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Abstract

Gallant,Hansenand Tauchen(1990) shav how to useconditioning informationoptimally to
constructa sharperunconditional varianceboundon pricing kernels. The literaturepredomi-
nantlyresortso a simple,sub-opimal procedurdghatscalegeturnswith predictve instrumens
and computesstandardooundsusingthe original and scaledreturns. This article providesa
formal bridgebetweerthetwo approachesWe proposea optimally scaledbound,which,when
thefirst andsecondconditioral momens areknown, coincideswith the boundderivedby Gal-
lant,HanserandTauchenGHT bound).Whenthesemomentsaremis-specifiedpur optimally
scaledboundstill yieldsa valid lower boundfor the standarddeviation of pricing kernels,un-
like the GHT bound. Moreover, the optimally scaledboundcanbe usedasa diagnosic for
the specificatiorof the first two conditionalmomentsof assetreturnsbecauset only achieves
the maximumwhenthe conditonal meanandconditionalvariancearecorrectlyspecified.The
illustrationin this article addstime-varying volatility to the familiar Hansen-Singletoi1983)
set-upof an autorgressve modelfor consunption growth andbondand stockreturns. Both
anunconstrainedersionanda versionwith therestrictionsof the standarcconsumptio-based
assefpricing modelimposd, sene asthe data-generatingrocesseso illustrate the behaior
of the bounds. In the processwe explore an interestingempiricalphenomenonasymmetric
volatility in consumgbn growth.



1 Intr odudion

Hansenand Jagannathafil991) derive a lower bound(the HJ bound)on the standarddevi-
ation of the pricing kernelor the intertemporalmaiginal rate of substitdion asa function of
its mean. Using only unconditonal first and secondmomentsof available assetreturns,the
HJ bounddefinesa feasibleregion on the mean-standardeviation planeof pricing kernels.
Whereagdhnitially HJ boundsprimarily sened asinformal diagnositc tools for consumpin-
basedassetpricing models(seeCochraneand Hansen(1992) for a sunwy), its applicatiors
have rapidly multiplied in recentyears. They now includeformal assefpricing tests(Burnside
(1994),CecchettiLam andMark (1994),HansenHeatonand Luttmer (1995)), predictabiliy
studes(BekaertandHodrick (1992)),meanvariancespanningests(BekaertandUrias (1996),
DeSantig1996),Snav (1991)),market integrationtests(ChenandKnez (1995)), mutualfund
performancaneasurementChenandKnez (1996), Fersonand Schadt(1996), Dahlquistand
Soderlind(1999))andmore.

HJ boundsare compued by projectingthe pricing kernelunconditonally on the spaceof
available assetpayofs and computirg the standarddeviation of the projectedpricing kernel.
The larger this standarddeviation, the strongerthe restrictionson assetpricing models. The
standardconsumptn-basedassetpricing modelwith time-additve preferencesiramatically
failsto lie insidethefeasibleregion definedby the HJ boundscomputedusinga variety of asset
returns.However, the pricing kernelsin morerecentmodels,suchasthe non-separablatility
modelin Heaton(1995) or incompletemarkets model of Constantinidesand Duffie (1996),
satisfythebounds.

In this article, we studythe useof conditionng informatian to effectively increasethe di-
mensim of the available assetpayofs and hence,to improve the bounds! Gallant, Hansen
and Tauchen(1990) shav how to useconditionng informationefficiently. The procedures
in principle straightforvard. They constructan infinite spaceof available payofs combinirgy
conditioninginformationanda primitive setof assepayofs. Thevarianceof theunconditimal
projectionof the pricing kernelonto that spaceis the efficient HJ bound,which we will term
the GHT bound?

The GHT bounddepend®n thefirst andsecondconditionalmomentsof the assepayofs.
The GHT procedurehasnot beenusedvery muchin practice,and researcherfiave mostly

10thermethod have beenpropasedto improve HJ bourds. Snow (1991) studiesthe restrictionon the higher
mormentsof the pricing kernd. BalduzziandKallal (1997) tightenthe bourds by usingtherisk premiumsthatthe

pricing kerrel assigngo arbitray soucesof risk.
2While GHT study both condtional aswell as uncorditional prgections,we will only study uncnditioral

prgections.



resortedo a simpler techniqueof embeddingconditionng informatian in the computation of
HJ bounds.They simply scalereturnswith predictive variablesin theinformationset,augment
the spaceof available payofs (and correspondingprices)with the relevant scaledpayofs or
returnsandcomputea standardHJ boundfor the augmentedgpace(see,for exampk, Hansen
andJagannatha(il991),CochraneandHansen1992),BekaertandHodrick (1992),andmary
others). This procedureis much simplerto implement than GHT sinceit doesnot require
knowledgeof conditioral momentsatall.

In this article,we provide aformal bridgebetweerthe optimal but relatvely unknovn GHT
boundandthe ad-hocscalingmethodsprevalentin the literature. We prove two mainresults.
First, we answerthe following question:whenscalinga returnwith a function of the condi-
tioning information,whatis the functionthatmaximizeshe Hansen-Jagannathéaound?The
solufon is anapplicationof functionalanalysis.Theresultanbptimalscalingfactoris decreas-
ing in the conditionalvariancebut is not monotonc in the conditionalmean.Secondwe showv
thatour bound,which we termthe optimally scaledbound,is astight asthe GHT boundwhen
the conditionalmomentsareknown.

Theoptimaly scaledboundhasthreeimportantpropertiesFirst, it is efficient. Ratherthan
arbitrarily scalingreturnswith aninstrument our procedureoptimally exploits conditionirg
information leadingto sharperbounds. We also usethis propertyto explore the relationbe-
tweenimprovementsn HJ boundsdueto conditionng informationandthe presencef return
predictabilty.

Secondjt is robustto mis-specificatiorof the conditionalmeanandvariance. Whereagshe
GHT boundis alsoefficient, it is only correctwhenthe conditional momens are accurate.If
they are mis-specifiedhe resultingboundmay be larger thanthe varianceof the true pricing
kernel. Sincethe optimalboundwe derive is a standardHJ bound,it alwaysprovidesa bound
to the varianceof the true pricing kernelevenif incorrectproxiesto the conditionalmomensg
areused.

Third, the optimally scaledboundis a useful diagnosic for the specificationof the first
andsecondmomens of asseteturns.Our boundonly attainsthe maximumwhenthefirst and
secondconditonal momentsare correctly specified. If they are not, the Hansen-Jagannathan
frontier is not even a parabola,so that mis-specificatioris visually clear We alsosuggesta
diagnost testthatcanbe usedto formally comparethefit of alternatve specificationf the
conditonalmeanandvariance.Given the non-ne@ligible modeling andparameteuncertainty
regardingthefirst andsecondconditonalmomentsof asseteturns this propertyof our bound
is likely to beimportantin mary financeapplications.

We organizethe paperinto threeparts. Section2 startsby clarifying the relationbetween
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standardHJ bounds,the GHT bound,ad hoc scaledboundsand our optimally scaledbound.
We thenprove our two mainresults,deriving anoptimal scalingfunctionandshaving thatthe
resultirg boundreacheshe GHT boundwhenthe conditionalmomentsarecorrectlyspecified.
Section3 discussethethreemainpropertieof our optimally scaledoound.We endthesection
by comparingourwork to thatof FersonandSiegel (2000a).They derive andstudythe optimal

scalingfactorin the settingof mean-ariancefrontiers. Sincethereis a well-known duality
betweerHansen-Jagannath&montiersandthe mean-ariancefrontier, theseresultsaresimilar
to oursbut therearealsosomeimportantdifferences.

Section4 containsanempiricalillu stration. We estimatean asymnetric GARCH-in-mean
modelon US consumpin growth, bondandstockreturnsandtestthe restrictionsof the stan-
dard consumgion-basedassetpricing model. This generalizationof the Hansen-Singleton
(1983) model providesa naturalnull andalternatve modelfor the first and secondmomensg
which we useto exploretherole of missgecificationin the behaior of the variousbounds We
briefly discusduture potentialapplicationf our resultsin a concludingsection.

2 Incorporating Conditioning Information into VarianceBounds

In this section,we first review the standardHJ boundwhile settingup notaton in Section2.1.
In Section2.2, we briefly review the standardwvay of usingconditioring informationwhereas
section2.3reviews the GHT bound.Section2.4 introduceghe optimally scalecbound.

2.1 Unconditional Variance Bounds

Let therebe a setof assetswith payof vectorr;,; andprice vectorp,. Whenthe payof is a
(gross)return,the price equalsone. Let the vectory, denotethe setof conditioning variables
in the economyandlet I; be the o algebraof the measurabldéunctionsof y,, thatis, I, is the
information set. The pricing kernelm,, pricesthe payofs correctlyif

E[myi1re1 ] = pr- (1)
By thelaw of iteratedexpectationsthisimplies
E[my1r41] = E[p] = q. 2)

HanserandJagannatha(l991)derive a boundon the volatility of m;; thatcanbe computed
from assepayofs andpricesalone.This boundfollows from projectingthekernelontothe set



of payofs anda constanpayof:

miy = v+ B (re —p) 3)
= v+ (g —vp)S7 (rga — ), (4)
where
v = E[mu] =E[mi, ], p=Elru] (5)
and
¥ = E[(rip1 — ) (req — )] (6)

Thevarianceboundfollows from realizingthatvar(m.1) > var(m;,,). We denotethe bound
var(my, ) aso?(v; ri41) (0r o?(v)), sinceit depend®nthemeanof thekernelandthefirst two

momnmentsof 7, 1:
o*(viren) = (¢—vp)S7 (g —vp) (7)
= A—2Bv+ Dv?, (8)
where
A=¢¥q, B=pyYY, D=yT'u (9)

The parabola(v, o%(v)) is the HJ frontier. Notethatif ¢ equalsl andthereexists a risk free
assesuchthatr/ = (E[my,1])~!, theno?(v;r,1) is proportionalto the squareof the Sharpe
ratioonthesetof assetsHence asharpeiHJboundcorrespondto a betterrisk-returntrade-of
ontheavailableassets.

To facilitate comparisonwith the derivationsin GHT (1990), we provide an alternatve
formulation of m}, in termsof theuncenterednomentsof r; ;:

myy = (¢ — wp)' (pp' + ) ren +w (10)

with

_v—q w4+ v—b
L= p/(pp +5)p 1=d’

wherethedefinitionof b andd is implicit.3 Thatm;, ; unconditonally pricesthereturnsfollows

(11)

immediatelyby substititing (10) into (1). Therelationbetweenw andv is apparenfrom taking
theexpectedvalueof m;_, in (10):

v=q (pp +3) T pt (1= i’ +3)  pw. (12)
SAlternatively, equation(10) canbederivedfrom (4) directlyusingtheidentity (F+gg ')~ = F~1—F~1g(I+
gF1g)lgF~1 with F = py' + 3 andg = p.




Theintuition behindequation(10) is ratherstraightforvard. Rewrite theequationas
mi = ¢ (pp' + ) e+ (1= @/ (e + ) ) w.

Thefirst partof theright handsideexpressions the projectionof m,,; ontotheoriginal asset
payof spacg(notaugmenteavith a constanpayof). However, we would like to projectm;,
on this spaceaugmentedvith a constanpayof. The coeficient multiplying w is the residual
of the projectionof a unit payof ontother,,;-spaceandhenceorthogoral to thatspace.Con-
sequentlyw is the projectioncoeficient of m; ; ontothatresidual. The two partstogether
constittethe projectionof m;, ; ontother,,; spaceaugmenteavith aconstanpayof.

2.2 ScaledVariance Bounds

The presenceof the conditionng variablesy; allows constructionof anin principle infinite
dimengonal payof space(seeHansenand Richard(1987)). Let 2z, = f(y:), where f is a
measurabldunction,and z; is an x 1 vector Scaledreturnsare simply assetwith payofs
equalto z;r;,; andpricesz;J (whereJ isan x 1 vectorof ones) anddo notraiseary difficulty
in computirg standardHJ bounds.

Suchscalinghasan intuitive interpretationwhen excessreturns,r¢,; = r,41 — rf, are
scaledasin Bekaet and Hodrick (1992) and Cochrane(1996). The gross”scaled” return,
rie1 = 2irg + 174 = 2ir + (1 — 2,J)r! canthenbeinterpretedasa "managed”portfolio
with z;.J beingthetime-varying proportian of theinvestnentallocatedto therisky assets.

Scalinglikely only improvestheHJ boundif theweightz, hasinformationonfuturereturns.
In theliterature,onesetsz; = Gy, whereG is a selectormatrix of 1's andzerosselectingthe
variablesn y, believedto predictr;,; or to capturethetime-variationin the expectedreturns.

Most studesstackactualreturnswith scaledreturns(seefor exampleBekaertandHodrick
Tt+1

Ti+1 @ Yt
to consideringmary differentz;’s whereeachz; is representedy a selectionmatrix with only

one non-zeroelement,selectinga particularinstrunent out of the available instrumens. It
is fairly unlikely thatthis is the optimal way to selectfrom the setof informationvariables.

(1992)andCochraneandHansen(1992)),consideringhesystem . Thisamounsg

Thereforewe sometinesreferto the boundsresultingfrom this ad hoc approacho scalingas
"naive bounds.



2.3 The GHT Variance Bound

GHT (1990) shav how to useconditioning informationefficiently. Recallthata scaledasset
is a onedimengonal asset,7,.1 = z,r:.1, Wherez; is a n-dimensimal vector whoseentries
are measurabldunctionsof y; (sothey belongto I;). The spaceof all suchscaledpayofs
is aninfinite dimensimal conditionalHilbert spaceP = {zr.;1 : Vz}. Gallant,Hanserand
Taucherdirectly projectthepricingkernelontothis spaceaugmentedby arisklesspayof. They
shaw thatthe projectedpricing kernelis*

myy = (pe — wie) (e + 54) "' e + w (13)

wherey;, is the conditionalmeanvectorandy, the conditinal variance-ceariancematrix of
thereturnsandw is givenby

v—ob
0 14
- (14)

Herethe symbds b andd arethe conditicnal analogue®f the definitionsin 2.1:

b= E[u; (pepsy + 1) "'y (15)

and

d = By (pepsy + S0) ™ pae]. (16)

The GHT boundby definitionis

UéHT(U) = Var(m;tk+1)' (17)

It is a lower boundto the varianceof all valid pricing kernels. The resultin GHT is not sur
prising given our alternatve derivation of the standardpricing kernelsin 2.1. The GHT kernel
is identical, replacingunconditonal with conditional moments and expectedpriceswith ac-
tual prices. (Compareequationg(10) and (13) ). This is becausehe kernelnow pricesall
payofs conditiorally. Thereis anequivaentrepresentationf the GHT kernelto the standard
kernelrepresentatiom equation(4), but it involves the conditionalmeanof the pricing kernel,

vy = Ey[mi4],

m:+1 = (pr — Ut,ut)lzt_l(rt-l—l — i) + vy (18)

Hence v is the price of aconditionally risk-freeassetindv = E[v,].

“Notethatthe prgectionis anuncorditional nota conditinal prgection.
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2.4 The Optimally ScaledVariance Bound

Theapproachn this paperis different. Considerthe family of infinitely mary onedimensimal
scaledpayof spaces’, = {az}ri,1 : « € R'} indexedby z;. Thereis a Hansen-Jagannathan
boundo?(v; r:,1) associateavith eachscalingvectorz;, which only dependn the uncondi-
tionalmomentof z;r; 1,

(Elzipi] — vE[2zjre11])?
var(zjriy1) '

(19)

0’ (v; 24re11) =

Equation(19) simply appliesequation(7) to the single scaledreturn z;r,;. The optimally
scaledboundis the highestsuchHansen-Jagannathaound:

06s5(V; 2yTi1) = SUp 07 (V; ZyT141). (20)
2t

Thequestiom we answelis: whatz; yieldsthebest(largest)HJ bound?Sincez; = f(y;), thisis
aproblemof variatinal calculus.

Proposition 1 Thesolutionto themaximizatio problem

0o58(U; ZiT141) = sup 0”(v; Zjre41). (21)
Zt

is givenby

2y = (pupsy + Et)_l(pt — Wht) (22)
whese
v—>b
— z 2

- (23)

with b andd are asdefinedn (15) and(16). Furthermoe, the maximunmboundis givenby

0osp(Vs 4rer1) = 07(v;2]'Te41) (24)
1— 2 2 2
_ a(l —d) +1b_ ; bv + dv | (25)

whele a is asdefinedasfollows:

a = E[p}(up; + 20) " 'pel. (26)

Proof: The Appendix containsa formal proof. The proof proceedsn two steps. First, the
optimal functionalform is solvedfor. Secondtheremainingconstanparametecharacterizing
thefunctionis solved for in a separatenaximization.
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Not surprisingly the optimal scalingfactordepend®n the conditionaldistribution function
only throughthe first and secondconditionalmoments. Whereasthe optimal scalingfactor
is decreasingn the conditionalvariancey;, it is not monotonc in the conditional mean;.
The non-monotnicity is easyto understandisingthe duality with the mean-ariancefrontier.
Considertwo independentisky assetsvith adifferentexpectedeturnbutidenticalvariance.ln
thiscasetheminimumvarianceportfolio is theequallyweightedportfolio. Also, theinefficient
partof the frontier goesthrougha point wherethe expectedreturnis the returnon the lowest
yielding assetand all fundsare inveged in that asset. When, without loss of generality the
expectedreturnon the bestyielding returnis raised,the minimum variancepoint is raisedas
well, but the inefficient part of the frontier still intersectghe pointwhereall is investedin the
lowestyielding asset.The partof the new frontier beyondthatpointis below the old frontier.

Both boundso? ;1 (v) ando?sz(v) dependon the conditional meanandthe conditinal
varianceof the payofs. Whenthesemomentsare known to researcherghe relationbetween
o yr(v) andod ¢ 5(v) is describedy thefollowing proposition:

Proposition2 For a n-dimensionapayof r,,; with price vectorp;, conditioral meany,;, and
conditional variance-ceariancematrix >,

a(l —d) + b* — 2bv + dv?
PBsulv) = o%usv) = DL , @)

whee b, d, anda are definedn equatiors (15), (16),and(26).

Proof: SinceP, € P (the GHT boundrepresentshe mostefficient way of usingconditional
information), it follows:

0”(v; 27141) < sup 0°(v; 2j7141) = 0H5p(v) < TGpr (V). (28)
z

FromPropositon 1, we know thato?(v; z;'r, 1) hastheform describedn thepropostion. Now
considerthevarianceof mj, ;:

oanr(v) = var(miyy) = E[(zren)?] — (B2 ren])” (29)

Usingtheexpressiorfor z;, thelaw of iteratedexpectationsandsimplifying algebrajt follows

Oy (v) = var(my,,) = E[(pr — wi)' (pap, + )7 (e — wiy)]
— El(pe — wpe) (gt + o)~ .- (30)

Usingthedefinitionfor a, b andd, theresultfollows.



This resultis at first surprising. Our optimally scaledboundis a standardHJ boundfor
a scaledreturn. Sincethe scalingfactor dependson v, the meanof the pricing kernel, the
optimally scaledboundis the ratio of a quarticpolynomal in v over a quadraticpolynomal
in v which is generallynot a quadraticpolynamial in v. Neverthelessywhenevaluatedat the
true conditionalmoments,the quarticpolynomal in the numeratobecomeghe squareof the
guadratigpolynomal in thedenomirator, andthe optimally scaledboundbecomegjuadratian
v. The optimal scaledfrontier becomesa parabola,denticalto the GHT frontier. Sincethis
insight is usefullateron, we proveit explicitly.

Corollary 1 Let

o

0os8(v) = 0°(v; 2,"re1) = 3, (31)
with
A = (E[#'p] — vE[#"r0:1])"
B = var(z;'ri+1)

If the conditioral momentsre known,thenA = B2
Proof: Firstnotethat B = o2, (v), the GHT bound.Hence from Proposition2 we know that
a(l —d) + b* — 2bv + dv?

1-d '

B =
But A, thenumeratois the squareof:
El(pe — wp) (s + o)~ (pr — wp)] = a — w(b — dv) — bo. (32)

Substititing for w = 71’—:2 andcollectingtermstheresultfollows. This corollary providesthe
basisfor a diagnostt testin section3.3.

3 The Optimally ScaledBound: Discussion

Threeimportantpropertiesmake the optimal scaledboundvery usefulin appliedwork. First,
if thereis time-variationin expectedreturnsandvolatility, the optimally scaledboundshould
be sharperthan standardad hoc bounds.In Section3.1 we explore the relationbetweenpre-
dictabiity andthe optimally scaledbound. Second,Section3.2 discussshow the optimally
scaledboundis robustin thatit alwaysis avalid lower boundto the pricing kernel,whichis not
the casefor the GHT bound.Third, Section3.3 suggestfiow the optimally scaledooundcould
form the basisof a diagnost testfor the correctspecificatiorof thefirst andsecondnomens.
Finally, we discusshow ourwork relateso two recentarticlesby FersornandSiegel (2000aand
b).



3.1 Efficiency and Predictability

Whereaghe optimally scaledboundusesconditionirg informationefficiently, it would be use-
ful to derive conditionsunderwhich scalingimproves the bound. In particular one would
hopethat predictablevariationin returnswould resultin sharpeHJ bounds Unfortunately it
is difficult to derive sufficient conditionsbut it is straightforvard to derive a necessarygon-
dition. Let us, without loss of generality focus on a univariate return space. If the scal-
ing factor z; is uncorrelatedwith the first and secondconditonal momentof r,,; (thatis,
cov(py, z) = cov(rir,z) = cov(ri,,,27) = 0, thenscalingthe returnwith z, will decrease
theHJ bound.To seethis, notethat

E?(2)(E(p) — vE(r))?
E(z?)E(r?) — E(2)E?(r)

o?(v; zr)

(E(p) —UE(T))2 EG)(E(?) — E*(r))
E(r?) —E2(r)  E(2*)E(r?) — E*(2)E*(r)
= o?(v;r) ¥ E(r) —E(r) < o*(v;r),

(E(22)/E?(2))E(r?) — E2(r)

wherewe omittedthetime subscriptsTheIastinequalityfollowssinceEEQ[‘[th]] > 1. Intuitively,

scalingby anindependentandomvariablejustaddsnoiseto thereturn. Conversely thescaling

factorhasto be correlatedwith the futurereturnfor the scaledHJ boundto improve relative to
the standardound.In otherwords,whenthereturnis scaledwith a conditioning variable(for
exampk, a stockreturnwith its laggeddividendyield) the variablemustpredictthe returnin
orderfor the HJ boundto improve. This s intuitively clear: whena variablepredictsan asset
return,it may be possilte to createmanagedgortfoliosthatimprove therisk-returntradeoff as
measuredby the SharpeRatioandit is well-known thatHJ boundsandSharpeatiosareclosely
related.
Thisintuition remaingntactfor the casewheretwo-dimensionakpace®f theform

e, (33)
LA

wherez; = Gy, areconsideredIn thiscasesincery,, € {71, 2;r++1}, we know for sure

o?(v;7141) < 07 (05 (Pegn, 27e11)), - Ve (34)

Even in this case,for the boundto strictly improve, predictablevariationin the conditianal
meanor varianceis a necessargonditian. To seethis, first notethatthe optimalscalingfactor
remainsthe samefor this "stacked” returnandscaledreturncase which we shav in the next
propostion.

10



Proposition3 Supposéhere is an assetvectorwith payof ;. 1, price p;. Let I; denotethe o
algebra of the measuable functions of the conditionirg variablesy;. Thenthe solutionz; to
themaximizatio problem

sup 02 (v; (Te11, 247141)) (35)

is givenby

2t = (o + S0) 7 (o — wi). (36)

Theproofis givenin theappendix.

Now, suppose; ando; are constantqthatis, thereis no predictablevariationin condi-
tional meansor variances)thenz; is a constantandr,,; andz;'r;, arelinearly dependent.
It follows that o?(v; (ri1, 2}'141)) = o*(v;Tes1). But sinceour boundis optimal, this im-
plieso?(v; (rey1, 2im101)) < 0%(v;T441). Corversely for theboundto improve, z; mustpredict
r¢11. In theempiricalillustrationsbelow, we will usestandardscalingin the”stacked” spaceas
indicatedabove. Apart from our optimally scaledbounds we will alsoreport”stacked” opti-
mally scaledboundsa?(v; (441, 2;'74+1)) ), which oughtto beidenticalto the optimally scaled
boundswvhenthe conditonalmomens areknown.

Ourwork hereis relatedto Kirby (1998),whichis the only paperwe areawareof thatpro-
videsanexplicit link betweerinear predictabilityandHJ bounds.More specifically he shavs
thatthe Wald testof thenull of no predictabilityin alinearregressioris proportionako thestan-
dardHJ measureHe thenusesthis insightto investgatewhetherseseralassefpricing models
areconsistentvith the evidenceon predictability Our work suggestshatif the predictabiliy
is correctlydescribedy alinear predictve model,our optimally scaledreturnshouldleadto a
sharpeHJbound,andhencesharperrestrictionson theseassepricing models.

3.2 Robustness

TheGHT boundis givenby var(m;, , ), wherem,,, depend®ntheconditinal meanu, andthe
conditional varianceX:; of thereturns.In practice,theseconditionalmomentsare not known.
We usea proxy for themandthusa proxy 7, , for m;, . In thatcasethe proxy for the GHT
bound,var (2}, ,) , may eitherunderestirate or overestinate var(m;,,). Whenit overesti-
mates,var(rmy, ;) fails to be a lower boundfor the varianceof valid pricing kernels. On the
otherhand,the optimally scalecboundis o2 (v, z}'r;11), wherez, depend®n thefirst two con-
ditionalmoments Whentheconditionalmomentsareunknown z; is unknavn andsois z;'r.1.
However, for every z;, o%(v, z;r,11) remainsalowerboundto thevarianceof all pricingkernels
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sinces? (v, zir411), is aHJbound.Hence gvenwhenusinga proxy for theconditionalmomens
to getaproxy z; for z; theresultanoptimally scaledboundremainsavalid lower boundto the
varianceof pricing kernels.

This robustnesgropertyis importantsince conditionalmomentsare notoriousy difficult
to estimatefrom the data. GHT (1990) proposeto usethe SNP methodto estimaé condi-
tionalmomens. The SNPmethodapproximateshe conditionaldensityusinga Hermiteexpan-
sion,wherea standardizedsaussiardensityis multiplied with a squaredgolynomal. In their
preferredmodel,the leadingtermis a linear vectorautorgressie (VAR) modelwith ARCH
volatility. In GHT’s application on stockand bond returns,the conditioning setis restricted
to containonly pastreturns,and SNP estimationmay be adequate.However, whenthe data
generatingprocesdor returnscontaingumpsor regime - switches,andinvolvesotherpredic-
tive variables,suchasdividendyields, or term spreadsit is not clearthatthe SNP approach
providesagoodapproximaion.® Therisk of over-estimatingthevarianceboundcanbeavoided
by applyingour method.

Givenanempiricalspecificatiorfor the conditioral momentspur "optimally” scaledoound
is as easyto implementasthe original Hansen-Jagannathdrounds,sincewe only needto
compue unconditicnal moments. For example,if we deemthe time-variation the conditional
meanto be moreimportantthanthe time-variation in the conditionalvariance we obtainvalid
boundsby justreplacingtheconditionalvariancewith theunconditonalvariance.Theresulting
boundwill notbeoptimalif theretruly is time-variationin theconditioral variance However, if
thetime-variation in conditionalvariancess minimal, it maystill besharpethanusingarbitrary
scaling.

3.3 Diagnostics

The fact that optimally scaledboundscomputedirom mis-specifiedcconditionalmomentsre-
main valid boundswhich are bestwhenthe true conditionalmomentsare used,suggestsan
interestiry applicationof our procedure We canusethe optimally scaledooundto diagnosehe
accurayg of competingmnodelsfor thefirst two conditicnal moments Thereareseveralwaysin
which mis-specificatiomf thetheconditonalmomens maymanifesitself. First,it neednotbe
the casethato?(v;r4.1) < o?(v; 2}'ri11). Hence,mis-specifiecconditional momentsmay re-
vealthemselesthroughpoorly performingoptimally scaledooundsrelative to the conditioral,
“naively” scaledor stacledoptimally scaledoounds.

SThereis more andmoreresearchhatrevealsthatsomeof the predictdle patteris detectedn returrs, evenin
linearsettingsmaybe spuriousfor oneexanple, seeKirby (1997).
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Secondandmoststrikingly, the HJ boundneednot be a parabolasinceits numeratotiis a
quarticin » andits denominato a quadraticin v. Thatis, mis-specificatiorshouldbe visibly
clear from graphingthe optimal boundand we will illustrate this behaior in the empirical
sectionbelow.

This reasoningalsomalesit possilke to develop a generaldiagnosic testfor thefirst and
secondconditionalmomentsof assetreturns® To develop sucha test,let’s revisit Corollary 1
in Section2.4. The optimally scaledboundcanbe written as A2 = B, whereB is the GHT
bound,and correctmomentspecificationimplies A = B. This suggests simple diagnosic
test. The GHT boundis a quadraticin v wherethe coeficientsare non-linearfunctionsof the
threeunconditonalmomens a, b, andd, definedabove. For the parabolaA to coincidewith B
for all v’s, it shouldbethe casethatits coeficientsareequalto the coeficientsin B. Re-write
A asE[fy; + foav + f30?], anddenotethe estimaed constants:, b andd by a, b, andd. It is

straighforwardto derie:
b _
fu = pi(ps + ) o+ —d,ut(,utﬂfg + %) 'py,
! I+Z 71 3 b
fu = —Nt(ut“f — dt) Bty + £ s = (s + 50 e,
for = _ Mgy 4 X0) " tren
2t 1 _ d

To testtheequalityof A andB, we usethefollowing orthogonally conditions:

[ ) (paagty + ) "y — ]
1y (pe iy + 3¢) oy —
g ="| p(papty +30) " e — d : (37)
P (pepty + B¢)” 17“t+1(1 —d) + (p(pesty +20) e )b — b
| (et + Se)regs — |

wherethefirst threeconditions estimateanddefinethe fundamentatonstantsthe fourth con-
dition is a re-write of E[fy] = —2b, including a re-scalingby 1 — d thatensureghatall or-
thogorality conditionsareof similar orderof magnitue andthefifth conditionis there-scaled
versionof E[fy] = d/(1 — d). TherestrictionE[fy;] = a + ?/(1 — d) doesnot yield ary
conditionalmomens restrictionssincereturnsdo not enterthis expressio.
Therearethreeparameterso be estimatedsothatthereare2 overidentifying restrictiors,
which can be testedusingthe usualstatisic 7'¢g/,.W g, where gy is the meanof g;, T is the
numberof obsenations,and W is a suitabk weighting matrix for exampk obtainedfrom a

6\We thankthereferee for stimulatingour thinking on thisissue.
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Newey - Westestimate(1987) of the inverseof the spectraldensitymatrix of g, at frequeng
zero.Notethatwhateverthedimensionaty of returnsthetestis alwaysax?(2) andcanbeused
to comparehe performancef non-nestednodelsfor thefirstandsecondconditonalmomens.
Of course,in a formal application,the samplirg errorin the parametergenerating:; and;
shouldbetakinginto accountin aGMM context, this canbe easilyaccompliskedemplgying a
sequentiaGMM procedureasin Bekaert(1994),Heaton(1995)andBurnside(1994).

Theeconomidntuition for thetestis straightforvard. In astandardinconditonal HJ frame-
work, the HJ bound,whichis the variability of the projectedpricing kernel,canbeviewedasa
guadratidorm in thedeviationsfrom risk neutralpricing (seeHanserandJagannathafi991)).
Let'sconsiderd: A = E[z;p;] — vE[z}r41]. If arisk freeasseexiststhanw is theinverseof the
risk freerateandA canbe seenasthe deviation from risk neutralpricing for the portfolio with
weightsz; (the optimally scaledportfolio), sincethe first termis the expectedactualprice and
thesecondermis therisk-neutralprice. Note thatthe portfolio weightsdo not needto addup
to one.B ontheotherhandis simply the variability of the optimally scaledportfolio andatthe
sametime the variability of the GHT kernel. If the scalingis donewith the correctmomens,
thevariability of the scaledreturnexactly equalsthe deviation of risk neutralpricing.

This suggest anotherusefuldiagnost statisic that could be usedto comparealternatve
models Onecould simply selecttwo economicallyrelevantv’s (v, andwv,, say)andcreatea
guadratidorm usingthefollowing orthogonaliy conditians:

g = Zt(vl)'pt - Ulzt(vl)'Tt+1 - B(Ul) , (38)
Zt(U2)'pt - U2Zt(U2)'7”t+1 - B(U2)
whereB(v;) is the GHT boundevaluatedat v; andz,(v;) is the optimal scalingfunctioneval-
uatedat v;. This statisticignoresthe samplng error in a, b, andd and the original model
parameterdyut canbeviewedasa distanceaneasurdo rankalternatve models.

To fully explore the propertiesof diagnositc testsbasedon the optimaly scaledboundis
outsdethescopeof thepresenpaper In ourempiricalillustration, we reportthetestdeveloped
in equation(37) above for a numberof different cases,ncluding caseswith simulateddata
wherethetruefirst andsecondnomentsmodelis known.

3.4 Relationto Fersonand Siegel(2000aand 2000b)

FersomandSiegel have two contemporaneouarticlesthatarerelatedto the presenpaper Fer
sonandSiggel (2000a)solve for unconditonally minimum varianceportfolioswhile usingcon-
ditioning information efficiently. They provide explicit solutiors for the portfolio weightsas
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a function of the conditicnal meansandvolatilities of the availableasseteturns,bothwhena
risk free assetexists andwhenit doesnot. Sincethereis a duality betweenHJ frontiersand
mean-standarddeviation frontiers, the Fersonand Siegel portfolios have somesimilarities to
our optimally scaledreturns,asFersonand Siegel notein a final section. However, thereare
alsomary differencesbetweenour respectre analysesso that our respectre articlesshould
really beviewedascomplementsatherthansubstitites.

First, the HJ boundsderived from the Fersonand Siegel procedureare not assharpasour
boundsbecausef therestrictionthatthe portfolio weightshave to sumto 1. To appreciatehe
potental effect of this restriction,considerthe extremecasewherea researcheexamines HJ
boundausingoneasseteturn(theequityreturnfor example)andmultiple instrumentgdividend
yields, default spreadsand short ratesfor example). One would imagine that conditionirg
informationshouldbeveryvaluablein increasingheHJbound but theFersorandSiegelbound
would equalthe unconditonal bound,sincethe conditionng informationis uselesswith only
onereturn,which forcesthe weightto be onefor all t. Secondthe optimality proofin Ferson
andSiegel basicallyguessesheright solution for the optimal portfolio weightandverifiesthat
it is correct,sono functionalanalysisis used. Third, Fersonand Siegel do not attemptto link
their resultsto the GHT optimalHJ boundandfinally, they assumehe conditioral momentgo
be correctlyspecified.

Whereasourfocusis mostly ontherelationbetweenGHT boundsandour optimally scaled
bound,Fersonand Siegel extensiely analyzethe form of the weight function. In particular
they provide extensie intuition onthenon-linearrelationbetweerthe optimalportfolio weight
andthe magnitue of the expectedreturn. In particular extremevaluesfor the expectedreturn
for a risky assetdecreasehe optimal weight on that asset,providing an interestingform of
conserativenesgo optimalscaling.This resultappliesto our boundgoo, sinceit dervesfrom
theinfluenceof the expectedreturnontheuncenteredecondnoment.

FersorandSiegel (2000b)is apurelyempiricalpaperthatprovidesusefulinformationabout
the small samplepropertiesof alternatve methodgo embedconditioring informationinto HJ
bounds They comparehenawely scaled multiplicative) boundsthe GHT bound,andabound
basedon their unconditioally efficient portfolios. Perhapshot surprisingly all boundssuffer
from significantbiaseghatincreasehe boundgelative to their true values.They concludethat
the parsimory of the Fersonand Siegel (2000a)boundsenhancesheir attractveressin small
samplesaindthatthey areoftencloseto optimal (thatis closeto the GHT bound).The analysis
in FersonandSiegel (2000b)alsoassumesorrectspecificatiorof the conditionalmomentsin
asensepur resultsstrengthertheir conclusionsincewe show thatthe useof optimally scaled
boundss robustto misspecification.
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4 Empirical Application

4.1 The Econometric Model

Let R: bethelogarithmof thestockreturn(i = s) andthebondreturn(; = b) andlet X, bethe
logarithm of grossconsumgion growth. Define

Y; = [X,, R, RY"

Hansenand Singleton(1983, henceforthHS) assumethat y; follows a vectorautorgressve
(VAR) processwith normal disturbances.HS then examire the restrictionsimposed by the
standardconsumpbn - basedassetpricing modelwith time-additve ConstantRelatve Risk
Averson (CRRA) preference®n the joint dynamicsof the variables.A critical assumptin is
thetime-invarianceof the conditional covariancematrix of ;. It is well known thatin thislog-
normalversionof theconsumpton-basedssepricingmodel time-variation in expectedexcess
returnsis drivenby thetime-variationin this covariancematrix. To accommodateredictability
in excessreturns,a naturalextensionof the HS framework is to allow for heteroskdasticiy
usingthe GARCH-in-Meanframework of Engle,Lilien andRobins(1987). Surprisingly apart
from anapplicationto internationaldata(Kaminsky andPeruga(1990)),thereis little work in
thisarea.Two reasonsnaybetheparameteproliferationthatoccurswith multivariateGARCH
modelsandthelack of heteroskdasticityin consumpbn growth (which maybe dueto atem-
poral aggreyation bias’). Neverthelesswe will usethis familiar framework to illustrate the
propertieof our “optimally scaledbound”.

Our specificatiorhastwo importantfeatures First, we imposea parsimonbusfactorstruc-
tureontheconditionalcovariancematrixinspiredby Engle,Ng andRothschild(1990).Second,
we allow negaive shocksto have a differenteffect on the conditionalvariancethan posiive
shocksthatis, we accommodatasymnetric volatility asin Glosten, JagannatéinandRunkle
(1993)andBekaertandWu (2000). Thepresencef asymnetryin stockvolatility is well known
butin apreviousversionof this paperBekaet andLiu (1998))we alsodocumentisymmetryn
the conditionalvarianceof quarterlyconsumgion growth. While it is intuitively plausiblethat
uncertaintyaboutfuture consumptio growth is higherin arecessiorthanin aboom,we could
notfind articlesin the businesgycle literaturethatdocumenthis phenomenonln the finance
literature,the available empirical evidenceis mixed FersonandMerrick (1987)reportU.S.
consumtgion volatility to be higherin a non-recessiosamplerelative to a recessiorsample.
KandelandStambauglt1990)find peaksn thestandardleviation of U.S.consumpton growth
to occuratthe endof recessionsr immediatelyafterthem.

’SeeBekaert(1996) for anelaboratim of this point
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For the multivariateset-up we begin by parameterizinginunconstrainednodel:

Yi=c 1 +AY, 1 + Qe (39)
where
Crt
Ct = Cst ’ (40)

ande;|I;_; is N(0, H;) with H, adiagonalmatrix wherethe diagonalelementsh,;;, follow
hiit = 6; + cihyy—1 + “iegit_1 + 7;(max(0, _6iit—1))2- (41)

If n; > 0, volatility displaysthe well-known asymnetric property The e;-vectorcontainsthe
fundamentashockgo the system.Theerrortermsof the systemarelinkedto e, through©;. A
parsimoiousfactorstructurearisesby assuminghat(2; is time-invariantanduppertriangular:

1 0 0
Qt =0 = f:cb 1 0 5 (42)
fws fbs 1

To furtherlimit parameteproliferation,we set f,, = 0 andlet the consump®n shockbe the
only factor Thisis consistentvith the standardcconsumptio-basedassepricing model,where
consumtion growth is the only statevariable.In addition, we set

Qp =Kp =1 = Qs = Kg =15 = 0. (43)

All the time-variatian in volatility of the Y;-systemis driven by time-varying uncertaintyin
consumgion growth. The covarianceof the errortermsbecomes

Et == QHtQ,. (44)

We denoteits elementsby o,;; with 4,5 = z,b,s. Sincethe consumpbn-basedassetpric-
ing modelintroduceslementof the conditionalvariance-cwariancematrix in the conditianal
mean,the unconstrainednodel shouldallow the conditional covariancematrix to affect the
conditonalmeanaswell. Thereforewe let

Cit = Uihzzt + ¢, (45)

wherei is eitherb or s. This simpleexpressiorfor the constanarisesbecaus®f the one-factor
structureof the conditional covariancematrix. The parametewectorto be estimateds

O = [VeC(A)Ia Cgy Cp, Cs, Up, Vs, fwba fws; 595, Qg Ky T 51), 55]1'
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Hence thereareatotal of 22 parameterandit is clearthatrelaxationof someof the parameter
restrictionswe impase would be stretchingthe datatoo far. This unconstrainesgnodelsenes
asanaturalalternatve to the modelconstrainedy theconsumpbn-basedssepricing model.
Let v bethe CRRA andlet g bethediscountfactor Themodelimplies

ER; 1] = —1/204 — 1/27*00at + V0iat + VEi[x141] — In B

If conditional variancesreconstantthetime variationin theconditonalmeanof asseteturns
and consumpbn growth is proportianal and the proportianality constantis the CRRA. The
restrictionalsoshaws therole of v asthe price of risk with the risk beingthe covariancewith

consumtgion. With our particularGARCH structure the modelfurther simplifiesto

Et[R§+1] = —(lnﬁ + 1/2hii) - 1/2(’)’ - fwi)Qhwwt + ’YEt[fUt+1]-

Note h;; doesnotdependont for i = b, s becausef equation(43). Our particularparameter
izationhasthe implicationthatincreasedincertaintyaboutfuture consumgbn growth always
decreasesxpectedreturns. This seemsat oddswith the datawherethe price of risk hasbeen
shavn to move countergclically. Themodeldoespredictthat,if shockgo returnsdependosi-
tively onconsumptio shocksanincreasedovariancewith consumpgbn will driveup expected
returns.Furthermorethe covariancewith consumptia increasesvhenconsumpbn volatility

increasedbecausef the factorstructure.However, this effect is swampedby the Jensers in-

equalitytermswhich dependchegatively on consumpbn volatility. As aresult,thiscomparatre

staticis notnecessarilyruefor grossreturns:

Et[exp(Ré+1)] = exp(—In 8 —v/2(y — 2fzi) huat + VE[T141]).-

Dependingon the relative size of the sensitvity to consumpion shocks, f,; andthe CRRA,
higherconsumpgbn volatility may now increasethe grossexpectedassetreturn. Empirically,
ourunconstrainednodelpotentally allows for a positive relationbetweerconsumptn volatil-
ity andexpectedog returnsandsowe cantestwhetherthis featureof the modelis a sourcefor
rejection.TherestrictedparametewectorO® containsl4 parameters,

@ = [Cm7 All, A127A13767'77 fa:ba fm575i7 g, Ky, 779:]', ,i =, b, S.

4.2 Dataand Estimation Results

Our consumgion measuras the sumof percapitarealnon-durablesndservicesconsumptia
in theUS. Thesedataweredownloadedrom DATASTREAM. Thestockreturnis the quarterly
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value- weighteddividend-inclusre index returnon the NYSE, takenfrom Whartons web site

(http:/wrdsx.wharton.penn.edu)Theinterestrateis theU.S.3 monthTreasunyBill ratetaken

from the FederalResere web site. We usea dataseton weekly secondarymarket rates(av-

eragef daily) andusethe rateclosesto the endof the month. All datarun from the second
guarterin 1959to theendof 1996.

Table1 shaws the resultsfrom the unconstraine@stimatio. Despitethe presencef very
large coeficients on the GARCH-in-meanterm, consumgion growth andbond returnsshav
strongautocorrelatiorasthey do univariately. Althoughthe standarderrorsfor the GARCH-
in-meancoeficientsseemvery small, they shouldbe interpretedvith muchcaution. Standard
errorscomputedrom the cross-productf thefirst derivativesof thelikelihood arequite large
andmoreadequatelyepresenthe uncertaintyregardingtheseparameteestimatesin fact,the
likelihoodfunctionis very flat with respectto theseparametersanda numberof locals exist
wherethe GARCH-in-meanparametersrein factpositive. This is not thatsurprisng. Much
work on GARCH-in-mearmmodelsfor stockreturns(seeBekaet andWu (2000)for a surney)
hasstressedhe weaknes®f a positive relationbetweenstock returnvolatility andits condi-
tional mean. In this model,stockandbondreturnsarelinkedto consumptia volatility which
in turn drives assetreturnvolatility. The much smallermagnitudeof consumptio volatility
relative to stockreturnvolatility explainsthelarge coeficientswe find relative to the GARCH-
in-meanliteraturefor stockreturns.Whenwe estimatea univariate GARCH-in-mearmodelfor
stockreturnswe find a GARCH-in-mearparameteof 6.29with a large standarcderrorof 5.23.
Notethatthereis virtually no GARCH in thevolatility dynamicdut strongasymnetry with the
coeficient on positive shocksbeingslighty negative. This is somavhat problematt sincethe
conditionalvariancemaytheoreticallypecomenegative althoughit never doesin sample.

The constrainednodel(seeTable 2) is not surprisirgly rejectedby a likelihood ratio test.
The x? teststatistt is 75.32with a p-value of 0.000(thereare 8 restrictions). The CRRA is
estimaedto be 14.675andthe discoun factor 8 is 1.071. Although the latter is above 1, we
know from Kocherlalota’s (1996)work thatthe economyremainswell definedandin factour
parameteraluesarequite closeto the oneshe usesto explainthe equity premiumpuzzle.The
estimaton resultsrevealthatthekey parametethemodelattemptgo matchis theautorgressve
coeficientin the bondequationwhich is almostperfectlymatched.Giventhe proportionaliy
restrictionsimposed by the model on expectedreturns,this causesa badfit for both stock
returnsand especiallyconsumpin dynamics. Becausehe GARCH-in-Meanparametersre
pretty similar, andareimpreciselyestimaed, it is very likely thatthe modelrejectionis driven
by this phenomenon.
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4.3 The HJ Bounds

This sectionillu stratesthe performanceof our optimally scaledboundalongthe threedimen-
sionsthatwe discussedh section3: efficiency, robustnesanddiagnosts.

The settingis the log-normal modelfor stock and bond returnsand consumpin growth
estimaed before. Themodel,in its unconstraine@ndconstrainedorm, yieldstwo candidates
for the computatio of the conditionalmonmentswe needin derving the optimally scaledand
GHT bounds We will alsousethesemodelsasdatageneratingorocesses simulatons. Sim-
ulatiors both sene to illustratethe effect of mis-sgecificationswherethe conditionalmomensg
are known, andto help interpretdataresultsthat may be sensitve to samplng errorin our
shortsample.Simulatbnsuse10,0000bserations® Table3 providesa completeguideto the
Figureswe produce.Importanty, we alwaysfocuson both stockreturnsandbondreturnsand
nawve scalingusesthe pastbondandstockreturnsasinstrunentsfor bothreturns.

4.3.1 Efficiency

Figurel usesthe unconstraineanodelfor the conditional momentsin the computation of the
GHT andoptimally scaledbounds.Two resultsstandout. First of all, the differencebetween
theunconditonalandscaledboundsevealsconsiderabl@redictabiliy. Themainsourceof the
predictabilty is theautorgressve componentn bondreturns.Secondthe differencebetween
the variousscaledboundsis small, but the arbitrarily scaledboundis even somevhat sharper
thanthe optimally scaledandGHT bounds.This canbe dueto eithermis-specificatiorof the
conditional momentsor chance(samplingerror). In ary case for this particularexample,the
nawve scalingmethodsufficesto geta sharpvalid bound.

To examinethis issuecloser we first producethe samegraphsfor along simulatedsample
from theunconstrainedhodelin Figure2. As shouldbethecasethe GHT andoptimally scaled
boundsarenow ontop of oneanotheranddominatead-hocscaling,but only slightly. In other
words,in aworld wherethe unconstrainednodelgenerateshe data,naive scalingwill closely
approxinatetheefficientuseof theconditioninginformation. In fact,sinceour modeldescribes
thedataratherwell, the dominanceof the navely scaledboundin Figure1l maybe simply due
to samplingerror, which we confirmedby performingsimuationsusing151 datapointsonly.

It is no mysery why the useof thetrue conditionalmomens addslittle in this setting.The

8We simulate10,100 obsenations but discardthe first 100 obsenations to redwce depemlenceon initial con-
ditions. Suchdepemnlenceis unavoidablein the grapts usingshortsampledata. Our sampleestimateof the HJ
boundsmayalsobe subjectto thefinite samplebiasdoamentedn FersonandSiegel (2000b), but the nunberof
asseteturrs we useis muchsmallerthantheirs.
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featureof the datathat arbitrary scalingwould mostlikely fail to captureis the GARCH-in-
meanfeature,which happengo be weakin quarterlydata. The importanceof optimalscaling
in generatingsharperHansen-Jagannathd&mmundsis likely more dramaticwhen strongnon-
linearitiesarepresent.

4.3.2 Diagnostics

In Figure3, which usesthe constrainednodelto generateahe conditonalmomens, againtwo
resultsstandout. First, the stacled optimally scaledboundgets pretty closeto the navely
scaledbound,despitethe mis-sgecificationof the conditianal moments. Of course,the con-
strainedmodel managego reproducethe mostimportantaspectof the predictabilit, namely
the autorgressve componenin bondreturns,so this resultis not so surprising What may
strike somereadersas surprisingis the secondmain fact: the optimally scaledboundis nota
parabolaAs weindicatedabove,if themomentsarecorrectlyspecifiedt oughtto be. Sincewe
know the modelis rejected the optimally scaledboundsseemto provide a striking alternatve
specificatiortest. Of coursejt is againpossiblethatsomequirk in the constrainednodelcou-
pledwith samplingerrorgeneratethisresult. Thisis notthe case Figure4 usesdatasimuated
from the constrainednodel. Sincethe modelfor conditional momens is correctlyspecifiedin
this case we now do obtainsmoothparabola.We alsoproducedheseboundsfor a numberof
simuatedsampleof length151andnever foundthe same’strange”behaior.

To illustrate the diagno$ic power of the optimally scaledboundmore starkly, we canuse
simuationsandour two datageneratingorocesse$o generatanis-gecifiedbounds Figure5
usedatasimulatedrom theunconstrainedhodel,but theconditionalmomens areerroneously
generatedrom theconstrainednodel. Figure6 reversesherolesof theunconstrainedndcon-
strainedmodel,generatinglatasatisfyng the constrainednodeland compuing the optimally
scaledboundusingmomentsaccordingo theunconstrainedhodel.In bothcasestheoptimally
scaledandnaiely scaledboundsarecloseandthe boundsareuniformly higherwhenthe data
satisfythe unconstrainednodel(thatis, the constrainednodelmissessomeof the predictable
componerdtheunconstraisd modelgenerates)Strikingly, in bothcasesthe optimally scaled
boundshaws non-parabolibehaior nearthetroughof thegraph.

Finally, Table 4 producesthe diagnostt testof section3.3 (seeequation(37)), ignoring
the samplirg errorin the original parametershut taking the samplingerror in estimaing the
a, b andd constantdnto account. All testvaluesare x?(2) andthe p-valuesarein between
parenthesedMNefirst producethetestfor thedata,bothwhenthe constrainedndunconstrained
modelareusedto computethe conditionalmoments. Thetestrejectsthe constraineanodel,as
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did thelikelihoodratio test,atthe 1% level. However, thediagnostidestalsoprovidesatestof
thefirst and secondmomentspecificationembededn the unconstraineanodel. Herethe test
failsto rejectwith a p-valueof over 90%.

Oursimulatedsamplegrovide a controlledernvironmentto examinethe performancef the
test. We consider4 casessimuating from eitherthe constrainedr unconstrainesnodeland
compuing the momentsaccordingto eitherthe constrainear unconstrainednodel. Given the
sizeof thesimuatedsampleg10,0000bsenations),we expectto rejectwhenthe momentsare
mis-sgecified. Thisindeedhappensvith verylargetestvalues.Whenthemomentsarecorrectly
specifiedwe do not rejectin bothcasesWe concludethatthetestbehaesreasonablyandthat
the unconstainedmodelprovidesa gooddescriptionof the first andsecondnomentsof bond
andstockreturns.

4.3.3 Robustness

We have sofar notfocusedonthe GHT boundsvery much.Generally optimally scaledoounds
do not performmuchworseor betterthanthe GHT bound. Moreover, our simuationsreveal

thatthe GHT boundsquite often over-estmatethe varianceof the true pricing kernel. A first

exampk is in Figure 7. In Figure 7, we generatedatafrom the unconstrainednodel. We

shav two GHT andtwo optimally scaledbounds oneboundusesthe actual,true conditianal

momnents,the other mis-sgecified momentsfrom the constrainednodel. Whenthe momensg

aremis-specifiedthe GHT boundgenerates$oo high valuesfor the boundson the right-hand
side. Whenwe reversethe roles of the unconstraineénd constrainednodelsin Figure8, a
similar phenomenomppearsThistime,the GHT boundover-estimagsatthe left handsideof

the graph. The optimally scaledboundnever exceedsthe true GHT boundbut managedo be
guite closeto it. Importantly whenthe momentsare mis-specifiedthe optimal scaledbound
remainsbelow thetrue boundsandthe mis-sgecificationshavs up in non-parabolidehaior of

thebound.Thelatteris particularlyapparentn Figure8.

5 Conclusions

With the continuednterestof thefinanceprofessionn theuseof (unconditionalHJboundson
the one hand,andthe growing evidenceof time-variaion in conditionalmeansandvariances
of assetreturnson the otherhand,it becomesmportantto optimally incorporateconditionirg
information in thesebounds.Our paperprovidesa bridge betweenthe insightful but complec
analysisof GHT (1990),andthe simple but sub-optinal practiceof arbitrarily scalingof re-
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turnswith instrumentsthatpredictthem. The advantageof the latterapproachs thatit always
producesvalid boundgo thevarianceof the pricing kernel,whereaghe GHT boundmay over-
estimae the varianceof the pricing kernelwhenthe conditioral momens are mis-specified.
In this article, we derive the bestpossibé scaledbound,the optimally scaledbound. As does
the GHT bound thisboundrequiresspecifyingthe conditional meanandvarianceof thereturns
andwe shav thattheoptimally scaledboundis asgoodasthe GHT boundwhenthesemomens
arecorrectlyspecified Whenthey aremis-specifiedur boundis robust,in thesensedhatit will
alwaysproducea valid boundto the varianceof the pricing kernelsinceit is aHJbound.

Thereare potentially mary interestingapplicationsof our framework. First, the bounds
canbe usedto re-examinethe predictabilityof assetreturnsandto examinewhich instrumens
yield the sharpestestrictionson assetreturndynamics.In our applicationhere,usingthe op-
timally scaledbounddoesnot sharperthe boundsdramatically However, Fersonand Siegel
(2000b)shav caseswvherethe efficient useof conditining information substanally increases
theefficient volatility bound.

Secondthe boundscanalsoyield informatian on expectedreturnandconditionalvariance
modelng and sene as a diagnostt tool to judge the performanceof dynamicassetpricing
models Thereasons thatthe optimal scalingfunction dependson the conditicnal meanand
conditional varianceof thereturnsandthatthe resultingHJ boundis bestwhenthey represent
the true conditional moments.We usethis propertyof the optimally scaledboundto develop
a GMM-basedspecificationtestfor the first and secondnomentsput muchmoreneedso be
done.We ignoredthe samplingerrorin the parameteestimate®f the original models anddid
not examinethe smallsamplepropertiesof thetest?

Third, usingthe duality with the mean-ariancefrontier, the optimally scaledboundcan
be usedin dynamc modelsof optimalassetllocationthat seekto maximze anunconditional
mean-ariancecriterion. Fourth,theboundscouldbeusedin developing performanceneasures
for portfolio managerslin the standardnean-arianceparadigmthereis norole for a portfolio
managersincethe optimal portfolio weightsare fixed over time. In a dynamc setting,with
changingconditianal information, the role of the portfolio manageiis to adjustthe portfolio
weightsaccordingto thearrival of information,preferablyoptimally.

9SeeHansenHeatonandYaron(199%) for a studyof the small samplepropertiesof GMM estimators.
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6 Appendix

Proof of proposition 1. The problemwe would liketo solveis

. (Elzipe — v2y1141])?
S ; =8 '
up o (v; Z47141) up E[(2ir441)2] — E2[2iri41]

This is a well definedproblemsinces?(v; zjr;11) is boundedfrom above by the GHT bound

0% yr(v) andfrom below by 0. Notethat

Elzp:] = E[f'(y:)pe],
E[Zértﬂ] = E[f,(yt)rtJrl] = E[f’(yt)ut],
E[(27e41)°) = ELf' () Eelrerary 1) f (9] = EIf (98) (merts + Ze) £ (92)],

wherey; and, arethe conditionalmeanand conditional varianceof the returnrespecitiely.
Sotheabove problemis reducedo the problem(we omit the subscriptt in thederivation),

(Bl(p — v) F(1)))? (46)

7o) BU () (! + ) ()] — B2 ()]
where
Ef(p—vp)'f(y)] = / (p —vp)'f(y)p(y)dy, (47)
B ) + D)) = [ )+ D5 w)plo)d (48)
BP0 = [ W i@ (49)

wherey is a multi-dimensimal vectorand p(y) is the multi-variatedistribution function of y.
Thisis avariation-like problemandwe adaptthe calculusof variationtechniqueo solweit. Let
g(y) = f(y) + eh(y), wheree > 0, thefirst ordercondition with respecto e gives
[ (p—vp)'h } _E [(f’(uu’ +3) —E/f]W)'h
El(p — vp)'f] E[f'(u' + ) f] = B[ f1]°

wherewewrite f or h insteadof f(y) or h(y) wheneerthereis no confusion.Thisimpliesthat

Vh,

p—op) (' +35)f—Eflp (50)
E[(p—vp)f]  E[f'(u +2)f] - B[ f]

Note that the probability densityfunction p(y) of y doesnot appearexplicitly. Solvingfor f
from equation(50), we obtain:

E[f'(up' +X) f] — B[y f]
E[(p — vp)' f]
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This completeur solutionfor thefunctionalform of f(y), sincethe expectation®ntheright-
handsideof (51) only dependon y throughsomeconstantparameterstepresentingincondi-
tionalmoments Hence we obtain,

f= (' + )" (ap+ Ap),

wherea and )\ are constants Further notethatthe scalingby a constandoesnot changethe
Hansen-Jagannath bound,sowe cansolwve f only up to a constant.We canthuslet o = 1.
With thefunctionalform of thescalingfactorknown, we candetermindgheconstant\ (notethat
—Xisw in equation(10)) by solving a standardnaximizatia problem(insteadof a functional
problem):

(Ellp — o) (' +3) " (p + Ap)])?

P 90N) = I e a + 5) 1o + )] — Bl g + D) o4 o)) OO
Sowe have
_ (@ — vb+ \b — \vd)?
9N = (a + 2X\b + A2d) — (b + Ad)? )
where

a=E[p'(m'+%)'p],
b=E[p'(u' + %) ul, (54)
a=E [y (' +X)" pl.

Now we canjustusethestandardirst orderconditionsto determine\. Thefirst orderconditian
in A gives

2(a — vb+ Ab — Avd)(b — vd)
" (a+ 2\ + 22d) — (b+ Ad)?

2(a — vb+ Ab— Avd)?(b+ Ad — (b + A\d)d)
- ((a + 2Xb+ A2d) — (b+ Ad)2)?

0

(55)

(56)

Factoringout (a — vb + Ab — Avd) (thisis notaproblembecause\ = 2-¢ is aminimumsince
it leadsto o3 55 (v) = 0), we have

(b —vd)((a+2Xb+ X’d) — (b+ Ad)®) — (a — vb+ b — Mvd) (b+ Ad — (b+ Ad)d) = 0.

Solvingthis equationgives




Sotheoptimalscalingfactoris
2z = (papty + 0) (Do + Apae)- (57)

andthe optimalscaledasseis
i = (o4 ) (gt + 30) " e (58)

Substititingtheoptimally scaledeturnsinto equation(7), we obtaintheoptimally scaledbound

. a— ad + b* — 2bv + bv?
s = 0203 5're) = L (59)

We shouldremarkthattheabove formulasconstitite solutiors to thefirst orderconditionwhich
is only anecessargondition for optimality. We needto verify thatthe solutian is a maximum
We canarguethatthefirst orderconditionis sufficientin the following way. Notethatin the
problemof equation(46),

oy (Bl = v @)
6 B ) + )7 ()] = Bl

is homogeneousf degreezeroin f(y), soit is equivalentto the problemt®:

inf B[/ (y)(up' + 3) ()] = E?[f'(y)u]

st. (E[(p—ow) f(y)])> =1.

BecauseothE[f'(y) (uu' + %) f(y)] and (E[(p — vp)' f(y)])* arecorvex in f(y) andthereis
interior point, thisis a corvex programmingproblemandthereis a minimum. In fact,onecan
easilyverify thatthe solutionis the onewe obtainedabove.

Proof of proposition 3. Note thatthe pricing kernelwritten in termsof scaledassetdormed
usingr., andz;r,, canalwaysbewrittenaszir,., for somez;. Sowe have

2( 0. ! _ 200, _ 2 (pye ¥
max o (v; rey1, 2,7141) = Max o (v; 2r441) = max o (v; 2 Teg1)-
zt€ly 2€ly 2 €1

But
2( .. %l 2( .. */
o7 (v; 27'r41) < 0%(V5 e, 21 e )-

Combinng the above two expressios, we get

02(7); Tip1, 2 Tey1) = 02(7); 2 Te41)-

10we would lik e to thankDarrell Duffie for suggestinghis proof
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Tablel: UnconstrainedlGARCH-In-MeanModel

Equdions Coeficients
Constant X1 Ry, Ri
X 0.00295 0.361 -0.29 0.08
(0.00047) (0.33) (0.22) (0.0®)

R 0.0055516265h,,;  -0.198 0.738  -0.002
(0000%)(0.00007  (0.031)  (0.087) (0.03)

R} 0.0188-5802h ;¢ -1.734 1.029 0.077
(0.0083)(0.00() (0.005) (0.014)  (0.03%)
Constant a; K i
hi1t 0.00019 -0.265 0.0M8 0.2705
(0.000018 (0.007)  (0.788) (0.046)
haay 0.00014 0 0 0
(0.000002
h3st 0.066134 0 0 0
(0.00103)
f2p=-0.0664 fzs=3.182
(0.1425) (0.0(B)

Notes: The mocel estimateds describedn equatioms (39) to (45). Standad er
rorsarein parethesesandarerobustto mis-specificatiorof the errordistribution
in the senseof White (198). Parametewalues without standarderrors reflect

constrainegbaraneters.
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Table2: ConstrainedsARCH-In-MeanModel

Equatiors Coeficients
Constant X1 RY R,
X 0.0 -0.018 0.0  0.00a
(0.0005) (0.005) (0.0B) (0.0003)

RY 0.063-13B.97h 44+ -0.264 0.7  0.00¢
R} 0.0@®1-82086h ;¢ -0.264 0.7  0.00¢

= 14.675 /= 1.071
(0.0376) (0.0082)
Constant o; K; ;
hi1g 0.000022 -0.0652 0.0 0.39(0/
(0.000006 (0.0D8)  (0.00) (0.0876)
hooy 0.000013 0 0 0
(0.000002
h33t 0.006457 0 0 0
(0.001009
fob=-0.0B77 f2s=1.847
(0.0813) (0.0872)

Notes: The mocel estimatedimposesthe following constrain on the uncan-
strainedmodé repotedin Tablel:

. 1 1 .
Ey [Riy,] = —(log B + §hiz‘) -3 [y = fail” hoot + VB [Xi11]

Thetablerepots all parametes, includng paranetersconstraied by the model.
Roluststandarcerras arein parettheses.
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Table3: Guideto Figures

FigureNumker DataGeneréing Process Model for (u;,%;) lllustration

1 Data uc Efficiengy

2 Simluation,UC (6{0) Efficiengy

3 Data CO Diagnostic
4 Simluation,CO Cco Diagnostic
5 Simluation,UC Cco Diagnostic
6 Simluation,CO uc Diagnostic
7 Simluation,UC uc/Cco Rolustness
8 Simluation,CO uc/Cco Rolustness

Notes: The datageneating processcolumnrecord the origin of the datain the
constructio of theoptimally scaledandGHT bourds: actualdata("data”), simu-
lateddatafrom eithertheuncmstrained”simulation UC"), or corstrainedmockl
("constraired, CO”"). The simulatedsamplesare of length 10,00. The Model
columnrecorda eithertheuncorstrained”UC”) ortheconstraied("CO”) model.
Thelastcolumnidentifiesthe praoperty of the optimdly scaledbourd the Figure
purpats to illustrate. Figuresl to 6 graph the uncaonditional bound, the naively
scaledbound theoptimally scalecbourd, thestacledoptimally scalecbourd and
the GHT bouwnd, usingboth stockandbondretums. For the scaledbounds, the
instrumetts arethe pastretunsfor bothretuns. Figures7 and8 gragh the GHT
bourd andthe optimally scaledbowundsputtogetherononegragh.
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Table4: Diagnostc Test

UncorstrainedModel Constrainedodel

Data 0.117 14.97
(0.9433) (0.0006)
Simulated 51019 0.58
(Constraied) (0.0000) (0.762)
Simulated 1.77 761.%
(Uncanstrained) (0.4128) (0.0000)

Notes: This table producesthe diagnatic testpropasedin section3.3 for 6 dif-
ferentervironmerts, depending on which modds wasusedto constret the con-
ditional momerts (unconstrainedrersusconstraied) andwhich datawere used
(actualdata,a simulatedsampleof 10,0® obsenationsaccordng to the uncan-
strainedor constrainednodel) All statisticsare x2(2) distributedandp-values
arein parertheses.
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Figurel: Hansen-Jagmatharbourdsfor real datawith corditional momerts calculatedrom the uncorstrained

mockl.
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Figure2: Hansen-Jagmatha bourds for simulateddataaccordng to the uncorstrainedmocel with corditional

monentscalculatedrom theuncorstrainedmodé.
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Figure 3: Hansen-Jagmattan bowndsfor real datawith condtional moments calculatedfrom the constrained

mockl.
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Figure 4: Hansen-Jagnnatlan bourds for simulateddataaccordiny to the constrined model with corditional

monentscalculatedrom the constrainecnode
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Figure5: Hansen-Jagmatha bourds for simulateddataaccordng to the uncorstrainedmocel with corditional

monentscalculatedrom the constrainecmodé.
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Figure 6: Hansen-Jamnnatlan bourds for simulateddataaccordiny to the constrined model with corditional

monentscalculatedrom theuncorstrainedmodé.
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Figure7: Hansen-Jagmatha bourds for simulateddataaccordng to the uncorstrainedmocel with corditional
momentsfor "optimal stacled” and”ght” calculatedrom the uncorstrainedmodé andconditioral moments for

"bptimal stacled-n{ and”ght-m” calculatedrom the constraied mocel.
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Figure 8: Hansen-Jagnnatlan bourds for simulateddataaccordiny to the constrined model with corditional
momentsfor "optimal stacled” and”ght” calculatedfrom the constrined model and corditional momerts for

"optimal stacled-re’ and”ght-m” calculatedrom theuncastrainednodel.
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