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Devwudfw

Wkh sdshu h{dplqhv surshuw| lqvxudqfh frqwudfwv lq zklfk frqvxphuv fkrrvh wkh
xsshu olplw rq fryhudjh1 H{foxvlrqv duh ri wzr w|shv/ dqg erwk uhgxfh wkh ghpdqg
iru lqvxudqfh ri wkh lqfoxghg shulov1 D sudfwlfdo lpsolfdwlrq lv wkdw dq lqvxuhu fdq
udlvh wkh ghpdqg iru �uh lqvxudqfh e| r�hulqj dq hduwktxdnh ulghu/ dqg sur�w iurp
wkh ulghu hyhq zkhq wkh suhpld duh fhghg lq vxfk d zd| wkdw wkh ulghu grhv qrw udlvh
sur�w gluhfwo|1 Wkh uhvxowv gr qrw uhtxluh dvvxpswlrqv derxw fruuhodwlrqv ehwzhhq
lqfoxghg dqg h{foxghg orvvhv/ zklfk lv lqwhuhvwlqj ehfdxvh fruuhodwlrqv duh ghflvlyh lq
prvw ri wkh rwkhu olwhudwxuh rq edfnjurxqg ulvn1

Nh| zrugv= edfnjurxqg ulvn/ surshuw| lqvxudqfh/ xsshu olplw/ h{foxvlrq1



H{foxvlrqv dqg wkh Ghpdqg iru Surshuw|
Lqvxudqfh
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4 Lqwurgxfwlrq
H{foxvlrqv duh sduw ri surshuw| lqvxudqfh1 D vlpsoh frqwudfw fryhuv orvvhv iurp d
vlqjoh shulo exw h{foxghv orvvhv iurp doo rwkhu shulov dqg iurp wkh lqvxuhg shulo lq
vrph lqvwdqfhv1 Dowhuqdwlyho|/ lq d frpsoh{ frqwudfw olnh krphrzqhuv lqvxudqfh wkdw
fryhuv d zlgh udqjh ri shulov/ wkh h{foxvlrqv duh ihzhu exw pruh dfxwho| uhfrjql}hg/
w|slfdoo| fdwdvwurskh ulvnv vxfk dv  rrg dqg hduwktxdnh1

Ghpdqg iru lqvxudqfh lv lpsdfwhg e| h{foxghg ulvnv1 Wkh odfn ri hduwktxdnh
fryhudjh fdq eh d vljql�fdqw idfwru lq wkh ghpdqg iru krphrzqhuv lqvxudqfh/ dqg
olplwdwlrqv rq fryhudjh ri dxwrpreloh oldelolw| fdq lq xhqfh wkh ghflvlrq wr sxufkdvh
fryhudjh iru froolvlrq1 Wkhuh duh wzr frqwudu| whqghqflhv khuh= H{foxvlrqv pljkw
udlvh ghpdqg e| khljkwhqlqj ulvn dyhuvlrq ru orzhu lw e| ghjudglqj wkh txdolw| ri wkh
lqvxudqfh r�huhg1 Wkh edodqfh ehwzhhq wkhvh whqghqflhv ghshqgv xsrq wkh irup ri
wkh lqvxudqfh frqwudfw/ dv wklv sdshu vkrzv1

Klvwrulfdoo|/ wkh jurzwk ri fryhudjhv riwhq frqvlvwv ri dgglqj qhz shulov wr frq0
wudfwv iru suhylrxvo| fryhuhg shulov1 Wkxv fxuuhqw krphrzqhuv srolflhv dulvh iurp
fryhudjh �uvw ri �uh dqg wkhq iurp vxffhvvlyh dffxpxodwlrq ri wkhiw fryhudjh/ oldelolw|
fryhudjh/ dqg vr rq1 Wkhuh duh qxphurxv lqfhqwlyhv iru wklv w|sh ri dffxpxodwlrq/ dqg
wkh srvvlelolw| h{dplqhg khuh lv wkdw wkh dgglwlrq ri d qhz fryhudjh pljkw lqfuhdvh
ghpdqg iru wkh rog rqhv1

5 Suhfxuvruv
Wkh fodvvlf wkhru| ri ghpdqg iru lqvxudqfh dvvxphv wkdw doo ulvnv wr zhdowk duh lq0
vxudeoh1 Wkh olwhudwxuh rq edfnjurxqg ulvn dv ghyhorshg lq Grkhuw| dqg Vfkohvlqjhu
^4<;6`/ Vplwk dqg Pd|huv ^4<;6`/ Nlpedoo ^4<<3`/ Nlpedoo dqg Hhfnkrxgw ^4<<6`/ Jro0
olhu ^4<<9`/ dqg Jduudww dqg Pduvkdoo ^4<<<` dphqgv wkh fodvvlf wkhru| e| uhfrjql}lqj
wkh lqfrpsohwhqhvv ri lqvxudqfh pdunhwv1 Lq d w|slfdo dssolfdwlrq ri edfnjurxqg
ulvn/ zhdowk frqvlvwv ri ulvn| uhdo surshuw|/ zklfk lv lqvxudeoh/ dqg d ulvn| �qdqfldo
ru kxpdq fdslwdo sruwirolr/ zklfk lv qrw/ dqg wkh suhvhqfh ri wkh xqlqvxudeoh ulvn
lq xhqfhv wkh ghpdqg iru lqvxudqfh ri wkh lqvxudeoh rqh1

Wkh dvvxpswlrqv ri wkh fodvvlf dqg edfnjurxqg0ulvn prghov duh vxppdul}hg lq wkh
wdeoh ehorz1 Ulvn| zhdowk lv � lq wkh fodvvlf fdvh/ lw lv lqvxudeoh/ dqg frqvxphuv
vhohfw d yhfwru ri sdudphwhuv w vxfk dv suhplxp/ ghgxfwleohv dqg frlqvxudqfh/ ohdglqj
wr lqvxudqfh UE�( w�1 Lq wkh fdvh ri edfnjurxqg ulvn/ wkh frpsrqhqwv ri zhdowk duh
udqgrp yduldeohv % dqg +1 Wkh ulvnv duh dgglwlyh dqg lqvxudqfh lv dydlodeoh rqo| iru
wkh % frpsrqhqw1
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xwlolw| lqvxudqfh
fodvvlf LE�� UE�( w�

edfnjurxqg ulvn LE%n +� UE%( w�

H{lvwlqj uhvxowv rq edfnjurxqg ulvn duh vlplodu wr hdfk rwkhu dqg w|slfdoo| ghshqg
xsrq wkh fruuhodwlrq ri % dqg +1 Srvlwlyh fruuhodwlrq ru d vpdoo qhjdwlyh fruuhodwlrq
erwk lpso| wkdw ghpdqg iru lqvxudqfh ri % dw xqidlu sulfhv zloo ulvh lq wkh suhvhqfh
ri yduldelolw| lq +1 Vx!flhqw qhjdwlyh fruuhodwlrq uhgxfhv ghpdqg iru lqvxudqfh ri %
ehfdxvh wkh frqvxphu srvvhvvhv lq + d nlqg ri vhoi0lqvxudqfh1 Wkhvh uhvxowv duh xvxdoo|
rewdlqhg e| vxssrvlqj wkdw wkh frqvxphu ghpdqg lv h{suhvvhg wkurxjk fkrlfh ri wkh
udwh ri frlqvxudqfh1 Wkdw dssurdfk lv wdnhq lq Pd|huv dqg Vplwk ^4<;6`/ Grkhuw| dqg
Vfkohvlqjhu ^4<;6`/ dqg vrph ri wkh uhvxowv lq Nlpedoo dqg Hhfnkrxgw ^4<<5`1 Rwkhu
uhvxowv ri Nlpedoo dqg Hhfnkrxgw dqg wkrvh lq Jroolhu ^4<<9` frqfhuq wkh ghgxfwleoh/
exw fruuhodwlrqv duh vwloo fhqwudo1 Jduudww dqg Pduvkdoo ^4<<<` h{dplqh d gl�huhqw
prgho ri lqvxudqfh � wkh vdph rqh xvhg ehorz � lq wkh suhvhqfh ri d sduwlfxodu w|sh
ri edfnjurxqg ulvn/ dqg djdlq �qg wkdw fruuhodwlrqv pdwwhu1

6 Gdpdjh dqg frqyhuvlrq
Wkh frlqvxudqfh prgho lv qdwxudo lq wkh fodvvlf wkhru|/ zkhuh pdunhwv lqvxuh yduld0
wlrqv lq zhdowk1 Lq wkdw frqwh{w lw lv dv jrrg dv dq| rwkhu prgho dqg pruh frqyhqlhqw
wkdq prvw1 Lwv dwwudfwlrqv duh ohvv frpshoolqj zkhq pdunhwv lqvxuh gdpdjh wr surs0
huw|1 Wkh sureohp lv wkdw gdpdjh � zklfk lv lqvxudeoh � lv qrw dozd|v htxlydohqw
wr wkh uhgxfwlrq ri zhdowk wkdw frqvxphuv zdqw wr lqvxuh1 Wkh gl�huhqfh dulvhv eh0
fdxvh surshuw| rzqhuvkls hqwdlov wkh uljkw wr frqyhuw wkh surshuw| e| sxoolqj grzq
h{lvwlqj lpsuryhphqwv dqg uhsodflqj wkhp zlwk vrphwklqj gl�huhqw1 Frqvlghudwlrq
ri zkhwkhu wr frqyhuw lv frqwlqxdo ehfdxvh w|slfdoo| wkh fxuuhqw exloglqj rq d vlwh lv
lq vrph phdvxuh ghsuhfldwhg dqg revrohwh/ dqg lw pd| eh hqwluho| gl�huhqw iurp wkh
exloglqj wkdw zrxog kdyh wkh kljkhvw ydoxh rq wkh vlwh e| wrgd|*v vwdqgdugv1 Hyhqwx0
doo| wkh rssruwxqlw| wr frqyhuw lv sur�wdeo| h{huflvhg1 Frqyhuvlrq rssruwxqlwlhv duh
lpsruwdqw iru lqvxudqfh ehfdxvh gdpdjh/ zkhwkhu lqvxuhg ru qrw/ fdq suryrnh hduo|
frqyhuvlrq1 Diwhu voljkw gdpdjh wkh exloglqj lv uhvwruhg wr lwv suhylrxv frqglwlrq/ exw
zkhq gdpdjh sdvvhv d fulwlfdo ohyho wkh exloglqj lv ud}hg dqg uhsodfhg e| vrphwklqj
gl�huhqw1

Frqyhuvlrq jryhuqv wkh uhodwlrq ehwzhhq gdpdjh dqg orvv ri zhdowk1 Vr orqj dv
gdpdjh lv qrw wrr juhdw/ wkh surshuw| lv uhvwruhg dqg orvv ri zhdowk lv wkh vdph dv
gdpdjh1 Lq wkdw grpdlq/ hdfk lqfuhphqw ri gdpdjh lv d fruuhvsrqglqj uhgxfwlrq lq
zhdowk1 Deryh wkh fulwlfdo ohyho ri gdpdjh/ ixuwkhu gdpdjh grhv qrw ixuwkhu uhgxfh
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Iljxuh 4= Iljxuh 41 Frlqvxudqfh ri gdpdjh zlwk erxqghg orvv ri zhdowk1

zhdowk1 Gdpdjh fdq lqfuhdvh eh|rqg/ shukdsv idu eh|rqg/ wkh srlqw dw zklfk wkh
orvv ri zhdowk fhdvhv1 Wkxv wkh dprxqw ri gdpdjh wkdw lv eduho| vx!flhqw wr lqgxfh
frqyhuvlrq lv wkh xsshu erxqg rq orvv ri zhdowk/ dv hoderudwhg lq Jduudww dqgPduvkdoo
^4<<9/ 4<<<`1

Wkh uhodwlrqvkls ehwzhhq gdpdjh dqg orvv ri zhdowk lv vkrzq lq Iljxuh 41 Iru
ohyhov ri gdpdjh ehorz d fulwlfdo ohyho 7̂/ gdpdjh frlqflghv zlwk orvv ri zhdowk1 Iru
gdpdjh eh|rqg 7̂/ orvv ri zhdowk lv frqvwdqw dw 7̂� Wkh �jxuh vkrzv zk| frlqvxudqfh
srolflhv duh qrw zhoo vxlwhg wr surshuw| lqvxudqfh1 D ulvn dyhuvh frqvxphu zdqwv
ixoo lqvxudqfh ri zhdowk/ exw wkh frqwudfw lv zulwwhq lq whupv ri gdpdjh1 D frqwudfw
lq gdpdjh kdylqj d frlqvxudqfh udwh ri w ' � lv ixoo lqvxudqfh iru voljkw gdpdjh
dqg pruh0wkdq0ixoo lqvxudqfh iru gdpdjh deryh wkh xsshu erxqg1 Wkh rswlpxp
frlqvxudqfh srolf| zrxog kdyh w 	 � fkrvhq vr wkdw wkh pdujlqdo glvxwlolw| ri ehfrplqj
pruh xqghu0lqvxuhg iru gdpdjhv ehorz 7̂*w lv mxvw r�vhw e| wkh pdujlqdo xwlolw| ri
ehfrphlqj ohvv ryhu0lqvxuhg iru gdpdjhv deryh 7̂*w1 Wkh vlwxdwlrq lv looxvwudwhg lq
Iljxuh 41 Fohduo|/ wklv lv qrw d jrrg lqvxudqfh srolf|1

D ehwwhu srolf| kdv sd|r�v wkdw plplf wkh slhfhzlvh olqhdu uhodwlrq ehwzhhq gdp0
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djh dqg zhdowk1 Lw vxssolhv ixoo lqvxudqfh xs wr dq xsshu olplw/ zklfk lv wkh fkrlfh
yduldeoh iru wkh frqvxphu1 Wkh rswlpxp fkrlfh ri xsshu olplw lv wkh fulwlfdo srlqw dw
zklfk orvv ri zhdowk fhdvhv1 Gdpdjh pd| jurz eh|rqg wkdw srlqw/ exw wkh lqghpqlw|/
olnh wkh uhgxfwlrq lq zhdowk/ grhv qrw1 Wkh wkhruhwlfdo frqvlghudwlrqv duh eruqh rxw
lq uhdolw|1 Frlqvxudqfh srolflhv duh xqfrpprq lq surshuw| lqvxudqfh/ exw srolflhv
ihdwxulqj wkh xsshu olplw dv wkh fkrlfh yduldeoh duh suhydohqw1 Wkxv rq ghvfulswlyh
dqg d sulrul jurxqgv lw lv surshu wr h{dplqh edfnjurxqg ulvn lq surshuw| lqvxudqfh
xvlqj d prgho wkdw fhqwhuv rq fkrlfh ri wkh xsshu olplw1

7 H{foxvlrqv lq Surshuw| Lqvxudqfh
Wkh h{foxvlrq ulvnv vwxglhg khuh duh ri wzr w|shv1 Rqh lv h{foxvlrq e| shulo � d
krphrzqhu*v srolf| fryhuv wkh shulo ri �uh exw h{foxghv wkh shulo ri ulvlqj zdwhuv1
Wkh vhfrqg w|sh ri h{foxvlrq lv e| hyhqw � wkh srolf| h{foxghv orvvhv hyhq iurp wkh
lqvxuhg shulov li wkh fdxvh ri orvv lv/ iru lqvwdqfh/ dq dfw ri zdu ru d flylo lqvxuuhfwlrq1
H{foxvlrq e| hyhqw lv sdudooho wr lghdv vwxglhg e| Fkhq ^4<<:` lq klv zrun rq lqvroyhqf|
ri lqvxudqfh frpsdqlhv1

714 H{foxvlrq e| Shulo

Wkh vwuxfwxuh ri h{foxvlrq e| shulo lv qdwxudoo| ghvfulehg dv iroorzv= Wkh frqvxphu
kdv vrph qrqudqgrp frpsrqhqwv ri zhdowk wkdw duh ljqruhg1 Lq dgglwlrq/ vkh kdv d
surshuw| zlwk xqgdpdjhg ydoxh 7� wkdw lv vxemhfw wr wzr shulov1 Gdpdjhv iurp wkh
vhsdudwh shulov duh uhsuhvhqwhg e| wkh udqgrp yduldeohv | dqg o/ dqg wrwdo gdpdjh lv
s zklfk vdwlv�hv s � 4@ d|c oo1 Lqvxudqfh lv dydlodeoh iru | rqo|1

Ohw wkh ydoxh ri wkh odqg dqg lpsuryhphqwv lq wkh ehvw xvh eh �W/ dqg ohw wkh
frvw ri exloglqj wkh rswlpxp lpsuryhphqwv eh S1 Dprqj wkh frqyhuvlrq rswlrqv/ wkh
juhdwhvw dwwdlqdeoh qhw ydoxh lv �W� S1 Zkhq wkh rzqhu ri gdpdjhg surshuw| uhvwruhv
lw/ vkh dwwdlqv zhdowk 7� � s� Khqfh/ wkh ghflvlrq hlwkhu wr uhvwruh ru frqyhuw lv wkh
ghflvlrq wr vhohfw wkh juhdwhu ri 7�� s dqg �W� S1 Dw wkh fulwlfdo ohyho ri gdpdjh wkh
rswlrqv duh htxdoo| ydoxdeoh1 Wkxv wkh fulwlfdo ohyho ri gdpdjh wkdw fruuhvsrqgv wr
wkh erxqg rq orvv ri zhdowk lv 7̂ ' 7� � E�W � S�c dqg suh0lqvxudqfh zhdowk lv jlyhq e|

7� �4�?dsc 7̂o�

Wkh ulvn ri wklv zhdowk lv ri frxuvh ghshqghqw xsrq wkh glvwulexwlrq ri wkh lqvxudeoh
ulvn ri | +suredelolw| ghqvlw| ixqfwlrq �E|�, dqg xsrq wkdw ri wkh wrwdo ulvn s +frqgl0
wlrqdo suredelolw| ghqvlw| ixqfwlrq }Es m|�,/ zklfk pd| ru pd| qrw eh ghshqghqw rq
|1
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Lq fkrrvlqj dq lqvxudqfh frqwudfw/ wkh frqvxphu vhohfwv dq xsshu olplw/ zklfk
lv ghqrwhg e| K dqg wkrxjkw ri dv �erxqg1� Wkhuh lv qr frlqvxudqfh ru ghgxfwleoh1
Lqvxudqfh lv ixoo xs wr wkh xsshu olplw dqg wkxv iru dq| uhdol}dwlrq ri lqvxudeoh gdpdjh
|/ wkh lqvxudqfh sd|phqw lv 4�?dKc |o� Lwv h{shfwhg ydoxh lv wkh idlu suhplxp

� EK� '

] K

f

|�E|�_|n K

] "

K

�E|�_|� +4,

Frpelqlqj wkh suh0lqvxudqfh zhdowk zlwk wkh lqvxudqfh yduldeohv/ lqvxuhg zhdowk lv

� ' 7� �4�?d7̂c s o n 4�?dKc |o� � EK�� +5,

Wkh rswlrq wr frqyhuw dsshduv lq wkh vhfrqg whup/ dqg wkh lqghpqlw| zlwk xsshu
olplw lv lq wkh wklug whup1 Wkh h{foxvlrq lv vhhq lq wkh gl�huhqfh ehwzhhq wkh dfwxdo
gdpdjh s dqg wkh lqvxudeoh gdpdjh |1 Rwkhu ihdwxuhv duh vwdqgdug1

Wkh frqvxphu ri lqvxudqfh lv d ulvn dyhuvh pd{lpl}hu ri h{shfwhg xwlolw| zlwk
xwlolw| ixqfwlrq �1 Wkh frqvxphu*v sureohp lv wr fkrrvh wkh xsshu olplw rq lqvxudqfh/
K/ vr dv wr pd{lpl}h

.|cs�E7� �4�?ds c 7̂o n 4�?dKc |o� � EK�� '
"]

|'f

5
7

"]
s'|

�E7� �4�?ds c 7̂o n 4�?dKc |o� � EK��}Es m|�_s
6
8�E|�_| +6,

Gdpdjh iurp wkh xqlqvxuhg shulo lv frqyhqlhqwo| lpsolflw1 Ohvv frqyhqlhqwo|/ wkh
ixqfwlrq ehlqj rswlpl}hg lv qrw joredoo| frqfdyh lq K1 Wklv gl!fxow| lv ghvfulehg lq
ghwdlo lq Jduudww dqg Pduvkdoo 4<<< dqg flufxpyhqwhg lq wkh surri ehorz1

Lw lv qdwxudo wr irfxv dwwhqwlrq rq wkh srlqw K ' 7̂/ dw zklfk wkh lqvxudeoh shulo lv
ixoo| lqvxuhg1 Lw lv wkh rswlpxp li wkh xqlqvxudeoh shulo lv devhqw1 Wkh vxusulvlqj
uhvxow lv wkdw dgglqj wkh xqlqvxudeoh shulo uhgxfhv wkh rswlpxp xsshu olplw wr d ohyho
ehorz 7̂1 Wkh jhqhudo lqwxlwlrq lv dv iroorzv1 Wrwdo gdpdjh s lv glvwulexwhg ryhu
ydoxhv wkdw duh dozd|v deryh |1 Dvvxplqj wkdw K ' 7̂/ iru | : 7̂ wkh fds rq orvv lv
dwwdlqhg dqg orvv ri zhdowk lv ixoo| lqghpql�hg1 Iru lqvxudeoh gdpdjh lq wkh udqjh
Efc 7̂�/ wrwdo gdpdjh lv deryh lw dqg wkhuhiruh h{shfwhg pdujlqdo xwlolw| ri zhdowk lv
kljkhu wkdq lq wkh vwdwhv | : 7̂1 Uhgxflqj wkh xsshu olplw vkliwv zhdowk wrzdug
wkh kljk pdujlqdo xwlolw| vwdwhv1 Wkh surri ehorz lv vwuxfwxuhg olnh wkh lqwxlwlrq1
Wkh lqwhuhvwlqj vlwxdwlrqv duh rqhv lq zklfk wkh zkroh orvv s vrphwlphv h{fhhgv wkh
lqvxudeoh orvv |/ dqg vrphwlphv h{fhhgv wkh fds rq gdpdjh/ 7̂1 Rwkhuzlvh wkh vlwxdwlrq
uhgxfhv wulyldoo| wr d vlqjoh lqvxudeoh orvv1 Wkh iroorzlqj uhvxow krogv wuxh li hlwkhu ri
wkh qrq0wulyldolw| frqglwlrqv grhv1
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Sursrvlwlrq 4 Vxssrvh wkdw � lv ulvn dyhuvh dqg lqvxudqfh lv idluo| sulfhg1 Li s ' |/
wkh rswlpxp xsshu erxqg lv K ' 7̂1 Li wkhuh lv srvlwlyh suredelolw| pdvv rq dw ohdvw rqh
ri wkh vhwv/ iE|c s�m| 5 Efc 7̂�c s 5 E|c 7̂�j dqg iE|c s�m| 5 Efc 7̂�c s 5 E7̂c4�jc1wkhq
wkh rswlpxp xsshu erxqg rq lqvxudqfh ri lqvxudeoh ulvn | lv K 	 7̂1

Surri1 Vlqfh frqfdylw| lv qrw joredo/ wkh surri frqvlvwv ri fkhfnlqj wkdw iru doo
K � 7̂/ wkh ghulydwlyh ri wkh remhfwlyh lv qhjdwlyh1 Ohw wkh remhfwlyh lq htxdwlrq +6,
eh ghqrwhg e| gEK�1

gEK� ' .d�E��m| 	 Ko �hE| 	 K� n .d�E��m| � Ko �hE| � K� +7,

Wkh ghulydwlyh lv

g �EK� ' .d��E��m| 	 Ko
Y�

YK
m|	K �hE| 	 K� n .d��E��m| � Ko

Y�

YK
m|DK �hE| � K� +8,

:Iurp htxdwlrqv +4, dqg +5,/ lw fdq eh vhhq wkdw

Y�

YK
m|	K ' ��hE| � K� dqg

Y�

YK
m|DK ' �hE| 	 K� +9,

Wkhuhiruh

vljqg �EK� ' vljq i�.d��E��m| 	 Ko n .d��E��m| � Koj

Iru | � K/ zhdowk lv 7� � � EK� n K� 7̂/ zklfk ehduv d frqvwdqw pdujlqdo xwlolw|1 Iru
| 	 K/ zhdowk lv hlwkhu 7� � � EK� n | � s ru 7� � � EK� n | � 7̂/ ghshqglqj rq zkhwkhu
s : 7̂1 Lq hlwkhu fdvh zhdowk lv orzhu wkdq lq | � K vwdwhv dqg pdujlqdo xwlolw| lv
kljkhu1 Lw iroorzv wkdw

.d��E��m| 	 Ko : .d��E��m| � Ko

dqg khqfh wkdw g �EK� 	 f1 Li s ' |/ lqvxudqfh lv ixoo dw K ' 7̂/ dqg e| zhoo0nqrzq
dujxphqwv/ qr kljkhu xwlolw| lv dwwdlqdeoh iru wkh ulvn dyhuvh frqvxphu dw idlu sulfhv1

Wkh lqwxlwlrq ehklqg wkh uhvxow lv vwudljkwiruzdug1 Vxssrvh wkdw idluo|0sulfhg
�uh lqvxudqfh lv dydlodeoh exw hduwktxdnh fryhudjh lv qrw dydlodeoh1 Vxssrvh wkdw d
surshuw| rzqhu lqvxuhv djdlqvw �uh xs wr wkh fulwlfdo srlqw1 Wkhq lq fdvh ri qr orvv ru
lq fdvh ri �uh/ wkh rzqhu kdv wkh vdph zhdowk/ exw klv zhdowk lv orzhu li wkh xqlqvxuhg
hduwktxdnh vwulnhv1 Wkh rqo| zd| wr wudqvihu zhdowk wr wkh hduwktxdnh vwdwhv lv wr
uhgxfh wkh suhplxp sdlg iru �uh lqvxudqfh1 Vxfk wudqvihuv uhgxfh �uh lqvxudqfh/ exw
dw �uvw wklv h�hfw lv xqlpsruwdqw ehfdxvh/ qhdu wkh ixoo0lqvxudqfh srlqw/ wkh frqvxphu
lv ulvn qhxwudo1 Hyhqwxdoo| wkh orvv ri �uh fryhudjh zhljkv htxdoo| zlwk wkh lqfuhdvh ri
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hduwktxdnh0vwdwh zhdowk/ dqg wkdw htxdwlrq ghwhuplqhv wkh rswlpxp1 Wkxv ghpdqg
iru �uh lqvxudqfh lv ohvv lq wkh suhvhqfh ri dq xqlqvxudeoh hduwktxdnh ulvn1

Wkh lqwxlwlrq h{srvhv dqrwkhu lqwhuhvwlqj dvshfw ri h{foxvlrqv1 Vxssrvh wkdw erwk
hduwktxdnh dqg �uh rffxu wrjhwkhu/ dv lv w|slfdo lq uhdolw|1 Vxssrvh wkdw wkh xqlq0
vxudeoh hduwktxdnh surgxfhv gdpdjh eh|rqg wkh fulwlfdo srlqw/ vr wkdw frqyhuvlrq
lv fhuwdlq dqg orvv ri zhdowk lv dw lwv xsshu erxqg1 Vxssrvh lq dgglwlrq wkdw wkh
hduwktxdnh vwduwv d �uh1 Wkh �uh grhv qrw lqfuhdvh wkh orvv ri zhdowk douhdg| vx�huhg/
exw wkh �uh lqvxudqfh lqghpqlwlhv frpshqvdwh sduw ru doo ri wkh zhdowk orvw lq wkh
hduwktxdnh1 Dowkrxjk dq lqfhqwlyh wr lqfuhdvh wkh lqvxudeoh orvv h{lvwv khuh/ wkh odz
lv �up lq pdlqwdlqlqj wkdw vxfk lqghpqlwlhv duh froohfwleoh1 Wkxv zkhq erwk shulov
vwulnh dw rqfh/ lqvxuhg gdpdjh pd| eh zhofrph ehfdxvh lw �oov wkh jds lq fryhudjh
ohiw e| wkh h{foxvlrq1

H{foxvlrq e| shulo lv d irup ri edfnjurxqg ulvn1 Wklv lv vhhq e| zulwlqj zhdowk
dv wkh vxp ri dq lqvxudeoh ulvn % ' 7� � 4�?d|c 7̂o/ dqg dq xqlqvxudeoh ulvn + '
4�?d|c 7̂o �4�?dsc 7̂o1 Suhylrxv uhvxowv rq edfnjurxqg ulvn ghshqg rq wkh fruuhodwlrq
ehwzhhq wkh wzr ulvnv1 Vshfl�fdoo|/ d uhgxfwlrq ri lqvxudqfh uhtxluhv d qhjdwlyh
fruuhodwlrq1 Wklv lv qrw wkh fdvh khuh1 Lq idfw/ gl�huhqw ghqvlwlhv iru gdpdjh |
ohdg wr gl�huhqw fruuhodwlrqv1 Wklqn ri wkh fdvh wkdw s ' 2|/ dqg vxssrvh wkdw
7� ' �c 7̂ ' 2c dqg �E|� lv xqlirup rq dfc �o� Wkhq wkh fryduldqfh ehwzhhq % dqg + dv
gh�qhg deryh lv SJ�E%c +� ' ��

b
� Vzlwfklqj wr d ghqvlw| �E|� ' e3|

�3e3�
c vr wkdw pruh

suredelolw| lv vwdfnhg xs rq vpdoo orvvhv/ wkh fryduldqfh lv SJ�E%c +� ' �f�2bHf.� Wkxv
wkh fruuhodwlrq ri % dqg + fdq eh hlwkhu srvlwlyh ru qhjdwlyh/ zlwkrxw xsvhwwlqj wkh
uhvxow1 Wkh h{dpsohv vkrz wkdw uhvxowv rq edfnjurxqg ulvn ghulyhg iru frlqvxudqfh
srolflhv duh qrw dssolfdeoh wr doo vhwwlqjv1

Lq vrph vhwwlqjv lw lv dvvxphg wkdw wkh edfnjurxqg ulvn lv hlwkhu lqghshqghqw ri
wkh lqvxudeoh ulvn ru/ dw ohdvw/ jurzlqj dv wkh lqvxudeoh orvv jurzv +h1j1/ Jroolhu ^4<<9`,1
Qhlwkhu dvvxpswlrq lv vdwlv�hg lq wkh prgho ri surshuw| lqvxudqfh ehlqj vwxglhg khuh1
Wkh glvwulexwlrq ri wkh edfnjurxqg ulvn lv qdwxudoo| ghshqghqw rq wkh lqvxudeoh ulvn/
lw whqgv wr idoo dv wkh lqvxudeoh orvv ulvhv/ dqg lw fhuwdlqo| uhdfkhv }hur zkhq wkh
lqvxudeoh orvv uhdfkhv wkh fulwlfdo srlqw iru frqyhuvlrq1

715 H{foxvlrq e| hyhqw

Wkh rwkhu w|sh ri h{foxvlrq lv wuljjhuhg e| dq hyhqw vxfk dv dq dfw ri zdu ru flylo
lqvxuuhfwlrq wkdw qhjdwhv doo lqghpqlwlhv1 Ohw e eh d udqgrp yduldeoh wkdw htxdov �
lq wkh hyhqw ri zdu ru flylo lqvxuuhfwlrq/ dqg f rwkhuzlvh1

Frqvlghu dq doo0shulo krphrzqhuv lqvxudqfh frqwudfw zlwk dq h{foxvlrq iru zdu
gdpdjh1 Gdpdjh lv ghqrwhg e| |/ dqg lw lv h{foxghg iurp wkh lqvxudqfh frqwudfw
zkhq e ' �1 Lq ghwhuplqlqj wkh frqyhuvlrq rswlrq dqg wkh erxqg rq orvv ri zhdowk/ |
kdv wkh vdph uroh dv s kdg lq wkh suhylrxv vhfwlrq1 Zdu kdsshqv zlwk suredelolw| Z1

:



Lq wkdw fdvh/ wkh suredelolw| glvwulexwlrq ixqfwlrq ri gdpdjh lv }E|�1 Zlwk suredelolw|
� � Z wkhuh lv qr zdu/ dqg wkh krxvh vx�huv gdpdjh | dffruglqj wr wkh suredelolw|
ghqvlw| ixqfwlrq �E|�1 Wkh idlu suhplxp lv jlyhq e|

� EK� ' E�� Z�

�] K

f

|�E|�_| n K

] "

K

�E|�_|

�
+:,

Wkh jrdo ri wkh frqvxphu lv wr fkrrvh wkh xsshu olplw K wr pd{lpl}h

aEK� ' E�� Z�.d�E7� �4�?d|c 7̂o n 4�?d|c Ko� � EK��me ' fo

nZ.d�E7� �4�?d|c 7̂o� � EK��me ' �o +;,

H{foxvlrq e| hyhqw xqdpeljxrxvo| orzhuv ghpdqg iru idluo| sulfhg lqvxudqfh1 Vxs0
srvh wkh frqwudu|1 Vxssrvh iru sxusrvhv ri odwhu frqwudglfwlrq wkdw wkh rswlpxp lv
dw K ' 7̂1 Wkhq lq shdfhwlph wkh frqvxphu kdv d ghwhuplqlvwlf zhdowk ri 7� � � E7̂�1
Lq zduwlph wkh kljkhvw ohyho ri zhdowk lv 7� � � E7̂�/ zklfk lv uhdfkhg rqo| li gdpdjh
lv }hur1 Rwkhuzlvh zhdowk lv orzhu/ dqg wkdw kdsshqv zlwk srvlwlyh suredelolw|1 Lw
iroorzv wkdw wkh h{shfwhg pdujlqdo xwlolw| ri zhdowk lq zduwlph lv deryh wkdw lq shdfh0
wlph1 Vlqfh lqvxudqfh lv idluo| sulfhg/ wkh frqvxphu ehqh�wv e| wudqvihuulqj zhdowk wr
wkh zdu vwdwhv/ dqg wkh zhdowk wudqvihu lv dffrpsolvkhg e| uhgxflqj K1 Wkxv rswlpxp
lqvxudqfh lv ohvv wkdq ixoo1

Wkh irupdo surri sdudoohov wkh lqwxlwlrq1

Sursrvlwlrq 5 Vxssrvh wkdw � lv ulvn dyhuvh dqg wkdw wkhuh lv srvlwlyh suredelolw|
pdvv rq wkh vhw iE|c e�m| 5 Efc 7̂�c e ' �j1 Lqvxudqfh lv idluo| sulfhg1 Wkhq wkh
rswlpxp xsshu erxqg rq lqvxudqfh ri lqvxudeoh ulvn | lv K 	 7̂1

Surri1 Wkh remhfwlyh fdq eh uhzulwwhq iurp htxdwlrq +;, dv

aEK� ' Z�E7� � � EK�� n E�� Z�.d�E7� �4�?d|c 7̂o n 4�?d|c Ko� � EK��me ' fo

nZ.d�E7� �4�?d|c 7̂o� � EK��me ' �o� Z�E7� � � EK��� +<,

Frqvlghu wkh �uvw wzr whupv dv

a�EK� ' Z�E7� � � EK�� n E�� Z�.d�E7� �4�?d|c 7̂o n 4�?d|c Ko� � EK��me ' fo

Wklv lv wkh remhfwlyh ri d frqvxphu zlwk d suredelolw| Z ri qr orvv dqg d frqglwlrqdo
suredelolw| ghqvlw| ri �E|� lq fdvh ri orvv1 Wklv frqvxphu fdq sxufkdvh idluo| sulfhg
lqvxudqfh dw wkh sulfh � EK� jlyhq lq htxdwlrq +:,1 Wkh fdvh lv fryhuhg e| sursrvlwlrq

;



4/ iurp zklfk lw lv nqrzq wkdw a �
�
E7̂� ' f dqg iru doo K : 7̂ / a �

�
EK� 	 f1 Frqvlghu

wkh odvw wzr whupv dv

a2EK� ' Z.d�E7� �4�?d|c 7̂o� � EK��me ' �o� Z�E7� � � EK��

dqg frqvlghu dq| K � 7̂1 Wkh ghulydwlyh lv

a �
2
EK� ' �� �EK�Zi.d��E7� �4�?d|c 7̂o� � EK��me ' �o� ��E7� � � EK��j�

Fohduo| wkh �uvw whup grplqdwhv ehfdxvh pdujlqdo xwlolw| lv kljkhu lq srru vwdwhv1
Wkxv a �

2
EK� 	 f iru doo K rq d7̂c4�1 Frpelqlqj uhvxowv/ wkh frqfoxvlrq lv wkdw a �EK� 	 f

iru doo K rq d7̂c4�1 Wkxv rswlpxp K lv ohvv wkdq 7̂1
Sursrvlwlrq 5 vkrzv krz ghjudgdwlrq lq wkh txdolw| ri lqvxudqfh ohdgv wr uhgxfhg

ghpdqg iru lw1 Wkh uhvxow pdnhv vhqvh= lqvwhdg ri ixoo| lqvxulqj iru wkh lqfoxghg
shulov/ wkh frqvxphu dffhswv vrph ulvn iurp wkhp lq rughu wr wudqvihu zhdowk lqwr
vwdwhv dvvrfldwhg zlwk wkh h{foxghg orvv1

H{foxvlrq e| hyhqw lv d irup ri edfnjurxqg ulvn1 Ohw % ' 7�� | li e ' f dqg % ' f
rwkhuzlvh> dqg + ' 7�� | li e ' � dqg + ' f rwkhuzlvh1 Wkhq zhdowk lv %n + dqg wkh
% frpsrqhqw lv lqvxudeoh zkloh wkh + frpsrqhqw lv qrw1 Wkh fruuhodwlrq ehwzhhq wkh
wzr ulvnv lv dozd|v qhjdwlyh/ uhjdugohvv ri wkh fkrlfh ri wkh frqglwlrqdo ghqvlwlhv �E|�
dqg }E|�1 Wkxv wkh uhvxow lv qrw lqfrqvlvwhqw zlwk wkh olwhudwxuh rq edfnjurxqg ulvn/
lq zklfk d qhjdwlyh fruuhodwlrq lv d qhfhvvdu| frqglwlrq iru d uhgxfwlrq lq ghpdqg iru
lqvxudqfh1

8 Frqfoxglqj uhpdunv
Frqglwlrqv rq fruuhodwlrq duh qrw qhhghg wr jhw uhvxowv iru wkh frqwudfwv vwxglhg lq
wklv sdshu1 Wkh h�hfw ri edfnjurxqg ulvn lv xqdpeljxrxv1 Lw uhgxfhv ghpdqg iru
lqvxudqfh ri wkh lqvxudeoh ulvn1

Wkh uhvxowv rq ghpdqg iru lqvxudqfh uhyhdo sur�w rssruwxqlwlhv iru lqvxuhuv1 Wkh|
lpso| wkdw lqvxuhuv pljkw jdlq lq wzr zd|v iurp h{whqglqj fryhudjhv/ d sulpdu| sur�w
iurp wkh qhz fryhudjh/ dqg d vhfrqgdu| sur�w iurp lqfuhdvhg ghpdqg iru h{lvwlqj
fryhudjh1 Lq vrph fdvhv wkh vhfrqgdu| h�hfw fdq eh eljjhu wkdq wkh sulpdu| dqg
fdq eh/ lq idfw/ wkh zkroh prwlydwlrq iru h{whqglqj fryhudjhv1 Wkxv zkhq fryhudjh
ri wkhiw mrlqv zlwk fryhudjh ri �uh lq d krphrzqhuv lqvxudqfh srolf|/ sur�wv iurp wkh
lqfuhdvhg ghpdqg iru �uh fryhudjh pd| eh pruh lpsruwdqw wkdq wkh sur�wv dulvlqj
gluhfwo| iurp wkhiw lqvxudqfh1 Vlploduo|/ hduwktxdnh fryhudjh pd| eh r�huhg xqghu
d uhlqvxudqfh sdfw wkdw devruev doo sur�wv iurp lw/ exw wkh vxssolhu ri krphrzqhuv
lqvxudqfh fdq vwloo jdlq iurp wkh khljkwhqhg ghpdqg iru wkh xqghuo|lqj fryhudjh1

<



9 Dfnqrzohgjhphqwv
Zh wkdqn wkh Xqlyhuvlw| ri Fdoliruqld/ Vdqwd Eduedud/ iru uhvhdufk vxssruw dqg iru
wkh vdeedwlfdo ohdyh ri rqh ri wkh dxwkruv gxulqj zklfk wklv sdshu zdv zulwwhq1 Zh
wkdqn Kduulv Vfkohvlqjhu/ Fkulvwldq Jroolhu/ Qhlo Grkhuw| dqg rwkhu phpehuv ri wkh
Ulvn Wkhru| Vrflhw| iru frqvwuxfwlyh frpphqwv1

Uhihuhqfhv
^4` FKHQ/ \10\1/ ^4<<:`= Lqvroyhqf| ri Lqvxudqfh Frpsdqlhv/ Xqlyhuvlw| ri Fdoliru0

qld/ Vdqwd Eduedud grfwrudo glvvhuwdwlrq1

^5` GRKHUW\/ Q1 D1 dqg VFKOHVLQJHU/ K1 ^4<;6`= �Rswlpdo Lqvxudqfh lq Lqfrp0
sohwh Pdunhwv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <4= 4378043871

^6` JDUUDWW/ U1 DQG PDUVKDOO/ M1 P1 ^4<<9`= �Lqvxudeoh Lqwhuhvw/ Rswlrqv wr
Frqyhuw/ dqg Ghpdqg iru Xsshu Olplwv lq Rswlpxp Surshuw| Lqvxudqfh�/ Mrxuqdo
ri Ulvn dqg Lqvxudqfh/ 96 +Mxqh,/ 4;805391

^7` JDUUDWW/ U1 DQG PDUVKDOO/ M1 P1 ^4<<<`= �Htxlw| Ulvn/ Frqyhuvlrq Ulvn/
dqg wkh Ghpdqg iru Lqvxudqfh�/ zrunlqj sdshu1

^8` JROOLHU/ F1 ^4<<9`= �Rswlpxp Lqvxudqfh ri Dssur{lpdwh Orvvhv/� Mrxuqdo ri
Ulvn dqg Lqvxudqfh/ 96 +Vhswhpehu,/ 6:306;31

^9` NLPEDOO/ P1 V1 ^4<<3`= �Suhfdxwlrqdu| Vdylqj lq wkh Vpdoo dqg lq wkh Odujh/�
HFRQRPHWULFD/ 8; +Mdqxdu|,/ 860:61

^:` NLPEDOO/ P1 dqg HHFNKRXGW/ O1 ^4<<5`= �Edfnjurxqg Ulvn/ Suxghqfh/ dqg
wkh Ghpdqg iru Lqvxudqfh/� lq Frqwulexwlrqv wr Lqvxudqfh Hfrqrplfv/ J1 Glrqqh
+Hg1, Noxzhu Dfdghplf Sxeolvkhuv/ Ervwrq/ 56<05871

^;` PD\HUV/ G1 DQG VPLWK/ F1 Z1 ^4<;6`= �Wkh Lqwhughshqghqfh ri Lqglylgxdo
Sruwirolr Ghflvlrqv dqg wkh Ghpdqg iru Lqvxudqfh/� Mrxuqdo ri Srolwlfdo Hfrqrp|/
<4 +Dsulo,= 63706441
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