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SOLE: IU~Kll IC:? RESULTS ON EXACT COSSULEK ' S SUlIP1,US 

by 

W. Clich.~el Hanexann 





Sone F u r t h e r  R e s u l t s  on Exac t  Consumer 's  S u z p i ~ ;  

By W. Michael  Hanemann* 

I n  h i s  r e c e n t  p a p e r  J e r r y  Hausman a r g u e s  t h a t  t h e  enormous i n t e r e s t  

a r o u s e d  by Rober t  l i ' i l l i g ' s  p a p e r  on a p p r o x i m a t i o n s  t o  t h e  compensat ing and 

e q u i v a l e n t  v a r i a t i o n s  f o r  a  s i n g l e  p r i c e  change h a s  t e n d e d  t o  o b s c u r e  t h e  

f a c t  t h a t  i n  many c a s e s  e x a c t  measures  o f  t h e s e  w e l f a r e  c o n c e p t s  c a n  .- 

r e a d i l y  be  o b t a i n e d .  I n  p a r t i c u l a r ,  he d e r i v e s  e x a c t  fonnu1.a~ f o r  t h e  

compensa t ing  v a r i a t i o n  i m p l i e d  by a n  o r d i n a r y  demand f u n c t i o n  which 

( i )  e x h i b i t s  c o n s t a n t  p r i c e  and income e l a s t i c i t i e s ,  ( i i )  i s  l i n e a r  i n  

p r i c e  and  income, o r  ( i i i )  i s  q u a d r a t i c  i n  p r i c e s  and  a l s o  i n  income. Using 

some examples  h e  a r g u e s  t h a t  t h e s e  e x a c t  measures  may d i f f e r  by a n  o r d e r  of  

magni tude from c o n v e n t i o n a l  M a r s h a l l i a n  measures  of  consumer ' s  s u r p l u s  o r  

deadweight  l o s s .  I made s i m i l a r  p o i n t s  i n  my own p a p e r  and devel.c>ped t h e  

same f o r m u l a s  f o r  the  compensa t ing  v a r i a t i o n  i n  c a s e s  ( i )  and ( i i ) .  Here I 

w i l l  p r e s e n t  f o r m u l a s  f o r  some o t h e r  demand f u n c t i o n s ,  n o t  ment ioned by 

Hausman, which a r e  commonly used  i n  e m p i r i c a l  demand a n a l y s i s .  These w i l l  

be  compared w i t h  t h e  c o r r e s p o n d i n g  f o r m u l a s  f o r  M a r s h a l l i a n  consumer ' s  

s i i r p l u s  . B e f o r e  p r e s e n t i n g  t h e s e  r e s u l t s  , P.,n:cver, I w i l l  r e v i e w  tinusman's 

approact1 and e x p l t i i n  i t s  r e l a t i o n  t o  t h e  st:&-:l;ird e x p o s i t i o n  o f  i ' - ~ c o g r a b i l i t y  

i.\:~:ary ~ 

1.. I n t e g r a b i l i t y  ' L t  c:,-b . . i c jues  

Le t  x i ( p ,  y)> i :: 1, . , . *  N be a kc;:.,l :t of  o r d i n a r y  d ~ ! ~  .. 1 ' - suc t ions ,  

. . , r c  p  is a v c c t o ;  ; i f  1: (r;on-normalized) ;I<:.-!: ,  and y  i s  iloi:cy i:.: '-,;:. I 

: . , : . ~ n e  t h a t  t h e s e  dc.-:.ird i i i n c t i o n s  a r e  e ~ i c l :  'i-:l,;:ei!eous o f  de:;i-<': / l - i i  i n  

;ri~;es and i n c o n e  arid i;::tisfy t h e  adding-ci- c o f i d i t i o n ,  Epixi = y .  s t a n d a r d  



textbook accounts of integrability- for example, Angus Deaton and John 

Muellbauer, pp. 49-50-  cnphasize the role of the system of K prirtial 

differential equations 

whose solution, the income compens~tion function, ~(p), satisfies the initjal 

condition p(p*) = y*. The income con~pensation function is the key tool of 

integrability theory. From it one can construct the indirect utility function, 

v(p, y), and the expenditure function, e(p, u), in terms of which the 

compensating and equivalent variations are defined, as well as the direct 

utility function, u(x). 

However, because the ordinary demand functions x.(p, y) possess the 
1 

homogeneity and adding-up properties, the system of equations (I) can be 

reduced to an equivalent system of ( S -  I )  partial differential equations 

- 
r e  x ( , w )  i;- 1, . . . N -  1 are norrialized ordinary demand functions; their 

1 

- argriclents are the (K-1) relative prices, r. = pi/pN, i = 1, . . . , N -  1, and 
1 

relative income, w 5 y/p?;.' The solution of (2), denoted i(n), satisfies the 

- 
initial condition &:("-*) ' w*. From it one can construct the nornnlized 

.. 
in2'rict utility functioir. v(.;r, w), and the n s r - , . : l i z e d  expenditurc ii:rtion, 

- - - 
( 7 ) .  The pairs of i~,.v:iuns ~(p), p ( ~ )  a::? ;:(;>, u), e(~,u) s:n!i-:, Euler's 

~. 
ri:l:.r I O V I  for horoger~nus i;:r:;Eions: ~ ( p )  : p:: ' , (p,/pN, . . . pX-, . :. ! and 

- 
, ?!) :r p 

N e(p1!PP;' . . . , pN-l/px, u) . Ti!!. . , :is an alternative i t -  

.. . iL.\:: ly, one can solit: i ' ?  so:,-:..-;: the system (!) i i : i i  i;l:faining e(p, U )  .Ii 

. . 
S , - ~ : F ~ ~ . : .  _ I  - (2) and then : ippl  j r . ~ !  er 'S relation 

%:LC inatheiz;~tic;:l ir::;.:rability condition:: a r e  required in order for the 



sys tems  ( 1 )  and (2)  t o  p o s s e s s  a s o l u t i o n .  These i n v o l v e  a  r e g u l a r i t y  

c o n d i t i o n  on t h e  demand f u n c t i o n s  and t h e  syametry  of  t h e  S l u t s k y  t e r m s .  

I n  t h e  case of  t h e  s y s t e m  ( 2 ) ,  t h e  r e g u l a r i t y  and symmetry a p p l y  t o  t h e  

normal ized  dcmand f u n c t i o n s  

(3 )  
axi - a;. 3 % .  a x .  
- .  - -2 

= +  Xi aw i, j = 1 ,  * .  ., N - 1 .  a n .  
3 J i 

I n  t h e  c a s e  o f  s y s t e m  ( I ) ,  t h e  r e g u l a r i t y  and s y m e t r y  a p p l y  t o  t h e  

non-~ io rmal ized  demand f u n c t i o n s ,  x i ( p ,  y). Given c h a t  p  2 0 ,  t h e  one  s e t  
N 

of  c o n d i t i o n s  i m p l i e s  t h e  o t h e r ,  There  a r e  a l s o  what Leonld Hurwicz c a l l s  

economic i n t e g r a b i l i t y  c o n d i t i o n s  on t h e  s y s t e m s  (1) and ( 2 )  which e n s u r e  

t h a t  t h e  u n d e r l y i n g  u t i l i t y  f u n c t i o n  is quas i -concave .  These i n v o l v e  t h o  

n e g a t i v e  s e m i - d e f i n i t e n e s s  o f  t h e  S l u t s k y  t e r m .  I n  t h e  c a s e  o f  t h e  sys tem 

( 2 )  t h e  c o n d i t i o n s  are 

For t h e  s p e c i a l  c a s e  where N =  2 ,  hoi iever ,  t h e  m a t h e m a t i c a l  i n t e g r a b i l i t y  

problem c a n  alLwax be  s o l v e d  w i t h o u t  imposing any c o n d i t i o n s  on t h e  demand 

f u n c t i o n s  b e s i d e s  r e g u l a r i t y ,  homogeneity and t h e  adding-up p r o p e r t y .  Th i s  

was p o i n t e d  o u t  by P a u l  Samuelson i n  t h e  c o n t e x t  o f  t h e  i n r e g c a b i l i t y  o f  

t11e i n d i r e c t  nori.:;!lized demand f u n c t i o n s ,  :<hich i n v o l v e s  a  syi::;r,: a£ p a r t i a l  

d i f f e r e n t i a l  eq l ix t i ,> : : s  d u a l  t o  ( 2 ) .  I n  ti,.: c o n t e x t  o f  d i r e c t  i : ~  . : : r a b i l i t y  

't. c a n  be  s e e n  i : ~  ti;. ::nys. Any p a i r  01 1 ~ - , - - i ? c r m a l i z e d  ordin-.:-: ;'.,-:::~nd 

. . " # ,  . - . . , . - t ions  p o s s e ~ s i i ; ~ .  c i ~ e  homogeneity and ..:.'L:I~-up p r o p e r t i t , ! :  . .? .  s a t i s f y  

LI..> non-norna! i :r::(i %::;sky syii,.metry c:ar~:! i : l . ,c  ( s e e  Donni? Kit- 5 - .  p. 6 8 ) ,  

. ? !c reEore ,  t h e  p:ii:: .!- p a r t i a l  d i f f c r e r t i - : l  i > q ~ i a t i o n s  i n  (1 )  , : t i ,  p 9 s s e s s  

;I s o l u t i o n .  i i l t c r r , . i t l ; . e ly ,  when N = 2 t i t i :  :;?::tern ( 2 )  c o l l a p s e s  t: :? s i n g l e  

i l r d i n a r y  d i f fc re r : :  (.!.I i ,qnnt ion;  t i le  reg~!l:rt-i:y c o n d i t i o n  on ?!ti: : . ~ > r i a l i z e d  

- ,, - . ,.cn,ind furre t ion x! w) e n s u r e s  t h s t  ii;i:; c ! i f f e r e n t i n l  eqti:ii1,>:; p o s s e s s e s  



a  s o l u t i o n .  Thus,  when W =  2 t h e  u t i l i t y  f u n c t i o n  can  a lways  be  recovered  

f rom t h e  o r d i n a r y  demand f u n c t i o n s  e i t h e r  by s o l v i n g  t h e  s y s t e m  of  two 

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  (1) o r  by s o l v i n g  t h e  s i n g l e  o r d i n a r y  d i f f e r -  

2 
e n r i a l  e q u a t i o c  ( 2 )  and a p p l y i n g  e u l e r ' s  r e l a t i o n .  Textbook examples 

of  i n t e g r a b i l i t y  f o r  t h e  c a s e  where 5 =  2 ,  such  a s  Karl-Goran Maler ,  

pp. 123-25, g e n e r a l l y  a d o p t  t h e  f i r s t  approach .  The second a p p r o a c h ,  which 

i s  somewhat s i m p l e r ,  i s  t h e  one  t h a t  Hausman a d o p t s .  The d i s t i n c t i o n  

be tween  t h e s e  two approaches  i s  o n l y  i m p l i c i t  i n  h i s  p a p e r  b e c a u s e  h e  

sets p  = 1,  which l e a d s  t h e  normal ized  and  non-normalized e x p e n d i t u r e  
N 

f u n c t i o n s  t o  c o i n c i d e .  1 emphasize  i t  e x p l i c i t l y  h e r e  i n  o r d e r  t o  e x p l a i n  

how t h e  s i n g l e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  which a p p e a r s  i n  h i s  p a p e r  

r e l a t e s  t o  t h e  s y s t e m  of  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  which a p p e a r s  

i n  o t h e r  a c c o u n t s  of  i n t e g r a b i l i t y  t h e o r y .  

11. tiew R e s u l t s  on Exact  Consumer's S u r p l u s  

I t  fol . lows from t h e  f o r e g o i n g  t h a t ,  when N =  2 ,  e x a c t  f o r m u l a s  f o r  t h e  

conipensat ing and e q u i v a l e n t  v a r i a t i o n s  c a n  r e a d i l y  be  o b t a i n e d  f o r  many 

o r d i n a r y  demand f u n c t i o n s  b e s i d e s  t h o s e  d i s c u s s e d  i n  Hausman's p a p e r .  Here 

I w i l l  c o n s i d e r  f o u r  deinand f u n c t i o n s  which a r e  commonly four'd i n  e m p i r i c a l  

s t u d i e s  as a l t e r n a t i v e s  t o  t h e  l i n e a r  and  ].of;-linear forms d i s c t i s s e d  by 

I .  The f i r s t  i s  ti-,? semi- log form 

\..,:..-,, 3 . z i s  a  v e c t i r  o r  '. _ .  ioeconomic v a r i ~ b ; ~ : : : .  The e c a n o n i c  i i t i ;  : - . i : ! i l i ty 

c : i t  I i i 3 p l i c s  t l  . .  . . ! I - i c t i o n  t h a c  

, , 
i : i e  o r d i n a r y  diffter;.rrt ;I e q u a t i o n  corresj>y.:; Lnz t o  ( 2 )  h a s  t h e  ,o :*.:Lion 



where c  i s  t h e  cons tan t  of  i n t e g r a t i o n .  Taking t h i s  a s  the  u t i l i t y  index,  

one o b t a i n s  t h e  normalized i n d i r e c t  u t i l i t y  func t ion  

( 7 )  c(;T W) = C ' - e  
-&w -a; + yz 

1 '  
e  1 

6 - -  'a 

and t h e  normalized expendi ture  func t ion  

- 1 6 anl  + yz 
e ( n l ,  u) = - -  Rn [ -6u - - e  

6  'a 
1 .  

By Eu le r ' s  r e l a t i o n  t h e  non-normalized expendi ture  func t ion  is 

(8) 
P2 6 afp11p2) + ? z  j e ( p l .  p 2 ,  u) = - -  E n [ - 6 u  - - e  6 a 

This  can be used t o  c a l c u l a t e  t h e  exac t  compensating and equ iva len t  v a r i a t i o n s  

associated wi th  a change i n  one o r  both p r i c e s .  Suppose t h a t  t h e  i n d i v i d u a l ' s  

0 I income i s  and t h e  p r i c e  of  the  f i r s t  good changes from p  t o  p l  whi le  the  
1 

0 
p r i c e  of t h e  second good s t a y s  cons tan t  a t  p2, which is the case cons idered  

by Hausman. From ( 7 )  the  i n d i v i d u a l ' s  o r i g i n a l  u t i l i t y  l e v e l  is 

Combining (8) and 9 the  compensating v a r i a t i o n  f o r  t h i s  p r i c e  change is 

t ii o 
,'ere xt  = x Z ( p I ,  : j .  y ) ,  t = 0, I .  F u r  t : , i s  p r i c e  change ti,:.! i :c i~ventional  

1 - 
I . :~ t s i i a l l i an  rneasuci, :'f consumer's su rp l~ : ;  i:; the. q u a n t i t y  A ,  d z l i i ~ e d  as  



S u b s t i t u t i n g  t h i s  i n t o  (10) y i e l d s  the  fol lowing r e l a t i o n  between t h e  exac t  

compensating v a r i a t i o n  and t h e  conventional  Marshal l ian measure 

Two a l t e r n a t i v e  demand funct ions  which d i f f e r  from t h e  semi-log form 

i n  t h a t  t h e  p r i c e  e l a s t i c i t y  and t h e  income e l a s t i c i t y  r e s p e c t i v e l y  a r e  

cons tant  a r e  

- 
(13 )  

a 6w t yz  
x l ( n l ,  W )  = n e  

1 

ali + yzw6 
xl ( i r l ,  W) = e 1 6  # 1 .  

The r e s p e c t i v e  econoxic i n t e g r a b i l i t y  cond i t ions  a r e  

(15) a  + 67,x,(nl,  W) ( 0 

6 - a + - x ( -  w ) C O .  
W 1 ! '  

1 1  tiit: case  of the  d . > . ! ; z J  func t ion  ( 1 3 ) ,  i : , i . : .~- ' i t ion of the  oriilr , : .- j ,  

. .  - -  
< . i : ~  e r c n t i a l  e q u a t i o : ~  - . -~ respond ing  t o  ( 2 )  . ~ . : ; . A S  



whereas 

Therefore  t h e  r e l a t i o n s h i p  between t h e  compensating v a r i a t i o n  and t h e  

b larsha l l ian  measure is  given by ( 1 2 ) .  For t h e  demand func t ion  ( 1 4 ) ,  

i n t e g r a t i o n  of t h e  o rd ina ry  d i f f e r e n t i a l  equat ion  corresponding t o  (2) y i e l d s  

Hence 

Accordingly, the compensating v a r i a t i o n  f o r  the  p r i c e  change i s  

whereas t h e  Marshal l ian measure i s  

0 

Therefore  t h e  txo n r a s u r e s  a r e  r e l a t e d  h j  

-., *i,ich i s  i n  fact rite gene ra l  f o m ~ u l a  d,!:-l:<:d by Robert I J i l i i : ;  f o r  the  case  

c f  a demand furlc: i L  i i  w i t h  a constaxit rrt?::--u;i i t a r y  income el d.:t i;:' t;/. 
4 

L a s t l y  co;~siu. : i -  the  fol lowing r:od+.iii.a:i.on of t h e  liilrir ? - , . a n d  func t ion  



for which the economic integrability condition is given by (15). Integration 

of the ordinary differential. equation corresponding to (2) yields 

where Ei(.) is the exponent ial-integral function. Hence 

The resulting formula for the compensating variation is 

where the integral could be evaluated by the methods described in Milton 

Abramowitz and Irene Stegum, Chapter 5. By contrast, thc Pfarshallian 

consumer's surplus for this demand function is given by 

111. Conclusions n~id a Caveat 

In this paper I h<~ve extended Hausnan':; results on the deriv.~;ion of 

t.i.~ct welfare measur~.: o r  single price c : . : .  to some additio~i.i? 2r:xiand 

i 9i:ctions. The de2,:li::' i~.xctions discussed i.;;,-~: and in Hausman's !:?*I 

i'l,;'Lal>ly account for . .: ,:. of the formulatin::; <.=played in empir L C : > . ;  6cxind 

: : : - ! c : i c s  . Iiowever cti!.2: ~nnctional forms ci:: i i r  principle be rren:.< in a 

-':.:ilar manner, a:?<! s..:..' Inore general resii:~;:; c-m be obtained. !!c.. t:>::mples 

- 
i t  as Willig stio.;, i t  fur any denand fc:!:ri,?n of the form x ( w) = 1 I '  

6 
w the relati-? '::,cwi?rn the compen.;i:~irr; variation and the i:,:r?rzr!tiona! 

1 



Marshallian consumer's surplus is given by (23), so too it can be shown that 

for any demand function of the form 2 (n w) = a(ii )e 
6w 

1 1' 1 this relation is 

given by (12) .6 Other general classes of demand functions may have the 

property that the ordinary differential equation corresponding to (2) has 

2 a known solution. Examples include x ( n  w) = a(7i )w + b(n )w + c(n) , 
1 I '  1 1 

which leads to Riccati's equation, and x (7; w) = a(nl)w + b(7i )w6, which 1 1' 1 

leads to Bernoulli's equation. In many cases the solution to the differen- 

tial equation will be available in closed form. In other cases, or where 

the demand function has a more complex form, the differential equation must 

be solved by numerical integration. it is in these cases that Willig's 

approximation results are most valuable. His formulas provide a first-order 

approximation to the income .corepensation function associated with an 

7 arbitrary demand function; they can be applied even when the exact income 

compensation function would otherwise have to be obtained by numerical 

integration. 

The method described above can also be employed when there are two 

goods (N = 2) and both prices change, or when N > 2 and only one price changes 

As tiausman points out, the latter case can be treated by invoking Hickss 

composite commodity theoran which reduces the rntiltivariate utility function 

u(xl, . . ., r\i) to an equivalent bivariate utility function u*(x 
1' 

xc) , where 
N x = x, + X (p /p,)xi The general case where N ' 2 and two or more prices c - 3 i - 

ch:inge is inuch harder to tr~~?t by the methods d~-scribed above, since t.',::? 

the r .yic.- t .ry conditions (3) represent a nontri.~i;-.? ~.,ilstraint on the i:'.l~irion 

of t h e  ;;y.:.tem of partial i i  i f  Lercr~tial equations ( ? > .  lo principle c::.. :.,i;: 

bc n ! ; i r  to apply Willig's ;,:I-rc?;:irtations to a e of single prici 

s ,  as he suggestetl irt ;:is original unpixbl Lr;i:+:i technical repart. 

Hoie:i,r, -it must be ei-;:riii5l::,,d that if the ord l , i  1;;: deniand functioilr i .  ?:it 

s;i;i:fg i h r  symmetry coiic!i:io?.;, they cannot hc.  >;:- -w to be generiit'*-i ,..? , - ~ *  n 



conventional utility maximization process, 

It is also important that the negative semi-definiteness conditions (4) 

be satisfied, although they are sometimes overlooked by practitioners of 

demand analysis. This applies whether one is dealing with a single price 

change or multiple price changes, and with exact welfare measures or Willigrs 

approximations. If these conditions are violated over some or all o f  the 

price-income space in question, the exact or approximate welfare measures 

that one obtains are meaningless, To see this consider the single price 

8 
change mentioned above. There is logically an upper bound on the compensa- 

tion required to offset the effects of this price change, namely the extra 

amount of money that would be needed to buy the original - quantity of good 1 

at the new price 

This restriction is, in fact, the Laspeyres upper bound on the true cost-of- 

living index rewritten in a slightly unfamiliar form.9 If the conlpensated 

demand function for goud 1 slopes downwards the restriction will be satis- 

fied, since the compensatiiii: variation is simply the area under this compen- 

0 
sated denand function between the prices p1 and p However, if the negative 1 1 ' 

semi-definiteness condition (4) is violated, the conpensated demand function 

has a p.>sitive slope. In that  case, whether one c-~lculates the compensating 

variation by the exact mcthud described above or by WilLig's approxinatlnn, 

it w i l l .  .;iulate the restri.ctien in ( 2 8 ) .  This shii~,:!.C b e  borne in mind 

before i;,..: engages in appl-icii ~:i.liare analysis b;~~e:i vii empirical ordin.it:y 

deinnnd ':~r ;ions. 
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*University of California, Berkeley. 

'1 am assuming that PN > 0. The equivalence of ( 1 )  and (2) is mentioned 

by Leonid tIurriicz, pp. 204-05. 

'~ote that the demand functions must still satisfy the negative semi- 

definiteness condition (4). 

31n practice this function ~ould usually be estimated by ordinary least 

squares in the form: Rn x = an + 6w + y z .  1 1 

4 ~ e e  Willig's equation (15). Note that the same formula applies to 

- yz a 6 
the log-linear demand function discussed by Hausman, xl(nl, w) = e Til w . 

5 ~ t  is not possible, however, to obtain a closed form solution to the 

ordinary differential equation (2) generated by the alternative variant of 

the linear demand function x (n w) = an + 69,nnw + yz .  
1 1' 1 

%or this class of demand functions, integration of the ordinary 

differential equation corresponding to (2) yields 

Flaking a change of vari:ible from Til to pl produces the general forciula ( 1 2 ) .  

7 ~ e e  his equation (19) , in particular. 

8~ssentially t L . ' - , ' ,  ..,. ._ argument applies; t~ ;.:ore general price cli?iiges. 

'113 the present ~i,::-~rt, the Laspeyrt.:> .::: .:r bound would con\,:ir~tionally 

i:e +::itten in the for-:: 

0 0 
b: t i i i jp ly ing both sidci ; I - .  y and then si?bCr;:c!-i:;; y  from both s i i e . r ,  

0 0 
rii.rer!,ering that yo - :.I. . x .  yi.elds (28) . 

. I  1' 




