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Abstract

We show that the infinite regression problem in models with differentially informed
traders can be solved using a fixed point method which we use to derive the dynamie
equilibrium in a multi-auctions model with diversely informed traders. We find that
when the informed traders’ signals are not perfectly correlated, their private informa-
tion will be revealed to the market gradually so that the market is only semi-strong form
efficient and not strong-form efficient. Market depth in the continuous auctions model
initially increases with time but decreases o zero at the end. Our results are in con-
trast to the results of Holden and Subrahmanyam (1992) and Foster and Viswanathan
(1993) (HS-FV) who showed that when auctions occur frequently and informed traders
have perlect information, the information is revealed to the market almost immediately.
However, when the correlation in the private signals goes to 1, cur model converges to
the H5-FV model.



1 Introduction

A trader with long-lived information faces a dilemma as to whether to trade heavily in the
short run in the hope of getting a good price before the information leaks out, or whether
to spread his trades to minimize the price impact. Kyle (1985) develops a model in which a
single privately infermed trader with long-lived information optimally exploits his monopaly
power over time. The informed trader, and noise \raders who trade randomly, ! submit
order quantities to risk-neutral market makers who set the price equal to their expectation
of the risky asset payoff. In equilibrium, the informed trader trades in a gradual manner
80 that his information is incorporated into the price at a linear rate, and in a continuous
auction economy the expected profit of the informed trader is twice that in the single auction
economy. The financial market in this model equilibrium is semi-strong form efficient but
not strong-form efficient.

When there are more than one informed trader who trades strategically, competition
between them causes information to be revealled more rapidly. Holden and Subrahmanyam
(1992) and Foster and Viswanathan (1993} (HI5-FV) have found that when there is more
than one perfectly informed trader who trades strategically, there exists a unique linear
equilibrium in which the informed traders trade very aggressively.? The entry of even one
additional informed trader causes nearly all of the private information to be revealed to the
markel maker extremely rapidly so thal the depth of the market becomes extremely large
almost immediately. Consequently, a market with more than one informed trader is close
to perfectly strong-form efficient, in thal the security prices reflect virtually all available
information.

HS5-FV make the strong assumption that informed traders have perfect information. A
more general assumption is that the private signals of the informed traders are noisy and
less than perfectly correlated ® However, while models of informed investors with diverse
signals have been extensively studied in the literature on competitive noisy rational expec-
tations equilibrium, their use in non-competitive dynamic trading models has been limited
by recognition of an infinite regression problem®. In this paper, we develop a fixed point

"Spiegel and Subrahmanyam (1992) replace the noise traders in the Kyle model with sirategie, utility
maximizing hedgers who Lrade to hedge endowment shocks.

*1IS assumed normality of the risky asset value while FV allowed for clliptically contoured distributions,
FV went on to show that the expected profits of the informed traders vanish as trading oceurs more frequently.

fiven if the informed traders buy information from the same information seller, the information seller
may want to add diversified noise to the signal to the information buyers. For a discussion of diversified
signals and value of information, see Admati and Pfeiderer {1986).

*See Townsend (1983) and Me and Wang (1993) for a discussion of the infinite regression problem in
dynamic rational expectations models. Spiegel and Subrahmanyam discuss a model with diversely informed
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method for solving the infinite regression problem and use it to analyze a model in which
the information structure is symmetric, but informed traders receive dilferent signals.

In a single auction model in which the informed traders have diverse signals and there are
more than 3 informed traders, market depth decreases with the variance of the uncorrelated
element of informed investors’ private signals when that is small. Moreover, the profits of
the informed traders do not vanish as their number increases to infinity. However, when
the private signals of the informed traders are perfectly correlated, the total profits for the
informed traders go to zero as the number of the informed traders increases.®

In a dynamic multiperiod auction model, each informed trader learns about the private
information of other informed traders through the lime series of prices and revise his expec-
tation of the value of the risky asset accordingly. It is natural then to suppose that informed
traders will restrict their trading in the early rounds in order to conserve their private in-
formation advantage, as in Kyle (1983). This intuition is confirmed in a linear symmetric
equilibrium. We find that as long as the private signals of the informed traders are not
perfectly correlated, they trade conservatively in order to limit the leakage of their private
information into the price. The expected profits of the informed traders do not vanish as the
markel opens more frequently as happens when the private signals are perfecily correlated.
Market depth initially increases over time but decreases towards the final auction. When
auctions proceed continuously, all private information is revealed by the end.

The intuition for our results is that when traders have diverse information, the idiosyn-
cratic error in each informed trader’s private signal makes him act like a monopolist of his
own private signal and causes him to trade more conservatively. For example, suppose that
there are two informed iraders who observe imperfectly correlated noisy signals and that
there exists an equilibrium in which traders trade so aggressively in the first round that
virtually all private information is ineorporated into the price. We show in the following
arguments that informed traders will deviate from such an proposed equilibrium. Since the
first informed trader trades very ageressively in the first trading session, his information will
be almost fully incorporated into the price alter the first trading session. Then the second
informed trader will be better off not to trade in the first session but wait until the later
rounds where he can trade as an information monopolist. By not trading in the first round,
the second trader manipulates the beliefs of both the first informed trader and the market
maker. The market maker, believing that the price aggregates all private information almost
perfectly (which is false when the second trader deviates from the equilibrium), will make
the price insensitive to the order flow in later trading rounds, The first informed trader,

traders in a one period non-competitive securitiss market
*See also Foster and Viswanathan (1993).



drawing the wrong inference from the price, has incorrect expectations about the value of
the risky asset and believes that the price is very close to the conditional expectation given
all private information. As a result, the first informed trader will trade a very small amount
while the second informed trader will earn large profits from trading in later rounds in the
off-equilibrium strategy, which breaks the proposed equilibrium. Consequently, informed
traders trade conservatively so that prices incorporate the private information gradually.

However, if the two informed tradets both observe a perfectly informative signal as in
H5-FV.% i.e., the value of the risky asset, the case will be different. In their perfect revealing
equilibrium, if the second informed trader deviates by not trading in the first round, the
sccond informed trader can manipulate the belief of the market maker but not the belief of
the first informed trader, In the subsequent trading rounds the first informed trader again
competes with the second informed trader on the same signal and drives both traders’ profits
from later rounds close to (. Therefore, the proposed equilibrium is robust to 1his kind of
deviation.”

Section 2 presents our single period model with diverse signals. Section 3 extends the
model to a multiple-period setting. Section 4 discusses a limiting result when the number
of anctions goes to infinity. Section 5 presents the numerical examples for both the discrete
time model and the continuous auction model. Section 6 concludes the paper.

2 The Single Auction Model

In Subsection 2.1, we describe the economic structure of the model and discuss an infinite
regression problem that has been identified by Townsend (1983). We provide a general
solution for the infinite regression problem using a fixed point argument. In Subsection
2.2, we use the fixed point method to construct an equilibrium in a setting in which the
information structure is symmetrie.

*The same argument goes through when the two informed traders observe the same noisy signal. Both
traders will trade very aggressively on the difference between price and the expectation of the risky asset
value given the private signal

"However, the market maker will incur very large costs if the second trader deviates from the equilibrium
]J}l mustake.



2.1 The Economic Structure and the Infinite Regression Prob-
lem

Following Kyle (1985), a single risky asset is traded by three types of traders: risk neuiral
informed traders who possess private information about the liguidation value of the risky
asset, v, liquidity traders whose demands are exogenous, and a competitive risk neutral
market maker. The market maker absorbs the net demands that others trade and sets the
price equal to the expected liquidation value of the risky asset given the order flow. We
assume Lhat each of M informed traders, 1,2 =1, .-, M, observes a signal of the form

n=v+f4¢ (1)

The total random demand by the noise traders iz denoted u and v, 4, ¢;, u are normally
and independently distributed with mean 0.8 The variances of v, 8, €, u are o2, 07,0, o2

? LTk )
respectively. The informed traders are assumed to be risk neutral.

In this model, informed traders have different but correlated private signals. This gives
rise to a potential infinite regression problem, which may be thought of as follows, Con-
sider the case of two informed traders. Let z; denote the optimal trading strategy of in-
formed trader i and ;]| denote his expectation. The first informed trader’s optimal trading
strategy, 11, depends on his own private signal, z;, and his expectation of market maker’s
price which depends on the total order flow. Therefore, z; depends on z;, and the the
first informed trader’s expectation of the second investors’ optimal trading strategy, £i[zq).
Similarly, the second informed trader’s optimal trading strategy also depends on his own
private signal, z; and his expectation about the first informed trader’s optimal strategy,
Eafz;]. This implies that the first informed trader’s optimal trading strategy depends on
his private signal, z1, his expectation of the second informed trader’s private signal, F,[z],
and his expectation about the second informed frader’s expectation of his optimal strategy,
E3[Ey[z4]). Returning to the second informed trader, his optimal trading strategy now de-
pends on zg, Eafz1], Ea| By [#]], B2 Ei[Ez|21]]]- In this way, there appears to be a problem of
infinite regression.

This problem of infinite regression can be solved if we can show that there exists an
equilibrium in which the form of each informed trader’s demand function, expressed in his
private information and public information, is common knowledge” Conforming to the

*The model can be easily extended to include more general correlation structure among 8, ¢ as long
as the information structure among the informed traders is symmetric in which case the average of their
private signals is a sufficient statistic of all private information.

*This approach is similar to that in Townsend (1983), p569-575.
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literature on non-competitive trading, we restrict our analysis to linear Cournot equilibria
in which each informed trader's equilibrium demand is oplimal given others’ equilibrium
demand.’ We then show that the infinite regression problem reduces to a fixed point
problem.

We conjecture that in equilibrium the optimal order of informed trader 4, a;, is given
byt
= ﬂ:‘—‘u’.‘- {2}

The aggregate order of the informed traders is denoted by X = ¥, & and in the
comjectured equilibrium the market maker sets the price, p, according to the linear rule.

p=MX +u). (3)

The vector (#8;.---, By, \) is common knowledge and, given the assumption that other
informed traders follow the conjectured equilibrium strategy, informed trader i’s optimization
problem is to maximize his expected profit given his private signal z;,. Let m; denote the profit
from trading for informed trader i, his expected profit from trading, E[w;|=], is given by

Elmi|z] = Elz(v — p)la] = Blziv — Mai + 3 852}zl
RS

The first order condition of the problem is

E[U - }L[:m.; + Zﬁjzj}lz"] = A=,
i

Since the prior means of v, §, &; are 0, multivariate normality implies that both E[v|z]
and Elzj|zi,j # i] are proportional to z as conjeciured, therefore, the optimal demand of
informed trader 4 is of the form given by (2) and 8 is a function of A, J;,j # i writlen as

B = filA By Bicay Bivns s )

The market efficiency condition, that the market maker sets price equal to the expecta-
tion of the liquidation value of the risky asset given the order flow, gives (3) where A is also
a function of 8y,-- -, far written as

""There are potentially many Stackelberg cquilibria, with multiple leaders and followers and there could
also exists many noo-linear equilibria,

"*We are implicitly using the condition that the prior mean of v is 0. If the prior mean is ro, the demand
function should be 2y = #;(% — po), where py is the prior mean of v.

i



A=g(f, -+, Bw)-

The infinite regression problem then reduces to the problem of finding a fixed point of
the mapping (fi,- -, far,g) that maps the Euclid space RM*" into itself.

A similar analysis carries through in a dynamic model with' N auctions. We assume that
the liquidity traders trade Aw, at the nth auction and conjecture a linear equilibrium in
which the optimal order of informed trader ¢, Az,;, Vi at period n,n=1,--- | N is given by

&mﬂi‘ — Lm'[:"?l‘rph ;o :npﬂ—l}-
The total order flow AD,; at the nth auction is

M
AD, = " Agy; + Au

i=1

and market maker sets the price according to
Ba = an(ﬁﬂh' = :&Dﬂ}

where Ly{-), Lyw(-) are linear functions in R*. What we need to show is that given the price
funtion Lum(-) and other informed traders’ equilibrium demand functions, L.;(-),7 # i,
Lyil-) is the optimal trading strategy for trader ¢ at nth auction. Then, given the informed
traders’ equilibrium demand functions, p, = L..(-) is the expected value of the risky asset
for the market maker at the nth auction. The infinile regression problem again reduces to a
fixed poinl problem.

In the next subsection, we use this approach to solve the infinite regression problem in
the case where the information structure is symmeiric. When the informed traders have a
symmetric infermation structure, the M + 1-dimensional fixed point problem is reduced to
a Z-dimensional fixed point problem. Whether the fixed point problem can be solved where
the information structure is asymmetric, and more generally, the necessary and sufficient
condition for the fixed point problem described above to be solved are beyond the scope of
this simple paper.

2.2 The Single Auction Model with Symmetric Diverse Signals

Throughout the analysis we set the variance o = Mo? so that the precision of the private
signals 15 identical for each informed trader. To derive the equilibrium, it is convenient to
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define a sufficient statistic of the informed traders’ private information, ¥, which is equal to
the average of the private signals. ¥ is related to the liquidation value of the risky asset v
and investor i's private signal, z;, as follows,

¥ M
Y:—I= : == e L
BT

o
ElplY]= Y = kY

Y
Yo+ (M —1)a?

EIY |=) =

£1 = A0Eay

where
Ly =var[¥] = o? + o} 4 o?
o
8y = 2o ;
Yo+ (M- 1)o?

ky =

We set the variance of ¢ to be proportional to M so that the variance of the sufficient
statistic of the private information does not change with M. In Theorem 1, we describe a
linear symmetric Cournot equilibrinm,

Theorem 1 There exists an cquilibrivm in which the order of informed trader i, x;, and the
equilibrivm price p are given by

Af
s = ks =315, P=NX4u) (4)

fm=]

where 5

. 0
= A{1 + Msg) (5)
 MEA%, ;
C MREFPE, + o2 (6)

Proof: For trader ¢ to maximize his expected profit, Elz;{v — p)|z], he has to estimate v — p
using his private information and the assumption that other informed traders follow the



equilibrium strategy. Now
Elv—plz] = Elv— Mz + 8k ) 2; +u)|z]
g
= E[E[v — AMBEY|Y] — Mz — Skiz)|z]
Bk Y — MBAY — Al — ﬁklziﬂzi]
= (1= MGkisoz — Azi — Bhz)

1l

Let x; denote the profit for.informed trader 4, his expected profit is E[m|z] = Elri{v —
p)|zi], maximizing this with respect to z;; we get,

[li:] e Mﬁkli}.ﬁuz; s JLI:J'!; =l ,Bk1 I:",'} — :E"JI. = ﬂ,

which is equivalent to

Therefore, 3 is given by (5). The market cfliciency condition implies that A is the
regression coefficient of » on EE] z; + u. Multivariate normality implies that the regression
is linear, so we have

ME2F%,

A= Mgy, 1ot

Q.E.D.

Solving (5) and (6) explicitly for § and A, we have and A

_ [
8= MY, &y

Ao YSMTok ol (ot +ad)/M + o -
(L+Mso)o. o, (1+1/M)(0? +0%) + 202

In this market the ex ante profit of informed trader ¢ before he gets his signal is

Elx] = E[zi{lv—p)] = %la‘i.

The total expected profits for the informed traders are

M
M=) m=iol, (8)

=1



where A is given by (7).

The total expected profits of the informed traders depend only on A and &2, For sim-
plicity, we analyze the comparative statics of A, a monotonic transformation of In A. We then
have

din) _ (M =3)(0? + o) — 2M o?
do? 2ol +of + Ma2)[(M + 1)(el + of) + 2Mo?]
dind (M +1)e2 4 o) + 2M a2
doe} 202+ a2 + Mo?) (M +1){(c? + o?) + 2Ma?]
dind of + ol 2 Ma?[2Ma? + (M + 1)af + 207]

a2 ool oldt Ma?)  a2[(M +1)(02 +af) +2Ma?]
dinx  fa?+4a2)} 1-1/M
dM M 2[(c2 + oF)/M + o2|[(1 + 1/M)(cZ + 02) + 207|

When M > 3, A increases in the variance of the uncorrelated signal noise, oF for small
72, The maximum value is achieved when

2M_

% T oM

3n:crf; + of).

After achieving the maximum peoint, A decreases with the variance of the uncorrelated
signal noise.

In contrast, A decreases monotonically with respect to M and ¢} and increases mono-
tonically with o2. As in Kyle (1985), the quantity 1/} measures the depth of the market.
The discussion above may be summarized by the following proposition for the market depth.

Proposition 1 Markel depih always increases with M and o} and decreases with 0. When
M < 3, marketl depth always increases with . When M > 3, market depth initially
decreases with o and then increases with a? after reaching the mazimum point of =

(M —3)(02 + 02)/(2M).

The adverse selection problem faced by the market maker, decreases with o2, the variance
of the correlated element of the error in the private signals, and increases with o2, the variance
of the liquidation value of the risky asset. Consequently market depth increases with o7 and
decreases with of. Competition between the informed traders canses more information to be
revealed to the market and therefore increases the liguidity of the risky asset. As a result,
market depth increases with the number of informed traders. However o2, the variance of
the uncorrelated element of the private signals affects both the adverse selection problem
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faced by the market maker and the competition between the informed traders. On one hand,
an increase in o reduces the adverse selection problem faced by the market maker. On the
other hand, it decreases the correlation between informed traders’ private signals and lessens
the competition between them. When M is small, the effect on reducing adverse selection
dominates the effect on reducing competition and market depth always increases with o2.
However, when M is large and o? small, the effect on reducing competition dominates the
effect on reducing adverse selection, and market depth decreases with o%. Finally, for a given
M, when o? is sufficiently large, the effect on adverse selection again dominates the effect
on competition and market depth increases with o7.

The variance of the uncorrelated signal noise o? has a profound effect on the nature of

the equilibrium as M — co. Thus, when & > 0, A converges to

2
B T
= = 2 :
ﬂ'u‘{ﬂﬁ 'I"U; + EUE:]

Equation (8) shows that the total expected profits of the informed traders are propor-
tional to A. Therefore the total profits of the informed traders diminish to a positive limit
for any strictly positive ¢2.1* However, from equation (7), when o2 = 0

e VMa? Vol +ai

oy (M4 1)(o2+ )

Thus when M goes to infinity, A decreases at the rate /1/M when o? = 0 and approach
zero for large M. The private signal noise g makee each informed trader an information
monopolist and causes him o act strategically even when their number is large. It is only
when o} = 0 that they behave competitively and the price, p, fully reveals the private

inforamtion m the limit.

A related issue concerns the value of the private information and the source of the diverse element ¢,
Consider a highly risk averse information seller who commits not to trade in the risky asset and observes p+£.
Suppose that the information seller can sell his information to M traders in the form t+8-4-¢;. In equilibrinm,
the payment to the information seller equals the tolal profits for the informed traders, Therefore, information
geller maximize total profits for the information buyers and from equation (®), this is equivalent to maximize
A. By Proposition 1, for M > 3, information seller will add personalized noise to the traders and oplimally
st of = (M — 3)(ef + ¢} )/(2M) and from equation (7}, A is given by /M/[B(M — 1)]r? /oy, For M < 3,
the information seller will sell the information asitis ie., set of =0, and cause A to be VM /(M +1)e2 /oy,
Clearly, A decreases with M and A is maximized when M = 1. Therefore, the information seller should sell
his information to only one trader. For a similar analysis in a non-competitive markel where information
seller can only sell identical signals to the traders, see Admati and Pfleiderer (1988).
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Consider finally the efficiency of the price in aggregating private information as measured
by %/ Yq, the variance of ¥ given the price divided by the variance of ¥ before auction starts,

(o3 + 05) /M + 0}

Y/Xp = var[Y|X + u]/var[Y] = (1+1/M)(a? + of) + 262

(9)

To determine how the idiesyncratic error, ¢, in informed traders’ private signals affects
the efhciency of price in aggregating private information, we have

dE{Ze (1 -1/M)}{e? +a})
do? "~ [(1+1/M)(o2 +of) + 2022

For Af = 1, the price always reveals half of the private information. For M > 2, the
market will be less efficient in aggregating the private information when o increases. This
is because traders with less than perfectly correlated signals will not trade as aggressively as
they would if they had perfectly correlated signals. In the limit for o2 > 0, when M — oc,
from (9), £/Eg is given by
2
o
Ty ————..

/Fo o2+ gk + 202

/X 15 strictly positive for any o2 = 0.'° Therefore, as M goes to infinity, the sufficient

statistic for the private information is not fully revealed to the market. Howewver, when

a? =10, (9) becomes
1

M4+1

B/ =

¥/ Eo goes to zero with the rate of 1/(M +1). As M goes to infinity, all information are
revealed and this explains why informed traders’ profits goes to 0 in the limit.

When of = o} = 0, in multiple anction models, Holden and Subrahmanyam (1992),
and Foster and Viswanathan (1993) have demonstrated that the total expected profits to
informed traders will go to 0 if the market opens more [requently in any given time interval.
To examine how the noise of the informed traders’ private signal affects their resulis, we
extend our model to a multiple auction setting.

YNotice that this result is obtained when o? is fixed, If limproe 02 = 0, ic., v 4 § can be perfectly
estimated from the private information in the limit, then from (7) and (9), it is easy to show that both A and
L/Xy converges to 0. of = 0 and be viewed as a special case of the condition limppe e 02 = 0. In this case
the competitive and imperfectly competilive markets yield equilibria with identical informational properties
in the limit. However, as long as limpy— o o2 > 0, both A and £/55 will be positive. See also Kyle {1989)
for a model with limit orders.
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3 The Multiple Auction Model

Continning with the asset payoff and information structure described in Section 2, we now
assume that there are N auclions starting at time 0 and ending at time 1. Following Kyle
{1935}, lel At, denote the time interval between the nth anciion and the previous auction.
Let Au, be the aggregate order submitted by noise traders at the nth auction. We assume
that Auy, is serially uncorrelated and normally distributed with mean zero and variance of
olAt,. Let AX, denote the total order submitted by the informed traders and Az.; denote
the order submitted by informed trader {. Finally, let 7; denote the total profits of the
ith informed trader from positions acquired at all fulure anctions n,---, N. Trading takes
place through competitive risk neutral market makers who observe the combined order flow
AX, + Au, and set the price equal to their expectation given the order flow. The market
price of the risky asset at the nth auction is denoted p,. Since the prior mean of v is 0, we
set the price before the auctions start, pg, to be 0.

Let informed trader ¢ conjecture that all other informed traders submit orders of the
form Ga(k125—pr-1),J # i. Given this conjecture, we derive the optimal strategy of informed
trader 1, and show that he also submits an order of the form G.(k1zi — pn-1). Since 4, is
independent of 1, the price which depends on the aggregate order flow iz a noisy signal of
the sufficient statistic of the private information. Due to the symmetric structure of the
informed traders’ private signals, each informed trader's estimation of the aggregate trades
by the informed traders is reduced to the estimation of the sufficient statistic of the private
signals in the market. Therefore, the optimal trading strategy of informed trader ¢ depends
only on the series of prices and his private signal. This permits a solution of the infinite
regression problem. We show in the next theorem that a linear equilibrium exists in this
model.,

Theorem 2 There cxists a recursive lincar symmetric equilibrium in which the demand for
the inforined troders and the market price are as deseribed below

M
Awi = fulkrzi = pa-t)Atn, AX, =) owi, Ap = X(AX, + Au,) (10)
=1
En = var[Y|Az + Ay, - -+, Az, + Auy (11)
E[‘-'l'm|%,_ﬁ'11- e :Pn—l] = an—l{klzi' = Pn—1 :Iz + fn1 {12}
F
Su-1 = - (13)

EFI.'-] - I:M — 1}0’?

13



3:‘&—] = T‘n Jl'n

A fl= 14
Pn Mol (1 — 1o h ) st M] (14)
Qn—1 = Fpsn-1A0(1 — MM B8 + an(l — A M Busn_141,)° (15)

Vn-1 = [‘Tn + ,Buﬁin“ + {1 - Tnln}sn-lM]][]- - fgﬂ-&inrﬁln(M - lj]“ - Mﬁn&:tnlﬂj {15}
- [1— (M —1)8, At A,

Tt = T = ) an

An = MAS, o (18

I = (1 — MBudtada) By (19)

b1 = bn + andiAl02 + 2, A MM — )P kis, a2 AL2 (20)

for all auctions n = 1,---, N and for all informed traders i = 1,.--, M. subject to the
boundary conditions
ay =0, w=0, 1x=0, éx=0 (21)

B LNy - kivay- 1Yy M e SN—1 T (22)
e 1+ JM"SN—'III Ll ﬂ'u\a'ﬁth'(] + M.!!N_ﬂ} MAINE N Ky

and the second order condition™

A1 = 2p.A0) = 0 (23)

Proof: Consider a symmelric linear equilibrium, let [,; denote the information set of
informed trader ¢ before the nth auction, and F), denote the information set of the market
maker at the nth auction. First notice that in the proposed equilibrium, AX, + Au, =
M @AM (kY — po_y)+ Auy, so that the aggregate order flow is a noisy signal of the sufficient
statistic of the private signals ¥'. Given the trading strategies of the informed traders, the
market maker set the price p, = E[v|F,| = E[E[v|Y]|F.], which is linear in the aggregate
order flow due to the assumption of multivariate normality. From the nth auction price,
informed trader ¢ can estimate the total expected trading by other informed traders in the
next trading session through his updated estimate of ¥. Since the only varable mformed
trader ¢ needs to estimate i ¥, the infinite regression problem is easily solved in this model.

Given the proposed equilibrium described in the theorern, each informed trader uses price
lo update his estimate of ¥, informed trader 7 may have an incentive to deviate from the
proposed equilibrium so that other traders estimate the wrong ¥ from the price, while trader
i who estimates ¥ correctly gains an advantage over other traders. Therefore it remains to

"“The parameters v, n, relate to the off-equilibrium expected profits for the representative informed trader
and is discussed o the [ollowing proof,

14



be shown that informed traders have no incentive to deviate from the equilibrium. This is
shown in Appendix A.

By the market efficiency assumption of market makers, A, is a regression coellicient of
von AX +Au,, given I,. Normality assumption implies that
MB ks

X =
" MAKIAIT, Al + 0

(24]

and 5
ﬂ'ﬂ_Eﬂ_l

Ba= M2E2EEY, At + o2

(25)

(18), (19) can be derived from equations (24), (25). Boundary condition (21) essen-
tially means that there will be ne mere profits for the informed traders after the auction is

completed. Boundary condition (22) can be derived m a single auction model presented in
subsection 2.2. The second order condition (23) is derived in Appendix A.

Q.E.D.

In the next proposition, we provide a procedure to solve the recursive system described
above. The technique iz similar to the recursive method used in Holden and Subrahmanyam
(1992). Let gn = ¥nAn. we have

Proposition 2 The recursive system of the equilibrivm deseribed in Theorem 2 can be solved

starting from qn = 0 and a conjeclure of sy_y and ileraling backward for gn_1.-- -, ¢1, Sy_sp,
cov, 8 using the following equations.
M(sp-1—Gn_1)8% o+ [1 — M(s5_1 — ga1)8p-2 — 851 =0 (26)
At Al
Mo o0y — (1 + Mnoa)(—)g% . = Cuuer + Crsua =0 (27)
At, Aty
where

- Si—lll + Mgl —s,20)[1 +8ps + (M —1— Ms, 1 )a.?
(82-1— gu)[1 + (1 — gu) M 5,4]?

I the resulting s, derived from the recursive solutions is different from the inilial con-
dition, sy_y is vevised until the s derived from the recursive solutions is close to the initial
condition,

(iven the solution of ¢n,s8,1,n = 1,--- | N, each of the following variables can be ob-
tained by the following expressions.

(M —1)ads,

L, = (28)

1 —3a
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MBS, (sas—9a) 7
. 29
. (ﬁtﬂaﬁ[l +{1 — g )M s,4) (29)

2
AnC,

MEIZ,

B = (30)

4 A Limiting Result

When informed traders have perfect information about the liquidiation value of the risky
asset v, HS-FV have shown that the market approaches strong form efficiency as trading
occurs frequently. We have argued informally in the introduction that when informed traders
have idiosyncratic errors in their signals, they would preler to trade smoothly so that price
gradually aggregates private information. For cach informed trader, the idiosycratic error
in his signal causes him to act like a monopolist of his own signal as in Kyle (1085). As
shown by the numerical results in the next Section, when N — oo, A, and I, converge
to smooth functions of calendar time {. We now examine the analytic limits of the above
recursive system when the number of auctions goes to infinity, We set ¢, = n/N. Let
Eins Ans Fry Ty O @y 82—y be defined as continuous function E(1), A(t), etc., by the convention
A(t) = Aq_q for all £ € [tu_y,1n), etc. We have the following theorem:

Theorem 3 Consider a sequence of sequential eguilibria sueh that max, |At,| — 0. Then
the limiting values of (1), 8(t), B(1), a(t), §(t) are given by

Alt) = f_—lﬁE{t}z_”Mc"'l"r'm”?wm (31)
B(E) = b fam(e) MM 1-1/M)02 /26 (32)
My
fﬂe dem_nyﬁzmM-J}aEhda i {33]
L)
50 [ + (M — DoZ]eM-Detle
P a,
alt) = M;w"f [E(1) + (M — L)a?)2g2- 2/ (34)
() ko (50 [E(t) — a]e/M-1)e2/e
— 1.2 L ]
6(1) = -’ﬁfn alo)de = _“J'L'fﬁ o TR0+ (M = I}aﬂtﬂ'”""drdg‘ (35)

where .
E=f og‘*’“'*ez‘zlf“"””ﬁ“dm
o

16



Proof: We take it as given that in the limit N — oo, the limit function Z(#), M#), etc.,
converges and is differentiable almost everywhere.

From equations (14)-(20) we obtain

$nm1 = Tuda = O(AL,) (36)

':"“;—:"'1 = Busa_t(2axhaM — 1) + O(AL,) (37)
T = B Msacs(tada— 1) =1+ (2M — Do + O(At) (38)
1 — 2930 = O(y/Aty) (39)

R o o, lo! (10)

E“;—i““ oz % % s (41)

Standard convergence results for converting difference equations into differential equa-
tions allow us to conclude that the solution for the continuous time limit functions should
satiafy.1®,

s{t) = ~{1)}A(t) (42)

o (1) = B(t)s()[2a(IA[TIM — 1] (43)

¥(E) = B Ms(B)v(EIME) + (2M = Dy()A(E) — Ms(2) — 1] (44)
WL)AL) =1 (45)

§(t) = —e{t)A(t)0? (46)

t) = = MBRIADE(L) (47)

The equations (13}, (18) in the limit become

_ 1)
0= smrw - 1)
A1) = MES@0S(1)/o? (49)

Y The difference equation system around ¢ = 1 behave so badly that standard convergence theorems cannot
be applied. Nevertheless, for all € > (), the differance system behaves well in [, 1 —¢] and comverges to the
differential equations (47)-(54). We then take ¢ to 0 and obtain the differential equations in the limit.
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As shown in appendix C, the system of differential equations (47)-(54) can also be derived
directly in a continuous-time auction model. In appendix D, we solve for the differential
equaitons to vield

E:I:f) = _azl:t]drdfMﬁi{M—l]affME{i]‘ {5[”

Use the boundary condition (1) = 0,° equation (50) can be solved directly, yielding a
closed form solution (33).

A(t), B(t) can then be obtained by solving the simultaneous equation (37}, (39), which
gives (31), (32). (43) now becomes the standard first order Bernoulli equation, and we get
(34). Finally, integration of (44) and a little algebra gives the expression for 4(t) in (35). of
E(t)

Q.E.D.

Combining (39) and (40) and evaluate before informed traders receive their private
signals at time 0, we get the total ex ante profits for the informed traders

M 2
kige 50 oinea (LM 1)t
—— ; e 2 T "d g 5]_
H_—E;:l:r{ﬂ}]— ﬂjn o £ fog (A1)

Notice Lhat from the expression of the integration coeflicient @ in Theorem 3, it is clear
that when M > 1,¢% = 0, a goes to infinity and the solution is not well defined. This
corresponds to H5-FV's results.

When M = 2, (31), (32) and (33) can be simplified to obtain explicit expressions of
A1), 8(1), K1),

o Te
AR min/ T — o — T {1 — 1) (52)
oy
Bl = 5 (53)
S(t) = —— 0% (54)

o2 =%uln(l =1t)

Notice thal #(t) is inversely proportional to o,. 3{t) measures the aggressiveness of the
trading strategy of the informed traders. When o, is small, the informed traders trade very

YFor M > 2, the rational for this boundary condition is the following: (i}, numerical examples show that
when N - ce, Ny will converge to 0; (i), if we denote the boundary condition to be £(1) = 4, then the ex
ante informed trader’s profit decreases in 8, Therefore, every informed trader will agree to trade according
to the equilibrium strategy where B(1) = 0; (iii), only the boundary condition (1) = 0 is consistent with
the boundary condition (1) = 0. The case where M = 1 is deseribed in Kyle (1985).
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ageresgively all the time. As a result, when o, — 0, price aggregates private information
very efficiently. Therefore X(t) goes to zero and market depth goes to infinity for all t = 0.

5 Characterization of the Equilibrium

In this section we present numeric results of the mutiperiod auction model in Figures 1-6
and numeric results of the continuous auction model in Figures 7-15.

As in Kyle (1985), the parameters ¥, and A, are inverse mensures of price efficiency
and market depth, respectively. To compare the case with diverse signals and the case
with perfectly correlated signals we present a series of numerical examples. We assume that
Yo=1,02=05,02 =1,02 =0and At, =1/N,n=1,---, N unless otherwise stated.

Figure 1 plots A, for the cases of N = 2,4,8,16,64,0¢. M isset at 2 in Figure 1. As can
be seen from Figure 1, A, initially decreases with time but then increases with time at the
end of the auction. The curve at & = oo is plotted using the limiting expression of A, in the
last section. It is clear that the discrete Lime solution quickly converges to the continuous
time solution.

Figure 2 plote X, for the cases of N = 2,4, 8,16, co. Notice that E; quickly converges
to the continuous auction solution as N increases. Moreover, at N = co, the X, starts as a
convex curve but becomes concave near the end of auction. This is due to the fact that near
the end of the auction, each informed trader’s privale signal becomes highly correlated with
the private signals of other informed traders. Competition between the informed traders
then causes the traders to trade very aggreasively and increases the rate of reduction of X,,.

Figures 3 and 4 plot A, and I, respectively for the cases of M = 1,2,4, 20 fixing the
number of auctions ¥ at 256. As M increases, both A, and I, initially decrease faster.
However, A; increases with M while Ayp decreases with M. Notice that X, at M =4 is
not much different from that at M = 20. As will be shown later, in the continuous auction
model, when M — na, both A and £ will converge to a smooth curve.

Figures 5 and 6 demonstrate the eflect of changing ¢? on A, and T,. We set N = 258,
Yo = 1, of = 0,0.02,0.1,0.5 respectively. Notice that A; decreases with o? while Ay
increases with of. At o? =10.02, A, starts very high but quickly decreases to zero. Similarly
at of = 0.02, £, goes to zero very quickly. These results indicate that when o? — 0, our
results converge to HS-FV's results at 7 = 0.
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Figures 7 and 8 give the graph of E{t},A(t), for different M. Imperfect competition
causes A(t) to rise above the monopolistic case near the beginning and the end of the auction
and fall below the monopolistic case in the middle of the auction. Since A{t)*e2di also
measures the expected loss of liquidity traders between time ¢ and 1+ df, Figure 7 indicates
that the expected loss of liquidity traders is higher in the two ends of the auction and lower
in the middel of the anction when private information spreads evenly among more than one
informed trader. Notice that when M — oo, due to the assumption that the total private
information remains constant, the liquidity parameier At} and the variance of the remaining
private information %(t) decrease smoothly over time.

Figures 9 and 10 give the graphs of E(t) and A{t) when M = 2 with different ¢%. In
these figures, we set 59 = 1,02 = 0.02,0.1,0.5, Notice that E(t) goes down faster when o2 is
smaller, Moreover, A(0] is proportional to the inverse of 1/, while for £ sufficiently large A1)
decrease with 2. When t = 0, From (52}, (54),we have £{0) = Eg, A(0) = ¢? /.., However,
for any ¢ strictly positive, when o2 — 0, E(£]) — 0, A({) — 0.17 Our result is consistent with
the results in HS-FV, where they showed in a discrete time model, A, — 00, X, = 0,5, — 0,
when N — oo, and n/N > 7 for any v > (.

The effects of &? on A(0), A(2), B(2) is illustrated in Figures 11 and 12. In Figures 11
and 12, we set M = 2,02 = 1, and draw the graph of A{0), A(0.5) with respect to o?. Since
at a2 = 0 the solution is not well defined, we set the value at o, = 0 to be the limit of our
solutions when of — 0. Clearly, A{0) decreases with o7, and X(0.5) first inereases with o?,
and then decreases with o2, On the contrary, as shown in Figure 12, £(0.5)/5; starts at 0
and increases monotonically with o2,

In Figures 13-15, we set o2 = 1 and examine the effects of &2 on the total expected
profits of informed traders from trading. In Figure 13, we compare the total expected profits
of the informed traders for M = 1,2,4,00. For M = 1, TI(0) always decreases with o?,
while for M > 1, II[0) starts at 0 and initially increases with o} and then decreases with o2.
Motice that I1{0) decreases with M but even at M = oo, II{0) is finite for all strictly positive
of. The total profils for the informed traders decreases with M. It would be better for the
informed traders to form a mutual fund and and trade as a group with all of their private
information if the informed traders agree not to trade on their own. When o, is large, the
total profits for the case with M = 1 is very close to the case where M = co. Therefore,

Y"More goerally, for M > 1,1 > 0, it can be shown that When a2 — 0, M0) = O{es"™ ™% A(1) = O],
E(t) = O(e?. Moreaver, 3(0) = O(es’™ =), 8(t) = O(o7'). This implies that, when o, is small, each
imformed trader will trade very aggressively on the difference between the expected value of the risky asset

conditional only on his own signal and the expected value of the risky asset conditicnal enly on the public
signal extracted from the price all the time,



when the informed traders have information of low quality, the incentive for them to form a
mutual fund is very weak. Let II7 denote their profits when they trade individually and T
denote their profits when they pool their information together and trade through a mutual
fund. Figure 14 illustrates the ratio of 11/ over IT™ with respect to o2, for M = oco. This

ratio starts at zero and quickly increases to 0.91 at 02=2 and stabilizes for larger o?.

Finally, we compare the expected profits of the informed traders in the single auction
model and the continuous auction model at M = 2,02 = 1. Let 11° and [I* denote the
total expected profits from frading in the continuous auction and the single auction eon-
omy respectively. As illustrated in Figure 15, when o7 is small, the informed traders earn
higher expected profits in the single auction economy. However, for o? sufficiently large, the
informed traders’ expected profits are higher in the continuous auction economy. This is
different from the monopolist case where in the continuous anclion economy the informed
trader always carns twice of the expected profit he gets in the single auction economy.

6 Conclusion

We have shown thal when informed traders® private signals are not perfectly correlated,
their total expected profits will not vanish when market opens frequenily. Furthermore,
informed traders trade smoothly in the beginning of the auctions and the private informa-
tion is incorporated into prices gradually. Market depth initially increases but decreases
dramatically in the end. This is in contrast to the results of HS{1992)-FV(1993). They
showed that, when the informed traders know the exact value of the risky asset payoff and
trading oceurs frequently with a constant influx of liguidity traders, the informed traders
will compete so aggressively in the first auction that almest all the private information will
be revealed instantaneously. In this sense, the market is strong-form efficient in continuous
auctions. The results presented in this paper indicates that the HS-FV result are sensitive
to the assumption that the informed investors’ signals are perfectly correlated, When the
variance of the uncorrelated element ¢, Mea?, goes to zero, our results converge to HS-FV’s
results.!® There are many extensions of the current work. We have assumed that the in-
formed traders receive private signals only in the first period and there are no public signals

'SThe results in this paper are also sensitive to the assumption that each informed trader is the only
recipient of his private signal. Consider 2 model in which there are M privaie signals as described in
this paper. But there are M Informed traders (7 > 1) and each of the M private signals is shared by [
different informed traders. Then it can be shown numerically that when trading oceurs frequently, all private
mformation is revealed to the market almost immediately. This indicates that when there is competition on
exactly the same signal, the information content in that signal will be revealed very rapidly.
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besides the price. It is straightforward to extend our model to the case in which public
signals are released before trading starts and informed traders receive private signals of the
same precision in every period.' An alternative model structure is to let informed traders
have perfect information of different elements of the risky asset.”® Another extension of the
current paper is to let the informed traders be risk averse. In our solution of continuous
trading, the price become extremely sensilive to the order flow at the end of the auction.
This is due to the risk-neutrality of the informed traders, which implies that they may take
very large positions in the risky asset. Near the end of the auction, the private signals of
informed traders become highly correlated with the signals of other informed traders’ and
they will compete very agressively to extract profits from the remaining information. When
informed traders are risk averse, they will not take very large positions in the risky asset, As
a result, when trading occurs frequently, the price will not reveal all the private information
and the price will not be very volatile near end of the auction.® Moreover, the current work
may be extended to more general distributions of the risky asset value and to include limit
orders in the informed traders’ strategy.®

In this paper, as in most existing literature, we assume that the informed traders receives
privated signals at the same time.*? It would be interesting to determine how the timing
of private information acquisition is going to aflect the trading strategy of the informed
traders, In the continuous trading economy, consider the case of two informed traders in
which the early informed trader acquires a private signal at time 0 and the late informed

“He and Wang (1993), and Brennan and Cao {1994) have developed such medels in a competitive noisy
rational expectations framework,

“For example, we can assume that the asset payofl s given by v = Eﬂl vy, where u; is identical and
independently normally distributed and each 1; i3 observed by informed trader i, However, we can write
My = vt (M=Thy =3 v; =v+e where e = (M — 1)wi— 3 ;4 v5. Notice that ¢; is independent of v.
Therefore, this extension is a variant of the model presenied here except that es are correlated among the
informed traders. The results obtained in the two models are essentially the same.

o the continuous auction economy, let 4X denote the total quantity of informed trading and
E[dX /dt]Y] denote the total expected rate of informed trading. Then it can be show that EldX[dt|Y] =
uy/AR(H) =M -T2 prs ™ For M = 1, the expected rate of informed trading is a constant,
Mowever, for M > 1, the total expected rate of informed trading mitially decreases and then increases to
infinity near the end of auction.

“The intution that market depth initially increases due to the reduction of adverse selection. as private
information is revealed through the time series of prices, and deereases near the end of the auction due to
mote intensive competition betwesn the informed Lraders still applies 1o the model with risk averse informed
mnvestors. It is likely that for informed traders with small risk aversion, A(f) is non-monotonous in t.

*Foster and Vishwanathan (1993) extended the model to the class of elliptically contoured distributions
and Back (1992) extended the continuous time version of the Kyle (1985) model to general distributions of
the risky asset value. Rochet and Vila {1994) discussed an extension of Kyle (1989} model in which traders
submit limit orders te general distributions of the risky assct value.

#An exception is provided by Hirshleifer, Subrahmanyam, and Titman (1993).
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trader acquires a private signal at time 1 /2. When the two traders observe the same signal,
clearly the optimal strategy is for the early informed trader to reveal the signal at time
1/2 since the late informed trader will compete with the early informed trader to reveal
the private signal instantancously in later trading rounds. However, if the two informed
traders observe different signals, it is likely that the carly informed trader will not trade so
aggressively as to reveal his signal at time 1/2 since he wants to earn additional profits from
the noisy traders in later trading rounds. The intuition that the informed traders will trade
less competitively when their signals are less correlated still applies in this case,

In order to make the anal ysis of our paper tractable, we have made the assumption that
all the informed traders’ signals have the same precision. It wonld be worthwhile to analyze
the model in which there is asymmetry in the structure of informed traders’ private signals.
In principle, the fixed point technique described in Section 2.1 may offer a general solution
to the infinite regression problem. However, even if the solution to the fixed point problem
exists, it would probably be difficult to find the fixed point in multiple trading sessions or
extend the result to continous time trading.
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Appendix A

suppose that informed trader ¢ follows a strategy different the proposed equilibrium strategy.
In this case the off-equilibrium derived profit function will differ from equation (15) in the
proposed equilibrium. Suppose that trader ¢ trades 2.;,'Wn, and denote the resulting prices
by f..%¥n. Since every trader agree on the prior mean of the risky asset, we set iy = gg = 0.
Other informed traders still follow the equilibrium strategy and their demand functions are
denoted AZn; = FaAdn{ki12; — Puo1). We conjecture that the off-equilibrium derived profit
function for informed trader i is described by the following equation.

E{ R nsr)il Frui} = anlbrzi — ) + Falk1zi — pa)(pa — Pu) + Ga(Pa — Pa)® + 8ne (55)

To prove this conjeciure, we proceed by backward induction,
E[?}ﬂilﬂn—lﬁ] = T;KE{{U - ﬁn}ﬁim + ﬂn{klzi — Pﬂ]z
‘|"’.I"u[k]zf =1 Pﬂ_}h]:i o ﬁn} + ﬂw{Pn = P_'h.}g + 5n|ﬁ1[n—l}:'}~

From the proposed equilibrium, we have

A
APy = Pa — Puc1 = A(AZn + Y Az + Auy).
Jgi

In order to form optimal demands, the deviating trader need to estimate the random
variables v, Ap, and Ap, assuming that others follow the equilibrium strategy.

M
ElApa| Fruoyildn 3 A = EAufualo{MbY — Mpy i} Faonyl)
Em=]
= AnfaAtaMs,_1(kizi = pnot)

Var[Apa | Flnap] = AL AL, + A B2 AT, AL

B[Apa | Finoni] = Aa{AZn; + 3 AZ,)
7
= Aa{AZait E[ﬂ“&E“{Mklr — k12 = {M - 1}ﬁn—1}|Fin-1}1”
= An[AZni + Bu(Msn_y — 1)k12 — poi) + BaAtu(M — 1)(pny — Pn-1)]

E[v il PT+—1|ﬂn-1}i] = Sn—1{k13{ T Pn—1:|
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E[%n| Fin-1y] = Az AZni{(8n-1({k12i — Pa1) + Pa—1 — Pa-t
— AalAZ i+ BuAt[(Msn_y = 1) (ki — paci) + (M = 1}{pa1 — Paa]l]}
ap{[L = MaPnhtn{Msnoa (k12 — Prot)? -+ A202 AL, + N A M2k} Bacn A7)
Tull — M B Al Ansn_1}(R12i = pu-1)
[Pra1 — Pact — AnAAEus + B At Ao (b2 — pacy — (M — 1){pn— - Pr-1)|}
Tl Pt — Pt — MAFni + BuAladalkrzi — Pamt — (M = 1)(pu-1 = Po1)]}*. (56)

+ %X + +

The first order condition for the above problem is

An(kyz = pa-i1) + Balpr-1 — Pa-1)
.)m[2 — 2y }‘n] ’

AZai = (57)

where
Ay = spca(l = MBALA) 4 X 8ults = An — 2 X2 Fo A + 1AM Burbosny  (58)

By= (1 — Zpada)[l — (M — 1B, A%, A,) (59)

The optimal demand function (57) is a linear combination of k12 —py—; and pa—1 — Pa-1-
From (56, trader i's expected profit function is a quadratic function of Az, k12— p._1 and
a1 — fin-t. Consequently, trader 1's expected profit function is of the form conjectured in
(55). In equilibrium, p,_1 = Pa-1, the second term in (57) drops out and (14) can be derived
from (57) and (58). Substitute A, in (56) using (57), (58), (58}, recursive equations (15)-
(17),(20) can be derived easily. Since py = po = 0, from {57}, it follows that in the first
auction, trader ¢ will follow the equilibrium strategy and therefore p1 = p,. Proceeding
inductively, informed trader i will follow equilibrium strategy in every period and we have

P = Pas V1.

The second order derivative of (56) with respect to AZ,; i3 given by 2n,A2 — A, and
this gives the second order condition (23). In all the numerical examples provided in the
next section, the second order condition is satished.

Appendix B

In this appendix, we derive the recursive method used to solve the discrete time equilibrium,
Define ¢, = YA, From (14} and (16}, we have



Sﬂ— [] {M = 1}(-35_] B IJuJ][ - ﬂ:{{su—l = qﬂ}l
T e T T A= gneaa M 1 (1 = gu)en s M

= Sﬂ-—irh'n—l [1 (M }[:5-1_ | P }I JTL'I{Sn_]_ ] I‘:"T“:l
Tl =0 1+ (1 - qﬂ)sﬂ_ljtf 1+ (1— g, )81 M

implying that

":!Lﬂ. "sﬂ- 1 { B lj{sﬂ.-—l e ":Tn} { Sl — ‘Iﬂ}
= — il
‘lﬂ—-l fn-1 [ 1+ {1 e qn}Sﬁ_];M ][ I. + (1 - qn]ﬂﬂ 1J.MI ( }
Now, from (16) we also have
A B K,
Anet Bae1 Bao
and, from (19), this is equivalent to
An B
= 1 - Mg A AL Gl
R T ] (61)

Multiply both sides of (61) by A./A.-1 and Substituting for 3, from (14) to (61), we
have

J‘ﬁ _ [Sr'l.—] - Qn}[[ I M‘Iﬂfl - *5'11—1:] 1 + {l - ?ﬂ—l]SN—EM ﬂtﬁ—l
A1 [1+ (1 = gn}sa-1 M Sn—3 — Gn-1 At

(62)

Squaring the RIIS of (60}, equating the resulting expression to the RHS of (62) and
rearranging yields the cubic equation {27) in Proposition 2. Equation (26) can be derived
from (13), (14) and (19). From (13) we have

E'I'.I- Sn{l e 3!‘!--—1}

E'ﬂ-—l = Sﬂ—l[]- o -’i'n] {53}

From (14) and {19) we have

Ein - i M"ﬁ{l = Su-l}
La1 141 —qu)s,—1 M|

(64)

Equating the RHS of (63) and (64) we get (26),
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Appendix C

In this section we discuss a model in which trading takes place continuously. Using the
similar technique as that in Kyle (1985), we assume that a lincar equilibrium with a structure
analogous to the discrete time model exists as described below,

Iﬂi‘.‘(ﬂ = ﬂ“}[klza = P“}} {65}
da(t) = 3 dwi(t) (686)
dp(t) = A(t)(dz () + du). (67)

As discussed in the case of discrete time model, we need to define the optimal strategy
of informed trader i, when he deviates from the proposed equilibrium trading. Let Z(t)
denote the optimal strategy when trader i's trade deviates [rom proposed in the equilibrium
due to an error or price manipulation in early trading rounds. we restrict the sirategy for
the informed trader in the market to the dilfusion processes. Specifically we assume that
dz,(t) = dx;(t) + (p(t) — p(t)}dy, where dy = p(t)di+o(t)dw follows a dilfusion process. This
particular form of d%; is chosen so that when p(f) = p{i}, it is optimal form informed trader
i to follow the trading strategy in the proposed equilibrinm. Let Fi; be the information
filtration for trader i. We assume that the off equilibrium maximized profit function have
the following form analogous to the discrete time model,

E[m(t)| Fy] = aft)(kzi— p(t))* +v(t) (ka2 — p(t)){p(t) = B(2)) + n{t)p(t) — B(1))" +8(2). (68)

Since 7;(t) is the optimal stralegy of informed trader 1, #;(t) must be chosen so that the
following the Bellman equation is satisfied.

1

Elrdt + mpdp+ #ydp +

B )’ + (0~ D)E + Fpdpdp + 57e(@)|F] =0, (69)
This basically means that the instantaneous profit is exactly offset by the expected
change in @ when an optimal policy is followed.
Since
fo= o' (ks — p(t)]* + ' (D)kszi — p(][p(t) — p(O] + 7' (1) [p(1) — B + &(F)
Tpdp = —2e(t)[kyz; — p(t)] — y(E)p(t) — B(t) — kazi — p(2)] + 25(E)[p(t) — p(1)]
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apdp = —y(8)[k1z; — p(t)] — 2q(t)[p(t) — p{t)]
Ton = 2a(t)
Top = ¥(1) — 2n(t)
Ta = (1)
Eldp|Fu] = MA(t)A[t)s(t)[krzi — p(t)]
Eldp|Fi] = Mt){dz: + B(t)(Ms(t) — 1)[krz — p(t)] + B(t)(M — 1)p(t) — p(t)]}
El(dp)*|Fu] = El(dpdp)| Fu] = El(dp)*|Fy] = Mt)*aldi
Blv — p(t)|Fu] = s(t)(kiz — p(t)) + p(t) — B(t).

Plug these expressions back to the Bellman equation (69} and collect the terms, we have

{l&'(t) — B{E)s()(2e{OMOM — 1)]lkrz — p[6)]* + [¥'(2) — BERMA()A(t)s(t)
H2M — 1)v(t)A(t) — Ms(t) — ][Rz — p(1)][p(1) — p(t)] + [n'{2)
~n(OMORBE)M — 1) + Mt)a(t)])(p(t) — B(1)" + &(t) + a(A(1) o ] dt

=7 (OAR) = s(t)][ks2: = p(2)] + [1 = 2()A(t)]p(2) — P(1)]}dD2: = 0. (70)

Set the cocflicients of the (69) to be 0 gives the following system of differential equations.
a'(t) = A{t)s{t)(2a{)A()M — 1) (71)

Yty = BEOMAOAL)(0) + (2M — Dy()A(t) — Ms(t) — 1] (
7i) = 2p(OMOBENM — 1) = nt)A(t) olt)? (

#(1) = —a(t)M (1) (74)
HOME) = s(1) (
(A = 1. (

The system of differential equations (71), (72}, (74)-(76) is identical to (43)-(46), (42).
(47) and {49) can be derived using the appropriate Kalman filtering. (48) obtains by defini-
tion. Thercfore the solutions derived from differential equations (42)-(49) and o(1) obtained
from (73) satisfy the Bellman equation (69) and give the continuous time trading equilibrium.
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Appendix D

In this appendix, we solve for the differential equation described in Section 4.,

From (42), (44), (19) we can get

(i&?)g]“ = Mﬁ;ﬂi}[hfs{i}ﬂ + (M - 1)s(t) —1). (17)
From (47) and {49) we haw;
M) = —kfE' (1) /s (78)

Substitute A(t)* in (78) to (77) and substitute s(¢) from (47}, we get

() 4AM -4 2{M-1)a? _,
T(t) _[ME{f] T MI{t)? JZ(E),

which implies that

_AM -4

im0y = 2y 4 2Y = oc

ME(t)

+ e.

It is immediate that (50) follows.
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