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ABSTRACT OF THE DISSERTATION
Magneto-viscoelastic Behavior of Magnetorheological Elastomers and Semi-active
Control of Smart Structures Using Magnetorheological Isolation System
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Ping Zhang
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Magnetorheological elastomers (MREs), as one of smart composites, exhibit
characteristics of both particle reinforced composites and magnetorheological materials.
Their mechanical properties (e.g., stiffness and damping) can be tailored rapidly,
continuously and reversibly with applied magnetic field.

In this research MREs specimens have been fabricated, with their micro-structures and
dynamic properties subsequently characterized via scanning electron microscope (SEM)
and dynamic mechanical analysis (DMA). The magneto-viscoelastic behaviors have been
systematically studied under different external magnetic fields, excitation frequencies and
strain amplitudes.

xvii

A new linear GMM (Generalized Maxwell model)-based magneto-viscoelastic model of
MREs is proposed and investigated under small strain. Further, a nonlinear
magneto-viscoelastic constitutive model of MREs is developed under large strain. The
model predicts the frequency-, amplitude-, and magneto-dependent behaviors of MREs.
The internal damping mechanisms are considered by multiplicative decomposition of the
deformation gradient and magnetic induction into elastic and inelastic parts. The energy
dissipation is assumed to occur due to the frequency- and amplitude-dependent
mechanical viscoelasticity as well as the frequency-, amplitude-, and magneto-dependent
magnetic-viscoelasticity. Constitutive laws for material behaviors and evolution
equations are derived that agree with the laws of thermodynamics. Both mechanical
force-induced Payne effect and magneto-induced Payne effect are considered for the
amplitude-induced nonlinearities by the introduction of internal state variables integrated
in the model, which are interpreted as phenomenological measures for the current state of
the filler network. The parameters of the proposed constitutive model are identified by
experimental data. Then the shear storage and loss moduli are analyzed and compared
with the experimental results to validate the model’s effectiveness.

Instantaneous-minimum-input-energy-based semi-active control algorithm (IMIEKC) for
the base isolation system with both stiffness and damping varying simultaneously has
been proposed and applied to MREs-based smart isolation system. The algorithm has
xviii

been demonstrated by numerical simulations and compared with other methods to
indicate it as an efficient semi-active control method. The passive controls and
IMIEKC-based semi-active controls of a 5-story building with both linear and nonlinear
magneto-viscoelastic models-based isolation systems have been demonstrated and
analyzed to evaluated the corresponding control performance.

xix

Chapter 1 Introduction
1.1 Introduction
Smart materials have drawn a great amount of attention, since their properties can be
significantly changed according to the needs. Magnetorheological elastomers (MREs), as
one of smart composites, exhibit characteristics of both particle reinforced composites
and magnetorheological materials, whose mechanical properties (e.g., stiffness and
damping) can be tailored rapidly, continuously and reversibly when subjected to an
external magnetic field, showing the potential of widely applying into on-demand
engineering applications.

Magnetorheological elastomer (MREs), as a magnetorheological material, was invented
to solve the instability in physical chemistry and easy sedimentation problem of
magnetorheological fluids (MRFs). Research on MR elastomer can be dated from 1996
(Jolly et al., 1996a and 1996b), which is a cured composite with non-magnetic gel-like
polymer as the matrix and micron-sized iron particle as the fillers. During curing process,
the chain-like structures of iron particles can be formed and then locked in the final
solid-state matrix under external steady magnetic fields. When exposed to an applied
external magnetic field, the mechanical properties of MREs could change by controlling
the magnetic flux density, which process could be reversibly and continuously. During
1

the cross linking period, MREs with high rheology of matrix materials were reported to
exhibit good modulus variability (Shen et al., 2004). Since the magnetic particles are
fixed in the solid-state matrices, MREs have the advantages of no easy particle
sedimentation and no lack of stability compared to MRFs.

MREs have been confirmed that they have a reversible change in dynamic storage and
loss moduli under applied magnetic fields. Some researcher tested the MR elastomers
mostly at low frequency range (below 20 Hz) to obtain changes in dynamic shear moduli.
The shear storage and loss modulus were found to be frequency-dependent and had
significant increases when enlarging magnetic flux density and saturated at relatively
high magnetic flux density (Jolly et al., 1996a and 1996b; Ginder et al., 2000 and 2002;
Zhou, 2003 and 2004). The compression modulus of MREs presented the similar trends
in the researches (Bellan and Bossis, 2002; Zhou and Li, 2003 and Kallio et al., 2007).
Different opinions have been held on the damping property of MREs. Some literature
reported that tan δ had a slight increase when magnetic field strength increased. Lokander
and Stenberg (2003) and Jolly et al. (1996a and 1996b) found small increases of tan δ
occurred for both isotropic and anisotropic MREs, which however was too small to be
used in practice. Ginder et al. (1999 and 2000) reported tan δ considerably increased by a
maximum about 30% for anisotropic MREs under applied magnetic fields, which also
presented in other researches (Bellan and Bossis, 2002 and Yalcintas and Dai, 2004).
2

Nevertheless, Zhou (2003) and Demchuk and Kuzmin (2002) found tan δ had a slight
decrease trend under magnetic fields. MREs also exhibit strain amplitude-dependence.
when under no magnetic field applied or under magnetic fields, the shear moduli of
MREs decreased with increasing strain amplitude. This phenomenon was observed as one
characteristic of particle-reinforced composites with fillers like carbon blacks (Wang,
1999) silica (Sternstein and Zhu, 2002) and ferrous particles (Sorokin et al., 2014; Jolly et
al., 1996a and 1996b) and is also called Payne effect or Fletcher-Gent effect (Payne, 1962;
Fletcher and Gent, 1953). The strain amplitude-dependence were reported as well when
MREs or MR gels are under magnetic field (Sorokin et al., 2014 and 2017). With a
magnetic field, the Payne effect was stronger than one without magnetic fields, which is
due to the fact that MR effect heavily depends on the distances between dipole particles.
Increasing strain amplitude will lead to gradually decrease the MR effect in MR
elastomer (Shiga et al., 1995). Additionally, it was reported and discussed that Payne
effect exhibited intrinsic times (Sorokin et al., 2014). From the phenomenological point
of view, few cycles were needed to stabilize the MREs response when loading strain
amplitude is increased or decreased. In order to comprehensively study the
frequency-dependent, magneto-dependent and strain amplitude dependent behaviors of
MREs, the dynamic mechanical experiments are expected to be conducted.

By far, based on chain mechanisms and particle interactions, a few models were proposed
3

in analyzing the field-dependent properties of MREs. Most of these models of MR effect
are proposed based on the magnetic dipole interactions between two adjacent particles in
the chain. Jolly et al. firstly presented a simple point-dipole model, where the MR effect
was studied as a function of particle magnetization (Jolly et al., 1996a and 1996b). Shiga
analyzed the change of modulus by simplifying the dipole interactions in the same
direction as the external magnetic field (Shiga et al., 1995). Davis investigated increases
of shear modulus by using finite element analysis, which was for isolated single chains
with periodically spaced dipoles (Davis 1999). While all above models considered only
the magnetic interactions between two nearby dipoles, Shen et al. proposed a
mathematical model to describe the stress-strain relation of MREs by counting all the
dipole interactions in a chain-like structure (Shen et al., 2004). although these
microphysics-based models can describe the changing trends of modulus of MREs, they
are ignored the effects of the polymer matrix and the embedded particles. Meanwhile, the
magneto-viscoelasticity of MREs cannot be explained.

Micromechanics-based

models

for

randomly

dispersed

and

chain-structured

ferromagnetic composites were also proposed by applying the continuum mechanics and
finite strain theory. Yin developed a nonlinear hyperelastic constitutive model to describe
the

magnetostrictive

particle-reinforced

elastomer

composites

based

on

the

microstructural physical mechanism of the magnetostrictive particles embedded in the
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hyperelastic elastomer matrix (Yin et al., 2002). A 3-D elastic model was proposed to
investigate magnetoelastic behavior of two-phase composites containing chain-structured
magnetostrictive particles under both magnetic and mechanical loading (Yin and Sun,
2005 and Yin et al., 2006). By splitting the magnetoelastic energy into a purely
mechanical part of energy and a magnetostatic part of energy, a new homogenization
framework for MREs under finite strain was proposed by Ponte-Castañeda et al. (2011)
with consideration of the interactions between magnetic dipoles . The model elucidated
the effects of volume fraction, shape, distribution and orientation of magnetic particles,
and concentrated on the modulus and magnetization behavior of MREs. Sun et al. (2014)
proposed a model with representative volume element approach, which can predict the
mechanical properties of anisotropic MREs. Galipeau et al. (2014) applied finite element
model into describe the magnetoactive elastomers, assuming elastomers have periodic
microstructures and discussed the coupling of magnetic field and deformation has the
relation of the derivative of deformation and the magnetic susceptibility as well. Recently,
Dorfmann et al. (2003) and Bustamante et al.(2017) derived the constitutive equations for
isotropic MREs, in which the stress and magnetic field can be calculated by combining
magnetization with deformations. By selecting different magneto-elastic free energy
functions, magneto-active composites were described as a hyperelastic material. Saxena
et al. (2013 and 2014) proposed magneto-viscoelasic theory of magneto-active polymers
by extending magneto-elastic theory and selecting different evolution functions. The
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magneto-viscoelastic constitutive models were then derived to describe both isotropic and
anisotropic magneto-active polymers. These models can describe the magneto-elastic
behaviors or magneto-viscoelastic behaviors with the consideration of the polymer matrix
as well as the interactions between particles for isotropic MREs or anisotropic MREs.
However, it is not easy to appropriately select the free energy functions or evolution
functions of magneto-elasticity or magneto-viscoelasticity. Additionally, it is not easy to
apply these constitutive models into semi-active control for engineering applications.

Besides the microscopic models of MREs discussed above, a number of parametric and
non-parametric models were proposed to predict the dynamic properties of MREs as
macroscopic models. Particularly, viscoelastic properties of MREs and MREs-based
devices under harmonic loading are experimentally investigated, in terms of their
force–displacement relationship and also force–velocity relationship. The MREs or
MREs-based isolator exhibit a feature that its modulus and damping capabilities are
frequency-dependent, magnetic-field dependent and strain amplitude-dependent. The
variable stiffness and damping have two parts, first one is the passive part, commonly
known as base-line value and second one is the variable part which can be controlled by
external magnetic field. Based on the magnetic-induced viscoelastic properties, a few of
parametric and phenomenological models were developed to predict the dynamic
mechanical behaviors of MREs as well as MREs-based isolators. Li et al. developed a
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four-parameter viscoelastic model, by extending the classical three-parameter standard
solid model without shown the field dependence of damping (Li et al., 2010). They
proposed another model incorporating a Bouc–Wen component, which reproduces
hysteresis loops, in parallel with a Voigt element, which describes solid-material
behaviors (Yang et al., 2013). Li and Li (2013) developed a MREs-based isolator model
based on the Koh-Kelly model developed in (Koh and Kelly, 1988) assuming it deforms
in both horizontal and vertical directions. Zhu et al. (2012) extended the viscoelastic
fractional derivative model in (Meral et al., 2010) to simulate the MREs-based device,
which is composed of a spring element, a fractional derivative dashpot element, a
nonlinear

spring

element

and

an

additional

analogous

dashpot

element. A

phenomenological model with springs, viscous dampers and a hysteretic Bouc–Wen
element is proposed by Behrooz et al. (2014) for the MREs-based isolator VSDI.
Hyung-Jo Jung et al. did a lot of research on the modeling of MREs and MREs-based
isolator: an appropriate equation involving some level of non-linearity in the stiffness
term and also the effect of the magnetic field value and the loading frequency was
proposed by Usman et al. (2009) to represent the dynamic behavior. A dynamic model
combining Bouc-Wen model with a spring and dashpot elements (Jung and Eem, 2011)
and another phenomenological model combining Maxwell model and Ramberg–Osgood
model have been developed and studied (Eem et al., 2012). Recently, a real-time hybrid
simulation is proposed by Eem et al. (2013), which offers an alternative technique to
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overcome the difficulties in numerical modeling MR elastomers, whose behavior is
complex, as well as in physical testing of complex structures. These models can describe
the viscoelastic behavior of MREs, but there are still issues: the frequency was in explicit
expression in most models, however, the instantaneous frequency is difficult to be
accurately obtained, which needs more efforts on calculation procedure. Most of these
models were using linear viscoelastic theory, which means they have less accuracy on
describing the mechanical behavior of MREs under large strain amplitude. Further, these
models strong depend on the identified parameters, which are different in each loading
case and need to be identified in each loading case.

The majority of the proposed models of MREs mentioned above are mainly considering
the magnetorheological effect. However, the viscoelasticity and Payne effect are ignored.
The conventional viscoelasticity models of particle reinforced composites cannot
describe the specific magneto-dependent mechanical properties of MREs. Therefore, to
take full advantages of the controllable mechanic properties, effective mechanical models
of MREs need to be developed to capture and predict the frequency-dependent,
magneto-dependent and strain amplitude dependent behaviors for MREs and
MREs-based devices and can be easily applied into further semi-active control of
structures with MREs-based devices.
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Control algorithms are most important in control technology, especially for active control
and semi-active control. In general, during the control process, the structural responses
and interference information are measured by sensors and are collected by the computer
controller and based on the active or semi-active control algorithm output signals are
calculated and sent to control the corresponding control actuators.

Tn civil engineering,

active control algorithms come from modern control theory and are modified according
to the specific issues of different structural applications. The active control algorithms
widely used in civil engineering are Linear quadratic regulator (LQR), Linear quadratic
Gaussian (LQG), Pole placement method (PPM), Instantaneous optimal control (IOC),
Independent modal control (IMC), Sliding mode control (SMC), Optimal polynomial
control (OPC), Intelligent control (IC), H2 control, H-∞ control, etc. (e.g., Liu and Zhou,
1996; Gu, 1997; Cheng and Jin, 1999; Peng, 2002; Ou, 2003). LQR is the most widely
used method and it also works well for the MR material (Dyke et al., 1996; Jung, 2011).
For recent control systems, Intelligent Control algorithms show their potential on
structural vibration control (Ou, 2003), including Neural control, Fuzzy logic control,
Genetic control, etc., which do not depend on accurate parameter model of target
structure. For semi-active control, various control algorithms were developed and widely
utilized, including BangBang control, Clipped optimal control, Bi-state control, Fuzzy
control and Adaptive nonlinear control (McClamroch and Gavin, 1995 and Dyke, 1996).
Kobori et al. discussed a Switch-state combination control for multiple controllers (Nasu
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et al., 2001). Ribakov and Gluck (2002) proposed a Select control strategy for Isolator
with MR damper, which applies control force only when the drift is larger than half of the
maximum drift of isolation bearing. Liu and Li (1999) proposed a new modal control for
variable stiffness system. Yang et al. (2007) discussed a new variable stiffness control
system, which combining elastic support and variable stiffness devices, and an
Off-and-towards-equilibrium control strategy (OTE) has been developed.

For civil engineering structures, such as buildings and bridges, base isolation strategy has
been widely used in the seismic protection, due to its proved effectiveness in mitigating
the structural responses during earthquakes. The principle of the base isolation system is
installing horizontal soft base isolation devices between the ground and the main
structures to isolate the destructive earthquake motions from transmitting into the
superstructures and enlarge the period of structures, which will effectively reduce the
accelerations in superstructures as well as improve the seismic capacity. Compared to
the traditional shock resistance structures, base isolation strategy change the movement of
structures from shaking from top to bottom to horizontally move as a whole. Typically,
the passive-type isolation systems which widely used are laminated rubber bearings,
lead-core rubber bearings, high damping rubber bearings, etc. However, the passive-type
isolation systems have an intrinsic problem. The passive base isolation systems,
characterized by their passive nature, use either low damping rubber or high damping
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rubber to meet the designed isolation performance requirements based on specific ground
excitations, structures as well as geological conditions. Therefore, once the isolation
system has been designed and installed, it cannot cope with the changes of excitations or
structure and may be ineffective. In addition to the shortcoming above, recent research
has revealed that the passive base isolation system is particularly vulnerable during the
near-field earthquakes. Passive base isolation system alone is quite effective for small to
moderate earthquakes. However, it is not capable of protecting buildings subject to
near-field earthquakes. Near-field earthquakes, such as Northridge, Kobe, Chi-Chi, and
Turkey (Ramallo et al., 2002) earthquakes, occurs in the form of a shock, rather than a
gradual build-up. They feature long–period pulses, large displacements and accelerations,
with peak velocities up to 0.5 m/s and duration in the range of 1-3 sec. (Jangid and Kelly,
2001), leading to over-stretching of the base isolator to exceed working range and large
internal force, which could have a large impact and cause malfunction on the isolated
structure, such as heeling instability of isolation layer and collision with surrounding
foundation pit.

To address the aforementioned defects of traditional passive isolation system, various
solutions have been proposed, including hybrid supplementary damping and other hybrid
isolation systems (Lu and Lin, 2009a; Wongprasert and Symans, 2005; Yang and
Agrawal, 2002; Lin et al., 2007 and Kim et al., 2006). In recent years, one particular type
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of hybrid control systems, which combining the passive base isolation device and
additional active or passive energy dissipation devices, have been investigated for their
feasibility to add adaptability to improve the traditional passive base isolation system.
Early works in this subject can be found and different advanced control theories have
been used, for instance, dynamic linearization control, sliding mode control, polynomial
control, etc. Semi-active control devices have also been widely used in the particular
hybrid control systems along with passive base isolation systems, which are referred to as
‘Smart’ (or ‘Intelligent’) isolation systems (e.g., Ramallo et al., 2002), with the purpose
of reducing the excessive base drift of traditional passive isolation system. The research
shows that, as compared with the passive base isolation system, as long as reasonably
adjusting the parameters of MR damper, the ‘Smart’ isolation system can be achieve
enhanced and robust control performance on the structures subject to various earthquakes
with different strength and different characteristics as well as different geological
conditions, which is also proved to be an effective system for protecting the structure
from near-field earthquakes.

1. The ‘Smart’ isolation system can be classified into three categories: variable stiffness
isolation system (VSIS), variable damping isolation system (VDIS) and hybrid isolation
system with both variable stiffness and variable damping (Lu et al., 2011). A VDIS
generally integrates a passive isolation with a device with controllable damping, by
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which the damping of the isolated structure can be optimized based on different
excitations (Lu and Lin, 2009b and Lu et al., 2010). The device with controllable
damping can be chosen from MRF damper, variable friction damper, variable fluid
damper, shape memory alloy wires with passive bearing, etc. Meanwhile, a VSIS
generally integrates a device with controllable stiffness within the isolation system or the
stiffness of isolation system itself is controllable. Different from the VDIS, VSIS works
by optimizing the stiffness of the isolation system to minimize the energy transmitted
form the earthquakes. Compared with VDIS, VSIS is more in consistence with the
seismic isolation principle mentioned before. The VSIS can be chosen from variable
stiffness device (Nasu et al., 2001), resettable stiffness devices SARSD (Yang et al., 2007
and Shih and Sung, 2007), etc. The third category of the ‘Smart’ isolation system is
hybrid isolation system, which generally integrates a VDIS with a VSIS within the
isolation system. The hybrid isolation system works by optimizing both the stiffness and
damping of the isolation system, which combines the advantage of VDIS as well as VSIS.
This isolation system regulates its stiffness to prevent the ground motions form
transmitting to the upper structures, meanwhile, regulates its damping to further reduce
the displacement and acceleration of isolation layer, to improve the structural ability of
adapting to different types of seismic excitations. The semi-active control methods can be
used to control VDIS or VSIS individually. VDIS can be individually control by control
algorithms such as LQR control, IOC control, H2 control, H-∞ control, Lyapunov control,
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etc., while BangBang control, switch-state combination control (Nasu et al., 2001),
sliding mode control (Yang et al., 1996), modal energy transference control (Nemir et al.,
1994), etc. control algorithms can be used to individually control VSIS.

By making good use of the controllable shear moduli and damping properties by
controlling magnetic field strengths, MREs-based devices have been applied into
application related to the field of noise control and structural vibration control, working
as smart devices like automobile engine mount, suspension system, vibration absorber,
isolator, etc. Compared with the conventional devices, MREs-based devices with
controllable mechanical properties can be utilized by different semi-active control
strategies depending on different application requirements. For MREs application, Ford
Motor Company developed a MREs-based variable stiffness vehicle suspension bushing i
n 1997. MREs with the matrix of silicone rubber were used in the active noise abatement
barrier system for windows, walls and roofs (Farshad and Roux, 2004). Ginder’s group
designed a MREs-based oscillator (Ginder et al., 1999 and 2002). Hu etc. proposed a
compound damper consisting both MREs and MRFs to shock absorption in helicopter. In
civil engineering, many researchers managed to developed MREs-based vibration isolator
and MREs-based vibration absorber, due to its significantly variable stiffness property.
For MREs-based vibration absorbers, according to structure dynamics, MREs-based
vibration absorbers would absorb main vibrations from excitations and protect the
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structures from large vibrations (Deng and Gong, 2007; Dong and Yu, 2009 and Liao and
Gong, 2011), by controlling its nature frequency close to the excitation frequency. For
MREs-based vibration isolators, the vibration of the structure could be significantly
reduced by controlling the nature frequency of the isolator far away from the excitation
frequency (e.g., Jung and Eem, 2011; Yang et al.,2013).

MREs-based isolation system can achieve both controllable stiffness and controllable
damping, by varying the applied magnetic field according to the real-time response of the
structure. Furthermore, since the magnetic particles are fixed in the matrix of MREs,
there is no particles sedimentation problem which exists in MRFs-based isolation system.
The MREs-based isolation system with both the stiffness and damping varying
simultaneously is one kind of hybrid isolation system. However, different from a general
hybrid isolation system whose stiffness and damping controlled independently, the
changing of the stiffness and damping of MREs-based isolation system has constraints,
because they are not independent with each other. Li et al. (2013) designed and fabricated
an adaptive MREs-based seismic isolator which achieves a significant adjustable range of
lateral stiffness under a medium level of magnetic field. To date, the more general use of
MREs has involved incorporation into isolation system and it has been proven that
MREs-base isolation system outperforms the traditional passive seismic isolation with
good effectiveness and functionality and also has the potential to substitute the
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MRFs-based isolation system (one widely used VDIS) for the seismic protection of civil
structures.

For the general hybrid isolation system, only few researches discussed on its control
algorithm. Sahasrabudhe investigated the effectiveness of the hybrid sliding base
isolation system which combines a variable stiffness SAIVS with MR damper
(Sahasrabudhe 2002) and Nagarajaiah et al. discussed its good control performance
(Nagarajaiah et al., 2006). Additionally, for the MREs-based hybrid isolation system,
most of researches are focus on its semi-active stiffness control strategies. few papers
analyzed the semi-active control strategies taking both controlled stiffness and damping
into consideration. Therefore, it is expected that to develop effective and efficient
semi-active control algorithms for the hybrid isolation system with both stiffness and
damping varying simultaneously and for MREs-based hybrid isolation system as well.

1.2 Scope
This dissertation consists of six chapters as follows:

Chapter 2 presents the experimental investigations of the magneto-viscoelastic behavior
of magnetorheological elastomers (MREs). First, MREs samples, with the silicone rubber
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as the matrix material and micron-sized pure iron particles as fillers, are fabricated and
the fabrication procedure is presented. The microstructures of iron particles and
fabricated MREs samples are characterized by Scanning Electron Microscopy (SEM).
Next, the dynamic mechanical analysis (DMA) shear test procedures on MREs specimens
are introduced, including preparation of single-lap anisotropic MREs specimens, setup of
external permanent magnets and DMA shear test. Three critical factors: testing excitation
frequency, strain amplitude and external magnetic flux density are focused for DMA tests.
Finally, DMA shear test results are summarized and comprehensively investigations of
the dynamic mechanical behavior of MREs in the absence of a magnetic field as well as
in the present of a magnetic field are achieved, including frequent-dependent, strain
amplitude-dependent and magneto-dependent behaviors.

Chapter

3

proposes

a

linear

Generalized

Maxwell

model

(GMM)-based

magneto-viscoelastic model of MREs to describe the frequency-dependent and
magneto-dependent behaviors of MREs under small strain and proposes a nonlinear
magneto-viscoelastic model of MREs to describe the frequency-dependent, strain
amplitude-dependent and magneto-dependent behaviors of MREs under large strain by
extending GMM to finite deformations, in which both mechanical force-induced Payne
effect and magneto-induced Payne effect for the amplitude-induced nonlinearity are taken
into consideration by integrating Payne effects in finite nonlinear magneto-viscoelastic
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theory to consider the amplitude-induced nonlinearity.
Then, Material parameters of these two models are identified. Finally, these two models
are evaluated by comparing simulation results with DMA shear test results under
different frequencies, strain amplitudes as well as magnetic flux densities.

Chapter 4 proposes Instantaneous-minimum-input-energy-based semi-active control
algorithm (IMIEKC) for a general hybrid isolation system with both stiffness and
damping varying simultaneously. By minimizing the total kinetic energy of the structure
transmitted from the earthquake and minimizing the control energy of the isolation
system at each time step, the optimal controllable stiffness and damping of the isolation
system are determined to mitigate the responses of isolated structure.

The control

algorithm is evaluated by numerical simulations and compared with other control
methods like LQR active method and BangBang semi-active method.

Chapter 5 presents the modified IMIEKC semi-active control methods for the
elastic-viscoelastic composite structures with linear magneto-viscoelastic model-based
MREs isolation system as well as with nonlinear magneto-viscoelastic model-based
MREs isolation system. Simulation results of the passive and IMIEKC-based semi-active
control of a 5-story shear type isolated building with two types of MREs-base isolation
system are demonstrated and analyzed to evaluate the effectiveness of IMIEKC-based
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semi-active control.

In Chapter 6, the conclusions and the main contributions of this dissertation are
summarized and suggestions for future research are discussed.
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Chapter 2 Fabrication and Dynamic Mechanical Analysis of
Magnetorheological Elastomers
2.1 Introduction
2.1.1

Magnetorheological Elastomers

Magnetorheological elastomers (MREs) are one type of smart composites with
non-magnetic rubber-like viscoelastic polymer as matrices filled with micro-sized
magnetizable particles as fillers, based on which MREs exhibit dual characteristics of
both particle-reinforced composites and magnetorheological materials simultaneously
(Xin et al., 2016). The dynamic performance of MREs depends on external magnetic
field as well as excitation frequency and strain amplitude.

The MREs have the abilities of rapid, continuous, reversible changing their mechanical
properties when under the application of an external magnetic field (Carlson and Jolly
2000). This phenomenon is based on the magnetic field-dependent behavior and is
commonly referred to as the magnetorheological effect (MR effect) and has been reported
in studies of anisotropic MREs (e.g., Bossis et al., 2001; Zhou and Jiang, 2004) and of
isotropic MREs as well (e.g., Gong et al., 2005; Lokander and Stenberg, 2003), by means
of a variety of magneto-coupled experimental configurations such as a modified
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parallel-plate rotational rheometer (Stepanov et al., 2007) and dynamic mechanical
analyzer (Chen et al., 2007) . Anisotropic MREs with chain-like structures of the
magnetic particles are always reported to show both higher zero-field dynamic stiffness
and damping and much stronger MR effect than isotropic MREs do under the same
testing condition; therefore, they are more utilizable.

Besides the magnetic field dependence, the properties of MREs are also dependent on the
excitation frequencies (frequency-dependent) or the rate of deformation (strain-rate
dependent), which is attributed to the nonlinear viscoelastic nature of particle-reinforced
elastomer. Typically, MREs have higher shear moduli (both storage moduli and loss
moduli) when applying an excitation with larger frequency. The excitation frequency has
little effect on the absolute MR effect on dynamic stiffness and damping, however, it
significantly affects the zero-field dynamic properties by rendering the varying relative
MR effect (e.g., Jolly et al., 1996b; Kallio, et al., 2007).

In addition, nonlinear strain amplitude dependent phenomenon (so-called Payne effect or
Fletcher-Gent effect) has been observed and discussed for particle-reinforced polymers
and MREs and MR gels as well (Jolly et al.,1996a and 1996b; Sorokin et al, 2014). When
dynamic strain amplitudes increase, the zero-field dynamic stiffness shows moderate
decreasing trends and the absolute MR effect on dynamic stiffness gradually vanishes
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(e.g., Jolly et al., 1996b; Bellan and Bossis, 2002; Kallio et al., 2007). The Payne effect
has been known as a critical feature of conventional filled elastomers under large strain,
which depends on the filler content of the material and is commonly attributed to
breakage of the filled-polymer networks. Filled rubber and elastomers are often
associated with large deformation and always of great industrial importance. The
reinforcing mechanisms with conventional fillers such as carbon blacks and silica are
well learned (e.g., Heinrich et al., 2002). It is also reported that unfilled elastomers
exhibit rather weak Payne effect phenomenon as well, which is probably due to the
non-uniformly cross-linked microstructure. A few studies have been started recently on
the enhanced Payne effect in MR gels and MREs (e.g., Walter et al., 2017 and references
therein). It is reported that the Payne effect of MREs and MR gels increases significantly
in the presence of magnetic fields compared with the Payne effect in zero-field material,
in which the enhanced Payne effect of MREs is attributed to the breakage of the magnetic
filler network. The breakdown and reformation of both filled-polymer networks and
magnetic filler network happen in MREs under deformation.

The field-dependent feature enables MREs and MREs-based component and device to be
applied potentially and competitively in structural vibration mitigation, such as vibration
absorbers (e.g., Deng et al., 2008; Hoang et al., 2011) and isolators (e.g., Dwivedy et al.,
2009; Yang et al., 2015). For engineering application, in order to make full use of the
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controllable mechanical properties of MREs and develop an effective and accurate
dynamic mechanical model for further semi-active control, it is necessary to
comprehensively investigate the magneto-viscoelastic dynamic performance of MREs,
which includes the magnetic field-dependent, excitation frequency--dependent and strain
amplitude -dependent behaviors.

In this research, both isotropic and anisotropic MREs based on silicone rubber and pure
iron particles have been fabricated. The microstructure of iron particles and fabricated
MREs have been characterized base on Scanning Electron Microscopy (SEM) tests, and
the

shear

dynamic

mechanical

behavior

of

MREs

has

been

experimented

comprehensively by dynamic mechanical analysis (DMA) under different types of
mechanical and magnetic loading. The experiments are focus on anisotropic MREs under
shear tests. All the above mentioned three critical factors, the magnetic flux density,
excitation frequency, and strain amplitude, are considered. The experimental results have
been evaluated and the underlying mechanisms have been discussed for capturing and
describing the magneto-viscoelastic behavior of MREs.

2.1.2

Fundamentals on Scanning Electron Microscopy and Dynamic Mechanical
Analysis
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(i) Fundamentals on Scanning Electron Microscopy
The Scanning Electron Microscopy (SEM) is a type of microscope that uses electrons and
electromagnets instead of light and lenses to form an image compared with Optical
Microscope. A beam of electrons is produced at the top of the microscope by an electron
gun. The electron beam follows a vertical path through the microscope, which is held
within a vacuum. The beam travels through electromagnetic fields and lenses, which
focus the beam down toward the sample. Once the beam hits the sample, electrons and
X-rays are ejected from the sample. Detectors collect these X-rays, backscattered
electrons, and secondary electrons and convert them into a signal that is sent to a screen
similar to a television screen, producing the final image. The scanning electron
microscope has many advantages over traditional microscopes, such as much higher
resolution and, thus, higher levels of magnification.

(ii) Fundamentals on Dynamic Mechanical Analysis
For viscoelastic materials like MREs as well as MR nanocomposites, the dynamic
properties are of great interest and important to be studied, since these materials are
widely used in applications such as vibration control and sound absorption. Dynamic
mechanical properties include dynamic moduli and damping ratios, which represent their
stiffness and ability of energy absorption under dynamic load or deformation. To this end,
dynamic mechanical analysis (DMA) as an experimental method has been widely used to
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determine the response of viscoelastic materials by applying variable load or deformation
under various excitation frequencies or magnetic fields if necessary.

Unlike elastic materials, for viscoelastic materials, the stress and strain sinusoids are
illustrated in Figure 2-1. Suppose we apply a sinusoidal strain  (t )   sin(t ) to a
viscoelastic material where  is small enough to keep linear viscoelasticity, and wait for a
few initial cycles until the strain response gets steady. Then we measure the strain output
and it is also sinusoidal  (t )   sin(t   ) but with a phase lag. The quantity  is called
the phase angle, which is zero for elastic materials and 90 degrees for viscous fluids.

Figure 2-1. Sinusoidal stress input with strain output of a viscoelastic material.

A set of terms are introduced to define dynamic behavior as below:
(1) Storage modulus: E ' ( )  ( /  ) cos( )
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(2) Loss modulus: E ' ' ( )  ( /  ) sin( )
(3) Complex modulus: E  ( )  E ' ( )  iE ' ' ( )
(4) Loss factor: tan   E ' ' ( ) / E ' ( )
Among these properties, the storage modulus represents the dynamic stiffness of the
viscoelastic material, while the loss factor indicates the ability of energy dissipation. The
other two properties, loss modulus and complex modulus, can be obtained from the
previous two properties. These four properties are frequently used for different interests.
Apparently, all these properties are frequency-dependent. In addition, it should also be
noticed that the dynamic behavior of viscoelastic materials is strain amplitude-dependent.
Although in here it is ignored due to the assumption of linear viscoelasticity at small
strain amplitudes, these properties can be used to describe larger strain nonlinear
viscoelasticity. It should be noted that the output stress may not be perfectly sinusoidal
anymore when linear viscoelasticity does not hold, usually at large strains, and the  is
defined as the phase angle between the drive signal and the fundamental component of
the output signal at that frequency.

The testing machine used for DMA is generally called a dynamic mechanical analyzer. It
consists of a hydraulic or electromagnetic servo motor which provides the necessary load,
a load cell, a displacement sensor such as a linear variable differential transformer
(LVDT), a drive shaft support and guidance system to act as a guide for the force from
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the motor to the sample, and sample clamps to hold the sample being tested. Some
analyzers are equipped with a temperature control system as well. Depending on the
testing mode, e.g., shear, torsion, or compression, the configuration of dynamic
mechanical analyzers can be quite different. When performing DMA, an analyzer can
apply load or deformation of required magnitude and frequency and may even vary the
temperature surrounding the sample. The magnitude of the complex modulus is
calculated from the peak and valley data of the input and output signals, while the loss
factor is extracted from the fundamental component of the input and output signals via a
fast Fourier transform (FFT) algorithm.

2.2 Experiments
2.2.1

Fabrication

To well investigate the dynamic mechanical behavior of MREs with and without
magnetic fields, the MREs materials are fabricated by two basic components: an
elastomer as the matrix material and micron-sized iron particles as fillers. The elastomer
as MREs matrix material is viscoelastic material, which is soft and rubbery at room
temperature, exhibiting both the characteristics of elastic solid and viscous fluid when
deformation applied. Silicone rubber is relative softer compared with other rubbers used
in MREs fabrication with no softening additives, so it has been treated as an ideal MREs
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matrix material: higher relative MR effects in stiffness and better damping capacity can
be achieved in MREs. Therefore, in the experiments, a polydimethylsiloxane (PDMS)
silicone rubber: SYLGARD® 184 by Dow Corning Corporation is used for fabrication as
the MREs matrix material. The PDMS silicone rubber has been widely used silicon-based
polymer as well as MREs (e.g., Jolly et al., 1996a and 1996b; Böse and Röder, 2009;
Günther et al., 2011; Tian et al., 2012), because of its unique properties such as having
simple curing procedure, curing at low temperatures, rapid curing at high temperature,
deformation reversible and surface chemistry controllable by reasonably well developed
techniques (Sundararajan, 2002). Besides, it has features like optically clear, non-toxic,
non-flammable etc. The selected SYLGARD 184 silicone rubber is supplied as a two-part
kit with two liquid components: base and curing agent, which need to mix with each
other in a ratio of 10:1 by weight for curing. The basic properties of this PDMS silicone
are summarized in Table 2-1.
Table 2-1. Properties of SYLGARD 184 according to manufacturer documentation.
Before Curing
Viscosity [Pa-sec]

Cured
Specific Gravity

Hardness

Tensile Strength

Cure Time

Base

Mixed

at 23ºC

[Shore A]

[MPa]

25ºC

100ºC

5.1

3.5

1.03

43

6.7

48 hrs

35 min

The pure iron particles of 325 mesh from Sigma-Aldrich company are selected to use as
fillers. The main property of this type of iron particles are shown in Table 2-2.
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Table 2-2. Properties of the filler iron particles.
Company

Size

Purity

Production Method

Average Size

Shape

Sigma-Aldrich

325 mesh

97%

Hydrogen reduced

32×19×19 µm3

Sponge-like

Figure 2-2. Equipment for MREs fabrication: (1) Scale, (2) Caframo mechanical stirrer and (3) vacuum
desiccator.

In this study, MREs materials with two different iron volume fractions: 10 vol% and 20
vol% are fabricated. The detailed fabrication procedure of MREs materials is presented as
follows: firstly, the silicone base, iron particles and silicone curing agent are mixed
together in turn to get the mixture. Secondly, the mixture is thoroughly and uniformly
stirred by using a Caframo high-speed mechanical stirrer at a rotation speed of 250 r.p.m.
during approximately 15 minutes. Next, the mixture is poured into a container and then
held in a vacuum desiccator for about 30 minutes to eliminate the air bubbles trapped
inside the mixture during stirring. Right after observing no air bubble rises and emerges
on the surface, the mixture is poured into molds with aluminum plates and rigid plastic
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plates for isotropic and anisotropic specimens. Anisotropic MRE samples were prepared
by applying an external magnetic field of 0.35 Tesla perpendicular to the surface of
samples during the curing time, while isotropic MREs samples cures in the absence of
magnetic field. The samples are fully cured after about 1–2 day at room temperature. Two
identical isotropic and two identical anisotropic samples were manufactured for each kind
of MRE material. Later, in an effort to prevent errors in fabrication and experiments, the
mechanical properties of two MRE samples in pairs are measured and processed. The
equipment and fabricating setup are shown in Figure 2-2 to Figure 2-4. The magnetic
field is generated by neodymium iron boron magnets (NdFeB) of grade N40 and the
magnetic flux density applied to the samples is monitored by a Lake Shore model 421
gaussmeter.

Figure 2-3. Molds for MREs samples’ fabrication: (Left two) molds for fabricating anisotropic samples and
(Right one) one mold for fabricating isotropic samples.
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Figure 2-4. NdFeB magnets placed on two sides of the sample to produce anisotropic microstructure.

2.2.2

Microstructure Characterization

In order to characterize the microstructure of iron particles and fabricated MREs
including the particular morphology of iron particles, particles distribution and the
filler-rubber network as well, a FEI Quanta 3D Scanning Electron Microscopy (SEM)
was used to scan used iron particles and the fabricated MRE samples (as shown in Figure
2-5). This device is a dual beam focused ion beam scanning electron microscope
(FIB/SEM) and is capable of high resolution SEM surface imaging of 3nm at 30 kV:
beam acceleration voltages are selectable from 50 V to 30 kV, and magnification can be
modified in the range from 30x to 1280 kx. Because of the almost non-conductibility
property, MRE samples are coated with atoms of iridium by using an ion beam sputter
coater Model IBS/e South Bay Tech and then the cutting surfaces of samples are
observed by SEM at an acceleration voltage of 10 kV.
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Figure 2-5. The FEI Quanta 3D Scanning Electron Microscopy (SEM).

Firstly, the pure iron particles of 325 mesh from Sigma-Aldrich company have been
scanned in SEM, so that their particular morphology can be qualitatively characterized
clearly. It is no need to have the conductive coating for SEM scan of filled iron particles.
From the high-resolution SEM images of the general and detail views of the iron particles
shown in Figure 2-6, this type of iron particles has sponge-like shape, with a very rough
superficial texture and abundant internal porosity, which can provide a high specific
surface area. The iron particles have an average diameter 3.41 μm as presented in Figure
2-6.
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(a)

(b)

Figure 2-6. SEM images of the used iron particles for MREs fabrication: (a) 1280 x magnification and (b)
1600 x magnification.
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Secondly, iron particles arrangements inside MREs samples have been characterized by
SEM. The microstructure of isotropic and anisotropic MREs samples and particles
arrangements has been obtained and illustrated in Figure 2-7: anisotropic MREs sample
with 10 vol% filler contents, isotropic MREs sample with 20 vol% filler contents, and
anisotropic MREs with 20 vol% filler contents, from left to right. From the SEM images,
it is clearly identified that chain-like structures the iron particles aligned within
anisotropic MREs samples because of the applied external magnetic field during curing,
while iron particles are randomly distributed within isotropic MRE sample. It can also be
observed, at low iron volume fraction 10%, the chain-like structures of iron particles can
be visible in SEM, even to the naked eye due to the transparency of the silicone rubber
matrix, while iron particles form three-dimensional networks when the iron volume
fraction is increased to higher value at 20%, in which the preferred orientation of the
chain like structures are hardly distinguished by visual inspection as well as in SEM.

(a)

34

(b)
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(c)

Figure 2-7. SEM images of (a) anisotropic MRE sample with 10 vol% filler contents, (b) isotropic MRE
sample with 20 vol% filler contents and (c) anisotropic MRE sample with 20 vol% filler contents.

The nanoscale interactions between particles with elastomer have also been investigated
and illustrated in SEM images in Figure 2-8, from which the connections of iron particles
with silicone rubber and the surrounding condition of filled iron particles can be seen
clearly. As seen from the images, an amount of silicone rubber penetrates into the cavities
of the rough and porous iron particles and holds together by interlocking. However, the
surfaces of several particles look clean and without any silicone attached, which
demonstrates the limited adhesive interaction between the fillers and the matrix elastomer.
It can also be seen that the sample contains several micro voids within the silicone rubber
as well as the surrounding of some iron particles which may be explained by the air
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bubbles not fully extracted by the vacuum. In addition, some extent of cluster or
agglomeration of the iron particles can be observed. This kind of cluster assemble
particles and silicone rubber together as larger irregular particles with more intricate
morphology and affects the properties of filler-polymer networks in MREs, not only
enhancing the mechanical adhesion with silicone rubber but also immobilizing a part of
the active polymer network.

(a)
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(b)

(c)

Figure 2-8. SEM images of particle-rubber interactions: (a)general view, (b) general view and (c) detail
view.

38

2.2.3

Dynamic Mechanical Analysis

The dynamic mechanical analysis (DMA) of the dynamic magneto-viscoelastic properties
of the MREs specimens were conducted using the Electroforce 3200 dynamic mechanical
analysis instrument from Bose Corporation (Figure 2–9). It provides 22 N of force with
20 g acceleration and frequency response up to 100 Hz. The high-resolution transducer
configuration combines a 250 gram force transducer, and a 1.0 mm full scale (± 500 μm)
displacement transducer to enhance control resolution in force and displacement.

Figure 2-9. Bose Electroforce 3200 dynamic mechanical analyzer.

By following the procedures established in the ASTM standard, single-lap dynamic shear
tests of the MREs samples are conducted. As demonstrated in Figure 2–10, each MREs
specimen is fabricated as a cuboid with rectangular cross-section, whose dimension is of
1.0 × 0.5 × 0.125 in3, and the specimen is sandwiched between two aluminum plates in a
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single lap configuration. To be noted that in this study the single-lap shear test specimens
would not result in a loss of precision when compared with double-lap shear test
specimens which have been commonly used, because of the large stiffness difference
between aluminum (G= 26 GPa) and MREs in experiments (G < 7 MPa).

The magnetic field is induced by the permanent magnets installed across the specimen in
the direction parallel to the thickness of the specimen (Figure 2-10 and 2-11), ensuring
the external magnetic fields were perpendicular to the direction of applied shear force for
shear testing. On the direction perpendicular to the magnetic field, the shear mechanical
properties of aligned MR elastomers and MR nanocomposites vary more obviously than
the parallel direction. Therefore, in order to maximize the interaction between the
particles to produce the maximum magnetic effects, the direction of applied magnetic
field is parallel to the chain-like structures of specimens in testing. Given the small
specimen size, the magnetic field is almost uniform across the specimen. For the
anisotropic MREs specimens, this magnetic field direction is parallel to the
chain-structure of iron particles. Therefore, the measured shear modulus evaluates the
response of the MREs in the direction perpendicular to those chains. The permanent
magnets used in DMA tests are the neodymium iron boron (NdFeB) magnets of grade
N52. The magnitude of the magnetic field applied can be changed by adjusting the
distance between the piles of magnets on the two sides. To accurately measure external
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magnetic flux density, the Lake Shore model 421 gaussmeter is used at the center point
between the piles of magnets. Additional, in order to guarantee the precision of testing, a
safe distance is always kept among the permanent magnets, the driving motor and load
cell of the DMA testing machine, while titanium DMA grips and platens are used due to
their non-magnetic properties. Figure 2-11 displays the configuration of MREs specimen
and NdFeB magnets for shear test.
(a)

(b)

Figure 2-10. MREs specimens for shear tests: (a) sandwiched MREs specimen and (b) schematic diagram
of the directions of shear strain and magnetic field B for anisotropic MREs specimens with
chain-structures.
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Figure 2-11. MREs specimen and NdFeB magnets for DMA shear test with the blue arrow indicating the
direction of magnetic field B.

In the testing process, all the sandwiched MREs specimens are tested by 5 cycles under a
small strain amplitude and a strain amplitude larger than the maximum amplitude chosen
during the test, so that the influence of Mullins effect on the experimental results is
minimized. Subsequently, 30 min is needed as a recovery period before the dynamic
strains applied. The specimens are subjected to a set of sinusoidal strains with different
strain amplitudes and different excitation frequencies. For each specimen, the frequency
sweep tests as well as the dynamic strain sweep tests are conducted three times in the
absence and presence of different magnetic fields. The external magnetic flux density is
chosen from 0 T to 0.35 T, the dynamic strain amplitude is selected in the range of 0.3% 10%, and the test frequency is varied from 0.1 to 100 Hz. To check the experimental
results, each test is conducted on two specimens. All specimens are tested at room
temperature. After the testing, the shear storage modulus G’, shear loss modulus G’’ and
loss factors tan δ are calculated from the recorded amplitudes and phases of the input
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strains and output stresses, based on the Fast Fourier transform algorithm (FFT) by using
the DMA software package from Bose Corporation.

2.3 Results and Discussion
The

results

and

discussions

are

focused

on

the

frequency-dependent

and

amplitude-dependent behavior of zero-magnetic-field dynamic mechanical properties of
MREs as well as the frequency-dependent, amplitude-dependent and magneto-dependent
behavior of MREs at external magnetic field on state.

2.3.1

Dynamic Mechanical Properties of MREs in the Absence of A Magnetic Field

The anisotropic MREs specimens are firstly tested in the absence of a magnetic field.
When the external magnetic field is off state, the MREs as a kind of particle-reinforced
composites, exhibit typical mechanical viscoelasticity. The shear storage modulus G’,
shear loss modulus G’’ and associated loss factor tan δ under both excitation frequency
scans and dynamic strain amplitude scans are investigated and the results are presented in
Figures 2-12 to 2-14. Figure 2-12 as a surface plot presents the changing trends of G’, G’’
and tan δ versus the excitation frequency and strain amplitude. The frequency scans of
MREs under different strain amplitudes are presented in Figure 2-13, while the dynamic
strain sweep of MREs under different frequencies is shown in Figures 2-14. The
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excitation frequency range is from 0.1 to 100 Hz (0.1, 0.3, 0.6, 1, 3, 6, 10, 30, 60 and 100
Hz) and the strain amplitude is varied from 0.3% to 8% (0.3%, 0.6%, 1%, 2%, 3%, 4%,
6% and 8%). The values of frequency and strain amplitude are represented in the
logarithmic coordinates.

(a)

(b)

(c)
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Figure 2-12. Shear storage modulus, shear loss modulus and shear loss factor as a function of strain
amplitude and excitation frequency without magnetic field: (a) shear storage modulus G’, (b) shear loss
modulus G’’ and (c) shear loss factor tan δ.

(i) Strain Amplitude-dependent Behavior
Under cyclic loading, as shown in Figures 2-12 and Figures 2-13, when no magnetic field
applied, all the shear storage modulus G’, loss modulus G’’ and loss factor tan δ present
obvious strain amplitude-dependent behaviors. In Figure 2-13 (a), The shear storage
modulus G’ monotonically decreases with increasing strain amplitude with a maximum
value for γ→0 and likely approaching an asymptotic value for larger strain amplitude.
Meanwhile, from Figure 2-13 (b) and (c), the shear loss modulus G’’ and shear loss factor
tan δ shows the almost same trend as shear storage modulus. This phenomenon is in
accordance with the test results of particle-reinforced composites with fillers like carbon
blacks (Wang, 1999), silica (Sternstein and Zhu, 2002) and ferrous particles (Jolly et al.,
1996a and 1996b; Sorokin et al., 2014). This nonlinear viscoelastic behavior of
particle-reinforced rubbers or elastomers is referred to as Payne effect or Fletcher-Gent
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effect (Payne, 1962; Fletcher and Gent, 1953).

2. In the absence of a magnetic field, magnetic iron particles do not interact with each
other magnetically and contribute to the reinforcement of silicone rubber matrix
effectively in the same manner as non-magnetic fillers. MREs exhibit as
particle-reinforced composites and the main contribution to the material viscoelasticity is
due to the polymer network. The mechanism of strain amplitude dependence is rather
complicated, and it is mostly attributed to the breakdown and reformation of all sorts of
networks

in

filled

composites (filler-filler, filler-polymer, entanglement,

filler

agglomeration, glassy bridges, etc.) (e.g., Sadasivuni and Grohens, 2014 and references
therein), which also mentioned in microstructure Characterization. Of the several
mechanisms investigated, three typical types of breakage/reformation of filled-polymer
networks and corresponding models are most commonly adopted: filler-filler contacts
due to the van der Waals interaction between filler particle (Kraus, 1984), filler network
due to fractal dimensions and the connectivity of the filler network (Huber et al., 1996)
and filler-polymer contacts due to the stress-induced debonding of polymer chains from
the filler surface (Maier and Göritz, 1996). Several other explanations can also be found
to explain this complicated nonlinear strain amplitude dependence (Heinrich and Klüppel,
2002 and references therein). This kind of Payne effect is only due to the mechanical
strain-dependence; therefore, it has been categorized as the mechanical force-induced
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Payne effect (e.g., Sorokin, 2014; Walter et al., 2017) to differ from the Payne effect of
MR material under magnetic fields. The magnetic field-related Payne effect of MR
material will be discussed in 2.3.2.

This Payne effect observed as the monotonic decrease in storage modulus G’ with the
increment of strain amplitude from Figure 2-13(a) is attributed to the breakdown of
filled-polymer networks as mentioned above. Additionally, the breakdown of filler
networks and filler agglomerations tends to release more formerly entrapped elastomer,
which further results in decreased dynamic stiffness. When dynamic strain increases
starting from low amplitude, the breakdown and reformation of filled-polymer networks
are gradually initiated, causing growing energy dissipation. When the strain amplitude is
larger enough, a growing portion of filled-polymer networks are destroyed and lose the
ability of reformation. When the speed of the destruction is over the speed of the
initiation of filled-polymer networks, the loss modulus G’’ drops. Because the storage
modulus G’ and loss modulus have different rate of decrease, the loss factor tan δ, as the
ratio of loss modulus to storage modulus, first slight decreases and then starts to decrease
rapidly at a higher strain amplitude.

It can also be observed from Figure 2-13 (a) and (b), a nearly constant shear storage
modulus at small dynamic strains (γ < 1%), and a nearly constant shear loss modulus at
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small dynamic strains (γ < 1%) at low frequencies (f

≤

10 Hz) are shown. Thus, it is

conceivable to assume that the MREs exhibits almost linear viscoelasticity before the
strain up to 1% without magnetic fields. A similar limitation was also observed (Sorokin
et al., 2014). Besides, it was also reported that both storage and loss modulus are
independent of the strain amplitude in the cases where the amplitudes are smaller than
0.01%-0.1% (Luo et al., 2010). It should be remarked that this limit of this linearity
depends on the content of the fillers. In general, higher contents of fillers lead to a shift of
this limit to smaller dynamic strains (Walter et al. 2017). When under large strain
amplitudes (γ > 1%), the shear storage modulus G’ and loss modulus G’’ start to show the
nonlinearity with the increment of strain amplitude.
(a)
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(b)

(c)

Figure 2-13. Strain amplitude scans of shear storage modulus, shear loss modulus and shear loss factor
under different excitation frequencies in the absence of a magnetic field: (a) shear storage modulus G’, (b)
shear loss modulus G’’ and (c) shear loss factor tan δ.

(ii) Excitation Frequency-dependent Behavior
The

properties

of

MREs

are

dependent

on

the

excitation

frequencies

(frequency-dependent) or the rate of deformation (strain-rate dependent), which is
attributed to the viscoelastic nature of particle-reinforced elastomer. As can be observed
from Figure 2-12 and 2-14, with magnetic fields, the excitation frequency dependence is
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monotonically in all cases, i.e. increasing frequencies lead to higher storage modulus, loss
modulus as well as loss factor and give no hint that the values would saturate at larger
frequencies. This phenomenon is due to the speed mismatching between the slow
movement of polymer molecular chains and the rapid shear strain applied to the matrix.
The matrix of MREs is composed of a series of molecular chains with different lengths as
well as different relaxation times: the molecular chains with longer lengths possess
shorter relaxation times. With increasing excitation frequency, more and more molecular
chains turn into the frozen state, resulting in the increase of the shear storage modulus G’
of the whole system. Similar to G’, the loss modulus G’ and loss factor tan δ also increase
under the range of testing frequencies.

From Figure 2-14 Right, it can also be noticed that the variation of shear storage modulus
G’, loss modulus G’’ and loss factor tan δ can be divided into two zones: frequencies
smaller than 2 Hz and frequencies higher than 2 Hz. Therein, G’, G’’ and tan δ show an
exponential increment up to frequency f = 2 Hz. Beyond 2 Hz, they increase almost
linearly by increasing frequency. It can also be seen from Figure 2-14 (a)Left that the
frequency dependence of the shear storage modulus G’ in absolute values is larger for
smaller strain amplitudes, which represents the nonlinear frequency-dependent behavior.
The same trends can be found in other measurements of filled elastomers (e.g., Sjöberg
and Kari, 2002; Lion and Kardelky, 2004; Österlöf et al., 2014), which represents the
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nonlinear viscoelasticity of filled elastomers.

(a)

(b)

(c)

Figure 2-14. Frequency scans of shear storage modulus, shear loss modulus and shear loss factor tan δ
under different strain amplitudes in the absence of a magnetic field (Left–in logarithmic scale. Right-in
arithmetic scale): (a) shear storage modulus G’, (b) shear loss modulus G’’ and (c) shear loss factor tan δ.
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2.3.2

Dynamic Mechanical Properties of MREs in the Presence of Magnetic Fields

When the external magnetic field is on state, both the strain amplitude scans and
excitation frequency scans of anisotropic MREs specimens are tested and the results are
presented in Figures 2-15 to 2-23. The external magnetic flux densities of 0 T, 0.2 T and
0.35 T are selected. The strain amplitude is varied in the range of 0.3%-8% (0.3%, 0.6%,
1%, 2%, 3%, 4%, 6% and 8%). The test frequency is varied from 0.1 to 100 Hz (0.1, 0.3,
0.6, 1, 3, 6, 10, 30, 60 and 100 Hz).

(a)
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(b)

(c)

Figure 2-15. Shear storage modulus, shear loss modulus and shear loss factor as a function of strain
amplitude and excitation frequency under different magnetic flux densities (BLUE-0 T, GREEN-0.20 T and
RED-0.35 T): (a) shear storage modulus G’, (b) shear loss modulus G’’ and (c) shear loss factor tan δ.
(a)
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(b)

(c)

(d)

Figure 2-16. The shear storage modulus and shear loss modulus vs. strain amplitude with different magnetic
fields under excitation frequency (Left–shear storage modulus, Right–shear loss modulus): (a) 0.1 Hz, (b)
1.0 Hz, (c) 10 Hz and (d) 100 Hz.
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(a)

(b)

(c)

(d)

Figure 2-17. The shear loss factor vs. strain amplitude with different magnetic fields under excitation
frequency: (a) 0.1 Hz, (b) 1.0 Hz, (c) 10 Hz and (d) 100 Hz.

(i) Strain amplitude-dependent behavior
Figure 2-15 (a) to (c) present the shear storage modulus, loss modulus and loss factor as a
function of strain amplitude and excitation frequency under different magnetic flux
densities (0 T, 0.20 T and 0.35 T). Meanwhile, Figure 2-16 and 2-17 show the effect of
strain amplitude on shear storage modulus G’, shear loss modulus G’’ as well as shear
loss factor tan δ of MREs specimens for different levels of magnetic flux densities under
excitation frequencies at 0.1 Hz, 1.0 Hz, 10 Hz and 100 Hz, respectively.
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3. It can be seen from Figure 2-15 and 2-16Left that the shear storage modulus G’
decreases monotonically with increasing strain amplitude for all excitation frequencies
when external magnetic field is applied, and the changing trend is similar with the
zero-magnetic field case. The shear storage modulus G’ decreases 21%–25% at strains up
to 8% at 0.2 T, whereas the G’ decreases 27%-34% at strains up to 8% at 0.35 T. As also
can be observed from Figure 2-16Right, the shear loss modulus G’’ decreases slightly
with strain amplitudes at first, then decreases rapidly after under around 0.5% strain
amplitude. The shear loss factor tan δ shows the similar trend as shear loss modulus when
under external magnetic field in Figure 2-17. This kind of nonlinear dependence of MREs
and MR gels in terms of strain amplitude at magnetic field on state is reported by (An et
al., 2012; Walter et al., 2017).

Gm’ and Gm’’ are defined as the maximum shear storage and loss modulus of MREs at a
low strain, while G∞’ and G∞’’ are defined as the shear storage and loss modulus at the
maximum strain. It can also be shown from Figure 2-16 that the reducing speed of G’ and
G’’ under external magnetic field is steeper than when no external magnetic field is
applied and the reducing speed of G’ and G’’ under higher magnetic field is faster than
the one under lower magnetic field. In addition, the absolute MR effect of the shear
storage modulus G’ and loss modulus G’’ at small strain amplitude is more remarkable
than at large strain amplitude, which were reflected by the magnitudes of the Payne effect
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ΔG’=Gm’–G∞’ and ΔG’’=Gm’’–G∞’’, Which can been noticed as well in Figures 2-18 (a)
to (c) with increasing strain.

(a)

(b)

(c)

Figure 2-18. The shear storage modulus and shear loss modulus vs. excitation frequency with different
magnetic fields under strain amplitude in logarithmic coordinates (Left–shear storage modulus. Right–shear
loss modulus): (a) 0.3%, (b) 1% and (c) 8%.
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(a)

(b)

(c)

Figure 2-19. The shear storage modulus and shear loss modulus vs. excitation frequency with different
magnetic fields under strain amplitude in arithmetic coordinates (Left–shear storage modulus. Right–shear
loss modulus): (a) 0.3%, (b) 1% and (c) 8%.

4. When the MREs specimens are subjected to the external magnetic fields, the MREs
exhibit dual characteristics of both particle-reinforced composites and MR materials. The
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magneto-viscoelasticity of MREs contains both mechanical viscoelasticity and magnetic
viscoelasticity. Magnetic iron particles not only reinforce the matrix as non-magnetic
fillers, but also interact with each other magnetically to generate interactions between
particles and rearrangement, which causes a huger increase in the storage modulus G’ in
contrast with the former effect. The physical mechanism of strain amplitude dependence
with an external magnetic field is due to breakdown and reformation of both the
filled-polymer network and magnetic filler network, which function together to cause the
nonlinear viscoelastic behaviors of MREs. The part of enhanced Payne effect related to
the breakdown/reformation of the magnetic interactions (magnetic filler network) has
been referred to as the magneto-induced Payne effect and reported (for example, see
Walter et al., 2017 and references therein).

Both mechanical force-induced Payne effect and magneto-induced Payne effect give
contribution to strain amplitude-induced nonlinearities of MREs. Under an external
magnetic field, the interplay of filled-polymer network and magnetic filler network
affects the strain-dependent nature of MREs. The magnetic interactions between the
magnetic particles leads to magnetic particles clustering. In order to minimize magnetic
energy, interacting magnetic particles tend to move from the initial equilibrium positions,
having a tendency to form structures aligned along the magnetic field lines. The softer the
matrix, the larger the achievable particle movements resulting in higher structuring
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(clustering). Meanwhile, the clustering results in immobilization of a part of the active
polymer network. The magnetic interactions and immobilization of polymer network
contribution to a strong increase of the storage modulus G’ at small strains, but at the
same time more energy is needed to destroy this structure. Because the magnetic
interactions between the magnetic particles is conversely dependent on particle distance,
the interactions drop when the MREs specimens are deformed under applied external
magnetic field. The larger strain tends to destroy the magnetic network and the
filled-polymer network as well to cause the material stiffness softening, which is more
significant than destroying only the filled-polymer network. The amplitude dependence
becomes much more pronounced compared with the case without a magnetic field as
observed from the results in 2.3.1, due to the breakdown and reformation of the magnetic
filler network.

As discussed based on Figure 2-13, the off-state shear loss modulus G’’ shows
independent of the strain amplitude up to about 1% under lower frequency. From Figure
2-16Right, the on-state shear loss modulus G’’ exhibits the following features: (1) Slight
decreasing of G’’ at small strain amplitude is observed, (2) A steady decreasing is found
when the strain amplitude increases to about 0.6% strain amplitude. (4) A rapid
decreasing is found when the strain amplitude increases further. (5) It may be the case
that G’’ is approaching an asymptotic value at very large strain. The slight decreasing at
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small strain can be explained by energy needed for continuous rupture of the magnetic
interactions when strain amplitude increases. When the strain continue increases (γ >
0.5%), the Payne effect causes a sharply decrease of loss modulus, mainly because of the
decrease in particle interactions due to growing particle-particle distance and breakdown
of particle clusters.

MREs are composed of two interacting networks as mentioned above: filled-polymer
network and magnetic filler network. While the filled-polymer network behaves like an
elastomer with a broad linear viscoelastic region with the strain lower than 1%, the
magnetic filler network in the presence of a magnetic field is very sensitive to strain
amplitude because of the strong distance dependence of the dipole-dipole interactions
between the particles and exhibit a narrow linear viscoelastic region with the strain lower
than 0.05% as reported in (An et al., 2012).

It has been also reported that, magnetic filler content and polymer concentration of matrix
are main influence factors of the amplitude dependence. Both the absolute values of the
moduli and magneto-induced Payne effect are enhanced with increasing filler content
within the elastomer and consequently as a result of increasing contributions from
magnetic interactions. Growth in moduli for increasing magnetic particle content at fixed
strain has also previously been reported (e.g., Abramchuk et al., 2006; Stepanov et al.,
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2013; Molchanov et al., 2014). The lower the initial modulus of the matrix, the more
pronounced both the magnetic response and the Payne effect demonstrated by the
behavior, because magnetic particles can shift from their equilibrium positions within soft
matrices more easily than within hard matrices (Sorokin et al., 2014, An et al., 2012).

(ii) Excitation frequency-dependent behavior
Figure 2-18 shows the effect of excitation frequency on MRE specimens for different
levels of magnetic flux densities. Both shear storage modulus G’ and loss modulus G’’
monotonically increase with the increment of frequencies with and without the magnetic
field, which has been reported (Sorokin et al., 2014; Khimi and Pickering, 2016; Yu et al.,
2017).

Comparing (a)-(d) in Figure 2-16, the changing trends of the shear storage modulus G’
and loss modulus G’’ of the MREs specimens under an excitation frequency at 100, 10
and 1.0 Hz are similar to those at 0.1 Hz. As seen in Figure 2-18, at lower frequency, the
MREs specimens have relatively larger MR effect of G’, G’’, and the associated tan δ
than when at larger frequency, but the difference is small, which means the MR effect is
not that sensitive to frequency change. This phenomenon is understandable since the
magnetic interaction forces between particles respond to the applied magnetic field at a
very fast speed with hardly any time lag.
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Furthermore, as can been observed from Figure 2-19, the log plots of shear storage
modulus G’ and loss modulus G’’ becomes nonlinear, deviating from almost linearity at
frequency lower than 2 Hz, which shows the similarity with the trend of plots without
magnetic field: G’ and G’’ increase faster with frequency lower than 2 Hz and have an
almost linear increasing with frequency higher than 2 Hz. However, most studies of
MREs were done in frequency higher than 1 Hz, and therefore, the G’ and G’’ have linear
relationship in terms of frequency dependence and been reported in articles (Lokander
and Stenberg, 2003; Gong et al., 2005; Kallio et al., 2007). Similar to G’ and G’’, the
shear loss factor tan δ also presents two parts of variation from Figure 2-20Right:
increases exponentially when frequency is lower than 2 Hz, whereas the increment is
almost linear with frequency higher than 2 Hz.

(a)
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(b)

(c)

Figure 2-20. The loss factor vs. excitation frequency with different magnetic fields under strain amplitude
(Left–in logarithmic scale. Right–in arithmetic scale): (a) 0.3%, (b) 1% and (c) 8%.

(iii) Magnetic field-dependent behavior
When under external stationary magnetic fields, it can be seen from Figure 2-15(a) or
2-21Left and 2-22Left, the shear storage modulus G’ of the MREs specimens increases
greatly with the external magnetic field. As shown in Figure 2-15(b) or 2–21Right and
2-22Right, the shear loss modulus G’’ also increases with the external magnetic field, the
changing trend is similar to that of the shear storage modulus. When the external
magnetic field reaches a certain value, the magnetization of ferrous particles as well as
the interactions begins to saturate, which causes that the MR effect achieves to a saturate
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value and then turn to be stable. As shown in Figure 2-21 and 2-22, the shear storage
modulus G’ and loss modulus G’’ is enhanced by increasing the magnetic flux density in
all input frequencies for all tested shear strains. The trend of increment is quite same over
the range of tested frequencies.

(a)

(b)

(c)
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Figure 2-21. The shear storage modulus and shear loss modulus vs. magnetic field with different excitation
frequencies under strain amplitudes (Left–shear storage modulus. Right–shear loss modulus): (a) 0.3%, (b)
1% and (c) 8%.

(a)

(b)

(c)
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(d)

Figure 2-22. The shear storage modulus and shear loss modulus vs. magnetic field with different strain
amplitude under excitation frequencies (Left–shear storage modulus. Right–shear loss modulus): (a) 0.1 Hz,
(b) 1.0 Hz, (c) 10 Hz and (d) 100 Hz.

Figure 2-23 shows the changing trend in loss factor tan δ versus magnetic flux density for
different levels of excitation frequencies and strain amplitudes. It is found that the loss
factor tan δ increases slightly by increasing the magnetic flux density, except for the cases
under small strain amplitudes and large frequencies. It also can be seen by comparing
Figure 2-20 (a) with (b) and (c), the increment is more remarkable in large strain
amplitudes than in low strain amplitudes.

(a)

(b)
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(c)

(d)

Figure 2-23. The shear loss factor vs. magnetic field with different strain amplitude under excitation
frequencies (Left–shear storage modulus. Right–shear loss modulus): (a) 0.1 Hz, (b) 1.0 Hz, (c) 10 Hz and
(d) 100 Hz.

These experimental results demonstrate that not only shear storage modulus G’ is
dependent on the external magnetic field but also the shear loss modulus G’’ and
associated loss factor tan δ are variable based on different magnetic field, which means
the MREs exhibit both controllable stiffness and controllable damping properties. This
feature is totally different from MR fluids, which mainly exhibit only variable damping
property.

2.4 Conclusions
In this chapter, isotropic and anisotropic MREs samples with 10 vol% and 20 vol% filler
contents have been fabricated, with the silicone rubber as the matrix material and
micron-sized pure iron particles as fillers. The microstructures of iron particles and
fabricated MREs samples have been characterized by SEM. The chain-like structures of
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magnetic particles within anisotropic MREs samples can be clearly identified, while iron
particles are randomly distributed within isotropic MREs sample. The connections
between iron particles and silicone rubber and the surrounding condition of iron particles
can be observed, which illustrates the filler-rubber networks inside of MREs. Dynamic
shear tests on single-lap anisotropic MREs specimens are conducted to comprehensively
investigate how the zero-field viscoelastic properties and magneto-viscoelastic properties
of MREs under magnetic field are affected by three critical factors: testing frequency,
strain amplitude and magnetic flux density. Experimental results show that zero-field
MREs exhibit nonlinear viscoelastic behavior as particle-reinforced polymers. MREs
present both higher shear storage modulus and loss modulus when larger frequency of
excitation applied. The nonlinear strain-amplitude dependence, so-called Payne effect,
has also been seen, which is that increasing amplitudes lead to decreases of the storage
modulus and the loss modulus. When under external magnetic fields, MREs exhibit
nonlinear magneto-viscoelastic behavior contains both mechanical viscoelasticity and
magnetic viscoelasticity. It can be observed that both the shear storage and loss modulus
of MREs increase with increasing magnetic field and the larger the magnetic field, the
higher MR effect has been found in MREs. The excitation frequency has slight effect on
MR effect on dynamic stiffness and damping, which is similar with the observations in
the available publications. Payne effect can also be seen when MREs are under magnetic
fields, but it is more remarkable compared with the zero-field case. Both mechanical
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force-induced Payne effect and magneto-induced Payne effect give contribution to
nonlinearities of MREs in terms of strain amplitude dependence. The theory of the
breakdown and reformation of both filled-polymer networks and the magnetic filler
network is a reasonable explanation of the dynamic mechanical behavior of MREs under
large deformation. The experimental results of dynamic mechanical properties will be
further applied into developing magneto-viscoelastic models of MREs under both small
strain and large strain in Chapter 3 and semi-active control algorithm of MREs-based
isolation system in Chapter 5.
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Chapter 3 Magneto-viscoelastic Models of Magnetorheological
Elastomers
3.1 Introduction
As summarized in Chapter 2, MREs exhibit characteristics of both particle reinforced
composites and magnetorheological materials. When materials like MREs work under
small strain, their dynamic mechanical properties (e.g., stiffness and damping) have
strong frequency-dependencies, which is the characteristics of particle reinforced
composites. Their dynamic mechanical properties have strong magneto-dependencies,
which is the characteristics of magnetorheological materials. Meanwhile, when
magneto-viscoelastic materials like MREs work under large strain amplitude, their
dynamic

mechanical

properties

have

three

main

nonlinearity

behaviors:

frequency-dependence, strain amplitude-dependence and magneto-dependence as well.

For materials like MREs which serve under small strain amplitude, the linear
viscoelasticity with magneto-dependence can describe the dynamic mechanical behavior
of MREs. To make full use of the controllable mechanic properties, an effective linear
magneto-viscoelastic model of MREs is expected to describe and predict the
frequency-dependent, magneto-dependent behaviors. A few of parametric and
phenomenological models introduced in Chapter 1 were proven to be able to meet these
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demands. However, some issues need to be mentioned: the frequency were in explicit
expression in most models. Because the instantaneous frequency of MREs or
MREs-based device is difficult to be accurately obtained, more efforts needs to be made
when applying into semi-active control algorithm. Some proposed models are only
suitable to MREs under small range of frequencies, which means large range of
frequency-dependence cannot be captured effectively. Therefore, in section 3.2, starting
from the generalized Maxwell Model, a new linear Generalized Maxwell model
(GMM)-based magneto-viscoelastic model of MREs is proposed and investigated. By
using generalized Maxwell Model, linear viscoelasticity in large range of frequency are
be described. Meanwhile, the frequency-dependence is taken into account implicitly in
this model. By integrating magnetic-induced function to the dynamic modulus in each
branch of generalized Maxwell Model, the magneto-dependence can be taken into
account. To validate the effectiveness of this model, comparisons of test results and
simulation results are investigated.

When materials like MREs work under large strain amplitude, the nonlinear
magneto-viscoelasticity and strain amplitude-dependence can fully describe the dynamic
mechanical behavior of MREs. An effective nonlinear magneto-viscoelastic model of
MREs is expected to describe and predict the frequency-dependent, magneto-dependent
and strain amplitude-dependent behaviors. The micro mechanics-based models
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introduced in Chapter 1 were proven to be able to predict the nonlinear
magneto-viscoelasticity of MREs, by applying the continuum mechanics and finite strain
theory. However, the strain amplitude-dependence (also known as Payne effects) were
ignored.

To describe the mechanical force-induced Payne effect discussed in Chapter 2, some
models were developed based on measurements of dynamic mechanical behaviors and
widely used: Kraus model (Kraus, 1984), Huber and Vilgis model (Huber et al., 1996),
Maier and Göritz model (Maier and Göritz, 1996), which have been introduced in
Chapter 2. A few of nonlinear viscoelasticity models of particle reinforced composites
were developed to consider the mechanical force-induced amplitude-dependent behavior,
which applying the continuum mechanics and finite strain theory. Lion et al. (2003)
modeled Payne effect by introducing a history-dependent internal variable into finite
nonlinear viscoelasticity. Hofer and Lion (2009) and Rendek and Lion (2010) introduced
intrinsic state variables functions with respect to the material viscosities. Hofer and Lion
(2009) and Rendek and Lion (2010) introduced intrinsic state variables functions with
respect to the material viscosities. Delattre et al. (2014 and 2016) introduced internal
variables functions with respect to moduli for the dissipative branches. Lion (1996)
proposed hyper-visco-plastic models, in which the plastic element was introduced to
describe the amplitude-dependence of stiffness. The history-dependent internal variables
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and intrinsic time scales are interpreted as a phenomenological variables which
describing the current state of microstructures. The nonlinear viscoelasticity models of
particle reinforced composites above can be able to describe nonlinear viscoelasticity as
well as mechanical-induced amplitude-dependence. However, the magneto-induced
amplitude-dependence and the magneto-dependence of MREs are not taken into account.

Hence, in section 3.3, starting from the generalized Maxwell Model, a new nonlinear
magneto-viscoelastic model of MREs is developed by introducing mechanical
force-induced internal variables and magneto-induced internal variables with respect to
moduli in branches of nonlinear GMM into magneto-viscoelasticity theory (Saxena et al.,
2013). The proposed nonlinear magneto-viscoelastic model can be able to describe and
predict all the frequency-dependent, magneto-dependent and strain amplitude-dependent
behaviors of MREs under large strain. To validate the effectiveness of this model,
material parameters are identified and comparisons of test results and simulation results
are investigated.

3.2 Linear Magneto-viscoelastic Model under Small Strain
In this section, firstly, stress-strain equation of linear viscoelasticity theory and
generalized Maxwell Model (GMM) are introduced and shear storage and loss moduli
equations in both time-domain and in frequency domain are derived. Further, a new linear
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Generalized Maxwell model (GMM)-based magneto-viscoelastic model of MREs is
proposed and investigated to predict the frequency-dependent and magneto-dependent
behaviors of MREs under small strain. Comparisons of test results and simulation results
are evaluated to validate the effectiveness of this model of MREs.

3.2.1

Linear Viscoelasticity and Generalized Maxwell Model

(i) Linear Viscoelasticity
For viscoelastic materials like MREs, the stress and strain sinusoids have been illustrated
as in Figure 2-1.

Figure 2-1. Sinusoidal stress input with strain output of a viscoelastic material.

The uniaxial stress-strain equation of linear viscoelastic material can be expressed as:
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t

 (t )   E (t   )
0

d  ( )
d
d

(3-1)

Where E (t ) denotes the relaxation function. The type expression of linear viscoelastic
material is called Boltzmann Superposition Integral equation.
Since a true sinusoid has no starting point, the lower limit is taken as   . Therefore, the
stress-strain equation changes to:
t

 (t )   E (t   )


d  ( )
d
d

(3-2)

In order to achieve explicit convergence of integral, the relaxation function decomposes
as:

E (t )  Eˆ (t )  Ee

(3-3)

Where Ee  limt  E (t )  E () denotes the equilibrium or instantaneous modulus.
In order to obtain the dynamic material behavior, let the history of strain  to be
sinusoidal. Then, the strain can be written in complex exponential form:

 (t )   0eit

(3-4)

By substituting the strain into Eq. 3-1, we get:
t
 (t )  Ee 0eit  i 0  Eˆ (t   )eit d 

(3-5)



Using a new time variable t'  t   , it changes to:


 (t )   0eit  Ee    Eˆ (t ' ) sin t ' d t 'i  Eˆ (t ' ) cos t ' d t '


0
0

(3-6)

If the strain is sinusoidal in time domain, so is the stress. Thus, the stress-strain relation
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becomes:

 (t )  E  ( ) (t )  ( E ' ( )  iE ' ' ( )) (t )  ( E ' ( )  iE ' ' ( )) 0eit

(3-7)

Based on Eq. 3-6 and Eq. 3-7, the real component and imaginary component of the
complex material functions can be expressed as follows, respectively:

E ' ( )  Ee    E (t )  Ee sin t d t

(3-8)

E ' ' ( )    E (t )  Ee cos t d t

(3-9)



0



0

In turn, the strain in time domain can be deduced from E ' ( ) or E ' ' ( ) :

E (t )  Ee 

2   E ' ( )  Ee 
 sin t d 
 0 



(3-10)

E (t )  Ee 

2   E ' ' ( ) 
cos t d 
 0   

(3-11)

Eq. 3-8 to Eq. 3-11 are the equations to describe the dynamic properties of linear
viscoelastic materials in frequency domain and time domain. The equations and the
deducing process can be found in books (Ferry, 1980; Lakes, 2009; etc.).

(ii) Generalized Maxwell Model
To describe the viscoelastic behavior of rubber-like material, The Generalized Maxwell
model (GMM) is common to use, which has been accepted as an accurate and efficient
tool for polymers and polymeric composites to describe time-dependent and
frequency-dependent mechanical properties and the most general form for linear
viscoelasticity. The Generalized Maxwell model (GMM) is also known as the
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Maxwell–Wiechert model (after James Clerk Maxwell and E. Wiechert). The GMM
assembles numbers of Maxwell elements and one spring in parallel as shown in Fig. 3-1.
One Maxwell model assembles one purely viscous damper and one purely elastic spring
in series. Since each branch of Maxwell element has its own relaxation time, GMM takes
into account that the relaxation of the material does not occur at a single time, but in a set
of times. Therefore, when many spring-dashpot Maxwell elements are connected in
parallel, the GMM model has the ability of describing rubber-like material with multiple
molecular segments with different lengths and describing the dynamic mechanical
behavior of viscoelastic material in large range of frequency.

Figure 3-1. Generalized Maxwell model (GMM).

For generalized Maxwell model, based on its one-dimensional constitutive relation and
stress-strain equation, the shear relaxation modulus in time domain is:
m

G (t )  Ge   Gvi e t / i

(3-12)

i 1
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where Ge denotes the equilibrium or instantaneous modulus once the material is totally
relaxed and Gvi denotes the modulus of each branch of Maxwell model.  i denotes the
viscosity of each branch of Maxwell model.  i are the relaxation times with the relation
of  i   i / Gvi . The higher the relaxation times, the longer it takes for the stress of the
branch of Maxwell model to relax. Eq. 3-12 represents the time-dependent properties and
is often referred to as a Prony Series.

By substituting Eq. 3-12 into Eq. 3-8 and 3-9, the real and imaginary components of
shear relaxation modulus in frequency domain can be expressed as:

 2 i2Gvi
G ( )  Ge   2 2
i 1   i  1
m

'

(3-13)

i Gvi
2 2
i 1   i  1
m

G ( )  
''

(3-14)

Generally, the frequency-domain relaxation functions are measured from steady-state
harmonic tests, which usually have more accurate information than quasi-static tests.
Therefore, time-domain relaxation function can be obtained through the conversion of
corresponding relaxation functions in frequency domain. Based on DMA shear tests,
G ' ( ) and G ' ' ( ) under different frequencies can be obtained, and then the relaxation

modulus in both time-domain and frequency domain can be obtained for further
calculation.
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3.2.2

Linear Magneto-viscoelastic Model under Small Strain

(i) Linear Magneto-viscoelastic Model
The above relaxation functions Eq. 3-12 to Eq. 3-14 in both time-domain and frequency
domain of Generalized Maxwell model can describe the dynamic mechanic properties of
viscoelastic materials, which can represents the frequency-dependent behavior of MREs
under small strain.

Besides the frequency-dependent behavior, MREs also exhibit magneto-dependent
behavior when external magnetic field applied. Therefore, the Generalized Maxwell
model is modified to take into consideration the strong magneto-dependence in
following.

The shear modulus in each branch of Maxwell model is assumed to be as a function of
magnetic flux density B. The new GMM-based magneto-viscoelastic model under small
strain has the relaxation functions 3-15 to 3-17 below, which are analogous to Eq. 3-12 to
3-14. The relaxation times  i are assumed constant when magnetic field applied. When
MREs

are

in

the

absence

of

a

magnetic

field

(B=0),

the

GMM-based

magneto-viscoelastic model can be degenerated to Generalized Maxwell model.
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The shear relaxation modulus as a function of magnetic flux density B in time domain
can be expressed as:
m

G (t )  Ge f e ( B)   Gvi f vi ( B) e t / i

(3-15)

i 1

The real and imaginary components of shear relaxation modulus as a function of
magnetic flux density B in frequency domain can be expressed as:

 2 i2 Gvi f vi ( B) 
 2 i2  1
i 1
m

G ' ( , B)  Ge f e ( B)  

i Gvi f vi ( B) 
 2 i2  1
i 1
m

G ( , B)  
''

(3-16)

(3-17)

The new GMM-based magneto-viscoelastic model under small strain is shown in Fig.
3-2.

Figure 3-2. GMM-based magneto-viscoelastic model under small strain.
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(ii) Material Parameters Identification and Evaluation
According to the DMA tests of MREs specimens from Chapter 2, the curves of shear
storage modulus G ' ( ) , shear loss modulus G ' ' ( ) as well as shear loss factor tan  have
been obtained under different excitation frequencies and magnetic flux densities with
very small strain amplitude (   1% ). The test results of shear modulus under 0.3% strain
amplitude are used in this section for the MREs under small strain. In order to identify
the parameters of the nonlinear constitutive model, The differences between the tests and
the proposed model needs to be minimized.

To fit the shear storage modulus G ' ( ) and shear loss modulus G ' ' ( ) (or loss factor tan  )
of GMM to experimental data of viscoelastic materials, various methods of fitting have
been discussed by others (e.g., Emri and Tschoegl, 1995; Mead, 1994 and Elster et al.
1991) to improve traditional fitting methods like least squared method (Park, 2001),
collocation method (Schapery, 1961) and multidata method (Cost and Becker, 1970) and
the genetic algorithm method has been applied as well to solve the fitting problem
recently (Delattre et al., 2016; Xin et al., 2016).

In this section, the least-square method (Park, 2001) is used to fit the curves
G ' ( ) and G ' ' ( ) simultaneously to identify the parameters. Although only single set of

data (either G ' ( ) or G ' ' ( ) ) is sufficient to determine G ( ) , using both data sets will
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enhance the fitting quality. It is also because that we are interested in
both G ' ( ) and G ' ' ( ) for the proposed model. By minimizing the following function
which represents the normalized square errors between experimental and model’s curves,
the best-fit parameters can be obtained:
 G ' Fitting ( k )  2  G ' ' Fitting ( k )  2 
Err   
 1  
 1 
G ' 'Test ( k )
k 1  G 'Test ( k )


 

n

(3-18)

Where G'Test , G ' 'Test and G' Fitting , G ' ' Fitting represent the experimental and model’s data of
shear storage modulus and loss modulus at the excitation frequency of  k respectively,
and n is the total available number of data points.
The parameter identification is using Matlab nonlinear curve fitting toolbox to obtain
each parameter for the GMM-based magneto-viscoelastic model of MREs.

To evaluate the correlations between the model and experiment, standard deviation of
errors (least-square type of average errors) for storage modulus and loss modulus are
introduced and calculated as follows:

ErrG ' 

ErrG '' 

1



（ndata - 1）i , j
1



（ndata - 1）i , j

(G 'Test ( j , Bi )  G ' Fitting ( j , Bi )) 2
(G 'Test ( j , Bi )) 2

(G ' 'Test ( j , Bi )  G ' 'Fitting ( j , Bi )) 2
(G ' 'Test ( j , Bi )) 2

(3-19)

(3-20)

Where Bi and  j denotes different dynamic strain amplitudes and excitation frequencies
respectively and ndata represents the total number of data used in the identification.
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For curve fittings of GMM, usually the relaxation times  i   i / Gvi are specified first to
cover the interested frequency range. The entire range of earthquakes’ excitation
frequencies we are interested in for the MREs application to structures is normally from 0
Hz

to

100

Hz,

therefore,

the

relaxation

times

with

half-intervals

i  10(i 7 ) / 2 (i  1,...,11) are specified so that the frequency range 0~100 Hz can be
covered, in which the number of dissipate branches N is chosen as 11. In Schapery (1974),
one-decade spacing of  i is adequate for many viscoelastic media, however for highly
viscoelastic material like viscoelastic dampers and MREs dampers, half-decade spacing
of  i is required to accurately describe the behavior of materials. Thus, the viscosity
parameter has the following relationship based on Eq. 3-21:

i  10(i 7 ) / 2 Gvi (i  1,...,11)

(3-21)

In the first step of parameters identification procedure, the values of Ge and Gvi in Eq. 3-16
and 3-17 can be identified by minimizing the least-square method equation 3-18 and
presented in Table 3-1. Figure 3-3 (a) and (b) show the comparison of the test values and
the fitting values of G ' finite ( ) and G ' ' finite ( ) .
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Table 3-1. Identified parameters Ge (MPa) and Gvi (MPa) and corresponding ρi (s).

(a)

(b)

Figure 3-3. The comparison of test shear modulus and fitting shear modulus vs. excitation frequency under
0.3% strain amplitude in the absence of a magnetic field: (a) shear storage modulus G’ (Left–in logarithmic
scale. Right-in arithmetic scale) and (b) shear loss modulus G’’ (Left–in logarithmic scale. Right-in
arithmetic scale).

Table 3-2 shows the errors of Ge and Gvi between tests and fittings. The fittings have an
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accurate identification result with maximum errors 5.89% and 3.02% for shear storage
modulus and shear loss modulus, respectively. The correlation of shear loss modulus is
better the one of shear storage modulus. As shown in Fig. 3-3 (a), the fitting results of
shear storage modulus are lower than the test results under small frequencies, while the
fitting results of shear storage modulus are higher than the test results under small
frequencies.

Table 3-2. Standard Deviation of Error for Shear Storage and Loss Moduli
between Tests and Fittings.

In the second step of parameters identification procedure, the magnetic field-dependent
functions with respect to Ge and Gvi are assumed as follows. The magnetic field-dependent
function with respect to Ge is assumed as a linear equation 3-22 and the magnetic
field-dependent function with respect to Gvi is assumed as equation 3-23.

f e ( B)  ae  be B
f vi ( B)  10[i( av bv B  cv B

(3-22)
2

)]

(3-23)

When B=0 T, f e (B) and f vi (B) equal to 1.
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Then, the values of ae , be , av , bv and cv in Eq. 3-22 and 3-23 can be identified by
minimizing the least-square method equation and presented in Table 3-3. Figure 3-4 (a)
and (b) show the comparison of the test values and the fitting values
of G ' finite ( ) and G ' ' finite ( ) .

Table 3-3. Identified parameters ae, be, av, bv and cv.

(a)

(b)
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Figure 3-4. The comparison of test shear modulus and fitting shear modulus vs. excitation frequency under
magnetic field 0 T, 0.20 T and 0.35 Hz at 0.3% strain amplitude: (a) shear storage modulus G’ (Left–in
logarithmic scale. Right-in arithmetic scale) and (b) shear loss modulus G’’ (Left–in logarithmic scale.
Right-in arithmetic scale).

Table 3-4 shows the errors of shear storage and loss moduli between tests and fittings for
different magnetic fields. The fittings seem consistent with the test results, except in some
load cases under very small and very large frequencies. For most case as shown in Fig.
3-4, under small frequencies, the model underestimates the shear storage modulus, while
the model overestimates the shear storage modulus under large frequencies. Under most
frequencies, the model underestimates the shear loss modulus.

Table 3-4. Standard deviation of error for shear storage and loss moduli.

One of reasons for causing relative large errors is that for our case the parameter
identification

is

fitting

shear

modulus G ' and

storage

shear

loss

modulus

G ' ' simultaneously. That means these two curve fittings use the same set of parameters,

which in turn causes big errors compared to fit only one set of data.

The magnetic field-dependent relations are as follows after the parameters identification:
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f e ( B)  1  0.033B
f vi ( B)  10[i( 0.147 B 0.036 B

2

)]

Then, the real and imaginary components of shear relaxation modulus as a function of
magnetic flux density B in frequency domain can be expressed as:



 2 i2 Gvi 10[i( 0.147 B 0.036 B
G ( , B)  Ge 1  0.033B   
 2 i2  1
i 1
m

'



 G 10[i( 0.147 B 0.036 B
G ( , B)   i vi 2 2
 i  1
i 1
m

''

2

)]

2

)]





(3-24)

(3-25)

After parameters identification, the proposed GMM-based magneto-viscoelastic model of
MREs can be able to well describe the dynamic mechanical properties under small strain
amplitude, including both frequency-dependence and magneto-dependence of MREs,
except for some cases under very small and very large frequencies.

3.3 Nonlinear Magneto-viscoelastic Model with Payne Effects Under Large
Strain
In this section, 1-D modelling of magneto-viscoelastic with Payne effects at small
deformations are presented first. The finite nonlinear magneto-viscoelasticity theory is
following presented. Then, to take into account all the frequency-, amplitude-, and
magneto-dependent behavior of MREs, a nonlinear magneto-viscoelastic constitutive
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model of MREs under large strain is proposed. The internal damping mechanisms are
considered by multiplicative decomposition of the deformation gradient and magnetic
induction into elastic and inelastic parts. The energy dissipation is assumed to occur due
to the frequency- and amplitude-dependent mechanical-viscoelasticity as well as the
frequency-, amplitude-, and magneto-dependent magnetic-viscoelasticity. Specialized
constitutive equations for material behaviors and evolution equations are derived that
agree with the total Clausius Duhem inequality of the second law of thermodynamics.
Both mechanical force-induced Payne effect and magneto-induced Payne effect are
considered for the amplitude-induced nonlinearities by introduction of internal state
variables integrated in the model, which are interpreted as phenomenological measures
for the current state of the filled-polymer network and magnetic filler network. The
material parameters of the proposed constitutive model are identified by DMA
experimental data from Chapter 2. Consequently, the shear storage and loss moduli, and
hysteresis loops are analyzed and the comparisons of simulation results and experimental
results are used to validate its effectiveness.

3.3.1

One-dimensional Modelling of Magneto-viscoelastic with Payne effects under
Small Strain

In small strain theory, following from the concept in paper (Huber and Tsakmakis, 2000),
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the total strain of one-dimensional GMM can be decomposed into elastic and inelastic
parts for each Maxwell model branch as shown in Fig. 3-2:

 (t )  eei (t )  evi (t )

(3-26)

Where  is the strain of the spring with modulus Ge , eei is the strain of the ith spring
with Gvi and evi is the strain of the ith dashpot with viscosity i .
Based on above relation, the one-dimensional GMM can be described by the linear
differential equations of first order:
N

N

N

1

1

1

   e    vi  Ge   Gvi evi  Ge   Gvi (e  eei )
ini 

Gvi

i

(  eei ) 

 vi  Gvi 

Gvi

i

(3-27)

 vi
i

 vi  Gvi 

(3-28)
1

i

 vi for i=1,...,N

With the modulus Ge and Gvi , viscosity i and the relaxation time  i 

(3-29)

i

Gvi

.

In the frequency domain, the storage modulus and loss modulus are as follows which are
similar to Eq. 3-13 and 3-14:
N

 2  i 2Gvi

 Gi '  2 2
G '  Ge   Gi '

 i  1
1
and 

N
 G ' '   Gi ''
Gi ' '   i Gvi

 2 i 2  1
1


(3-30)

In this context, a discrete or continuous relaxation spectrum is used to describe the
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frequency-dependent behavior under a wide range of excitation frequencies (Haupt et al.,
2000). It has been proven that this modelling technique is suited for the frequency
dependence of rubber well, however, cannot describe any strain amplitude dependent
behavior, which has been discussed as Payne effects phenomenon. Following the idea of
thermorheological simple materials and the corresponding temperature–frequency
shifting techniques, we introduce intrinsic time scale z k whose evolution is given by the
differential equation zk (t )  f k . Normally, in the case of thermorheological simple
materials the intrinsic time scale is driven by the temperature zk (t )  f k ( ) ,
where  denotes the absolute temperature. Similarly, in this proposed model of MREs the
intrinsic time scale in terms of the strain amplitude dependence pk is driven by the
deformation history to describe the Payne effects. With this approach, the differential
equation (3-27) can be modified and formulated in reference to a new time scale for
modulus Gi  Gi pi (t ) , by which the relaxation time  i  i / Gvi pvi can either evolve
faster or slower than the real time t, depending on the evolution equations p k (t )  f k :

 e  Ge ( , B)  Ge ( , B) pe (t )
 vi  Gvi ( , B ) pvi (t ) 

Gvi ( , B ) pvi (t )

i

(3-31)

 vi

(3-32)

Based on the idea of the magneto-elastic theory proposed by Ponte-Castañeda et al.
(2011), the magneto-elastic modulus Ge of MREs can be divided into mechanical elastic
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part and magnetic elastic part and the magneto-viscoelastic modulus Gvi can be divided
into mechanical viscoelastic part and magnetic viscoelastic part as follows, which is also
reported by Xin et al. (2016):
me

Ge ( , B )  Ge ( )  Ge
me

mag

Gvi ( , B )  Gvi ( )  Gvi

( , B )

mag

(3-33)

( , B )

(3-34)
me

Where B represents the magnetic induction. Ge ( ) represents the mechanical elastic part
of modulus, which depends on strain amplitude; Ge

mag

( , B ) represents magnetic elastic

part of modulus, which depends on strain amplitude and external magnetic flux
me

density; Gvi ( ) represents the mechanical viscoelastic part of modulus, which depends
on excitation frequency and strain amplitude; Gvi

mag

( , B ) represents the magnetic

viscoelastic part of modulus, which depends on excitation frequency and strain amplitude
as well as external magnetic flux density.

In order to describe both the mechanical force-induced Payne effect and magneto-induced
Payne effect in MREs by the intrinsic time scales, same idea has been used: the intrinsic
time scale p k (t ) can be divided into p e (t ) and p v (t ) , which are internal variables to
represent the mechanical force-induced Payne effect and magneto-induced Payne effect
respectively. Therefore, the modulus can be written as:
me

me

mag

( , B) p2e

me

me

mag

( , B) p2vi

Ge ( , B)  Ge ( ) p1e ( )  Ge
Gvi ( , B)  Gvi ( ) p1vi ( )  Gvi
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mag

( , B)

(3-35)

mag

( , B)

(3-36)

In above equations, motivated by the approach in Delattre et al. (2014), special choice
of pi are taken to represent the breakages of the filled-polymer network as well as the
magnetic filler network as the damage variables: p1e

me

represents damage variable of the

mechanical elastic part of modulus, which depends on strain; p2 e

mag

represents damage

variable of the magnetic elastic part of modulus, which depends on strain and external
magnetic flux density; p1vi
part

of

modulus,

amplitude; p2 vi

mag

me

represents damage variable of the mechanical viscoelastic

which

depends

on

excitation

frequency

and

strain

represents damage variable of the magnetic viscoelastic part of

modulus, which depends on excitation frequency and strain amplitude as well as external
magnetic flux density. Because the strain amplitude can't affect the mechanical elastic
part of MREs based on physical mechanism, p1e

me

is set to be 1 in the future. In the case

of   0 , the damage variable pi  1 , which means there exists no breakdown of
filled-polymer network and magnetic filler network. That is to say, this one-dimensional
model of MREs with Payne effects will degrade to the standard GMM or GMM model in
last chapter when   0 .

In the frequency domain, the storage modulus and loss modulus of one-dimensional
model of MREs are in following forms, taking into account magneto-elasticity,
magneto-viscoelasticity, mechanical force-induced Payne effect and magneto-induced
Payne effect:
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G ( )  (Ge
'

me

 Ge

mag

p2 e

me

 2  i2 (Gvi me p1vi me  Gvi mag p2 vi mag )
)
 2  i2  1
i 1
N

 i (Gvi me p1vi me  Gvi mag p2 vi mag )
G ( )  
 2  i2  1
i 1
''

m

(3-37)

(3-38)

In this modified GMM-based model, the intrinsic time scales for Payne effects are
introduced into the modulus term Gi  Gi pi (t ) , by which the relaxation time

 i  i / Gvi pvi varies based on strain amplitude or magnetic flux density for certain
excitation frequency. The intrinsic time scale can also be introduced into the viscosity of
relaxation time, i.e. i  i p i (t ) (Höfer and Lion, 2009), which however is difficult to
divide into parts for mechanical force-induced Payne effect and magneto-induced Payne
effect.

Compared with a standard GMM, this model has two transition regions, one with respect
to excitation frequency and the other with respect to strain amplitude, rather than only
one frequency transition. Further, these two transitions are very similar. Since this
nonlinear GMM-based model have the capacity to describe the frequency-, the strain
amplitude- and magnetic field-dependent behaviors of MREs, a three-dimensional
constitutive model of MREs at finite deformations by thermodynamic theory and finite
strain theory can be proposed in the following.
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3.3.2

Fundamentals of Finite Nonlinear Magneto-viscoelasticity

3.3.2.1 Finite Mechanical Viscoelasticity
Some fundamentals on the subjects of thermomechanics and continuum mechanics for
the constitutive modelling of finite mechanical viscoelasticity are summarized in the
following. More details on the subjects of relevant background in thermomechanics and
continuum mechanics can be found in related published textbooks.
The magneto-viscoelastic material occupies the reference configuration  0 with the
boundary  0 , when it is undeformed (unstressed and no magnetic field exists). A
material point has the position vector X in the reference configuration. The current
configuration of the material at time t is t with the boundary  t , after it is subjected to a
deformation by forces from mechanical forces or magnetic field. The material point in
current configuration has the position vector x . A deformation function  maps each
material point X  B0 to x  Bt : x  χ( X, t ) . The deformation gradient tensor at the current
time t is denoted as F   χ( X, t ) / X  Grad( χ( X, t )) . F can be decomposed into a
volumetric and an isochoric part F (Flory 1961):
F  ( J 1/ 3 )F

(3-39)

For elastomers or rubber-like materials, most of them can be treated as incompressiable
materials, because their volumic deformations are really smaller compared with the
isochoric deformations: the difference is about three order of magnitude at large
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J  DetF  1 .

deflections (Rendek and Lion, 2010). Therefore, The determinant
Experimental observations also report this fact.

To consider mechanical viscoelasticity of MREs, the strain decomposition (see equation
3-27) in small strain GMM is extended to strain decomposition in finite strain GMM by
an approach, which is the multiplicative decomposition of the isochoric part of
i

deformation gradient tensor F into elastic deformation gradient Fe and inelastic
i

deformation gradient Fv for each branch of GMM:
i

F  Fe  Fv

i

(3-40)

This multiplicative decomposition is using the intermediate state concept: assuming
intermediate configurations i , which are related to t by a pure elastic deformation and
i

related to  0 by a pure viscous motion. The tensor Fv can be assumed as acting on the ith
i

dash pot in ith disspative branch of GMM. Specifically, Fv  I for i=1 which is
corresponding to Ge . I is the second order identity tensor.
This approach is an micro-mechanically motivated approach (Reese, 2003), which have
been used by many researchers (Reese and Govindjee, 1998; Bergstrom and Boyce, 1999;
Amin et al., 2006; Hofer and Lion, 2009, etc.).

The isochoric left and right Cauchy Green tensors are defined as B  F  F T and C  F T  F ,
respectively.

The

elastic

isochoric

left
97

and

right

Cauthy

Green

tensor

i

i

Be  Fe  Fe

iT

T

, Ce i  Fe i  Fe i and the inelastic isochoric left and right Cauthy Green
T

T

tensor B v i  Fv i  Fv i , Cv i  Fv i  Fv i are associated with elastic and inelastic isochoric
i

i

deformations Fe and Fv . The velocity gradient L and the Eulerian deformation strain rate
1
T
tensor D are defined as: L  F  F 1 and D  ( L  L ) . The left and right Cauchy Green
2

strain tensors are defined as respectively for future application.
Combining three conservation laws and second law of thermodynamics, the isothermal
form of Clausius Duhem inequality can be formulated in its Eulerian form as follow:

     σ : D  0 D

(3-41)

Where  is the intrinsic dissipation,  is the mass density of the material in current
configuration, σ is the Cauchy stress tensor and is the specific Helmoltz free energy.
Because the thermal effects and temperature evolution are not the purpose of this research,
they are neglected for an simplification. In the Clausius Duhem inequality, only
isothermal condition is considered. The temperature of the MREs material is assumed as
the ambient temperature when conducting the experiments.

Based on the strain decomposition in finite strain and the thermodynamic equations, the
finite strain generalized Maxwell Model (finite strain GMM) has been extended from
small strain GMM. Similar models are chosen in (Amin et al., 2006; Delattre et al, 2014)
among other articles.
The specific Helmoltz free energy can be chosen as follows after taking the mechanical
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viscoelasticity into consideration, which is a general form of the mechanical energy
decomposition in (e.g., Amin and Lion 2006 etc.):
N

 ( B , Be )   e ( B )   v i ( Be i )   vol ( J )

(3-42)

1

Similarly, the Cauchy stress tensor σ can be taken as the sum of three parts:
N

σ  σ e   σ vi  σ vol

(3-43)

i 1

σ e is the rate-independent equilibrium stress for describing the elastic material property

and  e is associated specific free energy of the rate-independent equilibrium stress. σ vi is
the rate-dependent overstress due to viscosity in each branch of GMM and  vi is its
associated specific free energy. σ vol is the volumetric stress with the specific free
energy  vol (J ) . It has σ vol   pI for incompressible material. p is the hydrostatic pressure
which depends on the material’s boundary conditions. The equilibrium stress σ e can be
represented by an hyperelastic behavior by removing the effect of very long time viscous
process. The total rate-dependent overstress (or called viscous stress) is the sum of a
finite range of viscous stresses, in which each stress σ vi is associated to one characteristic
time of viscosity as shown in the disspative branch of GMM.

3.3.2.2 Finite Viscoelasticity due to Magnetization
Base on the nonlinear theory of magnetoelastic material in (Dorfmann and Ogden, 2004),
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the finite viscoelasticity due to material’s magnetization has an approach to be taken into
consideration in the magneto-viscoelastic model in the following. Some fundamentals of
nonlinear theory of magnetoelastic material are summarized in the following first.

The magneto-viscoelastic material occupies the reference configuration  0 with the
boundary  0 same as last section, when it is undeformed (unstressed and no magnetic
field exists). The material then is only subject to a magnetic field vector, which is denoted
by h M , and the associated magnetic induction vector b M and magnetization vector m M in
current configuration (Eulerian vector fields) . Letter M of the vector means the vector is
related to magnetic field. These three magnetic vectors have a standard relation,
where  0 represents vacuum (magnetic) permeability:
b M   0 [h M  m M ]

(3-44)

The h M and b M vectors satisfy the specialization of Maxwell’s equations:
curlh M  0 and divb M  0

(3-45)

Where the curl and div are the curl and divergence operators with respect to x .
These three vectors with respect to the reference configuration (Lagrangian vector fields)
are H M , B M and M M and they are pushed forward respectively to following functions for
an incompressible material ( J  DetF  1 ):
b M  F  B M , h M  F -T  H M , m M  F -T  M M

The relation of the three vectors then translates into:
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(3-46)

C  B M  μ0 [H M  M M ]

(3-47)

The influence of electric field is neglected and the MREs are assumed non-conducting.
Based on this, the equilibrium equation of magneto-viscoelastic material need to be
satisfied in the absence of mechanical body forces:
divσ  f m  0, divτ  0

(3-48)

In Dorfman and Ogden 2014, it refers that σ is Cauchy stress tensor with respect to
mechanical forces in the absence of magnetic forces. τ , which is symmetric, is the total
Cauchy stress tensor due to both mechanical field and magnetic field. f m is the magnetic
body force (per unit volume).
The connection between τ and σ are formulated as:
1
1 
τ  σ   0 b M  b M  b M  b M
2




I   m

M





 bM I  bM  mM

(3-49)

Where I is the second order identity tensor.
Using the equilibrium equation, the balance of energy in the local form has the following
form as (Dorfmann and Ogden, 2003 etc.):



d 
1 2
U  v   divQ  div(σ v )  f m  v  R  we
dt 
2


(3-50)

Where U is the specific internal energy (per unit mass), R is the radiant heating (per unit
mass), Q is the heat flux. we is the electromagnetic power and is defined as
we  m M  db M / dt when he influence of electric field is neglected.

The Clausis Duhem inequality can be formulated as:
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R
Q
S  div     0
T
T 

(3-51)

Where S denotes the specific entropy.
The specific Helmholtz free energy   U  S is introduced and the following main
dissipation inequality can be obtained:
   F 1σ :

dF
db M
 mM 
0
dt
dt

(3-52)

For magneto-viscoelastic material like MREs, the energy dissipation occurs because of
both the mechanical viscoelasticity and the viscoelasticity due to magnetization. When
applying a magnetic induction on the magneto-viscoelastic material, the magnetic field
generated inside the material shows the similar property as the mechanical viscoelasticity.
The magnetic field evolves from an initial non-equilibrium value to an equilibrium value.
After motivated by finite strain decomposition in equation 3-9, this evolution process can
be assumed as a dissipation process by separating the magnetic induction vector b M into
‘elastic’ vector b e
M

M

and ‘inelastic’ vector b vi

M

, whose Lagrangian counterparts

M

are B e and B vi respectively (Saxena et al., 2013):
M

M

M

b M  b e  b vi , B M  B e  B vi

M

(3-53)

Instead of the multiplicative decomposition, an additive decomposition is applied since
the b M is a vector but not a tensor.
The evolution has the following behaviors: when a constant magnetic induction B M is
M

M

applied at the time t  0 , B e  B M and B vi  0 ; during the evolution process, the
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magnetic induction transfers from ‘elastic’ B e

M

to ‘inelastic’ B vi

M

M

; finally, B e  0

M

and B vi  B M when t   .

After taking both the mechanical viscoelasticity and the viscoelasticity due to
magnetization into consideration, the total free energy function is introduced, which is
similar to the amended free energy function in (Dormann and Ogden, 2004):
M

M

( F , Be , B M , B e )   ( F , Be , B M , B e ) 

1 1 M
0 B  (C B M )
2

(3-54)

Similar to the equation in paper (Saxena et al., 2013), the total Clausius Duhem
inequality of the second law of thermodynamics due to mechanical effects and magnetic
effects can be formulated in its Eulerian form as follows:

   Ω  σ : D  h M 

db M
 0 D
dt

(3-55)

Figure 3-5 demonstrates the finite strain GMM-based magneto-viscoelastic model and
Figure 3-6 presents the reference, intermediate and current configurations with
deformation tensors and magnetic vectors.
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Figure 3-5. Schematic diagram of the finite strain GMM-based magneto-viscoelastic model.

Figure 3-6. Reference, intermediate and current configurations with deformation tensors and magnetic
vectors.

3.3.3

Constitutive Modelling of Nonlinear Magneto-viscoelasticity

Similar to the mechanical energy decomposition in Eq. 3-42, the total free energy  for
the incompressiable material case can be split into a volumetric part and of an isochoric
i

part. The isochoric part can be split more into a elastic part  e and inelastic parts  v . The
equation is as follows:
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N

Ω ( B , Be , b M , b vi )  Ωe ( B , b M )   Ωvi ( Be , b M ,b vi )  Ωvol ( J )
M

i

i

M

1

(3-56)

Where the elastic part of the free energy depends on the elastic part of the strain
tensor B and the ‘elastic’ magnetic induction b M , and the inelastic part of the free energy
i

depends on the inelastic part of the strain tensor Be and the ‘inelastic’ magnetic
M

induction b vi .

As discussion in one-dimensional modeling of magneto-viscoelastic with Payne effects at
small deformations 3.3.1, the internal variables pe and pvi in terms of the strain amplitude
dependence or magnetic field are introduced to represent the mechanical force-induced
Payne effect and magneto-induced Payne effect respectively. Applying same ideas into
the associated finite nonlinear magneto-viscoelastic model of MREs, both mechanical
force-induced Payne effect and magneto-induced Payne effect can be taken into
consideration for the amplitude-induced nonlinearities of MREs by a introduction of
internal state variables pe and pvi integrated in above model. The evolution equations are
introduced too for the intrinsic times of Payne effects to agree with the laws of
thermodynamics. Same as in 3.3.1, the internal variables p1e and p2 e are introduced as the
damage variables for the mechanical elastic part and magnetic elastic part, and the
internal variables p1vi and p2 vi are introduced as the damage variables for the mechanical
viscoelastic part and magnetic viscoelastic part in magneto-viscoelasticity of MREs. p1e is
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set to be 1, which is neglected in the following. Therefore, the internal
variables p2 e , pvi and p2 vi for Payne effects are integrated into the total free energy
function 3-56 as:
N

Ω ( B , Be , b M , b vi , p2 e , p1v , p2 v )  Ωe ( B , b M , p2 e )   Ωvi ( Be , b M ,b vi , p1v , p2 v )  Ωvol ( J )
i

M

i

M

1

(3-57)

Since Ω , Ωe and Ωvi are functions of independent thermodynamic variables, the time
i
derivative Ω is deduced as follows, after assuming the inelastic strain tensor Bv and
M

non-equilibrium magnetic induction b vi are independent from each other:

N
N
N
Ω
Ω
Ω
Ω
Ω
Ωvi  M
i
Ω  ( e : B  Me  b M  e  p 2 e )  ( vii : B e   Mvi  b M  
 b vi 
M
B
b
p2 e

b

B

b vi
1
1
1
e
N
Ωvi
Ω
Ω


p

1 p 1v 1 p vi  p 2v )  Jvol  J
1v
2v
N

 (( B 
N

N
N
Ωe Ωe
Ω
Ω
Ω vol
i Ω
i
i Ω
i
oi

 B )  （ Be  vii  vii  Be ）J
I ) : D  2 ( Ve  vii  Ve ) :Dv  Me  b M 
B B
J
b
 Be  Be
 Be
1
1

N
N
Ωvi  M N Ωvi  M Ωe
Ω
Ω
 b 
 b vi 
 p 2 e   vi  p 1v   vi  p 2 v
M
M
p2 e
1 b vi
1 p1v
1 p 2 v

 b
1

(3-58)
i
In Eq.3-58, the following equations of time derivatives B , B e and J are deduced and

substituted:
  L  B  B  LT
B

(3-59)
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i
i
i
i
i
i
B e  L  Be  Be  LT  2 Fe  Dv  Fe
i

i

i

oi

 L  Be  Be  LT  2Ve  Dv  Ve

(3-60)

i

J  JTr ( D )  JD : I
i

i

Where Fe  Ve  R e

(3-61)
i

with Ve

i

denoting the pure elastic isochoric strain tensor

1
1
i
i
iT
i
and R e denoting the rigid body rotation tensor. Lv i  F v i  Fv i and Dv  ( Lv  Lv ) are
2
oi

the counterparts of L and D for inelastic isochoric strain tensor. Dv denotes the Eulerian
objective

measurement
oi

i

of

i

the

isochoric

inelastic

strain

rate

and

has

the

i

relation Dv  R e  Dv  R e .
By substituting Ω , the total Clausius Duhem inequality function 3-55 is rewritten as:
N
N
Ωe Ωe
Ω
Ω
Ω
i Ω
i

 B )   ( Be  vii  vii  Be )  pI ) : D  (h M  Me   Mvi )  b M 
B B

b

b

B

B
e
e
1

 1

  (  ( B 



0

bM

Ωvi  M Ωe
Ω
Ω
i Ω
i
oi
2 ( Ve  vii  Ve ) :Dv  
 b vi 
 p 2 e   vi  p 1v   vi  p 2 v  0
M
p e
p1v
p v
B
1 b vi
1
12

1e
 
 2
N

N

vis

N



N

 payne

bvi M

(3-62)
Since each thermodynamical part in the inequality function is independent from each
other, each part is required to be positive dependently: 0  0 , b  0 , vis  0 ,
M

b

vi

M

 0 and  payne  0 , which is a usual approach of assumption to ensure the inequality

function can be verified. The mechanical irreversibility as assumed here, so it can be
stated that 0  0 and b  0 . Therefore, the following constitutive equations and
M

complementary laws need to be satisfied to the total Clausius Duhem inequality:
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N

0  0 : σ  σ e   σ vi  σ vol i
i 1

Ωe Ωe

 σ e  B  B  B  B

Ω
i Ω
i
with σ vi  Be  vii  vii  Be
 Be  Be

σ vol   pI


b  0 : h M 
M

Ωe N Ωvi

i
b M 1 b M

N

vis  0 : 2 ( Ve i 
1

b

N

vi

M

 0: 
1

 payne  0 : 

3.3.4
In

(3-63)

(3-64)

Ωvi
i
oi
 Ve ) :Dv  0 i
i
 Be

(3-65)

Ωvi  M
 b vi  0 i
M
b vi

(3-66)

N
N
Ωe
Ω
Ω
 p 2 e   vi  p 1v   vi  p 2 v  0 i
p2 e

p
1
1 p 2 v
1v

(3-67)

Constitutive Laws of Nonlinear Magneto-viscoelasticity

order

to

obtain

numerical

solutions

to

the

deformation

problems

of

magneto-viscoelastic materials, the free energy functions of the elastic part  e and
i

inelastic parts  v are specialized in this section. The evolution equations for the elastic
M
strain tensor Be and non-equilibrium magnetic induction b vi are derived which will

satisfy the thermodynamic laws of the total Clausius Duhem inequality. The internal
variables p2 e , pvi and p2 vi are integrated into the free energy functions and associated
evolution equations agree with the laws of thermodynamics, in order to take both
mechanical force-induced Payne effect and magneto-induced Payne effect into account in
the proposed constitutive laws of nonlinear magneto-viscoelasticity of MREs.
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3.3.4.1 Specialized Energy Functions
(i) Equilibrium Part of Energy Function
The magneto-viscoelastic material is considered to be isotropic here. Firstly, the
equilibrium contribution of energy functions without taking into account the Payne
effects is specialized. In this case, for the equilibrium contribution of energy functions,
the classic Mooney-Rivlin magnetoelasticity form is chosen as follows, which is similar
to the energy functions in Otténio et al., 2008 and Saxena et al., 2013. The equilibrium
part of energy depends on the strain tensor B and the magnetic induction vector b M .
e (B, b M ) 

e
4


I4 
1   e tanh( )[1  n][ I1  3]  [1  n][ I 2  3]  qe I 4  re I 5
me 


(3-68)

Where  e is related to the modulus Ge of the material when magnetic field doesn’t
exist, n is a dimensionless parameter and chosen  1  n  1 for the classical
Mooney-Rivlin model. The function [1   e tanh( I 4 me )] is chosen to consider the increase
of modulus due to magnetization and also the magnetic saturation phenomenon when
magnetization meets a critical value, in which me has the dimension of T2 and  e is a
dimensionless positive parameter. The principal invariants I1 , I 2 and I 3 are functions
of B and I 4 , I 5 and I 6 are functions of B and b M , which are defined by (see Dorfmann and
Ogden, 2003 and 2004):
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2
1 2
I1  B : I, I 2  [ I1  B 2 : I ], I 4  [b M  b M ] : I  b M
2
M
M
I 5  ( B b )  b , I 6  [ B b H ]  [ B b H ] : I  ( B 2b M )  b M





(3-69)

I 3  det B  J 2  1 in the incompressible case which is assumed before.

In Eq. 3-68, qe and re have the dimensions of 1 /  0 and are defined as the magnetoelastic
coupling parameters (Otténio et al., 2008). re is set to be positive in the case of MREs.
When  e  qe  re  0 , the Eq. 3-23 can be able to degenerate to the strain energy of the
Mooney-Rivlin hyperelasticity model, which is widely used to describe the elastic
behavior of elastomers.  is tensorial product ( a  b  ai b j ).

Motivated by the introduction of internal variables pi into modulus Gi for
one-dimensional magneto-viscoelastic model, the internal variables p2 e are introduced in
Eq. 3-68 to consider the magneto-induced Payne effect. The internal variable p1e in terms
of mechanical force-induced Payne effect is neglected since the strain amplitude can't
affect the mechanical elastic part of material. Therefore, it has:

e
[1  n][ I1  3]  [1  n][ I 2  3] 
4


I
p2 e  e  e tanh( 4 )[1  n][ I1  3]  [1  n][ I 2  3]  qe I 4  re I 5 
me
 4


e (B, b M ) 

e
[1  n][ I1  3]  [1  n][ I 2  3] 
4


I
p2 e  e  e tanh( 4 )[1  n][ I1  3]  [1  n][ I 2  3]  qe [b M  b M ] : I  re ( B b M )  b M 
me
 4




(3-70)
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(ii) Non-equilibrium Part of Energy Function
For the non-equilibrium contribution of energy functions, the simplified classic
Mooney-Rivlin type form is chosen, which is similar to the energy function of
equilibrium energy function.  e  0 and n  1 in the non-equilibrium contribution for a
simplification. The non-equilibrium part of energy depends on the elastic part of the
M

i

M

strain tensor Be and the ‘elastic’ part of magnetic induction vector b ei  b M  b vi in each
dissipative branch of GMM.
M

i

M

i

M

Ωvi ( Be , b M ,b vi )   vi [ Be : I  3]  qv [[b M  b vi ]  [b M  b vi ]] : I
M

i

(3-71)

M

 rv ( Be [b M  b vi ])  [b M  b vi ]

Where qv and rv have the dimensions of 1 /  0 and are the counterparts of qe and re in
non-equilibrium part. rv is set to be positive too in the case of MREs. When qv  rv  0 , the
Eq. 3-68 can be able to degenerate to the strain energy of the Neo-Hookean model, which
is often used for the dissipative behavior of elastomers.

Motivated by the introduction of internal variables pi into modulus Gi for
one-dimensional magneto-viscoelastic model, the internal variables p1v and p2 v are
introduced in Eq. 3-71 to consider the mechanical force-induced Payne effects and
magneto-induced Payne effects in MREs, respectively. Therefore,
M

i

M

i

M

Ωvi ( Be , b M ,b vi )  p1v (  vi [ Be : I  3])  p2 v (qv [[b M  b vi ]  [b M  b vi ]] : I
i

M

M

 rv ( Be [b M  b vi ])  [b M  b vi ])
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(3-72)

3.3.4.2 Specialized Evolution Equations
Following the specialized definitions of the energy functions, the evolution equations of
M
internal variables pi , non-equilibrium part of magnetic induction vector b vi and the
i

equilibrium part of strain tensor Be are specialized in this section.
(i) Internal Variables of Payne Effects
Since the internal variables p2 e are introduced as the damage variable for magnetic elastic
part, and the internal variables p1vi and p2 vi are introduced as the damage variables for the
mechanical viscoelastic part and magnetic viscoelastic part in magneto-viscoelasticity of
MREs. Therefore,
0  pi  1

(3-73)

The initial value of pi is set to be 1, which represents no breakage condition for the
filled-polymer network or magnetic filler network. When the deformation is applied, the
damage variables monotonically decrease to a positive value depending on the strain and
magnetic induction. In the case of the strain energy I1 ( B )  0 , all the damage
variables p2 e , p1vi and p2 vi tend to be 1, which means these three damage variables can be
assume to be inversely proportional to the strain (strain amplitude in uniaxial case and
M
 0 , the
strain energy in multiaxial case). In the case of magnetic induction I（
4 B, b ）

damage variable p2 e and p2 vi tend to be 1, which means these two damage variables can be
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assume to be inversely proportional to the magnetic induction.

Based on equilibrium and non-equilibrium part of the energy function and with Payne
effect, the equations can be deduced as:
Ωe e
I
  e tanh( 4 )[1  n][ I1  3]  [1  n][ I 2  3]  qe [b M  b M ] : I  re ( Bb M )  b M  0
p2e
4
me

(3-74)

Ωvi
i
  vi [ Be : I  3]  0
p1v

(3-75)

Ωvi
M
M
i
M
M
 qv [[b M  b vi ]  [b M  b vi ]] : I  rv ( Be [b M  b vi ])  [b M  b vi ]  0
p2v

(3-76)

Which leading to the following sufficient condition to satisfy the thermodynamic
complementary law  payne  0 :
p 2e  0, p1v  0 and p 2v  0

(3-77)

Moreover, it has been observed and reported that several cycles are needed for material to
stabilize after a constant deformation, which represents the Payne effects exhibit
characteristic times. Therefore the evolution of pi is assumed to be described by a
relaxation process with evolution equation.

Thus, to meet above requirements and assumptions of damage variables and Payne
effects’ features, the specialized evolution equations of the internal variables pi are chosen
in the form of:

p 2e  

1

 p 2e

1
rp 2 e
p2 e  (
)
s p 2e
t
M
1  ( I1 ( B )) ( I（b
）
) p 2e
4
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(3-78a)

p1vi  

1

 p1vi

p 2vi  

1

 p 2vi

1
r
p1vi  (
) p1vi
s p1vi
1  ( I1 ( B ))

(3-78b)

1
r
p2vi  (
) p 2 vi
s p 2 vi
M t p 2 vi
1  ( I1 ( B )) ( I（b
）
)
4

(3-78c)

To be noted that, in this study the internal variables pi are assumed not depending on the
applied strain rate and the temperature effect is neglected.  denotes the Macauley
brackets ( f  f if f  0 and f  0 elsewhere),  i is a relaxation time to describe the
amplitude-dependent damage process of filled-polymer network or magnetic filler
network. ri , si and ti are positive.

(ii) Non-equilibrium Part of Magnetic Induction Vector
In order to satisfying the thermodynamic complementary law b  0 ,the following
vi

M

evolution equation are chosen for the non-equilibrium part of magnetic induction
M

vector b vi :
 2
 Ωvi
M
i
M 
b vi   0
 p2 v  0 [qv I  rv Be ][b M  b vi ] 
M
Tm b vi
 Tm


(3-79)

The evolution equation is then modified as follows, which still satisfying the
thermodynamic constraint. The Payne effect parameter p2v is neglected for a
simplification.
2
M
i
M
b vi  0 [qv I  rv Be ][b M  b vi ]
Tm

(3-80)
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Where Tm is the specific relaxation time for the non-equilibrium part of magnetic
induction, which is of the order of milliseconds in the case of MREs.

(iii) Equilibrium Part of Mechanical Elastic Strain Tensor
i

For the evolution equation of the mechanical elastic strain tensor Be , the Eulerian
oi

objective measurement of the isochoric inelastic strain rate Dv needs to be specialized to
satisfy the thermodynamic complementary equation vis  0 . vi denotes the viscous
dissipation potential, which has the relation:
oi

 vi ( Dv )
i Ω
i
 2[ Ve  vii  Ve ]
oi
 Dv
 Be

(3-81)

Meanwhile, in Eulerian description, the relation of vi and σvi is written as:
oi

vi ( Dv )
 σvi
oi
Dv

(3-82)

Then, it has:
oi

 vi ( Dv )
Ω
i Ω
i
i Ω
i
 2[ Ve  vii  Ve ]  [ Be  vii  vii  Be ]  σ vi
oi
 Dv
 Be
 Be  Be

(3-83)

oi
The pseudo-potential of viscous dissipation is taken for Dv for viscous dissipation of

elastomers:
vi ( Dv oi ) 

i
2

oi

oi

 Dv : Dv 

i
2

oi 2

(3-84)

tr ( Dv )

oi

 vi ( Dv )
oi
  i Dv  σ vi
oi
 Dv

(3-85)

Thus, the complementary equation is satisfied:
N

vis  2 ( Ve i 
1

N
2
Ωvi
i
oi

V
)
:
D

 i Dv oi  0

e
v
i
 Be
1
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oi

 vi ( Dv )
Ω
i Ω
i
i Ω
i
 2[ Ve  vii  Ve ]  [ Be  vii  vii  Be ]  σ vi
oi
 Dv
 Be
 Be  Be
i

oi

i

i

2Ve  Dv  Ve  2Ve  (

 vi
i
)  Ve
i
1

i

 2Ve  (

i
1

i

 2Ve  (

i

i

( Be 

Ωvi Ωvi
i
i

 Be ))  Ve
i
i
Be Be
M

i

i

(3-86)

M

i

M

M

(2vi Be  rv (b ei  [ Be b ei ]  [ Be b ei ]  b ei )))  Ve

i

Taking into account the Payne effect:
i

oi

i

i

2Ve  Dv  Ve  2Ve  (

1

i

M

i

i

M

M

i

M

(2 p1v vi Be  p2v rv (b ei  [ Be b ei ]  [ Be b ei ]  b ei )))  Ve

i

(3-87)

By inserting into 3-60, the evolution equation of the mechanical elastic strain
i

tensor Be with Payne effects then can be obtained:
i
i
i
B e  L  Be  Be  LT
i

 2Ve  (

1

i

i

M

i

M

i

M

M

(2 p1v  vi Be  p2 v rv (b ei  [ Be b ei ]  [ Be b ei ]  b ei )))  Ve

i

(3-88)

3.3.4.3 Calculations of Stress and Magnetic Field
(i) Calculation of Stress
From Eq. 3-63, equilibrium part of stress σ e is given as:
σe  B 

Ωe Ωe

B
B B

(3-89)

Since
Ωe  e

I
 [[1  n]I  [1  n][ I1I  B ]  p2 e e  e tanh( 4 )[[1  n]I  [1  n][ I1I  B ]]
B
4
4
me
 p2 e reb M  b M

(3-90)
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The equilibrium part of stress σ e can be formulated as:
σe 

e

I
[[1  n]B  [1  n][ I1B  B 2 ]]  p2 e e  e tanh( 4 )[[1  n]B  [1  n][ I1B  B 2 ]] 
2
2
me

p2 e re (b M  [ B b M ]  [ B b M ]  b M )

(3-91)
The non-equilibrium part of stress σ vi is given as:
i

σ vi  Be 

Ωvi Ωvi
i

 Be
i
i
 Be  Be

(3-92)

Since
Ωvi
M
M
 2 p1v  vi   2 pvi rv [b ei ]  [b ei ]
i
 Be

The non-equilibrium part of stress σ vi in each branch can be formulated as:
i

M

M

i

i

M

M

σ vi  2 p1v  vi Be  p2 v rv ([b M  b vi ]  [ Be [b M  b vi ]]  [ Be [b M  b vi ]]  [b M  b vi ])

(3-93)

(ii) Calculation of Magnetic field
From the complementary law , the Lagrangian magnetic field h M is given as:
hM 

N
 e N  vi
M
M


h

h vi


e
M
M
b
i 1 b
i 1

(3-94)
M

The equilibrium part of magnetic field h e can be formulated as:
M

he 

e
I
[1  p2 e e tanh 2 ( 4 )][[1  n][ I1  3]  [1  n][ I 2  3]]b M  p2 e (2qeb M  2re B b M )
2me
me
(3-95)
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M

The non-equilibrium part of magnetic field h vi can be formulated as:
M

M

M

i

h vi  p2 v (2qv [b M  b vi ]  2rv Be [b M  b vi ])

3.3.5

(3-96)

Constitutive Model of Magneto-viscoelastic Material and Simulation Model

3.3.5.1 Constitutive Model of Magneto-viscoelastic Material
By combining constitutive equations with energy functions and evolution equations for
complementary laws, the complete relations of the constitutive model of finite nonlinear
magneto-viscoelasticity for materials like MREs are summarized . We have the following
set of equations:

Stress equations:
N

σ  σ e   σ vi  pI  ( B 
i 1

N
Ωe Ωe
Ω
i Ω
i

 B )   ( Be  vii  vii  Be )  pI
B B
 Be  Be
i 1

(3-97a)

Where
σe 

e

I
[[1  n]B  [1  n][ I1B  B 2 ]]  p2 e e  e tanh( 4 )[[1  n]B  [1  n][ I1B  B 2 ]] 
2
2
me

p2 e re (b M  [ B b M ]  [ B b M ]  b M )

(3-97b)
i

M

M

i

i

M

M

σ vi  2 p1v  vi Be  p2 v rv ([b M  b vi ]  [ Be [b M  b vi ]]  [ Be [b M  b vi ]]  [b M  b vi ])

(3-97c)
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Magnetic field equations:
hM 

N
 e N  vi
M
M


h

h vi


e
M
M
b
i 1 b
i 1

(3-98a)

Where
M

he 

e
I
[1  p2 e e tanh 2 ( 4 )][[1  n][ I1  3]  [1  n][ I 2  3]]b M  p2 e (2qeb M  2re B b M )
2me
me
(3-98b)

M

M

M

i

h vi  p2 v (2qv [b M  b vi ]  2rv Be [b M  b vi ])

(3-98c)

M

M

(The non-equilibrium magnetic field h vi will evolve to 0 when b ei  b M  b vi

M

tending

to 0.)

Evolution equations:

p 2e  
p1vi  

1

1
rp 2 e
p2 e  (
)
s p 2e
t
M
1  ( I1 ( B )) ( I（b
）
) p 2e
4

 p 2e
1

 p1vi

p 2vi  

(3-99a)

1
r
p1vi  (
) p1vi
s p1vi
1  ( I1 ( B ))

(3-99b)

1
r
p2vi  (
) p 2 vi
s p 2 vi
M t p 2 vi
1  ( I1 ( B )) ( I（b
）
)
4

(3-99c)

1

 p 2vi

2
M
i
M
b vi  0 [qv I  rv Be ][b M  b vi ]
Tm

(3-100)

i
i
i
B e  L  Be  Be  LT
i

 2Ve  (

1

i

i

M

i

M

i

M

M

(2 p1v  vi Be  p2 v rv (b ei  [ Be b ei ]  [ Be b ei ]  b ei )))  Ve
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i

(3-101)
To calculate the stress Eq. 3-97 and magnetic field Eq. 3-98, it is required to integrate
evolution equations 3-99, 3-100 and 3-101 first. The model doesn’t need to restore the
whole deformation history with remaining thermodynamical consistent. The whole
procedure to calculate this constitutive model is as follows:
(1) obtain the material parameters by identification process in next section from
material experiments,
M

(2) integrate Eq. 3-99 and 3-100 to obtain pi and b vi in each time step,
i

(3) insert pi into Eq. 3-101 to obtain Be in each time step,
(4) plug the solution of equation 3-99, 3-100 and 3-101 into Eq. 3-97 and Eq. 3-98 to
finally obtain material’s equilibrium and non-equilibrium part of stress as well as
equilibrium and non-equilibrium part of magnetic field.

3.3.5.2 Simulation Model
The

complete

relations

magneto-viscoelasticity

have

of

the
been

constitutive
combined

and

model
the

of

finite

constitutive

nonlinear
model

of

magneto-viscoelastic material has been simulated by using Matlab/Simulink model with
program. The equilibrium and non-equilibrium part of stress, then, can be solved by the
Matlab/Simulink model with program.
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The Matlab/Simulink model with N  10 dissipative branches are demonstrated in Figure
3-7.

Figure 3-7. The Matlab/Simulink model of nonlinear constitutive magneto-viscoelastic model.
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Figure 3-8 presents the Matlab/Simulink blocks of evolution equation of Payne effects pi .

Figure 3-8. The Matlab/Simulink blocks of evolution equation of Payne effects.

Figure 3-9 presents the Matlab/Simulink blocks of evolution equation of non-equilibrium
M

part of magnetic induction vector b vi .

Figure 3-9. The Matlab/Simulink blocks of evolution equation of non-equilibrium part of magnetic
induction vector.

Figure 3-10 presents the Matlab/Simulink blocks of evolution equation of equilibrium
122

i

part of mechanical elastic strain tensor Be .

Figure 3-10. The Matlab/Simulink blocks of evolution equation of equilibrium part of mechanical elastic
strain tensor.

Figure 3-11 presents the Matlab/Simulink blocks of calculation of non-equilibrium part of
stress σ vi .

Figure 3-11. The Matlab/Simulink blocks of calculation of non-equilibrium part of stress.
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Figure 3-12 presents the Matlab/Simulink blocks of calculation of total stress σ .

Figure 3-12. The Matlab/Simulink blocks of calculation of total stress.

3.3.6

Material Parameters Identification and Simulation Results

3.3.6.1 Material Parameters Identification
In order to solve engineering problems with respect to MREs, the following material
parameters identification processes is carried out for the parameters in the developed
constitutive model of finite nonlinear magneto-viscoelasticity. The identification is based
on the test results of shear storage modulus G ' and shear loss modulus G ' ' under frequency
domain which obtained in Chapter 2.

(i) Simple Shear of Nonlinear Constitutive Model
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The MREs specimens are assumed to be incompressible. Moreover, for each tested MREs
specimen, it is assumed that the stresses (deformation gradients F ) are homogeneous in
the whole specimen under the shear test.
In the case of incompressible material, it has:
F  ( J 1/ 3 )F  F

(3-102)

The deformation gradient tensor and left Cauchy Green tensor under simple shear case,
then, can be written as:
1  0 
F  F  0 1 0
0 0 1

1   2

and B  B   
 0


 0

1 0
0 1

(3-103)

Where  is shear strain, which is specified to be the ratio between the shear displacement
applied on the MREs specimen and thickness of the specimen (   u d / hd ) for each
MREs specimen under DMA shear tests in Chapter 2 as shown in Figure 3-13.

Figure 3-13. The shear strain of MREs specimens for shear tests.

In DMA shear tests, the external magnetic fields induced by the permanent magnets were
perpendicular to the direction of applied shear displacement. Thus, the magnetic
induction has the value:
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M

M

M

B 2  B 3  0, B1  B M11

(3-104)

Thus, the Lagrangian and Eulerian magnetic induction is as follows:
 B M11 


BM   0 
 0 



 B M11 


bM  F  BM   0 
 0 



(3-105)

By substituting B and b M in Eq. 3-97, the equations can be obtained:

 e12   e  p2 e (  e e tanh(
i

2

B M 11
2
)  re B M 11 )
me

 vi12  2  vi p1v Be12  p2 v rv Be

M

11

2

Be12

(3-106a)

i

(3-106b)

It is noted that the shear component  12 of stress tensor σ doesn’t depend on the
hydrostatic pressure p , which need to be calculated by equilibrium equations and
boundary conditions in other type of deformation.

To be analogous to GMM,  e12 can be written like the elastic stress form of
one-dimensional model in 3.3.1:

 e  (  e  p2 e (  e e tanh(
12

2

B M 11
2
)  2re B M 11 ))
me

(3-107a)

 Ge finite 
Ge finite   e  p2 e (  e e tanh(

2

B M 11
2
)  2re B M 11 )
me

(3-107b)

Where Ge finite is the counterpart of Ge in finite nonlinear magneto-viscoelastic model,  e is
2

me

2

analogous to Ge ( ) and p2 e (  e e tanh( B M 11 / me )  2re B M 11 ) is analogous to
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p2 e

mag

( , B)Ge

mag

( , B) .

Similarly,  vi12 can be written as:

 vi  (2  vi p1v  p2 v rv Be M 112 ) Be12 i

(3-108a)

12

 (2  vi p1v  p2 v rv Be
Gvi finite  2  vi p1v  p2 v rv Be

M

M

11

11

2

)(   ini )

2

(3-109b)

i
Where Be12     ini and Gvi finite is the counterpart of Gvi in finite nonlinear

me
me
magneto-viscoelastic model, 2  vi p1v is analogous to the term of p1vi ( )Gvi ( )

and p2 v rv Be

M

11

2

is analogous to the term of p2vi

mag

( , B)Gvi

mag

( , B) .

In order to simplify the identification process based on DMA tests, time-dependent
evolution processes of Payne effects are neglected. The ‘elastic’ magnetic induction
vector Be

H

11

is assumed equal to B H 11 . The internal variables p2 e , p1vi and p2 vi are modified

and replaced by their stationary values specific to simple shear case:

1
rp 2 e
p2 e  (
)
2
t
p 2e
2s
1   p 2e bM

(3-110a)

1
r
p1vi  (
) p1vi
2 s p1vi
1 

(3-110b)

1
r
p2 v  (
) p 2 vi
2
t
p
2
vi
2 s p 2 vi
1 
bM

(3-110c)

Then the stationary responses of the shear storage modulus and loss modulus of finite
nonlinear magneto-viscoelastic model under frequency domain are calculated as follows.
Shear storage modulus G ' finite ( ) , shear loss modulus G ' ' finite ( ) and shear loss
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factor tan  finite have the following relations, which are similar to one-dimensional GMM:
N

G ' finite  Ge finite   Gi ' finite
1

2

N
B M 11
2
 (  e  p2 e (  e e tanh(
)  2re B M 11 ))   Gi ' finite
me
1

 (e  (

1
1 

2s p 2e

r

bM

) p 2 e (  e e tanh(
2t p 2 e

(3-111)

2

N
B M 11
2
)  2re B M 11 ))   Gi ' finite
me
1

N

G ' ' finite   Gi ' ' finite

(3-112)

1

Where,
Gi ' finite 

2 p

1vi

 vi  p2 vi rv B M 112







1
2
1   2 2 2  2 p1vi  vi  p2 vi rv B M 11
 4  i  vi 



2



1
1
rp 1vi
rp 2 vi

M 2
2
(
)


(
)
r
B
11
vi
v
2 t p 2 vi
 1   2 s p1vi

2s
1   p 2 vi b M



2




1
1
1
r
r

2
1   2 2 2  2(
) p1vi  vi  (
) p 2 vi rv B M 11 
2 s p 1vi
2 t p 2 vi
2 s p 2 vi
M
4



1



1 
b
i
vi 








2
 1 

 2 P2vi  vi  P2vi rv B M 112
2 i  vi 
Gi ' ' finite  


1
2
1   2 2 2  2 P2vi  vi  P2vi rv B M 11
4



i
vi 








2

 1 
1
1
r

 2(
) p1vi  vi  (
2 s p1vi
2
s
p
2
vi
 2 i  vi  1  
1 
bM

2 t p 2 vi



1
1
1
r

1   2 2 2  2(
) p1vi  vi  (
2 s p1vi
2 s p 2 vi
1 
bM
 4  i  vi  1  

tan  finite 

With i 

(3-113)

G ' ' finite

)

rp 2 vi

2 t p 2 vi

)

rv B

rp 2 vi

M

11

rv B

2






M

2

11

2

(3-114)





2

(3-115)

G ' finite

i
2vi

(3-116)
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(ii) Parameter Identification and Evaluation
According to the DMA tests of MREs specimens from Chapter 2, the curves of shear
storage modulus G ' ( ) , shear loss modulus G ' ' ( ) as well as shear loss factor tan  have
been obtained under different strain amplitudes, excitation frequencies and magnetic flux
densities. In order to identify the parameters of the nonlinear constitutive model, The
differences between the tests and the proposed model needs to be minimized.

The same least-square method is used to fit the curves G ' ( ) and G ' ' ( ) simultaneously
to identify the parameters. By minimizing the following function (same as Eq. 3-18)
which represents the normalized square errors between experimental and model’s curves,
the best-fit parameters can be obtained:
 G ' Fitting ( k )  2  G ' ' Fitting ( k )  2 
Err   
 1  
 1 
G ' 'Test ( k )
k 1  G 'Test ( k )


 

n

(3-18)

To evaluate the correlations between the model and experiment, standard deviation of
errors (similar to Eq. 3-19 and 3-20) for storage modulus and loss modulus are introduced
and calculated as follows:

ErrG ' 

1



（ndata - 1）i , j

(G 'Test ( i ,  j )  G ' Fitting ( i ,  j )) 2
(G 'Test ( i ,  j )) 2
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(3-117)

ErrG '' 

1



(G ' 'Test ( i ,  j )  G ' 'Fitting ( i ,  j )) 2

（ndata - 1）i , j

(G ' 'Test ( i ,  j )) 2

(3-118)

Where  i and  j denotes different dynamic strain amplitudes and excitation frequencies
respectively and ndata represents the total number of data used in the identification.

The relaxation times  i   i / 2  vi are specified to cover the interested frequency range.
The number of dissipate branches N is chosen as 11 and the viscosity parameter has the
following relationship, which is analogous to Eq. 3-21:

i  2 10(i 7 ) / 2 vi (i  1,...,11)

(3-119)

The parameter identification processes are mainly divided into two parts for the proposed
model. Process 1 is the identification of parameters for mechanical viscoelasticity and
Process 2 is the identification of parameters for magnetic viscoelasticity. The processes of
the parameter identification are summed up and presented in Figure 3-11. The parameter
identification is using Matlab nonlinear curve fitting toolbox to obtain each parameter for
the magneto-viscoelastic constitutive model of MREs.

During Process 1, by utilizing the MREs’ DMA testing results of the changing shear
storage modulus and shear loss modulus without magnetic field in Chapter 2 the
parameters related to the mechanical viscoelasticity can be identified.
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First, the test results under small strain amplitude 0.3% are utilized. When strain
amplitude is small enough (   0 ) and there is no external magnetic field ( B M11  0 ) ,
the shear storage modulus and shear loss modulus can be assumed to be expressed as
below based on Eq. 3-80 to 3-86, which is similar to the modulus of linear GMM:
N

G ' finite  Ge finite   Gi ' finite
1

N

  e   Gi ' finite

(3-120a, b)

1

N

G ' ' finite   Gi ' ' finite
1

Where,
2

 2  i (2  vi )
Gi ' finite 
2
 2 i  1
Gi ' ' finite 

(3-120c)

 i (2  vi )
2
 2 i  1

(3-120d)

Table 3-5. Identified parameters μe (MPa) and μvi (MPa) and corresponding ρi (s).

Then, the values of  e and  vi in Eq. 3-120 can be identified by minimizing the
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least-square method equation 3-18 and presented in Table 3-5. Figure 3-14 (a) and (b)
show the comparison of the test values and the fitting values of G ' finite ( ) and G ' ' finite ( ) .

(a)

(b)

Figure 3-14. The comparison of test shear modulus and fitting shear modulus vs. excitation frequency
under 0.3% strain amplitude in the absence of a magnetic field: (a) shear storage modulus G’ (Left–in
logarithmic scale. Right-in arithmetic scale) and (b) shear loss modulus G’’ (Left–in logarithmic scale.
Right-in arithmetic scale).

Table 3-6 shows the errors of shear storage and loss moduli between tests and fittings of
Process 1, Step 1. The fittings have a good correlation result with maximum errors 5.89%
and 3.02% for shear storage modulus and shear loss modulus, respectively. The
correlation of shear loss modulus is better the one of shear storage modulus. As shown in
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Fig. 3-14 (a), under small frequencies, the model underestimates the shear storage
modulus, while the model overestimates the shear storage modulus under large
frequencies.

Table 3-6. Standard Deviation of Error for Shear Storage and Loss Moduli
between Tests and Fittings of Process 1, Step 1.

At second step of Process 1, after identifying  e and  vi , the test results under different
strain amplitudes from 0.3% to 8.0% are utilized. When at external magnetic field off
state, under different strain amplitudes, the shear storage modulus and shear loss modulus
can be expressed as followings:
N

G ' finite  Ge finite   Gi ' finite
1

N

  e   Gi ' finite

(3-121a, b)

1

N

G ' ' finite   Gi ' ' finite
1

Where,
2(
Gi ' finite 

1
1 

2 s p 1vi

r

) p1vi  vi




1
1
r
1   2 2 2  2(
) p1vi  vi 
2 s p 1vi

 4  i  vi  1  

(3-121c)

2
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2


 1 
1
r

 2(
) p1vi  vi 
2 s p1vi
2 i  vi  1  

Gi ' ' finite  
2



1
1
rp1vi
1   2 2 2  2(
)  vi 
2 s p1vi

 4  i  vi  1  

(3-121d)

Based on Eq. 3-121 and least-square method equation 3-18, the values of rp1vi and s p1vi can
be identified and presented in Table 3-7, which are the parameters of p1vi to describe the
mechanical viscoelastic part of mechanical force-induced Payne effect as shown in Eq.
3-80. Figure 3-15 and 3-16 show the comparison of the changing trends of test values and
the fitting values of G ' finite ( ) and G ' ' finite ( ) under different strain amplitude and
excitation frequency.
Table 3-7. Identified parameters rp1v1 and sp1v1.

(a)
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(b)

Figure 3-15. The comparison of test shear modulus and fitting shear modulus vs. excitation frequency
under strain amplitude 0.3%, 1.0%, 3.0% and 8.0% in the absence of a magnetic field: (a) shear storage
modulus G’ (Left–in logarithmic scale. Right-in arithmetic scale) and (b) shear loss modulus G’’ (Left–in
logarithmic scale. Right-in arithmetic scale).

(a)

(b)

Figure 3-16. The comparison of test shear modulus and fitting shear modulus vs. strain amplitude under
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excitation frequency 0.1 Hz, 1.0 Hz, 10 Hz and 100 Hz in the absence of a magnetic field: (a) shear storage
modulus G’ (Left–in logarithmic scale. Right-in arithmetic scale) and (b) shear loss modulus G’’ (Left–in
logarithmic scale. Right-in arithmetic scale).

Table 3-8 shows the errors of shear storage and loss moduli between tests and fittings of
Process 1, Step 2. The fittings seem consistent with the test results. However, when the
excitation frequencies is equal or less than 1 Hz, the fitting shear storage modulus G’ are
lower than the test results, which can be seen in Fig. 3-16 and 3-17. The reason of this
phenomenon can be explained that the MREs specimens have the quasi-static viscoelastic
characteristics when under very low excitation frequencies, which causes a relatively big
error for this model with largest error 8% at 0.3 Hz frequency.

Table 3-8. Standard Deviation of Error for Shear Storage and Loss Moduli
between Tests and Fittings of Process 1, Step 2.

During Process 2, the MREs’ DMA testing results of the changing shear storage modulus
and shear loss modulus under different external magnetic field as well as strain amplitude
in Chapter 2 are used for the identification of the rest parameters which are related to the
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magnetic viscoelasticity of materials.
At first step of Process 2, the test results under 0.3% strain amplitude with different
external magnetic fields are utilized. When strain amplitude is small enough (   0 ), the
shear storage modulus and shear loss modulus can be assumed to be expressed as shown
below:
2

N
B M 11
2
G ' finite  (  e   e e tanh(
)  2re B M 11 )   Gi ' finite
me
1
N

G ' ' finite   Gi ' ' finite

(3-122a, b)

1

Where,
Gi ' finite 
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2
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2
1   2 2 2  2  vi  rv B M 11
 4  i  vi 
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(3-122c)
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2
 1 

 2 vi  rv B M 112
2 i  vi 
Gi ' ' finite  


1
2
1   2 2 2  2 vi  rv B M 11
4



i
vi 




(3-122d)



2

Then, the values of re , rv ,  e and me are identified and presented in Table 3-9. Figure
3-17 (a) and (b) show the comparison of the DMA test values and the fitting values
of G ' finite ( ) and G ' ' finite ( ) under 0.1% strain amplitude with different excitation
frequency. The values of n  1 , qe  re , qv  rv and the values of re and rv can also be
assumed within reasonable physical values in Otténio et al., 2008 and Saxena et al., 2013.
In this study, the values of re and rv are based on and identified by the values from testing.
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Table 3-9. Identified parameters re, rv, αe and me.

(a)

(b)

Figure 3-17. The comparison of test shear modulus and fitting shear modulus vs. excitation frequency
under magnetic field 0 T, 0.20 T and 0.35 Hz at 0.3% strain amplitude: (a) shear storage modulus G’
(Left–in logarithmic scale. Right-in arithmetic scale and (b) shear loss modulus G’’ (Left–in logarithmic
scale. Right-in arithmetic scale).

Table 3-10 shows the errors of shear storage and loss moduli between tests and fittings of
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Process 2, Step 1. The fittings seem consistent with the test results, except in some load
cases under very small and very large frequencies. For most case as shown in Fig. 3-17,
under small frequencies, the model underestimates the shear storage modulus, while the
model overestimates the shear storage modulus under large frequencies. Under most
frequencies, the model underestimates the shear loss modulus.

Table 3-10. Standard Deviation of Error for Shear Storage and Loss Moduli
between Tests and Fittings of Process 2, Step 1.

At second step of Process 2, by utilizing the test results under different strain amplitude
and different external magnetic field, the shear storage modulus and shear loss modulus
can be expressed as followings to identify rp 2e , s p 2e , t p 2e and rp 2vi , s p 2vi , t p 2vi , which are
presented in Table 3-11. They are the parameters of the internal variables p2 e and p2 vi to
describe the magnetic viscoelastic part of magneto-induced Payne effect.

G ' finite  (  e  (

1
1 

2s p 2e

r

bM

) p 2 e (  e e tanh(
2t p 2 e

N

G ' ' finite   Gi ' ' finite

2

N
B M 11
2
)  2re B M 11 ))   Gi ' finite
me
1

(3-123a)

(3-123b)

1
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Table 3-11. Identified parameters rp2e, sp2e, tp2e and rp2vi, sp2vi, tp2vi.
rp2e

rp2v1

rp2v2

rp2v3

rp2v4

rp2v5

rp2v6

rp2v7

rp2v8

rp2v9

rp2v10

rp2v11

2.1260 2.4220 2.1130 8.7590 1.4690 4.2860 4.4890 2.5110 1.1250 7.4950 2.6660 2.5940
E+01

E+01

E+02

E+01

E+02

E+01

E+01

E+01

E+02

E+01

E+01

E+02

sp2e

sp2v1

sp2v2

sp2v3

sp2v4

sp2v5

sp2v6

sp2v7

sp2v8

sp2v9

sp2v10

sp2v11

3.4860 4.8830 7.8000 8.6350 7.8300 5.8650 5.7950 4.5700 2.6015 5.5600 5.6500 2.9705
E-01

E-01

E-01

E-01

E-01

E-01

E-01

E-01

E-01

E-01

E-01

E-01

tp2e

tp2v1

tp2v2

tp2v3

tp2v4

tp2v5

tp2v6

tp2v7

tp2v8

tp2v9

tp2v10

tp2v11

1.3935 1.3640 2.9125 1.3285 1.3705 4.5775 1.3860 2.0820 9.7600 2.7385 1.0020 1.0700
E-07

E-07

E-04

E-02

E-05

E-05

E-04
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E-10

E-01

E-05

E-04

E+00

Table 3-12 shows the errors of shear storage and loss moduli between tests and fittings.

Table 3-12. Standard Deviation of Error for Shear Storage and Loss Moduli
between Tests and Fittings of Process 2, Step 2.

Figure 3-18 (a) - (d) present the comparison of the changing trends of test values and the
fitting values of test shear modulus and fitting shear modulus vs. excitation frequency
under strain amplitude 0.3%, 1.0%, 3.0% and 8.0% with 0.20 T and 0.35 T external
magnetic flux densities. As seen from Fig. 3-18 (a) and (c), the fittings of the shear
storage modulus are smaller than the test results under small frequencies and larger than
the test results under large frequencies. It can also be seen from Fig. 3-18 (b) and (d) that
the fittings of the shear loss modulus are smaller than the test results within the whole
range of strain amplitudes.
(a)

141

(b)

(c)

(d)

Figure 3-18. The comparison of test shear modulus and fitting shear modulus vs. excitation frequency
under strain amplitude 0.3%, 1.0%, 3.0% and 8.0% with 0.20 T and 0.35 T magnetic field (Left–in
logarithmic scale. Right-in arithmetic scale): (a) shear storage modulus G’ under 0.20 T, (b) shear loss
modulus G’’ under 0.20 T, (c) shear storage modulus G’ under 0.35 T and (d) shear loss modulus G’’ under
0.35 T.
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Figure 3-19 (a) - (d) present the comparison of the changing trends of test values and the
fitting values of test shear modulus and fitting shear modulus vs. strain amplitude under
excitation frequency 0.1 Hz, 1.0 Hz, 10 Hz and 100 Hz with 0.20 T and 0.35 T external
magnetic flux densities. It can be seen from Fig. 3-19 (a) and (c) that the fittings of the
shear storage modulus are smaller than the test results under small strain amplitudes for
most cases. The prediction accuracy of shear storage modulus under small frequencies
with the strain amplitudes less than 2% is lower than other cases, especially the cases
under 0.1 Hz. As seen from Fig. 3-19 (b) and (d), the fittings of the shear loss modulus
are smaller than the test results under small strain amplitudes. The prediction accuracy of
shear loss modulus with the strain amplitudes less than 1% is lower than other cases,
especially the cases under 100 Hz.

(a)
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(b)

(c)

(d)

Figure 3-19. The comparison of test shear modulus and fitting shear modulus vs. strain amplitude under
excitation frequency 0.1 Hz, 1.0 Hz, 10 Hz and 100 Hz with 0.20 T and 0.35 T magnetic field (Left–in
logarithmic scale. Right-in arithmetic scale): (a) shear storage modulus G’ under 0.20 T, (b) shear loss
modulus G’’ under 0.20 T, (c) shear storage modulus G’ under 0.35 T and (d) shear loss modulus G’’ under
0.35 T.
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Figure 3-20 (a) - (d) show the comparison of the changing trends of test values and the
fitting values of test shear modulus and fitting shear modulus vs. excitation frequency
under magnetic field 0 T, 0.20 T and 0.35 Hz at 0.3% strain amplitude. It can be seen
from Fig. 3-20 (a) and (c) that for all magnetic fields, the prediction accuracy of shear
storage modulus under small frequencies is lower than those under other frequencies. It
can also be seen from Fig. 3-20 (b) and (d) that the prediction accuracy of shear loss
modulus under large frequencies is lower than those under other frequencies.
(a)

(b)

Figure 3-20. The comparison of test shear modulus and fitting shear modulus vs. excitation frequency
under magnetic field 0 T, 0.20 T and 0.35 Hz at 0.3% strain amplitude: (a) shear storage modulus G’
(Left–in logarithmic scale. Right-in arithmetic scale) and (b) shear loss modulus G’’ (Left–in logarithmic
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scale. Right-in arithmetic scale).

Base on Table 3-15 to Table 3-17, the shear loss modulus exhibits relatively large error.
The maximum error 20.8% occurs in the case under 100 Hz frequency at 0.3 % strain
amplitude. It can also be noticed that the errors for the cases with magnetic field are
larger the case without magnetic field. One of reasons for causing large errors is that for
our case the parameter identification is using shear storage modulus G ' and shear loss
modulus G ' ' simultaneously. That means these two curve fittings use the same set of
parameters, which in turn causes troubles compared to fit only one set of data. Some
studies has discussed the relative difficulty of capturing both the storage and loss
modulus over a wide range of strain amplitudes and frequencies with the same set of
material parameters (Rendek and Lion, 2010; Höfer and Lion, 2009; Bergstrom and
Boyce, 1998), which may cause troubles to curve fittings and cause relatively big errors
to some extent. To have more accurate parameter identification results, the improved
fitting method can be used like the genetic algorithm method (Delattre et al., 2016; Xin et
al., 2016). In addition, instead of using curve fitting to obtain  e , step-relaxation tests can
be utilized, which may have more accuracy. Because the parameter identification
procedures are obvious sensitive to the priori chosen of number of dissipative
branches N and relaxation times i , for better prediction accuracy, more dissipative
branches may use and the relaxation times maybe evaluated and chosen based on its
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signification by parameter analysis, which is using in Delattre et al. 2016.

Figure 3-21 presents the comparison of test values and the fitting values of shear storage
modulus, loss modulus as a function of strain amplitude and excitation frequency under
different magnetic flux densities (0 T, 0.20 T and 0.35 T) to see the whole trends of test
values with fitting values.
(a)

(b)

Figure 3-21. The comparison of test shear modulus and fitting shear modulus as a function of strain
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amplitude and excitation frequency under different magnetic flux densities (BLUE-Test, GREEN-Fitting):
(a) shear storage modulus G’ and (b) shear loss modulus G’’.

(a)

(b)
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(c)

Figure 3-22. The comparison of test shear storage modulus and fitting shear storage modulus as a function
of strain amplitude and excitation frequency under different magnetic flux densities (BLUE-Test,
GREEN-Fitting): (a) B=0 T, (b) B=0.20 T and (c) B=0.35 T.

Figure 3-22 and Figure 3-23 present the comparison of test values and the fitting values
of shear storage modulus, loss modulus under magnetic flux density 0 T, 0.20 T and 0.35
T, respectively.
(a)
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(b)

(c)

Figure 3-23. The comparison of test shear loss modulus and fitting shear loss modulus as a function of
strain amplitude and excitation frequency under different magnetic flux densities (BLUE-Test,
GREEN-Fitting): (a) B=0 T, (b) B=0.20 T and (c) B=0.35 T.

3.3.6.2 Simulation Results
Based on obtained identified parameters for the magneto-viscoelastic constitutive model
of MREs, the shear storage and loss moduli under different strain amplitudes, excitation
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frequencies and magnetic flux densities (0 T, 0.20 T and 0.35 T) have been calculated by
the Matlab/Simulink model, with the ranges of strain amplitude from 0.3% to 100% and
excitation frequency from 0.1 Hz to 100 Hz, which beyond the experimental ranges. The
shear term of equilibrium part σ e12 and non-equilibrium part σ vi12 of stress equations are
used to to obtain the shear storage modulus and shear loss modulus. Figure 3-24 shows
the changing trends of the shear storage and loss moduli. It is note that the model has a
reasonable prediction outside of the experimental range, with two plateaus at very small
strain amplitude and very large strain amplitude for both shear storage modulus and shear
loss modulus.

(a)
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(b)

Figure 3-24. Shear storage modulus, shear loss modulus and shear loss factor as a function of strain
amplitude and excitation frequency under different magnetic flux densities (BLUE-0 T, GREEN-0.20 T and
RED-0.35 T): (a) shear storage modulus G’ and (b) shear loss modulus G’’.

Hysteresis loops based on proposed simulation model under different strain amplitudes,
excitation frequencies and magnetic flux densities are shown in Figure 3-25. It is shown
that the hysteresis loop has an approximate elliptical shape with and without applied
magnetic field, which matches the shape of hysteresis loops from other papers. For
magneto-viscoelastic material like MREs, under shear loads, the slope of hysteresis loops
characterizes the dynamic equivalent stiffness of the material, which can be assumed to
be represented by shear storage modulus G’. The captured area of hysteresis loops is
defined as the dissipation per cycle, which can be assumed to be represented by shear loss
factor tan δ (G’’ / G’). In order to be able to see it more clearly, hysteresis loops in Figure
3-25 are transformed into hysteresis loops using unified shear strain amplitude 100% to
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compare the hysteresis loops under different strains as shown in Figure 3-26.
(a)

(b)

(c)
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Figure 3-25. Hysteresis loops with magnetic flux density B=0 T (Left) and 0.35 T (Right) under different
frequencies: (a) f = 3 Hz, (b) f = 10 Hz and (c) f = 30 Hz.

(a)

(b)

(c)
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Figure 3-26. Transformed hysteresis loops with magnetic flux density B=0 T (Left) and 0.35 T (Right)
under different frequencies: (a) f = 3 Hz, (b) f = 10 Hz and (c) f = 30 Hz.

As can be seen in Figure 3-25 and Figure 3-26, for cases with and without magnetic field,
by increasing strain amplitude, the slope of hysteresis loop is decreased and the enclosed
area of hysteresis loop is decreased, which are consistent which decreased shear storage
modulus and decreased shear loss modulus. Compared with left figures and right figures
in Figure 3-25 and 3-26, by increasing magnetic flux density, the slope of hysteresis loop
is increased and the enclosed area of hysteresis loop is increased, which are consistent
which increased shear storage modulus and increased shear loss modulus.

To sum up, based on the comparisons of test results and fitting results of shear storage
modulus and shear loss modulus, it can be summarized that the proposed nonlinear
magneto-viscoelastic model has the abilities of describing and predicting the dynamic
performance of MREs in shear with excitation frequency-dependence, strain
amplitude-dependence and external magneto-dependence. The simulation results are
consistent with the test results, except in the cases under very small and very large
frequencies. Under excitation frequency higher than 30 Hz, the prediction of the model
maybe less accurate. Under excitation frequency lower than 1 Hz, the MREs specimen
has the quasi-static magneto-viscoelastic features. The proposed model has good
accuracy on describing the dynamic behavior under excitation frequency higher than 1
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Hz and lower than 30 Hz.

3.4 Conclusions
In

this

chapter,

starting

from

the

generalized

Maxwell

model,

a

linear

magneto-viscoelastic model of MREs under small strain has been developed by
introducing functions of shear modulus with respect to magnetic flux density B.
Comparisons between simulation results and DMA test results validate this model can be
able to well describe frequency-dependent and magneto-dependent dynamic behaviors of
MREs under small strain amplitude, except for the cases under very small and very large
frequencies. Further, a nonlinear magneto-viscoelastic model of MREs under large strain
with Payne effects has been developed by extending generalized Maxwell model to finite
deformations. Based on the theories of finite nonlinear magneto-viscoelasticity,
mechanical viscoelasticity and magnetization viscoelasticity are combined together to
take the dissipation mechanisms into consideration by multiplicative decomposition of
both the deformation gradient and magnetic induction into ‘elastic’ and ‘inelastic’ parts.
The equilibrium and non-equilibrium energy functions and evolution equations are
specialized which satisfy the laws of thermodynamics. Both mechanical force-induced
Payne effect and magneto-induced Payne effect are considered for the amplitude-induced
nonlinearity by introducing internal state variables of Payne effects that describe the
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states of the filled-polymer network and magnetic filler network. After parameters
identification procedures, the comparisons of test results and simulation results have been
shown that the proposed nonlinear magneto-viscoelastic model can be able to describe
and predict the frequency-dependent, strain amplitude-dependent and magneto-dependent
behaviors of MREs for shear loading, except in the cases under very small and very large
frequencies. Moreover, two proposed models can be able to divide the materials’ stresses
into two parts: equilibrium part of stress and non-equilibrium part of stress, by which the
control algorithms can be applied relatively easily. Therefore, the proposed models have
the potential to be applied to control algorithms for engineering applications of
MREs-based devices and the research on the semi-active control algorithm of MREs-base
isolation system will be undertaken in Chapter 5 to solve the control problem of base
isolation system under arbitrary loading like earthquakes.
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Chapter 4 Base Isolation Semi-active Control Algorithm with Stiffness
and Damping Varying Simultaneously
4.1 Introduction
So far, compared with the passive base isolation system, the seismic ‘Smart’ isolation
system has been proven to be able to achieve enhanced and robust control performance
on the structures subject to various earthquakes with different strength and different
characteristics as well as different geological conditions, which is also proved to be an
effective system for protecting the structure from near-field earthquakes. Three categories
of the seismic ‘Smart’ isolation system are introduced in Chapter 1. A variable stiffness
isolation system (VSIS) generally integrates a passive isolation with a device with
controllable damping. A variable damping isolation system (VDIS) generally integrates a
device with controllable stiffness within the isolation system or the stiffness of isolation
system itself is controllable. The hybrid isolation system, which generally integrates a
VDIS with a VSIS within the isolation system, has both controllable stiffness and
controllable damping. Although active or semi-active control algorithms can be used to
individually control a VSIS and a VDIS, only few researches discussed on control
algorithm for the hybrid isolation system, which needs to control the stiffness and
damping simultaneously. Sahasrabudhe (2002) and Nagarajaiah et al. (2006) investigated
the effectiveness of the hybrid sliding base isolation system which combines a variable
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stiffness SAIVS with MR damper. It is expected that to develop an effective and efficient
semi-active control algorithm for the hybrid isolation system with both stiffness and
damping varying simultaneously, which can further be used for controlled structures
where the variable stiffness device and the variable damping device installed at the same
place.

Therefore, Instantaneous-minimum-input-energy-based semi-active control algorithm
(IMIEKC) for a general hybrid isolation system with both stiffness and damping varying
simultaneously is proposed. By minimizing the total kinetic energy of the structure
transmitted from the earthquake and minimizing the control energy of the isolation
system at each time step, the optimal controllable stiffness and damping of the isolation
system are determined simultaneously to mitigate the responses of isolated structure.
Simulation results of one 5-story shear type isolated building are demonstrated and
analyzed. Then, the comparisons among other control methods like LQR active method
and BangBang semi-active method are investigated to evaluate the control performance
of IMIEKC control algorithm.

4.2 Instantaneous-minimum-input-energy-based Semi-active Control Method
In order to mitigate both displacements and accelerations of isolated superstructure, the
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proposed semi-active control algorithm is using method of minimizing the input energy
that transmitted from earthquakes to the isolated superstructure and base layer. Then, the
instantaneous-minimum-input-energy-based semi-active control method can be derived
after.

4.2.1

Dynamic Equations of Hybrid Isolation System

For a structure with a general hybrid isolation system, the structure can be modeled in the
simplest way as a 2-DOF system as shown in Fig. 4-1. The isolated structure consists the
superstructure as the isolated object and the base isolation layer.

Figure 4-1. A structure with hybrid isolation system.

For the hybrid isolation system, as shown in Fig. 4-1, ms and mb represent the masses of
the isolated superstructure and the base isolation layer, respectively. k s and cs represent the
stiffness and damping between superstructure and base isolation layer. xs and xb denote the
160

displacements of the isolated superstructure and the base isolation layer relative to the
ground. K r (t ) denotes the variable stiffness of hybrid isolation system and Cr (t ) denotes
the variable damping of hybrid isolation system. Since the hybrid isolation system will be
controlled at each time step, the stiffness and damping values are time-variant quantities.
The variable stiffness and damping can be further divided into the passive part and the
controllable part as follows:
K r (t )  K r 0 (t )  K r (t )

(4-1)

Cr (t )  Cr 0 (t )  Cr (t )

(4-2)

It is noted that for general VSIS or VDIS, the passive part of stiffness and damping are
static, which means they are not changeable during the control process, while for hybrid
isolation

system

like

MREs-base

isolation

system

whose

behaviors

are

frequency-dependent and strain amplitude-dependent, the passive part of stiffness and
damping may change during the control process.

The dynamic equations for this isolated system can be expressed as:
ms xs ,a  C s ( x s (t )  xb (t ))  K s ( xs (t )  xb (t ))
mb xb ,a  C s ( x s (t )  xb (t ))  K s ( xs (t )  xb (t ))
 ( K r 0 (t )  K r (t )) xb (t )  (Cr 0 (t )  Cr (t )) xb (t )

(4-3)
(4-4)

Where xs ,a and xb ,a denote the absolute accelerations of the superstructure and the base
isolation layer.
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The dynamic equations in the matrix form can then be written as:
Mx a (t )  C(x a (t )  Lx g (t ))  Kx(t )  B 0 K r (t ) xb (t )  B 0 Cr (t ) xb (t )

(4-5)

Where the x g (t ) denotes the ground velocity and the displacement vector and absolute
acceleration vector can be expressed as:
and
 x 
 x (t ) 
x a (t )   s ,a 
x(t )   s 
 xb (t )
 xb ,a 

(4-6)

The mass matrix M, the damping matrix C, the stiffness matrix K, vector B0 and vector L
can be expressed as:
m
M s
0

0 ,
k
K s

mb 
 k s

,
c
C s

k s  K r 0 (t )
  cs
 ks

 cs 
cs 

(4-7)

0
1
B 0    and L   
1
1

The matrix form of dynamic equations can be converted into the continuous state-space
form for future applying into semi-active control algorithm:
z (t )  Az (t )  BD1z (t )K r (t )  BD 2 z (t )Cr (t )  BFL x g (t )Cr (t )  Ex g (t )

(4-8)

The state-space system matrix A, the state vector z and other matrices can be expressed
as:
  M 1
A
 I

x a (t ) ,
 M 1B 0  ,
M 1CL 
 M 1K  ,
z
(
t
)

 x(t )  B  

 E

0 
0




 L 

F  0 1 , D1  0 0 0 1 and D 2  0 1 0 0

(4-9)

Where I denotes a unit matrix.
It is noted that in order to consider the ground motion in the control system ground
162

velocity x g (t ) is taken into consideration and the state vector z(t) contains the absolute
vector x a (t ) and relative vector x(t ) . Therefore, the state vector z(t) in this control system
is with the absolute coordinate as well as the relative coordinate, which is different with
the usual state vector with only one coordinate.
The discrete-time state-space form of dynamic equations then can be derived as:
z[k  1]  A d z[k ]  B d D1z[k ]K r [k ]  B d D 2 z[k ]Cr [k ]  B d FLx g [k ]Cr [k ]  E d x g [k ]

(4-10)
Where the discrete-time form of matrix A, B and E can be expressed:
A d  e At , B d  A 1 ( A d  I )B and E d  A 1 ( A d  I )E

(4-11)

The [k ] is the quantity at the kth time step in discrete time form. Based on Eq. 4-10, the
state z at the (k+1)th time step can be solved by the responses z at the kth time step,
ground velocity x g [k ] and the controllable parts of stiffness and damping of hybrid
isolation system K r [k ] and Cr [k ] . The semi-active control algorithm will be developed
in the following section to determine the optimal K r [k ] and Cr [k ] .

4.2.2

Instantaneous-minimum-input-energy-based Semi-active Control Method

In order to mitigate both displacements and accelerations of isolated superstructure, the
proposed semi-active control algorithm is using method of minimizing the input energy
that transmitted from earthquakes to the isolated superstructure and base layer. Then, the
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instantaneous-minimum-input-energy-based semi-active control method can be derived
after.

When the whole system is under earthquakes, the total input energy of the earthquake
transmits into the kinetic energy and the potential energy of both the structure and the
base isolation system. The purpose of seismic isolation is to reduce the kinetic energy
and potential energy of structure. For semi-active control algorithms, different types of
input energies are chosen for minimum-input-energy-based control strategies: (a)
minimizing the kinetic energy, (b) minimizing the potential energy and (c) minimizing
both the kinetic energy and the potential energy. In the proposed control algorithm,
minimizing the kinetic energies of isolated structure as well as the control energy of
semi-active base isolation system is chosen to be the total energy for further isolation
control.

The total kinetic energy of the superstructure and the base isolation layer can be written
as (Lu et al., 2011):
J1 (t )  E (t ) 

1
1
ms x s ,a (t ) 2  mb xb ,a (t ) 2
2
2

(4-12)

Where the control performance index J1 (t ) is introduced.
The measures of control energies with respect to controllable stiffness and damping of
hybrid isolation system can be written, respectively:
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J k (t ) 

1
1
K r (t ) 2 and J c (t )  Cr (t ) 2
2
2

Where the control performance index J k (t ) and J c (t ) are introduced.
Therefore, the optimal problem of minimizing the total control performance index J (t ) for
the total energy can be described as:
Minimize J (t )  J1  RJ k  SJ ck  RJ c
1
1
1
1
ms x s ,a (t ) 2  mb xb ,a (t ) 2  RK r (t ) 2  SK r (t )Cr (t )  TCr (t ) 2
2
2
2
2
1
1
1
 z T Qz  RK r (t ) 2  SK r (t )Cr (t )  TCr (t ) 2
2
2
2


(4-13)
Where J kc (t ) is the product of K r (t ) and Cr (t ) to represent the interaction effect
between J k (t ) and J c (t ) .
In the control performance equation, Q, R, S and T are introduced. Q denotes the
response weighting factors, and R, S and T denote the control weighting factors. Because
the total kinetic energy of the superstructure and the base isolation layer is chosen, the
matrix Q can be written as:
T

(4-14)

Q  D3 MD 3

Where
1 0 0 0 
D3  

0 1 0 0 

R denotes the weighting factors of control energy of controllable stiffness, while S
denotes the weighting factors of interaction effect of controllable stiffness and damping,
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and T denotes the weighting factors of control energy of controllable damping.

The optimal problem of minimizing control performance equation can be described in the
discrete-time form:
Minimize J [k  1] 

1
1
1
z[k  1]T Qz[k  1]  RK r [k ]2  SK r [k ]Cr [k ]  TCr [k ]2
2
2
2

(4-15)
By substituting the discrete-time state-space form of dynamic equations Eq. 4-10 into the
control performance equation 4-15, the total control performance index J [k  1] at the
(k+1)th time step can be written as:
Minimize J [k  1] 

1
1
2
2
a1[k ]K r [k ]  a2 [k ]Cr [k ]  a3 [k ]K r [k ]Cr [k ]
2
2
1
1
2
 a4 [k ]K r [k ]  a5 [k ]Cr [k ]  a6 [k ]  RK r [k ]
2
2
1
2
 SK r [k ]Cr [k ]  TCr [k ]
2

(4-16)

Where ai [k ] (i=1 to 6) can be expressed as follows by the matrices:
a1[k ]  f (B d , D1 , z[k ], Q)
a2 [k ]  f (B d , D 2 , z[k ], F, L, x g [k ], Q)
a3 [k ]  f (B d , D1 , D 2 , z[k ], F, L, x g [k ], Q)
a4 [k ]  f (B d , D1 , z[k ], F, L, x g [k ], Q, A d , E d )

(4-17)

a5 [k ]  f (B d , D 2 , z[k ], F, L, x g [k ], Q, A d , E d )
a6 [k ]  f (z[k ], x g [k ], Q, A d , E d )

Since all the ai [k ] can be calculated at the kth time step (current time step), in the total
control performance index, the only unknown values are K r [k ] and Cr [k ] . Therefore,
the optimal K r ,opt [k ] and Cr ,opt [k ] can be determined by minimizing the total control
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performance index as Eq 4-16. Since the total control performance index J [k  1] becomes
a second-order function of K r [k ] and Cr [k ] after substituting ai [k ] , the optimal
question can be solved by taking the first derivative of J [k  1]

with respect

to K r [k ] and Cr [k ] . Then we can get:
d ( J [k  1])
 (a1[k ]  R )K r [k ]  (a3 [k ]  S )Cr [k ]  a4  0
d (K r [k ])

(4-18)

d ( J [k  1])
 (a2 [k ]  T )Cr [k ]  (a3 [k ]  S )K r [k ]  a5  0
d (Cr [k ])

The optimal K r ,opt [k ] and Cr ,opt [k ] can be solved as:
K r ,opt [k ] 

(a3  S )a5  (a2  T )a4
(a1  R )(a2  T )  (a3  S ) 2

(4-19)

(a3  S )a4  (a1  R )a5
Cr ,opt [k ] 
(a1  R )(a2  T )  (a3  S ) 2

Consequently,

the

instantaneous-minimum-input-energy-based

semi-active

control

method (IMIEKC semi-active method) is derived. For the kth time step, based on only
the responses z[k ] and ground velocity x g [k ] , the optimal control stiffness and damping
values K r ,opt [k ] and Cr ,opt [k ] can be determined by Eq. 4-19.

The IMIEKC semi-active method can be able to determine the control stiffness and
damping of the hybrid isolation system separately at each time step, which is a new
semi-active control method for the isolation system with both variable stiffness and
variable damping or for the isolation system in which variable stiffness device and
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variable damping device working together simultaneously.

It is noted that the IMIEKC semi-active method can be degenerated into the semi-active
method (IMIEK) for variable-stiffness isolation system when the weighting factors S and
T are taken as 0 and the semi-active method (IMIEC) for variable-damping isolation
system when the weighting factors R and S are taken as 0. It needs to be mentioned that
the IMIEK semi-active method is similar to the LIEC semi-active method of LSCIS
device proposed in Lu et al., 2011. These two degenerated methods are suit for the
isolation system with only variable stiffness or with only variable damping. The IMIEK
and IMIEC semi-active methods are taken into consideration in the comparisons below
for further evaluation.

4.2.3

Parameter Analyses of the Weighting Factors R, S and T

In IMIEK, IMIEC and IMIEKC semi-active method, the weighting factors R, S and T are
involved. They are the parameters of the control system that need to be determined by the
designer to meed the different demands of designers. In general, if R, S and T are bigger,
the control energy of isolation system will be smaller, while the total kinetic energy of the
superstructure and the base isolation layer will be relatively bigger. otherwise, the total
kinetic energy will be smaller, but the control energy of isolation system will be relatively
168

bigger. For the general linear quadratic optimal control, the optimal weighting factors or
weighting matrices are not easy to get. In most cases, the optimal weighting factors or
weighting matrices are chosen base on the engineering experience of designers. The
common method is using trial and error method, which is comparing the critical
responses with different weighting values. In recently, intelligent optimization methods
(e.g., genetic algorithm (GA), particle swarm optimization (PSO) and imperialist
competitive algorithm (ICA)) are applied into searching optimal weighting factors or
weighting matrices (Ghoreishi et al., 2011).

For IMIEKC semi-active control method, the responses of the isolated structure under
different earthquakes are evaluated first. For seismic base isolation system for buildings,
the two most important indices to evaluate the control performance are (1) peak
displacement of base isolation layer and (2) peak absolute acceleration of top layer.
Therefore, peak displacement of base isolation layer and peak absolute acceleration of
top layer are chosen for determining the appropriate values of weighting factors R, S and
T. Meanwhile, the weighting factors R, S and T also depend on the changing ranges
of K and C , which have been set before determining the weighting factors.

In this section, the simulation results of a 5-story shear type isolated building (Kelly et al.,
1987) under typical earthquakes with different weighting factors R, S and T are computed
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as an example to demonstrate the parameters analysis procedure and evaluate the control
performance of IMIEKC semi-active control method. The building is widely used in
research regarding base isolation control of buildings. Table 4-1 shows the parameters of
the 5-story shear type isolated building model with the passive base isolator and Figure
4-2 shows the simulation models of the 5-story shear type building with passive isolation
system and hybrid isolation system in which both the stiffness and damping varying
simultaneously.

Figure 4-2. Simulation models of 5-DOF building with different isolation system (Left–passive isolation
system and Right–hybrid isolation system).
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Table 4-1. Parameters of 5-story shear type building model with passive base isolation system.
Location

Mass (kg)

Stiffness (kN/m)

Damping (kN.s/m)

Base Isolation Layer

6800

Kr =231.5

Cr=7.45

1st Floor

5897

33732

67

2nd Floor

5897

29093

58

3rd Floor

5897

28621

57

4th Floor

5897

24954

50

5th Floor

5897

19059

38

The damping ratio of the first mode for the original structure (fixed-base 5-story structure)
is 2% and the fundamental period of the structure is 0.37 sec. The stiffness and damping
of passive base isolator are 235.1 kN/m and 7.45 kN.s/m (4% additional damping ratio),
respectively. After using the passive base isolator, the fundamental period changes to 2.5
sec. The ground motion records of two real earthquakes are used as the input of
Matlab/Simulink model for the simulation. They are a regular earthquake 1940 El Centro
earthquake (NS) and a near-field earthquake 1994 Northridge (NS), which both are
widely used in earthquake engineering. The time-histories of ground accelerations and
ground velocities of two earthquakes are presented in Figure 4-3 and 4-4, respectively.
The PGA of the earthquake is set to be 400 gal in the simulation examples.

171

(a)

(b)

Figure 4-3. Time history of ground accelerations: (a) El Centro Earthquake and (b) Northridge Earthquake.

(a)
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(b)

Figure 4-4. Time history of ground velocities: (a) El Centro Earthquake and (b) Northridge Earthquake.

The hybrid isolation system with variable stiffness and variable damping are assumed and
chosen to evaluate the weighting factors R, S and T as:
K r (t )  K r 0 (t )  K r (t )
 (235.1)  (0.5  235.1 ~ 0.5  235.1) (kN/m)
Cr (t )  Cr 0 (t )  Cr (t )

(4-20)

(4-21)

 (7.45)  (0 ~ 10.97) (kN  s/m)

Where the controllable part of stiffness is chosen as half of passive part of stiffness and
damping ratio can be controlled from 7.45 kN.s/m to 18.42 kN.s/m, which corresponding
to the addition damping ratio of base isolator from 4% to 10%.

The parameters analysis procedure of the weighting factors R, S and T are introduced
below:
(1) Set S and T as 0. Obtain the appropriate value of R based on the relations of the peak
displacement of base isolation layer and the peak absolute acceleration of top layer with
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R, respectively. The value of R is chosen from 10-12 to 10-2.
(2) Set R and S as 0. Obtain the appropriate value of T based on the relations of the peak
displacement of base isolation layer and the peak absolute acceleration of top layer with T,
respectively. The value of T is chosen from 10-12 to 10-2.
(3) Obtain the appropriate value of S based on the relations of the peak displacement of
base isolation layer and the peak absolute acceleration of top layer with S, by choosing
with R and T form (1) and (2). The value of S is chosen from 10-12 to 10-2.

Figure 4-5 presents the relations of the peak displacement of base isolation layer and the
peak absolute acceleration of top layer with R at step (1). It can be noticed that when R
increases, the peak displacement of base isolation layer increases but the peak absolute
acceleration of top layer drops to the minimum value then goes up. When R has really
large values, both the peak displacement and acceleration are reaching the maximum
values, which approaching the responses of the uncontrolled case. Since the weighting
factor represents the control energy of isolation system, it cannot be too small. Therefore,
the appropriate value of the weighting factor R in this case is determined as 10-8.5.
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(a)

(b)

Figure 4-5. Peak displacement of base isolation layer and peak absolute acceleration of top layer vs.
weighting factor R: (a) peak displacement of base isolation layer and (b) peak absolute acceleration of top
layer.

Figure 4-6 presents the relations of the peak displacement of base isolation layer and the
peak absolute acceleration of top layer with T at step (2). The weighting factor T seems
have a similar trends as the weighting factor R in Figure 4-4. The appropriate value of the
weighting factor T in this case is determined as 10-7.5.

(a)

(b)

Figure 4-6. Peak displacement of base isolation layer and peak absolute acceleration of top layer vs.
weighting factor T: (a) peak displacement of base isolation layer and (b) peak absolute acceleration of top
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layer.

Figure 4-7 presents the relations of the peak displacement of base isolation layer and the
peak absolute acceleration of top layer with S at step (3). Base on determined R and T, the
appropriate value of the weighting factor S is determined as 10-9 in this case. It is noted
that based on the general linear quadratic optimal control, the weighting factor S with
respect to the cross term is normally suggested to be set as zero for a better convergence
of control algorithm.

(a)

(b)

Figure 4-7. Peak displacement of base isolation layer and peak absolute acceleration of top layer vs.
weighting factor S: (a) peak displacement of base isolation layer and (b) peak absolute acceleration of top
layer.

After obtaining the appropriate values of weighting factors R, S and T, by substituting
them into Eq. 4-19 of IMIEKC semi-active control method, the optimal K r ,opt [k ]
and Cr ,opt [k ] can be solved in each time step.
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4.2.4

Simulation Results and Discussions of IMIEKC Semi-active Control

In this section, the simulation results of the isolated building example with IMIEKC
semi-active control are demonstrated. The control performance of IMIEKC semi-active
case are compared with the control performances of the unisolated case (fixed-base case),
passive isolation case (uncontrolled isolation case) as well as IMIEK semi-active case,
IMIEC semi-active case.
(a)

(b)

Figure 4-8. Comparison of the displacement of base isolation layer under passive control, IMIEK, IMIEC
and IMIEKC semi-active controls: (a) El Centro earthquake and (b) Northridge earthquake.

Figure 4-8 to 4-10 present the comparison of the displacement of base isolation layer, the
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absolute acceleration of top layer and the input energy of structure with passive control,
IMIEK, IMIEC and IMIEKC semi-active controls under El Centro earthquake and
Northridge earthquake. The passive control is that the stiffness and damping of the
isolation system have only constant passive part, which case is also treated as the
uncontrolled isolated system. IMIEK semi-active has the controllable part of stiffness but
has no controllable part of damping and IMIEC semi-active has the controllable part of
damping but has no controllable part of stiffness. The input energy in Figure 4-10 is
calculated by Eq. 4-12.
(a)

(b)

Figure 4-9. Comparison of the absolute acceleration of top layer under passive control, IMIEK, IMIEC and
IMIEKC semi-active controls: (a) El Centro earthquake and (b) Northridge earthquake.
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(a)

(b)

Figure 4-10. Comparison of the input energy of structure under passive control, IMIEK, IMIEC and
IMIEKC semi-active controls: (a) El Centro earthquake and (b) Northridge earthquake

Table 4-2 presents the peak values of the responses (the displacement of base isolation
layer, the absolute acceleration of top layer and the input energy of structure ) of different
control methods under El Centro earthquake and Northridge earthquake, which
corresponding to the peak values of Figure 4-8 to 4-10.
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Table 4-2. Peak responses of different control methods under two earthquakes.

*The ratio represents the ratio between the response of a control method and of the passive control.

As shown in Table 4-2 as well as Fig. 4-8 to 4-10, all the semi-active controls of IMIEK,
IMIEC and IMIEKC mitigate the base displacement and the top acceleration compared to
the responses of passive control (uncontrolled case). The total input energies of the
semi-active controls are reduced when compared with the input energy of passive control
case, which achieve the purpose of these semi-active controls. It can also be shown that
the responses of IMIEKC are smaller than the ones of IMIEK and IMIEC. It
demonstrates that by using the minimum-input-energy-based control method the hybrid
isolation system (with both variable stiffness and damping simultaneous) has a more
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effective and efficient control performance than VSIS or VDIS with only variable
stiffness or only variable damping, leading to significant responses reduction on both the
displacement and acceleration.

(a)

(b)

Figure 4-11. Time-history of the stiffness and damping of base isolation system with IMIEKC semi-active
control under El Centro earthquake: (a) stiffness and (b) damping.

Figure 4-11 demonstrates that time-history of the stiffness and damping of base isolation
system with IMIEKC semi-active control under El Centro earthquake. It can be seen that
the stiffness and damping vary continuously during the control period.

181

Figure 4-12 presents the hysteresis loops of base isolation system with IMIEK, IMIEC
and IMIEKC semi-active controls under El Centro earthquake during the whole control
period, which is the relation between the restoring force of the base isolation system and
the displacement of the base layer where the isolation system are set up. The restoring
force here has the relation:
F (t )  Fs (t )  Fd (t )  Kr (t ) xb (t )  Cr (t ) xb (t )

(4-22)

It can be seen in Fig. 4-11 that IMIEKC semi-active control has both variable stiffness
and variable damping compared with IMIEK semi-active control and IMIEC semi-active
control.

Figure 4-12. Comparison of hysteresis loop of base isolation system with IMIEK, IMIEC and IMIEKC
semi-active controls under El Centro earthquake.
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4.2.5

Comparison with Other Control Methods

For further investigate IMIEKC semi-active control method and IMIEK control, and
IMIEC control as well , the responses of structure are compared with the responses of
other cases with classic control method LQR active control and BangBang semi-active
control.

(i) Comparison Results with LQR Active Control
The LQR active control method are chosen here as an example for the comparison, which
is a classic active control method for the control system. The analysis of the acceleration
control performance is focused in this section. By this purpose, the weighting factor R in
active LQR control is arranged to make sure the peak displacement of base isolation layer
under active LQR control has the same value as the ones under IMIEK, IMIEC and
IMIEKC semi-active control cases.

Table 4-3 presents the peak responses of structure under different control methods. It can
be noticed that for most cases of IMIEK and IMIEC control, the peak acceleration of top
layer is larger than the corresponding LQR active controls. However, the peak
acceleration of top layer under IMIEKC are smaller than the one under corresponding
LQR active controls. Although IMIEKC control exhibits a great control performance on
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acceleration compared with LQR active control, it doesn’t represent that IMIEKC control
is better that LQR control, because the comparison is based on arranged LQR method.

Table 4-3. Peak responses of different control methods under two earthquakes.

Earthquake

El Centro

Northridge

Control method

Base disp

Ratio*

(m)

Top Abs Acc.
(m/s2)

Ratio*

Unisolated

-

-

13.7180

6.15

Passive

0.3342

1.00

2.2290

1.00

IMIEK

0.1922

0.58

1.5096

0.68

LQR (R=1e-4.136)

0.1922

0.58

1.5249

0.68

IMIEC

0.2569

0.77

1.8417

0.83

LQR (R=1e-3.562)

0.2569

0.77

1.8352

0.82

IMIEKC

0.1726

0.52

1.1648

0.52

LQR (R=1e-4.301)

0.1726

0.52

1.4298

0.64

LQR**

0.1094

0.33

1.4800

0.66

Unisolated

-

-

19.1053

7.33

Passive

0.3960

1.00

2.6048

1.00

IMIEK

0.2094

0.53

1.8777

0.72

LQR (R=1e-4.286)

0.2094

0.53

1.6636

0.64

IMIEC

0.2699

0.68

1.9643

0.75

LQR (R=1e-3.560)

0.2699

0.68

1.8342

0.70

IMIEKC

0.1925

0.49

1.5247

0.59

LQR (R=1e-4.447)

0.1925

0.49

1.7202

0.66

LQR**

0.1416

0.36

1.8200

0.70

*The ratio represents the ratio between the response of a control method and of the passive control.
**The listed LQR control has the best displacement control performance.

The LQR** cases in Table 4-3 are the LQR cases which have the best displacement
control performance. Compared with LQR** active control, IMIEKC has a better
performance in mitigating the acceleration response, which, however, is at the cost of
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relative bigger displacement response. The reason is that LQR and other LQR-based
control methods are almost like damping control in most time steps, which are based on
different control strategies. It needs to be reminded that the control performance of active
controls of isolation system strongly replies on the chosen control laws. Once advanced
active control laws are chosen, the active control could have a better performance on the
acceleration compared with IMIEKC method.

(ii) Comparison Results with Other Semi-active Methods
In this section, the classic BangBang semi-active control methods are chosen as examples
to investigate the control performance of IMIEKC control.
BangBang-KC control law can be simply described as (stiffness and damping can be
controlled independently):
 xb (t ) xb (t )  0 : Kr  K max and Cr  Cmax

 xb (t ) xb (t )  0 : Kr  K min and Cr  Cmin

(4-25)

BangBang-K control law which only stiffness can be controlled can be expressed as
follow:
 xb (t ) xb (t )  0 : Kr  K max

 xb (t ) xb (t )  0 : Kr  K min

(4-23)

BangBang-C control law which only damping can be controlled can be expressed as
follow:
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 xb (t ) xb (t )  0 : Cr  Cmax

 xb (t ) xb (t )  0 : Cr  Cmin

(4-24)

Table 4-4. Peak responses of different control methods under two earthquakes.
Earthquake

El Centro

Northridge

Control method

Base disp

Ratio*

(m)

Top Abs Acc.
(m/s2)

Ratio*

Unisolated

-

-

13.7180

6.15

Passive

0.3342

1.00

2.2290

1.00

IMIEK

0.1922

0.58

1.5096

0.68

BangBang-K

0.1687

0.50

2.2198

1.00

IMIEC

0.2569

0.77

1.8417

0.83

BangBang-C

0.2832

0.85

2.1976

0.99

IMIEKC

0.1726

0.52

1.1648

0.52

BangBang-KC

0.1623

0.49

2.1389

0.96

Unisolated

-

-

19.1053

7.33

Passive

0.3960

1.00

2.6048

1.00

IMIEK

0.2094

0.53

1.8777

0.72

BangBang-K

0.2183

0.55

2.7019

1.04

IMIEC

0.2699

0.68

1.9643

0.75

BangBang-C

0.3060

0.77

2.2207

0.85

IMIEKC

0.1925

0.49

1.5247

0.59

BangBang-KC

0.2029

0.51

2.6726

1.03

*The ratio represents the ratio between the response of a control method and of the passive control.

Table 4-4 presents the peak responses of structure with different semi-active isolation
control methods. It can be seen that for most cases, IMIEK, IMIEC and IMIEKC
semi-active control have better control performance as compared with BangBang-K,
BangBang-C and BangBang-KC control, especially the acceleration control performance.
In most case the BangBang control has bad acceleration control performance. It can be
explained that the semi-active control with continuously control values like IMIEKC
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method normally has better control performance on acceleration of structure when
compared with discontinuous semi-active control method like BangBang control. The
sudden changing of the stiffness and damping will arouse large accelerations during the
control period.

4.3 Conclusions
In this chapter, IMIEKC (instantaneous-minimum-input-energy-based) semi-active
control algorithm has been proposed for a general hybrid isolation system with both
stiffness and damping varying simultaneously. The control purpose of IMIEKC is to
minimize the total kinetic energy of the structure which transmitted from seismic input
energy and minimize the control energy of the isolation system at the same time. Both the
optimal changing values of controllable stiffness and damping of the isolation system are
determined at each time step to suppress both the displacement of base isolation layer and
the absolute acceleration of building top layer. Simulation results and discussions are
summarized and the conclusions are drawn in the following:
(1) The simulation results of the comparison demonstrate that IMIEKC semi-active
method has the best control performance among the control cases considered:
uncontrolled case, IMIEK and IMIEC. It also demonstrates that the hybrid isolation
system with both variable stiffness and damping has a more effective and efficient control
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performance on both displace and acceleration than the isolation systems with
individually variable stiffness or individually variable damping.
(2) Compared with LQR active control, IMIEKC semi-active method exhibits a better
performance on mitigating the acceleration response, which, however, is at the cost of
relative bigger displacement response in some cases.
(3) As a semi-active method which both the stiffness and damping of isolation system can
be controlled continuously, IMIEKC leads to good response reductions over the case with
BangBang control algorithm, in which the stiffness and damping of isolation system are
controlled discontinuously. The sudden changes of stiffness or damping would excite
higher structural acceleration responses.
Therefore, it can be concluded that IMIEKC semi-active control algorithm has great
control performance on both displacement and acceleration for a general hybrid isolation
system with both stiffness and damping varying simultaneously.
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Chapter 5 Passive and Semi-active Control of Buildings Using
Magnetorheological Isolation System
5.1 Introduction
MREs-based isolation system exhibits linear magneto-viscoelastic properties under small
strain amplitude and exhibits nonlinear magneto-viscoelastic properties under large strain
amplitude. The controllable stiffness and controllable damping highly depend on
excitation frequency, external magnetic flux density and strain amplitude if under large
strain. For the passive-type isolation system with laminated rubber bearings, lead-core
rubber bearings, high damping rubber bearings, etc. or for the general hybrid isolation
system with a general VDIS and a general VSIS, the stiffness K r (t ) and damping Cr (t ) of
isolation for control strategies are typically assumed to have the values when under the
frequency corresponding to the first fundamental period of the isolated structure. Ignoring
frequency-dependence and strain amplitude-dependence is for the simplicity of control
method and makes sense when the stiffness and damping are weak frequency-dependent
and when the isolation system works under quiet small strain amplitude.

However, different from the general hybrid isolation system, because of the strong
frequency-dependence and strain-amplitude dependence of MREs, the nonlinear
viscoelasticity of MREs-based isolation system cannot be ignored and the controllable
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stiffness K r (t ) and controllable damping Cr (t ) cannot be simply assumed to be
independent of frequency and strain amplitude. Otherwise, the nonlinear viscoelasticity
of MREs would have bad influences on the corresponding control performance, because
of the bad prediction of MREs. Therefore, the frequency-dependence, strain
amplitude-dependence as well as magneto-dependence should be considered in the
dynamic equations of motion of the isolated structure with magneto-viscoelastic
MREs-based isolation system to solve corresponding passive and semi-active control
problems for the seismic protection of civil structures.

Motivated by this, the dynamic equations of motion for the elastic-viscoelastic composite
structure with base viscoelastic isolation system have been derived in this chapter first.
Then, by combining dynamic equations of elastic-viscoelastic composite structures with
the linear GMM-base magneto-viscoelastic model developed in Section 3-2, the
frequency-dependence, magneto-dependence can be taken into account when under quiet
small strain amplitude and the corresponding passive control is derived. IMIEKC-based
semi-active control method, which is modified from IMIEKC in Chapter 4, is applied to
the isolated elastic-viscoelastic composite structure with linear magneto-viscoelastic
MREs-based isolation system.

Further, by combining dynamic equations of

elastic-viscoelastic composite structures with the nonlinear magneto-viscoelastic model
developed in Section 3-3, all the frequency-dependence, strain amplitude-dependence and
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magneto-dependence can be considered when under large strain amplitude and the
corresponding passive control and IMIEKC-based semi-active control method are
derived too. Furthermore, comparisons of responses of a 5-story shear type isolated
building simulation model under passive control and semi-active control are investigated
to evaluate the control performances on displacement as well as acceleration.

5.2 Passive

and

Semi-active

Control

of

Linear

Magneto-viscoelastic

Model-based Isolation System
In this section, the dynamic equations of elastic-viscoelastic composite structure for base
isolation system have been derived first. Further, the passive control and IMIEKC-based
semi-active

control

of

base

isolation

system

with

linear

GMM-based

magneto-viscoelastic model of MREs in Section 3.2 are investigated and evaluated,
which considers both excitation frequency-dependent and external magneto- dependent
behaviors of base isolation system.

5.2.1

Dynamic Equations of Elastic-Viscoelastic Composite Structure

The elastic-viscoelastic composite structure is the composite structure consists of the
elastic structure itself and installed viscoelastic devices. The viscoelastic device which we
are interested in for our case is the viscoelastic isolation system.
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Based on the linear viscoelastic theory from Section 3.2, in general, the constitutive
equation of one-dimensional linear viscoelastic material or device can be expressed in
time-domain by Boltzmann Superposition Integral equation Eq. 3-1, when considering
the initial value:
t

 (t )   G (t   )
0

d  ( )
d   G (t ) (0)
d

(5-1)

By extending this constitutive equation of 1-D linear viscoelasticity to 3-D linear
viscoelasticity, it can be expressed as:
t

{ (t )}   [G (t   )]{
0

d  ( )
} d   [G (t )]{ (0)}
d

(5-2)

Where [G (t )] denotes the viscoelastic matrix with two independent elements G1 (t )
and G2 (t ) and has the relation as:

[G (t )]  [ D]G1 (t )

(5-3)

Where

1 G2 (t )
1 G2 (t )
 1 G2 (t )
 3 [ G (t )  2] 3 [ G (t )  1] 3 [ G (t )  1]
1
1
1

1
G
(
t
)
1
G
(
t
)
1
G
(t )
 [ 2  1]
[ 2  2]
[ 2  1]
 3 G1 (t )
3 G1 (t )
3 G1 (t )
 1 G (t )
[ D]   [ 2  1] 1 [ G2 (t )  1] 1 [ G2 (t )  2]
3 G1 (t )
3 G1 (t )
 3 G1 (t )

0
0
0

0
0
0


0
0
0
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0 0 0

0 0 0


0 0 0

1 0 0

0 1 0
0 0 1 

(5-4)

And

G2 (t ) 1  

G1 (t ) 1  2

Where  is the poisson ratio of the viscoelastic material, which can be assumed as a
constant normally. Hence, [D ] becomes a constant matrix.
The dynamic basic equations for 3-D viscoelastic structure problem with boundary
conditions can be expressed as follows:
(1) Dynamic equilibrium equation

[ A
]   F    u

(5-5)

(2) Geometric equation

   [ A]T u

(5-6)

(3) Force boundary condition

[ A 
]  ( xk )  T 

xk  B

(5-7)

(4) Displacement boundary condition

u ( xk )  

xk  Bu

(5-8)

Where xk is the location of point, uis location vector, F  is body force acting on volume
V, B and Bu denote the boundary of stress and displacement, T  is the surface force
applied on the boundary B and  is the displacement on the boundary Bu .
The geometric matrix [ A] is expressed as, with Dx , Dy and Dz are the differential
operators.
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 Dx

[ A]   0
0


0

0

0

Dz

Dy

0

Dz

0

0

Dz

Dy

Dx

Dy 

Dx 
0 

By using finite element method, the equation of virtual work for the dynamics of
viscoelastic structure problem with boundary conditions can be expressed as:

W  

t2

t1

  u [ A]   F   udV    uT dBdt  0

(5-9)

T

V

B

Where  u is the virtual displacement.

x  and the displacement interpolation
By assuming the node displacement vector ~
function matrix [N ] , the displacement and virtual displacement become:

u  N ~x  and  u  N  ~x 
One can get:



 ~







~ 


W    ~x T [ M ] ~x  [ K ]  G1 (t   ){
t
0
t2

1

t

d~
x ( )
 ~ 
} d   G1 (t ){~
x (0)}  f  dt  0
d





(5-10)

~

~

Where [M ] denotes the element mass matrix, [K ] denotes the element stiffness matrix

~

and [ f ] denotes the element equivalent node load vector, which have the relations:

~
[ M ]    [ N ]T [ N ]dV
V

T
~
[ K ]   [ A]T [ N ] [ D ][ A]T [ N ]dV
V





~
[ f ]   [ N ]T F dV   [ N ]T T dB
V

B

194

By assembling the element equations together, the global equation of whole viscoelastic
structure can be derived as:
t2





1








t

W    xT [ M ]x [ K ]  G1 (t   ){
t
0


d x ( )

} d   G1 (t ){x (0)}   f  dt  0
d


(5-11)

Where [M ] denotes the global mass matrix, [K ] denotes the global stiffness matrix
and  f denotes the global equivalent node load vector.
The dynamic equations of motion of viscoelastic structure then can be written as:

d x ( )
 t

[ M ]x [ K ]  G1 (t   ){
} d   G1 (t ){x (0)}   f (t )
0
d



(5-12)

By introducing the shear relaxation modulus equation of GMM 3-12 into the dynamic
equations of motion of viscoelastic structure 5-12, it can be derived as follow for zero
initial condition:

[ M ]x Ge [ K ]{x}  [ K ]

t m

0

G
i 1

vi

exp[ 

1

i

(t   )]{x ( )} d    f (t )

(5-13)

The shear relaxation modulus equation of GMM 3-12 presents below:
m

G (t )  Ge   Gvi e t / i

(3-12)

i 1

For the viscoelastic structure of one base viscoelastic isolation system, the dynamic
equations of motion can be decreased into 1-DOF dynamic equations:

mx(t )  Ge kx (t )  k 

t m

0

G
i 1

vi

exp[ 

1

i

(t   )]x ( ) d   f (t )
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(5-14)

Since the lumped mass of viscoelastic isolator m is much smaller then upper structure
generally, it can be ignored for control analysis of isolated structure. Thus, the restoring
force of GMM-based viscoelastic isolation system can be expressed as:

F ( x (t ), x (t ))  Ge kx (t )  k 

t m

0

G
i 1

vi

exp[ 

1

i

(t   )] x ( ) d 

(5-15)

Combining dynamic equations of upper structure with dynamic equations of viscoelastic
structure, the dynamic equations of motion for the elastic-viscoelastic composite structure
can be obtained consequently:
t

Mx  Cx  K e x  K v  G (t   )x ( ) d  f


(5-16)

Moreover, the dynamic equations of motion for the elastic-viscoelastic composite
structure with GMM-base viscoelastic devices can be obtained:
t  m

Mx  Cx  (K e  Ge K v ) x  K v    Gvi e ( t  ) /  i x ( ) d  f

 i 1


(5-17)

Where M denotes global mass matrix, C denotes global damping matrix, Ke denotes
global stiffness matrix of upper structure, Kv denotes global stiffness matrix of isolation
system, f denotes global equivalent node load vector.

The dynamic equations of motion for the elastic-viscoelastic composite structure are
derived as Eq. 5-16 and 5-17. These dynamic equations can then be used to solve the
dynamic problems of the elastic-viscoelastic composite structure.
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5.2.2

Passive Control of Linear Magneto-viscoelastic Model-based Isolation
System

Base on Eq. 5-15 and 5-16, the dynamic equations of base isolated building with
viscoelastic isolation system under ground motions can be written as:

Mx  Cx  K e x  MLxg  Bud

(5-18 a, b)

t

ud  kv  G (t   )xd ( )d


Where
B  0  0 1

T

The shear relaxation modulus equation of GMM 3-12 can also be written as
m

G (t )   Gr e t /  r with G0  Ge and Gr  Gvr (r  1,2, , m)

(5-19)

r 0

Substituting Eq. 5-19 into Eq. 5-18, the dynamic equations of the isolated structure can
be obtained similar as Eq. 5-17:
t  m

Mx  Cx  (K e  Ge K v ) x  K v    Gr e ( t  ) /  r x ( ) d  f

 r 1


(5-20)

Because integral terms are involved in Eq. 5-20, the dynamic equations are not easy to
solve. The most effective and accurate method to solve equations like Eq. 5-20 is the
method of introducing auxiliary variables in the equations of motion, which is introduced
in the following.
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Assuming that new variables Z r :
t

Z r   e (1/  r )(t  ) x ( )d

(5-21)



By introducing the auxiliary variables Z r , the dynamic equations can be rewritten as:
m

Mx  Cx  Kx  MLxg  B(Ge kv xd  kv  Gr Z r )
Z r  (1 /  r ) Z r  x (t ), r  1 m

(5-22)

r 1

Then the order-expanded state vector becomes:
Y  x Z1  Z N 

T

(5-23)

The order-expanded state-space equations base on Eq. 5-23 can be expressed as:
(5-24)

  KY  P
MY
Where the order-expanded matrix are:
 M n n
0
 n n
M   01n

 
 01n

0 n n
M n n
01n

01n

0 n n
 M n n
0 n1  0 n1 

[K  BB G k ] C

0 n1  0 n1 
0 e v
n n
 n n
01n
 B 01n
1  0 , K




   


01n
 B 01n
0  1 

 0 n1 
M L 
 nn n1 
 xg
P  
0







0

0 n1

0 n1 
B n1Gv1k v  B n1Gvm k v 

(1 / 1 ) 
0





0
 (1 /  m ) 

(5-25)

Where B 0  0  0 1 .
Consequently, the order-expanded state-space equations Eq. 5-24 and 5-25 can be used to
solve the passive control of buildings with linear GMM-based viscoelastic isolation
system.
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5.2.3

Semi-active Control of Linear Magneto-viscoelastic Model-based Isolation
System

Base on the GMM-based magneto-viscoelastic model under small strain in Section 3.2,
the shear relaxation modulus as a function of magnetic flux density B in time domain can
be expressed as Eq. 3-15:
m

G (t )  Ge f e ( B)   Gvi f vi ( B) e t / i

(3-15)

i 1

For general expressions, the shear relaxation modulus as a function of magnetic flux
density B can be expressed as
m

Gsemi (t )   Tr1Gr e Tr 2 (1/  r )t and kv semi  Tv kv

(5-26)

r 0

Where Tr1 , Tr 2 and Tv are the functions of magnetic flux density B and are assumed to be
equal to 1 when the magnet field is off state. When the relaxation times with
half-intervals are assumed  r  10 ( r 7 ) / 2 ( r  1,...,11) as in Section 3.2, Tr 2  1 .
Based on above shear relaxation modulus functions, the new order-expanded state-space
equations for semi-active control can be rewritten as:
 M n n
0
 n n
 01n

 
 01n

0 n n
M n n
01n

01n

0 n n
 M n n
0 n1  0 n1   x  

0 n1  0 n1   x  [K nn  BB 0T01GeTv k v ] C nn
 
01n
 B 01n
1  0   Z 1   
  


      
01n
 B 01n
0  1   Z m  

0 n1

0 n1
 x 
 0 n1 
M L 
B n1T11Gv1Tv k v  B n1Tm1GvmTv k v   x 
 
 nn n1 
  Z1    
 xg
(1 / 1 )

0
0
 







 


  Z N 


0

(1 /  m )
0


(5-27)

The semi-active control method similar to IMIEKC semi-active control method in
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Chapter 4 can be used for the isolated buildings with linear GMM-based
magneto-viscoelastic isolation system, which is called IMIEKC-based semi-active
control afterwards.
Because for linear GMM-based magneto-viscoelastic isolation system, the restoring force
cannot be able to write as F  Kxd  Cxd . Instead, Eq. 5-15 is used:

F ( x (t ), x (t ))  Ge kx (t )  k 

t m

0

G
i 1

vi

exp[ 

1

i

(t   )] x ( ) d 

(5-15)

Therefore, the changing of first term of restoring force (the equilibrium part of restoring
force) and the second term of restoring force (the non-equilibrium part of restoring force)
are used to replace K r and Cr in IMIEKC semi-active control. Then, for IMIEKC-based
semi-active control method, the total control performance index J (t ) is modified as:
J (t ) 

1 T
1
1
2
2
Y (t )Q Y Y(t )  Rud 1 (t )  Sud 1 (t )ud 2 (t )  Tud 2 (t )
2
2
2

(5-28)

ud 1  ud 1, semi ( B)  ud 1, passive ( B  0) and ud 2  ud 2, semi ( B)  ud 2, passive ( B  0)

Where
K n  n
0
Q Y   nn
 0

 0

0 nn
M nn
0
0

0 0
0 0
0 0

0 0

u d 1 is the equilibrium part of restoring force of base isolation system with respect

to Ge and u d 2 is the non-equilibrium part of restoring force of base isolation system with
respect to Gr :
ud 1, semi  T01Ge kv xd and ud 1, passive  Ge kv xd

(5-29)
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m

m

r 1

r 1

ud 2, semi  kv  Tr1Gr Z r and ud 2, passive  kv  Gr Z r

(5-30)

The state-space form of dynamic equations can be derived as:
Ge
0

Y  A z Y  B zTv K v [Tr 1 , Tr 2 ,..., Tr n ]
0

0

0
G1
0
0

0

0
0 0 
[ Z1 , Z 2 ,..., Z n ]T  Tz Y  E z xg
 0

0 Gm 

(5-31)

Where
Az  [

 M 1 C  M 1 K e
I n n

0
Tz   nn
0 n  n

0 n n

], B z  [

 M 1 B
0 n1

], E z  [

I n1
0 n1

]

(5-32)

 M 1BB 0GeTv K v 

0 nn


The control performance equation can be expressed in the discrete-time form:
Minimize
J [k  1] 

1
1
1
Y[k  1]T Q Y Y[k  1]  Ru d 1[k ]2  Su d 1[k ]u d 2 [k ]  Tu d 2 [k ]2
2
2
2

(5-33)
Where
1
1
2
Ru d 1  R (u d 1, semi  u d 1, passive ) 2
2
2
1
 R (T01GeTv k v xd  Ge k v xd ) 2
2
1
T
T T
 R (B 0 (T0Tv  1)a0 k v ,01n ,01m  x T , x T , Z1 , , Z m ) 2
2

(5-34)

1
1
2
Ru d 2  R (u d 2, semi  u d 2, passive ) 2
2
2
N
N
1
 R (Tv k v  Tr1Gr Z r  k v  Gr Z r ) 2
2
r 1
r 1
1
T
T T
 R (01n ,01n , (T11Tv  1)G1k v , , (Tm1Tv  1)GN k v  x T , x T , Z1 , , Z m ) 2
2

(5-35)
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The discrete-time state-space form of dynamic equations then can be derived as:

Y[k  1]  A d Y[k ]  B dTr1[k ]Tv [k ]kv [Ge , G1 ,..., Gm ][ Z1 , Z 2 ,..., Z m ]T  Ed xg [k ]

(5-36)

Where the discrete-time form of matrix Ad, Bd and Ed can be expressed similar with Eq.
4-11:
A d  e A z t , B d  A z 1 ( A d  I )B z and E d  A z 1 ( A d  I )E z

Combining Eq. 5-33 to 5-36, the IMIEKC-based semi-active control for buildings with
linear GMM-based magneto-viscoelastic isolation system under small strain can be
solved. Based on the responses Y[k ] , the optimal magnetic flux density B[k] can be
determined by minimizing control performance equation J [k  1] .

To be noted that the control performance equation J [k  1] is not an second-order function
anymore, which is different with IMIEKC in Chapter 4. The control problem now
becomes a minimum optimization problem with boundary restraints, which can be
described as:
Minimize
J [k  1]  f (Y[k ], u d 1 ( B )[k ], u d 1 ( B )[k ])
s.t.

(5-37)

u d 1 ( B )  u d 1,max ( B ), u d 1,min ( B )

u d 2 ( B )  u d 2,max ( B ), u d 2,min ( B )

The control performance index J [k  1] is the function of responses Y[k ] and magnetic flux
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density B[k]. The optimization problem has the boundary restraints Eq. 5-37b and 5-37c,
which corresponding to the maximum and minimum values of the equilibrium and
non-equilibrium restoring forces.

In order to solve this minimum optimization problem with boundary restraints, nonlinear
optimization methods Trust-region-reflective optimization method or Interior-point
optimization method can be used. In this research, the interior-point optimization method
is chosen and the Fmincon optimization toolbox in Matlab is used to solve the IMIEKC
semi-active control problem.

5.2.4

Simulation Results

In this section, the passive control and IMIEKC-based semi-active control of an isolated
5-story building with linear GMM-based magneto-viscoelastic model-based isolation
system have been simulated and investigated. The semi-active control performance are
compared with the control performances of passive-off control and passive-on control for
further evaluation.

The 5-story shear type isolated building model is the same simulation model as
demonstrated in Chapter 4. The ground motion records of 1940 El Centro earthquake (NS)
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earthquake and Northridge (NS) earthquake are chosen as the inputs of Matlab/Simulink
model for the simulation. The PGA of the earthquake is set to be 400 gal.

The linear GMM-based magneto-viscoelastic model-based isolation system in Section 3.2
are chosen simulated, whose shear relaxation modulus equation are present by Eq. 3-24
and 3-25.



 2 i2 Gvi 10[i( 0.147 B 0.036 B
G ( , B)  Ge 1  0.033B   
 2 i2  1
i 1
m

'



i Gvi 10[i( 0.147 B 0.036 B
G ( , B)  
 2 i2  1
i 1
m

''

2

)]

2

)]



(3-24)



(3-25)

Where the corresponding functions of magnetic flux density B of Tr1 , Tr 2 and Tv are:
Tr1  1  0.033B (r  0)
Tr1  10[i( 0.147 B 0.036 B

2

)]

(r  1,...,11)

Tv  1

The maximum of magnetic flux density Bmax is chosen as 0.5 T in this simulation.

The weighting factors R, S and T are determined by parameter analyses procedure shown
in Chapter 4, based on El Centro earthquake and Northridge earthquake with PGA= 400
gal and the boundary restraints of the restoring forces. The maximum of magnetic flux
density

0.5

T

is

used

to

decide

the

maximum

and

minimum

restoring

forces u d 1,max , u d 2,max and u d 1,min , u d 2,min . The maximum restoring forces occur when B
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equals to maximum value 0.5 T and the minimum restoring forces occur when B equals
to minimum value 0 T. Table 5-1 shows the determined weighting factors R, S and T for
IMIEKC-based semi-active control.

Table 5-1. The weighting factors R, S and T of IMIEKC-based semi-active control.

The passive-off control case is the case when the magnetic field is off state (0 T), which
case is also treated as the uncontrolled isolated system. The passive-on control case is the
case when the magnetic field has the maximum value (0.5 T). For IMIEKC-based
semi-active control, the magnetic flux density B can be continuously changed from 0 T to
0.5 T. Figure 5-1 and 5-2 present the comparison of the displacement of base isolation
layer and the absolute acceleration of top layer with passive-off control, IMIEKC-based
semi-active control and passive-on control under El Centro earthquake and Northridge
earthquake.
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(a)

(b)

Figure 5-1. Comparison of the displacement of base isolation layer under passive-off control (B=0 T),
IMIEKC- based semi-active control (B=0 T to 0.5 T) and passive-on control (B=0.5 T): (a) El Centro
earthquake and (b) Northridge earthquake.
(a)
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(b)

Figure 5-2. Comparison of the absolute acceleration of top layer under passive-off control (B=0 T),
IMIEKC- based semi-active control (B=0 T to 0.5 T) and passive-on control (B=0.5 T): (a) El Centro
earthquake and (b) Northridge earthquake.

Table 5-2 presents the peak values of the responses (the displacement of base isolation
layer and the absolute acceleration of top layer) of different control methods under El
Centro earthquake and Northridge earthquake.
Table 5-2. Peak responses of different control methods under two earthquakes.

*The ratio represents the ratio between the response of a control method and of the passive-off control.
207

As shown in Fig. 5-1, Fig. 5-2 and Table 5-2, when compared with passive-off and
passive-on control, IMIEKC-based semi-active control shows a better control
performance that both the displacement of base isolation layer and the absolute
acceleration of top layer are better mitigated.

(a)

(b)

Figure 5-3. Time-history of magnetic flux density B of base isolation system with IMIEKC-based
semi-active control with changing range: 0 T to 0.5 T: (a) El Centro earthquake and (b) Northridge
earthquake.

Figure 5-3 demonstrates the time-history of magnetic flux density B of base isolation
208

system with IMIEKC-based semi-active control under El Centro earthquake and
Northridge earthquake. It can be seen that the control magnetic flux density B varies
continuously between 0 T to 0.5 T during the control period.

To sum up, IMIEKC-based semi-active control method has been proven to be a effective
semi-active control method for the elastic-viscoelastic composite building with linear
GMM-based magneto-viscoelastic model-based base isolation system, taking into
account both excitation frequency-dependent and external magneto-dependent behaviors
of base isolation system. Furthermore, based on the comparison of the simulation results,
it has been shown that the IMIEKC-based semi-active control method has a better control
performance than the passive-off and passive-on control for both the displacement control
and the acceleration control.

5.3 Passive and Semi-active Control of Nonlinear Magneto-viscoelastic
Modeling-based Isolation System
In this section, the passive control and IMIEKC-based semi-active control of base
isolation system with nonlinear magneto-viscoelastic model of MREs in Section 3.3 are
well

evaluated,

which

considers

all

excitation

frequency-dependent,

strain

amplitude-dependent, and external magneto-dependent behaviors of base isolation
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system.

5.3.1

Passive and Semi-active Control

The dynamic equations of buildings with base isolation system under earthquakes can be
written as in Eq.5-17:

Mx  Cx  K e x  MLxg  Bu d

(5-38)

Where u d is the restoring force of the base isolation system.
When the nonlinear magneto-viscoelastic model in Section 3.3 is chosen to describe the
MREs-based base isolation system, the restoring force can be expressed in following by
using the similar derivation of 1-DOF dynamic equations of the viscoelastic structure in
previous section 5.2:
N

ud  kv (σ12 )  kv (σe12   σvi12  pI12 )

(5-39)

i 1

Where the shear term of equilibrium part and non-equilibrium part of stress equations
σ e12 and σ vi12 are used and I12  0 for shear case. σ e and σ vi are using Eq. 3-97b and 3-97c,

which are listed below for demonstration:
σe 

e

I
[[1  n]B  [1  n][ I1B  B 2 ]]  p2 e e  e tanh( 4 )[[1  n]B  [1  n][ I1B  B 2 ]] 
2
2
me

p2 e re (b M  [ B b M ]  [ B b M ]  b M )

(3-97b)
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M

i

M

i

i

M

M

σ vi  2 p1v  vi Be  p2 v rv ([b M  b vi ]  [ Be [b M  b vi ]]  [ Be [b M  b vi ]]  [b M  b vi ])

(3-97c)
The state-space form of dynamic equations can be written as:

  A Y  B u  E x
Y
z
z d
z g

(5-40)

The state-space system matrix Az, the state vector Yz and other matrices are expressed as:
Az  [

 M 1 C  M 1 K e
I n n

0 n n

], B z  [

 M 1 B
0 n1

], E z  [

I n1

x (t )
], Y (t )  

0 n1
x(t )

The state-space equations Eq. 5-40 with Eq. 5-39 can be utilized to solve the passive
control of buildings with the nonlinear magneto-viscoelastic isolation system, by
choosing ud  ud , passive which equals to the restoring force of isolation system when the
magnetic field is off state.

For semi-active control of buildings with the nonlinear magneto-viscoelastic isolation
system, the IMIEKC-based semi-active control method similar to IMIEKC method in
Chapter 4 is used. The IMIEKC-based semi-active control method has the modification
as following:
The total control performance index J (t ) is modified as:
J (t ) 

1 T
1
1
2
2
Y (t )Q Y Y(t )  Rud 1 (t )  Sud 1 (t )ud 2 (t )  Tud 2 (t )
2
2
2

ud 1  ud 1, semi ( B M11 )  ud 1, passive ( B M11  0) and ud 2  ud 2, semi ( B M11 )  ud 2, passive ( B M11  0)
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(5-41)

Where u d 1 is the part of restoring force of base isolation system with respect to the shear
equilibrium part of stress σ e12 and u d 2 is the part of restoring force of base isolation system
with respect to the shear non-equilibrium part of stress σ vi12 :
ud 1, semi  kv (σe12 ( B M11 )) and ud 1, passive  kv (σe12 ( B M11  0))
N

N

i 1

i 1

ud 2, semi  kv ( σvi12 ( B M11 )) and ud 2, passive  kv ( σvi12 ( B M11  0))

(5-42)
(5-43)

The control performance equation can be written in the discrete-time form:
Minimize
J [k  1] 

1
1
1
Y[k  1]T Q Y Y[k  1]  Ru d 1[k ]2  Su d 1[k ]u d 2 [k ]  Tu d 2 [k ]2
2
2
2

(5-44)
Where u d 1[k ] and u d 2 [k ] are the functions of responses Y[k ] and unknown external
control magnetic field flux density B M11 .
The discrete-time state-space form of dynamic equations then can be derived:

Y[k  1]  A d Y[k ]  B dud [k ]  Ed xg [k ]

(5-45)

1
1
A t
With A d  e z , B d  A z ( A d  I )B z and E d  A z ( A d  I )E z .

By using Eq. 5-45 and the constitutive model equations 3-97 to 3-101 of the nonlinear
magneto-viscoelastic material, the control performance equation 5-44 changes to a
similar minimum optimization problem with boundary restraints as shown in Eq. 5-37.
Then, the nonlinear optimization methods Trust-region-reflective optimization method or
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Interior-point optimization method can be chosen to determine the optimal magnetic field
flux density B M11[k ] at each time step during the control period.

5.3.2

Simulation Results

For simulation, the passive control and IMIEKC-based semi-active control of an isolated
5-story building with nonlinear magneto-viscoelastic model-based isolation system have
been investigated. The responses of IMIEKC-based semi-active control are compared
with the responses of passive-off control and passive-on control to evaluate the control
performance.

The simulation model is the 5-story shear type isolated building model used in Chapter 4
and Section 5.2. The ground motion records of 1940 El Centro earthquake (NS)
earthquake and Northridge (NS) earthquake are used with PGAs equal to 400 gal. The
nonlinear magneto-viscoelastic model of MREs with identified parameters for MREs in
Section 3.3 are applied to the base isolation system. The identified parameters are shown
in Table 3-10, 3-12, 3-14 and 3-16. The maximum of magnetic flux density is chosen as
0.5 T for this simulation. The depth of the base isolation system is assumed to be 1 meter.

The maximum of magnetic flux density 0.5 T is used to decide the maximum and
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minimum shear restoring forces u d 1,max , u d 2,max and u d 1,min , u d 2,min . The maximum restoring
forces occur when B M11 equals to maximum value 0.5 T and the minimum restoring forces
occur when B M11 equals to minimum value 0 T. Additionally, the weighting factors R, S
and T of IMIEKC-based semi-active control method can be determined as the parameter
analyses procedure shown in Chapter 4 by displacement and acceleration relations under
El Centro earthquake and Northridge earthquake and the boundary restraints of the
restoring forces of base isolation. Table 5-3 presents the determined weighting factors R,
S and T for IMIEKC-based semi-active control.

Table 5-3. The weighting factors R, S and T of IMIEKC-based semi-active control.

The passive-off control case is the case when the magnetic field is off state ( B M11 =0 T),
which is treated as the uncontrolled isolated system. The passive-on control case is the
case when the magnetic field flux density B M11 has the maximum value 0.5 T. The
magnetic flux density B M11 can be continuously controlled between minimum value 0 T
and maximum value 0.5 T for IMIEKC-based semi-active control case.

Figure 5-4 presents the time-history of magnetic flux density B M11 of base isolation system
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with IMIEKC-based semi-active control under El Centro earthquake and Northridge
earthquake, which shows the controlled magnetic flux density B M11 varies continuously
between 0 T and 0.5 T.

(a)

(b)

Figure 5-4. Time-history of magnetic flux density of base isolation system with IMIEKC-based semi-active
control with changing range: 0 T to 0.5 T: (a) El Centro earthquake and (b) Northridge earthquake.
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(a)

(b)
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(c)

Figure 5-5. Hysteresis loop of base isolation system under El Centro earthquake: (a) passive-off control
(B=0 T), (b) IMIEKC- based semi-active control l (B=0 T to 0.5 T) and (c) passive-on control (B=0.5 T).

Figure 5-5 present the hysteresis loops of base isolation system with passive-off control,
IMIEKC-based semi-active control and passive-on control under El Centro earthquake
during the whole control period. The hysteresis loops represent the relation between the
restoring force of the base isolation system and the displacement of the base layer where
the isolation system are installed. The restoring force has the relation as Eq. 5-39. As
shown in Fig 5-5, the restoring forces of semi-active control, based on the controlled
magnetic field flux densities, switch between passive-on control and passive-off control
during the whole control period.
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Figure 5-6 and 5-7 demonstrate the comparison of the displacement of base isolation
layer and the absolute acceleration of top layer with passive-off control, IMIEKC-based
semi-active control and passive-on control under El Centro earthquake and Northridge
earthquake.
(a)

(b)

Figure 5-6. Comparison of the displacement of base isolation layer under passive-off control (B=0 T),
IMIEKC- based semi-active control (B=0 T to 0.5 T) and passive-on control (B=0.5 T): (a) El Centro
earthquake and (b) Northridge earthquake.
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(a)

(b)

Figure 5-7. Comparison of the absolute acceleration of top layer with passive-off control (B=0 T),
IMIEKC- based semi-active control (B=0 T to 0.5 T) and passive-on control (B=0.5 T): (a) El Centro
earthquake and (b) Northridge earthquake.

Table 5-4 presents the peak values of the displacement of base isolation layer and the
absolute acceleration of top layer with three control methods under two earthquakes. It
can be seen that the peak strain amplitudes under three control methods are 30% with 1 m
depth of the base isolation system. The strain amplitude is so large that the nonlinear
strain amplitude-dependence should be taken into consideration for the base isolation
system.
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Table 5-4. Peak responses of different control methods under two earthquakes.
Earthquake

El Centro

Northridge

Control method

Base disp
(m)

Ratio*

Top Abs Acc.
(m/s2)

Ratio*

Unisolated

-

-

13.718

6.15

Passive-off

0.2993

1

3.7322

1

Semi-active (0 T to 0.5T)

0.2184

0.73

3.3217

0.89

Passive-on

0.2833

0.95

4.1222

1.10

Unisolated

-

-

19.1053

7.33

Passive-off

0.3039

1

4.7164

1

Semi-active (0 T to 0.5T)

0.2583

0.85

4.4801

0.95

Passive-on

0.2917

0.96

4.8720

1.03

*The ratio represents the ratio between the response of a control method and of the passive-off control.

It can be seen from Fig. 5-6, Fig. 5-7 and Table 5-4, for passive-on control, the
displacement of base isolation layer is smaller but the absolute acceleration of top layer is
larger compared with passive-off control under all two earthquakes, which means
passive-on doesn’t have a better performance than passive-off control. However,
IMIEKC-based semi-active control has the best control performance on both the
displacement of base isolation layer and the absolute acceleration of top layer when
compared with passive-off control and passive-on control.

In summary, IMIEKC-based semi-active control method can be applied to the
elastic-viscoelastic composite building with nonlinear magneto-viscoelastic model-based
base

isolation

system,

considering

all

excitation

frequency-dependent,

strain

amplitude-dependent, and external magneto-dependent behaviors of base isolation system.
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It also demonstrates that IMIEKC-based semi-active control method has a better control
performance on both the displacement control and the acceleration control as compared
with passive-off control and passive-on control.

5.4 Conclusions
The dynamic equations of elastic-viscoelastic composite structure with base viscoelastic
isolation system have been derived in this chapter first. By combining dynamic equations
of

elastic-viscoelastic

composite

structures

with

the

linear

GMM-base

magneto-viscoelastic model developed in Section 3-2 and with the nonlinear
magneto-viscoelastic model of MREs developed in Section 3-3, the passive control of
isolated elastic-viscoelastic composite structures with two magneto-viscoelastic models
have been derived. Then, it proves that IMIEKC-based semi-active control method,
modified from IMIEKC in Chapter 4, can be able to apply into these two isolated
elastic-viscoelastic composite structures, with considerations of frequency- and
magneto-dependent behaviors of the linear magneto-viscoelastic model-based isolation
system and with considerations of frequency-, strain amplitude- and magneto-dependent
behaviors of the nonlinear magneto-viscoelastic model-based isolation system,
respectively. Furthermore, comparisons of responses from passive-off control,
IMIEKC-based semi-active control method and passive-on control of a 5-story shear type
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isolated building simulation model have proved that IMIEKC-based semi-active control
methods have great control performances on both the displacement control and the
acceleration control for the base isolation systems with linear GMM-based
magneto-viscoelastic model of MREs under small strain and with nonlinear
magneto-viscoelastic model of MREs under large strain.
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Chapter 6 Conclusions and Future Research
6.1 Conclusions
This dissertation focuses on the investigations of the magneto-viscoelastic behavior of
magnetorheological elastomers (MREs) under different excitation frequencies, strain
amplitudes and magnetic fields, and the semi-active control of smart structures using
MREs-based isolation system. Two magneto-viscoelastic models of MREs are developed
with the comparisons of DMA test results on well-studied frequency-, strain amplitudeand magneto-dependent behavior of MREs. IMIEKC (instantaneous-minimuminput-energy-based) semi-active control algorithm has been proposed for a general hybrid
isolation system with both stiffness and damping varying simultaneously, which
following applied into semi-active control of smart structures with magneto-viscoelastic
MREs-based isolation system. As a final remark, the main contributions of this
dissertation are summarized in the following.

Firstly, MREs specimens have been fabricated, with the micro-structures characterized by
scanning electron microscope (SEM). The magneto-viscoelastic behaviors of MREs,
especially

frequency-dependence,

strain

amplitude-dependence

and

magneto-

dependence, have been comprehensively investigated by dynamic mechanical analysis
(DMA) shear tests and characteristics of both particle reinforced composite and
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magnetorheological material have been well studied.

As

the

second

magneto-viscoelastic

major

contribution,

model

of

starting

MREs

under

from
small

a

linear
strain,

GMM-based
a

nonlinear

magneto-viscoelastic model of MREs under large strain with Payne effects has been
developed by extending generalized Maxwell model to finite deformations. Both
mechanical force-induced Payne effect and magneto-induced Payne effect for the
amplitude-induced nonlinearity are well taken into consideration by integrating
parameters of Payne effects in finite nonlinear magneto-viscoelastic theory as scalar
internal state variables to describe the states of the filled-polymer network and magnetic
filler network. The simulation results agree well with DMA test results, which has been
shown that these two proposed magneto-viscoelastic model can be able to well describe
and predict dynamic mechanical behaviors of MREs under shear loading, except under
very small frequencies (<1 Hz) and very large frequencies (>30 Hz). In addition, the
proposed models can be able to divide the total shear stress into equilibrium part of stress
and non-equilibrium part of stress, which is an advantage for

relatively easily applying

into the control algorithms of MREs-based devices.

The third major contribution involves the developing of IMIEKC semi-active control
algorithm for a general hybrid isolation system consisting of a variable stiffness and a
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variable damping. By simultaneously minimizing the total kinetic energy of the structure
from input energy of earthquake and minimizing the control energy of the isolation
system at each time step, the optimal values of controllable stiffness and damping of the
isolation system can be determined to well mitigate the displacement responses as well as
the acceleration responses of isolated structure. Comparisons among other considered
control methods have demonstrated that the isolation system combining controllable
stiffness and controllable damping has a more effective control performance on both
displace and acceleration than the isolation systems with individually variable stiffness or
individually variable damping. Meanwhile, IMIEKC control shows a better control
performance on acceleration compared with LQR active control. Additionally, because
both the stiffness and damping can be controlled continuously, IMIEKC has a better
acceleration control performance than the control cases in which stiffness and damping
are controlled discontinuously.

Further, two proposed magneto-viscoelastic models of MREs in Chapter 3 have been
utilized to describe the MREs-based isolation systems. Subsequently, the modified
IMIEKC semi-active control methods have been developed for the elastic-viscoelastic
composite structure with MREs-base isolation system. Simulation results have proved
that IMIEKC-based semi-active control methods can be able to well control the base
isolation systems with linear GMM-based magneto-viscoelastic model of MREs under
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small strain as well as with nonlinear magneto-viscoelastic model of MREs under large
strain.

6.2 Suggestions for Future Research
In the future research, for magneto-viscoelastic modelling of MREs, further aspect of the
temperature-dependency behavior or MREs needs to be investigated, which is neglected
in this dissertation. Additionally, the effects of the chain-structures of particles in
anisotropic MREs will be taken into account. Besides, the finite element implementation
of the magneto-viscoelastic model with Payne effects is suggested to be developed in the
further. Other improving techniques like genetic algorithm method are a continuing
objective for material parameters identification. For IMIEKC semi-active control
algorithm, other improving methods like intelligent optimization methods to determine
the optimal weighting factors will be investigated and corresponding decentralized
semi-active method are expected to develop. Last but not the least, from the point of view
of engineering applications, MREs-based isolation devices and corresponding shaking
table experiments should be further studied.
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