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Abstract

Gallant,HansenandTauchen(1990)show how to useconditioning informationoptimally to

constructa sharperunconditional varianceboundon pricing kernels. The literaturepredomi-

nantlyresortsto asimple,sub-optimal procedurethatscalesreturnswith predictive instruments

andcomputesstandardboundsusingthe original andscaledreturns. This article providesa

formalbridgebetweenthetwo approaches.Weproposeaoptimally scaledbound,which,when

thefirst andsecondconditional moments areknown, coincideswith theboundderivedby Gal-

lant,HansenandTauchen(GHT bound).Whenthesemomentsaremis-specified,ouroptimally

scaledboundstill yieldsa valid lower boundfor thestandarddeviation of pricing kernels,un-

like the GHT bound. Moreover, the optimally scaledboundcanbe usedasa diagnostic for

thespecificationof thefirst two conditionalmomentsof assetreturnsbecauseit only achieves

themaximumwhentheconditionalmeanandconditionalvariancearecorrectlyspecified.The

illustration in this articleaddstime-varying volatility to the familiar Hansen-Singleton(1983)

set-upof an autoregressive modelfor consumption growth andbondandstockreturns. Both

anunconstrainedversionandaversionwith therestrictionsof thestandardconsumption-based

assetpricing modelimposed, serve asthe data-generatingprocessesto illustratethe behavior

of the bounds.In the process,we explore an interestingempiricalphenomenon:asymmetric

volatility in consumption growth.



1 Intr oduction

HansenandJagannathan(1991)derive a lower bound(the HJ bound)on the standarddevi-

ation of the pricing kernelor the intertemporalmarginal rateof substitution asa function of

its mean. Using only unconditional first andsecondmomentsof availableassetreturns,the

HJ bounddefinesa feasibleregion on the mean-standarddeviation planeof pricing kernels.

Whereasinitially HJ boundsprimarily served as informal diagnostic tools for consumption-

basedassetpricing models(seeCochraneand Hansen(1992) for a survey), its applications

have rapidly multiplied in recentyears.They now includeformal assetpricing tests(Burnside

(1994),Cecchetti,Lam andMark (1994),Hansen,HeatonandLuttmer(1995)),predictability

studies(BekaertandHodrick (1992)),meanvariancespanningtests(BekaertandUrias(1996),

DeSantis(1996),Snow (1991)),market integrationtests(ChenandKnez(1995)),mutualfund

performancemeasurement(ChenandKnez (1996),FersonandSchadt(1996),Dahlquistand

Söderlind(1999))andmore.

HJ boundsarecomputed by projectingthe pricing kernelunconditionally on the spaceof

availableassetpayoffs andcomputing the standarddeviation of the projectedpricing kernel.

The larger this standarddeviation, the strongerthe restrictionson assetpricing models. The

standardconsumption-basedassetpricing modelwith time-additive preferencesdramatically

fails to lie insidethefeasibleregiondefinedby theHJboundscomputedusingavarietyof asset

returns.However, thepricing kernelsin morerecentmodels,suchasthenon-separableutility

model in Heaton(1995) or incompletemarketsmodel of Constantinidesand Duffie (1996),

satisfythebounds.

In this article,we studythe useof conditioning information to effectively increasethedi-

mension of the availableassetpayoffs andhence,to improve the bounds.1 Gallant,Hansen

andTauchen(1990)show how to useconditioning informationefficiently. The procedureis

in principle straightforward. They constructan infinite spaceof availablepayoffs combining

conditioninginformationandaprimitivesetof assetpayoffs. Thevarianceof theunconditional

projectionof the pricing kernelonto that spaceis the efficient HJ bound,which we will term

theGHT bound.2

TheGHT bounddependson thefirst andsecondconditionalmomentsof theassetpayoffs.

The GHT procedurehasnot beenusedvery much in practice,and researchershave mostly
1Othermethods have beenproposedto improve HJ bounds. Snow (1991) studiestherestrictionon thehigher

momentsof thepricing kernel. BalduzziandKallal (1997) tightentheboundsby usingtherisk premiumsthatthe

pricing kernel assignsto arbitrary sourcesof risk.
2While GHT studyboth conditional aswell asunconditional projections,we will only studyunconditional

projections.
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resortedto a simpler techniqueof embeddingconditioning information in thecomputation of

HJbounds.They simply scalereturnswith predictivevariablesin theinformationset,augment

the spaceof availablepayoffs (andcorrespondingprices)with the relevant scaledpayoffs or

returnsandcomputea standardHJ boundfor theaugmentedspace(see,for example, Hansen

andJagannathan(1991),CochraneandHansen(1992),BekaertandHodrick (1992),andmany

others). This procedureis much simpler to implement than GHT since it doesnot require

knowledgeof conditional momentsatall.

In thisarticle,weprovideaformalbridgebetweentheoptimal but relatively unknown GHT

boundandthead-hocscalingmethodsprevalentin the literature. We prove two main results.

First, we answerthe following question:whenscalinga returnwith a function of the condi-

tioning information,what is thefunctionthatmaximizestheHansen-Jagannathanbound?The

solution is anapplicationof functionalanalysis.Theresultantoptimalscalingfactoris decreas-

ing in theconditionalvariancebut is notmonotonic in theconditionalmean.Second,we show

thatour bound,which we termtheoptimally scaledbound,is astight astheGHT boundwhen

theconditionalmomentsareknown.

Theoptimally scaledboundhasthreeimportantproperties.First, it is efficient. Ratherthan

arbitrarily scalingreturnswith an instrument, our procedureoptimally exploits conditioning

information leadingto sharperbounds. We alsousethis propertyto explore the relationbe-

tweenimprovementsin HJ boundsdueto conditioning informationandthepresenceof return

predictability.

Second,it is robustto mis-specificationof theconditionalmeanandvariance.Whereasthe

GHT boundis alsoefficient, it is only correctwhenthe conditional moments areaccurate.If

they aremis-specifiedthe resultingboundmay be larger thanthe varianceof the true pricing

kernel.Sincetheoptimalboundwe derive is a standardHJ bound,it alwaysprovidesa bound

to thevarianceof the truepricing kerneleven if incorrectproxiesto theconditionalmoments

areused.

Third, the optimally scaledboundis a useful diagnostic for the specificationof the first

andsecondmoments of assetreturns.Our boundonly attainsthemaximumwhenthefirst and

secondconditional momentsarecorrectlyspecified. If they arenot, the Hansen-Jagannathan

frontier is not even a parabola,so that mis-specificationis visually clear. We alsosuggesta

diagnostic testthatcanbeusedto formally comparethefit of alternative specificationsof the

conditionalmeanandvariance.Given thenon-negligible modelling andparameteruncertainty

regardingthefirst andsecondconditionalmomentsof assetreturns,this propertyof our bound

is likely to beimportantin many financeapplications.

We organizethepaperinto threeparts. Section2 startsby clarifying the relationbetween
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standardHJ bounds,the GHT bound,ad hoc scaledboundsandour optimally scaledbound.

We thenproveour two mainresults,deriving anoptimalscalingfunctionandshowing thatthe

resulting boundreachestheGHT boundwhentheconditionalmomentsarecorrectlyspecified.

Section3 discussesthethreemainpropertiesof ouroptimallyscaledbound.Weendthesection

by comparingourwork to thatof FersonandSiegel (2000a).They deriveandstudytheoptimal

scalingfactor in the settingof mean-variancefrontiers. Sincethereis a well-known duality

betweenHansen-Jagannathanfrontiersandthemean-variancefrontier, theseresultsaresimilar

to oursbut therearealsosomeimportantdifferences.

Section4 containsanempiricalillustration.We estimateanasymmetric GARCH-in-mean

modelon US consumption growth, bondandstockreturnsandtesttherestrictionsof thestan-

dard consumption-basedassetpricing model. This generalizationof the Hansen-Singleton

(1983)modelprovidesa naturalnull andalternative modelfor the first andsecondmoments

whichwe useto exploretherole of misspecificationin thebehavior of thevariousbounds. We

briefly discussfuturepotentialapplicationsof our resultsin aconcludingsection.

2 IncorporatingConditioning Information into VarianceBounds

In this section,we first review thestandardHJ boundwhile settingup notation in Section2.1.

In Section2.2,we briefly review thestandardway of usingconditioning informationwhereas

section2.3reviews theGHT bound.Section2.4introducestheoptimally scaledbound.

2.1 Unconditional VarianceBounds

Let therebe a setof assetswith payoff vector ������� andprice vector � � . Whenthe payoff is a

(gross)return,theprice equalsone. Let the vector � � denotethesetof conditioning variables

in theeconomyandlet 	 � be the 
 algebraof themeasurablefunctionsof � � , that is, 	 � is the

informationset.Thepricingkernel � ����� pricesthepayoffs correctlyif��
 � ��������������� 	 ����� � ��� (1)

By thelaw of iteratedexpectations,this implies��
 � ����������������� ��
 � ��������� (2)

HansenandJagannathan(1991)derive a boundon thevolatility of � ����� thatcanbecomputed

from assetpayoffs andpricesalone.Thisboundfollowsfrom projectingthekernelontotheset
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of payoffs anda constantpayoff:�������� � �! #"%$�&'�������)(+*-, (3)� �! �&.�/(+�0*-, $21�3 � &'�4�����5(+*%,76 (4)

where �8� ��
 � ��������� ��
 �������� �96 *:� ��
 �4������� (5)

and 1 � ��
 &'�������)(;*-,�&.�������<(;*-,�$=�>� (6)

Thevarianceboundfollows from realizingthat ?A@CB & � �����D,FE ?A@CB & � ������ , . We denotethebound?A@CB & � ������ , as 
HG &'�JIK��������, (or 
LG &.�M, ), sinceit dependsonthemeanof thekernelandthefirst two

momentsof ������� : 
 G &'�JIK��������,N� &.�/(+�0*-,O$ 1 3 � &'�P(+�0*-, (7)� QR(#SATU�/ #VW� G 6 (8)

where QX�X�Y$ 1 3 � ��6 TZ�[*�$ 1 3 � ��6 V\�X*H$ 1 3 � *5� (9)

The parabola&'�J6 
 G &'�M,D, is the HJ frontier. Note that if � equals1 andthereexists a risk free

assetsuchthat �^]_�`& ��
 � ��������, 3 � , then 
 G &'�JIK�������D, is proportionalto thesquareof theSharpe

ratioonthesetof assets.Hence,asharperHJboundcorrespondsto abetterrisk-returntrade-off

on theavailableassets.

To facilitate comparisonwith the derivations in GHT (1990), we provide an alternative

formulationof � ������ in termsof theuncenteredmomentsof �a����� :�������� �b&'�P(;cP*-,O$�&.*L*H$A 1 ,K3 � �������L #c (10)

with c[� �U(;� $ &.*L* $  1 , 3 � *d (;* $ &.*L* $  1 , 3 � * � �e(gfd (;h 6 (11)

wherethedefinitionof f and h is implicit.3 That � ������ unconditionally pricesthereturnsfollows

immediatelyby substituting(10) into (1). Therelationbetweenc and � is apparentfrom taking

theexpectedvalueof � ������ in (10):�8�i� $ &'*L* $  1 , 3 � *j �& d (;* $ &.*L* $  1 , 3 � *-,�cU� (12)
3Alternatively, equation(10)canbederivedfrom(4)directlyusingtheidentity k�lnm5o�o-prq�sut%vwlxsut4y5lxsut>o^k{zamo�p=lxsutOo�qOsut�o�p=lxsut with l|v~}u}0p�mj� and o�v�} .
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Theintuition behindequation(10) is ratherstraightforward.Rewrite theequationas�������� �i�a$�&'*L*H$A 1 ,�3 � �������% �& d (+*H$.&.*L*H$A 1 ,�3 � ��������,�cU�
Thefirst partof theright handsideexpressionis theprojectionof � ����� ontotheoriginal asset

payoff space(not augmentedwith a constantpayoff). However, we would like to project � ������
on this spaceaugmentedwith a constantpayoff. Thecoefficient multiplying c is theresidual

of theprojectionof a unit payoff ontothe �a����� -spaceandhenceorthogonal to thatspace.Con-

sequently, c is the projectioncoefficient of � ������ onto that residual. The two partstogether

constitutetheprojectionof � ������ ontothe ������� spaceaugmentedwith aconstantpayoff.

2.2 ScaledVarianceBounds

The presenceof the conditioning variables � � allows constructionof an in principle infinite

dimensional payoff space(seeHansenand Richard(1987)). Let � ��� �5& � �', , where � is a

measurablefunction, and � � is a ��� d vector. Scaledreturnsaresimply assetswith payoffs

equalto � $� ������� andprices� $�O� (where � is a �j� d vectorof ones),anddonotraiseany difficulty

in computing standardHJbounds.

Suchscalinghasan intuitive interpretationwhen excessreturns, �������� � �������/(��C] , are

scaledas in Bekaert and Hodrick (1992) and Cochrane(1996). The gross”scaled” return,�������!� � $� �a������  R�C]W� � $� �������5 �& d ( � $� � ,��A] canthenbe interpretedasa ”managed”portfolio

with � $�O� beingthetime-varyingproportion of theinvestmentallocatedto therisky assets.

Scalinglikelyonly improvestheHJboundif theweight � � hasinformationonfuturereturns.

In the literature,onesets� ����� � � where � is a selectormatrix of 1’s andzerosselectingthe

variablesin � � believedto predict ������� or to capturethetime-variationin theexpectedreturns.

Most studiesstackactualreturnswith scaledreturns(seefor exampleBekaertandHodrick

(1992)andCochraneandHansen(1992)),consideringthesystem

� �4������4�����-� � �F� . Thisamounts

to consideringmany different � � ’s whereeach� � is representedby a selectionmatrix with only

one non-zeroelement,selectinga particular instrument out of the available instruments. It

is fairly unlikely that this is the optimal way to selectfrom the setof informationvariables.

Thereforewe sometimesrefer to theboundsresultingfrom this adhocapproachto scalingas

”naivebounds”.

5



2.3 The GHT Variance Bound

GHT (1990)show how to useconditioning informationefficiently. Recall that a scaledasset

is a onedimensional asset, ��Y�����~� � $� ������� , where � � is a n-dimensional vectorwhoseentries

are measurablefunctionsof � � (so they belongto 	 � ). The spaceof all suchscaledpayoffs

is an infinite dimensional conditionalHilbert space� ��� � $� ����������� � ��� . Gallant,Hansenand

Tauchendirectlyprojectthepricingkernelontothisspaceaugmentedby arisklesspayoff. They

show thattheprojectedpricingkernelis4�������� �b& � ��(;cP*��',�$�&'*H��*�$�  1 �9,�3 � �������% #c (13)

where *�� is theconditionalmeanvectorand 1 � theconditional variance-covariancematrix of

thereturnsand c is givenby cX� �U(;fd (gh 6 (14)

Herethesymbols f and h aretheconditionalanaloguesof thedefinitionsin 2.1:fn� ��
 *H$� &'*H��*H$�  1 �9,�3 � � ��� (15)

and hU� ��
 *H$� &'*H�.*H$�  1 �9,�3 � *H���9� (16)

TheGHT boundby definitionis 
 G���-� &'�M, � ?A@CB & � ������ ,¡� (17)

It is a lower boundto the varianceof all valid pricing kernels. The result in GHT is not sur-

prisinggivenour alternative derivation of thestandardpricing kernelsin 2.1. TheGHT kernel

is identical, replacingunconditional with conditional moments, andexpectedpriceswith ac-

tual prices. (Compareequations(10) and (13) ). This is becausethe kernel now pricesall

payoffs conditionally. Thereis anequivalent representationof theGHT kernelto thestandard

kernelrepresentationin equation(4), but it involves theconditionalmeanof thepricingkernel,�Y�%� � � 
 � ������ � , �������� �b& � ��(+�Y�.*H�',�$ 1 3 �� &'�������)(;*H�',% g�a��� (18)

Hence,�Y� is thepriceof aconditionally risk-freeassetand �¢� ��
 �C��� .
4Notethattheprojectionis anunconditionalnotaconditional projection.
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2.4 The Optimally ScaledVariance Bound

Theapproachin thispaperis different.Considerthefamily of infinitely many onedimensional

scaledpayoff spaces�¤£ �¥�a¦ � $� �������/�J¦¨§;© � � indexedby � � . Thereis a Hansen-Jagannathan

bound 
%G &'�JIK�4������, associatedwith eachscalingvector � � , which only dependson theuncondi-

tionalmomentsof � $� ������� ,
 G &'�JI � $� �4������, � & ��
 � $� � ����(+� ��
 � $� ����������, G?C@AB & � $� �4�����D, � (19)

Equation(19) simply appliesequation(7) to the single scaledreturn � $� ������� . The optimally

scaledboundis thehighestsuchHansen-Jagannathanbound:
 Gª�«a¬ &'�JI � $� �4������, �X­D®°¯£9± 
 G &.�JI � $� �������D,¡� (20)

Thequestion weansweris: what � � yieldsthebest(largest)HJbound?Since � �%�²�)& � �., , this is

aproblemof variational calculus.

Proposition1 Thesolutionto themaximization problem
 Gª�«a¬ &'�JI � $� �4������, �X­D®°¯£9± 
 G &.�JI � $� �������D,¡� (21)

is givenby �C�� �³&.*H��*H$�  1 �9,K3 � & � ��(;c´*H�', (22)

where cX� �U(;fd (gh 6 (23)

with f and h areasdefinedin (15)and(16). Furthermore, themaximumboundis givenby
 GªJ«a¬ &'�JI � $� �4�����D,µ� 
 G &'�JI � � $� �4�����D, (24)� ¶ & d (;h�,% #f G (#SCf��! #hu� Gd (;h 6 (25)

wherea is asdefinedasfollows:¶ � ��
 � $� &.*H��*H$�  1 �9,�3 � � ���9� (26)

Proof: The Appendixcontainsa formal proof. The proof proceedsin two steps. First, the

optimal functionalform is solvedfor. Second,theremainingconstantparametercharacterizing

thefunctionis solved for in aseparatemaximization.
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Not surprisingly, theoptimal scalingfactordependson theconditionaldistribution function

only throughthe first andsecondconditionalmoments. Whereasthe optimal scalingfactor

is decreasingin the conditionalvariance 1 � , it is not monotonic in the conditional mean *·� .
Thenon-monotinicity is easyto understandusingtheduality with themean-variancefrontier.

Considertwo independentrisky assetswith adifferentexpectedreturnbut identicalvariance.In

thiscase,theminimumvarianceportfolio is theequallyweightedportfolio. Also, theinefficient

partof the frontier goesthrougha point wheretheexpectedreturnis the returnon the lowest

yielding assetandall fundsare invested in that asset.When,without lossof generality, the

expectedreturnon the bestyielding returnis raised,the minimum variancepoint is raisedas

well, but the inefficient partof thefrontier still intersectsthepoint whereall is investedin the

lowestyieldingasset.Thepartof thenew frontierbeyondthatpoint is below theold frontier.

Both bounds
 G���-� &'�M, and 
 GªJ«A¬ &.�¸, dependon the conditional meanand the conditional

varianceof thepayoffs. Whenthesemomentsareknown to researchers,the relationbetween
 G���%� &'�M, and 
 Gª�«a¬ &'�M, is describedby thefollowing proposition:

Proposition2 For a � -dimensionalpayoff �A����� with price vector � � , conditional mean*%� , and

conditionalvariance-covariancematrix 1 � ,
 GªJ«a¬ &'�M, � 
 G���-� &.�¸,·� ¶ & d (;h�,% �f G (#SAf¡�/ �hu� Gd (gh 6 (27)

where f , h , and ¶ aredefinedin equations (15), (16),and(26).

Proof: Since �¤£ § � (the GHT boundrepresentsthe mostefficient way of usingconditional

information), it follows:
 G &.�JI � $� �������D,x¹R­�®°¯£ 
 G &'�JI � $� ��������,�� 
 Gª�«a¬ &'�M,x¹ 
 G���%� &.�M,7� (28)

FromProposition1,weknow that 
 G &.��I � � $� �������D, hastheform describedin theproposition. Now

considerthevarianceof � ������ :
 G���-� &'�M,·� ?A@CB & � ������ , � ��
 & � � $� �4�����D, G ��(i& ��
 � � $� �4��������, G � (29)

Usingtheexpressionfor � �� , thelaw of iteratedexpectationsandsimplifyingalgebra,it follows
 G���%� &.�M,·� ?A@CB & �������� ,º� ��
 & � ��(;cP*��.,�$.&'*H��*�$�  1 �9,�3 � & � ��(;cP*H�',O�( ��
 & � ��(;cP*��.,�$.&'*H��*�$�  1 �9,�3 � *H�»�>� (30)

Usingthedefinitionfor a,b andd, theresultfollows.
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This result is at first surprising. Our optimally scaledboundis a standardHJ boundfor

a scaledreturn. Sincethe scalingfactor dependson � , the meanof the pricing kernel, the

optimally scaledboundis the ratio of a quarticpolynomial in � over a quadraticpolynomial

in � which is generallynot a quadraticpolynomial in � . Nevertheless,whenevaluatedat the

trueconditionalmoments,thequarticpolynomial in thenumeratorbecomesthesquareof the

quadraticpolynomial in thedenominator, andtheoptimally scaledboundbecomesquadraticin� . The optimal scaledfrontier becomesa parabola,identical to the GHT frontier. Sincethis

insight is usefullateron,weprove it explicitly.

Corollary 1 Let 
 GªJ«a¬ &'�M, � 
 G &.�JI � � $� �4�����D,�� QT 6 (31)

with Q��b& ��
 �C� $� � ����(;� ��
 �C� $� ����������, GTZ� ?A@CB & �^� $� �������D,
If theconditional momentsareknown,then QX��T G .
Proof: Firstnotethat TZ� 
 G���-� &'�M, , theGHT bound.Hence,from Proposition2 weknow thatTZ� ¶ & d (;h�,% #f G (#SCf��! #hu� Gd (gh �
But Q , thenumeratoris thesquareof:��
 & � ��(;cP*H��,�$'&.*H��*H$�  1 �9,�3 � & � ��(;c´*H�',O��� ¶ (;c¢&9f�(;hu�¸,)(gf��J� (32)

Substituting for c³�º¼ 3�½� 3�½ , andcollectingtermstheresultfollows. This corollaryprovidesthe

basisfor adiagnostic testin section3.3.

3 The Optimally ScaledBound: Discussion

Threeimportantpropertiesmake theoptimalscaledboundvery usefulin appliedwork. First,

if thereis time-variationin expectedreturnsandvolatility, theoptimally scaledboundshould

be sharperthanstandardad hoc bounds.In Section3.1 we explore the relationbetweenpre-

dictability andthe optimally scaledbound. Second,Section3.2 discusseshow the optimally

scaledboundis robustin thatit alwaysis avalid lowerboundto thepricingkernel,which is not

thecasefor theGHT bound.Third, Section3.3suggestshow theoptimally scaledboundcould

form thebasisof adiagnostic testfor thecorrectspecificationof thefirst andsecondmoments.

Finally, wediscusshow ourwork relatesto two recentarticlesby FersonandSiegel (2000aand

b).
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3.1 Efficiency and Predictability

Whereastheoptimally scaledboundusesconditioning informationefficiently, it wouldbeuse-

ful to derive conditionsunderwhich scalingimproves the bound. In particular, one would

hopethatpredictablevariationin returnswould resultin sharperHJ bounds. Unfortunately, it

is difficult to derive sufficient conditionsbut it is straightforward to derive a necessarycon-

dition. Let us, without loss of generality, focus on a univariate return space. If the scal-

ing factor � � is uncorrelatedwith the first and secondconditional momentof �^����� (that is,¾4¿ ? & � ��6 � �9,�� ¾4¿ ? &'�4�����76 � �9,�� ¾�¿ ? &'� G����� 6 � G� ,e�ÁÀ , thenscalingthe returnwith � � will decrease

theHJ bound.To seethis,notethat
 G &.��I � �^,N� � G & � ,�& � & � ,5(;� � &.�^,�, G� & � G , � &'� G ,)( � G & � , � G &'�C,� & � & � ,)(;� � &'�C,D, G� &.� G ,)( � G &.�^, � � G & � ,4& � &'� G ,)( � G &'�C,D,� & � G , � &'� G ,)( � G & � , � G &'�C,� 
 G &'�JIK�C, � � &'� G ,)( � G &'�C,& � & � G ,DÂ � G & � ,D, � &.� G ,)( � G &.�^, ¹ 
 G &'�JIK�C,76
wherewe omittedthetime subscripts. Thelast inequalityfollows since ÃMÄ £�Å±OÆÃ Å Ä £ ± Æ E d

. Intuitively,

scalingby anindependentrandomvariablejustaddsnoiseto thereturn.Conversely, thescaling

factorhasto becorrelatedwith thefuturereturnfor thescaledHJ boundto improve relative to

thestandardbound.In otherwords,whenthereturnis scaledwith a conditioningvariable(for

example, a stockreturnwith its laggeddividendyield) thevariablemustpredictthe returnin

orderfor theHJ boundto improve. This is intuitively clear: whena variablepredictsanasset

return,it maybepossible to createmanagedportfoliosthatimprove therisk-returntradeoff as

measuredby theSharpeRatioandit is well-known thatHJboundsandSharperatiosareclosely

related.

This intuition remainsintactfor thecasewheretwo-dimensionalspacesof theformÇ �������� $� ��������È 6 (33)

where � �-�X� � � , areconsidered.In thiscase,since�������x§É�Y�������76 � $� �������¡� , weknow for sure
 G &'�JIK�4�����D,x¹ 
 G &'�JIY&.�������¡6 � $� �4�����D,D,76 � � ��� (34)

Even in this case,for the boundto strictly improve, predictablevariation in the conditional

meanor varianceis a necessarycondition. To seethis,first notethattheoptimalscalingfactor

remainsthesamefor this ”stacked” returnandscaledreturncase,which we show in thenext

proposition.
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Proposition3 Supposethere is an assetvectorwith payoff �C����� , price � � . Let 	 � denotethe 

algebra of the measurable functionsof the conditioning variables � � . Thenthe solution � �� to

themaximization problem ­�®°¯£ 
 G &'�JIY&.�������¡6 � $� �4�����D,D, (35)

is givenby �^�� �³&'*���*H$�  1 �9,�3 � & � ��(+cP*��',7� (36)

Theproof is givenin theappendix.

Now, suppose*L� and 
 � areconstants(that is, thereis no predictablevariationin condi-

tional meansor variances),then � �� is a constantand ������� and � � $� ������� are linearly dependent.

It follows that 
-G &.��I�&'�������¡6 � � $� �������D,�,~� 
HG &'�JIK��������, . But sinceour boundis optimal, this im-

plies 
 G &'�JIY&'�4�����¡6 � $� �������D,�,´¹ 
 G &'�JIK��������, . Conversely, for theboundto improve, � � mustpredict������� . In theempiricalillustrationsbelow, wewill usestandardscalingin the”stacked” spaceas

indicatedabove. Apart from our optimally scaledbounds, we will alsoreport”stacked” opti-

mally scaledbounds, 
 G &.�JIY&'��������6 � � $� �������D,�,D, , whichoughtto beidenticalto theoptimally scaled

boundswhentheconditionalmoments areknown.

Our work hereis relatedto Kirby (1998),which is theonly paperwe areawareof thatpro-

videsanexplicit link betweenlinearpredictabilityandHJ bounds.Morespecifically, heshows

thattheWaldtestof thenull of nopredictabilityin a linearregressionis proportionalto thestan-

dardHJ measure.He thenusesthis insightto investigatewhetherseveralassetpricing models

areconsistentwith theevidenceon predictability. Our work suggeststhat if thepredictability

is correctlydescribedby a linearpredictive model,our optimally scaledreturnshouldleadto a

sharperHJbound,andhencesharperrestrictionson theseassetpricingmodels.

3.2 Robustness

TheGHT boundis givenby ?A@CB & � ������ , , where� ����� dependsontheconditionalmean*-� andthe

conditional variance1 � of thereturns.In practice,theseconditionalmomentsarenot known.

We usea proxy for themandthusa proxy Ê� ������ for � ������ . In thatcase,theproxy for theGHT

bound, ?C@AB & Ê� ������ , , may either underestimate or overestimate ?A@CB & � ������ , . When it overesti-

mates,?C@AB & Ê� ������ , fails to be a lower boundfor the varianceof valid pricing kernels. On the

otherhand,theoptimally scaledboundis 
 G &.��6 � � $� ��������, , where � � dependson thefirst two con-

ditionalmoments. Whentheconditionalmomentsareunknown � �� is unknownandsois � � $� ������� .
However, for every � � , 
 G &'�J6 � $� ��������, remainsa lowerboundto thevarianceof all pricingkernels
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since
 G &.�J6 � $� �������D, , is aHJbound.Hence,evenwhenusingaproxyfor theconditionalmoments

to getaproxy Ê� �� for � �� theresultantoptimally scaledboundremainsavalid lowerboundto the

varianceof pricingkernels.

This robustnesspropertyis importantsinceconditionalmomentsarenotoriously difficult

to estimatefrom the data. GHT (1990) proposeto usethe SNP methodto estimate condi-

tionalmoments. TheSNPmethodapproximatestheconditionaldensityusingaHermiteexpan-

sion,wherea standardizedGaussiandensityis multiplied with a squaredpolynomial. In their

preferredmodel,the leadingterm is a linear vector-autoregressive (VAR) modelwith ARCH

volatility. In GHT’s application on stockandbondreturns,the conditioning set is restricted

to containonly pastreturns,andSNPestimationmay be adequate.However, whenthe data

generatingprocessfor returnscontainsjumpsor regime- switches,andinvolvesotherpredic-

tive variables,suchasdividendyields,or term spreads,it is not clear that the SNPapproach

providesagoodapproximation.5 Therisk of over-estimatingthevarianceboundcanbeavoided

by applyingourmethod.

Givenanempiricalspecificationfor theconditional moments,our”optimally” scaledbound

is as easyto implementas the original Hansen-Jagannathanbounds,sincewe only needto

compute unconditional moments. For example,if we deemthe time-variation theconditional

meanto bemoreimportantthanthetime-variation in theconditionalvariance,we obtainvalid

boundsby justreplacingtheconditionalvariancewith theunconditionalvariance.Theresulting

boundwill notbeoptimalif theretruly is time-variationin theconditional variance.However, if

thetime-variation in conditionalvariancesisminimal, it maystill besharperthanusingarbitrary

scaling.

3.3 Diagnostics

The fact that optimally scaledboundscomputedfrom mis-specifiedconditionalmomentsre-

main valid boundswhich arebestwhen the true conditionalmomentsare used,suggestsan

interesting applicationof ourprocedure.Wecanusetheoptimally scaledboundto diagnosethe

accuracy of competingmodelsfor thefirst two conditionalmoments. Thereareseveralwaysin

whichmis-specificationof thetheconditionalmomentsmaymanifestitself. First,it neednotbe

thecasethat 
 G &.�JIK��������,U¹ 
 G &'�JI � � $� ��������, . Hence,mis-specifiedconditional momentsmay re-

vealthemselvesthroughpoorlyperformingoptimally scaledboundsrelative to theconditional,

“naively” scaledor stackedoptimally scaledbounds.
5Thereis more andmoreresearchthatrevealsthatsomeof thepredictable patterns detectedin returns,evenin

linearsettings,maybespurious,for oneexample,seeKirby (1997).
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Second,andmoststrikingly, theHJ boundneednot bea parabola,sinceits numeratoris a

quarticin � andits denominator a quadraticin � . That is, mis-specificationshouldbe visibly

clear from graphingthe optimal boundand we will illustrate this behavior in the empirical

sectionbelow.

This reasoningalsomakesit possible to developa generaldiagnostic testfor thefirst and

secondconditionalmomentsof assetreturns.6 To develop sucha test,let’s revisit Corollary1

in Section2.4. The optimally scaledboundcanbe written as Q G �ËT , where T is the GHT

bound,andcorrectmomentspecificationimplies QÌ�`T . This suggestsa simple diagnostic

test. TheGHT boundis a quadraticin � wherethecoefficientsarenon-linearfunctionsof the

threeunconditionalmoments ¶ , f , and h , definedabove. For theparabolaQ to coincidewith T
for all � ’s, it shouldbethecasethatits coefficientsareequalto thecoefficientsin T . Re-writeQ as

��
 �u�.�L [� G �.�¢ [�aÍ��.� G � , anddenotetheestimatedconstants¶ , f and h by Ê¶ , Êf , and Êh . It is

straightforwardto derive:�u�.��� � $� &'*���*H$�  1 �9,�3 � � �� fd (gh *H$� &'*H��*H$�  1 �9,�3 � � �O6� G ��� ( * $� &'*H�.* $�  1 �9, 3 � � �d (gh ( � $� &.*H�.*H$�  1 �9,K3 � �������)( fd (gh *H$� &'*H��*H$�  1 �9,�3 � �4�����¡6� G ��� ( * $� &'*H�.* $�  1 �9, 3 � �������d (gh
To testtheequalityof A andB, weusethefollowing orthogonality conditions:

Îa�%� ÏÐÐÐÐÐÐÐÑ
� $� &.*H��* $�  1 �9, 3 � � ��( ¶* $� &'*H�.* $�  1 �9, 3 � � ��(gf* $� &'*H�.* $�  1 �9, 3 � *H��(gh� $� &.*H��* $�  1 �9, 3 � ��������& d (ghM,% X&'* $� &'*H��* $�  1 �9, 3 � �������D,�fÒ(gf* $� &'*H�.* $�  1 �9,��������)(gh

ÓÕÔÔÔÔÔÔÔÖ 6 (37)

wherethefirst threeconditionsestimateanddefinethefundamentalconstants, thefourth con-

dition is a re-write of
��
 � G �.���µ(PSCf , including a re-scalingby

d ( Êh that ensuresthat all or-

thogonality conditionsareof similar orderof magnitude andthefifth conditionis there-scaled

versionof
��
 �AÍ��.�/� Êh0Â°& d ( Êh0, . The restriction

�´
 �0�.���/� Ê¶  Êf G Â°& d ( Êh0, doesnot yield any

conditionalmoments restrictionssincereturnsdonotenterthisexpression.

Therearethreeparametersto beestimated,sothatthereare2 over-identifying restrictions,

which canbe testedusingthe usualstatistic × Î $��Ø Î � , where Î � is the meanof ÎC� , × is the

numberof observations,and Ø is a suitable weightingmatrix for example obtainedfrom a
6We thankthereferee for stimulatingour thinkingon this issue.
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Newey - Westestimate(1987)of the inverseof the spectraldensitymatrix of Î�� at frequency

zero.Notethatwhateverthedimensionality of returns,thetestisalwaysa Ù G &>SC, andcanbeused

to comparetheperformanceof non-nestedmodelsfor thefirst andsecondconditionalmoments.

Of course,in a formal application,the sampling error in theparametersgenerating*)� and 1 �
shouldbetakinginto account.In aGMM context, thiscanbeeasilyaccomplishedemploying a

sequentialGMM procedure,asin Bekaert(1994),Heaton(1995)andBurnside(1994).

Theeconomicintuition for thetestis straightforward.In astandardunconditionalHJframe-

work, theHJ bound,which is thevariability of theprojectedpricingkernel,canbeviewedasa

quadraticform in thedeviationsfrom risk neutralpricing(seeHansenandJagannathan(1991)).

Let’sconsiderQ : Q�� ��
 � $� � ���C(:� ��
 � $� �������O� . If a risk freeassetexiststhan � is theinverseof the

risk freerateandA canbeseenasthedeviation from risk neutralpricing for theportfolio with

weights � � (theoptimally scaledportfolio), sincethefirst termis theexpectedactualpriceand

thesecondtermis therisk-neutralprice. Notethattheportfolio weightsdo not needto addup

to one.B on theotherhandis simply thevariability of theoptimallyscaledportfolio andat the

sametime thevariability of theGHT kernel. If thescalingis donewith thecorrectmoments,

thevariability of thescaledreturnexactlyequalsthedeviationof risk neutralpricing.

This suggests anotherusefuldiagnostic statistic that could be usedto comparealternative

models. Onecould simply selecttwo economicallyrelevant � ’s ( �J� and � G , say)andcreatea

quadraticform usingthefollowing orthogonality conditions:ÎA�L� � � ��&.�0�D, $ � ��(;�0� � ��&'�u�D, $ �4�����5(;T~&'�u�D,� ��&.� G , $ � ��(;� G � ��&'� G , $ �4�����5(;T~&'� G ,e� 6 (38)

where T~&'�YÚ', is theGHT boundevaluatedat �CÚ and � ��&'�YÚ., is theoptimalscalingfunctioneval-

uatedat �aÚ . This statistic ignoresthe sampling error in a, b, and d and the original model

parameters,but canbeviewedasadistancemeasureto rankalternativemodels.

To fully explore the propertiesof diagnostic testsbasedon the optimally scaledboundis

outsidethescopeof thepresentpaper. In ourempiricalillustration,wereportthetestdeveloped

in equation(37) above for a numberof different cases,including caseswith simulateddata

wherethetruefirst andsecondmomentsmodelis known.

3.4 Relation to Fersonand Siegel(2000aand 2000b)

FersonandSiegelhave two contemporaneousarticlesthatarerelatedto thepresentpaper. Fer-

sonandSiegel (2000a)solvefor unconditionallyminimum varianceportfolioswhile usingcon-

ditioning information efficiently. They provide explicit solutions for the portfolio weightsas
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a functionof theconditional meansandvolatilities of theavailableassetreturns,bothwhena

risk free assetexists andwhenit doesnot. Sincethereis a duality betweenHJ frontiersand

mean-standarddeviation frontiers,the FersonandSiegel portfolioshave somesimilarities to

our optimally scaledreturns,asFersonandSiegel notein a final section.However, thereare

alsomany differencesbetweenour respective analysesso that our respective articlesshould

reallybeviewedascomplementsratherthansubstitutes.

First, theHJ boundsderivedfrom theFersonandSiegel procedurearenot assharpasour

bounds, becauseof therestrictionthattheportfolio weightshave to sumto 1. To appreciatethe

potential effect of this restriction,considerthe extremecasewherea researcherexaminesHJ

boundsusingoneassetreturn(theequityreturnfor example)andmultiple instruments(dividend

yields, default spreadsand short ratesfor example). One would imaginethat conditioning

informationshouldbeveryvaluablein increasingtheHJbound,but theFersonandSiegelbound

would equaltheunconditional bound,sincetheconditioning informationis uselesswith only

onereturn,which forcestheweight to beonefor all t. Second,theoptimality proof in Ferson

andSiegelbasicallyguessestheright solution for theoptimalportfolio weightandverifiesthat

it is correct,sono functionalanalysisis used.Third, FersonandSiegel do not attemptto link

their resultsto theGHT optimalHJ boundandfinally, they assumetheconditional momentsto

becorrectlyspecified.

Whereasour focusis mostly on therelationbetweenGHT boundsandouroptimally scaled

bound,FersonandSiegel extensively analyzethe form of the weight function. In particular,

they provideextensive intuition onthenon-linearrelationbetweentheoptimalportfolio weight

andthemagnitude of theexpectedreturn. In particular, extremevaluesfor theexpectedreturn

for a risky assetdecreasethe optimal weight on that asset,providing an interestingform of

conservativenessto optimalscaling.This resultappliesto ourboundstoo,sinceit derivesfrom

theinfluenceof theexpectedreturnon theuncenteredsecondmoment.

FersonandSiegel(2000b)is apurelyempiricalpaperthatprovidesusefulinformationabout

thesmallsamplepropertiesof alternative methodsto embedconditioning informationinto HJ

bounds. They comparethenaively scaled(multiplicative)bounds,theGHT bound,andabound

basedon their unconditionally efficient portfolios. Perhapsnot surprisingly, all boundssuffer

from significantbiasesthatincreasetheboundsrelative to their truevalues.They concludethat

theparsimony of the FersonandSiegel (2000a)boundsenhancestheir attractivenessin small

samplesandthatthey areoftencloseto optimal (thatis closeto theGHT bound).Theanalysis

in FersonandSiegel (2000b)alsoassumescorrectspecificationof theconditionalmoments. In

a sense,our resultsstrengthentheir conclusionssincewe show thattheuseof optimallyscaled

boundsis robustto misspecification.
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4 Empir ical Application

4.1 The EconometricModel

Let © Ú� bethelogarithmof thestockreturn( Û ��Ü ) andthebondreturn( Û �Xf ) andlet Ý � bethe

logarithmof grossconsumption growth. DefineÞ �L� 
 Ý ��6K©!ß� 6K© ½� � $ �
HansenandSingleton(1983, henceforthHS) assumethat � � follows a vector-autoregressive

(VAR) processwith normal disturbances.HS then examine the restrictionsimposed by the

standardconsumption - basedassetpricing modelwith time-additive ConstantRelative Risk

Aversion (CRRA) preferenceson the joint dynamicsof thevariables.A critical assumption is

thetime-invarianceof theconditionalcovariancematrix of � � . It is well known thatin this log-

normalversionof theconsumption-basedassetpricingmodel,time-variation in expectedexcess

returnsis drivenby thetime-variationin thiscovariancematrix. To accommodatepredictability

in excessreturns,a naturalextensionof the HS framework is to allow for heteroskedasticity

usingtheGARCH-in-Meanframework of Engle,Lilien andRobins(1987).Surprisingly, apart

from anapplicationto internationaldata(Kaminsky andPeruga(1990)),thereis littl e work in

thisarea.Two reasonsmaybetheparameterproliferationthatoccurswith multivariateGARCH

modelsandthelack of heteroskedasticityin consumption growth (which maybedueto a tem-

poral aggregation bias7). Nevertheless, we will usethis familiar framework to illustrate the

propertiesof our “optimally scaledbound”.

Our specificationhastwo importantfeatures.First,we imposea parsimoniousfactorstruc-

tureontheconditionalcovariancematrixinspiredby Engle,Ng andRothschild(1990).Second,

we allow negative shocksto have a differenteffect on the conditionalvariancethanpositive

shocks,that is, we accommodateasymmetric volatility asin Glosten,JagannathanandRunkle

(1993)andBekaertandWu(2000).Thepresenceof asymmetryin stockvolatility iswell known

but in apreviousversionof thispaper(Bekaert andLiu (1998))wealsodocumentasymmetryin

theconditionalvarianceof quarterlyconsumption growth. While it is intuitively plausiblethat

uncertaintyaboutfutureconsumption growth is higherin a recessionthanin a boom,we could

not find articlesin thebusinesscycle literaturethatdocumentthis phenomenon.In thefinance

literature,the availableempiricalevidenceis mixed. FersonandMerrick (1987) reportU.S.

consumption volatility to be higherin a non-recessionsamplerelative to a recessionsample.

KandelandStambaugh(1990)find peaksin thestandarddeviationof U.S.consumptiongrowth

to occurat theendof recessionsor immediatelyafterthem.
7SeeBekaert(1996) for anelaboration of thispoint
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For themultivariateset-up,webegin by parameterizinganunconstrainedmodel:Þ �L��à¡� 3 �% #Q Þ � 3 �L #áx� 3 �Kâ�� (39)

where à��L� ãääå à�æ��à ß �à ½ �
ç�èèé 6 (40)

and â���� 	 � 3 � is ê &'À¸6�ëì�', with ëì� adiagonalmatrixwherethediagonalelements,í ÚîÚr� , followí ÚrÚî�%�Xï7ÚM �¦%Ú í ÚîÚr� 3 �- �ð°Ú�â GÚîÚî� 3 �  #ñAÚO&'ò @aó &9À¸6�(Pâ�ÚîÚr� 3 �D,D, G � (41)

If ñAÚ�ôbÀ , volatility displaysthewell-known asymmetric property. The âu� -vectorcontainsthe

fundamentalshocksto thesystem.Theerrortermsof thesystemarelinkedto â^� throughá�� . A

parsimoniousfactorstructurearisesby assumingthat á´� is time-invariantanduppertriangular:áx�-�[áR� ãääå d À À��æ ½ d À��æ ß � ½ ß d ç èèé 6 (42)

To further limit parameterproliferation,we set � ½ ß �õÀ andlet theconsumption shockbe the

only factor. This is consistentwith thestandardconsumption-basedassetpricingmodel,where

consumption growth is theonly statevariable.In addition, weset¦ ½ ��ð ½ �[ñ ½ ��¦ ß �²ð ß �Xñ ß �XÀ¸� (43)

All the time-variation in volatility of the
Þ � -systemis driven by time-varying uncertaintyin

consumption growth. Thecovarianceof theerrortermsbecomes1 �%�Xánë¢�'á $ � (44)

We denoteits elementsby 
 Ú÷ö�� with Û 6Oøi�Nù-6�f�6¡Ü . Sincethe consumption-basedassetpric-

ing modelintroduceselementsof theconditionalvariance-covariancematrix in theconditional

mean,the unconstrainedmodel shouldallow the conditionalcovariancematrix to affect the

conditionalmeanaswell. Therefore,we letà�Úî�L�X�YÚ í æ�æ��� #à¡Ú>6 (45)

wherei is eitherb or s. Thissimpleexpressionfor theconstantarisesbecauseof theone-factor

structureof theconditionalcovariancematrix. Theparametervectorto beestimatedisú � 
 ?^û ¾ &'Q/,�$�6�à�æ^6Kà ½ 6Kà ß 6K� ½ 6K� ß 6¡��æ ½ 6¡��æ ß 6Kï7æu6�¦%æ^6�ð°æ^6KñAæu6Kï ½ 6�ï ß ��$��
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Hence,therearea totalof 22parametersandit is clearthatrelaxationof someof theparameter

restrictionswe imposewould be stretchingthe datatoo far. This unconstrainedmodelserves

asanaturalalternativeto themodelconstrainedby theconsumption-basedassetpricingmodel.

Let ü betheCRRA andlet " bethediscountfactor. Themodelimplies� � 
 © Ú����� ����( d ÂCS 
 ÚîÚî��( d Â^S ü G 
 æ�æ��� ü�
 Úræ��� ü � � 
 ù���������(;ý»þn" �
If conditionalvariancesareconstant,thetimevariationin theconditionalmeansof assetreturns

and consumption growth is proportional and the proportionality constantis the CRRA. The

restrictionalsoshows therole of ü asthepriceof risk with therisk beingthecovariancewith

consumption. With ourparticularGARCH structure,themodelfurthersimplifiesto� � 
 © Ú����� ���ÿ(¢&.ý»þF"~ d Â^S í ÚîÚ�,)( d Â^S°& ü (#��æ�Ú., G í æ�æ��° ü � � 
 ù��������>�
Note í ÚîÚ doesnot dependon � for Û �Zf�6¡Ü becauseof equation(43). Our particularparameter-

izationhastheimplicationthat increaseduncertaintyaboutfutureconsumption growth always

decreasesexpectedreturns.This seemsat oddswith thedatawherethepriceof risk hasbeen

shown to movecountercyclically. Themodeldoespredictthat,if shocksto returnsdependposi-

tively onconsumption shocks,anincreasedcovariancewith consumption will driveupexpected

returns.Furthermore,thecovariancewith consumption increaseswhenconsumption volatility

increasesbecauseof the factorstructure.However, this effect is swampedby theJensen’s in-

equalitytermswhichdependnegatively onconsumption volatility. As aresult,thiscomparative

staticis notnecessarilytruefor grossreturns:� � 
 û¡ó ¯¤&'© Ú����� ,��J� û7ó ¯¤&�(:ý»þn":( ü ÂCS°& ü (#S^�Yæ�Ú�, í æ�æ��° ü � � 
 ù���������,7�
Dependingon the relative sizeof the sensitivity to consumption shocks,�°æ�Ú and the CRRA,

higherconsumption volatility maynow increasethegrossexpectedassetreturn. Empirically,

ourunconstrainedmodelpotentially allowsfor apositiverelationbetweenconsumptionvolatil-

ity andexpectedlog returnsandsowecantestwhetherthis featureof themodelis asourcefor

rejection.Therestrictedparametervector
ú��

contains14parameters,ú � 
 à�æu6KQ �O�76KQe� G 6DQe�'Í�6K" 6 ü 6¡��æ ½ 6¡��æ ß 6Kï7Ú�6K¦-æu6�ð°æ^6KñAæ4�{$�6 6 Û �iù-6�f�6¡Ü^�
4.2 Data and Estimation Results

Our consumption measureis thesumof percapitarealnon-durablesandservicesconsumption

in theUS.Thesedataweredownloadedfrom DATASTREAM.Thestockreturnis thequarterly
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value- weighteddividend-inclusive index returnon theNYSE, takenfrom Wharton’s website

(http://wrdsx.wharton.upenn.edu).Theinterestrateis theU.S.3 monthTreasuryBill ratetaken

from the FederalReserve web site. We usea dataseton weekly secondarymarket rates(av-

eragesof daily) andusetherateclosestto theendof themonth. All datarun from thesecond

quarterin 1959to theendof 1996.

Table1 shows theresultsfrom theunconstrainedestimation. Despitethepresenceof very

large coefficientson the GARCH-in-meanterm, consumption growth andbondreturnsshow

strongautocorrelationasthey do univariately. Although the standarderrorsfor the GARCH-

in-meancoefficientsseemvery small, they shouldbeinterpretedwith muchcaution.Standard

errorscomputedfrom thecross-productof thefirst derivativesof thelikelihoodarequite large

andmoreadequatelyrepresenttheuncertaintyregardingtheseparameterestimates. In fact,the

likelihoodfunction is very flat with respectto theseparameters,anda numberof localsexist

wheretheGARCH-in-meanparametersarein factpositive. This is not thatsurprising. Much

work on GARCH-in-meanmodelsfor stockreturns(seeBekaert andWu (2000)for a survey)

hasstressedthe weaknessof a positive relationbetweenstockreturnvolatility andits condi-

tional mean.In this model,stockandbondreturnsarelinkedto consumption volatility which

in turn drivesassetreturnvolatility. The muchsmallermagnitudeof consumption volatility

relative to stockreturnvolatility explainsthelargecoefficientswefind relative to theGARCH-

in-meanliteraturefor stockreturns.WhenweestimateaunivariateGARCH-in-meanmodelfor

stockreturnswe find a GARCH-in-meanparameterof 6.29with a largestandarderrorof 5.23.

Notethatthereis virtually noGARCHin thevolatility dynamicsbut strongasymmetrywith the

coefficient on positive shocksbeingslightly negative. This is somewhat problematic sincethe

conditionalvariancemaytheoreticallybecomenegativealthoughit neverdoesin sample.

The constrainedmodel(seeTable2) is not surprisingly rejectedby a likelihood ratio test.

The Ù G teststatistic is 75.32with a p-valueof 0.000(thereare8 restrictions).The CRRA is

estimated to be 14.675andthe discount factor " is 1.071. Although the latter is above 1, we

know from Kocherlakota’s (1996)work thattheeconomyremainswell definedandin factour

parametervaluesarequitecloseto theonesheusesto explain theequitypremiumpuzzle.The

estimation resultsrevealthatthekey parameterthemodelattemptstomatchis theautoregressive

coefficient in thebondequation,which is almostperfectlymatched.Giventheproportionality

restrictionsimposed by the model on expectedreturns,this causesa bad fit for both stock

returnsandespeciallyconsumption dynamics.Becausethe GARCH-in-Meanparametersare

prettysimilar, andareimpreciselyestimated,it is very likely thatthemodelrejectionis driven

by thisphenomenon.
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4.3 The HJ Bounds

This sectionillustratestheperformanceof our optimally scaledboundalongthe threedimen-

sionsthatwediscussedin section3: efficiency, robustnessanddiagnostics.

The settingis the log-normal model for stockandbondreturnsandconsumption growth

estimatedbefore.Themodel,in its unconstrainedandconstrainedform, yieldstwo candidates

for thecomputation of theconditionalmomentswe needin deriving theoptimally scaledand

GHT bounds. We will alsousethesemodelsasdatageneratingprocessesin simulations.Sim-

ulations bothserve to illustratetheeffect of mis-specificationswheretheconditionalmoments

are known, and to help interpretdataresultsthat may be sensitive to sampling error in our

shortsample.Simulationsuse10,000observations.8 Table3 providesa completeguideto the

Figureswe produce.Importantly, we alwaysfocuson bothstockreturnsandbondreturnsand

naivescalingusesthepastbondandstockreturnsasinstrumentsfor bothreturns.

4.3.1 Efficiency

Figure1 usestheunconstrainedmodelfor theconditionalmomentsin thecomputation of the

GHT andoptimally scaledbounds.Two resultsstandout. First of all, thedifferencebetween

theunconditionalandscaledboundsrevealsconsiderablepredictability. Themainsourceof the

predictability is theautoregressivecomponentin bondreturns.Second,thedifferencebetween

thevariousscaledboundsis small,but the arbitrarily scaledboundis evensomewhat sharper

thantheoptimally scaledandGHT bounds.This canbedueto eithermis-specificationof the

conditionalmomentsor chance(samplingerror). In any case,for this particularexample,the

naivescalingmethodsufficesto getasharp,valid bound.

To examinethis issuecloser, we first producethesamegraphsfor a long simulatedsample

from theunconstrainedmodelin Figure2. As shouldbethecase,theGHT andoptimally scaled

boundsarenow on top of oneanotheranddominatead-hocscaling,but only slightly. In other

words,in a world wheretheunconstrainedmodelgeneratesthedata,naivescalingwill closely

approximatetheefficientuseof theconditioninginformation. In fact,sinceourmodeldescribes

thedataratherwell, thedominanceof thenaively scaledboundin Figure1 maybesimply due

to samplingerror, whichweconfirmedby performingsimulationsusing151datapointsonly.

It is no mystery why theuseof thetrueconditionalmoments addslittle in this setting.The
8We simulate10,100 observationsbut discardthefirst 100observations to reducedependenceon initial con-

ditions. Suchdependenceis unavoidablein thegraphs usingshortsampledata. Our sampleestimatesof theHJ

boundsmayalsobesubjectto thefinite samplebiasdocumentedin FersonandSiegel (2000b), but thenumberof

assetreturns we useis muchsmallerthantheirs.

20



featureof the datathat arbitraryscalingwould most likely fail to captureis the GARCH-in-

meanfeature,which happensto beweakin quarterlydata.Theimportanceof optimalscaling

in generatingsharperHansen-Jagannathanboundsis likely moredramaticwhenstrongnon-

linearitiesarepresent.

4.3.2 Diagnostics

In Figure3, which usestheconstrainedmodelto generatetheconditionalmoments, againtwo

resultsstandout. First, the stacked optimally scaledboundgetspretty closeto the naively

scaledbound,despitethe mis-specificationof the conditional moments.Of course,the con-

strainedmodelmanagesto reproducethe mostimportantaspectof the predictability, namely

the autoregressive componentin bondreturns,so this result is not so surprising. What may

strike somereadersassurprisingis thesecondmain fact: the optimally scaledboundis not a

parabola.As weindicatedabove,if themomentsarecorrectlyspecifiedit oughtto be.Sincewe

know themodelis rejected,theoptimally scaledboundsseemto provide a striking alternative

specificationtest.Of course,it is againpossiblethatsomequirk in theconstrainedmodelcou-

pledwith samplingerrorgeneratesthisresult.This is not thecase.Figure4 usesdatasimulated

from theconstrainedmodel.Sincethemodelfor conditional moments is correctlyspecifiedin

this case,we now do obtainsmoothparabola.We alsoproducedtheseboundsfor a numberof

simulatedsamplesof length151andnever foundthesame”strange”behavior.

To illustratethe diagnostic power of the optimally scaledboundmorestarkly, we canuse

simulationsandour two datageneratingprocessesto generatemis-specifiedbounds. Figure5

usesdatasimulatedfrom theunconstrainedmodel,but theconditionalmomentsareerroneously

generatedfrom theconstrainedmodel.Figure6 reversestherolesof theunconstrainedandcon-

strainedmodel,generatingdatasatisfying theconstrainedmodelandcomputing theoptimally

scaledboundusingmomentsaccordingto theunconstrainedmodel.In bothcases,theoptimally

scaledandnaively scaledboundsarecloseandtheboundsareuniformly higherwhenthedata

satisfytheunconstrainedmodel(that is, theconstrainedmodelmissessomeof thepredictable

components theunconstrainedmodelgenerates).Strikingly, in bothcases,theoptimally scaled

boundshows non-parabolicbehavior nearthetroughof thegraph.

Finally, Table4 producesthe diagnostic testof section3.3 (seeequation(37)), ignoring

the sampling error in the original parameters,but taking the samplingerror in estimating the¶ , f and h constantsinto account. All testvaluesare Ù G &>S^, andthe p-valuesare in between

parentheses.Wefirst producethetestfor thedata,bothwhentheconstrainedandunconstrained

modelareusedto computetheconditionalmoments.Thetestrejectstheconstrainedmodel,as
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did thelikelihoodratio test,at the1%level. However, thediagnostictestalsoprovidesa testof

thefirst andsecondmomentspecificationembededin theunconstrainedmodel. Herethe test

fails to rejectwith ap-valueof over90%.

Oursimulatedsamplesprovideacontrolledenvironmentto examinetheperformanceof the

test. We consider4 casessimulating from eitherthe constrainedor unconstrainedmodeland

computing themomentsaccordingto eithertheconstrainedor unconstrainedmodel.Given the

sizeof thesimulatedsamples(10,000observations),weexpectto rejectwhenthemomentsare

mis-specified.Thisindeedhappenswith verylargetestvalues.Whenthemomentsarecorrectly

specifiedwe donot rejectin bothcases.We concludethatthetestbehavesreasonablyandthat

theunconstrainedmodelprovidesa gooddescriptionof thefirst andsecondmomentsof bond

andstockreturns.

4.3.3 Robustness

Wehavesofarnot focusedon theGHT boundsverymuch.Generally, optimally scaledbounds

do not performmuchworseor betterthantheGHT bound. Moreover, our simulationsreveal

that theGHT boundsquiteoftenover-estimatethevarianceof the true pricing kernel. A first

example is in Figure 7. In Figure 7, we generatedatafrom the unconstrainedmodel. We

show two GHT andtwo optimally scaledbounds: oneboundusestheactual,trueconditional

moments,the othermis-specifiedmomentsfrom the constrainedmodel. Whenthe moments

aremis-specified,the GHT boundgeneratestoo high valuesfor the boundson the right-hand

side. Whenwe reversethe rolesof the unconstrainedandconstrainedmodelsin Figure8, a

similar phenomenonappears.This time,theGHT boundover-estimatesat theleft handsideof

thegraph. Theoptimally scaledboundnever exceedsthe trueGHT boundbut managesto be

quitecloseto it. Importantly, whenthemomentsaremis-specified,the optimal scaledbound

remainsbelow thetrueboundsandthemis-specificationshowsup in non-parabolicbehavior of

thebound.Thelatteris particularlyapparentin Figure8.

5 Conclusions

With thecontinuedinterestof thefinanceprofessionin theuseof (unconditional)HJboundson

theonehand,andthegrowing evidenceof time-variation in conditionalmeansandvariances

of assetreturnson theotherhand,it becomesimportantto optimally incorporateconditioning

information in thesebounds.Our paperprovidesa bridgebetweenthe insightful but complex

analysisof GHT (1990),andthe simplebut sub-optimal practiceof arbitrarily scalingof re-
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turnswith instrumentsthatpredictthem.Theadvantageof thelatterapproachis that it always

producesvalid boundsto thevarianceof thepricingkernel,whereastheGHT boundmayover-

estimate the varianceof the pricing kernelwhen the conditional moments aremis-specified.

In this article,we derive thebestpossible scaledbound,theoptimally scaledbound. As does

theGHT bound,thisboundrequiresspecifyingtheconditionalmeanandvarianceof thereturns

andweshow thattheoptimally scaledboundis asgoodastheGHT boundwhenthesemoments

arecorrectlyspecified.Whenthey aremis-specifiedourboundis robust,in thesensethatit will

alwaysproduceavalid boundto thevarianceof thepricingkernelsinceit is aHJbound.

Thereare potentially many interestingapplicationsof our framework. First, the bounds

canbeusedto re-examinethepredictabilityof assetreturnsandto examinewhich instruments

yield thesharpestrestrictionson assetreturndynamics.In our applicationhere,usingtheop-

timally scaledbounddoesnot sharpenthe boundsdramatically. However, FersonandSiegel

(2000b)show caseswheretheefficient useof conditioning information substantially increases

theefficient volatility bound.

Second,theboundscanalsoyield information on expectedreturnandconditionalvariance

modeling and serve as a diagnostic tool to judge the performanceof dynamicassetpricing

models. The reasonis that theoptimal scalingfunctiondependson theconditional meanand

conditionalvarianceof thereturnsandthat theresultingHJ boundis bestwhenthey represent

the true conditionalmoments.We usethis propertyof the optimally scaledboundto develop

a GMM-basedspecificationtestfor thefirst andsecondmoments,but muchmoreneedsto be

done.We ignoredthesamplingerrorin theparameterestimatesof theoriginalmodels, anddid

notexaminethesmallsamplepropertiesof thetest.9

Third, using the duality with the mean-variancefrontier, the optimally scaledboundcan

beusedin dynamic modelsof optimalassetallocationthatseekto maximize anunconditional

mean-variancecriterion.Fourth,theboundscouldbeusedin developingperformancemeasures

for portfolio managers.In thestandardmean-varianceparadigm,thereis no role for aportfolio

managersincethe optimal portfolio weightsarefixed over time. In a dynamic setting,with

changingconditional information,the role of the portfolio manageris to adjustthe portfolio

weightsaccordingto thearrival of information,preferablyoptimally.

9SeeHansen,HeatonandYaron(1996) for a studyof thesmallsamplepropertiesof GMM estimators.
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6 Appendix

Proof of proposition1: Theproblemwewould like to solve is­D®¸¯£ 
 G &'�JI � $� �������D,·�[­D®°¯£ & ��
 � $� � ��(;� � $� ����������, G��
 & � $� �������D, G �°( � G 
 � $� ��������� �
This is a well definedproblemsince 
 G &'�JI � $� �4�����D, is boundedfrom above by the GHT bound
LG���%� &'�M, andfrom below by 0. Notethat�´
 � $� � ����� �´
 ��$�& � �9, � ���96�´
 � $� ����������� �´
 � $ & � �',��������O��� ��
 � $ & � �',�*H���96�´
 & � $� �4�����D, G ��� �´
 ��$'& � �', � � 
 ���������Y$����� ���5& � �',O��� ��
 ��$.& � �',4&'*H�.*H$�  1 �9,D�5& � �',O�>6
where *�� and 1 � aretheconditionalmeanandconditional varianceof the returnrespectively.

Sotheaboveproblemis reducedto theproblem(weomit thesubscript� in thederivation),­�®°¯]������ & ��
 & � (+�0*-, $ �5& � ,O��, G��
 � $ & � ,4&'*L* $  1 ,��5& � ,��¸( � G 
 � $ & � ,�*H� 6 (46)

where � Ä & � (;�0*-,�$î�5& � ,O�\� 	 & � (+�0*-,O$2�5& � ,�
�& � ,�h � 6 (47)��
 ��$�& � ,�&.*L*H$a 1 ,D�5& � ,O�\� 	 ��$.& � ,4&'*L*�$a 1 ,��5& � ,�
�& � ,�h � 6 (48)��
 �J$.& � ,�*��\� 	 *H$2�)& � ,�
�& � ,�h � 6 (49)

where � is a multi-dimensional vectorand 
�& � , is the multi-variatedistribution functionof � .
This is avariation-likeproblemandweadaptthecalculusof variationtechniqueto solve it. LetÎH& � ,5�X�5& � ,L �
 í & � , , where 
�ô À , thefirst orderconditionwith respectto 
 gives��� & � (+�0*-, $ í��
 & � (+�0*-, $ ����� � ��� &9� $ &.*L* $  1 ,·( �´
 * $ �J�»*-, $ í��
 � $ &'*L* $  1 ,D�J�J( � G 
 * $ ����� 6 � í 6
wherewewrite � or í insteadof �5& � , or í & � , whenever thereis noconfusion.This impliesthat& � (+�0*-,��
 & � (;�0*-, $ ��� � &�&'*L* $  1 ,D�~( ��
 * $ ���{*��
 � $ &'*L* $  1 ,D�J�J( � G 
 * $ ��� � (50)

Note that the probabilitydensityfunction 
�& � , of � doesnot appearexplicitly. Solving for �
from equation(50),weobtain:�w�b&'*L* $  1 , 3 ��� ��
 � $ &.*L* $  1 ,D���J( � G 
 * $ �J���
 & � (+�0*-, $ ��� & � (;�0*-,¤( �´
 * $ ���»*��+� (51)
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Thiscompletesoursolutionfor thefunctionalform of �5& � , , sincetheexpectationsontheright-

handsideof (51) only dependon y throughsomeconstantparameters,representinguncondi-

tionalmoments.Hence,weobtain,���Z&'*L*H$A 1 ,�3 � &'¦ �  ���*-,76
where ¦ and � areconstants.Further, notethat thescalingby a constantdoesnot changethe

Hansen-Jagannathanbound,sowe cansolve � only up to a constant.We canthuslet ¦i� d
.

With thefunctionalform of thescalingfactorknown,wecandeterminetheconstant� (notethat(�� is c in equation(10) ) by solving astandardmaximization problem(insteadof a functional

problem):­D®°¯� ÎH&���,·�[ò @aó� & ��
 & � (;�0*-, $ &'*H* $  1 , 3 � & �  ���*-,���, G�´
 & �  ���*-, $ &'*H* $  1 , 3 � & �  ���*-,O��( � G 
 * $ &'*H* $  1 , 3 � & �  ���*-,�� (52)

Sowehave ÎH&���,·� & ¶ (;��f5 ���fÒ(��J��h�, G& ¶  S���f) �� G hM,¤([&9f5 ���h�, G (53)

where ¶ � ��� � $ &.*L* $  1 , 3 � �! 6fn� ��� � $'&.*L*H$a 1 ,�3 � *  6 (54)¶ � � � *H$.&.*L*H$A 1 ,�3 � *  �
Now wecanjustusethestandardfirst orderconditionsto determine� . Thefirst ordercondition

in � gives À � S°& ¶ (+��f· ��JfÒ("����hM,4&9f�(+��hM,& ¶  �S#��f) �� G h�,)([&9f) ��JhM, G (55)( S°& ¶ (+��f· ��JfÒ("����h�, G &'f5 ��Jh�([&'f5 ���h�,�h�,&�& ¶  �S#��f) �� G h�,)([&9f) ��JhM, G , G � (56)

Factoringout & ¶ ( ��f- "�Jf·($����h�, (this is notaproblembecause��� ¼ ½>3&%½>3 ¼�' is aminimumsince

it leadsto 
%GªJ«A¬ &.�¸,·�XÀ ), wehave&9fÒ(+��hM,)(�& ¶  �S#�Jf5 �� G h�,)([&9f) ��Jh�, G+* ([& ¶ (;��f) ��JfÒ("���Mh�,)(�f· ��Jhe([&'f· ��Jh�,�h * ��À¸�
Solvingthisequationgives ��� fx(+�d (gh �
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Sotheoptimalscalingfactoris � �� �b&'*H��* $�  1 �9, 3 � & � �¸ ���*H�9,7� (57)

andtheoptimalscaledassetis� ������ �b& � �� ��J*H�., $ &.*H�.* $�  1 �9, 3 � �������¡� (58)

Substitutingtheoptimally scaledreturnsintoequation(7),weobtaintheoptimally scaledbound
 GªJ«a¬ � 
 G &'�JI � � $� �������D, � ¶ ( ¶ hP �f G (#SAf¡�/ �f�� Gd (gh � (59)

Weshouldremarkthattheaboveformulasconstitutesolutionsto thefirst orderconditionwhich

is only a necessarycondition for optimality. We needto verify thatthesolution is a maximum.

We canarguethat thefirst orderconditionis sufficient in the following way. Note that in the

problemof equation(46),­�®°¯]������ & ��
 & � (+�0*-, $ �5& � ,O��, G��
 � $ & � ,4&'*L* $  1 ,��5& � ,��¸( � G 
 � $ & � ,�*H� 6
is homogeneousof degreezeroin �5& � , , soit is equivalentto theproblem10:, þ.-]��/�0� �´
 � $ & � ,4&'*L* $  1 ,��5& � ,��°( � G 
 � $ & � ,�*H�­4�21�� & �´
 & � (+�0*-, $ �5& � ,O��, G � d �
Becauseboth

��
 � $ & � ,�&.*L* $  1 ,D�5& � ,O� and & �´
 & � ( �0*-, $ �5& � ,���, G areconvex in �5& � , andthereis

interior point, this is a convex programmingproblemandthereis a minimum. In fact,onecan

easilyverify thatthesolutionis theoneweobtainedabove.

Proof of proposition 3: Note that the pricing kernelwritten in termsof scaledassetsformed

using ������� and � $� ������� canalwaysbewrittenas �� $� ������� for some �� � . Sowehaveò @aó£ ±43�5.± 
 G &'�JIK��������6 � $� �������D, �[ò @aó£ ±6375.± 
 G &'�JI � $� �4�����D,·�Xò @Yó£ ±83�5.± 
 G &.�JI �^� $� �4�����D,7�
But 
 G &'�JI �^� $� �4�����D,x¹ 
 G &'�JIK��������6 �^� $� �������D,¡�
Combining theabovetwo expressions,weget
 G &.�JIK�������¡6 �C� $� �������D, � 
 G &.�JI �^� $� �4�����D,7�

10We would like to thankDarrellDuffie for suggestingthis proof
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Table1: UnconstrainedGARCH-In-MeanModel

Equations Coefficients

Constant 9;: s0t <>=: sut <>?: sut9@: 0.00295 0.361 -0.029 0.008

(0.00047) (0.033) (0.022) (0.005)< =: 0.00555-162.65A.B�B : -0.198 0.738 -0.0002

(0.00059)(0.00007) (0.031) (0.037) (0.0043)< ?: 0.0188-58.02ACB�B : -1.734 1.029 0.077

(0.0083)(0.0003) (0.005) (0.014) (0.034)

Constant D!E FGE HIEA t9t : 0.000019 -0.0265 0.0008 0.2705

(0.000018) (0.0807) (0.7898) (0.0426)A)JKJK: 0.000014 0 0 0

(0.000002)A)LKLK: 0.006134 0 0 0

(0.00103)M B = =-0.0564
M B ? =3.182

(0.1425) (0.003)

Notes: Themodel estimatedis describedin equations (39) to (45). Standard er-

rorsarein parenthesesandarerobustto mis-specificationof theerrordistribution

in the senseof White (1982). Parametervalues without standarderrors reflect

constrainedparameters.
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Table2: ConstrainedGARCH-In-MeanModel

Equations Coefficients

Constant 9 : s0t < =: sut < ?: s0t9;: 0.005 -0.018 0.050 0.0001

(0.0005) (0.005) (0.005) (0.0003)< =: 0.0053-108.97A B�B : -0.264 0.734 0.0012< ?: 0.0021-82.086A B�B : -0.264 0.734 0.0012N = 14.675 O = 1.071

(0.0376) (0.0082)

Constant D E F E H EA t>t : 0.000022 -0.0652 0.00 0.3907

(0.000006) (0.0208) (0.00) (0.0876)A J�J4: 0.000013 0 0 0

(0.000002)A)L�L4: 0.006457 0 0 0

(0.001009)M B = =-0.0877
M B ? =1.847

(0.0813) (0.0872)

Notes: The model estimatedimposesthe following constraint on the uncon-

strainedmodel reportedin Table1:P :RQ < E:TS tVU v y kTW�XIYZO´m�[\ A E/E q°y][\;^ N y M B E`_ J A)BaB : m N P :bQ 9 E:TS tcU
Thetablereports all parameters, including parametersconstrainedby themodel.

Robuststandarderrors arein parentheses.
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Table3: Guideto Figures

FigureNumber DataGenerating Process Model for k2} :cd � : q Illustration

1 Data UC Efficiency

2 Simluation,UC CO Efficiency

3 Data CO Diagnostic

4 Simluation,CO CO Diagnostic

5 Simluation,UC CO Diagnostic

6 Simluation,CO UC Diagnostic

7 Simluation,UC UC/CO Robustness

8 Simluation,CO UC/CO Robustness

Notes: Thedatageneratingprocesscolumnrecords theorigin of thedatain the

construction of theoptimally scaledandGHT bounds:actualdata(”data”), simu-

lateddatafrom eithertheunconstrained(”simulation, UC”), or constrainedmodel

(”constrained, CO”). The simulatedsamplesareof length10,000. The Model

columnrecordseithertheunconstrained(”UC”) or theconstrained(”CO”) model.

The last columnidentifiesthepropertyof theoptimally scaledbound theFigure

purports to illustrate. Figures1 to 6 graph the unconditional bound, thenaively

scaledbound, theoptimallyscaledbound, thestackedoptimallyscaledbound and

the GHT bound, usingboth stockandbondreturns. For the scaledbounds,the

instruments arethepastreturns for bothreturns. Figures7 and8 graph theGHT

bound andtheoptimally scaledboundsput togetherononegraph.
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Table4: Diagnostic Test

UnconstrainedModel ConstrainedModel

Data 0.117 14.97

(0.9433) (0.0006)

Simulated 510.19 0.543

(Constrained) (0.0000) (0.762)

Simulated 1.77 761.55

(Unconstrained) (0.4128) (0.0000)

Notes: This tableproducesthediagnostic testproposedin section3.3 for 6 dif-

ferentenvironments, dependingon which models wasusedto construct thecon-

ditional moments (unconstrainedversusconstrained) andwhich datawereused

(actualdata,a simulatedsampleof 10,000 observationsaccording to theuncon-

strainedor constrainedmodel). All statisticsare e J k \ q distributedand f -values

arein parentheses.
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Figure1: Hansen-Jagannathanbounds for realdatawith conditional moments calculatedfrom theunconstrained

model.
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Figure2: Hansen-Jagannathan bounds for simulateddataaccording to theunconstrainedmodel with conditional

momentscalculatedfrom theunconstrainedmodel.
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Figure3: Hansen-Jagannathan bounds for real datawith conditional momentscalculatedfrom the constrained

model.
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Figure4: Hansen-Jagannathan bounds for simulateddataaccording to the constrained model with conditional

momentscalculatedfrom theconstrainedmodel
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Figure5: Hansen-Jagannathan bounds for simulateddataaccording to theunconstrainedmodel with conditional

momentscalculatedfrom theconstrainedmodel.
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Figure6: Hansen-Jagannathan bounds for simulateddataaccording to the constrained model with conditional

momentscalculatedfrom theunconstrainedmodel.
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Figure7: Hansen-Jagannathan bounds for simulateddataaccording to theunconstrainedmodel with conditional

momentsfor ”optimal stacked” and”ght” calculatedfrom theunconstrainedmodel andconditional moments for

”bptimal stacked-m” and”ght-m” calculatedfrom theconstrainedmodel.
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Figure8: Hansen-Jagannathan bounds for simulateddataaccording to the constrained model with conditional

momentsfor ”optimal stacked” and”ght” calculatedfrom the constrained modelandconditional moments for

”optimal stacked-re’ and”ght-m” calculatedfrom theunconstrainedmodel.
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