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ABSTRACT

The performance of tournament incentive schemes is
compared with that of schemes based on termination threats,
in an environment with two-sided moral hazard for both prio—
cipal and agent, and "moving support” monitoring. The dis-
advantages of the former scheme that arige from having to
eliminate “collusive" multiple equilibria among agents are
contrasted with the "involuntary unemployment” deadweight-
loss of termination-basad schenes. Tournament-type payoff
Structures are shown to be inessential in obtaining asymp~
Lotic first-best optimal resolutions, given moral hazard on
the part of agents alone, and monitoring noise distributions

with appropriate lower—tail properties,







1. Introducition

In receat years, following upon the early work om moral hazard by
Spence and Zeckhauser [1971] and Mirrlees [1979], there has been much re-
search activity devoted to the generalization and extension of the basic
results regarding optimal reward schemes, to the scenarios of multiagent

incentive contracts and incentive effects of termination schemes. A sig-

nificant segment of the former literature has focused on the properties
of rank-order (Tournament) incentive sgchemes, in which agents' rawards
are determined éimply by the ordinal rank of their observable output lev-—
els In relation to those of other agents, e.g., Lazear and Rosen [1981],
Bhattacharya [1982], Halebuff and Stiglitz [1983], and Green and Stokey
[1983]. More general properties of multiagent incentive schemes have
been discussed by Holmstrom {1982], and Mookherjee [1984] in particular.
Incantive schemes {(which motivate agents to provide unobservable effort)
that are based on the threat of termination of contractual relationships,
rather than contemporansous adjustment of agents' payoffs contingent on
observed outcomes, have been developed in Shapiro and Stiglitz [1984].

In much of the work on multiagent incentive schemes, e.g., Bhatta-
charya [1982], the rationale for linking one agent's reward to another
ageat's performance has been that of adjusting for the effects of corre-—

1 Our

lated productivity shocks that impiage on the performance of both.
focus in most part in this paper is, in coatrast, on a rationale for

linkages across agents ian incentive paymeants that is not dependent on




(appropriately generalized notions of) correlation in observations of
their productivities, conditional on effort levels, This rationale per-
tains to a scenario in which there is moral hazard on the part of both

principal and agent, in that while the latter observe their effort choices

asymmetrically, the former in turn observe the resulting performance indi-
cators (monitors) asymmetrically ex post, or at least it is che case that
iudependent third-party verification of such monitored information is in-—
feasibla. Carmichael {1983] was the first to note, in the context of
seniority—based incentive schemes, that particular forms of multiagent
linkages imply that the principal’s total wage bill, aggregated across
agents, would be independent of his {privately known) reported monitoring
information. Thus, it might be (weakly) Ilncentive-compatible for the
principal to adhere to prespecified linkaggs between agents' performance
levels and resulting payoffs.2

Independently of Carmichael's work Shapiro and Stiglitz [1984]

have noted that, in a scenarioc with two-sided moral hazard as described

above, reward schemes based on the threat of termination contingent on
"bad" observations of performance have a similar incentive-compatibility
property for the primeipal., In competitive labor markets, the equilib-
rium wage level equals the marginal product of labor, and thus principals
are ex post indifferent (in terms of thelr pecuniary payoffs) about fir-
ing a worker. Hence, the ex ante incentive effects of firing threats
given bad performance prevaill in implementing a wage—employment scheme,
There is, however, a (social) cost to operating such incentive schemes,
particulariy when individuals in the pool of unemployed workers are

anonynous, i.e., no individual-specific ability differences are signaled




by the fact of having been fired. At any point in time, there needs to

be a pool of involuntarily unemployed workers, for whom the going wage

strictly exceeds the marginal utility of the leisure obtained from non-
employment, so that there is a {private) cost to being terminmated from an
employment relationship.3 In an ex ante sense, one may also view this
cost in (private) terms of a randomization in being (gainfully) employed,
at a wage strictly exceeding the utility of leisure,

At first glance, it would appear that the rationale for mulitiagent
(nontermination) incentive schemes offered by Carmichael and ourselves,
would largely 2liminate the desirability of termination gchemes, since
the former type of scheme does not require a pool of {involuntarily) un-
employed workers, There are, however, two qualifications to such an in-

-

tuition. First, it is easy to show, along the lines of Holstrom [1982], )
that in the absence of correlations in the random errors in measuring
workers' productivities, multiagent schemes impose more welfare~decreasing
noise on risk-averse workers, for a given level of induced effort. Termi-
nation schemes, in contrast, are based on agent-specific performance mea-
surements, and thus are not subject to_EEig_problem.¢

However, as Green and Stokey [1983] have noted for a simplified
environment, this difficulty with multiagent schemes may not be relevant
if the number of agents is sufficiently large, and the monitoring struc-
ture allows for an equally large set of partitions to accommodate the ra-
sulting cardirality of performance rank-orders., While the Greaen—-Stokey
result, on the second-best opfimality of tournaments with many agents, may

2ot be entirely relevant to the small nuabers (and inherently coarse moni-

toring) scenario of hierarchical incentive schemes that the Tournaments




}iterature first sought to address (see also Bhattacharya and Guasch
[1985]), it is pertinent to the specific scenario we shall deal with be-
low.

A second difficulty with multiagent schemes, discussed in the work

of Mookhergee [1984], has to do with the existence of multiple Nash equi-

libria in the subgame among agents that is generated by the {Stackelberg
leader) principal's incentive scheme, Specifically, given a reward scheme,

the equilibrium preferred by the principal may be Pareto—dominated for

agents by another Nash equilibrium involving a lower set of effort levels.
Thus, to be relevant to empirical reality and predictionm, the theory of
optimal design of incentive schemes must account for the means by which
principals (employers) would design reward structures to eliminate such
(potentially) “collusive” Nash equilibria among agents, i.e., the notion
of Nash implementation must incorporate rhe nonexistence of other Pareto-—
dominating Nash equilibria across agents at the very least. As we show
below, this consideration is of great importance even for the simplest
multiagent schemes like rank-order tournaments, which alsc resolve the
principal's moral hazard problem. This is in coatrast to the conjecture
of Holmstrgm [1982], who asserts that tournament schemes generate "zero—
sun games” across agents, and hence caanot have Pareto—ordered Nash equi-~
libria, an assertion which amounts to a confusion with their constant—-sum
(across agents) pecuniary payoff (gross of disutility of effort) property.
This (potential) collusion aspect to multiagent schemes, detailed
above, is exceedingly relevant to the comparison of their induced welfare
attainment properties, vis—;-vis that of termination-based schemes. As

shown below, this is the case in the presence of two-sided moral hazard,
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even if the number of agents is "large,” i.e., countably infinite. In-
deed, potential distortions caused by this problem persist even when the

monitoring structure has a moving support property, i.e., the support of

the distribution of an agent's performance monitor is altered by the ef-
fort level chosen, which is a case in which single-agent “forcing con-
tract” incentive schemes (in the absence of principal's moral hazard) may
attaln the first-best allocation. The essence of this difficulty with
multiagent schemes ariées from the following interaction across the prob-
lems of (1) avoiding collusive Nash equilibria that are worse (better)
for the principal (agents), and (ii) principal’'s moral hazard in imple-
menting incentive schemes, as detailed below.

It is shown in section 2 below, in the context of a moving sup-
port monitoring structure that is in the spirit of the Shapiro-Stiglitz

[1984] model, that the principal needs the power to penalize a suffi-

clently large fragtion of workers in order to eliminate the "bad" Nash
equilibrium of shirking_by all workers, UHowever, given this power, the
principal will use it even when the “good"” Nash equilibrium is obtained,
and penalize (pay low wages to) workers in a purely randomized fashiom.
5

It 1s shown in section 2 that, nevertheless, for risk-neutral workers” it

is feasible to design a tournament scheme that strictly dominates the
termination—-based scheme of Shapiro-Stiglitz in the resulting welfare at-

tainment. However, for sufficiently risk-averse workers, the cost (wel-

fare loss) of such ex post randomization may well exceed that of ex antes
{randomized) unemployment in the Shapiro=~Stiglitz scheme; an example of
this phenomenon is provided,

The above-mentioned set of tradeoffs, between tournament and ter-

mination schemes, 1s crucially dependent on an additional assumption,




namely that agents' (von Neumann-Morgenstern) utility functions are
bounded below, so that an infinitesimally small probability of (feasibly)
iow wages is not sufficient to induce the desired effort level. (Simi-
larly, for moving-support individualistic schemes, the probability of de-
tecting shirking neesds to be high enough.) A classic theorem in the mor-
al hazard literature, due to Mirrlees [1979], shows that for agents with

utility functions that are unbounded below, the first-best effort and

expected utility levels ars attainable arbitrarily clesely evén without
moving~support monitoring, given some (plausible) conditions on the
probability—distribution of noisily monitored output/effort levels,
Nalebuff and Stiglitz [1983] have recently proved an analogous re-
sult on asymptotic first-best attainment, given a large number of agents,
partially correlated productivity/monitoring noises, and a different set
of distributional conditions on the probability of coming in last in a
{many-person) tournament scheme. In section 3 and the Appendix, we show
that the Nalebuff-Stiglitz conditiouns imply those in Mirrlees [1979], and
that the Mirrlees incentive scheme is extendable to the correlated-shock
case.6 Thus, in some sense, the "primacy” of the two—sided moral hazard
rationale for tournameat schemes is further established. 1In section 4,
which conecludes the paper, we discuss suggestions for further research
along the lines developed in this paper, as well as on other issues asso-

ciated with tournament schemes, in a small-numbers setting.




2. Tournaments versus Termination Schemes

(A) Tournament Schemes and Collusion

The following discrete~time scenario, incorporating a performance-

monitoring structure that is in the spirit of that employed in Shapiro and
Stiglitz [1984], constitutes the focus of our enquiry in this section.
Agents are assumed to have only_EqufeaSible effort-choice levels,

u e {0,1} where u = 0 represents "shirking." The monitoring structure

generates the information {f}} for agents putting in efforts {pj}:

s =1 => T. = 1  with probability 1 (la)

. 0 with probability P
He = 0 = T. = (1b)
1 with probability (I - P)

where P e (0,1)  measures the exogenous effectiveness of monitoring.
Conditional on {uj}, the moniteoring noises {fj} are assumed to be

independent across ¥ agents, who choose their effort levels to maximize:

Ma% Zy = NE [U(ﬁj) - C(pj)] (2)
RJ gy

where ﬁj is agent J's wealth which is a (measurable) function of
{f}}% » U(+) is the common concave utility function with U{0) = Qa,
J=1

C(+) 1s the effort-disutility function, normalized at C(Q) = 0 and

C(l) = 1, E(+) denotes expectations, and tildes "~ distinguish randocm

variables from their realizations.




Shirking by a worker leads to zero marginal product for him/her,
whereas uy = 1 leads to the marginal product F'(2), where & 1is the
level of employment and F(-) is the production function (given capital
stock), and primes denote derivatives, Given N potential workers per

representative firm, we denote the full employment marginal product as:

M= F'(N) (3

It is assumed that F'(«) > O, F''(+) € 0, and that

[U(M) - U(0)] > €{1) = 1, so that allocational (Pareto) efficiency calls

for no shirking and full employment, i.e., & = N at esach firm.7
In an environment without principal's moral hazard, the following

very simple reward structure-—termed a "forcing contract,” based on the
“moving support" nature of {Ij} in (la, b)——achieves the first-—best

(competitive) allocation, which elicits effort without imposing any risk

on the risk—averse workers in equilibrium. This extreme risk-sharing

goal is optimal given either risk-neutral employers, or a large {countably
infinite) N, and satisfying it requires that the following threat be

credible. Let the wage for worker J be given as;

We = M if Ej= 1
=0 if Is=0 (4)

by assumpition, negative wages are not feasible. It is easy to check that,

given full employment and the wage rule (4), a worker maximizing as in (2)

will set uy = 1 if

PU (M » 1) =1 (5)




l.e., the expected utility penalty from shirking exceeds the utilicy of
leisure thus obtained. We assume, in what follows, that condition {5) is
satisfied.

Consider now a scenario with two-sided moral hazard, in which only
the prineipal observes the set {f&}, or at least that third-party verifi-
cation of such indicators is not feasible. Clearly, contracts of the form

of equation (4) are not incentive~compatible for such a principal, since he

~

can lie and say that {Ij} = 0 for all (many) j.s As discussed in the in-

troduction, one resolution to this problem is to reward agents using a tour-
nament. 1In the present context, that results in a payoff structure of the
form ?j =H" if Rank (J) = 1, and ﬁ} =1L if Rank (J) = 0, where

Rank (3) is the realization of a map from the set of {Ij} to lotteries on
{0,1} that are (conditionally) independent across agents, These lotteries

do, however, have the property that for large N the proportion of ageunts

receiving L equals a prespecified I (almost surely), so that the princi-

pal’s total wage bill always equals [(1-IDH + I L}, as detailed below.

To obtain incentive effects from such a scheme, assume further that
agents are told that a J~th agent who is caught shirking will have first
priority in being put into the Rank (J) = 0 category. Specifically, if
the fraction of agents who are detected to he shirking equals S, then the

ranking/payoff rule is:

Rank (J) = 0  if I3 =0, S<I (ba)
=1 if Isy=1, S»>1 (6b)
= 0 with probability é{- if I;=0, S5>n (6c)
= 0 with probability E;'_'g)) if Is=1, §<1 {6d)
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with the obvious complementary probabilities. Agents' reactions to such a
reward scheme must be analyzed as Nash equilibria of the subgame generated
by the scheme, and the elimination of Nash equilibria which are better for
agents than that preferred by the principal constitutes a part of the goal
in the design of such rewards.

Consider, first, the requirements for {u:} = 1, for all j, to

J

be a Nash equilibrium, which is thart:

[(-m v(d) + 1w ] - 1 > [(1-P)(1-1 U(H)

+ {(1-p) + P} U(L) ] (7a)

or, equivalently,

P(1-M [u(®) - w(L)] > 1 (7b)

In establishing (7a2) we have used {pa-d) and {la, b) and observed that,
given others are setting u =1, the J-th agent who also works has
probability (i-I) of suffering the wage penalty, whereas if he shirks,
then with probability P he 1s so detected and thus obtains wage L for
sure, and with the complementary probability he is not detected and thus
suffers "randomization amoug eguals.”

If equation (7b) were sufficient to ensure incentive compatibil-
ity, then with N large we would approach the performance of the first-

best forging contract arbitrarily closely, by setting NI = 1/N¥, L = 0,

H

—_— which would be feasible given the (competitive) prin-
P(i-1/N) °

U{(H) »

cipal's resource-balance censtraint,

[(-mE+ TL]=H (8)
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for sufficiently large N if equation (5) is satisfied with (infinitesi-
mal) slack. However, the problem of contract design here is not so simple.
With such an infinitesimally small I, agents would be tempted to “col-
luﬁe," e.2., {pj} = 0 for all J may be a Nash equilibrium and if it is

then it would strictly Pareto-dominate the other one above for agents,

since they now enjoy leisure and yet (by symmetry) have the same wage dis-
tribution, on the equilibrium path. We now examine how large [ has to
be to ensure that {“j} = 0 is not a Nash equilibrium.

1f other agents are setting {us} = 0, then a J-th agent strictly

J
prefers to set uy = 1 if 0 < I <P {sensibly) and high enough so that:

U(H) - 1 > (1= U(H) + I U(L) (9a)

or,-

nfu(®) - o(Ly] > 1 (9b)

In deriving (9a), we have again used (6a-d) and (la, b) and noted that
now setting p} = 1 results in Wj = B with probability one, whereas
setting g = 0 results in probability P of getting caught, followed
by conditional probability Eg] of punishment, since the detected frac-
tion of shirkers S equals P almost surely. Note that weak preference
for uy = 1 1s no longer enough, since the {uj} = 0 Nash equilibrium,
if it exists, is strictly better for agents, It is also easy to show,
using (6a-d), that if equations (7b) and (9b) as well as (8) hold, then

there are no symmetric {(mixed strategy) Nash equilibria other than

{ui} = 1. This follows because the impact of effort on reducing the
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iU 1.
probability of being caught shirkinglis the least when all other agents

are ghirking. We have thus established:

Proposition 1l: With two—-sided moral hazard, the tournament contract

{B, L, N}, satisfying the "priority rule" of equations {(6a-d), obtains
the {“j = 1} ‘"work, work" Nash equilibrium uniquely if and only if
equations (7b), (8), and (9b) are satisfied (given competitive firms).

For risk-neutral workers, there is a very interestiag corollary to

the effect that, despite the requirement of eliminating the collusive
equilibrium, tournament contracts can achieve the first-best with full
employment, whenever individualistic forcing contracts are capable of

doing so, as noted in the following result.

Proposition 2: If U(W) = W, and equation (5) is satisfied, then there

exist {H; L, I} which satisfj equations {(7b), (8), (9b)}, and result

in E[U(ﬁj)] = U(M)y for all j, i.e.,, first-best welfare levels.

(i+e)

Proof: Pick L =0, H= M+1+e), o= q

for £> 0 and arbi-

trarily small. Clearly (9b) is satisfied since

MHE-1L) =+ >1

and equation (8), for competitive wage payment, i1s also met because
(I-MH = (L -1 -~ eg) = ¥

and (7b) is met given that
P(1-M{H - L) = M » 1

by equation (5). Q.E.D.
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However, the implication of the randomization in wages, brought

about by a nontrivially large M that is unresponsive to (any large) N,
implies that tournament schemes Will_ggg_achieve the first-best for.
strictly risk-averse workers, and may not even be able to implement9 the
(nontrivial) {“j} = 1 Nash equilibrium at full employment unless there
is.a sufficiently large slack in equation (5)., We consider these issues,
as well as the comparison with the alternative of termination schemes, in

what follows.

(B) Termination Schemes and Welfare Comparisons

As Shaprio and Stiglitz [1984] have noted, an alternative solution

to the principal's moral hazard problem arises in an intertemporal set-

ting, where workers live for an (unbounded) infinite number of periods.
The threat of being terminated from employment in future if detected to
be shirking (Ij = 0) provides the reqpisite.incentive for effore. In
the context of our discrete~£ime model, this idea may be captured by havy-

ing infinitely-lived workers with preferences given by

Ze = R =E 8 [U( jt} - C(pjt]}, {0 < g < ) (21

It is also assumed that the wage~level W conditional on employment, givén

the employment level 2 (per firm) satisfies the competitive constraint:
W= F(2) »H {10)

Thus, since the wage level per se is unaffected by the principal's report

of performance, there is no termination except for incentives purposes.




1l

If a worker is caught shirking, with érobability P in any period
t in which he sets He T 0, then he remains unemployed for a random
length of time T, during which he receives the (nmet) utility level of
zero, i.e., [U(0) - C(0)]. It is clear that the "expected discounted

unemployment spell”

8 ()

is finite, @Given our monitcring structure, and the discrete-period model-
ing, T may even be iafinite with probability one, i.e., agents who shirk
(off the equilibrium path) would be unemployed forever, whereas those who
are unlucky enough to be initially unemployed remain in that state for-
aver. In contrast, Shapiro and Stiglitz's continuous time model requires
far more careful endogenization of T, giyen exogenous assumptions about
"quit rates" and thus'reabsorption,'which we do not pursue here. 0

With the monitoring structure of (la, b) in each period, it is

easy to see that an agent works in a given period if:
YP {uw -1] »1 (12)

i.e., the expected penalty from losing employment given shirking exceeds
the utility of leisure. In line with Shapiro and Stiglitz, we shall as-
sume that this incentive condition is not satisfled at the full employ-

ment level of 2 = N, i.e.,

Y P [U(M -1] <1 (13)

However, given strict concavity of the production function F(+),

it is assumed that there exists an employment level ¢ such that the
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competitive wage level, satisfying equation (10), fulfills the incentive
condition (12). ©HNote, however, that such an incentive scheme has a clear
"deadweight” cost (even for risk-neutral workers), that of workers being
“involuntarily” unemployed, i.e., U(M) > 1. Notice also that even if

¥ > 1, 1inequality (13) may be met despite {5) being satisfied, i.e.,
full employment is consistent with incentives given {(unimplementable) in~-
dividualistic forcing contracts. The reason is that it is only the threat
of losing the net surplus from employment in future that provides incen-
tives for effort in a termination scheme, whereas it is the threatened
ioss of the whole current-period wage that disciplines workers in a con-
tract like that of equation (4) above.

Despite the simplifications resorted to above (relative to the
Shapiro-Stiglitz model), the comparison of welfare levels attainable from
ﬁérmination versus tournament schemes is far from straightforward. It is
also difficult to predict if termination-based schemes would necessarily
arise, even if their welfare levels exceed those obtainable from tourna-
ment schemes, i.e,, the (ex ante utility) cost of "involuntary” unemploy-
ment 1s less than that due to the ex post randomization in incentive
schemes, when each of these schemes is considered in isclation. The rea-
son is that, in an equilibrium across firms, a subset of firms operating

on tournament schemes exercises a negative externality on the functioning

of termination schemes at other firms, because the "pool of unemployed”
(and thus Y in a more completely specified model) is thereby reduced.
However, given Proposition 2 above, it is straightforward to establish
the following result, which is dependent on the further assumption that

on average (ex ante) full employment is better for workers, i.e.,
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d—i [ G(F'(2)) - 2] >0 ‘ (14)

Proposition 3: If workers are risk-neutral and equation (5) is satisfied,

i.e., atemporal ( moving support ~based) forciag contracts can implement
incentives for setting p = 1, then tournament schemes with full employ-

ment (i) strictly dominate termination schemes in the attainable ex ante

{prior to knowledge of employment) welfare level; and (ii) necessarily
come about as the only incentive scheme in competitive equilibrium, given

assumptions embodied in equations {(la-b), (2'), (6a-d), (13), (14} } above.

Sketch of Proof: Proposition 2, together with the assumption in equation

(14), establishes dominance since ex ante workers obtain {-% [FeCQ) - 1]}
in a termination scheme. The positive predic;ion follows from the fact
fhat any {(hypothetically) unemployed worker can be attracted by a tournma-
ment scheme, which provides incentives as well as the first—best net util-
ity level [F'(2) - 11 > 0 oper period,(which is the same as that attained
for nonshirkers in termination schemes. Thus termination schemes do not

11

provide any incentives for effort. Q.E.D.

We conclude this section with an example, in which strict risk-
aversion on the part of workers implies that a tournament scheme which
may generate incentives for effort at full employment nevertheless results
in a net {expected) utility level of zero. In contrast, employed workers
in a termination scheme enviroument do obtain some net surplus in employ-
ment, whareas unemploved workers obtain zero, Thus, prior to the first-
time (and perhaps everlasting) selection of those who are chosen to be

employed, the ex ante welfare level from a termination scheme strictly
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exceeds that from a full-employment tournament scheme. This is far from
a complete analysis, however, as the arguments above have suggested. If
firms have the choice to offer tournament schemes to the unemployed (off
the equilibrium path), then the postive analysis of termination schemes
must be significantly modified and extended. A "compelling” argument for
termination schemes prevailing can only be made if, given the level of

unemployment that sustains them and assuming, unrealistically, represen—

tative firms, the net expected utility from a tournament scheme is strict-
1y negative, so that a worker prefers unemployment to participation in

such a scheme.

Example: Consider a not~too-risk-averse untenured academic worker with
utility U(W) = /W, for whom (summer) research support provides the only
utility beyond subsistence (U = () level, and this is denied in the
events of (a) being caught shirking on research, or (b) being told he is

shirking, as a result of random ("political”) events which are allowed to

M
T (-

%- to satisfy (8) and (9b), the latter only weakly, imply-

penalize 1 fraction of workers! Thus L =0, U(L) =0, H

and I =

1
YH
ing from the product H(1-NM) =M that {hz - h -M} =0, or that

{15a)

[
B f e

Now, for condition (7b) to be met, it must be that P(I-F) h > 1, or

h=-132= (15b)
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which on using (15a) implies that M > E—% +-%], or for U(M) = M
P
PUMM /1 +P ' (15¢)

Notice that the slack required in (5} for (15c) to be satisfied is increas-—
ing in P, somewhat surprisingly.

Our worker's expected utility in employment is given by

ZT = [(1I-MU(H) - 11, or (h - 2), and thus using (153a) we have,

|
ral Lo

(15d)

which contrasts with the first-best level ZF (obtainable with individ-

uvalistic forcing contracts, i.e., "no politics™) given hy

Zo = M~ 1 (15e)

If the "surplus in employment” {fﬁ - 1) is, for example, equal
to (/f - 1) ~ 432, for M = 2, then the tournament scheme generates
(net) expected utility ZT = y2.25 - 1.5 = ., This may seem quite damag-

ing, but for the observation that the associated 1 equals %-= S5, us-~

ing {15a), i.e., this is quite a political employer! Notice that (5) is

—t
1.532

1. Notice also that the termination-based scheme ie viable with full

satisfied as long as P > ~ 716, but {(15c) is satisfied only'if

f

employment, i,e., (13) is reversed, with P = .716 41if Y » 3.53 and
with P =1 1if Y > 2,32, TFor lower values of (possibly endogenized) Y,
a parametric form for F(R&) is needed, in order to endogenize the employ-

ment level 2 that would sustain a termination-based scheme.
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In deriving the above results, and calculating the example, we
have ignored the role of other sources of ex post information that may be
common knowledge, like individual or aggregate (firm—level) output. HEven
if the former is not observable, observability of aggregate output is go-
ing to limit the principal’s ability to misrepresent {f&}, i.e., to pe-
nalize a large fraction of workers as being shirkers even though the "work,
work" Nash equilibrium is obtained. This would loosen the relationship
vetween the principal's “power to penalize” {I) and equilibrium penal-
ties, and thus improve the performance of tournament schemes for strictly
risk—averse workers. This topic also merits furtﬁer research, before a
substantial judgment regarding the comparison with termination schemes
can be reached.

TIn the next section we consider alternatives to tournament schemes,
and their relative performances, when (strictly risk-averse) agents' util-
ity functions are unbounded below, so that the threat of rank-dependent
penalties is able to obtain (nearly) first-—best allocations somewhat more

robustly.

3. Tournaments and Asymptotic Forcing Contracts

As we noted in the Introduction, much of the earlier rationaliza-
tion of tournament contracts, e.g., Lazear and Rosen [1981] and Bhatta-—
charya [1982], was based on the observation that comparisons across agents

provided a means of controlling for correlated shocks affecting the pro-

ductivity of {all) both agents. In Lazear and Rosen, as well as in Nale-

puff and Stiglitz [1983], this observation has been followed by comparing
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the performance (in inducing effort and expected utility levels) of tour-
naments with that of restricted linear piece~rates. As Holmstrgm [1982]
has noted, without such an ad hoc restriction on the alternative, tourna-
ments are likely to be dominated by more general multiperson inceantive
schemes tied to individual performance and a (Blackwell [1951]) "suffi-
cient statistic”™ for the common {cerrelated) shock. Green and Stokey
[1983] have shown, in a very special case where the common shock does ot
affect the marginal productivity of effort, that a sequence of tournament
schemes with an increasing number of agents and ranks approaches the
second~best optimal incentive contract, i.e., the set of order statisties
is sufficient with respect to the effort levels.

Cur interest in such comparisons is qualified by the following ob-
servations., In-the small number of agents case, the restriction of the
comparison set to linear contracts is arbitrary, and it also violateé fhe
coarse monitoring notions implicit in rank-order comparisons. It is an
interesting observation that with principal's moral hazard alsoc present
and a large number of agents, incentive-compatible contracts in which re-
wards are a linear function of differences between individual and group
mean products converge (with independent shocks) to linear piece-rates,.
However, as Green and Stokey have noted, in some (other) circumstances
tournaments (nonlinear contracts) are able to do much better than such
linear schemes. Nor are we persuaded that the recent results of Holmstrgm
and Milgrom [1985], on the optimality of linear contracts in an inter-
temporally stationary continuous—~time model with expomential utility and
12

Normal error distributions, hold with any generality.

An interesting and incremental observation about tournaments has

been made in another result of Nalebuff and Stiglitz [1983], for the case
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where agents' utility functions are unbounded below, for feasible pay-

offs. They show that given some conditioms on convolutions of the dis-
tribution function for monitoring noises, and a large number of agents,
asymptotically a contract based on punishing only the worst-performing
agent approaches the performance of the first-best optimal allocation
with perfect information. Since this result (unlike that of Green—Stokey)
allows for the effect of correlated shocks on the marginal product of ef-
fort, it is of interest to ask if other nontournament schemes have such
performance under similar circumstances,

A clear candidate for such an alternative scheme is that due to
Mirrlees [1979], which is based on individualistic contracté {without cor-
related shocks), as well as unbounded utility and “likelihood ratio"” as-
sumptions about preferences and output {(monitoring) noises, respectively,
as the wealth/output level becomes as low as feasible. We show in the
Appendix that the Nalebuff-Stiglitz distributional assumptions imply those
nade by Mirrlees, and that the latter's incentive-sgscheme is_extendable to
the correlated shock environment of Nalebuff-Stiglitz, so that both schemes
(which are not equivalent in ex post payoffs) approach first-best optimal-
ity as the number of competing agents becomes large. In this section, we
introduce the notational and analytical constructs involved in obtaining
these results (Theorem 1 and Proposition 4 in the Appendix), which pertain

13 of monitoring errors,

to (1) distributional conditions in the lower tail
and (ii) sufficient statistics for the correlated shock gathered from indi-
vidual performance indicators. Note that two-sided moral hazard is being

assumed away here, since the Mirrlees incentive scheme is not incentive-

compatible for the principal in such a scenario.
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In Nalebuff and Stiglitz [1983], it is assumed that the observed
output/monitor of the jth agent 3& satisfies the equation,

ds = Bus + (16)

J
where 3 is his/her effort level, 8 is a common shock, and {53} are
identically distributed shocks satisfying statistical independence with
raspect to 6 and {E;}, iz J. Agents are assumed to be risk-averse,
and to maximize:

Max  zy o= 2 U] - c(up())] (21"
{us(8)>0} CRENY J J

K dis the number of.

~ . ~ 1K
where WJ is a (measurable? function of {dJ}le ’

agents, and effort levels uj(e) are chosen after agents (only) observe
the realized common shock 8. They show that the first-best optimal allo-
cation, obtainable with competitive risk-neutral employers who may observe

and dictate employees' effort levels, satisfies the conditions:

s =X Ve, {es] {(17a)
®
gUY) =C'{u(8)) V3 (17%)
~
Y= [8u (8] (17¢)
6

Equations {17a-c) can be interpreted as the employer providing complete

insurance, and eliciting effort to the point where its marginal utility

product equals its marginal disutility.
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The following "punish the worst” incentive contract approaches the
allocation in (l7a—-c) arbitrarily closely, as K (the number of agents)
becomes arbitrarily large. After ranking by decreasing output from

{1,2,...,K}, the jth ranked agent i1s paid;

Hy = Y+ X(K)  for J = 1,2,00.,(%1) (18a)
W= Y - (X-1) XK (18b)

where the penalty factor X{X) satisfies, given

AU = [U(H) - UG ] (18¢)

the agents' (first-order) incentive condition;

*
9 H(K)MU, = C"(u (8} ¥ o (19a)

which, on using (17b), simplifies to

H(K)AUK = 0" () (19b)

where [8 H(K)} iz the equilibrium marginal impact of effort u on the
probability of finishing last, derived as follows.

Assuming that other agents are putting in effort u*(S) in state
8, i.e., analyzing one Nash equilibrium, and given the specification of
equation (16), an agent puttihg in effort u calculates the probability

P{u, ¥) of coming in last as:




iy

® X-1
P(p, K) = [ {1l - G[e + 8(u - p*(e))]} g(e)de (20a)

-

where & is generic for the random wvariables {33} which are E;i:é:’

and {G(e), g(e)} represent its distribution/density functions, For sim-
plicity, 8 is assumed to have a distribution with bounded support, but
the unbounded (below) support of G(e) rules out simple individualistic
forcing contracts hased on moving (with u ) supports. Given {(20a), the

equilibrium marginal effect of effort on “"finishing last" is given by:

_ BP(H,K) ‘

]K-Z
du

= 8(K-1) [ [1 - G(e) g2(e)de.  (20b)

u=p*(9) -

8 H(K) =
The Nalebuff-Stiglitz "approaching the first-best” argument {as
K » «) is then based on the observation that even though (it may be that)

Limit H(K) = 0 . ' (21a)

Koo

given that range of & 1is unbounded below, for some distributione it is

the case that

Limit K B(R) = = (21b)
Koo
AU
Hence, |===! which is the (symmetric) equilibrium "expected utility
K yam

loss™ approaches zero as K + « while satisfying the incentive equation
(19b) for each XK. However, given (2la), it must be the case that AUK > o
as X » =, given {19a) which is the first-order condition to the agents'

maximization problem (2''), given (18a, b). Other Nash equilibria are
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ruled out given strict convexity of C(y), and the unbounded utility pen-
alty——which substitutes {(much more effectively) for the "number of punish-

able agents™ in the model of section 2 above.

In the Appendix we show that {(21b) implies the Mirrlees [1975%]
"unbounded likelihood ratio” condition, which in the context of the spec-

ification (16) is equivalent to

St

Limit gge) = ® (22)

es =

(D

assuming only some innocuous regularity (differentiability and bounded-
ness) assumptions about {G(e), g(e}}. This purely statistical result,

which (unfortunately) requires a lengthy proof, constitutes Theorem 1.

Following this we show that the first-best allocation in (17a—c) may be
arbitrarily closely approached by the alternative of an extended Mirrlees
contract, which works as follows.

Agents' observed productivities {dj} are collected, and a “suffi-

-

. s s m . . sth .
cient statistic"” for 6 vis-a-vis the J agent is calculated using

*
= z. di’ which is then inverted using the {8 p (8)} mapping to ob~-
i#J

5%
tain the “"guessed” éj . This guess 1s then used, together with incentive
conditions of the form of (19a), to penalize agent J with progessively
higher penalties for outcomes sufficiently far in the lower tail. The ap-
.propriate double-limit of this incentive-constrained allocation, with re-

spect to the "punishment threshold" and the number of agents, is shown in

Proposition 4 (Appendix)} to approximate the first-best allocatiom arbitrari-

ly closely. Thus, the inessentiality of tournament (or other constant-sum—

across—agents payoff) schemes, in environments without principal's moral

hazard, is further established.
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4, Concluding Remarks

We have shown that multiagent contracts with specific ex post prop-
erties (of being constant-sum across agents}, may have a significant role
to play even in the absence of correlated outputs or measurements of per-—
formance, if there is moral hazard on both sides in the implementation of
allocations. Tournament contracts, which provide a spécific exanple of
such schemes, were analyzed and their performance vis—;~vis alternative
individualistic (termination) schemes was shown to be highly dependent,
given the problem of "collusion" across agents, on (a) agents' risk-
aversion levels, and (b) the availability of aggregate (as well as indi-
vidual) measures of productivity. The degree to which the interaction
between prineipal's moral hazard and agents' collusion problems is (empir-
ically) important, as well as the genaral equilibrium endogenization of
multiagent versus individualistic schemes in such circumstances, remain
open as significant topics for further anquiry., Only the basic issues and
tradeoffs, including "externalities” across multiple prinecipals (firms),
have been developed here,

We also showed that, in the large number of agents case, the
constant-sum-across—agents property of tournament schemes is inessential
to the achievement of allocations they have been “identified"” with, with
correlated shocks but without prinecipal's moral hazard. In an important
sense, however, the focus on such asymptotic results-—here as well as in
Grean-Stokey [1983] and Nalebuff-Stiglitz [1983]-—misses an important set
0of issues that were initially sought to be addressed by the early work of

Lazear and Rosen [1981)., 1In essence, these issues pertain to explaining
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the prevalence of such multiagent (ordinal) comparison schemes in hierar-
chical organizations, largely confined to contests within levels of the
hierarchy, and implemented despite the presence of a small number of agents
in each contest.

It is our belief that despite much research effort, a great deal
of success has not been achieved in explaining such contracts, vis—;—vis
the alternative of individualistic contracts with other {(firm-or industry-~
wide) measures used to adjust for correlated shocks. Within such hierar-

chies, it is also important to take into account differences in productive

abilities across agents, which may be asymmetrically known and in need of

elicitation through contracts. Further exploration of some of these is-—
sues, including corrections and extensions of earlier {negative) results,
2.8., Lazear and Rosen [1981], is to be found in Bhattacharya and Guasch

[1985].
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FOOTNOTES

L1 azear and Rosen [1981] were the first to note this explicitly,
although the main focus of their analysis is different. Holmstrgm [1983]
provides a general result regarding such linkage In incentive schemes
that is relared to the Blackwell [1951] notion of (non)sufficient statis-

tics.

2Bhattacharya [1983] and Malcolmson [1984] independently made this
observation in the context of atemporal multiagent incentive schemes,
and the former was the first to notice the complexities arising from po-

tential "collusion” across agents, discussed below.

31n Shapiro and Stiglitz [1984], which is a continuous-time model,
there is an exogenously specified quit rate of workers so that unemployed
workers have a stationary probability of being reemployed, i.e., a moment's

indiscretion (shirking) does not cause infinite misery!

4Other authors have pointed out that termination schemes may arise
aven in the absence of two-sided moral hazard, given restrictions on con-
tingent contracts but with sufficient intertermporal linkages to make re-

sulting payoffs sustainable.

5Since principal's moral hazard prevents individualistic output/
monitoring-contingent reward schemes, the incentive problem is "nontrivial”

even for risk-neutral workers.
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6 The extended Mirrlees incentive scheme does not have the property
that payoffs summed across agents are constant (with probability one).
We also do not pursue the topic of comparing tournaments with arbitrarily
restricted, e.g. linear, payoff schemes. See below for further details

on these issues,

7The representative firm assumption is innocuous, in that F()
can instead be an aggregate production function which is obtained by al-
locating labor efficiently across firms. The bounded-below utility func~

tion assumption, i.e., U(0) = 0, is important for the results to follow.

80f course, if an auxiliary indicator like aggregate output is

also observable, then that limits (subject to the noise in output given
efforts) the extent of such lying. We do not explicitly consider this
complication here although, given the problem with tournament schemes
that are identified below, the "discipiining” wvalue of such aggregate

indicators is important; see below.

JWhile Propogition 2 is intuitively pleasing, it should be noted
that i1t arises due to the colinearity between equations (7b) and (8) giv-

en U(W) = W, rather than any general game-theoretic notions.

10The essence of this difference arises because infinite spells of
unenployment act essentially like unbounded utility penalties, which can
result in attaining the first-best allocation far more easily; see sec-

tion 3 below.

e representative—-firm notation regarding the production func-
tion is clearly overextended in an argument of this sort. For contrete-
ness, envision the tournament offerers to be "renegade™ personnel officers

in other (divisions of) similar firms.
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129me essence of this result arises from the observatioms that the
Normal distribution is infinitely divisible into binomials, over which
(instantaneous) contracts are necessarily linear, together with the con-
stant absolute risk—aversion properties of exponential utility functioné,
i.e., piece-wise linear contracts with the same slopes add up to iinear-
ity globally. A helpful analogy may be obtained by noting that for the
Black—~Scholes [1973] option-pricing model, developed with similar proba-
bilistic assumptions, the option-stock "hedge ratio" is comstant if the
exerclse price changes in proportion to stock price continuously. {(Vari-—

ance is exogenously given in both cases.)

13It is easy to show that analogous results, on the relation be-
tween convolutions and likelihood ratios of distribution functioms, also
hold for the upper tail. This is not pursued, since as Nalebuff-Stiglitz
{1983] have noted, incentive schemes based on unbounded (utility) 5onuses
for the best-performing agent fail to generate appropriate incentives when
the number of agents becomes large., Thus, by implication, the attempted

extension of Mirrlees' result in Holmstrom [1982] Theorem 4 is incorrect;

agents minimize "incentive compatibly” in such schemes.
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APPENDIX

In what follows, we examine the condition on (convolutioms of) the
probability distribution function G{e) which, together with utility
functions U{+) that are unbounded below, imply that asymptotically (as
the number of agents K approaches infinity) the first-best effort and
expected utility levels are approached arbitrarily closely. This condi-~
tion, developed in Nalebuff and Stiglitz [1983] and discussed in section

3 above, can be expressed as:

oo

Limit [K H (K)] = X(X-1) [ [l - G(e)]

Koo ]

(®=2) 52(e)de = = (AL)

where g(+) is the density of G(-+), and 6 H(K) has the economic in-
terpretation of being the marginal effect of effort level u on the prob-
ability of "coming in last™ in the tournament, which is denoted in the
text as P(p, K).

We first show that condition (Al} implies, given some regularity

conditions on G(«), that

0Q
~
14
~
-~
m
o

Limit = Limit 2 = = {A2)

g+ = ey —o

[p]
~

®
|
[1)°]
~

(]
~

where primes denote derivatives, and the middle equality follows from
L'Hopital's rule. Denoting the conditional output probability distribu-
tion function as I{u, d, 8) = Prob(d < d’p, 8), and using the fact that

d=us +8e, it is easily seen that (A2) implies that, for all & and y,
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Limit 2V ou(w, 4, ©) (A3)

d')' —c H(u’ d, e)

which is the condition used in Mirrlees [1979].

Theorem 1
Assume that G{e) is three-times differentiable, and that there
exist finite positive numbers {M, N} such that 0 < g(e) < M, }g'(e)l < N,

for all e. Then (Al) holds only if (A2) is satisfied,

Remarks: We shall prove the result without assuming that g'(e)

o

is absolutely integrable, i.e., that f |g'(e)lde convergas, although

—_—0

this property is true of some distributions (like the Normal) which sat-

isfy (Al) and (A2). In the course of the proof, we shall also show that

these assumptions imply that Limit H(K) = 0.

Ko

To proceed, we need the following result from classical calculus.

Lemma {Abel). For every K e [2, =)}, let C{X, ) and D(K, e) as
functions of e be such that C{K, e) is continuous and D(X, &) is

monotounically decreasing for e > a., Assume, furthermore, that there ex-

b
ists a constant M such that |f C(K, e)de| { M for every K g [2, «)
a

and every b > a, and that Lim D(X, =) o uniformly for all X g [2, =).
2>
Then the integral

I(x) = [ DK, e) C(K, e)de
a

converges uniformly for X g [2, «).
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Remark: Olmsted [1961], section 1408, notes that uniform conver-
gence as above implies that "the limit of an improper integral (w.r.t. K)

is the integral of the limit,"

Proof of Theorem l: Using equation (Al) and integrating by parts, we

have

Lim H(X) = Lim {-[l - G(e_)]Kal g(e) ] + f [1 - G(e)}K—l g'(e)de}

Koo Koo —-co -0

(A4)

The first term is zero because Limit g(e) = 0. Since g(e) < M, and
e+ ~w

[1 - G(e)]K—l is decreasing and converges uniformly (for K >2 } to O
as e » o, the second {integral) term converges uniformly for all X,

by .the preceding lemma. Hence, we can interchange the order of the limit
with respect to K and integration and, using the assumptions that

[1 = G(e)] <1 for almost all e, and 'g'(e)l < N obtain that

Limit H{K) = 0.
Koo

To evaluate Lim [K H (R)], multiply equation (A4) by K, and
Koo

split up the integral term into two, over (-=, Ta) and [Ta, =), where

Te satisfies, for some 0 < a< 1l, a=[1 - G(Ta)]. Thus, we have

R-1 = T g-1
Lim K H (RK) = Lim {-K{1 - G(e)]" ~ gle) | + [ K[l - Gle)]" =~ g'(e)de

Koo Koo

[ ORI - 61! gr(edde) (A5)
Ta

The first ("noniﬁtegral“) ternm of equation (AS5) is again O,

since the ianer limit with respect to e 1is zero for all K. The third
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term satisfies the conditions of Abel's Lemma, since K[1 - G(e)}K’l is
monotone decreasing in e, and converges uniformly in K to 0 as

1
e + o, Thus,

(== =~}

Lim f R[1 - G(e)}K—-1 g'(e)de = f Lim K|{1 - G(e)]Krl g'(e)de
Korm To Ta Xow
which is zero because Lim K[1 - G(e)]Kﬁl = (0 for all e ¢ [Ta, =).
. Koo

Thus, integrating the second term in (AS5) by parts, we have

Ta Ta
, I _ _ X g'(e) _ K d (g'(e)
"{;i:KH (X) gﬁ: {-11 - 6] Eas *|m +‘fm [1 - ae)]™ 7 [Bpey el
(46)

Now suppose, contrary to the proposition, that Lim [K H (K)] =
Koo

even though (A2) is not satisfied, We show that, for Ta sufficiently
small in (A6), this cannot be. Consider the first term in (A6), which is

then finite under the assumptions of the proposition and the maintained

t
assumption that Lim ggg:; is finite, The second term in (A6) can be
g» ~o
broken uﬁ as
. e K a 1z'(e T 4 ge)
Limit { [ ([1 - 6(e)]” - 1) 2 [—;(w--]de + j = [g(e) lde} (A7)
Koo —c0 e -

both of which converge uniformly in K, the latter obviously, and tha

former by Abel's Lemma (with e substituted by =-e ), given the maintained
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assumption on g'/g, assuming Ta sufficiently small. By interchanging
the order of the limit with respect to K, we obtain in (A7) the sum of
two terms, both of which are finite. Thus, we have established a contra-
diction to the hypothesis that equation (Al) can hold without equation

{A2) also holding. Q.E.D.

We now prove the result which extends the insight of Mirrlees

[1979] to the "correlated shock case.”

Proposition 4: Assume that U(W) is unbounded below as W -+ 0, and

that (Al) holds, implying by Theorem 1 that (A2) and (A3) are satisfied.

For agent Jj, let the sufficient statistic relating to the common shock

5 be constructed as:

o 1 L
S, = =— I d, (A8)
3 k-1 4=y L

i#j

and let, for m = 1,2,...,» agent j's performance—contingent payoff se-

gquence be given, for Dl > D, P ees D.» by

W, =Y for d, > D, W, =Y - P for d. <D {A9)
d J m 3 o J o
where
— — _1 —
Po=Y-U " (U(Y) -B) , (A10)
where Bm, the "vtiiity penalty,” satisfies

c'[sj/V(sj)}

- (All)
v(5,)8(0, - )
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where V{+) is such that

-1 *
V(e = u(e) o (Al12)

The goal, therefore, is to have the appropriate incentive condition sat-
*A o~
igfied at p =y (8) for the inferred common state ?j = V(Sj). Assume

further that agent J chooses effort p§m(e) to maximize

Max z?m(e) = E{U(ﬁijﬂ

u

8, u] ~ Clw) (a13)

~ * ~
assuming that di = gy (8) + e i#}, 1.e., that other agents are put-

*
ting in effort yu (8). Assume also that g(d - op)/C'(yp) is decreasing

in u for all d; this ensures that the ageat's objective function is

concave in p. If Lim D = - then, for each 8§ in the range of 5,
Mmoo m
*
Lin Z22(8) = 5(Y) - ¢y (&) (A14)
Koo J .
Mmoo
*

Lim S 2(8) = 4 (8 (A15)

Koo J

m+e

Remarks: Notice that, given Lim g(e) =0 and (All), as
gs =om

, which is made feasible

Dm + —=, the threatened utility penalty B »
m

by U(s) being unbounded below. The nonexistence of equilibria other

than the above, in the agents' subgame, was noted in section 3.
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#

Proof: It is well known that, assuming that W= (8y for i# and
~ #

as K » o, Sj + 8p (8) almost surely. Hence, the agent's objective

funetion (Al3) converges uniformly (in 1y ) to that analyzed in Mirrlees

[1979] Theorem 1, from which the result is immediate. 0.E.D.

FOOTNOTES TO APPERDIX

LThis is true if for any & » 0 there exists finite e*(é) such

*
that, for all e > e and all K g [2, ),
ki1 - a(e)1¥t < s
Taking logs, we see that we must have

*
log K + log [1 - G(e )](K-1) < log &

or,

log X  log &
(k-1) (X-1)

*
- log [l - G(e )] =

The claim then follows since log (0) = -», and for K 2 1 (log K)/(K-1)
is bounded above by unity, whereas for & < 1 the second term on the right-

hand side is bounded above by (~log § ), and otherwise it 1s negative.
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