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Abstract

A general analysis is presented of a photon storage cavity, coupled to a free-electron laser

(PEL) cavity. It is shown that if the coupling between the FEL cavity and the storage cavity is uni

directional (for example, a ring resonator storage cavity) then storage is possible, but that if the

coupling is hi-directional then storage is not possible. Parameters are presented for an infra-red

FEL storage cavity giving an order of magnitude increase in the instantaneous photon power within

the storage cavity.



1. IntrQductiQn

SaturatiQn Qf a free-electrQn laser (PEL) occurs at a field level which depends upQn many

things such as the wiggler length and strength, the electron beam characteristics (for example,

emittance and current), the wavelength Qf the light, and the reflectance Qf the mirrQrs fQnning the

optical cavity. Luis Elias [1] has asked if one can design a storage cavity, coupled to the PEL

cavity, SQ as to remQve the saturatiQn limit Qf an FEL. In this note we answer this questiQn by

analyzing stQrage cavities, and show that they can be effective if the CQUpling from the FEL cavity

to the stQrage cavity is uni-directiQnal, but nQt if the coupling is symmetric. The general analysis is

given in SectiQns II and III.

A reflecting plate with hQles that allQW SQme Qf the radiatiQn to pass thrQugh (usually Qnly a

few percent is needed) can provide cQupling in the infra-red. We cQnsider this case in SectiQn IV,

and give parameters leading to an order of magnitude increase in phQton power. Numerical studies

are presented in SectiQn V SUPPQrting the analytic wQrk Qf the previQus sectiQns.

Assuming the stQrage cavity can be Q-switched, QperatiQn of an PEL with a stQrage cavity

can lead to a significant increase Qf instantaneous phQtQn pQwer, which fQr certain experiments

WQuld be advantageQus.

The use Qf Qptical elements, in Qrder tQ improve perfQrmance, is a well-knQwn technique in

conventiQnallaser technQIQgy [2]. In this nQte we shQW hQW SQme of these techniques are useful

for an PEL.

II. General Analysis Qf Coupled Cavities

The system we analyze is shown in Fig. 1. The quantities gl and g2 are the round trip

factors

gJ = rrJei(}JgF ,

g2 = rr2ei(}1 ,
(2.1)

where gF is the PEL amplitude gain factor and ~ is the round-trip phase factor in each cavity.

2



Assuming that the round trip times for cavity 1 and cavity 2 are the same, we can derive the

matrix recursion relations for the cavity fields at nth pass as foHows:

(2.2)

For purpose of seeing the nature of storage it is adequate to ignore saturation; i.e., to have

gl and g2 independent of field strength. In that case, we can simply find the eigenvalues, Al and

A2. of the matrix. We find:

(2.3)

For boundary conditions we can consider no field in the storage cavity £2+ (0) =0 while

£1- (0) =Eo. The fields at nth pass are then given by

E + ( ) = (-rIr)L g I Eo [_ '1 n '1 11]
2 n ( ) /I., I + /1.,2 •

A2 - Al

(2.4)

From the general expression for the eigenvalues, eq. (2.3), roughly (rigorous proof is

given in ref. [3]) there are two cases (or orderings). The first is when

(2.5)

and the second is the reverse. It is clear that we want to consider the situation where gl and g2 are

very near unity. We may set
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gJ = 1 + £ ,

g2 = 1 - 0 ,
(2.6)

knowing that the FEL will make the real part of £ positive while losses in the storage cavity will

make the real part of 0 positive.

In the fIrst case it is easy to show that

1 -1+'C £-0/1,1- --+--+ ....
2 r 2

If Tlr has a non-zero real part then Al dominates at long time and

(2.7)

(2.8)

In this case the storage cavity is not effective. If (Tlr) is pure imaginary then there is oscillation of

energy between the fIrst and second cavities. The fIeld builds up, with n, but not at a greater rate

than if there were a single FEL cavity; i.e., there is no storage.

In the second case we have

At = 1 + £ +
£+ 8

(2.9)

and since Al dominates at long time
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E2 (n) (-r/r)
--~--.

E1 (n) £ + 8

But the ordering in the present case implies that

\2 (-r/r) I « £ + 0 ..

. h E2(n). 1 th . d th . ·th . thiI.e., t at E
1
(n) IS ess an umty an ere IS no storage, el er, m s case.

(2.10)

(2.11)

The intennediate situation doesn't work either, as is shown rigorously in reference [3].

III. Photon Storage Cavity

For an effective storage, it is necessary to decouple the storage cavity from the FEL cavity.

One way to achieve the unidirectional coupling is with a ring resonator as shown in Fig. 2. This

consists of a resonant ring cavity and a prism so arranged that there is no coupling from the storage

cavity to the FEL cavity.

Referring to Fig. 2, we have

where't and r characterize the right hand surface of the prism. Clearly

From these, it follows

5

(3.1)

(3.2)

(3.3)



By making the reflectivity r close to unity, and reducing the losses in the storage cavity so that g2 is

also close to unity, we can achieve E2 » E~ The goal of the storage cavity is to have E2 »E. In

general E'is determined by the requirement that the reflectivity in the FEL cavity is adequate for the

FEL operation. In practice, this implies that E' < E (E' - 0.1 E), and hence rg2 must be made very

close to unity (rg2 » 0.9).

For the prism, as indicated in Fig. 2, with an index of refraction n, and with !lQ plate

coupler, we have

E' =_2_
E 1 +n '

E2 = 2n cos 8 sin 8

E1' n sin 8 cos 8 (1 + g2) + [1 - n2sin2 8]1/2 sin 8 (1 - g2)

where eis the prism angle.

(3.4)

(3.5)

An alternative photon storage cavity could be a Fabry-Perrot resonator coupled with a FEL

cavity. In this case, the requisite decoupling can be provided by a polarization rotator.

N. Plate Coupling

The coupling between two cavities can be readily achieved by a plate with holes. Such a

plate can be augmented with a prism, as shown in Fig. 2, for uni-directional coupling. For a plate

the reflection coefficient is given by [4]

r=~
2-iB'

where the real quantity B > 0 is given by

B = 3a2Zo .
4WL] Po
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Li this fonnula Zo is th.e impedance of free space, (J) is th.e angular frequency of the light, aild a is

the spacing between holes of radius TO'

A convenient representation is given by writing

B = 2 cot 11 •

where 11 is a real quantity. Thus

r = - cos 11 e-i71 , 't' = i sin l1e-iTJ •

(4.3)

(4.4)

Note that, for a plate, 't = 1 + f. It is easy to see that, as it should be, no energy is lost in the plate;

l.e.,

(4.5)

V. Numerical Examples

A computer iteration program, employing the relation given for the fields in cavity 1 and

cavity 2 on the nth pass in terms of its value on the previous pass, eq. (2.2), was developed. For

this purpose we specialized to plate coupling and therefore employed the notation of Section IV.

We, furthermore, assumed plates at locations 1 and 2 in Fig. 1 and characterized by 111 and 112.

Thus the central plate and the two reflecting plates are characterized by

(5.1)

where j = 1 or 2.

For the round trip factors gl and g2 we employed
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g2 = cos 11 cos 112 •

(5.2)

Thus g2 describes the loss from the two plates of cavity 2. In cavity 1 we have the same thing, but

in addition an PEL whose performance is assumed to saturate with increasing field in the PEL

cavity.

We took for initial conditions El =1, E2 =O. We took the saturation parameter k =0.001

and we assume that the cavity lengths can be adjusted so that gl and g2 are reaL The result is

shown in Fig. 3. It is seen that, consistent with the discussion in Section II, there is no storage,

but the field oscillates between the two cavities.

Storage can be achieved, as was discussed in Section III, with a resonant ring. For

example, we may consider storage, even without a coupling plate, by having the prism made of

germanium whose index of refraction n =4 in the infra-red. From eq. (3.4) (E'/E) =0.4, implying

the power gain of the PEL must be more than 16%. From eq. (3.5), and taking e= 12.75 0, and

g2 =- 0.9, we obtain (E2IE')2 =10. The storage of power (E2IE)2 =16 for this example.

The parameters are all most reasonable, although g2 implies good reflecting mirrors in the

storage cavity (in practice, over a range of wavelengths). Use of a coupling plate would improve

performance or further relax parameters.
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Figure Captions

Fig. 1. General configuration of coupled storage cavity and PEL cavity. The reflecting surfaces

are characterized by reflectivity rand transmitivity 't'.

Fig. 2. A ring resonator storage cavity coupled through a reflective prism to an PEL cavity.

Fig. 3. Fields in cavity 1 (PEL) (solid line) and in cavity 2 (dashed line) for two coupled cavities.

For this case 11 = 0.1974, 111 = 112 = 0.03439 and k = 0.001.
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APPENDIX A

Rigorous Proof

We analyze completely a bi-directional cavity, but under the special assumption that the

coupling is by means of a plate and, hence, that T = TL = TR, 'T= 'TL = 'TR and 'T z 1 + T. When gp

does not vary as n increases,

Here Al and ~ are two eigenvalues of M:

1. e. ,

where we used the fact that 1 - (!)2 = I:12 . Ai also satisfies
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When the FEL gain I gp I is above a certain threshold value, at least one of 1Al I and 1~ I

is larger than unity and the field strength in the cavity grows. For a sufficiently high field, the gain

starts to decrease, and the system reaches an equilibrium where the FEL gain just balances the loss

through coupling. At this "saturated" state, at least one of the eigenvalues, say AI' must have

IAl I= I, and the other I~ lsI. We analyze the behavior near this saturated state, and prove

that it is impossible for the system to reach a configuration where IE2 1 » IE1 I. We do this in

the following steps:

i) First consider the system at saturation. We prove that, assuming IAl I = 1, the other

eigenvalue has also a unit magnitude I~ I=1. The field ratios for the eigenvector

corresponding to the eigenvalue Ai,

are shown to satisfy

The eigenvector corresponding to Al is the desired configuration if IR1 1 »1.

ii) To determine which of the eigenstate is the dominant one, we consider the situation

before saturation where the FEL gain is (l + £) times larger than that required for

saturation. The eigenvalues for this case are
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and the new field ratios

We show that, if Ri » 1, then I~ I ~ (l + E), IAl I ~ 1, thus I~ I > IAll.

Furthermore R~ «1. Thus the dominant eigenvalue is ~, the corresponding field

configuration for which is such that the field in the storage cavity is much less than that

in the PEL cavity. We now supply details of the proof:

Analysis of the Saturated State

Assume IAl I = 1. We show that Igl I = Ig21 = Ir I, and I~ I = 1. From the

eigenvalue equation,

it follows

Let

Then gl = 1rl ei(2x- 'If) 1 -I rl ei('If-
x

)

1 - I r I e- i ('If - x)

From this it follows that
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WI! = Ir r 1 gFi = I r I. IrIgEl = 1 .

Thus both Igi I and Ig21 are equal to Ir I. From the relation Al ~ =gi g2 / Ir /2, it then follows

that IAI A2/ = 1. Therefore IAll = 1 and I~ I = 1.

The eigenvectors corresponding to Ai satisfies

Thus

Since Al - gi =- ~ + g2 and Al - g2 =- ~ + gl, it follows from above that
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The desired configuration where IE2 1 » IE1 I can be obtained for Ai eigenstate if R 1 « 1

which requires

This then implies R2 »1. At this stage, we do not yet know which of the eigenvectors is the

dominant one. If the eigenvector corresponding to ~ is dominant, then the field in the storage

cavity is low. We show this is the case in the following:

Analysis of the Case Before Saturation

We consider now the case where FEL gain is larger than that required for saturation. Thus

we write

The quantities without prime are those for the saturated case. The matrix becomes

The new eigenvalues are

,
Al ~ Al = Al + OAI , ,1,2 ~ ,1,2 = A2 + OA2

and satisfy the equation

15
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To first order in £

OAi = Ai [Ai - g2] £

2Ai - gt - g2

Thus

The new field ratios for eigenvectors At are obtained from

We find

Assume that A;-eigenstate is the desired configuration where R; «1. Then R 1 « 1

leading to IAl - g21 «'t« IAl - gIl < 2. (We assume £ - OCr), then the correction to R1 is

small.) Then
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Therefore

Therefore A;-eigenstate is the dominant one, and the energy storage is not possible.
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Fig. 1
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