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with Applications to Genotype Imputation

WEN-YUN YANG! FARHAD HORMOZDIARI!
ELEAZAR ESKIN!? and BOGDAN PASANIUC??

ABSTRACT

Ever since its introduction, the haplotype copy model has proven to be one of the most
successful approaches for modeling genetic variation in human populations, with applica-
tions ranging from ancestry inference to genotype phasing and imputation. Motivated by
coalescent theory, this approach assumes that any chromosome (haplotype) can be modeled
as a mosaic of segments copied from a set of chromosomes sampled from the same popu-
lation. At the core of the model is the assumption that any chromosome from the sample is
equally likely to contribute a priori to the copying process. Motivated by recent works that
model genetic variation in a geographic continuum, we propose a new spatial-aware hap-
lotype copy model that jointly models geography and the haplotype copying process. We
extend hidden Markov models of haplotype diversity such that at any given location, hap-
lotypes that are closest in the genetic-geographic continuum map are a priori more likely to
contribute to the copying process than distant ones. Through simulations starting from the
1000 Genomes data, we show that our model achieves superior accuracy in genotype im-
putation over the standard spatial-unaware haplotype copy model. In addition, we show the
utility of our model in selecting a small personalized reference panel for imputation that
leads to both improved accuracy as well as to a lower computational runtime than the
standard approach. Finally, we show our proposed model can be used to localize individuals
on the genetic-geographical map on the basis of their genotype data.

Key words: 1000 Genomes, expectation maximization (EM) algorithm, genotype imputation,
linkage disequilibrium, single nucleotide, polymorphism, spatial genetics, stochastic gradient
descent.

1. INTRODUCTION

C OMPLEX POPULATION DEMOGRAPHY COUPLED WITH the presence of recombination hotspots have shaped
genetic variation in the human genome into blocks of markers with similar recent ancestry (Gibbs et al.,
2003; Consortium et al., 2010; Daly et al., 2001). This recent ancestry sharing induces dependencies among
variants in the form of linkage disequilibrium (LD), that is, the nonrandom association of alleles at two or
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more loci (Kruglyak, 1999). Therefore, the observed LD patterns across the genome are the result of a
population’s demographic history and are modeled in a wide range of problems, from population genetic
inferences (Lohmueller et al., 2009; Pool et al., 2010) to medical population genetics (Marchini et al., 2007;
Li et al., 2010). Most notably, LD has enabled the era of genome-wide association studies that use a small
number of variants (as compared to all variation in the genome) to assay variation across the entire human
genome (de Bakker et al., 2005). Thus, modeling population LD is a fundamental problem in computational
genetics with applications ranging from genotype imputation and haplotype inference to locus-specific and
genome-wide ancestry inference (Marchini et al., 2007; Howie et al., 2009, 2012a; Chung et al., 2013;
Savage et al., 2013; Pasaniuc et al., 2009; Price et al., 2009).

Although many approaches for modeling LD have been proposed (Daly et al., 2001; Li and Stephens,
2003), one of the most successful framework has been introduced by Li and Stephens [widely referred to as
the haplotype copy model (Li and Stephens, 2003)]. Drawing on coalescent theory, in this model, a
haplotype sampled from a population is viewed as a mosaic of segments of previously sampled haplotypes.
This mosaic structure can be efficiently modeled within a hidden Markov model to achieve very accurate
solutions to many genetic problems such as genotype imputation (Marchini et al., 2007; Howie et al., 2009,
2012a), ancestry inference (Pasaniuc et al., 2009; Price et al., 2009), quality control in genome-wide
association studies (Han et al., 2009), detection of identity by descent (IBD) segments (Browning, 2006;
Browning and Browning, 2010), estimating recombination rates (Wegmann et al., 2011), haplotype phasing
(Delaneau et al., 2012), migration rates (Roychoudhury and Stephens, 2007) and calling of genotypes at
low coverage sequencing (Pasaniuc et al., 2012; Li et al., 2011).

At the core of the Li and Stephens (2003) model lies a hidden Markov model (HMM) that emits
haplotypes through a series of segmental copies from the pool of previously observed haplotypes. The
hidden states in the HMM indicate which haplotype from the reference panel to copy from while emission
probabilities allow for potential mutation events observed since the most recent common ancestor of the
target and the reference copy haplotype. Recombination events are modeled through the transition prob-
abilities; the probability of copying from the same reference haplotype at successive loci is much higher
than switching to another haplotype, based on the idea of the probability having a recombination between
two neighboring loci is low. Motivated by coalescent theory in randomly mating populations, the a priori
probability of switching the copy process to another haplotype is equally likely among all the previously
observed haplotypes. However, since human populations show a tremendous amount of structure across
geography (Novembre et al., 2008; Yang et al., 2012; Baran et al., 2013) (inline with isolation-by-distance
models), it is likely that haplotypes physically closer in geography to the target haplotype contribute
significantly more to the copy process. Furthermore, with the emergence of high-throughput sequencing
that is generating massive amounts of data (Mardis, 2008; Schuster, 2008; Shendure et al., 2004), existing
methods are increasingly computationally intensive due to the ever larger samples of haplotypes that can be
used as reference. Although a commonly used approach for reducing computational burden is to down-
sample the reference panels (Howie et al., 2011; Pasaniuc et al., 2010; Liu et al., 2013) (often in an ad-hoc
manner), a principled approach for selection of a reference panel for optimizing performance is currently
lacking.

In this article, we propose a new approach to modeling genetic variation in structured populations that
incorporates ideas from both the haplotype copying model (Li and Stephens, 2003) and the spatial structure
framework that models genetic variation as function of geography (Yang et al., 2012; Baran et al., 2013).
Thus, we propose a haplotype copy model that a priorly up weights the contribution of haplotypes closer in
geographical distance to the copying process. We accomplish this by jointly modeling geography and the
copying process. Each haplotype is associated with a geographical position; when copying into a new
haplotype with known location, we instantiate an HMM that has switching transition probabilities up-
weighted for haplotypes closer in geographical space to the target haplotype.

We use real data from the 1000 Genomes project (Consortium et al., 2010) to show that our spatial-aware
approach fits the data significantly better than the standard model. Through a masking procedure followed
by a leave-one-out experiment we show that our spatial-aware method significantly increases imputation
accuracy especially for lower frequency variation (e.g., an improvement of 6% [2%] for low-frequency
[common] variation in Asian data). We also show that our approach can be used to select a small per-
sonalized reference panel for imputation that increases imputation accuracy while significantly reducing
imputation runtime (up to 10-fold). Finally, we show how our model can be used in a supervised manner to
infer locations on the genetic-geographic map for individuals based on their genetic data.
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2. METHODS
2.1. The standard haplotype copying model

We start by briefly introducing the standard haplotype copying model (Li and Stephens, 2003) for
modeling LD in a population. Let H € {0, 1}, be a matrix of haplotypes (which we will refer to as the
reference panel), where h; € {0, 1} indicates if the i-th individual at the j-th position (SNP) contains the
reference or the alternate allele. N denotes the number of haplotypes in the reference panel and L the
number of SNPs in the data. Let # € {0, 1}, be a multilocus haplotype that we will refer to as the target
haplotype, where h; € {0, 1} indicates the i-th SNP. The haplotype copy model views the target haplotype
as being composed of a mosaic of segments from haplotypes of the reference panel.

Formally, we define a hidden Markov model (HMM) specified by a triple (S, 7, w), where S is the set of
states, T is the transition probability, and w is the emission probability function. The set S contains state
variables {sy, ..., s.} where sy={1, 2, --- N} indicates from what reference haplotype is the k-th allele in
the target haplotype copied from. The transition probability 7 is nonzero only between pairs of states in
consecutive sets of states S, which can be defined between SNP k and SNP k + 1 as follows

0k+(1—0k)/N i=j
W . where Op=exp (- pdy).
(1-00)/N 17]

Here d; is the physical distance between SNP k and SNP &k + 1 and p = 4N,.c where N, is the effective
population size, ¢ is the average rate of crossover per unit physical distance per meiosis (e.g., 10™°%).
This can be easily extended to use recombination maps with varying recombination events at different
loci in the genome. The emission probability mimics the mutation process and can be defined as
follows

1—6 hk:Hsk,k
,  where e= N

w(hk,sk;H)= . (Ifl/m)__l.

m=1
€ otherwise
where N denotes the number of reference haplotypes. Intuitively the copying process is more accurate as
the reference sample size grows, and it is more likely to find in the reference a haplotype closely matching
the target one.
The likelihood of the target haplotype 4 is defined as:

P(h|S, H)=P(S) | [ PCclsi: H)= ] ] 1> ) (H o, sk;H>> (1)
k k k

and can be efficiently estimated using the forward/backward algorithm. Inference in this model is per-
formed using standard HMM approaches such as Viterbi or posterior decoding. For example, if the target
haplotype has any of the alleles missing, posterior decoding can be employed to estimate the most likely
values conditional on the model and the rest of the target haplotype.

2.2. A spatial-aware haplotype copying model

A drawback of the standard haplotype copying model comes from the equal treatment of reference
haplotypes; that is, a priori all haplotypes from the reference panel are equally likely to contribute to
the target haplotype. This effect motivates us to propose the following approach to take spatial effect
into account in the model. Let X={x;, ..., xy} indicate the locations for all N reference haplotypes
and x indicate the location for target haplotype. In a scenario where the location of the individuals are
not known, we estimate their locations from genotype data using methods such as PCA (Novembre et
al., 2008), SPA (Yang et al., 2012) or LOCO-LD (Baran et al., 2013). Then, instead of using uniform
switching probability across all reference haplotypes, we assign higher probability to haplotypes
located closer to the target haplotype. Formally, we redefine the transition rate T between SNP k and
SNP k + 1 as:
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O +(1=00)p; i=j
(i, j)= where p;=

(1-00p; i#]

The function ¥(x, x;) denotes a distance function between x and x; (e.g., Euclidean distance), and Z is a
normalization factor to ensure the probability definition. The parameter . specifies the effect of geo-
graphical distance. It is worth mentioning that this spatial-aware model can be reduced to standard hap-
lotype copying model by setting 4 = 0, such that p; = 1/N; therefore, our approach can be viewed as a
generalization of the standard Li and Stephens model. An illustration of our model is shown in Figure 1.
Intuitively a large value for A indicates a more pronounced spatial effect (less probability to copy from
distant haplotypes), while 4 = 0 reverts to assigning equal a priori probability.

The likelihood of the target haplotype is defined as before by summing on all paths in the model (Eq. 1).
Inference in this model can be performed as in the standard haplotype copy model using a combination of
Viterbi and posterior decoding as function of the particular application.

The standard forward-backward algorithm has a computational complexity O(N°L), since it has to
enumerate all possible N” transitions between two nearby variables. However, we can take advantage of the
transition probability structure to speed up the computation from O(N°L) to O(NL). Note that the transition
probability in Equation (2) consists of a term (1 — 8,)p;, which is independent on the previous state variable
s;. Thus, we can precompute the following constant

me=Y_vii(1-00)p;

exp (= A (x, 7))
#’ : 2)

where the variable v;; denotes the inductive variables in forward-backward algorithm. Then we can sim-
plify the induction rule for v, ; significantly as follows

Ve, i = Vil + 1

This is only constant computation for v, ;1 ; given the precomputed constant ;. Therefore, the computation
of the forward-backward algorithm induction can be easily reduced to O(NL).

Geographical Locations Spatial —Aware Haplotype Copying Model

Hap1 : [
Hap2 : A @ G T A C il
Hap3 : G T T
Hap 4 A C G T A C i
Hap 5 A {c @ G ili A il
Hap 6 A C GG T A C T
Hap 7 A C C G i A T
Hap 8 : A @ G T A G il
Hap9 : A G C G T A T
Hap 10 : A (€ G T A C 1
- e Target : ? C ? i _
= @ - s
s %% A
5 ( 2 %e {3 8

FIG. 1. Anillustration of spatial haplotype copying model. In the left panel, the location for target haplotype is shown
using the star. All haplotypes in the data are color coded using the distance to the target location (light are more distant,
dark are closer). We enforce the transition rates (that encode the copy switching) to give higher weight to haplotypes
closer to the target haplotype. A haplotype at the target location is more likely to contain mosaic segments from
haplotypes that are closer to the target location.
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2.3. Estimation of spatial effect parameter A

All the other parameters 6 and e can be determined from the reference panel and SNP locations. But a
prerequisite step in applying our model is the specification of A. It is necessary to estimate the A before
using the model for various applications, as the value of A could vary significantly across individuals or
populations. We estimate /4 through maximum likelihood estimation (MLE). Starting from the likelihood of
the target haplotype 7 (Eq. 1), we marginalize over all possible values of hidden variables S to obtain
likelihood as function of A:

L(h; )= P(h|S, H; }) (3)
N

However, this overall likelihood function is infeasible to optimize directly, as the number of all possible
values of § is very large L". Although the likelihood computation can be reduced by forward-backward
algorithm to O(NL), the gradient is still very expensive to compute, as the calculation would involve a
forward-backward in O(NL) and a summation of O(N°L) terms. When the number of reference haplotypes
is large, this gradient would be infeasible to compute. Fortunately, the gradient for the Q function in EM
algorithm is much simpler to compute than the gradient of likelihood function in (3). It is also guaranteed
that the gradient of the Q function will be an increasing direction for the original likelihood function, which
is a theoretical property of the EM algorithm. Thus, we resort to compute the gradient of the Q function
instead of the gradient of original likelihood function.
First, the Q function in EM algorithm can be written as follows

0%, A= " P(S)InP(h, S; 2)
S

4
oc > Plsior =i, 5e=j; A7) In i ji ) @
kij
The gradient for this Q function can be calculated as follows
a s Aj) T s
0 > Pl =i =) [ PO 2 ©

ki 1+1G=)) ((1 —95k)pj>

where the identity function I(i = j) is equal to 1 when i =j and O otherwise. However, simple cal-
culation of this gradient will also be inefficient with the complexity O(N°L), which is still expensive
for thousands of reference haplotypes and millions of SNPs. We resort to computing a stochastic
gradient for the Q function, and apply it to the original likelihood function as a searching direction. We
estimate the gradient by sampling over N haplotypes, instead of enumerating all of them. In practice,
between each pair of SNP k and SNP k + 1, we randomly sample 1000 pairs of s;.; =i and s; =],
instead of all N* pairs. The overall algorithm for efficient optimization of the spatial effect parameter 1
is described in Algorithm 1.

Algorithm 1: Learning Algorithm for Parameter A Estimation

: Setting optimization parameters R and C (e.g., R = 1 x 10% and C = 20)

: Precomputing ¥(x, x;) for all reference haplotype j, and 0y for all k.

: Randomly initialize ¥ >0

: for ¢ from O to T do

Perform forward-backward algorithm to get the forward/backward probability
Compute stochastic gradient g(A®) by sampling R pairs of i and j in (5)
Setting 2"V =20+ L. ¢(29)

: end for

: Output AT+D

e N e Y R N T N

2.4. Localization of individuals based on their genetic data

Another appealing application for spatial-aware haplotype copying model is to localize individuals on
the map. That is, given locations X for all reference panel haplotypes, we seek to find the best location x for
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the target haplotype to maximize the likelihood of the data. The algorithm follows similar procedure as
above section 2.3. The difference mainly comes from a different Q function as follows

O(x. )= " P(S)In P(h, ;)
’ (6)
o 3 Plsic 1 =i, 51 =j:2) In T (i, s 2)
kij

which is parameterized by x instead of 4 as in Equation (4). However, this change leads to nonconcavity of
the function in general. But since there is only one parameter to estimate, and the function is well behaved
in practice, we can still compute the gradient for the Q function and apply it to the stochastic gradient
descent method. The gradient for the Q function in Equation (6) can be calculated as follows

W(x. X;) Oy (x. X))

o el 7 e

FQ - ZP(Sk—l =1, 8k :J'HC(,)M & i 0 3 "
X e 1+1(i=)) (m)

we can use Euclidean distance y(x, Xj)= ||)c—Xj||2 as a sufficient estimation of spatial distance. Thus, the
gradient of the distance metric becomes
W(x, X))  x-X;
Ox |lx=Xjl[,

The overall algorithm is similar to Algorithm 1 for optimizing 4, except for replacement of 4 by x and the
gradients correspondingly.

3. EXPERIMENTAL RESULTS
3.1. Estimation of spatial copying effect in the 1000 Genomes data

We applied our methods to data-generated part of the 1000 Genomes project (Consortium et al., 2010). A
total of 1092 individuals were collected from 14 populations across the European, Asian, African, and
American continents. For all of our simulations we used 157, 827 SNPs on chromosome 22, where 79.5%
of SNPs are rare SNPs (allele frequency <0.05), and the rest 20.5% are common SNPs; although the
original data contained 473,481 SNPs, for computational efficiency we down-sampled to every third SNP.
Among the considered SNPs, we assumed that only 2, 931 SNPs present on the Affymetrix 6.0 SNP array
are collected and the remaining SNPs will be imputed using our model. This amounts to using 1.86% SNPs
to impute the remaining 98.14% SNPs. We apply PCA (Novembre et al., 2008) to assign a geographical
location to each individual in the dataset. Although we note that the imputation performance can be further
improved if denser SNPs are assumed to be typed, we expect the general trends reported below to maintain.

The parameter 0 for transition probability t and the parameter e for emission probability @ can be
determined from the SNP locations, population size, and number of reference haplotypes, as given in
section 2.1. Starting from the 2, 931 SNPs, we estimated the spatial effect parameter 4 for each of the 2,184
haplotypes in the dataset. The average A values are 1.54, 1.76, 1.30, and 1.32 for European, Asian, African,
and American populations, respectively (Fig. 2). Generally, the higher value of 4 corresponds to stronger
spatial copying effect, which leads to more segments copied from nearby haplotypes. To test the signifi-
cance of spatial effect, we compared the likelihoods of the data (the 2,184 haplotypes) within the model
assuming no spatial effect (1 = 0) versus the model with spatial effect (A* estimated from the data). The log
likelihood ratio between spatial haplotype copying model and standard haplotype model is given in Figure
2. The likelihood is computed for each haplotype being emitted from the rest of the haplotypes. Across all
populations we observe that the model with a spatial effect fits the data much better than the model with no
spatial assignment. This is expected since we use haplotypes across all continents (except the target) in the
reference panel, and it is expected that haplotypes share more continental-specific segments.

3.2. Spatial-aware model improves imputation accuracy

Having established that the model with spatial effect fits the data much better than the standard model
with no spatial effect, we focused next on haplotype imputation [a standard approach in genome-wide
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FIG. 2. Estimated spatial copying effects A* across different populations in 1000 Genomes data. The top panel shows
the average A* across all individuals in a given population while the bottom displays the log likelihood ratio of the
model with 2* as compared to A = 0. The error bars indicate the standard deviations for each population.

association studies through prephasing (Howie et al., 2012b)]. We carry out a leave-one-out procedure to
perform the evaluation. In each round, we select one haplotype as a target and use the rest as the reference
panel. To remove potential bias, instead of using all haplotypes, we randomly select one haplotype from
each individual to use a total of 1,092 haplotypes (i.e., each round imputes one haplotype from the
remaining 1,091). The imputation results are evaluated using the average per-SNP  correlation coeffi-
cients averaged across all leave-one-out rounds for either all haplotypes or for data within each population.

We first demonstrate the effect of the lambda parameter on imputation accuracy by applying our model
using a wide range of lambda parameter values. Compared with the baseline method (4 = 0), we observe
that a clear improvement is obtained for a value of A around 2, especially for European and Asian
populations (see Fig. 3). This is consistent with the spatial model fitting those populations (see Fig. 2). We
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FIG. 3. Effect of spatial copying parameter A on imputation accuracy. Left shows results for low frequency (1-5%)
while right displays results for common variants (>5%). The maximum accuracy is attained at a A ~ 2, close to the
maximum likelihood estimate for A (1.3 to 1.7, see section 3.1).

also observe that the spatial model improves the imputation of rare variants more significantly than
common variants, which is expected as the rare variants are more clustered geographically (Nelson et al.,
2012). Moreover, the improvement for Asian and European populations is larger than for African and
American populations.

Although we have shown that spatial model improves accuracy, in practice the value of 4 is unknown
and needs to be estimated from the data. We reassessed the accuracy of our approach by not setting 4 to
prespecified values but by estimating it from the data. The performance of the model using the maximum
likelihood A* over baseline method is given in Table 1. As before, we observe larger improvements for rare
variants than common variants. A plausible explanation for this effect is that rare variants are more
clustered in geography (Nelson et al., 2012) than common variants. Overall for all populations, the im-
provement is highly correlated with allele frequency. The trend is shown in Figure 4, where we can see that
the improvement is higher for SNPs with lower allele frequency.

3.3. Selection of a personalized reference panel for imputation to increase performance

Inspired by the significant spatial haplotype copying effect in experiments, we hypothesized that im-
putation efficiency can be improved by only using a personalized reference panel composed only from
geographically close haplotypes (Pasaniuc et al., 2010; Howie et al., 2011). First, we expect that most of the
reference haplotypes are not contributing haplotype segments to target haplotype. In Figure 5, we observe
that the number of copied haplotypes decreases with higher 4 (e.g., an average of 100 haplotypes are used
in the copy process of a new target among 1091 reference haplotypes). On the other hand, in Figure 5, we
plot the distance of those useful reference haplotypes from the target haplotype, weighted by the posterior.
We observe there is a significant decrease of haplotype copying distance for higher A value. It strongly
suggests that the haplotype copying model can be significantly sped up by only keeping a small number of
nearby haplotypes as reference panel. To assess this scenario, we reimputed the target data using gradual
decreasing sizes for the reference panel (1091, 800, 600, 400, 200, 100, and 50), where we only keep the

TABLE 1. PERFORMANCE OF SPATIAL MODEL COMPARED TO THE STANDARD MODEL

Methods European Asian African American
Low frequency variants Baseline (4 = 0) 0.5560 0.4115 0.4833 0.5549
Spatial model with A* 0.5834 0.4364 0.4912 0.5654
Relative improvement 4.92 % 6.05 % 1.63 % 1.89 %
Common variants Baseline (1 = 0) 0.7790 0.7189 0.6498 0.7701
Spatial model with A* 0.7939 0.7326 0.6605 0.7765

Relative improvement 1.90 % 1.91 % 1.64 % 0.84 %
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FIG. 4. Absolute imputation improvement across all spectrum of allele frequencies. Spatial-aware model uses A*
inferred from the data.

most nearby haplotypes in geographical space. The relation between imputation correlation coefficients and
computational CPU time is shown in Figure 6. We observe that the computational time can be improved
linearly in the size of the reference panel but the imputation performance is also improved even using less
number of reference haplotypes. For rare variants, the best imputation performance is obtained at 400
haplotypes and for common variants, the best imputation performance is obtained at 200 haplotypes.

3.4. Localization of individuals on a map

Finally, we explored whether we can use our approach to infer the location on the map of a new
individual given data of individuals with known locations. We localized individual haplotypes using

110 r 1
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FIG. 5. Spatial effect on copied haplotypes from reference. Left shows that the number of copied haplotypes
decreases while the spatial effect parameter is larger. Right shows that the averaged distance from copied haplotype
decreases while the spatial effect parameter is larger.
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FIG. 6. Imputation accuracy versus computational time. Left shows low-frequency variants (1-5%) while right shows
results over common variants (>5%).

spatial-aware copying model with optimal A value estimated before assuming known locations for the rest
of the haplotype data. That is, in each round, we apply spatial-aware model to infer the optimal x* for one
individual using all other other individuals as reference panel (PCA was used to infer locations for the
reference panel). We observe that spatial-aware model is able to well identify individual locations, in terms
of the clear separating of different continents (see Fig. 7). We observe a high correlation coefficient
between the PCA and our inferred geographical (r = 0.87), thus showing that our approach can potentially
be used to localize individuals on a map given training data with known locations (see Fig. 7).

4. CONCLUSIONS

The haplotype copying model plays an important role in a wide variety of genetic applications. A major
drawback is that the model assumes that all haplotypes in the reference panel equally contribute a priori to the
observed haplotype. In this article, we have proposed a spatial-aware haplotype copying model that takes the
spatial effects into account. We have also presented a highly efficient algorithm to estimate the spatial effect
parameter before using the proposed model. We applied the proposed model to the 1000 Genomes data set for
several applications. First, we estimate the likelihood ratio between the spatial-aware model and spatial-
unaware model, and a significant improvement is observed. Second, we test the application of imputation

gy
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FIG. 7. The left shows results of PCA on chromosome 22 of the 1000 Genomes data while the right shows results of
our leave-one-out procedure to localize 1000 Genomes individuals.
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using spatial-aware model and obtain significant improvement over the standard model. Finally, we apply this
model to localize individuals, and the results indicate high accuracy can be obtained.
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