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ABSTRACT OF THE DISSERTATION 

 

Metallic Nanostructures for Optoelectronic and Photovoltaic Applications 

 

by 

 

Swee Hoe Lim 

Doctor of Philosophy in Electrical Engineering (Applied Physics) 

University of California, San Diego, 2009 

 

Professor Edward T. Yu, Chair 
Professor Deli Wang, Co-Chair 

 

 The optical properties of metallic nanostructures are of interest to scientists and 

engineers. They allow the manipulation of light on a microscopic level, which has applications 

in photonics, optoelectronics and energy conversion. In this dissertation, we investigate the 

surface plasmon resonances, near fields and scattering properties of these structures and their 

interaction with semiconductors.  

 The optical properties of metallic nanoparticles are analyzed by EM theory and finite 

element simulation. We perform experiments where the scattered fields of the nanoparticles 



 

xviii 

are coupled to semiconductor photodiodes. From the results we study how the near fields and 

scattering properties can influence the optical absorption response spectrum in such devices. 

We find that the quasi-static behavior of the nanoparticles can explain the observed 

modulation in the absorption spectra. We also apply the same methods of simulation and 

experiment to Silicon-on-Insulator photodetectors. The coupling between the nanoparticles 

and waveguide modes in the silicon film leads to large increases in absorption, particularly in 

the infrared wavelengths, where silicon is a poor absorber. We find that we can engineer the 

absorption enhancement spectra by controlling the nanoparticle distribution. 

 Another application that we investigate is in UV multi-spectral imaging. We study 

dielectric overlayer transmission grating structures and exploit the surface plasmon and 

dielectric waveguide properties of our structures to engineer UV band reject filters. The 

exploitation of metallic nano-structures is necessary as traditional materials for resonating 

optical structures do not work well in the UV. Finally, we investigate metallic scattering 

backside reflectors for optimal light trapping in ultrathin film solar cells. Such solar cells 

suffer from poor quantum efficiency at certain wavelengths due to long photon absorption 

length. Therefore coupling of incident light into waveguide modes is an effective way to 

increase the quantum efficiency.  By numerical analysis we study the performance of random 

vs periodic texturing of the backside reflector. The results are useful for designing optimal 

solar cells with very thin absorber layers.   
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1. INTRODUCTION 

 

1.1  Motivation and Background 

 classic lecture1

foresaw the coming of a technological revolution with the ability to control and manipulate 

matter at the finest scales. Today if we look at the specific challenges set forth by Feynman, 

$1,000 to the first guy who makes an operating electric motor---a rotating electric 

motor which can be controlled from the outside and, not counting the lead-in wires, is only 

1/64 inch cube  nanoscale devices and technology. 

 In 1965, Gordon Moore made a bold prediction that the complexity of integrated 

circuits would double every year*. Driven by the needs of the semiconductor industry and 

VLSI technology, we now have the ability to control features close to 1nm. At the same time, 

information technology enjoyed a similar boom, giving rise to the fields of optoelectronics and 

photonics.  

 The logical next step is the convergence of photonics and integrated circuits, where 

optical and electronic components are treated on an equal footing. The dimension of a photon 

is on the order of 1um. Any useful and novel application of photons in computing or 

information processing will have to involve control and manipulation of light at the quantum 

limit. At the same time, with integrated circuits already being fabricated in the submicron 

range, the diffraction limit of the photon will have to be overcome. This gives rise to the fields 

of subwavelength optics and plasmonics.        

                                                   
* This number has been revised to every 18-24 months. 
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1.2 Subwavelength Optics and Surface Plasmons  

 The control of light propagation within waveguiding structures is key to producing 

integrated optical components. Dielectric ridge waveguides2 have been the traditional choice 

for producing photonic devices such as resonators3,4, optical interconnects5, Mach-Zender 

interferometers6 and add/drop filters7. However, such structures tend to suffer from poor light 

confinement and large feature size. Therefore, plasmonic structures have been proposed as a 

means for confining light in the subwavelength regime8.  

 

Figure 1.1. Illustration of the transverse magnetic field (Hz) of a surface plasmon wave propagating 
along a metal-dielectric interface. 

 

 Surface plasmons (SP) are elementary excitations of the collective oscillation modes 

of free electrons on the surfaces of metals. On a planar metal-dielectric interface, they are 2D 

surface modes with conserved momenta along the planar field due to the 2D translational 

symmetry of the interface. Because their momenta are larger than photonic modes, they 

exhibit a higher degree of spatial confinement, typically in the range of 100nm-1um, in 

accordance with the Heisenberg uncertainty principle. Just as electrons in low dimensional 
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structures, they can also be confined to the surfaces of metallic nanowires (1D modes) and 

metallic nanoparticles (0D modes).  

 The SP oscillations in nanoparticles and metallic nanostructures are of special interest 

in this thesis. Most notably, the near field effects arising from SP resonances have wide 

applications such as in Surface Enhanced Raman Scattering (SERS)9, extraordinary 

transmission of light10, near field optical microscopy11 and absorption enhancement of light in 

semiconductors12. The ability to manipulate these nanostructures randomly and uniformly will 

lead to applications in optoelectronics, optics and energy conversion.  

 

Figure 1.2. Illustration of the charge and electric field distribution due to particle plasmon modes in a 
metallic nanoparticle.   

 

1.3 Optical Generation of Electrons in Semiconductors  

 Of particular importance to this thesis is the absorption of light in semiconductors by 

optical generation. Therefore, in this section we outline the basic theory of the interaction of 

electromagnetic fields with matter and define physical quantities and formulas that will be 

important throughout this thesis. 
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 We consider a semiconductor with known band structure. Within the electric dipole 

approximation, the rate of photon absorption (R) per unit volume is given by the Fermi Golden 

Rule14: 

 =
2 2 ( )

2

2
2 ( )  (1.1) 

We see here that the absorption rate has a dependence on the electromagnetic field that  

is proportional to | |2. The rest of equation (1.1) is associated solely with the band 

structure of the material.   

 Consistent he time averaged power dissipation per unit 

volume is15: 

 =  
1

2
. =

1

2 0 | ( )|2  (1.2) 

Where = +  is the complex relative dielectric function of the medium. Therefore the 

photon generation rate is also given by: 

 =   (1.3) 

Expressions (1.2) and (1.3) are all we need to calculate absorption and quantum efficiency in a 

semiconductor medium, assuming we know the electromagnetic field profile in the 

semiconductor. For completeness, we can substitute (1.1) into (1.3) and solve for : 

 =
1

4 0

2 2
2 ( )  (1.4) 

Using the Kramers-Kronig relations14, we can also obtain the expression for : 

 = 1 +
2

0

2 2

2 2
  (1.5) 
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1.4 Photocurrent Spectroscopy           

 Optical spectroscopy will be used throughout this thesis to probe various nano-

metallic structures and their interaction with semiconductors. Here we describe the setup of 

our apparatus (Figure 1.3) for performing photocurrent and optical transmission spectroscopy. 

 

Figure 1.3. Illustration of the photocurrent spectroscopy apparatus used in our measurements. Figure by 
Daniel Schaadt. 

 

 As an example, we have a p-i-n photodiode for which we would like to obtain its 

photocurrent spectral response. A broadband light source (50-100W tungsten halogen lamp) 

illuminates the input of a monochromator with a 600 groove/mm grating, yielding 

monochromatic light for measurements extending over a wavelength range of 400 1100 nm. 

For wavelengths below 400nm, we use a 150W Xe arc lamp as the light source. For 

measurements at wavelengths of 600 nm and longer, a red filter is employed to eliminate 

illumination from the second-order diffraction line.  
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The output of the monochromator is then focused normally onto the surface of the 

photodiode through a chopper operating at 338 Hz. The resulting photocurrent generated in the 

device is fed into a lock-in amplifier to isolate the signal component arising specifically from 

the incident illumination. A 50/50 beam splitter is sometimes used to divert part of the light 

beam emerging from the monochromator to a Si photodiode, the output of which is fed to 

second lock-in amplifier to detect and compensate for variations or possible drift in incident 

illumination intensity.   

 The readout of the lock-in amplifier is saved by Labview interface, which also scans 

the monochromator wavelength to generate photocurrent spectral response plots (I vs ). 

 

1.5 Thesis Overview  

 The goal of this study is to understand, characterize and design metallic 

nanostructures for applications in optoelectronics and photovoltaics. To this end, we try to 

modulate the optical generation of electrons in semiconductor photodiodes and solar cells. The 

light scattering properties of metallic nanoparticles and nanostructures are studied from E&M 

modeling, simulation and experiment. Insights are drawn from the theory and simulation to try 

and engineer specific properties of the metallic system to obtain desirable effects in 

semiconductor devices.  

 Chapter 2 focuses on metallic nanoparticles and the enhancement of light absorption 

in bulk semiconductors via nanoparticle scattering. A detailed exposition of the analytical and 

numerical modeling tools is first presented, followed by a study of optical absorption 
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enhancement in Silicon solar cells via nanoparticle scattering using simulation and 

experiment.  

 Chapter 3 focuses on the enhancement of light absorption in waveguiding  

semiconductor layers. Details on analyzing the scattering of light into waveguide modes is 

presented followed by a study of light absorption enhancement in Silicon-on-Insulator (SOI) 

photodetectors by engineered nanoparticle arrays. Experimental results of the photocurrent 

spectral response is compared and verified with simulation and design methodologies are 

presented for achieving specific wavelength absorption enhancement. 

 Chapter 4 focuses on the design and characterization of ultraviolet (UV) filters for 

focal plane array imagers. Plasmonic resonances of metallic gratings are exploited to engineer  

a desirable wavelength response of the filtering structure. A theoretical understanding is 

developed for the response of the metallic structures and simulation is used as a tool to design 

specific filter response. Experimental structures are also fabricated and characterized to test 

and verify the designs.   

 Chapter 5 focuses on light trapping in ultrathin film high efficiency solar cells by 

nanostructure engineering. Formulation of codes for the electromagnetic analysis of 

periodically textured surfaces is discussed, followed by a study of the optimization of metallic 

reflection gratings for light trapping in thin film Si, GaAs and InGaAs multiple quantum well 

solar cells. Randomly textured surfaces are also studied using simulation and compared to the 

periodic structures in terms of light trapping performance. 

 The appendix contains additional details on mathematical derivations, as well as 

MATLAB scripts for electromagnetic analysis codes mentioned in the thesis.  
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2. NANOPARTICLE SCATTERING ON SILICON 

 

2.1 Introduction 

 The theory of light scattering by spherical particles is presented in general and is 

free space, the theory is extended to more complicated cases such as many particles and 

particles on a substrate. Numerical methods are also introduced to analyze nanoparticle 

scattering and the results are compared to the analytical approach. Finally a detailed study of 

the effect and application of nanoparticle scattering on Silicon substrates is presented using 

simulation and photocurrent spectroscopy.   

 

2.2  

2.2.1 Introduction 

 The Mie theory1 is presented as the mathematical theory of light scattering by 

spherical particles. An equivalent theory developed by Debye2,3 is also introduced. The 

Bobbert and Vlieger theory3 extends the Mie theory to light scattering by nanoparticles on a 

substrate. Finally, the addition theorem for vector spherical harmonics4,5 is introduced and 

applied to solve the problem of interparticle interaction in the case of an array of particles.  

 

2.2.2 Mie Theory 
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Figure 2.1. Coordinate system for formulating the Mie theory. 

 

The time harmonic can be reduced to the vector Helmholtz 

equation:  

 2F + k F = 0  (2.1) 

F represents a vector field, such as the 

electric (E) or magnetic (H) field. The orthogonal solutions of this equation in spherical 

coordinates are the vector spherical harmonics1: 

 M =  sin    cos  
cos

( )   (2.2)  

 M =  cos    sin  
cos

( )   (2.3) 

 N =  cos  + 1 cos  

      + cos  
cos

 
1  sin  

cos
 

1 [ ( )]   (2.4) 

 

 

 

 

 

r 
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 N =  sin  + 1  cos  

       + sin  
cos

 
1  + cos  

cos
 

1 [ ( )]   (2.5) 

where  are the associated Legendre functions,6 zn( =kr) represents the radial dependence, n 

The e  and o  subscripts stand for even  and odd  and 

should not be regarded as indices to be enumerated over.  

 Consider now  a time harmonic plane wave propagating in the +z axis direction with 

electric field polarized along the x axis. This electric field can be expanded into the vector 

spherical harmonics: 

 = 0
    , 

     =  0
2 +1

+1
( 1

(1)
=1  1

(1)
) ,  (2.6) 

where the superscript (1) is used to denote that the radial dependence of the vector spherical 

harmonics takes on the spherical Bessel function of the first kind, ie zn = jn.  

 If the plane wave is incident on a spherical particle of radius a, located at the origin, 

the incident wave will produce scattered and internal fields. These fields are obtained by 

enforcing the appropriate boundary conditions at the surface of the particle and at infinity. The 

solution for the internal fields is: 

 1 = ( 1
1

1

(1)
)=1  , 

 1 = 1

0

( 1
1

+ 1

(1)
)=1  ,  (2.7)     

where = 0(2 + 1)/ ( + 1), k1 

frequency and 0 is the free space permeability. The external fields are the sum of the incident 

field given by equation (2.6) and the scattered field: 
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 = ( 1
3

1

(3)
)=1  , 

 =
0

( 1
3

+ 1

(3)
)=1  ,  (2.8) 

where the superscript (3) is used to denote that the radial dependence of the vector spherical 

harmonics takes on the spherical Hankel function of the first kind, ie zn = (1). The 

coefficients, an, bn, cn and dn are: 
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  (2.9) 

where n1 and n are the indices of refraction in the particle and the surrounding medium, 

respectively.  

 To introduce the Debye formulation, we remark that the PDE problem defined by 

equation (2.1) can be transformed into a scalar problem: 

 2F + k2F = 0 (2.10) 

where F is now a scalar function. Instead of E and H fields, we now consider a pair of scalar 

functions, e (r) and h (r) satisfying equation (2.10). These are called the Debye potentials and 

they uniquely determine the E and H fields of a given problem to be7: 
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 =  × ×  (r ) + × (  (r ) )  

 = 1  ×  (r ) + × ×  (r )  (2.11) 

where   376.73 is the vacuum impedance. Since the Debye potentials are the solutions of the 

scalar Helmholtz equation, they can be expanded in the spherical harmonic3 basis. The 

mapping between the spherical harmonics in the Debye representation and the vector spherical 

harmonics in the E/H representation is summarized in the following table, with the help of the 

property: Y -m
n = (-1)m (Ym

n)* and Ref.22.  

Table 2.1. Relations between Debye potentials and vector spherical harmonics. 

Debye potentials E & H fields 

e  = zn( )(Ym
n + (-1)mY -m

n),  h  = 0 

e  = zn( )(Ym
n - (-1)mY -m

n),  h  = 0 

e  = 0,  h  = zn( )(Ym
n + (-1)mY -m

n) 

e  = 0,  h  = zn( )(Ym
n - (-1)mY -m

n) 

E = k.gmnNemn, H = -ik/ .gmnMemn 

E = ik.gmnNomn, H = k/ .gmnMomn 

E = ik .gmnMemn, H = k.gmnNomn 

E = -k .gmnMomn, H = ik.gmnNemn 

      
)!1(
)!(122

n
mnngmn  

 Now, we can rewrite the Mie theory in the Debye representation. Assuming an 

arbitrary excitation having Debye potentials, we have: 

 
.),()()(

,),()()(

1

1

n

n

nm

m
nn

m
n

hh
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n

nm

m
nn

m
n

ee

Ykrjvr

Ykrjvr

 (2.12) 

We can represent the expansion (2.12) with an infinite column vector, v, where the 

coefficients evm
n and hvm

n are all concatenated into a single column. The response of the 
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spherical particle internally and externally will be represented by the vectors wint and wext, and 

is linearly related to v by the matrix Bint(Bext), i.e., wint = Bint.v (wext = Bext.v), where the matrix 

elements are:  

 
, , ; , ,

( )
= ,

, , ; , ,

( )
=  , 

 
, , ; , ,

( )
= ,

, , ; , ,

( )
=  , (2.13) 

which essentially reproduces the result of the Mie theory. Although not shown, it is 

understood that the internal Debye potentials have radial dependence jn(kr), and the external 

Debye potentials have radial dependence h(1)
n(kr). Note that this solution is a generalization of 

equations (2.7) and (2.8), since it considers the response of the particle to an arbitrary 

excitation, instead of  just a plane wave. From here on, we will only consider the external 

 notation.  

 Finally, the Debye representation of the plane wave (2.6) is: 
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 (2.14)   

 

2.2.3 Spherical Particle on a Substrate 

 Let an arbitrary excitation in the Debye representation (2.12) be incident on an 

infinite surface boundary between two mediums that is normal to the z-axis. Again we 

represent this by the vector, v. The spherical waves represented by v will be reflected and 

refracted at the surface. Let the reflected waves be represented by the vector w. The Bobbert 

and Vlieger theory3,8 says that w is linearly related to v. Therefore w = A.v, where A is the 

matrix given by: 
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where the matrices am
 ;n,f ( ) are defined in Ref.33. 

Armed with this relation, together with the Mie theory, we can solve the scattering 

problem of a plane wave (represented by v0) incident on the sphere-substrate system. The 

solution for the scattered field (ws) is given by: 

 ws = B.(v0 + vI + vSR),  vSR = A.ws,  vI = A.v0  

     = (1  B.A)-1.B.( v0+ vI) (2.16) 

Physically, equation (2.16) reflects the fact that the excitation on the sphere is due to the 

incident plane wave (v0), the reflected plane wave (vI) and a feedback term vSR which comes 

from multiple reflection and scattering between the particle and substrate.      

Using the geometric series expansion, we can rewrite (2.16) in the form: 

 ws = (1 + B.A + B.A. B.A + ).B.( v0 + vI) 

      = B.(v0+ vI) + B.A.B.(v0+ vI) + B.A.B.A.B.(v0+ vI) +  (2.17) 

We interpret the first term in the second line as the field scattered by the particle due to the 

incident plane waves. The second term is then the field scattered by the particle, reflected by 

the surface and re-scattered by the particle. The third term is the scattered, reflected, re-

scattered, re-reflected and re-re-scattered field and so forth. Equation (2.17) is not as useful as 

(2.16) for computational purposes but it is still of interest for theoretical and conceptual 

understanding.  
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2.2.4 Interparticle Interaction 

 

Figure 2.2. Illustration of the original coordinate system ( ), displaced coordinate system ( ) and the 
vector  connecting the two ( ). 

 

Our ultimate goal is to solve the scattering problem for a plane wave normally 

incident on an array of spherical particles arranged in a square lattice on top of a substrate. To 

do this, we must take into account the interaction of fields between particles. The key to this is 

the addition theorem for vector spherical harmonics,9-11 which expresses vector spherical 

harmonic fields  in one coordinate system (r ) in terms of vector spherical harmonic fields in 

another coordinate system (r). In the Debye representation, we have: 
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where 
qm
pn

 is the Wigner 3j symbol12. 

As shown in the figure, the vector =  represents the displacement of the primed 

coordinate system from the origin of the unprimed coordinate system. Equation (2.18) is the 

basis of wave scattering theory between multiple particles. Before applying it to our square 

lattice problem, we will derive expressions for two simplifying cases. 

 Consider a source of fields centered at the origin and represented by the potentials: 

 ),()(.)(),,()(.)( )1()1( m
nn

hm
nn

e YkrhbrYkrhar . (2.19) 

What will the fields look like if we had two equal sources, one being displaced by l along the 

x-axis and another displaced by l also along the x-axis, and the fields from both sources are 
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added together? We can use the addition theorem to perform an active transformation on 

(2.19). The solution is: 

 
,)],,()0,,([).,()(

)],,()0,,([).,()()(

2
;'
;2

;'
;

0

2
;'
;2

;'
;

0

'

lClCYkrjb

lClCYkrjar

hf
mn

hf
mn

ef
mn

ef
mn

f

 (2.20) 

where f can be substituted by e or h. From equation (2.18), the ''  dependence of ;
;  is 

contained entirely in ))(exp( ''umi . Now exp  = exp 0  if m-  is  

even and = 0  if m-  is odd. Therefore:  
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The transformation that takes the single field (2.19) into the displaced pair of fields along the 

x-axis, (2.20) is then represented by a matrix C(x)(l) whose elements are: 

  )'(mod).0,,(2)( 22
;'

;''
)(

,,;',',' mmlClc ff
mnnm

x
fmnfmn . (2.23) 

 By a similar process, we can define a transformation that takes the single field 

(2.19) into a displaced pair of fields along the y-axis by a matrix C(y)(l) whose elements are: 
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Now given an arbitrary source of fields at the origin, we would like to duplicate this 

field at all points on an infinite square grid along the xy-plane with lattice constant l. Using 

(2.23) and (2.24), the matrix for such a transformation is then: 

 =  [ ( . ) ( . )]=1=1 . (2.25) 

 A square array of particles excited by a plane wave (v0) will emit spherical waves 

centered at every lattice site. Therefore, the total scattered field can be expressed as: 

 w = w(0,0) + w(l,0) + w(-l,0) + w(0,l) + w(0,-l) + w(2l,0)  (2.26) 

       = w(0,0) + C.w(0,0). 

The field C.w(0,0) is due to all the particles not at the origin. This field also serves as an  

excitation for the particle at the origin. From the Mie theory, the response is just B.C.w(0,0). 

 Using a self-consistent field argument similar to that used to derive equation (2.16) in 

the BV theory, we start with the fields incident on the sphere at the origin, which are v0 and 

C.w(0,0). The response of the sphere is B.v0 + B.C.w(0,0). Therefore w(0,0) = B.v0 + B.C.w(0,0). 

Rearranging, we get w(0,0) =  (1 -B.C)-1.B.v0. By (2.26), we have: 

 w = D.v0,   D = (1+C).(1 -B.C)-1.B (2.27) 

In the presence of the substrate, we apply the BV theory (equation (2.16)) with the 

matrix D replacing the role of B, to obtain: 

 wS + vSR= (1+A)(1  D.A)-1.D.(v0 + vI).  (2.28) 
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2.3 Finite Element Method for Nanoparticle Scattering Analysis 

2.3.1 Introduction 

 While the previous section describes an analytical method for solving the problem of 

nanoparticle scattering, its computational implementation would be far too complex to be 

worth the effort. Also, we would like to have a more general tool for analyzing particles of 

different shapes. Therefore, we make use of the finite element method (FEM). 

FEM13 is a general computational tool for solving boundary value PDE problems. In 

this section, we will briefly describe the mathematical formulation of FEM, its reduction to the 

problem of numerical factorization and data processing to relate numerical results to physical 

quantities. We will then discuss parallelized implementations of FEM for supercomputing. We 

also derive appropriate boundary conditions to model various physical configurations. Finally, 

we simulate a simple case and compare the results to the analytical solution of section 2.2.   

 

2.3.2 Basic Formulation of the Finite Element Method 

 Assume a boundary value PDE problem defined by: 

 
,.

,02

qn
 (2.29) 

The goal is to solve     
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Figure 2.3.  

 

meshed into a number of triangular elements and associated node 

points (Figure 2.3). The field ),( yx within each element is approximated by interpolating the 

field values between the nodes of the element: 

 ii yxNyx ),(),(~
 (2.30) 

 where ),(~ yx  is the approximated solution, and Ni(x,y) are  a set of linear interpolation 

functions defined for each element and node.  

Now since 02 , we see that: 

 .0),()( dyxN j
2  (2.31) 

Integrating by parts, we get: 

 ... dNdnNN jjj  (2.32) 

Using the boundary condition (2.29), we then have 
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 .... dnqNdnNdNN jjjj  (2.33) 

Replacing ),( yx  with 
i

ii yxNyx ),(),(~
, we get: 

 
i

jiijiijiij FQPM ,  dnqNF jj . , 

 ..,,. dnNNQNNPNNM jiijjiijjiij  (2.34)  

 This is called Gale 14 and equation (2.34) represents a linear system of  

equations to be solved for the coefficients i. Therefore, we can write (2.34) in the form: 

 K.  = f (2.35) 

The process of putting together the matrix K and the vector f is called assembly. Once the i 

coefficients are solved for we can substitute them back into the interpolation function (2.30) to 

obtain the physical field values.    

 

2.3.3 Numerical Methods and Parallelization 

 As described in the previous section, the full FEM cycle involves mesh generation, 

assembly, solution of the system of linear equations and postprocessing of the results by 

interpolation. For the simulations, we use COMSOLTM Multiphysics15, a commercial FEM 

software which performs all the steps above. Of all the steps, the third one is the most 

computationally challenging. In order to solve equation (2.35), we need to invert the matrix K. 

For a dense mesh, the dimensionality of K grows as n, where n is the number of node points in 

the mesh. Fortunately, the K However, 
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the inverse of K is not sparse and the number of matrix elements to be computed can grow 

quadratically, and methods such as Gaussian elimination can quickly overwhelm computer 

memory.  

 Inversion of large sparse matrices is a huge research area in linear algebra and 

computer science. Many solvers are available in software libraries utilizing different schemes. 

They can be largely divided into two kinds, direct solvers and iterative16.  

 Direct solvers attempt to factorize the matrix K into the form: 

 K = LU (2.36) 

where L and U are lower and upper triangular matrices respectively. To solve for , we first 

solve Ly = f. Then we solve U  = y. Since L and U are both triangular matrices, these steps 

can be performed by forward and backward substitution of matrix rows without having to 

invert the matrices. The problem then becomes one of computing L and U matrices with 

minimal fill in, i.e., matrices that retain as much of the sparsity structure of K as possible. In 

general, except for very specific matrices, LU factorization schemes consume large amounts 

of memory because of fill in.  

 In contrast to direct solvers, iterative solvers consume far less memory because the 

operations performed consist only of matrix-vector or vector-vector multiplications. We start 

with a guess solution for , and through a series of transformations involving the K matrix and 

some update parameters, we can obtain a next best guess, . This process is iterated until the 

guess solution satisfies a tolerance condition: 

 = /  <  , (2.37) 
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where r is called the residual. This is analogous to finding the minimal of a function by 

s method, where one finds the steepest descent and takes small jumps at every step to 

arrive at a global minimum. One can imagine if there is a local minimum, the algorithm might 

fail to converge. Therefore the problem becomes one of selecting proper update or jump solver 

parameters to ensure that the solver will reach convergence at a reasonable rate or even find a 

minimum.  

 The solution of the vector Helmholtz equation is a non-elliptic boundary value 

problem17, which means that the solution might actually reside at a saddle point. The matrix 

operators arising from this class of problems can generate serious problems with convergence 

because the iterations can actually diverge. Therefore, the iterative solvers have the advantage 

of being memory efficient but have the disadvantages of taking a long time to converge or 

being unstable.  

 For the direct solvers, parallelized supercomputer implementations exist to distribute 

the memory demands over a cluster of nodes. Such implementations rely on domain 

decomposition of the PDE volume, where we divide the physical model into smaller regions 

and apply FEM meshing and assembly for each domain. Interaction of fields between 

neighboring domains is implemented by data transfer between nodes. Such an implementation 

has to be carried out from the assembly step and recoded using the Message Passing Interface 

(MPI), which is the protocol for implementing parallelized algorithms in a cluster 

environment18,19.  

Instead of carrying out parallelization at the domain level, we will only parallelize our 

FEM process at the parametric level. For simulations involving a large number of iterations 

over a parameter, say the wavelength, we can naturally parallelize the computation by 
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assigning a wavelength to each node. Therefore, each node will solve for one wavelength only 

without having to communicate with the other nodes. Assembly of the K matrix and f vector 

for all wavelengths is carried out by a single front end node. We use the COMSOL 

Multiphysics package to perform the assembly step. The K matrix and f vector is then 

distributed to nodes by a Unix Shell and operated on individually. We implement the direct 

solver using the PARDISO20,21 library on Linux, which implements a highly efficient version 

of LU factorization. Each node then obtains a solution vector22  for each wavelength and 

transmits the solution back to the front end node. Interpolation and postprocessing can then be 

carried out with COMSOL Multiphysics. This method has the advantage of speeding up the 

simulation and ease of implementation. Also, jobs can be run in a pipeline manner, where 

certain nodes can begin computation while waiting for other nodes to become available in the 

cluster, whereas in the MPI parallelization, all the nodes requested for have to be available 

before the computation can begin. However, the parametric parallelization has the 

disadvantage of the simulation size being limited by the amount of memory in a single node.    

 

2.3.4 PDE Definition and Boundary Condition 

 In the FEM simulation, we solve for the E field satisfying the PDE: 

 2E + k E = 0. (2.38) 

To obtain a unique solution, we need to also define boundary conditions. These can be of the 

following types: 

 × = , (2.39) 

 × × = , (2.40) 
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 × ×  × × = , (2.41) 

where  is the inward unit normal vector at the boundary. Equations (2.39), (2.40) and (2.41) 

are known as the Dirichlet, Neumann and boundary condition of the third kind respectively. 

Because the PDE has a second order derivative in E, the boundary conditions must contain 

terms in E up to the first derivative at the boundaries. 

 

Figure 2.4. CAD model of the FEM simulation domain containing a quarter sphere above a dielectric 
substrate and incident electromagnetic plane wave coming from the top boundary. The boundary 
conditions effectively simulates an infinite array of spheres. 

 

The simulation model in Figure 2.4 contains a quarter spherical particle at the origin 

(x=0, y=0) on top of a dielectric substrate and bounded by two walls bisecting the particle. The 

size of the box is /2 × /2. The boundary conditions on the vertical walls are  × = 0 at 

x=0, x=L/2 and  × =  × × = 0 at y=0, y=L/2. We call these set of boundaries mirror 

boundary conditions because they reflect the symmetry of the solution imposed by an infinite 
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array of spherical particles. This is mathematically proven in appendix A.1. A physical 

argument based on considering net power flow and symmetry of the E and H fields at the 

vertical boundaries has also been described23.  

 For the top and bottom boundaries, we impose first order absorbing boundary 

conditions24 in order to simulate the effect of an unbounded medium and substrate. A plane 

wave ( )  incident on the top boundary automatically satisfies the equation: 

  × ×  × × = 0. (2.42) 

Therefore it will propagate through the top boundary without reflections. If the right hand side 

of (2.42) contains a source term 2 0 , then the boundary condition can only be satisfied if 

there is an additional plane wave  0
( )   in the simulation domain. Therefore, the top 

boundary serves as a plane wave source of amplitude E0 propagating in the z direction and a 

sink of plane waves propagating in the +z direction. The bottom boundary is a sink of plane 

waves propagating in the z direction.  

 To simulate the effect of a single sphere, we need to replace the reflecting boundaries 

on the far vertical walls (x= 
2
 / y= 

2
). We could try using first order absorbing boundaries on 

them, but the scattered waves from the particle are spherical and are not absorbed very well by 

flat boundaries. Therefore a spherical boundary would be a better choice (Figure 2.5). 

However, unlike the previous case, the spherical boundaries will also have to be a source and 

sink of planes waves. For the upper hemisphere, we have: 

 × ×  × × = , (2.43) 

where = . The total field is the sum of the scattered waves, the incident plane wave and 

the substrate reflected plane wave, E = ES + Ei + Er. For the lower hemisphere, we have the  
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scattered waves plus the transmitted plane wave (E = ES + Et). Using the asymptotic property 

of the spherical Hankel functions,  

 h(1)
n(kr) ~ (-i)neikr/ikr ,    kr >> n, (2.44) 

and the curl properties of the vector spherical harmonics, 

 = × ,   =  × , (2.45) 

we can show that × × S × S × = 0 as . 

 For the incident plane wave, Ei = 0 , we have:  

 × × i + × i × = 0 1 +
0

0
0

 , (2.46) 

and for the reflected plane wave, Er = f 0  , we have: 

 × × r + × r × = 0 f 1
0

+ + 0 f
0

+ , (2.47) 

where rf is the Fresnel reflection coefficient. Therefore, we set 

 = 0 1 +
0

+ f 1
0

+              

         + 0
0

+ f
0

+  (2.48) 

in equation (2.43). 

 For the lower hemisphere, we set 

 =  0 f 1 +
0

0 f
0

 (2.49) 

as a sink for the transmitted plane wave, Et = f 0 , where tf is the Fresnel transmission 

coefficient. 
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Figure 2.5. Quarter sphere on top of a dielectric substrate with spherical absorbing boundary. 

 

2.3.5 Modelling of Nanoparticle Scattering and Comparison to the Analytical Solution 

 We now model the simple case of a spherical gold particle in free space scattering an 

incoming plane wave. We use the quarter sphere geometry (figure 2.6) with boundary 

conditions × = 0 at y = 0, × = 0 at x = 0 and spherical absorbing boundaries (2.43).  

The mesh consist of about 200,000 (200K) elements with element sizes no larger than 30nm in 

the free space region. The wavelength is 600nm and the refractive index of gold is set to nAu = 

0.2265+2.9954i. 
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Figure 2.6. FEM results showing the color scale plot of the scattered electric field (Ey) of the gold 
sphere (50nm radius) due to an incident plane wave at 600nm wavelength propagating in the z 
direction. The outer boundary has a radius of 500nm and the intermediate sphere has a radius of 200nm.   

  

The radius of the gold particle is 50nm and the radius of the outer boundary is 500nm. 

The intermediate sphere between the gold particle and the outer boundary is simply used for 

calculating net power flow into the gold particle. The time averaged poynting flux integrated 

over the surface of the intermediate sphere divided by the poynting flux of the incoming plane 

wave is defined as the absorption cross section of the particle (Cabs). This result can be directly 

compared to the Mie theory of section 2.2.2. We first calculate the scattering cross section 

(Csca) and extinction cross section (Cext) by25: 

 C =
2

2
2 + 1=1 ( 2 + 2), (2.50) 

 C =
2

2
2 + 1=1 { + }, (2.51) 

  

 

Ey 
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where the an and bn are the Mie coefficients defined in equation (2.9). The absorption cross 

section is then obtained from the relation: 

 Cext = Cabs + Csca . (2.52) 

 The result of the Mie calculation gives Cabs = 2.4354E-15 m2 and the FEM simulation  

gives Cabs = 2.4547E-15 m2, or an error of < 1%. 

 

2.4 Photocurrent Spectroscopy of Optical Absorption Enhancement in Silicon 
Photodiodes via Scattering from Surface Plasmon Polaritons in Gold Nanoparticles  

2.4.1 Introduction 

Surface plasmon polaritons1,26,27 in metallic nanostructures have been of interest in 

recent years for a variety of applications in which the large local electromagnetic field arising 

from the presence of a surface plasmon polariton resonant excitation in the metal, the 

pronounced forward scattering of incident radiation at wavelengths near the surface plasmon 

polariton resonance, or related effects are exploited28,29.  One recent development in this 

regard has been the demonstration of enhanced optical absorption and photocurrent generation 

in semiconductor photodiodes induced by scattering from surface plasmon polariton 

resonances in Au nanoparticles deposited on the photodiode surface30, and the application of 

this phenomenon to achieve improved energy conversion efficiency in hydrogenated 

amorphous silicon thin-film photovoltaic devices31.  More extensive application and 

optimization of this phenomenon will require detailed characterization and understanding of 

the relevant underlying physical mechanisms and their dependence on wavelength, structure 

and composition of the metallic nanoparticles, and interaction with the surrounding dielectric 

environment and underlying semiconductor material. 
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We have performed detailed photocurrent spectroscopy studies of the dependence of 

this photocurrent enhancement effect on the wavelength of incident radiation combined with 

finite-element numerical simulations that allow us to elucidate the key physical mechanisms 

leading to changes in the photocurrent response spectrum as a function of wavelength.  The 

measured change in photocurrent response in a Si pn junction photodiode induced by the 

presence of Au nanoparticles, as a function of the wavelength of incident radiation, is found to 

agree well with results of finite-element numerical simulations of the change in 

electromagnetic field amplitude and spatial distribution, and hence optical transition rate, 

induced by the Au nanoparticles.  Detailed analysis of the computed electromagnetic field 

distributions reveals that the electromagnetic fields in the semiconductor device region can be 

interpreted as, approximately, a superposition of the field arising from simple transmission 

across the dielectric interface formed at the semiconductor surface, and that due to 

wavelength-dependent scattering by the Au nanoparticle.  The phase relationship between 

these field components can lead to either constructive or destructive interference within the 

semiconductor, and hence to either an increase or a decrease in photocurrent response at 

different wavelengths.  This understanding is expected to play an important role in efforts to 

optimize these effects in different device applications. 

 

2.4.2 Device Fabrication and Processing 

Si pn junction photodiodes were m thick n-type Si 

(001) wafers with resistivity   3-6 ·cm, corresponding to a donor concentration of 

approximately 1015cm-3.  To form the pn junctions, B was diffused into the wafers for 15 

minutes at 950 C under 1000 sccm N2 
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resulting p-type layer was 50-100 / , and based on the process parameters employed the B 

distribution profile was computed analytically32 and the junction depth was estimated to be 

~0.5 m.  Ohmic contacts to the p-type layer were formed in a square grid pattern using 20nm 

Ti/80nm Au metallization in a standard liftoff process, and a 200nm Al film was employed to 

form a back contact to the n-type layer. 

 

Figure 2.7.  (a) Schematic diagram of Si pn junction photodiode device structure, colloidal Au 
nanoparticles deposited from solution, and geometry employed for photocurrent response 
measurements.  (b) Scanning electron micrograph of Au nanoparticles deposited on photodiode surface. 
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Au nanoparticles were deposited on completed photodiode structures by first coating 

the device surface with a thin layer of poly-L-lysine, and then depositing several drops of a 

solution containing colloidal Au nanoparticles 100nm in diameter onto the device; after three 

minutes of exposure to the colloidal solution devices were blown dry using nitrogen gas.  By 

repeating the drop deposition and blow drying procedures up to twelve times, particle 

densities of approximately 3.5 108 cm-2 on the photodiode surfaces were obtained.  While this 

particle density is well below the density at which photocurrent enhancement effects are 

expected to be maximized31, it is very accessible experimentally and yields sufficiently large 

changes in photocurrent response for these studies.  A schematic diagram of the resulting 

device structure, and a scanning electron micrograph of Au particles on the surface of a 

representative device, are shown in Figure 2.7. 

 Photocurrent spectra for these devices were obtained using the setup described in  

Section 1.5. To obtain the most precise measurements possible of changes in photocurrent 

response arising from the presence of the Au nanoparticles, the following particle deposition 

and measurement procedures were employed.  First, a layer of poly-L-lysine was deposited on 

the surface of a photodiode device, and a reference photocurrent spectrum, Iref( ), for the 

device was obtained in the manner described above.  Au nanoparticles were then deposited on 

the same device, and a second photocurrent spectrum, Inp( ), measured in the presence of the 

nanoparticles.  The ratio Inp/Iref was then computed to determine the influence of the Au 

nanoparticles on photocurrent response as a function of wavelength.  The reference spectrum 

Iref( ) was obtained subsequent to deposition of the poly-L-lysine layer, as the presence of this 

layer was found to cause a slight change in the spectral response of the photodiode. 
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2.4.3 Finite Element Analysis 

 To simulate light scattering of a random distribution of gold nanoparticles over a 

macroscopic area is not practically possible. Instead we simulate a uniform square array of 

nanoparticles (Figure 2.8), which allows us to take advantage of symmetry and greatly reduce 

the simulation volume.  

 

Figure 2.8.  Schematic diagram of simulation geometry employed.  The volume simulated explicitly 
consisted of the box shown in the figure, with the boundary conditions specified leading the simulations 
to correspond to an infinite square array of spheres atop a Si substrate. 

 

We use the quarter sphere geometry (Figure 2.4) and mirror boundary conditions as 

detailed in section 2.3.4. The substrate is Silicon and the medium surrounding the 

nanoparticles is assumed to have a refractive index of 1 (vacuum). The box size (L/2) is set to 

300nm and the height of the vacuum region and substrate are both 500nm. Typically our 

simulations contained approximately 500,000 elements, corresponding to a typical dimension 

for each element of ~ /5 or smaller, where  is the wavelength of the electromagnetic field in 

the simulation. Due to memory constraints, solutions were obtained using an iterative solver.  

For the results presented, all solutions converged to a residue of r < 10-6.  The wavelength-

dependent dielectric functions for Au and Si were obtained from Ref. 33.33 
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2.4.4 Results and Discussion 

The photocurrent response spectrum of a reference Si pn junction photodiode device, 

Iref( ), and the ratio Inp( )/Iref( ) of the photocurrent response spectrum of a device 

functionalized with Au nanoparticles, Inp( ), to the reference spectrum are shown in Figure 

2.9. The reference spectrum exhibits the expected increase in photocurrent response as the 

wavelength decreases from the value corresponding to the Si energy band gap (~1100nm).  

The decrease in photocurrent response with decreasing wavelength that occurs between 

approximately 400nm and 650nm is an expected consequence of surface recombination of 

carriers generated near the surface by short-wavelength photons34. 

The measured ratio of the reference and nanoparticle-functionalized device 

photocurrent response spectra shown in Figure 2.9(b) exhibits a peak at a wavelength of 

approximately 680nm, with a long tail extending to nearly 1100nm.  The peak in the 

extinction spectrum of the 100nm diameter Au nanoparticles employed here, corresponding to 

the surface plasmon polariton resonance wavelength, has been measured previously to be at 

approximately 600nm for nanoparticles suspended in aqueous solution30. Given the difference 

in local dielectric environment in the current experiment relative to aqueous solution, a slight 

shift in surface plasmon polariton resonance wavelength would not be unexpected.  In 

addition, as discussed in detail below, the peak in the photocurrent response spectrum is 

actually expected to be shifted to somewhat longer wavelengths relative to the surface 

plasmon polariton resonance  as we observe.  The observation of increased photocurrent 

response over a broad range of wavelengths extending from the peak in Inp( )/Iref( ) at 

~680nm to nearly 1100nm can be attributed to scattering of the incident light by the Au 

nanoparticles.  For Au nanoparticles with diameter ~100nm or larger, the dominant interaction 
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between incident radiation at wavelengths near and longer than the surface plasmon polariton 

wavelength is scattering, which occurs predominantly in the forward direction. Thus, the 

increased photocurrent response induced by the Au nanoparticles in this wavelength range is 

attributed to forward scattering of the incident light into the semiconductor photodiode active 

region31.  

 

Figure 2.9.  (a) Measured photocurrent response spectrum of a Si pn junction photodiode, Iref( ), 
without Au nanoparticles.  (b) Ratio of the photocurrent response of a Si pn junction photodiode upon 
which Au nanoparticles have been deposited, Inp( ), to that of the same device prior to nanoparticle 
deposition, Iref( ). 

 

At wavelengths below approximately 650nm, a pronounced drop in Inp( )/Iref( ) is 

observed, such that at wavelengths below ~600nm the presence of the Au nanoparticles leads 
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to a decrease in the observed photocurrent response.  Finite-element numerical simulations 

were employed to elucidate the origin of this behavior. Figure 2.10 shows the amplitude of the 

electric field, |E|, computed for an electromagnetic plane wave with a wavelength of 550nm 

incident on a Si substrate, and on a Si substrate with a 100nm diameter Au sphere located 2nm 

above the Si surface.  The dimensions of the volume simulated are 300nm 300nm 1000nm, 

so that the simulation results correspond to the behavior of a square array of Au nanoparticles 

placed atop the Si substrate with periodicity of 600nm in the x- and y-directions, 

corresponding to a nanoparticle density of 2.78 108 cm-2  close to but slightly less than the 

density of ~3.5 108 cm-2 in our experiments.   

 

Figure 2.10.  Grey-scale images of electric field magnitude |E|, obtained from finite-element numerical 
simulations, for an electromagnetic plane wave with wavelength 550nm incident on (a) a Si 
semiconductor substrate and (b) a Si semiconductor substrate with a 100nm diameter Au nanoparticle 
positioned 2nm above the Si surface. 

 

From Figure 2.10(b), we see that the dipolar surface plasmon polariton resonance 

mode in the Au nanoparticle gives rise to an increased field amplitude to the immediate right 
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of the particle, and a decreased amplitude to the left.  In addition, the region of increased field 

amplitude extending into the Si substrate below the particle  absent in the simulation without 

the Au nanoparticle  is clearly evident, and confirms the effect of strong forward scattering 

by the particle on the field amplitude within the Si substrate.  The oscillations in field 

amplitude above the Si surface in both cases arise due to nonzero reflection of the incident 

electromagnetic field at the Si surface.   

To estimate the influence of the nanoparticle-induced changes in electric field 

amplitude on photocurrent generation in a photodiode, we note that electromagnetic radiation 

incident on a semiconductor gives rise to an optical transition rate, and consequently electron-

hole pair generation rate, proportional to the electric field amplitude squared within the 

semiconductor.  Thus, integration of the square of the electric field amplitude computed in our 

simulations over the semiconductor volume is expected to provide a measure of the 

photocurrent generated by the incident radiation in each of the simulations, assuming unity 

efficiency in collection of photogenerated carriers to produce electrical current.  Letting Gref 

refer to the integrated electric field amplitude squared in the silicon region for the reference 

simulation structure consisting only of air and the Si substrate, and Gnp to the corresponding 

quantity for the simulation structure containing air, the Si substrate, and the Au nanoparticle, 

the ratio Gnp/Gref should then yield an estimate of the expected increase in photocurrent 

response in a semiconductor photodiode due to the presence of Au nanoparticles at the 

simulated particle density. 

Figure 2.11 shows the ratio Gnp/Gref computed for the geometry shown in Figure 2.10 

as a function of the wavelength of incident radiation for Au nanoparticles 50nm, 80nm, and 

100nm in diameter.  For 100nm diameter Au nanoparticles, we see very clearly structure 

highly reminiscent of that observed experimentally in the normalized photocurrent response 
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spectrum shown in Figure 2.9(b). The maximum increase in simulated response Gnp/Gref 

occurs at approximately 580nm, compared to a peak improvement in response at ~680nm 

observed experimentally, with a long-wavelength tail for which increased photocurrent 

response is expected extending to 1100nm and possibly beyond  very consistent with 

experimental observations.  The simulations also yield a somewhat larger peak increase in 

photocurrent response than that observed experimentally  ~5% in simulation compared to 

~3.3% in our experiments.   

 

Figure 2.11.  Simulated electric field amplitude squared, |E|2, integrated over the semiconductor volume 
for electromagnetic plane waves incident on Si with Au nanoparticles 50nm, 80nm, and 100nm in 
diameter placed atop the Si surface.  All integrated quantities Gnp are normalized to the integral of |E|2 
for a Si substrate in the absence of any Au nanoparticles, Gref. 

 

The shift in the wavelength at which the maximum nanoparticle-induced photocurrent 

response increase is observed is believed to be a consequence of the slightly different local 

dielectric environment of the Au nanoparticle in the simulation compared to that likely to be 

realized experimentally.  In the simulation, the Au particle is assumed to be surrounded by 

vacuum, with its lowest point 2nm above the Si surface.  Experimentally, it is very likely that 

a native oxide layer and a thin layer of poly-L-lysine are present above the Si surface and in 
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contact with the Au nanoparticle, increasing the dielectric constant of the region immediately 

surrounding the Au nanoparticle from that of vacuum, and also increasing the separation 

between the Au nanoparticle and the semiconductor.  Indeed, simulations of structures in 

which a 30nm thick dielectric layer with a representative dielectric constant  = 3 0 is included 

between the Au nanoparticle and Si surface support the conjecture that the presence of such a 

dielectric layer should both shift the peak in Inp( )/Iref( ) to longer wavelengths as well as 

reduce its maximum value. 

We also note the occurrence of a decrease in Gnp/Gref at short wavelengths, with a 

structure very similar to that observed experimentally in Inp( )/Iref( ).  These results 

demonstrate that the presence of the Au nanoparticle can decrease the electric field amplitude 

in the substrate as well as increase it.  The prediction of large electric fields in the 

semiconductor due to the surface plasmon polariton resonant mode in the Au nanoparticle 

alone does not explain this effect  it is necessary in this case to examine both the field 

scattered from the Au nanoparticle as well as that transmitted directly into the substrate 

through the dielectric interface formed at the semiconductor surface.  To this end, Au 

nanoparticles small compared to the wavelength of incident radiation may be considered, to a 

good approximation, point dipoles which are excited by an incident plane wave, and in turn re-

radiate (or scatter) a portion of the incident power as circular dipole waves  essentially 

behaving as optical dipole antennas.  Thus, the total field inside the substrate can be viewed, 

approximately, as the superposition of the component of the incident plane wave transmitted 

across the Si surface into the substrate, and the circular dipole waves scattered from the 

nanoparticle. 
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Figure 2.12.  Simulated y component of the electric field, Ey, in the Si semiconductor region of a 
structure consisting of a 100nm diameter Au nanoparticle atop the Si region, separated into components 
corresponding to transmission across the air-Si interface (lower right quadrants), and scattering from the 
Au nanoparticle (lower left quadrants), for incident electromagnetic radiation at wavelengths of (a) 
500nm and (b) 575nm. 

 

Figure 2.12 show FEM simulations of a single gold nanoparticle on Si using spherical 

absorbing boundaries (as described in section 2.3.4) for incident radiation wavelengths of 

500nm and 575nm. The computed electric field amplitudes in the substrate region is separated 

into two components:  the plane wave transmitted across the Si surface, as determined from 

calculating normal plane wave transmission into a dielectric, and the remaining electric field 
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amplitude following subtraction of the transmitted plane wave, corresponding to the circular 

dipole wave.  We note that at 575nm, the circular dipole wave and the transmitted plane wave 

are nearly in phase, resulting in constructive interference and a substantial increase in local 

and integrated electric field intensity, as shown in Figure 2.12(b). In contrast, at 500nm the 

circular dipole wave and the transmitted plane wave are no longer in phase, resulting in partial 

destructive interference and, consequently, a reduction in local and integrated electric field 

intensity, also evident in Figure 2.12(b).  Thus, we see that a key factor in determining 

whether the integrated field intensity, and consequently photocurrent response in a 

semiconductor photodiode functionalized with Au nanoparticles, is increased or decreased is 

the phase relationship between the transmitted and scattered electromagnetic wave 

components. 

 

Figure 2.13  Magnitude | | and phase  of the polarizability   | |ei  of a spherical Au particle, 
normalized to the particle volume 4 a3/3, as functions of wavelength. 
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The origin of this phase shift can be understood using the quasi-static theory of dipole 

radiation from spherical particles.  An electromagnetic wave incident on a spherical particle 

with dielectric constant  surrounded by vacuum excites a dipolar oscillation in the particle 

which is polarized in the direction of the incident electric field E0(t).  The polarization of the 

particle is given by P = E0, where the polarizability  for a spherical particle of radius a is 

given by35 

 
0

03

2
4 a  (2.53) 

The field scattered from the particle can be considered to be the radiation from this time-

dependent polarization.  In general,  is complex and can exhibit a pronounced wavelength 

dependence, as shown in Figure 2.13 for an Au particle.  Thus, the phase of the particle 

polarization P, and therefore of the scattered field, which is directly proportional to P, relative 

to E0 will be nonzero and wavelength-dependent as well.  This phase shift leads to the 

behavior shown in Figure 2.12, in which the scattered field can be either in phase or 

significantly out of phase with the transmitted field.  Specifically, we observe from Figure 

2.13 that there is a large shift in the phase of  near the surface plasmon polariton wavelength.  

At ~500nm and below, corresponding to wavelengths below the surface plasmon polariton 

resonance,  has a significant nonzero phase, leading to a phase shift between the scattered 

and transmitted field as shown in Figure 2.12(a) for incident radiation at 500nm.  Above 

~560nm, corresponding to wavelengths above the resonance, the imaginary component of  is 

much smaller, so that at longer wavelengths the scattered and transmitted fields are nearly in 

phase, as shown in Figure 2.12(b) for incident radiation at 575nm.  To assess the validity of 

the approximation employed in this model, we have also computed exact absorption and 

scattering cross-sections for Au particles 100nm in diameter in free space over the wavelength 



45 

range of interest using Mie theory25, and have confirmed that the dominant contributions arise 

from the lowest-order, dipole-like mode.  For different materials or for particles larger relative 

to the wavelength, the dipole approximation may not be sufficient, but we expect the general 

phase and interference phenomena described above to remain relevant.   

Because the phase of the scattered field is a key factor in determining the 

electromagnetic field amplitude within the semiconductor substrate for the device geometry 

shown in Figure 2.7, a detailed understanding and optimization of this aspect of the 

electromagnetic interaction between a metal nanoparticle, underlying substrate, and incident 

radiation is essential in optimization of this effect for device applications.  For example, for 

applications such as multispectral imaging, the ability to engineer enhancement of 

photocurrent response at certain wavelengths while suppressing it at others is likely to be quite 

useful.  For other applications such as photovoltaics, enhancement of photocurrent response 

over a very broad range of wavelengths is desired, and for optimal performance the 

wavelength range for which photocurrent response is reduced should be shifted so as not to 

overlap with the incident radiation spectrum of interest. 

 

2.4.5 Conclusion 

In summary, we have performed experimental characterization and numerical 

simulations of the electromagnetic interaction between Au nanoparticles deposited on a Si 

semiconductor pn junction photodiode structure and incident electromagnetic radiation as a 

function of wavelength, to assess and interpret the degree to which photocurrent response in 

the semiconductor can be engineered and increased by the presence of the nanoparticles.  The 

presence of Au nanoparticles at a density of ~3 108cm-2 is found experimentally to lead to 
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increased photocurrent response at wavelengths of ~600nm to over 1000nm, but to a reduction 

at wavelengths below 600nm.  Similar behavior is observed in numerical simulations, in 

which the square of the electric field magnitude, integrated over the entire semiconductor 

volume, is employed as a proxy for photocurrent response.  Furthermore, detailed analysis of 

the electromagnetic field distribution as a function of wavelength has revealed that the phase 

relationship between the component of the electromagnetic field transmitted across the Si 

surface and that scattered by an Au nanoparticle is the key factor in determining whether 

photocurrent response at a particular wavelength is increased or reduced.  Specifically, at 

nanopar

interference between the transmitted and scattered field components, and consequently a 

reduction in photocurrent response, as observed both experimentally and in simulation.  At 

zero, leading to constructive interference of the transmitted and scattered field components 

and therefore an increase in photocurrent response, again consistent with both experimental 

and simulation results. This line of reasoning might seem to indicate that the layer of 

nanoparticles is similar to an antireflection coating. However we point out that the field 

enhancement due to an ARC is uniform throughout the semiconductor region, whereas for the 

case of the nanoparticles, the field enhancement originates from pockets of high field 

intensities underneath the particles. This might be advantageous for thin film solar cells where 

such non-uniform fields can lead to better light trapping. Therefore this understanding also has 

significant implications for the design of device structures in which metallic nanoparticles 

might be employed to engineer various aspects of semiconductor photodetector response. 



47 

Part of this chapter was published in Journal of Applied Physics 2007, S. H. Lim, W. 

Mar, P. Matheu D. Derkacs and E. T. Yu. The dissertation author is the first author of this 

paper. 
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3.  NANOPARTICLE SCATTERING ON STRATIFIED MEDIA 

 

3.1 Introduction 

 In the previous chapter, we considered the effect of nanoparticles on a semiconductor 

substrate. The nanoparticles were shown to increase coupling of light into the semiconductor 

by scattering effects. In this chapter we study the effect of nanoparticles on structures with 

layers of varying  dielectric functions. In particular, we are interested in structures that form 

slab waveguide layers. These structures are of interest in integrated optics and high speed 

photodetector applications. The  interaction between nanoparticles and waveguide modes lead 

to light absorption enhancement of a different nature than in the case of nanoparticles on a 

semiconductor substrate.  

 One structure that has been extensively studied is the silicon-on-insulator SOI 

structure1-7. Metal-semiconductor-metal photodetectors formed on SOI have been extensively 

studied for silicon based high speed detectors8. The thin film silicon layer allows for carriers 

to be generated near the surface and drift to the contacts9. In contrast, photodetectors 

fabricated on thick silicon substrates have the disadvantages of the carriers being generated 

deep in the device and being transported to the contacts by diffusion and higher capacitances 

at the rectifying contacts or pn junctions. These effects limit the response time of traditionally 

fabricated photodetectors on thick semiconductor substrates10. However, SOI based 

photodetectors suffer from low photoresponsitivity due to the thinness of the absorbing layer. 

This is particularly serious for SOI detectors thinner than 1um and functioning at 

telecommunications wavelengths (850nm, 1550nm etc) since silicon is poorly absorbing in the 

infrared.  
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 Therefore, light trapping by coupling of normally incident light into waveguide modes 

in SOI has been proposed1-3,10 to increase the absorption of light for thin SOI photodetectors 

(<500nm). The propagation of light in the form of lateral waveguide modes effectively 

lengthens the photon propagation path in a thin material. A variety of methods have been 

explored, including front side texturing11, scattering buried backside reflectors10,12 (SBBR) and 

deposition of metallic island films1,3. This study will be focused on the last method. In the 

following, we will analyze and experiment with the use of nanoparticles for such a purpose.   

 

3.2 Analysis of Slab Waveguide Modes on Planar Thin Film Structures 

 

Figure 3.1. Silicon-on-insulator (SOI) structure. The thickness of the Silicon waveguide is l1 and the 
thickness of the buried oxide is l2-l1.  

 

 To study the effect of the interaction between nanoparticles and waveguide modes, it 

is first helpful to analyze the waveguide modes in a particular structure. Physically, slab 

waveguide modes are laterally propagating resonant waves trapped in a high refractive index 

layer bounded by low refractive index materials. Mathematically, they correspond to the non- 

radiating eigenfunctions of the homogeneous wave equation: 

air 

Si 

SiO2 

Si  

 

y=0 

y=-l1 

y=-l2 
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 × × 2 = 0,  (3.1) 

 × × 2 = 0,  (3.2) 

where k = n wavevector in the medium . Equation 

(3.1) is for TE modes while (3.2) is for TM modes. The TE(TM) modes have only 

electric(magnetic) field components, Ez(Hz) pointing out of the plane of propagation. We 

analyze the solutions for the structure in Figure 3.1. 

 The ansatz to equation (3.1) is: 

 = exp exp ,                                                 0 <  

 = [ exp y + exp 1 ] exp ,     1 < < 0 

 = [ exp + exp ] exp ,      l2 < < 1  

 = exp exp .                                             y < 2  (3.3) 

 The eigenfunctions are similar for equation (3.2). Plugging (3.3) into (3.1), we find 

that , k1 and k2 must satisfy: 

 2 2 = 0
2,                  0 = 2 /  

 2 + 2 = 2
0
2,            0 = 2 /  

 2
 
2 =

2

2
0
2.         0 = 2 /   (3.4) 

 We can see that kx is the only independent variable, and is therefore the eigenvalue 

that characterizes the various eigenfunction solutions (eigenmodes). By continuity of Ez and 

Hz, the boundary conditions at the interfaces for the TE modes are: 

 + = ,              

 + = ,               (3.5) 

and for the TM modes: 
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 + = , 

 
+

+ =  .  (3.6) 

 We have six boundary conditions and five unknowns, A, B, C, D and F. With five 

boundary conditions, we can solve for the unknowns in terms of ,  and ky. Plugging the 

solution into the last boundary condition, we can thus obtain a transcendental eigenvalue 

equation for kx:

 , , = 1,   (3.7) 

where , ,  is a transcendental function and , ,  are functions of kx [Eqn. (3.4)]. 

 

Figure 3.2. Real and imaginary parts of the function , ,  vs. the normalized transverse 
wavevector, u=kx/k0. The intersection of the function with the line y=1 is the solution of the eigenvalue 
for the TE waveguide modes. l1=160nm, l2=365nm and =650nm.
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As an example, we consider a structure with l1 = 160nm, l2 = 365nm and =650nm. 

In figure 3.2, we plot the function f vs the normalized transverse wavevector u=kx/k0. 

Graphically, we can solve for the roots of the eigenvalue equation (3.7) by finding where the 

function intersects the line y=1. This is slightly complicated by the fact that  f actually takes on 

com

results are: u =2.5553 + 0.0190i and u = 3.5523+0.0168i. We restrict the solution to nSiO2 < u < 

nSi so that ,  and ky have real components that dominate over their imaginary components. 

This guarantees that the modes are evanescent in the air and SiO2 regions and propagating in 

the Si layer. We see that there are two distinct eigenmodes, which we label TE0 and TE1 

respectively. The fact that the transverse wavevector (u) has a small imaginary component 

means that the eigenmodes are attenuated as they propagate along the waveguide. This is to be 

expected as the material forming the waveguide (Si) is lossy at 650nm. Also, the eigenmodes 

are not truly confined to the waveguide, as the modes are able to leak out to substrate radiation 

modes by evanescent coupling through the buried oxide layer.  

In figure 3.3, we plot the eigenvalue equation for the TM mode at =800nm. The TM0 

mode has eigenvalue u=2.8616 + 0.0075i. We can also see that the TM1 mode has just gone 

into cutoff. Generally the eigenvalues get pushed to the left as  increases. Each time an 

eigenvalue crosses the left boundary, the mode goes from being evanescent to radiating in the 

buried oxide layer, and therefore we specify this as the condition for cutoff.  
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Figure 3.3. Real and imaginary parts of the transcendental eigenvalue function for the TM waveguide 
modes. l1=160nm, l2=365nm and =650nm 

 

The eigenvalues for the TE and TM modes change as a function of wavelength. 

Therefore we can plot the dispersion relation (  vs u) for the modes as shown in Figure 3.4. 

Although the eigenvalues u are complex, their imaginary components tend to be small in the 

range of wavelengths plotted and therefore we only plot vs the real component of u. We can 

see that the TE1 mode cuts off at 900nm and the TM1 mode cuts off before 750nm, while the 

other modes exist all the way up 1100nm and beyond. The dispersion for the modes also 

extend below 650nm, however, at shorter wavelengths, the absorption of silicon leads to 

eigenvalues u with a significantly large imaginary component. This means that the modes 

have short propagation lengths and are of less use for increasing the photon propagation length 

in the thin film Si layer.  
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Figure 3.4. Dispersion relations (  vs. u) for the waveguide modes of the SOI structure (l1=160nm, 
l2=365nm). 

 

Figure 3.5. Dispersion relations (  vs. u) for the waveguide modes of the SOI structure (l1=205nm, 
l2=605nm). 
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 In Figure 3.5, we plot the dispersion relation for the TE and TM modes in an SOI 

structure with l1 = 205nm and l2 = 605nm, which will be useful for later reference. 

 

3.3 Analysis of Nanoparticle Scattering into Waveguide Modes 

3.3.1 Introduction 

 Having analyzed the slab waveguide modes in the SOI structure, we now study the 

coupling of incident radiation into these modes. We present the multiple diffused scattering 

analysis as a computational model for simulating the scattering of light by a randomly 

dispersed surface distribution of nanoparticles into the waveguide modes of the underlying 

SOI slab waveguide. The method allows one to compute the total absorption within the 

underlying SOI layers as well as diffused and specular reflection/transmission from the layers. 

In section 3.3.3 we consider the effect of having the nanoparticles arranged in a periodic 

manner instead of being randomly distributed. 

 

3.3.2 Multiple Diffused Scattering Analysis 

In this section, we present a method for estimating the absorption enhancement of 

light in SOI structures by a random distribution of nanoparticles following the approach of 

Catchpole and Pillai13 and Leblanc14 et al.  
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Figure 3.6. Illustration of the treatment of diffused scattering of specular light by a rough interface.The 
power of the incident is 1. Figure from Leblanc14 et al. 

 

 In Leblanc et al., the authors consider the effect of rough oxides on a-Si solar cells. 

Here roughness is treated in the form of diffused scattering, where light that is incident on a 

rough surface is separated into diffused and specular components. The specular components 

are the coher

whereas the diffused components have a Lambertian distribution (Figure 3.1). For an incident 

TE(TM) plane wave of amplitude Ei and normal incident power of Pi, a portion of the 

radiation will be converted into diffused radiation, Pi(Rd+Td), where Rd is the total diffused 

reflected power and Td is the total diffused transmitted power for a normalized incident power 

of 1. The remaining radiation is the coherently reflected plane wave rEi and the 

coherently transmitted plane wave of amplitude tEi where r and t are the TE(TM) Fresnel 

reflection and transmission coefficient of a smooth interface and 2 is the proportion of light 

that remains specular after hitting the rough surface. We can show this by nothing that 

 Pspec = Pref + Ptrans , Pref ~ ( rEi)2 , Ptrans ~ ( tEi)2 .   (3.8) 

For a smooth surface, we have P0
ref ~ (rEi)2 and P0

trans ~ (tEi)2. Hence, 
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 Pspec = 2(P0
ref + P0

trans) = 2Pi .   (3.9) 

Therefore, 2 = Pspec/Pi as expected. The sum of power going into diffused and specular  

radiation must equal the input power, therefore we have*: 

 2 + Pd = 1,  Pd =  Rd+Td (3.10) 

We have assumed here that Pd is independent of polarization or angle of incidence. In 

other words, for a given rough surface, the diffused radiated power Pd depends only on the 

normally incident power. If this were not so, the diffused light would contain some 

information about the incident beam. However, since we have chosen to describe the outgoing 

radiation in terms of specular radiation, which retains all the information of the incoming 

beam, and diffused radiation, which retains no information, we have to assume that Pd is angle 

and polarization independent. Overall, we can summarize that the effect of roughness is to 

modify the Fresnel reflection and transmission coefficients of a surface by: 

 rrough rough     (3.11) 

 

Figure 3.7. Illustration of the 2 layer Si slab waveguide structure used in our calculation. The air/Si 
interface is smooth and the bottom interface is a rough perfect electric conducter. At each layer, we 
solve for the steady state upward and downward propagating specular fields using the transfer matrix.  

                                                   
* Equation (3.10) is for plane waves incident from a lossless medium. For a lossy medium or evanescent 
waves, we should use: 1 + 2 2 2 = 1 .  

E(0)
0, E(0)

0,+ 

E(0)
1,- E(0)

1,+ 

    r1, t1 

       2 

air (layer 0) 

Si (layer 1) 
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 Now, instead of a single interface, we consider a multiple interface structure, 

separated by layers of different dielectric constants. For an incident plane wave of amplitude 

E(0)
0,- on the top, we can calculate all the fields in the layers using the transfer matrix14,15 

method. We use the superscript (0) to denote a specular field component. The subscript 

denotes the layer number and direction of field propagation. Each interface has an associated 

Fresnel reflection and transmission coefficient. These coefficients, along with the layer 

thicknesses and dielectric constants are the input parameters into the transfer matrix method. 

Now for a 1 layer structure figure (3.7) where the bottom interface is a rough perfect reflector, 

we again wish to separate the light into specular and diffused components. The specular 

component is calculated with the transfer matrix method, with the bottom interface Fresnel 

coefficients r2, multiplied by . The specular absorption in the Si layer (Aspec) can be calculated 

from the specular plane wave terms in the Si layer. 

 For the diffused light, we have the specular plane wave E(0)
1,- incident on the bottom 

interface as a source. Therefore, the total power reflected into diffused radiation is Rd 1,

(0) 

where 1,

(0) is the normal incident power associated with the plane wave amplitude E(0)
1,-. The 

diffused reflected power is sent back into the Si layer and gets reflected and transmitted 

multiple times through the top and bottom interface. Hence, we have to use the transfer matrix 

method to obtain field solutions that are consistent with the source. First we separate the 

diffused reflected power into its plane wave components : 

 = 2 sin  (W) (3.12) 

where =
cos

1,

(0) (W/sr), is the Lambertian16 angular power distribution. In other 

words, equation (3.12) integrated over an upper 1,

(0). 

In actuality, we should say that 50% of the power goes into TE waves and 50% into TM 
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waves. But in our notation, we make no distinction between TE and TM for the sake of 

brevity.  

From (3.12), we can supply source terms to the transfer matrix and calculate the 

response of the structure. There will be upward propagating and downward propagating plane 

waves, E(1)
1,+( ), E(1)

1,-( ) in the Si layer and an upward propagating plane wave E(1)
0,+( ) in 

the air region. We use the superscript (1) to denote a diffused field component generated by 

the specular fields. The absorption in the Si layer (A(1)( )) due to these plane waves can be 

calculated from E(1)
1,+( ) and E(1)

1,-( ) and the normal incident power on the bottom interface 

P(1)
1,-( ) can be calculated from E(1)

1,-( ). Therefore, the total diffused absorption due to the 

source (3.12) is: 

 (1) =  2 (1)( ) sin
/2

0
, (3.13) 

and the total diffused power returning to the bottom interface is: 

 1,

(1)
= 2 1,

(1)
2

0
( ) sin . (3.14) 

 The power returning to the bottom interface generates more diffused radiation, Rd 1,

(1), 

and the process repeats, yielding an absorption term A(2) and incident power term, 1,

(2) and so 

forth. The superscript (2) denotes the new diffused field components generated by the first 

diffused scattering step and so forth. Each subsequent diffused scattering step term is linearly 

related to the fields calculated from the previous diffused scattering step: 

 1,

( +1)
= 1,

( )
= +1

1,

(0) ,  (3.15) 

 ( +1) =  1,

( )
= 1,

(0) , (3.16) 

where =  1,

(1)
/ 1,

(0) and = (1)/ 1,

(0)
 . 
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 The total absorption due to diffused radiation is then: 

 = (1) + (2) + (3) +  

             = 1,

(0)
+ 1

1,

(0)
+ 2

1,

(0)
+  

                     = (1 ) 1
1,

(0) (3.17) 

 The total absorption in the Si layer is then: 

 A = Aspec + Adiff  (3.18) 

 The steps used in deriving equations (3.8) to (3.18) are essentially the same as in 

Leblanc et al. In the next part, we address some of the inadequacies of this method for treating 

nanoparticles on thin films. This is based largely on the work of Catchpole and Pillai, but it 

differs from their method in some areas. 

 The first problem with the treatment above is that the angular power distribution of 

the scatterers is assumed to be Lambertian. However, if the scattering is due to nanoparticles, 

the emitted power should have a dipole-like distribution. In particular, there are the horizontal 

electric dipoles (HED) and vertical electric dipoles (VED). We will only need to consider the 

HED in our model13. We need to derive source terms to supply to the transfer matrix. The 

angular power distribution functions  for TE and TM waves are17: 

 =
3

16
 ,  =  

3

16
cos2 . (3.19) 

Equation (3.19) is for a single dipole. For an infinite sheet of dipoles, we define the power 

distribution in terms of the radiance , where dA is the partial area covered by a sheet of 

dipoles. To convert to radiance, we just divide (3.19) by cos( ). This is because at an angle , 

the area subtended (and therefore the power detected) by an observer s aperture is increased 
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by 1/cos( ). The HED is assumed to have a random orientation, and therefore the angular 

power distribution has no azimuthal dependence. Equation (3.19) is normalized so that if we 

input it into (3.12) and integrated over a full sphere we will get 1, ie: 

 2 sin
0

+  2 sin
0

=
3

4
+

1

4
= 1. (3.20) 

 We define the TE source terms in terms of the electric field amplitudes: 

 =  2 , =  2  (3.21) 

where  and  are upward and downward propagating source terms, respectively, and 

 = 0/ 0 is the vacuum impedance. For the TM source terms, we define the magnetic field 

amplitudes: 

 =  
2

, =  
2  (3.22) 

These are the source terms that will be applied to the transfer matrix for calculating the effect 

of each diffused scattering step, just as we did in equations (3.13) and (3.14). The conversion 

between field amplitudes and power flux densities is chosen to be consistent with the 

definition of the Poynting vector in mks units.  

The sign of the field amplitudes in equations (3.21) and (3.22) can be checked by a 

simple illustration. As we can see in figure (3.8), the electric fields point in the same direction 

above and below the HED, whereas the magnetic fields point in opposite directions. The 

source terms have been defined for every direction, , corresponding to upward and downward 

propagating plane waves. However, the HED is also a source of evanescent waves. The source 

terms for these waves are found by analytic continuation of equations (3.21) and (3.22) into 

complex values of .   
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Figure 3.8. TE and TM source fields generated by the HED. The large arrow points in the direction of 
the dipole polarization. 

 

 

Figure 3.9. Model of the Si slab waveguide structure on SiO2 substrate. The sheet of HEDs are above 
the Si layer, scattering light into air, waveguide and substrate radiation modes.  

 

With these source terms, we can calculate the angular power emission spectrum of the 

HED dipoles on top of a waveguide, such as in Figure 3.9. We then use the transfer matrix to 

calculate the field amplitudes in all layers. As shown, the dipoles radiate power into air and 

the SiO2 substrate in all directions. The power radiating into the free space modes can be 

air 

Si 

SiO2 
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calculated from the outward propagating field amplitudes. However, for angles that are above 

the critical angle of Si, the light will remain trapped in the Si waveguide. The power radiated 

into waveguided angles is quantified by the absorption in the Si layer due to propagation of 

waveguide modes in the Si layer. This is because the fields of the waveguide modes are 

evanescent outside of the Si layer and therefore radiate no power into free space.   

 

Figure 3.10. Angular power distribution normal to the waveguide surface vs. normalized wavevector (u) 
for a sheet of HED dipoles above an Si waveguide (l = 160nm) on SiO2 at =850nm. The source field 
amplitudes of the HED is normalized so that the total power emitted by a single dipole in free space is 
1. 

  

In figure 3.10, we calculate the distribution of power going into all directions when 

emitted from a sheet of HED (at =850nm) on top of the Si waveguide structure of thickness l 

= 160nm. For the x-axis, instead of representing the direction in terms of angle ( ), we use the 

normalized transverse wavevector, u = kx/k0 = sin( ). In this way, complex values of . simply 

map to real values of u. The power emitted in a certain direction due to a unit area (dA) of 

nsub 
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dipoles is = . The radiance is symmetric about the azimuth ( ), therefore we can 

, giving us 2 sin( ) . We are actually more interested in the 

component of this power along the z-axis (Figure 3.3), therefore we have, 

  = 2 sin cos = 2 sin( )  (3.23) 

for the y-axis, since = cos( ). 

The power emitted into the modes from  u=0 to u=1 are the plane wave modes 

radiating into air. The power emitted into modes from u=1 to u=1.4525 are the substrate 

radiation modes. These modes do not radiate into air because their angle of incidence is above 

the critical angle and they undergo total internal reflection at the air/Si boundary. The power 

emitted into modes of u > 1.4525 are the waves whose angle of incidence is above the critical 

angle of the Si/SiO2 boundary. A series of peaks appear in this region corresponding to the  

slab waveguide modes of the Si layer.  

We see here that the majority of the power emitted by the HED goes into the 

waveguide modes, corresponding to complex angles of . In contrast, the HED in free space 

radiates into all directions more evenly. Also, the radiance of the source is normalized 

according to equation (3.19) so that the total power density emitted in free space is 1. 

However, the total power density emitted by the HED on the waveguide structure, found by 

integrating the angular power distribution in Figure 3.10 (solid) is 3.8976 (W/m2). This effect 

is well known in fluorescence phenomena18,19 where the lifetime of a radiating dipole is 

shortened in the presence of plane interfaces and surface modes6,7.  

 For our calculations, the total power emitted must be equal to the diffused power, Pd 

[Eqn. (3.10)], assuming an incident power of 1 on the rough surface. Therefore, the angular 
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power distribution plotted in Figure 3.10 (dashed) has to be normalized to the power 

integrated over all modes (3.8976 W/m2).  

 With the normalized angular power distribution, we have taken into account the 

redistribution of emitted power into a small number of modes. In Leblanc et al., this effect is 

not as important because the structures are relatively thick and therefore the density of modes 

approximates a continuum. However, in our thin structure, the number of modes is small and 

therefore we have to be careful to take into account angular power redistribution and 

normalization to ensure energy conservation. In the case above, the ratio of power radiating 

into air is 0.0093, the ratio absorbed in the waveguide is 0.8915, and the ratio radiating into 

the SiO2 substrate is 0.0992. 

 

Figure 3.11. Normalized angular power distribution normal to the waveguide surface vs. normalized 
wavevector (u) for a sheet of HED dipoles above an Si waveguide (l = 160nm) on SiO2 at =850nm. 
The dashed curve is for a smooth waveguide (Pd=0) and the solid curve is for a slightly roughened 
waveguide (Pd=0.05). 
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 Next, we need to consider the effect of the surface dipoles as a rough interface. As in 

the previous section, we need the parameter, 2 for the air/Si interface. For a perfectly smooth 

surface, Pd = 0. We will consider a slightly roughened surface (Pd = 0.05), corresponding to a 

low surface density of dipoles. Applying = 1  to equation (3.11), and propagating the 

HED source fields (3.21) and (3.22) through the structure with the transfer matrix method, we 

obtain the angular power distribution in Figure 3.11. 

 For comparison, we have also plotted the case for Pd = 0 (dashed), which is just the 

same curve as in Figure 3.10 (dashed). We see here that the peaks associated with the 

waveguide modes is more spread out, at the cost of a lower peak power at the resonant 

wavevectors (u). This is physically reasonable, as the effect of roughness is to dampen the 

waveguide resonance when viewed as a Fabry-Perot cavity. This leads to the line width 

broadening seen in figure 3.11 (solid line).  

 We now take a brief aside to discuss the determination of Pd. Physically it should be 

related to the scattering cross section of the particles. However, since Pd = Rd+Td [Eqn. 

(3.10)], we can find it by experimentally measuring Rd and Td, remembering that Rd is the 

diffused reflectance and Td is the diffused transmittance of the rough interface. Both Leblanc 

et al. and Catchpole and Pillai perform this measurement using the angular resolved 

reflectance (ARR) and transmittance (ART) method14. In our case, we choose to approximate 

it from the scattering cross section of spherical particles using Mie theory. This will be 

discussed in greater detail later.  

 Another assumption that the previous authors make is that Rd and Td (or equivalently, 

Pd) are the same for specular light incident from the  bottom or top medium. For nanoparticles 

on a substrate, there is no obvious reasoning to justify this. In other words, the scattering cross 
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section of the nanoparticles could be different for plane waves incident from within the Si 

layer than from the top. So strictly speaking, there should be a + for radiation incident from 

air and a  for radiation incident from Si. However, we will also assume + and   to be 

equal, because, later on we will treat Pd as an adjustable parameter of sorts, to fit our model 

calculations to the experimental data. Therefore, if + and  are correlated, which is 

entirely reasonable, we should only have one adjustable parameter instead of two.   

 We have already shown that the specular radiation scattered by the rough interface is 

concentrated into a narrow range of modes, in particular the waveguide modes. This is the 

diffused radiation that propagates outwards from the particles and reflects off the multiple 

interfaces throughout the structure. Therefore a portion of the diffused radiation returns back 

to the rough interface. As before, the returning waves reflect off the rough interface and is 

further scattered into diffused modes. Here, Catchpole and Pillai makes the assumption that 

100% of diffused radiation returning to the rough interface is scattered. In other words, 

= 1 for diffused radiation. This is justified in their paper by showing that for waveguided 

light, the nanoparticles have a scattering cross section far in excess of 1. In other words, the 

nanoparticles are very efficient at scattering waveguide modes. However, since almost all the 

diffused light goes into waveguide modes, they can make the approximation that 100% of 

diffused light is re-scattered. 

 In contrast, we will assume that + = =  for both specular radiation and 

diffused radiation. Even though this will mean that our =  will be drastically different 

 = 1 for diffused radiation, we reason that this makes little 

difference in the final outcome. We can see that in their treatment, for the first diffused 

scattering step, a large portion of energy goes into the waveguide modes (Figure 3.11 
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(dashed)), while the rest escapes in the form of air and substrate radiation modes. The 

remaining energy in the waveguide modes gets redistributed into radiation modes and 

waveguide modes in the next diffused scattering step. Therefore, we see that at each diffused 

scattering step, a small portion of energy in the waveguide modes is leaked out. In other 

words, light in the form of waveguide modes tend to stay as waveguide modes for a long time. 

Quantitatively, the rate at which the waveguided energy leaks out per diffused scattering step 

is to a good approximation given by 

 = 0

0

 = 0.1085, (3.24) 

where the integral is over the angular power distribution for the dashed curve in Figure (3.11).  

 For our treatment, the angular power distribution for diffused radiation takes the form 

of Figure 3.11 (solid). Using the same expression as (3.17), the rate of energy loss per diffused 

scattering step is then  = 0.1095. These quantities give us an idea of how long the waveguide 

modes stay in the waveguide. Neglecting absorption in the waveguide, the lifetime of the 

modes should be proportional to 1/ . Since  is almost the same whether we proceed with 

 treatment or ours, both treatments essentially capture the same physical 

effects. The main advantage of our treatment is that it might be more rigorous and we do not 

have to assume that the nanoparticles have a very high scattering cross section for waveguided 

light.   

 Finally, we are ready to repeat the steps in equations (3.13) to (3.18) and calculate the 

total absorption in the Si layer. We analyze an example consisting of 100nm diameter Ag 

nanoparticles on SOI, similar to what had been studied by Stuart and Hall1. Our structure 

consist of a 160nm Si waveguide layer on top of 205nm of buried oxide on top of a silicon 

substrate. In their structure there is also a 30nm LiF layer separating the nanoparticles from 
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the Si waveguide layer, but in our case, we will exclude this layer and set the nanoparticles 

directly on the Si waveguide. Also, the Stuart and Hall structure had a buried oxide thickness 

of ~190-200nm. For all our results, we show the normalized absorption, that is the total 

absorption in the Si thin film with nanoparticles on top divided by the total absorption without 

nanoparticles. 

The only parameter we need to determine is Pd( ), the diffused scattering ratio for unit 

incident power, which is a function of wavelength in general. We postulate that for small 

particles in free space, the functional dependence of Pd( ) follows the scattering cross section 

(Qsca( )) from Mie theory. Now for a nanoparticle on an Si substrate, the presence of the 

air/silicon interface beneath the nanoparticles modifies the scattering cross section20 since the 

polarization of the nanoparticles will be modulated by the local driving field above the 

interface7, Eloc. For a first order approximation, Eloc is given by the superposition of the 

incident plane wave and the reflected plane wave at the center of the nanoparticle, ie 50nm 

above the Si substrate. Therefore, we have: 

 =  | |2 (3.25) 

where C is a constant proportionality factor, adjusted so that when Pd is applied at a certain 

wavelength, the calculated normalized absorption will match the experimentally measured 

results. 

Figure 3.12 shows that at =600nm, | |2 = 0.3564. If we set =

600 = 0.3564, we find from our model calculation that the normalized absorption is 

5.454, which is close to the experimental measurements of Stuart and Hall. Therefore, it just 

so happens in this case that we can set C=1. However, we see that below 550nm, Pd will have 

a value larger than 1. This means that our model calculation breaks down because it will lead 
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to energy non-conservation. We conclude that our assumption about the functional form of Pd 

[Eqn. (3.25)] is only valid in the limit of weak scattering. Physically this is to be expected as 

the Mie theory is a single particle theory. However, when the scattering cross section is large, 

or the nanoparticles are close together, interparticle interaction can lead to further modification 

of the scattering cross section and diffused scattering ratio. Therefore, in this case, we can 

only obtain and compare results for wavelengths above 550nm.  

 

Figure 3.12. Scattering cross section of a 100nm diameter spherical silver nanoparticle normalized to 
the cross sectional area of the sphere (solid), and modulated by the local electric field generated by 
reflection off the Si substrate (dashed).   

 

In Figure 3.13, we plot the normalized absorption of our 160nm Si SOI structure vs. 

wavelength. We see peaks at 600nm and 800nm, corresponding to strong absorption 

enhancement induced by the nanoparticle on the SOI surface. As noted by Catchpole and 

Pillai13, the experimental absorption enhancement measurements of Stuart and Hall3 on 160nm 
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Si  SOI wafer display peaks at 450nm, 525nm, 600nm and 800nm, which agrees well with our 

model. Quantitatively, our model calculation differs from the measured results at 800nm, 

where an absorption enhancement of about 20 was observed. We note however that our result 

is quantitatively closer to that of Catchpole and Pillai13.  

 

Figure 3.13. Calculated absorption of normal incidence light in a roughened  SOI structure (160nm Si, 
205nm SiO2) normalized to the absorption in a smooth SOI structure. The roughness of the surface is 
parameterized by =  | |2, where = 600 = 0.3564. 

 

 Interestingly, we can set Pd to be a constant less than 1 and obtain the normalized 

absorption over the full range of wavelengths (400nm-1100). Setting Pd = 0.3, we obtain the 

results in figure 3.14. We note the peak structure at 450nm, 500-550nm, 600nm and 800-

850nm, which are in excellent agreement with the Stuart and Hall result.   

 The quantitative discrepancy between our calculations and the published 

measurements can be attributed to a number of assumptions about the physical parameters. 
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Ultimately, Pd should be determined using ARR and ART measurements, but even so, the 

unrealiability of extinction spectra can lead to large deviations in the final results. 

Furthermore, even ARR and ART measurements cannot take into account waveguide 

mediated interparticle interaction4, which might be the leading cause of the larger than 

expected absorption enhancement at long wavelengths. One regime where these effects might 

be less important is when we have weak diffused scattering, ie a low surface density of 

nanoparticles. Therefore, we conclude that overall, the multiple diffused reflectance model 

leads to very good qualitative agreement with physical measurements, but great care must be 

taken when interpreting the results quantitatively.  

 

Figure 3.14. Normalized absorption in a roughened SOI structure (160nm Si, 205nm SiO2). Pd = 0.3 at 
all wavelengths. 
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3.3.3 Considerations on Particle Periodicity 

 Up to here, we have considered the application of a random distribution of 

nanoparticles to enhance the absorption of light in SOI photodetectors. The  effect has been 

shown to be large by experiment and calculations. This is due to the fact that waveguide 

modes with long propagation distances generated by single nanoparticles overlap with each 

other, leading to a large overall buildup in electromagnetic energy density in the waveguide. 

However, the waveguide modes are all incoherent with respect one another. This leads to 

partial destructive interference between the fields of waveguide modes originating from 

different nanoparticles. Therefore, if we arrange the nanoparticles in a configuration such that 

all the fields add up constructively, we can expect even larger absorption enhancement. 

 

Figure 3.15. Periodic arrangement of nanoparticle on top of a slab waveguide. Each nanoparticle is 
treated as an coherent source of waveguide modes. Constructive interference results when the injected 
waveguide modes have a spatial frequency equal to the spacing of the nanoparticles.   

 

 In Figure 3.15, we consider a periodic array of nanoparticles on top of a waveguide. 

We consider each nanoparticle to be a source of waveguide modes:

 = exp + , (3.26) 

where = 2 /  is the wavevector of the mode and  is the phase factor associated with 

the location of the nth nanoparticle. If the nanoparticles happen to be spaced periodically at the 
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distance a apart, then the nth particle is at x=na  and therefore = 2 . Therefore, at any 

location in the waveguide, the total field from n nanoparticles added together is: 

 

 | |2 = | ( )|2 = 2.    (3.27) 

 

 

Figure 3.16. Random arrangement of nanoparticle on top of a slab waveguide. The random 
displacement scrambles the phase coherence of the individual waveguide modes injected into the slab.  

 

Now if we have a set of nanoparticles arranged with a random spacing, as in Figure 

3.16, we see that the waveguide modes have the form of equation  (3.26) with all the phase 

factors,  being random. We have, for the total field: 
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 The second term on the right hand side of equation (3.27) is a summation over random 

phases a and b. Therefore, as n becomes large,   
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where  << n. We see that the |E|2 field in the waveguide scales as n2 for a periodic array as 

opposed to n for a randomly arranged array. Of course, the resonance condition = 2 /  

has to be satisfied for the constructive interference to take place, which means that the n2 

enhancement only takes place at certain wavelengths. 

 

3.4 Light Scattering into Silicon on Insulator Waveguide Modes by Random and 
Periodic Gold Nanodot Arrays 

3.4.1. Introduction 

 In this section, we probe the electromagnetic interaction of metallic nanoparticle 

arrays on SOI devices by simulation and experiment. The goal is to investigate the properties 

of the array configuration for optoelectronic device applications, such as wavelength sensitive 

detectors. Metallic nanoparticles are particularly suited to this study because of their strong 

absorption and scattering properties arising from their surface plasmon polariton (SPP) 

resonances21-23. A number of applications of metallic nanoparticles integrated with 

semiconductor optoelectronic devices have been explored in recent research. Gold 

nanoparticles deposited on top of Si semiconductor photodiodes have been exploited to 

achieve greater optical absorption in the semiconductor via nanoparticle scattering around the 

plasmon polariton resonant wavelength24 and similar behaviors with thin film solar cells25 and 

SOI photodetectors have also been demonstrated1,26. As discussed in the previous section,  in 

device structures supporting waveguide modes, particularly large enhancements in 

photocurrent response can be attained due to the effect of light trapping in the semiconductor 

thin film3. Similarly, 2D periodic dot arrays atop a slab waveguide27,28 have also been studied. 
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In these studies, the extinction or transmission characteristics of the structures were shown to 

be controllable by carefully tuning the nanodot array.   

 In this study, we combine the use of periodicity with the presence of waveguide 

modes to achieve absorption enhancement in an SOI photodetector. The periodically patterned 

dots are found to lead to photoabsorption enhancement of a different nature as compared with 

randomly patterned dots. The wavelengths at which enhancement occurs can be predicted and 

engineered by standard eigenvalue calculations of the characteristic waveguide modes and 

satisfaction of momentum conservation for photon scattering processes in periodic structures. 

Physically the periodic dot array imparts an additional momentum unto the photons which 

allow them to couple to waveguide modes. We also study the case of randomly patterned dots 

to assess the nature and size of effects associated specifically with periodicity rather than from 

scattering characteristics of isolated nanodots. 

 

3.4.2. SOI Photodetector Fabrication and Measurement 

 SOI photodetectors of the photoconducting type were employed in these experiments. 

SOI wafers (SOITEC) with 205 nm Si layer thickness (p-type, dopant concentration ~1015 cm-

3) and 400nm buried oxide thickness were cleaned using standard solvents and patterned to 

form Si mesas as shown in Fig. 3.17. The two mesas were formed side by side by reactive ion 

etching of the top Si layer after masking the mesa areas with photoresist. A 100nm Al/ 100nm 

Au layer was then deposited on top of the Si mesas to form Ohmic contacts as well as the 

interconnects to large contact pads for probing.            
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Figure 3.17.  Schematic diagram of the photoconductor device pair employed in the photocurrent 
response measurements. The thickness of the SiO2 layer is 400nm and the etched Si mesa layer is 
205nm with l = 180 m. One device has nanodots patterned on the surface between the contacts (not 
shown) while the other device has a smooth unpatterned surface.     

 

 On one  device of each pair, as shown in Fig. 3.17, 15nm Ti/ 65nm Au nanodot arrays 

are patterned over the exposed Si region by electron beam lithography while the other device 

is left unpatterned as a reference. For the periodic nanodot structure, the nanodots are arranged 

in a square array with lattice spacing a = 550nm, while for the random nanodot array, the dot 

density is ~ 3.31  108 cm-2  which is equal to the density of dots in the periodic array. In both 

cases, the dot diameter is ~ 150nm. The shape of the nanodots turned out to be tapered rather 

than cylindrical. Scanning electron micrographs of devices with periodic and random nanodot 

arrays are shown in Fig. 3.18.  

 Spectral photocurrent response measurements were obtained for all devices as 

described in Section 1.5. The devices were biased at 2.5 V through a DC biasing element. For 

each sample (having two devices side-by-side), a set of two measurements was obtained: the 

photocurrent response spectrum of the reference device as a function of wavelength, and the 

photocurrent response spectrum corresponding to the nanodot patterned device.  
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Figure 3.18.  Scanning electron micrographs of (a) periodic and (b) random Ti/Au nanodots patterned 
on SOI photoconductor surface by electron beam lithography. 

 

The devices, being in close proximity to each other, are illuminated with a light spot 

much larger than the device dimensions, and therefore receive practically identical levels of 

light intensity. The photocurrent response of the device with the nanodot array is normalized 

so that it is equal to the photocurrent response of the reference device in the range of 400-

450nm. Electromagnetic simulations (discussed in section 3.4.3) show that the nanoparticles 

have little influence on the photoabsorption spectrum in this range of wavelengths (< 7% 

variation). Therefore this corrects for a global variation in photoresponsitivity between the two 
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devices arising  from differences in contact resistance and other undetermined factors due to 

process variation. However there is also a wavelength dependent site-to-site variation on the 

order of 10% in the range of 400  700nm and gradually increasing to about 30% at 950nm. 

Each device is measured in an on/off cycle over several days to ensure that stable photocurrent 

spectra are obtained.    

 

3.4.3. Results and Discussion 

 

Figure 3.19.  Measured photocurrent enhancement of SOI photoconducter due to (a) periodically 
patterned Ti/Au nanodots and (b) randomly patterned Ti/Au nanodots.  
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Fig. 3.19(a) and (b) show photocurrent response spectra for devices with periodic and 

random nanodot arrays, respectively, normalized in each case to the photocurrent response 

spectrum of the adjacent reference device as described above. As shown in Fig. 3.19(b), 

substantial enhancements in photocurrent response for the random nanodot array are observed 

at wavelengths of ~550-700nm and also at wavelengths of ~850nm and greater, although in 

the latter case variations in the (low) absolute level of photocurrent response at long 

wavelengths make detailed quantitative interpretation in this wavelength range less reliable. 

From Fig. 3.19(a) we see that for the periodic nanodot array, much larger photocurrent 

enhancements  up to nearly a factor of 6  are obtained, but over relatively narrow ranges of 

wavelength compared to those observed for the random nanodot array.  

To facilitate interpretation of these results, we performed numerical analysis of the 

electromagnetic behavior of the random and periodic nanodots. We model the problem of light 

absorption enhancement due to periodic nanodots on SOI photodetector structures as an 

electromagnetic boundary value problem using the finite element method. The goal is to 

calculate the increase in electromagnetic energy density within the semiconductor thin film 

due to the nanodots. The model geometry is shown schematically in Fig. 3.20, with the 

boundary conditions specified as in section 2.3.4. For all numerical and analytical 

calculations, the wavelength-dependent dielectric functions of the optical materials employed 

were obtained from Ref. 29.13 

For the periodic nanodot array, the electromagnetic field distribution in this model is 

calculated at wavelengths ranging from 400nm to 1100nm and the square of the 

electromagnetic field amplitude, |E|2, is integrated in the top Si region as a proxy for optical 

absorption and photocurrent response. For the finite element simulation, the model is 

discretized with a mesh of approximately 400,000 (400K) elements. Mesh generation and 



82 

 

assembly of the stiffness matrix and force vector were performed using the COMSOLTM 

Multiphysics RF module. Obtaining the solution of the electromagnetic field then involves the 

factorization of a large sparse symmetric matrix roughly 450K x 450K in size. For this 

computation, we  parallelize the parametric sweep over wavelength as described in section 

2.3.3.    

 

Figure 3.20.  One quarter model geometry employed in the electromagnetic plane wave scattering 
simulation of a Ti/Au nanodot array on top of an SOI waveguiding layer, approximating the 
periodically patterned Ti/Au nanodot array on SOI experiment. A harmonic plane wave excitation, 
Ei(Hi) is injected into the simulation volume through the top boundary. 
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Figure 3.21.  (a) Simulated electric field amplitude squared, |E|2 integrated over the Si thin film region 
of Figure 4 normalized to |E|2 integrated over the same region in the absence of the Ti/Au nanodot 
array. The peak structures in the 750-1100nm wavelength range are labeled according to the mode 
identification of Table. I. (b) Calculated absorption enhancement due to randomly distributed dipole 
oscillators on SOI. 
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Fig. 3.21(a) shows a computation of |E|2 integrated over the silicon thin film within 

the simulation volume as a function of wavelength in the presence of the nanodot array, 

normalized to the integrated field intensity for the reference device structure without nanodots. 

Sharp peaks in photocurrent enhancement due to the periodic nanodot array are observed, at 

wavelengths in generally good agreement with those for which photocurrent enhancement is 

observed experimentally.  

Certain aspects of the fine scale structure evident in the simulation results shown in 

Fig. 3.21(a) are not as apparent in the experimental results of Fig. 3.19(a), presumably due to 

fluctuations and minor imperfections in the experimentally realized structure that are not 

present in the simulation, and to the finite experimental wavelength sampling resolution. Also, 

as previously noted the experimentally fabricated nanodots are slightly tapered. This will 

affect the scattering cross section of the particles and therefore the absolute level of 

enhancment, but the location of the enhancement peaks should be unaffected.  

For analysis of the random nanodot array structure, we employ the multiple diffused 

scattering analysis described in 3.2. The result of this calculation for absorption enhancement 

is shown in Fig. 3.21(b), scaling R( ) to 0.023 at 650nm. This parameter is chosen so that 

the absorption enhancement at 650nm matches the experimentally measured absorption 

enhancement, and we can verify that the value chosen is physically reasonable to within an 

order of magnitude estimation: the modified scattering cross section Qsca|Eloc|2 is 0.96 at 

650nm, the fractional area coverage of the nanodots is 0.0503, and the proportion of incident 

flux converted into diffused flux can be approximated by the modified scattering cross section 

times the area coverage, which gives 0.0482. Finally, we note that the overall result of the 

model calculation is in good qualitative agreement with the experimental result of Fig. 

3.19(b).     
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 From the experimental and simulated results for photocurrent enhancement by 

periodically and randomly patterned nanodot arrays on SOI, we see that the presence of 

nanodots patterned atop  an SOI device can lead to substantial enhancement in 

photosensitivity with a wavelength dependence that is strongly dependent on the spatial 

arrangement of the nanodots. The presence of nanodots causes normally incident light to 

scatter into waveguide modes26, effectively lengthening the optical path length of the photons 

in the Si thin film. Since the absorptance of the semiconductor decreases at longer 

wavelengths (700 nm and up), nanodot enhancement is more effective in this region.    

 Randomly distributed nanoparticles atop SOI have been shown to lead to 

enhancement of photocurrent response in a number of previous studies1,26. Our results for the 

randomly patterned dots are consistent with these previous results. Because we employed a 

relatively low density of dots (~ 3.31 x 108 cm-2) in our experiments we observe smaller 

enhancements compared to those reported previously. This is expected because scattering 

effects should generally increase with particle size and density. We also note that the 

enhancement for randomly distributed nanodots is mostly in the low absorptance region, and 

is quite broad with limited wavelength selectivity.  

 In contrast, the enhancement due to periodically patterned dots is prominent only at 

certain wavelengths. As noted above, this is more clearly visible in the simulations than in the 

photocurrent measurements because fabrication related structural variations in the 

experimental nanodot array and  the sampling resolution coarseness of the monochromator 

wash out some of the fine features of the photoabsorption spectral response. The location of 

each enhancement peak in Fig. 3.21(a) can be uniquely attributed to the presence of 

resonances in the extinction spectra of the nanodot array at certain wavelengths. Specifically, 

the location of each peak can be attributed to the resonant excitation of a waveguide mode by 
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the normally incident photons. This is determined by the momentum conservation condition, 

= 2+ 2, where is the waveguide mode's wavevector, G a is the 

reciprocal lattice constant of the periodic nanodot array, a=550nm is the array periodicity and 

n and m are integers.  

 

Figure 3.22.  Dispersion curves (E vs. ) where  a, a=550nm, of the various TM and 
TE modes of the SOI structure plotted in a reduced zone scheme along the (x, 0) direction (solid) and 

a, y) direction (dash) of the reciprocal lattice space. Each intersection of the dispersion curves with 
the ordinate axis corresponds to the Bragg condition = 2 + 2 with G = a and is 
labeled by the vector (n, m).   
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The values of the resonant frequencies and associated modes are shown in Table 3.1. 

In reality, the presence of the nanodot array modifies the actual dispersion curves. However, 

since the particles are small and the scattering is weak, the frequency shifts due to dispersion 

modification can be neglected. This is similar to the case of corrugated waveguides with small 

groove depth30. Furthermore, comparison of the predicted resonance frequencies with the 

numerical resonance peaks will confirm whether or not this assumption is valid.  

Table 3.1. Table of the calculated energies and wavelengths at which the dispersion curves of the 
waveguide modes in the bare SOI structure intersects the ordinate axis of Figure 3.22.  

Mode(index) Energy (eV) (nm) 

TM1(1,1) 1.7008 728.99 
TE1(2,0) 1.6869 734.96 
TM0(1,2) 1.5693 790.04 
TE0(1,2) 1.4937 830.01 
TM1(1,0) 1.4884 832.98 
TM0(2,0) 1.4604 848.96 
TE1(1,1) 1.4285 867.96 
TE0(2,0) 1.3776 900.04 
TE1(1,0) 1.2361 1003.1 
TM0(1,1) 1.1894 1042.4 

 

Comparing the predicted resonant frequencies in Table I with the results shown in Fig. 

3.21(a), we see that starting from 790nm, each peak corresponds well with a particular mode. 

For example the largest peak, appearing at 847.5nm in the simulation, agrees well with the 

predicted location of the TM0(2,0) mode. Furthermore, a plot of the fields within the 

simulation volume, as shown in Fig. 3.23(a), at this wavelength clearly shows that there is a 

strong TM mode propagating along the Si thin film in the ±y direction with a period of 

275nm, half of the array periodicity.  
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Figure 3.23.  (a) Z component of the E-field normalized to the incident plane wave amplitude E0  
obtained from the electromagnetic scattering simulation of Ti/Au nanodot array on SOI at 847.5nm 
showing the strong response of the TM0(2,0) mode to the incident plane wave excitation. (b) Z 
component of the normalized H-field obtained at 828nm. The field distribution clearly shows the strong 
response of the TE0(1,2) mode.  

 

 Because the TE0(1,2) and the TM1(1,0) modes are so close in wavelength, it is 

difficult to predict what will be the contribution of each mode to the observed peak at 828nm. 

However, as can be seen in Fig. 3.23(b), the TE0(1,2) mode is the dominant mode. The modes 

at 730nm and 735nm do not show up as peaks in Fig. 3.21(a). This is expected as the 

absorption coefficient of the waveguiding Si layer  increases rapidly below 800nm. This 

means that any waveguide mode generated will have very short propagation lengths, and thus 

exhibit weak resonance behavior. The  mode at 1003nm is very weak whereas the mode at 

1042nm has a strong and broad peak. These effects are difficult to explain in the current 
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theory and would perhaps require more detailed eigenfrequency calculations of the actual 

waveguide mode dispersion. Finally, comparing with Fig. 3.19(a), the modes at 900nm and 

larger are not clearly detected in the photocurrent spectra. With further control of process 

variation and device instabilities, which tend to be particularly aberrant at the longer 

wavelengths, modes above 900nm may be more apparent experimentally.      

 

3.4.4. Conclusion 

 We have studied the effect of nanodot array enhancement of optical absorption and 

photocurrent response for SOI photodetectors by experiment and numerical simulation. In 

particular, we examine and compare the cases of randomly and periodically patterned nanodot 

arrays to explicitly assess and analyze the consequences of dot periodicity. We see that the 

physical mechanism for photocurrent enhancement in SOI photodetectors is the same for the 

random and periodic nanodots, ie., the scattering of plane waves into waveguide modes which 

lengthens the photon propagation distance in the active layer. The major difference between 

the random and periodic nanodot array is the introduction of enhancement resonances in the 

case of the periodic array.  

 Enhancement from the randomly patterned dots is in agreement with previously 

reported results. On the other hand, enhancement from the periodically patterned dots is 

stronger for the same density of dots albeit confined to a narrower range of wavelengths. The 

simulation results are in generally good agreement with the experiments. In addition, 

simulations and theoretical analyses allow identification of photocurrent enhancement features 

observed experimentally with specific scattering and momentum conservation processes 

associated with the array periodicity. This study shows that it is possible to engineer 



90 

 

wavelength specific enhancement on SOI photodetectors by considering and exploiting the 

effect of periodicity. This could also be beneficial for other types of optical conversion devices 

that are built from layered media, including a variety of photodetector structures and thin film 

photovoltaic devices.   

Part of this chapter was published in Journal of Applied Physics 2009, S. H. Lim, D. 

Derkacs and E. T. Yu. The dissertation author is the first author of this paper. 
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4. ULTRAVIOLET AND SOLAR-BLIND SPECTRAL IMAGING WITH 
SUBWAVELENGTH TRANSMISSION GRATINGS  

 

4.1 Introduction 

Recent advances in high quantum efficiency AlGaN based photodetectors1-4 have 

made possible solid state focal plane array imaging for near ultraviolet (300-400nm) and solar-

blind (< 280nm) wavelengths. For spectrally resolved imaging, filtering structures will have to 

be integrated on top of the pixel array. While effective filtering schemes5 compatible with 

VLSI exist for optical array imagers, the materials typically used for such structures such as 

dichroic mirrors are generally not suitable for ultraviolet (UV) wavelengths due to high 

absorption. In addition, designing solar-blind filters6-8 is generally regarded as particularly 

challenging6 because of the lack of high quality optical materials in this wavelength range. A 

survey of commercially available discrete solar-blind filters shows that such filters have a 

FWHM of about 20nm or less. This is sensible as the practically detectable solar-blind 

wavelength range is somewhat narrow (200  280nm). Thus, in a four color imaging scheme, 

for example, this region of the electromagnetic spectrum would have to be split into 20nm 

wavelength slices.   

 We demonstrate here a UV wavelength filtering scheme that makes use of metallic 

gratings with subwavelength slit sizes ( /3 ~ /4) and materials compatible with UV operation. 

A variety of subwavelength metallic structures have been the subject of intense study9-13, 

particularly with regard to the extraordinary transmission effect found in periodic hole arrays 

on metallic thin films.10 The resonant excitation of a surface plasmon (SP) on one side of the 

metal-dielectric interface 

on the reverse side was found to lead to unexpectedly high transmission of light, leading to 
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potential applications for optical filtering. In contrast to this approach, we exploit here the 

effect of reduced transmission at the Rayleigh-Wood anomaly,14 found in metallic gratings 

with relatively wide slits. Although the Rayleigh-Wood anomaly is usually associated with the 

resonant excitation of an SP, the same effect is also present whenever there exists a surface 

mode, such as a slab waveguide mode in close proximity to the grating5.  

 

4.2 Simulation and Experiment 

 

Figure 4.1. (a) Schematic of 50nm thick Aluminum grating deposited on fused silica substrate. (b) 
Simulation of transverse magnetic field profile shown at resonance (340 nm) for l = 450nm and w = 
150nm. (c) Corresponding simulated TM transmission spectrum. 

 

 To illustrate the basic concept, we first simulate the transmission grating structure 

shown in Figure 4.1(a), consisting of a 50nm thick, 450 nm period and 150nm slit width Al 

grating on top of silica designed for filtering in the TM mode. We simulate the transmission of 
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light through this structure using a finite element method (FEM)  program15. To best 

demonstrate the excitation of an SP mode at 340nm, which occurs at the silica/Al boundary, 

we illuminate the structure from the silica side. As indicated in Figure 4.1(b), each dip in the 

transmission spectrum, shown in Figure 4.1(c), is associated with a resonant excitation of an 

SP mode, given by the Bragg diffraction condition,  

ksp( ) = k|| n/l,         (4.1) 

where ksp is the wavevector of an SP mode on either the air or the glass side, k|| is the 

wavevector of the incident light parallel to the grating surface, m is the diffraction order 

(1,2,3...), n is the index of refraction of the dielectric boundary and l is the grating period. For 

normally incident light, which we will assume from here onwards, k|| = 0. We see that the dip 

at 450nm is due to first order diffraction (m=1) into an SP mode at the air/Al interface, while 

the dips at 340nm and 230nm are due the second and third order (m=2,3) diffraction into SP 

modes at the silica/Al interface. We note that for higher-order diffraction (m>1), the width of 

the resonances is on the order of 10-20nm, and therefore satisfies the operational goal for 

solar-blind applications.  

We note also that the use of aluminum as a plasmonic material is crucial for realizing 

such structures with acceptable loss and line width broadening. Traditional materials such as 

gold and silver are too lossy in the UV wavelengths. Further analysis shows that the most 

important criterion for choosing a metal is the reflectivity. A survey of a broad range of metals 

shows that Aluminum is by far the best in terms of reflectivity due to its large negative 

dielectric function, followed by Indium and then Tin. However, Aluminum is easily oxidized 

in air and must be protected by dielectric coatings to preserve the reflectivity of the metal.  
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 For experimental verification and analysis of these behaviors, Aluminum transmission 

grating structures were fabricated on fused silica substrates, as shown in Figure 4.2(a) and (b), 

with the goal of measuring the Rayleigh-Wood anomaly resonances in the near UV 

wavelengths. 650 nm period gratings with 150nm slit widths were patterned using electron 

beam lithography and e-beam evaporation of aluminum (50nm) followed by liftoff with 

acetone. A 225 nm PMMA layer was coated over the grating and baked at 180° C for 1.5 

minutes to protect it from oxidation. The refractive index of PMMA as published by 

MicroChem Corp.16 varies from 1.55 at 300nm to 1.48 at 900nm. In our simulations, we use a 

constant refractive index of 1.49. Transmission measurements were obtained using a 

monochromator fed by a xenon arc lamp as a broadband UV source. Monochromatic UV light 

from the output is passed through a light chopper followed -BBO Glan-Thompson 

polarizer and focused onto the sample surface. Light transmitted through the sample is 

detected by a GaP photodiode and the signal is fed into a Lock-in amplifier. Additional details 

on the simulation and measurement configuration have been described elsewhere15.  

 Figure 2(c) shows the simulated and measured TM transmission spectra for this 

structure, which are in good agreement. The dips at 340nm and 500nm are due to 3rd and 2nd 

order diffraction into an SP mode, respectively. The dip at 380 nm is not due to an SP mode 

because it is far from any resonance condition predicted by Equation (1). In fact, the 

simulation shows that this resonance is due to a 2nd order diffraction into a TM slab waveguide 

mode in the PMMA layer above the grating.   

 The presence of a slab waveguide above the grating is particularly beneficial for TE 

polarized light because SP modes do not exist for TE polarization. We therefore perform the 

same experiment for TE polarized light using the same structure as before but with an 80nm 

PMMA layer. Figure 2(d) shows the measured and simulated TE transmission spectrum for 
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this structure. The dip at 340nm is due to a 2nd order diffraction into a TE slab waveguide 

mode.  

 

Figure 4.2. (a) Schematic of 50nm thick Al grating deposited on fused silica with PMMA spin-coated 
overlayer. (b) SEM image of the completed grating structure with l=650nm and w=150nm. (c) 
Simulated (dashed line) and measured (solid line) TM transmission spectra of the structure in (a), with 
225nm of PMMA  over the Al grating with l=650nm and w=150nm. (d) Simulated (dashed line) and 
measured (solid line) TE transmission spectra of the same structure, but with 80nm of PMMA over the 
Al grating. 
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The existence of TE resonances due to the PMMA waveguiding layer suggest an 

interesting possibility for designing polarization independent transmission grating filters. The 

TM resonances due to SP modes are mostly confined to the surface of the grating due to the 

exponential decay of the electromagnetic fields away from the metallic surface. Therefore, the 

dispersion of the SP mode should be insensitive to the thickness of the dielectric waveguiding 

layer, provided that the air/dielectric boundary is sufficiently far from the metal/dielectric 

boundary. For the TE mode however, the thickness of the dielectric layer naturally has a 

strong effect on the dispersion of the waveguide mode. Therefore, by tuning the thickness of 

the waveguide, one can shift the TE resonance without affecting the TM resonance, thus 

raising the possibility of designing structures where the TM and TE resonances occur at the 

same wavelength, allowing polarization insensitive wavelength filtering.  

 Furthermore, the grating structures presented here can be directly integrated onto a 

semiconductor substrate as a Schottky contact, thus forming a Schottky photodiode. To 

demonstrate such a configuration, we designed and fabricated a filter/Schottky contact 

bimetallic grating on an n/n+ epitaxial Si wafer, shown in Figure 4.3(a). The donor 

concetration of the expitaxial layer is 0.5-1×1015cm-3 and the thickness is 4.5-5.5 m. The 

grating has a period of 550nm and slit width of 180nm, and consists of 15nm of gold and 

45nm of aluminum. The gold layer forms the Schottky contact with the Si epilayer while the 

aluminum layer on top forms the interface supporting the SP mode with air.  

Our simulations, shown in Figure 4.3(b), reveal that near 550nm, there is a strong drop 

in transmission into the Si substrate due to the 1st order diffraction into an Al/air SP mode. For 

the experimental demonstration, we measure the photocurrent directly from the Schottky 

photodiode using the same apparatus described previously, except with the light source 

replaced by a quartz tungsten halogen lamp. The result, shown in Figure 4.3(b), confirms that 
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at around 550nm, there is a sharp drop-off in responsitivity with decreasing wavelength, in 

accordance with the strong drop in transmission at around the same wavelength as predicted 

by the transmission simulation. The dip in the  responsitivity measurement is not as 

pronounced as the dip in the transmission simulation, suggesting a broadened resonance. This 

could be due to oxidation effects as well as a slightly off-normal angle of incidence for the 

incident light relative to the plane of the device.    

 

Figure 4.3. (a) Schematic of 15nm Au/45nm Al bimetallic grating on Si epitaxial wafer with l = 550nm, 
w = 180nm, and t ~ 5 m. (b) Simulated transmission spectrum (dashed line) and measured 
photoresponsitivity (solid line) of the grating structure integrated atop an n/n+ Si wafer forming a 
Schottky photodiode.   
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4.3 Conclusion 

 In summary, we have studied Rayleigh-Wood anomaly based resonant structures with 

Aluminum gratings for UV spectrally resolved imaging on integrated photodetectors. The 

structures were shown to possess good transmission and wavelength selectivity extending 

through the solar-blind wavelength range. Experimental verification of the concept was 

carried out in the near UV and visible wavelengths. Also, integration of such structures on a 

semiconductor photodiode was demonstrated and tested on Si Schottky photodiodes. The dual 

functionality of such structures as an optical filter and Schottky contact has obvious 

advantages in terms of processing. Finally, we suggest that polarization independent structures 

can be realized by careful tuning of the dimensional parameters.  

Most of this chapter has been submitted for publication in Applied Physics Letters 

2009, S. H. Lim and E. T. Yu. The dissertation author is the first author of this paper. 
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5. LIGHT TRAPPING FOR ULTRATHIN SOLAR CELLS 

 

5.1 Introduction  

 In terms of renewables, solar and wind offer similar propositions in terms of cost*, 

access and stimulation of economic activity. With the current interest and promise of 

investments coming from the US, Europe and China, wind and solar industries would be 

undergoing a boom if it were not for the global economic recession. Nevertheless, solar 

energy is predicted to reach dollar per watt parity with mainstream electricity generation this 

year2, and therefore utility scale deployment of solar PV generation is finally on the verge of 

becoming reality.   

 While first and second generation solar cells will lead the charge in the current cycle 

of photovoltaics deployment, such technologies will reach their fundamental limitation in 

terms of efficiency, namely the Shockley-Quiesser3 (SQ) limit. Therefore, third generation 

solar cells, based on nanoscale engineering, will be the next wave. Intermediate band solar 

cells, using multiple quantum wells (MQW) or quantum dots have been proposed for very 

high efficiency solar cells4,5. Detail balance calculations have shown that such devices could 

exceed the SQ limit. 

 Such cells however have very thin absorber layers due to limitations in growth and 

device design. Other kinds of solar cells also have very thin absorbers layers, such as 

amorphous silicon (a:Si) and dye sensitized solar cells. While thin cell designs offer 

advantages in terms of reduced cost, material use and improved carrier collection efficiency,  

                                                   
* Currently, wind is about 20% cheaper, for a 1kW system based in Ontario, Canada1. 



103 

they all tend to suffer from poor light absorption at infrared wavelengths. 

 Because of this, infrared photons can easily escape from the cell. Therefore, light 

trapping strategies have been proposed for thin film solar cells. The need for light trapping in 

thin films is not unique to solar cells, as we have already studied this in part for SOI 

photodetectors in chapter 3. While we looked at front side texturing of the SOI devices with 

metallic particles, such an approach would not be suitable for solar cells due to the fact that 

metallic particles can be detrimental to cell absorption at UV and blue wavelengths, as 

discussed in Section 2.4.4. A more suitable scheme is the scattering buried backside 

reflector6,7 (SBBR). This scheme incorporates texturing on the backside of the thin film 

absorber. Texturing on the back side can be random or periodic, and both schemes have been 

extensively studied for a:Si solar cells8-10. While such schemes have been shown to be 

effective in raising the quantum efficiency of solar cells, no study has been done to determine 

which scheme is superior for a particular system. Indeed, this is not a simple question, as one 

has to consider the overall cost, ease of design and effectiveness of incorporating a particular 

texturing scheme.  

 Here we isolate our study to cases where direct comparison is possible. We consider a 

GaAs based thin film solar cell. Texturing on the backside is achieved by a perfect electric 

conductor (PEC) boundary with grooves along the otherwise smooth boundary. Ferry11 et. al 

had considered the scattering cross section of a single groove buried into a metallic reflector 

for thin film solar cells.  Biswas and Zhou12 considered a dielectric diffraction grating on top 

of a distributed Bragg reflector in lieu of a metallic reflector. In both cases, one needs to 

optimize the groove dimensions and period in order to determine what the  maximum 

achievable solar cell performance is. For the periodic groove, we use a modal expansion 

method13,14 for binary diffraction gratings coupled with the transfer matrix method to calculate 



104 

cell absorption and quantum efficiency for a particular design. The method is computationally 

fast and allows for optimization over a multi-dimensional parameter space. We then 

randomize the distribution of the grooves and calculate the absorption by FEM simulation.  

 

5.2 Modal Matrix Method for Scattering Buried Backside Reflector Calculation and Field 
Propagation  

 

Figure 5.1. Illustration of the thin film solar cell structure with the semiconductor layer sandwiched 
between an antireflection coating on the top and a perfect electric conductor grating on the bottom. 

 

 The structure in Figure 5.1 represents the solar cell with an antireflection coating 

(ARC) on the top and an SBBR on the back formed by a PEC grating. A plane wave is 

incident from the top and is transmitted through the ARC and semiconductor layer to the back. 

The SBBR scatteres the light into diffracted orders that remain trapped in the semiconductor 

layer due to total internal reflection at the air boundary. To analyze this structure, we first need 

to calculate the response of the grating to incident plane waves. The original excitation from 

PEC 
 y = 0   
y = -h 

y= l 
t 

x=0 
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the air is a normally incident wave, = exp( 0 ). Therefore, from the Floquet theorem, 

we know that the final solution in all layers consist of waves of the form: 

 = exp 0 ,   

 = , = 0, ±1, ±2, ±3    (5.1) 

 These represent modes of propagation with discrete transverse momentum, k0 n. For 

each of these modes, the grating will diffract them into modes of the same set of discrete 

transverse momentum. We represent the response of the grating to these incident modes by the 

reflection matrix R. The plane waves incident on the grating are taken to be of the form: 

 inc = exp 0 1
2

,  (5.2) 

where  is the dielectric function of the semiconductor and = 0.  

 The reflected planes waves are then: 

 ref = exp 0 + 1
2

, 

 =  .  (5.3) 

 To obtain the matrix elements of R, we first need to expand the solution of the EM 

fields in the groove in a set of eigenfunctions (channel modes) given by the geometry and 

boundary conditions of the groove. Fortunately, for the PEC case, these are known. For the 

TM polarization, the channel modes are13: 

 , =
cos +

2
cos 1

1

2

2

( + )

0, otherwise                                                           

,
2

 ,    (5.4) 

where m =  

 The amplitude of the nth reflected order and mth channel mode is denoted bn and cm.  
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By continuity of Ex at y= 0, we have14: 

 = = +
1 2/

=0  ,  

 = 1
1

2

2

× sin 1
1

2

2

 ,  

 =
2 ( /2 )2

exp 0

2
+ ( 1) +1 exp 0

2
 .  (5.5) 

And, by continuity of Hz at y= 0, |x a/2, we have14: 

 = = + =  ,  

 = cos 1
1

2

2

2
1 + 0 .  (5.6) 

 Writing (5.5) and (5.6) in matrix form and solving the system of equations for bn, we 

get: 

 =  d,  

 = 1
2

i   1

1

1
2

+ i   1  ,   (5.7) 

where  is the conjugate transpose of P.  

 Having the reflection matrix of the grating, we can propagate Rnl through the 

semiconductor and ARC layer to obtain the reflection matrix of the entire system. For a 

normally incident plane wave, inc = exp 0 z , the reflected waves are then: 

 ref = 0exp 0 + 0 1 2  z .    (5.8) 

The backward reflected power is then15: 

 ref = 0
2 (1 2),  (5.9) 
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and the absorbed power is:  

 abs = 1 0
2 (1 2) . (5.10) 

  

5.3 Solar Cell Optical Optimization  

 After calculating the absorption in the semiconductor, the number of photons 

generated is just abs / . This number is weighted to the solar spectrum (AM1.5) and 

integrated over the wavelength range where the semiconductor is absorbing. Finally, when 

divided by the number of photons incident, this gives the quantum efficiency of the solar cell. 

We note that in our computation we only consider TM polarization, whereas sunlight is 

unpolarized. We ignore this fact, as we are only interested here in comparing between random 

and periodic scattering. The results of our comparison is expected to carry over to structures 

that are truly polarization insensitive, such as a cross grating etched into the SBBR, provided 

that the structures have all been optimized for maximum light trapping.    

 The parameters to be optimized are the thickness of the ARC (t), the grating period 

(d), the groove width (a) and height (h). We first optimize the t without the grating. Then we 

optimize d, a and h individually. The thickness of the semiconductor (l) is kept constant at 

300nm of GaAs and the ARC index of refraction is set to 1.5. The results on absorption and 

quantum efficiency are shown in Figure 5.2. 

 We see that without the ARC or SBBR (dash-dot), the quantum efficiency of the solar 

cell is 0.45. With the ARC only (dot) the quantum efficiency increases to 0.60 and finally with 

the SBBR, the quantum efficiency achieves a maximum of 0.7384. The one pass optimization 

was carried out by tuning one parameter at a time. We can also simultaneously tune two or 

more parameters to achieve a more thorough optimization.  
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Figure 5.2. Absorption of the 300nm thick GaAs solar cell structure with ARC and PEC grating SBBR 
with optimized parameters, t=90nm, d=490nm, a=185nm, and h=45nm. 

 

 In Figure 5.3, we optimize the QE with respect to the groove height and grating period 

simultaneously. The groove width is kept at a constant ratio of the period, a = 0.4d. The 

maximum QE of 0.7389 is achieved at d=495, h=0.45. This is very close to the maximum QE 

achieved by the one pass parameter optimization, which is much easier to do than 

simultaneous multiple parameter optimization.  
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Figure 5.3. Surface plot of the 300nm GaAs solar cell quantum efficiency as a function of d and h, with 
t=300nm and a=0.4d. 

 

 In Figure 5.2, we see that the absorption spectrum of the SBBR solar cell (solid) is 

increased over the solar cell without SBBR, especially in the longer wavelength region 

(700nm-900nm). We also see that there are sharp peaks in the increased absorption spectra 

which is beneficial overall to the performance of the solar cell. The peak structure is expected, 

as the periodic structure of the SBBR should have resonances associated with diffraction 

orders of the grating in tune with waveguide modes supported in the semiconductor layer, cf. 

Equation (4.1). With a randomly textured SBBR, we do not expect to see any peak structure 

due to the elimination of the grating resonances. Instead we should see a smooth increase in 

absorption over the same range of wavelengths. The question arises as to whether or not this 
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would lead to overall higher or lower quantum efficiency. To determine this, we simulate a 

quasi random groove SBBR structure using FEM. The groove dimensions are kept the same as 

that used in Figure 5.2, but with the spacing between each groove being totally randomized. 

However the average spacing of the grooves, <d>, is the same as in the optimized periodic 

SBBR in order to maintain the same density of grooves. In the FEM simulation, we have 

reflecting boundaries on the side walls, which would lead to the same kind of resonances as 

the periodic SBBR if the distance between the boundaries was d. However, the further apart 

the boundaries are, the more we can approximate a truly random distribution of grooves. For 

our simulation, we use a box width of 20d.  

 

Figure 5.4. Simulation result, sampled at =845nm, of the 300nm GaAs solar cell with 90nm thick ARC 
and PEC SBBR with a random distribution of grooves. The width of the simulation box is 9800nm and 
there are 20 grooves in the box, giving an average spacing between adjacent grooves of <d> = 490nm. 

 

 In Figure 5.4, we show the structure being simulated, consisting of the PEC SBBR 

boundary on the bottom, the 300nm GaAs layer, the 90nm ARC layer and 500nm of air over 

Hz 

 = 845nm 

20d = 9800nm 
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the ARC. A normally incident TM plane wave is injected from the top boundary. The 

absorption is calculated by integrating Qav [Eqn. (1.2)] over the semiconductor region and 

dividing by the power of the incident input flux.  

 

Figure 5.5. Absorption spectra of the structure shown in Figure 5.4. 

 

 We see in Figure 5.5 that the absorption spectrum of the randomly textured SBBR 

solar cell is smoothened out over the 700-900nm wavelength region, compared to the periodic 

SBBR case in Figure 5.2 (solid). The overall quantum efficiency of this structure is calculated 

to be 0.7366 compared to 0.7384 achieve by the periodic grating. This shows that with a 

random texturing of the SBBR using the same groove dimensions as in the optimal periodic 

SBBR and maintaining the same groove density, the overall improvement on quantum 
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efficiency is about the same even though the absorption spectra is significantly different. We 

note that no effort has been made to optimize the randomly textured SBBR. With further 

tuning of the groove dimensions and groove density, the QE of this solar cell could be even 

higher than that achieved with the periodic SBBR solar cell.    

 

5.4 Conclusion  

 We have studied the effect of incorporating SBBR structures to thin film GaAs solar 

cells. The scattering of light into waveguide modes increases the absorption of light in the 

long wavelengths (700-900nm). The periodic arrangement of grooves in the SBBR leads to 

grating resonances that leads to strong absorption enhancement at specific wavelengths. 

Randomly distributed grooves however lead to broad absorption enhancement without sharp 

peaks in the absorption spectra, while overall improvement in quantum efficiency is 

unchanged.  

 The response of the grating is only calculated for TM polarization. Furthermore, the 

SBBR is formed by a PEC boundary with embedded grooves. A practical realization of the 

SBBR for solar cells would have to be polarization insensitive (such as a cross grating), using 

a real metallic reflector or other broadband photonic structures, such as a dielectric Bragg 

reflector. The reflection matrix of a 2D grating structure incorporating real materials can be 

handled using more sophisticated modal expansion methods, such as the rigorous coupled 

wave analysis (RCWA), with similar computational efficiency as the methods used in this 

section. This would be an interesting subject for future study.  
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APPENDIX  

 

A Supplemental Derivations 

A.1 Mirror Boundary Condition 

 In order to satisfy the boundary condition: are  × = 0 at x=0 and  × =  ×

× = 0 at y=0, the Electric and Magnetic fields can contain only certain terms in the vector 

spherical harmonic expansion: 

 = == +    

 = == +  ,   m=odd.  (A.1) 

 By equations (2.1)  (2.4), we see that these fields do indeed satisfy the mirror BC. In 

the Debye representation, these fields must have the form (using Table (2.1)): 

  =  =0 ( ( , )=0 ( , )), 

  =  =0 ( ( , )=0 + ( , )) ,   m=odd.  (A.2) 

 For brevity, we will call fields that can be written in the form (A.2) the mirror fields 

and the vector v, containing the coefficients of (A.2) the mirror vectors. Obviously, the 

addition of two mirror vectors produces a mirror vector. Now consider a transformation on 

this field, w = F.v where F is the transformation matrix. We can ask, what symmetries must F 

possess so that it only transforms mirror vectors into mirror vectors? We find the sufficient 

conditions: 

 , , ; , , = , , ; , ,  , 

  , , ; , , = , , ; , ,  , 
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 , , ; , , = , , ; , ,  ,  

 , , ; , , = , ,  ; , ,  ,  (A.3)

 , , ; , , 0,   iff  m=even.  (A.4) 

 The Mie matrix, (equation 2.12) satisfies (A.3) and (A.4) because the m,  

dependence of B . Therefore B transforms mirror vectors into 

mirror vectors. For the BV matrix, A, the  dependence is contained entirely in (-1)m-1 

.am ( ). Because of the  term, (A.4) is automatically satisfied. The term            

am ( ) satisfies: 

 a-m m ( ), 

 a-m -am
 ( ), 

 a-m -am
 ( ), 

 a-m m
 ( ).  (A.5) 

 The mm  term, together with (A.5) satisfies (A.3). Therefore, A satisfies (A.3) and 

(A.4). For the C matrix (2.23), we first consider C(x)(l) (equation (2.21)), repeated here: 

 .)'(mod).0,,()( 22
;'

;''
)(

,,;',',' mmlClc ff
mnnm

x
fmnfmn   (A.6) 

The modulo term automatically satisfies the condition (A.4). From (2.16): 
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 Using the property Y -m
n = (-1)m (Ym

n)*, we get )0,,()0,,( 2
'

2
' lYlY mm

p
mm

p  

because m- =even. Therefore: 

 .)()0,,().,',',,()0,,( 2
'

2
;'
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 By (2.16), ),',',,( pnmnmA  ~ 
''

'
000

'
mmmm

pnnpnn

.
 

Now1:  iff
pnn

0
000

'
= even (Messiah 1059).   (A.8) 
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Now, for: 
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where ),',',,( pnmnmB  ~ ,
''
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we use the property (A.8), 

 iff
pnn

0
000

1'
 = odd, 

together with the property (A.9), to get: ),',',,(),',',,( pnmnmBpnmnmB  and: 

 
.)0,,(

)()0,,().,',',,()0,,(

2
;'

;''

2
'

2
;'

;''

lC

klzlYpnmnmBilC

eh
mnnm

n
p

mm
p

eh
mnnm

               

(A.12) 

 Therefore, by (A.6)  (A.12), the matrix C(x)(l) satisfies (A.3) and (A.4). By an 

identical argument, we can prove that the matrix C(y)(l) also satisfies (A.3) and (A.4). Now 
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since C is constructed by adding and multiplying matrices such as C(x)(l) and C(y)(l), and each 

of these matrices transform mirror vectors into mirror vectors, the final matrix C must also 

transform mirror vectors into mirror vectors.  

 Finally, we can prove that vSR+wS = (1+A)(1  D.A)-1.D.(v0 + vI) from equation (2.26) 

is a mirror vector. First, we expand D in equation (2.25) into: D = (1+C).(1 + B.C + B.C.B.C 

. Since the matrices B and C transform mirror vectors into a mirror vectors, so must 

the vector D. Likewise,  wS = (1 + D. ).D.(v0 + vI), and since v0 and vI are 

both mirror vectors (cf. equation (2.13)), so is wS and vSR.  

 To prove that  × = 0 at x=L/2 and  × =  × × = 0 at y=L/2, we simply 

shift our origin to x=L/2 or y=L/2 and, using the vector addition theorem, we can express wS in 

terms of vector spherical harmonics centered at this new origin. Since this would involve a 

series of mapping operations involving matrices much like that in (2.23) and (2.24), we can 

expect that the solution, when expanded in this new basis will be a mirror vector as well. 

Alternatively, one can use Equations (2.2) - (2.5), and assuming each particle outputs a field of 

the form (A.1), directly confirm that  × = 0 or  × =  × × = 0 between any two 

adjacent particles. The generalization to an array is then straightforward. 

 An interesting application of the C matrix is that we can show how to excite high 

order angular momentum modes by an array of spheres. Because of the diagonal property of 

the Mie matrix (B) and the BV matrix (A) with regards to azimuthal number (m), we see that a 

normally incident plane wave can only excite the m=1 mode, ie the dipole mode. However, 

because of the modulo-2 term in the C matrix, (A.6) and (A.7), it is possible for an array of 

spheres to scatter into odd m modes, but even m modes are forbidden. In other words, for the 
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lowest three orders; dipole (m=1), quadrupole (m=2) and hexapole (m=3), only the dipole and 

hexapole modes can be excited.  

 

A.2 Uniqueness of the Self-consistent Field 

 In section 2.2.4, we solved the problem of scattering by an array of spheres on a 

substrate. We arrive at a solution [Eqn. (2.26)] by imposing the self consistency of the 

scattered field with respect to interparticle interaction and then incorporating this condition 

into the BV theory, which imposes self consistency of the scattered field with respect to the 

substrate. We repeat the solution here: 

 q = (1+A)(1  D.A)-1D(v0 + vI),                                                 

 D = (1+C)(1 - B.C)-1B.                                                              (A.13) 

 One might find it irresistible to argue that we should have first considered self 

consistency of the field with respect to the substrate, and then incorporated this as a condition 

to the interparticle theory. If we had proceeded this way, we would have eventually obtained:  

 d = (1+C)(1  Q.C)-1Q( v0 + vI), 

 Q = (1+A)(1 - B.A)-1B.                                                              (A.14) 

 Note the apparent similarity of Equation (A.13) and (A.14). The two of them have to 

be equivalent; otherwise the solution to the PDE boundary value problem would not be 

unique. Indeed this would be easy to prove if A, B and C were numbers. We simply expand 

both equations in geometric series and compare terms in powers of B. However, since they are 

matrices, it turns out that we need to prove an additional condition, that is A and C must 
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commute. Mathematically, this would be a daunting task, but fortunately, we can easily argue 

that this is so based on purely physical grounds. 

 Consider a field, v, incident on a substrate. The response of the substrate to this field 

is Av. Now consider a matrix T that translates the field v along the xy plane. The response of 

the substrate to the translated field is ATv. Because of the isotropy of the surface along the xy 

plane, this is simply a coordinate shift and the physical response of the substrate should be the 

same in the translated coordinate system. Therefore: 

 Av = T-1ATv  AT = TA.                                                          (A.15) 

 Since C is composed of a series of translation matrices like T, it also commutes with 

A.        
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B Matlab Scripts 

B.1 Multiple Diffused Scattering Analysis  

The following is an adapted version of the actual script, hed1func.m. In this example, it is 

configured for SOI, with the top Si surface as the rough interface. See Ref. 2 and 3. 

% See equation (3.18) 
% Aspec = specular absorption 
% Adiff = diffused absorption 
% lam   = wavelength 
% Pd    = [Eqn. (3.10]   
function [Aspec, Adiff] = hed1func(lam, Pd) 
% Terms having a suffix PLUS/MINUS indicate downward/upward 
% propagating components. Note that this is opposite to the notation 
% in Section (3.2.2). 
  
c = 299792458;  
e0 = 8.85418782e-12; 
u0 = 4*pi*1e-7; 
eta = u0*c; 
  
l2 = 205e-9; % Si layer 
l3 = 400e-9; % SiO2 layer 
n1 = 1; 
n2 = sqrt(ep_Si(lam)); 
n3 = sqrt(ep_SiO2(lam)); 
n4 = sqrt(ep_Si(lam)); 
PscaX =Pd; % scattered power fraction for externally incident light  
PscaI =Pd; % scattered power fraction for internally incident light  
  
N = [n1 n2 n3 n4]; 
L = [l2 l3]; 
ep1 = n1*n1; % dielectric function of air superstrate 
ep2 = n2*n2; % dielectric function of Si film 
ep3 = n3*n3; % dielectric function of buried oxide 
ep4 = n4*n4; % dielectric function of Si substrate 
  
% [Leblanc Eqn. 12, 13] 
gTE = sqrt(1-PscaX); 
gTM = sqrt(1-PscaX); 
  
du = 0.002; 
A = 0; 
F = 0; 
uu=0; 
res1=0; res2=0; res3=0; res4=0; 
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% loop over kxy 
% u==0 is for normally incident specular component 
for u = [0 du/2:du:real(N(2))-du/2], 
 
    kxy = 2*pi/lam*u; 
    k1 = 2*pi/lam; 
    kz1 = sqrt((2*pi/lam)^2 - kxy*kxy); 
    kz2 = sqrt((2*pi/lam)^2*ep2 - kxy*kxy); 
    kz3 = sqrt((2*pi/lam)^2*ep3 - kxy*kxy); 
     
    % calculate theta.     
    twopisintheta = 2*pi*kxy/k1; 
    costheta = kz1/k1; 
    PCF = 1/costheta; % convert power from single dipole to sheet of  

    % dipoles. 
    dtheta_du = k1/kz1; 
     
    % HED source terms in air. (single dipole, not sheet.) 
    % These definitions follow the convention of [Benisty, Eqn. 7]  
    % To get the terms in Section 3.2.2 [Eqn. 3.21 & 3.22], 
    % we need to apply [Benisty Eqn. 1] (later). 
    unityNORM = sqrt(3/16/pi); 
    AsTE_PLUS = -unityNORM*sqrt(2*eta);  
    AsTE_MINUS = unityNORM*sqrt(2*eta); 
    % The two terms below are H field sources. Benisty however  
    % uses E fields to describe the sources. But when written in  
    % terms of H fields, it turns out that the signs relating  
    % upward and downward propagating waves is opposite to that of  
    % the E fields, cf. [Benisty, Eqn 7]. 
    AsTM_PLUS = kz1/k1*unityNORM*sqrt(2/eta);  
    AsTM_MINUS = kz1/k1*unityNORM*sqrt(2/eta);  
    if u == 0, 
        AsTE_MINUS = 0; 
        AsTM_MINUS = 0; 
        AsTE_PLUS  = 1; 
        AsTM_PLUS  = 0; 
    end 
     
       % Partially calculate the upward propagating TE and TM waves  
       % due to the dipole upward emission and first reflection  
       % from the top surface. Subsequent multiple reflections from  
       % the other layers will be added in later.  
       % See [Benisty Eqn. 1]. 
       r = calc_reflection2([n1 n2], [], lam, kxy, 'TE', 1);   
       E0_TE = r*AsTE_PLUS - AsTE_MINUS; 
       r = calc_reflection2([n1 n2], [], lam, kxy, 'TM', 1);   
       H0_TM = r*AsTM_PLUS - AsTM_MINUS; 
  

% Transfer external source terms into internal sources. 
% Transfer matrix method is not immediately applied because the  
% light incident from above the top surface sees a perfectly 
% smooth surface, but light from below sees a rough surface. 

      r = calc_reflection2([n1 n2], [], lam, kxy, 'TE', 1);   
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      t = 1+r;                                               
      AsTE_PLUS = t*AsTE_PLUS; 
      r = calc_reflection2([n1 n2], [], lam, kxy, 'TM', 1);   
      t = 1+r;                                                
      AsTM_PLUS = t*AsTM_PLUS; 
      clear r; clear t; 
       
      % [Leblanc, Eqn. 12, 13] 
      r = calc_reflection2([n2 n1], [], lam, kxy, 'TE', 1); 
      a = 1+2*imag(kz2)*imag(r)/real(kz2); 
      b = -2*imag(kz2)*imag(r)/real(kz2); 
      c = -(1-PscaI); 
      gTE = (-b+sqrt(b^2-4*a*c))/2/a; 
      r = calc_reflection2([n2 n1], [], lam, kxy, 'TM , 1); 
      a = 1+2*imag(kz2)*imag(r)/real(kz2); 
      b = -2*imag(kz2)*imag(r)/real(kz2); 
      c = -(1-PscaI); 
      gTM = (-b+sqrt(b^2-4*a*c))/2/a; 
      if gTM < 0 | gTE < 0 | imag(gTM)~=0 |imag(gTE)~=0, 
          fprintf('check gTE, gTM\n'); 
      end 
       
      % Propagate source terms through the SOI structure. 
      % Multiple reflections in layer 2 is taken into account 
      % by the structure matrix product [Benisty Eqn. 15-17]. 
     % E12PLUS and E12MINUS are the upward and downward propagating   
      % Efields just beneath the top Si layer respectively. 
      P2 = exp(i*kz2*l2); 
      r0 = gTE*calc_reflection2([n2 n1], [], lam, kxy, 'TE', 1); 
      t0 = gTE+r0;   
      r2 = P2*P2*calc_reflection2([n2 n3 n4], l3, lam, kxy, 'TE', 1);  

r2 = r2(1); 
      E12PLUS  =  AsTE_PLUS/(1-r0*r2); 
      E12MINUS =  AsTE_PLUS/(1-r0*r2)*r2; 
      E0_TE    =  E0_TE + E12MINUS*t0; 
       
      r0 = gTM*calc_reflection2([n2 n1], [], lam, kxy, 'TM', 1); 
      t0 = gTM+r0; 
      r2 = P2*P2*calc_reflection2([n2 n3 n4], l3, lam, kxy, 'TM', 1);  

r2 =r2(1); 
      H12PLUS  =  AsTM_PLUS/(1-r0*r2); 
      H12MINUS =  AsTM_PLUS/(1-r0*r2)*r2; 
      H0_TM    =  H0_TM + H12MINUS*t0; 
      clear r0; clear t0; clear r2; 
       
    % Calculate power going into air. 
    PextTE = powerTE([0; E0_TE], kxy, lam, N(1), 'DISTPOW'); 
    PextTM = powerTM([0; H0_TM], kxy, lam, N(1), 'DISTPOW'); 
      
    % Calculate power going into entire SOI structure, including  
    % the scattered power 
    PabvTE = powerTE([-AsTE_MINUS; E0_TE+AsTE_MINUS], kxy, lam, ... 

N(1), 'DISTPOW'); 
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    PabvTM = powerTM([ AsTM_MINUS; H0_TM+AsTM_MINUS], kxy, lam, ...  
N(1), 'DISTPOW'); 

     
    % Calculate power going into SOI structure, not including  
    % the scattered power 
    PblwTE = powerTE([E12PLUS; E12MINUS], kxy, lam, N(2), 'DISTPOW'); 
    PblwTM = powerTM([H12PLUS; H12MINUS], kxy, lam, N(2), 'DISTPOW'); 
     
    % Calculate power going into substrate radiation modes  
    Eesc = [P2 0; 0 inv(P2)]*[E12PLUS; E12MINUS]; 
    Hesc = [P2 0; 0 inv(P2)]*[H12PLUS; H12MINUS]; 
    PescTE = powerTE(Eesc, kxy, lam, N(2), 'DISTPOW'); 
    PescTM = powerTM(Hesc, kxy, lam, N(2), 'DISTPOW'); 
     
    % Calculate TE and TM power absorbed in the Si film 
    A_TE = (PblwTE(1)-PblwTE(2)) - (PescTE(1)-PescTE(2)); 
    A_TM = (PblwTM(1)-PblwTM(2)) - (PescTM(1)-PescTM(2)); 
  
    if u ~= 0 
        uu = [uu u];          
        % These are not yet the A and F matrices as defined by  

  % [Leblanc 25 & 26] 
        A = A + (A_TE+A_TM)*abs(dtheta_du*twopisintheta*PCF); 
        F = F + ... 

(PblwTE(2)+PblwTM(2))*abs(dtheta_du*twopisintheta*PCF); 
   % The one below is more accurate, but not much difference 

  % F = F + [(PabvTE(1)-PabvTE(2)+PabvTM(1)-PabvTM(2)) - ...              
     (PblwTE(1)-PblwTE(2)+PblwTM(1)- PblwTM(2))] ... 

*abs(dtheta_du*twopisintheta*PCF)/PscaI; 
 

    else % This is for the zeroth diffusion step (transfer matrix 
    % calculation to propagate specular component). 
        [Ep, Em, I] = soiTRANSFER_TE([1; 0], N, L, lam, kxy, gTE); 
        PabvTE = powerTE([Ep(1); Em(1)], kxy, lam, N(1), 'DISTPOW'); 
        PblwTE = powerTE(inv(I)*[Ep(1); Em(1)], kxy, lam, ... 

N(2), 'DISTPOW'); 
        PescTE = powerTE([Ep(2); Em(2)], kxy, lam, N(2), 'DISTPOW'); 
        pow = powerTE([1; 0], kxy, lam, N(1), 'DISTPOW');  

  pow = pow(1); 
        A_TE = (PblwTE(1)-PblwTE(2)) - (PescTE(1)-PescTE(2)); 
        Aspec = (A_TE)/pow; 
        % Sig0PLUS: Specular power coming from above 
        % Sig0MINUS: Specular power coming from below 
        Sig0PLUS  = 1; 
        Pscatt = (PabvTE(1)-PabvTE(2)-(PblwTE(1)-PblwTE(2)))/pow; 
        % Sig0MINUS = (PblwTE(2))/pow; 
        % The one below is more accurate, but doesn t make much    
        % difference. 
        Sig0MINUS = (Pscatt/PscaI-1); 
        clear pow; 
    end 
end 
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% Calculate A and F matrices as defined by [Leblanc 25, 26] 
A = [A*PscaX A*PscaI]*du/pow; 
F = [0 0; F*PscaX F*PscaI]*du/pow; 
  
% [Leblanc, Eqn. 29] 
Adiff = A*inv([1 0; 0 1]-F)*[Sig0PLUS; Sig0MINUS];  
 
end 
 
% Calculates up/down power flow across a surface given the  
% upward and downward propagating E field amplitudes for TE waves. 
function P = powerTE(E, kxy, lam, n, MODE) 
    u0 = 1.25663706e-6; 
    c = 299792458; 
    w = 2*pi*c/lam; 
    ep = n*n; 
    kz = sqrt((2*pi/lam)^2*ep - kxy*kxy); 
     
    itnf = imag(kz)*imag(conj(E(1))*E(2)); % interference term  
                                           % [Leblanc, Eqn. 7] 
   % Distribute power of the interference term  
    % between + and - fluxes (Leblancs definition).  
    if strcmp(MODE,'DISTPOW')==true  
        P(1) = 1/2/w/u0*[real(kz)*abs(E(1))^2 + itnf];  
        P(2) = 1/2/w/u0*[real(kz)*abs(E(2))^2 - itnf];  
    elseif strcmp(MODE,'LUMPPOS')==true % Lump interfence term  

    % into positive going flux. 
        P(1) = 1/2/w/u0*[real(kz)*abs(E(1))^2 + 2*itnf]; 
        P(2) = 1/2/w/u0*[real(kz)*abs(E(2))^2]; 
    elseif strcmp(MODE,'LUMPNEG')==true % Lump into negative flux. 
        P(1) = 1/2/w/u0*[real(kz)*abs(E(1))^2]; 
        P(2) = 1/2/w/u0*[real(kz)*abs(E(2))^2 - 2*itnf]; 
    end  
end 
 
% Calculates up/down power flow across a surface given the  
% upward and downward propagating H field amplitudes for TM waves. 
function P = powerTM(H, kxy, lam, n, MODE) 
    c = 299792458; 
    e0 = 8.85418782e-12; 
    w = 2*pi*c/lam; 
    ep = n*n; 
    kz = sqrt((2*pi/lam)^2*ep - kxy*kxy); 
     
    itfn = imag(kz/ep/e0)*imag(conj(H(1))*H(2)); % interference term 

 % [Leblanc, Eqn. 8] 
    if strcmp(MODE,'DISTPOW')==true 
        P(1) = 1/2/w*[real(kz/ep/e0)*abs(H(1))^2 + itfn]; 
        P(2) = 1/2/w*[real(kz/ep/e0)*abs(H(2))^2 - itfn]; 
    elseif strcmp(MODE,'LUMPPOS')==true 
        P(1) = 1/2/w*[real(kz/ep/e0)*abs(H(1))^2 + 2*itfn]; 
        P(2) = 1/2/w*[real(kz/ep/e0)*abs(H(2))^2]; 
    elseif strcmp(MODE,'LUMPNEG')==true 
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        P(1) = 1/2/w*[real(kz/ep/e0)*abs(H(1))^2]; 
        P(2) = 1/2/w*[real(kz/ep/e0)*abs(H(2))^2 - 2*itfn]; 
    end 
end 
 
 
 
B.2 Transfer Matrix Method 

This section contains two functions, soiTRANSFER_TE and calc_reflection2. 

Calc_reflection2 gives the reflection coefficient at each interface of a multilayer dielectric 

stack. It is adapted from the script multidiel14. SoiTRANSFER_TE calls on this function, then 

forward propagates the fields through the SOI layers to give the downward and upward 

propagating field components in each layer. A similar function, soiTRANSFER_TM is for the 

TM mode and is not shown here. Special care has to be taken in both functions for rough 

surfaces. 

% Gamma1: Reflection coefficients 
% n: vector containing index of refraction for each layer, beginning 
%    from the superstrate layer 
% L: vector containing thickness of each non-infinite layer 
% lambda: freespace wavelength  
% kxy:    projection of the wavevector of the incident planewave  
%     onto the surface  

  
% g:     For rough Si surface, see [Eqn. (3.10)]  
function Gamma1 = calc_reflection2(n,L,lambda,kxy,pol,g) 
  
M = length(n)-2;            % number of slabs  
if M==0, L = []; end        % single interface, no slabs 
  
if pol=='te' | pol=='TE', 
    epInc = n(1:M+1).^2; 
    epTra = n(2:M+2).^2; 
    kzInc = sqrt((2*pi/lambda)^2*epInc - kxy*kxy); 
    kzTra = sqrt((2*pi/lambda)^2*epTra - kxy*kxy); 
     
    r = (kzInc-kzTra)./(kzInc+kzTra); 
    nT = kzInc/2/pi*lambda;         
else 
    epInc = n(1:M+1).^2; 
    epTra = n(2:M+2).^2; 
    kzInc = sqrt((2*pi/lambda)^2*epInc - kxy*kxy); 
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    kzTra = sqrt((2*pi/lambda)^2*epTra - kxy*kxy); 
     
    r = (kzInc./epInc-kzTra./epTra)./(kzInc./epInc+kzTra./epTra); 
    nT = kzInc/2/pi*lambda;      
end 
  
r(1) = r(1)*g; % Modified due to surface roughness. 
 
if M>0, 
    L = L .* nT(2:M+1);                     
end 
  
Gamma1 = zeros(M+1,1); 
 
% initialize Gamma at right-most interface 
Gamma1(M+1) = r(M+1) * ones(1,length(lambda));   
 
% calculate Gamma at each interface. Note that the top interface 
% has  
for k = M:-1:1, 
    delta = 2*pi*L(k)./lambda; % phase thickness in k-th layer 
    zg = exp(2*j*delta);                           
    Gamma1(k) = (r(k)+Gamma1(k+1).*zg)./(1+r(k)*Gamma1(k+1).*zg); 
    if k==1, 

Gamma1(k)=(r(k)+g*g*Gamma1(k+1).*zg)./(1+r(k)*Gamma1(k+1).*zg); 
    end  
end 
 
end 
 
% Eplus: Downward propagating Efield for each layer 
% Eminus: Upward propagating Efield for each layer 
% I: Interface transfer matrix for each interface [Leblanc, Eqn. 4] 
% E1_PLUS: Incident Efield 
% N, L, wavelength, kxy: See calc_reflection2 
% gTE: For rough Si surface, see [Eqn. (3.10)] 
function [Eplus,Eminus,I] = soiTRANSFER_TE(E1_PLUS, N, L, wavelength, 
kxy, gTE) 
 
   lam = wavelength; 
    ep1 = N(1)*N(1); % incident medium 
    ep2 = N(2)*N(2); % top Si Layer 
    kz1 = sqrt((2*pi/lam)^2*ep1 - kxy*kxy); 
    kz2 = sqrt((2*pi/lam)^2*ep2 - kxy*kxy); 
    rTE12 = (kz1-kz2)/(kz1+kz2)*gTE; 
    tTE12 = 2*kz1/(kz1+kz2)*gTE;  
     
   % Calculate top reflected Efield 
    R_TE = calc_reflection2(N,L,lam,kxy,'TE',gTE); 
    E1_MINUS = R_TE(1)*E1_PLUS; 
    Eplus  = E1_PLUS; 
    Eminus = E1_MINUS; 
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    % Propagate E1_PLUS and E1_MINUS into lower layers to obtain 
    % the field solutions in every layer. Note, the first interface 
    % has to be specially handled because it is a rough surface.  
    I{1} = 1/tTE12*[1     rTE12;   
                    rTE12 gTE*gTE    ]; % [cf. Leblanc, Eqn. 4] 
    m = length(N)-1;          % number of interfaces 
    epInc = N(1:m).^2; 
    epTra = N(2:m+1).^2; 
    kzInc = sqrt((2*pi/lam)^2*epInc - kxy*kxy); 
    kzTra = sqrt((2*pi/lam)^2*epTra - kxy*kxy); 
    r = (kzInc-kzTra)./(kzInc+kzTra); 
    t = 1+r; 
    for nn = 2:m,          
        Pinv = [exp(i*kzInc(nn)*L(nn-1)) 0; ... 
       0 exp(-i*kzInc(nn)*L(nn-1))]; % [cf. Leblanc, Eqn. 5] 
        Enn = inv(I{nn-1})*[Eplus(nn-1); Eminus(nn-1)]; 
        Enn = Pinv*Enn; 
        Eplus(nn) = Enn(1); Eminus(nn) = Enn(2); 
        I{nn} = 1/t(nn)*[1 r(nn); r(nn) 1]; % [Leblanc, Eqn. 4] 
    end 
end 
 

B.3 Modal Expansion Scattering Matrix Computation for SBBR 

 The function ANSERcellFunc calculates the absorption in an ARC-Semiconductor-

SBBR structure in response to a normally incident TM plane wave. The function shengfast5 

gives the reflection matrix (R) of the SBBR grating. The transfer matrix method is then used to 

propagate R to the top layer. 

% absorp: absorption in the semiconductor layer 
% lam:    wavelength 
% n2:     index of refraction of the ARC 
% n2:     index of refraction of the semiconductor 
% l2:     thickness of the ARC 
% l3:     thickness of the semiconductor 
% d,a,h:  groove spacing, groove width, groove height 
function absorp = ANSERcellFunc(lam, n2,n3, l2,l3, d,a,h) 
  
% number of modes to retain in the Rayleigh expansion and groove 
% eigenfunctions 
len = 6; 
n1=1; % index of refraction of the superstrate 
ep1 = n1*n1; 
ep2 = n2*n2; 
ep3 = n3*n3; 
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R = shengfast(lam, len, n3*n3, d, a, h, 0); 
  
n = -len:len; 
u = 0; 
  
I = eye(length(n)); 
k0 = 2*pi/lam; 
kz1 = sqrt(k0*k0*n1*n1-(k0*u+2*pi*n/d).^2); 
kz2 = sqrt(k0*k0*n2*n2-(k0*u+2*pi*n/d).^2); 
kz3 = sqrt(k0*k0*n3*n3-(k0*u+2*pi*n/d).^2); 
  
P2 = exp(i*kz2*l2); P2 = diag(P2); 
P3 = exp(i*kz3*l3); P3 = diag(P3); 
r23 = (kz2/ep2-kz3/ep3)./(kz2/ep2+kz3/ep3); r23 = diag(r23); 
r12 = (kz1/ep1-kz2/ep2)./(kz1/ep1+kz2/ep2); r12 = diag(r12); 
t23 = I+r23; 
t12 = I+r12; 
  
% propagate through layer 3 
R = P3*R*P3; 
% transfer to layer 2 
R = inv(t23)*(r23 + R)*inv(I+r23*R)*t23; 
% propagate through layer 3 
R = P2*R*P2;  
% transfer to layer 1 
R = inv(t12)*(r12 + R)*inv(I+r12*R)*t12; 
 
% Calculate reflected fields 
E1p = R*[zeros(len,1);1;zeros(len,1)]; 
% Absorption = input power  reflected power 
absorp = 1-real(kz1)*(E1p.*conj(E1p))/k0; 
 

% R: Reflection matrix 
% lam, len, ep, d, a, h: See ANSERcellFunc 
% ep: Dielectric function of the incident medium 
% u:  Normalized transverse wavevector of the incident wave 
function R = shengfast(lam, len, ep, d, a, h, u) 
  
np=sqrt(ep); 
k0 = 2*pi/lam; 
 
m=0:len; 
n=-len:len; 
[M,N] = meshgrid(m,n); 
 
gn = u+(N*lam/d);  
% [Sheng, Eqn. 25] 
P = lam/d*i/2/pi*gn./((M*lam/2/a).^2-gn.*gn).*(exp(i*k0*gn*a/2) + ...  
   (-1).^(M+1).*exp(-i*k0*gn*a/2)); 
gn = transpose(u+n*lam/d);  
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% Handle divide by zero cases 
for mm=m, 
    for nn=n, 
        if mm*lam/2/a==abs(gn(nn+len+1)) 
            g = gn(nn+len+1);            
P(nn+len+1,mm+1)=(lam/d*i/2/pi)*(i*k0*a/2)*[exp(i*k0*g*a/2)+ ... 
              (-1)^mm*exp(-i*k0*g*a/2)]/(-2); 
        end 
    end 
end 
if u==0, 
    P(len+1,1)=a/d; 
end 
  
fhm = sin(k*sqrt(1-(m*lam/2/a/np).^2)*h).*sqrt(1-(m*lam/2/a/np).^2); 
fm  = cos(k*sqrt(1-(m*lam/2/a/np).^2)*h)*a/d/2; fm(1)=fm(1)*2; 
fhm = diag(fhm); fm = diag(fm); 
  
gz = sqrt(1-(gn/np).^2); 
gz = diag(gz); 
  
R = inv(gz-i*P*fhm*inv(fm)*conj(transpose(P)))* ...   
    (gz+i*P*fhm*inv(fm)*conj(transpose(P))); 
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