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Sartori, S., Liñán, A., Lasheras, J. C., An evaporation model of
colloidal suspension droplets Oral Presentantion. 62nd Annual
Meeting of the American Physical Society’s Division of Fluid
Dynamics. November, 2009

x



ABSTRACT OF THE THESIS

Temporal and Spatial Study of Drying of Suspension and Solution
Droplets for Tablets Coating Purposes

by

Silvana Sartori Velasco

Master of Science in Engineering Sciences (Aerospace Engineering)

University of California, San Diego, 2010

Professor Juan C. Lasheras, Chair

Suspensions or solutions of polymers are widely used in the pharmaceutical

industry to coat tablets with different agents. These allow controlling the rate at

which the drug is delivered, taste or appearance. The coating is performed by spraying

and drying the tablets at moderate temperatures. The spreading of the coating on the

pills surface depends on the droplet Webber and Reynolds numbers, angle of impact,

but especially on the rheological properties of the drop.

We present simplified models for the evaporation of suspension and solution

droplets in a hot air environment with temperatures substantially lower than the

boiling temperature of the carrier fluid. As the liquid vaporizes from the surface in the

solution case, the solution becomes more concentrated, until reaching its saturation

point. After saturation, precipitation occurs uniformly within the drop. As the

surface regresses, a compacting front formed by the solid precipitate at its maximum

packing density advances into the drop, while more solute continues precipitating

uniformly. The porous shell grows faster than in the suspension case, due to the

double effect of surface regression and precipitation.

xi



Chapter 1

Introduction

1.1 General Introduction

Film coatings are often used to enhance pharmaceutical tablet products. Tablet

film coatings can provide many benefits including: improved appearance, added func-

tionality (e.g., sustained release, delayed release or coatings with active ingredients),

brand identity, dose strength identification, improved tablet taste, improved mechan-

ical strength for handling during production packaging, reduce worker exposure (e.g.,

when dispensing in a pharmacy or hospital setting). There is also potential to improve

chemical stability by separation of incompatible ingredients into layers. Improvements

in stability can be significant for maintaining drug potency, reducing or masking po-

tential color changes in the tablet core, or reducing the development of odors due

to chemical reactions. However, coating ingredients may also cause instability of the

tablet composition. Hence, a good understanding of the coating process will lead to

a precise control of its conditions, critical for successful product development.

1.2 Relevant Physical Processes

Tablet coating has evolved throughout history from sugar based coatings, to

solvent based polymeric or aqueous based polymeric film coatings. Equipment pref-

erences have also changed from non-perforated pans to partially or fully perforated

pans. Coating application has also drastically improved from ladling of sugar coatings

1
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R0 Rf 

A. 

V 
θ 

C. B. 

Figure 1.1: The three main physical processes of interest to study. A. Atomization
of the fluid. B. Vaporization and composition change of the drops. C. Impact of the
drops onto the tablet

to films applied with modern pneumatic or coaxial air blast spray guns.

The application of coating material to the tablets is carried out in a complex

process that includes 4 key steps: spray atomization, droplet transport, droplet im-

pact and tablet drying, and tablet mixing. A schematic of the three main physical

processes involved in tablet coating is shown in figure 1.1. Mathematical and physical

modeling of these three aspects of tablet film coating are important and may reach

impact on the economics of pharmaceutical commercialization, potentially reducing

both cost and time to market. In the last step of the process, a batch may be rejected

if process conditions are poorly selected or controlled. Tablets with surface defects

may be removed from the batch after a complete visual quality inspection; however,

this added step expensive is time consuming and should be avoided.

Although the coating process is the above described, the techniques and stan-

dard equipments to obtain these coatings may differ. Coating may be performed in

batches, where a fluidized bed of tablets is sprayed either from the top, the bottom

or tangentially (figure 1.2) in batches; in a continuous manner (figure 1.3) equally

spraying from the top or from the bottom. Pan coating is however the type of coat-

ing that we will be focusing on in this project (figure 1.4): a rotating drum with a

batch of tablets is sprayed from either the center or the surface of the drum; a drying

gas is injected either in the same direction of the spray or the opposite direction.

Summarized hereafter are the three main steps of tablet coating.

First, the coating formulation is atomized into small droplets (sketch A of

figure 1.1). This is done by using two-fluid coaxial atomizers in which the liquid
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Batch fluid bed 
coating 

Top Spray  

Batch fluid bed coating 
Bottom Spray 

(Wurster Coating) 

Batch fluid bed coating 
Tangential Spray 

Figure 1.2: Particle Coating and Encapsulation: Batch.

Coating in a continuous fluidized  bed 

Top Spray Bottom Spray 

Figure 1.3: Particle Coating and Encapsulation: Continuous
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Drying Gas Outlet 

Drying Gas Inlet 

Vector Pans Need 
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Baffle  

Figure 1.4: Particle Coating and Encapsulation: Pan Coating

formulation is injected through the inner nozzle at low speed and a process gas,

typically air, is injected through the outer nozzle at very high speed. The atomizing

gas exerts normal and shear forces on the liquid jet, producing instabilities at the

liquid/air interface, which will evolve into the break-up of the liquid jet into droplets

(see figure 1.5). This type of atomizer allows independent control of the liquid mass

flow rate and droplet size. This is because the liquid speed at the nozzle is low and

the break-up process that determines the droplet size is a function of the velocity

difference between the two fluids which can be modified by changing the gas speed,

keeping constant the liquid flow rate.

The second step in the process is the transport of the liquid droplets onto

the tablets surface (sketch B of figure 1.1). The droplets move under the velocity

transferred to them by the atomizing gas and are partially dried by a secondary flow

of hot dry gas that is introduced with negligible momentum into the process chamber,

so as not to disturb the droplet motion. This secondary gas flow provides the heat

needed to dry the solvent used in the coating formulation while keeping a sensitive

balance between too little drying (droplets hitting the tablets with too much solvent)
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Ag /Al ∼ O(100-1000)    

Figure 1.5: Scheme of a coaxial atomizer

and too much drying (droplets drying out entirely during their transport).

The third step is the impact and spreading of the droplets onto the tablets

(sketch C of figure 1.1). The droplets spray hits the tablets at or near the surface

of the bed. By rotating the drum, the tablets in the bed will tumble, allowing the

individual tablets to form a continuous coating film due to the spreading and following

drying of the small coating droplets impacting at all times during the process. This

last aspect forms the third elementary process that determines the success of the

operation. For the droplet spreading on the individual tablets to lead to a uniform

film coating, the tablets need to be adequately mixed in their recirculating porous

bed.

Small droplets can dry too much before impacting the tablet and lead to

reduced coating efficiency, or they may fail to coalesce on the tablet surface, producing

a non smooth, non continuous porous film. While droplets that are too large, on the

other hand, may have reduced solvent evaporation and lead to over-wetting. This

causes coating defects, such as sticking marks if tablets have been stuck to each other

or rough coatings due to erosion of the tablet core components.

The vaporization process is then a key part of the tablet film coating process.

It is therefore of great importance to develop physics-based vaporization models that

can predict changes in droplet size and composition as a function of fluid properties,

ambient conditions and atomization conditions. These models can play an important

role in the design of the process, including selection of equipment and process param-
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eters, and in the optimization and control at all different levels: lab, pilot and full

scale.

The spreading of the coating on the pills surface depends on the droplet Web-

ber and Reynolds numbers, angle of impact, but more importantly on the rheological

properties of the drop (viscosity, surface tension), and on the non internal unifor-

mities of the droplets. And, as already mentioned before, these factors will cause

heterogeneity, splashing and porosity of the coated layer. The following chapters will

explain and develop models of the evaporation of droplets of two types of coating flu-

ids used in the pharmaceutical industry, when immersed in a hot air environment with

temperatures substantially lower than the solvent or carrier fluid boiling temperature.



Chapter 2

Literature Review

2.1 Introduction

We are interested in modeling the time and spatial evolution of the size and

composition of a single droplet of either a colloidal suspension or a solution, of initial

diameter D0 ranging from 20 to 100 µm, traveling with a jet of air (atomization

air) with initial speed V0 The drop is ejected at a distance from the point of impact

(the tablets bed) L. The surrounding air is considered to be at uniform temperature

T∞ throughout the distance traveled by the drop. We let the droplet travel, while

decreasing its speed as the jet of air does, until it impacts the tablet.

Drops of colloidal suspension are composed of spherical micron-size solid par-

ticles (typically TiO2 [1]) suspended in a carrier liquid, typically water or acetone.

When the solid can be dissolved within the solvent, the mixtures are called solutions.

The vast majority of solutions used in the pharmaceutical industry for tablet coating

are either acetone-based or water-based solutions , with a mixture of polymers as

solute [2, 3, 4]. While the main solvent is either acetone or water, a small percentage

of the other fluid can be found in the mixture. But since it is a very small percentage

of the total drop mass (a sample composition would be:s 90% acetone, 5% water,

5% polymers [5]), the solution is mainly composed of a single solvent and a single

solute , each of them with rheological properties (density, surface tension, viscosity)

calculated as the weighted average of the solvent and solute components properties

respectively.

7
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2.2 Spray Atomization

Spray atomization has been widely used for decades in the field of combustion

[7, 8]; fuel injection in automobile and turbo jet engines, or rocket engines are some

of the applications of sprays in combustion. Lately, the use of spray atomization

is being spread; the production of polymeric hollow spherical particles [9, 10], by

spraying very fine droplets of a solution or suspension of a polymer into a carrier

fluid and letting dry these droplets until obtaining spherical particles with a certain

morphology or porosity; the production of cosmetic powders is performed spraying

and drying different types of suspensions or solutions.

As mentioned in the introduction, spray of the coating solution is done by

means of a coaxial atomizer. The liquid jet exits through the interior tube, while

the coaxial tube carries the gas at very high speed. The atomization occurs when

instabilities are induced in the liquid jet by the high speed gas jet [11], breaking

up the liquid jet. First, the liquid breaks into tongues of liquid away from the jet

(Kevin-Helmholtz instability), pushed towards the high speed coaxial jet. As a low-

speed tongue of liquid is inserted in the gas phase, the air jet will accelerate the

tongue, occurring a secondary instability (Rayleigh-Taylor instability), which will

further break up the tongues of fluid into smaller and smaller droplets.

The primary as well as secondary instabilities induced by a high-speed air

stream have been extensively studied [12, 13] and modeled for Newtonian fluids.

However, very little [14] is known about atomization of non-Newtonian fluids. The

Weber and Reynolds numbers are of relevance in this process, since they contain infor-

mation about the liquid surface tension as well as viscosity, two important rheological

properties for non-Newtonian fluids.

Air-blast atomization of viscous non-Newtonian liquids using a co-axial twin-

fluid atomizer was studied by Mansour et al [14]; their study showed that becaue

the normal stresses developed in viscoelastic materials are much higher than their

associated shear stresses, these large normal stresses appear to be the most important

rheological mechanism that inhibits breakup.

Aliseda et al [16] took a step further, not only studying the liquid break up

and spray atomization of non-Newtonian fluids, but also estimating the Sauted Mean
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Diameter (a probabilistic weighed averaged diameter) of the droplets in terms of the

fluid rheological properties, as well as the distance from the atomizer nozzle and the

atomization parameters (speeds, flow rates, ...). The predictions of the mathematical

model matched very well with experiments that Aliseda et al performed.

2.3 Droplet Vaporization

In combustion, after atomizing and obtaining small droplets of liquid, and be-

fore burning the droplets of fuel, one also has to deal with the vaporization process

occurring. Being immersed these drops in very hot reacting environments, vaporiza-

tion is very likely to happen, before the combustion reaction occurs.

The vaporization of a single pure liquid drop in a hot quiescent ambient is a

well known process thanks to the work of the combustion community. Mathemat-

ical models as well as experimental studies [17, 18] on the droplet combustion and

vaporization have been developed over the years. The simultaneous solution of the

mass, species and energy conservation equations with their corresponding simplifica-

tions lead to the well known ”d-square Law”, which states that during evaporation

of a droplet in a quiescent environment, the squared of the diameter of the droplet

decreases linearly with time [7, 19].

The experimental and analytical studies of the vaporization and combustion

processes of metal, coal slurry droplets [20], water-in-oil emulsion studied by Lasheras

[] and multicomponent fuel droplets by Law [21] have broadened the field of drop

vaporization to more complex drop structures, including multicomponent, suspension

drops, and drops immersed in a different fluid.

2.3.1 Multicomponent Droplet Vaporization

A model for evaporation of a multicomponent droplet near its boiling tem-

perature was proposed by Newbold and Amundson [23]. Although the increase of

diffusive mass transfer due to the Stefan flow (bulk) from the droplet, was known

to play an important role in single component droplet vaporization, it plays an even

greater role in multicomponent droplets, describing more accurately the evaporation
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taking place near the boiling point, and therefore including it in this new model.

The relevant limiting case for heat and mass transport within a droplet of

a not so viscous mixture occurs when the droplet temperature and composition are

spatially uniform, but not temporally, due to the fast internal circulation. To have

rapid internal mixing, a large air velocity relative to the droplet is needed. The shear

stresses at the surface due to this high velocity create internal vortices that mixes the

droplet content. If this is the case the relative Reynolds number must be greater than

300, thus the droplet is not vaporizing in a quiescent environment and the ”d-square

Law” should not be applied. However, one does not need to have a natural or forced

convection to obtain these vortices. Law claims that a violent atomization process

can infer internal circulation in the droplets and persist throughout the droplet life

time.

In Law’s model, the most volatile components are continuously brought to the

droplet surface where they will preferentially vaporize. The main assumptions and

simplifications included in the model proposed by C. K. Law [24] for vaporization of

multicomponent droplets, are very similar to the ones made for the model proposed

in this thesis.

• Spherically symmetric evaporation of the droplet.

• Vaporization is a diffusion-driven process, that is, due to the diffusion of the

vapor in the gas phase (air), more solvent can vaporize at the surface of the

droplet.

• Uniform ambient temperature.

• Zero-concentration of the species contained in the droplet far away from it

(Yi,∞ = 0)

• The species concentration and the temperature within the droplet become uni-

form at a rate, which is much faster than the rate at which the average droplet

properties change but still shorter than the gas-phase heat and mass transfer

rates.

Existing experimental evidence shows that internal circulation, producing a

rapid internal mixing of the different components, is the rate-controlling process,
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instead of diffusion. It can be produced during the initial atomization process

but also by means of forced or natural convection. In this case, the violent

atomization process that takes place prior to vaporization will produce the

needed internal circulation.

2.3.2 Drying of Suspension and/or Solution Droplets

Most of the models, despite the complexity of the heat and mass transfer

model, found in the literature divide the drying process into two distinct phases.

One, in which the droplet shrinks because of the vaporization of the solvent, and the

second one in which a dry porous crust is formed either from the precipitated solute

on a solution drop, or from the agglomeration of the suspended particles. Once the

porous crust is formed, the droplet size is claimed to remain constant during this

second phase; its voids are filled with air through which the liquid vapor diffuses

toward the surface. The wet core is then the one decreasing in size, regressing as the

liquid inside it vaporizes and diffuses away through the pores, while the outer shell

remains intact.

Unlike most of the models where the critical point where the drop stops shrink-

ing is the saturation point, Werner et al [27] developed an effective diffusion model

that was used to predict ideal shrinkage until a critical (T − Tg) (where Tg is the

glass transition temperature of the polymer) is reached where the surface area of the

droplet becomes fixed and the skin grows towards the droplet center as a regress-

ing interface (see figure 2.1 and 2.2) However, the model was developed considering

Maltodextrin as the polymer, which has a very low saturation concentration of ap-

proximately 17%wt. Despite the fact that even at 40%wt on Werner’s previous work

[28] they noted that the solutions were viscous and able to flow. In this most recent

paper, Werner et al claim that the conditions leading to the state of dry skin and to

the definition of the radius at which it forms, remained unclear, proposing now a new

model based on the glass transition temperature. It also has to be noted that the

ambient temperature at which the drying is occurring is about 78 oC which is higher

than the drying temperatures used on tablet coating.

Mezhericher et al [29] claimed to have developed an advanced theoretical model
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Figure 2.1: Effect of (T − Tg) on the droplet moisture content and temperature

The porous shell is formed when a critical temperature (T-Tg) is reached

Temperature increases, 
drop size decreases

Critical (T-Tg) reached, 
drop size constant  

Shell grows inwards, 
drop size constant 

Figure 2.2: Werner’s vaporization model using glass transition temperature of the
polymer
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that can describe more realistically the drying process of single suspension or solution

droplets. The model contemplates a first stage of initial heating-up of the drop, where

the ”d-square Law” still holds, as well as a temperature profile within the drop, heat

absorption by the dried crust, crust porosity and temperature dependence on droplet

physical properties. During the second stage, when saturation is reached, the droplet

is treated as a wet particle, having a wet core surrounded by a porous crust. Although

their model predictions fit well the experimental data, the solutions and suspensions

used have a very high solid loading, as well as large size droplets and high ambient

temperature, while during the pills coating process, the atomization of a very dilute

solution produces smaller droplets and the drying air temperature is around 25−60 oC,

instead of 30− 95 oC.

Computational models may remove some of the simplifications needed when

developing an analytical model, as done by Dalmaz et al [30]. The model is slightly

different than the majority in terms of the stages. The first stage is characterized by

having a wet core, with the solid particles in it, and a pure liquid shell (free water)

whose interface regresses as water is evaporated. During the second stage, the same

inner wet core with the solid particles is surrounded by a dry shell, a porous solid

shell. The computational model is able to predict the drop size and temperature time

evolution, matching the experimental data. However, droplets initial radii range from

0.8 to 0.9 mm, which are drop sizes that the atomizer cannot generate.

The work of Yarin et al [31] in vaporization of acoustically levitated suspension

drops showed mathematically and experimentally that during the first stage the ”d-

square Law” still holds during vaporization, while during the second stage the drop

size remains constant. Despite the high solid mass fraction and the large sizes (up to

10 mm), their experimental data on temporal evolution of droplet size will be used

to compare it with the results from the vaporization model for suspension droplets

proposed in this thesis.

As a summary, a large percentage of the models and experiments found in the

literature [32] deal with droplets one or two orders of magnitude greater than the case

we are interested in (0.9mm− 10mm ), of mixtures with a high initial mass fraction

of solute or solid particles (20 % − 40 %) and small saturation mass fraction (17 %),

drying in a large range of temperatures (30 oC − 200 oC).
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The conditions encountered during the coating process of pharmacological

tablets are the following: droplet diameters range from 20 to 100 µm, the drying

air temperature range from 25 oC to 60 oC, and the initial solute mass fraction of the

solution ranges from 5 %wt to 15 %wt.

As mentioned at the beginning of this section, most of the models describe

the second stage as the formation of a dry and porous crust [37, 38]. However,if

this is the case, especially for suspension droplets, it implies that the solid particles

remain tightly close to each other, with voids filled with gas in between the spherical

particles. Due to the low drying temperatures considered here, there will be no dry

crust. This will only happen in combustion or if the drop is at very high temperature.

To illustrate it with an example, to compact a ball of sand at low temperatures, a

liquid is needed to keep the sand grains together. Surface tension is the cohesive force

that will keep the grains compacted. If the sand is completely dry, the grains will not

stick together and the structure will fall apart.

2.4 Impact of Droplets

The impact of a liquid droplet on a solid surface is a very common problem

in nature and industry. Despite the considerable amount of effort devoted to droplet

impact over the past century, there has been little attention directed towards phar-

maceutical coating processes by which a thin coating is applied on tablets through a

spray. Solid and liquid surface impacts have been studied which has prompted two

reviews on the subject, [39, 40].

When a liquid drop orthogonally impacts a solid substrate, the drop may

deposit into a thin disk, disintegrate into secondary droplets, or recede and possible

bounce. When inertia is negligible the drop will deposit gently over the surface until

equilibrium is reached. This equilibrium is a function of the solid/liquid/gas contact

point commonly defined by the contact angle, θ (see figure 2.3).

If the contact angle is at a minimum (θ = 0), the drop will spread indefinitely

into a thin film, potentially reaching molecular. If θ > 0, the drop will attain equilib-

rium once balance is reached between gravity, capillarity, and viscosity in a time of

order of seconds. If the drop approached the substrate with sufficient kinetic energy,
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Small contact angle Large contact angle 

Figure 2.3: Types of droplet impact onto a solid surface for small (left) and large
(right) contact angles

then the balance is complicated by the addition of inertia. When the surface/liquid

combination has a high contact angle (θ > 90oC) at equilibrium, then inertia will act

to maintain excess surface energy upon impact and may partially recede the drop and

even completely lift the drop off the surface. If the substrate is roughened, the drop

can splash upon impact.

Bolleddulla et al [41] conducted a systematic study of droplet impact with

both Newtonian fluids with high viscosity and colloidal suspensions. They performed

experiments on droplets impact and compared them with different available models

and theoretical studies on droplet impact. They demonstrated that at viscosities and

Weber numbers ranges of µ = 10− 100 cP and We = 1− 300 respectively, the drop

impact resulted in spreading avoiding splash and rebound, with a minimal recession

of the spreading diameter. The role of viscosity observed with and without colloids is

thought to explain the repression of splashing and rebounding. In experiments with

colloidal suspensions at We ∼ 30, the height of the rim, when the drop spreads after

impact, was found to increase linearly after the apex of the drop sinks below the rim

as spreading is arrested.

In this paper they confirm previous studies that during the initial stages of

impact under certain conditions, the spreading diameter is insensitive to wettability,

observing also reasonable agreement with two existing impact models. The models
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provided by [42] and [43] are still valid as a robust model for first order approxima-

tions.

2.5 Purpose of the Thesis

As already introduced in the first section of this chapter, in this research we

are interested in modeling the time and spatial evolution of the size and composition

of a single droplet of either a colloidal suspension or a solution, to be able to predict

the formation of a fully compacted, but wetted, shell as well as the time at which that

shell begins to form and its time evolution. This is the reason why many (although

well justified) simplifications were made in the heat and mass transfer equations in

an attempt to focus on the compactation and/or precipitation of the solute. The

simplifications and assumptions to obtain the vaporization models are collected in

the following figure 2.4.

The estimated time needed for the drop to reach its terminal speed relative to

the jet is very small compared to the estimated vaporization time. Hence, no convec-

tion term is included, since the relative Reynolds number is small. This assumption

seems to invalidate the rapid internal mixing assumption from the multicomponent

droplet model proposed by C. K. Law [24], which needed of a high shear stress at

the droplet surface produced by the air flow around it. However, Law recalled that

internal circulation can be achieved at the initial atomization stage, if it is sufficiently

violent. On a coaxial atomizer, the gas speeds are extremely high compared to the liq-

uid speeds. The liquid stream is then sped up and broken-up into droplets. This type

of atomization can be considered a violent atomization which will infer an internal

circulation to the droplets that will last throughout their life time.

We propose two vaporization models. The model for a colloidal suspension

droplet is a one-stage process, while for a solution drop the vaporization is divided

into two stages: a first stage, during which the drop is a multi-component drop with

the solid diluted, and the second stage, during which the solute begins to precipitate.

As shown in figure 2.5, vaporization of the solvent is a diffusion-driven process

that occurs at the surface. Because the surrounding air is dry of solvent vapor, the

vapor being tansformed at the surface will diffuse away from the drop surface allowing
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•   Spherically symmetric evaporation of the 
droplet 

•   Vaporization is a diffusion-driven process. 
Due to the diffusion of the vapor in the gas 
phase (air), more solvent can vaporize at the 
surface of the droplet 

•   Uniform ambient temperature 

•   Zero-concentration of the species contained 
in the droplet far away from it (YI,∞=0) 

•   The species concentration and the 
temperature within the droplet become uniform 
at a rate much faster than the rate at which the 
average droplet properties change, but still 
shorter than the gas-phase heat and mass 
transfer rates 

•   Rapid internal mixing 

•   The liquid-phase species concentration will vary 
temporally, since the solute remains within the drop 
while the solvent vaporizes, until the droplet 
reaches saturation conditions. Then precipitation of 
the solute will begin 

•   When the solute reaches its critical or saturation 
point, it precipitates in form of spherical particles 

•   Precipitation of the solute occurs uniformly 
throughout the droplet 

•   Negligible Brownian diffusion: the precipitated 
solid particles have such size that the time for the 
particles to diffuse within the drop is much larger 
than the estimated time required to vaporize all the 
solvent. Therefore, we can assume what we call 
“frozen limit”. The particles are uniformly distributed 
and do not move while vaporization is occurring 

FROM PREVIOUS MODELS 

ASSUMPTIONS AND SIMPLIFICATIONS 

FOR SUSPENSION AND SOLUTION DROPS 

Figure 2.4: Assumptions and simplifications to develop the vaporization models of
this research

Vaporization stops, 
not enough pressure 

gradient

Being a diffusion-driven process, vaporization at the surface occurs,  but it is maintained despite the 
shell formation due to the pressure gradient enforced by drop shrinkage and compacted shell 

λ =
ṁCp

kgRs

T∞ T∞Diffusion carries vapor 
away from drop surface

Figure 2.5: Suggested process of droplet vaporization
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more liquid to evaporate. Once a wet shell is formed, the solids within the drop

are maximally compacted at the surface as it regresses and the solvent continuously

vaporizes at the surface. However, as the shell thickness keeps growing, the pressure

gradient across the layer will decrease, and once the droplet is fully compacted, the

pressure gradient will not be enough to continue vaporization, finalizing the process.



Chapter 3

Vaporization Model

3.1 Vaporization of a Pure Liquid Droplet

As mentioned in chapter 2, most of the work on droplet vaporization has

been done by the combustion community. Combustion, burning and vaporization of

pure liquid, multi-component or metal slurry droplets have exhaustively been stud-

ied, proposing theoretical models and validating them with experiments under many

conditions.

Being the goal of this research to model the vaporization process of solution

and suspension droplets, I will briefly summarize here the vaporization of a single

pure liquid droplet.

A liquid drop of initial radius R0 is surrounded by a stream of dry air, with

small velocity U relative to the air, at a temperature T∞. Due to the droplet composi-

tion, the ambient temperature and the parameters here below explained, no reaction

will occur, hence no combustion, but only vaporization will take place. At any given

time t the drop surface will be at Rs(t)

The droplet response will depend on various dimensionless numbers, such as:

• Peclet number, defined as the ratio of the drop inertia to its thermal diffusivity

Pe = URs

α

• Prandtl number, defined as the the ratio of viscosity to thermal diffusivity

Pr = ν
α

19
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• Weber number, defined as the ratio of inertia to surface tension forces We =
ρU22Rs

σ

• Reynolds number, defined as the ratio of inertia to viscous forces Re = URs

ν

• Lewis number, defined as the ratio of thermal to mass diffusivity Le = α
D

Vaporization will take place when the Peclet is very small. In this case, the

droplet composition and its temperature distribution is spherically symmetric. The

droplet Reynolds number is very small, almost zero, the Lewis number is not unity,

but it is known for both water and acetone.

Starting with the general (differential) form of the mass, species i and energy

conservation equations (with no reaction) in the gas phase, hence for r > Rs:

∂ρ

∂t
+

1

r2

∂

∂r
(ρr2v) = 0 (3.1)

ρ
∂Yi
∂t

+ ρv
∂Yi
∂r
− 1

r2

∂

∂r
(ρr2Di

∂Yi
∂r

) = 0 (3.2)

ρCp
∂T

∂t
+ ρvCp

∂T

∂r
− 1

r2

∂

∂r
(kr2∂T

∂r
) = 0 (3.3)

Dimensional analysis is used on this particular problem to simplify the equa-

tions. Liñán[46] showed that the heat conduction time within the drop is much smaller

than the droplet life time, and the response time of the gas phase is much smaller

than both the heat-up time and the heat conduction time. These simplifications to-

gether with the fact that the average droplet density (liquid) is much greater than

the average gas phase density, a uniform and quasi-steady approximation can be used

( ∂
∂t

= 0).

The simplified equations, however, cannot be solved without boundary condi-

tions. These three equations can be particularized at the droplet surface, and thermo-

dynamic equilibrium will be enforced at the surface through the Clausius - Clapeyron

relation, which states the mass fraction of species i vaporized as a function of the

thermodynamic properties of the components.

A dimensionless vaporization rate is defined:
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λ =
ṁCp
kRs

(3.4)

The system can then be further simplified taking the following form:

λ = ln(1 + Cp
[T∞ − Ts]

L′
), where L′ = Lv +

R3
sρlCl
3ṁ

dTs
dt

(3.5)

Ys =
Mv

M
e
(MvLv

RTB
−MvLv

RTs
)
, where

Mv

M
= Ys +

Mv

Ma

(1− Ys) (3.6)

dR2
s

dt
= − 2kλ

ρlCp
(3.7)

When λ is assumed to be constant, under the before mentioned simplifications

(still unknown though), equation 3.7 reveals that the square of the droplet radius

decreases linearly with time. Equation 3.8 is usually called the ”d-square Law”.

R2
s = − 2kλ

ρlCp
t+R2

0 (3.8)

With equations 3.5 and 3.6, the dimensionless vaporization rate, the vapor

mass fraction and the droplet surface temperature can be calculated.

3.2 Model I: Vaporization of a Colloidal Suspen-

sion Droplet

As the drop begins to travel in the hot environment, we will assume that the

time needed for the heat from the ambient to heat the full droplet is very small

compared to the vaporization time (later to be checked). Therefore, we assume that

the steady-state droplet temperature is instantly reached. The transient stage of

heating of multicomponent spray droplets was studied by Frolov et al [47], while

Antaki and Williams [48] studied the transient processes on non-rigid slurry droplets,

which are more similar to a suspension drops.

A droplet of colloidal suspension with the carrier fluid being a Newtonian fluid,

will vaporize the liquid the same way as a pure, monocomponent liquid droplet, is
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1. Drop initially loaded

Solid Particles at 
initial volume 

fraction

4. Shell of fully compacted 
solid particles grows

5. Compacted Drop

αm

3. Particles begin to 
accumulate and compact at 
the surface

Fluid drop with solid 
particles in suspension

α0 α0

α0 αm

Figure 3.1: Stages of the vaporization that a colloidal suspension drop will undergo

vaporized. At the droplet surface, there are zones where the interface is liquid/air

and others where it is solid particle/air. Because the temperature and concentration

gradients between the liquid/air and solid/air interfaces are very small compared to

external concentration gradients due to a short characteristic time of equalization, the

pressure at the droplet surface (at any point) can be considered as the solvent vapor

pressure, and the vaporization can be then calculated as on a pure liquid droplet.

As the liquid begins to vaporize form the surface, the solid particles will begin

to move inwardly and radially getting closer together (see figure 3.1). Instantly the

very first layer of solid particles will be compacted at its maximum packing number.

The wet shell has been formed. The surface tension acting upon the solid particles will

bring them together, accumulating them at the layer immediately after the surface

layer, while the liquid moves out radially outwards to maintain the vaporization at

the surface. As vaporization continues, the shell will increase in thickness, as the

inner core radius Ri decreases more rapidly than liquid vaporizes at the surface.

3.2.1 Diffusion Considerations

A colloidal suspension has a continuous liquid phase in which small particles of

solid are suspended. Since the solid particles suspended have a small size compared to

the droplet size, Brownian motion and its effect upon the solid particles diffusing them

within the liquid, may have to be considered when solving this problem. Brownian

motion is characterized by its Brownian diffusion coefficient DBR = kBTb, where
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b is the ”mobility”, which, for a spherical particle, is b = 1
6πµRpart

and the diffusion

characteristic time, which in this case is the time needed for the solid particles to travel

a characteristic length of the order of the droplet radius tBD = R0
2/DBR. This time

then needs to be compared to the droplet vaporization time, which is tvap ∼ ρlCpgR0
2

2λkg

[49, 50].

Two limiting cases may be of relevance in suspension drops vaporization:

1. Frozen limit fluid. When tBD >> tvap, the time needed for a particle to diffuse

a length of R0 is much larger than the vaporzation time. Therefore, brownian

motion is negligible during the droplet life time, and the solid particles can be

considered to be suspended, frozen and moving only due to compactation and

surface regression.

2. Well mixed homogenous fluid. When tBD << tvap, the time needed for a

particle to diffuse a length of R0 is much smaller than the vaporization time.

Therefore, brownian motion of the particles is so rapid that in a very short time

the suspension is well mixed and the droplet can be considered to be composed

of a homogenous fluid with average density ρ̄.

Comparing the two characteristic times involved in this problem, both in water

and acetone-based cases:

tBD
tvap

>> 1

Therefore, when studying suspension droplets vaporization, the drop can be

assumed to be in the frozen limit.

3.2.2 Conservation Equations

The suspension within the core remains unchanged, with the same initial vol-

ume fraction of solid particles and the liquid at rest. This shell thickenning ends

when Ri = 0 and all the droplet is fully packed at the maximum solid packing. At

this time, tf , the liquid inside the droplet has not yet fully vaporized, and the radius

of the droplet is Rf .



24

Since the number of solid particles of the droplet do not change, there are two

additional conservation equations: the volume of solid particles, as well as the liquid

mass conservation equation. If the initial volume fraction of solid particles is α0 and

the maximum packing of the solid particles is αm:

Solid Volume Conservation

The initial volume occupied by the suspended particles must equal the volume

occupied by them at all times. since the particles are distributed partially in the shell

(at volume fraction αm) and in the inner core (at volume fraction α0), the conservation

equation is stated as follows:

d

dt
(
4

3
πR0

3α0) =
d

dt
(
4

3
π(Rs

3 −Ri
3)αm) +

d

dt
(
4

3
πRi

3α0) (3.9)

Liquid mass conservation

The amount of liquid at all times within the droplet is distributed at the inner

core (at volume fraction 1 − α0) and at the outer shell (at volume fraction 1 − αm).

This mass of liquid must be the subtraction to the mass of liquid at the beginning

of vaporization of the amount of mass vaporized at the droplet surface, per unit area

(m′′l ).

ρl
4

3
π(Rs

3 −Ri
3)(1− αm) + ρl

4

3
πRi

3(1− α0) = ρl
4

3
πR0

3 − 4πRs
2m′′l (3.10)

From the energy and Clausius-Clapeyron equations 3.5 and 3.6 , the amount

of liquid mass vaporized per unit area can be re-written in terms of λ, T∞, Rs, and

Ts, as follows:

4πRs
2m′′l = 4πRs

2kg
T∞ − Ts
Rs

λ

eλ − 1
(3.11)

Combining both solid and liquid conservation equations, we get the same ”d-

square Law” than in the pure liquid droplet case:

R2
s = −2λ

kg
ρlCpg

t+R2
0 (3.12)
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We can then conclude that the final set of equations to solve is 3.6, 3.4, 3.11,

and 3.8.

3.2.3 Shell Thickenning Stage

Since the solid particles cannot leave the droplet, the regression of the surface

drags the particles radially inwards and ejects the solvent outwards for vaporization at

the surface, due to a pressure graient within the dorplet. As the surface regresses, the

particles are packed at the surface at their maximum volume fraction, time at which

the shell is formed. The more solvent vaporizes, the thicker this shell of maximum

packing of particles becomes, until the whole droplet is fully packed with particles

and no more solvent can be vaporized at the surface.

Case of fluid Carrier with TB > T∞

The ratio LvMv/RTB that appears in the Clausius-Clapeyron equation typ-

ically ranges from 10 to 15. We can then study the vaporization process on the

asymptotic case LvMv/RTB >> 1. If the carrier fluid used in the suspension is such

that TB > T∞ ∼ Ts, from equation 3.6 one can conclude that the mass fraction of

liquid vaporized at the surface is small Ylv,s << 1, hence some further simplifications

can be made in the previous system of equations:

λ =
1

Le
Ys λ << 1 (3.13)

Ys =
Mlv

Ma

e
(MvLv

RTB
−MvLv

RTs
)

(3.14)

Since λ << 1, equation 3.11 can be re-written as:

Cpg(T∞ − Ts) = βλ
RTB
Mv

(3.15)

And finally, since λ = const. we can integrate equation 3.12

Rs
2 = − 2λkg

ρlCpg
t+R2

0 (3.16)

We can then find how the inner radius decreases in time, since:
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Ri
3 = Rs

3 αm
αm − α0

−R0
3 α0

αm − α0

(3.17)

The droplet will be fully packed when Ri = 0, hence,

Rf = R0(
α0

αm
)
1/3

at time tf =
ρlR0

2

ρg2λαg
[1− (

α0

αm
)
2/3

] (3.18)

where αg is the diffusivity of the gas through which the liquid vapor is diffusing.

Substituting 3.13 , 3.16 and 3.14 in3.15, we obtain a trascendental equation

for Ts that needs to be numerically solved.

1

Le
exp(

MvLv
RTB

− MvLv
RTs

) =
CpgMa

LvMv

(T∞ − Ts) (3.19)

Case of fluid carrier with TB ∼ T∞

If LvMv/RTB >> 1 but the ambient temperature is high and close to the

liquid boiling temperature, the vaporization rate will be close to unity, and the mass

fraction of liquid vaporized will not be small enough, therefore not being able to

simplify as in the previous case. The equations to solve are:

Ys[1− (1− Mv

Ma

) exp (
MvLv
RTB

− MlvLv
RTs

)] =
Mv

Ma

exp (
MvLv
RTB

− MvLv
RTs

) (3.20)

λ =
1

Le
ln

1

1− Ys
(3.21)

Cp(T∞ − Ts) = Lv(e
λ − 1) (3.22)

However, these conditions will never be met during the coating process in the

pharmaceutical industry, since these high ambient temperatures would cause the rapid

packing of the droplet before coating the tablet, and the beginning of the formation

of a bubble, an undesired process. Nevertheless for process completeness, the bubble

formation stage is described in the next section.
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3.2.4 Vapor Bubble Formation Stage

For times t > tf , and only if the ambient temperature is high enough, a vapor

bubble is created inside the compacted droplet ([19]), wth a radius Rb, with the voids

between the solid particles filled with the vapor of the liquid at the vapor pressure

pv = pa exp(MvLv

RTB
− MvLv

RTs
), with a negligible density compared to the liquid density

(ρlv,bubble << ρl).

The liquid that vaporizes at the external surface (with a constant radius Rf )

comes from the liquid originally in the compacted bubble region of radius Rb and

displaced by the formation of the bubble, so that:

ṁl =
d

dt
[
4

3
πRb

3(1− αm)ρl] =
1

Lv
4πRf

2kg
T∞ − Ts
Rp

λ

eλ − 1
(3.23)

This expression will allow us to find the temporal evolution of the size of the

vapor bubble Rb(t) . As liquid is being pushed away from the inner core towards the

surface from the bubble, it will move through the compacted porous media if there is

enough pressure gradient between the inner interface and the liquid/gas interface.

At the inner interface, for r < Rb, the bubble will be at the vapor pressure,

while for r > Rb there will be water. However, since there are also solid particles at

the interface, the liquid will try to wet the interior surface of these particles, meaning

that pv − pl > 0. Moreover, this pressure difference is due to surface tension of the

liquid between two solid particles pv − pl ∼ σ/dp, where dp is the particles diameter.

This pressure gradient will alllow the bubble to grow and push the liquid radially

outwards.

In [20] different cases of drop vaporization and bubble formation are investi-

gated, suggesting the different morphologies that the drop can undergo depending on

ambient conditions.

However, as previously noted, this vapor bubble will form only and if only

the temperature of the surrounding air and hence the temperature of the drop, as

well as the pressure within the drop are high enough so as to form this vapor bubble

inside the drop. These conditions will not be reached in the coating process under no

circumstances, since the temperature of the drying air will have a maximum value of

approximately T∞ = 60 oC.
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3.3 Model II: Vaporization of a Multicomponent

Solution Droplet

The drop fluid is a very diluted solution, composed of a solvent, typically

acetone, different polymeric solutes and a passive fluid, typically water. As the va-

porization progresses, since the amount of solute is given by the initial solute loading,

the mass fraction of solute increases, relatively speaking, as solvent is leaving the

drop. The drop will keep increasing its solute concentration until it reaches a critical

concentration, the saturation mass fraction.

1. Saturation is reached

Precipitate uniformly 
distributed

4. Shell of fully compacted 
precipitate grows

5. Compacted Drop

Y sat
s

αm

3. Shell forms, precipitate 
fully compacted

α(t) Precipitate 
volume 
fraction 

increases
α(tf ) = αm

Saturated drop, no more 
solute can be dissolved

2. Precipitation begins 

Precipitate begins 
to form. 

Uniformly 
distributed

Figure 3.2: Stages that a solution droplet will undergo during vaporization. Size and
composition will change temporally and spatially

When a solution reaches its saturation point at time t = tsat, if more solute

is added, or like in this case, more solvent is removed, the extra solute will precip-

itate and solidify in various forms depending on the solute composition. Polymeric

solutes precipitate in form of entangled fibers. However, in order to model both the

precipitation and the vaporization process, a precipitated volume fraction defined as

the ratio of the equivalent volume of ”n” spherical particles (of radius rpart) with the

precipitated solute density to the volume of precipitated solid. Thus, the precipitated

volume fraction is defined in terms of the amount of precipitated solute occupying a

sphere of generic radius R, as:

α =
n 4

3
πr3

partρs
4
3
πR3ρs

(3.24)

Figure 3.2 shows a sketch of the suggested process. Immediately after pre-
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cipitation begins to occur, the precipitate will distribute uniformly throughout the

droplet volume. Because the solvent will continue to vaporize, more solute will pre-

cipitate (drop is saturated at all times). But also, as the drop is vaporizing solvent,

the relative concentration of solute increases, and since saturation conditions need to

be kept, more solute will precipitate in the drop.

As the drop volume decreases, the precipitate (particles in our model) will be-

gin to gather at the surface and compact as a fully packed surface layer of precipitate.

The more solvent is vaporized at the surface, the thicker this compacted layer (outer

shell) will grow, and the smaller the inner core will be. The process will continue

until the entire drop is fully compacted at the maximum packing αm.

3.3.1 Drop Shrinkage

A solution drop of initial radius R0 of a specific composition (total solutes

mass fraction X0) is initially sprayed at a certain air jet speed V0 in a dry ambient

with temperature T∞.

As a result of the vaporization occurring at the surface, the drop will begin

to shrink. Like in the suspension case, vaporization occurs and continues because

of the diffusion of the solvent vapor through the gas phase; far away from the drop

the mass fraction of solvent vapor is zero, a gradient of vapor concentration will then

develop enabling diffusion to carry the solvent vapor away from the surface, enabling

the vaporization to continue at the surface.

Since the drop is being carried by the air, the relative speed of the drop to the

air is negligible. The equations of a pure liquid droplet vaporization will hold, since

the solution is very diluted and the only species vaporizing is the solvent. Like in the

simple case, once λ is known, the radius squared Rs(t)
2 will decrease with time as:

Rs(t)
2 = − 2λkg

ρsolvCpg
t+R2

0 (3.25)

To find λ , the equation to solve is 3.15, as in the pure liquid and suspension

cases.

The amount of solvent vaporized can be found recalling the definition of λ

from equation 3.4. Integrating ˙m(t), we obtain:
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msolv,v =

∫ t

0

ṁ dt = −1

3
ρsolvR

3
s(t) (3.26)

At any given time t < tsat, the total mass of the drop can be calculated as:

mt = msolu(t) +mt,0 −msolv,v(t) (3.27)

Therefore,the mass fraction of solute can be computed:

Ys(t) = 1− mt,0

mt(t)
+
msolv,v(t)

mt(t)
(3.28)

3.3.2 Saturation Conditions

When the drop reaches saturation conditions, the solute mass fraction will

equal the critical value Ysolu,sat. Knowing that the solute does not leave the droplet:

ms,0 = ms,sat = Ysolu,satmt,sat (3.29)

and that the drop is assumed to be spherical:

mt,sat =
4

3
πR3

s,satρmix (3.30)

We can find the drop radius at this sauration point, and the time at which it

happens:

Rs,sat = R0

(
ρs,pX0

Ysolu,satρmix

)1/2

(3.31)

tsat = (R2
0 −R2

s,sat)
ρsolvCpg

2λkg
(3.32)

3.3.3 Shell Formation and Thickenning

Once the drop reaches saturated conditions, and continues undergoing vapor-

ization for t > tsat, there will be an excess of solute (it cannot leave the drop) which

will begin to precipitate. Now the drop will have three different components: solvent

and solute in saturation, and precipitated solid.
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1. Saturation 2. Shell Formation 3. Shell Growth 4. Compacted Drop

α(t)

Y sat
s

Ri(t)
Rs(t)

αm

α(t)
α = 0

δ(t) = Rs(t)−Ri(t)

α(tf ) = αm

Figure 3.3: Mathematical model and variables during drop vaporization

mt(t) = msolu,sat(t) +msolv +msolu,p(t) (3.33)

As soon as some precipitate is formed, it will be uniformly distributed within

the drop with a volume fraction α(t). However, since the drop will continue to shrink

and more precipitate will form, although at the beginning uniformly distributed, α(t)

will increase, and within a very short period of time a very thin layer of precipitate

will accumulate at the surface of the drop (see figure 3.3). This layer will be composed

of solid particles packed at their maximum packing (αm), and saturated solution in

the voids in between particles.

As solvent vaporizes at the drop surface (Rs), more precipitate will form and

the shell at volume fraction αm will continue growing in thickness δ(t) = Rs(t)−Ri(t);

while the inner core of the drop will decrease in size. This inner core will be composed

of saturated solution and uniformly distributed precipitate with increasing volume

fraction α(t).

The mass of precipitated solute will be distributed between the inner core and

the outer shell:

msolu,p =
4

3
π(R3

s(t)−R3
i (t))ρsαm +

4

3
πR3

i (t)ρsα(t) (3.34)

The amount of solute that is precipitated at any given time t > tsat is due to

solvent vaporizing at the surface:
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msolu,p = (mt,sat −msolv,v|ttsat
)(1− Ysolu,sat)− (msolv,sat −msolv,v|ttsat

) (3.35)

Hence, using equations 3.26 ,3.35 and 3.34 we obtain a single equation which

contains the two unknowns, Ri(t) and α(t).

R3
i (t)(α(t)− αm) = −R3

s(t)

[
αm + Y sat

s

ρsolv
4πρs

]
+ Ysolu,sat

ρsolv
4πρs

R3
s,sat+

+
3

4πρs
[mt,sat(1− Y sat

s )−msolv,sat]

(3.36)



Chapter 4

Results

4.1 Application of the Quasi Steady-State Vapor-

ization Models to the Particular Problem of

Tablets Coating

The models outlined in previous chapters, for both types of fluids drops have

been developed on an idealized or theoretical environment. However, the actual envi-

ronment and conditions at which tablets coating is performed are far more complex

than the idealized problem. In the previous chapter, we have studied the case of the

quasi-steady state evaporation of suspension and solution droplets in a moderately

hot environment, with spherical symmetry, negligible Brownian diffusion within the

drop, and negligible relative speed to the air of the droplet.

During the coating process, a bed of tablets sits on a rotating drum; the drum

is provided with an atomizer, through which the drops of the coating solution are

sprayed, as the drum rotates. Simultaneously, two orifices provide the drum with the

drying air, two air jets at low speed but high temperature, ranging from 25− 60 oC.

Therefore,the actual problem of tablets coating can be represented as in figure

4.1. Under an environment with ambient temperature Tdrying air = T∞, the atomizer,

located at a distance L from the tablet, sprays droplets of a particular composition,

with an initial diameter (at 4− 6 in from atomizer) D0, initial speed V0. While trav-

eling the distance L, the droplet undergoes a vaporization process as well as a change

33
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in composition and morphology. Depending on the parameters aforementioned, when

the droplet finally impacts the tablet, it may or may not have formed a shell, and if it

has formed, the thickness of this wet shell will vary depending on these parameters.

One main assumption made in the following calculations is that the droplets

will not interact with each other. Since they are several drop diameters away one to

another and since a constant low speed stream of air (drying air) is provided into the

rotating drum (providing a continuously dry environment) the vaporization of one

droplet will not affect the vaporization of another one, since the solvent vapors will

be carried away by the surrounding air stream.

L= distance to 
impact the tabletKNOWN:

Initial drop size 
and composition

tablet

FIND:
Drop size and 

composition at impact

vaporization 
model + shell 

formation

V0= initial 
spray speed

T∞

Figure 4.1: The particular problem of tablets coating. From atomization to impact.

A MatLab program to simulate this process was developed. As it can be seen

in figure 4.2, the input parameters are the temperature of the drying air, atomization

gas velocity (a characteristic initial speed of the drop), the distance from the atomizer

to the bed of tablets, the initial drop SMD (Sauter Mean Diameter) and the droplet

composition. When the button Compute is hit, two plots will be produced: one (on

the bottom left of the window ) showing the evolution in time of the surface (yellow)
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and inner (magenta, if the shell was formed) drop radii, and a secondary plot (top

right of the window) of the shell thickness as a function of time. In the lower right

corner the different times involved in the process are displayed, such as time to impact

the tablet, time to reach saturation in the drop and the time at which the program

finalizes the calculation.The program also displays a text reporting whether a shell

was formed or not depending on the initial conditions, and a text file is created, where

the initial parameters as well as the size and composition time evolution are stored.

Using this program, we are able to perform a parameters study to observe

the effect of the different input parameters on the shell formation and its thickness,

during the coating process.

4.2 Deceleration and Impact Droplets

The time needed for the droplet to acquire its terminal speed relative to the jet

of air, when drag and inertia forces are balanced, is much smaller than any of the times

involved in the vaporization process or an estimate of the time to impact. Hence, we

can assume that the terminal speed is instantly reached. Because the relative terminal

speed of the drops to the air is very small compared to the speed of the atomization

air, these drops can be considered to be flying at the air speed. The speed of the air a

few inches downstream of the atomizer nozzle (when the spray is fully developed and

the drops will not break any further) can vary between 20−80m/s. The atomization

and following spray becomes then a turbulent jet of two components: air and solution

droplets. A turbulent jet will decrease its average velocity [52], in particular at the

centerline, as a function of the distance travelled from the nozzle exit. Therefore, the

droplet carried by the air, will decelerate as it travels until impacting the tablet.

In the case of single fluid round (axisymmetric) and planar (2D) jets, sim-

plifications can be made in the Reynolds Averaged Navier-Stokes equations [54]

from boundary layer theory, in order to obtain similarity solutions for the averaged

variables. Because the droplets formed with the atomizer are very small and drop-

diameters away one from another, we will assume the case of a single droplet traveling

at the same speed that the jet of air.

The momentum transferred from the atomization air to the drop is small com-
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pared to the air jet momentum. Hence, when calculating the droplet speed decrease

as it travels, the drop will decrease its speed similarly to the air jet it is immersed in.

Dimensional analysis of a turbulent jet shows self-similar Gaussian-like veloc-

ity profiles that as studied sections are located further from the nozzle. Since the

maximum speed in every section is located at the jet centerline, we will use the longi-

tudinal evolution of the jet speed at the centerline in our calculation. The expressions

used to compute the speed drop are taken from [55].

Both round and planar jets will be studied. If the user selects to switch the

pattern air on at the program interface, the program will assume that the pattern air

of the atomizer is being used, producing a slender elliptical shaped spray jet. Since

the major axis of the elliptical cross section of this spray is much larger than the

minor axis, a planar jet approximation can be made to compute the decrease in the

drop speed. On the other hand, when the pattern air is off, the jet is more likely to

have circular cross section, and the equations for a round jet will be used to obtain

the evolution of the drop speed.

4.3 Vaporization of a Colloidal Suspension Droplet

Let us recall that a colloidal suspension droplet is composed of small solid

particles within a carrier fluid, either acetone or water. As the drop is immersed

in a hot environment, only the carrier fluid will vaporize at the droplet surface.

For the droplets of colloidal suspension, the study focuses on the effect of ambient

temperature, initial solid loading, maximum packing and initial droplet size.

4.3.1 Effect of Droplet Initial Radius

As the initial drop radius is increased, figure 4.3 shows a predicted increase

on the time needed to reach maximum packing in the droplet. The ”d-square law”

predicts a slope only dependent on the vaporization rate λ, and gas and liquid ther-

modynamic properties. Hence, the rate at which the drop shrinks is not affected by

the initial drop size.

It is remarkable the difference in order of magnitude of the time at which the
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t(s) t(s)

× 10−9 × 10−9R2
s R2

s
Acetone Water 

Figure 4.3: Effect of Initial Droplet Radius for Acetone and Water based solutions

maximum packing is reached depending on the carrier fluid. Acetone is a much more

volatile fluid than water, its latent heat of vaporization and boiling temperature

being substantially smaller than in water. This results on a larger dimensionless

vaporization rate λ (for acetone-based drops λ ∼ 0.1, while for water-based drops

λ ∼ 0.01), which simultaneously will lead to a smaller vaporization time and final

time (to reach maximum packing), for the same initial drop size.

4.3.2 Effect of Ambient Temperature

Solving the set of equations for water-based and acetone-based suspension

droplets for four different ambient temperatures ranging from 323 K to 353 K, we find

the quasi-stationary droplet temperature, as well as the liquid vapor mass fraction

leaving the droplet surface and the dimensionless vaporization rate λ. For both

approaches, the final droplet radius is the same. whereas the time required to reach

differ depending on the carrier fluid properties.

The initial droplet radius is R0 = 30µm, the initial solid volume fraction is

α0 = 0.2, while the maximum packing of the solid phase is taken to be αm = 0.64.

It is important to remark the temperatures reached by the droplet are in both

cases smaller than the ambient temperature. This feature is especially dramatic for

droplets with acetone as carrier fluid. Their temperatures reach values as low as 261
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K. This is due to the combined effect of its low latent heat for vaporization together

with the ambient temperature being higher than its surface but not sufficiently high

as to heat the droplet. Therefore, the only way for the drop to exchange heat with

the environment is to loose heat and cool down.

The rate at which R2
s decreases is higher in acetone-based than in water-based

solutions, as can be observed in figures 4.5 and 4.4 the slopes of the acetone-based

are steeper than the water-based at any of the four ambient temperature. In both

cases the radius square decreases linearly, until reaching the maximum solid particles

packing (radius Rf ) when, if conditions are met, a bubble may form and grow.

Figure 4.4: Rate of decrease of the square of the acetone droplet radius

Finally, the most important feature to note is the change of the slope in both

cases with the ambient temperature. As ambient temperature is increased the slopes

become steeper, meaning that the vaporization occurs faster, hence reaching earlier

the fully compacted state.

One of the first simplifications when developing this model, was under the

assumption of a quasi-steady state after a short transition period, when the droplet
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Figure 4.5: Rate of decrease of the square of the water droplet radius

is heated up reaching the steady drop temperature Ts. This assumption needs now

to be checked, to make sure that this transition stage is in fact short compared to the

droplet vaporization time.

The energy equation for r < Rs, with no internal convection and, as a first

approximation, assuming that the thermodynamic properties of the droplet (mixture

of solid and liquid) are similar to the properties of the liquid:

ρlcl
∂T

∂t
= kl

1

r2

∂

∂r
(r2∂T

∂r
) (4.1)

Taking orders of magnitude in this equation:

ρlcl
Ts − T0

tcond
∼ kl

Ts − T0

R0
2 (4.2)

where T0 is the initial temperature of the droplet.

Hence, the conduction characteristic time:

tcond ∼
ρlclR0

2

kl
∼ R0

2

αl
(4.3)
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• for water: tcond ∼ (3·10−5)2

1.43·10−7 ∼ 6 · 10−3 s

• for acetone: tcond ∼ (3·10−5)2

9.42·10−8 ∼ 10−2 s

Comparing these characteristic times with the vaporization time, defined as

tvap ∼ ρlCpgR0
2

2λkg
,

• for water: tvap ∼ 1000·1012·(3·10−5)2

2·0.02·0.024
∼ 0.95 s >> tcond

• for acetone: tvap ∼ 790·1012·(3·10−5)2

2·0.13·0.024
∼ 0.11 s >> tcond

One can then conclude that the conduction time is very small compared to tvap,

showing that the assumption of quasi-stationary state was correct and that droplet

heat up is negligible and can be assumed that in a very short time the droplet reaches

a uniform and stationary temperature Ts.

4.3.3 Effect of Initial Solid Particles Loading and Maximum

Packing α0

Recalling the stop condition at which the droplet is at its maximum solid

packing:

Rf = R0(
α0

αm
)
1/3

at time tf =
ρlR0

2

ρg2λαg
[1− (

α0

αm
)
2/3

] (4.4)

Acetone Water R2
s

R2
0

R2
s

R2
0

τ =
tkg

ρlCp,gR2
0

τ =
tkg

ρlCp,gR2
0

τ τ

Figure 4.6: Effect of Initial Solid Particles Loading for Acetone and Water based
solutions
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Table 4.1: Base input parameters for the program

Parameter Value
Ys,sat 0.54
T∞ 310 K
L 0.7 m
V0 15 m/s
D0 50 microns
αm 0.51

it is obvious to conclude that the final radius slowly increases as α0
1/3 while the

time at which this occurs decreases as−α0
2/3, as can be shown in the figures below,

for both water and acetone based solutions.

Acetone R2
s

R2
0

R2
s

R2
0

τ =
tkg

ρlCp,gR2
0

τ τ

Water 

τ =
tkg

ρlCp,gR2
0

Figure 4.7: Effect of Maximum Solid Packing for Acetone and Water based solutions

4.4 Vaporization of a Solution Droplet

For the case of an acetone-base solution droplet, in order to be able to see the

shell formation, the base input parameters were the following:

In the following sections, one parameter at a time has been varied, while the

rest have been kept constant.
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4.4.1 Effect of Ambient Temperature

As shown in the plot 4.8, as the drying air temperature increases, the shell

begins to form much earlier. If the ambient temperature is increased, the satura-

tion point will be reached earlier, hence the earlier shell formation. However, this

decrease of time is not linear. The distance between curves decreases as the tem-

perature increases. Let us recall the the ambient temperature plays its key role in

the mass vaporization rate of the solvent. The higher the temperature the higher

the vaporization rate λ. But also, the higher λ is, the steeper the slope of the time

evolution of the radius is. These two variable then are used to calculate the inner core

radius, not having then a direct relationship between temperature and shell thickness.

This is what causes as well the slight difference in slope for the different drying air

temperatures.
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Figure 4.8: Temporal variation of the shell thickness as a function of the drying air
temperature

Something to remark as well is that the shell grows very quickly right after

its formation in what it seems a linear fashion, and then the growth is somewhat
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relaxed, although monotonously growing. This effect is partly due to the nature of

the shell growth but also partly due to the scheme to solve the equation to find the

inner radius. The drop passes from not having a shell to forming and growing a shell,

and since the mentioned equation has two unknowns in it (inner radius and inner core

precipitate volume fraction α), we have to enforce the initial conditions at saturation

point, which produces a quick growth of the shell during the first time steps of the

calculation.
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Figure 4.9: Temporal variation of the inner core precipitate solute volume fraction as
a function of the drying air temperature

As explained in previous chapters, not only are we interested in drop size

change, but we are also seeking the temporal variation on the droplet composition. A

way to measure the droplet composition at all times is through the parameter α(t), the

volume fraction of precipitated solute at the inner core. This parameter accounts for

the amount of solute (all polymers that are in solution) that at any instant of time t is

precipitated in the drop. Once the wet shell is formed, the solute can only precipitate

within the inner core of the droplet. The figure 4.9 shows how the increase of the

drying air temperature decreases the time at which precipitation begins to occur,
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since vaporization is favored at higher temperatures. For all temperatures, when the

maximum packing is reached, that is when α = αm = 0.52, the drop cannot decrease

in size, nor can it increase its precipitation. When this happens, the drop is fully

packed and will not vaporize more solvent.

4.4.2 Effect of Initial Solid Loading X0

When the initial amount of solute within the drop is linearly increased, two

phenomena are observed. First, the time at which the shell begins to form decreases

with increasing solute mass fraction; this is logical, since an increase of solute will

induce saturation conditions much faster. Second, the slopes after the first stage of

quick growth seem to be kept constant no matter what the solute mass fraction is.
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Figure 4.10: Temporal variation of the shell thickness as a function of the initial
solute mass fraction

The distance between the different solute mass fraction cases seem to be
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roughly the same, concluding that the relationship seems to be relatively linear. the

The initial solute loading is used to calculate the initial mass of solute and through

it, the amount of precipitate, which is embedded in the equation to obtain the inner

radius. We can then conclude the relationship between inner core and solute mass

fraction is much more direct than inner core and ambient temperature.
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Figure 4.11: Temporal variation of the inner core precipitate solute volume fraction
as a function of the initial solute mass fraction

As for the time evolution of the composition, and increase in solute mass

fraction will lead to a decrease in the time at which the shell begins to form. The

parameter α begins to grow at an earlier time. However, an interesting feature to

note is that, as observed in figure 4.11, the lower the solute mass fraction is, the less

time the inner core precipitates take to reach their maximum packing.

4.4.3 Effect of Initial Drop Size

Larger drops will take larger times to reach the saturation conditions. The

times to reach saturation seem to increase more as the drop becomes larger, be-
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cause most of our equations are based in mass conservation, which involves volumes.

Therefore, for instance, an increase of 10µm in radius means an increase in volume of

1000µm3, which would translate in a much larger volume, hence a much larger time

to reach saturation.
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Figure 4.12: Temporal variation of the shell thickness as a function of the initial drop
radius

This reasoning can also be used to explain the decrease in the slope for larger

drops. The larger the radius drop is, the even larger its volume is, hence much larger

time will be needed to accumulate particles at their maximum packing, to grow the

shell thickness.

In figure 4.13, the time evolution of the precipitated volume fraction is plotted

as a function of the initial size. Larger droplets will take larger times to begin the

precipitation process, because more surface vaporization is needed in larger droplets.

Again, the precipitation and thus the vaporization will stop when α = αm. When
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Figure 4.13: Temporal variation of the inner core precipitate solute volume fraction
as a function of the initial droplet size

smaller droplets are subjected to this vaporization process less time is needed to reach

the maximum packing.The parameter α is a volume-based parameter, this means that

an increment in radius will translate in both a squared increment of available solvent

to vaporize and a cubed increment in available volume to precipitate solute. Hence,

the larger the droplet is, the more time is needed to vaporize solvent, to form the

shell and to precipitate more solute after the shell formation.

4.4.4 Effect of Initial Drop Speed

The initial speed of the drop does not affect at all on the vaporization process.

As observed in figure 4.14, all curves are superposed. The speed of the drop will

affect, however on the time of impact. The higher the speed, the less time to impact

the tablet. Hence, when impacting the tablet the drop will be larger if impacting at

higher speed.
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Figure 4.14: Temporal variation of the shell thickness as a function of the initial
absolute drop speed

On the one side, a larger drop means less chances to have a shell formed

or thinner shell sizes when impacting. But on the other size, larger drops means

poorer coating, more splashing and splatting, more chances to obtain a porous and

non-uniform coating.

4.4.5 Effect of Saturation Point

The saturation point refers to the mass fraction of solute at which a solution

is considered saturated, meaning that if more solute is added it will not dissolve in

the solvent, but it will precipitate. For the drops under study, a small saturation

mass fraction implies an early saturation, which translates into an early formation of

a shell. This, indeed, can be shown in figure 4.15, As the saturation mass fraction is

increased, the drop begins forming a shell at later times.

However, what is remarkable is that all the curves have a very similar shape

and slope, meaning that Ys,sat has very little effect on the drop vaporization and shell
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formation, and has greater effect on the time at which the shell begins to form.
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Figure 4.15: Temporal variation of the shell thickness as a function of the solute
saturation mass fraction

The next figure 4.16, is a detailed view of the beginning of the shell formation.

As already mentioned before, larger saturation mass fractions translate into larger

times to reach saturation. However, in this figure we can also observe that smaller

saturation mass fractions induce slightly larger shell thicknesses. A drop with smaller

saturation mass fraction, such as Ys,sat = 0.3, means a larger mass fraction of precipi-

tate solute and solvent, but since the solvent vaporizes at its own rate at the surface,

more precipitation must be occurring, hence, these drops form thicker shells. How-

ever, the increase is very small because the solute precipitation is not solely controlled

by the saturation mass fraction, but also by the solvent vaporization.

This last figure 4.17 shows a detailed view of later stages of vaporization and

shell formation. In here, it is observed that at approximately t/timpact = 0.155, the

plot shows a peak, a maximum and then a sudden decrease. This part of the plot is

calculated by the program but has no physical meaning, and was included to raise

the questions of when is the program giving physical solutions and when should it
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Figure 4.16: Detail view of the early stages of the shell formation. Smaller saturation
fractions provide earlier shell formation
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Figure 4.17: Detail of the late stages of the shell formation. Failure of the program
to predict the shell thickness

stop calculating.

The peak and sudden decrease is due to the interaction of two variables, the

saturation mass fraction and the maximum packing (volume fraction). Recalling

the equation 3.36 from chapter 3, the linear combination αm + Ys,sat
ρsolv

4πρs
is present.

Therefore, there will be a set of Ys,sat and αm for which this subtraction may be zero

or negative, inducing non physical solutions for the inner radius.

This means that there are certain combinations of Ys,sat and αm that our

model cannot resolve after reaching a certain drop size and shell thickness. However,

we believe that most of these combinations are also non physical after a certain drop

and shell size. We have to recall again that the maximum packing is the maximum

volume fraction at which the precipitate can be compacted, while the saturation point

is the maximum mass fraction of solute dissolved in a drop, so there is an indirect

relationship between them. The droplet may be too small and the shell too thick to

continue precipitating. However, there is still dissolved solute that may potentially

precipitate.



53

Using mass and heat transfer equations within the drop, taking into account

the diffusion process even after the drop is maximally packed, as well as a more

realistic model for the precipitation process might resolve this problem. In reality,

the solute precipitates in form of fibers, which have a very different behavior than

spherical particles. Although the volume fraction can be represented as its equivalent

spherical volume fraction, the underlying fiber physics may not be similar to spherical

particles physics. However, for the purpose of this project, the model has shown to

be accurate enough, capturing most of the physical phenomena occurring within the

droplet.

4.4.6 Effect of Maximum Packing αm

Define αm the packing density of a packing of spheres, to be the fraction of a

volume filled by the spheres. In three dimensions, there are three periodic packings

for identical spheres: cubic lattice, face-centered cubic lattice, and hexagonal lattice.

It was hypothesized by Kepler in 1611 that close packing (cubic or hexagonal, which

have equivalent packing densities) is the densest possible, and this assertion is known

as the Kepler conjecture.In this particular problem, the maximum packing αm is the

maximum volume fraction at which the precipitate can be compacted. The higher

this number is, the more compacted the precipitate can be, which means the thinner

the shell will be. However, it is not a variable of the problem, it is intrinsec to the

problem.

Many experimental, analytical and numerical studies (summary in [59]) have

been done to solve the problem of the maximum packing volume fraction to compact

spheres, in random order or in lattices. The packing densities for several types of

sphere packings range from 0.34 to 0.74, while this packing number for randomly

packed spheres is between 0.51 and 0.64.

In figure 4.18 αm ranges from 0.4 to 0.55. The plot shows a tremendous

decrease on the slope of the temporal evolution of the shell thickness as the maximum

packing is increased. However, as mentioned for the previous parameter study, certain

values of αm and Ys,sat are not physical once a certain drop and shell size are reached.

But, despite these non-physical time ranges, the tendency of the shell growth slowing
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down as the αm increases is clear.



Chapter 5

Conclusions

5.1 Summary

The main goal during this project was the development of two simplified math-

ematical models that would capture the main physics of the vaporization process of

droplets of solutions and suspensions coatings used in the pharmaceutical industry,

as the spray travels from the atomizer until reaching the bed of tablets. As a re-

sult of this study, we were able to develop a graphical user interface program (using

MatLab) that can be used during the preliminary lab testing of different coating pro-

cesses. This program allows the user to vary the coating solution composition, drying

air and atomization parameters, as well as coating device (through the distance to

tablet parameter).

We have developed simplified models for the vaporization of droplets of coating

solutions and suspensions, immersed in a turbulent jet of air. These models provide

tools to predict spatial and temporal composition and size of the droplets prior to

impacting the bed of tablets. For the case of solution coatings, we are able to predict

whether or not a fully packed shell will form at the surface of the droplet during the

coating process, as the drop travels to impact the tablet; as well as predict the time

at which this shell is formed.

A parametric study was also performed for both models, and we have quan-

tified the parameters that will affect more drastically the drop composition and its

vaporization process. As stated in chapter 1, this parametric study as well as the
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models will allow to ponder which are potential control and optimization parameters

to take into account to improve the design and efficiency of the coating process.

5.2 Possible Future Work

As mentioned in the previous chapters, the models developed in this project

have assumptions and simplifications embedded on them. We have then studied an

overly idealized problem. All of the simplifications have been checked and therefore

justified. However, although these are correct assumptions in an idealized problem,

they may not capture all of the physics phenomena occurring during the coating

process.

This is an intricate problem where many physics disciplines are needed to

describe the complete process: thermodynamics, heat and mass transfer, systems dy-

namics, fluid mechanics. Physics modeling consist of obtaining a simplified analytical

model that can describe fairly well a complex process.

However, there is still room for improvement in the models here explained.

An ambient with some initial concentration of the solvent’s vapor can be included in

the model, which would most likely slower the vaporization process, reaching a vapor

saturated equilibrium at the drop surface at an early stage of the vaporization. A

drying air temperature gradient, having a maximum temperature at the drying air

injection points and decreasing as it gets mixed with the atomization air, which is

at room temperature, may induce as well a decrease in the drop vaporization and

shell growth. As for the initial conditions used in the MatLab program, instead of

the turbulent air jet centerline speed, a fully developed turbulent spray jet (including

drop to drop interaction) may be included in the overall actual coating process model.
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Universidad Politécnica de Madrid, 1985.

[47] S. M. Frolov, F. S. Frolow, and B. Basara, “Simple model of transient drop vapor-
ization,” Journal of Russian Laser Russian Research, vol. 27, no. 6, pp. 562–574,
2006.

[48] P. Antaki and F. A. Williams, “Transient processes in a nonrigid slurry droplet
during liquid vaporization and combustion,” Combustion Science and Technol-
ogy, vol. 49, no. 5-6, pp. 289–296, 1986.

[49] E. J. Hinch, “Hydrodynamics at low reynolds number: A bried and elementary
introduction,” Disorder and Mixing, vol. 152, pp. 43–55, 1988.

[50] G. K. Batchelor, “Developments in microhydrodynamics,” Theoretical and Ap-
plied Mechanics, 1976.



61

[51] E. M. Purcell, Physics and Our World: A Symposium in Honor of Victor F.
Weisskopf, ch. Life at Low Reynolds Number. American Institute of Physics,
1976.
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