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ABSTRACT OF THE DISSERTATION

Optimum Designs for Identification and Discrimination within a
Class of Competing Linear Regression Models

by

Santanu Dutta

Doctor of Philosophy, Graduate Program in Applied Statistics
University of California, Riverside, August 2011
Prof. Subir Ghosh, Chairperson

We consider the problem of finding optimum designs for model identification and
discrimination where the dependence of the response variable Y on an explanatory
variable X can be described by at most a third order model. We therefore consider
a class that includes all the models up to a maximum of third order with linear,
quadratic, and cubic coefficients present. In addition all models have an intercept
parameter. A general class of designs with 4 distinct points xy, x2, z3, and x4 is
considered with replications nq,ns,ng, and n4 respectively, satisfying ni + ng +
nz + ng = n where n is known in advance. While discriminating between two
models from the class of models considered, the true model may or may not be
one of them. We define the predictive criterion function I and the fitting criterion
function J. When the functions I and J are dependent on more than one model
parameters, we define the additional criterion functions Kj and K ;. We use the
proposed optimality criterion functions to obtain the optimal designs for the model

identification and discrimination.
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Chapter 1

Introduction

We consider an experimental situation where the response variable Y is dependent
on an explanatory variable X. We do not know the exact dependence of ¥ on X
but we consider a class of possible models to explain this dependence. We assume
that the true model is included within the class but we do not know which one
is the true model. We consider the identification and discrimination between two
competing models within the class when the true model is one of the competing
models or a model different from the two competing models. We define the optimal-
ity criterion functions to maximize the difference between predicted or fitted values
from two competing models. We obtain designs satisfying the criterion functions.
Our designs have two aspects: the design points (the values of explanatory vari-
able X) and the number of replications at each design point. We consider different
classes of designs with respect to the unequal or different kinds of equal allocations

of symmetric design points.



1.1 The Class of Linear Models

We consider an experimental situation where the dependence of the response vari-
able Y on an explanatory variable X can be described by at most a third order
model. We therefore consider a class that includes all the models up to a maximum
of third order with linear, quadratic, and cubic coefficients present. In addition
all models have an intercept parameter. To fit a maximum third order model, we
need at least four distinct values of X. We consider that the data are collected
at four distinct values of X = x, 9, o3, and z4 in [—1, 1] with replications nq, ns,
ng, and ny respectively so that we can perform the least square fit of a third order
model to the data. Let y;(z;) represent the j™ observation at the i design point
ri, 7= 1,2,...,n; 1 = 1,2,3,4. We assume that the total number of observa-
tions in the experiment is n = ny + ny + n3 + ny which is known in advance and

—1 <z <39 <23 <24 <1. We assume the model

E(y;(x:)) = 70 + 1z + Yo} + Y32},

Var((y;(z:)) = o*, Cov((y;(x:)), (yy (z;))) =0, (1.1)

where 4,7 = 1,2,3,4; 7 = 1,2,....n5,5 = 1,2,...,ny7,(3,7) # (i',5), Y for u =
0,1,2,3 are fixed unknown parameters, v, is non-zero and at least one of ~;, s,

and 73 is non-zero, and o2 is unknown. We denote

Yo r ....1r 1 ... 1 1 .... 1 1 ... 1
Y1 rT ... 1 X2 ... X9 X3 ... X3 T4 ... X4
v = and X =
2 2 2 2 2 2 2 2
Y2 ry ... Xy T3 ... Ty Ty ... Tz Ty ... Ty
3 3 3 3 3 3 3 3
73 1’1 o e ZIZ’l .CEQ “e . .TQ .233 “ .. 333 1‘4 “e . $4



Thus the matrix representation of the model in is given by
E(y) =X~, Var(y) =L (1.2)
The least square estimator (Rao (1973))) of v is
Y=( 1 % )= (X'X)™" Xy.

The predicted value of y at a new z is given by §(x) = o + V12 + Y22 + Y323
When we consider the predicted value y;(z) at © = z;, we get the fitted value from
the model for the j' observation at the i*" design point where j = 1,2,...,n;; i =
1,2,3,4. In fact we get four distinct fitted values corresponding to the four distinct
design points x1, 9, r3, and x4 and they are repeated ny,ns, nz, and n4 times
respectively. Hence, when we consider the fitted values of all the observations, we

get a vector of length n of the fitted values. Let the fitted values of y be given by

~

y = X¥4.

We consider the class of designs D that consists of x1, x9, 23, and x4 with their
replications nq, ng, ng, and ny respectively with X as a full rank matrix so that we
can fit a third order model to the data. Mathematically, we denote the class of

designs by

D - {(xlax27x37x4;nl7n27n37n4) =1 S T <Xy < x3 < Ty S ]-)

ny + ng + n3 + ny = n, Rank(X) = 4}. (1.3)

We tabulate all possible models in (|1.1)) in Table in which 0 and 1 represent



respectively absence and presence of a parameter in a model.

Table 1.1: Presence of ~;’s in models

Model
1

2
=

HHHHHHH§

e e e e e Y
»—t»—ln—\O»—OO&Q

| | O | WD
=l k=] E=]

We now pick any pair of models u; and us where uy,us = 1(1)7 and u; # us. We
denote them by MI and MII, MII being the higher order model and MI being the
lower order model. For example if u; = 1 and uy = 4, then MI has v, = 73 = 0 and
MII has 3 = 0. Thus MI is a simple linear regression model and MII is a quadratic
regression model. We assume that model 7 i.e. the full cubic model is always the
unknown true model. Although we assume model 7 to be the unknown true model,
we are interested in discriminating between any pair of models that we encounter
in Table{LL1]

While discriminating between two models from the class of models considered
in Table{I.1], the true model may or may not be one of them. We define the pre-
dicted value criterion function I and the fitted value criterion function J. When
the functions I and J are dependent on more than one model parameters, we
define the additional criterion functions Kj and K ;. We use the proposed opti-
mality criterion functions to obtain the optimal designs for the model identification
and discrimination. Some important pairs of models from Table{1.I] are chosen in

different chapters and optimum designs are obtained for model identification and



discrimination.

Chapter{2] presents 1 vs. 5, assuming 72 # 0 in the true model 7. Chapter{3
represents 1 vs. 5 assuming v = 0 in the true model 7. Chapter{4] represents 4
vs. 7 (the true model). Chapter{5 represent 1 vs. 4 assuming 3 # 0 in the true
model 7. Chapter{f| represents 1 vs. 7 (the true model). Chapter{7|represents 4 vs.

5 assuming 7 to be the true model.

1.2 The Discrimination Problem

Suppose the response variable Y is dependent on an explanatory variable X with
two possible dependence as described by two simple linear regression models MI
and MII. The exact nature of dependence is not known in advance but it is known
though that one of MI and MII possibly describes adequately the dependence of Y
on X. In the process of determination of the better model we have to discriminate
one model from the other model in better describing the data. We consider the
least square fit of a model to the data. At first we ensure that the design considered
must identify all the models or in other words, the design considered must permit
the least square fit for all models. The discrimination between two models MI and
MII requires that the fitted values ¥ and y® under the two models should be
different from each other. The model discrimination also requires that the predicted
values 7! (z) and §® () should be different from each other at the possible values
of X. Here we consider the model identification and discrimination at the design
stage of the experiment. Our goal is to determine the values of X from a given
range judiciously. We also find the number of replications for the chosen values

of X. These values of X together their replications have the ability of model



identification and discrimination. A design is called optimum within the class of all
such available designs if its y") and y® values have the maximum difference among
the corresponding differences for other designs or its 7! (z) and §® (z) values have
the maximum difference for all possible values of z in some overall sense as described

later.

1.3 Optimality Criterion Functions

We consider several optimality criterion functions and provide a brief discussion on

them in this section.

1.3.1 Fitted Value Criterion: J Criterion

Let (U and y® be the two vectors of fitted values of the two models MI and
MII respectively. If the two vectors ¥ and y® are very close to each other, it
is difficult to discriminate between the two models. Therefore we maximize the
difference between these two vectors to get the efficient design for discrimination
purpose. As we discriminate between the two models at the design stage, we do
not have any observations. So, we work with the expectations of the fitted values
where we calculate E(y™") —y®) under the assumed true model. But E(y" —y?)
is a vector quantity with different elements within the vector. We cannot find a
design that maximizes all the distinct elements of the vector simultaneously. We
consider the criterion function E(y®" —y®@) E(y™1) —$3) which actually measures
the square of the norm between the two vectors E(y(V)) and E(y®). We obtain
an efficient design by maximizing this criterion function. We denote this criterion

(Ghosh and Pal| (2008))) by J where,



J =E@yY —y@yYEyLH — y@),

1.3.2 Predicted Value Criterion: I Criterion

Let 9V(z) and §®(x) be the predicted values of the two models MI and MII
respectively at X = x. We want these two values to be as far apart as possi-
ble. We calculate E(j™"(z) — 7@ (z)) under the assumed true model. Therefore,
maximizing E (M (z) — ¢ (x)) would give us an efficient design for the discrim-
ination between MI and MII. But this quantity depends on x and it is positive
for some values of x, negative for some other values of x. Hence we consider the
square of this quantity. We are interested in this quantity for some special values
of x as well as for all possible values of z. When we consider the quantity with
respect to all possible values of x we get an overall prediction measure for dis-
crimination purpose. We find the overall measure by taking the weighted average
of [E(g"W(z) — @(2) (3:))}2 on z. We denote this criterion by I which is given by
1= [ [EGY@) -2 @) w(z)dz,
where f w(z)dx = 1. We assume equal weights throughout the region of z i.e.
3 —1<z<1

we consider w(z) =
0 otherwise.

Then we maximize I with respect to the design points and their corresponding
replications to get the most efficient design under this criterion. This criterion is a
modified version of the Ghosh and Pal| (2008) Predicted Value criterion in the sense
that it is considering the squared difference, [E (gD (z) — g (93))}2, instead of the

absolute difference, |E(§"(z) — §®(z))|.



1.3.3 T-optimality Criterion

If model MII is the true model, the experiment should be designed to yield the
maximum possible value of the lack of fit sum of squares (Atkinson and Fedorov
(1975a))) and (Atkinson and Fedorov| (1975b))) of model MI,

ie. SSror = (M — @) (31 — y@)) should be maximum. But we do not have
observations because we want to discriminate between these two models even before
the data are collected. Therefore we consider the expected values of SSror. As MI
is linear in parameters here, F(SSor) becomes proportional to the non-centrality
parameter (N C P) of the y*-distribution associated with the SS7or (Atkinson and
Fedorov| (1975a)). Now, considering the testing of hypotheses

Hy: No lack of fit in MI  vs. H,: Lack of fit in MI,

we note that the power of the F-test for lack of fit of MI from MII is an increasing
function of the NC' P and thus the design should maximize the NC P to maximize
the power of the test. A design which maximizes the NCP is called a T-optimal

design.

1.3.4 K-Criterion

Sometimes the expression of J or I criterion is observed as a quadratic form in more
than one unknown model parameters. Hence is it not possible to directly optimize
J or I without the information on the model parameters. In that situation we
propose a new criterion function K as the determinant of the matrix associated
with the quadratic form. A design is said to be optimum with respect to criterion
K if it maximizes the determinant of the matrix associated with the quadratic form
for all designs in a class. Whenever we observe expression of J or I as a quadratic

form in more than one unknown model parameters, we use criterion K to optimize



J or I. We denote them by K; and Kj.

1.4 Literature Review

In the pioneering paper of Kiefer and Wolfowitz (1959), the optimum regression
design was obtained for estimating one of the model parameters. Consider the

regression model

E(y(x)) =~ +mzx + Yo 4 ... + Va1

They presented optimal designs to estimate one of the (d+2) parameters optimally.
The explanatory variable x is scaled such that —1 < x < 1. The proportion of
observations taken at any point x is denoted by &(z) where & is a probability
distribution over [—1,1]. The optimal design for estimating 7441 is given in Table

[[.2] They used the Chebyshev approzimation to find this optimal design. This

Table 1.2: Optimal design for estimating ;1

x §(z)

-1 2(d—1+1)

L
cos (1) | 7
cos (1) | 7
cos (351) | @




9+ with a polynomial in x of

Chebyshev approximation approximates the term z
degree d and gives the (d 4 2) design points. In the next step, the weights of these
(d+ 2) design points are obtained by solving (d + 1) simultaneous linear equations.
In the direct method, the variance of the best linear estimate of 7,,1, which is
a non-linear function of (2d + 3) variables, has to be minimized. Therefore, the
method given by them addresses to the computational challenges in finding the

optimal design for this problem. We illustrate this further by giving designs for
d=0,1,2 in Table[1.3|

Table 1.3: Optimal designs for estimating one of the model parameters

d | Model To Estimate | x | £(x)
-1 1
2
0| E(y) =1 +mn= M
L] 3
1
1] 1!
1| E(y) =0 +mnz + 722 V2 0 3
1
L1 3
-1 %
_1 1
2 | E(y) = 7o + N + 721® + 7327 73 12 j
2 3
L3

Atkinson| (1972) used the same optimal design for discriminating between

the two models

E(y) =y + Nz + y21® + oo + yaz?,

10



and

E(y) =7 + Nz + %8 + oo + a2 + Yzt

The optimality criterion used for the discrimination purpose is to estimate ;1 with
minimum variance. When d = 1, the problem reduces to discriminating between

two simple linear regression models
E(y) = +mnz and E(y) = v + nzx + yox?

and the optimal design is 1 = —1, 20 =0, 23 =1, ny = n3z = § and ny = 3.

In Table{I.4] we give designs of this kind for d = 0,1, 2.

Table 1.4: Optimal designs for discrimination for different values of d

d | Models z;’s n;’s
0 E(y) = rp=-1|n=73%
E(y) = +mx o= 1 |np=1%
rn=—-1|n=1%

E(y) =y +mx

: E(y) = v + mz + 12 Ta= 0 )m=3
r3= 1 |ng=7
rp=-1|n =%

9 E(y) =0 +na + 121 Zy=—1|np=1

E(y) =v+mnz+pr?+y2® |x3= 5 | ng=1%
ry= 1 |my=7%

Atkinson (1972)) further derived optimal designs for models involving more than

one factor. |Atkinson and Cox| (1974)) developed optimal designs for discriminating

11



between several (more than two) regression models extending the same idea.

Atkinson and Fedorov| (1975a)) proposed a locally optimum criterion called the
T-optimality for discriminating between two rival models MI and MII. They as-
sumed one of the models to be the true model and then maximized the noncentral-
ity parameter of the y2-distribution associated with the lack of fit sum of squares.
They proposed two approaches: non-sequential designs and sequential designs, the
non-sequential designs being described as the limits to which the sequential designs
converge asymptotically.

Lauter (1974), Dette (1991} (1994} [1995), and |Spruill] (1990)) also worked on
this problem of discrimination using different optimality criteria. All these designs
are classified as non-sequential in the sense that all observations are taken at one
stage. The second approach is based on sequential methods. The observations are
taken sequentially for the purpose of discrimination. This approach was followed by
Atkinson and Cox| (1974), Atkinson and Fedorov| (1975a)), |Andrews| (1971)), Mon-
tepiedra and Yeh| (1998), and many other authors. Biswas and Chaudhuri| (2002)
presented sequential designs for discriminating between two rival models MI and
MII. They considered different mixtures of the D-optimum design for MI and the
D-optimum design for MII at different stages.

Atkinson (2008) proposed DT-optimal designs for providing a balance between
model discrimination and parameter estimation by taking a convex combination of
D-criterion and T-criterion. [Pukelsheim and Rosenberger| (1993)) presented designs
considering several objectives simultaneously for discriminating between a second
order and a third order polynomial models. They have used D-criterion and geo-
metric mixtures of D-criteria. |Dette and Kwiecien! (2004)) compared non-sequential

designs with sequential designs to demonstrate that non-sequential designs provide

12



better model identification than the sequential designs.

Ghosh and Pal| (2008) considered the issue of discriminating between a linear
and a quadratic regression models. They proposed two criteria associated with the
fitted and predicted observations. They showed that their design performs better
than Kiefer-Wolfowitz design (Kiefer and Wolfowitz (1959))under their predicted
value criterion. They also evaluated the performance Biswas-Chaudhuri design
(Biswas and Chaudhuri (2002)) with respect to the predicted value criterion.

Dette and Titoff] (2009)) derived various new properties of T-optimal designs,
which in many circumstances allow an explicit determination of T-optimal designs.
They also showed that in many cases T-optimal designs are not unique, and in
that situation they gave a characterization of all T-optimal designs. Finally, they

compared T-optimal designs with D-optimal designs using a simulation study.

13



Chapter 2

Linear vs. Special Cubic when the

True Model Is Full Cubic

2.1 Introduction

We consider an experiment where the response variable Y is dependent on an ex-
planatory variable X. We assume that the full cubic model MT is the unknown
true model but at the same time we would like to have the ability to discriminate
between two possible dependence as described by two models MI, a simple linear
regression model and MII, a cubic regression model without the quadratic coeffi-
cient. So, our goal is to discriminate between these two models MI and MII at the

design stage assuming MT to be the true model.

2.2 Models and Associated Designs

We consider the class of designs D in ((1.3). We also consider the full cubic model

from (1.1) as the true model and denote it by MT. Our aim is to discriminate

14



between the two models MI and MII assuming MT to be the true model.

The three models considered here are given by

MT:

MI:

MII:

E(y;(x:)) = 70 + 71zi + ’7290? + 73$§,

Var((y;(w:))) = 0%, Cov((y;(x:)), (yy (x)))

E(y;(x:)) = 70 + i,

Var((y;(z:))) = 0, Cov((y;(x:)), (y; (x)))

E(y;(z:)) = v0 + ms + 73$?7

Var((y;(w:))) = 0%, Cov((y;(x2)), (yy (w)))

where i, =1,2,3,4; j=1,2,...,n;,j =

The matrix representations of M'T, MI, and MII are given by

where

X1 —

€

X

X2

T2

xs3
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:0’

=0,

1a27"'7ni/a(i7j) 7£ (i/7j/)‘

Var(y) = o1,
Var(y) = o1,
Var(y) = o1,
1 1
Trs X4

Xy

W _

(2.2)

(2.3)

(2.4)
(2.5)

(2.6)

Y0

N



X(Q) = Ty ... @I
xil)) Ty
and
1 ... 1
X(t) _ 1 X1
B
x% Ty
We define

Xy =

and

Hence we get,

X2 —

( X1

X2

I 1 1
o T3 ... I3
Ty ¥ ... T3
1 1 1
To I3 T3
3 3 3
Ty Ty X3
2 2
Ty T3 T3
2 2 2
xry T3 ... T3 X3
3 3 3 3
Ty X9 Ty Ty
3 3
Ty X9 Ty T3
2 2 2
xry Ty ... Ty Ty

X ) = X@'x® =

16

1 ... 1
Tg ... X4
x4 DY x4

1 ... 1
Lyq Xyq

3 3
x4 . .. $4

2
Ty Ty

T3 Xy
3 .3
T3 Ty
3
T3 T4
2
T3 Ty
X W)rx (1)
XXM

) _

XWX,
X, X5

Yo
i1

V3

Yo

71

V3

V2




X@rx©@ x@rx,
X® — ( X® X, ) = XOrx() — ’
XX XX,

XOrx®  xrx.,,
X = ( XD X, > = XWX = : (2.7)
X5, XM XL, X,

2.3 Expression of J Criterion

We first consider the fitted value criterion J (ref. Chapter{l)). Our goal is to obtain
the efficient design within the class of designs D in for model selection and
discrimination purposes. Let (1) and 33 be the fitted values of the two models MI
and MII respectively. First we have to find the expression of E(y™" — y?)) where
the expectation is considered under the true model MT in . Then we have to
find the expression of E(y™) — y@) E(y® — y@).

The least square estimate of v for MI is given by (Rao| (1973))

AW = = (X7 xWry, (2.8)

A# = 42 | = XOXE) Xy, (2.9)

17



Now, E#FY) = (XOXO) X E(y)

_ (X(l)'X(l))_IX(I)’X(t)'y(t)
= (X(l)/X(l))fl < XXM XX, > ,),(t)

= ( I, (X(l)/X(l))—1)((1)/X32 )7(0

1 0 A B
= ~9, (2.10)
01 C D
and
E(’S’@)) _ (X(z)’X(Q))_lX(Q)’E(y)
— (X(Q)’X(Q))_1X(2)’X(t)'y(t)
= (X(2)/X(2))—1 ( X@rx@ xX@rx, ) ,),(t)
— ( 13 (X(2)lx(2)>—lx(2)/X2 )’Y(t)
1 00 FE
=010 F |7 (2.11)
001 G
where

1

4 =t 4 .,
A:Detl[g TN E TNt} = E 17%%‘5 1nixi],

1 4 2 4 4
B = Det, {(Zanﬁ) - Zlnﬂi Zlnzﬂﬁf} ;

18



1

[24 4 4 4 4 3
D@tl 1 (3 1 1Y 1 17 1 1% )

O:

1

|:Z4 4 3 4 4 9
Det1 1 i 1 g 1 g 1 g |

D=

Det; = [X1'XW]
= |:7L17”L2(.%‘1 — ZL'Q)Q + nlng(:z:l — 1'3)2 + n1n4(x1 — I4)2

-+ ngng(xg — .1'3)2 -+ n2n4(:c2 — 1’4)2 + 773’)”&4(1‘3 — 1'4)2] s

—1
= Dot ningns(zy — 22)* (21 — 23)* (22 — 23)* (21 + 22 + 23) 117073
2

Fningng(r1 — 22)* (11 — 24)* (22 — 24)* (21 + T2 + 14)T 17074
+n1n3n4(x1 - $3)2(l‘1 - I’4)2<LL’3 - 1’4)2(1’1 + T3+ $4)I1$3I4

+nongng (e — 13)% (19 — 24)* (23 — 24)* (20 + T3 + x4)x2x3x4] ,

F =

1
Det ninans(x; — 1‘2)2(% — $3)2($2 — £E3)2($1 + xo + x3) (129 + 1123 + ToT3)
2

+ninang(z1 — 22)* (11 — 24) (2 — 24)* (21 + T2 + 24) (2172 + 2124 + ToTy)
+nyngng(z, — 1‘3)2($1 — $4)2($3 — 1E4)2($1 + x5 + x4)(T123 + 174 + T3T4)

+ngngng(zy — $3)2(IE2 — $4)2($3 - $4)2($2 + x3 + 14) (Tow3 + Tox4 + T374) |,

19



1
N D6t2

nineng(ry — $2)2($1 - I3)2(I2 — 5153)2($1 + 29 + x3)
+rinang(zy — 2)* (21 — 14)* (02 — 24)* (21 + 22 + 14)
+nynzng(xy — $3)2($1 — $4)2(!E3 — $4)2($1 + x5 + x4)

+ngngng(zy — $3)2($2 - 204)2(!103 — $4)2($2 + x3 + $4)] ;

Det, = | XX ®)]
_ 2 2 2 2
= [nanng(xl — 29)* (1 — x3)* (22 — x3)* (21 + 22 + x3)
+ ninang(xy — $2)2($1 - $4)2($2 - $4)2($1 + 22 + $4)2
+ ningng (g — $3)2($1 — j54)2(953 — !104)2(% + x3 + $4)2

+ ngngng (g — x3)? (20 — 24)* (w3 — 24)* (22 + T3 + 74)°

We know that the fitted values of y under MI and MII are expressed as y() =
X®O5W and 3@ = X@43) Now assuming MT to be the true model the expected

fitted values are given by

= H,; X"~ (2.12)
E(y@)) — X(Z)Eﬁ/(z))

—X® (X(Q)/X(Q))—1x(2)’X(t),7(t)

= H, XU~ (2.13)

20



= By —y¥) = (H; — Hp) X7, (2.14)

where Hy = XW(XO/XI)=IXD and Hy = X&(X@'XE)=1X 2" We note that
H; and H, are symmetric and idempotent (Rao| (1973)) i.e. H, = H,, H? = H,,
Hz/ = H2 and H22 = H2.

Result 1. : H2H1 = H]_ = H1H2

Proof:

H,H; = X® (X(2)/X(2))—1X(2)/H1
-1

Wy (1) Xy () (1)
—xX® XX XX, XX (XWX M)-1x 0
X,XO  XLX, XXM

= (X(l) X3) I (XM Ay =1x @
0

:Hl-

Now

(H.H;)' = Hy’
= H1/H2/ - H1

< HHy = H;.

Thus we have H2H1 = H1 = H1H2.
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Clearly using (2.14]) we get

~ A~ / A~ ~
J = E(y(l) _ y(Z)) E(y(l) _ y(2))

=~ xX®(H, — H2)2X(t)'y(t)

= ~WOXO(Hy — H) XD using ResultI] (2.15)
Now
X ()
XOH, X = H, ( X® X2)
X,/
X (2
o))
Xy Hy
X@rx®  x@rx,
X,/ X X,'Hy X,
4 4 4 4
A . 3 2
S Ylme Yt Yine
4 4 4 4
Siwa Yinat Yimet Yo -
- 4 4 4 4 ’ :
3 4 6 5
St ynet Lyt ¥
72 3 s
Zlnlxz Zlnzxz Zlnzxz S
(1)
() ) — X (1)
XWYWH; XY = H; X X3
X'
X (1)
o) s)
X3 Hy
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XWrx®  xWrx,,

XOH,X® =
1Nz (1 /
X32 X( ) X32 H1X32
4 4 4 3 4 9
1 (2 1 11 1 1 1 1%
4 4 4 4
2 4 3
_ E 1 n;x; E ) n;x; E ) n;x; E 1 n;x;
4 3 4 4 , ,
E 1 n;x; E 1 n;x,; Xg H1X3 X3 H1X2
4 9 4 3 , ,
E 1 n;x; E ) n;x; X2 H1X3 XQ H1X2
4 4 4 3 4 9
1 1 1 (Aad 2 1 1% 1 1
4 4 4 4
E n;T; n;x? E n;x} E n;xs
- 1 1 ! 1 , (2.17)
g , nTs E ) nixf P R
4 4
g n;x? g n; s R Q
1 1
where

4 4

P = X3/H1X3 = AZI TLZZE? + C Zl nixf,
4 4

Q = XQ/H1X2 =B Zl nzxf + D Zl nix?,
4 4

R = X3/H1X2 = Azl TZZZEZQ + Czl n,w?,

o~ _ 12 403 4 5
S—Xg H2X2 = Ezlnlxz +le n;x; +GZITL2‘[L’Z»,

and A, B,C, D, E, F, and G are defined right after (2.11)).
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Now, using (2-15), (2-16), and (€17) we get

00 0 0
goqor| 00 0 0 0
R P t b R
0 0 Z}l n;T; Zl n;x;
0 0 21 niz? — R S—Q
4 4
=(S— Q)+ <Zl nrd — P) 73 + 29273 (Zl nwd — R) : (2.18)

where P, Q, R, and S are defined right after (2.17)).
Now we consider the four distinct points as —x1 = 4 = b and —x3 = 23 = a
where 0 < a < b < 1. We also consider the allocation n; = n4 and ny = n3. These

design points and their allocations give us the following subclass of designs in the

general class of designs D in (|1.3))

Dl = { <$1,$2,x3,$4;nl,nz,ng,n4) :
1< =-b<my=—-a<z3=a<z4=b<1,

0<a<b<1lin =ngn,=nsn +ny= g, Rank(X(t)) = 4}. (2.19)

We note that under D; we have

Det, = 2n(b*ny + a’ny), Dety = 4nnynya®b?(b* — a?)?, A=0,
2 (b*n1 + a*ny)
B==(b? 2 C=—— < D=0
2
E = =(b’ny + a’ny), F =0, G =0,
n
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2(b*ny + a*ng)?

P =
(b%n1 + a®ng)

4
Q = ﬁ(bznl + a2n2)2 = S, R = 0,

and hence the fitted value criterion takes the following form as defined by J; where

B 2v2n1n9a?b? (b* — a?)?

I —
b (b%n1 + a®ny)
Jy  2p1(1 = 2py)a?b?(V? — a?)?
o b e (2.20)
ny3 2p16% + (1 — 2py)a

2.4 Efficient Designs with respect to J Criterion

Under the class of designs D; in (2.19)) the fitted value criterion takes the form Jp
in (2.20). We optimize the criterion function to obtain efficient designs with respect

to the fitted value criterion.

2.4.1 Finding the value of a for a given value of b

Now, assuming b to be known if we maximize the fitted value criterion with respect
to a and pp, we get a = g and p; = % (Appendix . This implies that we should
consider x5 and z3 as the midpoints of the intervals (—b,0) and (0,b) respectively

and collect data with % weight at each of the two end points, x; and x4, and with

% weight at each of the two middle points, x5 and z3, to find the best design to
maximize the fitted value criterion Jp in the class of designs Dy in (2.19). We

define the design below in Dj,

b b
dl = (.I'l,$27x37x4;n1,n2,n3,n4) P = _b7 To = _57:63 = 5,1’4 = b7
ny=ng = %,ng =ng = %,Rank(X(t)) =41, (2.21)
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and get the following theorem.

Theorem 1. For a given value of b in the class of designs D1y, the design dy is

optimum with respect to the criterion J.

2.4.2 Finding the value of b

Under the class of designs D7 in (2.19) when —xy = x4 = 1 i.e. when b =1, we
obtain the fitted value criterion from ([2.20]) by replacing b with 1 and denote that

by J; where

Ji 2pipea®(1 —a®)?

= 2.22
ny3 (p1 + a?p2) (2:22)
Clearly,
J— Jp

2 201 _ -2)2 2 _ 22 2 _ 22
_ 2ny3pipea”(1 — a?) p1b2{1 _ (0" —a) }+p2a2{1 —b2(b a*) }
(1 + a?p2) (0*p1 + a?ps) (1—a?)? (1—a?)?

>0, (2.23)

L= (1 = a?)
<
because 0<b I—a2 = (1=a)

<1

We note that holds for all 0 < a < b <1, n; # 0, and ny # 0. The ‘=" holds

only when b = 1. Thus the design with —z; = 24 = 1, provides the maximum

value of the fitted value criterion J. We also see this in Appendix{A.2] Fig{2.]|

also confirms the fact that J attains the maximum possible value when b = 1. We
b

considered a = 5 = % while computing J for the graph.
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J(pl)
0.03 0.04 0.05 0.06
| | | |

0.02
|

0.01
|

0.00
|

P1

Figure 2.1: Plot of J(p1) against p; for different values of b

We define the design below in Dy,

1 1

d2 — (‘TlaI27x37x4;n17n27n37n4) X = _1,£U2 - —§,$3 - §7$4 - ]-7
ny=ng = %777/2 =ng = g,Rank(X(t)) =41, (2.24)

and obtain the following theorem.

Theorem 2. For the class of designs D+, the design dsy is optimum with respect to

the criterion J.
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2.5 Expression of I Criterion

We now consider the predicted value criterion (ref. Chapter for model selection
and discrimination purposes. Let ¢ (z) and §® () be the predicted values of the
two models MI and MII at X = z. We first find the expression for E (g™ (z) —
7 (x)) assuming MT to be the true model. We note that the quantity, E(§™" (z) —
7 (z)), may be positive for some values of 2 and negative for some other values
of z. Therefore, we consider the squared value of E(j"(x) — 7 (z)) and find the
criterion. Under the class of designs D in we have

BiV(x)) = ( w ) BHY)
1 0 A B .
:<1 x) +© from (ET0)
01 C D

=Y + T + 12(B + Dz) + 13(A + Cx), (2.25)

and

100 FE

=(1 @ x3) 010 F |7 from I
001G

=Y + M+ %(E + Fr + G2°) + 31, (2.26)
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where A, B,C, D, E, F, and G are defined right after (2.11]). Thus from ({2.25)) and
(2.26) we get

E@W(z) — P (x) =% [(B - E) + (D — F)x — G2*] + 3 [A+ Cz — 2°]
(2.27)

The expression in (2.27)) is intractable with respect to the general class of designs
D. Hence we consider the subclass of designs D; in (2.19). Now under Dy, we
have B =F = 2(b>n; + a’ny), A=D=F =G =0, and C = M Hence

b%2n1+a?n9)”

under the class of designs D; we get from ([2.27]),

[EGV(@) = §P@)] = 15a® (C —a?)’.

(2.28)
The discrimination between the models MI and MII will be the best when

[E(@(“(az)fg@)(m))

2
- ] is maximum. The discrimination between the models MI and

MII will not be possible with respect to predicted values when W =0.
We observe that at = 0,2 = —/C, and z = VC, E(yW(z) — §?(z)) = 0.
Clearly, at = 0,2 = —/C, and = = V/C, the discrimination between MI and
MIT will not be possible using the prediction criterion at the design stage. But we

are interested in finding an overall prediction measure for discrimination purpose

rather than evaluating at each z. So, we consider an overall measure by taking the

B (2)—5® (2)) ]

] on x. Therefore the predicted value criterion

weighted average of [
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is given by,

AL
— Cx—2*)"dx
2

7/ 6’22 20" +x)d
0

C? 26’1
3

4 4
_2C _} where 0 < (= ' ta’ng)

1. 2.2
(0?ny + a’ny) < (2:29)

2.6 Efficient Designs with respect to I Criterion

We note that the criterion I is a concave function with respect to C' (Fig-2.2)).

Designs with a very small or a very large value of C' will perform well with respect

0.10
|

I(C)

0.08
|

I(.2) = I(1) = 0.076

0.06
|

0.04
|

C=0.2

0.02
|

Figure 2.2: Plot of I(C) against C
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to I. We also note that I(0.2) = I(1) but it is clear that C' # 1 and C' # 0. We
obtain some choices of a, b, and p; numerically to present some designs (Table +{2.1))

in Dy in (2.19) which perform well with respect to I.

Table 2.1: Some I-optimal Designs

C |a b p1 p2 J I

0.10 | 0.151 | 0.48 | 0.028 | 0.472 | 0.000 | 0.1062
0.10 | 0.209 | 0.439 | 0.060 | 0.440 | 0.000 | 0.1062
0.20 | 0.284 | 0.847 | 0.013 | 0.487 | 0.006 | 0.0762
0.20 | 0.307 | 0.749 | 0.024 | 0.476 | 0.004 | 0.0762
0.80 | 0.503 | 1.000 | 0.204 | 0.296 | 0.061 | 0.0362
0.80 | 0.537 | 1.000 | 0.212 | 0.288 | 0.060 | 0.0362
0.85 | 0.595 | 0.998 | 0.274 | 0.226 | 0.051 | 0.0437
0.90 | 0.404 | 0.995 | 0.288 | 0.212 | 0.042 | 0.0529
0.95 | 0.537 | 0.996 | 0.410 | 0.090 | 0.024 | 0.0637
0.99 | 0.424 | 1.000 | 0.471 | 0.029 | 0.007 | 0.0736

We note that the designs those perform well with respect to I, do not perform well
with respect to J and vice versa. As a trade off we might be interested in designs

which perform moderately well with respect to both I and J.

2.7 Some Comparisons between I and J

We now consider b = 1 and obtain some designs numerically in D7 which yield same

numerical value for both the criteria and demonstrate them in Table{2.2l Then we
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Table 2.2: Some designs in Dy for which I = J

C a b D1 D2 J I

0.8857 | 0.46998 | 1.00000 | 0.28119 | 0.21881 | 0.05007 | 0.05007
0.8857 | 0.47352 | 1.00000 | 0.28244 | 0.21757 | 0.05007 | 0.05007
0.8857 | 0.47438 | 1.00000 | 0.28272 | 0.21728 | 0.05007 | 0.05007
0.8857 | 0.47184 | 1.00000 | 0.28185 | 0.21815 | 0.05007 | 0.05007
0.8857 | 0.47450 | 1.00000 | 0.28276 | 0.21724 | 0.05007 | 0.05007
0.8857 | 0.47379 | 1.00000 | 0.28253 | 0.21748 | 0.05007 | 0.05007
0.8857 | 0.47479 | 1.00000 | 0.28286 | 0.21714 | 0.05007 | 0.05007
0.8857 | 0.47450 | 1.00000 | 0.28277 | 0.21723 | 0.05007 | 0.05007
0.8857 | 0.46966 | 1.00000 | 0.28108 | 0.21892 | 0.05007 | 0.05007
0.8857 | 0.47352 | 1.00000 | 0.28243 | 0.21757 | 0.05007 | 0.05007

consider the following subclass of designs in Dy,

1
D2 - <x17x27x37x4;n17n27n37n4) X1 = _1,372 - _571;3 - 57‘7;4 - 1)

Ny = Ny, Ny = N3, Ny + Ny = g, Rank(X(t)) = 4}. (2.30)
We explore the performance of the designs in D4 with respect to criteria I and J.

2.7.1 The I(p1) and J(p;) for Designs in D,

Here we will discuss the properties of J and I criterion functions derived under the

class of designs Dy. We substitute b = 1 and a = 3 in (2.20) and obtain the fitted

value criterion as J(p) = %, 0<p <3|

_1y2
The J(p1) can also be written as, J(p;) = [1—16 — 3;&+Gl)) } .
6

32



JI(p2)
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Figure 2.3: Plot of J(p1) against p;

e J(p1) monotonically increases first and reaches its maximum at p; = é and

the maximum value is 1—16, then it monotonically decreases to zero (Fig-2.3)).

e Larger value of J(p;) implies better discrimination.

We also substitute b = 1 and a = 3 in (2.29)) and obtain the predicted value criterion

I( ) _ (9900p? —1068p1 +107)
)= 1680(1+6p1)2 )

as 0<p <3}

Note that I(p;) can also be written as,

55 (A2 + 121 7 20 1
) = 355 (W) where 4 = (pl—%) B=3 (p1+2—6>-

192
Now, A*> %AQ where “=7 holdsiff A=0 ieiff p, = 7_78
192 192
A2 22 p)s 2 20
< ( 1375 ) > 1375 (4 +B)
55 192 4
Ip) > 20 2 4
& Ip) 2 336 X 1305 = 173



|(p1)
0.05 0.06 0.07
| | |
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|
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Figure 2.4: Plot of I(p;) against p;

e I(p;) monotonically decreases to its minimum at p; = =& and the minimum

value is 1;;5, then it monotonically increases (Fig .

e Larger value of I(p;) implies better discrimination.

2.7.2 Exploring the Equality of I(p;) and J(p;) in D,

We will study the following three situations first:

I(p1) =J(p1), I(p1)>J(p1), and I(p1) <J(p1).
From (Fig{2.5) we note that

e I(p;) values are in (0.022857,0.076190), J(p1) values are in (0,0.0625).

e I(py) and J(py) intersect twice at p; = 0.037709 and p; = 0.290214.
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Max at p = 1/6 I(p.)
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Figure 2.5: Plot of I(p;) and J(p;) against p;
e I(py) > J(p1) when 0 < p; < 0.037709 and 0.290214 < p < 0.5.
e I(p;) < J(p1) when 0.037709 < p; < 0.290214.

Here we find the value(s) of p; for which I(p;) and J(p;) are equal. We already

obtained these values graphically. We consider the function F(p;) where

F(p) = I(p1) — J(p1)

(9900p? — 1068ps + 107)  9ps (1 — 2pi)
1680(1 + 6p; )2 8(1 + 6py)

(22680p3 + 2340p% — 2958p; + 107)

_ , 2.31
1680(1 4 6p;)? (2:31)

Clearly, F'(p;) = 0 will provide the value(s) of p; for which I(p;) = J(p1). We note

that F(p;) = 0 in two points when p; € (0, %) one in 0 < p; < 0.1 and the other in
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F(p1)
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|
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Figure 2.6: Plot of F(p;)) against p; € (0, %)

0.25 < p; < 0.30 from (Fz'g. Now, using the Method of Bisection we can easily
find those two points precisely as p; = 0.037709 and p; = 0.290214. We also note
that only between these two points F'(p;) < 0 ie. I(p1) < J(p1).

We define two designs dz and dy in D4 in as

1
ds = |(x1, 22, T3, Ta;M1, N2, N3, M) * T1 = —1, 29 = 5T = 5T = 1;
ni = ng = 0.290214n,ny = ng = g — ny, Rank(XW) = 4/, (2.32)
and
1 1
dy = |(21, 22, T3, X450, N2, N3, Ng) = X1 = —1, 29 = Ty T = 5T = L;
ny = ng = 0.037700n, ny = ny = g —ny, Rank(X®W) =4|.  (2.33)
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Thus we have the following theorems.

Theorem 3. For the class of designs Ds, the design d3 yield equal numerical value

for both the criteria I and J.

Theorem 4. For the class of designs Dy, the design dy yield equal numerical value

for both the criteria I and J.

Theorem 5. For the class of designs Do, the design dy performs better than ds

with respect to both the criteria I and J .

We already have the design dy in ([2.24)) as the optimum design in Dy in (2.19) with
respect to J. Obviously it is optimum in Dy too because Dy C D;. Hence we

have

Theorem 6. For the class of designs Do, the design dsy is the optimum design with

respect to J.

Now, we define the following subclass of designs in Do (12.30)),

1
D3 = {(«Tla xg,xg,x4;n1,n2,n3,n4) cxp=—lLazp = —§7I3 = §,$4 =1
% <ng < g,ng = g — Ny, ny = Ny, Ny = ng, Rank(X®) = 4} (2.34)

and obtain the following theorem.
Theorem 7.

(a) All the designs in D3 perform better than the design dy with respect to the

criterion I.

(b) The design dy performs better than all the designs in Ds with respect to the

criterion J.
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Chapter 3

Linear vs. Special Cubic as the

True Model

3.1 Introduction

We again consider the experiment where the response variable Y is dependent on
an explanatory variable X. So far we assumed the full cubic model MT to be the
true model but here we assume v, = 0. Therefore the two models MII and MT in
Chapter{2| become identical here. We consider the other possible dependence as a
simple linear regression model MI. Our goal is to discriminate between these two

models MI and MII at the design stage assuming MII to be the true model.

3.2 Models and Associated Designs

We consider the class of designs D in (1.3). We also consider the cubic model
without the quadratic term from (1.1 as the true model and denote it by MIIL. Our

aim is to discriminate between the two models MI and MII.
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The two models considered here are given by

MI: E(y;(z:)) = Y0 + 1,

Var((y;(x:)) = o*, Cov((y;(x:)), (yy (z7)))

MII: E(yj<l’z)) =% + 1z + 7337?7

Var((y;(z:))) = 0, Cov((y;(x:)), (y (x)))

where i, =1,2,3,4; j =1,2,...,n;,7

E(y)
E(y)
where
<) _ 1 1 1
T 1 T2
1 1 1
X(Q): 1 ... T1 T9
] af g
We define
X3=<x§ B

N

39

0,

= X@~®), Var(y) = o1,
= XMW~ Var(y) = o1,
1 1 ... 1 1
To I3 T3 T4
1 1 1 1
To I3 Trs T4
v g v g

Y

Y

=1,2,...,ny,(i,5) # (@, 7).

The matrix representations of MII and MI are given by

1) —

(2 —

(3.2)

Yo

71

Yo

4!

V3



Hence we get,

XMW@ xmryx
X® = ( XM : X, ) = XPX® = l (3.5)
XXM XX,

3.3 Expression of J Criterion

We first consider the fitted value criterion J (ref. Chapter{l]) and obtain the efficient
design within the class of designs D in for model selection and discrimina-
tion purposes. Let ¥ and 3 be the fitted values of the two models MI and
MII respectively. First we have to find the expression of E(y(") — y®)) where the
expectation is considered under the true model MII in . Then we have to find
the expression of E(y™® —y®) E(y1) — y@),

The least square estimate of 4™ for MI is given by (Rao| (1973))

A (1)

. "o _

4 = " = (XWrx)=ixWry, (3.6)
N

and the least square estimate of v for MII is given by

,3,(2) _ %2) — (X(Z)/X(Q))*lx(@’y. (3.7)

We note that ’}82),%2)7 and ’y?(f) are the least square estimates of vy, 71, and 73
respectively from MII. So, under MII these estimates are the best linear unbiased

estimates (BLUE) (Rao| (1973))) of the respective parameters i.e. E (’?(2)> =~
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The expression of J is readily available from ([2.18). We just replace v, by 0 and

get the expression of the fitted value criterion as

J= (Zj niaf — P) o3, (3.8)

where P is defined right after (2.17)).

It can be checked that the detailed expression of J in (3.8) is given by

J =73 [nlngng(wl — 29) (21 — 23)* (29 — 23)* (21 + T + 13)°
+ nyngng(x; — $2)2(I1 - !E4)2($2 — $4)2($1 + 22 + $4)2
+ ningng(zy — 23)% (201 — 24) (23 — 24)* (21 + 23 + 24)*

+ ngnznyg(ze — x3)% (1o — 14)* (13 — 14)* (22 + 23 + x4)2]

[nan(xl — 1’2)2 + nlng(xl — 173)2 + ?74714(1’1 — 374)2
+ TLQ?”Lg(ZEQ — 1‘3)2 + 7’LgTL4(ZL’2 — 1174)2 + n3n4(:v3 — 234)2] . (39)
Considering —x1 = x4 = b and —xy = x3 = a where 0 < a < b < 1, J reduces to,

4732)@2()2([)2 — CL2)2 (n1n2n3 + ninaong + ninsng + n2n3n4)

(b+ a)?2(nin3 + nany) + (b — a)?(ning + n3ny) + 4a®ngns + 462n1n4]

4v2a*V? (b — a?)? (ninang + ninany + ninany + nansny)

:%2<52 + a?) — La(ni — na) + b(na — n3)]2 — 1[b(n1 — n4) + a(ny — ng)?

+2(b* — a®)(nyng — ngng)] :

(3.10)

Now, the denominator of the expression of J in (3.10]) suggests a meaningful allo-

cation n; = ny and ny = ng which reduces the J considerably as follows:
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4y3nninga?b?(b* — a?)?

J p—
[%2(62 +a?) + 2(b% — a?)(n12 — n9?)

4y3nninga?b?(b* — a?)? . n
= 2 (b 13a?) since (n1 +ng) = 5
J 2p1 (1 — 2p1)a®v*(b* — a?)? 1
= h = _, 3.11
nv3 2p16% + (1 — 2py)a® where (p1 + p2) 2 ( )

Clearly the general design class D in (|1.3)) reduces to a sub-class of designs Dy in

(2.19)) when we consider these design points with the special allocation scheme.

3.4 Expression of T-Optimality Criterion

We consider the fitted values of y under MI and MII. Here y( = XW4® = H,y
and y? = X®45® = H,y where 4 and 4® are defined in and
respectively, and Hy — XO(XOXM)-1X0r H, — X (X@X@)-1XO)

We note that Hy and Ha are symmetric and idempotent (Rao (1973)) i.e. H, =
H,, H,> = H; and H2/ = H,, H,?> = H,. Now, the lack-of-fit sum of squares is

given by

SSror = (5,(2) _ 5,(1))/(3,(2) _ 5,(1))
=y'(Hy —H;)%y

=y'(Ha —Hy)y, by Result{l] (3.12)
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Hence

E(SSLor) = Ely'(Hz — Hy)y] = tr[(Hz — Hy) E(yy')]
= tr{(Hy — Hy){o’I + E(y)E(y)'}]
= o*tr(Hy — Hy) + E(y) (H2 — Hy)E(y)

=02 + 4/ XP(T - H )X, (3.13)

Thus from (3.8) and (3.13) we get

1
NCP = ﬁy/X(z)’(I —H;)X®~

1
= ;V:? (X3/X3 - X3/H1X3)

1 4 J
= Eﬂyg <Z1 nrd — P) = —. (3.14)

o

Hence the T-optimality criterion is equivalent to the fitted value criterion-J here.

3.4.1 Two Interesting Observations

Firstly we note the T-optimality criterion is equivalent to the fitted value criterion
J here. We note that in Chapter{2| the T-optimality criterion is not defined if we
are interested to discriminate between the models MI and MII because the true
model is a different model MT. But in this chapter it is defined because MII and
MT are identical i.e. here we have to discriminate between two models MI and MII
where MII is the true model.

Secondly we observe that under the subclass of designs Dy in , the fitted
value criterion J obtained in two different cases, one in Chapter{2 (in and
the other in this chapter (in [.11]), are identical. In Chapter{2] we have two fitted
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models MI and MII whereas the true model is the full cubic model MT. In this
chapter we have two models as MI and MII where the true model is MII. The class
of designs Dy in (2.19)) produces the identical value of the fitted value criterion J

in both the cases.

3.5 Efficient Designs with respect to J Criterion

Since the expressions of J for v = 0 (Chapter in [3.11) and v, # 0 (Chapter
in [2.20)) are identical under the class of designs Dy, the theorems from Chapter{2]

apply here.

Theorem 8. For a given value of b in the class of designs Dy in (2.19)), the design

dy in (2.21)) is optimum with respect to the criterion J (or equivalently T ).

We note that dy in (2.24) becomes the special Dette-Titoff design from the class of

T-optimal designs (Dette and Titoff (2009)). Hence we get following theorem.

Theorem 9. For the class of designs D1, the special Dette-Titoff design do is

optimum with respect to the criterion J (or equivalently T').

We now consider a general allocation instead of the special allocation n; = ny
and ny = nz and explore the new class of designs Dy to find the best design with

respect to J (or equivalently T-optimality) criterion where

1
D4 = <x17x27x37x4;n17n27n37 n4> ST = _17372 - _57373 = 5,1‘4 =1

ni + Mo + ns + ng =mn, Rank(X(2)) = 4} (315)

Under the class of designs Dy, the matrix representations of MI and MII are given
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E(y)
E(y)
where
X1 =
X3 = < -1
and
X2 —
1
= -1
-1

XWyW - Var(y) = o1,
X2~ Var(y) = oI,
1 1 1 1 11
1 1 1 1
-1 =3 —3 2 3 1
1 1 1 1
_1 _g _g g .. g ].
1 1 1 11
1 1 1 1
-1 =3 3 3 3 1
1 1 1 1
-1 =3 s 8 s 1

/

We note that under Dy in (3.15)), the fitted value criterion J in (3.9) reduces to

9 2
16773 [n1nans + ninang 4+ ningng + nonang)

J =
|:7’L [Tbl +ng4 + }l(ng + 7’L3)] - |:7L4 — Ny + %(ng - ng)] 2}
<:)>16¢I _ (714 —+ nl)[(ng —+ n2)2 — (ng — n2)2] -+ (n3 -+ nz)[(m -+ n1)2 — (n4 — n1)2]
3 & [n[nl +ng+ 1(na +n3)] — [y —ny + 1(ns — nz)f]
tits — t1t2 — 3t 16J
Sdy = (tats — trty — t5ts) assuming Jo = %, (3.16)
3

S+ - (+9)]
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where

t1 = ps + P1, to = ps — p1,
t3 = p3 + po, ty = p3 — pa, (3.17)

ti+t3=1, 0<tq, t3< 1, and —1< ty, ty < 1. (318)

Our goal is to maximize J or equivalently Jy with respect to t¢;’s i.e. with respect

to p;’s. Now we define

Fy = Denominator of Jg — Numerator of Jy
4

2
t t
9 tl—i-zg—(tz—i-;)
(3t; — 1) 2(tg — t9)* (31 — 1)(t4® — t5?)
9 * 9 * 3
[(3t1 — 1)* +2(ts — t2)* + 3(3t1 — 1) (ta® — t27)]

Y13 2_23
[t1ts — t1ts® — t5°t3)

1
9
S F=[(B8t — 1) +2(ta — t2)* + 3(3t — 1)(ta> — t27)], (3.19)
where ' = 9F,;. We note that when t; = % and to = t4, we have F' = 0 implying
Denominator = Numerator i.e. Jyg = 1. We explore the function F' to find if it is
positive valued for all the values of ¢, ¢y, and t4. If F' > 0 for all values of ¢;’s, then

Jo takes maximum value 1 when F' = 0.

We define u = (3t; — 1), v =t4 — to, and w = t4 + to. Thus from (3.19) we get

F =u* 4+ 20? + 3uovw (3.20)

3\ 9 8
F= - — S0 (w?— = 21
& <u+ sz) 27 (w 9), (3.21)

where —1 <u <2, —1<v<l,and -1 <w < 1.
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When v # 0 and w? > %, Fin (3.21)) can be written as,

F = <u—|—;vw—|—; v? <w2—§>> (u—%%vw—% v? <w2—§)>

= (u—ur)(u — u2), (3.22)

where u; = —%vw — %1/1)2 (w2 — %), Uy = —%vw+% v2 (w2 — g), and us > u;.

We now study the sign of F' and tabulate our findings in Table{3.1]

Table 3.1: Study of the sign of F’

U, UV, W Sign of F
v = F >0 by Theorem |10
v#0,w? < F > 0 by Theorem |10

F >0or F <0 by Theorem (10
,and DEN > 0 F > 0 by Theorem (11
v:O,u:O,w2<§andDEN>0 F =0 by Theorem |12

<
RN
=
g
[
V
©loo [©lw [©loo

Theorem 10.
(a) If v =10, then F' > 0.
(b) Ifv#0 and w? < 5, then F > 0.
(c) If v # 0 and w? > %, then >0 or F <0.

Proof:
The (a) can be seen from the expression of F' in (3.20)) or in ({3.21]).

The (b) can be seen from the expression of F' in (3.21]).
From (3.22)) we note that when u; < u < ug, F' < 0. But when u < uy or u > us

we have I > 0. This completes the proof of (c).
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Theorem 11. If v # 0, w?* > 3, and DEN > 0, then F > 0 where DEN =

Denominator of Jo in (3.16)).

Proof: From (3.16) we note that

2
tg ty
th+——(ta+—
1ty (2+2)

3t + 1 (2t + )
4 4

DEN =

Ol— Ol Ol Ol
r

u+2—

(3w 4— 9)2]

(++3) - (55 (=3))]

DEN >0 & <u+ng) >

& u—|—§vw 2> v ?w2—§ 2
2 4 4 9

< u—i—§vw 2> U—Q—g 11)2—§ 2—1—?1)2 wz—§
2 4 4 9 4 9
29 8\ 1

F — = = 2_ -

or>[7-5(w-3)]

This completes the proof of Theorem [11]
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Thus we have F' > 0 for the admissible ranges of u, v and w.
Now we find when F' = 0 holds. When v # 0 and w? > 2, from (3.22) we have
F=0atu=wu and u = uy and F < 0 when u; < u < us. But we already have

seen that when v # 0 and w? > §,

DEN >0

and clearly when u > us, we have from (3.22)) F' > 0.

Hence, to satisfy the condition DEN > 0, u; and uy will not be realized as two

distinct real roots of  (u® + 2v® + 3uvw) = 0.  Therefore we get,

_3
U1 = Uy = 21)21)
3 8
<:>§ ’02(?1)2—5):0
s :u=——vw,v=00<w*<1
3 , 8
(I]):u:—ivw,v#(),w =3 (3.26)

Theorem 12. [fu=0,v =0, w? < 3, and DEN > 0, then F = 0 where DEN =
Denominator of Jo in (3.16)).

Proof: From ({3.26) we note that F' = 0 when

(I):u=—3vw,v=0,0<w’<1 or

49



(II) :u=—3vw, v #0, w? = 5.
Now, from ({3.23)) we note that under (1), DEN = —% < 0. Therefore, (II) is not
possible. We also note that under (I), DEN = —1 (w? — §) and thus if w? > 3,
then DEN < 0 but if w? < §, then DEN > 0. Therefore, F' = 0 attains only when

u=uv=0, and w? < %. This completes the proof of Theorem

Thus we conclude that Fy = (Denominator of Jy — Numerator of Jg) > 0 for all
admissible values of (u,v,w) or equivalently of (t1,ts,%4). Clearly, Jo attains the
maximum value 1, when F, = 0 i.e. when F' = 0. We observed that F' = 0 only
when uv = 0 and v = 0 equivalently when t; = % and ty = 14.

Now,

b=ty =
17373

< PatpL= (3.27)

and p3+pe = (3.28)

Wl b Wl —

Also ty =1ty <& p3s—ps=ps—pr. (3.29)

Let us assume, py = p.

2

Then (3.28) provides, ps = 3D

2
and (3.29)) provides, Pa=p1=g - 2p. (3.30)

1 1
Now, (3.27) and (8.30) provide, p1=p—r and py=g5—p.

As p; > 0 for i = 1,2,3,4; we have p € (é, %) Thus there exists a subclass of
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J-optimal (or equivalently T-optimal) designs within the class of designs Dy in

(3.15) given in Table.

Table 3.2: Class of J-optimal Designs

Design Points | z; = -1 | 29 = —

D=

1’3:% .CE4:1

W

Proportions plzp—% Po=p | p3s=32—1p p4=%—p

where p € (%, %)

Clearly, when ps = p = % we get the special Dette-Titoff design dy in (2.24]) which
is in fact the most efficient design in the class of designs D4 in (2.19)). We denote

the new subclass of J-optimal (or equivalently T-optimal) designs in D4 by

_ . . _ _ 1 _
D5 — {(xl,x2,$37x4,n17n2,n3,n4) I = _17:62 = —5,23 =

pr=p—sp2=pp3=2%—ppi=1-p t<p<iRank(X?)= 4}-
(3.31)
We note that J-optimal design may not be unique. Any design in Ds gives the

same optimal value of the fitted value criterion making each design to be J-optimal

here. Hence we have the following theorem.

Theorem 13. For the class of designs in Dy in (3.15), all the design in Ds are

optimum with respect to the criterion J (or equivalently T').

3.6 Expression of I Criterion

Here we derive the I Criterion under the class of designs D in (1.3)). We denote the

predicted values of y when X = z for MI and MII as §)(z) and §® (z) respectively.
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Then we find the expression for E(j(z) — §® (x)). We note that the quantity,
E(§W(z) — ¥ (x)), may be positive for some values of x and negative for some
other values of x. Therefore, we consider the squared value of E(§M(z) — 7@ (z))
and find the criterion. Now, the expression of E(j§M)(z) — ¢ (x)) in this case
is readily available from ([2.27). We just need to replace 72 by 0 and hence we
get the expression. Also under the class of designs D; in the expression
[E(5W(z) — g® (1;))}2 takes the form 1222 (C' — 22)? which is exactly the same as
what we obtained in Chapter{2] Consequently the predicted value criterion will be

identical to the case of Chapter{2] which is given by

(b*ny + a'*ny)

Gy 20, 1
I=-2 —_— .32
{ (0?>ny + a’ny) (3.32)

—/}/3 ?—?—f-?} Where Ob:

3.7 Efficient Designs with respect to I Criterion

Since the expressions of I for 45 = 0 (Chapter{3| in and 72 # 0 (Chapter2]
in are identical under the class of designs Dy, the theorems from Chapter
apply here. From Chapter we note that ds in (which is the special Dette-
Titoff T-optimal or equivalently J-optimal design here) doesn’t perform well with
respect to criterion I. We consider the class of designs Dj in ([2.34]) and obtain the

following theorem.
Theorem 14.
(a) All the designs in Dgs perform better than the special Dette-Titoff design ds

with respect to the criterion I.

(b) The special Dette-Titoff design dy performs better than all the designs in Ds

with respect to the criterion J (or equivalently criterion T').
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Chapter 4

Quadratic vs. Full Cubic as the
True Model

4.1 Introduction

Here the response variable Y is dependent on the explanatory variable X with two
possible dependence as described by two models MI, a quadratic regression model
and MT, a full cubic regression model. We assume that MT is the true model but
it is unknown to us. We do not know whether MI or M'T describes the dependence
better. Our goal is to discriminate between these two models MI and MT by the

design choice.

4.2 Models and Associated Designs

We consider the class of designs D in ((1.3)). We also consider the full cubic model
from (L.1)) as the true model and denote it by MT. Our aim is to discriminate

between the two models MI and MT assuming MT to be the unknown true model.
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The two models considered here are given by

MI: E(y;(xi)) =70 +mzi + 7290?7

Var((y;(z:)) = o*, Cov((y;(x:)), (yy (z7))) =0, (4.1)

MT:  E(y;(z:) = 7o + Na; + 722] + 7327,

Var((y;(z:)) = o*, Cov((y;(x2)), (yy (z7))) =0, (4.2)

where i,i = 1,2,3,4; j = 1,2,...,n4,7 = 1,2,...,ny,(i,5) # (i,5 ). The matrix

representations of MT and MI are given by

E(y) =XMyW " Var(y) = 0’1, (4.3)
E(y) =X"y", Var(y) = o’I, (4.4)
where
/
i ... 11 ....1 1 ... 1 1 ... 1 Yo
X(l): 1 r1 X9 Ty I3 T3 T4 Ty 77(1): Y1 )
e BT R B B~ B . -
and
!
i ... 11 ....1 1 ... 1 1 ... 1 Yo
X0 T1 1 T2 To2 I3 T3 T4 Ty ,’Y(t): 4!
2 .22 22 .. a2 2R ... 2 2R ... 2 -
xi’ w‘% m% x% x§ x§ xi xi Y3
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We define

o

We note that

3
Ty

X(t) — ( X(l) X3 ) = X(t)/X(t) —

XWrx®  x®rx,

(4.5)

XXM XEX

4.3 Expression of J Criterion

We first consider the fitted value criterion J (ref. Chapter{l). We find the ex-

pression of J considering the class of designs D in (1.3)) for model selection and

discrimination purposes.

It can be checked that

(XOXNAXO B(y) = ~®),

E(ﬁ/(l)) — (X(l)/X(l))_lX(l)’E(y)
= (X(l)’X(l))’1X(1)’X(t)7(t)

100 A

010 B |¥"

00 1C

where
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1
N Det1

[n1n2n3($1 - $2)2($1 - I3)2($2 - $3)2($1I2$3)
+n1n2n4(x1 — $2)2($1 - I4)2($2 - $4)2($1I2$4)
+nyngng(xy — $3)2(9U1 — $4)2(!E3 — $4)2($1$3$4)

+ngngng(zy — 953)2(902 — $4)2($3 — $4)2($2$3$4)],

1
B D@tl

[nlngng(xl — $2)2<£L‘1 — 1’3)2(272 — 1'3)2(1'1$2 + IT1T3 + 1’21'3)
+ningng () — $2)2($1 - $4)2($2 — $4)2($1$2 + 2124 + To4)
+n1n3n4(1'1 — 1‘3)2(1‘1 — 1’4)2($3 — 1'4)2(1'1333 + X124 + 1'31134)

+n2n3n4(a:2 — 1‘3)2(5E2 — .174)2(.173 — .CE4)2(ZL’2$3 + Loy -+ x3x4) s

1
=5 ningns(ry — 12)% (11 — 3)* (T2 — 23)* (21 + T2 + 73)
€t1
Fningng(ry — 12)% (11 — 24)* (22 — 24)* (21 + T2 + 74)
+ningng(ry — 13)% (11 — 24)2 (23 — 24)* (01 + T3 + 74)
+nongng(ze — 13)% (10 — 24)* (23 — 24)* (22 + 23 + 3:'4)] ,
and
Det1 = X(l)/X(l)‘ = |:TllTl2n3(fI?1 — x2)2(x1 — .CL’3>2(.172 — 1'3)2

Fningng(zy — 22)* (21 — 24)% (29 — 24)?
+ningng(ry — 13)% (101 — 24)* (23 — 74)?

+nongng(Te — 13)% (12 — 14)* (23 — 24)%|. (4.8)
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The fitted values of y under MI and MT are expressed as y(!) = X(l)ﬁ/(l) and

v = X(t)ﬁ/(t). Hence we have

= H; X®"~®), (4.9)
E(S’(Q)) _ X(t)E(:Y(t))
— XD~ (4.10)
= E(y® —yW) = (1 - Hp)XO~®), (4.11)

where H; = XM(XO/XM)-1XO and Hy = Hy, H? = Hy. Now, using (#.11)

we get

= 4O XO(T - Hy) X~ (4.12)
It can be checked that
Z?:l U2 Z?:l i E?:l n;r; Z?:l n;x;
4 4 9 4 3 4 4
1 N5 i=1 T Z; i=1 T\ Z; i=1 T\ Z;
X(t)/HIX(t) _ zjll 24 ! 24 ! 24 ! (4.13)
> i1 nla:'? > i m:cf > i nzxf > i m:l:f
Siamad S mat YL ! X H X

57



Therefore

000 0
000 O
X1 - Hp)X® = , (4.14)
000 O
000 P
and thus using (4.12)) and (4.14) we get the fitted value criterion as
J = Pv3, (4.15)

where

P=X,/(I1-H)X;

B n1n2n3n4($1 — 1L‘2)2(ZL'1 — 133)2(1‘1 — 1'4)2(1‘2 — I3)2(I2 — 1’4)2(1'3 — ZL‘4)2

ning () — x2)2{n3(:€1 — x3)% (22 — 3)% + nu(w1 — 4)% (72 — 5’54)2}

+ nzng(zs — x4)2{n1 (z1 — 23)% (21 — 14)? + na(wy — 23)% (25 — :U4)2}] . (4.16)

We now calculate the J criterion under the class of designs Dy in (2.19)). Thus J

in (4.15) reduces to

2v2n1nya?b? (b* — a?)?
J =
(n1b% + noa?)
J 2pi(1- 2p1)a®s’ (b — a®)?
ny:  2pib? 4 (1 — 2pp)a?

1
where (pl —|—p2) = 5 (417)
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4.4 Efficient Designs with respect to J Criterion

It is interesting to note that under the class of designs D1 in (2.19) the expression
of J in this chapter is identical to the expression of J in Chapter{2 (in [2.20) and
also in Chapter{3| (in [3.11)). Hence from Chapter{2] and 3] we obtain the following

theorems.

Theorem 15. For a given value of b in the class of designs Dy in (2.19)), the design

dy in (2.21)) is optimum with respect to the criterion J.

We note that dy in (2.24) becomes the |[Kiefer and Wolfowitz| (1959) optimal design

in the setup of Chapter{4 Hence we get following theorem.

Theorem 16. For the class of designs D1, the Kiefer-Wolfowitz design dsy is opti-

mum with respect to the criterion J.

4.5 Expression of I Criterion

We now consider the predicted value criterion here. Let §™M(z) and §®(z) be
the predicted values of the two models MI and MT at X = x. We first find the
expression for E(jM(x) — ¢ (z)) assuming MT to be the unknown true model.

Then we obtain the squared value of E(§™"(z) — §®(z)) and find the criterion.
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Under the general class of designs D in (|1.3) we have

E@mwnz(lx ﬁ)Eﬁm)

1 00 A
= <1 x x2) 010 B |~? from (&7
001 C
=70 + N + 122 +13(A + Bx + C2?), (4.18)

and

E@®@D=(1a:ﬁ ﬁ>EW@)
= ( 1 =z 22 2° )’Y(t) from (4.6])

=0 + NT + 722’ + 32, (4.19)

where A, B, and C' are defined right after (4.7]).
Thus from (4.18)) and (4.19) we get

E@GY(z) — 5P (z)) = v [A+ Bz + Cz* — 2 (4.20)

Now under Dy in (2.19) we have A= C =0 and B = % Hence under this
class of designs we get from (4.20)),

2 2

=v32° (B —2%)".

(B (@) = 5 (2))] (4.21)

The discrimination between the models MI and MT will be the best when
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X X 2
[M] is maximum. The discrimination between the models MI and

3
EGW@) -3 @) _ o

MT will not be possible with respect to predicted values when pon

We observe that at z = 0,2 = —/B, and 2 = v/B, E(j"(x) -9 (z)) = 0. Clearly,
at © = 0,2 = —/B, and x = v/B, the discrimination between MI and MT will not

be possible using the prediction criterion at the design stage. We now consider an

EGW (@)@ ()]

overall prediction measure by taking the weighted average of - on
x. Therefore the predicted value criterion is given by,
L e 52 ())]2
I=35 | [E@V(2) =P @) da
—1
2l
_723/_1(336 333) dx
B> 2B 1 (b*ny + a*ny)
=2 | = - = 4= h 0<B=-——"—-=<<1 4.22
73 l 3 5 - 7} where (6201 + a®ny) (422)

4.6 Efficient Designs with respect to I Criterion

Since the expressions of I in of Chapter and in (2.29)) of Chapter are
identical under the class of designs Dy, the theorems from Chapter{2| apply here.
From Chapter we note that dy in (2.24) (the special Dette-Titoff T-optimal or
equivalently J-optimal design) doesn’t perform well with respect to criterion I. We

consider the class of designs Dj in (2.34) and obtain the following theorem.
Theorem 17.
(a) All the designs in D3 perform better than the Kiefer-Wolfowitz design dy with

respect to the criterion I.

(b) The Kiefer-Wolfowitz design dy performs better than all the designs in Dsg

with respect to the criterion J (or equivalently criterion T).
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Chapter 5

Linear vs. Quadratic when the

True Model Is Full Cubic

5.1 Introduction

We consider an experiment where the response variable Y is dependent on an
explanatory variable X by two models MI, a simple linear regression model and
MII, a quadratic regression model. We assume that the full cubic model MT is the
unknown true model. Our goal is to discriminate between the two models MI and

MIT at the design stage assuming MT to be the unknown true model.

5.2 Models and Associated Designs

We consider the class of designs D in (1.3]). We also consider the full cubic model
from (L.1)) as the unknown true model and denote it by MT. The three models

considered here are given by
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MT:  E(y;(z:)) = 7o + N2 + 2] + 7325,

Var((y;(w:))) = 0%, Cov((y;(x:)), (yy (1))

MI: E(y;(z:)) = v + M,

Var((y;(x:))) = 0%, Cov((y;(x:)), (yy ()

MIL:  E(y;(z:) = 7o + 112 + 1212,

Var((y;(z:)) = 0*, Cov((y;(x:)), (yy (z;)))

where i, =1,2,3,4; j=1,2,...,n;,j =1,2,...

The matrix representations of MT, MI, and MII are given by

E(y) =

E(y) = X(l),-y(l)’

E(y) =

where

T

Var(y) = oI,
Var(y) = o1,

Var(y) = o1,

T3 T4

T3 T4
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(5.1)
(5.2)
(5.3)
y T (%]) 7& (Z‘,aj,)'
(5.4)
(5.5)
(5.6)
/
e
Ty M
/
1 Yo
Ty 7’7(2) = T )
3 V2



1 1 1
T T, T
X — 1 1 X2
2 2 2
xy R R
3 3 .3
Ty Iy T
We define
— 2 2 2
X5 ( xy ... x] x5
= 3 3 3
X3 < ry ... X T
and
2 ... 22 g
Xz =
3 3 .3
Ty Ty Tg

Hence we get,

X = ( XM X,

)

1 1 1 1 ... 1
To T3 T3 T4 Ty ®)
Y =
2 2
Ty Ty T3 Ty Ty
3 .3 3 .3 3
Ty T3 T3 Ty Ty
/
2 .2 2 .2 2
.’If2 xg I3 I‘4 PR I4 ) )

2 2 2
xz x3 LIS x3
3 .3 3
Ty Xy ... Ty

= X@rx(@) —

X = ( X® X ) = XWX =

X () — ( XD 1 X, ) = XOrx ) —
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2
A/I/‘4 ... x4
3 3
1‘4 DIIY x4

XOrx® xOrx,

X, X

X, X,

X@rx@ xX@rx,

XX

X (1)
X XM

X, X5

X (X
X53Xo3

Yo

4!

V2
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5.3 Expression of J Criterion

We first consider the fitted value criterion J (ref. Chapterd{l)) under the general
class of designs D in for model selection and discrimination purposes. Let
v and ¥ be the fitted values of the two models MI and MII. First we have to
find the expression of E(y") — y®)) where the expectation is considered under the
true model MT in (5.1]).

The least square estimate of 4" for MI is given by (Rao| (1973))

()
gl

4 = A‘zl) = (XOrxOy-1x My, (5.8)
T

and the least square estimate of 42 for MII is given by
:),(2) _ %2) — (X(2)'X(2))_1X(2)'y. (5.9)

Now,

E(;),(l)) — (X(l)/X(l))le(l)/E(y)
— (X O (D=1 (D)3 (8) A, (1)
(XXX X Py
= (X(l)’X(l))A ( X (1)rx (1) X(l)'X23 ) ,y(t)
= ( L (X(l)/X(l))—lX(l)/X23 ) ,-),(t)

10 B A
_ ~®) (5.10)

01 D C
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and

E(ﬁ/@)) — (X(z)’X(Q))’lX(Q)’E(y)
— (X(2)/X(2))*1x(2)/X(t),Y(t)
= (X(2)/X(2))—1 ( XX xXrx, )7(15)
= ( I, (X(2)’X(2))*1X(2)’X3 )7@)

100 E
=lo10 F |7Y, (5.11)
001G

where A, B,C, and D are defined right after (2.11)) and

1

2 2 2
= ninaoNg\T1 — T 1 — & L9 — T3) T1T2T
Det2 123(1 2)(1 3)(2 3) 14L243

+ningng(zy — 22)2 (21 — 14)* (29 — 14)2 217974
+ningng(z; — .7:3)2(:1:1 - :U4)2(x3 — x4)2$1x3x4

+ngnang(ze — 13)* (19 — 14) (23 — 14)° 027374,

F =
—1
Det2

n1n2n3($1 — 132)2(331 — .’13‘3)2<$2 — 1’3)2(1’1372 + T1r3 + .1’25173)

+n1n2n4(x1 — 132)2(331 — 1’4)2<l’2 — 1’4)2(1’1372 + x4 + .1’25174)
+n1n3n4(x1 — .133)2((171 — 374)2<I3 — 564)2(.1?1373 + x4 + SL’3!L‘4)

+n2n3n4(x2 — $3)2(l‘2 — .I‘4)2<LL’3 — 1’4)2(1’21'3 + ToTy —+ $3$4)] s
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1
N D6t2

nineng(ry — $2)2($1 - I3)2(I2 — 5153)2($1 + 29 + x3)

+rinang(zy — 2)* (21 — 14)* (02 — 24)* (21 + 22 + 14)
+nynzng(xy — $3)2($1 — $4)2(!E3 — $4)2($1 + x5 + x4)

+ngngng(zy — $3)2($2 - 204)2(!103 — $4)2($2 + x3 + $4)] ;

Det2 = X(Q),X(z)‘ = [nlngng(xl — 1'2)2(1'1 — 1‘3)2($2 — $3)2
+ nyngny (1 — $2)2($1 - $4)2(I2 - $4)2
2

+ nyngng(x; — $3)2($1 — $4)2(I3 — x4)

+ nongng (g — x3)? (g — 24)* (23 — 14)?

We know that the fitted values of y under MI and MII are expressed as y() =

X®O5W and @ = X@43 Now assuming that MT to be the true model the

expected values of the fitted values are given by

E(y(l)) — X(l)E(:y(l))
— X(l)(X(l)’X(l))’1X(1)’X(t)7(t)
= H,; X®~®

) = XU BH?)

= E(y" —y®) = (H; — Hy)XW7",
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where Hy = XW(XO/XI)=IXD" and Hy = X&(X@'XE)=1X 2" We note that
H; and H, are symmetric and idempotent (Rao| (1973)) i.e. H, = H,, H? = H,,
Hz/ = H, and Hy? = H,. Also by Resultwe have HoH; = H; = H{H,. Clearly

using (b.14]) we get

A A / A A
J=EFY -y?) E@FY -y®)

= 'y(t)'X(t)'(Hl _ H2)2X(t)'y(t)

= 4O XO(Hy — H)XO~4®  using Result{T] (5.15)
Now,
X (2
XOH,X® = H, ( X® X )

X'
X 2y

() (e x)
X3'Hy
X@rx@  x@rx,
X3'X®?  X3HyX3

1
4 4
E NiT; g n;x? E n; T} E n;x}
1 1 1 ! (5.16)
4
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t)! t X(l)/
XO'H, X" = H, ( X1 X )

X @
[ ()
X23/H1

XOrx® XM,
Xag' XM X3 H1 X3

S Y Y
1 ) 1 () 1 g
4 o, 4
E lnixi E lnixi E I’I’LZ’ZEZ-
2 3
E n;x; E n;T; P
1 1
t 3 4
E T E TN R

where

4 4 .

P=X,H;X, =B Zl nix? 4+ D Zl ngad,
4 4

Q = X3/H1X3 = Azl Tlll'? +C Zl nix?,
4 4

R = X2/H1X3 = AZI n1$? +C Zl ni:c?,

4 4 4
S = X3/H2X3 =F Zl anT? + le TLZI;L + G Zl TLZ'I,?,

;T

1 (2

4
E 4

R
Q

?

(5.17)

and A, B, C, and D are defined right after (2.11)) and E, F, and G are defined right

after (5.11)).
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Now, using (5.15), (5-I6), and (5.17) we get

0 0 0 0
goqor| 00 0 0 o

4 4

0 0 Zl n;xi — P Zl nix? — R
4

0 0 21 niz? — R S—Q

4 4
= <Z1 n;ri — P) 75+ (S — Q)va + 27273 (Zl nwd — R) : (5.18)

where P, Q, R, and S are defined right after (5.17)).

Now we consider class of designs D1 in (2.19). We note that under D; we have

Det, = 2n(b*ny + any), Dety = 8(b* — a*)*niny(b?ny + a’ny), A=0,
2 (b*ny + a'ny)
B = =(b*ny + a® L LY D=0
n( nq +a n2)7 (bznl + CL2')’L2)’ )
E—o, o Ut atn) G =0,
(0’ny + a’ny)
4 2(b*nq + a*ny)?
P=—( ’ny)? = =S R=0
n( ny +a n2) 5 Q <b2n1 + a2n2) ) )
and hence the fitted value criterion in ((5.18)) is given by
4 5 2 2\2
J = —y5nine(b® — a”)
n
J
& — =2pi(1—2p)(V* — a®)%. (5.19)
n

2
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5.4 Efficient Designs with respect to J Criterion

For any given a and b, J in (5.19)) is maximized at p; = }1. We define the design dj

in Dy in (2.19) as the following;:

d5 = (x17x27x37x4;n17n27n37n4) X = _bJ Tog = —Q,T3 = Qa,Ty = b7

ny=mng=ng="mny = g, Rank(X®) = 4]. (5.20)

Thus we have the following theorem.

Theorem 18. For any given a and b in the class of designs D+, the design ds is

optimum with respect to the criterion J.

Also for a given a, J in (5.19)) is maximized when p; = }l and b = 1. We define

design dg in Dy as the following:

d6 - ($1,$2,x3,$4;n1,n2,ng,n4) LI = —1,1’2 = —a,r3 =a,T4 = 17

Ny =Ny ="nN3="ny = %,Rank(X(t)) =4|. (5.21)

Hence obtain the following theorem.

Theorem 19. For a given value of a in the class of designs D1, the design dg is

optimum with respect to the criterion J.

Special Note: When v3 = 0 in MT, then MT and MII are identical models
representing the full quadratic model. In that case the problem reduces to dis-
crimination between a linear and a quadratic model and we need at least 3 distinct

design points for discrimination purpose. We note that this setup is identical to the
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setup explained in (Ghosh and Pall (2008). From the expression of J in ([5.19) we
note that 2p;(1 — 2p;) is maximum when p; = ; and (b* — ¢*)? is maximum when
b =1 and a = 0 and thus the J is maximum for the design with 1 = —1, 29 = 0,

and x3 = 1 with replications n; = §,np = 4, and nz = 7. This is the Kiefer and

Woltowitz| (1959)) optimal design for estimating 7s.

5.5 Expression of I Criterion

Here we consider the predicted value criterion under the general class of designs D
in (L.3). Let g1 (x) and §® (x) be the predicted values of the two models MI and
MII at X = x. We first find the expression for E(jV)(z) — §®(x)) assuming MT

to be the true model. We know that
BV = (1 2 ) BGY)

1 0 B A
_ ( . x) 7 from (510)

01 D C
=Y + 112 + 2(B + Dzx) + v3(A + Cx), (5.22)
and
B = (1 2 2 ) BE?)
1 00 F

010 F |+4% from (5.11)

01 G

= + Nz + 12’ +1(E + Fo + Ga?), (5.23)
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where A, B,C, and D are defined right after (2.11) and E, F, and G are defined
right after (5.11]). Thus from ([5.22)) and (5.23]) we get

B (z) — §®(2)) =2 [B+ Dz —2°] + 33 [(A— E) + (C — F)x — G2’
(5.24)

Now considering the class of designs Dy in (2.19), we have B = 2(b?ny + a’ny),
A=D=FE=G=0, and O = F = @mtaing) Hence under D, we have

(b2n1+a2nz) "

(B (@) =P (@)]" =3 (B-=?)".

(5.25)
The discrimination between the models MI and MII will be the best when

[E@W(w)—@@(ac))] 2
Y2

is maximum. The discrimination between the models MI and
MIT will not be possible with respect to predicted values when Mj’m(z)) =0.
We observe that at # = —v/B and 2 = /B, E(§"(z) — §®@(z)) = 0. Clearly, at
z = —V/B and & = VB, the discrimination between MI and MII will not be possible
using the prediction criterion at the design stage. But we are interested in finding
an overall prediction measure for discrimination purpose rather than evaluating
at each x. So, we consider an overall measure by taking the weighted average of

. A 2
[W] on x. Therefore the predicted value criterion is given by,

2 rl
_n _2)2
I—2/_1(B x)da:

2B 1
= (B> - =4 = 5.26
(8- 2 +3) (5.20

where 0 < B = 2(b?ny + a’ns) < 1.
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5.6 Efficient Designs with respect to I Criterion

We note that I in ([5.26) is a concave function with respect to B (Fig+5.1). Designs
with a very high or a very small value of B will perform well with respect to I.

But designs with very high values of B are better than those with very small values

0.5

0.4

I(B)

0.3
|

100) = 1(2/3)

0.2
|

0.1

0.0 0.2 0.4 0.6 0.8 1.0

B

Figure 5.1: Plot of I(B) against B

of B. We also note that I(0) = I(2) but it is clear that C' # 1 and C' # 0. We
fix b = 1 and obtain some choices of a and p; numerically to present some designs
(Table 45.1)) in Dy in (2.19)) which perform well with respect to I.

We note that the designs those perform well with respect to I, do not perform
well with respect to J and vice versa. As expected the designs with high values of
B perform better than those with smaller values of B with respect to I. As the

value of p; gets closer to 0.25 the performance of the design with respect to J is
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Table 5.1: Some I-optimal Designs

B b|a D1 Do J I

0.970 | 1| 0.707 | 0.470 | 0.030 | 0.01410 | 0.49423
0.970 | 1| 0.754 | 0.465 | 0.035 | 0.01206 | 0.49423
0.970 | 1| 0.800 | 0.458 | 0.042 | 0.00990 | 0.49423
0.900 | 1| 0.535 | 0.430 | 0.070 | 0.06143 | 0.41000
0.900 | 1| 0.561 | 0.427 | 0.073 | 0.05856 | 0.41000
0.900 | 1 | 0.600 | 0.422 | 0.078 | 0.05400 | 0.41000
0.800 | 1 | 0.200 | 0.396 | 0.104 | 0.15200 | 0.30667
0.800 | 1 | 0.300 | 0.390 | 0.110 | 0.14200 | 0.30667
0.800 | 1 | 0.400 | 0.381 | 0.119 | 0.12800 | 0.30667
0.800 | 1 | 0.500 | 0.367 | 0.133 | 0.11000 | 0.30667
0.800 | 1 | 0.600 | 0.344 | 0.156 | 0.08800 | 0.30667
0.625 | 1| 0.500 | 0.250 | 0.250 | 0.14063 | 0.17396

the best. We define the following subclass in Dy

D6 - {(ﬂ?l,I2,$3,$4;n1,n2,n37n4> I = _17x2 = —Q,T3 = A, Ty4 = 17
1 1 1 )
1 <p1=ps < 57292 =Pp3,P1+ P2 = b% Rank(X'¥) =45, (5.27)

We obtain the following theorem.

Theorem 20.

(a) For a given value of a, all the designs in Dg perform better than the special

ds in (5.21) with respect to the criterion I.

(b) For a given value of a, the design dy performs better than all the designs in

D3 with respect to the criterion J.
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Chapter 6

Linear vs. Full Cubic as the True
Model

6.1 Introduction

Here the response variable Y is dependent on the explanatory variable X with
two possible dependence as described by two models MI, a simple linear regression
model and MT, a full cubic regression model. We assume that MT is the true
model but it is unknown to us. We do not know whether MI or MT describes the
dependence better. Our goal is to discriminate between these two models MI and

MT by the design choice.

6.2 Models and Associated Designs

We consider the class of designs D in ((1.3). We also consider the full cubic model
from (L.1)) as the true model and denote it by MT. Our aim is to discriminate

between the two models MI and MT assuming MT to be the unknown true model.
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The two models considered here are given by

MI: E(y;(z:)) = Y0 + 1,

Var((y;(z:)) = o*, Cov((y;(x:)), (yy (z7))) =0, (6.1)

MT:  E(y;(z:)) = 7o + Na; + 122] + 7327,

Var((y;(z:)) = o*, Cov((y;(x:)), (yy (z7))) =0, (6.2)

where i,i = 1,2,3,4; j = 1,2,...,n4,7 = 1,2,...,ny,(i,5) # (i,5 ). The matrix

representations of MT and MI are given by

E(y) =XYyW Var(y) =0’ (6.3)
E(y) =X, Var(y) = 0’1, (6.4)
where
/
() _ 1 1 1 1 1 1 1 1 ’7(1): Yo |
T ... 1 X2 ... T X3 ... T3 T4 ... X4 Y1
/
1 ....1 1 ....1 1 ... 1 1 ... 1 Yo
X0 T Tr1 T2 Ty X3 T3 X4 T4 7’7(0: 71
xf x% x% x% x?,) x% xi xi Yo
o SO B BN S SN B B s
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We define

/
— 2 2 2 2 .2 2 2 2
X (371 c.oX] T5 ... TE X5 ... X5 TG ... :c4),
!
— 3 3 .3 3 .3 3 .3 3
!
2 2 2 2
X Ty Ty Ty Ty I3 T3 Ty Ty
23 =
3 3 .3 3 .3 3 .3 3
Ty Ty Ty Ty Ty T3 Ty Ty

We note that

XOrx® xWrx,,
X = ( XD 1 Xy, ) = XW'X® = : (6.5)
X5, XM XX

6.3 Expression of J Criterion

We first consider the fitted value criterion J (ref. Chapter{l). We find the ex-
pression of J considering the class of designs D in (1.3)) for model selection and

discrimination purposes. It can be checked that
ERY) = (XO'XO)IXO'B(y) = 4, (6.6)
and

BGY) = (XOXO) X B(y)

_ ~®) (6.7)
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where

Det; = [XWXW]| = |:7’L177/2(.T1 — x9)% + mns(wy — 23)? + nyng(zy — 24)*+

nans (e — jU?,)Q + ngng (e — 5U4)2 + ngng(zs — IE4)2] .

Now the fitted values of y under MI and MT are expressed as y!) = X(l)ﬁ/(l) and

y@ = X®4®  Hence we have

E(yW) = XWEEW)
— X(l)(X(l)’X(l))_1X(1)’X(t)'y(t)

— Hy X040, (6.8)
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= E(y® —y") = (1- H)X"y", (6.10)

where H; = X®(XOXO)=1X®" and H, = H,, H? = H;. Now, using (6.10)

we get

A A , A A
J=E@F® -y EFy® —yW)

— WX — H1)2X(t)'y(t)

_ 'y(t)’X(t)'(I _ Hl)X(t)’Y(t)- (6.11)
Now,
X(l)/
X(t)/Hlx(t) = H, ( XM Xog )
X !
23
XWrx®  xWrx,,
X23 X( ) X23,H1X23
4 4 4 4 :
Do M Do MaTi D T D
4 4 4 4
B Dot M Dy T Do T D T (6.12)
Z?ﬂ n;x; Z?:l i} P R
Z?:1 nzx? Z?:l nle‘ R Q
where

4 4
P = X2/H1X2 = AZ TLZZE? + OZ nix?,
i=1 =1

4 4
Q = X3/H1X3 = BZ nlm‘? + DZ nixf,
=1 =1
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4 4
R = X2/H1X3 = AZ TLIZE? + CZ n,;xf,

i=1 i=1
and A, B,C, and D are defined right after . Therefore

X(t)/<I . Hl)X(t) _ 0 0 ’
0 ngl(I — HI)X23

and

S nat—P Y. nal — R

]

X23,(I —H;)Xy3 = A A
Zz’:l nle - R Zz’:l nix? -Q

Det, B o Sy (say) (6.13)

where P, (@, and R are defined right after (6.12]) and

P :n1n2n3<$1 — .%'2)2(1’1 - 1'3)2(.1'2 - x3)2

+ninong () — 22)* (11 — 24)* (20 — 24)?
+nyngng(z, — xg)z(xl — :1:4)2(333 — x4)2

+nonsng(xe — $3)2(1’2 — l’4)2($3 - $4)2;

Q* = nlngng(xl — $2)2($1 — 1'3)2(1‘2 — 1’3)2(1'1 + i) + 113)2
+ ningng(xy — T9)? (21 — 934)2(332 — 14)% (21 + 29 + 14)°
+ ningng(xy — x3)? (21 — .754)2(.7:3 — :1:4)2(3:1 + x3 + 24)*

+ nongng(ze — 13)% (10 — 24) (23 — 24)* (22 + 73 + 24)?,
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R* = ningns(zy — 12)% (21 — 23)2 (29 — 23)* (21 + 29 + 23)
+ nnang(zy — 22)* (11 — 14)* (2 — 24)* (21 + T2 + T4)
+ ningng(x, — $3)2($1 — !E4)2(!E3 — $4)2($1 + x5 + x4)

+ nangng(xe — $3)2(902 — $4)2($3 — $4)2($2 + x3 + 24),

and

Dety = !X(l)’X(l)‘ = mna (w1 — 29)% + nins(zy — 23)2 + nyng () — x4)*

+ ngng(xg — .CE3)2 + 77,2714(.232 — 564)2 + 713714(.%3 — 374)2.

Using (6.11)), (6.12), and (6.13) we get

0 0
J = 0 40
0S;
= —— [P + Q% + 2327 R"] (6.14)

D@tl

We now consider the fitted value criterion J in (6.14) under the class of designs
D, in (2.19). We note that under Dy,

P 2(b* —a?)’ niny

B Q2% (1 — a®)’ niny
Det1 N (m + TLQ)

R*=0 =
’ Det,y (n1b? 4+ nga?)

, and

Thus under D5, J takes the form

(6.15)

2 (b2 — a2)” nyny 5 | 2a%0% (b2 — a2)? nyny
3 (n11)2 + n2a2) ’
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The fitted value criterion involves two unknown model parameters 7, and 3. As
a consequence it is not possible to maximize it directly with respect to the design
parameters only. But we can maximize J using K criterion as discussed in the

next section.

6.3.1 An Interesting Observation

/
We define v*) = ( Yo Y3 ) and note that (Rao| (1973))

Var (’?(t)> = o? [XWX "] -

Var(3")  Cou(3",4™)
~ =0

Cov(¥™,4")  Var(3") X5, XD X)X

XWrx®  xMrx,,

= Var (%’”) — 02 [Xos'(I — Hy)Xaog] "
)

< Var <"y(*) = 0?8571, (6.16)

where Sj is defined in (6.13)). We also note that

X X (t)
| |

where

X(t)’X(t)‘ = myngnsna|(z1 — 22) (21 — 3) (21 — 24) (12 — 23) (22 — 24) (T3 — 14)]%

It is to be noted that maximizing |Sy| implies minimizing the volume of the confi-

dence ellipsoid of the parameter estimates (5*)).
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6.4 Expression of K; Criterion

Under the class of designs D in (|1.3]) we have,

Ky = |S;4]

n1N2n3ny [(201 - IQ)(% - $3)(I1 - $4)($2 - $3)($2 - IE4)($3 - 354)]2

[nan(xl — 5132)2 + nlng(:cl — 3133)2 + n1n4(:c1 — I4)2

+ n2n3(x2 — 333)2 + 77,2714(332 — .2134)2 + 71377,4(.733 — .T4)2

(6.17)
Considering the subclass of designs D in (2.19)) the criterion reduces to,
8a2b? (b* — a?)* n2n2
J 7 (D% T 19a?) since  (ny + n2)
K;  8a%?* (b — a?) p2p? 1
= i = —. 6.18
2T R e =g (618)

We note that for a given value of b, K attains its maximum when p; = % and

a= \/ié (Appendix-B.1|). We define the design below in Dy,

b b
d7 = (21,22, X3, T4;M1,N9,N3,Ny) : T1 = —b, 9 = ——=, 03 = —=, 14 = b;
7= |(T1, 72,73, 24511, 00,3, 0g) © T1 2\/63\/64
3
ny =ny = 27712 =n3 = Tg,Rank(X(t)) =4/,

(6.19)
and get the following theorem.

Theorem 21. For a given value of b in the class of designs Dy, the design d; is

optimum with respect to the criterion Kj.
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Now from Appendix we note that criterion K; attains its maximum possible

value when b = 1. So, we define the following design in Dy

1 1
ds = (21,20, 23,24;M1,N9,N3,Ny) : T1 = —1, 090 = ——=, 2 —, x4 = 1
8 (w1, 22, T3, T4; N1, N2, N3, Ny 1 2 NG 3 NG 4
3
ng = ng = %77?/2 =ng = Tg,Rank(X(t)) 41,

and get the following theorem.

Theorem 22. For the class of designs Dy, the design dg is optimum with respect

to the criterion K.

6.5 Expression of I Criterion

Under the class of designs D in (|1.3]) we have
@) = (1 2 ) BGY)

1 0 A B
= ( 1 x ) ~® from (6.7)
01 C D

= + Nz + (A+ Cz)+v3(B + Dx), (6.21)

and

E<g<2><x>>=(1 v xS)W from (58)

=0 + N2 + 722” + v327, (6.22)
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where A, B, C, and D are defined right after (6.6)). From (6.21) and (6.22) we get

E(GWY(z) — 9P (x)) = 7, [A+ Cz —2%] + 73 [B+ Dz — 2]

Now, under the subclass of designs Dy in (2.19) we have

Det, = 2n(b*ny + a’ny), B=C=0,
2 (b*ny + a*ny)
A==V 2 D=
TL( ni+a n2>7 (b2n1 + a2n2)

Thus from (6.23]) we have,

[E@ (@) — §2(@)]” = [ (A—2?) + 75 (Dz — 2%)]°.

Hence the predicted value criterion under D5 is given by

= %/11 (72 (A = 2%) 473 (D2 — )" da

24 1 D> 2D 1
2l ] 2 |7 & 1
72{ 3 75| T3 T 77

where 0 < A= ®mtd’na) 1 4 o p = Glnitaing

(n1+m2) (b2n1+a%ng)

(6.23)

(6.24)

(6.25)

< 1. The expression

of criterion I is still dependent on two model parameters v and v3. We optimize

I using K criterion which is discussed in the next section.
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6.6 Expression of K; Criterion

From ([6.25)) we obtain the K7 criterion for the predicted values as
K7 = 6(A)6(D), (6.26)

whete 9(4) = (A2 =2 +1), 9(D) = (F -2 +1),0< 4= Gui

4 4
and 0 < D = % < 1. Now, to maximize Ky, we have to simultaneously

maximize ¢(A) and ¢(D). From Fig{6.1) we note that ¢(A) is maximum when

<
F!7
0 | [=}
[}
o~
F!7
[=}
<
© o
\—!7
[}
—~ ~
< = 0O ©
h-1 = T 2
o [}
©
O_,
~ | [=}
[}
<
O',
[}
]
[=} N
(3_7
[}

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 6.1: Plots of ¢(A) against A and ¢(D) against D

A — 1 and ¢(D) is maximum when D — 0. Therefore when A — 1 and D — 0
we should have the maximum value of Kj. The other possibilities of finding a
maximum value of K7y is given in Table{6.1} But some choices are not realized here
because A and D change in the same direction: if A increases so does D and if A

decreases so does D. Therefore the maximum possible value of K7 is attained when
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Table 6.1: Finding Maximum of Criterion K7

Value of A, D | K Realizable
A—=1,D—1|0.04063492 | Yes
A—0,D—0|0.02857143 | Yes
A—=1,D—0|0.07619048 | No
A—0,D—1/|0.01523810 | No

A —1and D — 1. We assume b = 1 and obtain some numerical choices for a and
p1 to maximize A and D to optimize Kj. Some optimal designs in DDy with respect
to K criterion are proposed in Table{6.2 We note that designs those perform well
with respect to K do not perform well with respect to K; and vice versa. We
consider the design dg of here and we note that it performs the best in the lot
with respect to Ky but not well with respect to Kj. We also consider the design
with points 1 = —1,29 = —%71’3 = %, and x4, = 1 with equal allocation and note

that it performs better with respect to Kj than Kj.
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Table 6.2: Some K7-Optimal Designs in D4

P

P2

A

D

K,

K;

0.20

0.48

0.02

0.961600

0.9984027

0.000052

0.03664073

0.24

0.48

0.02

0.962304

0.9977437

0.000070

0.03662306

0.26

0.48

0.02

0.962704

0.9973811

0.000078

0.03661450

0.30

0.48

0.02

0.963600

0.9966002

0.000094

0.03659924

0.80

0.47

0.03

0.978400

0.9858708

0.000035

0.03660706

0.70

0.48

0.02

0.979600

0.9897958

0.000050

0.03723345

0.72

0.48

0.02

0.980736

0.9898174

0.000042

0.03734432

0.74

0.48

0.02

0.981904

0.9899080

0.000034

0.03746759

0.75

0.48

0.02

0.982500

0.9899809

0.000031

0.03753414

0.47

0.03

0.974656

0.9849807

0.000060

0.03614353

0.47

0.03

0.976504

0.9853611

0.000047

0.03636415

0.48

0.02

0.985600

0.9906494

0.000016

0.03792034

S 2SS
S|l | o

0.500000

0.8333333

0.009259

0.00478395

= | == =m =R |RR|=R|[=|~R|FR|FR|[FR]|[~=]|

N

PN e

i e

0.625000

0.8500000

0.007910

0.00760032
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Chapter 7

Quadratic vs. Special Cubic when

the True Model Is Full Cubic

7.1 Introduction

Here we consider that the response variable Y is dependent on the explanatory vari-
able X with two possible dependence as described by two models MI, a quadratic
linear regression model and MII, a cubic regression model without the quadratic
coefficient. We assume the full cubic regression model MT to be the true model.
So, our goal is to discriminate between these two models MI and MII at the design

stage assuming MT to be the unknown true model.

7.2 Models and Associated Designs

We consider the general class of designs D in ([1.3)). We also consider the full cubic
model from (|1.1]) as the true model and denote it by MT. Our aim is to discriminate

between the two models MI and MII assuming MT to be the unknown true model.
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The three models considered here are given by

MT: E(y;(z;:)) = v0 + nws + 72%2 + 7396?,

Var((y;(z:)) = o*, Cov((y;(x:)), (yy (z7))) =0,

MLI: E(yj(x;)) = v + mxi + 723337

Var((y;(x:)) = o*, Cov((y;(x:)), (yy (z7))) =0,

MII: E(y;(z:)) = 7o + 112 + 1325,

Var((y;(z:)) = o*, Cov((y;(x:)), (yy (z7))) =0,

(7.1)

(7.2)

(7.3)

where i,i = 1,2,3,4; j =1,2,...,n4,7 = 1,2,...,ny,(i,5) # (i',j ). The matrix

representations of MT, MI, and MII are given by

E(y) =X, Var(y) = o™,
E(y) =XYyW, Var(y) =o’L

E(y) =X®4®, Var(y) = o’l,

where
1 1 1 1 1 1 1 1
1
X(): ryT ... 1 X9 ... T9 X3 ... T3 Tgq4 ... T4
x? 3 2l r3 xl r: x2 3
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2) __ 2) _
X( ) T 1 X9 To X3 T3 X4 Ty 7’7( ) = 71 )
3
xy Ty Tg Ty T3 T3 Ty Ly 3
/
T ....1 1 ....1 1 ... 1 1 ... 1 Yo
T ... ITp X2 ... X9 X3 ... XT3 T4 ... Ty 71
t) __ t) _
X® = A =
2 2 2 2 2 2 2 2
'/'Ul e .1'1 $2 P xz .I‘3 PR .,L‘3 1'4 e 334 72
3 3 3 3 3 3 3 3
l’l e Il $2 .« 0. {L'2 .rg o .. 1}3 ZL’4 P .T4 73
We define
/
— 2 2 2 2 2 2 2 2
X2 < [L’l e 331 .:1:2 DR 1'2 l‘g .« .. :B3 :E4 e 174 )

X3=<x§ U " SRR B USSR B SR

7.3 Expression of J Criterion

We first consider the fitted value criterion J (ref. Chapter{l]) and obtain the efficient
design within the class of designs D in for model selection and discrimination
purposes. Let vV and y® be the fitted values of the two models MI and MII. First
we find the expression of E(y") —y®)).

The least square estimate of v for MI is given by (Rao| (1973))
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and the least square estimate of 4(? for MII is given by

and

BG®) = (XP'X®) X E(y)
(X)X @ (00
10 E 0
=01 F o |7
00 G 1
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where

= Ditl |:n1n277/3(l'1 — 29)%(21 — 23)* (29 — 73)*T 12973
+nyngng(xy — j52)2(951 - $4)2(IE2 - $4)2$1$2$4
+ningng(zy — x3)* (@1 — 24)° (23 — 34)° 717324
+nongng(zy — x3)% (00 — 24) (23 — x4)2x2x3x4] ,

= D_e}fl [nlngng(arl — x9)} (21 — x3)} (22 — 3)* (2122 + 2123 + ToT3)
Fningng(zy — 2)% (21 — 24)* (22 — 24)* (21209 + T124 + To14)
tninsng(zy — 23)% (21 — 24)% (23 — 4)* (21203 + L1274 + T324)
+nongng(Te — 13)% (10 — 14)* (23 — 14)*(T2x3 + Towy + T374) |,

C= Ditl ningns(r, — 12)% (11 — 3)* (22 — 23)* (21 + T2 + 73)

Fnngng(zy — 12)% (11 — 24) (22 — 24)* (21 + T2 + 74)
+ningng(zy — 13)% (11 — 24) (23 — 24)* (01 + T3 + 74)

+ngngng(ze — 13)% (10 — 24)* (23 — 24)* (22 + 23 + m4)] ,

Det; = [XW'XW]| =
[n1n2n3($1 - $2)2($1 - $3)2($2 - 1‘3)2 + n1n2n4(x1 - $2)2(I1 - $4)2($2 - $4)2

+n1n3n4(:c1 — .’133)2((171 — $4>2<I3 — .1’4)2 -+ n2n3n4(x2 — 1’3)2<Zl}2 — I4)2(I3 — LC4)2:|,
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1
N D@tQ

ninans(r; — $2)2($1 — $3)2($2 — $3)2($1 + To + T3)T1 2273

Fningng (1 — 22)% (21 — 24)* (29 — 24)* (21 + To + 24)T 17974
+nyngng(ry — ZL‘3)2(ZE1 — x4)2(x3 — x4)2(x1 + I3 + x4) L1232

+ngngng(zy — $3)2(IE2 — $4)2($3 — 204)2(!102 + x3 + !E4)$25U3$4] ;

F=

1
Dot ningnz(x; — 332)2(351 — 13)%(2y — 3)* (21 + T2 + 3) (2129 + 2123 + ToT3)
2

—l—n1n2n4(:v1 — $2)2($1 — 1'4)2(1'2 — 1’4)2(331 + 29 + 1’4)(1’1ZE2 + T114 + $2£L‘4)
+ninsng(zy — 23)% (21 — 24)% (23 — 24)% (21 + 23 + 24) (0173 + 1104 + T374)

+nonzng(zy — .7:3)2(3:2 — x4)2(:c3 — ZB4)2($2 + x5 + x4) (0273 + oy + T374) |,

1
n Det2

ningns(r, — 12)% (11 — 3)* (22 — 23)* (21 + T2 + 73)
Fnngng (2, — 12)% (11 — 24)* (22 — 24)* (21 + T2 + 74)
+ningng(ry — 13)% (11 — 24)% (23 — 24)* (01 + T3 + 74)

+nongng(ze — 13)% (10 — 14)* (23 — 24)* (22 + 23 + x4)] ,

Detg = X(2)/X(2)‘ = |:n1n2’n,3($1 — I2)2<I1 — l’g)z(l’g — x3)2(x1 + T2 + IL’3)2
+ nmngng(z1 — 22)% (21 — 24)* (22 — 24)* (21 + 22 + 24)*
+mngng(zy — 3)% (01 — 24)? (23 — 24)* (21 + 23 + 24)*

+ nongng(ze — 13)% (29 — 24)? (23 — 24)* (22 + 23 + x4)2] )
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The expected fitted values from the two models are given by

E(y(l)) _ X(I)Eﬁ/(l))

_ XM (XK1 K 00

= E(y"Y —y?) = (Hy — Hp) X",

(7.11)

(7.12)

(7.13)

where H; = XO(XOXW)=IXD" and Hy = X&(XE'X@)~1XE" We note that

H, and H, are symmetric and idempotent (Rao| (1973)) i.e. Hy = Hy, H? = Hy,

Hzl = H, and H,? = H,. It is to be noted that here HoH; # H;. Clearly using

(7.13]) we get

A A I A A
J=E@FyY - y(2)) E(y(l) —y®)

= 'y(t)’X(t)’(Hl _ H2)2X(t)'y(t)

= ~WXO'(Hy + Hy — HiHy — HyHp )XOA 0,

(7.14)

Now we consider the subclass of designs D in (2.19) which is a subclass of D
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in (1.3). We note that under D; we have

N 2 21N2/72 2 _(b4”1 + a4n2) _ _
Det1 = 8n1n2(b —a ) (b ny+a ng), B —m A —0, C =0
2
Dety = 4nninya®b*(b* — a?)?, E ==(b*n; +a*ny), F =0, G =0,
n
and the fitted value criterion is given by
0 0 0 0
g ’y(t)' 0 0 0 0 ’)’(t)
0 2n1ng (b2 —a?)? 0
(n14n2)
2n1nga?b?(b%—a?)?
00 0 1(b22n1+a2n2)
o 2mne(0* — a?)? o | 2n1m0a?b? (b — a?)? (7.15)
— (ny + noy) T (b®n1 + a?ns) ' ’

It is interesting to observe that under the class of designs D;, the expressions of
J in (6.15)) of Chapter{6| and in (7.15) of Chapter{7] are identical. The fitted value
criterion J involves two unknown model parameters 7, and 3 and as a consequence

it is not possible to maximize it directly with respect to the design parameters only.

We define
2n1ng (b27a2)2
==/ 0
SJ _ (n1+n2)
0 2n1n2a2b?(b%—a?)? ’
(b2n1+a3n2)

and obtain the K criterion as |Sy| in the next section.
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7.4 Expression of K; Criterion

The criterion Ky is obtained under the class of designs D; in (2.19) as

Ky =S4
_ 8a2b? (b* — a2)* n2n2
n (n1b? + nqya?)
K; _ 8a%* (b — a®)' pip}
n2  (pib? + paa?)

: n
since  (ng +mng) = 5

. 1
since  (p1 +p2) = 3"

(7.16)

Clearly, the criterion Ky observed in ([7.16)) is identical to the criterion K in (6.18))

of Chapter{6] Hence from Chapter{f] the theorems follow.

Theorem 23. For a given value of b in the class of designs Dy, the design ds in

(6.19) is optimum with respect to the criterion K.

Theorem 24. For the class of designs Dy, the design dg in (6.20)) is optimum with

respect to the criterion Kj.

7.5 Expression of I Criterion

Here we consider the predicted value criterion under the class of designs D in ({1.3)).

Let M (x) and §®(z) be the predicted values of the two models MI and MII at

X = z. We first find the expression for E(§™")(x) —§® (x)) assuming MT to be the

true model.
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We know that

E(jD(x)) = x E )

100 A
010 B |¥Y from (7.9
001 C

= o + 1T + Y22? + 13(A + Br + Cx?), (7.17)

and

1 0 FE 0
= (1 x x?’) 01 F o |~¥" from (7.10)
0 0 G 1
=Y +mr+FE+ Fr+ G:U3) + a3, (7.18)

where A, B,C, D, E, F, and G are defined right after (7.10]).

Thus from (7.17)) and ([7.18) we get

E(GWY(z) — 1P (x)) = 7, [+ — E — Fo — G2*| + 73 [A+ Bz + Ca® — 2°]

(7.19)

Now considering the class of designs D; in (2.19)), we have A=C = F =G =0,

B = %—22”2) and E = 2(bny + a’ns). Therefore under this class of designs we
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get from (|7.19),

[E@GD () — 9P ()]

= [12 (2* = E) + 73 (Bz — 2%)]". (7.20)

Hence the predicted value criterion under D; is given by

1
I:§/ [72<232—E)—|—’}/3(B$—ZL‘3)]2CZ(L’
-1
_ g 2B 1], o[B2_2B 1
= 2 [E . +5}+73{3 =+ (7.21)

where 0< E = % <1 and 0< B-= % < 1. The expression
of criterion I depends on two unknown model parameters v, and ~3. Hence it is
not possible to directly optimize I with respect to design parameters only. We
use criterion K to optimize I in this case. But it is interesting to note that the

expression of I is identical to the expression of I in ([6.25)) of Chapter@. So all the

K optimal designs obtained in Chapter{f] apply here.
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Chapter 8

Conclusion

In this dissertation we consider the problem of model identification and discrimina-
tion for the class of models describing the dependence of the response variable Y on
an explanatory variable X by at most a third order polynomial regression model.
Hence the class consists of models up to a maximum of third order with linear,
quadratic, and cubic terms present. We include an intercept parameter for all the
models. A general class of designs with replicated four distinct points is considered.
While discriminating between the two models within the class, the unknown true
model may or may not be one of them. (Ghosh and Pal (2008]) proposed two opti-
mality criterion functions J and I for the model identification and discrimination.
The fitted value criterion J and a modified predicted value criterion I by replacing
the absolute difference with the squared difference, are chosen as the optimality
criterion functions. When the criterion functions J and I are dependent on more
than one model parameter, we define a new criterion K to optimize J and I and
denote them by Ky and Kj.

We observe that the T-optimality criterion (Atkinson and Fedorov| (1975a))
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is not meaningful when the unknown true model is not one of the two models
that we consider for model identification and discrimination (Chapter, and .
When one of the two models considered for identification and discrimination is the
unknown true model, the J-optimality criterion is identical to the T-optimality
criterion as shown in Chapter{3|

For discrimination between a linear and a special cubic regression models with
the latter being the unknown true model (Chapter, we obtain a class of designs
that are better than the Dette-Titoff T-optimal designs (Dette and Titoff| (2009))
under the criterion I. However the Dette-Titoff design is naturally better than our
class of designs under the criterion T' (or equivalently J). We also obtain a class
of J-optimal designs indicating the non-uniqueness of the J-optimal design.

For discrimination between a quadratic and a full cubic regression models with
the latter being the unknown true model, we obtain a class of designs that are better
than the Kiefer-Wolfowitz optimum design (Kiefer and Wolfowitz (1959)) under the
criterion I. However the Kiefer-Wolfowitz optimum design performs better than
our class under the criterion J.

For discrimination between a quadratic and a cubic regression models with no
quadratic term (75 = 0) with the unknown true model being the full cubic model,
we introduce the Kj and K7 criterion functions to obtain optimal designs for the
model identification and discrimination (Chapter{7). For discrimination between
a linear and a full cubic regression models with the latter being the unknown
true model, the optimal designs are also obtained with the proposed K; and Ky

criterion functions (Chapter4f).

102



Bibliography

Andrews, D. F. (1971). Sequentially designed experiments for screening out bad

models with f tests. Biometrika, 58:427-432.

Atkinson, A. C. (1972). Planning experiments to detect inadequate regression

models. Biometrika, 59:275-293.

Atkinson, A. C. (2008). DT-optimum designs for model discrimination and param-

eter estimation. Journal of Statistical Planning and Inference, 138:56-64.

Atkinson, A. C. and Cox, D. (1974). Planning experiments for discriminating

between models (with discussion). Journal of the Royal Stat. Soc., B:321-348.

Atkinson, A. C. and Fedorov, V. V. (1975a). The design of experiments for dis-

criminating between two rival models. Biometrika, 62:57-70.

Atkinson, A. C. and Fedorov, V. V. (1975b). Optimal design: Experiments for

discriminating between several models. Biometrika, 62:289-303.

Biswas, A. and Chaudhuri, P. (2002). An efficient design for model discrimination

and parameter estimation in linear models. Biometrika, 89:709-718.

Dette, H. (1991). A note on robust designs for polynomial regression. Journal of

Statistical Planning and Inference, 28:223-232.

103



Dette, H. (1994). Discrimination designs for polynomial regression on a compact

interval. Annals of Statistics, 22:890-904.

Dette, H. (1995). Optimal designs for identifying the degree of a polynomial re-

gression. Annals of Statistics, 23:1248-1267.

Dette, H. and Kwiecien, R. (2004). A comparison of sequential and non-sequential
designs for discrimination between nested regression models.  Biometrika,

91:165-176.

Dette, H. and Titoff, S. (2009). Optimal discrimination designs. The Annals of
Statistics, 37(4):2056-2082.

Ghosh, S. and Pal, R. (2008). A note on model identification and discrimination

for simple linear regression. Sankhya, 70-B:0-11.

Kiefer, J. and Wolfowitz, J. (1959). Optimum designs in regression problems. Ann.
Math. Statistics, 30:271-294.

Lauter, E. (1974). Experimental design in a class of models. Math. Oper. Statist.,
5:379-398.

Montepiedra, G. and Yeh, A. B. (1998). A two-stage strategy for the construction
of d-optimal experimental designs. Communication in Statistics: Simulation

and Computation, 27:377-401.

Pukelsheim, F. and Rosenberger, J. L. (1993). Experimental designs for model

discrimination. Journal of the American Statistical Association, 88:642—-649.

Rao, C. R. (1973). Linear Statistical Inference and Its Applications. Second edition.

John Wiley & Sons Inc., New York.

104



Spruill, M. (1990). A note on model identification and discrimination for simple

linear regression. Sankhya, B-52:67-74.

105



Appendix A

A.1 Maximization of J for a given b

Jy  2pipaa?b? (b — a?)? 1
ny2 (b2py + a2ps) where (p1+p2) 5 (A1)
Taking the common logarithm of both sides and assuming F' = log (5—;3) we get
3

1
F =log?2 + logp, + log (5 —p1)+21oga—|—21ogb—|—210g(b2 —a?)

—log {(bZ —a®)p; + %2} : (A.2)

Now, differentiating (A.2)) with respect to a and p; we get F, and F,, respectively

where

~ 2 da 2a(l—2py)
P (s R T e e —
" 12 2(b* — a?) (A4)

T 1=2p 2002 —a®)py + a2
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Equating each of (A.3)) and (A.4)) to zero, we get

2(0% — 3a%)  2(b* —a*)(1 — 2py)

F = = A.
«=0= a? 2(b% — a®)p1 + a?] (4.5)
(1—4p)) 20 —a®)(1 —2py)
F, =0= = A6
p1 pl [ (b2 - a2)p1 +CL2] ( )
N 2(b* — 3a?) _ (1 —4py)
a? P1
= a*
PL=om — @)

Hence from (A.5) we get

2(0* — 3a%)  2(b* — a®)(b* — 2a?)
a? B 2a%(b? — a?)

b 1
=a=3 and hence p; = 6 (A7)

Therefore the function F' has an optimum at p; = % and a = g We have to check

if this is a maximum or a minimum. We first differentiate (A.3)) with respect to a

and p; and obtain Fy, and F,,, respectively, where

2 2 -9 2 2 2 42
fo 2 AR 2-)RR -]
2 B a?) 20 — a?)py + o]
4ab?

2(02 — a?)p1 + a?*

F

apy —

Then differentiating (A.4)) with respect to a and p; we obtain F,, and F),,, re-

spectively, where

4ab?

F, .= , A.10

" B = ) + A
1 4 2 . 2)\2

Fplpl - T 5 ! + (b ¢ ) (A.ll)

P2 (1=2p1)%  [2(0% — a®)py + a?]*
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The Hessian matrix H(F') obtained in this case is given by

Faa Fap1
H(F) = : (A.12)
pia pip1
At py =} and a = &, H(F) takes the value:
_le0 s
H(F) _ 9b b :
8 36

which is a negative definite matrix. Hence, F' is maximum at p; = é and a = g.

A.2 Maximization of J for any b

The fitted value criterion Jp in ([A.1)) is maximum when p, = 2p; = £ and a = % and
the maximum value is Jyimaaz] = %_ Clearly Jpimaqz) is monotonically increasing
in b where 0 < b < 1. Hence the maximum value of Jp i.e. Jppmaz) attains its

maximum when b = 1.
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Appendix B

B.1 Maximization of K; for a given b
The criterion Ky in Chapter{0]is given by

K;  8a®0* (b* — a?)* p?p?
n2  (pb? + paa?)

1
where (p1 + p2) = 3 (B.1)
Taking the common logarithm of both sides and assuming F' = log (%) we get

1
F =log8 + 2loga + 2logb + 4log(b* — a®)+2log p; + 2log <§ —p1>

—log {(62 —a*)p: + %2] : (B.2)

Now, differentiating (B.2) with respect to a and p; we get F, and F,, respectively

where

~ 2 8a  2a(l—2p)
R (s R T e e 3
o2 4 2 —d) (B.4)

pr 1=2p  [2(b2—a?)p +a?]
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Equating each of (B.3) and (B.4]) to zero, we get

(b* —5a?)  (b* —a®)(1 —2py)

pum = Bu
Fa=0= a? 2(b% — a®)py + a?] (B-5)
(L—4p)  (0*—a*)(1 - 2p)
E,, =0= = B.6
" nRE-@p e o)
N (b2 - 5&2) _ (1 — 4p1)
a? p1
2
=P = 2 — )

Now, from (B.5)) we get

(b* —5a*)  (b* — 3a?)

a? 3a?

1
= a=—= and hence p; = 5 (B.7)

1’6 and p; = %. Therefore the

Therefore for a given b, F' is optimum when a = =

S

function F' has an optimum at p; = % and a = \/ié. We have to check if this is a
maximum or a minimum. We first differentiate (B.3|) with respect to a and p; and

obtain F,, and Fy,, respectively, where

2 2 _ 2D+ a2Vpr — o2
o 2 8(b*+a 3 ~2(1—2py) [2(0* +a )p12 a ], (B.8)
2P 202 — @)y + ]
4ab?

[2(0 — a®)py + a2

F,

ap1 —

(B.9)
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Then differentiating (B.4) with respect to a and p; we obtain F),,, and F}, ,, re-

spectively, where

4ab?
Fpo = - . (B.10)
[2(b% — a®)py + a?]
2 8 4(b* — a?)?
Foipy = 5 5+ 5 5 oz (B.11)
pi?2 (1=2p1)?  [2(b% — a®)p; + a?]
The Hessian matrix H(F') obtained in this case is given by

Faa Fap1
H(F) = : (B.12)

pia pip1

At p; =% and a = &, H(F) takes the value:

5 V6’
672 16
. 2562 b6
H<F) - )
16 550
b6 9

which is a negative definite matrix. Hence, F' is maximum at p; = % and a = \/ié.

B.2 Maximization of K; for any b

The criterion K in (B.I)) is maximum when p; = £,p = & and a = \/ié and
the maximum value is K a0, = %. Clearly K jjpqq) is monotonically increasing

in b where 0 < b < 1. Hence the maximum value of Kj i.e. Kjp,,,) attains its

maximum when b = 1.
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