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WELFARE A W Y S I S  BASED OY SYSTEMS OF PtWTI~V, DF.\kYD FUNCTIOVS 

W. Yichael i-laneinann 
1 



In many areas of applied economics, the analyst sometimes finds himself in 

the situation of estimating a set of demand equations and calculating welfare 

measures with data on only a subset of the commodities purchased by a con- 

sumer. A classic example is the travel cost method of analyzing recreation 

demand and inferring the value of recreation sites originated by Iiotelling 

[I9491 and Clawsort and betsch [1966]. In a typical application one has data 

on the prices, perhaps quality attributes, and rates of visitation of a set of 

recreation sites serving some population, and one estimates demand functions 

showing the visitation of each site as a function of the prices and quality 

attributes of all the sites as well as socioeconomic characteristics of the 

recreationists. Although recreationexpenditures generally account for a 

small fraction of these consumers' total expenditures, the prices and attri- 
\ 

butes of other, nonrecreation goods are usually not - included in these demand 
functions. This is because the sources of the recreation data--household or 

on-site surveys--typically provide no information about nonrecreation consump- 

tion activities. A similar problem arises in various other contexts; for 

example, one has detailed data on the prices and consuaption of various food- 

stuffs but not on nonfood commodities, and one wishes to estimate demand 

functions for the different food products. 

In all of these cases the qticstioi~ arises: using the+ d :~ t a  available for a 
. . 

subset of co:~:<li:;:tion activities, is \t ji9ssible to for:i::~l:it;. a demand systei-I 

which is cor:$l . : i c i ~ ~  with a theoretic:.: r:-idel of utility c:::.xi..:i zation? The 

question is c.s,,.:.:i,iily pertinent i T  -I:. i~.isires to enpluy t fitted demand 

functions for this subset of goods t c  assess the affects of ,? change in their 

prices or qilality on the consunier's  ifare. are. This is hec:lii~;~ the  starldard 



tools of welfare analysis--the compensating and equivalent variations--are 

fully justified only if the demand functions are generated by a utility 

maximization model, How, then, is one to proceed? 

Writing on the subject of recreation demand, Cicchetti, Fisher, and Smith 

[1976, En. 121 appear to conclude that it is - not appropriate to seek a system 

of demand equations compatible with utility maximization if one has data on 

only a subset of consumption activities. This is offered as an explanation of 

their decision to employ an ad hoc system of linear demand functions for rec- 

reation sites. However, this conclusion is unduly pessimistic. As Pollak 

119711 has shown, under the assumption of separability in the consumer's pref- 

erences, there - is a utility-theoretic justification for the formulation of a 

demand system for a subset of commodities in which the prices of all other 

commodities are omitted. In these demand functions, which are sometimes 

referred to as 'partia.1 demand" functions, the demand for each good in the 

subset is expressed as a function of the prices of all the goods in the subset 

and the consumer's aggregate expenditure on the subset. 

Suppose that one estimates a system of partial demand functions and pro- 

ceeds in the conventional manner to calculate welfare measures such as the 

compensating and equivalent variations. How do these welfare measures relate 

to the true welfare measures that would be obtained if one had estimated the 

full demand f~inctions containing all comodity prices, both those for the - - 
comnoditics i n  the subset of interest and those for the other commodities? Iri 

this papsr I will provide an ansiicr. I will show that ti:- \+,elfare measures 

derived fr:i.r :!:i partial demand f~iiictions are, in gener.1, different frox t.hc 

the wel€;i:.i: i..i;isilres based on tilt: f:iill demand functicils. ?'a exception is thc 

special ctisc b':->rc some of the cc,,'icdities in the sui~se: h v e  zero income 



e l a s t i c i t i e s  of demand, and the  p r i ce  and qua l i t y  changes a r e  confined t o  

these  cominodities. In t h a t  case,  t he  two s e t s  of weltare measures coincide. 

Otherwise, t he re  is the  following l ink  between them: a compensating var ia t ion 

calculated from the  p a r t i a l  demand system i s  a lower bound on the  t r u e  compen- 

s a t i ng  var ia t ion ,  while an e ~ u i v a l e n t  var ia t ion calculated from the  p a r t i a l  

demand system i s  an upper bound on the  t r u e  equivalent var ia t ion.  Tnese re-  

s u l t s  a r e  presented i n  sect ion 3 .  In  sect ion 2, I s e t  the  s tage by reviewing 

t n e  basic theory of p a r t i a l  demand systems. 

11.  ILIODELIIL'G TIlE DELtLVD FOR A SUBSET OF CO'4WDITIES 

The theore t ica l  set-up i s  a s  follows. An individual consumer has a 

s t r i c t l y  increasing and quasi-concave u t i l i t y  function defined over t h ,  - coin- 

modities xl, . . ., xn, and zl ,  . . ., zm, where the  x ' s  a r e  t he  pa r t i cu l a r  

subset  of goods on which the  analyst  has p r ice  and consun,ption data and the  z l s  

a r e  a l l  o ther  goods. Let x = (xi ,  . . ., xn)  and z = ( z  , . . . x .  In 

addi t ion,  the  consumer's u t i l i t y  may depend on some qua l i t y  a t t r i h u t e s  of the  

x ' s ,  denoted by the  vector b, wnich he takes  a s  exogenous. The u t i l i t y  func- 

t i on  w i l l  be wri t ten compactly a s  u(x, b, z) .  The consumer chooses (x ,  z)  so  

a s  t o  

maximize ufx,  b, z ) ,  [ 1 I 

subject  t o  

c p .  s .  + Z i j i  z i  = y, J I 

where y i s  ill,-, :i :r: i  income and p - ! j : i ,  . . ., pn) a n d  q i q i ,  . . . , Q , ~ )  

a r e  vectors of cr::.'r.o.:lity pr ices .  A:;S*I; :~:I~< an interior : ; f : , l , i t i ~ j ~ ,  [ l ]  generates 

a s e t  of 0rcii11.i:- d!::nlind Eunctio? f c r  t k -  x ' s  and z ' s  of  tk r :  forre 



Suppose, however, that the analyst bas data only on x,  y, p, and b and wishes 

t o  estimate demand functions for the x ' s .  Since he has no information on q,  

he cannot hope to  estimate the demand functions i n  [ Z ] .  

There are two ways t o  proceed. One approach, based on Nick's composite 

commodity theorem, is  t o  assume that  the prices q l ,  . . ., am always move 

i n  proportion and replace the vector z by a single composite commodity z 0  w i t h  

l price qo. Thus ,  the consumer's u t i l i t y  function may be written asX(x,  b, zO) ,  

which i s  a function of n + 1 rather than n + m consumption levels. Tne u t i l i t y  

maximization problem is now t o  choose ( x ,  zO) so a s  t o  

\ maximize q x ,  b, zO), 

subject t o  

C Pj  X j  + 90 20 = Y, 

which yields the ordinary demand functions, 

In order t o  e%riniate the deimnd ftinctions I S ] ,  I I to  know the p r i z e  0,' c4 0. 

If  th.?r:: i : '  I-cason t o  be1ict:e r n ? :  t h e  underlyin:: price vector q  does n.? t  v ; ~ r y  

across t : : ~  ioi~sumers in the s:II~I~~<:-- e.g., i f  there i'; :i cross-section of d r t a  



f o r  a s i ng l e  time period--then i t  would be appropriate t o  adopt t he  normaliza- 

t i on  qo r 1. Otherwise, one could employ some general p r i ce  index, such 

a s  the  Consumer Pr ice  Index, t o  measure qo; t h i s  would he j u s t i f i ed  i E t he  x1 s 

account fo r  only a small portion of consumer expenditures so  t h a t  movements i n  

the  Index mainly r e f l e c t  var ia t ions  i n  q .  

I am concerned nere w i t n  the  a l t e r n a t i v e  approach which i s  t o  assume a 

weakly separable u t i l i t y  function of t he  form 

where u* is a scalar-valued function s t r i c t l y  increasing and quasi-concave i n  x, 

and 4 i s  a s t r i c t l y  increasing function of m + 1 arguments and quasi-concave 

i n  z. Thus, the  marginal r a t e  of subs t i tu t ion  between any pa i r  of x ' s  o r  he- 

tween any elements of x and h i s  independent of z. Let yx denote the  t o t a l  
\ 

expenditure on the  x ' s .  For any given level  of yx, consider t he  following 

u t i l i t y  maxi~nization problem: choose x s o  a s  t o  

maximize u*(x, h),  

suoject  t o  

C p j  x j  = yx. 

Tne solut ion i s  a s e t  oE ordinary demand functions,  

X 
x .  = h.(p ,  h, yX) I I 

j = 1,  ..., n ,  L8J  

wnicn ;]I-:.: i ! > , . . . ; r ~  a s  p a r t i a l  d c ~ ? : ; - :  ti~c;ctioi,s. These il: . t g - i  t tile opt i rnl  :.iI:.,- 

catioii of :ii-i t o t a l  exper1ditui.i: 1- ;~,:i':jng the  indiuic!::.,l X I ;  a s  a functio:~ i.: 
' X  

t n e i r  pri::cs an1 q u a l i t i e s .  I t  : ; l . ' ~ : L c t  be ernphasiz:-:I - : Y I : ,  f o r  given yx ,  

tney {>O^.SI.:,S!; ,ill the  standarci p ~ o ; ~ - ' i ' t i e s  of a de:;~-*n;i s..-,;tc:ii, including 



nolnogeneity o f  degree  ze ro  i n  ( p ,  yx) ,  t h e  adding-up p roper ty ,  and t h e  

S l u t s k y  syniinetry and n e g a t i v i t y  p r o p e r t i e s .  

I f  t n e  p a r t i a l  demand func t ions  a r e  s u b s t i t u t e d  i n t o  t h e  u t i l i t y  func t ion  

i n  171, one o b t a i n s  t h e  p a r t i a l  i n d i r e c t  u t i l i t y  funct ion ,  v*(p, b, y )  E 

u*Ln*(p, b, y ) ,  b]. Now cons ider  t h e  u t i l i t y  maximization problem: choose y 
X 

and z s o  a s  t o  

maximize +[v*(p, b, Y ) ,  21, [91 

s u b j e c t  t o  

yx + C S i  Z i  = Y e  

The s o l u t i o n  i s  a set o f  demand func t ions  f o r  yx and z of t h e  form 

Po l i ak  L19711 shows t h a t ,  under tne s e p a r a b i l i t y  assumption i n  [6 ] ,  t h e  demand 

func t ions  f o r  tne z ' s  i n  equation [ l l ]  co inc ide  with those  i n  [3],  i . e . ,  

Fi(p, b, q ,  y)  5 f i ( p ,  b, q ,  y ) ,  and t h e  demand func t ions  f o r  t h e  x ' s  i n  181 

and [ l o ]  a r e  r e l a t e d  t o  tnose  i n  [ 2 ]  by t h e  i d e n t i t y  

rIs.;~/,nii>:! t h a t  t h e  a n a l y s t  has d a t a  on x,  p, h ,  and y and,  t h e r e f o r e ,  on 

y, = C 1 3 .  x ., i t  i s  p o s s i l ~ l v  t o  e s t ima te  t h e  p a r t i a l  demand f u n c t i o ! ~ ~  [ $ I .  
J J  

X 
~ c : ,  i f  one chooses Cu::.:;ional forms f o r  h . ( - j  khich possess  t h e  pr:o-\-.r- 

1 a -  

t i e s  :-i?i~tiooed above, i t  1s y s s i b l e  t o  d e r i v e  fro::] the f i t t e d  demand cili iations 

an est i i r iate  o f  t h e  underlyio,! c i t i l i t y  funct ion  n * ( - j .  However, w i t i t ? i ~ t  d:!ta 



on q ,  i t  i s  not possible t o  e s t i o ~ a t e  the  demand functions i n  equation [ l o ]  

o r  [ l l ]  and recover the  underlying u t i l i t y  function +(.). One could always 

specify  an a r b i t r a r y  equation r e l a t i ng  yx t o  p, b, y  and perhaps some general 

p r i ce  index and estimate t h i s  a s  a  crude approximation t o  [ lo] .  This could be 

coinbined w i t h  tne  p a r t i a l  demand funct ions  along the  l i n e s  of equation [I21 i n  

order t o  predict  the  overal l  demand fo r  the  x ' s .  EuC I assume tha t  one cannot 

recover the  u t i l i t y  function $I(-) w i t h  s u f f i c i e n t  accuracy t o  construct  the  

welfare measures associated with t ne  f u l l  u t i l i t y  model [ 6 ] .  Tne question 

is: what is the  re la t ionship between these  welfare measures and those whicn 

a r e  computed from the  p a r t i a l  demand functions based on u*(.)? This w i l l  be 

answered i n  the  next section.  

\ 
I f  the  demand functions 121 and 131 a r e  subs t i tu ted  i n t o  t he  or iginal  

u t i l i t y  function i n  [ I ] ,  one obtains t he  ind i rec t  u t i l i t y  function v(p, b, q ,  y ) .  

Under the  separab i l i ty  assumption [6 ] ,  t h i s  takes the  form 

As is  well known, the  ind i rec t  u t i l i t y  function can he employed t o  def ine  

monetary measures of the  e f f ec t  on the  consumer's welfare of a  change i n  t he  

s e t  of p r ices  and qua l i ty  cha rac t e r i s t i c s  which conEronts him. Specif ical ly ,  

0 sup;,osc: t ha t  the  pr ices  2 n d  q ! ia l i t i es  of the  x ' s  change from (p  , bo) t o  

p , b ' )  while the  price:; o f  thc  2 ' s  and the  C , ~ S . : : ! Z ~ ' S  overal l  itlco::: 7 ; .  '.:in 

0 conir . ; , ; t  a t  (q,  y ) .  'fni i ; ,  t o 2  cr~nsilner's i i e i  ?-ire: c)lii:ges f rot? u 5 

(> o 
~ ( 1 . 1  , t). , q ,  y) t o  u '  : v ( p l ,  b' ,  q ,  y ) .  Tnd co ~,;:~:i;ating and euuiv;i!i:i..: 

v a r i , . i ; i ~ ~ ~ s  f o r  t h i s  chdi,gi., CV and EV, a r c  i!!i?!:::i:!y defined hy 



Observe t h a t ,  s ince v(-) i s  increasing i n  y, 

s ign (CV) = s ign (EV) = sign ( u ~  - u ~ )  [ 15 1 

Therefore, the  s igns  of these  q u a n t i t i e s  provide an indicat ion of t he  - direc-  

t i on  i n  which the consumer's welfare changes; t h e i r  magnitudes provide an - 
indicat ion of t he  s i z e  of the  change i n  t h e   consumer*^ welfare. - 

However, I am assuming t h a t  the  da ta  a r e  i n su f f i c i en t  t o  i den t i fy  v(.) 

and permit the  calculat ion of CV and EV. B u t ,  s ince v*(-) is iden t i f i ed ,  

one can use i t  t o  ca lcu la te  some a l t e r n a t i v e  welfare measures. Suppose t h a t  - 
I 

the  analyst  e i t h e r  knows o r  can es t imate  and y which a r e  t he  expendi- 
X x' 

t u r e  a l l oca t ions  corres'ponding t o  (9, bO, Q ,  y )  and (p ' ,  b l ,  q, y ) - -  i .e . ,  

0 0 0 I 

yx = yx(p , bO, q ,  y) and s imi l a r ly  f o r  yx. One possible s e t  of welfare 

measures based on the  observed p a r t i a l  ind i rec t  u t i l i t y  function is  CV* and EV* 

defined by 

0 0 0  
O - CV*) = v*(p , b , yx) v*(p l ,  b' , Yx [16a 1 

0 O) = v*(p , bO, y; + EV*). v*(pl ,  b' ,  Yx 116bl 

Another s e t  i s  CV' and EV' defined by 

I v * ( p t ,  b ' ,  yx - CV+) :I v*(pO, bO, y;) 

( p ,  b y )  = v ,  bO, y; + EV+) 



Whereas CV* and EV* have t he  s ign,  a s  do CV' and EV*, i t  i s  not neces- - 
s a r i l y  t r u e  t ha t  CV* and CV' have the  same sign. Moreover, CV* and CV+ 

a r e ,  i n  general ,  d i f f e r en t  from CV; f o r  example, compare equation I16a] w i t h  

the  formula fo r  CV, equation [ Ida] ,  which, by v i r t ue  of [13], can be written a s  

${v*lpv,  b l ,  yx (p l ,  b ' ,  q ,  y - CV)], f ( p ' ,  b ' ,  q ,  Y - CV)) 

= $[v*(pO, bO, Y:), 2'1, 

0 0 where z .  = f . ( p  , bO, q ,  y ) ,  i = 1, . . ., M. Similarly,  EV* and EV+ a r e ,  
1 1 

i n  general ,  d i f f e r en t  from EV. However, the  following r e su l t  provides a l i n k  

between CV* and CV and a l ink  between EV' and EV: 

'TKEOKE'4. For the change from (pO, bO, q ,  y) t o  (p ' ,  b l ,  q ,  y ) ,  

CV* < cv 
\ - 118a1 

EV < EV+. - [18b1 

Since the  proof is  ra ther  lengthy, i t  i s  placed i n  the  Appendix where I a l s o  

o f f e r  an i n tu i t i ve ,  diagramniatic explanation of these inequa l i t i es .  

An immediate coro l la ry  of [18a] and [18bl i s  tha t ,  i f  CV* > 0, then CV > 0 

and, hence, one can sa fe ty  conclude t h a t  t h e  consumer's welfare has been improved 

by t h e  change. S i ~ n i l a r l y ,  i f  EV+ < 0, t h e n  EV < 0. In these two cases, 

therefore ,  thc  sign of the t r u e  welfare nieasures can he dedr~ced from tha t  of 

t he  p a r t i a l  rgel!'are measures. 

A secoc~tl curo! lary i s  based oil t l ? ~  following r e s u l t ,  i.:iiicn i s  proved i n  

ti3nc:nann j i 9 3 ) j .  5~;:pose t ha t  a l l  of il i . :  x ' s '  whose pri ccs  i::~,ii;~:c a re  norindl 

goods, and so:,': o r  ( i l l  of these g00.i'; ii-:? weakly cornple~!!ei;t,~;-y iiith respect to 

2 the  elein-nts o f  o t i ~ t  change. SII;);!,-: ; a ? ,  a l so ,  t ha t  a i l  ! ? r i d ;  and qua l i ty  



characterist ics which change move i n  the same direction from the point of view 

of the consumerqs welfare--i.e., ei ther  a l l  price changes are increases and 

a l l  quality changes are  decreases, or a l l  price changes are decreases and a l l  

quality changes are  increases. Then, 

Alternatively, i f  a l l  of the x s s  whose prices change are  inferior goods b u t  

the other conditions a re  met, the inequality in [19J is reversed. In order t o  

be able t o  apply t h i s  result  here, one needs t o  estimate the sign of 
* rt 

ani/ay = (ahi/ayx)(ay /ay). The f i r s t  term, ahi/ayx, is  obtained di rect ly  
X 

from the f i t t ed  par t ia l  demand functions; the second term would have t o  be 

inferred f r m  the auxiliary regression of yx on y which approxirnates equa- 

tion 1101. Suppose i t  is  determined that the goods whose prices change a r e  

normal and the other cohditions mentioned above are met.3 I f  the change 

represents an iirrprovenlent i n  welfare, combining [ l a ]  w i t h  [19] yields the 

following chain of inequalities: 

CV* < CV < EV < EV+. - - - I20 I 

A s  a f i n a l  corollary, observe from equation I 1 2 1  that ,  i f  the par t ia l  

denrand functions for some subset of the x ' s  exhibit zero income effects ,  the 

same must also he true of the fu l l  ordinary deraand functions--i.e., i f  
* 

h ( p ,  b ,  y ) = Ji.(p, b) for 53iiit! function a i ( - )  w h i c h  i s  homogeneous of degree 
1 x 1 

zero l o  p ,  then hi(p, b,  9, y )  .: ~ > ~ ( p ,  b ) . 4  In th is  case, therefore, t h e  

observcl 1:::r'tiai ordinary deii!nn:i ;tinctions coincids ro t  only w i t h  the p a r t i a l  

co?ip?ni:i:ci: dcc;i~ancI functions h u t  a l so  wit11 the ftill ::n!;;pensated demand Ti;;-:- 

tion;. :k,:-~uri!ingly, as  lonz ns f t i e  price chan::es ag'c confined t o  the gos.ls 



witn zero incoine e f f e c t s  and the  qua l i t y  changes occur i n  these elements of b 

which a r e  weakly cornplcmentary w i t h  them, a l l  of the welfare measures coincide: 5 

CVb = EV* = CV+ = EV* = CV = EV. f211 

The absence of income e f f e c t s  i n  the  p a r t i a l  ordinary demand functions ensures 

t he  equal i ty  of CV*, EV*, CV', and EV'. S imilar ly ,  t he  absence of income 

e f f e c t s  i n  the  f u l l  ordinary demand functions ensures t he  equal i ty  of CV and EV. 

Toe equa l i ty  of a l l  s i x  welfare measures follows from the  coincidence of the  

p a r t i a l  and f u l l  compensated demand functions s ince t he  welfare measures may 

be expressed a s  a reas  under these demand functions.  

I V .  CONCLUSIOUS 

Applied economics, l i k e  p o l i t i c s ,  i s  the  a r t  of the  possible. One i s  
'. 

frequently caught i n  a con f l i c t  between the  l imi ta t ions  of the  ava i lab le  data ,  

on one hand, and a des i r e  t o  est imate demand or  supply functions t h a t  a r e  con- 

s i s t e n t  w i t h  economic theory, on the  other.  In the  context of consumer demand 

where the  analyst  has data on the  pr ices  and consumption of only a subset  of 

commodities, i t  i s  indeed possible t o  specify demand functions t h a t  require  no 

more than the  ava i lab le  data i f  weak separab i l i ty  i s  assumed. The purpose of 

t h i s  paper i s  t o  c l a r i f y  the  s t a t u s  of the  welfare measures which might be 

coinputed from these  deii~and functions. Ideal ly ,  one would l i k e  them t o  coio- 

cide t+.i t t i  thc- t r ue  welfare ir,tasilrn:s t ha t  would b:: o'itained i f  one could c s t i  - 

mate ti:,: EI.I!! s e t  of denan*! F!;.:.-i-cicj!,s f o r  a l l  g,3":1?. /'tiis turns  out t o  be - 

trtie o : ~  !;, l,.~!,,n some of the ::>c. ..!+ i ii the subse"i!li..: !,.,ro incoine elasticir-i~::: 

of  dcrria!;,i, i.!1tJ the pr ice  a[;. '  :!i;.lliiy chaitges a r c  i,:-'ci:,t:d t o  these goods. 

Otner.eiii:, on- has . to  be co;.z:i:t cith the  f a c t  t h a t  : h i  wzlfare measure:; 





APPENDIX 

Here I w i l l  prove t h e  i n e q u a l i t i e s  i n  [18a] and [18b].  For t h i s  purpose 

i t  i s  convenient t o  work w i t h  t h e  expendi ture  func t ions  a r i s i n g  ou t  o f  t h e  

in in in~iza t ion  probleiii dual  t o  [11 and (71. Define t h e  f u l l  and p a r t i a l  expen-. 

d i t u r e  func t ions ,  m(p, b, q ,  u) and m*(p, b, u ) ,  by 

[ A l  I m(p, b, q ,  u )  = rnimimize C p .  x .  + C q i  x i ,  5 . t .  n(x, b, z)  = u 3 3 
x, z 

rn*(p, b, u*) = minimize C p j  x j ,  s . t .  u*(x, h) = u*. [A2 1 
X 

* 0 0 Since rn(pO, bO, q ,  uO) = y and m*cp0, bh, u ) = yx, where 

0 u*' = v*(p , bO, yz), a l t e r n a t i v e  d e f i n i t i o n s  o f  CV and CVx, equivalent  

t o  114aj and [16a],  a r e  

CV = y - mfp' ,  b ' ,  q ,  uO) 1.43 1 
i, 

* cv = - m*(pf , br  , u*'). x IA4 1 

1 

Simi la r ly ,  s i n c e  m(pl, b ' ,  q ,  u ' )  = y and m*(p', h', u* ' )  = y where 
X' 

= "*(PI, b l ,  ) a l t e r n a t i v e  d e f i n i t i o n s  o f  EV and EV+, equ iva len t  

t o  [14b] and f l 7 b 1 ,  a r e  

t t t t  I,!:: = c qi , t i  z. = f . ( p  , , , y ,  : = 0 ,  1, and obi~:rv.z z 1 1 
0 0 

t h a t  ), : yx + y, = y; + y, . i'ncn [ A $ ]  and [43! r.ir? b e  r ewr i t t en  as:  - L 



By comparing LA31 w i t n  [A4'1 and [AS] w i t h  A ,  i t  w i l l  be seen t h a t ,  i f  

+ m*(p* , b y ,  u*') > m(pi b1 4 ,  uO) 
2 - [A7 1 

and 
9 bO, u* ' )  m(pO, bO, q, u i ) ,  

y2 + m*(p , [A8 I 

t h e n  the i n e q u a l i t i e s  i n  {18a] and [18b] a r e  proved. 

I n  o rde r  t o  demonstrate [ ~ 7 1  and IA81, i t  i s  necessary t o  in t roduce  a n e w  

type  of expenditure funct ion:  

6 ,  b, q,  u, ?") =min imize  Z p j  x j  + Z q i  Ti, s.t. u(x, b , T )  = u,  [A91 
X 

where 7 i s  a vector  of f i x e d  values .  A comparison of  [Al l  and [A91 shows 

t h a t ,  wnereas m(-) measures t h e  minimum c o s t  of  a t t a i n i n g  a given l e v e l  o f  
\ 

u t l l l t y ,  u, when x and z can be f r e e l y  var ied ,  k(.) measures t h e  m i n i m u m  c o s t  

o f  a t t a i n i n g  t h e  same u t i l i t y  l e v e l  w i t h  z f ixed  and on ly  x va r i ab le .  There- 

f o r e ,  

Under t h e  s e p a r a b i l i t y  assumption [61, [A91 can be rewr i t t en  a s  

A - 
i:~(p, b ,  q ,  u ,  z )  = ntinimize Z p j  x j  + C a i  Ti, s.t. @[u*(x, b), z ]  = u. [AS*] 

X 

C lea r ly ,  

- -. 

, h ,  q ,  u, z )  - r i i i  z + me(p, h, u*), [Al la ]  

xnzrc u* s a t i s f i e s  

,$,(u*, -5) :: i,. (Al lb ]  



In pa r t i cu l a r ,  

0 * 0 s ince  u = @(u , zO) and u' = @(uh' ,  z'). Combining [AlO] w i t h  [A121 and [A131 

y i e ld s  [A71 and [As]. Q.E.D. 

I n  order t o  provide an i n t u i t i v e  explanation of t he  i nequa l i t i e s  i n  [ l8a ,b] ,  

I w i l l  focus on the  specia l  case where t he  change is l imited t o  a s i ng l e  pr ice ,  
I 

say pl. Tnus, p O = (pi), F) and pp' = (pl9 9, where i j .  = (pZ, . . ., p n J ,  

0 - 
and b = b' = b. Let xl = gl(pl, p, b. q ,  u)  be the  compensated demand 

function fo r  xl associated with t h e  minimization problem i n  [ A l l ,  and l e t  
* 1 -  

xI = gl(pl, p, b, u*) be the  p a r t i a l  compensated demand function f o r  xl 
\ 

associated w i t h  t he  maximization problem i n  [AZ]. For t h i s  change, CV i s  equal 

t o  t he  area under the  compensated demand function g ( -1  evaluated a t  1 
0 (3, b, q ,  uO) between pl and while CV" i s  equal t o  t he  area under tile 1' * *o 

p a r t i a l  compensated deinand function g l ( + )  evaluated a t  (i;, b, u ) between 
I * 

and pl. Similarly,  EV and EV* a r e  equal t o  a reas  under g (.) and g ( - )  1 1 

evaluated a t  (5, b, q ,  u e )  and (F, b, u* ' ) ,  respectively. Therefore, i t  is  
* 

necessary t o  compare the  graphs of g l ( - )  and g ( a )  a s  functions of p 1 1' 

Just a s  the  iriaxi;:iization problem [ I ]  can be decomposed under t he  sepa- 

r.abi l i t y  assumpticri ! i r j  i n t o  the  maxinizaticFi pr-obletns [7]  ani! [ J  so,  too,  

i n -  iiiinimization iir-~7!.':~;-1 i.211 can be d"~t~::j,',i::;z;: i n to  the  rninia:i~,,.~!:ion prob- 

Ic.:I 1 1 2 1  and the  fi?:i:~aiin<:: choose u* ar::i i so 3s t o  

- h u*) + r: q, s.t .  ~ ( I J * ,  z )  ;: I : .  miniriiiz- , p, , f ~ l J  1 



The solut ion i s  a s e t  of compensated demand functions fo r  u* and z; i n  par -  

t i c u l a r ,  t he  function fo r  u* takes  the  form 

which is  dual t o  the  demand function fo r  yx i n  [ l o ] .  I t  follows t h a t  t he  

p a r t i a l  and f u l l  compensated demand fuct ions  f o r  the  x ' s  a r e  r e l a t ed  by t h e  

i d e n t i t y  

which p a r a l l e l s  t he  i d e n t i t y  l inking the  ordinary demand funct ions  i n  [12]. An 

implication of LA161 is t h a t  

* 
Another implication concerns the  slopes of g ( a )  and g (e) graphed a s  func- 1 1 

t i o n s  of pl: 

I t  follows from ti)? concavity of the  exp-nditure functions io(-)  and m*(-) t h a t  
* 

2 < 0 and a1c1/3p1 < 0- - i , e . ,  the  coii'pensated demand functions have a 

n;.gative slope. I t  i s  necessary, how+> , ,,~.,- to determine t he  ::iz,~ of the  second 

term on the  right-l . lnd s ide  of [ A l S ] .  

* 
I w i l l  now sh9. i  t h a t  t h i s  term i s  n-gntive and, therefore ,  2zi/ap1 < agl/apl - 

[:or t h i s  purpose, i t  i s  convenient t o  refornulate  the  minimizatiocl problem [Al-I] 

titi: ttlen examine tile t-::sul t ing  f i  rst-ori!.:r condition for  L I ~ .  Since m(u*, z )  



is strictly increasing in its arguments, one can invert the constraint 

+(u*, 2 )  = u for one of the 2's--say, zl--to obtain zl = O(u*, U, z2, . - -, zml 
. . 
lnus, an unconstrained minimization problem equivalent to [A141 is: choose un 

and z2, . . ., zm so as to 

- m 
minimize m*(pl, p,  b. u*) + q1 O(u*, u, Z2, . . . ,  1 + C qi Zi. [A141 ] in 2 

The first-order condition for the choice of u* is 

and the second-order conditions include 

where subscripts denote first- and second-order partial derivatives. By 

implicitly differentiating [A20J ,  one obtains 

Observe also that, by the continuity of rn*(.) and Shepherd's I.ci:ima, 

C:?,oining [A221 ;,:I,! I :23l and applying I . \ . ? ! ] ,  



* 
I t  follows tna t  agl/apl( agl/apl o r ,  i n  terms of the  conventional 

diagram where pr ice  is  p lo t ted  on the  v e r t i c a l  ax i s ,  the  compensated demand 
* 

curve g ( - 1  i s  f l a t t e r  than the p a r t i a l  compensated demand curve g l ( - ) .  1 

This i s  i l l u s t r a t e d  i n  Figures 1 and 2 .  The f i r s t  diagram exhih i t s  t he  r e l a -  

t ionship between CV and CV*. I consider two d i f f e r en t  cases: ( a )  pl decreases 

o a o b from pl t o  pl, and (b)  pl r i s e s  from pl t o  pl.  The quant i ty  CV i s  repre- 
- 

sented by the  shaded area under gl(pl, p ,  b, q,  uo) while t he  quant i ty  CV* i s  
* - *o 

represented by the  cross-hatched area under gl(pl, p, b, u ). I t  can he 

seen tha t ,  when pr ice  f a l l s  and CV and CV* a r e  both posi t ive ,  t he  area  CV* is  

smaller while, when pr ice  r i s e s  and CV and CV* a r e  both negative, t he  absolute  

value of t h e  area CV* i s  larger--which corresponds t o  the  inequal i ty  i n  [18a]. 

Similarly,  Figure 2 exhib i t s  the  re la t ionsh ip  between EV and EV* for  both a 

p r i ce  decrease and a pr ice  increase. The quant i ty  EV i s  represented by the  

\- shaded area under gl(pl, p, b, q ,  u ' )  while the  quant i ty  EV+ i s  represented by 
* 

t h e  cross-hatched area under gl(pl, 5, b, u*').  The absolute value of t h e  

area EV+ i s  la rger  f o r  a p r ice  increase and smaller f o r  a p r ice  decrease--which 

corresponds t o  the  inequali ty i n  f18bl. This argument, therefore ,  provides an 

i n t u i t i v e  ~ u s t i f i c a t i o n  for  the  inequa l i t i es  i n  [ lSa,b].  I t  should, however 

be emphasized t h a t  these inequa l i t i es  remain val id  for  more general changes 

i n  (p,  b) than the s ing le  pr ice  change depicted i n  f igures  1 and 2.  



FIGURE 1. The R e l a t i o n s h i p  Between CV and CV*. 



FIGURE 2 .  The Relationship Between EV and EX+. 



Tbe author i s  an Assistant Professor in the Department of Agricultural and 

Resource Economics, University of California, Berkeley. 

1 z0 and q are  scalars. 
0 

2 A good, x .  i s  weakly complementary w i t n  respect to  an element br i f ,  
I '  

when X .  = 0, au/abr = 0. 
3 

3 ~ e a k  cotnpleinentarlty can be checked direct ly from the partla1 u t i l i t y  

function u*(.) since, w i t h  $,* > 0, au/abr = $,, - au*/abr = 0 iinplies 

au*/abr = 0 .  

%ate that ,  w i t h  the u t i l i t y  function [ 6 ] ,  a t  most ( N  - 1) of t h e  x ' s  

can nave par t ia l  demand functions with zero income effects .  

'weak complementarity i s  requ~red because then the compensating and 

equivalent variations associated w i t h  changes in b can he identified with 

areas under compensated'*lemand functions; see hlaler (19741. 
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