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Equilibrium of Incomplete European Option Markets”

I. INTRODUCTION

The canonical Arrow-Debreu model of complete contingent commodity
markets is not meant to be descriptive of actual economies. Neither do
Arrow securities [1], that pay out a doliar in just one state of nature, exist
in practice. Itis, therefore, important to study more realistic asset
market structures. Such an inquiry has motivated the recent study of
General Equilibrium of Incomplete asset markets (GEI) models. For an
introduction to this literature, see Duffie [3]; Duffie, Shafer, Cass, Magill,
Quinzii, and Geanakoplos [5]; Geanakoplos [7]; Geanakoplos, Magill, and
Shafer [8]; Geanakoplos and Polemarchakis [9]; or Marimon [18]. GEI modeis
study the behavior of an economy with an incomplete set of primitive
assets. Primitive assets have payoffs that are not functions of other asset
prices in an economy. In light of a counterexample to the existence of
competitive equilibria due to Hart [12], current models (of real as opposed
to nominal assets) focus on demensirating GEI exist for all but an
exceptional set of economies. Such genericity theorems are statemenis
about most economies. These models can be easily generalized to include
derivative assets whose payoffs depend on the price of a primitive asset,
so long as that dependence is linear. An example of a linear derivative
asset is a (bond) futures contract. There have been few studies extending

these results to nonlinear derivative assets, which are those assets with

*We thank Kenneth Arrow, Martine Quinzii, and the members of the
mathematical economics seminar at Berkeley for helpful comments. This
paper was revised while the first author was visiting at Berkeley. This

paper was prepared for the winter 1989 Econometric Society meetings.
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payoffs which are nonlinear functions of an underlying asset's price. The
most well-known example of a nonlinear derivative asset is a European
option.1 Adding European options to an economy without completing asset
markets causes problems for even generic existence. Polemarchakis and Ku
[19] have constructed a counterexample to generic existence of GEl in the
case of exogenously determined strike prices for European call and put
options. The reason for the failure of generic existence in their example is
that an open neighborhood exists in the space of initial endowments and
exogenously given strike price for which either the call or put option pays

out zero in every state.

In this paper, we study the simplest possible two period general
equilibrium model in order to demonstrate our main point. The asset
structure consists of these assets traded in the initial period: two
commodity futures contracts and two European options written on one of
those commodity futures. The futures pay cut commodities in the later
period. We overcome the above difficulty by proving that GEI exist for
generic endowments when the strike prices, which are sufficient to
describe the asset structure for European options are not exogenous
parameters, but instead are chosen endogenously by an option exchange to
be at the money. This means the strike price of an option equals the initial
period's endogenous price of the commodity futures contract. A central
feature of actual practice by option exchanges is that option strike prices
are set to be at (actually, close to) the money. This feature of our model
permits us to prove the existence of competitive equilibria for generic
initial endowments. In our model, in the space of initial endowments,
generically an option is never out of the money for all states of nature.

Technically, by a ng-arbitrage condition, appropriately normalized
futures prices will satisfy a martingale property, for a set of (pseudo)

probabilities or an equivalent martingaie measure. (For the martingale
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characterization of asset prices that admit no arbitrage, see Duta and
Polemarchakis [6], Harrison and Kreps [11], and Huang and Litzenberger
[14].) This means the initial price of a futures coniract is a weighted
average of its payoffs across states. When an option strike price is at the
money, it will lie inside an interval, that is bounded by the highest and
lowest payoffs of that futures contract across states. This interval will

be nondegenerate provided those payoffs are not the same across states.
We show that for generic initial endowments, this is true. This guarantees
option payoffs are not zero for all states. Thus, in a model with ai the
money European options, we prove generically the asset return matrix will
not drop rank and this impties the existence of competitive equilibria.

This paper offers a different resolution to Polemarchakis and Ku's [19]
counterexample than Krasa [16], who shows the probability of an economy
having an equilibrium converges to one with increasing variation in the
aggregate initial endowment, while maintaining the exogenously given
strike price assumption. Cur model only requires option strike prices to be
set at the money. We will prove that generically, there is enough variation
in u.nderiying commodity prices to ensure the existence of competitive
equilibria. Our model also differs from another model of European options
by Krasa and Werner [17] as their options are written on nominai assets and
the option strike prices are given exogenously, and varied by renormalizing
prices. While, our model concerns real numeraire options as payofs are in
terms of a numeraire good, their model concerns nominal options.

The rest of this paper is organized as follows. Section two presents
our modet and defines a competitive equilibrium. Section three defines two
related concepts: a pseudo-equilibrium and a regular pseudo-equilibrium.
Section four presents the main results. Section five offers concluding

remarks. An appendix provides the proofs of all results.




Il. MODEL

Consider a pure exchange economy in whichthereare G (g=1, ..., G)
physical goods; two periods: 0 and 1; and S states of nature in period one.
There are N = G(1 + S ) spot commodity markets, G spot ones in period zero,
and G spot ones in each of the S states of nature in period one. There are H

(h=1, ..., H) households, each with a (column} vector of initiai commodity
endowments, el = (eh(O), eh[1]) € RN++, where eh[1] has components eh(s).

Lete= (e1, Cony eH). We denote households’ demands for goods by a (column)
vector xh = (xh(O), xh[1]), where xh[1] has components xh(s). We denote the
{row) vector of spot commodity prices by p = (p(0), p[1]) € RN, where p[1]
has components p(s). We assume that households possess conditional
perfect foresight (or rational expectations) in the sense of knowing the
entire function p(s), but not whinch s will prevail. Households are also
assumed to have strictly monotone and strictly convex differentiable
preferences satisfying the usual boundary condition {(Debreu's [2] smooth
- preference assumptions).

The asset structure of this economy is as foliows. There are two
commodity futures contracts, written on, without loss of generality, the
first two commodities. Each commodity futures contract pays out a unit of
that commodity in each state of nature in period one. Specific examples of
* commodities that futures contracts are traded on in practice include gold,
orange juice, soybean, and wheat. Futures contracts are traded in period

zero. We define the liquidation value of the jth commodity futures contract

fin state s to be Vgj = pj(s), the price of commodity j in that state. The S

by 2 matrix V¢(p) has typical element Vgjr We denote commodity futures

prices in period zero by a row vector gs € R2 4+ Also, there are two European
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options written on, without loss of generality, the first commodity futures
contract. The common strike price of both options is denoted by k.

All prices (of goods and assets) in period zero are relative to the price

of the numeraire asset: commodity futures two, s0 gz = 1. In period one,

. since commodity futures two expires, we use as numeraire, the liquidation

value of that contract, namely commaodity two's state-dependent price, so

for all s, po(s) = 1. This means that for all s, vo(s) = 1. For example, we

can think of commodity two as being gold and period ocne commaodity prices
and option payoffs being expressed in terms of gold. The option strike
price in period one is also relative to the liguidation value of the gold

futures contract, namely the state-dependent price of gold. All period zero
prices, be they of commodities or other assets, are expressed in terms of
period zero gold futures prices. Thus, we define European option payoffs in

terms of the liguidation value of the first commodity futures contract:

DEFINITION. A European call option in state s, fors =1, .. ., S pays off

Ve(p1(8)) = max [0, py(s) - K.

DEFINITION. A European put option in state s, fors=1, ..., S pays off

Vp(P1(8)) =max [0, k - p4(s)}

We assume incompleteness of asset markets, meaning that we assume
sufficiently many states exist so that S > 4 (actually only S > 3 is required
since by the put-call parity theorem, any one of our four assets can be

replicated by a portfolio of the remaining three). We define a vector of

European call and put option prices by qg = (q,, qp). We define the vector of

asset prices to be q = (qg, gg). A household's portfolio choice is given by ol
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= (8", 6" e R with 6"z = (8", 6 ) and 8" = (8, 6Mpp). An

allocation for the economy is given by (x, 8), where x has components N

and 6 has components oh,

in our model, an economy is parameterised only by initial endowments,
ec RHN++. This differs from either the model of Polemarchakis and Ku [19]

or that of Krasa [16], in which an economy is parameterised not only by
initial endowments, but also by exogenously given strike prices. In our
model, the strike price in an economy is not exogenously given, but instead
wilt endogenously be set at the money. Notice that we also hold utility

functions uh fixed.

" DEFINITION. A competitive equilibrium for the economy givenby e ¢ rHN -

is a 4-tuple, (X, 0, p, g) € RHN+ x R4H x gN + X R4+, consisting of an

h

allocation and prices for commodities and assets, where (x'', eh) = arg max

uh(xh) subject to:

yx =58 2.1)
rhoM=0, (2.2)
pOIx(0) - 8N(0)] + q BN+ a 0" + agy6gy + M = 0; (23)
andforals=1,...S;
pE)X(s)-e(s))] = vo(p1 (187 + vy (P4 (80, + p1(18"sy + 67, (24)

We define V(p) to be the S by 4 dimensional matrix of asset returns

with typical element (v,(p4(s)), vp(p.l(s)), p1(s). 1). Also, we define the

S+1 by 4 dimensional matrix W(p, q), with the first row of W(p, q) being the

vector -q; and the next S rows of W(p, q) being V(p). Then, we can rewrite
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equations (2.3) - (2.4) as p(xh - eh) = W(p, q)eh. Define the subspace of
income transfers in RS*1 generated by the columns of W(p, q) as follows,

<W(p,q)>={r¢ r1+S |36¢ R% such that 1 = We}. Finally, define the (dual)

orthogonal subspace of state prices: < W(p, q) > L= {ae R1+S | aW = O}.

_ ‘We introduce the concept of no-arbitrage asset prices:2

DEFINITION. g is a no-arbitrage vector of commodity futures prices and
commodity futures option prices if there does not exist a portfolio 6 ¢ rM

that yields a semipositive return W(p, q)6 2 0.

Clearly, g is an equilibrium price for assets only if g is a no-arbitrage

~ vector of asset prices. The foillowing iemma characterizes a no-arbitrage

asset price vector by showing the existence of positive state prices, p.

LEMMA. If g is a no-arbitrage asset price, then 36 = (B, By, - - Bg) €

R1*S, ,, such that:
A = £5,_1BVE(pq(8) for E=coorp, (2.5)

af; = ¥5¢ 1 Bpj(s) forj=1or 2 - (2.6)

Notice that 288:1 Bg = 1 from equation (2.6) because gg = 1 and for all

s, Po(s) = 1. This means the price of a futures contract is equal to the
conditional expectation of its payoffs across states under the probability
vector B. These Bq coefficients form a set of pseudo-probabilities or an

equivalent martingale measure, as explained in Harrison and Kreps [11].

If the strike price of the call option is chosen by the options exchange

-




to be the endogenous price of the first commodity futures contract, then k
— gy and vg(p4(s)) = max [0, p4(s) - Kl = max [0, py(s) - L55_1BeP1 ()]
By the Put-Call Parity Theorem, one of the four assets in our model is
redundant. Since the gold futures contract is a numeraire asset, its price
is already determined to be one. We consider only these three assets: the

first commodity futures contract, the European cali and European put

options. So, we redefine V(p) to be the S by 3 matrix of nonredundant asset

returns with typical element (v (p4(s)), Vp(p1 (s)), p4(s))-

Hl. RELATED EQUILIBRIUM CONCEPTS

We introduce two concepts of equilibria besides the competitive one,
namely that of pseudo-equitibria and regular pseudo-equilibria, which are
used in the proof of generic existence of competitive equilibria.

First, we eliminate the asset prices by rewriting the period zero

budget constraint (2.3) by using the no-arbitrage conditions (2.5) - (2.6):
pO)X(0) - e"(0)] + T{E PPNy + T £TsBevi(p1(8)0"g =0,
Using the period one budget constraint (2.4), this can be rewritten:

pO)XN(O) - eM0)] + £ <B4 fp(s)x(s)-eM(s)]} = 0.

We follow Husseini, Lasry, and Magilt [15] and work on the price
simplex AN'1+ ={pe RN+| 2N§=1pi = 1}. Notice we can use the homogeneity
(of degree zero) property of the period one budget constraint (in the vector
of period one spot prices) to rescale spot prices so that BgP(s) can be

replaced by p(s) without affecting that budget constraint.S So, we can

rewrite the above equation:

pOIXM(0) - "0 + T pE)XN(s)-e"(s)] = 0.
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This can be more compactly expressed as p(xh - eh) ={0. Once a competitive
equilibrium is found, we use the homogeneity property of the period one

budget constraint (in the vector of period one spot prices) to rescale spot

prices so thatpy(s)=1foralls=1,.. ., S.

NeSd, we eliminate portfolio trades by rewriting the period one budget
constraint as p[1]*:]([xh[1] - eh[1]) e < V(p) >, where <V(p) >is the
subspace of RS spanned by the 3 column vectors of V(p) and the box
notation means p[1]ﬂ(xh[1] - eh[’t]) = (p(s)(xh(s) - eh(s))SS:1. To define
pseudo-equilibria and regular pseudo-equilibria, we replace < V(p) >, the
subspace of actual income transfers which can be achieved by trading in
assets, with a trial subspace of feasible income transfers. So as to have a
sufficiently rich family of subspaces from which to find an equilibrium one
we require a convenient way to vary these subspaces. We follow Duffie and
Shafer [4] and study the Grassmanian manifold, G(S, 3), which consists of
all 3-dimensional subspaces of RS. This means replacing the subspace of
income fransfers < V(p) > attainable with asset trading by a trial subspace
of income transfers, L £ G(S, 3), in the budget constraints of households 2
through H.

Following the literature, there is no loss of generality if household

one is not constrained by asset markets. We define the budget

correspondence B: AN'1+ X G(S, 3) x RN++—> RN+ forh=2,... H:

B(p, L; &M = {x e RN, | p(x"" - ") = 0 and p,0x"[1] - 1) € L}

DEFINITION. A pseudo-equilibrium over the Grassmanian manifold for the
economy parameterised by e € RHN+ + is a three-tuple consisting of a

commaodity allocation, commodity prices, and a trial subspace of income




transfers, (x,p, L) € RHN+ X AN'1+ x G(S, 3) such that:

x! = arg max ut (xT) subject to p(x1 - e1) =0, (3.2)
X" = arg max uh(xh) subject to XN ¢ B(p, L; eh), forh=2,... H, (8.3)
T = Epe, (2.1)
Lo < V(p) >. (3.4)

Finally, we define:4

DEFINITION. A pseudo-equilibrium (x, p, L) is regular if < V(p) > =L..
Existence of pseudo-equilibrium is a consequence of the fixed point

theorem of Husseini, Lasry, and Magill [15], that is also proved in Hirsch,

Magill, and Mas-Colell [13]. We state this powerful theorem in our notation:

Husseini-Lasry-Magill Fixed Point Theorem: Let &: AN-1_ x G(S, M) — RN~

and w: AN-1 +XG(S, M) - RSM pe continuous functions such that AN'1+ )
o@AN1,, L), v L e G(S, M). Then, 3 (p*, L*) e (int AN"T ) x G(S, M) such that

d(p*, L) =p*and L* > < ¥Y(p*, L*) >
IV. RESULTS

Foliowing Husseini, Lasry, and Magill [15], we have:

THEOREM 1. A pseudo-equilibrium exists for any economy parameterised by

esRHN++.

We show that in the space of initial endowments, a pseudo-equilibrium
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is generically regular. A pseudo-equilibria is not regular if V(p) drops rank.
This could happen because for some p(s) values, the columns of V(p(s)) are
linearly dependent. This would occur if, for example, the call option pays

off zero in all S states. This will not happen if the price of commodity one
differs across (at least) two states. We show that, in the space of initial
endowments, this is generically so.

In fact, we show that a stronger condition holds, namely that in the
space of initial endowments, generically, p4(s) is distinct over all states.
We actually prove that, in the space of initial endowments, generically, the

negation of that statement does not hold. This is enough to guarantee that,

in the space of initial endowments, genercially V(p) has maximal rank.

rHN

THEOREM 2. There is an open and dense set , contained in ++ Such that

for any economy parameterised by e ¢ Q, every pseudo-equilibrium of that

economy is regular.
Following Duffie and Shafer [4] or Husseini, Lasry, and Magill [15] we

now state our final resuit:

THEOREM 3. There is an open and dense set , contained in RHN++, such

that for any economy parameterised by e € Q, a competitive equilibrium

exists.
V. CONCLUSIONS

We have shown that European options can be successfully incorporated
into a GEI model once we treat sirike prices as endogenously chosen and not

exogenously given. We view our model as bridging two strands of the GEI

11




literature, namely those involving exogenous asset siructures and those
involving endogenous asset structures. In our model, we do not explain why
there are only two futures contracts or two European options, but we do
determine the strike prices of those options endogenously in equilibrium.
We observe that, in practice, options exchanges introduce cait and put
options with strike prices that are rounded to the nearest muitiple of ten
or five doliars above and below the current primitive asset price. This
means that options might not be at the money, but only near the money. [f
an option is near enough the money, however, this guarantees that its

payoffs are not zero for all states as long as there are two states, s # s%,

such that q¢4(s) # g¢4(s*). Thus, our-model could easily be generalized to

multiple strike prices as long as these lie in the generically nondegenerate
interval formed by the lowest and highest underlying primitive asset prices

across states.

12




APPENDIX

PROOF OF LEMMA.: This is a direct consequence of Farkas' theorem, which

implies that for any (1+S) by 4 matrix W one and only one of these two
conditions holds: either the intersection of < W(p, q) > and R+1 *S\0is

1+S

non-empty or the intersection of < W(p, q) > L andR — is non-empty.

This means either 36 ¢ RY with W8 > 0 or 3 & = (o, ty, - - - ag) e R1*S,

such that oW = 0. Since q is assumed to be a no-arbitrage asset price,

R1+S

there does not exist a 6 ¢ R* such that W6 > 0. This means 3 ace ++ Such

that oW =0, orthat 0 = - agqg + 23521 ogVE(P1 (s))forE=cor p, and that
forj=1,2,0=- aoqu + 283=1aspi(s). Notice that we can divide both
sides of these equations by the scalar «p, since that is guaranteed to be

positive. This resuits in the desired p's and equations (2.5) - (2.6)

PROOF OF THEOREM 1: We apply the Husseini-Lasry-Magill fixed point
theorem with M = 3, @ equal to a price adjustment function that is a
modification of the aggregate excess demand function as constructed in
Husseini, Lasry, and Magill [15], and ¥(p, L) = V(p). It can be checked as in
Husseini, Lasry, and Magill [15] that ® is inward pointing, so that a fixed
point (p*, L*) exists with &(p*, L*) = p* and L* © < W(p*, L*) >. This fixed

point is a pseudo-equilibrium.

PROOF OF THEOREM 2: By the smooth preference assumption, the solution to
each agént's utility maximization problem exists, is unique, and yields a

system of household demand functions of spot commodity prices. Consider
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a modified aggregate excess demand function z*: rN ++ X G(S, 3) x RN +

RN defined by the formula:
2 Ley=Flp;1)-el+ M _, Fp, L e - oM, (A1)

where P are individual household demand functions. Then, z*(p,L; e)=01if

' ahd only if the aggregate excess demand is zero and pe1 = 1. Consider the
projection of V(p) onto the orthogonal subspace Lt of L,y RN ++ XG(S5,3) —
RSS defined by the formula:

v(p, L) =11 1V(p), (A.2)
Notice that L > < V(p) > is equivalent to y(p, L) = 0. Finally, consider the

function h: RNH_ xG(S,3) x RHNH—» RN x R3S defined by the formuia:

h{p, L; &) = (z*(p, L; &), w(p, L)). (A.3)

Define the space of economies to be E = RHN++. We define the set M of

pseudo-equilibrium prices corresponding to an economy e, V e ¢ E:

M(e) = {(p, L) e RN, x G(S, 3) | hp, L; &) = O}. (A4)
Step 1. Generically, h is transverse fo O.

Notice that D1 (z) =-1has maximal rank N. By the Transversality
theorem [10, p. 68], hg is transverse to O for all e in E except for a closed
set of Lebesgue measure zero, where hg: RN_,_+ X G(S, 3) — RN x R3S is
defined by hg (p, L) = h(p, L; e). LetEy= {e e E|h,is transverse to 0}.

Then, Ej is an open set with null complement in E.

Step 2: Generically, M(e) = he‘1 {0} is a submanifold of dimension zero.

14




By the Preimage theorem [10], M(e) is a submanifold RN ++ X G(S, 3) and

dim M(e) = dim of the domain minus the dim of the range. The domain is
RN, , x G(S, 3) and so has dim = N + 3(S-3). As for the range RN x R3S, its
dimension must be calculated in light of the security market function being

| only dependent on the subspace that V(p) spans and not on the particular
matrix representation of V(p). This defines an equivalence relation on the
space of S by 3 matrices: A and B are equivalent if both A and B span the
identical subspace. This means that from the apparent range we have to
subtract as many degrees of freedom as equivalent matrix representations
of V{p). Thus, the dimension of the range is also N + 3(S-3), the dimension

of the domain.
Step 3: Generically,v s * s*, pq(s) #* p4(s).

Generically, the negation of the above statement is that 3 s, s* such
that p4(s) = p4(s*). If that were to be true, then we can use those states s
and s* to ‘deﬁne the map g(p, L; e) = (p4(s) - p4{s™)). Define two new maps:
f(p, L; e) = (h(p, L; ), g(p, L; e)), and f(p, L) = f(p, L; e). Then, fe"l (0) is the
subset of M{e) = he"| (0) for which the first period price of the first
commodity is the same for two states of nature s and s*. A natural
guestion that arises is if O € RNxR3S xRisa regular value of fy or if
a‘e'1 (0} is a (sub)manifold. This means asking if D(p’ L: e) f has maximal
rank vV (p, L; e} ¢ i1 (0). But, weknowthatVv (p, L, e)e h1 (0}, the rank of
D¢

p, L; e) h =N. We show that D(p! L e)9= 1. Together, these two facts

imply the rank D(p, L e) f=N+ 1whenever(p, L;e)e f'1(0).
15




As g does not depend one or L, we have D, g=D|_g=0. Note D, gis an

P
N-dimensional vector having zeroes for all entries that are partial

derivatives of g with respect {o pj(s), for j* 1 and for all s; 1 for the entry
that is the partial derivative of g with respect to p4(s); and -1 for the

entry that is the partial derivative of g with respect to p4(s*); and zeroes
for all those entries that are partial derivatives of g with respect to pj(s')

if s' # s or s*. So, the rank of Dp gis 1. Sois the rank of D(p; L: e) g. Thus,

0e RN x RIS xRisa regular value of f. Define E4 = {fecE] fg Is transverse

io 0}. We know E is open with nuli complement in E, by the Transversality
. theorem. We know V e € E4, that fe"1(0) is a submanifold. Infact, VecEy,

we aiready know by the Preimage theorem dim fe'1 (0)=-1. Thus, VeeEy,

no pseudo-equilibrium of the economy e satisfies the add_itional property of

having the same first period price of the first commodity for two states.

Step 4. Generically, < V(p) > is a 3-dimensional subspace of RS,

Let Q be the intersection of E and E4. Since both of these are open

sets with null complements in E, so is Q. ife ¢ Q, then ¥(p, L) e M(e}, the
nonredundant asset matrix V(p) will now be shown to have maximal rank,
namely three. We know that the first column has at least one zero element

(as the put option has at least one zero element). But, we also know the

first column has at least one non-zero element, namely p4(s) - k, for some
s, by the martingale characterization of k = g4y and step 3. Similarly, the
second column is also going to have at least one zero element and one
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non-zero element, namely k - p4(s”), for some s*. The third column is just

a vector having entries p4(s). We show that these column vectors are

linearly independent. Let square brackets around a scalar denote the vector

with those components. |f

* A V(P (8)] + Ap V(P4 (S)] + A5 [P4(8)] = [O]. (A.5)
Then, with S > 3, either there are several s* for which v,(p4(s*)) = Oor
vp(p1(s*)) = 0. Without loss of generality, assume the former. Then for

those s*, where square brackets around a scalar now denote the subvector

consisiting of those nonzero components, we have:
Mo [k - pq(sM] + 23 [p4(8M)] =[0], or | (A.6)
(h3 - Khg) [P4(s9] + Ap [K] =0 (A7)
Since for generic e, [p4(s*)} is not a constant vector, [p4(s*)] and [k] are

linearly independent. Thus, Ao =0and (Aq-kAp)})=0,80 g =0and x4 =0.
2 372 3 1

Step 5: Generically, < V(p) > =L.

By the above, V (p, L) ¢ M(e) with e € Q, the subspace < V(p) > has the
same dimension as L. But, we already know L = < V(p) >, from the definition
of a pseudo-equilibrium. By a well-known theorem from linear algebra, it

follows that L = < V(p) >. So, every pseudo-equilibrium of e € Q is regular.

PROOF OF THEOREM 3: It is well-known that a competitive equilibrium can
be constructed from a regular pseudo-equilibrium. (See Duffie and Shafer

[4] or Husseini, Lasry, and Magill [15] for details.) Therefore, by Theorem 2,

for e £ Q, the set of competitive equilibria is non-empty.
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FOOTNOTES

TaA European call option gives its holder the right, as opposed to an
obligation, to buy a specified amount of a primary asset or commodity for a.
specified price, known as the strike or exercise price, on a certain date,
known as the date of expiration. A European put option is analogously

defined with seli replacing buy.

2 We are using the notational convention that x > 0 means x; 2 C for alt i

and X > 0 for some i.

3 we point out aithough the options' payofis are nonlinear functions when
viewed as functions of just the underlying price of commodity one, since

they and the strike price are with respect to a numeraire, namely the price
of commodity two, they are homogenous of degree zero as functions of all

commodity prices and the strike price.

4 Duffie and Shafer [4] refer to a regular pseudo-equilibrium as an

effective equilibrium.

18




REFERENCES

1 K. J. Arrow, Le role des valeurs boursieres pour ia repartition la
meilleure des risques, Econometrie, Collogues Internationaux du Centre
National de la Recherche Scientifique 11 (1953), 41-47.

2 G. Debreu, Smooth preferences, Econometrica 40 (1972), 603-615.

3 D. Duffie, "Security Markets, Stochastic Models," Academic Press, New
York, 1988.

4 D. Duffie, and W. Shafer, Equilibrium in incomplete markets I: A basic
model of generic existence, J. Math. Econ. 14 (1985), 285-300.

5 D. Duffie, W. Shafer, D. Cass, M. Magill, M. Quinzii, and J. D. Geanakoplos,
Lecture notes in incomplete markets, SFB 303, Discussion Paper A-192,
Bonn, 1988. |

6 J. Dutta and H. M. Polemarchakis, Asset pricing and observability, SFB
303, Discussion Paper A-250, Bonn, 1989.

7 J. D. Geanakoplos, An introduction to general' equilibrium with incomplete
asset markets, 1987, forthcoming in a special issue of J. Math. Econ.

8 J. D. Geanakopios, M. Magill, and W. Shafer,'Lecture notes in incomplete
markets li, SFB 303, Discussion Paper A-205, Bonn, 1988.

9 J. D. Geanakoplos and H. M. Polemarchakis, Existence, regularity, and
constrained suboptimality of competitive allocations when the asset
market is incomplete, in "Essays in Honor of Kenneth Arrow,” volume 3,
Uncertainty, Information, and Communication, 65-95, edited by W. P.
Heller, R. M. Starr, and D. A. Starrett, Cambridge University Press,
Cambridge, England, 1986.

10 V. Guillemin and A. Pollak, Differential Topology, Prentice-Hall,
Englewood Cliffs, New Jersey, 1974, '

11 M. J. Harrison and D. M. Kreps, Martingales and arbitrage in multiperiod

securities markets, J. Econ. Theory 20 (1979}, 381-408.
19




12 Q. D. Hart, On the optimality of equilibrium when the market structure is
incomplete, J. Econ. Theory 11 (1975), 418-443.

13 M. D. Hirsch, M. Magill, and A. Mas-Colell, A geometric approach to a
class of equilibrium existence theorems, 1987, forthcoming in a special
issue of J. Math. Econ.

14 C. Huang and R. H. Litzenberger, Foundations for Financial Economics,
North-Holland, New York, 1988.

15 S. Y. Husseini, J.-M. Lasry, and M. J. P. Magill, Existence of equilibrium
with incomplete markets, Modelling Research Group Working Paper No.
M8708, University of Southern California, 1987, forthcoming in a special
issue of J. Math. Econ.

16 S. Krasa, Existence of competitive equilibria for options markets, J. Econ.
Theory 47 (1989), 413-421

17 S. Krasa and J. Werner, Equilibria with options: existence and
indeterminacy, February 1989

18 R. Marimon, Kreps' "Three essays on capital markets” aimost ten years
later, Revista Espanola de Economia 4 (1987), 147-171.

19 H. M. Polemarchakis and B. Ku, Options and equilibrium, Columbia
University, 1986, forthcoming in a special issue of J. Math. Econ.

20 S. Ross, Options and efficiency, Quart. J. of Econ., 90 (1976), 75-89.

20




January 5, 1990
Working Paper Series
Department of Economics
University of California, Berkeley

This is a list of recent working papers in the series. Individual copies are available for
$3.50 in the USA/Canada, $6.00 Europe/South America, and $7.00 Pacific Rim/Middle East.
Papers may be obtained from the Institute of Business and Economic Research: send
requests to IBER, 156 Barrows Hall, University of California, Berkeley CA  94720.
Prepayment is required. Make checks or money orders payable to "The Regents of the
University of California.”

83-100  "Deregulation and Scale Economies in the U. 8. Trucking Industry: An
Econometric Extension of the Survivor Principle.” Theodore E. Keeler.
January 20, 1989.

89-101  "Pricing in a Deregulated Environment; The Motor Carrier Experience." John
S. Ying and Theodore E. Keeler. January 20, 1989.

89-102  "Optimal Patent Length and Breadth.” Richard Gilbert and Carl Shapiro.
January 1989.

89-103  "Product Line Rivalry with Brand Differentiation.” Richard J. Gilbert and
Carmen Matutues. January 1989.

89-104  "Dealing with Debt: The 1930s and the 1980s.” Barry Eichengreen and
Richard Portes. February 1989.

89-105 "A Comparison of the EM and Newton-Raphson Algorithms." Paul A. Ruud.
February 1989.

89-106  "Simultaneous Equations with Covariance Restrictions.” Thomas J.
Rothenberg and Paul A. Ruud. April 1985.

39-107  "Does Monetary Policy Matter? A New Test in the Spirit of Friedman and
Schwartz." Christina D. Romer and David H. Romer. April 1989.

89-108  "Research and Development as an Investment.” Bronwyn H. Hall and
Fumio Hayashi. May 1989.

89-109  "Explicit Models of Willingness to Pay: A Monte Carlo Simulation.” Carl Mason
and John M. Quigley. May 1989.

83-110  "Trade Liberalization in General Equilibrium: Intertemporal and Inter-Industry
Effects.” Lawrence H. Goulder and Barry Eichengreen. May 1989.

89-111  "Collusion Through Insurance: Sharing the Costs of Qil Spill Cleanups.”
Eddie Dekel and Suzanne Scotchmer. May 1989.

89-112  "Simultaneous Offers and the Inefficiency of Bargaining: A Two-Period
Example." Eddie Dekel. May 1989.

Recent working papers from the Department of Economics, University of California at Berkeley.




§9-113

89-114

89-115
89-116

89-117

89-118
89-119

89-120

89-121
89-122

89-123

89-124
89-125
89-126

39-127
89-128

89-129

89-130

"Factor Prices in Egypt from 1900 to World War II with Intemnational
Comparisons.” Bent Hansen. June 1989.

"Micro-Level Data Sets Suitable for Investigation of Macroeconomic Issues
Extracted from Reports of the State Bureaus of Labor Statistics, Circa 1890."
Susan B. Carter and Richard Sutch. July 1989,

"Staggered Price Setting with Endogenous Frequency of Adjustment.”
David Romer. July 1989,

"Phases in the Development of the International Monetary. System." Barry
Eichengreen. August 1989.

"The Capital Levy in Theory and Practice.” Barry Eichengreen. August 1989.

“International Monetary Instability Between the Wars: Structural Flaws or
Misguided Policies?" Barry Eichengreen. August 1989.

"The Comparative Performance of Fixed and Flexible Exchange Rate Regimes:
Interwar Evidence." Barry Eichengreen. August 1989.

"The Gold Standard Since Alec Ford." Barmry Eichengreen. August 1989.

"The Role of Qutside Considerations in the Design of Compensation Schemes."
Bernard Caillaud and Benjamin Hermalin, July 1989.

"Moral Hazard and Verifiability." Benjamin E. Hermalin and Michael L. Katz,
October 1989.

"Airline Deregulation and Market Performance: The Economic Basis for
Regulatory Reform and Lessons from the U.S. Experience." Theodore E. Keeler.
October 1989.

"Credibility and Cooperation under the Gold Standard." Barry Eichengreen.
October 1989,

"The Labor Market in the 1890s: Evidence from Connecticut Manufacturing." *
Susan B. Carter and Richard Sutch. December 1989,

"Quantifying International Capital Mobility in the 1980s." Jeffrey A. Frankel.
December 1989.

"Topological Social Choice.” Nick Baigent and Peter Huang. December 1989,

"Equilibrium of Incomplete European Option Markets." Peter Huang and Ho-Mou Wu.
December 1989.

"The Impact of Corporate Restructuring on Industrial Research and Development.”
Bronwyn H. Hall. December 1989,

"Converters, Compatibility, and the Control of Imerfaces Joseph Farrell and Garth
Saloner. December 1989.

Recent working papers from the Department of Economics, University of California at Berkeley. 2






