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Abstract
We characterize the open—loop and the Markov perfect Stackelberg equilibria for a differential game
in which a cartel and a fringe extract a nonrenewable resource. Both agents have stock dependent
costs. The comparison of initial market shares, across different equilibria, depends on which firm has
the cost advantage. The cartel’s steady state market share is largest in the open loop equilibrium and
smallest in the competitive equilibrium. The initial price may be larger in the Markov equilibria, so a
decrease in market power may make the equilibrium appear less competitive. The benefit to

cartelization increases with market share.
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1. Introduction

Exhaustible resources are amongst the most important traded commodities of world trade
over the past decade. Sustained, and at times successful attempts by exporters to exercise market
power have increased the economic and political significance of these commodities. The effect of
OPEC is still felt, and there have also been cartels in the mercury, uranium, diamond, copper and
bauxite markets. Existing models do not give a plausible description of resource cartel-fringe
markets because they typically assume that agents have constant production costs, and they use
open—loop equilibria. The first assumption implies that the cartel and fringe do not extract
simultaneously, which appears untrue, and the second assumption gives an equilibrium that is not
subgame perfect.

We extend the literature by using stock—dependent extraction costs, and more importantly we
solve both the open—loop and the Markov Perfect (subgame perfect) equilibria. We derive testable
hypotheses concerning the effect of cartelization on the initial price and on the short— and long—run
market shares. Comparison of the Open—Loop Stackelberg Equilibrium (OLSE) and the Markov
Perfect Stackelberg Equilibrium (MPSE) also helps develop our intuition for how these models work.
The MPSE allows the cartel to exercise less market power, so we might expect it to lie "between" the
competitive equilibria and the OLSE. This intuition can be misleading. For example, after the cartel
is formed the price level can be higher in the MPSE than in the OLSE.

Important early papers on the cartel~fringe model include Salant (1976), Gilbert (1978), Ulph
and Folie (1980) and Newbery {1981).! These papers use OLSE and assume constant extraction costs,
so the equilibria consist of different regimes in which only one firm produces. Ulph and Folie and

Newbery emphasized that this equilibrium is time-inconsistent: the cartel at time t>0 would

Pindyck (1978) simulates oil, bauxite and copper markets using competitive and monopoly
equilibria without introducing rational expectations for the fringe. Eswaran and Lewis (1985) offer
numerical comparison for the open—oop and feedback Nash—Cournot equilibria. The open loop
case is also studied by Loury (1986) and Polansky (1992). Griffin (1985) tests various theories on
OPEC behaviour and finds support for viewing oil markets in cartel-competitive fringe
framework. For a more detailed review, see Karp and Newbery, {1993).



(typically) like to deviate from the path that it announced at time 0, even if there had been no
deviation in the past. Groot et al. (1989) show that price can be discontinuous between different
regimes.

Introducing stock—dependent costs considerably changes the OLSE. The firms extract
simultaneously during an infinite period of time, and price discontinuities no longer occur. The
equilibrium is still time—inconsistent, but we obtain a useful characterization of the cartel’s incentive
to deviate. If the cartel begins with a cost disadvantage and produces little or nothing at the
beginning of the OLSE, it would like the fringe to extract rapidly at the beginning. The cartel benefits
in the future when it faces a rival with higher costs (lower stocks), and the current low price does not
hé,rm it, since it is (nearly) inactive. In order to induce the fringe to begin with rapid extraction, the
cartel uses threats of high sales in the future. However, once the fringe’s cost advantage has eroded,
the cartel would like to sell less than it had threatened. If the cartel begins with a cost advantage,
and therefore wants to sell early in the program, it would like to discourage fringe sales. To do this,
it promises to extract slowly in the future. The resulting high future price trajectory induces the
fringe to conserve its stock. The cartel wants to deviate from either type of plan, while the fringe
wants to hold the cartel to a promise, but release it from having to carry out a threat. Since the
cartel’s relative cost advantage can change over time, an OLSE may change from being a threat to a
promise, or it may remaln a promise forever. This characterization of the OLSE is useful for
understanding how the incentives differ in the MPSE.

The cartel’s long run stationary market share is higher in the MPSE than in competitive
equilibrium. The initial market share can be higher or lower, depending on whether the cartel begins
with a cost advantage. Thus, we see that the exercise of market power can result in a higher market
share in both the short run and the long run, which is contrary to what we expect from static cartel
models. Of, course given the resource constraint, there must be some interval when the cartel’s
market share is lower. We also find that benefits to cartelization (in a MPSE} are large when the

dominant firm has a cost advantage. The benefits decrease or increase over time, depending on



whether the cartel’s market share is decreasing or increasing.

Newbery (1992) constructed a MPSE for the special case in which the resource is worthless
after an exogenous time, extraction costs are stock independent, and the cartel’s resource constraint
is never binding. These three assumptions imply that the game has only one state variable, the
fringe’s stock. We drop all of these assumptions, so our model has two state variables. Consequently,
we cannot use the techniques described by Tsutsui and Mino (1990) for differential games with one
state variable. Instead we use a linear—quadratic structure, which enables us to obtain closed—form
solutions. Our model is more complex than Reynolds’ (1987) linear—quadratic two-state variable
model because we have asymmetric agents. In addition, for some initial states the non—megativity
constraints are binding. Reynolds finessed this problem by restricting analysis to interior solutions.
We consider the general case, and provide a simple characterization of the MPSE and a comparison
with the OLSE. Hansen et al. (1985) construct a time—comnsistent equilibrium for a similar problem.
However, that equilibrium is not subgame perfect: the decision—maker in the cartel today does not
recognize that she is able to affect the incentives of future cartel decision—makers. Their paper also
ignores non—negativity constraints on production.

The next section outlines the model and the competitive equilibrium. Section 3 analyzes the

OLSE, and Section 4 presents the MPSE and a comparison of the two. Section 5 concludes the paper.

2 The model and competitive equilibria

The model consists of two agents, the cartel (c) and a representative resource owner (f) from
the competitive fringe. Resource stocks evolve according to X;=—q;, where i=c,f and X; and g; are
the resource stocks and extraction levels respectively. We drop the time variable where convenient.
Demand is linear: p=p—qc—qr, where p is the choke price. The costs are decreasing and linear with
remaining stocks, and short run unit costs are constant, i.e. costs for agent i are qi{copi—€iXs), i=¢, .
We assume that cg;>p, implying that agent i will not leave less than }h(i units in the ground, where }:ii

solves cgi—¢iXi=p; i.e., Xi=(coi—p)/ci. Define agent i’s economically viable stock as x;=X X, and



write i’s unit costs as p—cix;, and the state equations as x;=-q;. The states are now the economically
viable stocks, rather than the physical stocks. Assume finally that & is the rate of discount for both
agents. The description of our model requires only three parameters, 4, cf, and c.

In the competitive equilibrium, agent i maximizes f‘: [pqi—q;(ﬁmc;xi)]e”&dt, 8.t Xi=—qi,
xi{0)=x1g, %"14 m x;20, and ¢;>0. This equilibrium can be solved as a social planner’s problem. If the
unit extraction costs are not equal (cexr#ccxe), the agent with the lowest cost is the only producer.
During an interval when both supply, ceXs=cCeXc, in which case qr=ceqc/cr. We refer to the solution
xs=CeXc/Cs a8 the "socially optimal stationary path" and denote it by I'y(xc). When cgxs>cexe the
solution approaches [I'; along a vertical line, and when crxs<ccx; the solution approaches the
stationary path along a horizontal line (Fig. 1). Thus ['; is stable in the sense that if the state is off
this path it approaches it. At the moment the solution hits I'y there is a downward jump in the
supply of the agent that had previously been extracting, and an upward jump in the supply of the
other agent. However, the total supply and price are continuous.

The slope of any trajectory in xsx. state space equals q¢/qc. The fringe market share is
gr/{as+qc)€[0,1], which is an increasing function of c¢/cs. Along I';, the fringe’s market share equals
cef(cetcr). A permanent decrease in the fringe costs caused by an increase in cg, would lead to a
reduction in its steady state market share. This is because along I'; unit extraction costs are
constant, so the increage in ¢ must lead to a decrease in the fringe’s steady state share of resources.

In the steady state, market shares equal the share of resources.

3 The Open Loop Cartel-Fringe Equilibrium
We now assume that the cartel, at time 0, is able to announce an extraction trajectory. The
competitive fringe behaves as a price—taker with rational expectations (perfect foresight). Its

Hamiltonian is He=(p—p+crxs—A)qr, where A is the fringe’s rent. The necessary conditions include

= >
~qf—qetCixs—A { <g 33;8}, A=6A—csqs. (3.1a, b)

To obtain equation (3.1a) we used p=p—qs—qe. The cartel chooses an extraction path to maximize



the present discounted value of its profits, j'::ew&[

p~{(P—Cexe)qcldt, subject to (3.1a,b), and the
resource constraints. Thus the cartel regards the follower’s rent as a state variable with a free initial
condition. The complementary slackness relations in (3.1a) comprise three constraints. We could
form the Lagrangian using these constraints. However, this leads to a control problem for which the
constraint qualification (Seierstad and Sydszter 1987, p. 278) does not hold at all admissible
solutions, and the standard necessary conditions cannot be applied directly.

To avoid this problem we study the necessary conditions in the three possible regimes: {a)
ge>0, qc=0; (b} qr>0, qc>0; and (c) gr=0, gc>0. When needed we denote these regimes by the
superscripts a,b or ¢ respectively. We first study regime (b), and obtain an explicit solution using
standard methods. Next we consider the strategy that switches from regime {a) to (b) and stays in
(b) forever. We can again use standard methods, since gqs>0 along the entire solution. Next, we
formulate a control problem which determines regime (¢) and an optimal switch from (c¢) to (b). Our
procedure allows jumps in the costates and resource price at the entrance to regime (b). However,

they turn out to be continuous. Finally, we show that depending on the initial resource levels, all

other regime switches can be ruled out, and one of the above strategies constitute the equilibrium.

3A. Regime (b)

In Regime (b) qr=cixy—A—qge by (3.1a), which after defining the switching function

OEXCoCeXy+Cep-+ A+ np—1e implies that the cartel’s Hamiltonian? is
Hab= 0q —n{crxe—A)+p [/\(é‘é‘Cf)"‘"sz)(f] . (3.2)

The costates 7., 7, and p are associated with the states x., xr, and A, respectively. In regime (b}, the

leader chooses the rate of extraction to maintain ¢=0. In addition, necessary conditions include
fe=—Cele+ e, Mp=CQetCen+Crio+ons, p=—Qe—1jp—Cip. (3.3a~¢)

The equation o=0, (3.2a—), and x=-q;, imply that A=n.—n;. Substituting this into ¢=0 yields

?We will denote this Hamiltonian by H?® because it has the same form in regime (a).



CoaXe—CrXf+Cep==0. (3.4)

Because p(0)=0 is necessary for optimality, we obtain:

Remark 3.1. The open loop equilibrium begins in regime (b) only if the initial state is on the
socially optimal stationary are, i.€., Xep=XoCe/Ce

In order to obtain an expression for qe¢, we differentiate (3.4) with respect to time, use (3.3¢c)
and the relation A=nc—mr t0 obtain qe=1{ccXec); 7=t/ (2cs+¢c). Equations (3.3a) and xe=—qq,
where g, 18 given above, comprise a pair of linear differential equations, which can be solved once we
have boundary conditions. Because in regime (b) the Maximized Hamiltonian is linear in (x¢,x,A), @
sofution that remains in regime (b) forever satisfies sufficient conditions for optimality. Thus there
cannot exist solutions yielding higher profit for the cartel. Solvi;zg the system for x. and 7. yields two
roots with opposite sign. To find the solution that maintains q¢>0 and x>0 for ¥t€[T,x), we choose
the stable root, which equals r=% [H52+475Cc)%] <0. By T we denote the moment when the
trajectory enters regime (b). The stable path can be written in terms of the (unknown) values of x,
x5 at the moment system enters regime (b), which we denote as Xcp, and Xg,,, respectively. This yields

t—T) r(t—T)

er(t”T), , Qe=—TXc.€ : (3.5a—¢)

ne=(t/ 'Y‘{“Cc)XcTer(

Xep waT

Next (3.1a,b), xy=—q¢ and (3.5c) form a system in A, x¢ and t. The solution which maintains q¢>0

and x>0, 18
Xp= (xmechcc / 2cf)ev(t_T) »{«chcCer(t“T) /2cs, (3.6a)
A=xp+xe i 2er+ cc)er(t”T) [ 2cs26. (3.6b)

where v=4 [5~{§2-§~45cf)%] <0. In regime (b) q. declines monotonically toward zero (3.5¢). Fringe
extraction decreases monotonically toward zero if chT>ch(v2-~r2)cC/v220f (note that v<r<0). This
implies that fringe extraction is initially increasing only if the switch to regime (b) occurs when x¢/x;
is "low"; e.g. qs is monotonically decreasing if the initial state in regime (b) is on or above I';.

Using (3.5a) gives (t—T)=In(xc/xc,)/r. Next we can eliminate (t~T) from {3.6a) and write x¢

as a function x:



= (1 =X Cof 261) (X Xerp) V| oo 2er. (3.7)

Equation (3.7) specifies regime (b) in the x.—x; phase plane (Fig.1, path 1, and the nonlinear
segments of paths 2—5).% The properties of the path depend crucially on whether XfT“XQTCc/chéﬁ.
When XfwacTcC/m:f the path is linear. We denote the linear trajectory by I';. Because v<r<0,
XfT>XcTCC/2Cf (<) implies that the path is convex (concave). Because Oxs/ ﬁxclxcmgw—:cc/Zcf, the
paths converge toward the linear path independently of xc, and xg.. If fringe extraction is increasing
in the beginning of regime (b}, fringe market share is increasing implying that the path in x.—xr state
space is concave. This case cannot be ruled out by studying regime (b) alone because %, and Xe,q, are
determined by the switch to regime (b) from some other regime. However, using numerical
simulations we have found that the switch {o regime (b) aiwa;ys occur above I's which means that
cartel’s market share is always decreasing in regime (b).

Along the linear trajectory qr/qe=ce/2cr, i.¢ the market shares of the cartel and the fringe are
constant. Because the market share in all other trajectories converge toward this market share, the
linear trajectory can be designated an open-loop Stackelberg turnpike. Recall that along Ty the
fringe market share equals cc/{ce+-cr), while along I'; it is less and equals c¢/(cc+2cs).

Given that the initial state lies on the socially optimal stationary path, there exist an
equilibrium candidate in regime (b) for Vt€[0,0) (Remark 3.1). Along such a path, the equilibriam x¢
is a convex function of x. (see Fig. 2, path 1) and by (3.4) p<0 for Vt€(0,x). The market share of the
cartel is first below but later above the socially optimal steady state market share. Because the OLSE
path lies below I'; it follows that given any level of x¢ the cartel resource stock is higher in the OLSE
than on the socially optimal stationary path.

The fact that p#0 for ¥t>0 shows that this solution is time inconsistent. The costate variable
p can be interpreted as the cartel’s shadow price for the fringe’s rent. The fact that p is negative

below 'y shows that the cartel would increase its profits if it were able to alter its supply trajectory

SFig. 1 and all other figures except when stated otherwise, are computed assuming &=1/20,
Ce=Cp=1/2.



in & way which decreases the fringe rent. Such a change requires the cartel to tilt its supply toward
the present, i.e. to behave less conservatively. Thus, along regime (b) the cartel promises to follow a
conservative supply policy in the future, in order to induce the fringe to save its resources. As a
consequence, the fringe is more conservative in the beginning and the initial price is higher. In this
sense, the cartel induces the fringe to "cooperate™ with current supply restriction.

Above we have presented an explicit solution candidate to the cartel’s open loop problem for
Vte[0,m) given the initial state lies on the socially optimal singular path. After specifying the
necessary conditions for regimes (a) and (¢} we show that this is in fact the only equilibrium
candidate with these imitial states. We next consider cases where the initial state lies above the

socially optimal stationary path.

3B: Regime (a) and the switch (a)-(b)

We postulate that when the initial state is above I'y, i.e., when the fringe has a cost advantage over
the cartel, the cartel will not supply in the beginning. In regime {a) q.=0 and the fringe supply
equals gr=cixs—A>0, implying that restrictions (3.1a,b) are met along a strategy (a)~(b).4 The
necessary conditions constitute a set of equations which can be solved together with the boundary
conditions as second order ordinary differential equations (Appendix 3.1).

Equations (3.1a,b) and q¢=0 imply that gr=—6), i.e., in regime (a) the fringe supply
decreases. In both regimes total supply is crxe~A by (3.1a). By the continuity of xr and A this implies
that total extraction and price are continuous when the solution switches from regime (a) to (b).
However, when the cartel starts to supply, the fringe supply must jump downwards. Fig. 2 shows two
such paths (2 and 3) in xc—xs space. The kink at the switching state shows that there is a
discontinuous decrease in the fringe’s market share. Note that because the switches occur above I'y,
there is a set of states above T'; where market power increases cartel’s market share. This is in

contrast to static models, where market power decreases the dominant firms market share.

‘Note that along this strategy the restriction (—q-qet+crxe—A)qr=0 is always satisfied. Thus we
have an ordinary control problem.



In Fig. 3 the dotted lines demonstrate the switch in extraction and price time paths. As
shown analytically price path is monotonically increasing and continuous. At the switching moment
(T~2.95) the decrease in fringe’s supply just equals the upward jump in the cartel’s supply.

The sign of p tells whether OLSE can be characterized as a threat or as a promise. When the
switch occur above I'y, as in Fig. 2, p>0 and the cartel has an incentive to change its supply in a way
that would increase the fringe’s resource rent. Such a change requires shifting supply to later dates,
i.e. behaving more conservatively. When announcing its strategy, the cartel threatens to start
extracting early, and rapidly. This induces the fringe to sell its stock more quickly along regime (a)
because it anticipates that the price will be rather low in the future. However, when the fringe has
sold part of its stock, the cartel would then like to be more conservative than originally announced.
This incentive changes when the cartel obtains a cost advance. Below I'y, p<0, so the cartel would
like to revise its original plan by extracting more quickly.

In regime (b) and (a) o=0 or g.=0 and the maximized Hamiltonian is linear in the state
variables (see 3.2). This implies

Remark 3.2. (i) By Arrow’s theorem (Seierstad and Sydsxter p. 296) the necessary conditions
are sufficient for a global mazvmum. (i) The value function in regime [a) or (b), which we denote as
J %b(T,xC,xf,A), i3 differentiable, and its partial derivatives with respect to the states and T equal the
corresponding costate variables and the Hamiltonian HEP(0), respectively (Seierstad and Sydseter
1987, theorem 9, p. 213).

We use Remark 3.2 when we study the entrance to regime (b) from (c).

3B. Regime (¢) and the switch (c)~{b)

We next specify the cartel’s optimal strategy for cases where the initial state is below the socially
optimal stationary path. In these cases the cartel initially has a cost advantage over the fringe, and
we hypothesize that initially the cartel is the only supplier. Consider the following form of the

cartel’s optimization problem:
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T
max g:f [(p—as—ac)ae—ac{p—cexc)]e & di+Jab [T ,xe(T),xs(T),A(T)]
Q f :qu:xC(T) 0

8.t.  Xe=—{c, Xe(0)=Xco, Xg=-qs, x§{0)=xXsq, A=6A—Csqs, Crxy—A—qc—qs<0, qc20, qr>0.
This problem does not include the constraint qrfcexe~A—~qe—qr]=0. However, any solution with the
property qr=0 satisfies this constraint, and must thus be an optimal solution for the full problem.
The necessary conditions lead to second and first order differential equations and their solutions and
the boundary conditions are given in Appendix 3.2. Using these conditions together with the

conditions for regimes (a) and (b) we can now prove the following:

Proposition 8.1. When Xcoce—xgoce>0 [<0] the cartel’s optimal open loop strategy is (a)-(b)

[{c)+(b)]. If xcoCe—xsocs==0 it is optimal to masntain regime (b) forever. Proof, Appendix 3.1.

The proof shows that all strategies other than than those given by Proposition 3.1 contradict
necessary conditions for optimality. Among other things we have shown that both agents exhaust
their stocks. Newbery (1981) adopted this conclusion as a "Principle of Exhaustion” postulate. One
possible strategy for the leader is {0 announce that it will not exhaust its stock. This would cause
price to be higher in the future and discourage fringe production at present. However, by Proposition
3.1, such a promise is not optimal.

We can now study regime (c} knowing that the switch eventually occurs to (b). We define a
limit pricing strategy as one in which the cartel supplies just enough so that the fringe is indifferent

between producing and staying out of the market, i.e. crxs—A=qc.

Proposition 3.2. During an interval before the switch (c)-(b) the cartel applies a limit pricing
strategy. Proof, Appendix 3.2.

We next consider the case where the cartel applies limit pricing throughout regime (c¢}. The
cartel’s extraction equals chcm—koe&, where Ay is the fringe’s initial rent. Thus, the cartel’s
extraction decreases exponentially, with qc.<0. Note that in regime (b), total resource supply equals

cexp—A, i.e., the cartel supply in regime (c). Thus, the total supply and the price are continuous, but
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the cartel supply jumps downwards at the switching moment.

Fig. 2 presents two examples of strategy (c)-(b) in xs—x. state space [paths (4) and (5}].
Note that when the initial cartel stock x& lies on the open loop Stackelberg turnpike, I'y, the
equilibrium does not start in regime (b) (ref. remark 3.1), but instead in regime (c). However, it later
switches (path 5) to regime (b) and then converges toward the turnpike. Fig. 4 shows the resource
supply as a function of time (dotted lines). At the switching moment (T~7.1), cartel supply jumps
downwards but the total supply {not shown) and price are continuous.

Along the strategy {(c¢)~(b), the cartel’s costate for the fringe rent is negative. Thus, the cartel
would like to increase its supply from the level originally announced. In regime (c) the cartel
promises to be conservative in the future. This gives the fringe an incentive to save its resources to
gain from the high future price and this allows the cartel to obtain high profits early in the program.
However, since the fringe begins to extract below I'y, where it still has a cost disadvantage, the
excertise of market power results in a decrease of cartel’s market power early in the program. This is
what happens in static models.

Above we considered the case where the constraint cgxe—A—gqr—qc€0 is binding throughout
regime {c), i.e. the cartel always applies limit pricing. When the solution is constructed under this
assumption, the requirement p<0 is violated for sufficiently large xco. This implies that regime (c)
must start with a period where the constraint is slack and p=p=0. This is the only time interval
during which the cartel’s supply plan is time consistent. Along this subregime we have ge=4(CcXe—7c)
and cgxe—~A—qc<0. The other equations for determing this regime are Xe=-qg, 7e=—qeCe+6e and
h=6A (see Appendix 3.2). To piece this solution together with the regime where u<0 we need four
boundary conditions to determine the four unknowns, 'j,‘, xc(’i‘), nc{0) and A(0), where T is the
moment the cartel begins to apply the limit price. These conditions are: x¢{0)=x¢, and continuity of
Xe, Te and A At t=T the constraint becomes binding, i.e., cfo——/\(’i‘)qu(’f?)zg[ccxc(’i‘)-ﬂc(i‘)}
implying that cartel’s supply and thus also the resource price must be continuous.

The implications of our model are quite different than those of Newbery (1981) and Groot et
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al. (1991) where extraction unit costs are constant. Their formulation implies that agents never
extract simultaneously. With increasing extraction costs, on the other hand, after the agent with the
cost advantage has extracted its most economical stocks, both supply simultaneously. Newbery shows
that if the cartel enjoys a substantial cost advance the equilibrium is time consistent. A similar
circumstance occurs in our model. Here, however, the cost advantage must eventually disappear.
Thus although a portion of the OLSE can be dynamically consistent, the cartel’s supply plan must
eventually become dynamically inconsistent. A third substantial difference is that price is continuous
in our model, whereas discontinuities typically arise with constant costs. These discontinuities occur
when the there is a switch from a regime with the fringe supplying, to a regime with the cartel
supplying at the monopoly price (Groot et al. 1991). In our model this type of regime switch is ruled

out, and with it also price discontinuities.

4 Markov perfect Stackelberg equilibrium
We restrict attention to linear equilibria. Tsutsui and Mino (1990) show that there exists a
continuum of non-linear equilibria in linear-—quadratic Nash games, and this is also true for
Stackelberg games (Karp 1995). However, that result is driven by an "incomplete trangversality
condition", or the lack of a "natural 'boundary condition". In our model, the requirement that the
states approach 0 in equilibrium imposes a natural boundary condition. Therefore we know that
non—linear equilibria cannot arise for the reasons identified by Tsutui and Mino. There are likely to
be non—Markov (reputational) equilibria in this short of game (Thomas 1992).

Our procedure for analyzing MPSE parallels that of the previous section. We first characterize
the equilibrium in which both agents produce, and then consider the entrance to that regime.

4.1 Regime (b): qc>0, g>0.

In regime (b) we construct equilibria where both players’ supply is a linear function of the state
variables. Thus, we postulate qr=pxr+psxe. Using the conditions (3.1a,b) in the fringe’s problem,

differentiating (3.1a) with respect to time and eliminating ) and A, we obtain

pa{ s+ paxe)+ ol peat 6)—o+ et Spaxe—esxe=0. (4.1)
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To proceed we must determine the feedback control for the leader, i.e. q. as function of x. and xs.

When the cartel takes the fringe resource consumption as a function of the states it solves:

{8
max mef [ (P—pxs—fiaXe—qc)qe-e{ P—Cexe)] € %44
q 20 0 (4.2)

8.4 Xe=—(e, Xo(0)=Xco, Xf=—Xf—poXc, X£{0)=Xso.
The task is to find a pair {us, g9) such that the solution to problem (4.2) results in a control rule that
satisfies equation (4.1). Applying the Maximum Principle gives the Modified Hamiltonian Dynamic
System (MHDS): Xo=4 | Xe{a—Ce )+ Xs1+ 1], Xf=—f1Xf~{ir¥e, Ne=qe{ o)+ ot b,
ne=p1qe+ e g+ 8), where qe=3(CeXe—Te—pxs—uoxe) and 7, and 7 are the leaders costates for x, and

xy respectively. The Jacobian matrix of the MHDS is:

3 (prce) 112 % 0 |
~fh2 —fh 0 0
~4(pizce)’ —hiilpr—cc) ~4(prcc)+6 2
3(Cempa) i ~41y” 34t prt6

According to theorem 1 by Dockner (1985), the four characteristic roots of this system equal

Ty2a =462 [(36)2-4041(Q24A) ], where A=}ccdu(6+u;) (the determinant of the MHDS) and
Qm=—i [Cob+ 8 2p—pa)+2p1{—p2) ] .5 We search for a saddle point stable equilibrium, which requires
that two of the characteristic roots have positive and two have negative real parts. A sufficient
condition for this is that A>0 and 2<0 (Tahvonen 1989). To obtain the negative roots we choose
r,z%&w[(%ﬁ)%%ﬂ+%(ﬁi~4£\)%]% and Izﬁ%(?*“[(%5)2-~é9-~%(ﬂ2—4&)%]%, implying that the real part of
ry is smaller than that of 1. If Q24420 (<0) the roots are real {complex). Without solving y; and 2
explicitly, it is difficult to rule out the complex root case. However, because we have not been able to

find any numerical example leading to complex roots, we restrict the analysis to the real root case

50} = f%icfﬁxe 5Xc/5%

- Ot/ Oxs Oxef Ops 0%/ Bxs Oxc] O
= | Onef Oxc One/ O +’ 1+2i

e Oxs G/ One One/ Oxe O/ O |
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only. Along such a saddle point path the resource stocks and the leader’s control are given by:

Xc(t)=er1(t“T) [Xep(papotTipa)txeg (it )(pitra)] [ ao(rTa)+
erAe-T) [xeqpialpprtre)+xsp(ptr)(ptra)] fpa(re1), (4.3)

Ig(ﬁWT)

Xf(ﬁ)meri(twrr) [xeqpatxsp(ptra)] /(xe1i) + e [xcppotxep(petr)] /(rere), (4.4)

Qe(Xe,xe)=Fe(prrtrrtra) = Xe[pe2tpa(rpbral+rie] [ s (4.5)

We use (4.3)—(4.5) to write (4.1) as a linear equation in x; and x.. Equating coefficients of these
variables to zero gives:
pa( e b1 4r o)+ (1 -z o) post—phaphot T 1 H LT 2+ T T 2)==0, (4.6)
(r1+ro—8) pr—pia+1+T2)~1112=0. w (4.7
Because ry and ry are solutions for a polynomial of degree four, it is difficult to obtain explicit
solutions for p; and py. However, note that in x§, x. state space the equilibrinm satisfies

Xf=—fXe—pioXe, Xc=Xi(p+T1)(petre)/ patxc(prtri+rs). Using this, (4.6) and (4.7) we obtain:

Lema 4.1. Given thatl a linear equilibrium exists, both egents’ supply is increasing in his own
stock levels and decreasing in the other agents’ stock level, i.e., p>0, pa<0, py+ri+ro<0 and
(prtr){p+r2)<0. Proof, Appendix 4.1.

Lema 4.1, which is obtained without solving py and u, explicitly, is intuitively appealing. The
lema implies the phase diagram in Fig. 5. Note that r(<0,r2<0, >0 and 1y<0 imply that the slope
of x;=0 is greater than the slope of x;=0. The equilibrium paths define an interior equilibrium, given
initial states between the isoclines. The trajectories approach the origin asymptotically.

Proposition 4.1. Between the isoclines there ezisls o separatriz or MPSE turnpike, with the slope
~paf (p1+12). All paths with initial state off the turnpike converge toward it as t-w. An initial state
above (below) the turnpike implies that the cartel market share is increasing (decreasing).

Proof: For a system of two linear differential equations there must exist a separatrix between
the isoclines along which the path in the state space is linear. This implies in (4.3) or (4.4) that

H(=T)  ra(t-T)

either the coefficent for e or e must be zero. The former implies xe=—pgxc/(L1+13),
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and the latter xg=—poxc/(ui+r1). By lema 4.1, (u+11){(p11+12)<0. Because r;<ry, the separatrix with
positive slope is I's(xf)z—poxef/(pr+12). All paths off the turnpike converge toward it when t-o
because 1,<r,<0. The convergence irﬁplies that the slope of paths with initial state above (below) the
turnpike must decrease (increase). This implies that in the former case the cartel’s market share
increases, while it decreases in the latter.g

We next consider the time development of total extraction and price along regime (b).

Proposition 4.2. Along regime (b) in o MPSE, the fotal eztraction is a (monotonically)
decreasing and resource price is a (monotonically) increasing function of time. When xeo/xse is
sufficiently low [high], act) [as(t)] s initially increasing and has o unique mazimum. Proof,
appendix 4.2.

Thus if the initial state is near the x,==0 isocline the cartel’s extraction is initially increasing
in regime (b). Recall that in regime (b) of the OLSE, cartel extraction monotonically decreases. This
case is demonstrated in Fig. 3 (solid lines). The case where fringe extraction is initially increasing is
shown in Fig. 4. We now turn to cases where the initial state of the game is not between the

isoclines, i.e., it is outside the region where the linear MPSE exists.

4.2 Regime (¢) and the switch (¢)-(b)}

Consider initial states below the xr=0 isocline (xgq<—pgsXco/1). We postulate that in these cases
there exists an equilibrium where in the beginning the cartel is the only producer. This equilibrium
must satisfy the necessary conditions for problem (4.2) when py=po=0. The necessary conditions
include: qe=4(CeXc—Ne), Me=—Cclet e, and that the Hamiltonian is continuous. Denoting the
switching moment by T and taking into account that q?(T)=0, the continuity condition implies that
q¥(T)2=qB(T)?, i.e., that cartel extraction must be continuous. This implies continuity of cartel
resource rent and the producer price as well. The other necessary conditions imply qe=-67./2<0, i.e.,
in regime (c¢) cartel extraction is a decreasing and producer price an increasing function of time.
Solving the MHDS of the cartel problem and using conditions xc(0)=x¢s, %(T)=—pxss/us and the

continuity of 7, it is possible to compute the length of this regime.
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This equilibrium must satisfy the fringe’s necessary conditions (3.1a,b) with gqr=0. At the
xg=0 isocline, az—qs~qetcxso—Ai=0. Because q; and gy are continuous functions of time, o must also
be continuous. We obtain ae=—qs—qc—0A=4n—0A—qs and & =&} 8nc—6A)—4 fceqe= a+qs—4bceqe. For
qs=0 before T, (3.1a,b) imply that a<0. Suppose that our candidate does not satisfy (3.1a,b). In this
case we must have a>0 and a<0 before T. Consider two cases: (i) where o is continuous at T and
(ii) where « is discontinuous at T. Case (i) and the hypothesis a>T for t<T imply that « is convex
before T. However, before T, & =a+qs<0, ¢ In case (ii) there must be an upward jump in o at T.
However, o T-)=48nf(T)—6A(T)>460c(T)-0A(T)—qe(T*)=a(T*), =2¢. Consequently, qs=0 Vi<T

satisfies the fringe’s necessary condifions as well.

4.3 Regime {a) and the switch (a)+(b)

We postulate that regime (a) is the first regime when the initial state lies above the x,=0 isocline.
This equilibrium must satisfy the necessary conditions for problem (4.2) when g.=0, given that qs is
some function of the state variables. Denote this function by qf(xs,xc). For qc=0 to be an optimal
solution for problem (4.2), it is then necessary that —qs(x¢,Xc)+Cexc—1:<0.

In addition, the equilibrium must satisfy simultaneously the fringe’s necessary conditions
(3.1a,b) with g#>0. To piece this regime together with regime (b) and to determine the length of
regime (a) we have as the boundary conditions: x¢(0)=xso, xt(T)=—%co(p1+r412) o/ (ps+11)(p+13)
and the requirement that the fringe’s rent must be continuous. The continuity of fringe’s rent and
the fact that qe=0 in the beginning of regime (b) (i.e., on the isocline xy=0) implies that the fringe’s
extraction rate as well as the resource price must be continuous. The necessary conditions imply that
qr=—0A, i.e., the fringe’s extraction is a decreasing function of time along regime (a). Using our
results from sections 4.1-4.2 we can describe the MPSE as follows:

Remark 4.2. In the MPSE both the cartel’s and fringe’s supply are continuous functions of time,
total extraction is ¢ decreasing and price an increesing function of time.

The length of regime (a) and the fringe’s feedback rule cannot be explicitly solved. As a

consequence it is not possible to evaluate analytically whether ~q¢{xs,xc)+CcXe—¥n<0 holds. However,
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Appendix 4.3 shows how to verify this condition numerically.

4.4 Comparisons of different equilibria

This section compares the OLSE and the MPSE and then discusses the benefits to cartelization.
Since the inability to commit reduces the cartel’s power, the MPSE may be expected to lie "between"
the OLSE and competitive equilibrium. This intuition is correct if we are interested in long run
market share, but we show that, in general, it is misleading.

We showed that the three equilibria can be described using stationary paths, toward which all
solutions converge as t-w. Moreover, I'Y>T'y’, so the cartel’s stationary market share in the OLSE is
higher than in the competitive equilibrium. Fig. 5 gives an example where I'/>D'y>I"y’, s0 the
cartel’s MPSE stationary market share is indeed between the stationary market shares in the other
two equilibria, as intuition suggests. The generality of this result is seen from Fig.6, which plots the
stationary fringe market shares in the three equilibria as functions of relative costs. Only for the
MPSE does this function depend on the discount rate, but the two solid graphs (for §=1/20 and §=9)
show that the dependence is negligible, and does not alter the ranking.

The comparison of cartelization’s immediate effect on price and market share is less
straightforward. The most interesting case is where the market was in a long-run competitive
equilibrium prior to cartelization, i.e., the state begins on I'l. Figure 7 graphs the initial price as a
function of x., for xp=Tyx,. If the initial stock is small, price is near the choke price under
competition, and cartelization has a negligible effect on the market. For large stocks, and low
competitive prices, cartelization leads to a large percentage increase in price, which is larger in the
MPSE than in the OLSE. Figures 3 and 4 suggest that this comparison also holds for states off I'y.
When the cartel begins with a cost disadvantage (Figure 3) the price is only slightly higher in the
MPSE than in the OLSE, but it is much higher when the cartel has a cost advantage (Figure 4).

The short—run market share effect of cartelization depends on the initial cost advantage. The
comparison of initial market shares, for states that begin on I'y, is the same for all values of x,. This

is because in both cases the initial output levels are linear functions of the state (see equations
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3.5¢ and 3.6a). For our parameters co/ce=1 and §=1/20, we find that the cartel’s initial market share
is highest in the competitive equilibrium and lowest in the OLSE.

The comparison of initial market shares is simpler for values of the state off Iy, We know that
there the cartel’s initial market share is either 1 or 0, in both the competitive equilibrium and the
OLSE, depending on relative costs (Proposition 3.1}. Provided that the initial condition is in the cone
formed by the isoclines, the cartel’s initial market share in the MPSE is strictly between 0 and 1.
Therefore, the initial MPSE market share is less than the share in the competitive equilibrium and
the OLSE when the cartel has a cost advantage, and is greater when it has a cost disadvantage
(Figures 3 and 4). Recall that our numerical example shows that the cartel’s MPSE steady state
market share exceeds the competitive level (I';>T'3). Thus, we see that if the cartel begins with a cost
disadvantage, cartelization increases market share in both the short and the long run (although not,
of course, during intervening periods). This contrasts to static models, in which the exercise of
market power typically decreases market share.

In order to explain why the comparison of market shares depends on the initial relative costs,
it helps to consider how the inability to commit erodes the cartel's power. In the MPSE the cartel’s
only leverage comes via control over its own stock, since this affects fringe production. The cariel is
unable to use either threats or promises about future behavior to influence the fringe. The effect (on
market share) of it’s loss of power depends on whether it would have used a threat or a promise in
the OLSE, and that, as we saw, depends on the relative costs.

Consider first the case where the cartel begins with a cost disadvantage, so in the OLSE it uses
threats of high sales in the future to induce the fringe to extract rapidly in the initial periods. The
cartel’s inability to use threats (in the MPSE) increases the fringe’s rent, causing their initial
extraction trajectory to be lower and price to be higher. The higher price makes it more attractive
for the cartel to enter the market, so its initial extraction trajectory is higher, increasing it’s market
share in the MPSE. Now consider the case where the cartel begins with a cost advantage, so in the

OLSE it uses promises of a low sales path in the future in order to encourage conservation by the
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fringe. Its inability to use promises in the MPSE decreases the fringe’s rent, increasing fringe supply
and lowering the price. This makes it less attractive for the cartel to supply in the current period,
causing its extraction path to fall. In this circumstance (where the cartel would like to reduce fringe
supply) the cartel has an additional incentive to restrict its own supply. Fringe supply is decreased
by a large cartel stock, so the cartel has a strategic incentive to keep its stock relatively large.

The argument is slightly different if the initial condition is on I'y. There, neither firm has a
cost advantage, and since p(0)=0 the OLSE is exactly balanced between being a threat or a promise.
However, we know that for these initial conditions the system moves immediately into the region of
state space where the OLSE is characterized as a promise. Therefore we can apply the intuition
described above, to explain why the initial cartel market share is lower in the MPSE, giveﬁ initial
conditions on I'y.

These remarks also help to understand how the initial stock level affects the magnitude of the
difference in the initial price. We saw that regardless of initial relative costs, one agent decreases and
the other increases its initial sales, when we move from the OLSE to the MPSE. Our simulations
showed that the decrease in production more than offsets the increase, making initial price higher in
the MPSE. We also noted that the cartel has a strategic incentive to reduce sales when it has a cost
advantage, so in that situation we expect the price increase to be especially large. This is consistent
with the simulation results. When the cartel has a cost disadvantage, it would like the fringe to
accelerate sales, and this makes the maintenance of a large stock less attractive for the cartel.

Finally, Fig. 8 shows how the incentives for cartelization change, under the Markov
assumption. Each point represents the percentage increase in cartel profits when moving from the
competitive equilibrium to the MPSE. On path (1), along the Markov turnpike I'y, the gains are
approximately constant {(1.3%). On path (2), where the cartel initially has a cost disadvantage, the
gaing are very small, but they increase as cartel market share increases (and the cost disadvantage
decreases). On path (3), where the cartel initially has a cost advantage, the gains from cartelization

are larger, but they decrease as the market share decreases. The clear implication is that the gains
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from cartelization, like the cartel market share, increase with the cartel’s cost advantage.

5. Conclusions

We modeled a nonrenewable resource market with a cartel and fringe, using both an
open—loop and a Markov perfect equilibrium, under the assumption that costs are stock dependent.
In the competitive equilibrium only one firm extracts until their costs are equal. In the OLSE both
the fringe and the cartel begin to extract while they still have a cost disadvantage. The stationary
cartel market share exceeds the competitive level. In the MPSE, both the cartel and the fringe extract
in the first instant, unless the cost disadvantage of one is very large. The initial cartel market share
is higher in the MPSE, relative to either the competitive or the OLSE, if and only if the cartel has a
cost disadvantage. Cartelization increases the initial market price, but surprisingly this increase is
greater in the MPSE than in the OLSE. In this sense, a smaller degree of market power is associated
with what appears to be less competitive behavior, and may result in a larger loss to consumers.

The magnitude of the benefits to cartelization (in a MPSE) are directly related to the
magnitude of the cartel’'s cost advantage, and thus to its market share. This market share always
approaches a stationary value, so whether the benefits of cartelization increase or decrease over time
depend on whether the cartel’s cost advantage — and market share — is increasing. Thus, we would
expect that if there is a cost to forming cartels, potential cartels with cost advantages would be more
likely to form. However, if there is a cost to maintaining cartels, our theory suggests that an initially
powerful cartel may eventually fall apart, whereas an initially weak cartel may become more

coherent.

Appendix 3.1. Time paths in regime (a) and the switch (a)-{(h).

The cartel’s Hamiltonian for regime (a) equals (3.2}, and the hypothesis that q.=0 requires ¢<0. In
addition, necessary conditions include: xr=—cCgxs+ A, A=8A~crixs+eed, Tp=mrce+pcs+ by, p=—mnr—Cip,

Te=6n. and p(0)=0. This yields:

xe==(xeo—A e T+ A ™2 A=(eptw) (xe—A e T (eprwa)A ¥ 2 (3.1.1a,b)
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pmAz(eWIt_ewgt)) 'qu*{w1+Cf)A2€WIt‘é‘(w2+cf)A2ewzt7 "?cﬁﬁ'cee&a : (3-1-23;,b,€)

where w=4{&{ 62%4Cf5)%)<{}, wy=8-w>0 and A;is to be determined by the boundary conditions.
To find the optimal switch to regime (b) we need four conditions for the four unknowns A2{0)
(or Ay), 74(0) (or Ay), T and x(T). A, is determined by the continuity of xy, i.e., by x¥(T)=x}(T).
The continuity of the state and costate variables imply that o(T)=o(T)=0. By equations (3.4) and
(38.1.2a) one has pa{T)=[cexg{T)Cexco) fcr which determines Aj;. To find the optimal switching
moment and xg(T) we have two conditions, the continuity of 7 and A: ng(T)ng(T)w\b(T) [by
o{T)=0(T)=0] and Xa(T)=Ab(T). The two last conditions determine two nonlinear equations for T
and x¢(T).
Appendix 3.2. Regime (c¢) and the switch (c)~(Db).

The Lagrangian equals: L=(p—qs—qc)qc—de(D—CoXe)Nede—rds+p(A—crgr)+p(cexs—A—qe—qr). For
qr=0, qe>0 to be optimal it is necessary that

~2qetCexe =0 (3.2.1)
—qe—Tp-pCe~p<0, (3.2.2)
eexs—A—qcS0, p£0, (erxp—-A—qe) =0, (3.2.3a—c)
Ne=—qeCet 01, (3.2.4)
ng=—{ice+ b, (3.2.5)
p=p, p(0)=0, (3.2.6)
16(T)=nR(T), nf(T)=n%(T), po(T)=p"(T), HYT)=H(T), (3:2.7a~d)

where H¢=(p—qs—qc)qc—qo(P—CeXe)—cqe—nrae+p{ SA—Ciqs).

Conditions (3.2.1), (3.2.4), and (3.2.6) yield xcﬂ——cfogt-{»/\ge&/é»}mAg, ??C=A4eét+CngXf0/5‘§‘
CeAgte ot and pmz}\ge& / 5‘*2Cfoat+Cg(.)\ge& ] 6i—cexpot 2/ 2+V 3t)MV4€&/ b-{crxrocet/ 5"“"03)\{}8&;( §t—1}
/62)+ V5. Note from {3.2.6) that along this solution p is decreasing and negative. Because in regime
(b) cexe—cixp+cep=0, the switch must occur below I'y. To piece this solution together with regime

(b), we need six conditions to determine six unknowns, namely TV, V.V, Ay and x(T). The

conditions are: Xc(0)=xes, XHT)=xX(T), p(0)=0, 7T =n3(T), I(TD)=X¥T) pM{T)={cixse—
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cexe{T}] /¢, where we have used (3.2.7a,b), the continuity of the state variables and the fact that
o=0¢=0 must hold in the beginning of regime (b). Because {3.2.7d) is equivalent to o{xrce~A)=0, the

switch satisfies the Hamiltonian continuity requirement.

Appendix 3.3. The proof for Proposition 3.1

Before proving the Proposition we begin with the following

Lema A3.3: Along regime (¢} o>0.

Assume first that 4<0. By (3.2.1) and (3.2.3a—¢) p=2 —2cixs+Cexc—e. This yields by (3.2.2)
that cpxpdne—A—Tr—pcs—CcXc<0, i.e. 020, Assume p=0. Then qe=4(Ccxe—1¢)=CeXe~C~¢e- By (3.2.3a)
CoXe—CiXp+ AU 0. Combining this with {3.2.2) implies that o20.4
For proving proposition 3.1 we consider cases A and B, where the initial state is below and above I'y,
respectively. For each of these cases, we show that all strategies other than those described in the
Proposition violate a necessary condition for optimality. Let T denote the switching moment between

two regimes.

Case A: xopCe-xroes20.

Al (a)+(b): In regime (a) 0<0. If o(0)=A+n—nr>0 then o{0)=xcoCexeoCe+A+nr—ne>0, 3¢
Consequently o{0)<0. In this case there must exist t; such that 0<t<T and o(t)<0, o{t;)=0,
o {t1)>0 for a regime (a) with a nonzero length to be possible. Using the necessary conditions for
regime {a) this yields: o{t;)=CcXco~cexs+pce<0, o{t1)=A+nmnc=0 and o ($1)=Ee{pcr+m—aqs)>0.
o{t;)}<0 requires that p<0 because cexop—crxe(t:)>0 (note that at t; the state must be below I'j). For
o (t1)>0 to hold we must then have n{t1)> —p(t1)ce+qe(t1)>0. At T it must hold in regime (a) that,
o{T)=o(T)=0 and ¢ ?(T)<0 because ¢ and o are continuous. Thus the term ne+crp—qr must change
its sign from positive to negative along regime (a). Differentiation yields m¢-+cep—qs=0nr—qs. Recall
that qr<0 in regime (a). Thus 7 must switch from positive to negative. Above we showed that
7e(t1)>0 and pe(tJ+p(t1)er>0, so ne(ts)=csne(t)+p(t)es] +me(t1)6>0. Because ne=6n:>0 we obtain
that ne>0 for Vie[t,T], 2¢&

A2 (a)~{c)oany regime: At both switching moments o=0, implying by lema A3.3 that along
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regime (c) there must be a moment of time, t1, where o{t,)>0, o{t{)=0 and o (1;)<0. Assume that
u(t)=0. We obtain o(ty)=A+n1c=0 and o (t1)=80+6qccc>0, ¢ Assume next that 4(t;)<0. In this
case o(ti)=A+n-nr=0 and o (t;)=—pcr+qeCc>0, 3¢

A3 (a)~(c). I x¢>0 for Vt then the transversality problem for the fringe problem requires A=0
at the end of regime (a). It must then hold that cexe—qc<0 Vt>T (conditions 3.2.3a—c). However, qc
must finally converge to zero, 2¢. If xp=0 at the end of regime (a) then gr=—A at the end of regime
(a). Since both gqf and X are nonnegative xr=A=qr=0 at the end of regime (a). However, such a
candidate contradicts the solution (3.1.1a,b), »¢&.

A4 (c)=(a)+(b): This implies that in regime (a) there must be moment of time t;<T (where T

is the switching moment to b) such that ¢ (t;)>0 and o (T)<0, which was shown in part (A1) of the
proof to contradict necessary conditions.

A5 (c)+(a): In this case o<0 for Vt>T. Because o(T)<0 and p{T)<0 (by 3.2.6) the switch
cannot occur above I'y implying that x>0 Vi. By the transversality condition %L%‘ euﬁxcnczﬂ we
obtain that 7.=0 in the beginning of regime (a). As t-m, o-cgp+CcXetr, implying that ceo+7r must
remain negative. In regime (&) cep+mp==6nr. If 760, it must hold for cgp+7r to remain negative, that
7¢-0 as t-o. However, in regime {(a) me=ce(ne+pce)+6nr. It must thus hold that 7<0. But then

ne=ce{ me-+pce )+ nr< e <0 and % im e“&‘nf(f;)<8, i.e. transversality condition is violated, 3¢

Case B. xqco—xrc<0.

Bl (c)=(b): At the switching moment p<0 implying that xcco—xses+cep<0, 3¢
B2 (c)-(a)+(b): By lema 3.3 o(0)=xcccxsCr+A+m—1:20. Thus o{0)>0. This implies that in regime

(¢) there must be t,<T [where T is the switch from (c) to (a)] such that o(t,)>0, o(t;)=0, o (t1)<0.
However, in A2 this is shown to contradict with optimalty.

B3 (c)o(a): At the switching moment oT)=xCe—xscr+pcs+o=0 but o<0 (by lema A3.3), p<0,
XeCo—xCs< ), D€

B4 (a)~{c): Apply A3.

B5 (a)+(c)wany regime: Along regime {c) there must be a moment of time, say t; such that o{t;)=0
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and o (ty)=80—pcs+qec<0, 3¢,
We are left with the strategies: XcoCo—xsrocr=0 3{b) for ¥t, xcocc—xroCe>0 2 (¢)=(b) and xcoCe—xgocs<0

#a)-(b).m
Appendix 3.4 Proof of Proposition 3.2

Assume the reverse, i.e., that u(T)=0. By (3.2.1) ge=$(xcce—n) and by (3.2.7d)
Q4 qe(xcCc—e)=4{XcCone) =—{ns+per)(xscs—A) at T. By (3.2.2) and (3.2.3a—c) this implies that
(3.2.7d) is satisfied only if {(xcce~ne)=—{ns+pce)=xscs—A.

Consider first the case that p=0 for Vt<T. Define 754(XcCec)~xrcs+A. By (3.2.1) and
(3.2.3a—¢) 7>0 when t<T. Because 7{T)=0, r=8A—in)<0 before T. By (3.2.6), p=0 for Vi<T
implies p(T)=0. By (3.4) we obtain that the switch must occur at I'y, i.e., xo{T)ec—xrocr=0. Thus
T=4XcCo—X1Cs+ A—$1.<0 before the switch, 3¢

Consider next the case that u(T)=0 but p(T)<0. By (3.2.1} and (3.2.3a—<} q. is continuous in
regime (c). Thus there must be a moment of time, t;<T, at which 7(1)=0. When t<t, (3.2.2) and
(3.2.3a~c) imply that 7<0. Accordingly when t€(t,T) we obtain 7>0. Because 7(T)=0 is necessary
for optimality there must be a moment of time, say T, such that T;<T,<T, 7{T2)=0 and 7 (T;)<0.
Differentiating yields r=8(A—47.) and 7 (T3)=08qccc>0, 3.

Appendix 4.1: Proof for Lems 4.1.

The existence of a linear equilibrium requires that ryrs<0 because otherwise there do not exist
bounded solutions converging toward the steady state xe=xp=me=1=0. By (4.6) and (4.7) y; must
satisfy the relationship: py=—=r9] 6%—6(r\+ra)+1i12] /Ccb{b-1p~12). Using r,ra<0 we obtain uy<0. If
$#1<0 we obtain qr<0 Yxs>0, Vx>0 implying that a linear equilibrium cannot exist. Thus p>0.
Using the expressions for r; and r2 one obtains:
(prebro)(patra)=[(A*+B) —2u—8) { [B-(A)}) -2},

where  A=p8(201+ 6)2-2p9( 2001+ 8) (2034 28+ o 6)+ 4ut+- 86+ 4636 )~dcef2ui+c262 and  B=
5 2py+ E)+ 2342801+ §{ce+ 8). When =0 the term [(A%“}*B)%-‘zﬂgm&] can be developed to the
form [} 202428 +2u2+26u+ 8cet )] %—2;&;—"(5, which is always positive. Because A and B are
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decreasing functions of u, and p<0, it follows that (A%+B)é——2p,g——§>0 when us<0. We next show
that [B——{A)%] %w2ggm5<ﬁ. Note that A>(2;z,§——ccc9+2m§)2>0 and that B>0. It can be shown that
B2-A>0 implying B—A)?>0. Thus [B—(A)}]#—24~6<0 & AT>B—(2u+6)2 If B—~(2u+6)20 our
claim is verified. When B—(2u,+6)2>0 we obtain A%>B—(2u1+§)2 & [B—(2u1+8)] —A<0. Because
(B—4pi—4 0y 6—62) A =4 popus [ s 21+ )+ 621+ 6) ] +8ua{pd+ 6ud)+  4paé(pd+p:6)<0 we obtain that
(24+11)(u2+12)<0 as claimed. Finally, if pi+r+1220 the LHS of (4.7) is always positive, 3¢.g

Appendix 4.2. Proof of proposition 4.1.

Proof: Along I's both extraction levels are defined by one exponential term with negative root,
implying that q.,qr<0 and price price is increasing. When x¢o/xso is low enough, x(0)=0 and we
obtain qs(0)=px:(0)<0. Because q¢(t) is given by two exponential terms, q#(t)<0 for Vi. Accordingly
0c(0)=0 and q¢{0)=rxxco>0. Because qe(t)-0 as t-w, gc must have a unique maximum. Using (4.3)
and (4.4) we obtain c}c+qf{kcm0:xco [rio—pparraf (it pe)(pr+rz)].  This  implies that
sign{qc+qr l )-{Cmg)msign—( 2 gt T T T a—fafha). Because (24 papia+ T 1+ T T o—pagpan) <O
contradicts equation {4.6), total extraction must decrease in the beginning of the path starting at the
xu=0 isocline. Because the total extraction is determined by two exponential terms, we obtain
Qe+qs<0 and p>0 for Vt along any path starting above (or on) I's.

By parallel arguments, a large enough xcof/xfy implies x#(0)=0 and that q¢{t) has a unique
maximum, while the cartel supply is monotonically decreasing. Using (4.3) and (4.4) we obtain
Sign(qmvkqflkfzo)xsign(iurpﬁ—rﬁrg). Because p—pua+1+1r9>0 contradicts equation (4.7), it follows
that qe+qr<0 and p>0 for Y.y

Appendix 4.3: The evaluation of condition --g{xf%c)+Cexe—7:40 in regime (a).

In regime (a) the leader’s Hamilton—Jacobi—Bellman equation is §V=—qrdV(xc,x¢)/ 0xs, where
V is the value function. To develop a differential equation for dV/dxs in x¢ differentiate the HIB
function  with  respect to xr and apply Young’s  theorem. This  yields:
5OV | Oxe=—qs| 87V [ Ox Oxs]—{ 6V [ xs] Bas/ Bxc. These equations include gy and dqr/ 8% as unknown

functions. Using the necessary conditions (3.1a,b) and the fact gr=—qsfqs/fx; we obtain an equation
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for determing qr: dq¢/ Oxe=(bcsxr—0qr)/qr. Next, writing this equation as Oqr/Oxrq~8(csxs—q)=0,
differentiating with respect to x. and applying Young’s theorem, yields a differential equation for
8qs/ Ox¢: 0%/ OxcOxp=—0qsf Ox( 6+ 0qgs/ Oxs)/qs. Let us denote the derivatives dV/adx. and 8qr/Ox. by
1i{x¢) and y(xs) respectively. Recall that in regime (c) q¢=0, and thus x. enters the above
differential equations as a constant. Thus we obtain the following set of ordinary ordinary differential
equations in xg:

dV(xs)/dxe=—8V(xs)/qs(xs),

dyi(xe}/dxe=—[ Syi(xe)+va(xe)dV(xe}/ dxe] [qe(xs),

dag(xs) /dxe= 6 coxr—ar(xs)] /as(x1),

dya(xs) [ dxe=—a(xs) [dar(xs)/ dxs+6} /qe(xe).
To solve this system of nonlinear nonautonomous equations we must have the initial level of x; and
four boundary conditions. Given any x¢o, we obtain the corresponding level of xy on the x,=0
isocline, i.e., xg=—xco(ps+1+ra)ita/(p1+1){f1-+12). Given this initial state in regime (b) we know the
value function V, its derivative with respect to x;, i.e. 7y, the level of fringe extraction gs, and its
dependence on x; i.e. ug. Using these initial levels it is possible to compute the solution for the
differential equation system forward in x; and to evaluate whether the necessary condition
~Qf{Xf,Xe) +CcXe~Tn$0 holds along regime (c). We have verified that using the example 6=1/20,

Ce=Cs=1/2, various initial level for the states and the fourth~order Runge~Kutta method.
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