monoplane beam

and spar, respectively. However, if the inboard region is too flexible (as in the half-height bi-

plane beam and spar), inboard deflections of the biplane beam and spar can be slightly larger

than the monoplane beam and spar. These inboard deflections can be tuned by adjusting β

(the ratio of flapwise bending stiffness in the outboard region to the inboard region) in the

analytical model (Equation (4.4)). The root bending moment of biplane beams and spars is

also much smaller than the monoplane beam and spar.

Inboard of the joint, bending moments are reduced by a countering moment produced by

axial forces in the biplane region (Figures 4.17(c) and 4.19(c)) and reaction forces at the joint.

As the analytical model shows in Figure 4.17(b), the root bending moments for the biplane

beam (≈ 1000 kN-m for the UB beam, and ≈ 1000 kN-m for the LB beam) do not add up

to the root bending moment of the monoplane beam (≈ 5000 kN-m). The computational

model shows a similar behavior in Figure 4.19(b). The countering moment also explains

why the bending moments decrease inboard of the joint, in the biplane-monoplane transition

region. Inboard of the transition region, the bending moments increase again and reach a

local maximum near the root. The bending moments in the biplane beam (Figure 4.17(b))

also decrease at the joint, albeit abruptly, because the joint was assumed to be rigid and the

analytical model did not include a biplane-monoplane transition region. Reduced inboard

bending moments are also seen in joined wings [94], where the tail is connected to the wing

to produce similar axial forces and reaction forces inboard of the joint.

Past the root of the biplane beam, the bending moment changes sign (Figure 4.17(b))

because there is an inflection point in the deflection curve, which is 4th-order in x (Equa-

tion (4.4)). This sign reversal in the bending moment is also seen in the biplane spar

(Figure 4.19(b)). In the inboard region of both biplane beams, the bending moment curves

also have the same shape (Figure 4.17(b)); the curve for the full-height biplane beam is

merely shifted up from the half-height biplane beam by a constant, which depends upon β

(Equation (4.4)). This behavior is also seen in the bending moments for both biplane spars

(Figure 4.19(b)).

Overall, many of the features in the deflection, bending moment, and axial force resultant
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curves from the computational model also exist in the analytical model, indicating good

qualitative agreement between the two models. This suggests that the analytical model

reveals some of the underlying mechanisms for the structural performance of biplane spars,

and may be useful as a preliminary design tool for future work.

4.4.2 Cross-sectional stresses

While the biplane spar improved the tip deflections and inboard bending moments, inboard

stresses were not always improved. The magnitude of inboard cross-sectional stresses can

sometimes be larger in the biplane spar than in the monoplane spar (Figure 4.21). However,

some of these large stresses can be explained by jumps in the data, as the maximum and

minimum values of stress change for different cross-sections. The jumps near the root are

seen in the monoplane spar, as well as both biplane spars. There are also jumps near the

joint of both biplane spars, where the biplane transitions into a monoplane. All jumps in

the data are confined to the root and joint regions.

For both biplane spars and the monoplane spar, the jumps in the data near the root

are due to different mesh geometries and sizes in both the 1D beam models and the 2D

cross-sectional models; these jumps are confined to the root region (at spans of 0-15 m,

highlighted in green). For example, the length of the 1D beam element between stations 1

and 2 is only 0.2 meters, while the length of the 1D beam element between stations 2 and

3 is 2.1 meters (Tables B.1 to B.3). Within a 2D cross-section mesh, the sizes of the 2D

quadrilateral elements sometimes varied greatly between materials. In particular, the biaxial

GFRP laminate was much thinner than the rest of the laminates. Considering spar station 1,

the biaxial GFRP laminate thickness was 0.003 meters in the shear web, compared to 0.013

meters for the uniaxial GFRP laminate (the next thinnest material) in the spar cap. At

the sharp inside corners of the cross-section, these two materials are adjacent to each other

(Figure 4.7). Transition quadrilateral elements (a feature provided in TrueGrid) were used

to minimize the size differences between elements in different materials in the cross-section,

but Figure 4.21 shows that jumps in the results still exist.
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For both biplane spars, the jumps in the data near midspan are due to the discontinuity in

the flapwise load profile applied near the joint (Figure 4.14(b)); these jumps are confined to

the joint region (at spans of 25-42 m, highlighted in purple), where the load profile abruptly

changes from a magnitude of F0/2 in the biplane region to F0 in the monoplane region. In

particular, the lower biplane region has large compressive stresses just inboard of the joint

(at a span of 33 m).

Large inboard stresses can be further explained by the contour plots of normal stresses

in cross-sections A-C of the biplane spars (Figures 4.23 and 4.24); thin walls in these biplane

cross-sections likely concentrate stresses and lead to larger stress magnitudes. Note, however,

that these biplane spars were not optimized designs. Instead, they were simply designed to

have the same mass per unit span as the monoplane spar (which lead to thinner-walled

cross-sections) to demonstrate some preliminary structural benefits. Therefore, these stress

results present an opportunity for improvements that are needed in future designs.

4.4.3 Buckling analysis

The estimated buckling criteria given in Section 4.3.2.2 showed that the biplane spar does not

buckle under the applied loads (given in Section 4.2.2.3). The simply supported boundary

conditions chosen for the buckling analysis are conservative, since it is expected that the

boundary conditions are somewhat stiffer than simple supports. Nevertheless, the thinner

walls in the biplane cross-sections greatly reduced the critical buckling stress, compared to

thicker walls in the monoplane cross-sections. This suggests that the possibility of weight

reductions from thinner walls in the biplane spar may be limited by the buckling stability of

its thinner walls.

4.4.4 Structural efficiency

Table 4.4 shows that biplane spars are more efficient than the monoplane spar at supporting

flapwise loads, which arise from the incoming wind. This is a desirable and significant

improvement, since wind turbine blades need adequate clearance from the tower to operate
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safely. For the same mass as a monoplane spar, the biplane spar reduced tip deflections,

which suggests that weight reductions are possible with a realistic biplane blade design.

Under a torsional tip load, the biplane spars performed similarly to the monoplane spar,

twisting about 5–6 degrees under a 100,000 N-m torque. However, the torsional and edgewise

motions are coupled in biplane spars (Figure 4.20), because the upper and lower biplane

elements are offset from the twist axis (Figure 4.8), and twist at the joint induces edgewise

deflections in the biplane inboard region. Conversely, in the monoplane spar, the twist axis is

centered inside each of its cross-sections, so there are no edgewise deflections under torsional

loads. The torsional-edgewise coupling in biplane blades is a unique structural challenge

that must be considered carefully in future studies.

4.4.5 Parametric analysis of different biplane spar configurations

A parametric analysis of different biplane spar configurations shows that the joint length-to-

span ratio has a strong influence on structural performance (Figure 4.25). Tip deflections

of biplane spars are reduced overall as both the joint length-to-span ratio rj/R and gap-to-

chord ratio g/c are increased, but tip deflections depend more strongly on rj/R than g/c.

However, this does not imply that the inboard biplane region should extend out along the

entire span of the spar; the results for root bending moments should also be considered. The

parametric analysis shows that root bending moments of biplane spars tend to decrease as

joint length-to-span ratio increases, but only up to a point. If the joint length-to-span ratio

grows too large (rj/R & 0.50) when the gap-to-chord ratio is also large (1.0 . g/c < 1.25),

the root bending moments begin to increase. For the range of parameters examined in this

study, rj/R ≈ 0.5 and g/c ≈ 1.0 give an optimal biplane spar design, with both small tip

deflections and small root bending moments.

4.4.6 Outlook & future work

The structural benefits described above suggest that the biplane blade may be an attractive

design for the next generation of large wind turbine blades. For a uniform distributed load,
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biplane spars were shown to deflect less and to have smaller root bending moments than the

monoplane spar. These results suggest the same conclusion from past work: for a monoplane

spar of fixed length, it is likely possible to construct a lighter biplane spar with an equal tip

deflection. Within the limits of buckling considerations, these benefits can lead directly to

weight reductions for large blades that can reduce the cost of the blades, the gravitational

loads on the blades, as well as the inertial loads on the rest of the wind turbine. Thus, it is

likely that this design will have significant structural benefits for large (3-7 megawatt) and

ultra-large (8-10 megawatt) turbines for both land-based and offshore applications.

The analytical and computational models developed here were created to be a platform

for future research of biplane blades. Many opportunities exist for improved biplane blade

designs, particularly to mitigate large inboard stresses and improve buckling resistance. The

analytical model may also be a useful tool for future preliminary designs. While the 1D FEA

used in this paper was sufficiently accurate to compare biplane spars to each other with a

parametric analysis, 3D FEA should be used for future studies of the two biplane spars that

performed best (configurations 3 and 6 in Figure 4.13). This will increase the fidelity of the

model, especially near the joint of the biplane spar.

While the results from this investigation suggest that blade weight may be reduced with

the biplane blade design, more load cases are necessary to confirm this observation. Once

the airfoils have been added over the biplane spar (step 2 of the “structures-first” approach)

to form a “full” biplane blade, then actual IEC design load cases [82] will be used. Addi-

tionally, future studies will investigate the torsional and edgewise bending response of the

inboard biplane region, since these two responses may be coupled. Although manufacturing

considerations were outside the scope of this paper, it is important to note that the manufac-

ture of the joint will require some consideration and needs to be addressed in future efforts.

The ultimate goal of this research is to design a biplane blade with airfoils, and perform a

direct comparison to a monoplane blade. This will require aeroelastic simulations, a fatigue

analysis, and a more detailed buckling analysis.
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(b) Flapwise bending moments
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Figure 4.19: Comparison of spar deflections and bending moments under equivalent flapwise
constant load distributions, calculated with the computational model (DYMORE):
a monoplane spar, a biplane spar with “full-height” biplane cross-sections, and
a biplane spar with “half-height” biplane cross-sections. Both biplane spars had
design parameters of rj/R = 0.452 and g/c = 1.25.

94



0 20 40 60 80 100
span [m]

−0.015

−0.010

−0.005

0.000

0.005

0.010

0.015

e
d
g
e
w

is
e
 d

e
fl
e
ct

io
n
 [

m
]

Figure 4.20: Comparison of edgewise deflections of spars under a 100,000 N-m torsional tip load,
calculated with DYMORE: a monoplane spar, a biplane spar with “full-height”
biplane cross-sections, and a biplane spar with “half-height” biplane cross-sections.
Both biplane spars had design parameters of rj/R = 0.452 and g/c = 1.25.
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Figure 4.21: Comparison of cross-sectional stresses along the span of three spars under equiv-
alent flapwise constant load distributions, calculated by VABS. Maximum/tensile
(top) and minimum/compressive (bottom) normal stress components are com-
pared for a monoplane spar, a biplane spar with “full-height” biplane cross-sections,
and a biplane spar with “half-height” biplane cross-sections. The jumps in the data
are confined to the root and joint regions. Both biplane spars had design parame-
ters of rj/R = 0.452 and g/c = 1.25.
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(b) Maximum root bending moments.

Figure 4.25: Effect of two design parameters (joint length-to-span ratio rj/R, and gap-to-chord
ratio g/c) on the structural performance of a biplane spar under a flapwise constant
load distribution. Lighter filled contours show smaller tip deflections and smaller
root bending moments. Red points show the location (rj/R and g/c) of each
biplane spar configuration on the contour plot.
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CHAPTER 5

Aero-structural analysis of a full 100-meter biplane

wind turbine blade

5.1 Introduction

Chapters 3 and 4 described earlier studies of the biplane blade, which focused on the design

of its internal spar. In Chapter 3, a simple aero-structural investigation was conducted on a

50-meter biplane spar, which was made of isotropic materials and constructed with uniform

cross-sections along its span. This investigation validated the approach of modeling the

spar with 1D beam finite elements against the modeling approach of 3D tetrahedral finite

elements. Finally, a parametric study of nearly 800 biplane spar configurations revealed the

basic shape of the biplane spar that gave the smallest tip deflections: the inboard biplane

region should extend to about 50% span. (This was considered to be the near-optimal

configuration.) The main limitations of this study were: (1) spars were made of isotropic

materials, when in reality they are made of composite materials, (2) the spar geometry was

highly simplified, since it used uniform cross-sections along the span, when in reality spars

taper in thickness from root to tip, and (3) only flapwise static loads were considered, when

in reality wind turbine blades must support dynamic loads in multiple directions (although

flapwise loads are the primary design driver, edgewise loads∗ from blade weight may become

the design driver for very large 100-meter blade designs).

In Chapter 4, a more complex structural investigation was conducted on a 100-meter

biplane spar, which was made of composite materials and constructed with realistic cross-

∗As mentioned earlier in Section 2.2, it is important to clearly define the edgewise and flapwise directions,
since wind turbine blades are pre-twisted. In this dissertation, the “edgewise” direction refers to the direction
that is in-the-rotor-plane. Similarly, the “flapwise” direction refers to out-of-the-rotor-plane.
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sections derived from the Sandia reference blade. This addressed the first two limitations of

the prior investigation. In addition to static flapwise loads at the tip and distributed along

the span, static torsional tip loads were also considered. However, edgewise loads were not

considered, since the airfoil exterior (which provides significant edgewise stiffness to support

edgewise loads) was negelected from the biplane spar. A parametric study of 15 biplane spar

configurations was also conducted, which sought spar geometries that minimzed both tip

deflections and root bending moments. This yielded a similar optimal configuration to the

prior investigation: the inboard biplane region should extend to about 50% span. The main

limitation of this study were: (1) only a few load cases were considered (notably edgewise

loads were not considered), and (2) the airfoil exterior was neglected from the biplane spar.

In this study, we can now ask: is the biplane blade more structurally efficient than a

conventional 100-meter blade? To answer that question, we need to complete step 2 of the

“structures-first” approach: fit the airfoil exterior over the optimized biplane spar from the

investigation in Chapter 4. This will allow us to conduct an aero-structural investigation

of a full biplane blade. This study will only consider a single configuration of the biplane

blade, which is symmetric in the flapwise direction, with no stagger in the inboard biplane

region.

This investigation’s main objective is to study more load cases on a single biplane blade

geometry, to further examine the feasibility of the biplane blade design. This will build

upon previous work with biplane spars, which neglected several components from the blade

geometry to conduct initial analyses. This investigation will include the airfoil exterior, the

root joint, and a third shear web, which were all previously neglected.

5.2 Methods

The studies described in Chapters 3 and 4 concentrated on step one of the “structures-first”

design approach for a biplane blade: designing the internal biplane spar structure. Here,

we complete step two of this approach: fitting the aerodynamic exterior over the biplane

spar to construct a “full” biplane blade. A technology stack was developed to manage the
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Figure 5.1: CAD rendering of rotor with biplane blades (flapwise symmetric, no stagger config-
uration). Image credit: Christos Voutsaras.

design and analysis procedures (Figure 5.2). A blade definition spreadsheet served as the

main input file that described the blade geometry, laminate schedule, material properties,

and 1D beam topology of the biplane blade. These data sets were manipulated with several

different software packages to: (1) create a 3D wireframe visualization of the blade geometry

(Section 5.2.1); (2) perform 2D cross-section analysis (Section 5.2.2); and (3) construct

1D beam finite element models (Section 5.2.3), apply loads (Section 5.2.4), and predict

displacements and forces in the blade.

As described earlier in Chapters 3 and 4, DYMORE and VABS were selected as structural

analysis tools because they are fast and accurate, when compared to three-dimensional finite

element analysis (3D FEA) [67, 68]. While it is true that 3D FEA is highly accurate, it was

judged to be too time consuming to set up the models and compute the results. DYMORE

and VABS were also selected because they have successfully modeled helicopter blades [61,

69, 70] and wind turbine blades [68, 71, 72, 73, 99]. This 1D modeling technique has also been

previously validated against 3D FEA for biplane spar structures [35]. Furthermore, several

researchers have also used 1D beam finite elements to model a joined wing [94, 74, 75, 76, 77];

which has a joint that resembles the joint of the biplane blade.
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Figure 5.2: Technology stack with design and analysis procedures for a full biplane blade. Blue
wavy polygons represent input files, green paralellograms represent data sets, and
purple rectangles represent software packages.
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Figure 5.3: Wireframe representation of the full biplane blade. In this configuration, the inboard
biplane region is symmetric in the flapwise direction and unstaggered.

5.2.1 Blade geometry

A tool was developed to visualize blade geometries with a wireframe, so that the overall

geometry could be quickly edited and verified. Two items were used to define the overall blade

geometry: airfoils and shear webs. A spreadsheet† was used to define the blade geometry with

a series of stations along its span. Each blade station was defined by its spanwise location,

airfoil profile, chord length, twist angle, pitch axis fraction, and chordwise locations of shear

webs. Then, a wireframe representation of the blade geometry was drawn with Python-based

software (the 3D visualization package Mayavi 4.3.1 [101]), so it could be visually checked.

If the geometry needed to be edited, the spreadsheet could be modified and a new wireframe

representation could be generated.

Two spreadsheets were developed: one to define the Sandia blade, and another to define

a biplane blade (Figure 5.3). The Sandia blade spreadsheet was populated with geometry

data for 34 stations from [9]. The biplane blade spreadsheet reused geometry data from the

Sandia blade in its root region and its monoplane outboard region (stations 1-9 and 21-34,

†This blade definition spreadsheet was parsed with Python-based software (the data analysis library,
pandas 0.12.0 [100]).
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respectively, in Table 18 of [9]). New geometry data was developed for the biplane inboard

region (Table D.1) based on the design guidelines developed in earlier studies (Chapters 3

and 4), which suggested using 50% thinner biplane airfoils with a gap-to-chord ratio of about

1.0–1.2, and placing the mid-blade joint near 50% span. The root joint was placed at 4.7%

span, slightly outboard from the start of the primary shear webs (2.4% span). In this blade

configuration, none of the biplane airfoils were staggered. For simplicity, the upper and lower

airfoils were identical. In order to provide more resolution of the geometry near the mid-

blade joint, 6 new stations were added at 30.3%, 33.1%, 38.5%, 41.2%, 46.6%, and 49.3%

span. New transition airfoils for these stations were developed by blending the coordinates of

airfoils at adjacent stations. However, no attempt was made to aerodynamically characterize

these transition airfoils. Finally, the biplane blade used the same twist distribution‡ as the

Sandia blade [9].

5.2.2 2D cross-sectional analysis

5.2.2.1 Cross-sectional geometry and laminate thicknesses

Once an overall blade geometry was verified, the cross-sectional geometry of the internal

blade structure was defined at each station. For a given station, laminate thicknesses were

chosen for each of the parts in the internal structure (spar caps, shear webs, leading edge

panel, aft panel, trailing edge reinforcement, root buildup) to define its cross-sectional ge-

ometry. These laminate thicknesses were added to the same spreadsheet described in Sec-

tion 5.2.1. Then, each cross-section geometry was drawn with Python-based software (the

2D polygon manipulation package Shapely 1.2.17 [102]), which represented each structural

part with polygons.

The Sandia blade spreadsheet was populated with laminate thickness data for 34 stations

from [9]. As before, the biplane blade spreadsheet reused laminate thickness data from the

Sandia blade (Figure 5.4) in its root region and monoplane outboard region, so that the

cross-sectional properties would be identical between each blade. New laminate thicknesses

‡Note: all previous work with biplane spars in Chapters 3 and 4 neglected twist.
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Figure 5.4: The biplane blade reused cross-section properties from the Sandia blade in its mono-
plane root and monoplane outboard regions. A new biplane inboard region was
designed to have equal mass per length as the Sandia blade. New cross-section
properties were calculated at these new biplane inboard stations, as well as at two
new monoplane outboard stations just outboard of the joint.

were developed for the biplane inboard region (Table D.2) so that the biplane blade and the

Sandia blade each had the same mass per unit span. For example, the biplane station at

19.5% span in the biplane blade had the same mass per unit length as the monoplane station

at 19.5% span in the Sandia blade.

Four steps were taken to choose the laminate thicknesses for each of the biplane stations.

First, all of the main structural part thicknesses were cut in half (spar caps, leading edge

panel, trailing edge reinforcement, aft panels). Second, the shear web heights were also

cut in half, since each of the biplane stations used ≈ 50% thinner airfoils than the original

monoplane stations. Third, some of the material thicknesses for the external and internal

surfaces were altered. The triax layer of the external surface was cut to 2.5 mm in the biplane

station (from 5 mm in the original monoplane station). The gelcoat layer of the external

surface was left unaltered at 0.6 mm, since it represents a thin layer of paint that cannot be

realistically manufactured any thinner. The triax layer of the internal surface was cut to 3
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mm in the biplane station (from 5 mm in the original monoplane station). Fourth, the spar

cap thicknesses were either thickened or thinned until the mass of each corresponding station

matched within ±0.5%. The spar caps were altered because, out of all the structural parts,

the spar caps accounted for the largest mass fraction (20-30%) at each station. Therefore,

altering the spar cap thickness was the quickest way to match the masses of each station.

No attempt was made to alter the thicknesses of other parts further.

5.2.2.2 Mesh generation and cross-sectional properties

As before in earlier studies (Chapters 3 and 4), the 2D cross-sectional properties at each

blade station were calculated with VABS 3.6 [63, 64]. VABS uses the variational asymptotic

method [65, 66] to calculate the mass and stiffness matrices for arbitrary beam cross-sections.

Three sets of data are needed for the cross-sectional analysis: (1) a mesh of the cross-sectional

geometry, (2) material properties for each element in the mesh, and (3) the layer plane

angle§ for each element in the mesh. Using this information, VABS creates a finite element

representation of the cross-section to calculate mass and stiffness matrices, which represent

the cross-section’s Timoshenko beam properties.

Once the cross-section geometries were created, TrueGrid [103, 104] was used to generate

meshes¶ for each cross-section. Python scripts were developed to assign the appropriate

material properties and layer plane angle to each element in the mesh. The biplane blade

and the Sandia blade used the same material properties (Table 5.1). Figure 2.9 shows the

materials used for each structural part.

§The layer plane angle is the angle between the horizontal axis and the material ply plane of an element
in the mesh. See Figure 4 in [64] for more details.
¶One caveat about the meshes: some corners of the internal surface that wrapped around right angles

at the edge of aft panel 2 were neglected (see lower inset in Figure 5.5), to facilitate the creation of cross-
sectional meshes. This was expected to have a negligible effect on cross-sectional properties. However, if
VABS is used to recover cross-sectional stresses, it is likely that stress concentrations will be located near
these neglected corners. A large amount of time was needed to construct each cross-section mesh, due to its
complex geometry, so the corners neglected from the mesh were judged to be an acceptable compromise.
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Figure 5.5: Example cross-sectional mesh for station 16 (19.5% span) of the Sandia blade,
generated with TrueGrid [103, 104]. Colors denote individual mesh blocks with the
same material properties. Each of these blocks have been merged into a single mesh
for this entire cross-section.

Table 5.1: Material property data for full blade: glass fiber reinforced plastic (GFRP) compos-
ites, structural foam, gelcoat, and resin [91, 92, 9].

material fabric/resin lay-up E1 (GPa) E2 (GPa) G12 (GPa) ν12 ρ (kg/m3)
uniaxial GFRP E-LT-5500/EP-3 [0]2 41.8 14.0 2.63 0.28 1920
biaxial GFRP Saertex/EP-3 [±45]4 13.6 13.3 11.8 0.49 1780
triaxial GFRP SNL Triax [±45]4[0]2 27.7 13.65 7.2 0.39 1850
foam - - 0.256 0.256 - 0.3 200
gelcoat - - 3.44 3.44 - 0.3 1235
resin - - 3.50 3.50 - 0.3 1100

109



(a) Sandia blade discretized with 1D beam finite elements.

(b) Biplane blade discretized with 1D beam finite elements.

Figure 5.6: Computational meshes used for finite element analysis. (Note: mid-element nodes
not shown. Only every 3rd node is shown.)

5.2.3 1D beam finite element models

Each blade was modeled with geometrically exact beam finite elements [71] in DYMORE

3.0, a flexible multibody dynamics finite element program [61, 62]. These elements were 3rd-

order elements, and were based on a generalized Timoshenko beam model with six degrees

of freedom per node [67]. DYMORE performed a nonlinear static analysis to solve for the

deformed configuration of each blade under loading. In this study, DYMORE was also used

to perform an modal analysis to solve for the natural frequencies and mode shapes of each

blade.

Figure 5.6 compares the 1D beam models for the Sandia blade and the biplane blade.

The spanwise location of the end-nodes were chosen to match the spanwise locations of the

blade stations defined for the Sandia blade [9]. In the outboard monoplane regions, the

Sandia and biplane blade meshes are identical. However, in the inboard region, the biplane

blade mesh has an upper and lower assembly of beam elements, which merge together into

one node at the root and mid-blade joints.

To add more realism to the 1D beam model, DYMORE can use the beam cross-sections

to plot a 3D exterior mesh over the 1D beam model (Figure 5.7). This exterior mesh is

purely graphical; it is not considered in the structural calculations. The coordinate system

shown here for the biplane blade was also used for the 1D beam model of the Sandia blade.
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Figure 5.7: Four surface views of the biplane blade: edgewise (top left), spanwise (top right),
flapwise (bottom left), and isometric (bottom right). The upper biplane element is
blue, the lower biplane element is red, and the outboard monoplane region and the
root monoplane regions are both purple.

5.2.4 Load cases

Five static load cases were considered for each blade, so that the structural performance of

the full biplane blade could be compared to the Sandia blade. Two of these load cases were

simple tip loads: a 10,000 N flapwise tip load, and a 10,000 N edgewise tip load. Two of

the load cases were uniform distributed loads with a magnitude of 1,000 N/m: one applied

in the flapwise direction, and the other in the edgewise direction.‖ The last load case was a

flapwise distributed load predicted by the blade element momentum (BEM) model WT Perf

[105] for the 100-meter Sandia blade operating in a steady wind speed of 11.4 m/s and a

rotor rotation rate of 7.44 rpm. Table 5.2 lists the load values versus length of the flapwise

distributed load from BEM. All flapwise loads were applied in the +x3-direction and all

edgewise loads were applied in the +x2-direction (Figure 5.7). For the three distributed load

cases, it was assumed that the loads on the biplane inboard region of the biplane spar were

equally distributed among the upper and lower elements (for example, as in Figure 4.14(b)).∗∗

In order to inform future designs, a modal analysis was also conducted to model the free

vibrations of the blades without applied loads. DYMORE performed an eigenanalysis to

calculate the first six natural frequencies and mode shapes for each stationary blade. Now

‖The edgewise uniform load was selected as a simple load case that could be used to explore the canonical
structural behavior of each blade. It was not intended to approximate gravity loads, which would vary along
the blade span, with the largest loads at the root, and smallest loads at the tip, in accordance with the mass
distribution of the blade.
∗∗This was the same assumption made in Chapters 3 and 4.
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Table 5.2: Flapwise distributed load (thrust) for the 100-meter Sandia blade operating in 11.4
m/s wind and rotating at 7.44 rpm, calculated by the BEM model WT Perf [105].

span (m) thrust (N/m)
0.000 0.000
2.164 243.878
6.611 299.154

11.058 263.065
16.617 2338.315
23.288 3317.554
29.958 4000.739
36.629 4781.188
43.300 5851.984
49.970 6812.364
56.641 8020.803
63.312 9184.607
69.982 9815.452
76.653 10768.313
83.323 11609.353
88.882 12088.440
93.329 11811.550
97.776 8551.274

100.000 0.000

that the mass of the entire blade was represented, this analysis was conducted to provide

an initial idea of the dynamic behavior of the biplane blade, and how it may differ from the

conventional Sandia blade. For the static load cases and the modal analysis, both blades

were cantilevered at the root (x1 = 0 m) and free at the tip (x1 = R = 100 m).

5.3 Results

5.3.1 Blade geometry

Table D.1 describes the external geometry of the full biplane blade. The beam axis coordi-

nates describe the 1D beam topology of the blade. In a monoplane station, the beam axis

coordinates give the position of the pitch axis (Figure 2.5). In a biplane station, the beam

axis coordinates give the positions of the upper and lower reference points (Figure 2.14).

This table also lists the twist distribution, the chord distribution, and an airfoil schedule.

The beam axis-to-chord ratio describes the fractional position of the beam axis along the

chord of an airfoil.†† The thickness-to-chord ratio decreases sharply from station 9 to 10

††For a monoplane station, this fractional position is ξc in Figure 2.5; for a biplane station, it is fuppercupper
or flowerclower in Figure 2.14.
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at the root joint (4.7% span), where the blade transitions from a thick monoplane airfoil

to two thinner biplane airfoils. Similarly, this ratio increases sharply from station 24 to 25

at the mid-blade joint (43.9% span), where the blade transitions from biplane airfoils to a

thicker monoplane airfoil. The maximum gap-to-chord ratio is 1.395 at 11.4% span. While

the gap-to-chord ratio slightly decreases between 11.4% and 27.6% span because the chord

is changing, the dimensional gap distance remains nearly constant at 9.2 meters. Figure D.1

shows the geometry of selected cross-sections of the biplane blade. Along with the external

geometry, this figure also plots the internal structural parts.

The laminate thicknesses of the internal structural parts are listed in Table D.2. This

table only gives the selected thicknesses along the span: root buildup, spar cap, trailing edge

(TE) reinforcement, leading edge (LE) panel, aft panel, internal surface triax, and external

surface triax. Some thicknesses are not listed because they remain constant along the span.

These constant thicknesses were taken from [9]. All three shear webs are 86 mm thick (80 mm

of foam sandwiched between two layers of 3 mm biax). The external surface consists of a

gelcoat layer on top of a triax layer; this gelcoat layer is 0.6 mm thick. The internal surface

consists of a resin layer on top of a triax layer; this resin layer is 5 mm thick. The two main

shear webs start at 2.4% span and end at 94.3% span; along their entire length, they are

placed at 0.75 m fore and aft of the pitch axis. The third shear web starts at 14.6% span

and ends at 60.2% span; at its start, it is placed at 78% chord and at its end, it is placed at

68% chord.

5.3.2 Cross-sectional analysis

Before calculating the cross-sectional properties of the biplane blade, the methodology in

Figure 5.2 was validated for the Sandia blade. Cross-sectional properties of the Sandia blade

were calculated by VABS in this work, and compared to values calculated by PreComp [106]

reported in [90]. Figures 5.8 and 5.9 show this comparison. The percent difference from

average between the two data sets is also plotted, since the values from [90] have not been

experimentally verified. Furthermore, PreComp makes use of some a priori assumptions,
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such as neglecting cross-sectional warping, which raises some concerns about the accuracy

of its calculated cross-sectional properties [68]. However, the values from [90] are still useful

as a reference for a sanity check. The major differences in calculated properties between this

work and [90] are in edgewise stiffness and edgewise mass moment of inertia, which are both

overpredicted in the inboard region, peaking at about 30% at a span of 14.6 meters. This

difference is likely due to a slight overprediction of mass (about 10%) in the inboard region.

All other cross-sectional properties matched well, with percent differences no larger than

10% in the inboard region, and near zero differences in the outboard region. Therefore, the

methodology in Figure 5.2 was considered sufficiently accurate to calculate the cross-sectional

properties of the biplane blade (Table D.3).

5.3.3 Load cases

5.3.3.1 Flapwise loads

Under each of the flapwise loads, the biplane blade deflects less at the tip than the Sandia

blade (Figures 5.10(a), 5.12(a) and 5.14(a)). The displacement of the biplane blade rela-

tive to the Sandia blade can be shown more clearly by calculating its structural efficiency

(Equation (5.1)), which is defined as the ratio of the Sandia blade displacements (u(x1)Sandia)

and the biplane blade displacements (u(x1)biplane). Figures 5.11, 5.13 and 5.15 show that,

for spans greater than about 25 meters (near the midpoint of the inboard biplane region),

the biplane blade is more efficient in the flapwise direction than the Sandia blade. Between

4.7–25 meters, the biplane blade is less efficient. Between 0–4.7 meters, both blades have the

same efficiency because they both share the same monoplane root cylinder. At the blade tip

(100 meters), the biplane blade is 20–40% more efficient than the Sandia blade, depending

on the flapwise load.

φ(x1) =
u(x1)Sandia

u(x1)biplane

(5.1)

The reduced tip deflection of the biplane blade can be further explained by examining its

114



F
ig
u
re

5
.8
:

S
ti

ff
ne

ss
pr

op
er

ti
es

al
on

g
th

e
sp

an
of

th
e

S
an

di
a

bl
ad

e:
fl

ap
w

is
e

(t
op

le
ft

),
ed

ge
w

is
e

(t
op

ri
gh

t)
,

ax
ia

l
(b

ot
to

m
le

ft
),

an
d

to
rs

io
na

l
(b

ot
to

m
ri

gh
t)

.
P

ro
p

er
ti

es
ca

lc
ul

at
ed

by
U

C
L

A
(u

si
ng

V
A

B
S

)
ar

e
co

m
pa

re
d

to
th

os
e

pu
bl

is
he

d
by

S
an

di
a

(u
si

ng
P

re
C

om
p)

[9
0]

.

115



F
ig
u
re

5
.9
:

M
as

s
pr

op
er

ti
es

al
on

g
th

e
sp

an
of

th
e

S
an

di
a

bl
ad

e:
fl

ap
w

is
e

m
as

s
m

om
en

t
of

in
er

ti
a

(t
op

le
ft

),
ed

ge
w

is
e

m
as

s
m

om
en

t
of

in
er

ti
a

(t
op

ri
gh

t)
,

an
d

m
as

s
p

er
le

ng
th

(b
ot

to
m

le
ft

).
P

ro
p

er
ti

es
ca

lc
ul

at
ed

by
U

C
L

A
(u

si
ng

V
A

B
S

)
ar

e
co

m
pa

re
d

to
th

os
e

pu
bl

is
he

d
by

S
an

di
a

(u
si

ng
P

re
C

om
p)

[9
0]

.

116



moments and rotations. Figures 5.10(d), 5.12(d) and 5.14(d) show that the magnitude of the

flapwise bending moment is much smaller in the biplane region. Between a span of about 25–

35 meters, the moment changes sign because there is an inflection point in the displacement

curve. In other words, the curvature of the deformed biplane blade changes from convex to

concave in the biplane region.‡‡ The inflection point in the biplane blade’s displacements

also causes its rotations to remain nearly constant in the biplane region (Figures 5.10(b),

5.12(b) and 5.14(b)). The Sandia blade’s rotations steadily increase in magnitude along its

span. In short, the inflection point in the biplane blade’s displacements is responsible for its

reduced tip deflection.

The reduced bending moment in the biplane blade is caused by the mid-blade joint (at a

span of 43.9 meters), which converts the bending moment in the outboard monoplane region

into axial forces in the inboard biplane region (Figures 5.10(c), 5.12(c) and 5.14(c)). This

occurs because of the joint’s geometry; under the flapwise loads considered here, the joint

tends to rotate about the x2-axis, with its upper part moving towards the blade root and

its lower part moving towards the blade tip. Therefore, the upper biplane element is in

compression (with a negative axial force) and the lower biplane element is in tension (with a

positive axial force). At the root joint (span of 4.7 meters), the opposite occurs: the bending

moments are restored to the same values as the Sandia blade, and the axial forces vanish.

To check that the flapwise distributed load from BEM was applied correctly, the root

bending moment (Figure 5.14(d)) and tip deflection (Figure 5.14(a)) of the Sandia blade

were compared to results from a similar load case in Table 13 of [9]: the NWPR (normal

wind profile at rated) load case. The normal wind profile is a constant wind speed case with

a rated wind speed of 11.3 m/s and a maximum rotation rate of 7.44 rpm. The flapwise

root bending moment is 42,519 kN-m in the present study, compared to 43,100 kN-m in

[9]. The tip deflection is 6.8 m in the present study, compared to 8.7 m in [9]. While there

is only a 1% difference in the flapwise root bending moment, there is a 22% difference in

tip deflection. In the NWPR load case, both flapwise and edgewise distributed loads are

‡‡Recall that the curvature of a beam is the second derivative of its displacement, and that the bending
moment in a beam is defined as its bending stiffness multiplied by its curvature. Therefore, the bending
moment will have the same sign as the curvature.
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applied to the Sandia blade. However, in the present study, only a flapwise distributed

load from BEM was applied, while the edgewise distributed load was neglected. Since the

Sandia blade is twisted, its edgewise and flapwise deflections are coupled, so the additional

edgewise distributed load would cause some additional flapwise deflection. This difference

in applied loads is likely the cause of the discrepancy in tip deflection. Because the flapwise

root bending moments matched well, it was judged that the flapwise distributed load from

BEM was applied correctly.

5.3.3.2 Edgewise loads

Under each of the edgewise loads, the biplane blade deflects more at the tip than the Sandia

blade (Figures 5.16(a) and 5.18(a)). Figures 5.17 and 5.19 show that, for spans greater

than about 5 meters (near the root joint), the biplane blade is less efficient in then edgewise

direction than the Sandia blade. Between 0–4.7 meters, both blades have the same efficiency

because they both share the same monoplane root cylinder. At the blade tip, the biplane

blade is 27–35% less efficient than the Sandia blade, depending on the edgewise load.

The increased tip deflection of the biplane blade can be further explained by examining

its moments and rotations. Figures 5.16(d) and 5.18(d) show that the magnitude of the

edgewise bending moment is much smaller in the biplane region, but it does not change

sign. Therefore, no inflection point exists in the biplane blade’s displacements to ultimately

limit tip deflection. Furthermore, the biplane blade’s rotations at the root joint (span of 4.7

meters) and mid-blade joint (43.9 meters) increase more rapidly than in the Sandia blade

(Figures 5.16(b) and 5.18(b)). Both of these results contribute to the increased tip deflection

of the biplane blade in the edgewise direction.

Under the edgewise loads considered here, the upper biplane element is in tension and the

lower biplane element is in compression (Figures 5.16(c) and 5.18(c)). This occurs because

of the blade’s twist distribution, which slightly offsets the lower biplane element in the +x2-

direction from the upper biplane element (Figure 5.7). Due to this geometry, edgewise loads

tend to rotate the mid-blade joint about the x3-axis, placing the lower biplane element in
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Figure 5.11: Structural efficiency of the biplane blade under a 100,000 N flapwise tip load. In
the biplane region of the biplane blade, the upper biplane element is plotted with
blue circles, while the lower element is plotted with blue crosses.

compression.

5.3.3.3 Modal analysis

Table 5.3 compares the free vibrations of the biplane and Sandia blades, highlighting the

differences in modes 1, 2, and 6, as well as the similarities in modes 3, 4, and 5. In mode 1

(Figure 5.20), the biplane blade vibrates in the edgewise direction, while the Sandia blade

vibrates in the flapwise direction as expected. This occurs because the biplane blade has been

modified from the Sandia blade by moving mass in the flapwise direction, so that its weak

axis is no longer in the flapwise direction, but now in the edgewise direction. As expected,

the Sandia blade still has its weak axis in the flapwise direction, and therefore vibrates in

the flapwise direction. Furthermore, the first natural frequency of the biplane blade is about

20% larger than the Sandia blade, indicating that slightly more energy is needed to excite

the first mode of the biplane blade. In mode 2 (Figure 5.21), this behavior is flipped; now

the biplane blade vibrates in flap, while the Sandia blade vibrates in edge. Modes 3–5 have

the same shape in both blades, progressing through higher flap and edge modes. The 3rd–

5th natural frequencies of the biplane blade are slightly lower than the Sandia blade. In
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Figure 5.13: Structural efficiency of the biplane blade under a 1,000 N/m flapwise uniform
distributed load. In the biplane region of the biplane blade, the upper biplane
element is plotted with blue circles, while the lower element is plotted with blue
crosses.

Table 5.3: Modal analysis to inform future designs

mode #
biplane blade Sandia blade

natural freq. (Hz) name natural freq. (Hz) name
1 3.227 1st edge 2.697 1st flap
2 3.471 1st flap 4.337 1st edge
3 7.337 2nd flap 7.470 2nd flap
4 12.165 2nd edge 13.916 2nd edge
5 14.091 3rd flap 15.902 3rd flap
6 24.689 1st opp. edge/flap 26.757 4th flap

mode 6 (Figure 5.22), the biplane blade shows coupled torsion and edgewise motions. The

monoplane outboard region vibrates in flap, while torsion in the mid-blade joint produces

edgewise motions in the biplane inboard region. For comparison, the Sandia blade simply

vibrates in a higher flap mode. This highlights an important difference in the dynamical

behavior of the biplane blade at higher modes: torsion/edgewise coupling with the mid-

board joint and the biplane inboard region.

122



0
2
0

4
0

6
0

8
0

1
0
0

x
1
, 
sp

a
n
 (

m
)

101234567

flapwise displacement (m)

b
ip

la
n
e
 r

e
g
io

n

(a
)

d
is

p
la

ce
m

en
ts

0
2
0

4
0

6
0

8
0

1
0
0

x
1
, 
sp

a
n
 (

m
)

1
086420

rotation about x2 (deg)

b
ip

la
n
e
 r

e
g
io

n

(b
)

ro
ta

ti
on

s

0
2
0

4
0

6
0

8
0

1
0
0

x
1
, 
sp

a
n
 (

m
)

432101234

axial force (N)

1
e
6

b
ip

la
n
e
 r

e
g
io

n

(c
)

fo
rc

es

0
2
0

4
0

6
0

8
0

1
0
0

x
1
, 
sp

a
n
 (

m
)

5432101

flapwise moment (N*m)

1
e
7

b
ip

la
n
e
 r

e
g
io

n

(d
)

m
om

en
ts

F
ig
u
re

5
.1
4
:

D
is

pl
ac

em
en

ts
,

ro
ta

ti
on

s,
fo

rc
es

,
an

d
m

om
en

ts
co

m
pu

te
d

by
D

Y
M

O
R

E
fo

r
th

e
S

an
di

a
bl

ad
e

(r
ed

sq
ua

re
s)

an
d

bi
pl

an
e

bl
ad

e
(b

lu
e

ci
rc

le
s

an
d

cr
os

se
s)

un
de

r
a

fl
ap

w
is

e
di

st
ri

bu
te

d
lo

ad
ca

lc
ul

at
ed

by
W

T
P

er
f

[1
05

],
a

B
E

M
m

o
de

l,
fo

r
11

.4
m

/s
w

in
d

sp
ee

d
an

d
7.

44
rp

m
ro

to
r

ro
ta

ti
on

ra
te

.
In

th
e

bi
pl

an
e

re
gi

on
of

th
e

bi
pl

an
e

bl
ad

e,
th

e
up

p
er

bi
pl

an
e

el
em

en
t

is
pl

ot
te

d
w

it
h

bl
ue

ci
rc

le
s,

w
hi

le
th

e
lo

w
er

el
em

en
t

is
pl

ot
te

d
w

it
h

bl
ue

cr
os

se
s.

123



0 20 40 60 80 100
x1, span (m)

0.5

1.0

1.5

2.0

2.5

st
ru

ct
u
ra

l 
e
ff

ic
ie

n
cy

 (
-)

biplane region

Figure 5.15: Structural efficiency of the biplane blade under a flapwise distributed load calcu-
lated by WT Perf [105], a BEM model, for 11.4 m/s wind speed and 7.44 rpm
rotor rotation rate. In the biplane region of the biplane blade, the upper biplane
element is plotted with blue circles, while the lower element is plotted with blue
crosses.

5.4 Discussion

This study presents a blade definition for a full 100-meter biplane blade. By adding the

airfoil exterior over the structurally optimized biplane spar from earlier studies (Chapter 4),

this blade definition represents the completion of step 2 in the “structures-first” approach.

This full biplane blade design includes the root joint and monoplane root cylinder, which

were both neglected from earlier studies.

This study also presents a framework and a technology stack for the design and analysis of

biplane blades, which can be used by future researchers. The methodology in this framework

was first validated by calculating the cross-sectional properties of the Sandia blade and

comparing them to results in [90]. Then, the methodology was used to calculate additional

cross-sectional properties for the inboard biplane region of the biplane blade. Finally, a 1D

beam finite element model of the biplane blade was constructed, and several flapwise and

edgewise load cases were applied.

All of the results for flapwise loads in Section 5.3.3.1 are consistent with the findings
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Figure 5.17: Structural efficiency of the biplane blade under a 100,000 N edgewise tip load. In
the biplane region of the biplane blade, the upper biplane element is plotted with
blue circles, while the lower element is plotted with blue crosses.

presented earlier in Chapters 3 and 4. In the biplane region of the biplane blade, an inflection

point in displacements arises because the flapwise bending moment changes sign, resulting

in reduced tip deflections. At the tip, the biplane blade is 20–40% more efficient than the

Sandia blade, depending on the flapwise load. Axial forces are sustained in the biplane

region, which raises concerns about buckling under compressive forces. Chapter 4 showed

that buckling was not an issue for biplane spars, but this needs to be verified again for the

biplane blade design presented here.

Results for edgewise loads in Section 5.3.3.2 show that the biplane blade deflects more

than the Sandia blade. At the tip, the biplane blade is 27–35% less efficient than the Sandia

blade, depending on the edgewise load. Compared to the Sandia blade, the biplane blade

uses thinner biplane airfoils in the inboard biplane region. These biplane airfoils have sharp

trailing edges, which cannot fit trailing edge reinforcements that are as large as the Sandia

blade to provide edgewise stiffness in the inboard region. In particular, more edgewise

stiffness is needed near the root joint (span of 4.7 meters), where its structural efficiency

reaches a minimum of 50%. Future designs of the biplane blade should investigate ways to

mitigate this challenge.
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Figure 5.19: Structural efficiency of the biplane blade under a 1,000 N/m edgewise uniform
distributed load. In the biplane region of the biplane blade, the upper biplane
element is plotted with blue circles, while the lower element is plotted with blue
crosses.

Figure 5.20: Mode 1: The biplane blade vibrates in edge, while the Sandia blade vibrates in
flap. To illustrate this, the biplane blade is shown in a flapwise view (top), while
the Sandia blade is shown in an edgewise view (bottom).
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Figure 5.21: Mode 2: The biplane blade vibrates in flap, while the Sandia blade vibrates in edge.
To illustrate this, the biplane blade is shown in an edgewise view (top), while the
Sandia blade is shown in a flapwise view (bottom).

Figure 5.22: Mode 6: The biplane blade shows torsion/edgewise coupling. Two views are shown
of each blade: isometric (left), and spanwise looking down the blade from tip to
root (right).
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The modal analysis in Section 5.3.3.3 sought to identify important design considerations

for future studies. This analysis shows that the first mode shape of the biplane blade is

edgewise, not flapwise as in the Sandia blade. This should be considered further in future

studies, since gravitational fatigue loads act in the edgewise direction. This analysis also

revealed that in mode 6, the biplane blade showed torsion/edgewise coupling. This will be

an important consideration for future studies of the design of the mid-blade joint against

fatigue. Finally, this analysis did not consider centrifugal force, since all blades were modeled

as stationary. However, in operation, centrifugal forces will arise from the rotation of the

rotor, which will likely stiffen the blade and change its dynamical behavior. Therefore, future

studies of biplane blade dynamics should include centrifugal forces.
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CHAPTER 6

Conclusions and recommendations

This dissertation used three design studies for the biplane blade, each in order of increasing

complexity, to analyze its aerodynamic and structural performance. Considering the results

of each of these studies, the biplane blade appears to be a feasible design. Two-dimensional

aerodynamic simulations showed that biplane airfoils improved the maximum lift coefficient

and lift-to-drag ratio, compared to thick monoplane airfoils. These aerodynamic improve-

ments can have benefits for blade design. The structural behavior of a biplane beam was

reasonably predicted with a 1D beam model, compared to results from a 3D model. This

indicates that 1D beam models can be accurately used for design studies. An analytical

model for biplane beams gave further insights about how the biplane blade supports loads.

Axial forces in the biplane inboard region reduce bending moments at the joint. These

bending moments are reduced far enough to change sign and create an inflection point in the

displacements of the biplane region. This inflection point ultimately reduces tip deflections

and improves the flapwise structural efficiency of the biplane blade. An approximate buck-

ling analysis shows that compressive axial loads in the biplane inboard region do not exceed

buckling loads. However, the buckling stability of the biplane region needs to be considered

in all future designs of the biplane blade.

Parametric studies were used to (1) examine how the dimensions of the biplane inboard

region affect blade performance, and (2) identify optimal biplane inboard configurations.

These studies found that the most important dimensions of the biplane inboard region are the

gap-to-chord ratio (g/c) and the joint length-to-span ratio (rj/R). Results of this work show

that 1.0 < g/c < 1.2 and rj/R ≈ 0.5 give good aero-structural performance. Within these

constraints, the transition length-to-joint length ratio (rt/rj) had little effect on structural
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performance.

Early on in this work, it was known that the 2D aerodynamic performance of biplane air-

foils was better than a thick monoplane airfoil. This motivated a “structures-first” approach

to design the biplane blade by first focusing on optimizing the structure. No objective func-

tion was explicitly defined within a formal optimization methodology, but the parametric

studies in this work were used to minimize two structural parameters: tip deflection and

root bending moment. At first, this suggests that this was a purely structural optimization.

However, this is only half true, since the biplane inboard structure was also expected to im-

prove aerodynamic performance, based on the results from 2D aerodynamic studies. Moving

forward, a more closely-coupled aero-structural design approach would further improve the

blade design.

Qualitatively, a joint length-to-span ratio of 0.5 is best for two reasons. First, the out-

board part of the blade has already been aerodynamically optimized in conventional blades

over many years of development. Second, there is not enough material in the outboard half

of the blade to split up into a biplane, since the blade thickness tapers from root to tip.

Furthermore, the gap-to-chord ratio should be limited to about 1.2 to prevent the biplane

inboard region from striking the tower under load, even before the tip would strike the tower.

The flapwise structural performance of the biplane blade is significantly improved over a

conventional monoplane blade of the same length and mass. On the other hand, the edge-

wise structural performance of the biplane blade configuration examined in Chapter 5 was

decreased, compared to a monoplane blade. These edgewise stiffness considerations should

be investigated further in future designs, since gravitational fatigue loads are important in

the edgewise direction for large blades.

While this work looked at an isolated blade in order to develop a design, future studies

could build upon this work by considering the entire wind turbine. The structural interac-

tions between the blades and all of the downstream components (e.g. hub, gearbox, tower)

will be important to investigate, especially considering that the biplane blade is a stiffer

structure in the flapwise direction, compared to a conventional blade. When the biplane
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Figure 6.1: CAD rendering of biplane blade, alternate configuration 1 (flapwise asymmetric, no
stagger). Image credit: Christos Voutsaras.

blade is under inertial loading, more of the energy from these loads will likely be passed on

to these downstream components, resulting in larger stresses that may reduce their lifetime.

There are many opportunities for future work. Much of this work focused on optimizing

the structure of the biplane blade, especially in the flapwise direction. Going forward, the

aerodynamic shape of the blade should be optimized, with an eye towards its effect on

edgewise structural peformance. For example, staggering the biplane airfoils in the inboard

region could improve aerodynamic performance by delaying stall and creating gentler stall

characteristics. Stagger could help improve the blade’s edgewise structural efficiency, but

may also degrade its flapwise structural efficiency by inclining the weak bending axis of

the blade to an angle between the flapwise and edgewise directions. These aerodynamic and

structural phenomena could be explored by investigating three alternate configurations of the

biplane blade (Figures 6.1 to 6.3). Flapwise asymmetric configurations might be considered

if, under loading, the clearance between one of the inboard biplane elements and the tower

becomes a more important design driver than the clearance between the blade tip and the

tower. Near the root joint, it would be interesting to use biplane flatback airfoils to see if

they could improve the edgewise structural efficiency of the blade.
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Figure 6.2: CAD rendering of biplane blade, alternate configuration 2 (flapwise asymmetric,
staggered). Image credit: Christos Voutsaras.

Figure 6.3: CAD rendering of biplane blade, alternate configuration 3 (flapwise symmetric, stag-
gered). Image credit: Christos Voutsaras.

134



After performing an aerodynamic shape optimization, a full blade analysis should be

carried out with higher order models for both aerodynamics and structures. Shell or brick

finite element models should be used to investigate the stresses near the mid-blade and root

joints more closely. Once these models were constructed, they could be compared to the

beam models in this dissertation to further assess their accuracy. Dynamic simulations, tor-

sion/edgewise response, improved buckling analyses, and 3D CFD should also be conducted

with the full biplane blade. Aeroelastic and fatigue simulations need to be carried out to

compare the stability limits and fatigue lifetime of the biplane blade to the Sandia reference

blade. Experimental studies on a small-scale rotor with biplane blades could also be carried

out in the future with a “truck test” [107]. Lastly, manufacturing and cost considerations

need to be implemented into the biplane blade design.
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APPENDIX A

Derivation of analytical model for biplane beams

Section 4.2.1 developed an analytical model for biplane beams. This appendix gives more

details about the derivation steps between Sections 4.2.1.3 and 4.2.1.5.

A.1 Kinematic assumptions and essential boundary conditions

The UB, LB, and OM beams were modeled with Euler-Bernoulli beam theory. In addition to

transverse bending, all beams were allowed to stretch axially. Euler-Bernoulli beam theory

makes the following kinematic assumptions about the displacement fields [81]:

u(x, y) = u(x)− yv′(x)

v(x, y) = v(x)
(A.1)

Eqs. (A.1) can be rewritten for the UB, LB, and OM beams as:

uUB(x, y) = uUB(x)− yv′UB(x)

vUB(x, y) = vUB(x)

uLB(x, y) = uLB(x)− yv′LB(x)

vLB(x, y) = vLB(x)

uOM(x, y) = uOM(x)− yv′OM(x)

vOM(x, y) = vOM(x)

Since the UB and LB beams are both cantilevered at x = 0, their axial displacements
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(u), transverse displacements (v), and cross-section rotations (v′) must all be zero.

uUB(0) = 0

uLB(0) = 0

vUB(0) = 0

vLB(0) = 0

v′UB(0) = 0

v′LB(0) = 0

(A.2)

The rigid joint has three degrees of freedom: transverse displacement, rotation, and axial

displacement (Figure 4.4). The joint effectively links the movement of all three beams at

x = rj. At the joint, the transverse displacements and rotations of all three beams must be

equal.

vUB(rj) = vOM(rj)

vLB(rj) = vOM(rj)

v′UB(rj) = v′OM(rj)

v′LB(rj) = v′OM(rj)

(A.3)

Additionally, at the joint, the axial displacements of the UB and LB beams are related to

the axial displacement of the OM beam and the rotation of the OM beam.

uUB(rj) = uOM(rj) +
1

2
gv′OM(rj)

uLB(rj) = uOM(rj)−
1

2
gv′OM(rj)

(A.4)

A.2 Potential energy

Strain energy: Considering the kinematic assumptions in Eqs. (A.1), the only nonzero

strain component is

εxx =
∂u

∂x
= u′ − yv′′. (A.5)
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Each beam is assumed to be made of an isotropic, linear elastic material. With this assump-

tion, Hooke’s Law gives the constitutive stress-strain relations as

σxx = Eεxx, (A.6)

where E is the Young’s modulus of the material. The strain energy of a linear elastic

structure can be written in general form as

U =

∫
B

1

2
σijεijdV. (A.7)

Substituting the constitutive relations (Equation (A.6)) and strains (Equation (A.5)) for

a beam into the strain energy (Equation (A.7)), we obtain the strain energy of a single

Euler-Bernoulli beam with axial stretch as

Ubeam =

∫ L

0

[
1

2
EA(u′)2 +

1

2
EI(v′′)2

]
dx.

Hence, the total strain energy for all three beams in the biplane beam structure must be

U =

∫ rj

0

[
1

2
EAUB(u′UB)2 +

1

2
EIUB(v′′UB)2

]
dx

+

∫ rj

0

[
1

2
EALB(u′LB)2 +

1

2
EILB(v′′LB)2

]
dx

+

∫ R

rj

[
1

2
EAOM(u′OM)2 +

1

2
EIOM(v′′OM)2

]
dx.

(A.8)

Potential energy of applied loads: The potential energy of all three distributed

transverse loads is

V =

∫ rj

0

qUBvUBdx+

∫ rj

0

qLBvLBdx+

∫ R

rj

qOMvOMdx. (A.9)

Total potential energy: Now, Equations (A.8) and (A.9) can be combined to write

138



the total potential energy (Π = U − V) as

Π =

∫ rj

0

[
1

2
EAUB(u′UB)2 +

1

2
EIUB(v′′UB)2 − qUBvUB

]
dx

+

∫ rj

0

[
1

2
EALB(u′LB)2 +

1

2
EILB(v′′LB)2 − qLBvLB

]
dx

+

∫ R

rj

[
1

2
EAOM(u′OM)2 +

1

2
EIOM(v′′OM)2 − qOMvOM

]
dx.

(A.10)

A.3 Minimum total potential energy

The total potential energy is minimized by taking the first variation of Π in Equation (A.10)

and setting it equal to zero (δΠ = 0). The variational operator δ(·) behaves similarly to the

chain rule; therefore, the first variation can be written as

δΠ =
∂Π

∂u′UB

δu′UB +
∂Π

∂v′′UB

δv′′UB +
∂Π

∂u′LB

δu′LB +
∂Π

∂v′′LB

δv′′LB

+
∂Π

∂u′OM

δu′OM +
∂Π

∂v′′OM

δv′′OM

⇒ 0 =

∫ rj

0

[EAUBu
′
UBδu

′
UB + EIUBv

′′
UBδv

′′
UB − qUBδvUB] dx

+

∫ rj

0

[EALBu
′
LBδu

′
LB + EILBv

′′
LBδv

′′
LB − qLBδvLB] dx

+

∫ R

rj

[EAOMu
′
OMδu

′
OM + EIOMv

′′
OMδv

′′
OM − qOMδvOM] dx.
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Integration by parts eliminates the derivatives on the δ-terms.

0 = [EAUBu
′
UBδuUB]

rj
0 + [EIUBv

′′
UBδv

′
UB]

rj
0 − [(EIUBv

′′
UB)′δvUB]

rj
0

+

∫ rj

0

(
[(EIUBv

′′
UB)′′ − qUB] δvUB − [EAUBu

′
UB]
′
δuUB

)
dx

+ [EALBu
′
LBδuLB]

rj
0 + [EILBv

′′
LBδv

′
LB]

rj
0 − [(EILBv

′′
LB)′δvLB]

rj
0

+

∫ rj

0

(
[(EILBv

′′
LB)′′ − qLB] δvLB − [EALBu

′
LB]
′
δuLB

)
dx

+ [EAOMu
′
OMδuOM]

rj
0 + [EIOMv

′′
OMδv

′
OM]

rj
0 − [(EIOMv

′′
OM)′δvOM]

rj
0

+

∫ R

rj

(
[(EIOMv

′′
OM)′′ − qOM] δvOM − [EAOMu

′
OM]

′
δuOM

)
dx

Evaluating the boundary terms gives

0 = EAUB(rj)u
′
UB(rj)δuUB(rj)− EAUB(0)u′UB(0)δuUB(0)

+ EIUB(rj)v
′′
UB(rj)δv

′
UB(rj)− EIUB(0)v′′UB(0)δv′UB(0)

− (EIUBv
′′
UB)′

∣∣
rj
δvUB(rj) + (EIUBv

′′
UB)′

∣∣
0
δvUB(0)

+ EALB(rj)u
′
LB(rj)δuLB(rj)− EALB(0)u′LB(0)δuLB(0)

+ EILB(rj)v
′′
LB(rj)δv

′
LB(rj)− EILB(0)v′′LB(0)δv′LB(0)

− (EILBv
′′
LB)′

∣∣
rj
δvLB(rj) + (EILBv

′′
LB)′

∣∣
0
δvLB(0)

+ EAOM(R)u′OM(R)δuOM(R)− EAOM(rj)u
′
OM(rj)δuOM(rj)

+ EIOM(R)v′′OM(R)δv′OM(R)− EIOM(rj)v
′′
OM(rj)δv

′
OM(rj)

− (EIOMv
′′
OM)′

∣∣
R
δvOM(R) + (EIOMv

′′
OM)′

∣∣
rj
δvOM(rj)

+

∫ rj

0

(
[(EIUBv

′′
UB)′′ − qUB] δvUB − [EAUBu

′
UB]
′
δuUB

)
dx

+

∫ rj

0

(
[(EILBv

′′
LB)′′ − qLB] δvLB − [EALBu

′
LB]
′
δuLB

)
dx

+

∫ R

rj

(
[(EIOMv

′′
OM)′′ − qOM] δvOM − [EAOMu

′
OM]

′
δuOM

)
dx.

(A.11)

Several of the boundary terms in Equation (A.11) can be eliminated or combined by sat-

isfying the essential boundary conditions at the root (Equation (A.2)) and the rigid joint
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(Equations (A.3) and (A.4)). Eqs. (A.2) imply that

δuUB(0) = 0

δuLB(0) = 0

δvUB(0) = 0

δvLB(0) = 0

δv′UB(0) = 0

δv′LB(0) = 0.

(A.12)

Similarly, Eqs. (A.3) imply that

δvUB(rj) = δvOM(rj)

δvLB(rj) = δvOM(rj)

δv′UB(rj) = δv′OM(rj)

δv′LB(rj) = δv′OM(rj)

(A.13)

Finally, Eqs. (A.4) imply that

δuUB(rj) = δuOM(rj) +
1

2
gδv′OM(rj)

δuLB(rj) = δuOM(rj)−
1

2
gδv′OM(rj)

(A.14)
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Substituting Equations (A.12) to (A.14) into Equation (A.11) gives

0 = EAUB(rj)u
′
UB(rj)

[
δuOM(rj) +

1

2
gδv′OM(rj)

]
+ EIUB(rj)v

′′
UB(rj)δv

′
OM(rj)

− (EIUBv
′′
UB)′

∣∣
rj
δvOM(rj)

+ EALB(rj)u
′
LB(rj)

[
δuOM(rj)−

1

2
gδv′OM(rj)

]
+ EILB(rj)v

′′
LB(rj)δv

′
OM(rj)

− (EILBv
′′
LB)′

∣∣
rj
δvOM(rj)

+ EAOM(R)u′OM(R)δuOM(R)− EAOM(rj)u
′
OM(rj)δuOM(rj)

+ EIOM(R)v′′OM(R)δv′OM(R)− EIOM(rj)v
′′
OM(rj)δv

′
OM(rj)

− (EIOMv
′′
OM)′

∣∣
R
δvOM(R) + (EIOMv

′′
OM)′

∣∣
rj
δvOM(rj)

+

∫ rj

0

(
[(EIUBv

′′
UB)′′ − qUB] δvUB − [EAUBu

′
UB]
′
δuUB

)
dx

+

∫ rj

0

(
[(EILBv

′′
LB)′′ − qLB] δvLB − [EALBu

′
LB]
′
δuLB

)
dx

+

∫ R

rj

(
[(EIOMv

′′
OM)′′ − qOM] δvOM − [EAOMu

′
OM]

′
δuOM

)
dx.

Collecting all the δ-terms gives the expression for minimum total potential energy given in

Equation (A.15). After integration of parts and manipulation of the boundary terms, the
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expression for minimum total potential energy becomes

0 = EAOM(R)u′OM(R)δuOM(R)

− (EIOMv
′′
OM)′

∣∣
R
δvOM(R) + EIOM(R)v′′OM(R)δv′OM(R)

+
[
EAUB(rj)u

′
UB(rj) + EALB(rj)u

′
LB(rj)

− EAOM(rj)u
′
OM(rj)

]
δuOM(rj)

+
[
(EIOMv

′′
OM)′

∣∣
rj
− (EIUBv

′′
UB)′

∣∣
rj
− (EILBv

′′
LB)′

∣∣
rj

]
δvOM(rj)

+

[
EIUB(rj)v

′′
UB(rj) + EILB(rj)v

′′
LB(rj)− EIOM(rj)v

′′
OM(rj)

+
1

2
gEAUB(rj)u

′
UB(rj)−

1

2
gEALB(rj)u

′
LB(rj)

]
δv′OM(rj)

+

∫ rj

0

[(EIUBv
′′
UB)′′ − qUB] δvUBdx−

∫ rj

0

(EAUBu
′
UB)

′
δuUBdx

+

∫ rj

0

[(EILBv
′′
LB)′′ − qLB] δvLBdx−

∫ rj

0

(EALBu
′
LB)
′
δuLBdx

+

∫ R

rj

[(EIOMv
′′
OM)′′ − qOM] δvOMdx−

∫ R

rj

(EAOMu
′
OM)

′
δuOMdx.

(A.15)

A.4 Equilibrium equations

In order for Equation (A.15) to be equal to zero, each of the individual terms on the right

hand side must vanish. In the integral terms, δuUB, δuLB, δuOM, δvUB, δvLB, and δvOM

are all arbitrary. By the fundamental lemma of the calculus of variations [81], each of the

integrands must vanish, thereby giving six equilibrium equations.

(EIUBv
′′
UB)′′ = qUB, 0 ≤ x ≤ rj (A.16a)

(EILBv
′′
LB)′′ = qLB, 0 ≤ x ≤ rj (A.16b)

(EIOMv
′′
OM)′′ = qOM, rj ≤ x ≤ R (A.16c)

(EAUBu
′
UB)

′
= 0, 0 ≤ x ≤ rj (A.16d)

(EALBu
′
LB)
′
= 0, 0 ≤ x ≤ rj (A.16e)

(EAOMu
′
OM)

′
= 0, rj ≤ x ≤ R (A.16f)
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A.5 Natural boundary conditions

Each of the boundary terms must also vanish in order for Equation (A.15) to be equal to zero.

Because the terms δuOM, δvOM, and δv′OM are all arbitrary, each of their leading coefficients

must vanish. Hence, six natural boundary conditions are obtained. Three of the natural

boundary conditions are at the joint (x = rj).

EAUB(rj)u
′
UB(rj) + EALB(rj)u

′
LB(rj)− EAOM(rj)u

′
OM(rj) = 0 (A.17a)

(EIOMv
′′
OM)′

∣∣
rj
− (EIUBv

′′
UB)′

∣∣
rj
− (EILBv

′′
LB)′

∣∣
rj

= 0 (A.17b)

EIUB(rj)v
′′
UB(rj) + EILB(rj)v

′′
LB(rj)− EIOM(rj)v

′′
OM(rj)

+
1

2
gEAUB(rj)u

′
UB(rj)−

1

2
gEALB(rj)u

′
LB(rj) = 0 (A.17c)

The other three natural boundary conditions are at the tip (x = R).

EAOM(R)u′OM(R) = 0 (A.18a)

(EIOMv
′′
OM)′

∣∣
R

= 0 (A.18b)

EIOM(R)v′′OM(R) = 0 (A.18c)

Together, the equilibrium equations (Equation (A.16)) and boundary conditions (Equa-

tions (A.2) to (A.4), (A.17) and (A.18)) form a general solution that can be used to model

the structural response of the biplane beam under static loading.

A.6 Assumptions for engineering properties

In order to make the analytical model tractable, some assumptions were made for the engi-

neering properties and loads on the biplane beam, leading to simpler equilibrium equations

and natural boundary conditions. It was assumed that EA and EI were constant along each

of the spans of the OM, UB, and LB beams. Furthermore, the inboard biplane properties
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were scaled to the outboard monoplane properties with constants α and β, such that

EAOM(x) = EA

EIOM(x) = EI

EAUB(x) = αEA

EIUB(x) = βEI

EALB(x) = αEA

EILB(x) = βEI,

(A.19)

or, expressed another way

α =
EAUB

EAOM

=
EALB

EAOM

β =
EIUB

EIOM

=
EILB

EIOM

.

(A.20)

To approximate the flapwise bending moment (the primary load on wind turbine blades

[51]), the transverse distributed loads were assumed to be constant along each of the spans of

the OM, UB, and LB beams. The constant load distribution approximates an “instantaneous

snapshot” of a gust load on a wind turbine blade. These gust loads often lead to the worst-

case scenario of all the design load cases suggested by international certification standards of

wind turbine blades [82], as was shown in [9]. The magnitude of the inboard distributed loads

were assumed to be half of the magnitude of the outboard distributed load (Eqs. (A.21)). In

other words, the constant load distribution that would normally be present on the inboard

region of a conventional monoplane blade was equally distributed among the UB and LB

beams.

qOM(x) = q0

qUB(x) =
1

2
q0

qLB(x) =
1

2
q0.

(A.21)

The assumptions in Equations (4.1) and (A.19) simplify the equilibrium equations (Equa-
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tion (A.16)) as

βEIv′′′′UB =
1

2
q0, 0 ≤ x ≤ rj (A.22a)

βEIv′′′′LB =
1

2
q0, 0 ≤ x ≤ rj (A.22b)

EIv′′′′OM = q0, rj ≤ x ≤ R (A.22c)

αEAu′′UB = 0, 0 ≤ x ≤ rj (A.22d)

αEAu′′LB = 0, 0 ≤ x ≤ rj (A.22e)

EAu′′OM = 0, rj ≤ x ≤ R (A.22f)

and the natural boundary conditions at the joint (Equation (A.17)) as

αEAu′UB(rj) + αEAu′LB(rj)− EAu′OM(rj) = 0 (A.23a)

EIv′′′OM(rj)− βEIv′′′UB(rj)− βEIv′′′LB(rj) = 0 (A.23b)

βEIv′′UB(rj) + βEIv′′LB(rj)− EIv′′OM(rj)

+
1

2
gαEAu′UB(rj)−

1

2
gαEAu′LB(rj) = 0 (A.23c)

and the natural boundary conditions at the tip (Equation (A.18)) as

EAu′OM(R) = 0 (A.24a)

EIv′′′OM(R) = 0 (A.24b)

EIv′′OM(R) = 0. (A.24c)

A.7 Solution of equilibrium equations

The simplified equilibrium equations and boundary conditions form a boundary value prob-

lem that can now be solved analytically. The method of undetermined coefficients [108] was

used to solve the nonhomogeneous ordinary differential equations in Equation (A.22), subject

to the boundary conditions in Equations (A.2) to (A.4), (A.23) and (A.24). Python-based
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software was used to help derive the solution to this boundary value problem. The symbolic

math package SymPy 0.7.2 [85] was used inside the web-based notebook environment of

IPython 0.13 [86] to record each step of the derivation. Because the derivation is lengthy,

it is omitted here; refer to [109, 110] for more details. The resulting analytical solution is

given in Equations (4.4) and (4.5).
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APPENDIX B

Laminate schedules for spars

The tables in this appendix list the laminate thicknesses of composite materials used to

construct three spars: a monoplane spar derived from the Sandia SNL100-00 blade (Fig-

ure 4.5(a)), a biplane spar with half-height cross-sections (Figure 4.11 (top)), and a biplane

spar with full-height cross-sections (Figure 4.11 (bottom)). Each spar has the same length

and mass.
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APPENDIX C

Spanwise properties of spars

The tables in this appendix summarize the cross-sectional stiffness and mass properties of

the three spars studied in Chapter 4, whose laminate schedules are given in Appendix B.

The values presented in these tables were calculated by the 2D cross-sectional analysis tool,

VABS [64]. In its analysis, VABS calculates a 6×6 stiffness matrix and a 6×6 mass matrix.

Only selected values from these matrices are shown here; a key is provided in Table C.1.

Table C.1: Key for translating column entries in Tables C.2 to C.4 and D.3 to VABS matrix
entries in *.K files.

table column entry VABS entry
flapwise stiffness K55

edgewise stiffness K66

torsional stiffness K44

axial stiffness K11

mass M11

flapwise mass moment of inertia M55

edgewise mass moment of inertia M66
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APPENDIX D

Blade definition for 100-meter biplane blade

These figures and tables define the geometry of the full 100-meter biplane blade studied in

Chapter 5. The external (aerodynamic) geometry is described by the airfoil, chord, and twist

schedules presented in Table D.1. The laminate schedule for the internal structure is given

in Table D.2. Lumped structural properties for blade cross-sections (calculated by VABS)

are given in Table D.3. Only selected values from VABS are shown here; a key is provided

in Table C.1.
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Table D.1: Geometry of a full 100-meter biplane blade, which is symmetric in the flapwise
direction and uses biplane airfoils with zero stagger. The root joint is located at
blade station 9 (4.7% span), and the mid-blade joint is located at blade station 25
(43.9% span).

blade
station

upper or
lower
biplane
element

twist
(deg)

chord
(m)

beam
axis-to-
chord
ratio

thickness-
to-chord
ratio

airfoil
gap-to-
chord
ratio

beam axis coordinates
x1 (m) x2 (m) x3 (m)

1 - 0.000 0.000 0.000 13.308 5.694 0.500 1.000 Cylinder -
2 - 0.500 0.000 0.000 13.308 5.694 0.500 1.000 Cylinder -
3 - 0.700 0.000 0.000 13.308 5.694 0.500 0.993 SNL-100m-0pt007 -
4 - 0.900 0.000 0.000 13.308 5.694 0.500 0.985 SNL-100m-0pt009 -
5 - 1.100 0.000 0.000 13.308 5.694 0.500 0.978 SNL-100m-0pt011 -
6 - 1.300 0.000 0.000 13.308 5.694 0.500 0.970 SNL-100m-Ellipse97 -
7 - 2.400 0.000 0.000 13.308 5.792 0.499 0.931 SNL-100m-Ellipse93pt1 -
8 - 2.600 0.000 0.000 13.308 5.811 0.498 0.925 SNL-100m-Ellipse92pt5 -
9 - 4.700 0.000 0.000 13.308 6.058 0.483 0.840 SNL-100m-Transition84 -

10
upper 6.800 -0.508 2.147 13.308 6.304 0.468 0.532 SNL-100m-Transition53pt2

0.700
lower 6.800 0.508 -2.147 13.308 6.304 0.468 0.532 SNL-100m-Transition53pt2

11
upper 8.900 -0.905 3.825 13.308 6.551 0.453 0.408 DU99-W-405 40pt8

1.200
lower 8.900 0.905 -3.825 13.308 6.551 0.453 0.408 DU99-W-405 40pt8

12
upper 11.400 -1.097 4.639 13.308 6.835 0.435 0.300 DU97-W-300

1.395
lower 11.400 1.097 -4.639 13.308 6.835 0.435 0.300 DU97-W-300

13
upper 14.600 -1.098 4.641 13.308 7.215 0.410 0.255 UCLA-100m-Transition-255

1.322
lower 14.600 1.098 -4.641 13.308 7.215 0.410 0.255 UCLA-100m-Transition-255

14
upper 16.300 -1.087 4.643 13.177 7.404 0.400 0.235 UCLA-100m-Transition-235

1.288
lower 16.300 1.087 -4.643 13.177 7.404 0.400 0.235 UCLA-100m-Transition-235

15
upper 17.900 -1.077 4.646 13.046 7.552 0.390 0.218 UCLA-100m-Transition-218

1.263
lower 17.900 1.077 -4.646 13.046 7.552 0.390 0.218 UCLA-100m-Transition-218

16
upper 19.500 -1.066 4.647 12.915 7.628 0.380 0.203 UCLA-100m-Transition-203

1.250
lower 19.500 1.066 -4.647 12.915 7.628 0.380 0.203 UCLA-100m-Transition-203

17
upper 22.200 -1.002 4.661 12.133 7.585 0.378 0.190 UCLA-100m-Transition-190

1.257
lower 22.200 1.002 -4.661 12.133 7.585 0.378 0.190 UCLA-100m-Transition-190

18
upper 24.900 -0.939 4.677 11.350 7.488 0.377 0.180 UCLA-100m-Transition-180

1.274
lower 24.900 0.939 -4.677 11.350 7.488 0.377 0.180 UCLA-100m-Transition-180

19
upper 27.600 -0.874 4.687 10.568 7.347 0.375 0.204 DU93-W-210 20pt4

1.298
lower 27.600 0.874 -4.687 10.568 7.347 0.375 0.204 DU93-W-210 20pt4

20
upper 30.333 -0.758 4.257 10.101 7.206 0.375 0.206 DU93-W-210 20pt6

1.200
lower 30.333 0.758 -4.257 10.101 7.206 0.375 0.206 DU93-W-210 20pt6

21
upper 33.067 -0.650 3.830 9.633 7.064 0.375 0.208 DU93-W-210 20pt8

1.100
lower 33.067 0.650 -3.830 9.633 7.064 0.375 0.208 DU93-W-210 20pt8

22
upper 35.800 -0.551 3.417 9.166 6.923 0.375 0.210 DU93-W-210

1.000
lower 35.800 0.551 -3.417 9.166 6.923 0.375 0.210 DU93-W-210

23
upper 38.500 -0.433 2.839 8.673 6.758 0.375 0.226 DU93-W-210 22pt6

0.850
lower 38.500 0.433 -2.839 8.673 6.758 0.375 0.226 DU93-W-210 22pt6

24
upper 41.200 -0.281 1.958 8.181 6.594 0.375 0.243 DU91-W2-250 24pt3

0.600
lower 41.200 0.281 -1.958 8.181 6.594 0.375 0.243 DU91-W2-250 24pt3

25 - 43.900 0.000 0.000 7.688 6.429 0.375 0.260 DU91-W2-250 26 -
26 - 46.600 0.000 0.000 7.185 6.258 0.375 0.251 UCLA-100m-Transition-251 -
27 - 49.300 0.000 0.000 6.683 6.086 0.375 0.241 UCLA-100m-Transition-241 -
28 - 52.000 0.000 0.000 6.180 5.915 0.375 0.230 DU93-W-210 23 -
29 - 60.200 0.000 0.000 4.743 5.417 0.375 0.210 DU93-W-210 -
30 - 66.700 0.000 0.000 3.633 5.019 0.375 0.190 NACA 64-618 19 -
31 - 68.300 0.000 0.000 3.383 4.920 0.375 0.185 NACA 64-618 18pt5 -
32 - 73.200 0.000 0.000 2.735 4.621 0.375 0.180 NACA 64-618 -
33 - 76.400 0.000 0.000 2.348 4.422 0.375 0.180 NACA 64-618 -
34 - 84.600 0.000 0.000 1.380 3.925 0.375 0.180 NACA 64-618 -
35 - 89.400 0.000 0.000 0.799 3.619 0.375 0.180 NACA 64-618 -
36 - 94.300 0.000 0.000 0.280 2.824 0.375 0.180 NACA 64-618 -
37 - 95.700 0.000 0.000 0.210 2.375 0.375 0.180 NACA 64-618 -
38 - 97.200 0.000 0.000 0.140 1.836 0.375 0.180 NACA 64-618 -
39 - 98.600 0.000 0.000 0.070 1.208 0.375 0.180 NACA 64-618 -
40 - 100.000 0.000 0.000 0.000 0.100 0.375 0.180 NACA 64-618 -
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Table D.2: Laminate schedule for a full 100-meter biplane blade.

blade
station

x1
(m)

upper or
lower
biplane
element

root
buildup,
triax (m)

spar cap,
uniax
(m)

TE rein-
forcement,
uniax (m)

TE rein-
forcement,
foam (m)

LE panel,
foam (m)

aft
panel,
foam
(m)

internal
surface,
triax (m)

external
surface,
triax (m)

1 0.00 - 0.16000 0.00500 0.00500
2 0.50 - 0.14000 0.01300 0.00100 0.00500 0.00500
3 0.70 - 0.12000 0.01300 0.00200 0.00500 0.00500
4 0.90 - 0.10000 0.01300 0.00300 0.00500 0.00500
5 1.10 - 0.08000 0.01300 0.00500 0.00500 0.00500
6 1.30 - 0.07000 0.01300 0.00700 0.00100 0.00100 0.00500 0.00500
7 2.40 - 0.06300 0.01300 0.00800 0.00350 0.00350 0.00500 0.00500
8 2.60 - 0.05500 0.01300 0.00900 0.01300 0.01300 0.00500 0.00500
9 4.70 - 0.04000 0.02000 0.01300 0.03000 0.10000 0.00500 0.00500

10
6.80 upper 0.01100 0.02000 0.00900 0.02500 0.05000 0.00300 0.00250

lower 0.01100 0.02000 0.00900 0.02500 0.05000 0.00300 0.00250

11
8.90 upper 0.00900 0.03500 0.01250 0.03000 0.03000 0.05000 0.00300 0.00250

lower 0.00900 0.03500 0.01250 0.03000 0.03000 0.05000 0.00300 0.00250

12
11.40 upper 0.00500 0.04200 0.01650 0.03000 0.03000 0.05000 0.00300 0.00250

lower 0.00500 0.04200 0.01650 0.03000 0.03000 0.05000 0.00300 0.00250

13
14.60 upper 0.06300 0.02000 0.03000 0.03000 0.05000 0.00300 0.00250

lower 0.06300 0.02000 0.03000 0.03000 0.05000 0.00300 0.00250

14
16.30 upper 0.06400 0.02500 0.03000 0.03000 0.03000 0.00300 0.00250

lower 0.06400 0.02500 0.03000 0.03000 0.03000 0.00300 0.00250

15
17.90 upper 0.05950 0.03000 0.03000 0.03000 0.03000 0.00300 0.00250

lower 0.05950 0.03000 0.03000 0.03000 0.03000 0.00300 0.00250

16
19.50 upper 0.05700 0.03000 0.03000 0.03000 0.03000 0.00300 0.00250

lower 0.05700 0.03000 0.03000 0.03000 0.03000 0.00300 0.00250

17
22.20 upper 0.05600 0.03000 0.03000 0.03000 0.03000 0.00300 0.00250

lower 0.05600 0.03000 0.03000 0.03000 0.03000 0.00300 0.00250

18
24.90 upper 0.05500 0.03000 0.03000 0.03000 0.03000 0.00300 0.00250

lower 0.05500 0.03000 0.03000 0.03000 0.03000 0.00300 0.00250

19
27.60 upper 0.05300 0.01500 0.02000 0.03000 0.03000 0.00300 0.00250

lower 0.05300 0.01500 0.02000 0.03000 0.03000 0.00300 0.00250

20
30.33 upper 0.04970 0.01500 0.01650 0.03000 0.03000 0.00300 0.00250

lower 0.04970 0.01500 0.01650 0.03000 0.03000 0.00300 0.00250

21
33.07 upper 0.04630 0.01500 0.01350 0.03000 0.03000 0.00300 0.00250

lower 0.04630 0.01500 0.01350 0.03000 0.03000 0.00300 0.00250

22
35.80 upper 0.04300 0.01500 0.01000 0.03000 0.03000 0.00300 0.00250

lower 0.04300 0.01500 0.01000 0.03000 0.03000 0.00300 0.00250

23
38.50 upper 0.03900 0.01250 0.00850 0.03000 0.03000 0.00300 0.00250

lower 0.03900 0.01250 0.00850 0.03000 0.03000 0.00300 0.00250

24
41.20 upper 0.03600 0.01000 0.00650 0.03000 0.03000 0.00300 0.00250

lower 0.03600 0.01000 0.00650 0.03000 0.03000 0.00300 0.00250
25 43.90 - 0.11100 0.01500 0.01000 0.06000 0.06000 0.00500 0.00500
26 46.60 - 0.10800 0.01300 0.01000 0.06000 0.06000 0.00500 0.00500
27 49.30 - 0.10500 0.01000 0.01000 0.06000 0.06000 0.00500 0.00500
28 52.00 - 0.10200 0.00800 0.01000 0.06000 0.06000 0.00500 0.00500
29 60.20 - 0.08500 0.00400 0.01000 0.06000 0.06000 0.00500 0.00500
30 66.70 - 0.06800 0.00400 0.01000 0.06000 0.06000 0.00500 0.00500
31 68.30 - 0.06400 0.00400 0.01000 0.05500 0.05500 0.00500 0.00500
32 73.20 - 0.04700 0.00400 0.01000 0.04500 0.04500 0.00500 0.00500
33 76.40 - 0.03400 0.00400 0.01000 0.03000 0.03000 0.00500 0.00500
34 84.60 - 0.01700 0.00400 0.01000 0.01500 0.01500 0.00500 0.00500
35 89.40 - 0.00900 0.00400 0.01000 0.01000 0.01000 0.00500 0.00500
36 94.30 - 0.00500 0.00400 0.01000 0.00500 0.00500 0.00500
37 95.70 - 0.00500 0.00400 0.01000 0.00500 0.00500 0.00500
38 97.20 - 0.00500 0.00400 0.01000 0.00500 0.00500 0.00500
39 98.60 - 0.00500 0.00400 0.01000 0.00500 0.00500 0.00500
40 100.00 - 0.00125 0.00500
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Table D.3: Spanwise properties for a full biplane blade.

blade
station

x1
(m)

upper or
lower
biplane
element

stiffness properties mass properties
flapwise
stiffness
(N*m2)

edgewise
stiffness
(N*m2)

torsional
stiffness
(N*m2)

axial
stiffness
(N)

mass
(kg/m)

flapwise mass
moment of
inertia (kg*m)

edgewise mass
moment of
inertia (kg*m)

1 0.00 - 3.125E+11 3.125E+11 1.627E+11 8.201E+10 5.561E+03 2.117E+04 2.117E+04
2 0.50 - 2.907E+11 2.802E+11 1.460E+11 7.450E+10 5.021E+03 1.947E+04 1.899E+04
3 0.70 - 2.524E+11 2.455E+11 1.267E+11 6.503E+10 4.384E+03 1.691E+04 1.666E+04
4 0.90 - 2.145E+11 2.105E+11 1.075E+11 5.556E+10 3.748E+03 1.437E+04 1.430E+04
5 1.10 - 1.775E+11 1.763E+11 8.836E+10 4.630E+10 3.122E+03 1.189E+04 1.197E+04
6 1.30 - 1.580E+11 1.598E+11 7.845E+10 4.178E+10 2.814E+03 1.058E+04 1.082E+04
7 2.40 - 1.487E+11 1.542E+11 7.228E+10 4.265E+10 3.156E+03 1.056E+04 1.062E+04
8 2.60 - 1.351E+11 1.414E+11 6.507E+10 3.907E+10 2.930E+03 9.704E+03 9.811E+03
9 4.70 - 1.079E+11 1.265E+11 5.119E+10 3.335E+10 2.573E+03 7.942E+03 8.908E+03

10 6.80
upper 1.978E+10 4.185E+10 9.565E+09 1.289E+10 1.093E+03 1.510E+03 3.211E+03
lower 1.978E+10 4.185E+10 9.565E+09 1.289E+10 1.093E+03 1.510E+03 3.211E+03

11 8.90
upper 1.110E+10 3.614E+10 4.432E+09 1.317E+10 1.025E+03 7.645E+02 2.837E+03
lower 1.110E+10 3.614E+10 4.432E+09 1.317E+10 1.025E+03 7.645E+02 2.837E+03

12 11.40
upper 6.315E+09 3.452E+10 2.190E+09 1.223E+10 9.095E+02 4.123E+02 2.612E+03
lower 6.315E+09 3.452E+10 2.190E+09 1.223E+10 9.095E+02 4.123E+02 2.612E+03

13 14.60
upper 7.725E+09 3.788E+10 1.671E+09 1.343E+10 9.529E+02 4.626E+02 2.864E+03
lower 7.725E+09 3.788E+10 1.671E+09 1.343E+10 9.529E+02 4.626E+02 2.864E+03

14 16.30
upper 7.874E+09 4.651E+10 1.708E+09 1.396E+10 9.676E+02 4.670E+02 3.267E+03
lower 7.874E+09 4.651E+10 1.708E+09 1.396E+10 9.676E+02 4.670E+02 3.267E+03

15 17.90
upper 7.405E+09 5.515E+10 1.691E+09 1.375E+10 9.636E+02 4.448E+02 3.733E+03
lower 7.405E+09 5.515E+10 1.691E+09 1.375E+10 9.636E+02 4.448E+02 3.733E+03

16 19.50
upper 6.936E+09 5.828E+10 1.635E+09 1.344E+10 9.509E+02 4.193E+02 3.931E+03
lower 6.936E+09 5.828E+10 1.635E+09 1.344E+10 9.509E+02 4.193E+02 3.931E+03

17 22.20
upper 6.020E+09 5.771E+10 1.458E+09 1.321E+10 9.306E+02 3.638E+02 3.871E+03
lower 6.020E+09 5.771E+10 1.458E+09 1.321E+10 9.306E+02 3.638E+02 3.871E+03

18 24.90
upper 5.137E+09 5.592E+10 1.271E+09 1.295E+10 9.056E+02 3.101E+02 3.727E+03
lower 5.137E+09 5.592E+10 1.271E+09 1.295E+10 9.056E+02 3.101E+02 3.727E+03

19 27.60
upper 4.257E+09 3.714E+10 1.079E+09 1.152E+10 8.283E+02 2.577E+02 2.846E+03
lower 4.257E+09 3.714E+10 1.079E+09 1.152E+10 8.283E+02 2.577E+02 2.846E+03

20 30.33
upper 3.962E+09 3.548E+10 1.032E+09 1.105E+10 8.015E+02 2.417E+02 2.702E+03
lower 3.962E+09 3.548E+10 1.032E+09 1.105E+10 8.015E+02 2.417E+02 2.702E+03

21 33.07
upper 3.665E+09 3.383E+10 9.836E+08 1.057E+10 7.739E+02 2.257E+02 2.561E+03
lower 3.665E+09 3.383E+10 9.836E+08 1.057E+10 7.739E+02 2.257E+02 2.561E+03

22 35.80
upper 3.380E+09 3.224E+10 9.351E+08 1.011E+10 7.467E+02 2.102E+02 2.424E+03
lower 3.380E+09 3.224E+10 9.351E+08 1.011E+10 7.467E+02 2.102E+02 2.424E+03

23 38.50
upper 3.475E+09 2.796E+10 9.863E+08 9.423E+09 7.179E+02 2.203E+02 2.188E+03
lower 3.475E+09 2.796E+10 9.863E+08 9.423E+09 7.179E+02 2.203E+02 2.188E+03

24 41.20
upper 3.376E+09 2.342E+10 9.827E+08 8.811E+09 6.874E+02 2.147E+02 1.905E+03
lower 3.376E+09 2.342E+10 9.827E+08 8.811E+09 6.874E+02 2.147E+02 1.905E+03

25 43.90 - 9.082E+09 3.497E+10 1.792E+09 2.061E+10 1.310E+03 4.968E+02 2.655E+03
26 46.60 - 7.800E+09 3.107E+10 1.575E+09 1.987E+10 1.259E+03 4.260E+02 2.397E+03
27 49.30 - 6.672E+09 2.650E+10 1.374E+09 1.905E+10 1.206E+03 3.641E+02 2.114E+03
28 52.00 - 5.699E+09 2.301E+10 1.193E+09 1.829E+10 1.155E+03 3.110E+02 1.879E+03
29 60.20 - 3.304E+09 1.512E+10 7.666E+08 1.524E+10 9.701E+02 1.806E+02 1.302E+03
30 66.70 - 2.101E+09 1.132E+10 5.068E+08 1.248E+10 7.948E+02 1.167E+02 9.421E+02
31 68.30 - 1.810E+09 1.063E+10 4.513E+08 1.187E+10 7.548E+02 1.006E+02 8.730E+02
32 73.20 - 1.182E+09 8.673E+09 3.383E+08 9.479E+09 6.187E+02 6.725E+01 6.975E+02
33 76.40 - 8.561E+08 7.462E+09 2.809E+08 7.693E+09 5.167E+02 5.023E+01 5.869E+02
34 84.60 - 4.157E+08 5.121E+09 1.772E+08 5.173E+09 3.702E+02 2.626E+01 3.950E+02
35 89.40 - 2.448E+08 3.942E+09 1.274E+08 3.929E+09 2.983E+02 1.672E+01 3.045E+02
36 94.30 - 9.691E+07 1.884E+09 5.751E+07 2.761E+09 2.099E+02 6.787E+00 1.442E+02
37 95.70 - 5.649E+07 1.031E+09 3.045E+07 2.175E+09 1.535E+02 3.845E+00 7.385E+01
38 97.20 - 2.541E+07 4.529E+08 1.363E+07 1.658E+09 1.168E+02 1.722E+00 3.232E+01
39 98.60 - 6.808E+06 1.174E+08 3.616E+06 1.061E+09 7.433E+01 4.571E-01 8.271E+00
40 100.00 - 6.513E+02 1.224E+04 5.208E+02 2.528E+07 1.885E+00 4.956E-05 9.354E-04
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