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QU,ZLITY-DIFFEREhTIATED GOODS 
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Abstract 

This paper presents several  models of t he  demand for  qual i ty-  
d i f fe ren t ia ted  goods i n  which the consumer decides which brand of 
product t o  s e l ec t  a s  well a s  how many uni ts  t o  buy. The models 
cover a variety of preference s t ruc tures  and can readily be e s t i -  
mated using standard techniques for  switching regressions. 
From the f i t t e d  demand equations, one can ca lcu la te  monetary 
measures of the  welfare e f f ec t s  of changes i n  the pr ice ,  qual i ty ,  
o r  var ie ty  of the brands. The models a r e  then a p p l ~ e d  t o  data on 
households' demands for  recreation s i t e s  i n  the Boston area,  and 
the values of the s i t e s  a r e  calculated.  
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ECOh'O%TKZC WUELS OF 71-iE DEk5A\B FOR 
QUALIR-DIFFEKEhTIKrED GOODS 

1. Introduction 

Recently there  has been an explosion of i n t e r e s t  i n  the  study of markets 

with d i f f e r en t i a t ed  products. Some developments i n  t h i s  l i t e r a t u r e  a r e  sur-  

veyed i n  the  symposia edi ted by Gould e t  a l .  (1980) and Phlips and Thisse 

(1982). For the  most p a r t ,  these  theore t ica l  s tud ies  have focused on a com- 

para t ive  s t a t i c  ana lys i s  based on the  f i r s t -o rde r  conditions f o r  equilibrium 

under various market s t ruc tures .  The empirical application of such models, 

however, has lagged behind due, i n  pa r t ,  t o  the  d i f f i c u l t y  of specifying para- 

metric u t i l i t y  and production functions which a r e  both r e a l i s t i c  i n  t h e i r  

degree of d e t a i l  and su f f i c i en t ly  t rac tab le  t o  permit the der ivat ion of closed- 

form expressions f o r  the  demand and supply equations. The present paper may 

be of some ass is tance i n  t h i s  regard since i t  provides some parametric u t i l i t y  

models fo r  a consumer's choice among d i f fe ren t ia ted  products which cover a 

var ie ty  of preference s t ruc tu re s  and yie ld  t rac tab le  estimating equations. It 

is soniewhat less ambitious than many of t he  theore t ica l  treatments since i t  

concentrates exclusively on the  demand s ide  of markets for d i f fe ren t ia ted  

products, taking t h e i r  supply a s  given. The perspective is  thus s imilar  t o  

t h a t  adopted by Novshek and Sonnenschein (1979), although the  demand models 

developed here d i f f e r  somewhat i n  t he i r  s t ruc ture  from the theoret ical  models 

of Novshek and Sonnenschein. Mowever, unlike some of the  general equilibrium 

treatments such a s  Mussa and Rosen (19781, Gabszewicz and Ttlisse (19SO), and 

Shaked and Sutton ( I Y 8 2 ) ,  t he  u t i l i t y  models presented here do not impose the 

assmiption t h a t  the  constimer buys orlly one unit  of the d i f fe ren t ia ted  

product. I 



Thus ,  i n  these models a consumer has to  decide how many urrits to buy a s  

well as which brand of product to  select.  Both decisions--the discrexe 

(quality) choice and the continuous (quantity) choice--are determined simul- 

taneously as the solution t o  a single u t i l i t y  maximization problem. %he 

resulting demand equations can be cast i n  the form of a switching regwession 

model, and the s t a t i s t i c a l  techniques developed by Heckman (1979) an& Lee and 

Trost (1978J can be employed t o  estimate them. Moreover, because t h e  discrete 

and continuous choices both flow from the same underlying u t i l i t y  funtction, 

there a re  additional restr ict ions on the coefficients and disturbance, terms 

appearing i n  the discrete and continuous equations of the switching r.egression 

model which can be exploited i n  the estimation process. 

Since the f i t t ed  demand equations provide information about the U~nderlying 

u t i l i t y  function, they permit one not only to  predict t h e   consumer*^ response 

t o  exogenous changes i n  the price, quality, or variety o f  the brands available 

t o  him but, also, t o  compute monetary measures of the effect  o f  these: changes 

on his welfare. These calculations, which are  i l lustrated below, re;+resent an 

extension of the welfare-analytic methodology ini t iated by Small and Rosen 

(1981) t o  the case of mixed discrete/continuous choices. 

The paper is  organized as follows. In section 2,  I present the u: t i l i ty 

models, derive tbeir discrete and continuous choice equations, and stxow how 

they can be estimated. In section 3 ,  as  an i l lus t ra t ion,  these models a re  

applied to  data on household recreation behavior i n  the Boston area. The 

choice among different recreation s i t e s  w i t h  exogenously given qua l i ty  

characteristics i s  here taken a s  an exairiple of: consumer choice ainong d i f -  

ferentiated products. In section 4 ,  1 describe the ~roceriure far cO%puting 

the welfare measures for changes i n  the se t  of prices and qual i t ies  ;svai?abie 



t o  the  consumer and apply i t  t o  the  f i t t e d  re;? J - ' .  : .i c!-jdi.ls t o  

der ive  estimates of the  value of each s i t e  (i . c . ,  i - ..lirplus l o s t  

i f  the  s i t e  were shut down). In  the  coniluciing 5ec,  . c a t e  some 

directions for  fu r ther  research. 

2. Model specif icat ion and estiniation 

2.1. General Structure 

The theore t ica l  set-up is a s  follows. There a r e  t; d i f f e r en t  brands of 

commodity; the  consumption of t h e  L t h  brand i s  denoted by x.. The brands 
3 

may d i f f e r  w i t h  respect  t o  t h e i r  p r ices  and qua l i t y  charac te r i s t i cs ,  which t he  

consmier takes a s  exogenous. The pr ices  a r e  denoted by p = (pl, . . ., \,). 
I assume t h a t  there  a r e  K d i f f e r en t  dimensions of qual i ty .  Let b = 

(hl, . . ., $1 and b 
3 

= ( bIl, . . . , b ,), khere b i s  the  amount of the  kth 
Jh l k  - 

qua l i t y  cha rac t e r i s t i c  associated w i t h  a uni t  of consumption of brand j. The 

consunier's u t i l ~ t y  depends on h i s  consumption of the  various brands, t h e i r  

qua l i t y  cha rac t e r i s t i c s ,  and h i s  conswiption of other ,  nonhranded goods repre- 

sented by the  coniposite comiiiodity z, which I take a s  t he  nrmeraire. The 

consumer's preferences may a l s o  be influenced by h i s  own observable charac- 

t e r i s t i c s  (age, education, e t c . ) ,  but 1 w i l l  ignore these var iables  f o r  now. 

I n  addition, I assume tha t ,  although the  consumer's u t i l i t y  function is  

de t e rn~ in i s t i c  fo r  - him, i t  contains some coniponents which a r e  unobservable t o  

the  econonietric invest igator  and a r e  t rea ted  by the  invest igator  a s  random 

variables.  These random elements could he unobservable cha rac t e r i s t i c s  cf t he  

consurrier and/or a t t r i b u t e s  of the  hrands. They will  he denoted by the  vec- 

t o r  E ,  and the  u t i l i t y  function wil l  be writ ten coii;pactly a s  u ( x ,  b, z; E ) .  



Dif fe ren t  types  of  d iscre te /cont inuous  choice  model can be generated, depcnd- 

ing  on how one s p e c i f i e s  t h e  i n t e r a c t i o n  of E with t h e  o the r  arguments of 

the u t i l i t y  function.  Here I assume t h a t  E = (el" . ., %) and 

u(xr b, 2 ;  €1 = u l x ~  ql(bl; gl) '  . a m 2  J i N ( b N s N ) ,  21 .  The funct ion  Ji. 
3 

may be i n t e r p r e t e d  a s  an index of t h e  q u a l i t y  of the i t h  brand; my assumption 

i s  t h a t  i t  is here ,  i n  the consumer's o v e r a l l  percept ion  of each brand 's  

q u a l i t y ,  t h a t  t h e  random component is located.  

The consumer chooses (x,  z) s o  as t o  maximize u(x, +, z) sub jec t  t o  t h e  

budget c o n s t r a i n t  Zp x .  + z = y and t h e  nonnegativi ty condi t ions  x .  > 0, 
J 3 J - 

j = 1, . . ., N and z - > 0. Moreover, I assume t h a t  t h i s  decis ion  l eads  t o  a 

corner  so lu t ion  i n  which z and- - one of  the x . ' s  i s  pos i t ive .  Th i s  i s  
I 

because t h e  consumer cons ide r s  t h e  d i f f e r e n t  brands a s  s u b s t i t u t e s  f o r  one 

another  and p r e f e r s  t o  consume only one of them a t  a time. Thus, h i s  dec i s ion  

simultaneously involves  a d i s c r e t e  and a continuous choice:  t h e  d i s c r e t e  

choice  is which brand t o  s e l e c t  (which one of the x . ' s  is nonzero), and the 
J 

continuous choice  is  how much of it t o  buy ( t h e  magnitude of  t h e  nonzero x .). 
J 

If the consumer has  t h i s  preference,  h i s  i nd i f fe rence  curves f o r  a l l  p a i r s  o f  

x - ' s  must be l i n e a r  o r  concave. A general  family of u t i l i t y  funct ions  with 
J 

t h i s  proper ty  i s  

Some s p e c i f i c  examples of ( 2 . 1 )  a r e  presented below. 

Before descr ib ing t h e s e  u t i l i t y  niodels i n  more d e t a i l ,  i t  is  useful  t o  

smiiiiarize t h e  general  procedure by w h i c h  t h e  d i s c r e t e  and continuous demand 

func t ions  a r e  derived from them.' Suppose, f o r  the monent, t h a t  the con- 

sumer has chosen t h e  j t h  brand. Conditional on t h i s  choice,  h i s  u t i l i t y  i s  



- 
U .  5 u(O, . . ., 0, x j ,  0,  . . ., 0, Li19 . . . I  +K> z). Observe that ri:c 

3  
family of utility models (2.1) has the property that 

i.e., a brand's quality does not matter to the consumer unless that brand is 

actually consumed. Therefore, his utility conditional on selecting the jth - 
- 

brand can be written as u . = u. (x  ., Q . z); I refer to this as the conditional 
3  3  3 3' 

direct utility function. In order to decide how much of the brand to buy, the 

consumer maximizes G .  subject to the conditional budget constraint, 
3  

p .  x .  + z = y. Assuming that ili. is strictly quasiconcave in x. and z, and x. 
3  3 3  I J 
is essential with respect to u. i . ,  none of the indifference curves intersect 

I 
the z-axis), this leads to an interior solution with Y. > 0. The resulting 

3 
conditional ordinary demand functions wi 11 be denoted x . ( p  . , bj, y )  and 
- 1 3  
zfpj, , y and the conditional indirect utility function is v.(p., $., y) E 

3 3  3  

All of the foregoing is conditional on the consumer's selecting brand j 

The discrete choice of which brand to select can be represented by a set of 

binary valued indices, dl, , . . , 6N, where 6. = 1 if x .  > 0 and 6 . = 0 if 
3 3 3  

x .  = 0. The consumer selects the brand which gives the highest utility; 
J 
that is, 

f't i f  v.(p., w., y )  > Vi(pi, Q ~ ,  y ] ,  "11 i 
3 3  3 - 

6 .(p, 0, y) = 1 
J ,p otherwise. 

( 2 . 3 )  

Now cui~sider the original, rlnconditional problen of niaximizing u(x, , z )  

subject to L P .  x + z = y. The unconditional ordinary demand functions 
J J  



associated with this problem will be denoted by x.(p, $, y), j = 1, ., N 3 
and z(p, b, y). The resulting unconditional indirect utility function is 

v(p, +, yl r ulx(p, v ,  y), v ,  z(p, $, y)]. These are related to the corres- 

ponding conditional functions by 

- - -  
For the consumer, the quantities x. z, vj,  6., x - ,  z, and v are known 

I' J  J  
numbers but, because his preferences are incompletely observed, they are ran- 

dom variables from the point of view of the econometric investigator. For 

example, the discrete choice indices are Bernoulli random variables with a 

mean, E{A 1 r n ., given by 
J  J  

n = r . .  . y > Q-, y), all i}. 3  J J  3 1 - (2.6) 

This probability can be evaluated by manipulating the joint density of the €.Is, 
- 3 

fE(~lP . . ., E ~ ) .  Define the sets A .  {EI?.(P., $., y) > vi(pi, y), 
J  J J  J  - 

all 1 ,  j = 1, , . , N From fE one can construct fE,,E,A,, the conditional 
I I 

marginal density of E .  given that E t A .  i.e., given that brand j is selected. 
I 3' 

Then, the probability density o f x .  fx, ,EfA,(x) = Prix. = xlt: 6 A . 1 ,  can be 
" 3 3 

3 3 

derived from fE. , t c A ,  by an appropriate change of variables. Finally, the 
J J 

probability density of x .  fx, (x) = Prix. = x), takes the form 
" 3 J 



Accordinglj,  cu?cti.e2 these crt? oh-ervations cn a sample of T consumers, 

each of when s e l e c t s  one bran6 of t he  cmr!odity. Let the  subscript  t denote 

the  individual cDnsi!?,er, l e t  j be the  index of the  brand which he s e l ec t s ,  
j; 

and l e t  xt be thr: par t i cu la r  quant i ty  which he i s  observed t o  consume, 

From f2.7) ,  thz  likelihood function f o r  the  sample is  

I n  pr inc ip le ,  the  unknown parameters of t he  model can be estimated by f u l l  

information maximrnn likelihood. As an a l t e rna t ive ,  one can employ the  two- 

s tage estimation procedure suggested by Heckmarl (1979) and Lee and Trost  

(19781. Before discussing t h i s ,  I w i l l  describe the  spec i f i c  u t i l i t y  models 

t o  which i t  is applied. 

2.2. The BZackb~~l*n rnode Z 

The f i r s t  model was or ig ina l ly  developed by Blackburn (1970) f o r  the  

artalysis of aggregate t rave l  demand. The u t i l i t y  function i s  3 

where i s  a constant o r ,  more generally,  a function of observable charac- 

t e r i s t i c s  of the  individrual consumer. Furthermore, t he  randoin t e rn s  E .  
3 

a r e  i , i . d .  according t o  the  extreme valve (EV) d i s t r ibu t ion  w i t h  sca le  para- 

meter u > 0. Thus, t h e i r  jo int  c .d . f .  i s  



- .  The maximization of (2.91 s u b j e c t  t o  t h e  b i ~ . ! ~ c i  ,.. i . i t . .  ' ,  1:. leads  t o  a 

co rne r  s o l u t i o n  i n  which, except  on a s e t  of r;i;:~:..:i. . ~ i <  : i i _ .  cn:: brand is  

se lec ted .  

Suppose t h a t  t h e  consumer selects brand j; . ,jc::YA. o d i r e c t  u t i l i t y  
- 

is u ( X  Jlj, Z) = x . ( l  + en 8 - x . )  + hz + 9. x . :  t ~ h i c ' i  i: s t r i c t l y  quas i -  3 3 '  3 3  3 J  
concave i n  x .  and z. Mximiza t ion  of ;. y i e l d s  the conditional.  demand and i n -  

3 3 
d ~ r e c t  u t i l i t y  func t ions  

where 

I t  fo l lows from (2.13) t h a t  t h e  s i n g l e  brand s e l e c t e d  by t h e  consumer is  t h a t  

f o r  which h + E . = il, . - hp .  is highes t .  Thus, t h e  d i s c r e t e  choice  proba- 
3 3 3  3 

b i l i t i e s  (2.61 take t h e  form 

k i t h  t h e  EV distribution (2.11), one o b t a i n s  



where 

and 

Th i s  is s i m i l a r  t o  t h e  s tandard  multinominal l o g i t  formula [ s e e  McFadden 

(197411 except t h a t  t h e  l a t t e r  usua l ly  sets t h e  s c a l e  parameter li equal t o  

un i ty .  Indeed, t h i s  normalizat ion would he unavoidable i f  one were es t imat ing  

pure ly  d i s c r e t e  choices .  I t  can beavo ided  here because I am a l s o  es t imat ing  

t h e  continuous choices ,  which s e r v e  t o  i d e n t i f y  u. 4 

Given t h e  s t r u c t u r e  of t h e  d i s c r e t e  choice  p r o b a b i l i t i e s  (2.14), A .  = 
3 

{ E I E .  + A -  > E. + A .  a l l  i l  and t h e  cond i t iona l  marginal dens i ty  EE. ,ceA ,  
3 J -  1 1' 

has  
J J 

t h e  form 

where ~j is t h e  d e r i v a t i v e  of F w i t h  respect  t o  i t s  j t h  argument. With 
E E 

t h e  EV d i s t r i b u t i o n  (2 .11 )  one ob ta ins  

where 



This may be recognized as the density of a univariate EV r.v. with scale para- 

meter v and location parameter ( p  En B.J. Its mean and moment-generating a 
function are 

t& . 
E{e 'lee A . }  = Byt r(l - pt). a 3 

The conditional density fx. , derived from fE ,ceAj by a change of 
31 j j 

variable based on (2.121, is 

-1 * l / ~  x-tl+llJ/ll ze Ai/ll (XI = P exp ( - 0  U p  x-l/~ xe 'x. ECA (2.19) J I  j . 
The conditional mean quality of brand j demanded can be obtained by integrat- 

ing (2.19) or, more simply, from (2.12) and (2.18) 

A .  E. 
Etx.1~ e A . j  = Be E{e c A.) 

I J I 

Note that this conditional mean exists only if li < 1. For estimation purposes, 

it is more convenient to work with the mean of the conditional distribution of 

xn x which is, from [2.17), 
3' 



The es t imat ion  of t h i s  demand rnodel on the  b a s i s  of (2.15) and ( 2 . .  
, 

. 

(2.21) is discussed  i n  sec t ion  2 .4 .  Before proceeding, however, t ~ i o  &a:?; . ,  

about  t h e  model should be mentioned. F i r s t ,  I have i m p l i c i t l y  asstriled t':a: 

t h e  cond i t iona l  u t i l i t y  maximization y i e l d s  an i n t e r i o r  so lu t ion  f o r  x . .  In 
3 

f a c t ,  i t  can be shown t h a t ,  f o r  t h e  u t i l i t y  model (2 .9) ,  x .  i s  e s s e n t i a l  w i i h  
I - 

r e spec t  t o  u .  s o  t h a t  t h i s  assumption is j u s t i f i e d .  However, i t  i s  not  truY 
3 

t h a t  z  i s  e s s e n t i a l  w i t h  r e spec t  t o  ;.--it can be seen from (2.12) t h a t  t h e r e  
J 

is a nonzero p r o b a b i l i t y  o f  ob ta in ing  z  < 0, which i s  economically meaning- 

less.' I n  t h e  empir ica l  a p p l i c a t i o n  below, t h i s  p r o b a b i l i t y  t u r n s  out t o  be 

n e g l i g i b l y  small s o  t h a t  i t  can reasonably be ignored. Second, t h e  demand 

funct ion  (2.12) impl i e s  a z e r o  income e l a s t i c i t y  of demand f o r  a l l  t h e  brands, 

which may be unduly r e s t r i c t i v e .  T h i s  r e s t r i c t i o n  is  removed i n  t h e  next  

group of models, which o f f e r  cons iderable  f l e x i b i l i t y  i n  modeling t h e  shape of 

t h e  Engel curves f o r  t h e  branded goods. 

2.3. Perfect s u b ; t i S ~ t e  modets 

Consider t h e  fo l lowing u t i l i t y  func t ion  i n  which t h e  d i f f e r e n t  brands a r e  

p e r f e c t  s u b s t i t u t e s  

u(x, $, z)  = u*(Cqj X j ,  z) (2.22) 

where u* is  a  conventional  b i v a r i a t e  u t i l i t y  funct ion .  C lea r ly ,  t h e  maximiza 

t i o n  of (2.22) sub jec t  t o  a  budget c o n s t r a i n t  l e a d s  t o  a corner  s o l u t i o n  i n  

uhich only one brand is  se lec ted .  Given t h a t  t h e  consuriier has chosen brand j, 

h i s  cond i t iona l  d i r e c t  u t i l i t y  i s <  ( x - ,  $. ,  z) = u * ( @  x .  z). Regard 
J J  3 1 J '  

u*(., * )  a s  a  funct ion  of two arguments, say,  wI and w 11' I f  u* is  s t r i c t l y  quas i -  

concave in  w and w then ;. i s  s t r i c t l y  quasiconcave i n  x .  and z .  I 11' 1 3 



Similarly, if wI and wII are essential with respect to u*, then x. and z are 
* * 3 

essential with respect to G..  Let wI(p1 yl and w (p , yl be the ordinary 
J I1 I 

demand functions arising when u*iwi, wIIJ is maximized subject to the budget 
* * 

constraint p w + w = y, and let v*(pI, y) : u*lwI(pIs yf, wII(pI, yJ j I I I1 

be the corresponding indirect utility function. It can be shown that the con- 

ditional ordinary demand functions and indirect utility function associated 

with <. have the form 6 
3 

- 
x.(p., c., yl = +-.I w* 2, y 

3 3  3 J 1 r. qj ) 

Since v* is decreasing in its first argument, it follows from (2-23c) that the 

single brand selected by the consumer is that for which p./+. is lowest. 
3 3 

Instead of (2,10) it is convenient here to adopt the following specifica- 

tion for the I$ 's .  
3 

where, as before, the E.'S have the EV distribution (2.11). Applying (2.61, 
J 

the discrete choice probabilities may be written 

s .  - Pr{En $j - in pj 2 En $i I. En pi ,  all i l ,  3 - 



which has the same general form as (2.14) but with A .  now defined as A .  5 
3 3 

cr + iyk by - kn p.. With the EV distribution, these probabilities are 
J ~k 3 

given by 

where, as before, 

and 

This is similar to corresponding formula for the Blackburn model (2.15) except 
- 

for the appearance of the term (l/u)%n p .  in place of hp .. Because of this 
3 J 

difference, the scale parameter of the Em, )i, - can be identified directly from 

the discrete choices. 

To obtain the continuous choice probabilities, one must specify a para- 

metric bivariate utility model. Here I consider three models which lead to 

reasonably tractable formulas for the continuous choice probabilities. Ex- 

pressed in dual form, the utility models are 



In each case, @ is a constant or, more generally, a function of the charac- 

terlstics of the individual consumer. The ordinary demand functions associated 

with these utility models are 

Thus, the utility model (2.26) leads to a constant income elasticity of de- 

mand, rl, while the utility model (2.27) leads to an income elasticity of 

demand, riy, which varies with the consumer's income. I will refer to these 

as the LOG-LW and SEW-LOG models, respectively. In both models a necessary 

and sufficient condition for wI to be an essential good is that p < 1; how 

ever, w is not essential. The utility model (2.28) is a bivariate version of 1 I 

a special case of Muellbauer's (1976) PIGLOG model; given that 8 < 1, both goods 

are essential. It should be noted that none of these indirect utility func- 

tions is quasiconvex over the entire price-income space. Therefore, one must 

check for quasiconvexity at the sample data points. 

To show how these conventional bivariate utility functions can be combined 

with the random utility modei (2.22), 1 will focus on the LOG-LOG mode? (2,261; 

the analysis of the other models proceeds in a similar manner. From (2.23a) 

the conditional ordinary demand functions associated with the random utility 

model, which consists of (2.221, (2.241, and the direct utility function dual 

to (2.26), are 
7 



S u b s t i t u t i n g  (2.24) and s impl i fy ing  y i e l d s  

Using (2.29) t o  make a change of v a r i a b l e  i n  (2.19) from e .  to  x .  one ob ta ins  
3 

8 
3' 

t h e  cond i t iona l  d e n s i t y  

For t h e  purpose of e s t ima t ing  t h e  model, i t  i s  convenient t o  work with t h e  mean 

o f  t h e  cond i t iona l  d i s t r i b u t i o n  of i ln(p-  x  .) which i s ,  from (2.29) and 
3 3 

(2.171, 

Etiln p .  x . 1 ~  z A . 1  = En tt + 0 iln y + (p - 1 ) A .  + ( p  - ~ ) E { E . I E  A.) J 3 3 3 3 3 

To save space, t h e  forrr~ulas corresponding t o  (2 .30 )  and (2.31) f o r  t h e  o the r  

two u t i l i t y  models a r e  presented  i n  t h e  Apperd' i i x .  



2.4.  Estimation 

The demand models presented above can a l l  be estimated i n  a similar manner. 

In each case, given observations on a sample of consumers, the likelihood func- 

tion of the sample can be cast i n  the form of (2.81, where n .  is  given by 
~ * t  

* 
12.15) or (2.251, and f x j  / € € A .  (xt) is given by (2.19), (2.301, or the formulas 

* t  ~ * t  

i n  the Appendix. A s  noted above, the unknowns i n  the model could be estimated 

by f u l l  information maximum likelihood. I t  is simpler, however, t o  employ a 

two-stage estimation procedure along the l ines originally suggested by Heckman 

11979) and Lee and Trost (1978) for the switching regression model w i t h  normal 

errors. I w i l l  describe t h i s  estimation procedure i n  the context of the 

Blackburn model; the deta i ls  vary sl ightly for the other demand models. 

The first step is maximum likelihood estimation of the logi t  model for the 

discrete choice probabilities alone (2.15). This yields estimates of a, 
7, and which are  consistent but not eff icient  since they ignore the infor- 

mation contained i n  the data on continuous choices. N i t h  these estimates 

one can form consistent estimates of (hi/pjt. The next step is a regression 

analysis of the data on the continuous choices. By virtue of (2.21) one can 

s e t  up the following regression model for these data. 

where the v t S s  are  i , i , d  as EV (p, -0.57722~). Hence, E{v 1 = 0 and variv i = t t 
2 2 n 16. The estimated values of ( X i / v J t  are used to form the regressor vari- 

able i n  braces i n  [ 2 . 3 2 ) ,  and the equation i s  f i t t ed  by least  squares--by OLS 

or nonlinear least  squares depending on the fornr of a n  B t .  Since t h i s  i s  a 



regression w i t h  nonnonnal but homoscedastic and finite-variance disturbances, 

the resulting estimates of p and the coefficients in 9.n B t  are consistent. 9 

A t  t h i s  point, therefore, one has consistent estimates of a l l  the unknoms 

i n  the n~odel. The f inal  step is  t o  use these as  i n i t i a l  estimates for the 

maximization of the likelihood function (2.8).  Since they are consistent, a 

single Newton-Raphson i terat ion w i l l  provide estimates w i t h  the same asymp- 

t o t i c  distribution as  the global MLE. Thus,  these two-step maximum likelihood 

(ZSML) estimates are  consistent and asymptotically normal and eff icient ,  and 

their  covariance matrix is consistently estimated by the information matrix. 

The computations can be further simplified by following the suggestion of 

Berndt e t  a l .  (1974) and substituting the covariance matrix of the gradient of 

the log-likelihood function for the information matrix when performing the 

Newton-Raphson iteration and computing the covariance matrix of the parameter 

estimates.'' T h i s  procedure is employed in the empirical application de- 

scribed i n  the next section. 

3 .  An application to  recreation demand 

3.1. The data 

I n  t h i s  section, the demand models developed i n  the preceding section are 

applied to  some data on households' visitation of water-based recreation s i t es  

i n  the Boston area. The data come from two surveys, both conducted in 1974 

and described in more detai l  in Einkley and Hanemann (1978): a survey i n  

their  homes of a s t ra t i f ied  randorn sample of households i n  the Boston SbS.4 t o  

ascerttiin which s i t es  they had visited during the summer of 1974 for swiiming 

and beach recreation and the frequency of their v is i t s ;  and a survey of the 



major recreation s i t e s  i n  the Boston area t o  inventory their  f ac i l i t i e s  and 

sample their  water quality. From t h i s  sample, 83 households who each visited 

only one s i t e  during the summer of 1974 form the basis for the application of 

the discrete/continuous demand models. My maintained hypothesis is that these 

households freely chose t o  v i s i t  only one s i t e  because of their  particular 

recreation preferences. Between them, they visited some 20 different s i t e s  

which cover a l l  the main s i t e s  i n  the area. Each household is  conceived of a s  

selecting one of these 20 s i t e s  and choosing to  make some number of v i s i t s  t o  

the s i t e  over the summer; i n  the sample, the number of v i s i t s  by a household 

ranged from 1 t o  100, with a median of about 5.  

For the s i t e  characteristics,  I employ five variables. Two are measures 

of water quality, chemical oxygen demand (COD) and to ta l  phosphorus content 

(Pf-IOS), both measured a s  m g / l .  Nonwater aspects of s i t e  quality are captured 

by a dummy variable, hTJISANCE. Higher values of these three variables signify 

poorer s i t e  quality. The fourth variable, SITE TYPE, a dummy variable for 

freshwater (= 1) as  opposed to  ocean s i t e s  (= O), is  included because there 

may be dist inct  preferences for the two types of s i t e .  The f i f t h  variable, 

MINOKIIT A n ' ,  is intended t o  allow for racial segmentation in the selection of 

recreation s i t e s  which is  a significant phenomenon i n  the Boston area. This 

is  a dummy variable which takes the value 1 i f  the household is from a 

minority group and the s i t e  i s  one of those identified a s  being especially ac- 

cessible to  minorities and 0 otherwise. These five variables constitute 

the b .  ' s  i n  [2.10) and (2 .24) .  Following the custom i n  recreation demand 
2 k 

studies, the price variable, p . ,  is  taken to  be the travel cost defined a s  
3 

the estimated road distance from the household's home t o  the recreation s i t e  

niultiplied by an estimated travel cost of 7 cents per mile ( in  1974 prices). 



F i n a l l y ,  i n  forniulatxng t h e  model I adopt an e n t i r e l y  "generic" s p e c i f i c a t i o n  

of s l te  demand by s e t t i n g  a1 = ct = . . . = % = 0 i n  (2.10) and (2.24). 

The observable household c h a r a c t e r i s t i c s  which e n t e r  i n t o  t h e  term ti i n  

(2.9) and (2.26) through (2.28) a r e  an index of h ighes t  household education, 

EWC; t h e  number of persons aged 18 and o lde r  i n  t h e  household, ADULTS; and 

t h e  number of persons under 18 i n  t h e  household, CHILDW.  In  addi t ion ,  t h e r e  

is a dummy v a r i a b l e ,  SWIMPMPOOL, which t akes  the  value 1 i f  t h e  household has 

a c c e s s  t o  a p r i v a t e  swimming pool and 0 otherwise. The s p e c i f i c  formula f o r  

6 is 

@11 6 = 610 EDUC exple12 SVIbPMPOOL + ADULTS + 614 MILDKEN] (3.1) 

where ti i s  a p o s i t i v e  cons tan t .  F i n a l l y ,  y i s  annual household income 
10 

i n  1974 d o l l a r s .  

3.2. Results  

The four demand models descr ibed  above were es t imated  by t h e  method de- 

sc r ibed  i n  sec t ion  2.4. The r e s u l t s  a r e  presented i n  t a b l e s  1 and 2. I n  t h e  

f i r s t  s t age ,  a l o g i t  model of t h e  d i s c r e t e  choice was est imated using (2.15) 

f o r  t h e  Blackburn model and (2.25) f o r  t h e  o the r  models. I n  t h e  case  of t h e  
- - - 

Blackburn model, t h i s  y ie lded  es t ima tes  o f  yl ,  . . ., y5 and h. The next s t e p  

was t h e  es t imat ion  of t h e  r eg ress ion  model (2.32) by 013. T h i s  provided 

c o n s i s t e n t  e s t ima tes  of LI and €Jl1, . . ., B14, which a r e  shown i n  the  f i r s t  

colu:i~n of t a b l e  1, a s  well a s  of &n BIO The implied e s t ima tes  of 8 10' Yk = 
- - 
yk ' u and b = h . p, which a r e  a l s o  c o n s i s t e n t ,  a r e  shorn1 i n  the t ab le .  These 

e s t i m a t e s  were used a s  t h e  s t a r t i n g  values f o r  a Newton-Kaphson i t e r a t i o n  of 

the normal equations f o r  t h e  log- l ike l ihood funct ion .  The r e s u l t i n g  2S?% es-  

ti i i iatcs a r e  shown i n  t h e  f i r s t  co lun~ l  of t a b l e  2 .  



TABLE I 

COSSISTEW TWO-STAGE ESTIUATES OF D W f D  tlODELS 

Y, COD - 0 . 0 1 6 4  - . 0 1 6 1  

COEFFICIESTJ 

VARIABLE 

Y4 S I T E  TYPE -1.1965 -1.2883 

DW!?iD HODEL 

BLACRELT-Y LOG-LOG $ M I - L O G  PIC LOG^ 

Y5 H I S O R I l Y  ATT 0 . 8 7 7 3  0 . 3 6 1 8  

B I 3  ADULTS 0 . 4 1 8 5  0 . 4 7 3 3  0 . 4 6 2 3  0 . 1 3 2 7  

 he sample is 8 3  housrhol2s.  The r s t i u t e s  of y .. . , Y5 and P are 

the same f o r  the Em-LC%, SWI-LCC, a n d  PICLOG demand rnodeli .  

b i n c a m e  measured i n  t housands  of dol lars  

'~alu* of l o g - l i k e l i h o o d  function f o r  discrete choice  equation 

' R ~  fo r  leaat squares regression of continuous choices; note char 

d i f f e r e n t  models have d i f f e r e n t  dependent verinbles. 



TkeLE 2 

25% ESTIW%TES OF DEY.,%D HODEL~ a 

DEWD XODEL 
C0EFFrC:EhT 

BWCkSC<! - LOG-LOG SMI -LOG 

-0.0202 -0.01 77 -0.0166 
(3.74) (6.18) (6.07) 

Y2 -9.4137 -9.2811 -9.2118 
(3.89) (4.89) (5.11) 

"3 -0.3855 -0.3297 -0.313 
(1.77) (2.33) (2.32) 

" 4  -1.4106 -1.2593 -1.0967 
(4.39) (7.58) (7.953 

"5 0.8314 0.3388 0.3316 
(4.70) (2.50) (2.36) 

h 0.8309 N/ A 
(8.79) 

M l A  

U 0.6009 0.4939 0.4702 
(22.01) (36.26) (38.57) 

P % / A  0.101 0.1156 
(54.03) (55.26) 

n N/ A -0.1125 4.22 * 
(9 .53)  (3.28) 

efO 1.5165 1.5149 0.581 
(2.89) (7.441 (9.70) 

1 0.3265 0.6611 0.6161 
(3.05) (20.48) (17.82) 

@12 -0.8612 -0.905 -0.8772 
(5.56) (23.0~) (22.64) 

O13 0.4418 0.472 0.1601 
(1e.83) (42.73) (45.71) 

81$ 0.07G5 -0.0157 -0.0103 
(3.51) (1.89) (1.37) 

a 
The sazpie is 83 households. The starting values of  

the  coefficient* f o r  the Sevrsn-Raphson iteration are 

those  given in T a b l e  I. The nunbers in brackets are 

the i l b s o i u t c  values o f  t he  as)-pcoric L-sca~iscics. 



In the case of the other demand models, the logit  model of the discrete 

choices yielded estimates of yl, . . ., and (l/p) from which estimates of 

i~ and yl, . ., y5 were obtained; these are shown i n  the upper portion of 

the third column of table I .  Next, the continuous choices were estimated us- 

ing (2.31) for the LOG-LOG model, (A.2) for the SDU-LOG model, and fA.9) for 

the PIGLOG model. The f i r s t  two of these regressions were estimated by OLS 

and the l a s t  by nonlinear least  squares. The resulting coefficient estimates 

are  shown i n  the lower portion of table 1. These were then employed a s  the 

s tar t ing values i n  a Newton-Raphson iteration. The resulting ZSML estimates 

for  the LOG-LOG and SEVI-LOG models are  show i n  table 2; because of numerical 

d i f f icul t ies ,  the 2SML estimates could not be obtained for  the PIGLOG model.'' 

I t  should be noted that the coefficient estimates for the LOG-LOG, SEMI- 

LOG, and PIGLOG models a l l  sat isfy the conditions required for x .  t o  be an 
3 

essential good: the estimates of p i n  the LOG-LOG and SBII-LOG models a r e  

each less than unity, and the implied estimates of 5 i n  the PIGLOG model 

sa t is fy  O < 6 < 1 for every household. Moreover, the coefficient estimates 

ensure that each of these three indirect u t i l i t y  functions is  quasiconvex a t  

the sample values of the variables. 12 

In order to  get a feel for the implications of these coefficient estimates 

and their  differences across the various demand models, i t  i s  useful t o  focus 

on the implied own price and income e las t i c i t i es  of demand. Using (Z.7), 1 

will define the own price e las t ic i ty  a s  



The f i r s t  term on t h e  r ight-hand s i d e  of (3.2)  i s  the  p r i c e  e l a s t i c i t y  of de- 

mand given t h a t  brand j has been s e l e c t e d ,  while t h e  second term i s  t h e  p r i c e  

e l a s t i c i t y  of t h e  s e l e c t i o n  p r o b a b i l i t y .  I w i l l  r e f e r  t o  these  a s  t h e  con- 

t inuous  and d i s c r e t e  choice  e l a s t i c i t i e s ,  r e spec t ive ly .  The s p e c i f i c  fornlulas 

f o r  t h e s e  e l a s t i c i t i e s  corresponding t o  t h e  var ious  demand models a r e  pre-  

sented  i n  t a b l e  3. The income e l a s t i c i t y  of demand is  def ined  s i m i l a r l y  ex- 

c e p t  t h a t ,  from (2.15) and (2.25),  an./;jy = 0 .  Thus, 
3 

The s p e c i f i c  formulas f o r  t h e  income e l a s t i c i t y  a r e  shown i n  t h e  l a s t  column 

o f  t a b l e  3 .  Point  e s t ima tes  of t h e s e  e l a s t i c i t i e s  were c a l c u l a t e d  f o r  each 

household i n  t h e  sample, us ing  t h e  c o e f f i c i e n t  e s t ima tes  of t a b l e  2 f o r  t h e  

Blackburn, LOG-LOG and SEMI-LOG models and t h e  c o e f f i c i e n t  e s t ima tes  o f  

t a b l e  1 f o r  t h e  PIGLOG model. The averages of these  poin t  e s t ima tes  a r e  shown 

i n  t a b l e  3 .  

The e s t ima tes  o f  t h e  own p r i c e  e l a s t i c i t y  f o r  t h e  d i f f e r e n t  demand models 

a r e  o f  a s i m i l a r  order  of magnitude; t h e  ove ra l l  p r i c e  e l a s t i c i t y  ranges froxi 

-1.321 t o  -2.56. The es t ima tes  of t h e  income e l a s t i c i t y  d i sp lay  more v a r i a -  

t i o n  which is  not  s u r p r i s i n g  because t h e  underlying u t i l i t y  models involve  

very d i f f e r e n t  Engel curves.  As noted i n  sec t ion  2 ,  t h e  Blackburn model i m -  

p l i e s  a ze ro  income e l a s t i c i t y  while  t h e  LOG-LOG model impl ies  a cons tan t  i n -  

come e l a s t i c i t y  here  estiniated a s  -0-113. The o t h e r  two models imply income 

e l a s t i c i t i e s  w h i c h  vary w i t h  t h e  consun~er ' s  income o r  t h e  budget sha re  of t h e  

brailded goou. The riiean-point e s t ima te  of the  incoine e l a s t i c i t y  is  0.054 f o r  

t h e  SELiI-LOG ~iiodel a i ~ d  -0.441 f o r  t h e  PIGLOG model. 



OW PRICE A ~ ' D  INCOHE EUSTICITIES OF DENAND FOR RECREATION SITES~ 

--? PRICE ELASTICITY 
HODEL 

DISCRETE CHOICE CONTIIIUOUS CIIOICE t INC(I*lI: ELASTICITY 
TOTAL 1 -- 

a ~ ~ e r n ~ e ~  OF p o i n t  estfmntee over n l i  households. 



4. Welfare evaluations 

Recall from (2.5) that u = v(p, yi, y) is the utility attained by the indi- 

vidual consumer when confronted with the choice set defined by (p, b, y). This 

is a known number for the consumer, but for the econometric investigator it is 

a random variable with a known probability distribution. In these circum- 

stances it might be natural for the investigator to focus on the mean of this 

distribution, Ejvj r V(p, b, y ) ,  in evaluating the consequences of a change in 

the choice set. Suppose that the available prices and qualities change f r m  

0 1 
( p  , bO) to (p , bl). By analogy with the Hicksian compensating variation of 

conventional utility theory, one could nreasure the effect of this change on the 

consumer's welfare by the quantity CV defined by 

CV is the amount of money that one would have to give the consumer after the 

change in order to render him as well off as he was before it where, because 

his preferences are partially unobservable, the welfare comparison is based on 

the investigator's expectation of his utility. An equivalent variation meas- 

ure can be defined similarly. 

In order to obtain V ( * )  it is convenient to first derive an expression 

for E{v I E  A .I and thcn calculate Clv} = C n . F{v. I E  e A 1 .  For the 
I I J J 3 

Blackburn n~odel, for example, using (2.13) and (2.18) one obtains 

while for the LOG-LOG model (2.261 using ( 2 . 2 3 ~ )  and (2 . iH )  one obtains 



0 Given the change in ( p ,  b), A ., defined by 12.141, changes from A .  to 
3 J 

1 A .  Let 
3 

and 

For the Blackburn model substitution of (4.2) into (4.1) yields 

For the LOG-LOG model substitution of (4-3) into (4.1) yields 

where 

This equation could be solved for CV by numerical techniques. Alternatively, 

one can write (4.7) as 

and t h e n  employ the approximation ~ . n ( l  + x) = x to obtain 



The forniulas f o r  ,?tv) and CV for  the other two demand models, derived i n  a 

similar manner, a r e  presented in  the Appendix. 

A re la ted application of t h i s  welfare methodology i s  t o  analyze the e f -  

f ec r s  of a change i n  t he  variety of brands avai lable ,  Suppose tha t ,  in  one 

0 case, there  a r e  h brands avai lable  w i t h  p r ices  pa and qua l i t i e s  b and, i n  

1 another case, there  a r e  M (d i f fe ren t )  brands avai lable  w i t h  pr ices  p and 

1 
qualities b . Assuming the "generic" specif icat ion of the ji 's  in  which 

3 
a .  = 0 a l l  j, the  e f f ec t  of t h i s  change i n  var ie ty  on the consumer's wel- 

1 
f a r e  can be measured by the quanti ty CV given by the formulas (4.6) or  (4.8) 

where Q0 and Q1 a r e  defined by 

0 N Ai/i" 
1 

M Ai/li 
Q O =  C e and Ql = C e 

i=l i=l 

Another application a r i s e s  when one wishes t o  measure the value of the  

existence of a brand, i .e . ,  the  welfare l o s s  sustained by the consumer i f  t ha t  

brand were unavailable. With conventional, continuous demand models, t h i s  is 

approximated by the Elarshallian t r iangle  under t h e  ordinary demand curve. The 

idea behind t h i s  calculat ion is  tha t ,  i f  the brand were t o  become unavailable, 

t h i s  would be equivalent t o  i t s  pr ice  r i s ing  from the current level t o  a level  

a t  which the demand for  i t  f e l l  t o  zero. In the present context w i t h  

discrete/continuous choices, the relevant increase would be t o  a pr ice  of 

i n f i n i t y  since,  from (2.15) and (2.251, t h i s  i s  required in  order t o  drive the 

consumer" probabi l i ty  of selecting the brand t o  zero. Accordingly, suppose 

tha t  one gishes t o  obtain the value of the  j th brand. The GV measure is  given - 
by the  fomiulas (4 .6 )  or j4 .8)  where QO i s  defined a s  i n  (4.4) while Ql i s  

given by 



X j / v  
since, vhen p j  = -, e = 0, 

A s  an i l lus t ra t ion,  I have applied t h i s  technique for measuring the value 

of the existence of a brand to  the Boston area recreation s i t e s ,  using the 

four demand models estimated i n  the preceding section. In  the case of the 

Blackburn, LOG-LOG, and SEMI-LOG demand models, these values were calculated 

using the coefficient estimates i n  table 2 and the formulas 14.61, (4.8), and 

(A.5). I n  the case of the PIGLOG model, the values were calculated using the 

coefficient estimates i n  table 1 and the formula [A.13), together w i t h  the 

approxintation Y ( 1  - 1r11 = Y(1J = -.57722. Since p and 0 are, i n  general, 

different for each household i n  the sample, I considered an average household 

and calculated the value of each of the 20 s i t e s  taken separately. To save 

space, only the estimates for the median s i t e  are  presented i n  table 4. 13 

These estimates are i n  1974 prices and represent the median value of a s i t e  t o  

an average household over the summer recreation season; i n  effect ,  they are  

annual values. I t  w i l l  be seen that the estimates vary across the different 

demand models, ranging from 7.3 cents per household w i t h  the SEMI-LOG model t o  

20.8 cents per household with Blackburn model. 

5. Conclusions 

In t h i s  paper I have presented several models of the demand for quality- 

differentiated goods wh ich  cover a variety of preference structures and yet 

are f a i r l y  siriiple t o  estimate. In these roociels consumers make a double 

choxce--a discrete choice of which brand to  select and a continuous choice 



TABLE 4 

ESTIMATES OF THE bEDIAIU VALUE OF A RECREATION SITE 
IN THE IDSTON AREA 

DEMAND WDIAN VALUE 

MODEL OF A SITE 

cents 

Blackburn 20.8 

LOG-LOG 7.4 



of how much of that brand t o  buy. Both choices flow from the same underlying 

u t i l i t y  maxintization problem, and t h i s  provides restr ict ions on the coef- 

f i c ien t s  and disturbance terms of the discrete and continuous choice equations 

which are incorporated into the estimation procedure. I have a lso  shown how 

inforination from the f i t t ed  demand equations can be employed t o  construct 

monetary measures of the welfare effects  of changes i n  the prices, qualities,  

or variety of the brands available t o  the consumer. 

There are several directions for further research. I n  terms of the theo- 

re t i ca l  framework, one could develop alternative demand models by introducing 

the random element into the u t i l i t y  function i n  a different manner from that 

adopted here--in effect,  te l l ing a different economic story about the origin 

of the disturbance terms. One could also make a different assumption about 

thei r  probability distribution, For example, the normal distribution could be 

eniployed i n  place of the EV distribution, yielding probit rather than logit  

models for the discrete choices.14 A more substantial extension would be to  

endogenize the supply side, combining the demand models presented here w i t h  a 

discrete/continuous model of producer supply, i n  which firms decide which 

brands t o  manufacture and ei ther  how much t o  supply or what price t o  se t .  

Such a development would generalize Bresnahanqs (1981) model of markets for 

differentiated goods. Anlong the econometric issues, perhaps the most pressing 

is  the problem of model discrimination. The various demand models presented 

here are not nested w i t h i n  one another., A s  the empirical application t o  

recreation s i t e  choices shows, they can lead to  quite different estimates of 

demand e las t i c i t i es  and welfare measures for changes i n  prices or quali t ies ,  

i t  would be useful, therefore, to have some forrfial s t a t i s t i c a l  cri terion for 

discriminating among then. A s  an infornial t e s t ,  one can compare the values of 



the  likelihood function, a s  suggested by Sargan (1964). I f  t h i s  i s  applied t o  

t h e  three deiiland iriodels i n  t ab le  2 ,  the  Blackburn model is ranked best and the 

SEiifI-LOG model worst. Elowever, i t  cer ta in ly  would be desirable  t o  extend 

Pesaran and Ileaton's (1978) procedure for  t es t ing  nonnested, nonlinear regres- 

sion models t o  switching regressions of the type considered here. 
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Appendix 

Here I record t h e  formulas corresponding t o  (2.191, (2.21),  (4.2) ,  and 

(4.4)  f o r  t h e  SEMI-LOG and PIGLOG demand models. For t h e  SDlI-LOG model, 

(2.271, one o b t a i n s  

The S lu t sky  matr ix  is  negat ive  semide f in i t e  i f  q p . x .  < p .  Given t h a t  
3 3 -  

p < I x .  i s  e s s e n t i a l ,  while  - 3 

[ - -  eny/u(o-l) @ l / u ( ~ - l )  ,, ~ r f z  > 0) = 1 - exp - y  'i"] + (A.3) 

The formula f o r  t h e  expected uncondit ional  i n d i r e c t  u t i l i t y  is 

Ai/i.l u(P-11 
~ { v )  = - ---- e n  + (A) [Ie ] ri P - 1  rll - P(P - 111. (A.4) 

S u b s t i t u t i o n  i n t o  (4 .1 )  y i e l d s  a  d i r e c t  s o l u t i o n  f o r  CV 



where 

For t h e  PIGLCG demand model, (2.281, t h e  cond i t iona l  ordinary demand func- 

t i o n s  a r e  

For t h i s  demand model, i t  is more convenient t o  work with t h e  budget sha re ,  

w .  r p . x . / y .  I n  terms of t h i s  va r i ab le ,  (A.6) becomes 
3 3 3 

Making a change o f  v a r i a b l e  i n  (2.16) from e j  t o  w,, one o b t a i n s  

The cond i t iona l  mean of w j  is  

2 The S lu t sky  n!atr lx  i s  negative seni idef in i te  i f  w + q w .  - w. - q 0 < 0 ;  
J I I - 

g iven  t h a t  0 < 6 < 1, both x and z are  e s s e n t i a l .  
J 



From (2.23~) and (2,28a), the conditional indirect utility function is 

Its mean is 

The first conditional mean on the right-hand side of (A.10) i s  given by 

(2.18); the second can be evaluated as follows 

(A. 11) 

where Y(-) is Euler's psi-function. Substituting (2.18) and (A.11) into 

(A. 10) yields 

Applying (4.41, one f inds  t ha t  LZ' s a t i s f i e s  



As with the LO(;-LOG model, the solution for Cv' can be obtained numerically, or 

it can be approximated by 

(A. 13) 



Footnotes 

l~resnahan (1981) provides an empirical model of the supply and demand 

for differentiated products in the U. S. automobile market, but he imposes 

this restriction on consumer demands. 

'A fuller account of the general structure of discrete/continuous demand 

moctels is presented in Hanemann (19821. 

3~lackburn never explicitly presents this formula for the utility func- 

tion, but it is implicit in his analysis, 

'some normalization is still required in order to estimate (2.15) since 

it is invariant to multiplication of both the numerator and the denominator by 

8,  for an arbitrary constant p. An appropriate normalization would be 

to set a. = 0 for one index i. 
1 h . /u  

 he c.d.f. corresponding to (2.19) is F xj I c e q  1x1 = expl-8 1 1/11 x-l/!J , J .  

A .  /v 
Thus, ~r{z > 0 1 s  t A.1 = F 1 

3 x j l c c  f'.j 
(y/pj) = expl-(@p j/y) I J , 

and~r{z > 0) = ~ r { z  > 0 1 c t  A.)n 
3 J '  

'see, for example, Muellbauer 11975). 

  he quasiconvexity of the indirect utility function or, equivalently, the 
negative semidefiniteness of the Slutsky matrix is satisfied if rip- x. < py. 

3 J -  
In the empirical application below, this is tested by comparing the estimate of 

py with the estimate of rip. ~ { x .  lc 6 A . I .  
3 3 J 

8 
hi /LI 

From ( 2 . 3 0 ) ,  ~r{z > O} = 1 - expl-y - 1 - 1  1 - 1  1. 

 o ow ever, the usual forniula for the covariance matrix of these coeffi- 
cient estiiriates is incorrect [see iieckntan (1979) 1. 

  or details, see Lee and Trost (1978, pp. 368-691, 



'lithen one f i t s  t h e  PIGLOG regress ion  model (A.9) t o  da ta  where t h e  a c  - 

t u a l  budget sha res  a r e  very small  ( t h e  median budget sha re  i n  t h e  sampIe i 5 

0.14 percent ) ,  one ob ta ins  very  small values f o r  the  e s t ima tes  o f  q and 

8 ,  T h i s  can be seen from t h e  e s t ima tes  of 0 and €I l0  i n  t a b l e  1 .  How- 

eve r ,  t h e  l ike l ihood  func t ion  f o r  t h e  PIGLOG model, (A.8), involves  t h e  terns 

yl/Bu and el'", and t h e s e  terms explode when 0 and €I a r e  m a l l  i n  

a b s o l u t e  value. 

121t was a l s o  noted above t h a t  t h e  Blackburn, LOG-LOG, and SEMI-LOG 

models do not  prec lude  t h e  p o s s i b i l i t y  t h a t  z - < 0. However, when one uses 

t h e  c o e f f i c i e n t s  i n  t a b l e  2 t o  c a l c u l a t e  ~ r { z  > 01 f o r  each model, as 

i n d i c a t e  i n  foo tno tes  5 and 8 and (A.31, t h i s  p r o b a b i l i t y  exceeds 0.9999 for  

every  household i n  t h e  sample. 

1 3 ~ e t a i l e d  r e s u l t s  are a v a i l a b l e  on reques t ,  

14'i'he formulat ion of such normal models is discussed i n  Hanemann (1982). 
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Appendix: Data 

The recreation sites and their locations are: 

Lynn Beach (Lynn), Nahant Beach  ahan ant), Revere Beach  e eve re), 

Constitution Beach/Orient Heights (Boston), Castle Island (Boston), 

City Point (Boston), L&M Street Beaches (Boston), Carson Beach 

(Boston), Malibu BeachlSavin Hill (Boston), Tenean Beach (Boston), 

Wollaston Beach (Quincy), Nantucket Beach (Hull), Wingaersheek Beach 

(~loucester), Crane's Island (~pswich), Plum Island (Newberry), 

Duxbury Beach (Duxbury), White Horse Beach (~lyrnouth), Wright's pond 

(~edford) , Walden Pond (Concord), and Cochituate State Park (&tick) . 

The last three are freshwater beaches; the others are all saltwater ocean 

beaches. 

The variables are: 

Dependent 
variable: x. = the number of visits for swimming and beach 

It 

recreation activities to site i by any members 

of household it during the period from Memorial 

Day to Labor Day, 1974, i = 1, . 20, 

t = l ,  - 8 3  



Household 
characteristics: EWCt = highest level of educational attainment i n  

household t (1 = elementary/juniqr high; 2 = 

some high school; 3 = completed high school; 

4 = some college including junior college; 

5 = vocational/technical school; 6 = completed 

college; 7 = postgraduate) 

SWIMPOOLt = 1 i f  household t had access to  a private s w i m -  

ming pool during S m e r ,  1974, 0 otherwise 

CHILDEVt = number of persons under 18 i n  household t 

ADULTSt = number of persons aged 18 and older i n  house- 

hold t 

yt = to ta l  annual income a f te r  taxes of household t 

[$) 

Site  
characteristics: CODi = chemical oxygen denand of water a t  s i t e  i 

(mg/E) 

PIiOSi = to ta l  phosphorus content of water a t  

s i t e  i (mg/Ll 

SI'I'E TYPEi = 1 i f  freshwater s i t e ,  0 i f  saltwater s i t e  

h'UISIL.L'CEi = 1 i f  s i t e  has heavily urban and/or noisy 

setting, O otherwise. 

ElINOKKTY ATrit = 1 i f  household t is  froni a minority group 

and s i t e  t i s  identified a s  having a 

special attractiveness to  minorities, 0 

otherwi se . 

Pi t  = cost [$I of traveling by avtornohile from 

hoir~e of household t to s i t e  i. 




