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FREE CONVECTIVE LAMINAR FLOW WITHIN THE
TROMBE WALL CHANNEL

H. Akbari and T.R. Borgers

Energy and Environment Division
Lawrence Berkeley Laboratory
University of California
Berkeley, CA 94720

ABSTRACT

Free convective laminar heat transfer between the channel surfaces
of the Trombe wall has been investigated. This study considered the
velocity profiles normal and parallel to the direction of fluid flow,
the pressure drop due to flow acceleration at the channel entrance, and
the effect of a variety of dissimilar but uniform channel surface
temperatures for a wide range of flow rates.

A finite difference procedure was used to solve the governing
equations in dimensionless form using air as the fluid. After compari-
son with available experimental data, results have been reduced, and
several correlations developed to enable important performance charac-
teristics to be estimated given the channel thickness, height, and

surface temperatures.






INTRODUCTION

The convective contribution to heating by a Trombe wall involves
several geometric and thermal parameters. During a typical diurnal
cycle, experimental evidence seems to indicate that laminar flow
exists for a smaller fraction of the time that the wall acquires heat;
and that turbulent flow becomes dominant as the channel surfaces reach
higher temperatures [1]. Several important performance characteristics
of the Trombe wall have been measured by Balcomb, et al [2].

The problem of laminar natural-convective flow between paraliel
plates was first studied by Elenbass [3]. Experimental work was also
done by Kobayashi and Fujimoto [4], Siegel and Norris [5], Currie and
Newman [6] and Aihara [7]. Bodoia and Osterle applied finite difference
techniques in their study [8]. Engle and Mueller [9] attacked the
problem by the integral method. The finite difference method was later
employed in the studies by Miyatake and Fujii [10], and by Aihara [11].
These investigations greatly improved the understanding of the effects
of the inlet velocity profiles and the nature of the fluid pressures
within the channel.

The broad spectrum of temperature differences experienced during
the normal operation of the Trombe wall results in low to moderately
high volume flow rates. Thus, the purpose of this study is to extend
the previous work to Trombe wall dimensions, to regions of Tower flow
rates and unequal surface temperatures and to provide the results in
an easily used form. This phase is restricted to the study of laminar
flow between two parallel plates, each of which is at some effective

uniform temperature, for a wide range of flow rates. For very low
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volumetric flow rates, the performance characteristics can apparently
be estimated using single plate formulations. Several correlations
have been developed from the computed results which may be useful in

building design.

THEORY

The geometry of the flow problem considered is shown in Figure 1.
Two parallel, infinitely wide vertical plates, perfectly insulated on
the outside, have their bases in contact with a calm fluid at tempera-
ture To' The temperatures of the plates are constant and uniform at
values Tg and TW both of which are greater than To‘

Fluid properties, except density, are assumed to be independent of
temperature. The decrease of fluid density upon heating is solely
responsible for buoyancy forces which induce upward flow in the channel.
The flow is assumed to be steady, laminar, compressible, and is governed

by the equations of continuity, momentum and energy, which simplify to:

du/ox + dv/ay = 0 (1)
udu/dx + v du/dy = -p_] 3(p-p,)/ox
+ v(8%u/0x% + 8°u/ay?) + gB(T-T ) (2)
uBv/ax + vav/ay = -p ' 3(p-p,)/dy
+ \)(Bzv/‘ax2 + 82v/8y2) (3)
B -1 2 2 2 2
u aT/d9x +vaT/ay = v Pr * (37T/0x" + 3°T/3y") (4)

The pressure within the channel, p, will be less than the hydro-
statis pressure, p_, outside the channel at the same elevation. The

difference between them, (p-p_), is the pressure defect.
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These relations may be restated in dimensionless form using vari-

ables in Nomenclature. Assuming that Gr > 1, the governing equations

reduce to:
dU/oX + BV/3Y = 0 (5)
UBU/3X + VOU/BY = - P/3X + 22U/aY2 + 6 (6)
3P/3Y = 0 (7)
and
e 02002
UdB/aX + Vao/aY = Pr ' 3%9/3Y (8)

The boundary conditions are:

X=0 and for 0<Y<T;

when

at X=1; P =0 (12)
Po, the pressure defect at the inlet, is a function of Uo’ the inlet
velocity profile, which should be determined by the analysis of the
"free-boundary" problem. Because of the effort to obtain information
on the behavior of the flow at low volumetric flow rates, a constant
inlet velocity profile, and an inlet pressure defect value of —02/2
were selected. This term in the pressure defect at the entrance
represents only the dynamic contribution. Other terms, which are
unknown and not included, are the effects of eddys and turbulence, and

would result in a somewhat more negative pressure defect. However,
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because a great variety of inlet and exit configurations are possible in
the practical construction of a Trombe wall, these assumptions are
judged to be appropriate at this time. Experiments, now in the planning
stages, are addressing these issues.

The dimensionliess, volumetric flow rate is

1
Q=ubv g ! = f Udy (13)

0
which must remain constant throughout the channel. The dimensionless

rate of heat absorption by the fluid up to a particular elevation X is
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The mixed-mean fluid temperature at a particular elevation X in dimen-
sionless form is
b = H /Q. ‘ (15)

The Tocal Nusselt numbers at the glass and wall surfaces are respec-

tively,
Ny g = Py, q D7k = (30/3V), o ' (16)
Nuy = My = b/k = (36/3Y)x,w (17)
and the total local Nusselt number is expressed as Nux,t = Nux,g +
Nux,w'

In addition we may define a total average Nusselt number as

Nu, = H Pr/L (18)
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where HL is the rate of total heat absorption by the fluid at the

exit: elevation, X = L.

FINITE-DIFFERENCE FORMULATION AND THE METHOD OF SOLUTION

The equations were solved using a forward-marching, 1iné—by-1ine
implicit finite-difference technique permitting iterations on each new
Tine similar to that described by Aihara [11].

A rectangular grid, across the channel width, see Figure 2, is
used to establish the increments of the finite-difference approximations

to egns. (5), (6), and (8). 1In general, the expressions are of the

form
Usn/aX = U 1 (ax)"! 19
Sn/a = Ujﬂ,k[njﬂ,k - nj,k (A ) ( )
. * 2 . "1 2
Von/aY = Vj_,_]’k[nj_,_] ’kﬂ-nj_ﬂ,k_ﬂ( AY) (20)
3n/ov? = [ -2 " 1(aY)"2 (21)
n N341,k+1 M541,k7 N5+ ,k=1

where n may be either U or 6. The superscript *, refers to the values
of U or V from the previous iteration on the j+1 Tine.

Upon substituting the finite-difference approximations into egns.
(5), (6) and (8), then making use of the boundary conditions, a set of

(K=2) Tinear equations for Uj+1,k’ S| and Vj+1,k are obtained.

j+1,k
First the energy equation is solved, providing a temperature 6j+] K>
which is used in the solution of the momentum equation. The U velocity
which results is used to calculate a new V ve]bcity based upon the

continuity equation.

The energy, momentum, and continuity equations in matrix form are:



[ -1 I - [~ =3
B, & %541,2 D2-8541,1%
Ay By G (::) 03413 0,
b By Gy 05414 Dy
' ; (22)
‘A2 By Ok [ 19541,k-2 Dy-2
(::) Aea1 B ej+1,K-1J D178 541, KCk-1
- = = - .
where
o -1 R
A = Vi 2™ = )
o -1 R
B = Uy (8071 + 2 Pl (aY) 29)
o -1 1 -2
G = Vi (20071 = P! (an)
L -1
D = Uiy i 85,4 (O0)
Foo G Usir,2 ™
Bs F3 G <::> V1,3 My
g, Fp G Y10 M, o
<:> Eo Pz Gk f|Ysnk2| | M2
I Ey-1 FK—1J Uj+1,|<--1J My 1
where
T -1 -2, _F -1 -2
F = - Vi (2007 (075 B = UGy (07T ¢ 2 (AY)
vy -1 -2 _® -1
6 = Vi (N7 = (80785 = Uy U (AX) -
25

- (dP/dX)j+] + ej+1,k



S, Wy Vin,2 | Ry |
Ny S5 W3 (:::) Vi3 Ry
Ng Sy Wy Vie1,4 Ry
) ) ) ] A (26)
<:> Nee2 Ske2 Weeo| |Vi41,k-2 Rg-2
i Vet Skar] Yamakarf | e
where Nk = (1-Y); Sk = -1 W =Y
_ -1 :
Re = 8280 LU = Uy * Usg e = Ygpp)(51)
(27)

+

) (Uj+1,k " Uk T Uk T Uj,k+1) 1.

The solutions are quickly obtained using Gaussian elimination with the
*
j+1.k

the previous row, namely Vj K and Uj K A discussion of the pressure

starting values of V§+1,k and U taken to be converged values of
gradient, (dP/dX)j+1, is presented in Appendix 1.

The calculation procedure follows quite closely that presented by
Aihara [11]. The inlet velocity profile, the volumetric flow rate, and
the thermal boundary conditions are chosen. At the next row (j+1=2)
the governing equations are solved to determine the new values of U, V,
and 6 for the j+1 row. A new volumetric flow rate Qj+1 is calculated
from the new U velocity profile using eqn. (13) by the trapezoidal rule
approximation. This procedure is repeated with a corrected pressure
gradient until |

0541-0

-—-—Q-———< € (28)
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where epsilon determines the convergence tolerance. When convergence
is obtained, the pressure defect at this row, Pj+1’ is calculated from
the latest corrected pressure gradient and the pressure defect from the
previous row:

P

= Py AX(dP/dX) g

3+

At this time, the local Nusselt numbers, NuX , Nu , N the rate

g W U, t
of heat absorption by the fluid at this elevation, Hx’ and the mixed
mean fluid temperature, 5% are determined.

The Uj+1, Vj+1’ and (dP/dX)J.+1 values are then carried forward to
the next higher row, j+2, and the process is repeated. This line-by-
line advancement up the channel is continued to a channel height at
which the pressure defect becomes positive. Quadratic interpolation of
the latest pressure defect values is used to estimate the channel height
at which the pressure defect vanishes. This channel height, L, together
with HL’ the total rate of heat absorption by the leaving fluid, are
used to calculate the overall average Nusselt number as given in eqn.
(18).

The calculations for which results are presented deal only with
a fluid of Prandtl number = 0.7 (air). Grid sizes were fixed in the Y
direction and were allowed to increase with elevation in the X direction
as described in Appendix 1. At higher flow rates, convergence was
frequently attained by the fifth iteration. At the lower flow rates,
near regions of numerical instability, convergence was reached in

certain instances only after 20 to 40 iterations. A more complete dis-

cussion is presented in Appendix 1.



DISCUSSION OF RESULTS

In order to check the validity of the model used in this study,
the half channel results of Aihara [11] were duplicated. Emphasis was
then directed to the behavior of systems having lower flow rates and
plates of unequal temperatures. There is very little pertinent experi-
mental data in the literature to which these results can be compared.
Efforts to study the behavior of an experimental system in detail, are
in the planning stages. The results of this investigation are therefore
presented, fully aware of the need for experimental validation.

The next several paragraphs briefly discuss a few of the important
results and trends. Figures 3-5 show details of the X and Y velocity
components labeled U and V respectively, and the fluid temperature, ef,
of a high, intermediate and low flow rate for three different relative
surface temperatures and at four relative wall elevations.

At high flows, the U velocity profile shows parabolic development
soon after entry when the plates are at equal temperatures. As the
glass temperature is lowered, progressively more asymmetric U velocity
profiles develop.

The V component represents fluid movement across the channel gap
caused by a combination of friction and heating. At high flows an
initial rapid flow toward the channel center develops. Soon after the
initial adjustment, the movement of the fluid to the center is greatly
diminished, since the parabolic character of the upward velocity is
already quite well established.

As the heating becomes asymmetric, the fluid flow away from the

cooler surface is noticeably greater than that from the warmer side



-10-

very soon after entry. A greater flow persists toward the warmer side
of the channel as the disparity of plate temperatures is increased.

For higher flows, in the case of symmetric heating, the fluid
temperatures, ef, in the central area of the fluid gradually acquire a
higher value as the flow proceeds up the channel. The coolest portion
of the fluid in this case is the fastest moving central layer. As eg
is reduced the profile becomes skewed and the fastest moving portion
of the fluid is no longer the coolest. At the exit point the cooler
surface is not contributing significantly to the heat gain of the fluid.
Further reduction of eg shows that the cooler surface is extracting
heat from the fluid near the exit of the channel.

For the Tower flow rates (Figures 4,5), surface friction is still.
largely responsible for the initial acceleration of the fluid. There-
after a distinct indication of the heéting effect is noted in U by the
more rapidly moving layers of fluid a small distance from the surfaces,
and a progressive decrease in the velocity within the central region.
As the development proceeds, the velocity of the heated layers increases
substantid]]y while the velocity in the cooler central region subsides.

The cross channel flow, V, for the lower flow rates shows again
the initial surge of fluid away from the surfaces. Unlike the higher
flow, apparently fluid immediately begins to move toward both the
heated surfaces, away from the central region. The extent of the
successive decreases in the maxima of the V profiles, as the channel
length is traveled, is not as great as in the case of the higher flows,
indicating that fluid continues to migrate out of the central area to

form the faster upward moving, warmer streams.
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At Tow f16w rates the heating effect is very important early in
the channel, and is especially noticeable as the temperature difference
between the plates is increased. At the outset, fluid is shifted away
from the cooler surface to a greater extent than it is at the warmer
surface, indicating that early heating at the warmer surface is able to
accelerate fluid in the upward direction. The more asymmetric the
heating is, the more completely the flow is dominated by the warmer
surface.

The temperature profiles across the channel show much smaller
increases in the central region than those at higher flows. The warmer
regions of the fluid are the faster moving layers, and at Tow glass
temperatures, the fluid continues to remove heat from the cooler surface
to the channel exit.

The pressure defect as a function of the channel height is shown
in Figure 6. The behavior shows that at the high flows, the pressure
defect rapidly becomes more negative in the first portion of the channel,
then reverses and gradually reaches zero which defines the channel exit.
The initial decrease is due primarily to the tremendous adjustment of
the flow profile as a result of friction with the stationary surfaces.
At very lTow flow rates the behavior becomes very nearly linear soon
after entry. It is for this reason that a linear extrapolation of the
pressure defect as a function of X is a good approximation at the Tower
volumetric flows as discussed in Appendix 1.

Figure 7 illustrates the behavior of the local Nusselt numbers for
)s

for high flows and low glass temperatures it is seen that near the exit

several important situations. Recalling that NuX £ = (N N

u + Nu
XsQ X W
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point of the fluid the Tocal total Nusselt number becomes less than the
local wall Nusselt number, indicating that the fluid is losing a con-
siderable amount of heat through the glass. However, at Tow flow rates
and low glass temperatures, the cooler surface contributes positively

to the heat gain of the fluid to the end of the channel.

CORRELATIONS FOR DESIGN PURPOSES

Ideally, the designer could predict the convective performance of
the Trombe wall. Simulation programs can be developed, which require
as inputs, simply, the wall height, the‘g1azing to wall distance and
the glazing type. Wall and inside glazing surface temperatures would
be calculated by the program at regular time intervals using a weather
data tape. The output would be in the form of an air volumetric flow
rate at an average temperature, T, or simply a heat flux.

In the following paragraphs, attention is directed to the predic-
tion of the laminar convective performance of the Trombe wall. Least
squares techniques were used to express useful parameters in a form
which can be readily incorporated in a design computation.

Of practical interest is the rate of accumulated heat, HX, by all
the fluid in the channel, at and below elevation point x of the channel.
The expression used was:

Hy = c-Xx* (30)

X
where

w(0450) = a(Q) + b(Q)e

c(eg,Q) d(Q) expl[e(Q)o_]
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and
a = -2.292 - 3.273 TogQ - 1.223 (10gQ)?
-0.1513 (10gQ)°

b = 1.768 + 1.956 logQ + 0.6997 (10gQ)2
+0.0814 (TogQ)3

d = - 2.096 - 2.796 log Q - 1.095 (logQ)?
- 0.1386 (10gQ)3

e = 8.961 + 8.807 logQ + 2.948 (10gQ)?

+

0.3126 (logq)®

The typical behavior of HX is shown in Figure 8. Figure 8 also shows
an example 6f the behavior of the rate of total heat absorption, HL’ by
the fluid at the exit elevation, X = L, as a function of the glass
temperature. This quantity may be calculated from

H = L'Nﬁ£/Pr | (31)

The total average Nusselt number Nﬁé can be expressed as

Nﬁ£ =a+b eg (32)
where
a = - 8.605 - 9.372 1ogQ - 2.972 (logQ)?
~0.5229 (logQ)>
b = 1.547 + 0.5623 logQ + 1.213 (10gQ)°.

An example of how the total average Nusselt number varies with eg is
also shown in Figure 8.

The method of calculation used in the fundamental program does not
vcontain the total wall height as an input, rather it is determined by

such things as the flow rate and the surface temperatures. A designer
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may wish to develop a volumetric flow rate, Q, at a mean glass tempera-
ture eg. The necessary wall height, L, is predicted by

o

L =a-6
g

(33)

where

o = 1o[1.35 + 2.834 TogQ + 0.2505 (10gQ)%]

i

a = - 0.4081 + 0.3211 exp(-480.6 Q) .
Predicted and computed total wall heights as a function of eg are shown
in Figure 8.

More often, a designer may wish to predict a volumetric flow rate,

Q, using a fixed wall height, L, and various glass temperatures, eg.

This can be accomplished by

Q = 10la + b Togl + ¢ (Togl)*] (34)
where

a = 0.0851 [1. - exp(-3.412(0, - 0.4217))1% - 0.920

b = 0.1331 + 0.6563 exp(-8.521 ¢ )

C =

- 0.0619 + 0.07125 exp(-6.762 eg) .

Once Q is predicted for a given eg and L, the total average Nusselt
number may be estimated through egqn. (32). The total rate of heat ab-
sorption, HL’ is then easily calculated by egn. (31). The mixed mean
temperature of the fluid at the exit point is obtained from egn. (15).

The above correlations have been developed using computed results
for flow rates of 0.0003 < Q < 0.03 and temperatures of 0.15 < eg < 1.10.
It should be noted that even though it has not been stated that eg may

exceed 1.10, the computed results and correlations which were developed
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are equally valid for 0.15 < eg < 1/0.15 as seen from the definition of
8, in which Tm may be the temperature of the hotter surface.

A relatively systematic check has been made of the predicted and
computed values over the range of flow rates and temperatures studied.
Eqn (33) predicts wall heights which vary no more than 10% from computed
values for Q < 0.02 and vary no more than approximately 20% when
Q> 0.02. Egn (31) gives rates of heat absorption which vary less than
10% from computed values for all Q < 0.02 and may vary by approximately
20% for Q > 0.02. Egn (32) gives total average Nusselt numbers which
vary from computed values by less than 10% throughout the range studied.
Random checks of eqn (34) give values of Q which vary from those com-
puted by no more than 10%.

As the volumetric flow rate becomes very small, the x direction
velocity of the fluid in the central region becomes negligible. This
suggests that the prob]ém may be treated as two uncoupled heated
vertical plates. The total rate of heat absorption may then be computed
as outlined in [12]. Several comparisons of the heat absorption rate
have been made using the correlations developed in this study and the
uncoupled single plate results at low flow rates; the results agreed
to within 10%. This seems to indicate that an extensive computational
study directed to Tower flow rates in an effort to obtain information
on the important performance characteristics of the Trombe wall is
unwarranted.

An example of the predictions given by the correlations for free

convective laminar flow is provided in Appendix 2.
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the derivation of which is alluded to by Aihara. If, after the fourth

iteration convergence is not reached, a new pressure gradient,

(n=5)

o (n=3)

» is found by Tinear interpolation of (dP/dX)}

(dP/dX) FRL

Q}+1, and (dP/dX)ng]), Q}l} . Thereafter the above process is

repeated every other iteration using the latest two values of Qj+1'

In regions of Tow volumetric flow, instances of numerical instabil-
ity were encountered and convergence was not always achieved. This
problem was circumvented to a large degree by regulating the X dimension
grid sizes; i.e., as the flow rates were decreased, the initial values
of AX were diminished, and the rate of increase for AX was regulated
~with a multiplier, M, using the following relation:

AXj+] = M-AXj .
In addition, dP/dX was linearly extrapolated to the next higher row
whenever instability was sensed. The normal mode of calculation was
resumed immediately thereafter. |

Prior to a series of computations, exploratory runs were made to
see if instability was to be anticipated and to compare results from a
finer X grid with those of coarser grids. The ranges of initial grid
sizes and the multipliers for a sample of volumetric flow rates studied

are presented in Table Al.
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TABLE Al.

Q AX AY M
0.03 7.0 x 1078 2.5 x 1073 1.08
0.003 7.0 x 1078 2.5 x 107 1.03
0.0003 2.1 x 1078 2.5 x 1073 1.002

APPENDIX 2
A typical example of the use of the correlations presented in the

results is shown below.
1

B = 0.00313 °K” ', & = 10.0m, b = 5.08cm
= o = ° = °
T0 293°K, Tw 313°K, Tg 303°K
v = 1.495 x 1072 n?.s”]
The necessary dimensionless variables are: Gr = 3.6 x 105, eg = .5,
L =5.47 x 107

then using egn (34), Q = 0.00970; from (32),

Nu, = 5.15; from (31), H

t = 0.00402;

L

1

from (15), O¢ 0.415 .

Using the relations in Nomenclature, the dimensionless values may be
re-expressed in dimensional form.

i, = 0.528 kim™' - 5T or 1900 kjchr™! . w

3_-1

0.0522 m”s” ', T = 301°K .

q
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NOMENCLATURE

b = width of channel (plate separation), m

B = coefficient of volumetric thermal expansion, °K']

Cp = specific heat of fluid kj-kg—1-°K'1

g = gravitational acceleration, 9.801 mos'2

Gr = Grashof number g-s-(Tm—To)-b?’-v'2

h = average heat transfer coefficient, kj°m'2-°K']-s']

h = rate of heat absorption per m width of wall, kj-m-]-s']
HL = dimensionless rate of heat absorptiqn by fluid at channel exit
HX = dimensionless rate of heat absorption by fluid at elevation X
hx,1 = Jocal heat transfer coefficient, kj-m'2'°K'1-s"], i=g,w,t
k = thermal conductivity of fluid, kj-m']-dK']-s

L = height of channel, m

L = dimensionless height of channel

v = kinematic viscosity mles” )

Nﬁ£ = total average Nusselt number

Nux,i = local Nusselt number, i = g,w,t, defined by Eqn (16)

p = pressure at elevation x, kg-m'2

P = ambient pressure at elevation x, kg~m“2

P = dimensionless pressure defect b2°(p—pm)v—2'GP_2'p_1

Pr = Prandt1l number |

q = volume flow rate me e V.7

Q = dimensionless volume flow rate defined by Eqn (13)

P = fluid density kg-m—3

T = temperature, °K
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T = mixed mean temperature of fluid, °K

) = dimensioniess temperature, (T—To)/(Tm-To)

) = dimensionless mixed-mean temperature

Tm = reference temperature, defined as the temperature of the
warmer surface of the channel, °K

u = fluid velocity, x-direction, mes”]

u = average fluid velocity, x-direction, mes”]

U = dimensionless fluid velocity, X-direction

v = fluid velocity, y-direction, mes”)

) = dimensionless fluid velocity, Y-direction

X,y = cartesian coordinates, m

XY = dimensionless cartesian coordinates

Subscripts

f = fluid

g = glass

m = maximum

0 = inlet

t = total

W = wall

X = elevation

The following relations exist:
1

u = Urv-Gr-b
2 = L*Gr-b
v = veveb]

y =Y'b
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U, V velocity and temperature profiles at four stages of

development for three different glass temperatures, Q=

0.02.
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U,V velocity and temperature profiles at four stages of
development for three different glass temperatures, Q =
0.002.
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rates.
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heat extracted as a function of height, and the total
heat extracted at the exit, the total average Nusselt number,
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