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Abstract

This report addresses the problem of designing safe controllers for the hybrid system com-
posed by the interaction of the regulation and coordination layers in the hierarchical PATH
AHS architecture. Traffic is assumed to be organized into platoons of closely spaced vehicles.
Conditions to achieve safe platooning under normal mode of operation are investigated. The
notion of safety is related with the absence of collisions that exceed a given relative velocity
threshold. State dependent safety regions for the platoons are designed in such a way that,
whenever the state of a platoon is inside these safety regions, it is guaranteed that platoon
maneuvering will be safe and follow that the behavior prescribed by the finite state ma-
chines that compose the coordination layer. It is shown that it is possible to design control
laws that keep the state of the platoons inside these safety regions. Velocity profiles inside
these safety regions are derived for all the single lane maneuvers and a nonlinear velocity
tracking controller is designed to track these profiles. This controller attempts to complete
the maneuvers with comfort in minimum time, whenever safety is not compromised. The
results obtained allow one to decouple the design and verification of the regulation and
coordination layers in the PATH AHS architecture. The overall complexity of the design
and verification of the AHS as an hybrid system is therefore greatly reduced. The regulation
layer control schemes presented in this report were implemented and tested using SmartPath
AHS simulation software. Simulation results were in complete agreement with theoretical
predictions.

Keywords
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velocity tracking control, hybrid system:s.
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Executive Summary

The increment in highway capacity in the PATH AHS architecture proposed in (Varaiya
and Shladover, 1991) is achieved by organizing traffic into platoons of closely spaced vehi-
cles. The tight spacing between vehicles within a platoon prevents intraplatoon collisions
at high relative velocities, while the large gaps between platoons prevent interplatoon col-
lisions. Platoons are formed or broken up by two basic maneuvers (Varaiya, 1993; Hsu et
al., 1991): join and split. The relative motion between platoons during the join and split
maneuvers increases the risk of high relative velocity collisions and therefore compromise a
safe operation.

The PATH AHS, currently under design, is supposed to be fully automated, and
therefore a safe operation is of primary concern. All the tasks that directly involve the
control of the motion of vehicles are executed by the coordination and regulation layers. For
this reason, when the safe operation of the PATH AHS hierarchical architecture has to be
guaranteed it is necessary to study the hybrid sistem composed by the interaction between
these two layers.

The main contribution in this report is related to safe platooning in the regulation
layer level. The notion of safety is that no platoon is allowed to collide with the platoon
ahead of it at a relative velocity greater than a prescribed limit. The results show that for
a safe normal mode operation of AHS, it is necessary to establish bounds on the parameters
that determine the vehicle’s behavior during the execution of the regulation layer maneuvers.
It is shown that, under the set of safety related constraints introduced in this report, the
optimal safe strategy for the vehicles joining or splitting consists in applying full brakes when
the vehicle ahead applies and holds maximum braking, as originally presented in (Frankel
et al., 1994; Puri and Varaiya, 1995; Li et al., 1997a). Collision propagation in the highway
is analyzed, although under restrictive assumptions. It is concluded that, with a similar
approach that the one used for the join and split control laws, this collision propagation can
be avoided by constraining the behavior of platoons executing the leader control law. It is
also shown that it is possible to design feedback control laws for the regulation layer such
that the overall safety of the AHS can be guaranteed, under the given notion of safety.

Most importantly, the results for safe platooning are also analyzed for the case in
which no collisions are desired to occur during the execution of AHS maneuvers. It is found
that it is possible to avoid collisions when platoons are maneuvering if vehicles’ braking
deceleration is controlled so as to make the braking capability of any vehicle larger than the
braking capability of the vehicle ahead in the same platoon. Combining the results in this
report with the ideas of (Swaroop, 1994), expressions to guarantee this braking capability
requirements are presented.

These results allow to decouple the design and verification of the regulation and
coordination layers. The behavior of the regulation layer is guaranteed to conform with the
required behavior by the finite state machines that compose the coordination layer. The
overall complexity of the design and verification of the AHS as an hybrid system is therefore
greatly reduced.

Based on the safe platooning analysis, velocity profiles are derived for all the single
lane maneuvers. These profiles are described in the state space of the platoons’ relative



motion and are therefore suited for feedback control implementation. A non-linear feed-
back velocity tracking controller is presented. This controller allows the maneuvers to be
completed in minimum time and with comfort values of jerk and acceleration, whenever
safety is not compromised. The simulation results presented illustrate the effectiveness of
the designed control laws. The approach here presented to design the control laws for the
maneuvers in the normal mode of operation of the regulation layer is also being applied to
the degraded mode maneuvers. Simulation results in SmartPath (Eskafi et al., 1992) are
presented.
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Chapter 1

Introduction

The concept of Automated Highway Systems (AHS) has been proposed to increase capac-
ity and safety in current surface transportation systems (Varaiya, 1993). The increment
in highway capacity in the AHS architecture presented in (Varaiya and Shladover, 1991) is
achieved by organizing traffic into platoons of closely spaced vehicles. The tight spacing
between vehicles within a platoon prevents intraplatoon collisions at high relative velocities,
while the large gaps between platoons prevent interplatoon collisions. The relative motion
between platoons during the join and split maneuvers, that allow to form and brake pla-
toons, increases the risk of high relative velocity collisions and therefore compromise a safe
operation.

The AHS architectures in (Varaiya and Shladover, 1991) consists of five hierarchical
layers (Varaiya and Shladover, 1991): network, link, coordination regulation and physical
layer (see figure 1.1). There are different abstractions for each layer. In the physical and
regulation layers, the abstraction is a continuos time model of the closed loop controlled
vehicle dynamics. In the coordination layer, the execution of maneuvers is modeled through
finite state machines that incorporate the structured communication between vehicles. The
link layer uses a flow model to abstract macroscopic highway vehicular density and traffic
flow. The proper abstraction for the network layer is yet to be determined. For examples of
these different abstractions the reader is advised to consult, for example, (Hsu et al., 1991;
Swaroop et al., 1994; Godbole and Lygeros, 1994; Frankel et al., 1996; Li et al., 1997b; Rao
and Varaiya, 1994; Papageorgiou, 1990; Papageorgiou et al., 1990).

This report addresses one important control problem in the AHS hierarchical archi-
tecture of the the California PATH program in (Varaiya and Shladover, 1991): the design of
safe controllers for the regulation layer maneuvers.

The PATH AHS design in (Varaiya and Shladover, 1991) envisions fully automated
lanes. A safe operation of these lanes is of primary concern. All the tasks that directly
involve the control of the motion of vehicles are executed by the coordination and regulation
layers. For this reason, when the safe operation of the PATH AHS hierarchical architecture
has to be guaranteed it is necessary to study the interaction between these two layers. Origi-
nally, the coordination and regulation layer design and verification for safety were performed
independently (Hsu et al., 1991; Godbole and Lygeros, 1993). The underlying assumption
was that, once the performance of each layer was verified, the properties achieved would
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Figure 1.1: Hierarchical architecture of AVHS in the PATH program

survive after interconnection. Early simulations in SmartPath (Eskafi et al., 1992) indi-
cated that this was not the case. High speed collisions between platoons were reported in
(Lygeros and Godbole, 1993). As a consequence, safe operation could not be guaranteed.
In an attempt to properly model the interaction between the coordination and regulation
layers, the use of hybrid systems tools was proposed in (Puri and Varaiya, 1994; Godbole et
al., 1994; Godbole, 1994).

Two complementary approaches have been taken to guarantee a safe operation the
AHS architecture in (Varaiya, 1993). One approach is to design the regulation layer control
laws in such a way that a safe operation of the AHS is guaranteed in the normal mode of
operation (Frankel et al., 1994; Li et al., 1997a). The other approach, in (Lygeros et al., 1995),
is to extend the original set of normal mode maneuvers to handle degraded conditions of
operation that could imply a safety risk. The design and implementation of the coordination
layer finite state machines and the regulation layer control laws for these degraded modes of
operation is in progress.

This report presents results that are based on the first approach mentioned above.
As in (Frankel et al., 1994; Li et al., 1997a), the notion of safety is related with the absence
of collisions between platoons that exceed a given relative velocity threshold. The safety
of platoons in an AHS under this notion is analyzed. The aim is to effectively allow the
decoupling of the design and verification analysis of the regulation and coordination layers.
A set of regulation layer feedback based control laws is designed which guarantees that the
state in the discrete event system that constitute the coordination layer evolves according
with design specifications. In essence, the control laws of the continuos dynamical system
that constitute the regulation layer are designed so as to make the discrete event system
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that constitute the coordination layer verifiable and predictable. In this way, the safety of
the hybrid system composed by the coordination and regulation layers can be guaranteed.

As the behavior of a platoon is determined by the control law that is applied to its
leader, the results presented focus on the control laws that are applied to platoon leaders.
Under normal operation, there are five control laws for the leader of a platoon: leader law,
join law, split law, decelerate to change lane law and change lane law. The leader law is
used to keep a platoon traveling at a target velocity and at a safe distance from the platoon
ahead. Join and split laws are used to perform these longitudinal maneuvers. The decelerate
to change lane law is used to execute an additional longitudinal maneuver that creates a safe
distance from platoons in different lanes before a change lane can occur. The change lane
law controls the lateral motion of a vehicle when it goes from one lane to another. The safety
analysis of the follower law, that applies to non-leader vehicles in a platoon was carried out
in (Swaroop, 1994; Swaroop and Hedrick, 1996).

Relevant prior work is analyzed below. The controller designed in (Godbole and
Lygeros, 1993) relied on the use of nominal open-loop trajectories that the platoon executing
the control law attempted to track. Control laws were safe and comfortable for passengers
under normal circumstances. However, when the platoon that is ahead of the one performing
the maneuver undergoes large accelerations or decelerations, comfort and safety can be
compromised. If the acceleration capabilities of the platoon tracking the trajectory are
lower than expected, the maneuvers may not complete at all.

In (Frankel et al., 1994) the design of feedback based control laws that allow a safe
operation of the regulation layer in the normal mode of operation was presented. The con-
trollers used a finite-state machine that switched among feedback laws, in order to keep the
velocity of the platoon within a safety limit. The controllers also kept the jerk and accel-
eration within comfort boundaries, except when safety was not compromised. Completion
of the maneuvers in this design did not depend on meeting a desired open-loop accelera-
tion trajectory. The control laws prevented even low-speed collisions in all but the most
extreme cases of lead platoon deceleration. If the platoon ahead applied and hold maximum
braking, a collision could still occur, but the relative velocity at impact would be within a
specified acceptable limit. The control laws were designed under the assumptions that all
platoons had the same acceleration capabilities and that the linearized platoon dynamics
can be represented using a second order model with a pure delay.

In (Li et al., 1997a) the safety of the regulation layer control laws designed in (Frankel
et al., 1994) was rigorously proved, under the same assumptions described above. A unified
control strategy for the single lane control laws: leader, merge, split and decelerate to change
lane was presented. The controller design was realized in two stages. In the first stage,
for each control law, a desired velocity profile for the platoon leader was derived. This
profile guarantees that high speed collisions will be avoided under single lane disturbances.
Whenever safety is not compromised, the platoon will attempt to achieve a target velocity
and separation from the platoon ahead in minimum time and by using acceleration and
jerk within comfort limits. In the second stage, a nonlinear velocity tracking controller was
designed. This controller allows the platoon to track the desired velocity within a given error
bound. Asin (Frankel et al., 1994), the cost of improved safety and comfort is in the increased
time that a maneuver takes to be completed. The results obtained in (Li et al., 1997a) were
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independently confirmed in (Puri and Varaiya, 1995) under similar assumptions.

In (Lygeros, 1996a) the decoupling approach for the design of the regulation and
coordination layers is presented in a more general setting for hybrid systems. A game-
theoretic approach is used to formulate the problem of AHS safe operation. Controllers for
the regulation layer are assumed to be derived from the optimal solution of a two players, zero
sum game. However, in some of the maneuvers, such as the join or split, no explicit feedback
controller design is presented that guarantees safety performance, when the parameters that
determine the behavior of platoon leaders during the maneuvers are fixed. This parameters
include, for example, the acceleration capabilities, the braking delays, the relative impact
velocity threshold, etc.

In this report the results in (Li et al., 1997a) are extended. The case when the two
platoons involved in a maneuver have different braking capability is now considered. This
situation was first discussed in (Lygeros, 1996a), where some simulation examples showed the
difference in acceleration capability may require a different control strategy under extreme
conditions. The results here presented show that, in order for the operation of AHS to be
safe under all normal mode operating conditions, it is necessary to establish bounds on the
parameters that determine the vehicle’s behavior during the execution of the regulation layer
maneuvers. The effect of these bounds is to rule out the cases reported in (Lygeros, 1996a)
in which safety can be compromised because of the platoons’ different braking capabilities.
It is also shown that, if joins and splits are to be executed, it is not possible to guarantee the
existence of feedback based solutions for the optimal control in (Lygeros, 1996a) unless the
maneuvers satisfy a set of safety related constraints presented in this report. Moreover, under
these safety related constraints, the optimal safe strategy for the vehicles joining or splitting
consists in applying full brakes when the vehicle ahead applies and holds maximum braking,
as originally presented in (Frankel et al., 1994; Puri and Varaiya, 1995; Li et al., 1997a).

Collision propagation in the highway is analyzed. It is concluded that, with a similar
approach to the one used for the join and split control laws, this collision propagation can
be avoided by constraining the behavior of platoons executing the leader control law.

The results for safe platooning are also analyzed for the case where no collisions are to
occur during the execution of AHS maneuvers. It is found that it is possible to avoid collisions
when platoons are maneuvering if vehicles’ braking deceleration is controlled. The goal it to
make the braking capability of any vehicle larger than the braking capability of the vehicle
ahead in the same platoon. Interplatoon distance is designed so as to keep safety between
platoons when this controlled braking is applied. Following the ideas of (Swaroop, 1994)
and the results derived for the safety of the leader law, expressions to constrain the braking
capability of vehicles involved in a maneuver are presented.

Desired velocity profiles for each one of the single lane maneuvers are derived. These
profiles allow maneuvers to be completed in minimum time, while guaranteeing that the
state during the maneuver will always be safe. Comfort accelerations and jerks are used,
whenever safety is not compromised. The non-linear velocity tracking controller that is used
to track these desired velocity profiles uses now the full state of the platoons relative motion,
as opposed to the design in (Li et al., 1997a) in which only a part of the state was used. The
results obtained with the use of this controller are illustrated with simulation examples.

If the requirement of safe operation of AHS in normal mode of operation is to have
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meaning, it can not be separated from the requirement of high performance that these
systems are expected to deliver. An empty AHS is always safe. While the approach presented
in (Lygeros, 1996a) also addresses the problem of safe operation of AHS, the results presented
do not allow to draw conclusions on the performance of the system. This occurs because
of the hierarchical structure of cost functions that was adopted in (Lygeros, 1996a). In this
structure safety has, as expected, the top priority. Whenever safety is compromised, the
other lower priority cost functions, normally related to system performance, are ignored.
This situation, in which safety is the only cost function that is considered, can happen even
in absence of disturbances. The procedure that is suggested in (Lygeros, 1996a) to overcome
this problem is to allow multiple interactions between the regulation and coordination layers.
There is not, however, any indication of the implications of this interaction on the overall
safety or performance.

In the approach presented in this report it is proposed to constrain the behavior of
the PATH AHS regulation layer in the normal mode of operation in such a way that both
the safety and performance requirements are considered simultaneously. In this framework,
safety and performance are always guaranteed in the absence of single lane disturbances.
Safety is always guaranteed, even in the presence of this kind of disturbances.

This report is divided in four chapters and one appendix. Chapter 2 contains the
safe platooning analysis and chapter 3 the design of the velocity tracking controller that
executes the safe maneuvers. In chapter 4 the simulation results for the regulation layer
control laws are presented. Chapter 5 contains the conclusions of the report. Appendix A
includes detailed calculations for derivation in chapter 3.
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Chapter 2

Safe Platooning

2.1 Two platoons at a time with a second order model

2.1.1 Safe control

In this section conditions to guarantee the safety of two adjacent platoons in the same lane
are derived. Results will be extended to the general case in the following section. The notion
of safety is similar to the one used in (Frankel et al., 1994; Li et al., 1997a; Lygeros, 1996a):
the platoon performing the control law will not collide with the platoon ahead at a relative
velocity greater than a prescribed limit, vg0y-

Assumption 2.1 Safe control laws analysis is accomplished under the following assump-
tions:

Single lane maneuvers.
Bounded acceleration of vehicles in the highway.
Positive velocity of vehicles, i.e. reverse motions will never occur.

e e~

Mazimum braking acceleration can be achieved d seconds after a full braking command
15 1ssued.

5. Bounded maximum velocity of vehicles in the highway.

<—— Highway direction AX [ platoon leader
[ follower in aplatoon

Xlead Xlead Xtrail 5(.trail
Figure 2.1: Notation for two platoons on the highway.

Consider two platoons traveling on the automated highway as shown in Fig. 2.1, the
trail platoon is moving behind the lead platoon in the same lane. Let 244(t) be the position
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at time ¢ of the lead platoon’s back and x4,.4;(t) be the position at time ¢ of the trail platoon’s
front. Let Zieaq(t), Tirai(t), Treaa(t) and Fyqi(t) denote the first and second time derivatives
of these positions at time ¢. Zjeqq(t) and .4 (t) will also be denoted by vjeaq(t) and vyqi (%)
respectively. Let the accelerations of the lead platoon be w(t) and that of the trail platoon
be u(t).

If an input/output linearization procedure is applied to a dynamic model of the
vehicles, as in (Swaroop, 1994), the dynamics of the platoons’ motion become

Feaa(t) = w(t) (2.1)

jtrail (t) = U(t) (22)
where w(t) € [—al® alcl] and u(t) € [—alr%! "2 for all time ¢, a'ced, glead girail qgirail (),
w(t) and u(t) are such that &jeeq(t) and .4 (t) remain positive for all ¢.

Define the relative distance between the platoons to be
Ax(t) = Tieaa(t) — Tiraa(t) - (2.3)
For the analysis of platoon collisions, the relevant dynamics are independent of the

absolute positions, Tje.q Or Tyqi. Hence, the dynamics of the relative motion between the
lead and trail platoons is given by

A () = drona(t) — dmrait(£) (2.4)
A:U(t) - :i'lead(t) - jétrail(t) = U}(t) - U(t) ) (25)
Vteaa(t) = w(t) , (2.6)

where AZ(t) and AZ(t) denote the relative velocity and the relative acceleration between
the platoons. Eq. (2.6) is necessary to account for the independence of w(t) and u(t).

Definition 2.1 (Unsafe impact) An unsafe impact is said to happen at time t if
Ax(t) <0 and — Ax(t) > Vaow (2.7)

with Veow > 0 being the mazimum allowable impact velocity.

The set Xyrs C R? denotes the set of all triples (Ax, A&, Vieqq) such that (2.7) is not
satisfied, Ax > 0 and 0 < Vjeaq < Umaz, Where Vg, 18 the mazimum highway velocity for the
lead platoon.

Definition 2.2 (Safe control) A control law for the acceleration of the trail platoon, u(t),
is said to be safe for an initial condition (Ax(0), Ax(0), vieqaqa(0)) if the following is true: For
any arbitrary lead platoon acceleration w(r); T > 0 such that w(r) € [—ald al*®d] and
0 < Viead(T) < Vnmaz, (Ax(t), AZ(t), Vieaa(t)) € Xys for all t > 0.

The notion of safety is therefore given by the condition that the trail platoon will not collide
with the lead platoon at a relative speed greater than the prescribed v, > 0, regardless of
the behavior of the lead platoon. The choice of v4,, depends on the particular maneuver,
the braking capabilities of vehicles and the maximum velocity of vehicles in the highway.
The selection of v,y is also determined by the tradeoffs between the time the maneuver
takes to complete and the risk of injuries. For example, for a join law v, is set to be a
positive number for the maneuver to be completed in a finite reasonable time; whereas in a
leader law, vgy00 1S set to 0, since no impacts are expected to happen for platoons in this
case.
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2.1.2 Safety feasible region

Define the regions

Ri(Az,) = {(Az,A%): 0 < —Ad < —(alrei 4 gfrailyq

max

i — (alt— aeAe + Gt ) b @)
and
Ry (A%, Ungg) = {(Az, Ad) 1 0 < —Ad < — (a9 + a7 )d — g,
AT+ i+ v+ a4 P 29
with
= api! [ayin > (2.10)

and (Az, A%, Vymaz) € Xus-

Figure 2.1.2 shows some examples of these regions for different selections of o and
a given value of v,,,,. As will be shown subsequently, the role of these regions is crucial
to determine the existence of safe control laws. To understand the rationale behind the
definition of these regions, assume the lead platoon is traveling at maximum speed v,,q, and
suddenly it applies full braking. The trail platoon is also assumed to apply full braking after
the delay d has passed. The lower boundary of Ry(Ax, v,,4,) corresponds to the case in which
the trail platoon is far enough from the lead platoon so that this maximum deceleration will
stop the lead platoon before the trail platoon hits it at v40,. The lower boundary of R(Ax)
represents the case in which the lead platoon is still in motion and is hit by the trail platoon
at Vallow-

Assume (Azp, AT g, Vjeqqp) is the final state for a join or split maneuver. The follow-
ing definition establishes a link between the this final state and the regions R;(Az,) and
Ry (A, Uyar)-

Definition 2.3 (Safety feasible region) A safety feasible region is said to exist for a final
state (Axp, AZp, Vieadp) f Vieadp < Umaz, Ri(Ax,) and Ro(Ax, vye,) are connected and
(AIL’F, A]IF) € RI(AJI, ) U RQ(AJI, Uma:v)

The safety feasible region has some important properties that will be introduced in
the following lemmas. This region is defined to constrain the behavior of platoons performing
single lane maneuvers. For the moment it is enough to say that, when a safety feasible region
exists, the initial and final states for all the trajectories generated by all safe control laws
are such that, when plotted in the phase plane (Az, Az), these states will necessarily be
above the lower boundary of the safety feasible region, for any choice of velocity of the lead
platoon.
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Lemma 2.1 Assume Ri(Az) and Ro(Ax,vng.) are connected then Ri(Ax)(Ax) and
Ry (A, veqq) are also connected for all vieas < Upmaa-

Proof: For a <1 it suffices to show that Ro(Ax, vyes) C Ro(Ax, vjeqq). Take an arbitrary
Az. Let AZ(Az,vVpa,) and AZ(dx, vieaq) denote the minimum values of Ad that satisfy
Eq. (2.9) for v,4, and vjeqq, respectively, and a given Az. Then

—(AIL‘(A]I, Ulead) - A]I(A]I, Uma:v)) = Umaz — Ulead + \/ C1 + avl%zad —Vva + avf,m
> Vpnaz = Viead T \/ €1 + Vjouq — V€1 + Uy >0,

: _ trail 2 trail ( ,trail trail\ 42
with ¢, = 2amin Az + Vattow T Amin (ama:v + O )d . Thus

AJI(AIL‘, Ulead) < AJI(AIL‘, Uma:v) = RQ(AJI, Umax) C RQ(AIL‘, Ulead) .

For o > 1 the result follows from the fact that the lower bounds of Ri(Axz) and Ry(Axz, )
are monotonically decreasing with Az for any vjeqq. n

Remark: Lemma 2.1 assures that the existence of a safety feasible region is a property
that depends on v,,4;.

Lemma 2.2 Assume Vaon < (alf% + afr9%)d qnd o < 1, then there is no safety feasible
reqIOnN.

Proof: First notice that a < 1 = (al¢4? —q/7%") > (. In this case there are two possibilities
for the expression inside the square root in Eq. (2.8). If the argument is negative, R;(Ax)
is not defined and therefore can not be connected to Ro(Ax, vy4.). When the argument is
positive

trail trail 2 _ lead __ ,trail trail trail\ J2
(@l 4 a7 d > vt > \f02y, — (0508 — al70) (20 + (alrad + alreil)?)

thus Az is negative. Hence Ri(Ax) = () and therefore R;(Az) and Ry(Az, v,4,) can not
be connected. (]

Remarks:

1. To perform a join maneuver, the velocity of the trail platoon has to be greater than
that of the lead platoon. This allows the distance between platoons to decrease with
time. Lemma 2.2 states that if no collisions are allowed during a join maneuver
(Vattow = 0 < (alr®l 4 g3\ then it is not possible to design a safe control law
for the trail platoon with a safety feasible region, when a < 1, i.e., when the trail
platoon has less braking capability than the lead platoon. This conclusion can be
extended to the split maneuver, as disturbances from the lead platoon can make the
distance between platoons to decrease instead of increasing, as it is normally the case

in the split maneuver.
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2. Assume that the trail platoon is performing a join maneuver, i.e., the relative distance
is decreasing, and that o < 1 . If no collision is to take place in a join, then during the
approaching process the minimum distance between platoons Awx,,;, should satisfy

. . 2 . . .

(afrait + alyai)d + vieaa)” — O 0q — alyii (afyast + alyeit)?

2qtrail

min

AZpin > ( ca< 1. (2.11)

trazl trazl
max + Anin

Lemma 2.3 Assume o > 1 and vgon > (a )d, then there is always a safety

feasible region.

Proof: a > 1= (al“? — q/r9')y <0, therefore the argument in the square root of Eq. (2.8)
is always positive. The choice of v,y guarantees that —Az > 0. Hence Ry (Az) always
exists and its lower bound is monotonically decreasing with Az. From here it follows that
R (Az) and Ry (Az, vpe,) are always connected. n

Lemma 2.4 Given vy, if the value of a is such that

trazl trazl
(amin + amam)d — Vallow

a < amin(vmam) - +1 ’

Uma:L‘

then there is not a safety feasibility region.

Proof: The intersection of the lower boundaries of Ri(Ax) and Ry(Ax, vpez) is given by
the curve

R3(Umax) - (CY - 1)Um(m — C2 + Vgliow - (212)
with
s = (el .

Set R3(Umaz) = 0 and solve Eq. (2.12) for a. This is the value of ay;,. For any value of
« < Qpmip the intersection of the lower boundaries of R;(Az) and Ro(Az, vye,) occurs
below the Az axis; from here it follows that R3(vme:) < 0 and Ry(Az) = () and therefore
R, (Az) and Ry(Ax, vy,4,) are not connected. "
Remarks:

1. If aypin < 1 then the minimum distance during an approaching process is

2. Otherwise, if a,;, > 1, this minimum distance is

Cad
2 Y

C2 — Vgllow + Urnaz
A-'L'min - (C2 + Uallow) -

tral
2amin
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2.1.3 Safety theorem
Assumption 2.2

1. For the given set of parameters and final state there exists a safety feasible region.
2. The relative motion of the lead and trail platoons is given by Eqs (2.4)-(2.6).
3. The full state is observable.

The following theorem establishes a subset of X ;¢ such that, when the given set of
parameters and final state has a safety feasible region, a control law exists which is safe for
any initial conditions (Az(0), Az(0), v1eqq(0)) that lies in this subset. It is necessary first to
define the auxiliary curve

S(Ax, Vjeqq) = max (Ry(Ax), R3(Vieaa)) (2.13)
Theorem 2.1 Let Xgope C Xprs CR? be the set of (Ax, Ad, vjeaq) € Xurs that satisfy:

. R2 (Al‘, Ulead) ; RQ(A]I, Ulead) > S(Al‘, Ulead) )
—Ad < { Rl(Ax); RZ(Axavlead) < S(ACU,Uzead) ) (2'14)

where

—1
afr il (2Az + cd),

mzn

_ trail trail
Ro(Ax, Vjeqq) = —Co — Ueaq + \/20,72% Az + avd, g+ 020, + 0 leyd

R3(Ulead) - (Oé - 1)Umam — C2 + Yallow »
S(Al‘, Ulead) = max (Rl (AIL‘) R3(Ulead)) y
trazl 4 atrazl)d

C2 = ( Uax min

Under assumptions 2.1 and 2.2, there exists a control law that is safe for any initial condition
(Az(0), Az(0), Viead(0)) € Xsafe, in the sense of Definition 2.2.

Moreover,  any control law that applies maximum  braking whenever
(Ax(t), Az(t), Vieaa(t)) & Xsafe is safe for any initial condition (Axz(0), Az(0), vieqd(0)) €
Xsape- Under such control law, (Axz(t), Az (t), Viead(t)) € Xpouna C Xns C R®. The elements
Of Xbound satisfy

. . B2 (Axa 'Ulead) ; B2 (Axa Ulead) > T(Axa 'Ulead) )
AIL‘ < { Bl (Ax) ; B2 (Axa Ulead) S T(Axa 'Ulead) ) (215)

where

trazl 2 lead trazl
Az = \/Uallow - (amin Amin )QA:U

mm

— trazl
B2 (Al‘ Ulead = —Ulead \/2@ AN + avlead + Uallow )

min

B3 (Ulead) - (a - 1)Um(m + Vallow »
T (A, Vjeqq) = max (B (Az), B3(Vieaq)) -
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- Ax

AMs

[ Xbound
0 Xee

Ax

Figure 2.3: Relationships between Xysg, Xpoung and Xgqp.. Notice that the vertical axis is
“.” relative velocity, i.e. —Azx

Notice that Xy.re C Xpouna € Xms. The relations between Xarg, Xgope and Xpoyng are
illustrated in figure 2.3, when vj..q is constant.

Proof: Consider a control law that would apply maximum braking whenever
(Az, A%, Vjead) & Xsafe- By assumption, the trail platoon will decelerate, at —al’%! d

seconds after the maximum braking is applied. If maximum braking is applied at time ¢, the
acceleration of the trail platoon at time 7 € [t,¢ + d] can take values in [—alc4? qlead],
Suppose that (Az(0), Az(0), Vieqd(0)) € Xsafe, It will be shown that under the pro-
posed control law, (Az(t), AZ(t), Viead(t)) € Xpouna for all ¢ > 0. Firstly, notice that since
Xsafe € Xbouna, this is true if (Az(t), AZ(t), Vieaa(t)) € Xsape for all t > 0. Because
(Ax(t), Az(t), vieqa(t)) is continuous in ¢, if (Az(t), AZ(t), Viead(t)) & Xsafe for some time
t > 0, then there exists T}, t > T; > 0 when (Az(71), AZ(T1), vieqa(T1)) lies on the boundary

of Xsa,fe- Fort € [TI,Tl + d],

Viead (1) :/ w(o)do + vieaa(T1) ,

T

t
Orrait(t) = / w(0)do + vrat(T1) |
T

A(t) :/Tt /T:w(a)dadT—/Tj Lju(a)dadT+Ai(TI)(t—T1)—|—Am(T1).

Consider the following function that is the separation of Az from the velocity boundary of
Xbound

g(Ax; Vlead Utrail) - Ax — bl (Axa Axa Ulead) )
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where

Vlead — \/QQZ?TZLle + Cwlead + Uallow ) BZ(A:U7 Ulead) > T(Ulead) )
_\/Uleow — (alesd — alre')2Ax By (Az, viead) < T (Viead) -

b1 (Al‘, Al‘, 'Ulead) = {

is the relative velocity boundary of the set Xp,ung. Hence, for Az > 0, the triple
(Az, A%, Vieaq) € Xpouna if and only if g(Ax, Vieaq, Vireir) > 0 and Az > 0. The time derivative
Of g(AZL’, UViead) 'Utraz'l) is

Gg(Ax, Vlead Utrail) A]I + a (Al‘ Vlead s Ulead)
0Ax 8vlead
09(Ax, Vicad, Virait) . o 09(Ax, Viead, Virail)
Dvurai Vrail = OAT

89(A5U, Vlead, Utmiz) w(t) I 89(A5U, Vlead, Utmiz)

g(Al‘, Vlead Utrail) = Vlead T

Az

u(t), (2.16)

8'Ulea,cl aUtrail

after substitution of (2.1) and (2.2). Notice that

ag(A$, Viead Utrail)

>0 2.17
aUlead o ’ ( )

89(A'x7 UViead s 'Utraz'l)

<0. (2.18)

aUtrail

From the existence of a safety feasible region it follows that
(Ax, Az, Ulead) € Xpound — Xsafe = Az <0. (219)

From relationships (2.17)-(2.19) into (2.16) and since w(t) € [—al®? qglead] and u(t) €
[—alreil glrail] “for any t € [Ty, T} + d] it follows that

mn ) maw

min{ §(Az(t), Viead(t), Viraur (t)) } =

. 89(A:U7 UViead Utrail) . 0 (Axa Viead Utrail) 89(Ax7 UVlead Utrail)
A t t) p =
U)g?)lal&t) { 0Azx el 8'Ulea,cl w( ) - aUtrail u( )
89(A'x7 Vlead 'Utraz'l) Ad — 89(Ax7 Vlead, Utrail) lead ag(Axa UVlead, 'Utraz'l) trail

T !
min max
8A$ 8'Ulea,cl 8'Utra,z'l

Notice that the combination of (2.17)-(2.19) implies uniqueness in the choice of w(t) and

u(t).
Define for ¢t € [T3, T + d],

Ttead(t) = Vieaa(T1) — (t — T1)al2* |

6trail (t) = Utrail (Tl) + (t - Tl)af;(;fzf )

— (t—T1)*

Ax(t) = — 5 (Clgz?g + trazl) + Ax(Tl)(t — TI) + A.’L'(Tl) .

maw
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Thus, for ¢t € [T}, T} + d],

g(AIL‘(t), Vlead (t)a Utrail (t)) 2 g(M(t) ) Elead (t)a 6troail (t)) 2 g(M(d) ) Elead(d)a 6troail (d))

It will be shown that § = g(Az(Ty + d), Viead(Tt + d), Virair (T +d)) >0 .
At t =T, since (Ax(T1), Az(T}), Vieaa(T1)) is on 0Xgqaf., then either

Virait (T1) = —co + \/2a£}"b%lAa: (Th) + av? ,(Th) + v2y,, + alrlcyd, (2.20)
or
Virait(11) = Viead(T1) — c2 + \/ Vattow — (G — i) (2Ax(T1) + cad) - or (2.21)

Suppose (2.20) is true, then the bound § = ¢(Ax (T} +d), Vjeqa(T1 + d), Virair (T1 +d)) is given
by:

? :Ulead(Tl) — Utrail (TI) — Co — Ulead(Tl) + aﬁﬁgd

208 RE(T, + d) + 0Ty (Th + d) + 02

allow

+ atrazlc d + atrazld

allow min min

=— \/2af£f}fo (Th) + avd, 4 (Th) + v?

+ \/2a;;;‘;;fo (T) + d) + v y(Ty + d) + v2

allow

+ atrazlc d + atrazld

allow min min

=— \/Qat’"“”Aaj 1)) + avd, 4 (Th) + v?

+ \/ 2alrail <gc2 — Ai(Th)d — Aﬂ?(ﬂ)) + & (viead(T1) — alétdd)” +v2,,,

+ atrtlulc d + atrazld

allow min

\/2af7’;%le (Th) + avt 4 (1) + v2

2
\/(\/QCI/%?%ZAx Tl + avlead(Tl) + Uallow + a%(zﬁlc d— %%le> =0.

If, on the other hand (2.21) is true, then defining

a(t) = /02y — (st — alreh) (20 (1) + (alf2 + alses)?) |

Tl) U”““l — C2 + \/ allow - 5767,(;2 Z;LTZLZ)AZ‘ (T1 + d)
Ty) — Ulead(Tl) + o —c3(Th) — o

G =Viead (
(

=Vlead

+

Uallow

, d
— 2(alead — glrail) < Cagy + cod — c3(T1)d + Ax(Ty) >

mn mm mwn mm

(alead trail)d — (TI) + \/(63 (TI) + (aleqd trazl)d) =0.
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Thus, if either (2.20) or (2.21) is true, then for any ¢ € [T, T} + d],

G(A(t), Viead(t), Virair(t)) >G>0 .

For t > T} + d, full braking is achieved i.e. u(t) = —al%"

It is now shown that if g((A(T} + d), Viead(T1 + d), v (T1 + d)) < 0, then
9(A(t), Vieaa(t), virau(t)) < 0 for all ¢ > T} + d. From relationships (2.17) and (2.19),
(A1), Viead(t), Virair (t)) is minimized if vjeqq(t) is minimized. This is achieved if w(t) = —al¢ed
for t € [T1 + d, 00) or until veqq(t) = 0.

Under this worst case scenario, for the first choice in the argument of

g(A(t)a 'Ulead(t)a Utrail (t))
g(A(t)avlead(t)a Utrail (t)) = A:U(T’I + d) - 'Ulead(Tl + d) + as;%,l (t - Tl - d) +

\/ Z;;L%ZAJ“( ) + avl%zad( ) + Uallow

—Al‘(Tl + d) - Ulead(Tl + d) + atrazl( - T1 - d) +

V2058 A (T, + d) + 2058 AG(T, + d)(t — Ty — d) + 0w (Ty +d)
_QQZ?TZLZUZBGd(Tl + d) (t - Tl - d) + ( Z;LTZLZ) (t - T1 d) + Uallow
=AZ(Ty + d) — Vieaa(Ty + d) + a4 (t — Ty — d) +

\/2ammAx(T1 + d) + avlead (T1 + d) + Uallow
_Qa%?nlvtrazl (Tl + d) (t - Tl - d) ( trazl) (t - T1 d)

mm

When (Ax, A, Viead) € Xvounds Virait > \/2af7’;%lAa:(T1 +d) + vl (T +d) +vZ,, =,
then
g(A(t) Ulead(t) Utrail( )) < A]I(Tl + d) Ulead(Tl + d) + af;‘jff( — T1 — d)
/e — 288, (t — T — d) + (a2 (e — T, — d)?
_Al‘(Tl + d) - Ulead(Tl + d) + af;‘jff \/ Z;%l T1 - d))2

=Az(T) +d) — Vieaa(T1 +d) + ¢4 = g(T1 + d) § 0.
or, for the second choice in the argument of g(A(t), vieaa(t), Virau(t))
9(A()Viead(t), viran(t)) = Ad(T1 + d) — (agin — amé)(t = Ty — d)
/0B — 2al8d — alE) Aa(t — T, — d)
= Ad(Ty +d) — (al52 — a7 (¢ — Ty — d) + \fv2y,, — 2alssd — atrei)

(Ax(ﬂ +d)—

1 .
Sl — a0 = Ty = P+ AT+ 0~ T = ).
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When (Az, A%, Vjeaq) & Xpouna it follows that

AT+ d) > \Jo2y,, — 2as — alrE)A(T) +d) = cs

allow min min

Hence

A, V1ead (), Virair (1)) < Ad(Th + d) — (al24 — a1 (¢ — Ty — d)

min min

+ \/(05 + (afﬁ% — a%%l)(t — T1 — d))2 = Ax(Tl + d) +c5 = g(TI + d) S 0.

Remarks:

1. Theorem 2.1 will be used to guarantee that a control law for a maneuver is safe. In the
control laws that are proposed in this report, whenever (Az(t), AZ(t), Viead(t)) & Xsafes
maximum braking is applied. Hence, by Theorem 2.1, if (Az(0), Az(0), v1eqq(0)) €
Xsafe, the safe control laws maintain the relationship, (Az(7), AZ(7T), Viead(T)) €
Xpounda C Xuys for all 7 > 0. Thus, an unsafe impact will not occur.

2. The fact that the final state (Azp, AT, Vjeqa,) is required to be inside X,z for all
maneuvers guarantees that, as long as the trajectory generated by a safe control law
remains inside Xy, r., it will not be necessary to apply full brakes in the absence of
disturbances, i.e., full braking of the lead platoon.

3. Notice that when the delay d = 0, i.e. maximum braking can be achieved instan-
taneously, the sets X,r. and Xpoung are the same. Thus, when d = 0, Xpound,
the closure of Xyoung is invariant if the control law consists of applying maximum
braking whenever (Az, AZ, vjeqq) lies outside Xppuna. Since Xpouna C Xprs, an un-
safe impact will not occur. However, since maximum braking cannot be achieved
until after a delay of d seconds, the condition to apply maximum braking is more
stringent (outside X, ,re). Indeed, the relationship between the boundaries 0Xgq e
and 0Xpouna 0of Xgofe and Xpoung, respectively, is such that if maximum braking is
applied at time ¢ when (Ax(t), AZ(t), Vieqa(t)) € 0Xsape, and for 7 € [0,d], the
worst case scenario which is w(r) = —a'¥ and u(r) = a"%! takes place, then

min max

(Al‘(t + d), Aa:(t + d), 'Ulead(t + d)) € 0Xbmmd .

2.1.4 Lack of a safety feasible region

The existence of a safety feasible region on assumption 2.2 rules out the cases reported
in (Lygeros, 1996a; Lygeros, 1996b) in which the lead platoon is assumed to have more
acceleration or deceleration capability than the trail platoon. The existence of a safety
feasible region guarantees that the sign of Az in 90X, is always negative. The solution to
the minimization of g(Ax(t), Ai(t), Vjeqaq(t)) is then unique.

To discuss with more details the implication of the lack of a safety feasible region,
consider the example discussed on page 9 of (Lygeros, 1996b) in which a split maneuver is
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attempted. Figure 2.4 shows the regions R;(Ax) and Ry(Az, vjeqq) that corresponds to the

lead

given parameters: a, o’

_ trail
- amaw

3m/s% a

lead

min

=8 m/s* a

trail _

mn

5 m/s%, Vieag = 23 m/s

Az = 0.01 m, Az = 3 m/s, aeaqa(0) = 3 m/s?, aai(0) =2 m/s% A jerk of +/ — 15 m/s?
is used as control. It can be noticed that the regions R;(Az) and Ro(Az, vjeqq) are not

connected.

—Relative velocity m/s
=
T

R2

L
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L
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30 35
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Figure 2.4: Effect of the lack of a safety feasible region

To illustrate the situation depicted in this example, define the extended region
R,,(Az). This region is obtained by considering the symmetry of the original R;(Ax)
region about the the Az axis. The initial position of the trail platoon at the beginning of
the maneuver, marked as P in figure 2.4, is inside Ry, (Ax). If the state of the trail platoon
can be kept inside this region, no collision above v, Will occur with the lead platoon. Two

remarks are necessary:

1. Notice that if the trail platoon is to complete the split maneuver, the trajectory of the
split will have to eventually leave the region R;_.(Axz). Once this happens, if the lead
platoon applies and holds full brakes an unsafe impact will occur. Therefore, it is not
possible to safely perform the split maneuver under this kind of disturbance.

In the absence of a safety feasible region, there are multiple possibilities for the trail

platoon to leave the region Ry, (Az). One possibility corresponds to the case reported
in the example under analysis, in which the lead platoon initially applies full acceler-
ation. This acceleration increases the relative velocity Az and drives the point P out
of the region R;_(Az). A similar situation would happen if the trail platoon applies
initially full brakes.

The only way in which the trail platoon can remain inside Ry, (Az) is to keep a
short separation from the lead platoon. In the example considered, the lead car is initially
applying full acceleration. Even when the trail platoon is applying full positive jerk to try
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to remain inside Ry (Az), the given parameters are such that there is no possibility for the
trail platoon to catch up with the lead platoon and to avoid being driven out of R;,(Ax).
Once this happens, if the lead car applies and hold full brakes an unsafe impact will occur.
This is exactly the situation in the example of (Lygeros, 1996b).

2.2 Two platoons at a time with a third order model

2.2.1 Safe control

In this section the jerks are now considered as the control inputs in the dynamics of the
relative motion of platoons, as opposed to the acceleration with time delay controls that
was considered in section 2.1. The notion of safety is still the same: the platoon performing
the control law will not collide with the platoon ahead at a relative velocity greater than a
prescribed limit, vg504-

Assumption 2.3 For the analysis of the safety of control laws assume:

Single lane maneuvers.

Bounded acceleration of vehicles in the highway.

Bounded jerks of vehicles in the highway.

Positive velocity of vehicles, i.e. reverse motions will never occur.

Srds Lo =

Bounded maximum velocity of vehicles in the highway.

If an input/output linearization procedure is applied to a dynamic model of the
vehicles, as in (Sheikholeslam and Desoer, 1990), the dynamics of the platoons’ motion
become, using the same notation as in chapter 2

Treaq(t) = w(t) (2.22)
i:trail(t) = U(t) ) (223)
where w(t) € [—jitd, jiet] and u(t) € [—jiet, jhed] for all time ¢ and jitd, jrad, jha,
trail
Jmaz = 0.

The controls w(t) and u(t) are such that Zje.q(t) and Ty (t) remain positive for all
¢t and alead(t) € [_alrfz‘;ga alrfb?zlgic]a Qtrail (t) € [_a%%l7 a::zg?vl]v with alrf;ilga alrsztaim a::z‘z'lrlzl7 aiﬁ'ﬂ > 0.
The bounds on accelerations imply that
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The dynamics of the relative motion between the lead and trail platoons is given by

AZ(t) = Vieaa(t) — Verair(t) (2.24)
Viead(t) = Qead(t) (2.25)
Vtrait(t) = Qurair(t) (2.26)
Qlead(t) = w(t) (2.27)
grait (1) = u(t) . (2.28)

The states (AIL‘, Uleads Vtrail » Alead, atrail) and (AIL‘, AIL‘, Vleads Alead, atrail) will be used in-
distinctively by considering At = Vjead — Virail-

Definition 2.4 (Unsafe impact) An unsafe impact is said to happen at time t if
Az(t) <0 and — AZ(t) > Vaow » (2.29)

with Vaew > 0 being the maximum allowable impact velocity.

The set Xpg C R® denotes the set of quintuples (AZ, Vieads Virails Glead, Gtrait) SUch
that (2.7) is not satisfied, Az > 0, Ujeaq € [0, Umaz|, where vpmes is the mazimum highway
velocity for the lead platoon, viqi > 0 and the bounds on accelerations aeqq € [—ale‘?d alead

1 1 mn? ““maxl’
trat trau -
Qpraq € [—alP® ™1 qre satisfied.

Definition 2.5 (Safe control) A control law for the jerk of the trail platoon, u(t), is said
to be safe for an initial condition (Az(0), Viead(0), Virair(0), Gread(0), atrait(0)) if the following
is true: For any arbitrary lead platoon jerk w(r); 7 > 0 such that w(r) € [—jlegd, jlead]
(Az(t), Viead(t), Vigait () Aread(t), areaa(t)) € Xnrs for all t > 0.

2.2.2 Safety feasible region

Define the regions

allow min min

R, (Az) = {(Ax A#):0< —Ai < —dy + \/ — (alead — girait) (2Az + dy) } (2.30)

and

Ry (A, Upae) = {(Aa:, Az) 0 < =A% < —dy — Upae + \/2af7’;;‘ffo + a2, + 02, + ds } ,
(2.31)

where (AIL‘, Umagz s Vtraily Aead> atrail) S XMS' and

lead

trail
Q@ =0pin [ Cmin > 0

qmez min \2
dl _( trazl + atrail)

2]mm

trazl

>0,

max min \3
( Arail + atrail)
dy =

3(jiman)?

>0,

amml
o trai mazx min \3
d3 - “mi (atrazl + atrazl) >0.

3(jmm)

trail
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Assume (Axp, AT, Ueadp, Gleady , Graity) 1S the final state for a join or split maneu-
ver. The following definition establishes a link between the this final state and the regions
R;(Az,) and Ry(Ax, Upaz)-

Definition 2.6 (Safety feasible region) A safety feasible region is said to ezist for a fi-

- - lead lead
nal St(_lte (A_J;FanFaUleadFaaleadpaatrailp) Zf Vieadp S Umaz; Qleadp S [_a;;%naa;;(ém]; Qirail g S
[—alrail girail] "R (Ax,) and Ry(Ax,Vmez) are connected and (Azp, Aip) € Ri(Az,) U

min ) 'max

R2 (Al‘, Uma:v)

The safety feasible region has the same properties that were introduced in the previous
section in Lemmas 2.1-2.3. The intention is again to constrain the behavior of platoons
performing single lane maneuvers. The projection of the initial and final state in the phase
plane (Ax, Ad) for all the trajectories generated by a safe control law will be always above
the lower boundary of the safety feasible region, for any choice of velocity of the lead platoon
and bounded accelerations.

2.2.3 Safety theorem
Assumption 2.4

1. For the given set of parameters and final state, there exists a safety feasible region.
2. The relative motion of the lead and trail platoons is given by Eqs (2.24)-(2.28).
3. Only the states Ax, Vjeqq and Ve are observed.

The following theorem establishes a subset of X,;¢ such that, when the given set
of parameters has a safety feasible region, a control law exists which is safe for any initial
conditions (Az(0), vieada(0), Virair (0), areaa(0), a4rai(0)) that lies in this subset.

Theorem 2.2 Let Xgope C Xprs CR? be the set of (Ax, Ad, vjead) € Xurs that satisfy:

—Al’ < { R2 (AJ;, Ulead) ; RQ(AJI, Ulead) > S(Al‘, Ulead) )

Ri(Az):  Ro(At, vieag) < S(AT, Uread) | (2:32)

where

1 )
Ri(Ax) = —d; + \/vguow + a al’¥(2Az + dy)
a

_ trail 2 2 trail
Ry (A, Ujeqq) = —dy — Vsead + \/Qan’;% Az +avy,,,+v + alravds

allow
RS(UZead) = (Oé - 1)'Umaw - dl + Vallow
S(A, Vjeqq) = max (Ry(Az), R3(Vieaq)) -

Under assumptions 2.3 and 2.4, there exists a control law that is safe for any initial condition
(Az(0), v1ead(0), Verair(0), Gread(0), arair(0)) € Xage, in the sense of Definition 2.2.

Moreover,  any control law that applies mazximum  braking whenever
(Az(t), Viead(t), Virait (1), Gread(t), Grait(t)) & Xsage is safe for any initial condi-
tion (Ax(0), Viead(0), Virait(0), Gread(0), arair(0)) € Xiape- Under such control law,
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(Az(t), Vieaa(t), Virait (1) Gread(t), Arait(t)) € Xpouna C Xms C R°.  The elements of
Xbound satisfy

. B2(A1‘avlead); (Al‘ Ulead) (Al‘ Ulead)
b < { Bi(A1);  Bo(Aw, tead) < T(AT, tieas) (2:33)

_ 2 trazl 2 lead trazl
Bl (Al‘) - \/Uallow Cmin Az = \/Uallow - (amin Amin )QA:U

_ trail
By (A, Vjeaq) = —Vlead + \/2%2% Az + av} , + v?

where

allow

B3 (Ulead) - (a - 1)Um(m + Vallow »
T (A, Vjeqq) = max (B (Az), B3(Vieaq)) -

Proof: Define the state vector z = (A, Viead, Virail, Giead, Atrai) and the observed state vector
Y = (A%, Viead, Virair)- Notice that the bounds on aeqq and ay.q; are already considered in
Xurs. Therefore, for the analysis it is enough to take into account the constraints in y.

Consider a control law that would apply maximum braking whenever the state z ¢
Xiase- Suppose the initial state z(0) € X 4p, It will be shown that under the proposed
control law, z(t) € Xyoung for all ¢ > 0. Firstly, notice that since Xgqre € Xpouna, this is
true if z(t) € Xgqpe for all t > 0. Because z(t) is continuous in ¢, if z(t) & X,uf. for some
time ¢ > 0, then there exists 7}, t > 77 > 0 when z(7}) lies on the boundary of X, z. For
t e [T, Ty +d],

¢
Uleqq(t) =min {max {—agﬁ,/ w(o)do + aeqq(T1) } afzg(f} , (2.34)

T

t
Atrair(t) =min {max{ a?,}fgl,/ u(o)do + aireir(T1) } ag}g;} , (2.35)

T

¢
Viead (1) :/ Uead(0)do + Vieaa(T)

T

t
Vtrait (1) :/ trair(0)do + Ve (1Y)

T
t T t T

_ / / ttead(0)dodr — / / trait(0)dodr + A (T — Ty) + Ax(Th) |
T1 T1 Tl Tl

where the possible saturation on accelerations is accounted for. Consider the following
function which is the separation of Az from the velocity boundary of Xp,unag

g(y) = A"I‘. - bl (Al‘, Ulead) )

where

- \/,Uallow lead trazl) (QA'T) ; B2 (Axa Ulead) > T(Axa Ulead)

mm mm

bl (AIL‘, Ulead) =

+Ulead — \/2atrazle + avlead + U B2 (Al‘, Ulead) S T(Al‘, Ulead) )

(2.36)

allow ;
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is the relative velocity boundary of the set Xy,u.q. Hence, for Ax > 0, z € Xpounq if and
only if g(y) > 0 and Az > 0. The time derivative of g(y) is

9(y) = 88Ang + amel Utead + azfail Vtrail
aaAng + aZid (lead + %atrail . (2.37)
Notice that
gigi >0, (2.38)
Ziizi <0, (2.39)

for the two choices in (2.36).
The sign of the other partial derivative depends on «:

dg(y)
0; V 1 2.40
dg(y)
<0; Va<l1. 2.41
From the assumption 2.4, the existence of a safety feasible region implies
z € Xpound — Xsafe = Az <0 . (242)

From inequalities (2.38)-(2.42) and in (2.37) it follows that the value of ¢(y) is minimized
when ajeqq is minimized and aypq; is maximized. From (2.34) and (2.35) if follows that

m(ir)l{alead} = — glead (2.43)
w(t
max{aq} = — al (2.44)

u(t)

Thus, from (2.43) and (2.44) if follows that if z € 0 X4y, the worst possible case, in
terms of the approaching velocity to the boundary of Xp,u,4, occurs when the lead platoon
is applying full brakes and the trail platoon is accelerating at maximum capability. This is
the same result that was obtained in Theorem 2.1.

Assume at t = T; the trail platoon applies full brakes, i.e., jyai = —jﬁ’;%l. For
T1 S t S T1 + TQ, define Z(t) = (Ax(t)aﬁlead(t)aﬁtrail (t),alead(t),atml (t)), where

alea,d(t) - - aﬁ?i?g )
Atrait (t) = afﬁl‘éﬁf JZ%!( -1,

Ttead(t) = Vieaa(T1) — (t — T1)ale2® |

_ rai -trai t=T ?

Utrail (t) = Utrail (Tl) + (t - Tl)aﬁn‘”f - ]ﬁnml% ’
o t—T))? - (=T
Az(t) = Az(Ty) + Ai(Ty)(t = Ty) — %(aiﬁ?{‘f + ey ) — jrtr:%l% :
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with 7, the amount of time necessary for the trail platoon to achieve full deceleration, when
starting at maximum acceleration. 75 is given by
trazl + atrazl

T2 — ma:I: min

strail
Jmin

Thus, for T1 S t S T1 + TQ,

9(y(®) =2 9(¥(*)) ,

where ¥(¢) is defined similarly to z(¢).
It will be shown that § = ¢(¥(T1 +T3)) > 0 . At t = T}, since (z(71)) is on 0Xy47e,
then either

Vtrail T1 = —d1 + \/2&%%le T1 + avlead(TI) + Uallow + d3 (245)
or
Vtrail (TI) - 'Ulead Tl dl + \/ Vallow — ﬁ?i(zlg %(zlrzzl)(QAx(Tl) + d2 (246)

Suppose (2.45) is true, then

. T2
g :Uzead(T1) — Vtrail (T1) - (afﬁzle + aleqd)TQ - Ulead(T1) leadT + Jtml 2

min mzn min 2

+ \/2@577;%1A5L' T1 + Tg) + avlead(Tl + TQ) + U

allow

trazl
allow + d3 + Ui T2

=— \/Qafj;%le 1)) + avd, 4 (Th) + v?

+ /2008 RH(T, + T) + 0T g (Th + Ty) + 02

allow

a”ow—l— = \/2af;;%lAa: (Th) + avt  (T)) + v2,,, + ds + af;ffsz

allow

2
\/<\/2a%(zlrzzle T1 + avlead(TI) + Uallow + d3 - a%(zlrlzl]é) =0.

If, on the other hand (2.46) is true, then defining

0a(1) = 2y — (@522 — a288) (20 (1) + )

T2
g= Ulead(Tl) — Utrail (TI) - (aifz?g + ZT’I:ZZLEZ)T + Z%l 22

/2 — 2(ale2t — e AT(T; +T))
T2
— aalT}) — teaa(T2) + i — di(T}) — (el + a2y, + i 2

) T3 T2
+ \/ V2w — 2(algsd — alrot) <JZ%lF2 — (alead 4 glrail) 22 +di Ty — dy(Ty) Ty + Ax (T1)>

— (ol 1 PO Ty — dy(T4) + 4/ (da(T3) + (aleed + alrai) 1) = 0
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Thus, if either (2.45) or (2.46) is true, then for any t € [T}, T + T3],

g(¥(t)) >g>0.

For t > T} + Ty, full braking is achieved i.e. u(t) = —a!"%"

It is now shown that if g(y (77 + T»)) < 0, then g(y(¢)) < 0 for all t > T} + T». From
relationships (2.38)-(2.42), ¢g(y(¢)) is minimized if veqq(t) is minimized. This is achieved if
w(t) = —al for t € [T} + Ty, inf) or until veqq(t) = 0.

Under this worst case scenario, for the first choice in the argument of g(y(t))

g(y'(t)) :AJ?(Tl + T2 'Ulead(Tl + TQ) trazl (t — T1 Tg) +

mm

) -

\/201577;%1A.'L'(t) + aUZZead( ) + Uallow

:Al'(Tl + Tg) — 'Ulead(Tl + TQ) + atrall (t — T1 TQ) +
(Th

mwn

\/QCLtrinALL’ + Tg) + QQZ?yAJ?(Tl TQ)(t — T1 — TQ) + aUlQead(Tl + Tg)

—2a; 8 Viead(Th + To) (t = Ty = To) + (appdi)2(t = T1 = T2)* + vl
_Al'(Tl + TI) — 'Ulead(Tl + TQ) + CLZ;(Z‘;Z( — T1 — TQ) +

\/2ammAx (Tl + Tz) + avlead (T1 + TQ) + Uallow
—2alrdily, a(Ty + Ty)(t — Ty — Ty) + (alr4h2(t — Ty — Ty)?

mwn

When z ¢ Xbound; Vtrail (T1 + Tg) Z \/QGZ?TQlAJ?(Tl + Tg) + avlead(Tl + TQ) + ,Uallow = d5 .
g(Y(t)) <A:U(T1 + TQ) - Ulead(Tl + TQ) + G/Z;Zﬁ (t — T1 TQ)
+ \/d2 a8l ds (t — T — To) + (a2 (t — Ty — Ty)?
=A&(Ty + Ty) — vieaa(Ty + To) + alpi (t = Ty — T) + \/ alrdi(t — Ty — Ty))”

=AZ(T) + T3) — Vieaa(T) + T2) + ds = g(y (11 + 1)) <

For the second choice in the argument of g(y(t))

g(y(t)) =Ai(Ty + To) — (algsn — alnil) (t — Ty — T)

+ \/Ugllow — 2(agit — apt) Azt — Ty — Tp)

= ATy +Ty) — (alstd — )t = Ty = T) + /02 — 2alist — all)

mn mn

1 .
<AIL‘(T1 + TQ) — 5(&%‘% - afj;%l)(t — T1 - T2)2 + AJI(Tl + TQ)(t - T1 - T2)> .

When y € Xpoung it follows that

—Az(Ty +T3) > \/Ugllow = 2(ajtt — ag @) Ax(Ty + Tp) = ds -
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Hence

g(y(t)) ATy + Tp) — (alesd — alr®)(t — Ty — Tp)

1 (ds + (ol — iz (¢ = 71~ 1)’

Remark:

1. Theorem 2.2 is similar to Theorem 2.1 if

trazl trazl
d = Omaz + Anin

itrail )
min

however these theorems are not equivalent. The width of the layer between X,;. and
Xpounda 1 Theorem 2.2 is smaller that the one in Theorem 2.1.

2. It can be shown that, when the acceleration of the trail platoon is assumed to be
known, Theorem 2.2 still holds if the value of a!"%! is substituted by a4 (t) in the
proof. This conclusion follows from the fact that y(y(¢)) is not a function of @i (%).
The minimization of ¢(y(t)) is still achieved when the lead platoon applies full brakes
and the trail platoon tries to reach also maximum acceleration. The width of the
layer between Xgqp and Xjpoung is dynamic in this case, as it depends on the current
acceleration of the trail platoon. However, if the trail platoon is accelerating at a’r%!

when the lead platoon applies full braking, the width of the layer remains the same.

3. The knowledge of the acceleration of the lead platoon ;.4 leads to results that further
reduce the width of the layer between X, r. and Xy,y,q as for Theorem 2.2 it is assumed
that the lead platoon is braking at maximum capability.

2.3 An arbitrary number of platoons at a time

Collisions in a highway produce instantaneous changes in the velocity of the vehicles involved
in them. If, for example, the interplatoon distance in the highway is too small, these changes
in velocity can, in turn, produce other collisions. If collisions in an AHS can be confined to
the two platoons involved in a join or split maneuver, then the overall safety of the AHS can
be guaranteed. In this section, conditions on the state of platoons executing the leader law
that avoid the propagation of impacts are derived.

Consider a one lane highway in which platoons are distributed as is shown in figure 2.5.
Assume that platoon #1 is colliding with platoon #2 and that, at the same time, platoon
number #4 is also colliding with platoon #3. An important design problem is to set the
state of the leader law of platoon #3 in such a way that these two collisions do not cause
a collision between platoons #2 and #3. The following theorem establishes a new region
Xieader C Xsqfe, such that when the initial state of a platoon executing the leader law belongs
to this region, no impact propagation occurs in the highway.
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Direction of traffic

Figure 2.5: Distribution of platoons in a highway

Assumption 2.5 Platoons organization in an AHS satisfies:

1. No front impacts are allowed for vehicles executing the leader control law.

2. Vehicles executing the join or split control laws are allowed to have collisions equal or
below vy -

3. No adjacent platoons can perform simultaneously a join or split maneuver.

4. Collisions at low relative speed behave like perfectly elastic impacts (Meriam and Kraige,
1992; Lygeros, 1996a).

5. The braking capability of the vehicles involved in a low relative velocity impact is pre-
served after the impact.

6. The masses of vehicles involved in a collision are equal.
Theorem 2.3 Let Xjeuqer C R3 e the set of (Ax, A%, vjeaq) that satisfy:

. trazl trazl
—Az < — (amax +a )d — Vlead — Vallow

min

trail trail ' trail
/208 AT + 01cad — Vaton)? + alil (ald + algei
and 0 S Viead S Umaz-

Under assumptions 2.1-2.5,

i. There exists a leader control law that is safe for any initial condition
(Az(0), A%(0), V1ead(0)) € Xieader, in the sense of Definition 2.2.

1. There is no impact propagation in the highway, in the sense that no front collisions
occur in platoons performing the leader control law. Safe front collisions in the high-

way occur only between platoons performing the join and split control laws and their
respective lead platoons .

Moreover, any control law that applies maximum braking whenever
(Az(t), Ad(t), Viead(t)) & Xieader 5 safe for any initial condition (Axz(0), AZ(0), veaqa(0)) €
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Xieader- Under such control law, (Ax(t), Az(t), vieaa(t)) € Xpouna, C R*. The elements of
Xbound, Satisfy

—Az < — Viead + \/QGZ%ZA:U + av?ead )
with 0 < Viead < Umaz-

Proof: Take an arbitrary platoon in the highway whose leader is executing a leader law.
Several cases of collisions have to be considered.

Case a: Consider first the case in which, at time ¢ = 0 there are two collisions. The lead
platoon collides with the platoon in front of it at a relative speed of v, and the trail
platoon has also a collision with the platoon in back at relative speed of vy 0. If t = 0~
and ¢ = 0" denote the times just before the collisions and after them, respectively, the
discontinuities in the velocities can be expressed as:

Ulead(0+) = Ulead(oi) — Vallow > (247)
Utrail(OJr) - 'Utraz'l(oi) + Vallow - (248)

If (A:U(O_), AZL‘(O_), vlead(()_)) € Xleader then

—Ax(()*) < — (CEZ;Z;Z + a"‘-’”)d — vlead(O’) — Ugllow (249)

mn

-+ \/2a“"‘“lAa: + (Viead(07) — Vaiow)? + al4¥ (atrail 4 girdil) g2

min mn

From Eqs. (2.47) and (2.48) in inequality (2.49) it follows than

—Af(o—'_) ( trail + atrazl)d o Ulead(0+) (2.50)

ma:v mwn

trazl + trail ( ,trail trazl
+ \/2amzn A‘T + Oé'Ulead(O ) amzn (amax + amzn )d

Define, at ¢ = 0, the auxiliary set Xyound, O Xieader Whose elements satisfy

—AH07) < = aa0) — Vattow + /2058 AL + (V100a(07) — Vation)? (2.51)

Using again Egs. (2.47) and (2.48) in inequality (2.51)

“AH0) <~ vaa(07) + /2058 Az + 0v1eqa(07)2 (2.52)
From inequalities (2.50) and (2.52) it follows that
(A.T(O_), Aa‘:(O_), vlead(O_)) € 8Xleade, = (Al‘(0+), Ai‘(0+), Ulead(0+)) € aXsafe

and

(Az(07), Az(07), V1eaa(07)) € Xpound, = (Az(0%), Az (01), v160a(0%)) € Xpound, -
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The safety of the leader law follows from theorem 2.1 with v, =0 .

Case b: Consider now the case in which the lead platoon collides with the platoon in front
of it at time ¢t = 0 with a relative speed of vg,. The discontinuities in the velocities can be
expressed as:

Ulead(0+) - 'Ulead(oi) — Vallow (253)
Utrail(OJr) - 'Utraz'l(oi) . (254)

From Egs. (2.53) and (2.54) in Eq. (2.49) it follows than

~Az(0%) < — (@ 1+ 0N d — 01000 (0F) — Vatiow (2.55)

min

2078 AL+ 0100 (0%)? + il (ot + alyed) 2
It should be noticed that (Az(0"), Az(0"), Vieaa(0T) & Xjeader and therefore at ¢t = 07 full
brakes are applied.

Two possibilities are analyzed. The first one corresponds with no collision happening
between the the platoon executing the leader law and the platoon in back after full brakes are
applied. Substituting Eqs. (2.53) and (2.54) in inequality (2.51) and using similar arguments
as in theorem 2.1, it can be concluded that for t > 0" + d the state (Az, AT, Vjead) € Xpounds
whose elements satisfy

— AT < — Viead — Vallow + \/Qafj;%le +av,,; Yt>0"+d. (2.56)
It is clear that Xpouna; C Xpound, and therefore the safety of the leader law follows from
theorem 2.1.

The second possibility is that at some time ¢t = T} > d > 0 the platoon in back
collides with the trail platoon at relative speed of vy, while applying full brakes. Then
if T, and T;" denote the time just before and after this second collision, respectively, the
discontinuities in velocities are given by

Ulead(TlJr) - 'Ulead(Tf) ; (257)
Utrail (T1+) = Utrail (Tf) + Vallow - (258)

From Eqgs. (2.57) and(2.58) in inequality (2.56) it follows than

—AI(TI-'_) < — Ulead(T1+) + \/2a“"’-1”Ax + Oﬂ)lead(Tf—)Q . (259)

From inequality (2.59) it follows that
(Az(Ty ), Ai(Ty ), viead(Ty ) € Xvounds = (Ax(Ty7), Ai(T7"), viead(Ty")) € Xoound -

The safety of the leader law follows again from theorem 2.1 with vgy0, =0 .

The other case in which the lead platoon does not collide, the argument is straight-
forward. It can be concluded that (Az(07), AZ(0%), vead(07)) € Xicager C Xsape and
(AZL‘(O+), AZL‘(O+), Ulead(0+)) € Xbound1 - Xbound-
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From assumption 2.5 and considering that the selection of the platoon executing
the leader law is arbitrary, it follows that no platoon executing the leader law can have a
collision with the platoon in from of it, provided (Az(07), AZ(07), V1ead(07)) € Xieader, and
therefore no impact propagation occurs. n

Remark:

1. The structure of the region X.44e- in theorem 2.3 is different from the one presented
in (Lygeros, 1996a) in which the safety regions for the leader law would be obtained
by a translation in the direction of the relative distance axis, Ax, of the safety region
Xsafe in theorem 2.1. The translation of the safety region Xy, s, in theorem 2.1 along
the Az axis produces a region equal to the region Xj.qqer only for the case in which
the acceleration capabilities of vehicles are the same.

2. The region Xjeuqe- in theorem 2.3 is a conservative estimate when the two possible
neighbor platoons are also executing the leader law. It is possible to derive another
regions for these other cases Xleaderl D Xleadera Xleaderz D Xleader and Xleaderg 0 Xleader
under the assumptions of one collision in front for the case in which the platoon in front
is involved in a joint/split, on collision in back, for the case when the rear platoon is
attempting a join/split, or zero collisions when both the front and rear platoons are not
attemping joins/splits. However, the implication of having three different safe regions
for platoons executing in leader law will be that before any join can be attempted by the
neighbor platoons, the lead platoon would have to increase its relative distance with the
previous platoon in order to prevent for the possibility of collisions. This increment of
relative distance could be propagated downstream producing a generalized decrement
in the velocity of the platoons, when spacing is tight. The case considered in theorem
2.3 guarantees that this propagation will not happen and therefore a more steady
behavior of platoons’ velocity in the highway can be achieved.

3. It is possible to think on extending the results in theorem 2.3 to the case in which the
masses of the vehicles involved in a collision are not equal. If ¢ is the maximum ratio
of the masses of any two vehicles in a given lane, then the region X4 has to be
modified to

. trail trail
—Az < — (ama:v +a )d — Vlead — ¢Uallow

min

trail trail ; trail
+ \/2%7;% Az + a(Vead — PVatiow)? + alr@(atrail 4 glratyq2

mn mn

and 0 < vjeed < Umaz- The notion of safety, however, has also to be modified because
the difference in the mass of vehicles can produce a velocity increase after a collision.
Vallow Would have to be lowered to prevent for such increases. A more careful analysis
of this case is still needed.

2.4 Join and split with no collisions

In the previous two sections, conditions for safe platooning in AHS are established. The state
of the relative motion of platoons is (Ax, AZ, vjeqq) and the set of parameters is arbitrary.
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It is concluded that the join and split maneuvers implied risk of low speed collisions, when
the ratio of braking capabilities satisfies

trail
Qrnin
alead

min

On the other hand, according with Lemma 2.3, when o > 1 and vapw > (a7% + alr%il)d,
there is always a safety feasibility region for Theorem 2.1. This result can be refined to
establish a bound on the value of « such that the value of v, can be decreased to zero.
The following lemma defines a value «;, > 1 such that whenever o« > «v, joins and splits can

be completed with no collisions, i.e., with v, = 0.

o= <1.

Lemma 2.5 If the final state for a join/split maneuver is given by (Axp, ATp, Uieqdy) €
Xsafe With Vieade < Umazs Vallow = 0 and o satisfies

atrqil (QAJTF 4 (atrqil 4 atrail)d2)

o 2 Q= : min : : min m(-m: - - > 1 , (260)
amin (2825 + (apii! + aliei)d?) — ((ani! + alel)d — Adp)

then there is always a safety feasibility region.

Proof: Eq. (2.60) follows directly from the intersection of the curve Ry (Ax) with the point
(Azp, AZp) when v, = 0. n

In this section, conditions to perform maneuvers with no collision are investigated.
The problem is to establish additional assumptions under which it can be guaranteed that
« satisfies (2.60). This problem is related with the problem of intraplatoon behavior that
was extensively studied in (Swaroop, 1994), where the string stability for different follower
control laws was analyzed'. There are two conclusions in (Swaroop, 1994) of relevance for
the problem of join and split maneuvers without collisions.

1. To guarantee robust string stability performance it is necessary to broadcast the lead
vehicle acceleration and velocity to all the vehicles that conform a platoon. When lead
vehicle relative position information is also broadcasted, performance is enhanced.

2. Given an acceleration profile for the leader of a platoon, the magnitude of the accel-
eration increases with the distance to the leader of the platoon, although the rate of
increment decreases with the same distance.

Two approaches are presented that allow join and split maneuvers with no collisions.
For the first approach it is considered that the measurements available to the trail platoon
are the same that those in Assumption 2.2 and that the acceleration in a platoon propagates
according with the results reported in (Swaroop, 1994). In the second approach it is con-
sidered that during the join and split maneuvers the acceleration of the leader of the lead
platoon can be broadcasted to all the vehicles in the trail platoon. If this is the case, then
the results on robust string stability performance that can be obtained with the use of this
acceleration can applied to the lead and trail platoon simultaneously.

For the first approach consider the following additional assumption.

'Roughly speaking, by string stability it is meant that the tracking errors within a platoon are bounded
and are not amplified.
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Assumption 2.6

1. There exists a finite ratio p > 1 such that if al®" is the magnitude of the minimum
acceleration of the leader of a platoon, then the magnitude of the minimum acceleration

of the last vehicle in the platoon, a'® satisfies

min’

alast S Maleader ] (261)

min min

2. The magnitude of the mazimum deceleration for all the vehicles in the highway has an
overall mazimum Ayrn.

Lemma 2.6 If the magnitude of the maximum deceleration of the leader of the lead platoon
in a join or split maneuver satisfies

A
leader M;MQI N (2.62)
m

then, under assumption 2.6, it is possible to perform the join and split maneuvers without
collisions.

Proof: Apply (2.61) to the lead platoon, then (2.62) becomes

aﬁ?i%g leader AMIN lead AMIN
— < Amin < 2 = Amin < : (263)
H e HOy,

Applying now (2.61) to the trail platoon it follows that, if Ayx is the magnitude of the
maximum deceleration of the last vehicle of the trail platoon, then

AMIN S /Laf;%l . (264)

From (2.64) in (2.63)
Aurn _ apdy
Ui < . S (2.65)

Hence

atrqil

ead = @ > Q- (2.66)
The lemma follows directly from Lemma 2.5 and Theorem 2.1. n

Remark: Lemma 2.6 sets the minimum acceleration for the leader of the lead platoon
involved in a join/split in such a way that whenever the maneuver is executed, the last
vehicle in the trail platoon is able to accommodate for the braking requirements in terms of
string stability and safety of the maneuver.

The second approach considers the following additional assumption regarding the
acceleration of the leader of the lead platoon.
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Assumption 2.7

1. The acceleration and velocity of the leader of the lead platoon involved in a join or split
maneuver is broadcasted to all vehicles in the trail platoon.

2. The number of vehicles, Nieaq of the lead platoon is broadcasted to all vehicles in the
trail platoon.

3. Given the position of a vehicle inside a platoon, n, there is a positive non-decreasing
function, p(n), such that the magnitude of the mazimum deceleration of the n-th vehicle
wn the platoon, a . satisfies

min

a . < p(n) aleader , (267)

min — min

where al¢4%r s the magnitude of the mazimum deceleration of the leader of the platoon.

Lemma 2.7 If alr%! satisfies

i > O P(Nicad) Qi (2.68)
and the magnitude of the maximum deceleration of the leader of the lead platoon in a join
or split maneuver satisfies

A
lead MIN
min | < o (2.69)
then, under assumptions 2.6 and 2.7, it is possible to perform the join or split maneuvers
without collisions.

Proof: If a9 satisfies (2.68) then, from assumption 2.7, Lemma 2.5 and Theorem 2.1,
it can be concluded that the join or split maneuvers can be performed without collisions.
Eq. (2.69) and assumption 2.7 guarantee that the maximum deceleration for the leader of
the lead platoon is set in such a way that the last vehicle in the trail platoon will decelerate
within its maximum deceleration capabilities. [

Remark: Lemma 2.7 states that if the velocity and acceleration of the leader of the lead
platoon are known to all vehicles of the platoons involved in a join or split maneuver, then
all the vehicles performing the follower law in the trail platoon will use this information in
their followers law. String stability for the lead and trail platoons combined follows from the
results in (Swaroop, 1994).

2.5 Platooning with no collisions

This section presents the calculations to determine a steady state headway that must be
kept by a platoon leader executing the leader law, when no collision are desired in the AHS.
The intention of these calculations is to illustrate the use of the safety results contained
in this chapter in other safety and capacity analysis tools. This headway, or interplatoon
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distance, is an important factor in determining the AHS capacity, when vehicles are traveling
organized in platoons (Broucke and Varaiya, 1996).

The underlying idea in the calculations is to guarantee that all vehicles in the AHS are
capable of achieving the levels of acceleration or deceleration that an operation with no pos-
sibility of collisions requires. Consider first the following assumption, that is complementary
to assumption 2.6.

Assumption 2.8

1. There exists a finite ratio > 1 such that if al®2%" is the magnitude of the mazimum
acceleration of the leader of a platoon, then the magnitude of the maximum acceleration

of the last vehicle in the platoon, al®  satisfies

alast S Maleader ] (270)

max max

2. The magnitude of the maximum acceleration for all the vehicles in the highway has an
overall mazimum Apax.

Assume that two platoons are involved in a join or split maneuver, as depicted in
figure 2.6 and that the last vehicle of the trail platoon has the maximum acceleration and
deceleration capabilities, Ay;ax and A7y, respectively, where Ay, as defined in assump-
tion 2.6, is the maximum deceleration for all the vehicles in the highway.

leader lead trail trail
a a a ,a_. Awmax, Amin
min min max min
<< s < <y
LEAD PLATOON TRAIL PLATOON

Figure 2.6: Accelerations in two adjacent platoons involved in a join or split maneuver

According to assumptions 2.6 and 2.8, the acceleration and deceleration of the leader
of the trail platoon should respectively satisfy

1

CLZ’?TZ} = _AMIN (271)
1%
. 1
a%‘ﬂ = ;AMAX . (272)

After the substitution of (2.71) and (2.72) into (2.60) the value of the minimum ratio
of braking capabilities, «,, is
Aprrn 2pAzp + (Avin + Anax)d?)

= >1, (2.73
Apin QuAzp + (Apin + Apax)d?) — (Aprn + Anrax)d? — /LA-Z"F)2 ( )

Qm
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By Lemma 2.6, the acceleration of the leader of the lead platoon should satisfy

A
i < ;\HN < Amin (2.74)
120,
A
paer < R (2.75)
1
where al°%der is the maximum acceleration of the leader of the lead platoon.

Now assume the situation depicted in figure 2.7. In this case another platoon, denoted
as the front platoon in the figure, is ahead of the lead platoon. The last car of this front
platoon is assumed to have a deceleration capability of Ay and to travel at v,,,;, the
maximum possible velocity in the highway. Notice that, by (2.74), the braking capability of
the leader of the lead platoon a'“?¢°" is less than the assumed braking capability for the last
car of the front platoon, Ay;;y. If the approach established in Theorem 2.3 is used to analyze
the safe behavior of the lead platoon with respect to the front platoon behavior, a value for
the platoon headway Azj.q.qer between the lead and fron platoons can be determined such
that this platoons are safe with respect to each other. This value corresponds to the point

in which the boundary of Xj..4., intersects with the axis Az = 0. This value is given by

2
U (u Umaz + (——Ayrn + AMAX)d> — 02 — BN (L Ay + Apax)d?
> .

b oam BoNpoam
Ax
leader — 2AM]N
(2.76)
leader lead trail trail
Amin a | a a ,a_. AmN ,Amax
min min max min
SSeseeee << <reeennee << <<
;; D Dlﬁxleader[{ {J
FRONT PLATOON LEAD PLATOON TRAIL PLATOON

Figure 2.7: Accelerations in two adjacent platoons. The trail platoon is executing the leader
law

When nominal values for the parameters in (2.73) are used to evaluate ay, its value
can be very close to one. From the point of view of time for maneuver completion it is
desirable to pick a value of a > ay,; the larger the value of « the less time to complete a
join or split. From (2.74), however, it is clear that increasing « arbitrarily will also increase
arbitrarily the value of Axjeq4er. At a certain point Azjeqqer can exceed the capacity of the
relative distance sensor, Az,gnge. If the value of « is chosen such that Azjeqger > AZrange
the leader of the lead platoon is in risk of colliding with the last vehicle of front platoon, if
this front platoon suddenly appears in the relative distance sensor range. According to this
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there is a maximum value of o given by

o S ay = 2AAMIN (Aa;ra;ge — 'Umawd) ‘
W V0

(2.77)

Eq. (2.77) is calculated by assuming that the leader of the lead platoon is traveling at vp,qz
and that maximum braking is attained after a time delay d.

Once a value of o = a, such that o, < a, < aj; has been chosen?, the distance
AZjeqder between the leader of the lead platoon and the rear vehicle of the front platoon can
be determined considering two possibilities:

1. The front platoon is within the relative distance sensor range, Az, 44 and the velocity
of the front platoon can be measured.

2. The front platoon is within the relative distance sensor range, Az, 4,4, and the velocity
of the front platoon can not be measured.

For the first case the maximum inter-platoon distance satisfies

2
Qe <M Umaz T (M—IOACAMIN + AMAX)d> - Ufnax — Aprrn( L Ayrn + AMAX)d2

A mes u? ac
Lleader = 2A 1N
(2.78)
and for the second possibility this spacing is
e (u Vmaz + (iAMIN + AMAX)d>2 ~ Ui
Aoz, = — 279
It should be noted that the lower bound of Az a7 ., as given by Egs. (2.78) and (2.79),

is a necessary and sufficient condition to avoid collisions in the worst possible scenarios. These
scenario occur when both the front platoon and the lead platoon are traveling at maximum
speed Upq, and the front platoon applies maximum braking and when the lead platoon senses
a stopped front platoon within sensor range while traveling at maximum speed.

For AHS capacity analysis purposes the value of Az 7., is used, as in this situation
the highway is supposed to be at its maximum level of occupancy and therefore it is expected
for platoons to be within relative sensor distance range.?

During the normal operation of the AHS the lower bound of the headway given by
(2.78) can be reduced if the velocity of the last vehicle of the front platoon, vs,en, is known.

In this case the platoon headway satisfies

b w2 ac
leader — 24
MIN

2
Qe <M Ufront T (%AMIN + AMAX)d> - szcmm — Aprrn( L Ayrn + AMAX)d2
Axmax > .

(2.80)

2If apsr < auy there is no possibility of achieving platooning with no collisions for the given relative
distance sensor range.

3If the following set of values is used: a, = 1.15, Vymax = 25 m/s, p = 1.12, Apry = 5 m/s?, Apax =
2.5m/s?,d=0.03 s, Azp =1 m and Air =0 m/s then Az]’%5 =~ 30 m.
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Another value for Az;2¢7 =~ can be found if a similar result is derived using of Lemma

2.7 instead of Lemma 2.6. As previously noted, Lemma 2.7 requires more information to be
available in the AHS.
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Chapter 3

Velocity Tracking Control

3.1 Velocity Profiles

In this section the velocity for the relative motion of platoons during a maneuver is expressed
as desired velocity profiles in the state space (Ax, A%, vjeqq). These profiles must allow the
platoons to complete the maneuvers in minimum time while guaranteeing that the trajec-
tories remain inside the safety region Xj,,,qs defined in the previous chapter. The desired
velocity profiles are established considering the following assumption.

Assumption 3.1

1. Whenever safety is not compromised, platoons should keep the acceleration and jerk
within comfort bounds.

2. Maneuvers are executed one at a time. No maneuver can begin before the previous one
15 completed.

3.1.1 Join Law

The goal of the control law in a join maneuver is to decrease the initial relative displacement
between the lead platoon and the trail platoon, Az(0), to a desired intraplatoon spacing
AZjoin. The relative velocity, Az, should be null at the end of the join maneuver. The
resulting trajectory of the state (Ax, A, vjeqq) during the join maneuver, according to The-
orem 2.1, must be within the safety set Xpouna-

In order to decrease the time the join maneuver takes to complete, the relative velocity
between the trail and lead platoons, Az, should be minimized while observing the safety
limits. This suggest that the state (Ax, Ad, vjeqq) of the join maneuver should be kept, as
much as possible, in the boundary 0X,,s. of the safety set X ,r. in Theorem 2.1. This
boundary consists of two smooth portions:

1. In the first portion, the trail platoon is far enough from the lead platoon so that
maximum deceleration will stop the lead platoon before the trail platoon hits it at
Vallow, if a collision occurs.
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2. The other portion of the maximum safe velocity curve represents the case when full
braking does not stop the lead platoon before the trail platoon hits it at vgey, if a
collision occurs.

According with Eq. (2.14), the maximum safe velocity v.q; of the trail platoon, for a given
Az and vjeaq 1S

[ —cy + /209 Az + av} 4+ v, + C2d;

RQ(AQ?, Ulead) > S(Aa:, 'Ulead) ,
Utrail(vleada AJ?) = 9 (31)
—C2 + Uead + \/vgllow + %a%gle(QAx + CZd) )

RZ(Axa Ulead) S S(Al’, 'Ulead) )

where

a—1 )
Ri(Az) = —cy + \/vgllow + = al"%(2Ax + cad)

) = —Co — Viead + \/2a$£%le + OV g Ul T A cad,
R3(Ulead) - (a - 1)Umam — C2 + Vallow »
) = Imax (R1 (Al‘), RS(UZead)) y

o = (st + .
Ideally, the maximum desired velocity for the trail platoon while performing a join
maneuver should be the one indicated by (3.1). It should be noticed, however, that in
(3.1) it is assumed that the velocity of the trail platoon, vy, is on the boundary of Xq ..
Therefore, when the state (Ax, AZ, vjeqq) is not in this boundary, the actual value of the
other state, Az, affects the trajectory of the state as time passes. Consider, for example,
the situation depicted in Fig. 3.1. The flow departing from point p in the figure will have an
initial direction given by the resultant of Az and the effective acceleration a at that particular
instant of time. For this reason it is suggested to set the maximum desired velocity for the
trail platoon, vs,fe as a function of the full state (Az, A%, vjeqq) as follows

(—cy 4+ /2079 (Ax + nA) + avd y + vy, + a7 cyd ;

min allow

RQ(AIL‘, Ulead) > S(Al‘, Ulead) )
'Usafe(Axa Ax; Ulead) = 9

—Cy + Vjead + \/Ugllow + O‘T_lafg%l@ (Ax + nAz) + cod ;
RQ(AIL’, Ulead) S S(Al‘, Ulead) )
(3.2)

where n > 0 is a gain.
To finish the join maneuver in minimum time, it is necessary to slow the trail platoon
t0 Vjeqq at the end of the join. According with assumption 3.1 the trail platoon should
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oy

Figure 3.1: Effect of the relative velocity Az on the desired velocity for the trail platoon.

decelerate at the maximum comfortable level. The velocity in the deceleration curve, v,
written as a function of (Az, A%, vjeqq) is

Vlead + \/2acom (AIL‘ + UAI - ijoin) )
Vfast -

Vmin (AT, AT, Vjeaq) = min { (3.3)
where a.o,, is the magnitude of the comfort acceleration and deceleration for vehicles in a
highway, Az, is the desired intraplatoon distance and vfqs is the maximum recommend
velocity for a platoon to travel on the highway.

In order for the join control law to be safe and to allow the maneuver to be completed
in minimum time, the velocity of the trail platoon should satisfy

'Ud(Axa A:L‘, 'Ulead) - min(vmm, 'Usafe) .

Eqs. (3.2)-(3.3) define a desired velocity profile for the trail platoon during a safe join
law. Figure 3.2 shows an example of this desired velocity profile in the Ax(-) vs. Az(-)
phase plane. For the profile in figure 3.2 it is assumed that the lead platoon is traveling at
constant velocity and that the braking capabilities of the lead and trail platoons are equal.
The acceleration portion in Figure 3.2 will be produced by the velocity tracking controller
to be described in the next section.

The desired phase-plane trajectory for the trail platoon velocity includes abrupt
changes in acceleration at the points where curve different sections intersect. It is con-
venient to smooth these transitions so as not to violate jerk comfort constraints. Cubic
splines are used for this purpose (see Appendix A).

3.1.2 Split Law

In the split maneuver the goal is to increase the distance between the lead and trail platoon,
Az, to a desired value Axz,;;. To accomplish this increment in relative distance, the relative
speed between platoons, Az, must necessarily be positive. For this reason, in most cases,
the velocity of the trail platoon will be lower than the velocity of the lead platoon, and thus
the threat of high-speed collisions during a split maneuver will be inherently reduced.

To design the desired velocity profile for a split maneuver, a similar approach to the
one used for the join maneuver can also be used. Two boundary curves are established for
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Figure 3.2: Basic velocity profile for 60 m initial spacing. The lead platoon is moving at a
constant velocity of 25 m/s.

the velocity of the trail platoon, v;.,;. The first one, related to safety, is derived from Eq.
(2.14) by assuming vg0, = 0. Thus, for a given state (Ax, A%, Vjeqq), the maximum velocity
of the trail platoon for the split law to be safe is

[ —cy + /2079 (Az + nAL) + avl, + alleyd

mn mn

RZ(A'xa 'Ulead) > S(AJT, Ulead) )
'Usafe(Axa Ax; Ulead) = 3

—Co + Vjpad + \/0‘ Lalrail (9 (Ax + nA) + cod ;
RZ(A'xa 'Ulead) S S(AJT, 'Ulead) )
(3.4)

where

1
Rl(ALL‘) = —Cy + \/a %(:ﬁl(QAx + ng)

min mn

Ry (A, veqq) = — Vead + \/2at“”le + av} , + +alrileyd,
R3(Ulead) — (a - 1)Uma:v — C2,
S(AJT, Ulead) = max (Rl (A:U) RS(UZead)) )

trazl trazl
C2 = ( Umax + Amin )d

The other boundary curve is related to time-optimality. This curve establishes a lower
bound on the velocity of the trail platoon. To determine this lower bound, it is assumed that,
for a given state (Az, AZ, vjeqq), if the trail platoon is traveling at this minimum velocity,
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then it will reach the desired intraplatoon distance Az, with null relative velocity by
applying maximum comfort acceleration. It is also assumed that there exists a minimum
velocity vy, below which it is not recommended to travel on the highway under normal
circumstances. The minimum velocity of the trail platoon is therefore given by

Umm(AIE, AIL’, Ulead) — max { Viead — \/QGcom(Aa?split - Ax — 7’]A£U) R (35)

Vslow -

At any particular state (Ax, A, vjeqq) of a split maneuver, the velocity of the trail
platoon should satisfy the safety requirements, therefore from Eqgs. (3.4) and (3.5)

Ud(Al‘, Al‘, Ulead) = min(vmm, Usafe) .

3.1.3 Decelerate to Change Lane Law

The decelerate to change lane control law attempts to create a safe distance between platoons
in different lanes before any actual change lane maneuver can take place. The decelerate
to change lane law can be treated similarly to the split law. The only distinction is that,
while safety is considered in terms of the lead platoon in the same lane, the time optimal
part of the trajectory has to be calculated in terms of the lead platoon in the lane where the
trail platoon is changing into. Notice that, according with assumption 3.1, it is enough to
calculate for safety only for the platoon in the same lane, because the change lane maneuver
will not occur until the decelerate to change lane maneuver is completed. The maximum
safe velocity for the trail platoon is therefore the same as in the split law in Eq. (3.4).

The minimum velocity of the trail platoon is established in the same way as in the
split control law, but considering the target velocity and distance with respect to the platoon
in the adjacent lane. Thus

Unext — \/2acom(Axchange - Axneﬂlzt - nAjjnewt) )

Umin(Axne:vta Al‘nexta Une:vt) = max { v
slow -

(3.6)
where (AZpepr, Adnest, Uneet) 1S the state of the platoon performing the change lane maneuver,
relative to the lead platoon that is in the lane where the trail platoon is changing into and
AZchange is the required spacing after the decelerate to change lane maneuver is completed.

At any particular stage of a decelerate to change lane maneuver, the velocity of the trail
platoon should satisfy the safety requirements, therefore from Eqgs. (3.4) and (3.6)

Ud(Al‘, Al‘, Viead Axne:vta Ai‘nexta Unext) = min(vmina Usafe) .

3.1.4 Leader Law

The leader law is intended to keep a platoon traveling on a highway at a target velocity and
at a safe distance from the platoon ahead. When no propagation of collisions is desired in the
highway, the state (Ax, A, vjeqq) of a platoon executing the leader law has to remain within
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the set Xjeqqer defined in Theorem 2.3. When safety is not critical, the target velocity for a
platoon leader executing the leader law is no longer the velocity of the platoon ahead, but
some desired velocity vy,,. This velocity is given by a highway link layer traffic controller
according to the section of the highway where the leader of the platoon is currently located
(Li et al., 1995).

The maximum safe velocity curve v,y for a platoon in leader law, given
(Az, A%, Vjeqq), is according with Theorem 2.3

Usafe(Axa A-'L.'avleaal) = —C2 — Vgllow + \/2af~,7;%l (AIL‘ + 77A$) + a(vlead - Uallow)2 + af;%lCQd .
(3.7)

The desired velocity for a platoon under the leader law is therefore
'Ud(Axa A:L‘, 'Ulead) - min(vlinka 'Usafe) .

It is also important to remark that whenever v, > vsqf. then the relative spacing
Az will decrease until it reaches

Aoy — 0t Vo + 2)” = 00tesa = vt = algiend. 59)

trail
2amin

Substituting the value of AZjeqger in (3.8) into (3.7), va(AZieader, 0, Viead) = Vieaq and therefore
the desired velocity of the trail platoon will be the velocity of the lead platoon .

3.2 Velocity profile tracking controller

In this section a velocity tracking controller is introduced. This controller commands the
actual velocity of a platoon to follow the desired velocity profile derived in the previous
section. The design of this controller is based on the following assumptions.

Assumption 3.2

1. Positions and velocities of both the lead and the trail platoons are measured quantities.
2. The acceleration of the trail platoon is known.

3. The acceleration of the lead platoon is estimated.

4. The jerk of the lead platoon is modeled as noise.

The velocity tracking controller is designed using the backstepping procedure (Krstic
et al., 1995). This controller design combines an observer for the lead platoon state with a
nonlinear controller for the jerk of the trail platoon.
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3.2.1 Backstepping Design

Let vq(Az, A%, vjeqq) be the value of the desired velocity flow field for the trail platoon.
Introduce, for convenience, the change of variables

(Ax, Ax; Ulead) — (Ax, Viead 'Utraz'l) )
that follows directly from vy.q5 = Vieas — A%. Define the velocity error by
€ = Utrail — Ud(AIL', Viead Utrail)-

The velocity error dynamics is given by

v — U i
. avd avd avd lead trail
€ = Qtrail — Qlead ) (39)
an a'Ulea,d aUtrail

Qrail

where o0 and as.q; denote the second time derivative of x.,4 and .4, respectively.
According to assumption 3.2, let G;..q be the estimated acceleration of the lead car. Define
the lead platoon acceleration estimation error, G;eqq as

dlead = 7.)leaal - &lead = Qlead — dlead . (310)

From (3.10) into (3.9)

dlead — Alead - (311)
0Ax aUlead aUtrail . a'Ulea,d
Qgrail

v — Vtrai
) 8’Ud avd a,Ud lead trail a,Ud ~
€ = Qtrail —

Assume, for the moment, that there is not error in the estimation of the acceleration,
i.e., reaq = 0, then, if the dynamics of e is desired to be stable, it is possible to define a
fictitious control for the acceleration of the trail platoon as

avd a,Ud a,Ud UViead — Utrail
A ead) raiaAeaa rai = -\ 1 )
s (AT, Viead, Virait, Qiead, Qtrait) 1€+ <6A:c D0y Ovmon Qlead
Qgrail
(3.12)
Using (3.12) into (3.11)
. 0vg
€= _)\16 + Qgrail — 5 — a'Ul:zd Qlead - (313)
Define ,N to be the difference between a4y and , |, i.e.,
:(t) = Otrail (t) ) (Al‘, Viead) Utrail » dleada atrail) . (314)
From (3.14) in (3.13), the velocity error dynamics is
~ Gvd
= —-\e+, ———a . 3.15
€ 1€ avlead Qlead ( )
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Consider now the dynamics of , ,

UViead — Utrail

Qlead
2 0 0 0 0 0
T = . ) ) ) - ) ) Girai , 316

Jorail (aAm a'Ulea,d a'Utra,z'l aa/lead aatrail > it : ( )
Qlead

j trail

where jirai = d>Tirail / dt? is the control jerk of the trail platoon and &lead is the time derivative
of the estimate of the lead platoon’s acceleration. The expression for the latter depends on
the implementation of the lead platoon state observer and will be defined later when this
observer is presented.

The following control for j..; is proposed

Viead — Ltrail

1 a . ,8 + a a, a’ a’ dlead

— 7 = € . y
aatrazl Jtrail 0Ax a'Ulea,d aa‘jtrail a&lead "L:%ail
&lead

(3.17)

where alead is an estimate of the time derivative of the lead platoon acceleration. When
(leaq 18 estimated using a full order observer, alead = Qjeqd; When Gjeqq 1S estimated using a
reduced order observer, their difference is proportional to the error in the estimate of the
lead platoon acceleration. Thus,

alead - alead — dlalead 9 (3'18)

where d; = 0, when a full order observer is used, and is a known constant, when a reduced
order observer is used.
The dynamics of , under (3.17) becomes

2 ~ 0 0
) :_56_)\27 _< : + A, dl) dlead-

aUlead aa/lead

Define
8vd
g = aUleaal
0, J 0,
- - 1 ~
aUlead aaleaal
8vd
a'Ulea,d
a ov Vd avd 8 Va aZUd 827),1 ’
)\1 + dl Viead —Vtrail 7dlead —a o Wrail
( ) aUlead aAl‘ aAxavleaal ( ) aUlead2 aUt?"ailavleaal
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the combined dynamics of e and , are given by

HO-(5 Qe o

Notice that the state evolution matrix in (3.19) is stable when A;, Ay and /8 are positive.
The design values of these parameters can be obtained by minimizing the effect of @G..q on €
using linear methods and assuming constant values of g (see appendix A for more details).

3.2.2 Lead Platoon State Observers

The velocity profile tracking controller makes use of the estimate of the acceleration of the
lead platoon that, by assumption 3.2, is not measured. Two observers to estimate this lead
platoon acceleration are presented. The first one is a full order observer that estimates
the position, velocity and acceleration of the lead platoon. The second is a reduced order
observer that estimates only the acceleration of the lead platoon.

According with assumption 3.2, the dynamics of the lead platoon is given by

d3
%xlead - jlead ) (320)

where jjqq 18 the jerk input to the lead platoon. Defining
Llead 0 1 0 0
Tlea 100
Xlead = | Viead | Yiead = (UZ d> , A=10 01 , B=1|0 , C = < > ,
Glead fead 000 1
(3.20) can be rewritten as

Xlead = A Xiead T B Jlead 5 Yiead = C Xiead -

It is straightforward to check that (A, B) is controllable and (A, C) is observable.

Full order observer

A full order state observer for the lead platoon acceleration is

}:\(lead =A }Aclead —L (YZead -C fclead) +q,

Ulead = (0 0 ]-)}Acleada (321)
where Ricaq = (L1cads Vicads Qiead)” € R? is the state estimate, the observer gain L € R3*?
is such that A — LC is asymptotically stable, and q = q(t) is a tuning function to be
determined. For the full order observer, a;.,q can be expressed without error using known
quantities from (3.21), i.e. d; =0 in (3.18).

The dynamics of the acceleration estimation error aGj.q is given by
}L(lead - (A - LC) ilead + leead - q,
Alead = (0 0 1)ileada (322)

where Xjeqq = Xiead — Xiead-

o4



Reducer order observer

A reduced order observer that estimates only the acceleration of the lead platoon, @;..q, can
be designed as follows
7‘0 - _L2T - (LILZ L% + Ll) Yiead + q,
Ulead = T + L1Z1ead + LoViead (3.23)
where, for this case, L; and L, are the two components of the matrix L with Ly > 0 for the

observer to be stable and ¢ = ¢(t) € R is a tuning function to be determined.
It can be shown that the acceleration estimation error Gjeqq = Ajeqq — Greaq 1S given by

E‘ilead - _LZ&lead + jlead - Q(t) . (324)

Notice that, because of the structure in (3.23), the reduced order observer does not
allow @yeqq to be computed using known quantities. aeqq can be estimated by

&lead =7+ lelead + Lleead .

Thus jeaq — g = Loliead, i-6. dy = Ly in (3.18).

3.2.3 Stability Analysis

In the stability analysis for the velocity tracking controller, the designs for the trail platoon
jerk control and the lead platoon acceleration observer are combined. The value of the
observer tunning function, q and ¢ for the full order observer and the reducer order observer,
respectively, is related with the value of the nonlinear term in the jerk control, g, in such a
way that a stable behavior can be obtained for both the error dynamics of (e,, )T in (3.19)
and the lead platoon acceleration estimation error, Geqq, in (3.22) or (3.23).

Assumption 3.3

1. The jerk of the lead platoon is bounded, i.e., ||jiead(*)||s0 < Jmaz-

Full order observer

The following theorem establishes a bound on the velocity tracking error
e(t) = vgar(t) — vi(Ax(t), Vieaa(t), Virair(t)), when the full order observer is used
to estimate the state of the lead platoon.

Theorem 3.1 Let the dynamics of s = (e,, )T be given by (3.19) with A, As, 3 > 0 and the
dynamics of lead platoon acceleration estimation error, Gjeqq, be given by (3.22). Choose the
control law for the jerk of the trail platoon according with (3.12) and (3.17). Then, under
assumptions 3.2 and 3.3, there is time t1 such that for any t > t1 and any € > 0 the velocity
tracking error of the trail platoon e(t) = Viqair(t) — va(AZ(t), Viead(t), Virair(t)) satisfies

le(t)| <vi(l+e); vy >0 . (3.25)
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Proof: First notice that A;, Ay, 5 > 0 implies that the matrix
-1 1
F = ,
<—A2 5)
is stable.

Define Ar = A — LC to be the stable evolution matrix of the full order observer in
(3.22). Let Q € R**?, and P € R**3 be positive definite symmetric matrices that satisfy
the Lyapunov equations

QF +F7'Q = —2C; ; PAr +ALP = —2C,,

where C; € R?**3 and C, € R?*? are positive definite matrices.
Consider the Lyapunov function

-~ 1 1. -
Ve, , Tiead) = §STQS + 7§X11;adPXzead , (3.26)

where v > 0. The time derivative of (3.26) is
V =—s"Cis — 7%104Co%peaq +57Qg(0 0 1)Xieas — YXb0aPd + 7 JicadB PXicad , (3:27)

after substitution of (3.19) and (3.22) into (3.27).
Choose the tunning function q in (3.22) to be

TOs 0
g E¥pi(o) (3.28)
v 1
Then
V =—s"Cys — XL ,CoXpg + ¥ JieadB PXieaa - (3.29)

Let F = TlAlel and Ap = TQAZTZ’1 be the real Schur decomposition (Golub and Loan,
1989) of F and Ap, respectively. Pick

—2C; =T;" (A + A T) T7, —2C, = T;" (A + A]) T3 (3.30)
It can be shown that
Q=1,7T;"', P=T,"T,". (3.31)
Using (3.30) and (3.31) in (3.29)
V = —s"QFs — 7X.,sPArXicad + 7 jicadB” PXicad - (3.32)
Hence, it follows that

V< =20V +%E Psjiead (3.33)
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where —2( is minimum real part of the eigenvalues of F and Ay and P 3 is the third column
of P.
From (3.26) it follows that

2Q22
e2 < oV, where S £ R 3.34
=7 ’ Q11Q22 — Q7 (3:34)
and
T & 2 _ 0 Tp-1
(P Xeaa)” < ;V, where 6 =2P5P'P, (3.35)
and (;; are the (7, j)th element of the matrix Q.
The time derivative of the square root of (3.26) is
d 1 1 1 -
@ V§) e A 3.36
i) =3 (330

Using (3.33), (3.34) and (3.35) in (3.36) and by assumption 3.3

% (Vi) <—¢vi+ \/gjmam : (3:37)

Hence, from (3.34) and (3.37), it follows that for any initial conditions (s(0),Xeqq(0)), and
for any € > 0, there is a time ¢y s.t. if t > ¢y,

Therefore, after a long enough time
le()] < vp(l+e),
where

_ jma:z: 5_,0
¢ Y

Reduced order observer

The following theorem establishes a bound on the velocity tracking error
e(t) = wvgar(t) — va(Ax(t), Viead(t), Virair(t)), when the reducer order observer is
used to estimate the acceleration of the lead platoon.
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Theorem 3.2 Let the dynamics of (e,:)T be given by (3.19) and the dynamics of lead
platoon acceleration estimation error, Geqq, be given by (3.23). Choose the control law for
the jerk of the trail platoon according with (3.12) and (3.17). Then, under assumptions 3.2
and 3.3, there is time t; such that for any t > t, and any € > 0 the velocity tracking error

of the trail platoon e(t) = viai(t) — vVa(Ax(t), Vieaa(t), Virait () satisfies
le(t)| < ve(1+€); v >0 .

Proof: Consider the Lyapunov function

~ 1 1- 1 _
V(@,, 7alead) - 5/862 + 2 + _fya?

57 92 lead *
Using (3.19) and (3.24), the time derivative of (3.39) is

(3.38)

(3.39)

V(e, ) adlead) = _5A162 — )\2:2 + (56 :)gdlead - f)/dlead q + f)/jlead dlead - 7L2 d?ead .

If the tuning function ¢ in (3.23) is set to be

q:§(56 7)g7

then, from (3.41) into (3.40)
V= —fMe* = Xa, ® = Lo g + Y Gread fiead -
This shows that if ||jiead(-)||cc < Jmaz, then
V< =20V 4 V2V

where ¢ = min(Aq, Ay, Ly). Similarly, it can be shown that

(Vi) <—vie \/gym .

(3.40)

(3.41)

(3.42)

Hence, for any initial conditions (e(0),, (0), Geqaq(0)), and for any € > 0, there is a time #;

such that if ¢ > ¢,

Sl < Vi@ <222 D140,

Therefore, after a long enough time
le(H)] < vr(l+€),

where

:jma:v fy
¢ Ve

Uy
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3.2.4 Lead platoon jerk saturation effect on stability

Theorems 3.1 and 3.2 establish a bound on the velocity tracking error e(t), when the jerk of
the lead car satisfies assumption 3.3. When maneuver trajectories are inside the safety sets
Xsafe and Xjeqqer defined in Theorems 2.1 and 2.3, safety is not compromised and the jerk
of the lead platoon is expected to satisfy

|jtrail(')| S jcom )

where j.om is the comfort jerk. When safety is compromised, and trajectories are inside
Xpound, 1t was shown that the worst behavior of the lead platoon in terms of safety, was to
apply and hold full brakes. If a jerk control for the lead platoon is assumed, this implies that
the maximum jerk can be applied for at most d seconds. In this section two corollaries to
Theorems 3.1 and 3.2 are presented. They establish that, whenever the lead platoon applies
and holds full brakes, the velocity tracking error will eventually go to zero.

Assumption 3.4

1. The maximum braking jerk of the lead platoon can be sustained for at most d seconds.

Full order observer

Corollary 3.1 Let the dynamics of s = (e,, )T be given by (3.19) with A, As, 3 > 0 and the
dynamics of lead platoon acceleration estimation error, Geqq, be given by (3.22). Choose the
control law for the jerk of the trail platoon according with (3.12) and (3.17). Then, under
assumptions 3.2 and 3./,

limy_ole(t)| = 0.
Proof: Procede as in Theorem 3.1, then
V < =20V + XL P 3 fiead -
By assumption 3.4, jieqq(t) = 0;Vt > d. Therefore

V(t) < =2¢V(t) <0; Vi >d.

Reducer order observer

Corollary 3.2 Let the dynamics of (e,, )T be given by (3.19) and the dynamics of lead
platoon acceleration estimation error, Geqq, be given by (3.23). Choose the control law for

the jerk of the trail platoon according with (3.12) and (3.17). Then, under assumptions 3.2
and 3.4,

limy_ole(t)| = 0.
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Proof: Following the same procedure as in Theorem 3.2,
V(t) = —BAe(t)’ — )\2;(75)2 — YLy eaa(t)? + 7 Gread(t) Jicad(t) -
By assumption 3.4, jieqq(t) = 0;Vt > d. Therefore
V(t) = =BAie(t)” = Ao, (£)* = VLo lieaa(t)* < —2¢V (t) < 0; Vt > d,
where ¢ = min(Aq, \g, Lo). n

Appendix A contains issues related to the implementation of the velocity tracking
controller.
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Chapter 4

Regulation Layer Simulation Results

The control laws simulation results shown here are from a Matlab program that simulates
just two adjacent platoons involved in a maneuver. The program was written to test the
control laws for different behaviors of the platoon ahead. The control used was the velocity
tracking controller presented in chapter 3. Most of the control laws were also implemented
in SmartPath (Eskafi et al., 1992). The results of both Matlab and SmartPath simulations
were the same concerning vehicle safety and performance.

Some of the parameter values for the simulations are shown in Table 4.1.

Five plots are included for each simulation:

Relative distance Az vs. time.

Relative velocity —Az vs. time.
Acceleration of the trail platoon vs. time.
Jerk of the trail platoon vs. time.

Phase portrait in the Ax-Ax plane. The plot includes the two safety boundaries defined
in chapter 2, 0X .. and 0Xyouna. The controller reference is obtained by reducing
0X,,pe by a constant factor to account for discrete time and controller tunning effects.

AN

4.1 Simulations with no collisions allowed (v, = 0)

The following set of results uses the approach presented in this report to produce regulation
layer maneuvers in which not even low speed collisions will occur. For these simulations the
remaining parameters are shown in Table 4.2

Figure 4.1 shows results for a merge from 30 m initial spacing. The velocity of the
platoon ahead was constant at 25 m/s. The maneuver was completed in 11.9 s. Jerk and
acceleration comfort limits were not exceeded. The final relative velocity is not zero as the
simulation only ran to the point where the follower law takes effect.

Figure 4.2 shows results from a merge with an initial spacing of 60 m. The lead
platoon maintained a constant velocity. The merge took 16.5 s in this case.

Figure 4.3 show the case in which the lead platoon applies maximum braking when
the trail platoon has maximum relative velocity. Note that the simulation shows no collisions,
as expected. This figure includes a large spike in jerk. The controller is designed so that
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Figure 4.1: Simulation results of merge from 30 m initial spacing: The initial velocity of
both lead and trail platoons was 25 m/s. a) Results vs. time. b) Results in the phase plane
Az vs. Ad.

62



Relative distance Relative velocity

[o2]
o
[ee]

50 A
26
E40 E
>~ >
o =
£ 30 8 4
g8 g
@20 >
02
10
0 : : : 0 : : :
0 5 10 15 20 0 5 10 15 20
time (s) time (s)
Acceleration of trail platoon Jerk of trail platoon
2 ; ; ; 3 ; ; ;
15 2
&8 @
201 21
£ £
¢ 05 x 0
& g
ES 0 c—g -1
" .05 -2
_1 L L _3 L L L
0 5 10 15 20 0 5 10 15 20
time (s) time (s)

(a)

Profile for a join manuever (alpha=1.15)

12 T T T
— Actual trajectory
10 Controller.reference /////,
— — Safety boundary P -
— - Crash boundary _ ;//’
o)
E
2
8
° 6
>
[
=
=
[}
o4l
2L
O 1 1 1 1 1
0 10 20 30 40 50 60

Relative spacing (m)
(b)

Figure 4.2: Simulation results of merge from 60 m initial spacing: The initial velocity of
both lead and trail platoons was 25 m/s. a) Results vs. time. b) Results in the phase plane
Az vs. Ad.
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This is the value used in the current merge (Godbole and
Ueom = 12 m/s* Lygeros, 1993). It is commonly accepted in the literature. See

(Hitchcock, 1993a; Chiu et al., 1977).
This value was derived graphically from the results for the fol-

lower law in (Swaroop, 1994).
This 1s the absolute value of the maximum deceleration. This

value is used in the current merge.
This is a rough approximation based on data presented in

Ayax = —2.5m/s? | (Gillespie, 1992). The road is assumed to be flat. The vehi-

cles are assumed to have automatic transmissions in third gear.
Lygeros and Godbole (Godbole and Lygeros, 1993) set the com-

fortable jerk limit at 5m/s? in the current merge. Most examples

in the literature suggest the limit is between 2m/s* and 2.5m/s®.

See (Hitchcock, 1993a; Sklar et al., 1979; Chiu et al., 1977).
This value was selected as a physical limit on jerk. It is less than

the one given in (Fenton, 1979).

AZjoin =1 m This is the current intraplatoon spacing.

Az gpiir = 60 m This is the current interplatoon distance.

This value corresponds to the maximum range of the sensor

currently used in PATH.
Simple brake models often include pure time delays of about 50

ms. It is shown in (Gerdes et al., 1993), however, that delays
in the current braking system for PATH are greater than 150
d =30 ms ms. By redesigning the brake system, delays near 20 ms could
be achieved (Gerdes and Hedrick, 1995). Delays from sensing,
filtering and differentiating are also possible, but they could be
small at a high sample rate.

p=1.12

AMIN =5 m/82

Jeom = 2.5 m/s

Jmaz = —D0 m/s3

AZrange =91 m

Table 4.1: Parameters used for the simulations

comfort limits are disregarded when safety becomes critical. In these cases, the comfort jerk
was overridden once the large lead platoon deceleration was detected.

In the final merge simulation, the lead platoon braked at comfortable deceleration.
No collision occurred. The results are shown in figure 4.4. It should be noticed that in the
last part of the maneuver the acceleration of the trail platoon exceeded the comfort limit.
The controller was designed to allow this behavior in order to avoid collisions.

The split law was also simulated. Figures 4.5 and 4.6 show the results of split from
1 and 30 m to 60 m spacing, respectively. The cases when the lead platoon applies comfort
and full braking while the trail platoon is attempting a split are shown in Figures 4.7 and
4.8, respectively.

The last simulation results in Fig. 4.9 correspond to the leader law. An extreme case
was simulated. The lead platoon detects a stopped platoon in front of it, while traveling
at maximum speed. Notice that in this case the controller reference is calculated assuming
comfort braking levels that are not possible in this situation.

Table 4.3 shows the effect of the delay d in the time for completion of a join maneuver
and table 4.4 the effect of the range of the relative distance sensor in the value of a;y.
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Figure 4.3: Simulation results of merge from 60 m initial spacing: The initial velocity of
both lead and trail platoons was 25 m/s. The lead platoon applied maximum braking at
3.5 s. a) Results vs. time. b) Results in the phase plane Ax vs. Ad.
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Figure 4.4: Simulation results of merge from 60 m initial spacing: The initial velocity of
both lead and trail platoons was 25 m/s. The lead platoon applied comfort braking at 4.1 s.
a) Results vs. time. b) Results in the phase plane Az vs. Ad.
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Figure 4.5: Simulation results of split from 1 to 60 m spacing: The initial velocity of both
platoons was 25 m/s. a) Results vs. time. b) Results in the phase plane Az vs. Az.
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Figure 4.6: Simulation results of split from 30 to 60 m spacing: The initial velocity of both
platoons was 25 m/s. a) Results vs. time. b) Results in the phase plane Az vs. Az.
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Vattow = 0 m/s Desired condition for normal mode of operation in AHS.

a, =1.15 This value was obtained from Eq. (2.77).

trall — Aprrn/p = 4.46 m/s? | For the join and split laws.

frail — Aprrn /o = 3.4661 For the leader law.

ffﬁg = Amin For the leader law.

a
a
atd — Ay /pa. = 3.88 m/s? | For the join and split laws.
a
a

trail — 9 () m/82 < AMAX

Vmaz = 25 m/s ~ 55 mi/hr

Table 4.2: Additional parameters used for the simulations in the no collision case.

4.2 Low speed collisions allowed, v, > 0

In this section similar results to those presented in the previous sections are shown. The
intention is to remark the advantages in the use of controlled braking during platoon ma-
neuvering as proposed in this report.

The parameters used for the simulations for the case in which low speed collisions are
acceptable are shown in Table 4.5.

Figure 4.10 shows results for a merge from 30 m initial spacing. The velocity of the
platoon ahead was constant at 25 m/s. The maneuver was completed in 12.3 s. Jerk and
acceleration comfort limits were not exceeded. The final relative velocity is not zero as the
simulation only ran to the point where the follower law takes effect.

Figure 4.11 shows results from a merge with an initial spacing of 60 m. The lead
platoon maintained a constant velocity. The merge took 17.1 s in this case.

Figure 4.12 show the case in which the lead platoon applies maximum braking when
the trail platoon has maximum relative velocity. The simulations were allowed to run until
the trail platoon either stopped or collided. Note that the simulation shows a collision that,
as expected, has an impact speed lower than v,,,. This figure includes a large spike in jerk.
The controller is designed so that comfort limits are disregarded when safety becomes critical.
In these cases, the comfort jerk was overridden once the large lead platoon deceleration was
detected.

In the final merge simulation, the lead platoon braked at comfortable deceleration.
No collision occurred. The results are shown in figure 4.13.

The split law was also simulated. Figures 4.14 and 4.15 show the results of split from
1 and 30 m to 60 m spacing, respectively. The cases when the lead platoon applies comfort
and full braking while the trail platoon is attempting a split are shown in Figures 4.16 and
4.17, respectively.

The last simulation results in Fig.4.18 correspond to the leader law. An extreme case
was simulated. The lead platoon detects a stopped platoon in front of it, while traveling at
maximum speed. As expected, there is a collision at the end of the maneuver with relative
velocity equal to vg0,. Notice also that in this case the controller reference is calculated
assuming comfort braking levels that are not possible in this situation.

72




Maneuver Delay (s)

0.03 | 0.05 | 0.20 | 0.15

Join from 30 m | 11.9 | 12.5 | 14.7 | 17.1

Join from 60 m | 16.4 | 17.1 | 19.4 | 22.1

Table 4.3: Effect of the time delay in the time for maneuvering completion

Range | ays
40 0.50
50 0.63
60 0.76
70 0.88
80 1.01
90 1.14
100 1.27
110 1.40

Table 4.4: «a;; vs. relative distance sensor range

Vallow = 3 m/s

The severity of injuries in automobile accidents is measured
on the Abbreviated Injury Scale (AIS). Injuries rated from 3
to 6 on this scale are considered serious. Injuries of AIS =
2 are moderate and not life threatening. Using actual crash
data, Hitchcock related AIS values to relative velocity at im-
pact (Hitchcock, 1993b). For crashes at or below 3.3 m/s, he
found no probability of fatalities or injuries rated AIS > 3. The
probability of injuries rated AIS = 2 at that speed or slower is
low

a, = 1.0 This choice implies same braking capabilities, i.e., al’%! = galcad
pw=1 All vehicles are assumed to have same braking capability.

alr — Ayn/p= 5.0 m/s? For the join and split laws.

amt = Ay /1o = 5.0 For the leader law.

aeed — Ay /pae. = 5.0 m/s? | For the join and split laws.

a

lead __ _ 2
min — AMIN =5.0 m/s

For the leader law.

trail _ 2
alre’ = 2.0 m/s* < Apax

Vmae = 25 m/s ~ 55 mi/hr

Table 4.5: Additional parameters used for the simulations in the low speed collision case.
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Figure 4.14: Simulation results of split from 1 to 60 m spacing: The initial velocity of both
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Figure 4.15: Simulation results of split from 30 to 60 m spacing: The initial velocity of both
platoons was 25 m/s. a) Results vs. time. b) Results in the phase plane Az vs. Az.
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Figure 4.16: Simulation results of split from 1 to 60 m spacing: The initial velocity of both
platoons was 25 m/s. The lead platoon applies comfort braking at Az = 15 m. a) Results
vs. time. b) Results in the phase plane Az vs. Azi.
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Figure 4.17: Simulation results of split from 1 to 60 m spacing: The initial velocity of both
platoons was 25 m/s. The lead platoon applies maximum braking at Ax =5 m. a) Results
vs. time. b) Results in the phase plane Az vs. Az.
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Figure 4.18: Simulation results of the leader law. A platoon is traveling at 25 m/s and
detects an stopped platoon 90 m in front of it. a) Results vs. time. b) Results in the phase
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Chapter 5

Conclusions

The safety of the regulation layer control laws for the hierarchical architecture of (Varaiya
and Shladover, 1991) is analyzed. The notion of safety is that no platoon is allowed to collide
with the platoon ahead of it at a relative velocity greater than a prescribed limit. The results
show that for a safe normal mode operation of AHS, it is necessary to establish bounds on
the parameters that determine the vehicle’s behavior during the execution of the regulation
layer maneuvers. These bounds allow to rule out out the cases reported in (Lygeros, 1996a)
in which safety can be compromised because of platoons’ different braking capabilities. It is
shown that, under the set of safety related constraints introduced in this report, the optimal
safe strategy for the vehicles joining or splitting consists in applying full brakes when the
vehicle ahead applies and holds maximum braking, as originally presented in (Frankel et
al., 1994; Puri and Varaiya, 1995; Li et al., 1997a). Collision propagation in the highway is
analyzed. It is concluded that, with a similar approach that the one used for the join and
split control laws, this collision propagation can be avoided by constraining the behavior of
platoons executing the leader control law. It is also shown that it is possible to design of
feedback control laws for the regulation layer such that the overall safety of the AHS can be
guaranteed, under the given notion of safety.

The results for safe platooning are also analyzed for the case in which no collisions
are desired to occur during the execution of AHS maneuvers. It is concluded that to avoid
collisions when platoons are maneuvering, vehicles’ braking deceleration has to be controlled
so as to make the braking capability of any vehicle larger that the braking capability of
the vehicle ahead. Interplatoon distance for vehicles executing the leader law is also es-
tablished. This distance is designed to satisfy the controlled braking requirements and to
prevent collision even in the case in which a stopped platoon is detected in front. Combining
the ideas presented in this report with the results presented in (Swaroop, 1994), expressions
to guarantee this braking capability requirements are presented.

These results allow to decouple the design and verification of the regulation and
coordination layers. The overall complexity of the design and verification of the AHS as an
hybrid system is therefore greatly reduced.

Based on the safe platooning analysis, velocity profiles are derived for all the single
lane maneuvers. These profiles are described in the state space of the platoons’ relative
motion and are therefore suited for feedback control implementation. A non-linear feed-
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back velocity tracking controller is presented. This controller allows the maneuvers to be
completed in minimum time and with comfort values of jerk and acceleration, whenever
safety is not compromised. The simulation results presented illustrate the effectiveness of
the designed control laws.

The approach here presented to design the control laws for the maneuvers in the
normal mode of operation of the regulation layer is also being applied to the degraded mode
maneuvers. Simulation results in SmartPath (Eskafi et al., 1992) are presented.
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Appendix A

Implementation issues for the velocity
tracking controller

A.1 Jerk control calculation

In the jerk control proposed in Eq. (3.17) it is possible to express the partial deriva-
tives of , in terms of known quantities and the partial derivatives of the desired velocity

Ud(AIL', Viead vtrail) .
First notice that

Viead — Utrail

T ( 87 aa aa 87 87 ) ficad

~ Airail . (A ]_)
0Ax avleowl avtrml aaleoad aa/tron'l &l J
ea

jtrail

Defining u!’ = (A% vjead Viren) and ul = (djead @trair), Bq. (A.1) can be rewritten as

L 8, 8u1 8, 8u2

= A2
IR A TR WA T (A:2)
and Eq. (3.12) as
0vg Oy
= -\ e A.
’ 1€+ 3u1 6t ( 3)
Solving for the terms in Eq. (A.2)
0, _ ), Oe N 8u1T82v2d N dvg 0 (Ou
ouy ouy ot Oui  Ouy Ouy \ Ot

=00 0 D4+ M—2+

Gvd 8u1T62vd n 3vd
ouy ot ou?  Ouy

o O O

1 -1
0 O
0 O
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and

0, __\ de O 0 (9w _ov, o
duy — Ouy T Ouduy \ Ot ) dui | 4
Substituting the expressions for 0, /Ou; and 0, /Ouy into Eq. (A.2)
: ouy Ovg Ouy  Ouy ! 0%y Ouy
=—X0 0 1)—+2A
’ i ot T Now ot T o 0w ot
01 -1 0 0
% 00 0 %jL% 10 %. (A.4)
m\oo o) Ym\g )
Finally, using (A.3), (A.4) and (3.14), the jerk control in (3.17) can be written as
3Ud . 8u1 8vd 8u1
l— — ) Jrar =— (A +A2)(0 0 1)— — (A M+ A)——
( avtrail>jt ! (A1 + A2)( )at (Atda + B)e + (A + 2)3u1 En
01 -1
Ouy L 0%vg0u;  Ouyg Ovy ~
00 0 —11]a
T o o Tou\y g o ) O\ g)

where duy /0t is approximated by Ou, /0t = (Ax Alead Gtrait)’ - The error incurred by this
approximation is already accounted for in g.

A.2 Gains setting

To set, the values of the velocity tracking controller gains consider, for example, the reduced
order observer in which these gains are Ay, \g, 3, 7, L1, Ly. The approximate linear dynamics
of the combined system from (3.19) and (3.24) is

adf ¢ -\ 1 —g1(t) e 0
@ , = —/8 —)\2 —gg(t) ; + {0 jlead . (A5)
dlead ﬁgl (t) /7 g2 (t) /7 _L2 dlead 1

Let (g1 g2) be average values of g(-), then the transfer function from jieqa(-) to e(-)
is:

_ 92
—g1| s+ A+ _—)
E(S) —_ _ ' < ’ g1 (A 6)
Ticad(s) Bt + g5 Bgide + g3hi ) '
((s+A)(s+ X)) +B)(s+ La) + s+ — 7
Y B9t + 9
To evaluate the frequency content in the jerk for the lead platoon jj.qq, consider that
Jiead 18 subject to the following constraints:
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i ||jlead(')||oo S jmam

a

lead lead]
min’ “mazxl®

e the jerk has to be such that the acceleration ae.q € [—a
From these constraints, it is possible to estimate the frequency contents of jjeqq(-). First,
notice that at low frequencies the magnitude of ||jieqq(-)|| must be constrained. For example,
consider a square wave of frequency v = w/2m. Then, because of the saturation constraints
of the acceleration, the magnitude of the square wave must satisfy

lead lead
mazr amin)

™

w(a

M(w) <

At high frequency, M (w) < jmaz should also be satisfied. The frequency at which the latter
constraints becomes active is

Wi = Tr]max
J 7 lead _ lead’
Umax Cpnin
Using al®%d — qletd = 7.5m /s and jyee = 50m/s® gives w; &~ 20rad/s.

Thus, the frequency content of j.q(t) can be approximated by the magnitude of the
following transfer function:

S

M(s) =

S+ wj

Given a set of values for \i, Ao, 3, v, Ly, Lo it is possible to find the magnitude of the
maximum velocity error. This value can be then subtracted from Eqgs. (3.2), (3.4) and (3.7).

A.3 Cubic splines derivation

The desired velocity profiles for the trail platoon are composed with smooth sections. If

transitions between these sections are also desired to be smooth, cubic splines can be used.

Calculations to derive these cubic splines in terms of the relative displacement, Az, follow.
The desired velocity vy in the cubic spline region is

vg = S(Az) = ag + bo(Ax — Azg) + co(Ar — Axg)? + do(Ax — Axzy)? ; (A7)
VAx € [Axg, Azg + Axg],

where Azy = Az, — Axg/2, Az, is the intersection of any two smooth sections of the
velocity profiles and Az is the length of the cubic spline.
From the boundary requirements for the cubic splines

S(AIL’O) = dayp , (AS)

0S(Ax)

=bg . A9
0Ax Ax=Axg ’ ( )

The values of ¢y and dy can be derived from
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S(AJIO + Al‘s) - S(AIL‘O)

Az Az Co
9S(Az)  0S(Aw) ol CONRRPONTY O (A.10)
OAx OAx Ts 92T/ \%

The implementation of the jerk controller requires the calculation of the partial deriva-
tives of the desired velocity vg. Then, from (A.7)

Arx=Axo+Azxg Azr=Axo

aazi = by + 2co(Az — Axg) + 3do(Ax — Azg)?
837:“1 =— (bo + 2¢(Ax — Axp) + 3dp(Ax — A.ZU[))Z) gUAziz
+ 3?716:32(1 + (Azx — Axo)aiiid + (Ax — Axo)QaiZ;d + (Az — Axo)?’a?jizd ,
ai:';l =— (bo + 2¢o(Ax — Axg) — 3do(Az — Ax0)2) gﬁii
833[;[ * (Ax a A:UU) fi(t]zil - (Ax a AxO)Z f:"[:zil * (Ax a AxO)Saitdr(t)zil ’
% =2¢y + 6do(Ax — Axyg)
% — — (2o + 6dy(A — Auy)) gfl:z
835; + 2¢o(Az — Amg) ‘sz + 3do(Az — AxO)Q% ,
% — — (2c0 + 6do(Ax — Axy)) gﬁjz
&a;iiu + 2¢0(Az — Axg) 8f;iiz + 3do(Az — Amg)? aijz” ,
s =~ (B #4000 - a7 oz - s T ) 208
+ (2¢0 + 6do(Ax — Axg)) (83;0)2
+ g;;;d + (Azx — Axo)% + (Ax — Axo)Qailejd + (Azx — Axo)?’aa;zjd
— (bo + 2¢0(Az — Azy) + 3do(Az — Axg)?) %2?20 |
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T =~ (oo 2= Amg 38— dn's e ) S
+ (2¢0 + 6do(Az — Amy)) 22:3 gﬁjz
+ (Az — A:UU)?’%
(g + 20 - dm i - anigle ) S0
— (by + 2c0(Ax — Azg) + 3do(Ax — Ag)?) % ,
oo =~ (o = A s = dr T ) S0

+ (2¢0 + 6do(Az — Axg)) <82£§°>2

G (B0 = Al (30— A T (M- S

— (bo + 2c0(Az — Azg) + 3do(Ax — Ay)?) ngazg .

Notice that if uz = [Vjead Virait]” then

0Axy  O0Axe 0?Axy  0?°Ax,,

8U3 a’u?, ’ 8u§ N 8u§

The values of dag/0Veqq and Oby/Ovjeqq can be calculated taking partial derivatives on the
boundary conditions (A.8) and (A.9), i.e.,

35’(A:U0) . 8&0
aUlead B aUleaal ’

P5(Ax) b,
8Am8wmd Az=Azo B aUlead ‘
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The value of the partial derivatives 0cg/0Ueqq and Ody/Ovjeqq, can be calculated by
taking partial derivative of Eq. (A.10) with respect to vieqq, i.€.

GS(AxO + Al‘s) _ GS(AxO)

Az Az dco

aUleoad aUleoad

_ 8'Ulea,d
0S(Ax)’ _ 05(Ax)? N , ddy
OATDVead OATDVead 28z 3875/ \ Gy
Ax=Axo+Azxg Azr=Axo

The remaining terms are calculated in a similar fashion.
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