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Abstract

A simple model for a string of vehicles is constructed. The model explicitly accounts for the
possibility of repeated collisions between the vehicles in the string. Based on the model a notion of
safety is formulated for the string. Necessary and sufficient conditions are presented that specify
when a string of vehicles is safe while performing a simple emergency deceleration maneuver where
all vehicles start decelerating at a fixed rate after some delay. The conditions are interpreted in
terms of their implications for the safety of platoons of vehicles.

1 Introduction

Hybrid systems have attracted the attention of both computer theorists and control engineers. Our
work ultimately aims at a rapprochement of these two perspectives. Here we use a combination of
techniques from the two areas to address a specific problem in transportation. This is the problem
of the safety of a collection of vehicles traveling one behind the other in a single lane; we refer to
such a collection as a string of vehicles. The problem is hybrid as it involves both continuous vehicle
motion and (possibly) collisions, which in our setting are treated as discrete velocity changes. We
try to establish conditions under which a string of vehicles will be safe while executing a particular
maneuver.

We start by developing a detailed model for the system in the Hybrid Input/Output Au-
tomaton modeling framework (Section 3). Modest extensions of the original framework of [1] are
needed to capture all the phenomena of interest for this problem. Then, in Section 4 we introduce
the emergency deceleration maneuver, whose safety analysis is the primary focus of this paper. We
give some necessary and some sufficient conditions under which the safety of the maneuver can
be guaranteed. Finally, in Section 7, we discuss the implications of our results in the context of
platooning of vehicles.

*Research supported by the PATH program, Institute of Transportation Studies, University of California, Berkeley,
under MOU-238, MOU-310, MOU-312 and MOU-319.



We believe our work is potentially of both theoretical and practical importance. On the
theoretical side we hope that the results presented here will be extended to a general methodology
for dealing with hybrid systems, one where continuous and discrete techniques are combined in a
coherent framework. The practical implications of our work are more immediate. Our results indicate
that the design of specialized emergency maneuvers may be crucial to the success of an automated
highway system that allows for the formation of platoons.

2 Modeling Formalism and Definitions

The vehicles will be modeled in the Hybrid Input-Output Automaton (HIOA) framework of [1]. In
this section we give a brief overview of this modeling formalism. We also specify some special classes
of automata that will be used in subsequent sections.

2.1 Notation

Let dom(f) and range(f) denote respectively the domain and range of the function f. Functions
are denoted by f : dom(f) — range(f). If f is a function and X a set, then we write f[X for the
restriction of f to X, i.e. the function g with dom(g) = dom(f) N X satisfying g(z) = f(z), for all
x € dom(g). We say that two functions f and g are compatible if f[dom(g) = g[dom(f). If f and g
are compatible functions, then we write fUg for the function h with dom(h) = dom(f)Udom(g) such
that h(z) = f(x), if x € dom(f), and h(xz) = g(z), otherwise, for all z € dom(h). If f is a function
whose range consists of a set of functions and X is a set, then we write f | X for the restriction
of the functions in range(f) to the set X, i.e. the function g with dom(g) = dom(f) defined by
g(z) £ f(z)[X, for all z € dom(g).

We fix the time azis, T, to be the set of real numbers, R'. Let 72° = {t € T'| t > 0}. For
T' C T andt €T, we define T+t £ {t'+¢ | ' € T"}. For a function f with domain 7", we define f+¢
to be the function with domain T+t satisfying (f+t)(t') = f(t'—t), for all ¢’ € T'+t. An interval, Ty,
is a non-empty convex subset of 7. As usual, intervals are denoted by [t1,t2] = {t € T | t; <t < to},
[t1,t2) = {t € T | t1 <t < ta} etc. An interval is right-open (left-open), if it does not have a maximal
(minimal) element, and right-closed (left-closed), otherwise. We write max(77) and min(77) for the
maximal and the minimal elements, respectively, of the interval T (if they exist), and sup(77) and
inf(T7) for the supremum and infimum, respectively, of the interval T, in T'U {—o0, oco}.

We assume a universal set V of typed variables. The type of a variable, denoted by type(v),
indicates the set over which the variable takes values. Let Z C V. A waluation of Z is a function
that associates to each variable v of Z a value in type(v). We write Z for the set of valuations of Z.
Often, valuations will be referred to as states.

A trajectory over a set of variables Z is a function w : Tt — Z, where T7 is a left-closed
interval of T with min(77) = 0. Let traj(Z) denote the collection of all trajectories over Z. For
w € traj(Z), we define the limit time of w by Itime(w) = sup(dom(w)). A trajectory w is finite
if ltime(w) # oco. We define the first state of a trajectory w, by fstate(w) 2 w(0). If the domain
of a trajectory w is right-closed, then we define the last state of w by Istate(w) = w(ltime(w)). If
T is a left-closed interval with min(77) € dom(w), then we define the curtailment of w to Ty by
wt Ty = (w[Tr) — min(T7). A trajectory with domain [0,0] is called a point trajectory. If s is a
state, then we define p(s) to be the point trajectory that maps 0 to s. If w is a finite trajectory with
domain 77, w' is a trajectory with domain 77, and T7 right-closed implies Istate(w) = fstate(w'),

'For the HIOA definitions, T can in fact be any subgroup of (IR +).



we define the concatenation of w and w' to be the trajectory w~w' = w U (w' + ltime(w)). The
concatenation operator can be extended to an infinite sequence of finite trajectories wowiws - - -.

2.2 Hybrid I/O Automata and Composition
A hybrid I/0 automaton (HIOA), A = (U, X,Y, X", xint s0ut @ D W), is a collection of:

e Three disjoint sets U, X, and Y of variables, called input, internal, and output variables,
respectively. We write V' 2 UUXUY and let s, u, and w denote elements of V, U, and
traj(V'), respectively.

e Three disjoint sets X, £ and X°% of actions, called input, internal, and output actions,
respectively. We assume that 3 contains a special element e, the environment action, which
represents the occurrence of a discrete transition outside the system that is unobservable, except
(possibly) through its effect on the input variables. We write X 2 yin gy pint Y pout and let a
range over X..

e A non-empty set © C 'V of initial states satisfying:

Init (initial states closed under change of input variables)
s€EO=3s€0 : d[U=u AN Y =s[Y

o Aset DCV x X xV of discrete transitions satisfying:

D1 (input action enabling)
aeX" =3 eV : sy

D2 (environment actions that do not change inputs do not affect the state)
s—5 s Ns[U=§[U=s=4¢

D3 (discrete transitions do not depend on input variable changes)
s =3"€eV :isB" AN U=uANS"TY=6Y

s —% s’ is a shorthand for (s,a,s’) € D.
e A set W of trajectories over V satisfying:

T1 (existence of point trajectories)
pls) €W
T2 (closure under subintervals)
weW A (T left-closed subinterval of dom(w)) = witT; € W

T3 (completeness)
VteT2":wt[0,t] eW)=weW

The intuition behind Axioms Init and D1-3 is that a HIOA is responsible for performing
locally controlled actions and for modifying the values of its local variables, whereas the environment
of a HIOA is responsible for performing input actions and modifying the values of the input variables.
Axiom Init says that a system may not constrain the initial values of its input variables. Axiom D1
says that a HIOA should accept all input actions in all states. Axiom D2 postulates that an
environment action that does not affect the input variables can not be “detected” by the automaton
and, therefore, leaves the state unchanged. Axiom D3 states that there is no functional dependence
between the input and the output variables of a HIOA during a transition; that is, a HIOA can not



react instantaneously to an input variable change. This is done to avoid cyclic constraints during the
interaction of two systems. Under these conditions one can show that the composition of two HIOA
is still input enabled and that the environment can never block the output actions of a system.

Axioms T1-3 state some natural conditions on the set of transitions: existence of point
trajectories, closure under subintervals, and the fact that a full trajectory is in W if and only if all
its prefixes are in W.

Given a collection of hybrid automata the above definitions and axioms allow one to form
new automata by appropriate operations. To ensure that the resulting automaton again satisfies the
axioms we need to impose a compatibility requirement. Two HIOA, A; = (U;, X, Y, Eé”, Zg”t, $out Q;, Dy, Wi),
i € {1,2}, are compatible if, for i,5 € {1,2},1 # j,

XinV;=Y;nY; =" ng; =5 N = 0.

Let s —“>Ai s’ be a shorthand for (s,a,s’) € D;. The composition, A1 X Ag, of two compatible HIOA
A; and A, is the tuple A = (U, X,Y, ¥, nint s30ut @ D, W) given by:

° U:(UlUUQ)\(YlUYQ),X:X1UX2,Y:Y1UY2

° Zin — (Ezln U Ean) \ (Z(I)ut U Egut)7 Eint — Zzint U Ezént7 Eout — Z(I)ut U Zgut

e O={seV|s[V1 €01 A s]V, €05}
e For i € {1,2}, define the projection function m4, : ¥ — %; by 74, (a) 2 q, ifa €%, and
ma,(a) = e, otherwise. Then D is the subset of V x 3 x 'V given by:
, 7, (a) , A, (a) ,
(s,a,8') €D & s[Vi —, s'[Vi A s[Vo — , s'[V2
e W is the set of trajectories over V' given by:

weW & wlVieW, AwlVeeW,
The projection notation 74, for i € {1,2}, can be extended to states, trajectories and discrete
actions. It can be shown that [1]:

Proposition 1 If Ay and Ay are compatible HIOA, then their composition A1 X Ay is a HIOA.

2.3 Executions, Reachable States & System Properties

A hybrid execution fragment, o, of a HIOA A is a finite or infinite alternating sequence a =
WG W1 asws - - -, where:

e Fach w; is a trajectory in W and each a; is an action in X.
e If v is a finite sequence then it ends with a trajectory.

o If w; is not the last trajectory in « then its domain is a right-closed interval and it is the case
that Istate(w;) % fstate(w;y1)-

Similar to trajectories, if a = woajwiasws --- is a hybrid execution fragment, then we
define the limit time of o by ltime(a) = Y, ltime(w;) and the first state of a by fstate(a) =
fstate(wp). A hybrid execution fragment, «, is called an ezecution if fstate(a) € © and is called
finite if « is a finite sequence and the domain of its final trajectory is a right-closed interval. If



o = wpaiwy - - apwy, is a finite hybrid execution fragment then we define the last state of o by
[state(c) = [state(wy,). A finite hybrid execution fragment o = wpajwiasws - - - a,w, and a hybrid
execution fragment o = wja)wiawh -+ of A can be concatenated if w, ~wj is defined and belongs
to W. In this case, the concatenation a—~c’ is the hybrid execution fragment defined by:

rA INAL ]
a~a = woaiwiagws - - - G (W ~wy)aywiagws - - -

A state s’ of an automaton A is reachable from a state s of A if there exists a finite execution fragment
a of A with fstate(a) = s and Istate(a) = s'. A state s’ is reachable by A if it is reachable from
some s € O.

Consider an HIOA, A, with variables V. A derived variable of A is a function, f, with
dom(f) = V. Derived variables will be useful in analyzing the executions of A. A property, P, of A
is a boolean derived variable of A. If P(s) is true for a state s € V we write s = P and say that “s
satisfies property P”. For a subset S C V we write S |= P if s = P for all s € S. Let P4 denote the
set of all properties of A.

Definition 1 A property P of A is invariant if for all states s reachable by A, s |= P. P is stable
if s reachable by A and s = P imply that for all ' reachable from s, s' = P.

Lemma 1 Consider an automaton A and assume that for all reachable states s, s |= P implies that
s' = P for all s' such that:

e Jw € W with dom(w) right closed, fstate(w) = s and lstate(w) = s, or,
e da € X with s % s'.

Then P is a stable property of A. If further © |= P, then P is an invariant property of A.

Proof: Consider an arbitrary reachable state, s, of A such that s = P. By definition, for all
sp reachable from s there exists a finite hybrid execution fragment o = wyaiwiaows - - - a,wy, with
fstate(a) = s and Istate(a) = s,. We show s,, = P by induction on the length of a.

s = P, therefore, by the lemma assumptions s 2 Istate(wy) = P. For k € {0,1,...,n},
let s = lstate(wy) and for k € {1,...,n}, let sj = fstate(wy). All s; are reachable by A, as
they are reachable from s by the finite hybrid execution fragment oy = wpay---wg. Likewise,
all s}, are reachable by A as they are reachable from s by the finite hybrid execution fragment
o, = woay - - - app(sy,). Assume s;, = P. Then, by the lemma assumptions s}, = P, as sp 2t Sy
Likewise, by the lemma assumptions sy = P, as wyy1 is right closed, fstate(wgi,) = s, and
Istate(wyy1) = Sk+1. The claim follows by induction. By the same argument, if in addition © = P,
then P is an invariant property of A. n

Note that the proof of the lemma does not require axioms Init and D3. Therefore the conclusion
of the lemma holds even if these axioms are violated. The system A, however, will no longer be an
HIOA.

3 Vehicle String Model

Consider a string of N vehicles (Figure 1) moving one behind the other in a single lane, with vehicle
0 coming first. We will be interested in investigating the safety of this string. For this purpose we
try to develop a simple yet general model for its dynamics. Our primary consideration is that the
modeling framework should impose as few intrinsic limitations as possible while keeping the predicted
evolution realistic.
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Figure 1: A string of vehicles

3.1 Notation

The overall model will be the composition of a number of HCS (Figure 2). The plant will be a hybrid
automaton containing the dynamics of all the vehicles in the string. Its evolution will be captured by
2N real valued internal variables (x), N real valued input variables (u) and 3N real valued output
variables (y”). The plant automaton does not have input or output actions but has internal actions
reflecting collisions, vehicles touching at zero relative velocity, etc. Each vehicle, i, is equipped with
sensors. The sensor automaton S; reads the values of the plant output variables as inputs and
produces m; real valued output variables (y7). The sensors may have internal variables and actions
and will in general contain delay buffers. Finally, each vehicle is equipped with a controller. The
controller automaton, Cj, reads the corresponding sensor output variables, y;, as inputs and uses
them to generate the input variable u; of the plant. The controller automaton may also have internal
variables and actions and will in general contain delay buffers.

We start by developing a model for the plant. The plant is modeled by a HCS P =
(Up, Xp,Yp, X0yt 300 ©p Dp, Wp). P has no input and no output actions, hence ¥ =
$9t = (). Here we are only interested in answering questions of “safety”, encoded in terms of
possible collisions among the vehicles of the string. The answers to these questions will depend on
the relative spacing and the velocities of the vehicles, but not their absolute position on the road.
Let Az; denote the spacing between vehicle ¢ and 7 — 1, v; the speed of vehicle i, acc; its acceleration
and wu; its commanded acceleration? and define:

o accy Uup

xi:lAfi]ERQ, T = : e RN acc= : eRY, u= : e RN
7

TN-1 GCCN—1 UN-1
Also let Touching = {Touchingy, ... Touchingy} be a collection of boolean variables and define

Xp = {z, acc, Touching} and Up = {u}. Finally, let:

D
yg)l 3 yo 3N
ywW=1|yh | eR, = : eR
D
Yi3 YRy

and define Yp = {yP}.

It remains to specify the set of internal actions Eﬁ?t, the corresponding transitions, Dp,
the set of initial conditions, © p, and the set of trajectories, Wp. The first two will be specified in
Section 3.2 while the last two in Section 3.3. Section 3.4 contains some discussion suggesting that

2As discussed in Section 3.3, the commanded and actual acceleration may differ when vehicles are touching and
pushing each other.
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Figure 2: System modules

the resulting model is consistent with physical intuition. The pseudo-code for the plant model is
given in Appendix A.

The role of the sensors and controllers is discussed in Section 3.5. Finally, Section 3.6
introduces the notion of safety we consider for this model.

3.2 Plant: Discrete Dynamics

The continuous system evolution can be interrupted by three classes of internal actions: colli-
sions, vehicles touching at zero relative velocity (and subsequently “pushing” against one another)
and vehicles moving apart (after having touched). Let Collision = { Collision,, ..., Collisiony_1},
Touch = {Touchy,..., Touchy_1} and Separate = {Separate,, ..., Separatey ;} denote the three
classes of actions and define Eﬂ?t = {Collision, Touch, Separate}. All actions are forced, i.e. we
assume that the continuous evolution stops as soon as the precondition of an action becomes true,
to allow the action to take place.

3.2.1 Collisions

Consider first the case of collisions. Let Collision; be an internal action that takes place whenever
vehicle 4 collides with vehicle ¢ — 1. The precondition for Collision; is:

(Az; = 0) A (v; > vi—1) (1)

To determine the effect of the action we use a simple collision model. After the collision Aw} = Az;
for all j and v;- =wj for all j € {i,7 — 1}. To determine v; and v;_; we solve a pair of equations:

Miv; + M; qvi_y = Mvi+ M;_1v; 1 (2)

vi—vp = (vi—vii1)a (3)

where M; is the mass of vehicle ¢+ while «; is the coefficient of restitution, a measure of the energy
lost in the collision. Equation (2) is the conservation of momentum equation while Equation (3) is



referred to as the restitution equation. This collision model for a pair of vehicles is fairly accurate
[2]. It has the advantage that a solution for z' always exists and can be found analytically. By
appropriate choice of « (possibly as a function of the speeds) this collision model can capture a wide
range of collision scenarios. To maintain a certain level of generality in the subsequent discussion we
will typically assume that the coefficient of restitution is a function of the relative velocity v;—1 — v;
at impact and will denote it by «;(-). To ensure that the model is realistic we impose the following
assumption:

Assumption 1 For all i, M; > 0 and o;(v) € [0, 1] for all v > 0.

Multiple instantaneous collisions are also possible in this model. These are situations
where there exist N; and Ny with 0 < Ny < Ny < N such that Azy, # 0, Azy,+1 # 0 (if any) and
for all ¢ with N7 < ¢ < No, Az; = 0 and v; > v;—1. The value, z', of the state after the collision
again satisfies Az, = Az; for all ¢ and v} = v; for all « < Ny or ¢ > Ny. To determine the values of
v; for N1 <4 < Ny we propose to resolve the multiple collision as a sequence of pairwise collisions,
according to equations (2) and (3). The pairwise resolutions will keep taking place as long as there
exists a j with Ny < j < N3 such that v; > v;_;. When this condition is violated we will say that
the multiple collision has been resolved. The motivation behind this convention is that multiple
instantaneous collisions are more of a mathematical necessity than a realistic concern. In “most”
practical situations collisions will take place close to one another in time but not instantaneously.
We would like the resolution convention to be “consistent” in this case. Our multiple collision
arrangement reduces to a pairwise collision if N; = Ny — 1.

3.2.2 Vehicles Touching

Now consider what happens when vehicles touch at zero relative velocity. This situation may arise
because the continuous dynamics bring the vehicles together at zero speed, or after a collisions with
a = 0. Let Touch; be an internal action that takes place whenever vehicle ¢ touches vehicle ¢ — 1
with zero relative velocity. The precondition for Touch; is:

(Touching; = False) A (Az; = 0) A (v; = vi_1) A (ace; > acci—1) (4)
The effect of Touch; is simply to declare the two vehicles as touching. In the usual notation:
Touching, = True

The value of Touching; will be used in Section 3.3 to determine the acceleration, acc; of vehicle .

3.2.3 Vehicles Separating

Finally, consider what happens when vehicles that are touching start moving away from one another.
Let Separate; be an internal action that takes place whenever vehicle i is already touching vehicle
¢ — 1 and starts to move away. The precondition for Separate; is:

(Touching; = True) A [(ace; < acci—1) V (v; < vij—1)] (5)

The effect of Separate; is simply to declare the two vehicles as no longer touching. In the usual
notation:
Touching; = False

Note that, vehicles are declared as no longer touching as soon as they start moving apart, either
because of a difference in deceleration or because of a difference in velocity (in case of a collision).



3.3 Plant: Continuous Dynamics
3.3.1 Initial Condition and Input Constraints

First we introduce some assumptions that will help ensure the system evolution remains realistic.
We impose the following constraint on the initial conditions:

Assumption 2 Foralli=0,...,N—1, Az;(0) >0, v;(0) > 0. Touching;(0) = False. Touchingy(0)
False.

Physical limitations constrain the valuations of the input variables to lie in a rectangular compact
set, i.e. u;(t) € [, a®] for all 4 and for all . The values of a/™ and a"*® are determined by the
vehicle characteristics (engine, brakes, tires, etc.). To ensure that the model is realistic we impose
the following assumption:

Assumption 3 For all i, a™" < 0 < %,

If needed at a later stage, the requirement on a”" and a*** can be relaxed to allow for “brakes on”
(@ < 0) and “brakes off” (possibly a!*" > 0) failures.

3.3.2 Dynamical Equations

The set of trajectories Wp will be generated by a pair of functions (f,h). Assume there are no
vehicles ahead of the string and set Azy = co. Then, for i = 1,..., N — 1 the laws of motion imply
that:

Azi(t) = wi_1(t) —vi(t)

vi(t) = acci(t)
or, in standard vector notation:
_ 0 _ 0 ;
0 W accy(t)
vo(t) — v1(?) 0
0 accy (t) A
#(t) = i (t) — va(t) + 0 = [(2(t), acc(t)) (6)
'I)N,Q(t) — 'UNfl(t) 0
i 0 1 | acen—i(t)

The value of the actual acceleration, acc;, of vehicle ¢ depends on the acceleration com-
manded by the controller of that vehicle, u;, and on whether the vehicle is touching vehicle 1 — 1 or
vehicle ¢ + 1. In the case when the vehicles are not touching we simply set the actual acceleration
equal to the commanded acceleration, i.e.:

(Touching; = False) A (Touching;  ; = False) = acc; = u; (7)

As long as the vehicles are not touching, f is a linear map in z and u and therefore is globally
Lipschitz.

The case where vehicles are touching is more complicated. The reason is that when vehicles
are pushing against one another, there are forces exerted from one vehicle to the other. Therefore,
the actual acceleration of a vehicle depends not only on the acceleration commanded by its own



controller, but also on the accelerations commanded by the controllers of the neighboring vehicles that
are pushing against it. We first motivate the proposed solution informally for two touching vehicles.
We assume that when a vehicle, say i, is by itself (i.e. (Touching; = False) A (Touching;,, = False))
its acceleration is the result of a force F; = M;u; exerted by the road to the vehicle through the tires.
In the case where two vehicles, say ¢ and ¢ — 1 are touching, i.e. (Touching; = True) A (Touching; ,, =
False) A (Touching; ; = False), we assume that the road still exerts forces F; and F;_; to these two
vehicles. However, if u; > u;_1, a force, F', is also exerted from one vehicle to the other. In this case,
the vehicles remain touching and accelerate at the same rate, therefore:

M;acc; = F; — F
M;_1acc;iy = Fip1 + F ) = acc; = acci—1 =
acc; = acc;—1

Miu; + M;_qu;—q
M; + M;

The vehicles separate as soon as u; < U;_1.-

3.3.3 Multiple Touching Vehicles

We try to extend this two vehicle construction to an arbitrary number of touching vehicles. We first
introduce some abstract definitions and then show how they apply to the vehicle problem. Consider
a nonempty finite subset of the natural numbers S C N and let min(S) and max(S) denote its
minimum and maximum element respectively. S is a segment if it consists of consecutive numbers.
A subsegment of a segment S is any subset of S that is also a segment. For segments S; and S,
with max(S1) = min(S2) — 1 we define their concatenation simply by S; US;. Whenever defined, the
concatenation of two segments is also a segment; we denote this segment by S152.
A weighted average function on S is any function a : 2° — R such that for all L, R
subsegments of S:
min{a(L),a(R)} < a(LR) < max{a(L),a(R)} (8)

whenever the concatenation LR is defined. Given a weighted average function on a segment, all
subsegments naturally inherit a weighted average. A segment S with a weighted average function a
is unsplitable if:

S=LR = a(L) <a(R)

Proposition 2 If A and B are two unsplitable subsegments of S and ANB # (), then AU B is an
unsplitable subsegment of S.

Proposition 3 If A and B are two unsplitable subsegments of S, AB is defined and a(A) < a(B),
then AB is an unsplitable subsegment of S.

A partition of S is a finite collection Si,...,S, where S = Up_, S, and for all k, S} is a
segment and S; N S; = 0 for [ # k. Without loss of generality assume that min(S) = min(S;) and
for all 1 < k < n, min(Sg) = max(Sx_1) + 1 and write S = S1.55...S,. A partition of S;...S, of S
is called a mazimal partition if:

1. for all Kk =1,...,n, S is unsplitable,

2. eithern=1orforall k=2,...,n, a(Sk_1) > a(Sk).

Proposition 4 If S1...S, is a mazimal partition of S, 1 <1 < k <n and Sy = U,’;:lSm then
a(Sik) > a(Sk).

10



Figure 3: Maximal Partition

Theorem 1 For every segment, S, and every weighted average function, a, on S there exists a
unique mazimal partition.

Proof: For existence, let S denote the set of all unsplitable subsegments of S. Let {S1,S2,..., 5.}
denote a collection of distinct maximal elements of S (i.e. for all k = 1,...,n, Sy #S; for | # k
and S, C S’ € S implies that Sy = S’) that covers S. Such a collection exists, as for all i € S,
{i} is vacuously an unsplitable segment; therefore, each ¢ € S belongs to a maximal subset of S.
We claim that {S1,S3,...,5,} is a maximal partition of S. First note that Sy NS, = ( for all
k #£ 1. Otherwise, Sy U S; € S, as S and S; are unsplitable and therefore, by Proposition 2, Sx U S;
is also unsplitable. As S; and S; are both maximal this implies that S, = S; = S, U S; which
contradicts the assumption that S; and S; are distinct. Further, S € S, therefore by definition S
is unsplitable, for all £k = 1,...,n. Finally, without loss of generality, assume S = 5155...5, and
show a(Sk—1) > a(Sk). If n = 1 the claim follows. If n > 1 and a(Sk—1) < a(Sk), Sk—15k € S, as
Sk_1 and Sy are both unsplitable and therefore, by Proposition 3, S;_1S) is also unsplitable. This
contradicts the maximality of Sy and Sg_1.

To show uniqueness, assume, for the sake of contradiction that two different maximal
partitions, S7...S, and S]...S],, exist. Consider the first segment for which the two partition
differ S; # S;. Without loss of generality assume that S; C S]. Define k as the segment for which
Sk+1NS; =0 and Sy N S] # (. It is easy to see that the number k is well defined. Moreover, k > [
as S; C S and S; # 5] imply that S;11 N S] # 0 (refer to Figure 3). Define:

k—1
L={JSm R=SnE5
m=l

As Sy...S), is assumed to be maximal, a(L) > a(Sk_1) by proposition 4. Further, S; unsplitable
implies that a(R) < a(Sk), by definition of weighted average. Overall, the maximality of S7...S,
implies that the partition S] = LR satisfies a(L) > a(Sk_1) > a(Sk) > a(R), which contradicts the
maximality of S]...S],. n
An algorithm for calculating the unique maximal partition of a segment is given in Appendix B.
Returning to our vehicle example, assume there exist 4, j satisfying 0 < ¢ < 7 < N such that vehicles
1 to j are touching each other, i.e.:

J
(Touching; = False) A (Touching;, = False) A ( /\ Touching,, = True)
k=i+1

Define the segment S = {3,...,j} and for every subset S’ C S consider the function:

> kest Myug
a(8') =& = 7% 9
(S A 9)
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Proposition 5 a is a weighted average function on S.

To determine the acceleration of the vehicles in this collection at a given instant, let
S1...S, be the maximal partition of S at that instant and for all k =1,...,n set:

ace; = a(Sg) for all [ € Sy (10)

The weighted average a is a linear function of the commanded acceleration u. Therefore, as long as
the partition does not change, the vector field f generating the vehicle dynamics will be linear in
both z and u, and hence globally Lipschitz. If the partition changes, some of the Separate actions
will take place, splitting S into smaller segments.

3.3.4 Owutput Map

It remains to specify the outputs. We assume that in principle all the internal variables can be made
available to the controllers. Limitations imposed by current sensing and communication technology
should be incorporated in the sensor automata. We therefore set:

v = [ e ] —> 4P (1) = W (1), ace(t)

As before, h is a linear map as long as Touching; remain constant and therefore it is globally Lipschitz.

3.4 Plant: Consistency & Limitations

The pairwise collisions that will be used to resolve a given multiple collision can be ordered in a
number of different ways. One would hope the outcome of the resolution will depend only on the
arrangement (velocities, masses and restitution) and not on the order of resolution.

Proposition 6 If o; =1 and M; = M; for all Ny < i,5 < No then all possible orders of pairwise
resolution lead to vy = Uny, Uy, 11 = UNy—1, ---, Uy, = UN, (i-e. the order of the velocities is
reversed).

Unfortunately this statement is not true in general:

Proposition 7 If o; < 1 or M; # M;j for some i,j € [N1,No], the state after the collision is
resolved, x' , may depend on the order in which the collisions are resolved.

This ambiguity is rather disturbing. To ensure that any theorems we prove remain valid we will have
to show that they hold for any possible ordering in the resolution of multiple collisions. In other
words, we allow our model to exhibit nondeterminism with respect to multiple collision resolution
and prove that all claims hold for any nondeterministic choice.

To ensure that the proposed plant model agrees with physical intuition we show the
following lemma:

Lemma 2 Under Assumptions 1, 2 and 3, the plant automaton is such that:
1. For every segment S of touching vehicles min;es(u;) < a(S) < maxjes(u;).

2. Immediately after Collision;, v; < v;_1.

12



3. Let E; be the total energy of vehicles © and © — 1 before Collision; occurs:
1 2 1 2
Ei = iMZUz + EMi—lvi—l (11)

The energy, E!, after Collision; satisfies B, < E;.
(Touching, = False) A (Touching = False) is an invariant property of the plant.
AN [(Touching; = True) = (Az; = 0)] is an invariant property of the plant.

ANTH(Az; > 0) = (Touching; = False)] is an invariant property of the plant.

NS s

/\l-]\igl [Az; > 0] is an invariant property of the plant.

Zkes M), min; e s (u;) < Zkes Mjup < Zies M, max;es(u;)
res Mk = DkesMr T ies Mi '
Part 2 follows from equations (1) and (3) as a; > 0 by Assumption 1.
For Part 3 we explicitly solve the pairwise collision equations (2) and (3). Without loss of
generality set i = 2 and let @ = ay and M = My /M;. Some algebra leads to:

Proof: Part 1 follows from

(1 —-aM)vy + M(1+ a)vy
1+ M ’

, (14 a)v + (M —a)ve
= 12
2 1+M (12)

/
'Ulz

Substituting into the formula for the energy and after some manipulation one gets:

oM (1+a®?M)v? + M(M + o?)v3 + 2M (1 — a?)vyvs
D) M+1
My [ M(1—a?)(v] +v3 —2
= E;,—E= 71 ( 1-a )5\7/}1:‘1”2 Ulvz)>
M1M2(1 — 012)(’1)1 — ’1)2)2
= E;—E! = 13
i — B 200, T M) (13)

By assumption 1, M; > 0 and «; € [0, 1], therefore the right hand side of equation (13) is always
non-negative.

Part 4 is trivial, as Touching, and Touchingy are set to False by Assumption 2 and are
unaffected by both trajectories and actions.

For Part 5, note that Touching; is initially False for all ¢+ by Assumption 2. Therefore
the property is initially true. Consider an arbitrary element of the conjunction, say (Touching; =
True) = (Az; = 0). Consider first the discrete transitions. Assume (Touching; = True) = (Az; = 0)
is true at the pre-state of Collision; for some j € {1,...,N—1}. Then (Touching; = True) = (Az; =
0) is also true at the post-state, as both Touching; and Az;0 are unaffected by the action.

Assume (Touching; = True) = (Az; = 0) is true at the pre-state of Touch; for some
je{l,...,N —1}. If j # i (Touching; = True) = (Az; = 0) is also true at the post-state, as
Touching; and Ax; = 0 are unaffected by the action. If i = j, (Touching; = False) A (Az; = 0) must
be true at the pre-state. Therefore, (Touching; = True) A (Az; = 0) will be true at the post-state,
as Ax; is unaffected by the action.

Assume (Touching; = True) = (Awx; = 0) is true at the pre-state of Separate; for some
jed{l,...,N —1}. If j # i (Touching; = True) = (Az; = 0) is also true at the post-state, as
Touching; and Az; = 0 are unaffected by the action. If ¢ = j, Touching; = False at the post-state,
therefore (Touching; = True) = (Az; = 0) will again be true.
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Now consider the continuous evolution. Assume that (Touching; = True) = (Az; =0) is
true at some state, s, and consider all trajectories that start at s. Distinguish two cases. If Touching,
is false at s, then it will also be false at the final state of the trajectory, as, by definition of Wp, the
value of Touching; remains constant along trajectories. Therefore, (Touching; = True) = (Az; = 0)
will be true at the final state.

If Touching; is true at s, then (Az; = 0) must also be true. If at this point (ace; <
acci—1)V (v; < vj_1) is true the precondition of action Separate; is satisfied. If at this point (v; > v;_1)
is true, the precondition of action Collision; is satisfied. In either case the trajectory terminates (by
definition of Wp) while (Touching; = True) = (Az; = 0) is still true. If (ace; > acci—1) A (v; = vi—1)
is true the system proceeds along the continuous trajectory?. acc; and acc;_; are determined by the
maximal partition of a collection of touching vehicles (which may include more than vehicles ¢ and
i —1). By construction of the maximal partition, acc; < acc;—1 (ace; < acc;—q if i is the first vehicle
of an element of the partition and acc; = ace;—1 otherwise). Overall, continuous evolution proceeds
as long as (acc; > acci—1) A (v; = vi—1) A (ace; < acci—1), i.e. as long as (ace; = acci—1) A (v; = vi-1).

In this case, Az; = v; 1 —v; = 0 and Ax; = acc;_1 — acc; = 0 and therefore Ax; = 0 at the last
state of the trajectory, as Ax; = 0 at s. Overall, (Touching; = True) = (Axz; = 0) is preserved by
continuous evolution. Part 5 follows by Lemma 1.

For Part 6, note again that Touching; is initially False for all ¢ by Assumption 2. Therefore
the property is initially true. Consider an arbitrary element of the conjunction, say (Az; > 0) =
(Touching; = False). Consider first the discrete transitions. Assume (Az; > 0) = (Touching; =
False) is true at the pre-state of Collision; for some j € {1,..., N —1}. Then, the property will also
be true at the post-state, as both Touching; and Ax; are unaffected by the action.

Assume (Az; > 0) = (Touching; = False) is true at the pre-state of Touch; for some
je{l,...,N —1}. If j # 4, the property will also be true at the post-state, as Touching;, and Az;
are unaffected by the action. If i = j, (Touching; = False) A (Az; = 0) must be true at the pre-state.
Therefore, (Touching; = True) A (Az; = 0) will be true at the post-state, as Az; is unaffected by the
action. Hence, (Az; > 0) = (Touching; = False) is again true at the post-state.

Assume (Az; > 0) = (Touching; = False) is true at the pre-state of Separate; for some
j€{l,...,N —1}. If j # i, the property will also be true at the post-state, as Touching; and
Az; = 0 are unaffected by the action. If ¢ = j, Touching; = True at the pre-state, therefore Az; =0
at the pre-state, by Part 5. Therefore, (Az; > 0) = (Touching; = False) will again be true at the
post-state, as Ax; is unaffected by the action.

The proof that (Az; > 0) = (Touching; = False) is preserved by continuous evolution is
identical to the same proof for Part 5. Part 6 follows by Lemma 1.

Finally, for Part 7, note that the property is true at the initial state, by Assumption 2.
The property is preserved by discrete transitions, as they all leave the Az; unaffected. The proof for
the continuous evolution follows by the argument given for Part 5. m

Part 3 shows that the proposed collision model can simulate a wide range of energy loss
situations, from perfectly elastic (no energy loss, a; = 1) to plastic (vehicles do not bounce at all,
a; = 0). Note that no claim is made about the vehicles not moving backwards. From equation (12),
vh may in fact be negative, if, for example, v; = 0, M < 1 and « = 1 (i.e., a light vehicle hits a
stopped heavy vehicle elastically). Therefore, collisions may force vehicles to go backwards.

The main limitation of our model is that is does not account for the lateral motion of the
vehicles. We assume that all vehicles effectively move along a straight line. This assumption may
be unrealistic, especially in the presence of collisions when large forces and moments can be exerted

3 Touch; can not take place as Touching, is true.
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Figure 4: Sensor module S;

from one vehicle to another. The situation will be even worse when the vehicles move along a curved
road.

3.5 Sensors and Controllers

The sensors provide the controllers with information about the plant variables. The sensors of each
vehicle can be modeled by an automaton S; = (Ugi,Xgi,Ygi,Zgﬁ,th,Z%’:t, ©s,,Ds,, Ws,). Here
we only impose minimal limitations on the sensing arrangement. In particular we only require that
yP € Ug, and define Ys, = {y/}. For the trajectory set, Ws,, we only assume that each piece of
information (plant output variable) can be made available to the controller with some delay. We
assume that the delay depends only on the relative position of the vehicles in the string. This
assumption can easily be relaxed, at the expense of complicating the notation. A typical sensor in
this case is shown in Figure 4. dfj is the sensing delay, i.e. the time it takes for information about
vehicle j to reach vehicle 1.

The heart of the sensing arrangement is now encoded by the HCS S;. The automaton can
in general be very complicated: it may contain additional input variables (to model sensing noise
for example), internal variables (to model data filtering or sensor fusion), internal actions (to model
fault detection), etc. In subsequent sections we will only consider very simple sensors, whose output
variable values are the same as the (delayed) values of some of their input variables. In this case S;
can be described by a projection map:

hi : RN xRV — R™

g — oy

The controller for vehicle 7 uses the readings of the corresponding sensors, y;, to calculate
at each time instant the value of the control u;. The controller of each vehicle is modeled by an
automaton C; = (Uci,Xci,YCi,Zg,Zz&t,E%‘:t,@ci,Dci,Wci). We again try to impose minimal
limitations on the controller arrangement. We only require that y; € Ug, and that u; € Y¢,. For the
trajectory set, Wc,, we only assume that the controller can influence the plant after some delay. A
typical controller is then shown in Figure 5. d{l is the actuation delay, i.e. the time it takes for the
control calculated by controller 7 to be implemented by vehicle 3.

The heart of the controller is encoded by the HCS C;. This automaton can again be very
complicated in general. It may contain additional input variables (to model actuation uncertainty
for example), internal variables (to model dynamic controllers), internal actions, etc. Moreover,
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Figure 5: Controller module C;

the controller and sensing automata may contain additional input/output variables or actions to
coordinate with one another (to facilitate fault detection for example). Here we will only make use
of very simple controller automata that can be encoded by a map:

min

gi :R™ — [a™" a

i
yi () — 0(t)
To ensure that the model is realistic we impose the following assumption:
Assumption 4 For all i, 7, dfj >0, diA > 0 and y; is independent of u; in h;.

The bound on the delays is imposed to ensure that the sensor/controller composition is causal,
i.e. it does not produce inputs for the plant that depend on future values of the plant state. The
independence of y; from wu; is to avoid the possibility of ill-posed compositions between the sensors,
the controllers and the plant in the case where all the delays are zero. This last assumption is a
minor technicality, u; is anyway already available to the controller C; that calculates it and therefore
there is not need for the sensor S; to include it in the y; information. It is easy to see that under
Assumption 4:

Lemma 3 P, C; and S; fori=0,...,N — 1 are compatible.

3.6 System Parameters and Measures of Safety

The discussion so far has specified a class of models. The class is parameterized by a relatively small
number of parameters. For each ¢,57 =0,..., N — 1 these parameters are:

e the actuation delay: df* € R,

e the sensing delays: dfj € Ry,

e the mass: M; > 0,

e the acceleration bounds, a?’”i”, a;** € R,
e the restitution, o; : Ry — [0, 1].

Overall this gives 4N 4+ N? real parameters and the restitution functions. The class of models is
further parameterized by:

e the initial conditions (including those for the delay buffers),
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e the sensing structure S’i, 1=0,...,N—1,
e the control structure Cj, i =0,...,N — 1.

A string instance (or simply a string) is a HCS obtained by specifying all the above elements, i.e.
assigning values to all parameters, fixing initial conditions, and giving HCS models for the sensors
and controllers.

The executions of a string may involve collisions among the vehicles. The string is said to
generate a sequence of collisions:

C = {(ik, Avg, Te) by (14)

with iy € {1,...,N — 1}, Avg > 0, T, > T},_1 > 0, if there exists an execution such that for all &,
(i, Avg, Ty) € C if and only if Collision;, occurs at time T}, in the execution with relative velocity
Avwvy. For multiple collisions, all pairs of colliding vehicles appear individually. Note that, because of
nondeterminism in the order of resolution for multiple collisions many different C’s can be generated
by the same string.

We are interested in defining the system performance in terms of the severity of the
collisions experienced by the vehicles. Following [3], the relative velocity at impact is used as a
measure of collision severity?. The performance measure can now be thought of as a function,
Safety, mapping the system executions (in particular the collision sequence C') to a real number.
One possible choice for this function is:

Safety : C — m]?x{Avk} (15)

If K = 0 define Safety(C) = 0°. We would like to keep the relative velocity of all collisions below a
certain threshold, v4 > 0, i.e. guarantee that for all sequences C' generated by the string Safety(C) <
va. A commonly used threshold is v4 = 3ms™! [3].

The requirement for safety, stated above in terms of the system executions, can also be
cast in the form of an invariant for the string.

Definition 2 A string is safe if AN [(Az; = 0) = (v; < vi1 +v4)] is an invariant property. Oth-
erwise the string is unsafe.

It is easy to see that:

Proposition 8 A string is safe if and only if Safety(C) < wva for all possible executions.

4 Emergency Deceleration

4.1 Background

We introduce the emergency deceleration maneuver, the scenario we will attempt to analyze in the
remaining of this paper. This is a situation where the first vehicle in the string applies maximum
deceleration until it comes to a stop, thus endangering the remaining vehicles of the string. We
would like to determine the conditions under which the remaining vehicles can maintain their safety
despite this “malicious” behavior of the leader.

*If one would like to consider different performance measures, more information may need to be added to the
collision sequence C.

®The proposed function reflects the severity of the worst collision. Other measures can be defined by appropriate
choice of Safety. For example, Safety(C') = K reflects the total number of collisions, Safety(C) = = Zszl Avy, reflects
the average relative velocity of collision, etc.
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The safety of general strings of vehicles has been analyzed using a number of techniques.
Most results in the literature start by partly characterizing the string instance by determining “au-
tomata” for the sensors and controllers and then trying to establish the range of initial conditions
and parameters for which the string is safe. This type of analysis has led to conditions under which
pairs of vehicles are guaranteed not to collide [4, 5] or at least experience safe collisions [6, 5, 7, 8]. In
some cases the conditions have also been extended to longer or even infinite strings [9, 10]. Perhaps
the most challenging problem in this area has been the design of controllers for platoons of vehicles.
A platoon is a string of very tightly spaced vehicles. Typically intra-platoon spacings are of the
order of 1-2 meters. The work of Swaroop [9] has shown that in order to maintain the stability of
the string at such tight spacings each vehicle, 7, needs to have access to information about its own
internal variables z;, the internal and input variables of the vehicle ahead y? | as well as the internal
and input variables of the first vehicle in the string y5. Under this sensor arrangement, controllers
were designed in [9] to guarantee the safe operation of the platoon under a reasonably wide range of
initial conditions and parameter values.

The safety of the controllers in [9] relies on the assumption that the behavior of the first
vehicle is in some sense “reasonable”. This means that the controller Cj takes into account the
limitations of the rest of the vehicles in the string when calculating w. For example, the controllers
of [9] require that ug be bounded below by a function of a™" for all i > 0. This requirement is
clearly violated in the case of the emergency deceleration maneuver. It is conjectured [11] that the
platoon is going to be safe even in this case. The justification is that collisions are going to take
place in rapid succession, because the vehicles are all close to one another. Therefore if the speeds
of all vehicles are initially the same, the relative velocity at the time of collision is going to be small.
Here we attempt to establish conditions under which this conjecture is true.

It is assumed that the emergency deceleration of vehicle 0 is caused by some abnormal
condition, such as a mechanical malfunction (e.g. a brakes-on failure) or an obstacle (e.g. debris
spilling over from an accident in an adjacent lane). The emergency deceleration maneuver is an
example of an emergency maneuver; other examples include emergency lane change, emergency
splitting of platoons, etc. The reader is referred to [12] for a more detailed discussion of emergency
maneuvers and their initiation. Even though specialized controllers have been designed for some
emergency maneuvers [13, 14, 15], none of the results available in the literature are sufficient to
guarantee safety under such extreme conditions. We view our analysis of the emergency deceleration
maneuver as a first step in this direction.

4.2 Default Deceleration Strategy

To construct strings that undergo emergency deceleration we need to fix the values of all initial
conditions and parameters and to specify automata for all controllers and sensors. The following
definitions that can be used to cut down on the number of situations that need to be considered:

Definition 3 A string is initially at steady state if for alli,7 =0,...,N—1, v;(0) = v for some
v > 0, the internal variable of the actuation delay buffers satisfies bZ-A(O) = 0 and the internal variable
of the delay buffers bfi(O) = y?(0).

The emergency deceleration maneuver calls for the first vehicle of the string to apply
maximum deceleration until it comes to a stop. This behavior can be implemented in the string
model if we let d3, = dj' = 0 and define the sensor and controller of vehicle 0 by the maps:

Yo = ho(g") =wo (16)
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0  if(yg=0)
up = golyy) = ag™™ if (y5 > 0) (17)
ag®® if (y§ < 0)

The lack of delays implies that there are no delay buffers to be initialized for vehicle 0.

The leading vehicle starts decelerating at time ¢ = 0. Assume that it immediately notifies
the following vehicles of its action. The following vehicles receive the notification after some commu-
nication delay, possibly dependent on their position in the string (modeled here by d;%). How should
they respond to this action of the leader? The simplest response would be for each vehicle to start
decelerating as hard as possible as soon as it figures out there is an emergency until it comes to a
stop. We refer to this strategy as the default deceleration strategy. The default deceleration strategy
can be implemented in the string model if we let d;s; = dZA =0foralli=1,...,N —1 and define the
sensor and controller of vehicle ¢ by the functions:

up(t — df) y;, (1)
yi(t) = hi(@P(t) = | Az(t) | = v, (18)
v;(t) Y, (t)
0 if(y] =0)V(y;, =0)
wi = gi(y;) =9 ™" i (y;, #0)A(y;, >0) (19)
af*®® i (yg #0) A (yi, <0)

Under the default deceleration strategy there is only one delay associated witheach:=1,..., N —1,
namely d;%. To simplify the notation we use d; to denote this delay.

If the string is initially at steady state, equations (16)—(19) provide a partial specification.
The string is still parameterized by 5N — 2 real parameters (N — 1 for each of Az;(0), d; and a*%5
N for each of a7 and M; and 1 for v) and the N — 1 real valued restitution functions a;. In
subsequent sections we attempt to establish conditions on these parameters under which the string
is safe with the default deceleration strategy.

We can reduce the number of parameters that need to be considered by making additional
assumptions. A string initially at steady state satisfies the uniform spacing assumption if for all
i=1,...N — 1, Az;(0) = F for some F' > 0. The uniform spacing assumption reduces the number
of parameters that need to be considered by N — 2. Note that the default deceleration strategy
makes use of a]'* only if a vehicle starts going backwards as a result of a collision. We say that the
default deceleration strategy is brakes only if a]*** = —a;-m” forallz =0,..., N —1. The brakes only
assumption can be interpreted as saying that even when going backwards a vehicle will use its brakes
rather than its engine to stop (which in this case involves accelerating). The brakes only assumption
cuts down the number of parameters by NV — 1. To simplify the notation we will use a; to denote
a™" whenever the brakes only assumption is in effect.

The system description can be further simplified if we assume that a particular communi-
cation architecture is used to transmit the information about uy among the vehicles (we assume that
x; is sensed by each vehicle ¢ for local use only). One possible choice is hop-by-hop communication,
where the information is passed from one vehicle to the next. In this case the delay d; increases
linearly along the string, i.e. d; = id for some d > 0. Another possible architecture is broadcast com-
munication where the information is transmitted by the leading vehicle and received simultaneously
by vehicles 1,..., N —1. In this case the delay is d; = d for some d > 0andi=1,...,N—1 (dy = 0).
For either architecture the number of parameters is reduced by N — 2.

®In the next section it will be shown that for the emergency deceleration maneuver vo(0) > 0 implies vo(t) > 0 for
all t > 0.
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4.3 Limits of Safety and Problems of Interest

To motivate the problems that will be addressed in this paper we first derive some rough bounds on
the level of safety that can be expected under the default deceleration strategy. It is easy to show
the following:

Lemma 4 Assume d; = 0 and a™" > a?”" for all0 <i<j <N —1. Then any string (choice for
the remaining parameters) initially at steady state is safe under the default deceleration strategy for
any va > 0.

Proof: We show that under the lemma assumptions no collisions are possible; then the string is
trivially safe for all v4 > 0. We claim that the property:

Ptrivial = [(Uj — Vg S 0) for all 0 S ) S] S N — 1]

is an invariant property of the string under the lemma assumptions. The string is initially at steady
state, therefore v; = v; = v at £ = 0 and the initial states satisty P iyial-

Assume P, i, 18 satisfied at a given state. Then (v; —v;—; <0) forall1 <7 < N—1 and
the precondition for action Collision; can not be satisfied. Actions Touch; and Separate; may take
place for some i, however both leave v; unaffected for all j, therefore P i, Will again be satisfied
at the post-state.

For the continuous evolution, consider ¢ < j. Along a trajectory:

d

ﬁ(vj — ;) = accj — ace;

Assume j is part of a segment of touching vehicles S; and i is part of a segment of touching vehicles
Si. Then, by Part 1 of Lemma 2:

min min

acc; < maxa = Gpmin(S;
] = kes; k min(S;)
ace; < mina™" = apilq

kES;

If min(S;) < max(S;) then 4 and j are part of the same segment and acc; = acc;. If min(S;) >
max(S;) then acc; < ace;. In either case, %(vj —v;) < 0. Therefore, if P, i, is satisfied at the
first state of a trajectory it will also be satisfied at the last state.

Overall P, iyia] 18 an invariant property for a string satisfying the lemma assumptions.
Recall that Py jyiq Implies v; —v;—1 <0 and therefore the string is safe. ™

As there are no collisions in this case, the parameters «[***, M; and the functions «; do
not enter the picture. Lemma 4 indicates that if there are no differences in deceleration capabilities
and no delays the safety question is trivial. We can relax the assumptions of the lemma by allowing
certain system parameters to lie in ranges. Assume that the brakes only assumption is in effect and
consider the case where:

A € [a,a] (20)
di € [d;,d;] (21)
M,; € [M,H] (22)

The following provides a limit of what can be expected in this case:
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Lemma 5 Consider a string, initially at steady state, satisfying the uniform spacing assumption.
Set ' = 1m, v = 25ms™' and vqa = 3ms™', oy = 1 and assume that the parameter values are
bounded by a = —9.32ms 2, @ = —4.41ms 2 and M = M = 1500Kg. Finally, assume that either
d; =d; =d for alli >0 or d; = d; = id for all i > 0 and let let d = 0.05s. Then there exists a string
satisfying (20)—-(22) which is unsafe under the default deceleration strategy.

Proof: By numerical examples, see [16]. n

All the parameter values in Lemma 5 are realistic in terms of current technology. The conditions of
the lemma seem very specific; however the same conclusion has been shown to hold for a wide range
of cases. For example, the conclusion of the lemma trivially holds of any d;, M and a less than the
quoted values and any d;, M and @ greater than the quoted values. In the numerical experiments
of [16] a number of alternatives were also considered: the range [a,@] was reduced, d,v and F were
varied and realistic, monotone decreasing functions were used for «;. The conclusions were similar
in all cases.

These limitations suggest a number of problems that can be addressed in this setting. We
list a few below. All problems are parameterized by Az;(0) and v. For simplicity we assume that in
all cases except Problem 1 the brakes only assumption is in effect.

Problem 1: Establish conditions on a,@, d; and d; so that no collisions are possible under the default
deceleration strategy in a string satisfying (20) and (21).

Problem 2: Establish conditions on a, @, d;, d;, M, M and q; so that, under the default deceleration
strategy, any string satisfying (20)—(22) is safe.

Problem 3: Establish conditions on the same parameters so that, under the default deceleration
strategy, there exists a string satisfying (20)-(22) which is unsafe.

Problem 4: Establish conditions on the same parameters such that there exists a deceleration
strategy that for which any string satisfying (20)—(22) is safe.

Problem 5: Establish conditions on the same parameters so that, under any deceleration strategy,
there exists a string satisfying (20)—(22) which is unsafe.

Problem 1 is relatively easy. It can be approached by considering only pairs of adjacent
vehicles. The conditions can be inferred from calculations already available in the literature (as well
as the calculations presented in this paper). M; and a; do not appear in the statement of Problem
1, as the objective is to avoid collisions altogether.

Problems 2 and 3 are more challenging and are the topic of this paper. The difficulty is
that a collision between vehicle 7 and 7 —1 and the resulting change in velocity “couple” the dynamics
of vehicle 7 + 1 not only with those of ¢ but also with those of ¢ — 1. Therefore the conditions of
problems 2 and 3 will have to involve more than just adjacent vehicle pairs.

Problems 4 and 5 are substantially more difficult and will be the topic of future research.
Problem 4 may be approached by solving a (very complicated) optimal control problem. Solving
Problem 4 in this way will automatically provide a solution to Problem 5. Alternatively, Problem 5
can be addressed using techniques for proving impossibility results for distributed algorithms [17].
For both problems, important assumptions will have to be made about the information available to
each vehicle; does vehicle ¢ have access to the state of all other vehicles, does it have access to the
bound on its deceleration, a”™, does it have access to the bounds for other vehicles, etc.
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5 Safety of Strings of Length N =2

We first develop necessary and sufficient conditions for a string of two vehicles to be safe under the
default deceleration strategy. We refer to such a string as a pair. These conditions will form the
basis of safety results for longer strings.

5.1 Basic Properties

Throughput this section we assume that di = 0. Then, under the default deceleration strategy the
commanded acceleration of vehicle i = 1,2 can be written as a function of the vehicle state:
a™™ if v; >0
U; = 0 if v; = 0
a** ifv; <0

Proposition 9 (vy > 0) is an invariant property of the pair.

Proof: By Assumption 2 vy(0) > 0. If (vg > 0) when Collision; occurs then, by equation (3),
vy > vg > 0. Moreover, Touch; and Separate; do not affect vg. Therefore (vg > 0) is preserved by
all the actions.

For the continuous evolution, assume vy = 0 at the first state of a trajectory. Recall
that 09 = accy. If Touching, = False, accy = up = 0 under the default deceleration strategy. If
Touching, = True, accy > min{ug, u1 }. If v; > 0 the action Collision; takes place and the trajectory
stops. If v; < 0, the action mboxSeparate; takes place and the trajectory stops. If vy =0, u; = 0,
therefore accy = 0. ™

Proposition 10 (v; < 0) is a stable property of the pair.

Proof: Assume v; < 0 when Collision; occurs. Then, by equation (3), v] < v; < 0. Moreover,
Touchy and Separate; do not affect v;. Therefore (v; < 0) is preserved by all the actions.

For the continuous evolution, assume v; = 0 at the first state of a trajectory. If Touching; =
False, then acc; = u; = 0 under the default deceleration strategy. If Touching; = True, acc; <
max{ug,u1 }. vg > 0 by Proposition 9. If vy > 0, the action the action mbozSeparate, takes place
and the trajectory stops. If vy = 0, ug = 0, therefore acc; = 0. m

Proposition 11 If (vy < 0) the pair is safe (in particular Collision; cannot occur).

Proof: If (v; < 0) then v;1 <0 < vy (by Proposition 9). Therefore, v; < vy + v4 and the pair is
safe. The precondition of Collision; will never be satisfied. [

To derive more meaningful safety conditions consider the derived variables:

C,Cy, P, P, : R —R

Ci(Azy,v1,v0) = (a1 + ag)vg — 2apvov1 — 2a(2)Ax1 (23)
Ca(Axwy,vp,v1) = Z—;vo -1 (24)
P1 (A.Tl, Vo, 'Ul) = (’Ug — 'U1)2 — 2(0,0 — al)Axl — '1)124 (25)
Py(Az1,v9,v1) = vf — ﬂvg + 201 Ay — v} (26)

ao
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Proposition 12 (C}(Azy,v1,v9) > 0) = v9 >0

Proof: By Proposition 9, vy > 0. Moreover, vy = 0 implies that C1(Azy,v1,v9) = —2a3Az; < 0.
[

To simplify the notation we will explicitly mention the function arguments only when
necessary. We also introduce a derived boolean variable C' given by the expression:

C=[(Cr <0)A(ap < a1)] V[(C2 <0) A(ap = a1)] V [(vo = 0)] (27)

Py, P, and C' will be used to construct invariants for the pair to encode safety conditions. A collision
can take place either while both vehicles are moving or while while vehicle 1 is moving and vehicle
0 has stopped (by Proposition 11 a collision cannot take place once vehicle 1 stops). The property
(P, <0) will encode conditions that guarantee safety if a collision takes place while both vehicles are
still moving. (P» < 0) will encode conditions that guarantee that either no collision takes place or
a safe collision takes place after vehicle 0 has stopped. The predicate C' will be used to distinguish
the two cases.

5.2 Sufficient Conditions for Safety
Lemma 6 (P, <0)V (v; <0) is a stable property of the pair.

Proof: Assume (P, < 0) V (v; < 0) is true when Collision; occurs. By Proposition 11 (v; < 0)
can not be true in this case. Assume (P; < 0) is true. Then, P (Azy,vg,v1) = P1(0,v9,v1) < 0.
Hence, by the restitution equation (3), (vj — v})? = (vo — v1)%af < (vg —v1)? <03, as a1 € [0,1] by
Assumption 1. Therefore, P;(Az), vy, v]) = Pi(0,v),v]) < 0 and (P < 0) V (v; < 0) is again true
after Collision;. Moreover, (P; < 0) V (v; <0) is preserved by Touch; and Separate;, as both these
actions leave Az, vy and vy unaffected.

Assume at some state, s, (P, < 0)V (v; <0) is true and consider all trajectories that start
at s. If (v1 <0) is true at s it will also be true at the last state of the trajectory by Proposition 10.
If (P, <0) A (v1 > 0) is true at s, consider the variation of P, along a trajectory:

d
%Pl = 2(vg —v1)(acco — acer) — 2(ap — a1)(vo — v1)
0 if (vg > 0) A (v1 > 0) A = Touching,
= 2a9v1 if (vo = 0) A (v1 > 0) A = Touching,

—2(ap — a1)(vg —v1) if Touching,

In the cases where Touching, = False, P, <0, therefore (P; <0) will be true at least until (v; < 0)
becomes true. If Touching, = True and vy < vy (resp. vg > v1) action Collision, (resp. Separate;)
occurs and the trajectory stops. If Touching,; = True and vy = v, then P =0. Overall, (P, <
0) V (v1 <0) will be true at the last state of the trajectory. n

Lemma 7 If (P, <0)V (v; <0) is true then the pair is safe.

Proof: If (v; <0) is true the pair is safe by Proposition 11. If (P} <0), at the time when Az; =0,
Py (Azy,v9,v1) = P1(0,v9,v1) < 0, therefore (vg — v1)? < v%4. Hence, v1 < vy + v4 and the pair is
safe. ™

Lemma 7 provides a sufficient condition for a pair of vehicles to be safe. We now seek
situations that violate the condition of the lemma and yet are safe. Consider:

I=[P<0]V[CA(P<0)] (28)
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Lemma 8 IV (v; <0) is a stable property of the pair.

Proof: If (P < 0)V[CA(P,<0)]V (v1 <0) is true at the pre-state of Touch; or Separate,
it will also be true at the post-state as both actions leave Axq,vg and vy unaffected. Assume
(P <0)VICA(Py<0)]V (vy <0) is true when Collision; occurs. If (P; <0) V (v; < 0) is true, it
will also be true after Collision; by Lemma 6. Assume Collision; occurs while C A (P, < 0) is true.
We distinguish the following cases:

Case 1: (vg = 0) A (P, <0) is true. Then, at Az; =0,
(1)0:0)/\(P2SO):>1)%—1)2A§0:>1)1:1)1—1)0§UA
Case 2: (C; <0) A (ap < a1) A (P <0) is true. Then, at Az =0,
(C1 <0)A(ag < a1 <0) = ((ag+ a1)vd — 2avovy < 0) A (ag < ay < 0)

(ag + a; ap + ai
2a0

v02v1)/\(0<

<1)

Therefore, vy > v and this hence (C; < 0) A (ag < a1) A (P2 < 0) cannot be true when Collision;
occurs.

Case 3: (Cy <0) A(ap > ay) A (P <0) is true. Then, at Az; =0,

(Co<O0)A(ag>a)A(P<0) = (Dog<o)A(L>1)A 02— Lo — 0% <0)
ao ap ap

a a
(—1 >1)A <(vg—vl)2—v%—vg+—lvg SO)
aq ao

= (vo—v1)? =04 <0

In all cases 0 < v; — vy < va. Therefore (vg —v1)? < v% and hence (v — v})? < v% (by equation (3)
and Assumption 1). Therefore, if Collision; occurs while C A (P, < 0) is true, (P, < 0) will be true
after the collision. Overall, if (P, < 0) V [C A (P2 <0)]V (v1 <0) is true when Collision; occurs it
will also be true afterwards.

Assume at some state, s, (P < 0) V[C A (P, <0)]V (v; <0) is true and consider the
trajectories that start at this state. If (P, <0)V (v; <0) is true at s it will also be true at the last
state of the trajectory, by Lemma 6. If C' A (P, < 0) A (v1 > 0) is true at s, consider the derivatives
of the functions C1, Ce and P, along the trajectory:

d

ECI = 2(ap + a1)vpaccy — 2apaccyvy — 2agvpace; — 2a3(v0 —v1)
0 if (v > 0) A = Touching,
= 2a3v; if (vgp = 0) A = Touching,
2(a1vo — agvy)accy — 2a¢(vo —v1)  if Touching,
d
ECQ = Z—;acc() — accy
0 if (vo > 0) A = Touching,
= —ay if (vg = 0) A = Touching,

(“—1 — ) accy if Touching,

ao
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al
—P, = 2viacc; — 2—vgace 2a1(vg — v
i racer =22 v 0 + 2a1 (vo — v1)

0 if =Touching,
= 29002 gecy + 2a1 (vg — v1)  if Touching,

Consider first the variation of P». If Touching, = False and as long as v; > 0, P, =0. Therefore,
if (P, < 0) is true at s, (P» < 0) V (v; < 0) will be true at the last state of the trajectory. If
Touching, = True and v; # vy the trajectory stops (as the precondition of either Collision; or
Separate, is satisfied). If Touching; = True and v; = vy then P, = 2(ap — a1)voacey/ag. If ag > ay
the trajectory stops and action Separate; occurs. Otherwise, P, <0, therefore (P, <0) will be true
at the last state of the trajectory.

Now consider the variation of C. Recall that C A (v; > 0) is assumed to be true at s.
Distinguish two cases:

Case 1: (C7 < 0) A (ap < aq) is true at s. If Touching; = False and as long as v; > 0 and
vy > 0, Cy=0.If Touching, = True and vy # vy the trajectory stops (as the precondition of either
Collisiony or Separate; is satisfied). If Touching, = True and v; = vy then Cy, = 2(ay —ap)vpaccy <0
as ap < ap. Overall, [(C1 <0) A (ap < a1)] V (vg =0) V (v; <0) will be true at the final state of the
trajectory.
Case 2: (Cy < 0) A (ap > aq1) is true at s. If Touching; = False and as long as v; > 0 and
vy > 0, Cy=0.If Touching, = True and vy # vy the trajectory stops (as the precondition of either
Collision, or Separate, is satisfied). If Touching, = True and vy = vg then Cy = (a1 —ag)accy/ag < 0,
as ag > ay1. Therefore, [(Co < 0) A (ap > a1)] V (vo = 0) V (v; < 0) will be true at the final state of
the trajectory.

Overall, if (P, <0) V[C A (P, <0)]V (v1 <0) is true at the first state of a trajectory, it
will also be true at the last state. [

Theorem 2 (Sufficient Condition for Pair Safety) If I is initially true the pair is safe.

Proof: I initially true and Lemma 8 imply [P} < 0]V [C A (P> <0)] V (v; < 0) is an invariant
property of the pair. If (P; <0) V (v; <0) is true safety is guaranteed by Lemma 7. If C A (P> <0)
is true, the proof of Lemma 8 indicates that at Az; = 0, v1 — vy < v4, which again implies safety.
[

5.3 Necessary Conditions for Safety

Conditions under which the string is unsafe can be obtained in a similar way. The proof of Theorem
2 indicates that if a collision is safe, all subsequent collisions will also be safe. Our conditions must
therefore be such that the first collision is unsafe; more unsafe collisions may follow. Consider a
derived boolean variable Collided which is initially false and becomes true when the actions Collision;
occurs. Let:

¢ = (C1<0) (29)
I' = [-C'"A(P>0)]V[(C'V (vg=0)) A (P >0)] (30)

Lemma 9 I' V (v; <0) V Collided is a stable property of the pair.
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Proof: Assume I’V (v; < 0)V Collided is true at some state. Consider all trajectories that start at
that state. If Collided is true at the start state of such a trajectory, it will trivially be true at the last
state also. If (v; < 0) is true at the start state it will also be true at the last state, by Proposition
10. Assume I’ is true at the start state. We show I’ remains true until v; < 0. We distinguish the
following cases:
Case 1: -C' A (P, > 0) is true. =C’ implies that v; > 0 by Proposition 12, hence from the proof of
Lemma, 6, C; = 0 and P; = 0. Therefore, if ~C' A (P, > 0) is true at the start state of a trajectory
it will be true at least until v; < 0.
Case 2: By a similar argument and using the calculations of Lemma 8 if (C' V (v; = 0)) A (P2 > 0)
is true at the start state of a trajectory, it will continue to be true at least until v; < 0.

Overall, if I' V (v; < 0) V Collided is true at the first state of a trajectory it will also be
true at the last state.

Assume I'V (v; < 0)V Collided is true when Collision; occurs. After the collision Collided
and hence I' V (v < 0) V Collided, will be true. n

Theorem 3 (Necessary Condition for Pair Safety) If I' A (v; > 0) A =Collided is true initially
then the pair is unsafe.

Proof: By Lemma 9, if I' A (v; > 0) A = Collided is true at the initial states, I' V (vy < 0)V Collided
is an invariant property of the pair. Therefore, I’ will remain true at least until either (v; < 0)
or Collided become true. We show that Collided becomes true before (v; < 0). First note that if
Az = 0 while I’ is true then (vy — v1)? > v%. To see this consider the following cases:

Case 1: —C' A (P > 0) is true. Then, at Az; =0, P, >0 = (vg —v1)? — 04 > 0.

Case 2: (C'V (vp =0)) A (P, > 0) is true.

Case 2.1: (vg = 0) A (P, > 0) is true. Then, at Az =0,

(Vg =0)A (P >0) =0l =04 >0= v =v —wvy >4
Case 2.2: (Cy <0) A (P, > 0) is true. Then, at Azy =0,

(C1 <O)A (P >0) = ((ap+ a1)vd — 2agvovy < 0) A (v — %vg — 04 >0)
0

= ag(vd +v? — 2vpv1) — apvy < 0
= (vo—v1)? =04 >0

Note that sooner or later v; = 0 will be reached. Here v; plays the role of a progress
variable. Assume, for the sake of contradiction, that v; becomes 0 while I’ is true, before Collided
becomes true. Consider again cases:

Case 1: —=C' A (P > 0) is true.

(Cl > 0) A (P1 > 0) = ((a() + al)vg — 2agvou1 > 0) A ((Uo — 1)1)2 — 2(@0 — al)A$1 — UQA > 0)
= 02— ﬂv% + 2a1Azy —v4 >0
ao
Note that Az; < 0 is needed to satisfy the above expression at v; = 0. Therefore, as v; — 0, Ax;
must cross 0 from above. This implies that at Az; = 0, dAz/dt = vy —v1 < 0. The relative velocity
calculation given above guarantees that at Az, = 0, |v; — vg| > v4, hence vy — v; is bounded away
from 0. Therefore a collision does happen (Azy = 0 and v1 > vg), with relative velocity greater than

VA.
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Case 2: (C'V (v; =0)) A (P, > 0) is true. Then (P, > 0) = v? — Z—év% + 2a;Az; — v4 > 0. The
claim follows by the same argument given above.

Overall, the above calculation indicates that if I' A (v; > 0) A = Collided is true Collision;
will occur. Moreover, at the time when Az = 0, v; > v +vy. Therefore there exist reachable states
where the property [Az; =0 = v; < vy + v4] is violated and the pair is unsafe. ™

In subsequent proofs the following corollary will also be useful.
Corollary 1 If (P > 0) A (P, > 0) A (v1 > 0) initially then the pair is unsafe.

Proof: As C'V[~C'V (v; =0)] is true, (P, > 0) A (P> > 0) = I'. The conclusion follows from
Theorem 3. u

6 Safety of Strings of Length N > 2

6.1 Sufficient Conditions

Next, we derive a very simple sufficient condition for a string of arbitrary length to be safe. Even
though the condition is conservative, interesting conclusions about the safety of platoons of vehicles
can be derived from it (see Section 7). Unless otherwise stated we assume that d; = d; = 0.

Definition 4 A string undergoing emergency deceleration under the default deceleration strategy is
near uniform mass if a;(v) = « is constant and aMy_1 < My < My_1/c.

A near uniform mass string is such that the masses of all its vehicles are close to one another. This
allows us to put some bounds on the change of speed that a collision can induce. For example, it
can be shown that the vehicles of a near uniform mass string will never go backwards.

Proposition 13 /\f\ial(vi > 0) is an invariant property of a near uniform mass string.

Proof: Let Q = /\i]\;l(vi > 0). By Assumption 2, v;(0) > 0 for all 4, therefore the initial states
satisfy property (). Assume () is satisfied at some state. Consider all trajectories that start at that
state. Consider an arbitrary vehicle 7+ and assume that it is part of a segment of touching vehicles
S;. If there exists j € S; with v; # v; the precondition of at least one Collision, or Separate; action
with k& € S; will be satified and the trajectory will stop. If v; = v; = 0, ace; > minjeg, (u;) = 0 under
the default deceleration strategy. Therefore, if () is true at the first state of a trajectory is will also
be true at the last state.

Q is trivially preserved by Touch; and Separate; for all j > 0, as these actions do not
affect the v;’s. Assume @ is true when Collision; occurs for some j > 0. Let v} denote the velocity
of vehicle ¢ after Collision;. If i & {j,7 — 1}, v} = v;, therefore (v; > 0) implies (v, > 0). If i = j — 1,
v; > v; by the restitution equation (3), therefore (v; > 0) implies (v, > 0). Finally, if ¢ = j, solving
the conservation of momentum and restitution equations (2) and (3) leads to:

o = Mi_l(l + Oé)Ui_l + (Mz — Mi_la)vi > Mi_l(l + Oz)l)i_l

! M; + M; - M+ M,

Therefore, (v;—1 > 0) implies (vj > 0). Overall, for any j > 0, if @) is true when Collision; occurs, Q
will also be true after the collision. m

We now construct invariant properties that allow us to characterize the safety of such a
string. Define Az;; for 0 <¢ < j < N — 1, Gmin and Gpqz by:

J
Az = E Az, Gmin = min ag, a = max a
J k> min k> maxr k
0<k<N 0<k<N
k=it1 Sk< Sk<
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For any pair of vehicles ¢ < j, consider the function:

P(Azij,vi,v5) = vj — Imaz ) — vy (31)

~

Gmin

Proposition 14 (P(Az;j,v;,v;) = 0) A (v; > 0) = (v; > 0) for a near uniform mass string.

Proof: (P(Ax;j,v;,vj) = 0) implies that v; = “m“‘v —VA. Gmin < Gmaer < 0 by Assumption 3 and

v4 > 0 by definition, therefore if v; > 0 then v; >m0 m
Lemma 10 The property ( N 2 jvzil(P(Axij,vi,vj) < 0)) is stable for a near uniform mass
string.

Proof: Assume AN ? ;V lil(P(Axij,vi,vj) < 0) is true at some state. Consider first all trajec-
tories that start at that state. For one of the P(Ax;j,v;,v) to become greater than zero along the
trajectory, (P(Ax;j,v;,v;) = 0) must be true first. In this case:
aj—%ai ifvi>0/\vj>0
—P =9 a; ifv;=0Av; >0

0 ifv,=0A vj = 0

Recall that, v;,v; > 0 by Proposition 13 and (v; > 0) A (v; = 0) can not be true if P(Ax;j,v;,v;) =
by Proposition 14. AS Gy,42 > aj and G < a4, P < 0 in all cases. Therefore, if (P(Ax;j,vi,vj) <
at the first state of a trajectory it will also be true at the last state.

Assume AN 2 ;V Zil(P(Axij,vi,vj) < 0) is true when Collision; occurs. Let v}, denote
the velocity of vehicle k after Collision;. Consider each P(Az;;,v;,v;) independently. If [ & {i,i +
1,5,5 + 1} v; = v; and v; = v;. Therefore P(Az;j,v;,v;) < 0 implies P(Az;j,vj,v}) < 0. We treat
the remaining four cases one at a time:
Case 1: [ = i. Assume v; > v;_1. Then, P(Axz;j,v;—;,v;) < 0 implies P(Ax;;, v}, vj) < 0.
Case 2: | =i+ 1. v} > v;. Therefore, P(Az;j,v;,v;) < 0 implies P(Az;;,v},v5) < 0.
Case 3: [ = j. v; <vj. Therefore P(Ax;j,v;,v5) < 0 implies P(Ax5,v;,v5) < 0.
Case 4: [ = j + 1. Assume v < vj11. Then, P(Az;j,vi,vj41) < 0 implies P(Az;z,v;,v5) < 0.

It remains to show that v;~ < wj41 in case of Collision; 1 and v > v;_1 in case of Collision,;.
Solving the conservation of momentum and restitution equations reveals that the first condition is
satisfied if M; — M1 > 0 while the second if M; — aM;_1 > 0. Both these conditions are met by
a near uniform mass string. =

0
0)

Theorem 4 (Sufficient Condition for String Safety) A near uniform mass string of N vehicles
is safe if P(Ax;j(0),v;(0),v;(0)) <0 for all i,j with0 <i<j <N —1.

Proof: Lemma 10 and the theorem assumptions imply that (P(Az;j,v;,v;) < 0) is an invariant
property of the near uniform mass string. As Gyin < Gmas, this implies that v; —v; < v, and hence
the string is safe. =

The following corollaries follow directly from Theorem 4:

Corollary 2 Consider a string of N wvehicles for which P(Ax;;(0),v;(0),v;(0)) <0 for all i,j with
0<i<j<N-—1. Ifd, =d; =d and M = M the string is safe under the default deceleration
strategy.

Corollary 3 A near uniform mass string, initially at steady state with velocity v (v; = v for all i),
consisting of vehicles satisfying (20)—(22) is safe if (1 — %) v—v4 <0.

28



_
1 i+1] i+2 R
- - <= - <
Vi Vit Vi Vit Y

Figure 6: Final configuration for theorem proof

6.2 Necessary Conditions

Now consider a string of NV vehicles. We seek necessary conditions such that any platoon formed by
a collection of vehicles satisfying (20)-(22) is guaranteed to be safe. Start with the case:

d; =d; =0 and o;(v) =1 (32)

i.e. no delay (d; = 0 for all i) and elastic collisions. Assume that the string is initially moving at
steady state with velocity v, i.e.:
Ax;(0
#i(0) = l 0 ] (33)

v

Theorem 5 (Necessary Condition for String Safety) All strings of N wvehicles satisfying
(20)-(22) and (32)-(33) are guaranteed to be safe under the default deceleration strategy only if
(P1(Az;(0),v,v) <0)V (P2(Az;(0),v,v) <0) is true for all i,j with 0 <i < j < N —1 and for all
a;, a5 € [Q,G].

The definitions of the derived variables P, and P, are given in equations (25) and (26). The proof
is constructive: we show that, if the above condition is violated, one can construct a platoon that
satisfies all the theorem conditions and yet, under the default deceleration strategy, exhibits collisions
at relative velocities above v4. The idea of the construction is to bring the vehicles from their
initial arrangement to the final arrangement of Figure 6 without any collisions taking place. The
construction will be such that after resolving the multiple collision between vehicles ¢ + 1,...,7 the
velocity of vehicle ¢ 4+ 1 will be the same as the velocity of vehicle j before the collision. For € small
enough, the next collision will be between vehicles 72 + 1 and ¢ and the relative velocity will be € close
to the relative velocity with which vehicles 7 and ¢ would have collided if vehicles ¢+ 1,...,7 — 1 were
not there. By Corollary 1 this velocity is greater than v4. The multiple collision is used only to make
the calculation simpler. During the proof it will become apparent that (using Proposition 6) the
effect is the same if the collisions take place pairwise with some arbitrary order. Before presenting
the proof of the theorem we introduce the following proposition (the proof is given in the appendix).

Proposition 15 Assume there exist 1,5 with 0 < i < j < N — 1 and a;,a; € [a,a] such that
(P1(Az;(0),v,v) > 0) A (P2(Azi;(0),v,v) > 0) is true. Then for e > 0 sufficiently small there exist
ai € [a,a] fori < k < j and a time T" > 0 such that no collisions have occurred in [0,T) and
Azip1(T) =€ and Az (T) =0 for alli+1 <k <j.

Proof: (of Theorem 5) Assume for the sake of contradiction that there exist 0 < i < j < N —1
and a;,a; € [a,a] such that (P (Az;;(0),v,v) > 0) A (P2(Az;i;(0),v,v) > 0). We construct a platoon
satisfying (20)-(22) and (32)-(33) (i.e. pick ay € [a,d),k # 4,7 and My € [M, M] for all k) that will
exhibit collisions at relative velocities greater than v4 under the default deceleration strategy.
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Without loss of generality, for all k£ < 4 (if any) choose a; > a; and for all & > j (if any)
choose aj, < a; that satisfy the theorem condition. This is always possible as a;,a; € [a,a]. Also, for
all k choose My = M for any M € [M, M]. The choice of a; ensures that the vehicles ahead of i and
behind 7 do not interfere with our calculation. The choice of M, is valid and makes the calculations
considerably easier.

If j =74 1 the conclusion of the theorem follows by contradiction, using Corollary 1. If
j > 1+ 1, choose a for © < k < j according to Proposition 15. Then, at time 7" a multiple collision
takes place between vehicles i + 1,...,5. By Proposition 6, the velocity of vehicle ¢ + 1 after the
collision will be the same as the velocity of vehicle j before the collision. For e small enough, the
next collision will be § seconds later, between vehicles ¢ + 1 and 4, where § satisfies:

%524-(%(7‘7) —Uj(Tf))(s—i—e:O if Cl(Axij(O),’U,v) >0

_%52—%(T‘)5+e:0 if  C1(Az;(0),v,v) <0

At the time of impact T + §:

0;(T7) —v;(T7) 4+ 0(a; —air1) if C1(Az(0),v,v) >0

vi(T + 5) B UH_I(T + 6) - { —Uj(Tf) — 5ai+1 if Cl(Axij(O), v, U) <0

In either case the root of interest 6 — 0 as ¢ — 0. As a consequence, as € — 0 the relative velocity
at impact between vehicles ¢ + 1 and 7 tends to v;(T") — v;(7T") which in turn tends to the relative
velocity of collision between vehicles 5 and i if vehicles 14+ 1,...,7 — 1 were not there. This quantity
is greater than vy by Corollary 1, therefore there exists an e small enough for which the relative
velocity of collision between vehicles ¢ and 7 + 1 is greater than v4. The conclusion of the theorem
follows by contradiction. [

Corollary 4 The conditions of Theorem 5 are necessary as long as mj-vgol [dj,d_j] # (.

Proof: For all i and some d € ﬂ;-vz_ol d;, d;], choose d; = d. The construction of Theorem 5 trivially
generalizes. =

7 Implications for Platooning

7.1 Bounds on the System Parameters for Safe Platooning

We start with the sufficient condition of Section 6.1. Consider a near uniform mass string and let
@ — a = €. Then, according to Corollary 3 all strings whose vehicles satisfy (20)-(22) are guaranteed
to be safe under the default deceleration strategy if:

<1—9>U—UA§0;»6§—Q“—A (34)
a v
Substituting “typical” values of ¢ = —9ms~2 and v4 = 3ms~"! leads to € < 1.08 for v = 25ms~" and

€ < 0.9 for v = 30ms—1.
To make use of the necessary conditions of Section 6.2, note that:

6P1 6P1 (9P2 a5 o (9P2 1)-2
= —2A1;; <0, — =2Az;; >0, — = —2v; <0, — =——"L+2Az;; >0
Oa; Tij = day Tij =5 da;  a? Vi =5 da; a; +aATi; 2
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| N | € (ms?)

v=2bms ", F=1m |v=30ms™ ", F=1m | v =25ms™!, F =2m
2 4.5 4.5 2.25
3 2.25 2.25 1.125
4 1.5 1.5 1.125
5 1.125 1.125 1.125
>6 1.125 0.9 1.125

Table 1: Maximum allowable difference in deceleration capability

Therefore, the condition (P (Az;;(0),v,v) < 0)V (P2(Azi;(0),v,v) <0) for all a;,a; € [a,a] is equiv-
alent to (P1(Az;;(0),v,v) <0)V (P(Az;(0),v,v) <0) for a; = a and a; =@ or equivalently:

(—2(a —@)Az;; —v5 <0)V <(1 —

a

—)v? + 2aAz;; — v; < 0>

a

To further simplify the calculation assume that at steady state the string (platoon) satisfies the
uniform spacing assumption, i.e. Az; = F for all i. Then the necessary condition for string safety
requires that for all 7z < j:

(2e(j — i) F — v <0)V <—5v2 +2a(j —i)F —v3 < 0)
a

v 2(j —i)a®F — av?
2 —)F’ v2—2(j —i)aF

= egmax{

This condition should hold for all 2 < j, therefore, for a platoon of size N to be safe we need:

2 SN2 2
) v5 2(j —i)a"F — avy
< 35
€=My e { 2 —)F v2—2(j —i)aF (35)

2 and

Table 1 shows the necessary condition for the variation in deceleration capability for a = —9ms™
v4 = 3ms~!. The numbers indicate that the sufficient condition is conservative for small platoon sizes
but approaches the necessary condition as the platoon size increases’. Based on the characteristics
of vehicles on current highways the bound on € is reasonable for N = 2 but rather restrictive for
higher platoon sizes (even under perfect road conditions). Note also that the calculation saturates
after the first few followers; a similar observation was made in [9] about the increase in deceleration

effort required along a platoon for “string stability”.

7.2 Ways to Improve Safety

The above calculations indicate that the safety of the platooning system under emergency braking
can only be guaranteed under rather limited conditions, in particular for small platoons consisting
of vehicles of similar deceleration capabilities. A number of alternatives can be considered in an
attempt to improve on these restrictions as much as possible.

"Using Lemma 7 it is easy to verify that for N = 2 the values of Table 1 are both necessary and sufficient.
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7.2.1 Modify the Parameters

Taking partials of equations (34) and (35) with respect to a, v and v4 indicates that the conditions
become easier to satisfy as @ and v decrease and v4 increases. The value of g is lower bounded by the
limitations of the tires and brakes; the value of —9ms~? is already rather optimistic for most vehicles
and driving conditions. Likewise, reducing the value of v reduces the highway throughput; the value
v = 25ms~! is already considered low. Finally, increasing v, is unacceptable from the point of view
of safety; vy = 3ms~! is already considered high. Taking partials of (35) with respect to F indicates
that the first term becomes easier to satisfy as F' decreases while the second term becomes easier to
satisfy as F' increases. In the numerical examples the first term dominates for platoon sizes up to
N = 6. It is therefore likely that a reduction in the following distance can lead to improvement in
safety; however, the value F' = 1m is already rather low for the current technology.

Effect of d is small. M and M have no effect, the necessary condition needs to hold even
for identical masses. Try to reduce «;. Tradeoff: «(0) = 1, therefore need some relatively bad
collisions to absorb energy.

7.2.2 Non-spontaneous Platooning

Assume vehicles can estimate their own deceleration capability and decide to join a platoon only if
a sufficient condition is satisfied. For example, order platoons by increasing deceleration capability.
Safety in this case is guaranteed by Lemma 4. Safety will be sensitive to estimate of deceleration
capability. Problems:

1. Estimate difficult to obtain on line, has to be inferred by ABS measurements and may be
inaccurate until maximum deceleration is applied. Large safety margins likely to be needed.

2. Deceleration capability changes on line. In a slow time scale due to brake and tire ware and
in a fast time scale due to variation in driving conditions (weather and terrain), brake heating
etc. Platoon may cease to be safe at some point. Situation seems hopeless for inconsistent
terrain, e.g. ice patches.

3. Average platoon size no longer arbitrary. Probability distribution for deceleration capability
and queuing argument can be used to obtain expected platoon size. Relatively simple if platoon
ordered in increasing deceleration capability can be very complicated if more elaborate sufficient
condition is used.

7.2.3 Better Emergency Controllers
Try to solve problems 4 and 5.
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A Hybrid Automata Pseudo-Code

A.1 Plant Automaton Code

Variables:
Input:
u; € [a
Internal:
Az; € R, for alli € {0,..., N — 1}, initially > 0
v; €ER, for all ¢ € {0,..., N — 1}, initially > 0
Touching; € Bool, for all i € {0,..., N}, initially False
Output:
y? € B3, for alli € {0,...,N —1}

min
[

,ame®] for all i € {0,...,N — 1}

7

Derived:
acc; ER, for alli € {0,...,N — 1}
(see text)
Actions:
Input:
e, the environment action
Internal:

Collision;, for i € {1,...,N — 1}
Touch;, for i € {1,...,N — 1}
Separate;, for i € {1,...,N — 1}

Discrete Transitions:

e:
Effect: arbitrarily reset the input variables
Collision;:
Precondition:
(Az; = 0) A (v; > v—1)
Effect:
Reset v; and v;_; to v} and v}_; so that:
M+ M;_qv;_y = Myv; + M;_jv;1
viiy — v = (i —vi-1)
Touch;:
Precondition:
(Touching; = False) A (Az; = 0) A (v; =vi_1) A (acc; > acci_1)
Effect:
Touching; := True
Separate;:
Precondition:
(Touching; = True) A [(acc; < acci—1) V (v; < vi_1)]
Effect:
Touching; := False
Trajectories:
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Input variables follow arbitrary trajectories
For alli € {0,...,N — 1} and for all ¢t > 0:
Azi(t) = vi—1(t) — vi(t)
;(t) = acc;(t)
Touching;(t) = Touching;(0)
yp (8) = [Axi(t) vilt) acei(t)]”
Trajectories stop once the precondition of an action becomes true

35



B Construction of Maximal Partitions

Counsider a segment S with a weighted average function a. Assume without loss of generality that
S = {1,...,n}. The following algorithm attempts to construct the maximal partition of S. The
algorithm maintains a state, consisting of a candidate partition of S, S = {S1, ..., Sk}, where k may
change along the algorithm execution.

Initialization: Set k =n, S = {{1},{2},...,{n}}.

While £ > 1 and 3i € {1,...,k — 1} such that a(S;—1) < a(S5;)

Do
Si—1 = 5;15;
Sj :Sj+1 for j € {’i,...,k—l}.
k=k-—1

oD

Proposition 16 The following properties are invariant for the algorithm:
1. § is a partition of S.

2. §; € S are unsplitable.

Proof: & is initially a partition (a trivial one). Each step of the algorithm can join two adjacent
elements of S into a single element. The result is again a partition and part 1 follows.
S1,859,...,Sy, are initially unsplitable (vacuously). At each step of the algorithm .S; and
Si—1 may be joined if and only if a(S;—1) < a(S;). By Proposition 3, the resulting segment is also
unsplitable. m

Lemma 11 The algorithm terminates in a finite number of steps. Upon termination S is a mazimal
partition of S.

Proof: £ is monotone decreasing, is initially equal to n and is bounded below by 1. Hence the
algorithm is guaranteed to terminate.

The algorithm terminates if either & = 1 or a(S;—1) > a(S;) for all i € {1,...,k — 1}.
Moreover, the S; are unsplitable by Proposition 16. Therefore, S is a maximal partition. m
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C Additional Proofs

Proposition 10 If A and B are two unsplittable subsegments of S and AN B # 0, then AU B is
an unsplittable subsegment of S.

Proof: If A and B are subsegments of S and ANB # (), AU B is also a subsegment of S. Assume,
without loss of generality that min(A) < min(B). f AC B (A2 B) then AUB =B (AUB = A)
and hence unsplittable. Otherwise, as A and B are unsplittable:

a(A\ (ANB))<a(ANB)<a(B\(ANB))
By the properties of the weighted average function this implies that:
a(A\ (ANDB)) <a(A) <a(ANB)<a(B)<a(B\(ANB))

Assume that AU B = LR for some segments L, R. Note that either L C A or R C B. We would like
to show that a(L) < a(R). Assume first that L C A. As A is unsplittable a(L) < a(A\ L), therefore,
by definition of weighted average, a(L) < a(A) < a(A\L). But R = (A\ L)(B\ (AN DB)), therefore:

a(R) 2 min{a(A\ L),a(B\ (AN B))} = a(4)

It follows that a(L) < a(R). The proof is similar if R C B. n

Proposition 11 If A and B are two unsplittable subsegments of S, AB is defined and a(A) < a(B),
then AB is an unsplittable subsegment of S.

Proof: Clearly, AB is a subsegment of S. As before, let AB = LR for some subsegments L and
R and assume first that L C A. As A is unsplittable a(L) < a(A \ L), therefore, by definition of
weighted average, a(L) < a(A) < a(A\ L). Moreover, a(A) < a(B) implies that:

a(R) = a((A\ L)B) 2 min{a(A\ L),a(B)} = a(A)

The conclusion follows. The proof is similar in the case R C B. ™

Proposition 12 If S;...S, is a maximal partition of S, 1 <1 < k < n and Sy = Uﬁl:lSm then
a(S) > alSk).

Proof: For all [ proceed by induction on k. If & =, S = S, = S, and the claim holds. Assume
a(Sik) > a(Sk) holds for some k£ > [ and show that it holds for £ + 1. By the defining property of a
weighted average function:

a(Sik+1)) = min{a(Si), a(Sk41)}

But a(Siz) > a(Sk) > a(Sks1) (by induction hypothesis and maximality). Therefore, a(gl(k+1)) >
G(Sk+1). ]

Proposition 13 a is a weighted average function on S.
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Proof: Let L and R be two subsegments of S such that LR is defined. Assume a(L) < a(R). We
would like to show that a(L) < a(LR) < a(R). Indeed:

>ier My < Yienr Miw
e M T e M

s DY Mu || > Ml) < (E Mlul> (ZMl)

lel leLR leLR leL

a(L) < a(LR) &

s (Y M ZMlJrZMl) < (ZMlul—i—ZMlul) (ZM1>

leL leL ler leL ler leL

i

> My ZMl) < (Z Mlul> (Z Ml)

leL IER IER lEL
>ier My < 2icr Miw

e My T Xier M
< a(L) <a(R)

=4

The proofs for a(LR) < a(R) and in the case when a(R) < a(L) are similar. n

Proposition 14 If o; =1 and M; = M; for all Ny < i,5 < Na then all possible orders of pairwise
resolution lead to viy, = UN,, Vi, 41 = UNy-1, --., Uy, = ON, (i.e. the order of the velocities is
reversed).

Proof:  Assume that the multiple collision is resolved by pairwise collisions and let V (k) =

{v%?, . 7”1(\2} denote the velocities of vehicles Ny, ..., Ny after the k' pairwise resolution has been
performed. Clearly, V(0) = {vn,,...,vn,}. We show that V (k) = V(0) (up to reordering of the
elements).

Proceed by induction. Assume that after k& pairwise resolutions V (k) is a permutation of
V(0). If further resolutions are needed, there exist (possibly many) j € (N1, Na] such that v; > v;_.

Pick any such j and resolve the conflict between j and j — 1. For all i € [Ny, No] with i & {j,7 — 1},
(k+1) _ (k) (k+1) (k+ )
(3

v, . Under the proposition assumptions v; and Ch satisfy:
Mjv; plFHD + M;_ § b= M; § ) + M] 1v(k) = v](-kH) + v](.k_"{l) = v§k) —I—v](k_)l
k+1) k k+1 k+1 k k
St TS S (T (LS i )
which implies that v‘g-]il) = v§k) and v§k+1) = v§]i)1. Therefore V(k 4+ 1) is also a permutation of

V(0). Note that the argument is independent of the ordering of the pairwise resolutions.

Resolutions will keep taking place until vg\];l) > vg\];l) 12 2 v%? As initially vy, <
UN, 41 < ... <wp, and V (k) is a permutation of V'(0), the claim of the proposition follows. n

Proposition 15 If o; < 1 or M; # M;j for some i,5 € [Ny, N2, the state after the collision is
resolved, ' , may depend on the order in which the collisions are resolved.

Proof: By counter example. Consider a string of 3 vehicles undergoing simultaneous collisions.
Assume the velocities at impact are vg = 0, v1 = 4 and vy = 8. First let My = M; = My and
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a1 = ag = 0.5. The multiple collision can be resolved pairwise in two different orders:

vy = 0 Vo = 3 Vo = 3 Vo = 5.4375
v = 1-0 v1v=1 2—1 v1=625 1—0 v =3.8125
Vg = 8 Vg = 8 V9 = 2.75 V9 = 2.75
Vp = 0 Vo = 0 vy = 5.25 vy = 5.25
v = 21 v = 1—-0 vy=17 2—1 v, =4.1875
Vg = 8 Vg = 5 Vg = 5 Vg = 2.5625
Now let @y = ag =1 and My = M;/2 = M, /3. Collisions can again be resolved in two ways:
1)0:0 1)0:16/3 1)0:16/3 1)0:32/3
v = 1—-0 v =4/3 2—1 v; = 28/3 1—-0 vy = 20/3
1)2:8 1)2:8 1)2:8/3 1)2:8/3
v9 =0 v =0 vp = 176/15 vp = 880/75
v=4 2—-1 wvy=44/5 1—-0 v =44/15 2—>1 v =388/75
vy =8 vy =24/5 vy =24/5 vy = 248/75
Total momentum is conserved in all cases. ™

Proposition 17 Assume there exist i,j with 0 < i < j < N —1 and aj,a; € [a,a] such that
(P1(Az;(0),v,v) > 0) A (P2(Azi;(0),v,v) > 0) is true. Then for e > 0 sufficiently small there exist
ap € [a,a] for i < k < j and a time T > 0 such that no collisions have occurred in [0,T) and
Azi1(T) =€ and Az (T) =0 forall i +1 < k <3j.

Proof: The easiest way to prove the claim is by a “geometric” argument (it can also be proved
algebraically). First note that, as v;(0) = vj(0) = v and Az;; > 0, P;(Az;;(0),v,v) > 0 implies that
a; < aj. Moreover, by Corollary 1, (Pi(Az;;(0),v,v) > 0) A (P2(Az;;(0),v,v) > 0) implies that if ¢
and j were the only vehicles in the string they would have collided. Therefore, for every e < Az;;(0)
there exists a 7' > 0 such that at Az;;(T) = € (again if vehicles ¢ and j were the only vehicles in the
string).

Figure 7 shows the velocities of vehicles 7 and j as a function of time, under the default
deceleration strategy. Case (a) corresponds to C7 > 0 (refer to equation (23) where the vehicles
collide while they are still moving) while case (b) corresponds to C; < 0 where the vehicles collide
after vehicle ¢ has stopped. The slopes of the two lines are equal to a; and a; respectively and the
area of the shaded region is equal to Az;;(0) — € while the area of the hashed region is equal to e.
More generally, for any pair of vehicles k and [ with i < k <[ < j and ay < a; define Ay (t) to be
the area of the shaded region in Figure 7, case (c). Note that, as long as there are no collisions 8.
Az (t) = Azg(0) — Ap(t)

Choosing ay to satisfy the proposition involves choosing the slopes of the vy (). The
procedure is inductive. We start by choosing a;11 such that A;;.1)(T) = Az;y1(0) — €. Assume
that after k& — i steps Ak (T) = Az(0) — € and choose ayy1 to make Ay 41y (T) = Azgy1(0). By
construction a; < aj41 < ... < ajo1 < aj as Azg(0) > 0 and therefore a;, € [a,@] for all k. If 7 is
still moving at time T" the areas Aj11)(f) are monotonically increasing with time. Therefore, as
Ak k+1)(T) = Azp41(0), no collisions can occur in [0,T). In the case where vehicle i is stopped at
time 7', some of the other vehicles may also have to stop touching each other. Still no collisions take
place in [0,7'), as the relative velocity at which they touch is zero. n

®Recall that by the definition of a collision vehicles are allowed to touch at zero relative velocity.
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Figure 7: The definition of 7" and A (t)
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