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SEMIPARAMETRIC ESTIMATION OF NONSEPARABLE MODELS:
A MINIMUM DISTANCE FROM INDEPENDENCE APPROACH

IVANA KOMUNJER AND ANDRES SANTOS

ABSTRACT. This paper focuses on nonseparable structural models of the form
Y =m(X,U,ap) with U L X and in which the structural parameter oy contains
both finite dimensional (fy) and infinite dimensional (hg) unknown components.
Our proposal is to estimate o by a minimum distance from independence (MDI)
criterion. We show that: (i) our estimator of hg is consistent and obtain rates of
convergence; (ii) the estimator of 6 is v/n consistent and asymptotically normally

distributed.

1. INTRODUCTION

Nonparametric identification of nonlinear structural models is often achieved by
assuming that the model’s latent variables are independent of the exogenous vari-
ables. Examples of such arguments include Brown (1983), Roehrig (1988), Matzkin
(1994), Chesher (2003), Matzkin (2003), and Benkard and Berry (2007), among
others. Yet the criteria used for estimation in such models rarely involve the inde-
pendence property. Instead, nonparametric and semiparametric estimation methods
typically use the mean independence between the latent and exogenous variables
that comes in a form of conditional moment restrictions (see, e.g., Ai and Chen,
2003). Weaker than independence, the mean independence property by itself does
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not guarantee the identification to hold; hence, nonparametric and semiparametric
estimation literature most often simply assumes the models to be identified.

In the present paper we unify the estimation and identification of nonlinear models
by employing the same criterion to obtain both: the independence between the

models’ latent and exogenous variables. We focus on the models of the form:
Y =m(X,U, ap) UlX U~ U|0,1]

with variables Y € R and X € R% that are observable, a latent disturbance U € R,
and in which the function m(z,u, ag) strictly increasing in v € R for all # € R%,
The parameter of the model is g = (6, hy) € A = O x H, where © C R% is
finite dimensional and ‘H is an infinite dimensional set of functions. Requiring U ~
U[0,1] is not a restrictive assumption, as for any random variable £ with strictly
increasing cdf F; we can let { = FE_l(U ) and consider the function Fgl as part of
the nonparametric component hy.

The key insight of our estimation procedure lies in the following equality implied

by the model:
PY <m(X,t,,ap); X <t,)=t,-P(X <t,)

for all (t,,t,) € [0,1] x R%. We then exploit this relationship between the marginal

and joint cdfs, and derive a von-Mises type criterion function:
Q)= [ PO < m(X.tuia)s X < 1) =t POX < )P du()

where 1 a measure on [0, 1] x R%. In a sense, the criterion function Q(a) measures the
distance from independence of U and X in the model. Hence, we call our estimator
a—which we obtain by minimizing an appropriate sample analogue @, («) of Q(«)
above—a minimum distance from independence (MDI) estimator. If oy is identified
by the assumptions of the model, then «ag will also be the unique zero of Q(«).
Exploiting the standard M-estimation arguments we are then able to: (i) show that

the MDI estimator & = (0, k) is consistent for g = (6g, ho); (i) obtain the rate of



SEMIPARAMETRIC MDI ESTIMATION 3

convergence of the estimator h for ho; and (iii) establish the asymptotic normality
of the estimator @ for 6.

The approach of minimizing the distance from independence for estimation was
originally explored in the seminal work of Manski (1983). In the context of nonlinear
parametric simultaneous equations systems, the asymptotic properties of the MDI
estimators were derived in Brown and Wegkamp (2002). These results, however,
assume that the structural mappings are finitely parameterized and do not allow for
the presence of nonparametric parameters, which our approach does.

The remainder of the paper is organized as follows. In Section 2 we illustrate how
semiparametric nonseparable models arise naturally in economic analysis by studying
a simple version of Berry, Levinsohn, and Pakes’s (1995) model of price-setting with
differentiated products. Our estimator is presented in Section 3 and its consistency
is established. Section 4 obtains the rate of convergence for the estimator of hy. The
asymptotic normality result for the estimator for 6, is derived in Section 5. Section
6 concludes the paper. The proofs of all the results stated in the text are relegated
to Appendix.

2. EXAMPLE

We proceed to illustrate how nonseparable structures arise naturally in simple
economic models. We consider a basic version of Berry, Levinsohn, and Pakes (1995)
(BLP henceforth) model with 2 products and 2 firms. On the demand side, we use

a random utility specification a la Hausman and Wise (1978):
(1) uij = —ap; +b'z; + & + G + €4y,

in which u;; is the utility of product j (j = 1,2) to individual ¢ (¢ = 1,...,I) with
unobserved characteristics ¢; ((; € R), p; and z; are respectively the price and a
k-vector of observed characteristics of product j (p; € Ry, z; € R*, k < 00); b is
a k-vector of coefficients determining the impact of z; on the utility for j (b € R¥),

and ¢; is an index of unobserved characteristics of the latter (§; € R); —a is a taste
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parameter on the price assumed constant across individuals (a > 0); finally, ¢;; is
an error term that represents the deviations from an average behavior of agents and
whose distribution is induced by the characteristics of the individual ¢ and those of
product j (¢;; € R).

A baseline specification of the random utility in (1) is that ;; are iid across prod-
ucts j and individuals 7. For example, assuming that ¢;;’s are Gumbel random
variables, the resulting individual choice model is logit. In what follows, we let the
difference ;5 — €;1 be distributed with known cdf F'; while F' is assumed to be some
known cdf, it need not be logit. When €;5 — €;; has cdf F, the demand for good 7,
denoted D;(p;,p—;), is given by:

(2) Dj(pj,p—;) = M - F(a(p—; — p;) + V' (2—j — ) + &5 — &)

where M is the total market size.

Hereafter, we let the Y = D;(p1,p2)/M be the market share for firm 1’s good
(Y € [0,1]), P=pys—p1, Z = 25 — z1 and £ = & — &. Then, the structural BLP
model of (2) takes the form:

(3) Y =F(aP+VZ+¢) with £1Z

In the model above, prices are endogenous, so even if £ is independent of Z, we can
expect P to depend on &. Hence, without further restrictions on £ and P it is not
possible to identify the parameters a and b in (3). We now show how the supply side
information may be used to identify these parameters.

We assume that firms compete in prices (a la Bertrand), so each firm chooses

prices which maximize its profits:
I;(pj, p—;) = (pj — ;) D;j(pj, p—5)

Let the marginal costs C' = (cy, c2) be observable and let X = (Z’,C"). The price
(p1,p2) is then implicitly defined by the solution to the Bertrand game with ex-
ogenous variables X. Lemma 1 exploits this relationship to obtain an alternative

representation for the model in (3).
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Lemma 1. Assume F is twice continuously differentiable on R with density f sat-
isfying f'(x)F(x) < f*(x). If the unobservable & in the model (3) is continuously
distributed, then it follows that:

(4) Y = F(h(X,U) + X'0)
with 0 < Oh(X,u)/0u < 1, U ~ UJ[0,1], and 0 = (V/,0,0).

The assumption f'(x)F(z) < f?(x) guarantees the existence of a unique Nash equi-

librium and the Lemma can then be obtained by analyzing the equilibrium strategies.

3. MINIMUM DISTANCE FROM INDEPENDENCE ESTIMATION

We now proceed to study our MDI estimator, which applies to a class of models

of which (4) is a special case. Consider the following general setup:
(5) Y =m(X,U, ap) UlX U~ U|0,1]

with observables Y € R and X € R unobservable U € R, and where m(z,u, ) is
some known real function that is strictly increasing in u for all (z,«). Recall that
the parameter of interest o consists of a finite dimensional component # € R% and
an infinite dimensional one h € H. We therefore let (6,h) = a € A=0 x H.

In many models, as in the BLP example discussed in Section 2, the assumption
that U ~ UJ0, 1] is not restrictive as nonuniform latent variables may be transformed
to fit this model. When permitted, this re-parameterization is helpful as it allows for
a simple characterization of the independence of U and X, as shown in the following

Lemma.

Lemma 2. Let the model (5) hold, X be continuously distributed, and
om(z,u,ap)/0u > 0 for all x. Then, it follows that U L X if and only if for
all (ty,t,) € R x (0,1):

(6) PY <m(X,ty,a0); X <t,)=t,-P(X<t,)
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Lemma 2 suggests a straightforward way to construct a criterion function through

which to estimate «g. Let t = (¢, t,,) and define
(7) Wi(t,a)=PY <m(X, ty,a); X <t,)—t, - P(X <t,)

Note that under the assumptions of Lemma 2, U L X if and only if W (¢, o) = 0 for
all t. Hence, a natural candidate for a population criterion function is the Cramer

von-Mises type objective:

®) Q)= [ Wt apdu(t)

where p is a measure on R% x (0,1) that is absolutely continuous with respect to
Lebesgue measure. The choice of p is free, though we note that it will influence the
asymptotic variance of our estimator for 6.

When the model in (5) is identified by the restriction U L X, Lemma 2 implies

that oy is the unique zero of Q(«) and hence we have

ap = arg mfiln Qa) .

Estimation will then proceed by minimizing an empirical analogue of Q(«). First

define the sample analogue to W (¢, a):

n

1 1<
(9 Walt.o)==3 Wy <mlwite, 0); 2 <tx}—tu-5;1{xi <t}

i=1

which yields a finite sample criterion function,

(10) Qu(a) = / W2 (t, a)du(t)

Since A contains a nonparametric component, minimizing @,(«) to obtain an
estimator may not only be computationally difficult, but also undesirable as it may
yield slow rates of convergence; see Chen (2006). For this reason we instead sieve
the parameter space A. Let H, C H be a sequence of approximating spaces, and

define the sieve A,, = © x H,,. The MDI estimator is then given by,

(11) &€ argnjtinQn(oz)
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Under the following assumptions, it is possible to establish the consistency of a.

Assumption A. (i) {y;,x;} are i.i.d.; (i) (Y, X,U) are continuously distributed
according to (5); (i) g = argming Q(«); (i) The conditional densities fy|x(y|z)
and fx(x) are uniformly bounded in (y,z); (v) u(t) has full support on R% x (0,1).

Assumption B. (i) m(z,u,«) is strictly increasing in u V(x,a); (i) © C R% and
H are compact w.r.t || || and || - ||oo; (id) |m(z,t, ) — m(x,t,&)| < G(z){]|6 — 0] +
|h — h||o} with E[G*(X)] < oo; (iv) The entropy IS/ NP =T Tlse)dn < oo;
(v) H, C H are closed in || - || and for any h € H there exists a I1,h € H,, such
that ||h — T,,h]|s = o(1).

Assumption A(iii) requires identification of the model. For fully nonparamet-
ric specifications, identification of these models is well understood, see for exam-
ple Matzkin (2003). Identification in semiparametric setups, however, can be more
challenging and of course depends on the model specification. Below, we provide
conditions for identification of the BLP example. Assumptions B(i)-(iv) ensures the
stochastic process is asymptotically equicontinuous in probability. In Assumption
B(iv), Nj(7*,H, || - |l) denotes the bracketing number of H with respect to || - ||so,
see van der Vaart and Wellner (1996) for details and examples of function classes
satisfying Assumption B(iv). Finally, Assumption B(v) requires the sieve can ap-
proximate the parameter space with respect to the norm || - ||oo.

For the consistency result, endow A with the metric ||| = [|0]]| + ||7]]oo-
Theorem 1. Under Assumptions A and B, ||& — a||. = 0,(1).

In the context of the BLP example, Assumption B(v) can be verified by letting H
be a smooth set of functions. For example, suppose x has compact support X and
let A be a d, + 1 dimensional vector of positive integers. Define |A| = S>% \; and
D> = 9*/ 837?1 .. .83:25"’” OuM=+1. An appropriate set H is then given by:

Oh(x,u
H = {h(z,u): max sup|D h(z,u)| < M, inf% >e€ €>0}.
T,u u

‘)\|S%+1 T, )
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By Theorem 2.7.1 in van der Vaart and Wellner (1996), Assumption B(iv) is then sat-
isfied. For approximating sieves H,, that satisfy B(v) appropriate options are splines
or polynomials, see Chen (2006) for further examples and discussion. Assumption

B(iii) follows by the mean value theorem if we assume F' has bounded derivative. To

verify Assumption B(ii), note the set of functions {ahgi’“) : h(z,u) € H} is compact
in || - || due to them having uniformly bounded derivatives and the Arzela Ascoli

Theorem. Compactness for all of H is then implied by the same arguments.
The hardest condition to verify for the discussed BLP model is identification, for

which we provide primitive conditions in the following Theorem:

Theorem 2. Let h(z,u) be continuously differentiable, (i) Oh(x,u)/0u > 0 for all
x; (1) h(0,1/2) = 0 and (ui) Oh(0,1/2)/0x = 1. If F is a known cdf that is
strictly increasing, then the parameters (0, h) of the model (4) are identified by the
restrictions U L X and U ~ U[0, 1].

Combining the results of Lemma 1 and Theorem 2 then shows that the parameters
(6, h) in the BLP model in (4) are identified.

The conditions of the Theorem fix the values of the unknown function A and of
its gradient with respect to z, denoted by Oh(x,u)/dx, at one point. In particular,
(ii) holds if the distribution F¢ of the products’ unobservable ¢ in the BLP model
in Equation (3) is known to satisfy F¢(0) = 1/2, since when X = 0 and { = 0 the
equilibrium is symmetric which implies P = 0. Hence, aP + £ = 0 = h(0,1/2).
Requirement (iii) fixes the value of the gradient Oh(x,u)/0x at the same point. It
ensures that the effects of changing 6 can be separated from those of changing h.
Indeed, if h is additively separable in z as in: h(x,u) = ¢'x + r(u), then (ii) holds if
¢ = 1. This restriction is as we would expect since it would be otherwise impossible

to identify 0 in Y = F((¢ +0)' X +r(U)).
4. RATE OF CONVERGENCE

This section examines the rate of convergence of h. This result is not only inter-

esting in its own right, but is also instrumental in deriving the asymptotic normality
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of \/n(6 — 6). We focus on the following norm for h(z,u):

(12) A2, = / W2 (1) fx () dedu()

Associated to the norm [|h||z2 is the vector space L? = {h(z,u) : ||h||pz < oo}

In order to obtain the rates of convergence for Hﬁ— h||Lz2, it is necessary to examine
the local behavior of Q(«) at . Consider the function m(zx,t,,«), and notice
that it can be thought of as a mapping m : (A,|| - |l.) — L? As a mapping,
m(x,t,,a) is said to be Frechet differentiable, if there exists a bounded linear map

dm(flima) : (A, ]| - ||le) — L? such that,

Mz, t, @ + ) — m(z, t,, o) — L) 7))

m =0
[EIAN |7l

The Frechet derivative is a natural extension of the standard derivative to arbitrary
metric spaces. To illustrate these concepts, notice that in the BLP example the
mapping m(x,t,, a) = h(z,t,) + 2'0. Further, since in this case m(z,t,, ) is linear,
the mapping is its own Frechet derivative, i.e. for 7 = (h,, 6,) we have:

dm(z,t,, a)

dov [W] = hﬂ($7 tu) + Il@w

Given these definitions, we introduce the following assumption.

Assumption C. (i) In a neighborhood N'(cg) C A, m: (A, - ||.) — L? is continu-
ously Frechet differentiable; (ii) The conditional densities | fyx (y|z) — fyvix (v']x)| <
J(x)ly — |V with E[J*(X)G**(X)] < .

Under Assumption A(iv), B(iii) and C, the Frechet differentiability of m(z,t,, «)
is inherited by Q(«) as a mapping @ : (A, || - ||c) — R. To state the form of this
Frechet derivative, we define the linear map:

dm(z,t,, &)

- el < ) fx(@)da

(13 Dalr = [ Frix(ma,tu.a)fo)

Lemma 3 establishes that Q(«) is twice Frechet differentiable at «p.
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Lemma 3. Under Assumption A(iv), B(iii) and C(i)-(ii), Q(a) (A le) — R as:
(i) continuously Frechet differentiable in N (o) with dQ(O‘ = [W(t,&)Ds[r]du(t)
(i) and twice Frechet differentiable at o with & Q(ao U, = fDaO | Do [m]dp(t).

In this model, since Q(«) is minimized at «y, its second derivative at ag induces
a norm on A. This result is analogous to a parametric model, in which if the
Hessian H is a positive definite matrix, then va’Ha is a norm equivalent to the
standard Euclidean norm. Guided by Lemma 3 we hence define the inner product

and associated norm,

(14) (@) = / Doy 0] Do 5]dpa(1) loll2, = (e @)

The advantage of the norm ||-||,, is that through a Taylor expansion it is often possible
to show [|a — agl|?, < Q(a), which makes it easy to obtain rates of convergence in
|| - ||lw. However, the norm || - ||, may not be of interest in itself. We instead aim to

obtain a rate of convergence in the norm:
lledls = 1101 + [[A]]z2 -

It is possible to obtain a rate of convergence for ||& — apl|s by understanding the
behavior of the ratio || - ||s/|| - || on the sieve A,,. The assumptions we impose to

obtain the rate of convergence for ||& — ay|s are:

Assumption D. (i) In N(ap), |l — aol|? < Qo) S || — all?; (1) The ratio
Tn = supy |2/l satisfies 7, = o(n?) with v < 1/4; (i) For any h € H
there exists I,h € Hy, with ||h — k||, = o(n~2) and ||h — LA, = o(n"%).

Assumption D(i) requires ||a — apllw S Q). As discussed, this is often verified
through a Taylor expansion and allows us to obtain a rate of convergence in || - ||4,-
In our model, || - ||, is too weak and Q(«) is often not continuous in this norm. We
impose instead Q(a) < ||a — ap||?. Assumption D(ii) is crucial in enabling us to
obtain rates in || - ||s from rates in || - ||,,, and vise versa, which is needed to refine

initial estimates of the rate of convergence. The ratio 7, is often referred to as the
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sieve modulus of continuity, see for example Chen and Pouzo (2008). In practice,
Assumption D(ii) is requiring the sieve not to grow too fast. Finally Assumption
D(iii) refines the requirements of rates of approximation for the sieve A,,.

Given these assumptions we obtain the following rate of convergence result:

7).

Theorem 3. Under Assumptions A, B, C and D, ||& — ag||s = op(n

Notice that since ||& — ag||s = ||6 — 6o|| + ||h — hol| 2, it immediately follows from

Theorem 3 that ||k — ho||z2 = 0,(n"%), as desired.

5. ASYMPTOTIC NORMALITY

In this section we establish the asymptotic normality of \/ﬁ(é —6). The approach
of the proof is similar to that of Ai and Chen (2003) and proceeds in two steps:

(i) For any A € R% show the functional F)(«) = X', which returns the para-
metric component of the semiparametric specification is continuous in || + ||,-

(ii) By the Riesz Representation theorem there is v* such that (v}, & — ap),, =

N (é — 0p). We then establish the asymptotic normality of /n(v*, & — ag).

We therefore begin by establishing the continuity of F\(a) = N6 in || - ||,,. Let
A denote the closure of the linear span of A — o under || - ||,,, and observe that
(A, ] - |l») is a Hilbert Space with inner product (-,-),. Notice that A = R% x H,
with H the closure of the linear span of H — hg under || - [|,,. For any (o — ) in A,

we can then decompose D,, [ — ] according to:!

Do — ap] = W[a — ]
(15) = W0y gy DB 0)y

For each component 6; of 6, 1 < i < dy, let hj» € H be defined by:

/ (dW(;;,jao) B dWC(Zz;;ozo) [h])Qdu(t)

IThe first equality in (15) is formally justified in the proof of Lemma 3 in the Appendix, in which

(16) h: = arg min
her

it is shown D, is the Frechet derivative of W (¢, «).
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where the minimum in (16) is indeed attained and hj} is well defined due to the
Projection Theorem in Hilbert Spaces, see for example Theorem 3.3.2 in (Luenberger,
1969). Similarly define h* = (hy, ..., h; ) and let,
dW(t, Oég) dW(t, Oéo) dW(t, O[0>
1 ——[h]) = | ——2[1],..., ———=|h}
As a final piece of notation, we also need to denote the vector of residuals,

(19 Ry (t) = T 00) AW o)y

and the associated matrix:

(19) v:/Rmm%@ww

As Lemma 4 shows, the continuity of the functional F\(a) = A0 depends on the
matrix X* being positive definite. Lemma 4 also obtain the formula for the Riesz

Representor of Fy(a).

Lemma 4. Let vy = (S*)7I\, v = —h*v) and (vy,vy) € A. If % is positive-
definite, then for any A € R%  Fy(a — ag) = N(0 — 0y) is continuous on A under

|- |lw and in addition we have Fy(a — ap) = (v, a0 — aig)y = N (0 — ).

Having established the continuity of F(«) in || - ||, we can now show the asymp-

totic normality of v/n{(v*, & —ap),,. For this purpose we require one final assumption.

Assumption E. (i) ¥* is positive definite; (i) v} € A for ||M| small; (iii)

dDora(n]

y exists with
-

V.a € N(a), and m,a € A, the pathwise derivative

2
dDayra|m — dDoyralm
S supacn | 225228 | du(e) < el and fsupey (P25 ) ) <
lal|?; (iv) ¥V a € N(ap) and © € A, |Dy[r]| is bounded.
Assumption E(i) ensures that F)\(a) = X6 is continuous in || - ||, as shown in

Lemma 4. While v* € A, Assumption E(ii) additionally requires v*» € A. As a result
v* may be approximated by an element I1,,0* € A,. The qualification “for ||\|| small”
is due to the compactness assumption on © x H requiring them to be bounded in

norm. Finally Assumptions E(iii)-(iv) require W (¢, &) to be twice differentiable and
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for some regularity conditions on the derivatives. For example, in the discussed BLP

example for aw = (0, h,) we have:

(20) D[] = /fyp((xlga + ho(z,u)|2) (20, + he(z, t,) e < t,}fx(z)dx

Hence, Assumption E(iv) is easily verified by requiring sup, E[|2'0 + h(z,t,)[] < oo
uniformly in (6,h) € A. Similarly, by direct calculation we obtain that in the
discussed BLP example,

d-DOL+TO_z [ﬂ-]
dr

= / Sy (@' (0 + 5@) + ho(, ) + sha(x, 0,) (@ 0x + hx(ty, 7))
X (2'05 + ha(ty, »)){zx < t,}fx(x)dx

and hence Assumption E(iii) is easily verified if | f}. ¢ (y|2)| is bounded in (y, z).
We are now ready to establish the asymptotic normality of /n(0 — ).

Theorem 4. Let Assumptions A, B, C, D and E hold. Then, \/ﬁ(é —0) £ N(0,%)
where ¥ = [2*] 7! [J R (t) Ry, (5)2(¢, s)dp(t)du(s)] [

6. CONCLUSION

We have proposed a general estimation framework for a large class of semipara-
metric nonseparable models. The resulting estimator converges to the nonparametric
component at a op(n_%) rate, and yields an asymptotically normal estimator for the
parametric component. Some of the Assumptions must be verified in a model spe-
cific basis, which we have done in an example motivated by Berry, Levinsohn, and

Pakes’s (1995) model of price-setting with differentiated products.
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APPENDIX A. DETAILS OF THE BLP EXAMPLE

In this Appendix, we give the proofs of Lemma 1 and Theorem 2. We start with an

auxiliary Lemma whose result will be useful later on.

Lemma 5. Assume F is twice continuously differentiable with f'(z)F(z)/f%(z) < 1. Then
the BLP equilibrium prices exist, are unique, and the map (§2—&1, 22— 21, ¢1,¢2) — (p2—p1)
1s twice continuously differentiable with:

1 I(p2 — p1) <0

a  0(&—¢&)

PROOF OF LEMMA 5: Under the assumption f'(z)F(z)/f?(x) < 1 the goods are sub-
stitutes and the elasticity of demand is a decreasing function of the other firm’s prices,

i.e.
0% In D (p;, p—;)
8pj8p_ 7
It follows that the (log-transformed) Bertrand duopoly played by the firms is supermodular;

>0.

hence, there exist a pure Nash equilibrium to the game (see, e.g., Milgrom and Roberts,

1990). We now show that this equilibrium is unique. For this purpose note that

82 lnHj(pj,pfj) 82 lnHj(pjap*j) _ 1
_ P - E ;>0
op? piOp—; (pj — <))

so that the “dominant diagonal” condition of Milgrom and Roberts (1990) holds; this
guarantees that the equilibrium is unique.

Since f'(z)F(z)/f*(x) < 1 we also have 02 In Dj(pj,p_j)/f)p]z < 0, which implies that
0% InTl; (pj,p_j)/apg < 0, and the Nash equilibrium (p7, p3) is the unique solution to the
first order conditions ®(p1,p2,§) = 0, where we have let £ = & — & and

1 9lnDi(prpo)

_ | m—a 9p1
O (p1,p2,€) = 1, 9lnDs(pipa)

p2—cC2 Op2

Note that the map & is continuously differentiable and we have:

1 8% In D1 (p1,p2) 02 1In D1 (p1,p2)
)2 Op2 Op10p2
D P = (p1—c1) P1
(pl’pQ) 82 In Dg (p1 7pg) 82 In D2 (p1 ,pg)

1
Ip10p2 T T op3
In addition, note that the demand function in (2) satisfies:

_0*InDj(pj,p—;) _ *mDi(pj.p—;) _ 0*InD;(p;,p;)

=« >0
Ip3 Ip;Op—; Ip;0(§—j —&5)

(21)
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where the last inequality follows from Assumption f'(z)F(z)/f?(x) < 1. Therefore,

det D( o =

P1,p2)
1 B 1 9*InDy(p1,pa) 1 9*InDi(p1,p2) >0
(Pl - 01)2(292 - 02)2 (Pl - 01)2 8p% (p2 - 02)2 ap%

Hence, by the Implicit Function Theorem (see, e.g., Theorem 9.28 in Rudin, 1976), the

equation ®(p1,p2,§) = 0 defines in a neighborhood of the point (p},p3,&) a mapping

§ — pj that is continuously differentiable, and whose derivative at this point equals:

(22) % _ _l 1 1 82 In D1 (pl,pQ)
o€ adet D, )P (p2 — c2)? op?

(23) % :1 1 1 621nD2(p1,p2)
o0& a det D(P17P2)(I) (p1 — 61)2 ap%

where the first equality uses (21) and the fact that
0*In Dy(p1,p2) 0°In Di(p1,p2)  9%InDi(p1,p2) 0°In Da(p1, p2)

=0
ap3 Ip10¢ Op10p2 Op20¢
while the second exploits (21) and the fact that
0%In Dy(p1,p2) 0% In Dy(p1,p2) 9 InDa(p1,p2) 8*In Di(p1,p2) _ 0

op? Op20¢ Op10p2 Op10§

;From (22) we then have the desired result:

1 _9(p2a—p1)
2 <" o <0

which concludes the proof of the Lemma. H

PROOF OF LEMMA 1: It follows from Lemma 5 that the demand for good 1 in (2) is an

increasing function of & — &;. To see this, note that:

OD:1(p1,p2) _ 0 [aa(m —p1)

. 1] Flalpz — 1) + V(22— 1) + & — €1)

A& —&1) (& — &)
which together with Proposition 1 yields:
D1 (p1,p2)
—= >0
(& — &)

Since ¢ is continuously distributed, it has a strictly increasing cdf, which we denote F¢.

Noting that F¢(&) ~ U0, 1], we may define:

WX, U) = a(ps —p1) + F; ' (U)
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and the claim of the Lemma follows immediately from Equation (3). W

PROOF OF THEOREM 2: Let Fy|x(-|;;S) denote the conditional distribution of Y given X
that is induced by the structure S = (6,h). Fix x € R% and let v : R%*! — R be such
that for any u € R, we have: h(z,u) =t if and only if u = v(¢,z). Note that v(-,z) is well
defined since by (i) we have 0h(x,u)/Ou > 0. Then, for any y € R,

Fyx(ylz;8) = P(Y < y|X—x
=P(h(X F—l(y) —0'z| X = z)
=P(U < (y) — 0z, 2)| X =x)
=P(U <v(F ' (y) —0'z,))

(24) v(F~Yy) — 0'z,z)

where the second equality uses the fact that h(z,u) is strictly increasing in u, the third
exploits the independence of U and X, and the last follows from U being uniform.
Since h(z,u) is continuously differentiable on R% x (0,1) and such that Oh(x,u)/0u > 0

on R% x (0,1), v(t, ) is continuously differentiable on R%*+1 with:

v oh oh !
a—m(t,x) = —%(x,v(t,m)) [8u<x v(t, a:))]
-1
(25) %(t,x) = [gi(x,v(t,m))}

Further, for any (y,z) € R%=+1 let ®(y,z) = P(Y < y’ X = :c) Under our assumptions

on F, ®(y, ) is continuously differentiable on R%*+! and we have:

0P ov, , 1
a*y(%x):a(F 1(y)—9957$)m
(26) gi(y, T) = —92:( Yy) — 0z, x) + gz(Fl(y) — 0z, )

In particular, 0®(y, z)/dy > 0 on R%*!. Combining (25) and (26) we then obtain:

_1[
FE=1(y))

Evaluate the left hand side of (27) at x = 0 € R% and y = F(0) € (0,1). For these

~1
7 S 0] |G| =04 o) - #0.)

values of x and y, we have: F~1(y) — @z = 0 so by using Assumption (ii), v(0,0) = 1/2.
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Combining the latter with Assumption (iii) then gives:

1 [09 o -
0=———|=—(F(0),0)| | =(F(0),0 -1
710 (32 00| G5 r0.0)
from which it follows that 6 is identified. The identification of v(¢,z), and hence h(zx,u)
then immediately follows from (24). B
APPENDIX B. PROOFS FOR SECTION 3

PROOF OF LEMMA 2: Since U is uniform on (0,1) it immediately follows that U L X if

and only if for all (t,,t,) € R% x (0,1):
(28) PU <ty; X <tz)=t, P(X <ty)
Further, notice that for any (t;,t,) € R% x (0,1) the following holds:

P(X <ty; Y <m(X,ty,)) = Ixy (8z, Sy)dszdsy

Sx gtz \Ay gm(sz Stu 7040)

am(smv Sus OZ(])

:/ / fXY(S:tam(SxaSuaa[)))a—dsxdsu
s <te J sy <ty Uu
= / / fXU(SCEa Su)dsxdsu

Se <tz J sy <ty

(29) :/szgtz fx(8z)dsy /sugtu fu(sy)dsy,

where the second and third equalities follow by a change of variable (sg,s,) =
(Sz, m(Sg, Su,ap)) and a change in measure. The final equality in (29) then follows by
U L X. Combining (28), (29) and the fact that U is unform on (0, 1) then establishes the

claim of the Lemma. W

Lemma 6. Under Assumptions A and B, the following class is Donsker:
F={{y <m@ tu,a); v <t} (a,tz,t) € AxR™ x (0,1)}
PRrROOF: First define the following classes of functions for 1 < k < d,:

(30) Fu={ly <m(z,t,a)}}: (a,t) € Ax(0,1)}

(31) F®B = {1{z® <t} : t e R}
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Further notice that by direct calculation we have,

de
(32) F=Fux [[FP
k=1

We will establish the Lemma by exploiting (32). Notice that for any continuously dis-
tributed random variable V' € R and 1 > 0 we can find {—oco = 1, t9, ... stin-2)42 = +oo}
such that P(t; < V < ti1) < % The brackets [1{v < #;}, 1{v < t;11}] then cover

{l{v <t} : t € R} and in addition by construction we have,
E[({V <ti} = {V < tin })?] <o

Therefore, we immediately establish that for all 1 < k < dj:

(33) Ny, FP, |- [lz2) = O(n )

By assumption, H is compact under || - || and © under || - ||. Thus, there exists a
collection {h;} and {6} such that the open balls of size Kxn> around {h;} and of size
Kgn? around {6;} cover H and © respectively. Define the collection {a;} = {h;} x {60,}
and note that,

(34) #{ai} = Nyy(Enn®, He || - [loo) x (Kon*) ="
Furthermore, it then follows that for any a € A there exists a a; € {«a;} such that

|m(a:,t,a) - m(x7t7ai)’ < G(‘T){He - 01” + Hh‘ - hZHOO}

(35) < G(z){Ky + Kn}n®
We conclude from (35) that for «; € {a;}, brackets of the form
[m(, 1, 0i) — {Ko + Kn}n*G(x); m(x,t, ) + {Kg + K}’ G(a)]

cover the class {m(z,t,a) : @ € A} for each fixed t. Next note that since m(z,u, ) is

strictly increasing in u for all (z, o), we may define their inverses:

(36) v(u,z,0) =t <= m(z,t,a) =u
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Following Akritas and van Keilegom (2001), for each o; € {;} we let FY(¢) be as in the

first equality in (37) and obtain second equality in (37) from (36).

FY(t) = P(Y < m(X,t,0;) + {Kg + Kp 1 G(X))

(37) = Pw(Y —{Ky+ K, }n*G(X), X, ;) < 1)

Arguing as in (33), it follows that it is possible to pick 5 with k = 1,...,0(n™2) such
that they partition R into segments each with Fl-U probability at most 1?/6. Also let

(38) FEt)=P(Y <m(X.t, ;) — {Kp + Kp}n*G(X))

and choose tZ-Lk with k = 1,...,0(n?) such that they partition R into segments each with
FF probability at most 1?/6. Next combine {t%} and {tJ/} into a single bracket, by letting
each t € R form the bracket

L U
tik‘l < t < tik:z

where t{jﬂ is the largest element of {t5} such that t5 < ¢, and similarly t%z is the smallest
element in {t{} such that t{, > t. We denote this new brackets by {[tik,,tik,]} and note

that direct calculation shows

(39) #H{[tiky tiny]} = O(n~?)

It follows from the strict monotonicity of m(x,t,«) in ¢ that for every (a,t) € A x (0,1)
there exists a a; € {a;} and [tik,, tik,] € {[tik,, tiky]} such that,

1{y < m(m’tikuai) - {K9 + Kh}773G(‘r)} < 1{y < m(l"tv a)}
(40) < 1{y < m(mvtikw ai) + {K9 + Kh}773G(x)}

In order to calculate the size of the proposed brackets, note their L? squared norm is

FY(tit,) — F¥(tir,). The construction of {[ti,,tik,]} in turn implies the first inequality in

(41) holds for any ¢ € [tik,,tik,], while direct calculation yields the second inequality for
any constat M,. Setting M, = \/6E[G?(X)]/n and Chebychev’s inequality yields (41).

7]2

F'U(tikQ) - F‘L(tikl) < FiU(t> - FL(t> + ?

3 3 3

< FY(5GUX) < My) = FE(:G(X) < My) +2P(G(X) = My +

(41) < (G(X) < My) — FE6G(X) < My) +
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To conclude, notice that the first inequality and equality in (42) follows by direct cal-
culation. The second inequality is implied by the mean value theorem and M, =
V6E|G2(Y, X)]/n. The resulting expression is finite due to Assumptions A and B.

FY(t;G(X) < M) — FE(t;G(X) < M)
< P(Y <m(X,t, ;) + {Ko + Kp}Mn*) — P(Y <m(X,t, o) — {Kg + K} Myn®*)
=E[P(Y <m(z,t,a;) + {Kg + Kp}Myn®|z) — P(Y < m(z,t,05) — {Ko + K} Myn®|2)]

(42) < 2{Sy1}£ Fyix (yl) HEp + Kn}/6E[GA(Y, X))l
It follows from (41) and (42), that by choosing
(K + K} < (2500 fyx (sle) }OEGEX)])
the proposed brackets will have L? size . Thus, we have from (34) and (39),
(43) Ny, Fuo |- llz2) = ON(Knn® H, | - lloo) x (Kgn®) ™ F0))

To conclude note that (33), (43), Assumption B and Theorem 2.5.6 in van der Vaart and
Wellner (1996) implies the classes f;,gk) and F,, are Donsker. In turn, since all classes are
uniformly bounded by 1, Theorem 2.10.6 in van der Vaart and Wellner (1996) and (32)

establishes the claim of the Lemma. W

PROOF OF THEOREM 1: By Assumption B and the Tychonoff Theorem, A is compact

with respect to || - ||c. Furthermore, Lemma 6 and simple manipulations show,
(44) sup ’Wn(t7 Oé) - W(t7 Oé)| - 0
t,a

By direct calculation, exploiting (44) and noticing W, (¢,«) and W (t,«) are uniformly
bounded by 1, we then obtain

(15) 5p1Q ()~ Q(e)] < sup 7, (1)~ W (1, ) { sup W4t )| 4 sup W (1. ) } 20

t,a t,
The result then follows by Lemma A1l in Newey and Powell (2003) and noticing that their

requirement that @, («) being continuous can be substituted by & being an element of the

argmin correspondence. H
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APPENDIX C. PROOFS FOR SECTION 4

Throughout the proofs in this Appendix, it is useful to define the norm

léllt; = [ E0anto

and study the associated vector space L2 = {£(t) : HfHLﬁ < 00}

PRrOOF OF LEMMA 3: We first study the differentiability of W (t,a) : (A, || - [lc) — L7,
in a neighborhood of ag. Notice that Dg[r] is well defined for every @ € N («ag) due to
Assumption C(i). Next, use fy|x (y|z) uniformly bounded and Jensen’s inequality to obtain
the first result in (46). The second inequality holds for || - ||, the linear operator norm; see

Chapter 6 in (Luenberger, 1969).

_ 2
IDatrllzy < [ ("]} feCordodutt

dm(z,ty,, & 2
<H<“) 2

o

(46) o

Since Frechet derivative are a fortiori continuous, (46) implies Dg ] is continuous in 7 € A
for all @ € N(agp). To examine continuity of D5 in & € N (), we use Jensen’s inequality

to obtain (47) pointwise in t,.

dm(x,t,, a)

(47) 1Daf) = Dalrl < [ [y (m(o.tus o) = frplomto. o] 522D ]| oy
[ ittt dpla) | 5 e D S )| 0y

In turn, the Lipschitz Assumptions B(iii) and C(ii), fy|x(y|z) uniformly bounded by
Assumption A(iv) and equation (47) yield the following inequality,

(48) 1Dalr] = Dalall < -l [ J@)6"@)| D )| paras
e R PO

Using (48), Markov’s and Jensen’s inequality and E[J%(X)G?"(X)] < co then implies:

dm(z,t,, @)

uwumm—Dwm@sm—MW/(omhﬂfﬂmmwm

+/ <dm(rziu,a) ] dm(%u’&)

2
hﬂ) F(@)dad(t)
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Let A, denote the completion of the linear span of A under || - ||.. The definition of || - ||,
then implies the first equality in (50), while the first inequality follows from (49). Further,
since || Dgllo : (N (), | - ||c) — R is a continuous functional and A is compact under || - ||,
it follows that suppr(q,) [[Dallo < co. The second inequality in (50) then follows.

1D — Dallg = sup ||7]|c*|| Daln] — Dal]|l7;

WEAC

dm(z,t,, @) 2

do
Hdm(x,tu,a) _dm(z,ty, @)

< lla —all2

2 N dm(z,ty, @)  dm(z,ty, @)
da do
2

o

50 < llAa _ A2V
(50) < lla— al? o~ =~

o
Since m(z, t,,«) is continuously Frechet differentiable on AN (ag), (50) implies Dg is con-
tinuous in «a.

We now show Dg is indeed the Frechet derivative of W (t,a) : (A, ||-[lc) — L2. Straight-

forward manipulations imply,
(51) W(t,a) = /P(Y <m(z, ty, o)) H{z <t} fx(x)de — t,P(X < ty)

Next, using the definition of Ds and (51) together with Jensen’s inequality we obtain (52)
pointwise in ¢ for any @ € N(ap) and 7 € A.

(52) [W(ta+)—Wta) /|p m(z, tu, 6 +)[7)

POV <t @)e) — fpx mCe 8 1) E 0 D ) ()

Applying the mean value theorem inside the integral in (52) then implies

(83) W (t,a+g) —W(t,a) — Dalr]| < 2/ [fyix (m(z, tu)|2) (m(, tu, & + ) — m(z, tu, @))

~ e, tu, @) P LD ) (0

where m(z, t,) is a convex combination of m(z, t,,, a+m) and m(x, t,, &). Hence, |m(z,t,)—
m(x, ty, @) < |m(x,ty, a+m)—m(z,t,,a)|. The Lipschitz conditions of Assumptions B(iii)
and C(ii) imply the inequality:

(54) /I Fyix(m(z, tu)|z) = fyix (m(z, tu, a)z))(m(z, tu, & + 7) = m(z, ty, @))| fx (x)dz

< i / J(2)G () fx ()i
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Using (53), (54) and Jensen’s inequality establishes the first inequality in (55). The final
result in (55) then follows by M[ | being the Frechet derivative of m(x,t,, @).

(55) |[W(t,a+m) = W(ta) - Dala]llz; < |27

B B dm(z,ty, @) 2 B
# [ (mtetwat ) = me ) - 5L ) g dedn(v) = o)

We conclude from (55) that Dg is the Frechet derivative of W(t,a) : (A, | - [lc) — L2
and that it is continuous in @. To conclude the proof of the first claim of the Lemma,
notice that Q(«) = ||W (¢, a)HQLﬁ Since the functional || - H%ﬁ : L2 — R is trivially Frechet
differentiable, applying the Chain rule for Frechet derivatives (see for example Theorem

5.2.5 in (Siddiqi, 2004)) yields,

dO(a
(56) Q a) / W (t, &) Dalmldp(t)
To establish the second claim of the Lemma, define the bilinear form T : A x A — R,

(57) T(0,7] = [ Doy [6)Day 1)

We will show T is the second Frechet derivative of Q(«) at . Notice that T[¢), -] : A — R
is a linear operator. The first requirement of Frechet differentiability is to show T[4, ] is
continuous in . For this purpose, notice that the first equality in (58) follows by definition
while the first and second inequalities are implied by the Cauchy-Schwarz inequality and

(46) respectively.

1T, 5 = sup ]| =212 (3, 7]

/D ) X sup /D
mEA.

dm(z,t,, ao)
< | | A THJ
(58) H g

112
o

It follows from (58) that T'[¢), ] is continuous in ¢ € A. Next, we verify T is the second
Frechet derivative of Q(«) at ap. In (59) use (56) and W (t,ap) = 0 for all ¢ to notice
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% = 0 and obtain the equality:

2

Hdcxao ) dQ(ao)
da

do - T[¢7 ]

o

~ sup ||wu—2(/ W (1,00 + ) D ldn(0) = [ DaglulDaylr du())

7T€.Ac

In (60) we control one of the terms in the right hand side of (59). Use the Cauchy-Schwarz
inequality to obtain the first inequality in (60) and D,, being the Frechet derivative of
W (t,ag) : (A, || - [le) = L2 for the second.

sup 7] 2( [ (W(t.00 + ) = W(t,00) = Doy [6) Day o rldlt))

TEA.

< Wt a0 + ) = W(t,a0) = Dag[¥]lI75 % sup [|7]|7[| Dag-+u[]l1Z2

TEA.
(60) < o([112) % 1 Dag+l2
Similarly, we use the Cauchy-Schwarz and the definition of || - ||, to obtain,
2
(61) s 1712 Daol#)( Dol = Do)
TEAc

< Dao 21112 % sup [|7]|22 (| Dag-+s[7] — Daglm]l72

ﬂ'EAC

2
< Daoll2 1112 % 1 Dagw = Daoll,

To conclude, combine (59), (60), (61) and W (t, ap) = 0 for all ¢ to derive the first inequality
n (62). As argued in (50), however, || Ds||, is bounded in a neighborhood of a. Thus, the
continuity of Dg in @ for & € N (ap) implies the final result in (62).

2

- T[¢7]

HdQ(aO ) dQ(ao)
da da

o

2
o([[112) % | Dag+llz + Y1121 DagI? [1Dag+w = Daolly = o(lI#112)

It follows T is the second Frechet derivative of Q(«) at ap. W

PROOF OF THEOREM 3: Let I,y = argminy,. By Theorem 1, & € N (ag) with proba-

bility tending to one. Therefore, Assumptions D(i) and (iii), imply that with probability
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tending to one we have,

l& = aoll7, £ Q&) — Q(Inao) + Q(Haan)

(63) = Q(a) — Q(Il,ap) + o(n™")

Let §,, — 0 sufficiently slow such that P(||& — ap|ls > 6,) — 0, which is possible due to
Theorem 1 and || - ||s < || - |l Letting A" = {a € A : |a— agl|s < §,} then yields the first
inequality in (64). Noticing that @, (&) < @ (Il p) by virtue of & minimizing Q) («) over
A, and using the Cauchy-Schwarz inequality gives us the second inequality. For the third
and fourth inequalities we use Lemma 6 which implies /n(W,,(t,«) — W (t, o)) is tight in
L>®(R% x A) together with the definition of Q(a).

Q(OA‘) - Q(Hnao) < Qn(&) - Qn(HnaO) ~+ 2sup ‘Qn(a) - Q(O&)’
Al

<2 sup  [Wi(t,a) = W(t,a)| x [Sup/(Wn(t,a) + W (t, @) 2du(t))2
(t,a)ERt x A Al

=

SO 8 X[ s (Waltia) - W(t.a))? +supd [ W2t c)du(e)
(t, o) R4 x A Al

N|=

(64) < 0p(n~2) x [Op(n~") + sup 4Q ()]
ASn

n

By Assumption D(i), sup 45, Q(c) < 67 = o(1). Therefore, combining (63) and (64):
0

1
o I — 00l < Op(nh) x 0y(1) + ofn ™) = op(nF)
To obtain a rate with respect to || - ||s, we use Assumption D(iii) for the first and second

inequalities in (66). Further, it follows from (65) and Assumption D(iii) that ||&—TII,a0||? =
Op(n_%) which together with Assumption D(ii) implies the equality in (66).

LAl

~ A — ~ — _1
(66) f|a—ao|? < [la—TlhagZ+o(n™") < sup x||G—Tnaollf, +o(n™") = 0p(n~277)

e el
We can now exploit the local behavior of the objective function to improve on the
obtained rate of convergence. Notice that due to (66) it is possible to choose d,, = o(n_%‘%)

such that P(a& € A3") — 1. Repeating the steps in (64) we obtain (67) with probability
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approaching one.

Q(a) — QMua0) < Op(n~2) x [0y(n~ 1) + sup4Q(a))2

1

(67) = 0,(n"2) x 0p(n~1+3)

;From (63) and (67) and Assumption D(ii), we then obtain ||& — ayl|?, = op(n_%_i‘*'%) and
similarly that ||& — IT,ap|? = op(n_ﬁ_i‘*'%). In turn, by repeating the argument in (66)
we obtain the improved rate ||& — agl|? = op(nw_%)(l‘*'%)). Proceeding in this fashion we
get ||&—apl|? = op(n(7_%)(1+%+i+§+‘“)). Since v —1/2 < —1/4, repeating this argument a
possibly large, but finite, number of times yields the desired conclusion ||&—apl|? = op(n_%)

thus establishing the claim of the Theorem. H

APPENDIX D. PROOFS FOR SECTION 5

Because the criterion function @, («) is not smooth in «, it is convenient to define the

alternate criterion:

(68) Q) = / (W(t,a0) + W (£, 0))2du(t)

Throughout the proofs we will exploit the following Lemma,

Lemma 7. If Assumptions A, B, C and D hold, then Q% (&) < inf 4, Q% () + op(n™1).
PROOF: Since ||& — ag||c = 0p(1), Lemma 6 implies
sup [Wa(t, &) = W (t, @) = Wa(t, 00)| = 0p(n"2) .
By simple manipulations we therefore obtain:
Q@) < [ (Wa(t.00) + W(2,8) = Wb, 0)] + [ Wa(6,3)) du(0)

(69) Z/Wﬁ(tad)du(t)ﬂwp(n_é) X /IWn(t,d)ldu(t)+0p(n_l)

Next, apply Jensen’s inequality and @Q,(&) < Qn(Il,ap) to obtain the first and second
inequalities in (70). By Lemma 6, sup; , |[Wn(t,a) — W(t,a)| = Op(nfé). Together with
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Assumption D(i), the final two inequalities in (70) then immediately follow.

2

[ e iaut) < | [ Wi i)

1
2

< / Wﬁ(t,ﬂnawdu(t)]

< |2 / (Wia(t, ) — W (E, Thao)) 2du(t) + 2 / W2(t, T a)dp(t)

1
2

(S

(70) < [0p(n™h) + [[Tnag — aol{]
By Assumption D(iii), ||[II,a0 — apl|s = o(n_%) and therefore combining (69) and (70),

(71) Q5 (6) < Qu(d) + op(n™)

Let @ € argminy, @ (a), and notice that Lemma 6 and the same arguments as in

Theorem 1 imply that || — &||c = 0p(1). The same arguments as in (69) then imply (72).
Qu(@) < [ (Walt.8) = Walt,a0) = W(E.Q)| + [Wat,c0) + W(t,3))) dft)

(12 = [ (Waltso0) + W(E.0) dut) + 0,04 [ IWa(t.0) + Wt @ldut) + o,(n”)

Proceeding as in (70), Jensen’s inequality and Q3 (&) < Q3 (Il ap) imply the first and
second inequalities in (73). The last two results in (73) then follow by Assumption D(i)
and by noting that Lemma 6 implies sup, |W, (¢, )| = Op(n_%).

2

[ 90+ W 0. ) < [ [ it 00+ W0, o)

2

< | [ 07tt.00) + Wt ) dute)

2

< _Q/Wg(t,ao)d,u(t) +2/W2(t,ﬂnao)d,u(t)}
(73 < [0pn™1) + llao — ol 2]

Since |[TL, a0 — aol|s = o(n_%) by Assumption D(iii), (72) and (73) imply,

(74) Qn(@) < Qn(@) +op(n™")

Hence, since Q, (&) < Qn (&), the definition of & together with (71) and (74) establish

Qn(@) < Qu(@) +op(n™") < inf Qn (@) + op(n™")
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which establishes the claim of the Lemma. B

PROOF OF LEMMA 4: The arguments in this Lemma follow those of Ai and Chen (2003).
We first establish continuity of F). Since F) is linear, it is only necessary to establish that
it is bounded. For any 6 € R%_ we can obtain the first equality in (75) by using (16), while
the second equality is definitional.

2
2

_ / <[dW(t, ag)  dW(t, o) [h*]]’0> du(t) = 056

do dh
In order to show F) is bounded we need to establish the left hand side of (76) is finite.
Using (75) immediately implies the first equality in (76). For the second equality notice
the optimization problem is solved at §* = (X*)~!\ and plug in 6*.
F}(a) (X0)?

(76) sup = sup =
0£acA HO‘H12u 0£0<R% 0'3*0

N(Z*)7IA

Since by assumption X* is positive-definite, (76) is finite and hence F) is bounded which es-
tablishes continuity. For the second claim of the Lemma, notice the following orthogonality

condition must hold as a result of (16),

(77) / (deg, Oéo) . dWC(it},LOéo) [h*]) dWC(ltf,LOéo) [h]du(t) —0

for all h € H. Hence, the first equality in (78) is definitional, while the second one is
implied by (77). Plugging in the definition of vé\ establishes the third inequality in (78).

(@ — ag, 0™y = / {‘WS;’O‘O)[Q — 0] + W[h — ho]} [‘WS;’O‘O)[UA} + CWSZO‘O)[UQ]} du(t)

_ (9_90),{/ [dWEitéao) - dwgsf;ao)[hﬂ {dwgg,ao) - dwc(;};ao)[h*}] du(t)}vg

(78) — (60— )\

which verifies the second claim of the Lemma. H

Lemma 8. Let Assumption A, B, C, D and E hold, and let v} = II,v*. Then:

() J Walt, a0)Dalopldp(t) = [ Walt, @0) Dao [0 dp(t) + 0p(n~2)
(i) [(W(t &) = W(t a0)) Dalvaldpu(t) = [ Daglé — o] Dag [vN]du(t) + 0p(n %)
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(iil) /nWy(t, ao) £ G(t) where G(t) a Gaussian process with covariance:
S(tt) = B[({U < tu; X < to} — tul{X <t))({U <1, X <8} — £, 1{X <£})]

PRrROOF: To establish the first claim apply the Cauchy-Schwarz inequality, the definition
of the operator norm and Lemma 6 implying sup, |Wy(t,a0)| = Op(n~ 2) to obtain the

inequalities in (79).

5

[ Wt cDslet = (o) < | [ Wi andn(v)]” x 10aled - iy

(79) <O 3 x sup [Dallo x 2} — M
aeN (ap)

As argued in (50), Supyep(ag) I1Dallo < 0o. Further, Assumption E(ii) and B(v) imply
[v} — v e = o(1). Therefore, we obtain from (79) that,

(80) /W (t,a0)D /W (t, 0) Da[v*)dpu(t )+0p(n_%)

Similarly, the derivations in (79) imply the inequality in (81). The equality is a result of

the continuity of D, in « under || - ||, as established in the proof of Lemma 3.
1 1
(81) ‘/Wn(t, a0)(Da[v*] = Dag [UA])dM(t)' < Op(n72) x[|Da = Dagllo x 03 = 0p(n"2)

Together, (80) and (81) establish the first claim of the Lemma.
For the second claim of the Lemma, notice that Assumption E(iii) allows us to do a

second order Taylor expansion to obtain (82),

AN o 1 dDa0+‘r(oz ao)[a aO]
(82) W(t, &) = W(t,a0) + Daold — ao] + 5 dr S

The first equality in (83) then follows from (82), while the second one is implied by As-
sumptions E(iii) and E(iv). The final equality is in turn implied by Theorem 3.

(83) / (W(t,6) — W(t, 00) — Dagld — o)) Da[v?)]

_ 1/ dDao-i-'r(éa—ao)[@ — o)
2 dr T=5(t)

Dalvdldu(t) S [|é — ag|2 = op(n~?)

Next, apply the Cauchy-Schwarz inequality and a Taylor expansion to obtain the first
inequality in (84). The second inequality then follows by Assumption E(iii), ||& — apllw <
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|& — apl|s in a neighborhood of ay, as implied by Assumption D(i), and Theorem 3.

(34) ] [ Pacla = ol Dalei) - ay [vzndu(t)\

dDa T(G—a 7/1\
< ||d_a0”w /( o+ ( 0)[1) ]

2
<A — nll2 — _1
dr T:S(t)> du(t) ~ ||Oé aOHS Op(TL 2)

Similarly, applying the Cauchy-Schwarz inequality, ||[& — apllw = op(nfi) and similarly

v} — v} = o(n_%) by Assumption D(ii) we derive,
N ~ _1
5) | [ Dasls = Q)06 - Deals*Dit)| < a0l X [Daollolod =2 = op(n~2)

Combining results (83), (84) and (85) establishes the second claim of the Lemma. The third
claim of the Lemma is immediate from W, (¢, ag) being a Donsker class due to Lemma 6

and regular central limit theorem. Hence all claims of the Lemma are shown. B

PROOF OF THEOREM 4: Let u* = +0*, v} = [l,u* and 0 < ¢, = o(’rf%) be such that
Q5 (&) < infya, Q2 (a)+O0,(e2), which is possible due to Lemma 7. Define (1) = &+ e, u;
and note that by Assumption C(i) and Lemma 1, with probability tending to one a(l) € A,
for I € [0,1]. Therefore, Lemma 7 establishes the first equality in (86). A second order

Taylor expansion around 7 = 0 yields the equality in (86) for some s € [0, 1].

0 < Qp(a(1) — @5 (a(0) + Op(ep)
ldQQn(a(l))

0 = 260 [ (Walt,0) + W (1) Dafulan() + § EoloW)) -

where by direct calculation we have that:

2 als
o f5te_
=& [ (Dagaluc])? ) + [ Watt,0) + Wt o)) DTS gt

As shown in (50), sup,, || Dallo < o0, and hence, since |[v*||. < oo we obtain,
* 2 *
(88) /(Da(s)[un]) du(t) < sup || Dallo x |luy |2 = O(1)
aeN (ap)
Since W,,(t, ) and W (¢, «) are both bounded by 1, Assumption E(iii) establishes:

) | [vtan) + Wit (o) PO 0] < e - o
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Therefore, by combining (86)-(89), u} = v, and ¢, = o(nfé), it follows that:

(90) /(W (t, a0) + W (t,0)) Dalut ) du(t) = op(n~?)

To conclude, in (91) use Lemma 4 for the first equality, Lemma 8(ii) for the second

equality, W (t, o) = 0 and (90) for the third one and Lemma 8(i) for the final result.
VAN (0~ 60) = Vit [ Dayld ~ o] D0
— Vi [ (W(t,0) = Wi(t,a0) Dle2ldn(t) + oy(1)
—f/W (t, a0) Dalodldu(t) + op(1)
(91) = Vit [ Wa(t,00) Dy [du(t) + 0y(1)
Hence, applying Lemma 8(iii) we obtain from (91) that,
(92) VN (@ —6) 5 N(0,Q))

where Q\ = [ Dgy[vY](t) Doy [vY](s)2(t, s)du(t)dp(s). Using the closed form for v*, ob-
tained in Lemma 4, and the definition of Rp-(t) yields the results in (93).

dW(t, Oé()) _ dW(t, Oéo)
do dh

(93) = Ry=(£) [£]7" A

Doy [0?] = W I A

The Cramer-Wald device, (92) and (93) in turn establish the claim of the Theorem. W
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