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Dynamic Modeling and Lateral Control of Articulated Vehicles

Chieh Chen and Masayoshi Tomizuka

Department of Mechanical Engineering
University of California at Berkeley

Abstract

A control oriented dynamic modeling approach for articulated vehicles is proposed. A generalized coordinate
system is introduced to describe the kinematics of the vehicle. Equations of motion of a tractor-semitrailer
vehicle are derived based on the Lagrange mechanics. Experimental studies are conducted to validate the
effectiveness of this modeling approach. Two nonlinear lateral control algorithms are designed for a tractor-
semitrailer vehicle. The baseline steering control algorithm is designed utilizing input-output linearization.
Toprevent jackknifing and furthermore reduce tracking errors of the trailer, braking forces are independently
controlled on the inner and outer wheels of the trailer. The coordinated steering and braking control
algorithm is designed based on the multivariable backstepping technique. Simulations show that the trailer

yaw errors under coordinated steering and independent braking force control are smaller than those without
independent braking force control.
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Executive Summary

This report summarizes and concludes the research results on lateral control of Commercial Heavy Vehicles
in Automated Highway Systems (AHS) conducted in the multi-year PATH project MOU129-242: Steering
and Braking Control of Heavy Duty Vehicles. Under this project, dynamic modeling of single unit as well
as articulated heavy vehicles was done. Several linear and nonlinear control techniques were designed for
the lateral guidance. Extensive simulation studies were conducted to verify the effectiveness of the control
strategies. The next stage of this research, the experimental validation, will be continued under the path
project MOU 313: Lateral Control of Commercial Heavy Vehicles.

The work done under MOU 242 is reported in two parts. Part | of the report “Modeling and Control of
Articulated Vehicles” is presented here. The second part “Lateral Control of Single Unit Heavy Vehicles”,
which is concerned with the robustness and performance specification and the design of lateral controllers
for Single-Unit heavy vehicles, is presented in another separate report.

In this report, two types of dynamic models of tractor-semitrailer vehicles are utilized for the analysis
and design of lateral controllers. The first type of dynamic model is a complex simulation model. The
second type of dynamic models are two simplified control models, which are derived from the complex
nonlinear model. This modeling approach utilizes Lagrangian mechanics and has an advantage over the
Newtonian mechanics formulation in that this complex model eliminates the holonomic constraint at the
fifth wheel (linking joint) by choosing the generalized coordinates. Since there is no constraint involved
in the equations of motion, it is easier to design control algorithms and solve the differential equations
numerically. The effectiveness of this modeling approach is shown by comparing the experimental results
of atractor-semitrailer vehicle with the simulation results of the complex tractor-semitrailer vehicle model.

Two control algorithms for lateral guidance of tractor-semitrailer vehicles are designed. The first is a
baseline steering control algorithm and the second is a coordinated steering and independent braking control
algorithm. In the design of the second control algorithm, we utilize tractor front wheel steering angles
and trailer independent braking forces to control the tractor and the trailer motion. The multivariable
backstepping design methodology is utilized to determine the coordinated steering angle and braking
torques on the trailer wheels. Simulations show that both the tractor and the trailer yaw errors under
coordinated steering and independent braking force control are smaller than those without independent
braking force control.



1 Introduction

This report is concerned with dynamic modeling and lateral control of commercial heavy-duty vehicles for
highway automation.

In the past, automatic vehicle control research work for Automated Highway Systems (AHS) have been
emphasized on passenger vehicles (Fenton 1991, Shladover et. al. 1991, Peng and Tomizuka 1993). Less
attention, however, has been paid to control issues of commercial heavy vehicles for AHS. The study of
heavy vehicles for AHS applications has gained interest only recently (Bishel 1993, Chen and Tomizuka
1995, Favre 1995, Kanellakopoulos and Tomizuka 1996, Yanakiev and Kanellakopoulos 1995, Zimmermann
1994). On the other hand, the study of lateral guidance of heavy-duty vehicles is important for several
reasons. In 1993, the share of the highway miles accounted for by truck traffic was around 28% (Federal
Highway Administration 1994). This is a significant percentage of the total highway miles traveled by all
the vehicles in US. According to Motor Vehicles Facts and Figures (American Automobile Manufactures’
Association 1993), the total number of registered trucks (light, commercial and truck-trailer combinations)
formed approximately 10% of the national figures in 1991 and 30.9% of the highway taxes came from heavy
vehicles. Also, due to several economic and policy issues, heavy vehicles have the potential of becoming
the main beneficiaries of automated guidance (Kanellakopoulos and Tomizuka 1996). The main reasons
are:

o On average, a truck travels six times the miles as compared to a passenger vehicle. Possible reduction
in the number of drivers will reduce the operating cost substantially.

o Relative equipment cost for automating heavy vehicles is far less than for passenger vehicles.

o Automation of heavy vehicles will have a significant impact on the overall safety of the automated
guidance system. Trucking is a tedious job and automation will contribute positively to reducing
driving stress and thereby increase safety.

Thus commercial heavy vehicles will gain significant benefit from Advenced Vehicle Control Systems

(AVCS), and may actually become automated earlier than passenger vehicles due to economical con-
siderations.

Due to the popularity of the tractor-semitrailer type commercial heavy-duty vehicle, we will use it as the
benchmark vehicle in our study. Two types of dynamic models are developed in the study of lateral control
of tractor-semitrailer vehicles in AHS: a complex simulation model and two simplified control models. In
this report, a nonlinear complex model is developed to simulate the dynamic responses of tractor-semitrailer
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vehicles and will be exploited to evaluate the effectiveness of lateral control algorithms. This simulation
model consists of three main components: the vehicle sprung mass (body) dynamics, a tire model and
a suspension model. The main distinction between this complex model and those in the literatures is
that the vehicle sprung mass dynamics is derived by applying Lagrangian mechanics. This approach has
an advantage over a Newtonian mechanics formulation in that this modeling approach eliminates the
holonomic constraint at the fifth wheel of the tractor-semitrailer vehicle by choosing the articulation angle
as the generalized coordinate. Since there is no constraint involved in the model, it is easier for both
designing control algorithms and solving the differential equations numerically. Other configurations of
articulated vehicles, for example the tractor/three trailer combination, can also be modeled with the same
approach.

The second type of dynamic models are represented by two simplified lateral control models: one
for steering control and the other for coordinated steering and differential braking control. These lateral
control models, which are simplified from the complex model, will be developed.

A steering control algorithm using input/output linearization is designed as a baseline controller to
achieve the lane following maneuver in AHS. As safety is always of primary concern in AHS, a coordinated
steering-independent braking control algorithm is considered to enhance driving safety and avoid unstable
trailer yaw motion. This coordinated steering and braking control algorithm utilizes the tractor front wheel
steering and the braking force at each of the rear trailer wheels as control inputs. Simulation studies using
the complex vehicle model will be conducted to show the performance of the coordinated steering and
independent braking control strategy.

The organization of this report is as follows. In section 2, a coordinate system is introduced to describe
the motion of the tractor-semitrailer type commercial heavy-duty vehicles. Based on the coordinate system
in section 2, the kinetic energy and the potential energy are calculated in section 3. In section 4,a set of
equations describing the sprung mass dynamics are derived by using Lagrange’s mechanics. In conjunction
with the equations of the unsprung mass dynamics, the expression of the generalized force corresponding to
each coordinate is obtained in section 5. To complete the development of the complex model, we present the
tire model by (Baraket and Fancher 1989) and a simplified suspension model in section 6. Effectiveness of
this modeling approach is shown in section 7 by comparing the open loop experimental results of a tractor-
semitrailer vehicle and the simulation results from the complex model. In section 8, the transformation
relationships between the road reference coordinate and the vehicle unsprung mass reference coordinate
are explored and will be used to obtain control models. In section 9, a steering control model is formulated.
Based on this model, a baseline steering Controller is designed in section 10. A steering and braking control
model is formulated in section 11and the coordinated steering and braking control algorithm is designed
in section 12. Conclusions of this report are given in the last section.



2 Definition of Coordinate System

2.1 Coordinate System

S
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N
\
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Figure 1: Coordinate System to Describe the Vehicle Motion

A coordinate system is defined to characterize the motion of a tractor-semitrailer type of articulated
vehicle. As shown in Fig. 1, X,Y,Z, is the globally fixed inertial reference coordinate. We will obtain
the expressions of vehicle kinetic and potential energies with respect to this reference coordinate. X,Y,Z,
is the tractor’s unsprung mass coordinate, which has the same orientation as the tractor. The Z, axis
passes through the tractor’s C.G. The translational motion of the tractor in the X, —Y;, plane and the yaw
motion of the tractor along the Z, axis can be described by the relative motion of the X, Y, Z, coordinate
with respect to X, Y,Z,. X1 Ys1Zs IS the tractor’s sprung mass coordinate, which is body-fixed at the
tractor’s center of gravity. Coordinate X,;Ys Zs; has roll motion relative to coordinate X,Y,Z,. The
trailer’s motion can be characterized by describing the articulation angle between the tractor and the
trailer, or the relative motion of the trailer’s unsprung mass coordinate Xs2Ys2Z52 with respect to the

tractor’s unsprung mass coordinate X, Y, Z,. Having defined the coordinate systems, a set of state
variables for the tractor-semitrailer vehicle can be introduced as

e X,, : position of the tractor C.G. in X, direction of the inertial coordinate X,Y, Z,
e z, :Velocity of the tractor C.G. in X, direction of the inertial coordinate X,Y,Z,



e y, : position of the tmctor C.G. inY,, direction of the inertial coordinate X,Y,Z,
e 3, - Velocity of the tmctor C.G. inY, direction of the inertial coordinate X,Y,Z,
e ¢; : tractor yaw angle with respect to inertial coordinate X,Y,Z,

e ¢; :tractor yaw rate with respect to inertial coordinate X, Y, Z,

e ¢ :tractor roll angle

e ¢ - mte of change of tmctor roll angle

e ¢, : articulation angle between the tractor and the tmiler

e ¢; :-rate of change of the articulation angle between the tractor and the trailer

With the definition of the state variables, we can calculate the transformation matrices between those
coordinates. The transformation matrices will be used to obtain the kinematics of the vehicle. The
transformation matrices between the inertial reference frame and the unsprung mass coordinate are

in cos€; —siney 0 iy
Jn | = | sineg cose; O Ju (1)
kn 0 0 1 ky
and
iy cose; siney 0 ip
- . 1 cose . (2)
Ju = -siner cos€r O In
ky 0 0 1 kn

The transformation matrices between the unsprung mass coordinate and the tractor's sprung mass coor-
dinate are

iy 1 0 isy
v |[=18 0 -0 Fea (3)
ku 0 1 ksl

and
isl 1 0 0 iu
ba |=]|0 -1 ¢ Ju (4)
ksl 0 1 ku

The transformation matrices between the tractor's sprung mass coordinate and the trailer's sprung mass
coordinate are

is1 cosey —sines 0 is2
Js1 | = | sines cosey 0 Js2 (5)
kg1 0 0 1 N



and

152 cosey sines 0 1s1
Js2 | = | —sines coses 0 Js1 | - (6)
ke 0 0 1 ks1

2.2 Reference Frame

Road Centerline

Figure 2. Three Reference Coordinates

As shown in Fig.2, three types of reference frames are used to describe the translational and rotational
motion of vehicles. They are inertial reference frame X, Y,Z,, vehicle unsprung mass reference frame
X.Y.Z, and road reference frame X,Y,.Z.. In this report the complex vehicle model is first derived with
respect to the inertial reference frame. However, state variables, such as the position and the orientation,
of a vehicle with respect to the inertial reference frame are not what we are concerned with. The complex
model is transformed so that it depends only on state variables with respect to the unsprung mass reference
frame. The vehicle model relative to the unsprung mass reference frame does not depend explicitly on the
position and the orientation of the vehicle. This is widely used in vehicle dynamics to predict and analyze
vehicle handling response, since the side slip angle, yaw rate and lateral acceleration of the vehicle are
naturally defined in this reference frame. Further, for the lane following manever in automated highway



systems, the road reference coordinate OrXrYr in Fig:! is naturally introduced to describe tracking errors
of the vehicle with respect to the road centerline. The road reference coordinate Or X rYr is such defined
that the X,. axis is tangent to the road centerline and the Y, axis passes through the center of gravity of
the vehicle. By studing the kinematics with respect to different reference frames, transformations from the
inertial reference frame to the unsprung mass reference frame and from the unsprung mass reference frame
to the road reference frame will be obtained. In the following section, the transformation between the
inertial reference frame and the unsprung mass reference frame will be studied. It will be used in section
4 to obtain the complex vehicle model. The transformation between the unsprung mass reference frame
and the road reference frame will be studied to obtain control models.

2.3 Transformation between the inertial reference frame and the unsprung mass reference frame

Xu

On Xl’l
Figure 3: Inertial and Unsprung Mass Reference Frames
From Fig. 3, the vehicle velocity at C.G. with respect to the inertial reference frame is
VoG = dnin T inn (7)

where z,, is the component of the vehicle velocity along the X, axis and }is the component of the vehicle
velocity along the Y, axis. The vehicle acceleration at C.G. can be obtained by differentiating Eq. (7),

acg = &nin + YnJn- (8)

On the other hand, the vehicle velocity at C.G. can also be denoted as

VCG :iuiu +guju, (9)



where z, is the velocity component along the X, axis of the unsprung mass coordinate and y, is the
velocity component along the Y, axis of the unsprung mass coordinate. Then the vehicle acceleration at
C.G. can be obtained by differentiating Eq. (9),

acg = xuiu +xu%iu +yu.ju +y”%ju

(%4 — Jué1)in T (fu T 3ué1)iu, (10)

where
d. . .
Eil“ = €1Ju
and
d. . .
EEJU = —€1ly

are used in Eq. (10). By equating Egs. (7) and (9) and noting the transformation matrix

i Cco0S € —SIin € i
Jn Sin € COS € Ju

we have
.. i . i
(&0 Gu) ( ! ) = (én ¥n) ( S )
e o | : (12)
.. cos € —Sin € iy
) ()
Stn € COS €3 Ju
or
&y cos e TY/sine; =, (13)
—i, Sin € T, cos e = G (14)

Similarly, by equating Egs. (8) and (10) and using the transformation matrix (11), we obtain

o sernan () = 6w ()
) « sin )( ) (15)
= (én y'n)(ms aomema ft

Sine;  cos ¢ Ju
or
Z,cos € +gjnsz'n €1 =%y — Yu€l (16)
—Z,81n € +jjncos €1 = {y +x'uél. (17)

Egs. (13), (14), (16) and (17) will be used to transform equations of motion from the inertial reference
frame to the unsprung mass reference frame.



3 Vehicle Kinematics

In this section, translational and rotational velocities will be calculated for both the tractor and the trailer.
Then the expressions of kinetic energy and potential energy that will be used to derive the vehicle model

by applying Lagrange’s equations in section 4,are given. Vehicle parameters are depicted in Fig. 4 and
listed in Table 1.

Fifth Wheel

Roll Center C.G

Pitch Center

q\' 1 lC.G

X

Figure 4: Schematic Diagram of Complex Vehicle Model

3.1 Tractor Kinematics

To facilitate the calculation of the tractor translational velocity, several identities of time derivatives of
unit vectors in each coordinate frame will be established in this section. These identities include the time
derivatives of the unit vectors along the X ,Y,and Z axis of the unsprung mass coordinate and the sprung
mass coordinate. Recall that the angular velocity of the tractor’s unsprung mass coordinate is

wu/n = élku. (18)



parameter | description 1

my tractor’s mass
Iz, Iy, I, | tractor’s moment of inertia
™Mo semitrailer’s mass
Ipo, Iyg, I2 | semitrailer’s moment of inertia
I distance between tractor C.G. and front wheel axle
lg distance between tractor C.G. and real wheel axle
I3 distance between joint (fifth wheel) and trailer real wheel axle
dy,ds relative position between tractor’s C.G. to fifth wheel
dz,dy relative position between semitrailer’s C.G. to fifth wheel
Tt tractor front axle track width
T2 tractor rear axle track width
Tus semitrailer rear axle track width
hy distance from tractor roll center to C.G.
Caf cornering stiffness of tractor front wheel
Car cornering stiffness of tractor rear wheel
- Cat cornering stiffness of semitrailer rear wheel
Szt longitudinal stiffness of tractor front wheel
Sz, longitudinal stiffness of tractor rear wheel
S+ longitudinal stiffness of semitrailer rear wheel

Table 1: Parameters of Complex Vehicle Model

Thus the derivatives of the unit vectors in the unsprung mass coordinate are

‘%lu = Wu/n X tu = é1ju (19)
d, . ..
d_t.]u =Wy/n X Ju = —€1ly (20)
and
d 21
Zku = xku =0, (21)

respectively. Since the sprung mass coordinate has relative roll motion with respect to the unsprung mass
coordinate, the angular velocity of the sprung mass coordinate X;;Y51 Z51 is

Wsi1/n = Wsi/u + Wu/n
$is1 Téiky (22)
¢i51 +¢éljsl +é1kslv



where

ku = <i’jsl + ksl (23)
is used in (22). Then the derivatives of the unit vectors in the sprung mass coordinate are
d. . . .
:ﬁlsl = Ws1/n X 151 = €1)s1 — dé1 ks1 (24)
d. . - ik
EJSI = Ws1/n X Js1 = —€1ls1 + dke1 (25)
and
d . . is
'C'l‘t'ksl = Ws1/n X ksl = ¢€1151 - ¢JSI, (26)

respectively. Egs. (19), (20), (21), (24), (25) and (26) will be used in the following to calculate translational

velocity of the tractor.

Translational Velocity at Tractor C.G.

Fron Fig. 4 the position of the tractor C.Gcan be expressed as

'cGi/n = TICG1/u + Tu/n
= zoku + hoksi + Zpin + Ynn-

By differentiating (27), the velocity of the tractor C.G. is obtained as

vVeGi/n = Enin + Ynjn + ha$ke
= dnin + Ynjn + hodéiis: — hadisy
(Zncoser + Ynsine)iy + (—Ensine; + Yncoser)ju + hodérisy — hﬁ)jsl
= (&pcosey + Ynsine + hadéy)is
+(—dnsine; + Yncoser — had)jsa

+(&n5in€; — Yncoser )Pk,

(28)

where coordinate transformations are used in (28).

3.2 Trailer Kinematics

The angular velocity of trailer unsprung mass coordinate X;2Y;0Z52 is

Wsa/n = Ws1 + éfksz
= d.J%s1 + Pérjs1 + érks1 + €5ks2
= (¢coses + pé;siney)isz (29)
+ (—qssinef + Pércosef)js2
+ (& +ér)ks2
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Thus the time derivatives of the unit vectors along the X, Y, and Z axis are

Jpis2 = Wsa/n X sz = (é1 4 éf)is2 + (Psines — péicoses)ksz (30)
d, . . e : .. K 31
E't'.lsz = Ws2/n X Js2 = —(é1 + €5)isz + (Peoses + pérsines)kez (31)
and
zi—zksz = Wgg/n X ksz = (—¢sines + péicosey)isa — (Ppcoses + Péisiney)jsz, (32)

respectively. Eqgs. (30), (31) and (32) will be used in the following to calculate the translational velocity
at the trailer C.G.

Translational Velocitv at the Trailer C.G.

From Fig. 4, it is easy to see that the position vector of the trailer C.G. can be decomposed into three
components as

rcGga/n = I'cGi/n + I'tw/cG1 + FCGe/tw (33)

where rcgi/q is the position vector of the tractor C.G., rew/caa is the position vector from the tractor
C.G. to the fifth wheel, and rcga/fw is the position vector from the fifth wheel to the trailer C.G. By
substituting vehicle geometric parameters into (33), we obtain

rcG2/n = 'cGi/n — diis1 — doks1 — dsis2 + daksa. (34)

Consequently, the velocity vector at trailer C.G. can be obtained by differentiating (34),

d, d d, d
VcGz/n = Vegi/m — G pra e dZEksl - dsazlsz + d4'd-zks2 (35)

Substituting identities of derivatives of unit vectors (24), (26), (30) and (32) into (35), we obtain

Voaz/n = (Encose; + Ynsine; + hagér)is1 + (—Tnsines + yncoser — hod)is
+(Ensine; — Yncoser)Pksr — diéijss + didérksy — dagpériss + dadisy
—d3(€é1 + €f)js2 — d3(¢'>sin€f — pércoseg)ksa + d4(—d>sinef + é1coses)isz
—d4(¢.>cosef + Péysineg)js2
= (&ncoser + Ynsiner + hoéy — dadéy)isy
+(—&nsine; + gncoser — hod — diés + dad)jsy
+(&nsine; — Yncoser + diéy)dkey
+d4(—<ﬁsinef + @é cosey)isg
—(d3(€é1 + €é5) + d4(<73cosef + ¢é1sines))is2
—dg(ésineje — ¢éycosef)ksa.

(36)
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3.3 Kinetic Energy and Potential Energy

Kinetic Energy

The kinetic energy of the tractor-semitrailer vehicle can be obtained by adding the Kkinetic energy
component of the tractor and that of the trailer. The kinetic energy of the tractor, which is denoted &
Ty, can be calculated from the translational velocity of the tractor at C.G.and the angular velocity of the
tractor’s unsprung mass coordinate,

1 1
T = 5M1VCGL " VCa1 + Sws1 I -ws1 (37)

By substituting vcgi in (28) and ws1 in (22) into (37), we obtain

Ty = Jmy(Encoser + ynsine; + hodér)?
+imy(=insine + gncoser — had)?
+%m1((:icnsz'nel — Yncoser)P)?
+3L1(9)? + 51 (861)? + § L (&0)”.

Similarly, the kinetic energy of the trailer, denoted as T2, can be obtained from the translational velocity
at the trailer C.G.and the angular velocity of the trailer’s sprung mass coordinate, or

(38)

1 1
T, = 3M2VeG2 - Voar + SWsz Iz - ws2 (39)

By substituting vegz in (36) and wse in (29) into (39), we obtain

To = img(zncoser + gnsines + hadér — dagéy)?
+%m2(—:i',,sinel + Yo cose; — hzq'ﬁ —diés + dgd))z
+3my(Z,siney — yncose; + diéy)2 2
+1mad}(—dsines + péicoses)?
+%m2(d3(él +éf) + d4(q'icose_f + ¢éysiney))?
+%m2d§(q'$sinef — ¢ércoses)?
+mady(Epcose; + Ynsine; + hodéy — dngél)(—-(i.)sinef + ¢éjcosep)isy - is2
—mz(Encoser + Ynsines + hadés — dagéy)(da(ér + é5) + da(Peoses + dé1sines))iat - jaz
+mads(—2p siney + Yncose; — hg(i) —dié + dgd;)(—q.ﬁsinef + géicoses)js1 - is2

—mgy(—2n,siner + Ypcose; — hzd; —dié + dg(j;)(da(él +é5)+ d4($cosef + ¢éisines))js1 - Js2
—mads(Epsine; — Yncosey + d1éy)p(dsine; — ¢éycosey )k - ka2 (40)
+%[x2(¢0086f + ¢élsin6f)2 -+ -;-Iyz(—d;sinef + ¢é10086f)2 + %Izg(él + é])2

Recall from the definition of the coordinate system that
is1 g2 = cos €f (41)

12



is1 * Js2 = —sin €f (42)

Js1 - 1s2 = sin ¢ (43)
Js1 + Js2 = cos € (44)

and
ksl * ks2 =1 (45)

Substituting Eqs. (41), (42), (43), (44) and (45) into (40), we obtain

Ty = %mg (Encose; + Ynsiney + hodpéy — dopéy)?
+—%—m2(—~:bnsin€1 + Yncose; — h2¢3 —~dié) + dgqf))z
+%m2(insin61 — ypcoser + dyép)%p?
+%mgdi(——¢sz’nef + ¢éicoses)?
+1ma(da(ér + ¢éf) + da(deoses + péysiney))?
+%m2d§(<}§sinq — Péycosef)?
+modscose(Encose; + Ynsines + hodéy ~ dg(bél)(—d.)sinef + péicosey)
+mgsinef(Eocos€; + YnSine; + hodéy — dogpéy) (da(ér + €7) + d4(<i3cosef + Péy siney))
+modssines(—E,5tn€; + YncosEr — hod — diéq + d2<ﬁ)(—¢sin€f + @éicosey)
—mgcosef(—E,sine + Ypcose; — hgd) —dié + d2d‘>)(d3(6’1 +é5) + d4(¢'$cosef + Péysiney))
—madz(Z,sine; — Yncose; + d1é1)¢(<i>sin5f — péjcosey)
+%Ix2(q5cosef + pérsines)?
+%Iy2(—<ﬁsinef + @éicoses)?
+%122(él + é5)?

(46)

Potential Energy

The change of the potential energy for the tractor of a tractor-semitrailer vehicle is primarily due to the roll
motion. However, the change of potential energy for the semitrailer is affected by both the roll and pitch
motion at the linking joint (fifth wheel). Furthermore, the compliance at the fifth wheel will be significant
in describing the roll motion of the trailer. For simplicity, these complicated coupling will not be modeled.
Instead, the roll motion is approximated as if the articulation angle is zero, that is, the truck is in straight
configuration. This approximation for roll motion will be examined by comparing simulation results and
experimental data in section 7. Thus the potential energy can be obtained as

V = mygha(cose — 1) + mag((hy — d2 + d4)(cos¢ — 1)

13



The Lagrangian, L, is defined as
L=T1+T2—V (47)

and will be used to derive vehicle body dynamics in the next section.

4 Equations of Motion

In this section a set of five second-order ordinary differential equations governing the vehicle sprung mass
will be obtained in two steps. First, the vehicle sprung mass dynamics with respect to the inertial reference
frame X, Y,, Z, will be derived by utilizing Lagrange’s equation. Second, since the equations of motion with
respect to the unsprung mass coordinate are more meaningful, we will transform the vehicle dynamics from
the inertial reference frame to the unsprung mass reference frame.

Step 1 Vehicle Body Dynamics with respect to Inertial Reference Frame

In section 3 we obtain the Kinetic energy and potential energy of the tractor-semitrailer vehicle, and the
Lagrangian is defined as

L= T1 + T2 -V
By using Lagrange’s equation,

d 0L oL
a5, Bz, o 49)
we obtain the first dynamic equation

(m1 + ma)(1 + ¢?sine1)2, — (Mmy + ma)d®sine; coser in

+(m1h2 -+ mz(hg —dy + d4) - mgdgd)sinef)sinq(;

+((myha + ma(he — da + da))dcose; + madysine; + madgsinescose; + madscoses sine;
+ma(dy + dscosey)siner ¢2)é;
+mads(sine coses + coseqsineg)éy
+2(my + mg)qﬁsinzcli:nq'i +2(my + my)¢?sine  cosertnér — 2(my + m2)¢sinqcoselynq§ (49)
—(my + m2)¢2(cos?ey — sin%e1)ynér + (2miha + 2ma(hy — da + ds) — mgdadJsinef)coseléél
—madasine; sine; 432 + 2(madysine; + mzdssinelcosef)qﬁd;él — madapsine;cose; ééf

—(mihgy 4+ mo(hy — dy + ds))psineré2 + madicose1 €2 + maods(coseicosey — siney siney)é?

+mgy(d; + dacosef)coselqﬁzé% + 2mada(coseicosey — sineisines)éiés

—madasine; sineg qﬁ?éléf + mada(coseicoses — sinelsincf)éﬁ = Fyg,



where Fg,, is the generalized force corresponding to the generalized coordinate z.. By using Lagrange's
equation

d 0L 0L

_—— T = F 50
oy, agn 9w (50)

we obtain the second dynamic equation

—(m1 + my)¢2sine coserFn + (M1 + m2)(1 + ¢°cos®er)in
~(mih2 + ma(h2 —d2 +d4) — m2d3¢sin5f)cosel<;.5
+((m1h2 + ma(ha — d2 + d4))dsine; — ma{dy + dscoseg)coser + madssinesine;

—ma(dy + dscoseg)cose1d?)e;

+mods(sine,siney — coseicoses)éy

—2(m1 + m2)¢sinercoserind — (M1 + ma)@?(cos’e; — siney)inér + 2(my + m2)pcoseiynd
—2(m1 + ma)¢? sine;cose gné) + madasine jcose; d?

+(2miha + 2ma(hy — d2 + ds) — m2d3¢sin6f)sincld.)é1 —2ma(dy + d3cose/)cosel¢<ﬁél
+maodsgcosercosesdé s + (mihg + ma(hy — d2 + ds))¢coseré} + mady sineré3

+mads(sine;coses + coselsinef)éf + ma(dy + d3cosef)¢2sineléf

(51)

+2mads(cosersines + sineicoses)érés + madscoses sinesd?éréy

+mads(sineicoses + cosewine;)éz} =Fgy,

where Fg,, is the generalized force corresponding to the generalized coordinate y,. We proceed by using
Lagrange’s equation

ddL 0oL

32-875_075212% (52)

to obtain the third dynamic equation

{(mihe + ma(ha — d2 + ds) — madsdsiney)sine, En

—(mihz + ma(hs — d2 + d4) — madadsines)coseryn

(Is1 + mih3 + Iracos’es + ma(hy — da + ds)? + (Iy2 + mad2)sin®es)é

(ma(d1 + dacoses)(ha — da +ds) + (Iz2 — Iy2 — mod?)Psinescosey — madidsgpsines)é

+madz(he — d2 + ds)coseséy

—2madssine, sine ind — madsp(cosesines + 2sine  cos€f)En€l — Mmads@sine coseginéy
+2m2dacoselsin5fg,,q.$ + madsd(—sineisines + 2cos€1cosef)ynéy + Mmadadcose1cosesynés (53)
+2(L2 + mad: — I:2)Sin€f008€f(£éf

+((In2 — Iyz — mad?)d(cos®e; — sin’es) — madidagcoses — 2mads(ha — da + da)sines)éséy
—mads(hy — dy + ds)sinesé;

—(Iy1 +mih3 + Lasin®e; + (Iyz + mad3)cos®es + mad? 4+ ma(hy — d2 + d4)? + 2madidscose s )gé?
—~(mi1 + m2)d(Znsine; — gncose,)2 — 2mad pé1{Ensine; — Yncosey)

—mzdg(hz —da + d4)sineféf = Fg¢

where Fg is the generalized force corresponding to the generalized coordinate ¢. From Lagrange's equation

d oL OL
2 4
T TR PR (54)
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the fourth equation is obtained as

(mihagcosey + ma(hs — dz + dy)¢coser + mads(sine coses + cosersiney)
+madisine; + ma(dy + dscoses)p?sine; )in

(mihadsines + ma(ha — d2 + d4)¢sine; — mads(coseicoses — sinersiney)

—mad)cos¢; — ma(dy + dscoscf)¢2cosel)i]n
(mz(dl -+ dscOSEf)(hz —dy + d4) _— m2d1d3¢sinef -+ (I,;g — Iyz — mzdg)qﬁsinefcose;)qﬁ

(L1 + L2 + ma(di + dscoses)? + ma(dssines + (ha — d2 + da)¢)’
+(Iy1 + mih% + ma(di + dscoses)? + Lasin®es + Iy2cos%es)¢?)ér

(122 + mzdg + mgdldgcosef + m2d3(h2 —dy 4+ dy )¢sine;)€; (55)
+2ma(dy + (‘Ig[‘DSE,)d)tj)(fi?"Sinfi — YncosEy) — m;\dgd)2sin5,é;('i?,‘sinr, — Yncnsey)
—(my + m2)¢?(Encoser + Ynsine, )(Ensiner — Yncoser) + madsdsine sp(Encoser + ynsine,)

+((Iz2 — Iz — mad?)sine coses — modidasines)¢? + 2mads(hz — dz + da)sinesé,

+2(Iyy + myh3 + ma(di + dscoses)? + Lasin®es + Iy2cos’es)pdéy

—(madidscoses + (Iz2 — Iz — mad3)(sines — coses))pdé s

+(—2madssines(d) + dscoses)(1 + ¢*) + 2modscoses(dasines + (hz — d2 + ds)d)
+2(Iz2 — Iy2)sinescosesd)érés

(mods(hs — dy 4 d4)d)c035f — mgdxdaginef)é?r = Fg“

where Fg., is the generalized force corresponding to the generalized coordinate ¢;. The last dynamic

equation is obtained by using Lagrange’s equation

Thus we have

4oL o1 _ y
dtaéf 8€f_ Gey ( )

mada(sineicosey + cosersines)in

—mads(coseicoses — sine;sineg)yn

+mads(he —dz +da )cose,«};

+(I.2 + mad? + madidscoses + mads(ha — da + ds)dsines)é;

+(I22 + madd)és

+2mads(hy — dz + ds)sinespé; — mads(hy — da + da)dcose ;€3 + madyds sine sé2
+2m2ds sinecose s(nsiner — yncoser + (hy — dz)d; +diéy)

+m2d3¢cosef$(i‘nsin61 — gncosey +d1€1) + mads@®sinesé (Ensine; — Yncoser +diéy)
+(Iz2 — Iy2 — mad3)sinescose ;¢ + (Inz — Iy2 — mad3)(sin’es — cos?es)ddpé,

—(Is2 — Iy2 — m2d3)sinescoses¢’é} = Fyg.,

(57)

where Fg., is the generalized force corresponding to the generalized coordinate ¢;.

Egs. (49), (51), (53), (55) and (57) describe the dynamic behavior of the tractor-semitrailer vehicle seen
from the inertial reference frame X,Y,Z,.

Step 2 Vehicle Body Dynamics with respect to the Unsprung Mass Reference Frame

In this step, the vehicle model will be transformed from the inertial reference frame to the unsprung mass
reference frame. Recall in section 2 that the transformations can be conducted by using

in COS €, Ty, sin e =X (58)
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—Zp SIN €1 + Yp COS €1 = Yy (59)

F,C08 €1 4 nsin € = &y — Yubi (60)
and
—E,8in €1 + §nco8 €1 = §u + Tyé1, (61)

where &, is the vehicle velocity component along the X, axis of the inertial reference frame, g, is the vehicle
velocity component along the Y,, axis of the inertial reference frame, &, is the vehicle velocity component
along the X, axis of the unsprung mass reference frame, and g, is the vehicle velocity component along

the Y, axis of the unsprung mass reference frame.

By adding the first dynamic equation in the inertial reference frame (49) X cose; and the second
dynamic equation (51) x sine; and using (58), (59), (60), and (61), we obtain the first dynamic equation
in the unsprung mass reference frame as

(m1 + m2)Zu + (m1ho¢ + ma(hy — d2 + dy)d + madasines )€ + madasinesey
—(m1 + m2)(1 + ¢*)gués + (2mih2 + 2m2(he — d2 + ds) — madadsines)dé,
+ma(dy + dscoses)(1 + ¢2)él + 2madscosesérés + modacoseséy

= Fgz, x coser + Fgy, X sine;

(62)

Similarly, by subtracting Eq. (49) x sine; from Eq. (51) X cose; and using (58), (59), (60) and (61), we
obtain the second dynamic equation in the unsprung mass reference frame as

(m1 4+ m2)(1 + ¢*)iju — (mihz + ma(hy — da + ds) — madsdsines)d
—ma(d1 + dscoses)(1 + ¢>2)51 — madscoseséy

(m1 +m2)Euér + 2(my + m2)¢guq'5 + m2d3sinefd:72 —2ma(d; + dgcosef)qﬁéél
+m2d3¢cosefq.$éf + (mihe + ma(he —d2 + d4))¢éf + m2d3sine;é¥
+2modasinesé éf + m2d3sin€f¢2éléf + mgdssinefé§

(63)

= —Fgz, X sine; + Fgy, X cose;

By substituting (58), (59), (60) and (61) into the third dynamic equation (53) in the inertial reference
frame, the third dynamic equation in the unsprung mass reference frame can be obtained as

—(m1ihz + ma(h2 — d2 + da) — madzdsine )i

(Is1 + mih3 + [r2c08%€s + ma(ho — dz + da)? + (2 + mad3)sin’es)é

(ma2(di + dscoses)(ha — da + ds) + (Iz2 — Iy2 — mad3)psinescoses — madidsdsines)é,
+mada(h — d2 + das)cosejéy

—(mihy + ma(he — da + ds))Euéys + 2madsdcosesyués + madadcosesyuéy
+2madssine s Gud + 2(Iy2 + madi — Lia)sinescosesdéy (64)
—(2mads(h2 — dz + ds)sines + madidsgcoses)éiéy

—(Is2 — Iy2 — mad3)g(sin® €5 — cos® €5)é1és — mads(hz — dz + da)sinesé}

—(mih3 + Ly1 + ma(he — dz +ds)? + Lazsines + (Iy2 + mad3)cos®es)pel

+(mad? + 2madidacoses)pél — (mi + m2)PYs + 2madidyués

—mads{hs — d2 + d4)sinesé3 = Fgy
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The fourth and fifth dynamic equations can also be obtained from (55) and (57) as

(myha¢ + ma(hy — d2 + ds)é + madssines)iy

—mz(d1 + dscOSCf)(l + ¢2)i)u

(m2(dy + dscoses)(hy — dy + da) + (L2 — Iy2 — mad3)psinescoses — madidsdsine ;)
Iz + L2 + ma(dy + dscoses)? + ma(dssines + (hz — dz + d4)¢)*

+(Iy1 + mih3 + ma(dy + dscoses)? + Lrasin’es + Iyocos®es)d)ér

({22 + m2d% + madidacoses + mads(ha — d2 + da)dsines)éy

—(madi + madscoser)(1+ ¢?)iuér — (miha + ma(h2 — d2 + da))dgu€s — madasinesyué;
—2(mad; + madacoses)dyud + madsd?sinesfués + (m1 + m2)d Eugu (65)
+madspsinesiup + ((Ina — Iyz — mod3)sinecos €5 — madidssine )¢

+2ma2(hs — d2 + ds)(dssines + (h2 — da + da)p)dér

+2(m1h3 + Iy1 + ma(dy + dacoses)(dy + dscoses) + Lnasin®es + Iyzcoses)ddéy
—(madidscoses + (Iz2 — Iyz — mad3)(sin® €5 — cos? €5))ddé s

+(—2madasines(dy + dscoseg) + 2madacoses(dssines 4 (ha — d2 + ds)@))éréy
+(—2madssines(di + dscoses)d? + 2(Ira — Iy2)sinescos €5h°)éréy

+m2d3((h2 - d2 +ds )¢COS€f —_ d13in6f)é§ = ng,

and

madssine sin — madacosesijin + mada(hy — da + dy)cose s

(1:2 + m2d§ + m2d1d3003€f + mzds(hg ~dy +ds )¢3inc;)€l

(L2 + madi)és

—madscose jiyé1 — madasinesyués + 2mada(ha — da + da)sinesdéy

~mada(he — d2 + dy)¢cosesé? + modydssinesé} + 2maodysinescos Cfd;("‘gu + (h2 — d2 )¢v +dié1)
+madsgcose ;b(—Gu + diér) + madsd? sineséy (—gu + dié1)

+(Iz2 — Iy2 — mad3)sinescos €5 + ([o2 — Iy — mad3)(sin? €5 — cos? ef)pdé

+(Iy2 + madd — I.2)¢*sinescos e5é? = Fg,,

(66)

respectively. Egs. (62), (63), (64), (65) and (66) constitute the first major component of the complex
model for the tractor-semitrailer vehicle. The generalized forces on the right hand side of (62), (63), (64),
(65) and (66) are the other major component of the complex model and will be explored in the next two
sections.

5 Generalized Forces

We have seen in the previous section that deriving the generalized forces is an important part of the
modeling. In this and the next sections, we will show how to obtain generalized forces, which appear on
the right hand side of the dynamic equations (62), (63), (64), (65) and (66). We notice that the external
forces acting on the vehicle body are from the tire/road interface and suspensions. Thus to calculate the
generalized forces, we will derive the expressions for the generalized forces in terms of the longitudinal and
lateral components of tire forces and the vertical suspension forces. The process of calculating generalized
forces are derived from the principle of virtual work. Interested readers are refererred to (Greenwood
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1977, Rosenberg 1977). In the next section, we will show how to obtain the longitudinal and lateral
components of tire forces from the tire model and suspension forces from the suspension model. To derive
the expressions of generalized forces in terms of the tire forces and suspension forces, we define the sign
conventions, shown in Fig. 5, of tire forces, where F,; is the longitudinal tire force and Fy; is the lateral
tire force. The suspension force at the ¢ — th tire is denoted as F,;, whose direction is perpendicular to
both F,; and Fj;.

go>

0 \
e

o~

9}

Yn

Xn

Figure 5: Definition of Tire Force in the Cartesian Coordinate
From Fig. 5, the component of the tire force along the X, axis is
Fy.i = F4; - cosey — Fyisine (67)
fori=1,---,4,and is
Fr,i = Fy; - cos(e1 + €5) — Fyisin(er + ¢j) (68)
for ¢ = 5,6. Similarly, the component of the tire force along the Y, axis is
Fy.i = Fy; - sine; + Fyicoseq (69)
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fori=1,---,4,and is
Fyni = Fai - sin(eq + €5) + Fyicos(er + €f) (70)

for i =5,6. The position vector of the location, where the external forces Fz,1, Fy,1 and Fp; are acting,
can be obtained as

. T s
rei = regr thisi + #s1 — 20ks1

. . © L, Ty (71)
= Zpin + Yujn + zokn + lils1 + _‘2”'1“.151 — zoks1

By substituting the transformation matrices in section 2, we obtain the position vector r¢; in the inertial
reference coordinate,

re1 = (25 + licose, — (I‘;lcoscﬁ + zpsing)sine )iy
+(yn + listne; + (Igﬂ-co&j) + zgsing)coser)jn (79)
+(20 + I‘Qﬂsin¢> — zgcosp)kn
= rg,in+ Ty“jn + rz, Kn.
Locations of other tire and suspension forces can be similarly obtained as
re2 = rcgi + s — :’%‘Ljsl — zoks1
= ZTnin + Ynin + 20ka + liis1 — Djs1 — z0ker
(zn + licose; + (Iiflcos¢ - zpsing)sine )i
+(yn + l1sine; — (Igicosgb — Zpsing)cosey)jn (73)
+(2 — %ﬂlsinqb — zpcosp)kn
= Tz, in + "'ytgjn + T2 kn,
res = Togl — st + D2js1 — z0ka
= ZTnin + Ynjn + 20kn — lis1 + 22§51 — 20ks:
(zn — lycose; — (%ﬂcosqﬁ + zpsing)siney )i
+(Yn — lIzsine; + (Igﬂcosqb + 2081n@)coser ) jn (74)
+(z0 + T—gﬂsinqS — zgcos¢)kn
= Tm,gin + rycsjn + 72 Kn,
reg = rcgi — laisy — I%?‘.isl — zoks1
= ZTnin + Ynjn + 20kn — l2is1 — D82j5; — 20ks
= (zp — lcose; + (%ﬂcos¢ — zgSing)sine )in (75)

+(yn — lasine; — (Igicosd) — zpSing)coser )jn
+(z0 — %‘Lzsin¢ — zgcosd)kp

Tze4ln + Ty,,;.]n + LE km
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res = rogr — dilsy — laise + Bjep — z0kss
Tpin + Ynin + 20kn — diis1 — lais2 + Bjsa — zoks2
= (zn — (dy + l3coses + %&sinef)cosel
—((~I3sines + ’—I‘leﬂcosef)cos¢ + zpsing)sine; )in
+(yn = (d1 + lscoses + et siney)sine
+((—Iasines + Izﬂlcosef)cos¢ + zp8ing)coser)jn
+(z0 + (—I3sines + Lfcosef)sin¢ — zpcosd)kn

TzysIn + rytsjn + Tzes kn’

and

. . . Toa s
ree = roci — dilsy — I3is2 — “42js2 — 20ks2
. . . . Toas
Tpln + Ynjn + 20kn — diisy — l3is2 — —‘2&.152 — 2pks2
= (zn — (di + lzcoses ~ %ﬁsine;)cosel

—((—l3sines — %&cosef)coscb + zpsing)siney)in

fl

77
+(yn — (d1 + l3coses — Lz‘&sinéf)sinel (77)

+((—Il3sines — I—L_}%osq)cosq& + 2p8in¢g)coser)jn
+(20 + (—lasines — Lzﬂcosef)sinqﬁ — zpcosd)kn

= Tpeln + Tyiedn + T2e6 kna

respectively. So far we have obtained the position vectors for the external forces. Thus the generalized
force Fg,,, is

3!‘, 8r ars,.
Fgl‘n - Zl“’ Tni * + z ym 8;,, + z FPi : 3_1‘:- (78)
Substituting (72), (73), (74), (75), (76) and (77) into (78), we obtain
Fgl‘n = Fl'nl + Fxn2 + FInB + F-'En4 + Fxns + Fl‘ns' (79)
The generalized force associated with the coordinate y,, is
F 87‘1 81‘y Qr__z_tj_
gyn - Z Im + E ym ayn + zl— FPZ ' 9Yn (80)
Substituting (72), (73), (74), (75), (76), and (77) into (80), we obtain
Fgy,= Fy, *F,,tF +F, +F,+ F,,. (81)
The generalized force corresponding to the coordinate ¢ is
ory ar 81”2"-
ng’ = ?:l Fxnt - “ +Z ym 83;3“ +Z?=1 FPZW’ (82)
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or we have

Fgy = Fy - (20c0s¢ — I‘;’-sind)) + Fpa - (20c0s¢ + Ig”-sinqﬁ)
+Fy3 - (29cos¢ — %ﬂsinqﬁ) + Fpq - (z0c08¢ + Iﬂsind))
+(Fhscoses + Fossiney) - (z0cos¢ + (— —“&cosq + Izsineg)sing)
+(Fiecoses + Fossiney) - (z0cos¢ + (Ig&cosef + I3siney)sing)
+Fpy - (%&cosdz + zpsing) — Fps - (L;Lcos¢ - 298ing)
+Fp3 - (%%osd) + zgsing) — Fpy - (Lﬂcoscp — 2981ng)
+Fps - ((Lz'&cosef — I3sineg)cosd + zpsing)

—Fpg - ((Lzﬂcosef + I3sines)cosp — zpsing).
Similarly, the generalized force for the coordinate ¢, is

_ 6 8r1 Bry 87'2
Fgfl - Zi:l F-Tni ' Beg St Z ym ey et Z FP’ 861 ?

and can be calculated as

Fgcx = (Fbl + Fb2)ll - (Fb3 + Fb4)l2

—(Fyscoses + Fyssiney) - (S"’3

sines + lzcoses + dy)
Swssmq + I3coses + dy)

+ Fyy - (—"Llcos¢> — 2pSing)

~(Fyscoses + Fugsineg) - (—

—Fo1 - (Beteosd + zosing)

—Fo3 - (B2 cosg + z0sing) + Fuy - (T2 coso - zosing)

+(Fascoses — Fyssineg) - ((— —',ficosef + Izsines)cosg — zgsing)
(

+(Fascose; — Figsiney) - (%&cosef + l3sinef)cosp — zpsing).

The generalized force for the coordinate ¢y is

ar or ar .
ng - Z l’nt ' 3:;' + Z ynz : yh + Z P 3:;' ’
which can be calculated as

Fge, = (Fyscosep — Fyssiney) - (I3sines — Lf-cosef)
+(Faecoses — Fygsiney) - (Izsinep + L&cosef)
—(Fyscoses + Fyssiney) - (Iscoses + £ S siney)

—(Fyecoses + Fugsiney) - (Izcoses — §i"—3—sznef)

(84)

Expressions for the generalized forcesin (79), (81), (83), (85)and (87) are the second important component

for the complex model.
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6 Subsystems : Tire Model and Suspension Model

6.1 Tire Model

As discussed in the previous section, the longitudinal and lateral components of the tire forces, F,; and
Fyi, and the suspension forces, F,;, are predicted by the tire model and the suspension model, respectively.
In this section we will briefly discuss modeling of tire forces and suspension forces. Modeling the tire/road
interaction force is itself an active area of research. For vehicle dynamic simulations purpose, given the
road condition and the operating conditions of the tire such as the longitudinal slip ratio, the lateral slip
angle and the vertical load of the tire, the tire model will predict both traction/braking force and cornering
force generated by the tire (Fig.6).

Road Conditons (

1 Tractinn/Rrakine Forees
Longitudinal Slip Ratio I

. TIRE FORCE MODEL _
Lateral Slip Angle Cornering Forces

Normal Force ' |

Figure 6: Tire Force Model

There are two common approaches to the tire force modeling. The first is curve-fitting of the experi-
mental data. This approach can predict a more accurate force traction field. However. the data depends on
tire types and it is less portable. One of the most noticeable tire models using data curve fitting techniques
is proposed by Pacejka and Bakker (1991). In (Pacejka and Bakker 1991), a set of mathematical equations,
known as “magic formulae”, are proposed to predict the forces and moments at longitudinal, lateral and
camber slip conditions. These formulae and a set of tuning parameters constitute the basis of this model.
The second approach is the analytical tire model. One way to analyze the traction field is to divide the tire
contact patch into two zones: the sliding zone and the adhesion zone. Shear stresses in the sliding zone of
the contact patch are determined by the frictional properties of the tire/road interface. Shear stresses in
the adhesion zone are determined by the elastic properties of the tire. For example, the cornering stiffness
C, and longitudinal stiffness C; represent the first order approximation of the tire force elastic properties.
We adopt the second approach at this stage of research and use the tire model by Baraket and Fancher
(1989) in the simulation model. This tire model accounts for the influences of tread depth, mean texture
depth and skid number on the sliding friction of truck tires The structure of this tire model is summarized
in figure 7.

To use this tire force model, tire longitudinal slip ratios and lateral slip angles in terms of vehicle states
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are calculated for typical tractor-semitrailer vehicles. The longitudinal slip ratio, X, is equal to

X :{ EL’V'—V for braking

wir=V; ;
oo fortraction

where V is the forward velocity, w; is the angular velocity and r is the radius of the ¢ — th wheel. The
lateral slip angle, «;, is equal to
— & _ tan—1 [ _gutlé
o) =06 — tan M—t)
Jutlyéy
2.:u‘*""'%'l"]"él

a3 = —tan~! [ 2o "‘126{

ag =3 — tan™?!

(88)
= -1 '.'.lu"'lzc'l
a4 = —tan
! -’i'u'*‘—'g-e-é]
Qg5 = —tan—'l "Ii?ust‘an‘l'(:(‘lu—dlc'l)cosef—13(é1+éjl

Gucose+(gu—dié)sines — 8L (& +¢g)
1 [ —Tusines+(gu—diéy)cosep—la(E+éy)

g = —tan™" | - e =
xucosEf+(yu—d,el)sznsf+I—g—a(cl+5f)
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PAVEMENT
SN40- Skid

MD - Mean texture depth

PARAMETERS
number

TIRE DATA
Flathbed|

TIRE CONDITION

Gd - Tread groove

S

PAVEMENT INFLUENCE

1 xp -Peak data value

PROCESSING TIRE DATA
Cs - Longitudinal stiffness

C a- Cornering stiffness

a/l - Pressure distribution

]

Ws - Sliding data value
-
FRICTION MODEL
n
SIMULATION VALUES
aSx Fz - Vertical load
. _J
V - Vehicle speed
-
TIRE MODEL
Fy
L o

O - Slipangle
Sx - Longitudinal Slip

PREDICTIONOF TRACTION

ke

Fy

- Longitudinal force

- Lateral force

Figure 7: Comprehensive Tire Model (Baraket and Fancher)
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6.2 Suspension Model

By far the majority of commercial vehicle suspensions employ the leaf spring as the vertically compliant
element. For the sake of simplicity, instead of using experimental suspension data, we will adopt an
analytical approach to model the suspension as the combination of a nonlinear spring and a damper
element. As shown in Fig. 8, the vertical force acting on the vehicle sprung mass through the suspension
system is equal to the static equilibrium force plus the perturbation force, which is denoted as F;, from
the spring equilibrium point. The perturbation force can be modeled as

Kpiei+ Kye? + Dyé; fori=1,2
Fsi = I(rlei + I(,-QC? + Dréi for : = 3, 4 (89)
Kiye;+ Kp€? + Dié;  for i =5,6

where Ky and Ky, are parameters of the tractor front spring, K, and K,z are parameters of the tractor
rear spring, I{;; and K, are parameters of the trailer spring, Dy, D, and D; are parameters for dampers,
and e; is the deflection of the 7 — th spring from its equilibrium position and is given as

ep =-Twg
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Figure 8: Suspension Model
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7 Model Verification: Simulation and Experimental Results

In this section, simulation results of the complex vehicle model will be compared with the open loop
experimental results obtained from field tests. The test vehicle is a class 8 tractor-semitrailer truck. The
test truck was operated under fixed speed cruise control and a step steering command was given manually
by the driver. The radius of curvature of the test track is approximately 80 meters. Measured signals
for the handling tests include lateral acceleration, yaw rate, roll angle of the sprung mass, articulation
angle between the tractor and the semitrailer, and the front wheel steering angle. In order to compare
the simulation results of the complex vehicle model with the test vehicle, the front wheel steering angle
which is recorded during experiments is used as the steering input for the simulation model. Furthermore,
simulations are performed using the test vehicle parameters listed in Tables 2, 3 and 4. Some of the
parameters are measured values and some are estimated values. Simulation results of the complex model
and the experimental results of the test vehicle are compared in Figs. 9, 10, 11 and 12, respectively. In
general, the predicted simulation results agree well with the field test data. We observe that the predicted
response of the articulation angle between the tractor and the trailer is slower than the actual response.
The discrepencies between the predicted responses and the test results may be attributed to:

1. some unkown vehicle parameters, e.g. the moment of inertia, tire cornering stiffness, the height of
the roll center and the height of the vertical C.G.,

2. effects of dual tires and tandem axes, which impose nonholonomic constraints on the vehicle motion,
3. unmodeled dynamics, including roll steer and chassis compliance effect,

4. sensor calibration errors in instrumentation.
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parameter unit value parameter unit value
my Kg 8444.0 mo Kg 23472.0
I Kg—m? | 12446.5* J Kg—m? | 35523.7*
I Kg—m? | 65734.6* Iy Kg—m? | 181565.5*
I Kg— m? | 65734.6* I Kg—m? | 181565.5*
ly m 2.59 Tu1 m 2.02
Iy m 3.29 T2 m 1.82
I3 m 9.65 T3 m 1.82
20 m 1.20" ha m 0.20*
dq m 3.06 ds m 4.20
do m 0.60* dy m 1.20*

Table 2: Parameters for a Tractor-Semitrailer Vehicle
(Parameters marked with an asterisk are estimated values)

| parameter |

unit value | parameter unit value
Kp N/m 2.72e5* Ky N/m® 3.36e10*
K N/m | 8.53e5* Ko N/m® | 1.05e11*
Kn N/m 1.55¢6* Ko N/m® | 1.92e12*
Dy N -sec/m | 9080* D, N -sec/m | 9080*
Dy N -sec/m | 9080*
Table 3: Suspension Parameters
parameter unit value parameter | unit value
I, Kg—m? 13.15* R m 0.3*
Ca, N/rad 143330.0 Ciy N 127120.0
Ca, N/rad | 143330.0 x 4 Ciy N 108960.0 x 4
Co, N/rad 80312.0 x 4 Ci N 95340.0 x 4

Table 4: Tire and Wheel Parameters
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8 Road reference frame

Road Centerline

Figure 13: Unsprung Mass and Road Reference Coordinates

In previous sections, the vehicle model was derived with respect to the unsprung mass reference frame.
Since one of the objectives for lateral control of automated vehicles is to follow the road, the description
of the relative position and the relative orientation of the controlled vehicle with respect to the road
centerline need to be given explicitly. To this end, the road reference coordinate OrXrYr in Fig.13 is
naturally introduced to describe tracking errors of the vehicle with respect to the road centerline. The
road reference frame is defined such that the X,. axis is tangent to the road centerline and the Y,. axis passes
through the vehicle C.G. Once the road reference frame is defined, the vehicle model with respect to the road
reference frame can be obtained by state variable transformation from the vehicle model with respect to the
unsprung mass reference frame. By equating two expressions for the vehicle velocity, one in the unsprung
mass reference frame and the other in the road reference frame, we obtain the velocity transformation
equations between the unsprung mass reference frame and th eroad reference frame. Similarly, by equating
two expressions for the vehicle acceleration, one in the unsprung mass reference frame and the other in

the road reference frame, we obtain the acceleration transformation equations between the unsprung mass
reference frame and the road reference frame.
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Recall from section 2 that the vehicle velocity at C.G. can be expressed as
VCG = iuiu + gujm (90)

where X, and g, are velocity components of the vehicle along the X, axis and Y, axis of the unsprung
mass coordinate, respectively. The vehicle acceleration can be expressed as

acGg = (‘;L:u - yufl)iu + (Zju + i‘uél)ju, (91)

where ¢; is the yaw rate of the unsprung mass reference frame.
On the other hand, the vehicle velocity Vcg and the vehicle acceleration acg at C.G. can also be
obtained in coordinates of the road reference frame X,Y.Z.. From Fig. 13 and by the definition of the

road reference frame X,Y,.Z,. such that the Y, axis always passes through the vehicle C.G., the position of
the vehicle C.G. with respect to the road reference frame X,Y,.Z. is

ICG/Or = Yrlrs (92)

then the vehicle velocity with respect to X.Y,. Z, is

.. d.
VCG/Or = YrJr + Yr EJ:‘- (93)
Since the angular velocity of the X,Y, Z, frame is é4 k,, we have
d. -
Elr = €q)r (94)
and
d. .
gpir = —édir- (95)

Substituting (95) into (93), we obtain the vehicle velocity with respect to the road reference frame as
Veg/or = Grjr — Yrédic (96)
Since the road reference frame X, Y, Z, is moving with velocity
Vor = irir, (97)
the vehicle absolute velocity is
Ve = Veg/or + Vor = (& — yréa)ir + Grir, (98)
where Veg/or and Vo are given in (96) and (97), respectively. The acceleration in the road reference
frame coordinates can be obtained by differentiating (98),
ace = (#r—fréa = Yo&d)ic + frir + (& — yréa) Fie + 9y e

. ., o . o (99)
= (& — 20réq — Yr€a)ir + (r + 264 — Yréd)jr
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where (94) and (95) are used in (99). Furthermore, the transformation matrix from the road reference

frame to the unsprung mass reference is
1 COS e —sin & ) (iu )
Jr 8im €.  COSE, Ju

If the relative yaw angle . is small, (100) can be approximated as

I, = coseriy — Sine ju

~ 1, —€Ju
and

Je = Sineqdy +cose,ju

=~ ey +ju.
Substituting (101) and (102) into (98), we obtain

Veceg = (j:r - yréd)ir + :’;Irjr

~ (& — Yréqd + Urer)in + (Ur — Trer + Yr€réd)ju

Similarly, by substituting (101) and (102) into (99), we obtain

acg =

~

(
(i

By neglecting third and higher order terms, Eqs. (103) and (104) can be further simplified as

Vcg (-'i7r — Yr€qd + yrfr)iu + (yr - :irer)ju

and

acg = (11),- - yrgd - 2gréd + :ijrer + iréréd)iu + (yr + i:réd - :irer)juy

respectively. By equating Egs. (90) and (105), we obtain
Loy = Ty — Yr€d + Yrér
and
Uu 2 Ur — Tr€y.

Similarly, by equating Egs. (91) and (106), we obtain

‘;l}u - yu€1 a éi7‘ - yr.éd - QQréd + :’.jrer + i:rfréd

35

T, — Yr€q — 2yréd)ir + (yr - yrfg + é’réd)jr
Zy — Yp€q — 20, €g + Ur€r — y,«erég + Zp€:€4)1y
+(yr - yrég + &€y — Er€r + Yr€p€q + 2yréd€r)ju-

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)



and
fu — Tuby ~ §r Tirég — Er€r. (110)
Substituting (108) into (109) and noting
b=t g (111)
we obtain
Ey > &, —yréa = gréa Tt Tiie —drerér (112)
Similarly by substituting (107) into (110) we obtain
Y =V -y — Epe, (113)

Egs. (107), (108), (112) and (113)will be used to formulate lateral control models in section 9.

9 Steering Control Model (SIM1)

The steering control model will be constructed in two steps. First, a 3d.o.f. (6 states) model is simplified
from the complex model. Next, the simplified model is transformed with respect to the road reference
coordinate, which is discussed in section 8. For the nomenclature of the simplified models, refer to Table
5.

9.1 Model Simplification

The following assumptions are made to simplify the complex model to one with only lateral and yaw
dynamics.

o The roll motion is negligible.
o The longitudinal acceleration X,. is small.
o The relative yaw angle e, of the tractor with respect to the road centerline is small.

o The relative yaw angle ¢, of the tractor and the trailer is small.

Tire slip angles of the left and the right wheels are the same.

o

Tire longitudinal and lateral forces are represented by the linearized tire model.
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parameter [ description
Yr lateral displacement of the tractor C.G. from the road center line
€p relative yaw angle of the tractor w.r.t. road center line
€f relative yaw angle of the tractor and the trailer
P radius of curvature of the road
€4 desired yaw rate set by the road and is equal to %
é tractor front wheel steering angle
R braking force on the trailer left wheel
b braking force on the trailer left wheel
A longitudinal slip ratio
o; lateral slip angle
my tractor mass
I, tractor moment of inertia
Mo semitrailer mass
I, semitrailer’s moment of inertia
I distance between tractor C.G. and front wheel axle
ly distance between tractor C.G. and real wheel axle
I3 distance between joint (fifth wheel) and trailer real wheel axle
D, relative position between tractor’s C.G. to fifth wheel
D5 relative position between semitrailer’s C.G. to fifth wheel
Tws semitrailer rear axle track width
Cos cornering stiffness of tractor front wheel
Cor cornering stiffness of tractor rear wheel
Clat cornering stiffness of semitrailer rear wheel
Sz longitudinal stiffness of tractor front wheel
Sz, longitudinal stiffness of tractor rear wheel
Sz longitudinal stiffness of semitrailer rear wheel

Table 5: Nomenclature of Control Models
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By using the above assumptions, the complex vehicle model in section 4 can be simplified as

(ml +m2)yu — My (dl + d3COS€f)g1 - 77’L2d3008€f.€.f
+(m1 +m2)a':ué1 +m2d3sinef(él +6f)2 (114)
= Fp1 + Fpa + Fy3 + Foq + Fos + Fe,

—ma(dy + dacosef)ijy + (1 + L + ma(dy + dacoses)?)é
+ (1.2 + mad3 + madidscoses)éy

—mg(dy + dzcose)i € — madssine sy, é; (115)
—2mgadd3sinesé éf — m2d1d3sin5fé2}

= (Fo1 + Fy2)li — (Fys + Fya)la — (Fos + Fie) (dy + 13)
+(Faz = Far) B + (Fa — Fas) B2 + (Fos — Fus) g2,

and

—m2d3COS€f:l./'u + (Izg + mgd% + m2d1d3cosef)'é1 + (122 + mgdg)éf
—Mod3CoSe Ty €1 — Madasine sy, éy + madidssinesél (116)
= —(Fbs + Fio)la + (Fag — Fus) Ta2.

To obtain the steering control model (SIM1), we notice that longitudinal tire forces, Fy;, in (114), (115)
and (116) are zero under no braking and lateral tire forces, Fy;, can be represented by the linearized tire

model,

Cojay  for i=1,2
Fyy =4 Coaf  for 1=3,4 , (117)
Cory  for 1=5,6

where lateral slip angles oy @,. and a4 are

Yu + hés
ap = § = TG
Ty
~ Yu "'1261
Qp & ———
Ty

and . - . .
Yu = d1éy = I3(é1 + é5)
Ty
respectively. Substituting Fy; in (11)into the simplified vehicle model (114), (11.5) and (116), we obtain

the control model (SIM1) as

ay >~ — +€f,

M{+C(g,4) + Di+ Kq = F§, (118)
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where

T
q= [?Ju’ €1, G_f]
is the generalized coordinate vector,
my + ma —ma(d, + dscosey) —madscosey
M= —mz(dl -+ dacOSCf) I+ 2+ m2 (d% + dg) <+ 2m2d1d30036[ I+ mzdgcose,
—madscosey L2 + mad2 + madidscosey L2 + mod?

is the inertial matrix,

(mi1 + m2)zy + madssines(é + éf)2
C(q,(j) = —mz(d1 + dsCOSEf)i‘uél — mzdasinefguél et ZmzdldssiHCféléf - mzdldssineféi

—mad3sine fYu€s — modscosesiyé + madidasineé]

is the vector of the Coriolis and Centrifugal forces,

) Cas + Car + Car 1Cag = 12Car — (I3 + d1)Ca —13C
D= z LCaf —12Car — (la +d1)Cat  BCos +BCar + (Is +d1)?Ca:  I3(ls + d1)Ca
—13Cat la(la + d})Cat l§Cat
is the damping matrix,
0 0 —2Cat
K= 0 0 20s+d)Ca

0 0 23 Cq:

is the potential matrix, and the vector F' € R3%! is
— T
F=2Cy-[1, 1, 0]

Eq. (118)represents the simplified vehicle model with respect to the unsprung mass reference coordinate.

9.2 Control Model with respect to the Road Reference Frame

Recall from section 8 that state variables with respect to the unsprung mass reference frame can be
transformed into state variables with respect to the road reference frame by

Yu = yr — I,€p, (119)
Uu = Ur — Trér — Trep, (120)
b= 6+ ég (121)
and
G =& iy (122)
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By the assumptions that the longitudinal acceleration &, and the relative yaw angle ¢, are small, their
product in (120) can be neglected. Substituting the state variable transformation equations (119), (120),
(121) and (122) into the control model (118), we obtain

Mﬁr + (I)(Qrv Gr, €d, 'f'd) = F(S, (123)

where
qr = [yra €r, €f]T
is the vector of state variables with respect to road centerline and is defined in Table 5, ®(q¢,, ¢, é4,€q) €
R3*! is the vector with its components
Q(Qr,q.r,ﬁ.d, 6d)(]‘) =
< %((Caf + Car + Cat)(gr - iﬁr) + (llcuf - ZZCar - (l3 + dl)cat)(ér + Ed) - lSCatéf) >
—2Cates + madssines (€ -+ €4 + €5) + (m1 + m2)d€y — ma(dr + dscosef)éa

Q(er Gr, €d, 6d)(2) =
2((l1Cas = 12Car — (I3 + d1)Cat)(¥r — F€r) + (3Cas + ECar + (Is + d1)*Car)(ér + é4)
+a(ls + d1)Casés) + 2(l3 + d1)Cates — madzsines(yr — Ter )(€r + éa)
—2madidasines(ér + €q)éf — mzdldssinefé"} — ma(d1 + dacoses)Eeq
+(L1 + Lz + mad? + mad} + 2madidscosey)éq

and
®(qr, gr,€a,€4)(3) =
< 2(—lsCat(yr — 2er) + la(ls + d1)Cac(ér + €a) + 13Carés) + madssines (e + €4)? )
+2l3Cqicy — madssineg(yr — L€ )(€r + €a) — madscosesieg + (L2 + maods + maodidacoses)éq ’

Eq. (123) is the simplified model which will be used to design the steering control algorithm in section 10
for the lane following maneuver.

9.3 Linear Analysis of the Control Model

The control model (123)can be further linearized by approximating cose; =~ 1,sine; N €; and neglecting
the second order terms. Then the linearized model has the form

Mq.r+D(jr+I{qr :F6+Eléd+E2Edv (124)

where €4 and €, are exogenous inputs representing the disturbace effects on curved roads. Two interesting
properties are observed from this linearized model.

1. M is a symmetric positive definite matrix which contains the inertial information of the vehicle
system.
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2. The D matrix can be interpreted as a damping matrix. Each element of the C' matrix contains the tire
cornering stiffness. If the cornering stiffness is small, the vehicle system will become lightly damped
and more oscillatory. For example, if the vehicle is operated on an icy road, the vehicle stability
will decrease. We also see that the vehicle longitudinal velocity X appears in the denominator of the
damping matrix. Therefore the system damping is inversely proportional to the vehicle longitudinal
velocity, which also agrees with our physical experience.

The first property that M is a positive definite matrix will be exploited in synthesizing the input-output
linearizing controller.

10 Steering Control of Tractor-Semitrailer Vehicles

10.1 Controller Design

In this section a steering control algorithm will be designed by applying the input-output linearization
scheme (Isidori 1995, Nijmeijer 1990). The steering control model developed in section 9 is

MG, + ®(g,, G-, é2) = F$ (125)

where M is the inertial matrix and can be partition into four blocks as

my + m2 l —mz(d1 +d3) —mads
M= 2 3 _ [ Mu | My
= —ma(dy +ds) | I-1 + I2 + ma(di +d3)® L2 + mod; + madids =\ jY;
—mads L2 + mad? + madida L2 +mad} * 2

Since the matrix M is positive definite, both My; and My, are also positive definite. The control model in
(125) can be divided into two subsystems:

My, + My, (:r ) T&, =Cuy6 (126)
f

. 0] 1LCqt
M211))~+M22<€,, )-i—( 2):( ! f)5- (127)
€f @3 0

Notice that the second subsystem (127) can be rewritten as

aN et g @2 1iCay
(6.})—M22{M21yr <®3)+( 0 )6}. (128)
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Substituting Eq. (128) into Eq. (126), we obtain the input(§)-output(y,) dynamics as

where
Mll = Mll - M12M22 M21,
0]
d =&, — MMy ( ? )
@3
and
LC
K = Caf - M12M2—21 ( loaf )
Note that
Mu = TTMT
and

I
"= (o )
—Myy M2y

(129)

(130)

(131)

(132)

(133)

(134)

which is a full rank matrix. By the facts that the matrix M is positive definite and that the matrix T has
a full rank, we conclude that M, is also positive definite. If & # 0, we can choose the linearizing control

law
I{'(; = Mllv + é
With this linearizing control law, the subsystems (126) and (127) become

G =V

.. P LCy, _ LCy -
M22(€..>+< 2)=<1 f)Mu*-Mn)U-%-(l f>¢>
& ®; 0 0

Furthermore, by choosing

and

v = kdyr + kpyr

the output y,. converges to zero asymptotically.
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10.2 Simulation Results

The simulations are conducted using the complex vehicle model and the vehicle parameters are listed in
Table 2. The simulation scenario we used is depicted in Fig. 14. The tractor-semitrailer vehicle travels
along a straight roadway with an initial lateral displacement of 15 cm and enters a curved section with a
radius of curvature of 450 m at time t =5 sec. Fig. 15 shows the simulation results of the input-output
linearization controller at a vehicle speed of 60 MPH. We see that the lateral tracking error converges to
zero asymptotically while the yaw angle of the tractor and the relative yaw angle of the trailer are small.

) t=5 sec.

t=8 sec.

t=15 sec

p=450 m

Figure 14: Simulation Scenario
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11 Steering and Braking Control Model (SIM2)

In this section, the control model developed in section 9 is reformulated to include the left and right braking
forces at the trailer as another two control inputs. Recall that in section 9, the simplified vehicle model
was obtained as

(my + ma)jy — ma(dy + dacoses)éy — modscoseséy
+(m1 + mg)i‘uél + 7’)’L2d38in€f(él + éf)2 (139)
= Fyp1 + Fyo + Fyz + Fyg + Fis + Fie,

—mg(dy + dzcoseg) iy + (L1 + L2 + ma(dy + dscoses)?)é
+(I,2 + mod3 + maodydscoseg)éy

—ma(dy + dacosey)ié1 — modssine sy, éq (140)
—2mgydydasinepé éf — m2d1d3sineféf.

= (Fy1 + Fya)li — (Fya + Fa)ly — (Fys + Fig)(dy + 13)
+(Fa2 — Fal)%‘”‘ + (Fos — Fas)z‘?“2 + (Fus — Fus) T2,

and

—madacosesiy, + (12 + mad3 + maodydscoses)éy + (122 + mgdg)'e'f
—Mad3cosesEy €1 — madasinesYyér + modidasineé? (141)
= —(Fis + Fye)la + (Fas — Fas) Tu2.

By substituting the linear lateral tire model

Ca,f for i=1,2
Fyi =4 Co,0f for 1=3,4

Cortf for 1=5,6
into (139), (140) and (141) and assuming the longitudinal tire forces on the tractor are zero, i.e., F,; =
F,y = F,3 =F,4 =0, we obtain the simplified model as

Mi+C(q,¢)+Di+Kq=H -U (142)

where Ad, C(q,¢), D and K are the same as in SIM1, (118), and H and U are

2Cq 0
H=| 2,Coy B
0
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and

= (t)=(2)
FaS_FaS T

respectively. Eq. (142) is the model with respect to the unsprung mass reference frame. Parallel to the
development of SIM1 in section 9 and by using the coordinate transformations (119) (120) (121) and (122),
the steering and braking control model SIM2 with respect to the road reference frame is obtained

M(gr)§r + ®(gry Gry €2, éa) = H - U (144)

Notice that F,5 and HEg& in (143) stand for the longitudinal forces at the left and right wheels of the trailer.
Thus T is the differential force acting on the trailer. We denote the longitudinal force F,; < 0 when it is a
braking force and B > 0 when it is a traction force. In fact, the control inputs and Fue at the wheels
of the trailer can only be negative, i.e., we can use only braking instead of traction. This would be a big
constraint on the control inputs F,;. However, the differential force T can be both positive and negative.
Furthermore, the braking forces F,5 and F,g are determined by the tire force model and are functions of
the tire slip ratio. Specifically, as shown in Fig. 16, the wheel dynamics are

Ty, = —Fur+1; (145)

and m is the braking torque applied at the braking disk of the wheel. The tire slip ratio is defined as

. win — Vv
K =2t (146)

and the braking force is
F;, = CiA; (147)

Eq. (144) as well as Eqgs. (145) (146) and (147) will be used to design the coordinated steering and braking
control algorithm in section 12.

12 Coordinated Steering and Independent Braking Control

12.1  Controller Design

In this section, a coordinated steering and braking control algorithm will be designed. Motivated by
Matsumoto and Tomizuka (1992), we propose to use not only the tractor front wheel steering input but
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Figure 16: Wheel Dynamics
also the trailer unilateral tire braking to provide the differential torque for directly controlling the trailer
yaw motion. The control algorithm will be designed in two steps. In the first step, we assume the differential
force T is control input. Then the desired steering command é; and the desired differential braking force
Ty are determined by input/output linearization scheme. By the nature of unilateral braking, if 7, > O,
we have Fy5q = ~T4 and F,eg =0. On the other hand, if T; <0, we have F,54 =0 and Fogq = Ty4. In the

second step, the required braking torques 75 and 7¢ are determined to generate the desired braking forces
F,54 and FEueq by utilizing backstepping design methodologies.

Step 1

First, we define the first system output e; as the lateral tracking error
€1 =UYr (148)

and the second output e2 as the articulation angle between the tractor and the trailer

e2 =¢y (149)
Differentiating e; and e2 twice, we obtain
é M~1(1) L M~1(1)
= C(q, €4, HU 150
( é ) ( ue) ) CEDDT g 150
The number i in the parenthesis M ~!(3) denotesthe i—throw of the M~1 matrix. For notational simplicity,
we define
-1
_ (M (1) )H (151)
M=1(3)
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If the matrix J is nonsingular, we can choose the control input U as

-1 e €
U = —J-! ( AA;I_IE;; )C(q, ¢ayég) = I {KD ( e,: ) + Kp ( e: )} (152)

This control law cancels the system nonlinearities and inserts the desired error dynamics. Thus the closed
loop system becomes
é; € . e
( })-I—I(D( '1)+I(p( 1>: . (153)
€2 € €2

Step 2

In Step 1we regard T as areal control input; then the desired steering command and the desired differential
braking forces T, are set in (152). In this step we will 'backstep' to determine the braking torques 75 and
Te¢ ON the trailer's left and right wheels. Recall that the wheel dynamics is

Ly = —Fur+m (154)
and the tire force is
F, = CiX; (155)
where the slip ratio X; is defined as
w;r =V
A = b
v (156)

Combining equations ( 154), ( 155) and ( 156), we obtain

Foy = Ci
= Cu(gpV T2y, (157)
= Cu(- ﬂvn;v+,wv( Cihir T7))

Thus the equations governing the vehicle dynamics and wheel dynamics are

&) _ (MO ..
( . ) = ( M-1(3 )C’(q, €né)+Jd-U (158)
and
Fai = Clt( WtrV'*'I V( Clt>\ir+7-i)) (159)
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Recall that T = F,¢ — Fy5 and both F,s and F,g are negative. In this unilateral braking scheme, if T
determined in (152) is positive, we have Fy54 = =74 and F,eq = 0. Thus the braking controller will apply
the brake torque on the trailer left wheel. On the other hand, if Ty is negative, we have F,s4 = 0 and
F.6q =Ty, so the braking controller will apply the brake torque on the trailer right wheel. From Eq. (152)
in step 1,the control inputs are chosen as

6 = ba(gr, dr, €a) (160)
and
T = Ti(qr, Gr €d) (161)
such that the error dynamics becomes
€1+ kqrer + kpier =0 (162)
and
€3 + kaz€y + kp2ea = 0. (163)

Note that T is determined by the braking force F,;, and that braking force F,; can be adjusted only through
equation (159), i.e., the braking torque 7; is the actual control input. Therefore, T cannot be simply set to
T, all the time, and ; must be adjusted so that the difference between T,; and T is brought to zero. This
is the main idea in the backstepping procedure, We define two new variables 7; and 7, as

T = Fas — Fasq (164)
and
2 = Fye — Fa6d7 (165)
respectively. Then we have
T = Fu — Fys
Fa6d + 72 - Fan /) (166)
= Ta+m2—m.
Noting
n = Fa - Fa
M 5 ! rsfi ) ) (167)
= Clt(_TISZ_V + Iw_v(—Clt/\ST +75)) — Fasd
and
2 = Fa - Fa
M2 6 6d (168)

= Cu(-%FV + 17 (=Cider + 76)) — Fued,
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we choose

5 = CpAsr+ Lw%(_%s)f_v + ‘C«ll—t(Fasd — kim)) (169)

and
76 = Cuer+ ¥ (-9 v + -CIT(Faad — kana)). (170)

Then, we obtain

€1 + ka€y + kprer + Ji2(m —m) =0, (171)
€2 + kq2€y + kpoeg + Jo2 (2 — m) =0, (172)
m+kim =0, (173)

and
ig Thamz =0, (174)

where Jy3 and Jy, arethe (1,2) and (2, 2) elements of the matrix J. Defining the state vector (zy, 2o, z3, z4)7
as (el, €1, eq,€3)T and transforming equations (171) and (172) to state space form, we have

r 0 1 0 0 I ] 0
k k 0 0 J —J
% 2 _ Pl d1 z2 + 12 12 m (175)
3 0 0 1 0 3 0 0 2
T4 0 0 kp ka T4 Ja2  —Ja22
Then the overall system can be rewritten as
z1 0 1 0 0 0 0 z1
z2 —kp1  —ka 0 0 Jiz —Ji2 z2
T 0 0 0 1 0 0 r
af T ° (176)
T4 0 0 —kp2 —kao | J2 —J22 T4
m 0 0 0 0 ——kl 0 m
2 0 0 0 0 0 —k2 73

We see that the overall system matrix can be divided by four blocks and the lower off-diagonal block is
identically zero. Thus the eigenvalues of the overall system are the union of those of the block diagonal

matrices. Since each block diagonal matrix is asymptotically stable, the overall system is asymptotically
stable.
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12.2 Simulation Results

We use the same scenario shown in Fig.14. Vehicle longitudinal speed is 26.4 m/s (60 MPH). Figs. 17
and 18 show the simulation results of the coordinated steering and independent braking control. Notice
that in implementing this control algorithm, we impose upper and lower bounds on the braking torque
input to avoid tire force saturation. Comparison of the steering control designed in section 10 and the
coordinated steering and independent braking control is shown in Fig. 19, from which we see that the peak
trailer yaw errors are reduced from 2.64° to 0.97°. We also observe that the longitudinal velocity decreases
when the independent braking control algorithm is activated. As we stated in section 9.3 that the system
damping is inversely proportional to the longitudinal velocity, so a decrease of the longitudinal velocity
will contribute to decreases of both tractor and trailer yaw errors. To see the effect caused only by the
differential forces distribution over the inner and outer tires of the trailer, we assume that the longitudinal
controller will give traction force commands on the tractor to counteract the braking forces on the trailer.
Simulation results for this scenario is given in Fig. 20 , which shows that the trailer yaw errors is reduced
from 2.64' to 1.13. Recall from Table 2 that the length of the trailer is 9.65 m. Thus a decrease of 1.51'
in yaw errors corresponds to a decrease of 25.4 c¢m in lateral tracking errors of the trailer.
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Figure 17: Input/Output Linearization Control with Trailer Independent Braking
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13 Conclusions

Two types of dynamic models of tractor-semitrailer vehicles are utilized for the design and analysis of
lateral controllers. The first type of dynamic model is a complex simulation model. The second type of
dynamic models are two simplified control models, which will be derived from the complex nonlinear model.
This modeling approach utilizes Lagrangian mechanics and has an advantage over a Newtonian mechanics
formulation in that this complex model eliminates the holonomic constraint at the fifth wheel (linking joint)
by choosing the generalized coordinates. Since there is no constraint involved in the equations of motion, it
is easier to design control algorithms and to solve the differential equations numerically. The effectiveness
of this modeling approach was shown by comparing the experimental results of a tractor-semitrailer vehicle
and the simulation results of the complex tractor-semitrailer vehicle model.

Two control algorithms for lateral guidance of tractor-semitrailer vehicles were designed. The first
was a baseline steering control algorithm and the second was a coordinated steering and independent
braking control algorithm. In the design of the second control algorithm, we utilized tractor front wheel
steering angles and trailer independent braking forces to control the tractor and the trailer motion. The
multivariable backstepping design methodology developed in (Chen and Tomizuka 1997) was utilized to
determine the coordinated steering angle and braking torques on the trailer wheels. Simulations showed
that both the tractor and the trailer yaw errors under coordinated steering and independent braking force
control were smaller than those without independent braking force control.
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