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EFFICIENT CONDITIONAL QUANTILE ESTIMATION:
THE TIME SERIES CASE

IVANA KOMUNJER AND QUANG VUONG

ABSTRACT. In this paper we consider the problem of efficient estimation in conditional
quantile models with time series data. Our first result is to derive the semiparametric effi-
ciency bound in time series models of conditional quantiles; this is a nontrivial extension of
a large body of work on efficient estimation, which has traditionally focused on models with
independent and identically distributed data. In particular, we generalize the bound derived
by Newey and Powell (1990) to the case where the data is weakly dependent and heteroge-
neous. We then proceed by constructing an M-estimator which achieves the semiparametric
efficiency bound. Our efficient M-estimator is obtained by minimizing an objective function
which depends on a nonparametric estimator of the conditional distribution of the variable

of interest rather than its density.
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1. INTRODUCTION

The purpose of this paper is to study the problem of asymptotically efficient estimation in
models for conditional quantiles. We provide answers to the following closely related ques-
tions: what is the semiparametric efficiency bound for the parameters of a given conditional
quantile, when the data is weakly dependent and heterogeneous? Is efficient estimation
possible in such models, and if so, what is an efficient conditional quantile estimator?

The computation of semiparametric efficiency bounds in models with conditional moment
restrictions—which include the one studied here—has been considered by numerous au-
thors (Chamberlain, 1986, 1987; Robinson, 1987; Hansen, Heaton, and Ogaki, 1988; Newey,
1990a,b, 1993; Hahn, 1997; Bickel, Klaassen, Ritov, and Wellner, 1998; Brown and Newey,
1998; Ai and Chen, 2003; Cosslett, 2004; Newey, 2004). Our contribution to this large lit-
erature is twofold. First, we derive the semiparametric efficiency bound in models with a
conditional quantile restriction allowing the data to be weakly dependent and/or heteroge-
neous. Second, we propose a new estimator for conditional quantiles which actually attains
the semiparametric efficiency bound. Our results are important because they do not require
independence nor identical distribution of the data.

The first of those assumptions—independence—has been prevalent in the existing litera-
ture on efficient estimation, for reasons which pertain to the very definition of the semipara-
metric efficiency bound. Depending on how we characterize the bound—as an “infimum” or
as a “supremum”—there are two approaches to its computation. Most of the above liter-
ature, with the exception of Chamberlain (1987), has used the “infimum” approach, which
can be summarized as follows.

Consider a model in which the parameter vector of interest 6 is identified via a conditional
moment restriction. Assume that the model is regular in the sense of Begun, Hall, Huang,
and Wellner (1983) and Newey (1990b). A familiar approach to estimating 6 is by using
semiparametric estimators such as GMM (Hansen, 1982), M- (Huber, 1967) or instrumental
variable estimators. Associated with the choice of a particular semiparametric estimator
is its covariance matrix. Hence, to the set of all semiparametric estimators corresponds
a set of positive semidefinite matrices. The crucial property of this set is its orthogonal
structure (Bickel, 1982; Begun, Hall, Huang, and Wellner, 1983; Chamberlain, 1986; Newey,

1990b): any matrix € in this set can be written as a covariance matrix of a Gaussian random
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variable—with a positive semidefinite matrix VV—plus an independent noise. The matrix V'
which is the infimum of this set, is the semiparametric efficiency bound for 6.

This characterization of the semiparametric efficiency bound is the starting point of the
“infimum” approach to its computation. Essentially geometric, the “infimum” approach uses
projection arguments to find V. As such, it requires certain orthogonality conditions, which
in econometric terms correspond to the requirement that the random variables involved be
independent (Bickel, 1982). Hence, most of the “infimum” approach literature has exclu-
sively focused on models with independent observations.! In models in which we relax the
independence assumption, the projection arguments are difficult to implement, which makes
dealing with time series data difficult. Consideration such as those have lead Ai and Chen
(2003), for example, to conclude: “although our results [...] can be easily extended to weakly
dependent time series data, the problem of semiparametric efficiency bound with time series
data is nontrivial.”

In this paper, we use the alternative—“supremum”—approach pioneered by Chamberlain
(1987). In his seminal paper on semiparametric efficiency bounds in models with conditional
moment restrictions, Chamberlain (1987) compares the asymptotic distribution of an effi-
cient GMM estimator—efficient in the sense of Hansen (1982)—with that of a maximum
likelihood estimator (MLE). The key property of the MLE is that it is efficient, when cor-
rectly specified. Hence any MLE in which the specified likelihood is consistent with the
conditional moment restriction and which contains the data generating process, needs to
have its asymptotic covariance matrix smaller than the semiparametric efficiency bound.
In other words, the semiparametric efficiency bound can be defined as the supremum of
asymptotic covariance matrices of all parametric submodels which satisfy the conditional
moment restrictions and contain the data generating process—this is the key insight behind
Stein’s (1956) characterization of semiparametric efficiency bounds and the starting point of

the “supremum” approach.

'Hansen, Heaton, and Ogaki (1988) is an important exception. Their approach however is based on
the assumption that some transformation—forward filter—of the moment function used in the conditional
moment restriction is serially uncorrelated (see their equation (4.2) and the discussion thereof). Hence,
unless the parameters involved in the forward filter transformation are known, the approach of Hansen,
Heaton, and Ogaki (1988) is not applicable. For example, in models with conditional moment restrictions
in which the variables follow an ARMA (p, q) process—with lags p and ¢ known—one needs to know the ¢

MA parameters in order to construct the forward filter.
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Chamberlain (1987) implements the “supremum” approach in the case where the random
variables involved in the conditional moment restriction are independent and identically
distributed (iid). In the iid case, the efficient (in the sense of Hansen, 1982) GMM estimator
and the MLE obtained when the data is generated from a multinomial distribution are both
asymptotically normally distributed with asymptotic covariance matrices respectively equal
to Q and I~!, where I is the Fisher information matrix of the multinomial model. When
the data has finite support, Chamberlain (1987) shows that Q and /! are the same. Hence,
they must be equal to the semiparametric efficiency bound V. Given that any distribution
can be approximated arbitrarily well by a multinomial distribution, the general expression
for the bound follows. The iid assumption plays an important role in Chamberlain’s (1987)
construction of the semiparametric bounds; without it the multinomial approximation is
no longer valid, making the extension of Chamberlain’s (1987) results to time series data
difficult.

The first contribution of this paper is to extend Chamberlain’s (1987) results to weakly
dependent data, by using the “supremum” characterization of the semiparametric efficiency
bound, initially due to Stein (1956). In particular, we focus on models with conditional
quantile restrictions. In such models, there is no published work prior to ours on asymptoti-
cally efficient estimation which would allow for the data to be weakly dependent. Hence, our
first contribution is to fill the gaps in the extant literature on efficient conditional quantile
estimation (Newey and Powell, 1990; Koenker and Zhao, 1996; Zhao, 2001) and derive the
semiparametric efficiency bound in weakly dependent time series models with conditional
quantile restrictions.

Our “supremum” approach is somewhat different from that used by Chamberlain (1987).
We start by constructing a matrix V' which is a potential candidate for the semiparamet-
ric efficiency bound. Such candidate matrix is obtained as a minimum within a family of
asymptotic covariance matrices of conditional quantile M—estimators that are consistent for
the parameters of a correctly specified conditional quantile model. Once the candidate ma-
trix V' in hand, we follow the insightful approach by Stein (1956), and look for a parametric
submodel that is “as difficult” as the semiparametric model. In other words, we construct a
fully parametric model that satisfies the conditional quantile restriction, contains the data

generating process and in which the inverse of the Fisher’s information matrix equals V.
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This second step is what distinguishes our work from the rest of the literature on asymptot-
ically efficient estimation—specifically, we are able to analytically derive the least favorable
parametric submodel.

Our result on the semiparametric efficiency bound is general: we derive it under the sole
assumption that the model satisfies the conditional quantile restriction. In particular, when
constructing V', we do not make any additional assumptions regarding the properties of the
residuals from the (nonlinear) quantile regression: they can be dependent and nonidentically
distributed. Hence, for the first time in the literature on efficient estimation, we are able to
derive the semiparametric efficiency bound in conditional quantile models with time series
data that are dependent and conditionally heteroskedastic.

The second contribution of this paper is to propose a new conditional quantile estimator
that is efficient. We note that the problem of constructing an efficient estimator is even
more difficult than that of computing the semiparametric efficiency bound. Though to some
extent applicable to time series data, the projection methods used in the “infimum” approach
shed no light on how to construct efficient estimators. As already pointed out by Hansen,
Heaton, and Ogaki (1988), “although [they] delineate the sense of approximation required
for the sequences of GMM estimators to get arbitrarily close to the efficiency bound, [they]
do not show how to construct estimators that actually attain the efficiency bound.” It is an
open question whether the procedures along the lines of Newey (1990a,b, 1993, 2004) can
be extended to models with time series data. Our second contribution to the literature on
efficient estimation is to show how—at least in models with conditional quantile restrictions—
the “supremum” approach naturally leads to estimators that are efficient.

Standard approaches to constructing an efficient estimator are as follows: given a con-
sistent estimator of the parameter of interest 6, take a step away from it in a direction
predicted by the efficient score; the resulting estimator is then efficient. An example of this
construction method is Newey and Powell’s (1990) “one-step” estimator for the parameters
of a quantile regression. Alternatively, instead of taking a step away from an initial consis-
tent estimator of 6, we can use it to construct a set of weights—functions of the efficient
score—and compute the corresponding weighted estimator; the weighted estimator is also
efficient. An example of this method is Zhao’s (2001) weighted conditional quantile esti-
mator. More recently, extending the conditional empirical likelihood (CEL) approach by
Kitamura, Tripathi, and Ahn (2004), Otsu (2003) constructs an efficient estimator in the

quantile regression model in the iid case.
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We propose an efficient conditional quantile MINPIN-type estimator (Andrews, 1994a)
whose construction differs from the previous ones, in two ways. First, our efficient estimator
does not require a preliminary consistent estimate of the parameter of interest, hence it is
similar to the estimator proposed by Otsu (2003). While Otsu’s (2003) efficient estimator is
based on the empirical likelihood principle, our efficient estimator is obtained by minimizing
an efficient M—objective function. Second, our efficient estimator depends on a nonparametric
estimate of the true conditional distribution, unlike Newey and Powell’s (1990) and Zhao’s
(2001) efficient estimators which depend on nonparametric estimates of the true conditional
density. For these two reasons, we can expect our efficient estimator to behave better in
small samples than the efficient estimators proposed by Newey and Powell (1990) and Zhao
(2001). In particular, whenever it is easier to estimate the conditional distributions than
densities (Hansen, 2004a,b), we would expect our efficient estimator to perform better than
the existing ones.

The remainder of the paper is as follows: in Section 2 we define our notation and introduce
models for conditional quantiles. Section 3 characterizes the class of M—estimators that are
consistent for the parameters of such models, provided they are correctly specified. In the
same section we show that such estimators are also asymptotically normally distributed with
an asymptotic covariance matrix whose expression depends on the form of the M—objective
function being minimized. In Section 4, we derive the minimum bound of the above family of
matrices and show that it corresponds to the semiparametric efficiency bound. An efficient
conditional quantile estimator is constructed in Section 5, which concludes the paper. We

relegate all the proofs to the end of the paper.

2. SETUP

2.1. Notation. Consider a stochastic sequence (a time series) X = {X;,t € N} defined on
a probability space (2, B, P) where X : Q — RN and R(™UN g the product space
generated by taking a copy of R™*! for each integer, i.e. RMUN = xo0 R™+1 4y ¢ N,
We partition the random vector X; as X; = (Y;, W/)" and are interested in the distribution
of its first (scalar) component, denoted Y;, conditional on the random m-vector W;. In
particular, we allow W; to contain lagged values of Y;—particularly interesting for time
series applications—together with other (exogenous) components. The family of subfields
{W,,t € N} with W, = a(Wh, ..., W,;) corresponds to the information set generated by the

sequence of conditioning vectors up to time t.
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We use standard notations and let P(Y; € A|W,) denote the conditional distribution
of Y;, with A an element of the Borel o-algebra on R. To simplify, we assume that for
any T > 1, the joint distribution of (Y;, W1,..., Yy, Wr) has a strictly positive continuous

m+1T g0 that conditional densities are everywhere defined.? Then, for every

density pr on R(
t,1<t<T,T > 1, welet F(-) denote the conditional distribution function of ¥; conditional
upon W, i.e. FP(y) = P(Y; < y|W,) for every y € R, and we call f(-) the corresponding
conditional probability density. Of course, FY(-) (like f2(-)) is unknown and we assume
that it belongs to F which is the set of all absolutely continuous distribution functions with
continuously differentiable densities on R. Throughout the paper we assume that for every
t,1 <t <T,T > 1, f2(-) and its derivative are bounded so that there exist constants
Mo, My > 0 such that sup,.,; sup,cg f; () < My < 00 and sup,; sup,eg |dff (y)/dy| < My <
0.

If V is a real n-vector, V = (Vi,...,V,), then |V| denotes the Ly-norm of V, i.e. |V|* =
V'V =30 VA If M is areal n X n-matrix, M = (M;;)1<i j<n, then | M| denotes the Lo.-
norm of M, i.e. |M| = maxi<; j<n|M;;|, and M denotes a generalized inverse of M. If A is
a positive definite n x n-matrix, then A~/2 = P where P is invertible such that PAP' = Id
where Id denotes the n xn-identity matrix. Let f: £ — R, V — f(V), with E C R*and V =
(V4, ..., Vi)', be continuously differentiable to order R > 1 on E. Let r = (rq,...,7,) € N™: if
7| < R then D" f(V) = 9"l f(V)/OV/*...0V where |r| = r{ + ... + r,, represents the order
of derivation. If » = 0 then D°f(V) = f(V). Further, let r! = ri!..r,! and V" = V... V™.
Then, for any (V,V;) € E? the (familiar) expression in a Taylor expansion of order R can
be written as Z|r|<R DT{»EVO) (V-W) = 25:0 Zjl ..... kE(Lyeyn)P %%(%1 —Voji) - (Vj —
Voj.), for 1 < 1 < R. For example, when R = 1, we have >, D"f(Vo)(V — Vo) =
T(Vo) + >0, 10f (Vo) /oVi) (Vi — Vi) (Schwartz, 1997). When R > 2, we let Vy f(V') denote
the gradient of f, Vi f(V) = (0f(V)/0V;,...,0f(V)/OV,)', and use Ayy f(V) to denote its
Hessian matrix, Ayy f(V) = (9%f(V)/0VidV;)i<i j<n. Finally, the function T : R — [0,1]
denotes the Heaviside (or indicator) function: for any x € R, we have I(z) = 0 if 2 < 0,
and I(z) = 1 if x > 0 (Bracewell, 2000). The Heaviside function is the indefinite integral
of the Dirac delta function 6 : R — R, with I(z) = [ dd, where a is an arbitrary (possibly

infinite) negative constant, a < 0.

2This excludes the possibility that W; contains indicator functions of lags of ¥; or other variables, for

example.
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2.2. Models for conditional quantiles. In this paper we do not consider the conditional
distribution F?(-) in its entirety but rather focus on a particular conditional quantile of Y;.
In recent years, conditional quantiles have been of particular interest in both applied and
theoretical work in economics in which numerous choices for the conditioning variables have
been proposed.®> In order to keep our analysis both simple and general, we introduce the
following notation: for a given a € (0,1), let M denote a model for the conditional «-
quantile of Y;, M = {q,(W},0)}, with an unknown parameter ¢ in ©, where O is a compact
subset of R* with non-empty interior, S} # (). In what follows we restrict our attention to

conditional quantile models M in which the set of following conditions is satisfied:

(AO) (i) the model M is identified on ©, i.e. for any (01,0) € ©% we have: q,(W;,0,) =
oW, 05),a.s. — P, for every t, 1 <t < T,T > 1, if and only if 01 = Os; (ii) for every t,
1<t<T, T > 1, the function qo(Wy, ) : © — R is twice continuously differentiable on ©
a.s. — P; (i) for every t, 1 <t < T,T > 1, the matrix Voqo (W, 0)Vaqa (W, 0) is of full
rank a.s. — P for every 0 € O,

The set of conditions in (A0) is fairly standard and generally verified for a wide variety of
conditional quantile models. In what follows, we shall always assume that M is a conditional
quantile model in which properties (A0)(i)-(iii) above hold. Further, for any given M we
shall denote by Q the range of q,, i.e. Q = {q¢: € R: ¢4 = ¢.(W},0),0 € ©, W, € R™},
QCR.

One crucial assumption that we make in our analysis, and which is of different nature
than the conditions above, is that the model M is correctly specified, so that there exists
some true parameter value 6y such that F?(q.(W;,0)) = a, for every ¢, 1 <t < T,T > 1.

In other words, we assume the following:

(A1) given o € (0,1), there exists 0y € © such that E[W(qa (Wi, 00) — Yi)|W,)] = a,a.s. — P,
foreveryt, 1 <t <T,T > 1.

3Since the seminal work by Koenker and Bassett (1978), numerous authors have studied the problems of
conditional quantile estimation (Koenker and Bassett, 1978; Powell, 1984, 1986; Newey and Powell, 1990;
Pollard, 1991; Portnoy, 1991; Koenker and Zhao, 1996; Buchinsky and Hahn, 1998; Khan, 2001; Cai, 2002;
Kim and White, 2003; Komunjer, 2005b) and specification testing (Koenker and Bassett, 1982; Zheng, 1998;
Bierens and Ginther, 2001; Horowitz and Spokoiny, 2002; Koenker and Xiao, 2002; Kim and White, 2003;
Angrist, Chernozhukov, and Fernandez-Val, 2006). An excellent review of applications of quantile regressions
in economics (Buchinsky, 1994; Chernozhukov and Hong, 2002; Angrist, Chernozhukov, and Fernandez-Val,
2006) can be found in Koenker and Hallock (2001).
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In other words, for any ¢, 1 <t < T,T > 1, the difference between the indicator variable

above and « is assumed to be orthogonal to any W,-measurable random variable.

3. M—ESTIMATORS FOR CONDITIONAL QUANTILES

In this paper we consider a particular family of conditional quantile estimators known as
M-—(or extremal) estimators (Huber, 1967). M-estimators for 6y, denoted fr, are obtained
by minimizing criterion functions Wr(f) of the form Wr(0) = T3 o(Ys, ¢u(Wi, 0),€,)
where for every ¢, 1 <t < T,T > 1, ¢ is a real function of the variable of interest Y;, the
quantile g, (W;,0) and a (possibly inifinite-dimensional) random variable &, : Q@ — F, i.e.
¢ : Rx Qx E;, — R. The variable £, can be thought of as a shape parameter of the objective

function ¢. We assume the following:

(A2) (1) for every t, 1 <t < T,T > 1, & is Wy-measurable; (i) for every t, 1 < t <
T,T > 1, the function (-,-,-) is twice continuously differentiable a.s. — P on R x Q X E;

with respect to its second argument (q;).

By assumption (A2)(i), the random variable &, is allowed to depend only on variables
contained in W;. In other words, the functional form (or shape) of ¢ cannot depend on
any variable that is observed after time ¢. We shall see in subsequent sections that the W;-
measurability of &, is not trivially satisfied. In particular, if we consider objective functions ¢
that depend on some estimator based on the observations of Y; and W; up to time T—xkernel
estimators of conditional distributions or densities are an example—then (A2)(i) fails to hold.
The requirement (A2)(ii) that, for given realizations of Y; and &,;, ¢ be twice continuously
differentiable with respect to ¢; on Q a.s. — P, allows for objective functions such as |Y; — ¢|
or [ — I(qg — Yy)](Y; — qi), for example. Note that in those two cases the shape &, of ¢
remains constant over time.

An important subfamily of the class of M-estimators defined above, is that of quasi-
maximum likelihood estimators (QMLEs) (White, 1982; Gourieroux, Monfort, and Trognon,
1984). If in addition to (A2), we assume that there exists a real function ¢ : R x E;— R,
(y,&,) — c(y. &) < oo, independent of ¢;, and such that [, explc(y,&,) — (v, @, &,)]dy =1
for all (¢;,&;) € Q x E;, then we can let [;(-,q;) = exple(+, &) — o(-, ¢, &,)], and [i(+, ;)

can be interpreted as the (quasi) likelihood of Y; conditional on W;. Hence, any minimum
O of the function U7(f) above, is also a maximum of the (quasi) log-likelihood function
Lr(0), Lr(0) = TS nl,(Y:, ¢a(W3, 0)) (Komunjer, 2005b). However, due to the above
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“Integrability” constraint on (-, q;,&,;), the class of QMLEs is smaller than that of M-
estimators. We shall see in subsequent sections that this difference plays a greatly important
role for efficient conditional quantile estimation. We now focus on M—estimators for 6, that

are consistent.

3.1. Class of consistent M—estimators. What are necessary conditions for the M—estimator
07 satisfying (A2), to be consistent for the true conditional quantile parameter 6y in (A1)?
The key idea behind the answer to this question is fairly simple. Assume that the process
{X,} and the functions ¢(-, -, £,) are such that 6 — 65 2 0, where 63, is a unique minimum
of B[Wr(0)] = T3, Elp(Y:, qu(Wi,0),€,)] on ©.> Then a necessary requirement for
consistency of 67 is that #% — 6y — 0 as T becomes large. In what follows, we restrict our
attention to estimators 7 such that 5 remains constant, i.e. VT > 1 we have 69 = 6°..
Then, the class of M—estimators that are consistent for #, is obtained by considering all the
functions ¢(+, -, ¢,) under which ng = 0.

Note that the requirement of having 6. = 6 for all T > 1 is stronger than that of having
05 — 0.5 This implies that 6y can be consistently estimated by minimizing objective
functions that are different from the ones derived below, as long as the expected value of
this difference converges uniformly to zero with 7. An important example in which the
condition 0% = @, for all T > 1 fails is when the shape &, of the objective function ¢ depends
on observations up to time T—hence is not WW;-measurable—as in the case of the estimator
Or proposed in Section 5. In that case, Or is consistent provided the difference between
its (M-) objective function ¥z and an (M-) objective function W% derived in Theorem 3,
converges uniformly to zero with 7.

We now provide a more formal treatment of consistency. A set of sufficient assumptions
for 67 — 0% 2 0 to hold is as follows (see, e.g., Theorem 2.1 in Newey and McFadden, 1994):

(A3) {Xi} and @(-,-,&,) are such that: (i) for every t, 1 <t < T,T > 1, and every
0 € O, |D"o(Yi, (W, 0),&)| < me(Ye, W4, &), a.s. — P, where Elm, (Y, W, §,)] < oo,
for = 0,1,2; for any T > 1, (ii) E[U7(0)] is uniquely minimized at 6°, € O, and (iii)
suppeo V1 (6) — B[ (0)]] 2 0.

4We call Jrexple(y, &) — (Y, i, &)]dy = 1 for all (¢;,§,) € Q x E; the “integrability” constraint. This
requirement is stronger than exp[—¢(-, gt, &;)] being integrable with respect to the Lebesgue measure on R.
59% is also called the pseudo-true value of the parameter 6.

6See White (1994, p.69-70) for a discussion of the requirement, 6% = .
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Note that the above are not primitive conditions for consistency of #. For example, the
integrability of D"¢(Y;, o (W4, 0), €,) with respect to the probability P implied by (A3)(i) in-
volves more primitive conditions on the existence of different moments of Y;, W, and &,. Con-
dition (A3)(ii) states that 6°. is a minimum of E[¥7(6)] and that this minimum is moreover
unique. The first requirement involves more primitive conditions on d¢/dq;, 0*p/dq? and
V4qa, which depend on the shape &, of ¢ and the functional form of ¢,. For example, a suffi-
cient set of conditions for 8%, to be a minimum is that 7137, E[Ve@(Vi, qo(Wi,60%),,)] =
0 and TS E[Appp(Yi, gu(Wi, 6°,),€,)] > 0 (Schwartz, 1997). Finally, the uniform con-
vergence condition (A3)(iii) can be obtained by applying an appropriate uniform law of
large numbers to the sequence {p(Y;, o (W3, 0),&,)}. Implicit in (A3)(iii) are primitive as-
sumptions on the dependence structure and heterogeneity of the process {X;}, and on the
properties of (Y}, ¢o (Wi, ), &,). A simple example is one where {X;} is iid and the functions
oYy, qo(Wy, +), &,) are Lipshitz-L; a.s. — P on © (see, e.g., Definition A.2.3 in White, 1994).

The above pseudo-true value %, of the parameter # equals the true value 6, if and only if,
for any T > 1, 0 minimizes E[¥7(#)]. A necessary and sufficient requirement for 6°, = 6,

is given in the following theorem.

Theorem 1 (Necessary and sufficient condition for consistency). Assume that (A0),
(A2) and (A3) hold. If the true parameter 0y satisfies the conditional moment condition in
(A1), then the M-estimator Op is consistent for Oy, i.e. 07 — 0y = 0, if and only if there
exist a real function A(-,-) : R x E;— R that is twice continuously differentiable and strictly
increasing with respect to its first argument (q; or Y;) a.s.— P on Q X E, and a real function
B(-+) : R x Ey— R, such that o(Yi, 1, &) = o — Bg; = Y)[A(Y &) — Alar, €)] + B(Yi,&,).
a.s.— P onRx Qx E,, foreveryt, 1 <t<T,T>1.7

In other words, if for any given sample size T" > 1 we are interested in consistently
estimating the conditional quantile parameter of a continuously distributed random vari-

able Y; by using an M-estimator 07, then we must employ an objective function ¥ () =
T S o(Ye, qa(Wh, ), &) with

(1) oYy, qa(Wt,0), &) = o = Wga(Wr, 0) — YO)[A(YE &) — Alga(Wh,0),€,)] + B(Y2, &),

"The real functions A and B in Theorem 1 need not have the same shape parameter: we can let & =
(€44, €;) where € 4, and €, are the shapes of A(-, & 4,) and B(-,£p,), respectively. For simplicity, we write
A(+, &) and B(-, ;) with the understanding that changing the shape of A may not affect the shape of B and

vice-versa.
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a.s. — P, for every t, 1 <t < T. Using objective functions of this form is also a sufficient
condition for 67 to be consistent for the true parameter 6y of a correctly specified model for
the conditional a-quantile.

Given that we restrict our attention to objective functions in which (A2)(ii) holds, the
function A(-,&,) in Theorem 1 needs to be twice continuously differentiable a.s. — P on Q.
The continuity and differentiability of A(-,&,) need not hold on R\ Q. The fact that there
are no requirements on A(-, ;) outside the range of ¢,(W;, 6) is not surprising, given that
changing the objective function outside Q does not affect the values of dyp/dq;, and therefore
has no effect on the optimum of Wr. The fact that A(-,&,) is necessarily strictly increasing
a.s. — P on Q, comes from the requirement (A3)(ii) that #%, be an interior minimum of
E[Ur(6)] on ©. As previously, there are no requirements on the monotonicity of A(-,¢,) on
R\ Q. Finally, note that there are no restrictions on the function B(-,&,), as expected, since
changing it does not affect the optimum of the objective function ¥;. In what follows we
set B(-,&,) identically equal to 0, which does not affect any of our results but has the benefit
of simplifying the notation.

Well-known examples of conditional quantile estimators that satisfy Theorem 1 are: (1)
Koenker and Bassett’s (1978) unweighted quantile regression estimator for which A(y, ;) =
y, for all y € R; (2) Powell’s (1984, 1986) left (right) censored quantile regression estimator
obtained when, for all y € R, A(y, &,) = max{y, ¢} (A(y,§,) = min{y, ¢;}) with an observed
censoring point c;® (3) weighted quantile regression estimator, proposed by Newey and
Powell (1990) and Zhao (2001), in which for all y € R, A(y,&,) = w;y where w; is some
nonnegative weight, as well as its censored version for which A(y,§,) = w; max{y, ¢ }.

In particular, the class of objective functions ¥ leading to consistent conditional quantile
M-estimators is larger than that leading to consistent QMLEs. In order to simplify the
comparison between M-estimators and QMLESs, assume that at any point in time ¢, 1 <

t < T,T > 1, the conditional a-quantile of Y; can take any real value, so @ = R. As

8Note that A(-,£,) = max{-, ¢;} satisfies the strict monotonicity requirement a.s. — P on Q because, in the
censored quantile regression case, g, (W, 00) = ¢t a.s. — P, as elegantly discussed by Powell (1984, p 4-6).
The intuition behind this inequality is simple: suppose Y; = ¢;,a.s. — P for all ¢, 1 < ¢t < T,T > 1. Then
any value 6 for which ¢, (W3, 00) < ¢tya.s.— P forallt, 1 <¢ < T,T > 1, is a minimum of E[¥r(0)], which
in that case equals 0. This violates the uniqueness assumption (A3)(ii), and hence affects the consistency
of @7. The latter is restored by requiring that g.(Ws,0p) > ¢, a.s. — P for a large enough portion of the

sample (see Assumption R.1 in Powell, 1984). An analogous result holds for the right censored case.
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pointed out previously, the main difference between the two classes of estimators lies in
the “integrability” condition on the pseudo-densities. Compare the objective function in
Theorem 1 with the family of tick-exponential pseudo-densities which give consistent QMLEs
for 0y (Komunjer, 2005b): fo (Y, ¢, &) = a(1 — a)a(Ys, &) exp{[L(¢ — Vi) — o][A(Y, &) —
Alqs, &,)]} with A(-,&,) twice continuously differentiable and strictly increasing a.s. — P on
R, with derivative a(y,&,) = 0A(y,§,)/0y.° For fa(-,q:,&,) to be a probability density on
R, we need lim, 4, A(y,&,) = +oo, for any ¢, 1 < ¢t < T,T > 1.'% This limit condition
restricts the possible choice of functions A(-,¢,;) in Theorem 1.

For example, consider any distribution function F;(-) in F having a density f;(-) that is

continuously differentiable a.s. — P, and let

(2) Ay, &) = Fi(y),

for any 3y € R. Note that the parameter £/ in the objective function A(-, ) in Equation (2)
corresponds to the conditional distribution F;(-) which is stochastic and W,-measurable.

Under the assumptions of Theorem 1, the M-estimator f7, which minimizes W (0) =
TS0 (Y, qa(W,, 0), € with

(3) Ve, qa(W3,0),65) = [a — T(qa (W3, 0) — YDI[FL(Y2) — Fi(ga(W3, 0))],

is consistent for y; however, the corresponding function A(-, &) in Equation (2), bounded
between 0 and 1, does not satisfy the above limit condition. As a consequence, the class of
consistent QMLESs is strictly smaller than that of consistent M—estimators. In subsequent
sections we show that the limit restrictions on A(-, éf ) play a particularly important role
for efficient conditional quantile estimation, by constructing an efficient M—estimator whose
objective function is of the form (3).

To resume, we have shown that an M—estimator 07 that satisfies (A2) is consistent for 6y,
only if the objective functions ¢(-, -, &,) are of the form given in Theorem 1. The conditions

provided in Theorem 1 are not only necessary but also sufficient for consistency. From the

9t is straightforward to see that o(Yz, qt,&,;) in Theorem 1 and fo (Y%, ¢:, ;) in Komunjer (2005b) have

the same optimum.
10The limit conditions on A(-,&,) directly follow from the quantile restriction ff;o faly,aqt,&)dy = «,

which is equivalent to (1 — &) exp[—(1 — a)A(q:,&,)] [ a(y, &) exp[(1 — a)A(y,&,)]dy = 1, so that, upon
the change of variable v = A(y,&,), necessarily A(q:,&,) — —o0 as ¢¢ — —oo. Combining the above
quantile restriction with the condition fR fa(y,qt,&;)dy = 1 yields the result for the limit in +o00 by a similar

reasoning.
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functional form of ¢(-,-,&,) in Equation (1), it follows that the asymptotic properties of 61
only depend on the choice of A(-,&,) since changing B(-,&,) does not affect the minimum
of Ur(0). Before considering a particular class of functions A(-,&,), which makes the as-
ymptotics of 67 optimal, we need the asymptotic distribution of the latter. We derive the

asymptotic distribution of A7 in the next section.

3.2. Asymptotic Distribution. We start by imposing the following assumptions, in addi-
tion to (A0)-(A2):

(A4) for every t, 1 <t < T,T > 1, the functions A(-,§,;) : R — R in Theorem 1 have
bounded first and second derivatives, i.e. there exist constants K > 0 and L > 0 such that
0 < 0A(q1,&,)/0q: < K and |0%A(q,&,)/0¢2| < L, a.s. — P on Q x Ey;

(A5) 0y is an interior point of ©;

(A6) the sequence {(Y:, W/)'} is a-mizing with « of size —r/(r — 2), with r > 2;

(AT) for some € > 0: (i) sup;cscrr>1 E[supgee |Voga(Wy, 0)]20+9)] < o0, SUDP <y 51 E|
SUPjeo | Dooda(Wr, 0)|"] < 00; (i) supicicrrs1 Elsuppee |A(qa(Wr, 0),£,)[] < oo, and
SUP << T 1 E[A(Y;, &)™) < o0,

The above assumptions provide a set of sufficient conditions for the asymptotic normality
of O that are primitive, unlike the ones for consistency in (A3). In addition to (Al) and
(A2), we now require the functions A(-,¢,) to have bounded first and second derivatives
(A4). The boundedness property is used to show that ¢(Y;, qo(W,-),€,) are Lipshitz-L,
on O a.s. — P. This implies that any pointwise convergence in # becomes uniform on ©.
Note that we can obtain a similar implication by an alternative argument, if the objective
functions p(Yy, go (W4, +), &) are convex in the parameter 6. This elegant convexity approach
has, for example, been used by Pollard (1991), Hjort and Pollard (1993) and Knight (1998)
to derive asymptotic normality of the standard Koenker and Bassett’s (1978) quantile re-
gression estimator. In the case of this estimator, the functions A(-,¢,) are linear and hence
oYz, g (W4, +), &,)’s are convex in 6, no matter which conditional quantile model ¢, in (AO)
we choose.!! Unfortunately, the convexity in 6 of the objective functions ¢ (Y}, go(Ws,*),&,)
does not hold for general (nonlinear) A(-,&,)’s, such as the ones proposed in Equation (3).
Therefore, we cannot rely on the convexity argument in our asymptotic normality proof.
" URecall that (Y, ga(Wi,-),£,) is convex in a neighborhood of 8o if and only if the real function s —

[0(Ye, o (W, 00 +v8), &) — o(Ye, qa (Wi, 00),€,)] /s is increasing in s € R (v € R¥). This condition holds for

any model g, in (A0), only if the functions A(+,&,) have zero convexity, i.e. are linear.
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We are forced to abide by the classical approach which, though generally applicable, has the
disadvantage of being more complicated and requires stronger regularity conditions, such as
the ones in (A4).

Our assumptions on the heterogeneity and dependence structure of the data are, on the
other hand, fairly weak. We allow the sequence {(Y;, W/)'} to be nonstationary and our
strong mixing (i.e. a-mixing) assumption in (A6) allows for a wide variety of dependence
structures (White, 2001). Assumption (A6) is further accompanied by a series of moment
conditions in (A7) which guarantee that the appropriate law of large numbers and central
limit theorem can be applied. In the special case corresponding to Koenker and Bassett’s
(1978) quantile regression estimator for linear models g, (W;,8) = 6'W;, the set of moment
conditions (A7) reduces to: sup;<,<r. 751 E[[Wi|*"9] < 0o and sup; sy E[|Yi]] < o0.

The asymptotic distribution of #7 is given in the following theorem.

Theorem 2 (Asymptotic Distribution). Under (A0)-(A2) and (A4)-(A7), we have
(29)"V2AGVT (0r—b0) < N(0,1d), where A} = TV 3} Ela(ga(Wi, 60), &) £ (60 (Wi, 09))
Voda(Wi, 00)Voda(Wi, 0p)'] and 4 = T 37, a(1—a) E[(a(ga(Wr, 0), £,))*Voda(Wi, 0p)
Voqa(Ws,00)'], where a(qi,&;) = 0A(qi, &) /0 a.s. — P on Q X Ey.

In particular, the M—estimator «95 proposed in Equation (3) satisfies the conditions of
Theorem 2, provided the conditional probability densities f;(-) are differentiable a.s. — P on
R with bounded first derivatives, so that |f/(y)| < L,a.s. — P on R. Moreover, the moment
conditions in (A7) are less stringent for 6% than for Koenker and Bassett’s (1978) estimator:
they reduce to E[|W;|>+9)] < oo, if the conditional quantile model is linear, for example.
The fact that the moment conditions imposed on Y; disappear in the case of 05 is simply due
to the fact that—any conditional distribution function F;(-) being bounded between 0 and
1—we always have E[supgce |Fi(qa (W, 0))|"T] < 1 and E[|F(Y2)|"T¢] < 1 so that (A7)(ii) is
automatically satisfied. This difference is of particular importance in applications in which
we have reason to believe that higher order moments of Y;—order higher than 2—do not
exist. In such applications, it is unclear what the asymptotic properties of Koenker and
Bassett’s (1978) estimator are. On the other hand, % still converges in distribution at the
usual VT rate.

Using the results of Theorem 2, the asymptotic distribution of A% is: (Z%")~1/2A%" x
V(05 —05) 5 N0, 1d), with A% = T 37 B[ fu(qa (W, 00)) £2(00 (Wi, 00)) Voga (W, 05) x
Voga(Wy,00)] and 327 = T3 a(1 — a) B[(fil4a(Wi, 60)))*Voga(We, 00) Vaga(Wr, 0)'].
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Clearly, changing the distribution function Fi(-) in Equation (2)—hence in Equation (3)—
affects the asymptotic covariance matrix of the corresponding M-estimator 64, through the
density term f;(-) appearing in the expressions of A%F and Z%F. In particular, this result
suggests that appropriate choices of Fi(-) in Equation (3) lead to efficiency improvements
over Koenker and Bassett’s (1978) conditional quantile estimator. Specifically, when the val-
ues of f;(+) and of the true conditional density f2(-) coincide at the true quantile g, (W4, o),
we have 29" (A%")~1 = a(1 — a) Id. In other words, this particular choice of f,(-) seems to
lead to a conditional quantile M—estimator with the minimum asymptotic covariance matrix.
In the next section we make our heuristic argument more rigorous by exploring the questions

of minimum variance and efficient estimation in more details.

4. SEMIPARAMETRIC EFFICIENCY BOUND

Our first step in discussing the asymptotic efficiency of conditional quantile estimators is
to rank all the consistent and asymptotically normal estimators constructed in the previous
section by their asymptotic variances. Note that this ranking is useful, as we do not allow
M-estimators to be superefficient, i.e. to have asymptotic variances which for some true
parameter value are smaller than that of the maximum-likelihood estimator. Superefficiency
is ruled out by our continuity assumptions on f(), g.(W;,-) in (A0)(ii) and a(-,&,) in The-
orem 1. Typically, the asymptotic distribution of superefficient estimators is discontinuous

in the true parameters, and our continuity assumptions rule out this discontinuity.

Theorem 3 (Minimum Asymptotic Variance). Assume that (A0)-(A2) and (A4)-(A7)
hold. Then the set of matrices (AS)1X9(A%) ™! has a minimum V3 given by

= a(l—a){T~ 12 E[(f(qa(Wr.00)))*Voga(Wr, 00) Voaa(Wr, 0p) } !

Moreover, an M-estimator 0 of the parameter 0y obtained by minimizing Vi(0) = T~ Zle
SO(Y;H qa<VVtv 9)7 5:) attains v797 (VCZQ)_l/2\/T<9; _00) i) N(Ov Id); Zf and OTlly Zf(P(Y;/, qt, 5:) =
o — Mg — V) F2(Y:) — F(q0)],a.5. — P, on R x Q X Ey, for everyt, 1 <t < T,T > 1.

Theorem 3 shows two important results. Firstly, the matrix V3 is the minimum of the
asymptotic variances of all the consistent and asymptotically normal M—-estimators of 6
that satisfy (A2). In other words, for any & and A(-,&,) in Theorem 1, the difference
between the corresponding asymptotic covariance matrix (A%)7'3%(A%)~! and V7 is always

positive semidefinite. Secondly, there exists a unique M-estimator 67 whose asymptotic
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covariance matrix equals V2. This estimator is obtained by minimizing the objective function
U5(0) =TS0, @(Yi, qa(We, 0), €F), in which

(4) P (Ye, 4a(W3,0),€7) = o — L(ga (Wi, 0) = Y)I[FY (V) — Y (qa (W2, 0))],

a.s. — P, for every t, 1 <t <T,T > 1. In particular, the shape &; of the optimal objective
function in Equation (4) is that of the true conditional distribution F}(-), which is stochastic
and W,-measurable as required by Assumption (AO)(i). Even though our estimator 67
satisfies all the assumptions in (A2), its computation is not feasible in reality. In order to
construct @4 we would need to know the true conditional distribution F?(-) whose inverse—
the conditional a-quantile—is the very object that we are trying to estimate. We come back
to this important feasibility issue in Section 5.

What Theorem 3 does not show is whether V7 is also the semiparametric efficiency bound
for 6y, in addition to being the minimum of the set of asymptotic covariance matrices of

consistent and asymptotically normal M—estimators.

4.1. Stein’s (1956) approach: an example. In order to show that V2 in Theorem 3 is the
semiparametric efficiency bound in the time series models satisfying the conditional quantile
restriction (A1), we follow the ingenious approach by Stein (1956). Stein’s (1956) original
concern was the possibility of estimating the true parameter adaptively: can we estimate the
parameter 6, in the conditional quantile restriction (A1) as precisely as if we knew the set
of true conditional densities f° = {f(-),1 < ¢ < T,T > 1}, up to some finite dimensional
parameter?

If the set of true conditional densities fO = {f%(-),1 <t < T,T > 1} in the conditional
quantile restriction (A1) were known up to a finite dimensional parameter, then we could
easily construct an estimate of 6y whose asymptotic covariance matrix attains the classical
Cramer-Rao bound. As an illustration, consider the following conditionally heteroskedastic

(CH) model with linear heteroskedasticity
(5) Y, = BoVe + (1 + o Re|)Ur,

where W; = (V/, R})’, the process {(Y;, W)’} is a-mixing, the error sequence {U;} is indepen-
dent of {W;} and iid with some absolutely continuous distribution function Hy(-) (continuous
density hg(+)), such that F(U;) = 0 and E(U?) = 1, and where (3, and 7, denote the true
values of the parameters 5 € B C R and v € I' C R®. Letting V; = (1,Y;1)" and R, = U;_,
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the above equation reduces to a well-known AR(1)-ARCH model, for example (Koenker and
Zhao, 1996).2

4.1.1. Case 1: no nuisance parameter. Assume that the distribution function Hy(-) is known.
In financial applications hg(-) is typically chosen to be a standardized Gaussian or Student-
t density. The conditional density of Y; in the CH model (5) then equals f2(y) = (1 +
Vo R:) tho([1 + |voR:|]Hy — ByVi]), and its conditional a-quantile is given by: B,Vi +
Hi ' (@)(14 |7, Re]). Here, the parameter of interest is § = (8',7)' € © = BxTI', © C RF with
k = b+c. Note that 6 is the only unknown parameter of the conditional density f7(-). Hence,
we are in the case where the true conditional density is known up to a finite dimensional pa-
rameter. The true value 0y = (3;,74)’ of 6 can be estimated by using a maximum likelihood
approach. Under standard regularity conditions (Bickel, 1982; Newey, 2004), the maximum-
likelihood estimator (MLE) 7 of 6, is known to be efficient: (I2)Y2v/T (07— 05) % N(0,1d),
where I9 is the Fisher information matrix, I3 = T~ Y/, E[(VoIn f2(Y:)) (Ve In f2(Y2))],

in which the gradient is evaluated at 6.

4.1.2. Case 2: finite dimensional nuisance parameter. In many interesting situations, the
true density ho(-) of U; in the CH model (5) is not entirely known and this uncertainty
adversely affects the precision of the M—estimates of 6y. A familiar case is the one where the
error U; belongs to some parametric family of distributions, indexed by a finite dimensional
parameter 7. For example, instead of being standardized Gaussian we can assume Hy(-)
to be a standardized Asymmetric Power Distribution (APD), with unknown exponent and
asymmetry parameters (Komunjer, 2005a). In other words, the true distribution function of
U, is of the form Hy(-, 7o) where 79 € T C R} x (0, 1) is the unknown parameter of the APD
family. Here, the true set of conditional densities f° belongs to the parametric family P,
P=A{f(n),nell} with f(n) ={fi(-,n) : R >R, 1<t <T,T > 1}, indexed by a finite-
dimensional parameter n € I, I C RP: n= (7,7 e =B XxIT'xYTand p=b+c+2.
The members f(n) of P are such that f;(y,n) = (14 |V Re|) ho([1 + |V Re|] [y — B'Vi], 7),

forall £, 1 <t < T,7T > 1, and the conditional quantile parameter # is now given by

2In that case we moreover assume that the parameter spaces B and T' are such that the standard

stationarity and invertibility conditions hold.
B3Following Bickel (1982) and Newey (2004), the regularity conditions imposed are: [f2(-)]'/? is mean-

square differentiable with respect to 6, the Fisher information matrix I% is nonsingular and continuous in
0o on O.
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0= (p,7,q) € ©®=BxI'xQ, O C R* with k = b+c+1." In this interesting situation, the
parameter of interest f has a lower dimensionality than n: dimf = k and dimnp =p =k +1.
We write = 0(n), with 6 : I — O being some continuously differentiable function, and
interpret the rest of 7 as a nuisance parameter (Stein, 1956; Bickel, 1982).

Similar to the previous case, we assume that the above parametric model f(n) is regular
(Bickel, 1982; Newey, 2004), that all the conditional densities f;(-,7n) satisfy the conditional
quantile restriction (A1) and are continuously differentiable on R for each 7 € II, and that
fe(Y%, -) is continuously differentiable on II a.s. — P. Let 7, index the true set of conditional
densities of Y;, i.e. f(n,) = f°, so that the true value of interest f, is now written as
0o = 6(n,) where n, = (By,74, Tp)'- Also, let I7(n) denote the Fisher information matrix
of the parametric model P, Ip(n) = T3, E[(V,In fi(Y:,n)(V,In f,(Y;,1))']. Then,
an estimator 07 of 0y is efficient if and only if (C9)"V2V/T (67 — 0) % N(0,1d), with
CY = V,0(n0)(Ir(ny))TV,0(n,). In the special case where the sequence {(V;, W/)'} is iid,
several authors have derived necessary and sufficient conditions for the MLE to be efficient
(see, e.g., Conditions S and S* in Stein, 1956; Bickel, 1982; Manski, 1984); those are typically
expressed as orthogonality conditions on the gradient of the log-likelihood V, In f;(Y%, n).

4.1.3. Case 3: infinite dimensional nuisance parameter. Now consider the more realistic sit-
uation in which the true density of U; in Equation (5) is entirely unknown. Instead, f° are
only known to belong to a class S which contains all parametric families such as P. Unlike
in P, the sets of densities in S are indexed by an additional infinite dimensional parameter.
In the case of our CH model (5) this infinite dimensional parameter is the unknown proba-
bility density ho(-) of the error term U;. The density ho(-) could be for example Gaussian,
Student-t, Gamma or any other probability density in a set H—set of all families h of prob-
ability densities, which are parametrized by 7 and satisfy some appropriate conditions, such
as being standardized.

The set S is the union of all parametric sub-families Pj, = { f1(n),n € II} obtained when h
varies across H. For any given h € H, the parametric submodel f;,(n) is defined as f,,(n) =
{fr(,n) R =R 1<t <T,T > 1} and is assumed to satisfy standard regularity condi-
tions (Bickel, 1982; Newey, 2004). We let Iyp(n) = TS E[(V, In fu (Y2, 7)) (V, In i (Vi

n))’] be the Fisher information matrix of the parametric submodel Pj. In particular, the

HThe set Q corresponds to the range of a-quantiles of Uy when the parameter 7 of its distribution function

Hy(-,7) varies in T.
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matrix Ir(n,), in which fu(n,) = f°, is such that CPr = V,0(ne) (Inr(n9)) T V,0(n0) is
nonsingular.

In addition, we assume that for any n € II and h € H, the conditional densities fy(-,7)
satisfy the conditional quantile restriction (Al) and are continuously differentiable on R,
and that for any h € H, fn:(Y:, ) are continuously differentiable a.s. — P on II. Then, the
semiparametric efficiency bound for the conditional quantile parameter 6, is defined as the
supremum of CP. over those h. If such a bound is attained by a particular family h*, then

P* = P+ is called the least favorable parametric submodel.

4.2. Least favorable parametric submodel. Following Stein’s (1956) ingenious defini-
tion, V2 in Theorem 3 is the semiparametric efficiency bound, if and only if, there exists a
parametric submodel P« in which the MLE é*T of the true parameter 6, has the same asymp-
totic covariance matrix V2. The following theorem exhibits the least favorable parametric

submodel which satisfies the conditional quantile restriction (Al).

Theorem 4 (Least Favorable Parametric Submodel). Given M and the set of true
conditional densities fO = {f2,1 < t < T,T > 1}, consider the parametric submodel
P*={f*(0),0 € O} parametrized by the conditional quantile parameter 6 in which f*(0) =
{ff(,0)  R=>R1<t<T, T > 1} with
fi(y,0) =

© W) a(l — a)A(0) exp{AO) [F7(y) — F(qa(We, 6))][#(ga(Wr, 0) — y) — al} 7

1 —exp{A(O)[1 — F(qa(W3,0)) — H(qa(W3,0) — 9)][H(ga(W1,0) — y) — o]}
for all y € R, where M\(0) = A(0 — 0y) and A : R¥ — R is at least twice continuously differ-
entiable on R with A(-) > 0 on R*\{0}, A(0) = 0, VoA(0) = 0, AppA(0) nonsingular and
|AgoA(+)| < o0 in a neighborhood of 0. Then, under (A0)(ii) and (A1), P* is a parametric
submodel in S, i.e.:
(i) for any t, 1 <t <T,T > 1, f(-,0) is a probability density for all € O;
(ii) for any t, 1 < t < T,T > 1, f}(-,0) satisfies the conditional quantile restriction
Eo[1(qa(Wy,0) — Vi) — a|Wy] = 0,a.s. — P, for all 6 € ©, where FEy(-|W;) denotes the
conditional expectation under the density f;(-,0) for Y: given W;
(iii) {0 € P*.
Moreover, under (A0)-(A1) and (A5)-(A7)(i), P* is the least favorable submodel in S, i.e.

— =

15A simple function A(-) in Equation (6) which satisfies the conditions of Theorem 4 is A(z) = 2.
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the asymptotic distribution of the MLE Oy associated with P* is (VO)~Y2\/T (05 — 6,) >
N(0,1d) where V is as defined in Theorem 3.

Because P* is a parametric submodel of the set S of all densities satisfying the conditional
quantile restriction in (A1), the semiparametric efficiency bound for 6, is by Stein’s (1956)
definition at least as large as the asymptotic variance of the above MLE é;, Theorem 4
shows that the latter equals V2. On the other hand, in Theorem 3 we have shown that V! is
also the minimum of the asymptotic variances of the consistent and asymptotically normal
M-estimators of . It follows, first, that the semiparametric efficiency bound is V7, and,
second, that the parametric model P* is the least favorable parametric submodel in S.

The first result—that V is the semiparametric efficiency bound—has the following inter-
pretation: when the only thing we know about the model is that it satisfies the conditional
quantile restriction (A1), then we cannot estimate the true conditional quantile parameter
6o with precision higher than that given by V7. Note that our result uses the moment re-
striction (A1) only; we do not make any additional assumptions regarding the properties of
the “error” term Y; — g, (W4, 0) (other than those contained in (A1) and (A6)). In particular,
we allow for Y; — ¢, (W, 6) to be dependent and nonidentically distributed.

Perhaps the most important aspect of Theorem 4 is that it relaxes the independence
assumption. So far as time series data are concerned, two leading situations in which
the independence is violated come into mind. First is the CH model (5): W; contains
serially dependent exogenous variables or/and lags of Y;, residuals are uncorrelated and
conditionally heteroskedastic.'® There are some results on this case in Newey and Pow-
ell (1990), under the additional assumption that {(Y;, W/)'} is iid. The authors derive
the semiparametric efficiency bound for the parameters in the linear quantile regression
qa(W,0) = 0'W; by allowing for conditional heteroskedasticity (given W;) in the “error”
term Y; — 0'W,. The first part of Theorem 4 generalizes Newey and Powell’s (1990) re-
sults to the case where the sequence {(Y;, W})'} is weakly dependent and heterogeneous,
as in (A6). Unsurprisingly, when the data is iid and g, linear, the bound V? reduces to
VO = a(l — a){E[(f2(qa(Wr, 00)))*W, W/}~ derived by Newey and Powell (1990).'" In the

second time series situation of interest, the residuals themselves are correlated in addition to

6T the CH model (5) we have: Y; — qo (Wi, 00) = (1 + [voR:|)[Us — p1o — 0o Hy ' (av)].
1"This result is a special case of the result derived by Chamberlain (1987) for models with conditional

moment restrictions.
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FIGURE 1. Case a = .5, q,(W;,0) = 0 and f?(y) = exp(—2]y|).

being heteroskedastic. Note that this situation is not covered in the CH model (5); however,
our assumption (A1) does not exclude the possiblity that Y; — g, (W4, 8) be correlated. So far
there exist no results on semiparametric efficiency bound which cover this dependent case.
To the best of our knowledge, Theorem 4 provides the first result on attainable asymptotic
efficiency for nonlinear (and possibly censored) conditional quantile models when the data

is dependent.

The second result of Theorem 4—an analytic expression of the least favorable parametric
submodel—is entirely new and not yet seen in the literature on efficient estimation under
conditional moment restrictions. The density f;(-,0) in Equation (6) is not of the ‘tick-
exponential’ form derived by Komunjer (2005b): it depends on the true density f(-) as
well as the true value 6y and contains terms such as A(#). In the least favorable parametric
submodel P*, 6 parametrizes both the conditional quantile model M and the shape of
f7(-,0)—in other words, the shape of f(-,6) is now determined by f?(-) and 6 (see Figure
1 for a purely location model of a conditional median). In particular, the density f;(-,6) is
discontinuous for all values of 6 different from y; when 6 = 6, the density f;(-,00) equals
the true density f?(y) which is continuous.

With the semiparametric efficiency bound V2 in hand, we now turn to the problem of

constructing a conditional quantile estimator which actually attains the bound.
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5. EFFICIENT CONDITIONAL QUANTILE ESTIMATOR

As already pointed out in Section 4, the shape &; of the optimal objective function ¢(-, -, £})
in Equation (4) is that of the true conditional distribution F?(-), which is unknown. Hence,
the M—estimator 07 is in reality infeasible. We construct our (feasible) efficient conditional
quantile estimator 7 by replacing F(-) in Equation (4) by a nonparametric estimator Fy(-).
It remains to be shown that the estimator 67 retains the same asymptotic variance V2. Note
that 07 is constructed without using any knowledge about the true F2(-). It will then follow
that the semiparametric efficiency bound V2 can be attained, and that the feasible estimator
Or is semiparametrically efficient.

We let ¢¥(-) and g%(-) be the true density of W, and the average true density g(-) =

T3 92() of {W4, ..., Wy} respectively, and make the following assumptions:'®

(A8) for every T > 1, g%(-) is continuously differentiable of order R > 1 on R™ with
SUPps 1 SUPepm | D73 (w)] < 0o for every 0 < |r| < R.

(A9) (i) for every t, 1 <t < T,T > 1, F)(-) = F(|W,) and fI(-) = fO(IWy); (i)
the function FO(:|) : R™™ — [0,1] is continuously differentiable of order R + 2 with
SUP (y w)erm+1 [ D7 FO (ylw)| < oo for every 0 < |r| < R+ 2.

(A10) for some v > 0 and any vanishing sequence {cr}: (i) f{w@%(w)QT} 33 (w)dw = o(1),
(i) f{w;g%(w)@T}|VGQa(w7‘90)|§%(w)dw = O(cr), and (iii) f{w:g%(w)@T} f0ga(w, 00)w] x
[Voda(w, 0) |57 (w)dw = O(c7).

Assumptions (A8) and (A9)(ii) are standard smoothness assumptions on the true densities
gY(-) and fP(-); they adapt assumptions NP2 and NP3 used in Andrews (1995) to the case
where the regression function is the conditional distribution (and density) of Y;. On the
other hand, assumption (A9)(i) is an additional assumption we need to impose on the true
distribution of Y; conditional upon W; in order to construct an estimator that attains the
semiparametric efficiency bound. The content of this assumption is twofold. First, it states
that no information other than that contained in W, is useful in constructing the conditional
distribution (and density) of Y;. Note that this is a strengthening of our assumption (Al)
which says that W, contains all the relevant information for the conditional a-quantile of Y;.
Second, assumption (A9)(i) implies that the distribution of ¥; conditional on W; should be

the same as that of Y; conditional on W, for any s # t.

18Recall from Section 2.1 that all the components of W, are continuous.
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Assumption (A10)(i) is weak as it is satisfied if the sequence of probability measures
{PY(+)} associated with the average densities {g%(-)} is tight, which is itself implied by the
tightness of {W;} or equivalently W, = O,(1)."? The latter is obviously satisfied if the W,’s
are identically distributed, but it also holds for dependent and heterogenous W;’s if {W;} is
uniformly integrable and a fortiori if sup; ;<71 E[|[Wi|'*] < oo for some € > 0. Assump-
tions (A10)(ii) and (A10)(iii) are stronger and used to ensure that the bias of ¥ (6) vanishes
at a v/T-rate. It is similar to conditions that eliminate the asymptotic bias when a stochastic
trimming is employed as in Hardle and Stoker (1989) and Lavergne and Vuong (1996). It
requires that the tails of g%(+) vanish sufficiently fast given the tail behaviors of |Vqq (-, 6o)]
and f°[qa (-, 00)|-]. For instance, if sup,,cgm [Voga(-, 00)| < 00 and sup, ,)cpm+1 f°(ylw) < oo,
a sufficient (but not necessary) condition for (A10) is that | (wigh(w)<er) G (w)dw = O(),
which is a condition on the vanishing rate of the tails of the average density g%(-).

The true conditional distribution FO(-|-) can be estimated by the kernel estimator F(-|)
defined as F/(-|w) = 0 if §(w) = 0, and F(y|lw) = G(y,w)/j(w) if §(w) # 0 with

~ 1 Yy — Y; w — Ws
7 G(y,w) = L K ,
@ ) = g S UK
1 & w— W,
8 g = K -
©) ) = g SR
where L(y) = [ I(y — u)Ko(u)du, K(-) is a multivariate kernel, Ko(-) is a univariate kernel

and h,r and hyr are two nonstochastic positive bandwidths. The corresponding kernel
estimator of the true conditional density f°(-|-) is given by dF(-|-)/dy, while §(-) can be
viewed as a kernel estimator of the average true density go(-).

In order to eliminate aberrant behavior of kernel estimators for the conditional distribution
(density) of Y; in regions where the densities of {I¥;} are small, we define Fy(-) = d,F/(-|W}),
where d; = M(g(W,) — br) effectively deletes (trims out) observations for which §(W;) < by
with {br} a sequence of positive constants. That is, Fy(-) is a trimmed nonparametric
estimator of the true conditional distribution F?(-) which we now use to construct our

(feasible) estimator 0. Namely, 07 is obtained by minimizing the objective function W(6) =

By definition (Bilingsley, 1995) the tightness of {PY(:)} means that for every ¢ € (0,1) there
exists M, < oo such that inficicr st P([—Me, MJ]) > 1 — €  Now, f{w 2 (w) <CT}gT( w)dw =
f{we[fMeyMe]m:g%(w)@T}g%(w)dw+f{wg[fMe’Me]ng%(w)@ﬂg%(w)dw er(2M)™ + PO.(R™\[—M,, M.]™)
< er(2M.)™ + € showing that (A10)(i) holds as ey = o(1) and e is arbitrary.
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T o(Vi, ga (Wi, 0),€,), in which
©) (Vi 6a(Wi,0), &) = [ = Wqa(Wh, 0) = YONELY) — Fillga( W3, 0))],

for every t, 1 < ¢t < T,T > 1. In other words, our (feasible) estimator 0 minimizes a
modified version W (-) of the efficient M-objective function Wi (-) in which we have replaced
the true conditional distribution of Y; given W, with a nonparametric estimator. As a
consequence, Or is a MINPIN-type estimator (Andrews, 1994a).’ The shape parameter ét
of the objective function in Equation (9) is now equal to F3(-).

In order to establish the asymptotic properties of our feasible estimator 01 we impose the

following conditions on the kernels:

(A11) (i) for any r = (r1,...,mm) € N, the kernel K(-) satisfies sup,cpm |K(w)| < oo,
JK(w)dw =1, [vK(w)dw =014 1< |r] < R-1, and [w K(w)dw < oo if |r| =
R; (ii) K(-) has a Fourier transform ¢(-) that is absolutely integrable, i.e. [|p(w)|dw <
0o; (1) sup,er |[Ko(y)| < oo, [Ko(y)dy = 1, [y Ko(y)dy = 0if 1 <r < R—1 and
[yRKo(y)dy < oo, (w) the kernel Ko(-) is continuously differentiable on R with derivative
satisfying sup,cg | Ky(y)| < oo.

Assumptions (A11)(i)-(iv) are standard and satisfied, for example, by the multivariate
normal-based kernels considered by Bierens (1987): K(z) = (27)~™/? Z;.le a;jlb;| ™ exp|—
ww'/(2b7)], where J > R/2 is a positive integer and {(a;,b;) : j < J} are constants that
satisfy Z}]:1 a; =1 and Z}]:1 a;bd =0,for I =1,...,J — 1.

We now turn to the asymptotic properties of our feasible estimator 7. Note that the
shape ét of the objective function in Equation (9) depends on all the data up to time T,
hence is not WW,-measurable as required by assumption (A2)(i). In consequence, the results
of Theorems 1 and 2 do not apply to 7 and its asymptotic properties need to be derived
separately. We first establish the consistency of 0.

Theorem 5 (Consistency of 07). Suppose that (A0)-(A1), (A5)-(A7)(i), (A8)-(A10)(i),
(A11) hold. If by = o(1) with bpvV/Thi, — oo, bp/hf, — oo and by/hf, — 0o as T — oo,

then éT L 90.

The assumptions on the trimming parameter by and bandwidths h,r and h,r imply

that b7y does not vanish too rapidly and that h,r — 0, hyr — 0 and VT iy — oo as

20Though 07 is a member of the MINPIN family, our objective function associated with Equation (9)
does not satisfy the assumptions used by Andrews (1994a).
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T goes to infinity. Though stronger than necessary, the latter condition is typically used
when deriving uniform convergence rates using the Fourier transform ¢(-) of K(-) (Bierens,
1983; Andrews, 1995). In particular, when R < m/2, this condition excludes the optimal
bandwidth h%. ~ T~/ @F+m) ghtained by Stone (1980, 1982) and Truong and Stone (1992).

In order to derive the asymptotic normality of our efficient estimator O, we strengthen
our dependence assumption (A6):

(A6’) the sequence {(Y:,W])'} is (i) strictly stationary and (i) B-mizing with [ of size
—r/(r—2), with 2 <r < 3;

The proof of our result uses Lemma 3 in Arcones (1995) which requires strict stationarity
and S-mixing with » > 2. Note that S-mixing (or absolute regularity) in (A6’)(ii) is a con-
dition intermediate between a-mixing (strong mixing)—which is the weakest form of strong
mixing—and ¢-mixing (uniform mixing)—which is the strongest form of mixing (Bradley,
1986). As such, our weak dependence assumption is stronger than that of a-mixing used by
Robinson (1983), for example. Assumption (A6’)(ii) also requires the size of the J-mixing
process to be comprised between —oo and —3. In other words, we limit the amount of de-
pendence allowed in {(Y;, W/)'}.?! In particular, Truong and Stone (1992) use the condition
B, = O(p') as t — oo for some p with 0 < p < 1 in order to estimate the conditional quantile
nonparametrically at the optimal rate. Their condition implies S-mixing of arbitrary size
and hence of size —r/(r — 2), with some r, 2 < r < 3.

We can now establish the efficiency of Orr.

Theorem 6 (Efficiency of 07). Suppose that Assumptions (A0)-(A1), (A5), (A6°), (A7) (i)
and (A8)-(A11) hold. If by = o(T~Y) with byTY*hyrh™y — oo, by /(TY*hE,) — oo,
and by /(TY*hl) — 0o, as T — oo, then Or is efficient: (V2)~Y2\/T (07 — 6,) % N(0,1d),

where

779 = a(l - a){T_l ZT E[(fO(Qa(Wb ‘90)|VV15))2V0Qa(Wt7 QO)VGQQ(Wﬁ ‘90)/}_1

t=1

s the semiparametric efficiency bound.

2INote that the —oo case, obtained when r = 2, corresponds to independence. As the proof of Lemma

10 shows, the assumption (A6’)(ii) is stronger than necessary: we can replace it by S-mixing with mixing
coefficients 3, that satisfy ZtT:_ll tﬁgrd)/r = O(VT).
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The conditions on the trimming parameter and bandwidths are stronger than in Theorem
5. They can be written as:

1 1/41 R 1/41 R 1
maX{W,T th,T hyT <<bT<< W,

where ar < ¢r means that ar < cp for T sufficiently large. This implies TYEN-1/4 «
hyrhy < T-Lm+D/EL/@0)+1/4] - Hence, necessary conditions are v > 1 and R > (m+1)(y+
1)/(y—1).% For instance, when m = 1, R = 3 and v = 6, a feasible choice is: h,p oc T/10,
hor o< T~V and by oc T~ Moreover, if R > (m + 1)(3y + 1)/[2(y — 1)], one can
choose the L*-optimal bandwidths hl, oc T—2R/(GREm@RETmI} ang hy . oc T/ @M for
estimating f°(y|w)g%(w) and g9 (w).?* For instance, when m = 1, R = 4 and v = 6, then the
L*-optimal bandwidths h?, oc 7890, h* o oc T~/ with trimming parameter by oc T/
can be chosen. In particular, our estimator 6 differs from many semiparametric ones that are
v/ T-asymptotically normal under assumptions that imply undersmoothing and thus exclude
the L?-optimal bandwidth.

Without assumption (A9)(i) we would not be able to construct a conditional quantile
estimator which attains V2. Note however that our general expression for V) derived in
Theorem 3 remains valid whether or not we are able to construct an efficient estimator—this
is one of the advantages of using the “supremum” characterization of the semiparametric
efficiency bound.

Our efficient M-estimator O is asymptotically equivalent to: the ‘one-step’ estimator
proposed by Newey and Powell (1990), the weighted quantile regression estimator by Zhao
(2001), and the CEL estimator by Otsu (2003). Two important features distinguish our

efficient estimator from the previous ones. First, similar to Otsu’s (2003) CEL estimator,

22As indicated in Lavergne and Vuong (1996, p.209), we have ¢ = o (f{wng(chT} gﬁ}(w)dw) when g (+)
is continuously differentiable on R™ and monotonically decreasing in the tails, whether or not the support
of g%(+) is bounded. Under the same conditions, it can be shown that ¢y = o (f{w:g%(w)«ﬂ |w|§%(w)dw)
when the support of g%(-) is R™. Hence, (A10)(ii) implies v < 1 when g, (w,6y) = w6y, which contradicts
v > 1. On the other hand, when the support of g%(-) is bounded (uniformly in 7'), it can be shown that
f{w:gjOT(w)<cT} |w|g%(w)dw = O(c3°), where § > 0 can be arbitrarily close to zero depending on gi(-).
Hence, our assumptions allow the linear quantile specification g, (w,8y) = w’6y, provided the support of
Wt is bounded (uniformly in 7). Bounded supports, however, are not required as our assumptions allow
for unbounded ones. In this case fO[gy(w,0")|w] and |Vege(w,#%)| should vanish in the tails of W; at
appropriate rates for (A10) and the trimming/bandwidth conditions to be compatible.

23See Stone (1980, 1982) where hip solves (hiphifp)t/ (mHh) o =1/ @REmEL),
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our M-estimator 67 does not require a preliminary consistent estimate of 6y. It is well
established that such a preliminary step causes poor small sample performance in GMM
estimation (Altonji and Segal, 1996).2* Second, the objective functions ¢(-, -, &,) used in the
construction of A7 depend on a nonparametric estimator of the distribution function FO(-|-).
Newey and Powell’s (1990) and Zhao’s (2001) efficient estimators on the other hand depend
on nonparametric estimators of the density f°(:]-).% Both features can potentially affect the

small sample properties of these efficient estimators.

6. CONCLUSION

The contributions of this paper are twofold: first, it derives the semiparametric efficiency
bound V7 for parameters of conditional quantiles in time series models with weakly depen-
dent and/or heterogeneous data. Our bound V7 generalizes expressions previously derived
by the literature on efficient conditional quantile estimation. In particular we allow the data
to exhibit dependence and/or conditional heteroskedasticity. The second result of the paper
is to show that efficient estimation is possible in models for conditional quantiles in which
the true conditional distribution does not depend on any other variables than those entering
the quantile. In such models, the semiparametric efficiency bound equals V) and we are able
to construct an M—estimator 67 which actually attains the bound. Our efficient estimator is
different from previous ones and is of the MINPIN-type as the efficient M—objective function
that it minimizes depends on a nonparametric estimator of the conditional distribution.

An interesting by-product of the paper is to show that the class of M—estimators is rich
enough to contain estimators that are efficient, at least in models for conditional quantiles. In
general, one can think of the class of GMM estimators as being the widest one. Then comes
the class of M—estimators which can be viewed as just-identified GMM estimators. Finally
comes the class of QMLEs which is the class of M—estimators whose objective functions sat-
isfy an additional “integrability” condition and can thus be interpreted as quasi-likelihoods.

In models for conditional quantiles, efficient estimators do not belong to the class of QMLES,

24In models with unconditional moment restrictions, Newey and Smith (2004) show how empirical likeli-

hood based methods improve the finite sample properties of GMM.
25In particular, when estimating F(-]-) and f°(:|-) by kernel estimators, there is always one smoothing

parameter less to choose for conditional distributions (Hansen, 2004a,b). For example, in the iid case, our

efficient estimator 67 can be constructed by using the empirical distribution function.
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but are contained in the class of M—estimators. Hence, at least from a semiparametric effi-
ciency viewpoint, no advantage is gained by considering GMM over M—estimators. However,
important efficiency improvements are made by going from QMLEs to M—estimators.
Finally, the “supremum” approach we use to derive the semiparametric efficiency bound
V2 does not seem to suffer from strong independence assumptions traditionally imposed by
the literature on efficient estimation. Our construction of the least favorable parametric
submodel and the corresponding MLE does not depend on any particular dependence or
heterogeneity structure of the data. We conjecture that it can thus be generalized fairly easily
to accommodate for general moment restrictions. The steps to follow in the construction of
semiparametric efficiency bounds in models with time series data seem to be: (1) construct
the largest class of M—estimators which are consistent for the true parameter 6y of the
conditional moment restriction in hand; (2) within this class, find the minimum asymptotic
covariance matrix—this is a candidate matrix V' for the bound—and the M—estimator which
attains this minimum; (3) use its expression to derive the least favorable parametric submodel
of the initial semiparametric model; (4) show that the inverse of the Fisher information
matrix in this submodel equals V. It then follows that V' is the semiparametric efficiency
bound. While step (3) is perhaps the crucial one, we have little guidance on how exactly to
construct the least favorable parametric submodel under general moment restrictions. This

seems to be an important topic which we leave for future research.

7. PROOFS

Proof of Theorem 1. First, note that (A2)-(A3) together with the compactness of the para-
meter space O, are sufficient conditions for 67 to be consistent for #%. € ) (see, e.g., Theorem
2.1 in Newey and McFadden, 1994). We now show that under correct conditional quantile
model specification assumption (A1), we have: 6° = 6, for any 7' > 1 if and only if there
exist a real function A(+,&;) : R — R, twice continuously differentiable and strictly increasing
a.s. — P on Q with derivative a(y,§,) = 0A(y,&,)/dy, and a real function B(-,&,) : R — R,
such that, for any 7" > 1 and every ¢, 1 <t < T,

(10) oYy, a1,&) = la — W(q — Y)I[A(Y:, &) — Alqr, &) + B(Y:, &), a.8. — P,

on R x Q x E,.
We treat separately the two implications contained in the above equivalence. We start

with the sufficiency part of the proof and show that if, for any 7" > 1 and every ¢, 1 <t < T,
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©(-,-,&,) is as in equation (10) above, then 6°, = @, for any T' > 1, i.e. 6, is also a minimizer of
E[U(0)] on ©. Given (A3)(i) we know that Vo E[Ur(0)] = T S EVoo(Ye, ¢a(Wh, 0),€,)].
From (10) and the a.s. — P twice continuous dlfferentlablhty of A(-,&,) on Q, for any t,
1<t <T, T > 1, we have:

E[VOSO(KH qa<VVta 9)7 €t>]
- E{Vﬁqa(VVta 0>a(QOc<VVt> 6)7 §t>[H(Qa(Ma 0) - }/t> - a]}
= E{Voqa(Wt, 0)a(qa(Wi, 0), &) E[(qa (W3, 0) — Yy) — a[Wi},

so that by using the correct model specification assumption (Al) we get E[(qgo (W, 6p) —
;) — alW,] = 0,a.s. — P, for every t, 1 <t < T,T > 1, and hence VyE[¥7(y)] = 0.
Similarly, Agg E[Vr(0)] = T 32, ElAasp(Yr, 6o (Wi, 0),&,)] and

ElApo(Yr, ga(Wi,0),8,)]

_ da(qa (Wi, 0),&,)
- {[ Oy

+a(qa<VVt> 9)7 gt)A%qaa/Vta 9)] []I(qa(VVt? 9) - YZ) - Oz]}
+ E[Voqa (Wt 0)Voqa(Wt, 0) alga(Wr, 6),£,)6(qa (Wi, ) — 7))

_ da(qa(Wi,0),&,)
- {[ Oy

+a(qa (Wi, 0), &) Dooqa(We, 0)| E[T(qa (W, 0) — Yy) — alWi]}
+ E{Voqa(Wi,0)Voqa(Wy, 0) alqa(Wy, 0), £,) E[0(qa (W, 0) — Y)W}

v&Qa(Wta Q)VGQa(th ‘9),

VGQQ (Wt7 e)VGQ(x (Wt7 9)/

so that by using (A1)
Dop E[U7(60)]

_ té E{V 00 (Wr, 00)Voa (W, 00)'a(ga( Wi, 60), € ) E[5(g (W, o) — Yi) W]}

(11) = Til i E[nga(Wt, 00)v9qa<mv HO)IQ(QaG/VtJ 90)7 gt)fto<Qa(Wt= 00))]7

where for every ¢, 1 <t < T, f{() is the true probability density function of Y; conditional
on W;. We now show that AgyE[¥r ()] > 0. By using (11), we know that for any x € R,
X Do E[Tr(60)]x = 0 only if T71 3 E[X'Voga(Wi, 00) Voga(Wi, ) X (ga(Wi, 00), &;) X
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I2(qa (W4, 00))] = 0. Now, note that for any ¢, 1 <t < T and T > 1,

EX'Voaa(Wi, 00)Voqa(Wy, 00) xa(qa(Wr, 00), &) 17 (40 (W, 00))]
(12) = E[(X'Voga(Wr, 00))*alga(Wr, 00), £) J2 (qa(Wr, 00))] = 0,

for any x € R¥, since we know that a(q,(W;,00),&,) > 0,a.s. — P and f2(qa(Ws,00)) >
0,a.s. — P. Taking into account the inequality in (12) we have that for any x € RF,
X' Do E[Wr(0o)]x = 0 only if E[(X'Veqa(Wi,00))%a(qa(Wi,00), &) 7 (0a(We, 00))] = 0, for
all t, 1 <t < T, T > 1. Using again the strict positivity of a(-,&,) and fP(-) this last
equality is true only if X'Vyq. (Wi, 60p) = 0,a.s. — P, for every t, 1 <t < T, T > 1. This,
together with (A0)(iii), implies that xy = 0. From there we conclude that AgyE[¥7(0y)] > 0
and therefore 6 is a minimizer E[¥7(6)] on ©. Since by (A3)(ii) this minimizer is unique,
we have that for any 7' > 1, 6°. = 6y which completes the sufficiency part of the proof.

We now show that the functional form of (-, -,¢,) in (10) is necessary for #2 = 6 to
hold for any 7" > 1. Given the differentiability of E[Ur(6)] on © by (A3)(i), a necessary
requirement for §° = 6, is that the first order condition V¢ E[¥7(6,)] = 0 be satisfied, which
is equivalent to

Oy

T
TN E{Voqa(Wi, GO)E[%(Y,:, 4a(Wr, 00), §) W]} = 0.
t=1 t

Since the above equality needs to hold for any 7" > 1, any choice of conditional quantile

model M and for any true parameter 6, € é, we need to find a necessary condition for the

implication
(13)  E[I(gu(Wy,00) —Y:) —aW,] = 0,a.s — P
0
= E[5E (Y0 (Web0). €)W = 0,5, = P
t

to hold, for all ¢, 1 <t < T, T > 1, and all absolutely continuous distribution function F}
in . We now show that

(14) g_;pt(Y;fa C]a(Wt, 90)? St) = a(qa(Wta 90)7 gt)[]I(Qa<VVta ‘90) - Yl;/) - Oé], a.s. — P7

forany 0y € © and any t, 1 <t < T, T > 1, where a(+, &) : R — Ris strictly positive a.s.— P
on Q, is a necessary condition for (13). Using a generalized Farkas lemma (Lemma 8.1, p

240, vol 1) in Gourieroux and Monfort (1995), (13) implies there exists a W/,-measurable



32 KOMUNJER AND VUONG

random variable a; such that

dp
dq;

Since the left-hand side only depends on Y;, ¢.(W;, 6p) and &,, the same must hold for

— (Y3, ¢a (W4, 00), &) = ai[U(qa (Wi, 6p) — ;) — af,a.s. — P.

the right-hand side. Hence, a; can only depend on ¢,(W;,0y) and £, and we can write
ar = a(qa (W, 0p),&,); so the equality in (14) holds.

We now need to show that a(-,&,) is strictly positive a.s. — P on Q. A necessary condition
for 0y € © to be a minimizer of E[¥7(A)] (in addition to the above first order condition) is
that for every x € R the quadratic form x'Agg E[¥r(0)]x = 0 (existence of Agg E[¥7(0)] is
ensured by (A3)(i)).? Taking into account (14) and our previous computations leading to
(11), we have

T
X' Do E[Wr(0o)lx = Z E[Agop(Ye, ga (Wi, 60), &)X

T

= Z XVaqa I/Vtae())) (Qa(mae())>§t>fto(Qa(Wta00))]'

=1
Hence, the quadratic form x'AgpFE[Ur(6)]x is nonnegative for any 7" > 1, any condi-
tional quantile model M, any true value f, € © and any conditional density fO(-), only
if a(qo(Wi,00),&,) 2 0,a.s. — P, for all t, 1 <t <T,T > 1. Note that the uniqueness of the
solution fy implies that a(g,&,) > 0,a.s. — P for any ¢; € Q and for all ¢, 1 <t < T,T > 1.

The remainder of the proof is straightforward: we need to integrate the necessary condition

(14) with respect to ¢;. Note that (14) can be written

O (v, (Wi B0). £) = { (1= @)alaa(Wisb), €, Vi < ga(Wisb),

Iq —aa(qa(Wh,00),&,), it Yi > qa(Wi, 00),

for any 0 € © and for any ¢, 1 < ¢ < T,T > 1. Together with the continuity of o(Yi, &)
a.s. — P on Q in (A2)(ii), the above integrates into

(1 - a)[A(Qa(VVta 00)> §t> - A(Y;h 51&)] if }/t Qa(VVt, 60)
—a[A(qa(Wi, 00),&,) — A(Y:, &), if Y > qa(W4, ),

a.s. — P, where for every t, 1 <t < T,T > 1, A(-,&,) is an indefinite integral of a(-,¢&,),
Alg, &) = [ a(r,&)dr, a € R, and B(-,&,) : R — R is a real function. Note that the above

@(de qa(VVt? QO)? gt) = B(}/ta gt)_’_{

26Note that this requirement is weaker than the positive definiteness of Agg E[U7(00)], Agg E[T1(6)] > 0,

which is a sufficient condition for 6y to be a minimum.
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equality has to hold for any 6, € O so that
(15)
90(}/;57 qa<VVt> 9)7 51&) = B(Y;fa gt) + [Oz - ]I<th(Wt7 9) - Y;‘/)} [A<Y;7 51&) - A(qlx(VVtv 9)7 gt)]? a.s. — P7

for every t, 1 <t <T,T > 1, and for all § € O; this is a necessary condition for the M-
estimator 61 to be consistent for 6. Equality (15) implies that for any ¢, 1 <t < T,7T > 1,

(Y, q1,€,) = B(Y1, &) + [ = War = YAV, &) — Alar, &), a-s. — Pon R x @ x By [

Proof of Theorem 2. To show that Theorem 2 holds, we first show that under primitive con-
ditions given in (A0)-(A2) and (A4)-(AT7), O is consistent for g, i.e. 67 — 0y 2 0. We
proceed by checking that all the assumptions for consistency used by Komunjer (2005b) in
her Theorem 3 hold. Given that her proof of consistency for the family of tick-exponential
QMLEs derived in Theorem 3 does not require any assumptions on the limits in oo of
the functions A(-,&,), it applies directly to the M—estimator 01 defined in (A2). Assump-
tions A2 and A3 in Komunjer (2005b) are satisfied by imposing our (A5) and (A4), re-
spectively. The a-mixing condition A4 in Komunjer (2005b) and the assumption that W}
is a function of some finite number of lags of X; stated in A0.iv in Komunjer (2005b) are
used to ensure that {(Y;, W/)'} is a-mixing of with « of the same size —r/(r — 2), r > 2.
Here, we directly impose the mixing of the sequence {(Y;, W/)'} in our (A6), which is suf-
ficient for the proof of Theorem 3 in Komunjer (2005b) to go through. Finally, the mo-
ment conditions A5 in Komunjer (2005b) directly follow from our (A7) and the fact that
Elsupgpee |Voqa (Wi, 0)]] < max{1, E[supyeeo |Voqa(Ws, 0)?]} < co. Hence we can use the
results of Theorem 3 in Komunjer (2005b)—corresponding to the case where the conditional
quantile model is correctly specified (Al)—which proves the consistency of fr. Similarly,
we derive asymptotic normality by using the results of Corollary 5 in Komunjer (2005b).
The boundedness of the second derivative of A(-,§,) contained in assumption A3’ in Ko-
munjer (2005b) is directly implied by (A4). The moment condition in assumption A5’ in
Komunjer (2005b) follows from our (A7). Finally in our setup we have assumed that the
true conditional density f2(-) of Y; is strictly positive and bounded on R, which verifies as-
sumption A6 in Komunjer (2005b). Hence, from Corollary 5 in Komunjer (2005b) we know
thatvVT (%) "12A%07 — 05) % N(0,1d) where

(16) A} =T 30 Ela(qa(We, 00), &) £2(ga(We, 00)) Voga(We, 00) Voga (Wi, 00)],
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and
17) B =T, (1 — a)E[(a(ga(We 00), &)’ Veaa(Wr, 00) Voga (We, o))
]

Proof of Theorem 8. The proof of this theorem is inspired by a similar result by Gourieroux,
Monfort, and Trognon (1984). Let V? be as defined in Theorem 3 and consider the difference
(A%)71E9 (A%~ — V2. We show that this difference is positive definite for any A(,¢,),
1<t<T, T >1,in Theorem 1:

(A7) E7(A7) 7 = Vp
= Vp(Vp)~'Vp — VpAT(AT) ™" — (A7) ' A7Vy + (A7) X7 (A7)

(f? (g0 (W2, 00)))?
a(l —a)

- VYQ [f?(qa(Wt? 90))a(qa(m7 90)7 €t>VGQa<VVt> Qo)VQQQ(VVt, 90),] (Ag’)il
— (AP (Ga(Wa, 00))a(ga (W, 00), £,) Voaa(We, 00) Voga(We, 00) 1VE
+ (AD) a1 — a)(alga(We, 00), £,))*Voaga(We, 00) Voga(We, 00)'1(AT) 1},

VQQa<VVt7 QO)VQQQ(th 90),] VJQ

T
=T 3 B{Vy|
t=1

so that

1

T
(A) 'S (A =V = mT_l > Elxil,
t=1

where for every ¢, 1 <t <T,T > 1, we let

Xt = [ftO(Qa(VVta 90))‘/79 - &(1 - a)a(Qa(VVta 00)7 §t>(A%>_1]VGQO¢(VVt7 00)7

and a(y, &,) = 0A(y, ;) /0y as previously. Hence, for any A(-,&,),1 <t <T,T > 1, such that
a(+, &) > 0,a.s.— P on Q, the matrix (A%)"'X%(A%) ! -V} is positive semidefinite. In other
words, the matrix V7 is the lower bound of the set of asymptotic matrices (A%)129.(A%) !
obtained with functions A(-,&,) satisfying the conditions of Theorem 1.

We now show that this lower bound V7! is attained by an M-estimator 67 if and only if

its objective function corresponds to W4(0) = T~ 327, o(Vi, gu(Wi, 0), ) with

(18) p(Ye, 0, €7) = la — Lq — Y)I[FY (V) — F(a)], a.s. — P,
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on RxOxFEy, forevery 1 <t < T,T > 1. We first show the necessary part of this equivalence:
V2 is attained only if for any T > 1, there exist & and A(-,£}), 1 <t < T,T > 1, such that

(19) T E(xx) = 0.

The above needs to hold for any 7" > 1, hence (19) implies that E(y,x;) = 0 for every t,
1<t <T,T > 1. Taking into account the positivity a.s. — P of the quadratic form x,x},
the latter equalities holds only if for every t, 1 <t < T,7T > 1, we have x,x; =0, a.s. — P.
Hence, (AY)13%(AY)™! = VR for any T > 1, if and only if for every ¢, 1 <t < T,T > 1,
X; = 0, a.s. — P, which combined with (A0)(iii) is equivalent to

ft()(Q()é(the()))
a(l = a)a(qa(Wy, 00), &)
forall t, 1 <t <T,T > 1. This in turn implies that for every ¢, 1 <t < 7T,7T > 1 and any

Qtega

VAAY =1d,a.s. — P,

" f(q
alq, &) = Cﬁ and V2AY. = c-1d,

where ¢ is some strictly positive real constant, ¢ > 0. Note that the above condition is
equivalent to a(q, &) = cf2(q)/[a(1 — )] alone, which by integration with respect to ¢;
gives that for every t, 1 <t <T,T > 1, and any ¢; € Q

(20) Alan &) = 22

with d € R. Condition (20) is both a necessary and a sufficient condition for the equality
in (19) to hold for any 7" > 1. It is important to note that changing the value of A(-,&})

+d,

outside Q does not affect the minima of E[¥7]| so A(-,&}) can take arbitrary values on R\ Q.
To keep the notation simple and without altering the general validity of our result, we set
Ay, &) = cF2(y)/la(l — a)] + d, for all y € R. Moreover, changing the constants ¢ and
d does not affect the value of (A%)71X9.(A%)~! so that they can be arbitrarily chosen in

R% x R for any 7' > 1. For example, we can let ¢ = a(1 — a) and d = 0 in which case

(21) Ay, &) = F(y),

for all y € R; this completes the proof of the necessary part.

Now, we show that under (A0)-(A1l), (A5)-(A6) and (AT7)(i), the M—estimator #7—obtained
by minimizing Wi.(6) associated with (18)-is such that vT(V2)~Y2(6% — 6) % N(0,1d).
Note that the shape & of A(-,&;) corresponds to the true conditional distribution FP(-)
which is stochastic and W;-measurable thereby satisfying (A2)(i). Moreover, FY(-) is twice
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continuously differentiable with bounded f2(y) and |df?(y)/dy|, which satisfies (A2)(ii) and
(A4). Moreover, F(-) being bounded by 1 the moment conditions in (A7)(ii) automatically
hold. Hence, we can apply Theorem 2 to show that, under (A0)-(A1l), (A5)-(A6) and (A7)(i),
0 with A(-, £;) as in (21), is asymptotically normally distributed vT'(£%)~"/2A%(67 —6,) <,
N(0,1d) with

A[’Z)" = Til Z;ﬁrzl E{{fto(qa(wt? 90))]2v9qa(Wt7 90>VQQCM(WI‘/7 90)/}7
and X9 = a(1 — a)AY, so that (A%)712%(AY)~1 = V2. O
Proof of Theorem 4. The following lemma shows that (i) — (i¢7) in Theorem 4 hold:

Lemma 7. The parametric submodel P* defined by (6) is a submodel of S.

In order to show that P* is the least favorable model, consider estimating the parameter 6
in P* by using the MLE 6., which maximizes the log-likelihood Ly (6) = 7! ST In £i(Y4,6).
STEP1: First, we establish the consistency of 6. by checking that conditions (i)-(iv) of
Theorem 2.1 in Newey and McFadden (1994) hold. Given (A0)(i) we know that In f(Y;, ) #
In f7(Yy, 00) a.s. — P, whenever 6 # 0, (see Figure 1 for example); this verifies the uniqueness
condition (i) of Theorem 2.1. The compactness condition (ii) of Theorem 2.1 follows by

assumption. Using ¢;(0) = q.(W4, 0) we have

In f (¥, 0) = Info(1 — ) f(Y)] + In A(0) + A(O) [FY (V:) — FY (:(0)][L(q:(0) — Y3) — o

—In (1 — exp{A(0)[M(q:(0) — Vo) — o][1 — W(q(0) — Vo) — F(@(0))]}) .

showing that E[ln f;(Y;, 6)] is continous on © and that E[supycg |In f;(Y:,0)]" 7] < oo for
all t, 1 <t < T,T > 1, and € > 0; this verifies condition (iii) of Theorem 2.1. We show
the uniform convergence condition (iv) of Theorem 2.1 by following the same steps as in the

proof of Theorem 3 in Komunjer (2005b). To simplify the notation let

exp 2

(22)  2(0) = [M(q(0) - Yy) — ][l — Lq(0) — Yi) — F(a:(0))] and u(z)

1—expz’
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for 0 € © and z € R_. Note that —1 < x(f) < 0 and —A(#) < A(#)z(d) <0 on © a.s. — P.
We have

VoA(9)
A9)

Voln f{(V:,0) = + VoAO)[FP(Yy) = F(0:(0)][1(g:(0) — Vi) — o]
— MO) Sy (4:(0)) Vo (0)[L(q:(0) — Yz) —
+MO[F(Y:) — F(9:(9))]10(:(0) — Y2) Voai(9)
(23) + u(A(0)z(0)) Vo(AO)z(0)),
where Vo(A(0)z(6)) = VoA(0)z(0) + M0)Vez(6) and
(24)  Vox(0) = {f2(@(9))[e — Wgqu(0) = Yy)] + 6(a:(0) — Yi)a — F(q.(0))]} Voau(6)

(The equality in (24) follows from (22) and the fact that [1(-)]?
—1/2—1/24 o(1) in the neigborhood of 0 and that A(0)z(0) = o,(1

I(-).) Note that u(z) =
) in the neigborhood of

6y so
UAE)O) o\ O)2(0) =~ 5D 1 0,1
(25) _ _Vg)\(e) VQI(Q) 4 Op(l),

A0) (0)
(

in the neighborhood of . In particular, combining (23) (25), (24) and (22) we get

VG In ft*<Y;57 90)

— Vuqi(600) {f?(qt(%))[a — M(q:(Ao) — Y2)] + 6(qe(Bo) — Yi)[ar — F2(q:(6))] }

[M(g:(60) = Y2) — a1 = W(q(0o) — i) — F(q:(60))]

(26) == v@Qt(QO)ﬁ?(%(QO))[]I(Qt(‘gﬂ) -Y;) —a,

a(l — a)
where the second equality uses x(6y) = —a(1 — «) and FP(q(6p)) = «
Using —1 < z(f) < 0 on © a.s. — P so that

VoA()
A(0)

Vo)) (1 4 xoy(0 >u<A<0>x<0>>}' < (O VD),
we then have
oup [V n (¥ 0)] < 250 [VoA()] -+ up [\O) Ml Vo (0] +

f?(%(e))vo%(e)

(27) +Chsup | (q(0) = Y;) — F2(qu(6))

0c®

,a.5. — P,
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where C1 = SUP,c(g supyee A(0) | < 0o. We have sup,., supgeg Fy'(¢:(0)) € (a,b) with

e
a>0and b < 1, so Cy = sup,.; sup,eg suPpee (|1 — L(q:(0) — y) — F(q(9))| ™) < oo and
the last term of the above inequality is bounded above by C)C2Mysupyee |Voq(6)|. From
(A7)(i) we know that E[supycg |Vog:(0)|] < 00, so E[supgee |Voln f7 (Y, 0)|] < oo for all ¢,
1 <t <T,T > 1, which shows that equation (25) in Komunjer (2005b) holds; together
with (A6) and E[supgee | In f7(Y:,0)]" 7] < oo for all ¢, 1 <t < T,T > 1, this establishes
condition (iv) of Theorem 2.1 and completes the proof of consistency.

STEP2: We now show that the MLE 9; is asymptotically normal by checking that con-
ditions (i)-(v) of Theorem 7.2 in Newey and McFadden (1994)—applied to VyLr(6)—hold.
We first establish the asymptotic first order condition v/T' V@LT(é;) 2 0 by following the
same steps as in the proof of Lemma Al in Komunjer (2005b): for every j = 1,... k, let
G..(h) be the right-derivative of Ly (k) = T~ 3 In f5(Y;, 07 + he;), where {e;}i is
the standard basis of R¥, and h € R is such that for all j = 1,...,k, é; + he; € ©. Since
for every j = 1,...,k, E*TJ-(O) — Ly(f7) so that the functions h +— E;—v7‘j(h) achieve their
maximum at h = 0, we have, for ¢ > 0, éi}](e) < G’}](O) < é}7j(—6), with éifpj(s) <0
and G*T’j(—s) > 0. Therefore \G~’§1J(O)\ < G*T’j(—s) - G*T](e) By taking the limit of this
inequality as € — 0, we get
)|,

90

A1) 20

T
|G, (0)] S T 1+ 2C] [ ] {q(07) = Yy}
t=1

Hence

<\/_|V9LT( 7))l >€> < (\/_glag%\G (0)] >5>
o

t=1

)\ é;)
6,

A7) 4

] T{q(05) = Y;} > eVT(1 + 201)—1> .

The facts that P(I{g(6y) = Y;} # 0) = 0 and that E[‘w i) ‘ + [A(Or) £ (qu(07)) X5 Oz)

bounded then ensure that limy_, P <f Vo Lr(07)] > 5) = 0. Condition (i) of Theorem
7.2 follows from the correct specification of f;(-) (see (iii) in Theorem 4). By (A5), 6y is an

| is

interior point of © so that condition (iii) of Theorem 7.2 holds.

We now check the differentiability of E[VyLr(6)] and the nonsingularity condition (ii) of
Theorem 7.2. We have E[V,Lp(0)] = TS, E[Vyln f#(Y;,0)]; using (23) and (24) the
latter is easily shown to be differentiable at any 6 € ©. We now show that VyE[V} Ly (0,)] =
TS0 E[AggIn f7(Vi,00)] and that the latter is nonsingular. For u(z) in (22) we have
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du(z)/dz = u(z) + [u(2)]?, hence, for any ¢, 1 <t < T,T > 1,

A@g ln ft (Y;g Q)
_ AppA(0)  VoAB)VoA(©)

+ DgoA(O)[F7 (Y2) — F7(0:(0))][1(e(0) — Y2) — o

o) DoP
VA0 Ta0) (£ @lO)lo ~ Wa6) )] + 5(a0) ~ VIIF(Y) ~ Fo(al0))]}
+ 20V )V 0 { LD o 40) - v

‘Qﬁ“%w”5@%@-K>+LH%n)—ﬁ?@Amﬂéﬁﬁ@L;za}

dgq
+ A(0)Dgp: (0) { £ (a:(0) [ — W(gu(0) — YO)] + [FP(Ye) — F(a(0))]0(a:(0) — Y2) }
+ [wA0)2(0)) + (w(A(0)x(0)))*] (Vo(AO)2(0))) (Vo(A(0)(0)))

(28)  +u(A(0)2(0))Ago(A(0)(0)),

where Agg(N(0)z(0)) = DggA(0)x(0) + 2V A (0)Vox(0)" + A(0) Agox(0) and

Ae(ﬂ(e)
- { LD e~ w(a6) 0l ~ 212 a0)3(a6) ~ Vi)
d(S(Qt(zé - Y;) [Oé _ Ft0<qt(9))]} VGQt<9)VQQt(9)/

+ {ff(%(g))[a — W(q:(0) — V)] + 0(qe(0) — V)| — FE(%(@)]} Nogqs(0).

Now, note that u(z) + [u(2)]? = 1/2% — 1/12 + o(1) in the neighborhood of 0 so that

[u(A(0)2(0)) + (w(AO)2(9)))*] (Vo(A(O)z(8))) (Vo(A(0)x(6)))
VoAO)VoAO)  , VoA(O) Vo (0)
\O)]2 A(0)(0)
o — T(qu(0) = 1)
z(0)

+ Voq:(0)Vogq: (6) x

(29) {fto(qt(é)) + 5(%(9) B Y;) [a —
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in the neighborhood of 6. Similarly,

u(A(0)(0))Ago (M(0)2(6))

DeMO) 1, JAO) Vo (6)
A(0) 2A99A(9) OREN ( )z(0)
L R@0)5(@0) =) dilg (0)— ) [a— E¥(a@)
’ #(0) T w0) }
30) = daa(0) { 2000 L= 5000) - v =L O o),

x(0)

in the neighborhood of ;. Combining (28) with (29) and (30), we then get that, for any t,
1<t<T,T>1,

AgoIn f7 (Y3, 0)

= 2uA®) { [F0) — FlaO)a6) - ) ~ o] - 50(0) |

O X ) -y O

Vo (0) Vo (60) {f;)(qt(e))

0] ()
. (2@ 0) fo — W (0) Vi)
Vg (0)Voa:(0) { dq z(6)
OG0 %) Bald)=Yle= Ha0)])
z(0) dgq (0)
1)~ dwa(0) { o) AL 50q0) - vp =L O o ),

in the neighborhood of 6. Using a = F?(q;(0)) and x(0g) = —a(l — a) we have

2
Burtn (00 < 1800013 + [T 00) Vo 00)| (B + =)

+|Ap9qi (6)| +0,(1),

My
a(l — )
with |AggA(0p)| < co. From (AT)(i) we have E[|Vyq:(0o)Vag:(0)'|] < oo and E[|Ageq:(00)|]
< 00, which shows that the expectation of the right hand side of the above inequality is
finite; hence Vo E[VyIn fF(Y;, 00)] = E[AgeIn f(Y;,00)] for any ¢, 1 <t < 7,7 > 1 and so
VoE[VyLr(00)] = TS, E[AgeIn f7(Ys,600)] as desired.



EFFICIENT QUANTILE ESTIMATION 41
Now consider E[AgIn f7(Y;,00)]; for any ¢, 1 <t < T,T > 1, we have
1
B <A99>\(90) {[Fﬁ@@) ~ F2(q(00)))[1(as (60) — ;) — ] — §x<90>})
1
= AanA(6n) [ £ (F2(Y) — ollTa00) = ¥) — )+ a1~ )]

— Ayp(60) {—%a(l —a)+ %a(l —a)

since

In addition, o = FP(q;(6p)) and z(6y) = —a(1 — «) so

E (votho)veqt(eo)' {ft°<qt<eo>> o= ]I(jt((ei‘;) “Y L (o) - v Z? 0%(90))] } )

—FE (Voqt(eo)Voqt(Ho)'Et { B = Bl = TP }>

a?(1 — «)?

- £ Vot Vo ooy LI,

where the last equality uses E; ([I(q:(6p) — Y:) — a]?) = a(1 — @), a.s. — P. Similarly,

FE (VOQt(QO)VQQt(QO)/ {dft (?q(@())) [Q - ]I(gt(foo)) - Y;)]
o [2(@(00))0(gi(00) = Y7) | dd(gi(0o) = V7) [ — FP(q:(6o))]
’ o(60) R o)
df(g:(00)) [M(ge(00) = Ye) —a] | f(q:(60))d(g:(0o) — Y2)
) ! dq a(l —a) 2 a(l —a) })

=2F (ngt(Qo)ngt(Ho)/W) ;
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where the last equality uses E; (I(q(6p) — Y:) —a) = 0, a.s. — P and Ei(0(q:(0p) — V) =

f2(q:(0y)), a.s. — P. Finally, using the same reasoning gives

B <A09qt<90) {ff(qt<90)) [Oé — ]I<Zzt<(0‘900>> - Y%)] + 5(%(90) B Y;‘/) [Oé - Zt<é0q§(00))] }) =0.

Combining the above results then yields, by (31),

(32) E[AgpIn ff(Y:,00)] = —E (Ve%(QO)VQ%(QO)I—U?(%(90))]2> ;

a(l — )

forallt, 1 <t <T,T > 1. Hence, for any y € R*,

VOBV Ly (B0)]x = ~T~ ZE (|vaqt<eo> x|2%) <,

with equality if and only if x = 0. Hence VoE[VyL7(6p)] is negative definite (therefore
nonsingular).

We now check condition (iv) of Theorem 7.2 by using a CLT for a-mixing sequences (e.g.
Theorem 5.20 in White, 2001, p.130). By (A6), for any 6 € ©, the sequence {VyIn f7(Y;,0)}
is strong mixing (i.e. a-mixing) with « of size —r/(r — 2), r > 2 (see, e.g., Theorem
3.49 in White, 2001, p.50). Moreover, using (23) and (Al), E[Vyln ff(Y;,00)] = 0 and
using (A7)(i), E[|[VoIn f7(Y;,00)|"] < {Mo/[a(1 — a)]}" Esupseg [Voq(0)]"] < oo, for all ¢,
1<t<T,T>1. Now,

Var( Z Vo ln f7 (Y, 00)

=BT, Vol f{(Y;,00)Valn f;(¥;,00))

T 0002 (00) — Yi) — af?
E<T 2 all— )P

VGQt<90)VGQt<90)I>

0
T

Il
<

where the first equality uses E; (Vgln f(Y:,00)) = 0, a.s. — P, implied by (A1), and the
last equality uses E; ([I(q:(6p) — ;) — a]?) = a(1 — @), a.s. — P. Applying Theorem 5.20 in
White (2001) we then have (V0)~Y/2v/TV,Lr(6y) % N(0,1d) with V2 as defined in Theorem
3.

Finally, we check the stochastic equicontinuity condition (v) of Theorem 7.2 by veryfing
that all the assumptions in Theorem 7.3 in Newey and McFadden (1994) hold. (The main

reason for using Theorem 7.3 is that it does not put any restrictions on the dependence
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structure of {(Y;, W})'}.) For any t, 1 <t <T,T > 1, let

ri(0) = [VoIn f7 (Y;,0) — Vo In f7 (Y, 00) — Dop In f7 (Y, 0)'(0 — 00)/10 — Ool,

for § € ©. Using u(z) = —1/2—1/2+0(1) in the neigborhood of 0 and A(8)z(6) = o0,(|0—6q|)
in the neigborhood of 6y, we have, from (23), (26) and (28), r:(0) < 7"151)(«9)+r£2)(0)+r§3)(0)+

0p(1), where

0 = |IF0 - Ea0)ao) - Y0 - o) - | FAO = Qe B0 B,

20 = [P0 00000) - v - ol + ) - v | LU poy 4 || PO
e _ Vox(0) _ Vo (o) _ ANgox(0) (0 — 0y)  Voz(0)Vex(0)' (6 — o) B

2 (0) = 2(0) (00) 0) + EORE /160 — 6.

With probability one, rt(l)(ﬁ) < 2|VoA(0) — AgoA(0) (0 — 00)| /|0 — bo| for any 6 € ©. Given
that A(+) is twice continously differentiable on R¥, with probability one 7“,51)(6’) — 0asf — b
and there exists £; > 0 such that

(33) E (SUPoeé:|9790|<sl rt(l)(9)> < 00.
Now, note that | f2(q,(8))[L(¢.(0) — Y;) — ]| < M, for any 6 € ©, so

[A(0) Vg (0)]

r20) < %{MO+5<%<9>—mFth(@))—2Ft°<Yt>+“]} 07— 6]

N

3{ Mo + 8(a(0) = Y)IF(@(6)) - 2P2(57) + @]} VoA (@) - Vot (6)

for some 0, = cfy+(1—c)f with ¢ € (0,1). Hence, using the fact that VyA(-) is continuous on
R* that VyA(6) = 0 and that 6(q:(0o) — Y2)[FP(q:(00)) — 2FP(Y;) + a] = 0, with probability
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one r§2)(0) — 0 as 6 — 6. Moreover, for some 6, = dfy + (1 — d)f, d € (0,1),

2
E (SUPaeé:|0—00|<al 7“75 )(€)>

<FE < sup %-l-Et (5(%(9)—3/1‘/) w—ﬂo(}ﬁ)—l—%‘) }

0€6:|0—0o| <1 2

X [VoA(0.)| - |V96]t(9)|>

M,
< o E ( sup |V9)\(t9c)| . |v0%(‘9)|>

2 0€®:|0—0p|<e1

+ %E ( sup (VoA(0e)| - |Voq(0)] - | — EO(Qt(Q))|fP(Qt(9))>

0€0:|0—0o| <1
M,
<= sup  [VoA(6e)|
2 0€6:10—0g|<e1
X E( ~sup |V96]t(9)|> +M0E< osup [Veq(9)] - |Vaqt(9d)|>]
96@:|9—6’0|<€1 9€®:|9—90‘<61
(34) < 00,

where the last inequality uses the continuity of VyA(-) on R*, (A7)(i) and the Cauchy-
Schwarz inequality. Finally, let r,.(0) = [x(6y) — 2(0) — Vox(0)' (0o — 0)] /|00—0| and R,.(0) =
[Vox(6o)—Vox(0)—Agex(6)' (6o—0)]/|6o—0]| and note that with probability one supgecg, o g, (<<,
r2(0)] — 0 and supyee.p_gyj<c, [B2(0)] — 0 as 6 — 6p. This implies that with probability

one r§3)(0) — 0 as § — 6. Moreover

E (sup96é1|9_90|<81 ng)(e))

< B (5Ppetio-aq)es 1(6)] + [R0)]/12(6))

<K <Sllpeeé;|9790|<gl[1/|$(‘9)” (SUPeeé:\GfGOKQ |72 (0)] + suPyee.jo—gy)<c, |Rm(9)|>>
(35) < oo,

where the last inequality uses the fact that sup,.; supyeg £} (¢:(9)) € (a,b) with a > 0 and
b < 1,50 C3 = SUp;1 SUP,eg SUPgeo (H]I(qt(@) —Y;) — o[l — Wq:(0) —y) — Fto(qt(f)))llfl) <
oo. Combining results (33) — (35) then gives that with probability one r,(6) — 0 as 6 — 6,
and that F (SUpeeé:|9700|<sl rt(6)> < o0o. It remains to be shown that for all # in a neigh-

borhood of 6§y we have T1 Zthl AgoIn f7(Y;,0) 2 VoE[V)Lr(0)]. By (A6), for any 6 € ©,
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the sequence {AggIn f(Y;,0)} is strong mixing (i.e. a-mixing) with « of size —r/(r — 2),
r > 2 (see, e.g. Theorem 3.49 in White, 2001, p.50). Now note that given 0 € O, there exists
0, =aby + (1 —a)d, a € (0,1), such that for any n > 0
P (3(q(0) = Y2) la = F(@(9))| >n) < E(Jo—F(a0))] (@) /1
<10 = 00l E (IVoar(0a)l 7 (a:(0a)) 7 (:(0))) /7
(36) < 10— 0| Mg Elsupgee [Voa: (0)11/n.

so that in a neighborhood of 6y, §(q,(0) — Y;) |a — F2(q:(0))] = 0,(1). Similarly,

P ([d6(q(0) — Y1) /dq] |a — F)(q:(0))| > n) < E(Ja— F(a(0))| dff (@(0))/dq) /n
(37) < |0 — 00| Mo M, Elsupgee [Voq:(0)[] /7

where the first inequality uses the fact that F;(dd(q:(0) — Y:)/dq) = df?(q.(0))/dq, a.s. — P.
From (31) we have that for any ¢, 1 <t < T,T > 1,
Agy In f7 (Y3, 0)

:MM@{WM@—W@wmmMm—xwﬂwiam}

2
Tt P L L (ool — Wa®) ~ Y + (30(6) = Ylo ~ FXa®))’

—(0 )[df?(qt( ))/dg)[or — W(qe(0) — Yy)] + x(0)[dd(q:(0) — Y2) /dallor — F(a:(9))] }

Aeeqt {ft ) — (g (0) — Yy)] + 6(q(0) — Vi) [ — F2(q:(6))] } + 0p(1

in a neighborhood of y, which combined with (36) and (37) gives

Agg ln ft*(}/t, 9)
1

= 20A(0) {[FE(Y) — Fa@)]al6) - ) — o] - 50(0) |

Vo (0)Voq.(0)’
o

Aee Qt

ﬂﬁ@mn — Wa(0) = Y)I)? = ()72 (@(0)) /dale — Wau(0) V7] }

{ft — 1(q.(0) _Yt)]} + 0p(1)
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so that for a given € > 0, there is a positive constant n, . such that
| Ago In f7 (Y, 0)|""
< e (1AM O) (5/2)" + Vo (0) Vo (0) " C3H) {0 + My}
A0 () FEC5TMGTE) + 0,(1),

in a neigborhood of y, and so using (A7)(i) and the fact that [AgA(f)] < oo in a neighbor-
hood of 6y, we have E[|Agg In (Y, 0)]"7¢] < co. The weak LLN then follows from Corollary
3.48 in White (2001). This completes the proof of asymptotic normality of the MLE 0. [

Proof of Lemma 7. We proceed in two steps.

STEP1: To prove (i) and (7ii), we start by showing that for any § € ©\{6,}, the function
f(-,0) in (6) is a probability density, for all ¢, 1 < ¢t < 7,7 > 1. First, note that for
any 0 € ©\{0}, fi(-,0) is continuous and f;(-,#) > 0 on R. Thus it suffices to show
that [, f7(y,0)dy = 1. Consider the change of variable u = A(0)F}(y), where \(0)F(:)
is strictly increasing in y since () = A(6 — 0y) > 0 and fP(-) is strictly positive (so
du = \(0) f2(y)dy). To simplify the notation, we let ¢;(0) = q.(W4, 0). Noting that T(q;(0) —
y) = TNO)FL(q:(0)) — u], we have

AO)FY (. (0))

* B a1 — o) exp{(1 — a)[u — MO)F(a(0))]}
R / I enl-(L— MO @0O) "

M) a(l — o) exp{—afu — A(0)F(q qQ)ies
" /A(@)Ff(qt(e)) 1 —exp{—aA(0)[1 - FO(%( )]
~aexp[—(1—a)AO)F(q.(0))] o o AO)FY (a:(0))

T T—exp—(1— a)NO)F(q.(0))] [ pl(1—a) ]0
BT O N S
1 —exp{—aX(®)[1 — F?(q:(9))]}
= a+(1l—-a)=1,

which shows that f;(-,0) is a probability density for any § € ©\{6y}.
We now show that this is also true for 6y and that f}(-,60¢) = f?(-). For this, let

(38) P(0) = a(l —a)M0)exp{\(O)[F(y) — F(q:(0))][L(q:(0) — y) — o]},
(39) Qi) = 1—exp{AO)[1 — F(¢(0)) — L(q:(0) — )][M(q:(0) — y) — o},

so that f7(y,0) = fP(y)Pi(0)/Q.(0). By (A0)(ii), the functions P, and Q; are at least twice

continuously differentiable on © a.s. — P; thus for every (6,0,) € ©2? we can write their
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respective Taylor developments of order two as

(10) o) = PO gy oo o),
l1]<2 ’

(a1 ) = S 2L g —a).
<2

Straightforward though lengthy computations show that, for any function A\(6) = A(6 — 6o)
such that VyA(0) = 0 and AyyA(0) nonsingular, we have

(42) Pi(00) = 0, D' P,(6y) = 0, D*P,(6p) = a(1 — ) D*A(6p),
and

(43) Qi(00) = 0, D'Qu(00) = 0, D*Qu(6) = (1 — ) D*A(0),
Hence

(44) P(0) = 5a(l—a)D*\(0)(0 — 00)* + o(|0 — 0ol*),
(45) Q:i(0) = La(l—a)D®\(60)(8 — 60)% + (|0 — bo/?).

Given the nonsingularity of AgyA(0), an immediate consequence of ’Hopital’s rule and (44) —
(45) is that limy_g, P;(6)/Q:(0) = 1. Hence by a.s. — P continuity of f;(y,-) on ©, we have,
for any y € R, f}(y,00) = limg_q, f;(y,0) = f(y). This shows that f;(-,6) is a probability
density for any 0 € ©, and that f;(-,0y) = f(-), so that f° € P*, as desired.

STEP 2: It remains to be shown that this parametric model P* satisfies the conditional
moment restriction in (i) for all # € ©. This restriction is clearly satisfied when 6 = 6, as
f7(-,00) = f2(-) and [0y, f(-)] satisfies (A1) by assumption. When 6 # 0, using again the
change of variable u = A(0)F?(y), we have

a:(9)

Eo1(qh(0) — Y3) W) = / 12y, 0)dy

—00

_ /M”Ft‘)(%(@” a(l — a)exp{(1 — a)[u — AO) (@)} |
0 1= exp[~(1 — a)\O)F(:(0))]

u = q.
0

Proof of Theorem 5. From Theorem 3 we know that 67 which minimizes W%.(6) is consistent
for fy. Thus, in order to establish the consistency of 07, it suffices to show that W(0) —U%(6)

converges uniformly (in 6) to zero, i.e. supyeg |Wr(6) — Wi (6)| = 0,(1). For this we need a
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uniform consistency property of D G (-,+), where D* denotes the Ath derivative with respect

to y.

Lemma 8. Suppose that (A6), (A8)-(A9), (A11) hold. Then, sup, ,,)egm+1 |DAG(y, w) —
H3p(y, w)| = Op[1) (VT hyphigr)] + Op(hiir) + Op(hify), where Hyp(y,w) = D FO(y|w)gy(w)
and A =0,1,2.

We will also need the uniform consistency of §(-) for g%(-) = (1/T) 31, 6°(-):

(46) sup [g(w) — gp(w)| = Op[1/(VThiz)] + Op(hiiz),

weR™
which follows from Theorem 1(a) in Andrews (1995) with 7 = oo given (A6), (A8) and
(A11)(i)-(ii). We let q;(0) = qo(W;, 0) as previously, and b5 = by + €7, dS = T[gn(W;) — bS]
and U%(0) be equal to Ur(0) where Fy(-) = d,F(-|W,) is replaced by dSF(-[W,), i.e

(47) W (0) = 7 3 dilo— W(au(0) — YIJF (VW) — F(@(@) )],

where {er} > 0 is an appropriate vanishing sequence. The remainder of the proof adapts
the consistency proof of Theorem 1 in Lavergne and Vuong (1996). Let er be such that
er = o(br), epV/Thy — 00, er/hll. — 0o and er/hifp — 00 . As

sup [U7(8) — W7(0)] < sup [¥r(6) — W (6)] + sup | W5 (6) — ¥3(6)],
where U5.(0) is defined in Equation (47), it suffices to prove that both terms in the right-hand

side are 0,(1). Given Lemma 8 and Equation (46) we will use

(48) ar' sup |Gly,w) = Hop(y.w)| = o,(1),
(y’w)eRerl
(49) ag' Sup 9(w) — gr(w)| = oy(1),

which hold for any sequence {ar} satisfying apvTh™, — oo, ar/hf, — oo and ar/ hyr —

oo. We will also use the identity

50)  Fluh) — Fllu) = ={Glow) - ()] - U o) - ).
STEP 1: We first show that supyeg | U7 (0) — U5(0)| = 0,(1). We have

Ur(0) - U5(0) = TZ — Hy)la — L(a(0) — YOI[E (Y[ W2) — F(q.(0) W)

= A‘I’lT — A‘I’QT + A\I’3T7
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where J; = di(1 — df), H; = (1 — d;)dS and

Abir = 7 D20 Hole = 1a0) = YOIFOGI) - R
A = S0 = Hla = 1a(0) = YO E(@(O)W:) = Fa(0) W),
AUy = % Y (e = Ho)la = Ugi(0) = YOIF* (Ve[ W;) = FO(q:(0)|W2)].

(*
Il
—

As H; < T[|g(W;) — g%(W,)| — er] and the event {sup,, |§(w) — g(w)| > €7} has asymptotic
probability 0 because Property (49) holds with ar = er by construction of e7, we have
Supy<i<rr>1 Hi = 0 with probability approaching one. Hence, we need to consider the J;
terms only. Namely, it suffices to show that supyg A\i/jT = 0,(1) for j = 1,2,3. Using
Identity (50) and the definition of .J;, we obtain

T
. ) . ) 1
|AW| < b7 [( sup |Gy, w) — Hyp(y, w)| + sup |g(w) = gp(w)l| = > J;
t=1

y7w)e]Rm+1 wER™

Because (1/7) Y, J; < 1, we get supgeg AW/, = 0,(1) in view of Properties (48) — (49)
with ap = by under our assumptions on by, Similarly, supyee |AVS,| = 0,(1). Regarding
AW, we have [AU,| < (1/T) 31, Ji. But (1/T) 3, Je < (1/T) S, (1 — df) with

T

=30 )

t=1

1 T

E = — / gt(w)dw = / gg(w)dw = o(1),
T ; {w:gl (w) <be.} {w:gl (w) <be.}

where the last equality follows by taking ey = b5 in (A10)(i). Hence, (1/7) Y, (1 —df) =
0,(1) by Markov inequality. Thus,

61) =3 = 0,0),

and supyee AW, = 0,(1).
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STEP 2: We next show that supgcg |V5(60) — Ui(0)| = 0,(1). We have

U5.(0) — Ur(0) = Z dila — W(qi(0) — VI)[F(V;|Wh) — FO(Y[ W)

N =

di[o = 1(q:(0) = YOIE (g:(0)|W7) — FO(qu(6)|W2)]

Sl -
M=~

t

1

(1= dp)le — T(qa(0) — YO)[F° (Ve Wa) — F(qa(0)|W2)]

Sl
] =

t=1

= AT, — AT, — AT,

Thus, it suffices to show that supycg AV = 0,(1) for j = 1,2,3. Because er = o(br),
b, = by + ep is a sequence satisfying bs/Th?, — oo, b5 /hli, — oo and b5/ hifp — o0
so that Properties (48) — (49) hold with ar = b5. In particular, Property (49) implies
P (inf{wzgoT(waE yg(w) > b5(1 — n)) — 1las T — oo for any n € (0,1). Thus, using Identity
(50), we have

- - A . _ 1 ;

AT < (05) 7 (1= e sup |Gy, w) — Hop(y, w)| + sup [§(w) — gg(w)| p = > d,
(y,w)eRm+1 weR™ T

with probability approaching 1, where (1/7) ZtT:l df < 1. Hence, supgeg AV, = 0,(1)
using Properties (48) — (49) with ar = b%. Similarly, supycg AVS, = 0,(1). Regarding
AT, we have supgeg |AVS,| < (1/T) Y2, (1 — d5) = 0,(1) from Step 1. O

Proof of Lemma 8. The proof adapts that of Lemma A-1 in Andrews (1995) to incorporate
the supremum over y-values, which leads to the additional term Op(th). It is done in three
steps. Recall that L(-) was defined as L(y) = [ I(y—u)Ko(u)du. Let I;(y) be L[(y—Y;)/hyr]
if A =0, Ko[(y—Y:)/hyr| if A =1, and K(’)[(y—Y;)/hyT] if A = 2. Thus, omitting the subscript

T, we have

sup ’D)\G(:%w) - Hg(yaw”

(y’w)eR7n+1
R w— W, 1
t A 10 0
- ( >—DF(ylw)— o(w)
(waw)erm+t | Thyhiy ; hu T;
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for A =0, 1,2. The desired result then follows from: (i)

S (22)

m
w -1 w
T

w 3 35 o (4] -0 (7))

which is proved in Step 1 by adapting Andrews’ (1995) proof of Lemma A-2, (ii)

1 w— W,
TWWZEF ()]

sup
( ) Rm+1

1
Th pm
hy

sup
wayerm+r | TR
1 w— W,
(53) ZElDAFO(y!Wt) ( - t)”:()p (hy) .
h t=1 w

which is proved in Step 2, and (iii)

Lyp [DAFO@W ()]

wop=1

sup
(y,w)ERMH1

T

1
(54) — DMFO(y|lw)= T ng O, (hY),

which is proved in Step 3.

STEP1: When A = 0, note that |I,(y)] < [|Ko(u)|du < oo by (A11)(iii). When A = 1,
11:(y)| < supyer [Ko(y)| < oo by (All)(lll)- When A = 2, [Ii(y)| < sup,eg [Ko(y)| < oo by
(A11)(iv). Hence, I;(y) is bounded by some Cy < co. Moreover, (A6) and Theorem 3.49
in White (2001) guarantee that for every y, the sequence {(I;(y), W/)'} is strong mixing
with « of size —r/(r — 2), r > 2. Hence, for any (t,s), 1 < t,s < T, T > 1, we have
allt — s|) = O(|t — s|77/("=2=¢) for some ¢ > 0 (see Definition 3.45 in White, 2001), and
Cy =) o2 afs) < oo. Thus, by Billingsley (1995, Lemma 2, p.365), we have

)cov <It(y) cos(' W), L(y) cos(v'Wu)> ‘ < AC2a(|t — u)),

for any v € R™ and any y,t,u € R. Hence, instead of (A.15) in Andrews (1995), we have

( th coszt> SC’gTZ 80 C’l

As this also holds for sin(+) replacing cos(-), Lyapunov inequality implies

8Cy

20y T

B | S { 1) exp(iv' W) — E[L(w) expliv/ W]} <

t=1
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for any v € R™ and any y € R. Let Ly denote the left-hand side of (52). Using (A.11) in
Andrews (1995) with A = 0 and the above inequality, we obtain

Th)\Z{It )exp(iv'W;) — E[L(y) exp(iv'W;)] '|¢ (hwv |dv>

8C C.
< 200 gy [ ol = ot
y'w

where Cy = 2CoV/8C) [ |¢(u)|du < oo by (A11)(ii) using the change of variable u = hy,v.
By Markov inequality Equation (52) follows.
STEP 2: Consider first A = 0. Using Fubini’s Theorem, we note that

Bl =l = [ 1 (y ;yy) AF°(Y )

_ / / I <y ;Lyy _ u> Ko(w)dud FO(Y |w)

(55) = /Fo(y — hyujw) Ko(u)du,

which does not depend on ¢ because of (A9)(i). When A = 1, using the change of variable
Y =y — hyu, we note that

(56) E {Itfgyﬁwt :w} - /hiyKo (y ;yy) (Y |w)dY = /fo(y—hyu|w)K0(u)du.

y
When A = 2, using the change of variable Y = y — h,u and integration by parts, we have

£ | S — | = [ s (5 ) 0y = - [ £ o) s

(57) ~ [ D = byl Kn(u)da
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Now, let Ly(y,w) denote the term inside the absolute value on the left-hand side of Equation
(53). Combining Equations (55)-(57) with (A11)(iii), we have

Lr(y, w)
) XT:E { [ D*F‘)(ylW)] (“’ ;th)}
Tflzx b { U [DFO(y — hyulWi) = DAFO(ZJWG)]KO(U)du} K (w ;th) }
= [ [0 = hw) - DK () S Zg o

Hence, taking an Rth-order Taylor expansion of D*F(y—h,ru|W) at y, and using (A11)(iii)
we obtain
sup (Le(pw)l < B swp (DM [ KaCwldu [ | (7)Y
(y’w)eR7n+1 (y,w)ERm‘H

-0
X sup sup gT<w)7
T>1 weR™

which establishes Equation (53) because of (A8), (A9)(ii), and (A11)(i,iii).
STEP 3: The study of the bias (54) is standard as in the proof of Lemma A-3 in Andrews
(1995). Using (A9)(i) we have

e S s ()] = e e ()

wot=1 wot=1

= /Hg(y,w — hwW)K(VNV)dW,

where W = (w — W) /h,,. Hence, using a Taylor expansion of order R at w together with
(A11)(i) we obtain

T
W, 1
Thm ZE lDAFO(mW) (w - t)] DFO(ylw)= > g7 (w)
w t—l

w =1 =

g

aRHO(y|w hoW) ~ - S
W K d
e

1

H(y, w = h W) = H3(y, w)| K(W)div

where 0 < Ay, < hy,. This establishes Equation (54) using (A8), (A9)(ii) and (A11)(i). O
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Proof of Theorem 6. From Equation (9), the first order conditions associated with O are
(58) VTVeUr(07) =0,a.s. — P,

where VoWr(0) = (1/T) S {1[a:(0) — i~} fi[4:(0)]Voar(6) and fi(y) = d; [3@(% W4) /0y
/§(W,). Given (A11)(iv) f,(-) is continuously differentiable on R. Thus, a first-order Taylor

expansion of the condition (58) at 6, gives

(59) VTV U1 (00) + AoV (05)VT (07 — 0p) = 0,a.5. — P,

where 07 = cfy + (1 — c)@T for some ¢ € (0,1). To establish the theorem, we need two
lemmas:

Lemma 9. Suppose that (A0)-(A1), (A5)-(A7)(i), (A8)-(A10)(i) and (A11) hold. If by — 0
with bpV/Th2 b — 00, by [kl — oo and by [k, — 00, then NggWr(07) — Agg T3 (0p) =
op(1).

In particular, the conditions in Theorem 6 imply the conditions in Lemma 9. Thus
Aggli/T(é;) - Agg@}(@o) = Op(l)-

Lemma 10. Suppose that all the conditions of Theorem 6 hold. Then, VT[VoUr(6y) —
Voli(0o)] = 0p(1).

The remainder of the proof is straightforward: Equation (59), Lemmas 9 and 10 together
imply: VT(0r — 00) = — [Aap T (00) + 0,(1)] " (\/Tvexp;;(eo) + o,,(1)> ,a.s. — P. Thus 0
is v T-asymptotically equivalent to 07.. The desired result follows. 0

Proof of Lemma 9. Note that the assumptions of Theorem 5 are satisfied under those of
Lemma 9. Hence, 07 — 6,. Morcover, because 05 = cfy + (1 — ¢)07 for some ¢ € (0,1),
we have 0 = 6. Thus, it suffices to prove that supyeg |AgeTr(0) — AggTi(0)] = 0,(1),

where

Ago U7 (0)
= % > di {Tgu(6) - Vi) — o} {D?zﬁ[qt(e)|Wt]veqt(9)v9qt(9)' + DF[qt(H)MQ]Aggqt(Q)} :
Dog V7 (0)

= % > {Ta(0) - Yi] — o} {D*F[qu(0)|Wi]Voqi (0) Voai (0) + DF°[qi(6)[W,] Apou(0) }
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Let €7 be such that ey = o(br), epVTh2 ki, — o0, ep/hly — oo and er/hl, — oo. As

sup |Agp W (60) — DogpW5.(6)| < sup [Agp U (6) — DgpU5(0)] + sup [Agg U5:(0) — Agg¥7:(6)],
6o 0co 6o

where VU5.(0) is defined in Equation (47), it suffices to prove that both terms in the right-hand

side of the above inequality are 0,(1). Given Lemma 8 and Equation (46) we will use

ar’  sup  |D G(y,w) — H3p(y,w)] = o,(1),
(yw)eRm+1
az' sup |9(w) = gr(w)] = 0,(1),

for A = 1,2, which hold for any sequence {ar} satisfying aT\/ThzThZ}T — 00, ar/hll, — oo

and ap/h[f, — oo. For A = 1,2 we will also use the identity

1
9(w)
which follows from Equation (50). The proof then draws from that of Theorem 5. Specifi-
cally, in Step 1 we deal with AgyWr(8) — AggWs(0) = —ATY, — AT, — ATY)., where A\if%
are equal to AW, for j = 1,2,3, where F(Y;|W;) — FO(Yy|W,), F(qu(0)|Wy) — FO(qu(0)| W),
FO(Y;|W;) = F°(g,(8)|W;) axe replaced by {D*Fq,(6)|Wi] — D* F°[q,(8)|Wi]} Voq: (6) Vs (9),
{DF[g(8)|Wi]— DF°[gs(6)|Wi]} Agoqs (6), and D>F°[qi(6)|Wi]Voq:(6) Vgs (6) +DF°[gs(6) | W3]
Agoqi(0), respectively. We then obtain

[Dk(?(y,w)—HST(y,w)J—%[g( )~ (w)

D*F(ylw) — D F(y|w) =

y,w)ER™HL

’A\I’%J b;l [( sup |D2é(y7 UJ) - HST(ya w)‘

+  sup  |D*FO(ylw)] sup 9(w) — g7 (w)
weR™

(y,w)eR™HL

T
1
—g Jysup |[Veqi(0)Veq: (0)]] .
thl teeg’ 0%() eC]t( )|]

Thus, supyeg AV = 0,(1) as Cauchy-Schwarz inequality gives

T T 1/2 )
]_ , 1 1 /
- < (L 1
T t; J 21611@) IVoq:(0)Voq:(0)| < (T Z Jt> (T E (sup V6q:(0)Voq,(0) |> )

(60) = o), _

1/2

by Equation (51) and (1/T) Y./, (supsee |Voqi(8)Voq:(8)')> = O,(1), which follows from

T 2
Z (Sup Vo (0 ngt(Q)'O

2
: < E(supweqt(e)veth)w) < oo,
—1 €O

I<t<T,T>1 Ie)




56 KOMUNJER AND VUONG

using (A7)(i) and Markov inequality. Similarly, sup,.e AW = 0,(1) using

T
1
1 = DNgoqr(0)] = 0,(1).
(61) T;Jt§2§| 00: (0)] = 0,(1)
Regarding AU/ we have

T
- 1
AU < s PPyl S Jisup (V0 (6)Voado)|
t=1 €

(y,w)eRm+1

T
1
+  sup mFo<ylw>|fZﬁgggm%qt(en,
t=1

(y’w) eRm+l

showing that supyeg AW = 0,(1) using Equations (60) — (61) and (A9)(ii).

In Step 2, we deal with AggW5.(0) — Agg U5 (0) = —ATSY — AT + AT, where AT
are equal to AW, for j = 1,2,3, where E(Y,[W,) = FO(Y,|W,), E(q(0)|W,) — F(q,(0)|W,),
FO(Y;|W;) — F°(q:(0)|W;) are replaced by {D2F[Qt(9)|Wt] — D2F[qi(0) W]} Voar(0) Vo (0),
{DE(a,(0)[Wi]—=DF°[q,(6)|Wi]} Aggas(8), and D*F°[q,(8)|Wi] Vg4:(8) Vas (6)' +DF°[4s(8) | W]
Ageqi(0), respectively. We then obtain

AVE < Bp) A =07 sup DGy, w) = Hyp(y, w)l

(y’w)eRerl

+ sup  |[DF(y|w)| sup [§(w) — gp(w)]
(y,w) R+ weR™

T
1

=Y disup |[Voq:(0)Vaq: (0)'|]
th_; teeg’ 00:(0)Voq,(0)'|

with probability approaching 1, where (1/7) 3/_, d¢suppee | Vo (0)Voq: (0)'] < (1/T) 32/,
supgeo |Voq:(0)Veq:(0)'] = O,(1) by Markov inequality and (A7)(i). Hence, supycq AV =



EFFICIENT QUANTILE ESTIMATION 57

0,(1). Similarly, supycq AVSY = 0,(1). Regarding AV, we have

Nz
1 T
< | sup  [D*FO(ylw) fZ( — d) SUP|V9Qt(9)VHQt(9)'|]
(y,w)eR™+1 —1 fed
1 T
+| sup [DF(ylw)|| |7 (1—dp) supme@qt(eﬂ]
(y,w)eRm+1 =1 0cO

1/2 1/2

sup  [DF°(y|w)|

(y,w)eR™ 1

+

which is an 0,(1) as (1/T) Y, (1 — d3)? = (1/T) 3., (1 — d5) = o0,(1) from Step 1 of
Theorem 5. ]

Proof of Lemma 10. Note that for any density f:(-), we have E(ft [7:(00)]Voq:(00){A[q:(00) —

Y] — a}) = 0. Thus, Lemma 10 could be established from (i) the stochastic equicontinuity
at f9(-|-) of the vector process vr(f) = (1/VT) S0, flae(0) Wi Voa: (B0){Llg:(0) — Yi) —}
with respect to some pseudo-metric p(fi, f2), and (ii) the consistency of f(:|-) = T[g(-) —
br|DG(-,-)/§(-) to fO(:|-) with respect to p(-, -). See Andrews (1994b) for some general results
on stochastic equicontinuity. These require, however, a more elaborate trimming than the
one used here in view of Andrews (1995, p.571). We thus prove Lemma 10 directly.
Though more complex, our proof draws from the asymptotic normality proof of Theorem
1 in Lavergne and Vuong (1996). For similar asymptotic normality proofs in the iid case see
also Robinson (1988) and Hardle and Stoker (1989). As previously, we let ¢ = g, (W4, 6).
Moreover, let er be such that e = o(by), exTY*h,rh™y — oo, er/(TY4hE,) — oo and

er/(T*hl;) — oo. As
Volr(0o) = VoW (o) = |VoWr(6o) — VWi (0o)| + VoW (0) — VoW (o)),

where W5.(0) is defined in Equation (47), it suffices to prove that both terms on the right-
hand side of the above equality are 0,(T~*/?). Given Lemma 8 and Equation (46) we shall
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use
(62) a}Q sup ]Dé(y,w)—H?T(y,w)P - 0p<T71/2)7
(y’w)eRerl
(63)  ar® sup DGy, w) — Hyply,w)| sup [g(w) — gh(w)] = o,(T2),
(va)eRm+1 ’LUER"”
(64) az? sup [g(w) — gHw)? = o0, (T3,

weR™

which hold for any sequence {ar} satisfying arT"/*h,rh"y — oo, ap/(T*hE.) — oo and

ar/(TY *hlf) — oo. We shall also use the identities

) Folo) = Pule) = ~=DG(w) - By () - E0D 500 - ),
_ DGy w) = Plylw)aw) | [lw) oo o
- Ao g )
1 A 0 5w — 7 (w
(66 s DG ) ~ B 0)iw) - g0

STEP1: We first show that VW (6y) — VeWs(8y) = 0,(T~'/?). We have

VT [V (00) = Vou(60)] = —= (= H)[N(af ~ ¥0) = ol (W) Vot

= VTAY,(6) + VTATYY,.(0,),

where J; = di(1 — df), H; = (1 — d;)d; and

VTAW(0) = % >0 HOMaE =) ~ GV PVt
VAW, (6)) = % S — H)[I(g) — Y5) — al (W) Vg

o~
Il

1

As H; < T[|g(W,;) — g%(W;)| — er| and the event {sup,, |§(w) — g»(w)| > e7} has asymptotic
probability 0 because Property (64) holds with ar = er by construction of e7, we have
supy<icrr>1 Hi = 0 with probability approaching one. Hence, we need to consider the J;

terms only. Namely, it suffices to show that A@%(@O) = 0,(T7%?) for j = 1,2. Using
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Equality (65) and the definition of J;, we obtain

AL (00)] < bt | sup  |DG(y,w) — Hip(y,w)|
(y,w)eRm+1

+ sup  f(ylw) sup [g(w) — g (w)|
(y )R+ weRm

1 T
szqﬂ] |
t=1

!

|A\I’g% fo)| < Z (4 W) Vg .

But (1/7) S0, I odf] < (1/T) S04 (1 — d9)|Vogf] = Oy(B7) and (1/7) 57, 10|V
Vo] < (1/T) S50, (1—dS) £O(¢°|Wh)|Veg?| = O, (b3) by Markov inequality combined with
(A10)(ii)-(iii) where cp = b% = O(br). Hence, using sup, ,yegm+1 f°(ylw) < oo by (A9)(ii)
combined with Properties (62) and (64) where ap = by, we obtain AW (8g) = O,(T/4b1.)
and AUYL(6y) = O,(b37). Since by = o(T~Y*) we obtain A\i/%(é’o) = 0,(T~/?) for
7 = 1,2, as desired.

STEP 2: We next show that VWS (0y) — VeWi(6y) = 0,(T~2). We have VU5 (0y) =

+ [VoWe(00) — po], where g = T~ 32, di[U(qf — Y1) — o] f(af|Wi) Viogp and

VoUs(60y) —
=7 Z di1(q? — Vi) — ] [F (W) = F°(a? W) Vg
g DG(qQ, W;) — fO(q?|W)§(W,)
Tzd Y; —Oé] gg(m) V@Q?

1 € 0 fO(Q?WVt) N -0 2 0
+ T Z:: di[M(q, —Yi) — O‘]W[Q(Wt) — gr(W)|* Vg,

- 3t — i) - o) PR R g 4 — g 10,

= Myt o — s,

using Equality (66). Hence, VoW5.(6y) = 1o + 4y + f1o — p13. Thus, the proof is complete if
1o = VoWi(0o) + 0,(T~1/?) and pi; = 0,(T7/?) for j = 1,2,3, as shown next.
STEP 2a: We show that 11, = VaWh(6y) + 0,(T~/?). We have

T

po = Vo i(00) — 7 (1~ d) (el — Y:) — ] °(a?|1V:) Vo’

t=1
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Let 11y, denote the second term on the right-hand side of the above equality. Thus, it
suffices to show that igy = 0,(T~'/?). But, from Step 1 we know that |pg| < 77131, (1 -
) f2(%)W3) | Voq?| = O, (b2)). The desired result follows from by = o(T—/*7).

STEP 2b: Next, we show that py, = 3 = 0,(T/%). We have

T
VT < vT sup Plylw) sup [§w) = 50 Zvaqt

be Hlf{wg (w)>bS, }’g( )| (y,w)eRM+1 weER™

But Property (64) with ap = b%. implies (b%) ' sup,, |§(w) — gh(w)| = 0,(T~*) = 0,(1).
Hence, for any 1 € (0,1) we have inf(,.g0 ) ~1y 97 (w)| /b5 > 1 — 1 with probability
approaching one. Thus, with probability approaching one

VT 1y| < (1 — g, Sup fOylw) sup [g(w) Z Vg,

( 5“) (1 - 77) (y,w)erRm+1 weR™

which is an 0,(1) by Property (64) with ar = b% as sup,, ,,)cgm+1 f*(y|w) < oo and (1/T) ST
IVoq?| = O,(1) as noted earlier. That is, y, = 0,(T~Y/?). Similarly,

T
NP vT

b I0f 150 (w)>be.y |G (W)

T
) ) U
x sup DGy, w) — Hyp(y,w)| sup |g(w) = gp(w)l= D [Vag]],
t=1

(y,w)eR™+1 weR™

which shows that p; = 0,(T~1/2) using the same argument with Property (63).
STEP 2c: Lastly, we show that u;, = 0,(T~Y2). Let Kor(:) = (1/hyr)Ko(-/hyr) and
Kr(-) = (1/h7) Ko(-/hyr). Thus, from the definitions of DG(y, w) and §(w) we have

1 6]I —
Hi = T Z Zdt 70 I/Vt [Kor(q) —Ys) — f2(a?IWy)] Kp(Wy — W) Veg)
t=1 s=1
T-—-1
= L+—U,

T
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where L and U are the diagonal and U-statistic parts defined as

. -«
L = T2 Zd ,0 VVt) [K0T<qz? —Y;) — f0<qz?|VVtﬂ KT<O)VGQ1?
U = Z UTts
1<t7$s<T
1
Urts = 5 (ug"ts + ug"st) = hT(Y;‘? Wt; Y:97 WS)
(@ -Y,) —«a
W = [Rorlal = Y2 = FGEWD] K (Wi = W) 0=
g, —Ys) —«
e = (Kol ~ ) — FIW] KW, - Wy S (W)) Vodt.
T s

for 1 <t # s < T. Note that hrp(Y;, W, Ys, Wy) is symmetric in (Y;, W;) and (Ys, Wy).
Hence, it suffices to show that L and U are both o,(T~1/2).

For L we have
T

1 1 1
VTL| < sup |[Ko(y)|+ sup  fOly|w)| |K(0)|= Voq?
[VTL| N yeR\ o(y)] e (ylw) | [K( )T;I il

where sup, ,ycrm+1 fO(ylw) < 00, sup,cg [Ko(y)| < oo and |K(0)] < oo by (A11)(iii) and
(A9)(i1). As (1/T) 37, [Vea?| = Op(1) by (A7)(i), (A5) and Markov inequality, we obtain
VTL = 0,(1) because vVTbGhyrhy = b$TY4h,rh™TY* — oo using bS. = bp(1 + o(1)).

It remains to be shown that U = o0,(T~%2). Because of the stationarity assumption
(A6)(i), we have go(-) = ¢2(-) = ¢°(-). Moreover, from the Hoeffding decomposition (see
e.g. Arcones (1995, eq. 1.7)), we have U = Uy + 2U; + U, where

2
(67) Uo ////hT Y1, W1, Y2, W2 H (yiwy) g° (wy) dysduwy]

t=1
(68) U = = ;hﬂ Y, W)
1
(69) U2 e ——— h/TQ (}/;,7 Wt7 }{97 WS)
(T-1) 1<;<T
(70) th(yl, wl) = //hT(ybwla 3/2,w2)f0(y2’w2)90(w2)dy2dw2 - Uy

(71)  hro(yr, wi,y2, w2) = hr(yr, wi, Y2, we) — hri (Y1, w1) — byt (Y, we) — Up.

Note that Uy # E[U] as [y [f°(ye|w)g°(w;)] is not the joint density of (Y, Wy, Yy, Wa),

while hpy () and hro(-) are canonical kernels, i.e. symmetric kernels satisfying E[hr (Y71, W1)]



62 KOMUNJER AND VUONG

= 0 and E[hra(y1, w1, Y2, Wa)] = 0, respectively, as noted by Arcones (1995). Thus, it suffices
to show that v/TU, = 0,(1) for k = 0,1, 2.

STEP 2c(i): We start by showing that/TU, = o0,(1). In fact, we have Uy = 0 as Equation
(67) gives

Uy = ////%(“%12+“0T21ﬁ FO (e w2)g° (w ) dysduy]
- //{/ [Hor(a) = y2) = fo<q(1)|w1ﬂf0(y2|w2>dy2}

X {/ [1(q) — 1) — o] fo(yllwl)dyl} Krp(wy — wz)cé%(vzf)? 9°(w1)g° (ws)dwydwy

//{/ [Kor(g5 — y1) — 2(g3]ws)] fo(y1’w1>dy1}

X {/ []I(q(z) — ) — 04} fo(y2’w2>dy2} Kyp(ws — wl)cé%(quj)g 9°(w1)g° (ws)dwydws,

where [ [I(¢{ — y) — o] f2(yeJwi)dy: = 0 for any ¢ by assumptions (A1) and (A9)(i).

STEP 2c(ii): We now show that v/TU; = 0,(1). By Markov inequality it suffices to show
that E(TU?) = o(1). But assumption (A6’) and Lemma 3 in Arcones (1995) with p = r
imply

(72) E(TU3 =T'E

9 T-1
(> hmvi ) ] Se(TH T Y as ) My,

1<t<T t=1

where (3, are the mixing coefficients of {(Y;, W})'}, ¢ is a universal constant and My =
SUP| oo [E A1 (Ye, W) "]*/". Note that Lemma 3 in Arcones (1995) is written for canonical
kernels that are independent of T'. It is, however, easy to see from his proofs that this lemma
and Lemma 8, which is used to prove it, both hold even when canonical kernels depend on
T as in hy(-) and hpo(+). From (A6)(ii) we know that > o2, B < 56 (see e.g. White
2001 for the definition of the size) hence T-! + T-1 32718 2/" — O(1). We now show
that Mr; — 0. As Uy = 0 and the integral of u%,, with respect to fO(ys|ws)g®(ws)dyadwsy is
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zero because [ [I(¢) — y2) — a] fO(y2|wa)dys = 0, we have from Equation (70)

|hT1(y17w1>|
1 d5Voq?
— |2 [M(° — . 1 1
2 [ (@ =) a} g°(wn)

< [ ot = ) = 2] Pl = ) )

< L) T [ )[4t = o) = 280 o} vt = )t
< ’ZZ?I /{/Ko ) [S2(d) — uhyr|ws) — fO(qfws)] d“} Kr(wy — wp)g” (ws)dws
+\V22_211\ /[fO(CJ?Iwz) — U@ lw))] Kr(wn = ws)g"(wy)dw,
< |V22§11| / '/ — uhyrlws) = f2(gws)] dul | Kr(wy — ws)|g" (wa)dwe
- —|VQZE]1| / (1@ 1w2)g° (w2) — fO(g8]1)g° (wn)] Ko (wn — ws)duw,
‘zzgl‘fo '/ w2 —g (wl):| KT(wl U)Q)de
< Telog) [kl = huriar
by
0
+ |VQZ—31| / [foaflwn = vhar)g®(wn = vhur) = f(ad]wn) g (wr)] K (v)dv
+ szgl‘ FO(qlwn) / [6° (w1 — vhyr) — ¢°(wn)] K (v)dv
< MC“' {O(hyr) + [1+ (a7 [w1)]O(hngp) }
T
SO
73) foraon. )] < 8L {00+ O(h)}.

where we have used the change of variables v = (¢¥ — y2)/hyr and v = (w; — wa)/huwr
combined with (A8), (A9)(ii), (A11)(i,iii) and Taylor expansions of order R of the inte-
grands. As E[Vyq?|" < sup,;cpps1 Elsuppee |Voga(We,0)]"] < oo by (A5) and (A7)(i),
it follows that (E|hpi (Y, Wy)|")Y" < (1/b%) {O(h) + O(hf;)} uniformly in ¢. Hence,
My < (1/b%) {O(h) + O(hfy) }. Given b = br[l + o(1)], k= o(br) and hll, = o(br),
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which follow from by /(T**hf) — oo and by/(T"*hl,) — oo respectively, we have that
Mz = o(1). Combining Property (72) and (A6’)(i) then gives E(TU?) = o(1) as desired.

STEP 2c(iii): Finally we show that v/TU, = 0,(1). Again, by Markov inequality it suffices
to show that F(TUZ) = o(1). Similar to the previous case, Assumption (A6’) and Lemma 3
in Arcones (1995) with p = 2r imply

T 2
E(TU3) = (ﬁ> T3E

> hn(i@,m,}fs,ws))Q]

1<t#£s<T
T 2 T-1

(74) < (—T_ 1> (T T35V ) My,
t=1

where ¢ is a universal constant and Mry = SUp; < seeo0 [E|hra(Ys, Wi, Vs, Ws)|27”]1/(2r). We
now show that 7-! + T-1 "1 ¢p0 D" — O(1/y/T) and that My, = o(TY/4). The first
property is implied by Y 77, ¢8I/« o6 for which it suffices to show that S ¢/

0as 7 — 0o. As previously, from (A6")(ii) we know that 3222, 8"~/ Ay
0ast — oo and 3, <t/ for t large enough. Thus 327" tﬁy_l)/r < 27 7102 which
vanishes when 2 < r < 3 as assumed. For the second property, we bound Mps. From

Equations (71), (73) and Uy = 0 we obtain

< 00 hence 6t

\Y + |V
|hT2(y17w17?J2,w2)| < |hT(?J1,’wlay2,w2)| | GQI|b€| GQ2| {O th +O(h5T)}
[Vogi| +Vogs| m =
< LI O(hyr i) T+ O(hjy) + Ok}

where the second equality follows from the definitions of uf.,, and uf,,, where sup,,cp | Ko(y)| <
00, SUP,epm | K (w)| < 00 and supy, ,)egm+1 f(ylw) < oo by (A11)(iiii) and (A9)(ii). Thus,
by Minkowski inequality we obtain

Mpy, < sup {[Eyvquml/ ) L BV, q0|2r]1/(2r)}x

1<t#£s<o0

1 hir hi.
{O (b%hyTth) o < by ) o (?)}
1 hiyfr hir
= Oz + ( b ) ro(5)

by (A7)(i). Given b§ = br[1 + o(1)], %, = o(br), iy = o(br) and by T *hyrhll, — oo, we
have Mry = o(T**) as desired. Thus, Equation (74) implies E(TU2) = o(1). O
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