UC San Diego

UC San Diego Electronic Theses and Dissertations

Title
On two variant models of branching Brownian motion

Permalink
https://escholarship.org/uc/item/0126b9dx

Author
Liu, Jiaqi

Publication Date
2022

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/0126b9dx
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA SAN DIEGO

On two variant models of branching Brownian motion

A dissertation submitted in partial satisfaction of the
requirements for the degree

Doctor of Philosophy

n

Mathematics

by

Jiaqi Liu

Committee in charge:

Professor Jason Schweinsberg, Chair
Professor Massimo Franceschetti
Professor Ruth Williams

Professor Tianyi Zheng

Professor Andrej Zlatos

2022



Copyright
Jiaqi Liu, 2022
All rights reserved.



The dissertation of Jiaqgi Liu is approved, and it is ac-
ceptable in quality and form for publication on microfilm

and electronically.

University of California San Diego

2022

1l



DEDICATION

Dedicated to my family.

v



EPIGRAPH

NERMIA], ZARTITE -
— [ ke HiFTHhE)



TABLE OF CONTENTS

Dissertation Approval Page . . . . . . . . . ... iii
Dedication . . . . . . . . . iv
Epigraph . . . . L v
Table of Contents . . . . . . . . . . . vi
List of Figures . . . . . . . . . e vii
List of Tables . . . . . . . . . . . viii
Acknowledgements . . . . ... X
Vita . . o e xii
Abstract of the Dissertation . . . . . . . . . . .. xiii
Chapter 1 Introduction . . . . . . . . . . . 1
1.1 Definition . . . . . . . . .. 1

1.2 Branching Brownian motion as a population model . . . . . . ... ... .. )

1.3 F-KPP equation and the frontierof BBM . . . . . . ... .. ... ... ... 6
1.3.1 F-KPPequation . ... ... ... ... ... ... ... . ..., 7

1.3.2 Frontier of BBM . . . . ... ... ... 8

1.4 Techniques . . . . . . . . . 11
1.4.1 Spine decomposition . . . . . . .. ... 11

1.4.2 Many-to-one and many-to-two lemmas . . . . . ... ... ... ... 12

1.5 Outline. . . . . . . . . e 14
Chapter 2 Branching Brownian motion with absorption . . . . . ... ... ... .. 15
2.1 Imtroduction . . . . . . . . ... 15
2.2 Preliminary results . . . . . .. .. Lo 21
2.3 Upper bound . . . . . . . . ... 25
2.3.1 Proof outline . . . .. ... ... ... 25

2.3.2 Proof of upper bound . . . . .. ..o 29

2.3.3 Proofsof Lemmas . . . . . . .. ... ... ... 32

2.4 Lower bound . . . . . . . ... 43
2.4.1 Proof of the Lower bound . . . . . . . ... ... ... ... ..... 43

24.2 Proofof Lemmas . . .. .. .. ... o 49

2.5 Acknowledgement . . . . .. ... 58

vi



Chapter 3 Branching Brownian motion with an inhomogeneous branching rate . . . 59

3.1 Introduction . . . . . . . . . 59
3.1.1 Themodel . . . . . . . . . .. 63
3.1.2 Mainresults . . . . . .. ... 65
3.1.3 Ideas behind the proof . . . . . . . ... ... ... ... ... 74
3.1.4 Table of notation . . . . .. ... ... ... 79
3.1.5 Organization of the chapter . . . . . . ... ... ... ... ... .. 82

3.2 Structure of the proofs . . . . . . . ... oL 82
3.2.1 Division into larger and smaller intervals . . . . . . ... .. .. ... 82
3.2.2 Proof of Theorem 21 . . . . . . . . . ... ... ... ... .. ..., 85
3.2.3 Proof of Corollary 22 . . . . . . . . ... ... 89

3.3 Proof of Propositions 23, 24, 25, and 26 . . . . . . . . . ... .. ... ... 91
3.3.1 A review of results from [75] . . . . . ... 91
3.3.2 Notation . . . . . . . . .. 94
3.3.3 Proof of Proposition 25 . . . . . . ... ... 95
3.3.4 Proof of Proposition 26 . . . . . . ... ... L 107
3.3.5 Proof of Proposition 23 . . . . . . . ... ..o 116
3.3.6  Proof of Proposition 24 . . . . . . . .. ... Lo 122

3.4 Proofsoflemmas . . . . .. . ... ... 134

3.5 Second moment estimate . . . . ... ..o 147
3.5.1 Proofof Lemma34 . .. ... ... ... ... 147
3.5.2 Proof of Lemma 41 . . . . . . .. ... 150

3.6 Acknowledgement . . . . .. ... 179

Bibliography . . . . . . . . 180

vii



LIST OF FIGURES

Figure 3.1: Graph of asymptotic empirical, Airy and Gaussian densities . . . . . . .

Figure 3.2: Trajectory of fi» .
Figure 3.3: Notation when z > 0

viil



LIST OF TABLES

Table 2.1:  Index of notation in Chapter 2 . . . . . . . . . . . . . . . . .. .. ....

Table 3.1: Index of notation in Chapter 8 . . . . . . . . . . . . . ... ... .....
Table 3.2:  Asymptotic behavior of co,, and c,, . . . . . . ...

1X



ACKNOWLEDGEMENTS

First and foremost I would like to express my sincere gratitude to my advisor, Jason
Schweinsberg, for his guidance and support over the years of my PhD study. I want to thank
him for introducing me to the beautiful world of branching Brownian motion and teaching
me how to work and think as a researcher. He was available whenever I needed his advice.
His patience and encouragement made me through all the hard times when I questioned
myself and wanted to give up. I feel so honored and fortunate to have him as my advisor.
The invaluable lessons I have learned from him on both math and life will be my lifelong
treasure.

I would also like to thank Massimo Franceschetti, Ruth Williams, Tianyi Zheng and
Andrej Zlatos for serving on my committee and providing insightful comments.

I wish to show my appreciation to my collaborators Julien Berestycki and Bastien
Mallein for the interesting problem and helpful discussions. I am very fortunate to work
with them.

The probability group at UCSD is a wonderful environment to study and work in. I
would like to thank faculty members Bruce Driver, loana Dumitriu, Patrick Fitzsimmons,
Todd Kemp, Ruth Williams and Tianyi Zheng for sharing their wisdom and passion in
probability theory. I would also like to thank all the past and present doctoral students in
the group especially Felipe Campos, Yingjia Fu, Eva Loeser, Vaki Nikitopoulos and Yizhe
Zhu.

There are also many friends who have made the past five years a happy journey for
me. In particular, I want to thank Mingjie Chen, Bingni Guo, Baiming Qiao and Suhan
Zhong for being my friends and sharing life with me.

Besides the people I met during the PhD study, I would also like to thank my profes-
sors back in college. I particularly want to thank professors Hui He, Wenming Hong, Zenghu
Li and Yingzhe Wang for guiding me to the probability theory and witnessing every step of

my growth.



Finally, I would like to express my deepest gratitude to my parents and grandparents
for their unconditional love and support, without which I wouldn’t be who I am today.
Special thanks go to my boyfriend Zongze. Thank you for always being there for me through
my ups and downs. I am blessed to have you in my life.

Chapter 2, in full, is a reprint of the material as it appears in “Jiaqi Liu. A Yaglom
type asymptotic result for subcritical branching brownian motion with absorption. Stochastic
Processes and their Applications, 141:245-273, 2021.” The thesis author is the author of this
paper.

Chapter 3, in part, has been submitted for publication. The thesis author is the co-
author of the preprint “Jiaqi Liu and Jason Schweinsberg. Particle configurations for branch-

ing Brownian motion with an inhomogeneous branching rate, 2021. arXiv: 2111.15560.”

x1



VITA

2017 B. S. in Mathematics and Applied Mathematics, Beijing Normal
University
2017-2022 Graduate Teaching Assistant, University of California San Diego
2022 M. S. in Statistics, University of California San Diego
2022 Ph. D. in Mathematics, University of California San Diego
PUBLICATIONS

Jiaqi Liu. A Yaglom type asymptotic result for subcritical branching Brownian motion with
absorption, Stochastic Processes and their Applications, 141, 245-273, 2021.

Jiaqi Liu and Jason Schweinsberg. Particle configurations for branching Brownian motion
with an inhomogeneous branching rate, arXiv prerpint 2111.15560, 2022.

xii



ABSTRACT OF THE DISSERTATION

On two variant models of branching Brownian motion

by

Jiaqi Liu
Doctor of Philosophy in Mathematics

University of California San Diego, 2022

Professor Jason Schweinsberg, Chair

Branching Brownian motion is a random particle system which incorporates both the
tree-like structure and the diffusion process. We consider two variant models of branching
Brownian motion, branching Brownian motion with absorption and branching Brownian
motion with an inhomogeneous branching rate.

In the first variant model, branching Brownian motion with absorption, particles
move as Brownian motions with drift —p, undergo dyadic branching at rate 1, and are killed
when they reach the origin. Kesten (1978) first introduced this model and showed that
p = V/2 is the critical value separating the supercritical case p < v/2 and the subcritical case
p > /2. We study the transition of the model from the slightly subcritical regime to the
critical regime. Write p = /2 + 2. We obtain a Yaglom type asymptotic result, showing

that the long-run expected number of particles conditioned on survival grows exponentially

xiil



as 1/4/¢ as the process gets closer to being critical.

In the second variant model, branching Brownian motion with an inhomogeneous
branching rate, each particle independently moves as Brownian motion with negative drift,
each particle can die or undergo dyadic fission, and the difference between the birth rate
and the death rate is proportional to the particle’s location. This model was first considered
by Roberts and Schweinsberg (2021) and models the evolution of populations undergoing
selection. Aiming to understand the distribution of fitness levels of individuals in a large
population undergoing selection, we study the particle configurations of this model from the
left edge to the right edge. We show that, under certain assumptions, after a sufficiently
long time, the distribution of individual fitnesses from the least fit individuals to the most fit
individuals is approximately a traveling wave with a profile related to the Airy function. Our
work, complements the results in Roberts and Schweinsberg (2021), giving a fuller picture

of the fitness distribution.
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Chapter 1

Introduction

Branching Brownian motion (BBM) is a random particle system which incorporates both
the tree-like structure and the diffusion process. BBM has a natural interpretation as a
population model. Variations of BBM can be used to model the evolution of populations
under different constraints, and therefore provide mathematical justifications for biological
observations. Beyond the biological aspect, BBM also has intrinsic relations with partial
differential equations and statistical physics. In this chapter, we first introduce the definitions
of BBM and its variant models. In Section 1.2, we explain how BBM can be viewed as a
population model. In Section 1.3, we give a brief review of the results on the frontier of
BBM, showing how BBM is related to one type of partial differential equation, the F-KPP

equation. The chapter ends with two techniques that are widely used in the study of BBM.

1.1 Definition

The study of branching processes originated from the work of Bienaymé [18], and
Galton and Watson [86]. They considered stochastic models which record the number of
alive descendants in each generation, with the key feature that in every generation, each
individual gives birth to a random number of descendants independently of the others. In

1962, in order to describe both random growth and random dispersal of a population in



continuous spaces at the same time, Adke and Moyal [5] introduced BBM. The following
definition is similar to the one given in [5], and we refer to it as the ordinary BBM. Let r» > 0

be a fixed constant and (py)52, be a probability law with support on non-negative integers.
Definition 1. The ordinary BBM is a continuous-time stochastic defined as follows.
o At time O, there is a single particle at v € R.

e During its lifetime, each particle independently moves according to one-dimensional

Brownian motion.

e Fach particle has an exponentially distributed lifetime with rate r. The lifetime of each

particle is independent of its position and of all other particles.

e At the end of the lifetime, each particle independently splits into a random number of

offspring according to the probability law (pk)ren-

Here, 7 is the branching rate and (py)ren is the branching distribution (or reproduction law).
In general, there are three places where we can modify the above definition and generate
variant models of BBM.

First, the motion of particles can be generalized to other stochastic processes other
than the standard Brownian motion. For example, particles can move as Brownian motion
with an inhomogeneous variance. To be more precise, let A(x) be the function which char-
acterizes the inhomogeneous variance of Brownian motion. The function A(z) is increasing
and right-continuous with A(0) = 0 and A(1) = 1. Let {B;}+>0 be the standard Brownian
motion. Fix a time horizon T and define (B{')o<i<r to be a time change of the standard
Brownian motion on [0, 7]

B{* = Bragr).

We see that (Bi')o<i<r is the Brownian motion with inhomogeneous variance A(z). BBM
with inhomogeneous variance is defined as the ordinary BBM except that particles move

as Brownian motion with inhomogeneous variance A(x). The case A(x) = z corresponds



to the ordinary BBM with homogeneous variance. Fang and Zeitouni [37], and Bovier and
Hartung [20] studied the case where A(z) is a piecewise linear function. The case studied by
Fang and Zeitouni [38], and Maillard and Zeitouni [64] falls in the regime where A(z) > z
for some x € (0,1). Bovier and Hartung [21] considered the weak correlation regime, where
A(x) <z for all x € (0,1). In [22], Bovier and Hartung studied the transitional behavior
of the process of by considering functions A(z) that lie slightly above or below A(x) = .
Another well-studied variant model is the branching Ornstein-Uhlenbeck process. As the
name suggests, particles move according to the Ornstein-Uhlenbeck process satisfying the

stochastic differential equation

dY (t) = —uY (t)dt + dB,,

where 1 > 0. This model is interesting for two reasons. First, it was conjectured by Cortines
and Mallein [30] that branching Ornstein-Uhlenbeck process has unusual genealogical behav-
ior when undergoing selection (particles killed at a barrier). Second, the Ornstein-Uhlenbeck
process has a stationary distribution. After a period of time, positions of particles are ap-
proximately independent. Therefore, this branching process is know to satisfy a Law of
Large Numbers (see Enderle and Hering [35]). As for the Central Limit Theorems, the nor-
malization and limit depends on the relation between the branching parameter r and the
parameter of the Ornstein-Uhlenbeck process p. See e.g. Adamczak and Mito$ [2, 3].
Second, selection criteria can be added to the branching particle system. For example,
particles hitting certain boundaries can be removed from the system. The most well-studied
model falls into this category is BBM with absorption, in which particles move as Brownian
motion with drift —p (p € R), undergo dyadic branching at rate 1, and are killed when they
reach the origin. Kesten [56] first studied this model in 1978 and delineated the regions
where the process is subcritical, critical or supercritical. He showed that p = /2 is the

critical value separating the supercritical case p < v/2 and the subcritical case p > /2.



The critical behavior of the process was studied by [12, 13, 56, 61, 63]. Berestycki et al.
[10, 11] studied the slightly supercritical regime. The long run survival probability in the
subcritical case was studied by [48]. Another model with killing at barriers is BBM in a
strip, in which particles are killed not only at 0, but also at some K > 0. This model was
first studied by [51]. Another selection criterion is keeping the total number of particles in
the system fixed. Because of the strong interactions between particles, BBM processes under
such selection criteria are usually difficult to analyze rigorously. The model N-BBM is one
of them, in which the total number of particles is kept constant equal to N by killing the left-
most particle at each branching event. A discrete version of this model was first considered
by Brunet and Derrida [24] while studying the velocity of the traveling wave of an F-KPP
type equation. As a natural continuous time version of the previous process, N-BBM was
proposed by Maillard [62], and later on studied by De Masi et al. [31], and Berestycki et al.
[17]. A multi-dimensional version of this model is called Brownian bees, in which particles
independently move as Brownian motions in R? and branch at rate 1, and the total number
of particles is kept constant equal to N by killing the particle that is furthest away from the
origin at each branching event. The stationary distribution and hydrodynamic limit of the
Brownian bees was fully understood by Berestycki et al. [15, 16]. A similar model, which is
called Barycentric Brownian bees was studied by Addario-Berry et al. [4].

Third, the branching rate can be inhomogeneous. For example, particles can breed
at a rate dependent on its position. BBM with a space-dependent branching rate was first
introduced by Harris and Harris [49]. In their model, each particle branches at a rate §|z|?,
which is proportional to its distance from the origin raised to the power p € [0,2]. Later,
Roberts and Schweinsberg [75] used BBM with an inhomogeneous branching rate to model
the evolution of populations undergoing selection.

Variant models of BBM can be considered with different physical and biological mo-
tivations. In this thesis, we are particularly interested in two variant models, BBM with

absorption and BBM with an inhomogeneous branching rate.



1.2 Branching Brownian motion as a population model

BBM has a natural interpretation as a population model, where branching events
represent births, particles represent individuals in the population, positions of particles rep-
resent fitnesses of individuals and movements of particles represent changes in fitnesses over
generations. See e.g. [11, 12, 25, 26, 62]. In Chapter 3, we use a variant model of BBM,
BBM with an inhomogeneous branching rate to model the evolution of populations under-
going selection. In this section, we introduce a discrete population model which motivates
the construction of BBM with an inhomogeneous branching rate model in Chapter 3.

The simplest discrete population model is the Moran model, introduced by Moran [67]
in 1958. In the Moran model, there are N individuals in the population at all times. Every
individual independently lives for an exponentially distributed time. When an individual
dies, it is replaced by a new individual, whose parent is chosen uniformly at random from
the population. Note that in the Moran model, no selection acts on the population. To
incorporate selection, we construct a variation of the Moran model, which was considered in

[75]. We refer to it as the discrete population model with selection.

Definition 2. We construct the discrete population model with selection as follows.
e There are N individuals in the population at all time.
o Fach individual independently acquires mutations at rate fiy .

e All mutations are beneficial and the fitness of an individual depends on the number of
mutations this individual has acquired. Let sy be the selection rate. The fitness level

of an individual with j mutations at time t is
max {1+ sy(j — M(t)),0}

where M (t) is the average number of mutations of the population at time t.



e Fach indwidual independently lives for an exponentially distributed time, then dies and
gets replaced by a new individual. The parent of the new individual is chosen at random

with probability proportional to the fitness.

In this model, when the rate of beneficial mutations py is large but the selective ad-
vantage sy resulting from each mutation is small, an individual’s fitness level will evolve like
a random walk. With proper scaling, the fitness of each individual will move as a Brownian
motion with drift. Motivated by this discrete model, Roberts and Schweinsberg [75] con-
structed BBM with an inhomogeneous branching rate model in which particles independently
move as Brownian motion with drift, particles can die or undergo dyadic fission, and the
difference between the birth rate and the death rate is proportional to the particle’s location.
Particles with higher locations are more likely to branch, which implies that individuals with
higher fitnesses are more likely to reproduce offspring. Therefore, inhomogeneous branching
depicts the most important feature of populations undergoing selection. If we relate the
parameters uy, sy and N in the discrete model with the branching rate and the drift of
Brownian motion, we believe BBM with an inhomogeneous branching rate can serve as a
good approximation of the discrete population model with selection.

The discrete population model with selection is just one example of discrete pop-
ulation genetics models in which the effect of the natural selection is considered. Others
include the Wright-Fisher model with selection and the Moran model with selection defined
in Etheridge [36], and some other variations of the discrete population model with selection

studied in [34, 54, 80, 88).

1.3 F-KPP equation and the frontier of BBM

There has been a long-standing interest in the extremal position of BBM. In this
section, we will review some of the most exciting results regarding the maximal displacement

of the ordinary BBM. For simplicity, throughout this section, we assume that the branching



rate r = 1 and the branching distribution is p; = 1.

1.3.1 F-KPP equation

The Fisher-Kolmogorov-Petrovskii-Piskounov equation, known as F-KPP equation is

a semilinear partial differential equation of the form

and

F'(0)=p>0, F'(u) < B for allu e (0,1].

The F-KPP equation is one of the simplest reaction-diffusion system that can be used to
model population growth and wave propagation.

The F-KPP equation is closely related to BBM. In 1975, McKean [65] first gave a
solution of the F-KPP equation expressed in terms of BBM. Consider the ordinary dyadic
BBM started from a single particle at x. We denote by E* the expectation under the
probability measure of this process. Let N; be the set of particles at time t and {X,(¢) : u €

N} be the set of positions of particles at time ¢.

Theorem 3. Let g € C*(R) with 0 < g(z) < 1 for all x. If u : RT x R — R satisfies

u € [0, 1] and solves the F-KPP equation with initial condition g,

ou  10%u
E Q@ﬂLUz—U, u(0,z) = g(z), (1.1)



then we have the representation

u(t,z) = E{ 1T g(Xu(t))].

ueNy

As a special example, if we let the initial condition to be the indicator g(z) = 1y;>0,
then we have that the distribution function of the maximal displacement of BBM satisfies
the F-KPP equation. To be more precise, define M; to be the maximal displacement of the
ordinary BBM. By Theorem 3,

u(t,r) = EI{ 11 1{Xu(t)20}]

uEN;

satisfies (1.1) with initial condition g(z). Note that after translation,
u(t,z) = P°(M, < x),

which is the cumulative density function of the maximal displacement at time ¢t. In fact, this
result can be seen directly from the branching property and the fact that the infinitesimal

generator of Brownian motion is A/2, where A is the Laplacian operator.

1.3.2 Frontier of BBM

Let u(t,z) be the distribution function of the maximal displacement. It is known
that the solution of the F-KPP equation converges to a traveling wave. That is to say, there

exist functions m(t) and w(x) such that w is a probability distribution function and

u(t,m(t) + ) — w(x) uniformly in z as t — oo,



and the traveling wave solution w solves the ordinary differential equation

1
éw” + V2w 4 w(w — 1) = 0.

Therefore, M; — m(t) converges weakly to a limit whose distribution is given by w(x). The
exact asymptotic expression of the median position m(t) of the maximal displacement was
first given by Bramson [23] in 1978. Using the connection between the maximal displacement

M; and the F-KPP equation, he showed that there exists a constant C' such that

m(t) :\/it—ilogt—i—C'—I—O(l) ast — oo.

2v/2

If we compare m(t) with the median of the maximum of e’ independently and identically
distributed random variables with normal distribution N(0,¢), then they have the same first
leading orders, but different second leading orders. Therefore, Bramson’s result reflects a
deep understanding of the branching structure. Bramson’s proof was further simplified by

Roberts [74] in 2013. Roberts also proved that

3 M=Vt M —v2t 1

——— = liminf < lim sup = —

22  tooo logt o0 logt 22

This result was first established by Hu and Shi [52] in the discrete setting branching random
walk.

In 1987, Lalley and Sellke [58] noticed that despite the weak convergence of M; —m(t),
the empirical distribution of the centered maximal displacement M; —m/(t) does not converge
to w(x) in the limit of large times. Instead, they proved a weak limit theorem which relates
the maximal displacement with a certain martingale in the limit of large times. It turns
out that this martingale encodes the fluctuation of the beginning of the BBM. Afterwards,

the behavior of the maximal displacement is approximately dominated by the extreme-value



mechanism. Let

Z(t) _ Z (\/Et o Xu<t))€\/§Xu(t)*2t.

uEN;

Lalley and Sellke showed that (Z(t),t > 0) is a martingale and

lim Z(t) =Z a.s.

t—o0

where Z is strictly positive and almost surely finite. The process (Z(t),t > 0) is often called
the derivative martingale. Lalley and Sellke proved that there exists some constant ¢ such
that

3 —cZe” V2
w(x) = tlggloP(Mt<\/_t—mlogt+x) —E[e ] (1.2)

That is, conditioned on Z, the asymptotic distribution of M; — m(t) is the Gumbel distri-
bution with random shift log Z.

Lalley and Sellke’s result suggests a random shift picture for the frontier of BBM.
The following question would be if we look at the BBM from its right-most particle, what is
the picture of the whole process. This question was answered in two papers with different

proofs, [6, 7]. Define the point measure

&= Z OX, (£)—m(t)-

uEN;

Ast — 00, the random measure & converges in law to a random intensity decorated Poisson
point process £. The distribution of £ is determined by an intensity measure v, which is a

random o-finite measure on R and a random point process D on R. Let
v=cV2Z e’ﬁ”,

and

D(- —hmP(Zé{X Mt}e.MtZ\@t).

t—o0
uEN;

10



where ¢ is the constant in (1.2). Conditionally on v, we first construct a Poisson point
process with intensity v, whose atoms are denoted by (z;)°,. For each z;, we attach a point
measure D; where D; is an independent copy of D. We denote the points of D; as (d; ;)52

Then

E=>" brita,,

i=1 j=1

1.4 Techniques

This section will introduce two extremely useful techniques in the study of branching
processes, the spine decomposition and the many-to-one type lemmas. The spine decompo-
sition is the cornerstone of the proofs in Chapter 2 and the many-to-one type lemmas are

extensively used in Chapter 3.

1.4.1 Spine decomposition

As the name suggests, the idea of the spine decomposition is to identify one particular
line of descent from the root as the spine and view all the other particles as descendants
branching off the spine. This idea first appeared in Chauvin and Rouault’s work [28] in
1988, and was later developed and generalized by Kurtz et al. [57], Lyons [59], Lyons et al.
[60], and Hardy and Harris [47]. The spine decomposition is usually done via the change of
measure. With different changes of measure, different spine decompositions can be obtained
and will be helpful in calculating the probability of certain events. Here we will present one
spine decomposition using the additive martingale, which follows from Chauvin and Rouault
28].

Denote by P?* the probability measure of the ordinary BBM started from a single
particle at x. Let (F:)i>0 be the natural filtration of this process up to time ¢ and m =

> re i kpr — 1. For the branching distribution, assume pyp = 0 and 0 < m < co. For every

11



A € R, define

W,\(t) _ Z e)qu(t)efrmtf)\Qt/Z.
uEN;

It is well known that (Wy(t),t > 0) is a positive martingale called the additive martingale,
and its limit Wy = limy_,o Wy(t) exists almost surely. When |A| > v/2rm, Wy = 0 almost
surely and when |[A| < v/2rm, W)y is almost surely positive and is also the L' limit. We
define the new measure Q% via (W), s > 0),

d@x| _ Wi(t)
dP* |, Wx(0)

Under the new measure ()5, there is one chosen particle which is the spine whose law is
altered and all subtrees branching off the spine behave like the ordinary BBM. The spine
moves as a Brownian motion with drift A starting from x. With accelerated rate (1 4+ m)r,
the spine splits into a random number of offspring according to the probability law (pi)52,
where

~ kpk

- k=1,2,...
Pr m-+1’

The spine is chosen uniformly from the offspring, and the remaining offspring initiate inde-

pendent copies of the ordinary BBM starting from its birth position.

1.4.2 Many-to-one and many-to-two lemmas

Most of the proofs in BBM involve delicate moment estimates. Usually, the first
moment estimate gives the average value and the second moment estimate controls the fluc-
tuation. By many-to-one type lemmas, moment estimates for BBM can be transformed into
the moment calculations of a single particle, which will greatly simplify the calculation. We
present a many-to-one lemma and a many-to-two lemma for the general branching Markov
process. The many-to-one lemma follows from Theorem 8.5 in [47], and the many-to-two

lemma is adapted from Theorem 2.2 in [78].

12



Consider a branching Markov process in which each particle independently moves
according to a one-dimensional Markov process (Z;,t > 0). For a particle at location x, it
dies at rate R(x). To be more precise, if the particle u € N is alive at time ¢, then the
probability that it will die in the interval [t,t 4 dt) is R(X,(t))dt 4+ o(dt). At the end of the
lifetime, each particle independently splits into a random number of offspring according to
the probability law (py)72, on the positive integers with finite mean. Let m = >/~ kp, — 1.
As before, we denote by N; the set of particles at time ¢, {X,(t) : v € N,;} the set of
positions of particles at time t and E* the expectation under this branching Markov process.
We assume that the function R(z) and the process (Z;,¢ > 0) are smooth enough that R(=)

is integrable as a function of s over the interval [0, ¢] for all ¢.

Lemma 4 (Many-to-one lemma). If f : R — R is a measurable function, then

B*| (0] = 7 [eli 2.

uEN;

We further assume that the Markov process (Z;,¢ > 0) is time homogeneous. Let
pe(z,y) be the density for the branching Markov process. That is to say, if there is a single
particle at z at time 0, then the expected number of particles in the Borel set B C R is given

by [, pi(z,y)dy. The density pi(x,y) can be calculated from Lemma 4
pe(w,y)dy = E° [efg MG E, € dyl.

Lemma 5 (Many-to-two lemma). If f: R — [0,00) is a measurable function, then

#[(Trxm) ] = [ rorneva

u€eN
+2/ﬂt /Ooops(x,z)(/ooo f(y)pt_s(z,y)dy>2dzds.
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1.5 Outline

This thesis focuses on two variant models of BBM, BBM with absorption and BBM
with an inhomogeneous branching rate. In Chapter 2, aiming to understand the transition
from the near critical regime to the critical regime for BBM with absorption, we study a
Yaglom type asymptotic result in the slightly subcritical regime. In Chapter 3, we use BBM
with an inhomogeneous branching rate to model the evolution of populations undergoing

selection and provides mathematical descriptions of the population evolution.
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Chapter 2

Branching Brownian motion with

absorption

We consider a slightly subcritical branching Brownian motion (BBM) with absorption,
where particles move as Brownian motions with drift —+/2 + 2¢, undergo dyadic fission at
rate 1, and are killed when they reach the origin. We obtain a Yaglom type asymptotic
result, showing that the long run expected number of particles conditioned on survival grows

exponentially as 1//¢ as the process approaches criticality.

2.1 Introduction

BBM with absorption was first introduced by Kesten [56] in 1978. In this model,
particles move as Brownian motions with drift —p (p € R), undergo dyadic branching at
rate 1, and are killed when they reach the origin. Kesten [56] showed that when p > V2, BBM
with absorption dies out almost surely while when p < v/2, there is a positive probability of
survival. Therefore, p = v/2 is the critical value separating the supercritical case p < v/2 and
the subcritical case p > v/2. We denote by P® , the probability measure for BBM started
from a single particle at x > 0 with drift —p and absorbed at 0.

There has been a long-standing interest in problems related to the asymptotic behav-
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ior of the survival probability. In the critical case, after introducing the model, Kesten [56]
obtained upper and lower bounds on the probability that the process survives until some
large time. Kesten’s result was further improved by Berestycki et al. [12]. Finally, Maillard
and Schweinsberg [63] established the precise asymptotic for the long run survival probabil-
ity. Let ¢ be the extinction time. They showed that there exists a positive constant o such
that

PraC >0 s _

lim ——— =
t—00 (65

They also provided an expression for the constant «, which is related to the tail of the
derivative martingale of BBM. The asymptotic result for the survival probability in the su-
percritical case was obtained by Harris et al. [50] through studying the FKPP equation
associated with this process. Derrida and Simon [32] gave a quite precise prediction for
the survival probability in the slightly supercritical case through nonrigorous PDE methods,
where the drift p is slightly below the critical value. Rigorous probabilistic proofs were pro-
vided by [10]. In this chapter, we are interested in a nearly critical case, where p approaches
the critical value v/2 from above. For notational simplicity, we write p?>/2 — 1 = ¢ where
0 < ¢ < 1 and ¢ approaches to 0. We denote by N, ” the set of surviving particles under
P? at time t. The set of positions of particles at time ¢ under P? is {Y,(t) : v € N "} and
the number of particles at time ¢ under P is N, .

In the subcritical case, almost surely, the process becomes extinct. However, it is
interesting to consider the behavior of the process conditioned on survival up to a large
time. This type of result is called a Yaglom theorem and has been considered by Yaglom [87]
in ordinary branching processes. A similar question was studied by Chauvin and Rouault
28] in the setting of BBM without absorption. Let P be the law of an ordinary BBM started
from 0 without drift and absorption and N; be the set of particles at time ¢. Chauvin and
Rouault first gave an asymptotic expression for the probability of existence of particles to
the right of pt + x at some large time, P(3u € N; : Y, (t) > pt + z). Then they obtained a

limit distribution for the number of particles that drift above pt + x at time t conditioned
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on the presence of such particles for p > v/2. Harris and Harris [48] obtained related results
for BBM with absorption. They derived a large-time asymptotic formula for the survival
probability in the subcritical case. They proved that for p > v/2 and > 0, there exists a

constant K. that is independent of x but dependent on the drift p, and therefore on ¢, such

that,
V2rt3
lim P (N;# > 0) Y+ — K, (2.1)
t—o0 X
and furthermore,
P* (N,”>0) 1
fim oo - ) _ ~p°K.. (2.2)
t—o00 Efp[Nt p] 2

Comparing this with Chauvin and Rouault’s result, as t goes to infinity, P”* p(Nt_p > () and
P(Fu € N, : Y,(t) > pt + x) are the same on the exponential scale but different in terms
of the polynomial corrections. The constant K. plays an important role in calculating the
limiting expected number of particles alive conditioned on at least one surviving. In fact, it

is pointed out by Harris and Harris in [48] that as a direct consequence of (2.2), we have

lim E®, [N, *|N; " > 0] =

t—o0 p2Kg'

(2.3)

Furthermore, by using the method of Chauvin and Rouault [28], it follows from (2.2) that

there is a probability distribution (7;);>1 such that

lim P? (N, " = jIN; " > 0) = 7.

t—o00

Our main result, which is Theorem 8 below, analyzes the asymptotic behavior of (2.3) as ¢
goes to 0. We show that the long-run expected number of particles conditioned on survival

grows exponentially as the process gets closer to being critical.

Theorem 6. There exist positive constants Cy and Csy such that for € small enough,
eCVVE < lim E® [N[?|N;? > 0] < “2/VE, (2.4)
t—o00 P
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Kesten [56] had a result of this type in the critical case. Recently, Maillard and
Schweinsberg [63] proved Yaglom-type limit theorems for more specific behaviors of the
process in the critical case. They derived the asymptotic distributions of the extinction time
¢, the number of particles Nt_‘/§ and the position of the right-most particle at time ¢, Mt_‘/i
for the process conditioned on survival for a long time. To be more precise, let V' be an
exponentially distributed random variable with parameter 1. They proved that conditioned

on (>t ast— ocoand w = (37%)3//2,

2 1/3 2 1/3
(t_Q/B(C _ t), t_2/9 log Nt—\/g’ t—Q/th—\/i> = i) (M) , (M) 7
Vaw' \ V2 V2

where = represents the weak convergence. In the setting of supercritical branching random
walk (BRW), Gantert et al. [43] and Pain [69] considered problems with similar flavor. Let
7 be the asymptotic speed of the right-most position in the BRW. Gantert et al. [43] studied
the probability that there exists an infinite ray which stays above the line of slope v — ¢ as
e goes to 0. Having an infinite ray staying above the line with slope v — € can be viewed
as survival with slightly supercritical drift. They proved that when ¢ — 0, this probability
decays as exp(—(C'+0(1))/+/€) where C is a positive constant depending on the distribution
of the branching random walk. In [69], Pain studied the near-critical Gibbs measure and the
partition function of parameter 5 on the n—th generation of the BRW. In his setting, the
inverse temperature ( is a function of n and approaches to the critical value 1 both from
above and below. Our setting can be viewed as a iterated limit where we first let time ¢
go to infinity and then let the process approach to criticality, while Pain’s setting can be
viewed as a double limit where the process approaches to criticality at the same time when
the generation goes to infinity.

It is important to point out that Theorem 6 does not imply that as the process
approaches criticality, we have log N, = O(¢~'/?) conditioned on survival up to time ¢ in a

typical realization of the process. We conjecture that there is a big difference between the
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expected number and the typical number of surviving particles because the expectation is
dominated by rare events where an unusually large number of particles survive. We further
conjecture that for ¢ sufficiently small, the logarithm of the number of particles at time ¢
conditioned on survival up to time ¢ is typically around =*/3.

The proof of Theorem 6 relies on a better understanding of K. as the drift approaches
the critical value. According to (2.1), studying K. boils down to finding an asymptotic
expression for the survival probability in the slightly subcritical regime. Here we apply a
spinal decomposition to transform survival probability to expectation of the reciprocal of a

martingale.

As in Harris and Harris [48], define

Z Y GPYu t)+€t

uGN L

Lemma 2 in [48] shows that {V'(Z) };>0 a martingale under P* . We can define a new measure
Q" on the same probability space as P, via {V(s)}s>o0,
dQ* V(s)

dP*, |z~ V(0) (2:5)

Under the measure )%, there is one chosen particle which is called the spine whose law is
altered and all subtrees branching off the spine behave like the original BBM with absorption.
The spine moves as a Bessel-3 process starting from x. With accelerated rate 2, the initial
ancestor undergoes binary fission. The spine is chosen uniformly from the two offspring, and
the remaining offspring initiates an independent copy of the original BBM with absorption.
In this chapter Q* is used both for probability and expectation. Representing K. under Q*
n (2.1),

V(0) V 27Tt _ 1
K — 1 T N P pxr+et __ 1 t3 x
m Q { (t) > 0} . lm V2 Q Zue/\/[" Yu(t)epYu(t)
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As a result, Theorem 6 follows from the following proposition.

Proposition 7. There exist positive constants Cy and Cy such that for € small enough,

1
lim sup v 27t3 x{ }<e_01/\/g, 2.6
- p Q Euej\/;‘“ Yu (t) ePYu & — ( )
1
lim inf V27t3Q° > e C2/VE, 2.7
(S [zuew Yu<t>ePYu<t>] =" =0

We point out here that we cannot specify choices of C; and C5;. We are only able to

determine upper and lower bounds for lim; o £ [N, °|N, " > 0].

The rest of this chapter is organized as follows. In Section 2.2, results related to

Brownian motion and the Bessel-3 process will be summarized. Sections 2.3 and 2.4 will

be devoted to the proofs of the upper bound and lower bound in Proposition 7 respectively.

Throughout this chapter, for two nonzero functions f(t¢) and g(¢), we use the notation f(t) ~

g(t) as t — a to mean that lim,,, f(¢)/g(t) = 1. We summarize some of the notation that

are used throughout the chapter in Table 2.1.

Table 2.1: Index of notation in Chapter 2

PCE

—p
t

Q:L‘

{&e}io0
{Cs}Ogsgt
Qx,t,z

The probability measure of the BBM started from a single particle at
x > 0 with drift —p and absorbed at 0.

The set of surviving paticles under P, at time .

The probability measure on the same probability space as P2, defined via
a spine change of measure.

The trajectory of the spine.

The reversed trajectory of the spine up to time ¢, i.e. {§—s}o<s<i-

The probability measure of the branching process under ()* whose spine

starts from x and is conditioned to end up at z at time ¢, i.e. Q*(:|§ = 2)

or Q7(:[¢o = 2).
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Table 2.1: Index of notation in Chapter 2, Continued

{B;/"Y}o<i<u | Brownian bridge from z to y over time w.
{X]""}o<i<w | Bessel bridge from z to y over time u. If clear from the context, we will

write {X, }o<r<, for simplicity.

Py () The transition density of a Bessel process from x to y over time u at time
t.

{R?},>0 Bessel-3 process started from z.

pie(z, ) The transition density of a Bessel process started from x at time ¢.

2.2 Preliminary results

In this section, we will summarize results pertaining to Brownian motion and the
Bessel-3 process which will be used later in the proof. For further properties of the Brownian
motion and the Bessel process, we refer the reader to Borodin and Salminen [19].

Let{B;};>0 be standard Brownian motion and {B;"“Y}q<;<, be a Brownian bridge
from x to y over time u. Standard Brownian bridge refers to the Brownian bridge from 0 to
0 in time 1, {By""*}o<i<1. Reflected Brownian bridge is the absolute value of the Brownian
bridge, {|B;"""Y|}o<t<u- Now we will be able to state the following lemma. Lemma 8 derives
the limit of the probability that a reflected standard Brownian bridge always stays below a
line at + b as b(a + b) approaches 0. We will prove by first obtaining the explicit probability
formula written as an infinite sum and then analyzing its limiting behavior through Jacobi

theta functions.

Lemma 8. Fora >0 and b > 0, we have

27 72
P( su < BYHO| at) < b) ~ [ ———e @t gs bla+b) | 0.
Ogtgpl ’ t ’ b(CL + b) ( ) \l/
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Proof. According to Theorem 7 in [77], we have

o0

P( sup (|B?’1’0| - at> < b> = Y (~1yhe ket (2.8)

0<t<1 Pt

To have a better understanding of this expression for small values of b(a + b), we need
to introduce the Jacobi theta functions of type 2, J5(z|7) and type 4, ¥4(z|7) and their

relationship. A good reference would be Section 16 of [1]. We have

Dy(2|7) := 27/ Z R cos((2k 4 1)2),
k=0

194(2‘7_) — Z (_1)kei7r‘rk2€2kiz'

k=—o00

As a special case of Jacobi’s imaginary transformation,

94(0[7) = (—ir) /29, (0] - %)

Then (2.8) can be written in terms of Jacobi theta functions,

P (&121 (1B1*1— at) < v) =04 <O|2b(a7r+ bﬁ) —f 2b(a7r~|— 02 <O|2b(§ 1 b))'

We want to explore the limiting behavior of P(supg<;<, |B°|—at < b) as b(a+b) approaches

0. By the series representation for the theta function ¥y, if €™ € R and ¢ — 0, then

Do (0|7) ~ 2e™7/4,

Therefore, as b(a + b) approaches 0 from above,

) 27T 2
P( <BO’1’O — t) b) = Lﬁ ( ﬂ——z> ~ ~ 5(aD)
Sup (1B —at) < R AT rE) CE
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O
Below we will present a stochastic dominance relation between Brownian bridges with

the same length but different endpoints.

Lemma 9. For every t > 0, if x1 > x3 and y1 > ya, then {B*" } oo« stochastically
dominates { B¥>"V2}o<,<;. In other words, these two processes can be constructed on some

probability space such that almost surely for all v € [0, 1],

z1,t,91 z2,t,Y2
BT77 ZBT77 .

Proof. According to IV.21 of [19], after some computations, { B¥141 } oo, and { B¥242} o,
can be expressed in terms of {B>"%}<,<,

t—r

B¥t¥i —
" t

z; + gyi—{—BS’t’O, for 0 <r <tandi=1,2.

Since x1 > x5 and y; > yo, {B¥"¥ }o<,.<, stochastically dominates { B¥>"¥2}q.,.<, from the

above coupling. O

Next we are going to introduce results pertaining to the Bessel-3 process. The Bessel-
3 process is defined to be the radial part of a three-dimensional Brownian motion. Since
only the Bessel-3 process will be considered in this chapter, below we will write the Bessel
process for convenience. Also, the Bessel process is identical in law to a one dimensional
Brownian motion conditioned to avoid the origin. Let p,(z,y) be the transition density of a

Bessel process started from x at time t. We have

a2
pi(z,y) = y_1 e e (1 — e‘hy/t).
x

V27t

Similarly to the Brownian motion setting, define {X;""¥}o<;<, as a Bessel bridge from x
x7u7y

to y over time u and p;""¥(z) as its transition density at time ¢. Specifically, {Xto’l’o}ogtgl

is a Brownian excursion. It is shown in the proof of Lemma 7 in [48] that a Bessel bridge
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is identical in law to a Brownian bridge that is conditioned to avoid the origin. Since a
time-reversed Brownian bridge is also a Brownian bridge, we see that a time-reversed Bessel

bridge is also a Bessel bridge. To be more precise,
x,l,z d z,l,x
(X2 Yococr = {X 2" Yocoss:

As in the Brownian motion case, there is also a stochastic dominance relation between
Bessel bridges. The technical tool we use here is the comparison theorem for solutions of

stochastic differential equations and a good reference for it is [53].

Lemma 10. If ;1 > 29 > 0 and y; > y2 > 0, then { X011 }oc.<q stochastically dominates
{Xz2lv2} o . In other words, these two processes can be constructed on some probability

space such that almost surely for all r € [0, 1],
xXruly > xe2,ly2
T —_ T N

Proof. Tt is sufficient to show that for every 0 < § < 1, the process { X111}, <1 _s stochas-
tically dominates {X*2'¥2}..o; 5. Note that the Bessel bridge is nonnegative. Instead of
working with Bessel bridges directly, we will prove the lemma for squared Bessel bridges,
for which the comparison theorem can be applied readily. Define squared Bessel bridges for
0<r<1-4,

x2,1,y? s .
Y= (XEehY)? fori = 1,2.

By (0.27) of [72] and Ito’s formula, letting { B, },>¢ be a standard Brownian motion, squared
Bessel bridges {Yf%’l’y%}ogrg_(g and {Yﬁ’l’y%}ogrﬁl_(g can be respectively represented as

pathwise unique solutions over [0, 1 — ] of the stochastic differential equations

¢ 1—r7r

R ST 2\ Y7 — 2y i
Yot =g dytt = (34 dr +2\/ Y, dB,
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where ¢+ = 1, 2. Set

2yin/x — 2 ‘
bi(t,r) = 3+%tx fori=1,2, o(t,z)=2Vz.

We see that for x,y € R and t > 0,

lo(t, ) — ot y)l = 2V — Vil < 2v/|w =yl =: ¢(|z — y])

where ¢ is an increasing function such that ¢(0) = 0 and

¢(z)?dr = oo.

Furthermore, because b;(t, z) for i = 1,2 and o(¢, x) are continuous on [0, 1 —¢) x R, we have

{ﬁm%’l’y%}oggl_(; stochastically dominates {nx%717y§}0§r§1—6 by Theorem 1.1 of [53]. Finally

after taking the square root, the lemma holds for Bessel bridges.

There is also one more fact on the relationship between the Bessel bridge and Bessel

process, which is borrowed from Lemma 7 of [48].

Lemma 11. Ast — oo, the Bessel bridge converges to the Bessel process in the Skorokhod

topology on D[0,0), i.e.

yA X z
PBES = Prps-

2.3 Upper bound

2.3.1 Proof outline

In this section, we show the upper bound (2.6). Throughout this section, P* , 1s the

probability measure for the BBM started from a single particle at x > 0 with drift —p and

absorbed at 0. Let N, ” be the set of surviving particles at time ¢. The configuration of
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particles at time ¢ under P is written as {Y,(¢) : u € N ”}. For a particle u € N, ”, denote
by O, the time that the ancestor of u branches off the spine. By convention, if u is the spinal
particle, O, = t. Defined in (2.5), Q* is the law of a branching diffusion with the spine which
initiates from a single particle at > 0. Under the measure Q%, let {&;}:+>¢ be the trajectory
of the spinal particle which diffuses as a Bessel-3 process. Define {(;}o<s<t = {&i—s fo<s<t tO

7t7

be the reversed trajectory of the spinal particle. We denote by )*** the law of the branching

process whose spine starts from = and is conditioned to end up at z at time t, i.e.

QU () = Q"([& = 2) = Q°(|¢o = 2).

First we will control the case where the position of the spinal particle at time ¢ is

greater than e~'/2, which is Lemma 12 below.

Lemma 12. For all t and all € sufficiently small, there exists a positive constant C3 such

that

1
\% 27Tt3Qz {Z Y. (t)@pYu(t) & > 5_1/2} < 6_03/\@-

As a result, we only need to deal with the case where the spine ends up near the origin.
To prove (2.6), it is sufficient to show that there exists a constant C such that for & small

enough,

1
lim sup vV 27wt3Q*
i sup V2mtQ [zu Yalt)e

It remains to prove equation (2.9). To obtain an upper bound, we only take particles that

i S £ <O 29

-3/2

branch off the spine within the last & time into account. Conditioned on the spine being

3/2 3/2.

at y at time t — £7°/%, we restart the process from y and let the process run for time &~

Essentially, we will work on bounding

Qv !
R A

L3z = z] : (2.10)
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Considering the reversed trajectory of the spine, let

1
M = sup (5(’5 — —52:3).
p

0<s<e—3/2

For any positive constant C' > 27, we will divide the proof for (2.9) into the small M and

large M cases,

1
(2.10) = Q¥ {Z Y, (6-3/2)erVulc ) Lprzacve)

1
e [Zu Yu(5—3/2)epYu(e*3/2) Liv<ocyey

56—3/2 = Z:|

5573/2 = Z:| . (2.11)

For the large M case, the main strategy is as follows:

o If M > 2C./¢, then e(, — %823 stays above C'y/e for a while. In other words, the
position of the spine at time ¢ — s satisfies &_, > C'/+/e + es/p for some time. During

that time, many particles branch off the spine.

e For s € [0,673/?], each particle that branches off the spine at time ¢ — s and is located
to the right of C'/y/e+¢es/p will have a descendant at time ¢ above C'/(44/¢) with some
nonzero probability which is independent of € and s. When this occurs, it will follow

that, for sufficiently small €,

L < VE o) < ~Col5v
SR AGI O : '

e Taking the number of branching events of the spine into consideration, the probability
that there exists at least one particle which stays to the right of C'/(4/2) at time ¢

converges to 1 as € goes to 0.

From the above strategy, we can see why the e~%/2 time period is considered here. The length
of this time period has to be large enough such that a considerable number of particles branch

off the spine and also small enough such that if a particle branches off the spine during that
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time, the position of its descendant at time ¢ won’t be too far from its branching position.

Essentially, for C' > 27, we need to prove the following two lemmas.

Lemma 13. Let {t — t;}25, be the set of times that particles branch off the spine between
time t — e 3/2 and t. Then there exists a positive constant Cs such that for e sufficiently

small, for every y € (0,00) and z € (0,e7Y/%], we have

z
i=1 Yy

N,
= 1 2
Q <{ > Lee,—1e220ve) = %} N{M > 2CVe} s = Z) < (6 + —)670‘”’/‘@

Lemma 14. There exists a positive constant Cg such that for all sufficiently small € and
s €[0,673/2,

pEJVEtesly (Elu ENTP:Yy(s) > %) > Cj. (2.12)

With the help of Lemmas 13 and 14, we will be able to state the result regarding the large

M case.

Lemma 15. There exists a positive constant C7 such that for all sufficiently small €, for all

y € (0,00) and z € (0,72,

1

Y
< S, Ya(e73/2)erYule™??) Liv>ocyzy

2 7
§em32 = Z} < (_2 + -+ 1) e=CT/VE,
yz z
As for the small M case, Lemma 16 provides an upper bound. The key step is to bound the
probability that M is less than 2C/e.

Lemma 16. There exists a positive constant Cg such that for sufficiently small €, for all

y € (0,00) and z € (0,717,

1
> Yu(e—3/2)epyu(573/2>1{M<2W5}

QZ/

1
Eomapr = Z] < ZeOs/VE, (2.13)
z

In the end, the upper bound (2.6) is proved in Section 2.3.2 by combining Lemmas 12, 15
and 16.
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In Section 2.3.2, we will gather all the lemmas to obtain the upper bound (2.6) and

in Section 2.3.3, we will provide proofs for the lemmas above.

2.3.2 Proof of upper bound

To begin with, conditioning on the end point of the spinal trajectory, we have

el 7 1<l>epy S

[Zu Yué)ew
{z Y<1> 220

e—1/2
1
_ 2 —(z—2)2/2t
_/0 e “ {Zu Y, (t)erre

Next, knowing that a reversed Bessel bridge is still a Bessel bridge, if {&}o<s<: is a Bessel

_m/

z 1 2
_ —(z—2)%/2t —2xz/t
=z|- e 1—e dz
& Lﬂ o ( )

T +\/27t t

e—1/2

<m/

& = z] dz. (2.14)

bridge from z to z within time ¢, then {(;}o<s<: is also a Bessel bridge from z to = within
time t. Since we are going to obtain an upper bound, it is enough to only look at the set of
living particles at time ¢ that branch off the spine in the last ¢3/2 time. For clarification,

under @, the set {u € Ny : O, >t — g8/ 2} includes the spinal particle. We have

ft_zl

1

Yo Yu)er Ol oy 3/2}}
1

:/ Q:p,t,z|:
0 Z Y( )6/’ w )1{Ou>t 5—3/2}

v
<o

Comap = y] P e (y)dy. (2.15)

According to the Markov property of BBM and the Bessel process,

1
Zu Yu (t)epyu (t) 1{01L2t—€_3/2}

1
. Yale e |

(2.16)

Qx,t,z |:

S
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Note that 1 —e ™ <z forallxz > 0and 1 —e™® > x/2 for 0 < z < 1. For any fixed ¢, if ¢ is

large enough such that ¢/(t — e=3/2) < 2, then for all z € (0,7"/?] and y € (0, c0),

z,t,x D32 (Za y>pt—5*3/2 <y7 Q?)
e (y) =

pe(z, )
__ 1 Y ~(y—2)2/ (272 ~2yze3/?
= L=e0)

1 Lo (y=a)?/2t=eT2) (] o-2ym /(-2

\2m(t—e=3/2) Y
% ( )

1 Z ,—(z—z)2 —2z2
ot 2 (el 2H (1 — em2e2/t)

1 Y ()2 /(9e—3/2 t Z ()2 20yt
< = T2 g 32 [ 7 2 (zmx)?/2e 2T T
TV 2me—3/2 2" y=e t—e=3/2 ye t—e32uxz

3 y 3/2 ,
_ \/;9/4 B R (B!
T t—e3/2

<8 /4y 2o (=20 (2273)) y(5=0)? /2t (2.17)
m

By (2.14), (2.15), (2.16) and (2.17), for every fixed ¢, if ¢ is large enough, we have

/ T 1 —1/2
27Tt3Q |:Zu Yu(t)epyu(t);ft S E / :|

e=1/2 e’}
16 —3/2 1 N2 —3/2
< 9/4 Ny,e V2 2,2 —(y—2)%/(2 ) )
N /0 /0 ﬁg @ |:Zu Y, (e73/2)erVule™/) zye dydz
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Furthermore, by Lemmas 15 and 16, it follows that for sufficiently small ¢, if ¢ is large enough,

VI | sy <=

—1/2

/ /00 16 L9/ {(% . 7 n 1) ¢—CrIVE | lecs/\/g] 22y2€f(y—z) ~3/2) \dyd-
Yz z z
—1/2
< \1/6_ 9/4{ / / 0e~CrIVE o=t/ g

+/ / 76707/\/5 + 6708/\/5) Zy2€f(ny)2/(2€’3/2)dydz

/ / —CT/VE 22~y 2)%/(2e7%/%) 4 dz}

=: \/E 4 + I + 1). (2.18)

For the first term, by substitution, we obtain that

5_1/2 oo
I = 26_07/*/5/ / (u+ 2)e /) qudz
—1/2 5 o0
_07/\[(/ / ue™ "/ 6_3/2)0lualz—i—/ Z/ 6_“2/(25_3/2)dudz)
0 —00

— (25—2 + \/2#5_7/4> e~CT/VE, (2.19)

—1/2

As for I, and I3, because

2

& 1
/—ooy V27T€_3/2
( 3/2+z>

e_(y_z)2/(2873/2)dy

/ e 1) g < e
0
= V2me—3/2

we have

e—1/2

I < V2me /4 <7e—c7/\/§ + e—cs/\/g> / 2(e73% 4 21 dz
0

< V2me 13/ (76*07/“g + e*cs/ﬁ), (2.20)
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and

e—1/2

13 < / 5_3/4 —C7/\[/ —3/2 4z )d
< V2me /4= Cr/VE, (2.21)

Setting 0 < Cy < min{C%, Cs}, equation (2.9) follows from (2.18), (2.19), (2.20) and (2.21).
Finally, according to Lemma 12 and equation (2.9), the upper bound (2.6) is proved by

letting 0 < C} < min{Cj, C4}.

2.3.3 Proofs of Lemmas

Proof of Lemma 12. For all € and all ¢, we have a trivial bound for the expectation

z 1 —1/2
V21t3(Q) lzu Yot )epy ft ]

< x/27rt362x[ ik 2 51/2}
vr [
—1/2 zepz
_ / t?’/ 1 6—(:(;—2)2/275(1 _6—2:cz/t)dz

—1/2 2ZeP* :I; 2t

< /—tg/ 1 2:6de
1/2 zeP* CB ot t

:2/ ze PAdz
e—1/2
p Ve p

Letting 0 < Cs < v/2 < p, Lemma 12 is established. O

x,z)dz

For the rest of this section we will denote by X%** a Bessel bridge from a to b in time

t and B%"* a Brownian bridge from a to b in time ¢.
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Proof of Lemma 13. Observe that since C' + 1/p < 3C/2, for 0 < t¢; < g=3/2

N,
J 1
Q° ({ Z 1{8@;%6%20\/5} = %} N {M > 20\/5} sz = Z)
i=1

Ne
e=3/2 2 1
<@ ({ > Lazsc/even < %} N{M = QC\E})'
i=1

So it is sufficient to show that there exists a constant C5 such that for every y € (0, 00) and

z € (0,717,

N
. E 1 LY\ ooz
Qret <{ D L sac/evey < %} N{M = 20\/5}) < (4 + ﬁ)e GE(222)
=1

According to the spinal decomposition and the formula for expectations of additive func-

tionals of Poisson point processes,

e—3/2

{Cs}OSs§63/2) =2 /0 Lic,>30/(22)1d5-

Ne
-3/2 ,
Qv (Z 1{<tiz3c/(2\/5)}
i=1

Below for simplicity, we denote
Ne
Z L, >30/2ve)) = X,

i=1

o—3/2

2 /0 Lic.zsc/evapds =Y.

The proof of (2.22) can be separated into two parts with the help of the above conditional
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expectation,

Qy75*3/2,z ({X < Lg N {Y > %} N{M > 20\/5})
+Qy,s3/2,z({X§i€}m{Y \j_}ﬂ{M>2C'\/_})
< Qy,s—3/2,z<{X < %} N {Y > %}) +Qy,g—3/2,z<{y %} N{M > 20\/_})
ih (2.23)

First, we will show that conditioned on the trajectory of the spine, the number of particles
that branch off the spine at a position and time ((,,t;) satisfying ¢, > 3C/(2+/¢) isn’t far
from its conditional expectation, which gives an upper bound for J;. Next we will find an
upper bound for J; through analysis of the behavior of the spine.

For the first part, we will apply the following bound for the Poisson distribution (see,
e.g. [27]). For a Poisson distributed random variable Z with expectation A, for any v > 0,
we have

P(|Z = X > v) < 2772040, (2.24)

We know that under Q¥< %7 the conditional distribution of X given {Cstocsces 15 a
Poisson distribution with parameter Y. Applying (2.24) under the conditional expectation
with A =Y and v = Y/2, we have

3/2 —3/2

h=Qrt 7Z<1{Yzz/ﬁ}Qy’6 (x-v|zYv/ 2\{Cs}osSs€*3/2)>

e, (Y/2)?
<@ (1{‘”22/@2 eXp { T 2Y +Y)2) }
e73/2 2 -
<207 (1{1@2%}6 v 12)

< 2e7 M6V, (2.25)
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As for the second part, we have

e—3/2
—3/2 1
JZ S Q% ’ ({/0 1{(5230/(2\/5)}d8 S _\/E} N { sup ECS Z 20\/5})

0<s<e—3/2
—3/2 L
= Qy,e Z {/ 1{63/4§ _3/2 23081/4/2}d’l" S 5} N { sup 83/4C673/2T Z 2061/4}) .
0 € " 0<r<1

Notice that under Qy{m’z, the process {(s}o<s<.-3/2 is a Bessel bridge from z to y in time

£73/2. After scaling, {e3/4(.-s/2, }o<r<1 is a Bessel bridge from %z to €34y within time 1.

3/4, 1 £3/4

Recall that {X¢ Ylo<r<1 is a Bessel bridge from %4z to ¥4y within time 1. For

3/4 3/4

z,1,e

simplicity, we will write {X, }o<,<1 in place of {X¢ Y}o<r<i. Therefore, we have

1
Jo < P({/ Lix, >30e1/4 9y dr < 5} N { sup X, > 2061/4}>. (2.26)
0 - 0<r<1

Define {X,}o<r<1 = {Xi_,}o<r<1 to be the time reversed process of {X,}o<,<1. Then
{X,}o<r<1 is a Bessel bridge from %%y to ¢34z in time 1. Thus the intersection of the
events in (2.26) is contained in the union of two events. One of the events is that {X, }o<,<1
first reaches 2Ce'/* before time 1/2 and then comes down below 3Ce/4/2 in time less than
e. The other event is that {X, }o< <1 first reaches 2Ce/* before time 1/2 and then comes

down below 3Ce'/4/2 in time less than ¢. Define
7 = inf {7‘ >0:X, > 2051/4}, 7 = inf {T >0:X, > 2051/4}.

We see that

1
P({/ Lix,>3ce1/42ydr < 5} ﬂ{ sup Xy > 2081/4})
0 0<r<1
1 , 3Ce!/4
cr{( <)o 2)

~ 1/4
+ P({T < %} N { min Xy, < 30; }) (2.27)

0<r<e
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Therefore, the proof for the second part of Lemma 13 boils down to Lemma 17, whose

statement and proof is deferred until later.
Letting 0 < C5 < min{1/6,Cy}, with equations (2.23), (2.25), (2.26), (2.27) and

Lemma 17, formula (2.22) is proved and thus the proof of Lemma 13 is finished.

Below, we will state and prove Lemma 17.

Lemma 17. There exists a positive constant Cy such that for € sufficiently small, for all

z € (0,00) and y € (0,00),

1 3Ce/4 1
P {T < -} N4 min X, < 20 <(—+2)e /v (2.28)
2 0<r<e 2 Yz

Proof of Lemma 17. Let’s first consider the case when z € (20e7%/2, 00). Under this scenario,

7 = 0 and thus

1 3Ce/4 3Ce/4
— i < = i < ) .
P<{7'< 2}0{ min X, < 5 }> P( min X, < 5 > (2.29)

0<r<e 0<r<e

;Xf2(j€1/471’83/4
r

According to Lemma 10, the process { X, }o<,<1 stochastically dominates { Y}o<r<t,

which is a Bessel bridge from 2Ce'/* to £3/%y in time 1. Therefore

1/4 1/4
P( min X, < 3C’; > < P( min Xfcsl/4’1’53/4y < 3Ce )

0<r<e 0<r<e 2
1/4
= P({T < 1} N { min X3§i1/4’1’53/4y < —306 })
2 0<r<e 2

Therefore, it is sufficient to only consider the case when z € (0,2Ce~/2].

3/4 3/4

z,1,e

For y,z > 0, denote by {B: Y}o<r<1 a Brownian bridge from 34z to £%/4y

within time 1. Define

To = To(y, Z) = inf {r c [O, 1] . Bi3/4z,1,53/4y _ 0}
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and 7’ to be 7 under the setting of Brownian bridge

7' :=inf {T >0: BfS/4Z’1’63/4y > 2051/4}.

By convention, inf () = co. We know that (see, e.g., page 86 of [48]) the probability that a

Brownian bridge avoids the origin is
Py = 00) = 1 — e 2%,

Furthermore, according to the first part of the proof of Lemma 7 in [48], a Brownian bridge
that is conditioned to avoid the origin has the same law as a Bessel bridge. Together with

the inequality

1 2 2
< Slygen 2 1gsny < = +2,
[ on = pioe<yy T2 Ma>p S 2 F

we have for ¢ sufficiently small,

1 3Cel/4
P({Tﬁ—}ﬁ{ min X, < c })
2 0<r<e 2

1 Cel/4
= <= i — < —
P({r<ghofm (e -x) <=5}
=P { "< 1} N : <BE3/4271,83/4y _ 383/4271753/4y> < _061/4 B
B T 2 0217«125 T/ ! > 5 To = 00
P({T’ < %} N {minogrgs (Bif’i4rz,1,a3/4y _ Bii”/4z,17g3/4y> < _051/4/2} N {TO _ OO})

P(m9 = 00)

} N { min (353/4271763/41/ . 383/42’1763/49) < _051/4 })
d ~ 7 .

!
0<r<e' T 1T

VAN
N
)
w
~
no
Ny
N
+
o)
~_
@)
VR
——
\‘\
VAN
DN | —

(2.30)

Now we are going to bound the probability of the above event under the setting of the

Brownian bridge. Let F, be the o—field generated by the stopping time 7’. Conditioning
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0<r<e

1/4
P({T' < %} N { min (Bii”J/r4rz,1,53/4y B Bi;’»/42717€3/4y) < _052 })

1/4

. 3/4, 1. ¢3/4 e3/4, 1 3/4 Ce

= B |1y P( min (B2 - B < o
{r'<35} 0<r<e T/ 4r T/ = 2

|l ey

Since the Brownian bridge is a strong Markov process (see, e.g., Proposition 1 of [41]), the

o . . . . 3/4, 1 g3/4 3/4, 1.23/4
conditional distribution of ming<,<. (B " Y — B, =)

. given 7/ = 1 —u is the same

8/4y _oCel/4

as the distribution of ming<,<. B¢ and is independent of F,.. Therefore, given

7" = 1 — u, the probability inside equation (2.31) can be written as

P( min Bowe" 20 < —061/4) - p< max BOwe 20t S 0521/4>. (2.32)

0<r<e 2 0<r<e -

To bound the probability inside the expectation, we will consider the cases where y &
(0,672 and y € (¢7/2 00) separately. For y € (0,e7%/?], we will apply Theorem 2.1
of [9], which gives the distribution of the maximum of the beginning period of a Brownian

bridge. Let 3 = Ce'/*/2, n = 2Ce'/* — 3%y and s = . We have

- 2
= exp { _28(B—m) } / B e dv + / ) " dv.
u —c0 V2T (Bu—ns)/r/us(u—s) V 2T
(2.33)

1/4
Pl max BO’U’7€3/4y+2C€1/4 > Ce /
0<r<e

On the event {7" < 1/2}, we have 1/2 < u < 1. Combined with the fact that C' > 27, we

can derive the following limits as e approaches 0 for y € (0,e7/2],

26(8—m) . 288-m) _ 0(e"2), (2.34)
u u
20s —ns —Pu _ 205 —ns —Pu _ O~/ (2.35)
us(u — s) 7 us(u — s) ’ |
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Bu —ns >0, pu —ns :0(571/4).

us(u — s) us(u — s) (2.36)

Note that none of the asymptotic rates above depend on y. Moreover, it can be easily shown

that

00 6—1)2/2 e

dv < .
s V2T o2

By (2.33), (2.34), (2.35), (2.36) and (2.37), we see that there exists a positive constant Cg

—x2/2

(2.37)

such that for ¢ sufficiently small, for all y € (0,e7'/?], given 7/ =1 —u < 1/2,

1/4
P< max BE’“’_€3/43’+2C€1/4 > %) < e C/vE (2.38)

0<r<e

On the other hand, if y € (6712, 00), given 7 = 1 —u < 1/2, by Lemma 9,

1/4 1/4
P( max Bg,u,—63/4y+2061/4 > Ce ) < P( max Bg,u,(w—l)el/‘l > Ce >

0<r<e 2 0<r<e - 2

< e Cr0/VE, (2.39)

As a result, when z € (0,2Ce™Y/?], taking Cy < Oy, equation (2.28) follows from (2.30),
(2.31), (2.32), (2.38) and (2.39).

O
Proof of Lemma 14. We first transform (2.12) from the setting of BBM with absorption and
drift into standard BBM. Let P be the law of a standard BBM started from 0 without drift

and absorption. We have for s € [0,e7%/2],

C/\/e+es/ b C
P, p(ﬂue/\/'sp.Yu(r)>0Vr§s,Yu(s)>m)
C es C es C

=P(IueN,:Y,(r)+ —=+——pr>0Vr<s, Y,(s +——|———ps>—)
( I ETS O ET T

2P<E|u€/\/;:Yu(r)>pr—%—f—5§‘v’r§s>. (2.40)

Then we will apply Theorem 1 in Roberts [73], which gives the explicit formula of a curve
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such that at least one particle stays above this curve all the time with nonzero probability.

Borrowing notations from [73], we let A, = 3%/37%/3277/6 and

A 81/3
=V2s— AP 1
g(S) \/_5 S 10g2(8+6)

Theorem 1 in Roberts [73] states that there exists some nonzero absolute constant Cj, such
that

P(Vs>0,3u e N, : Y, (r) > g(r) Vr < s) > Cs.

Together with our choice of C' > 27 and the Taylor expansion for p, we have for € sufficiently

small, for all r < s,

€8 3C er €S 3C 3C
=230 e T o -3 ya 39 o
p o AVE p () p AE 4y/e S

g(r) = V2r — A(e7)1P =1 > Var - % +0(').

As a result, for all s € [0,e7%/2),

P(E!uE/\@:Yu(r)>pr—g—S—£‘v’r<s)

> P(Vs <0,3u € N, : Y, (r) > g(r) Vr < s)

> Cg. (2.41)

The lemma follows from (2.40) and (2.41). O
Proof of Lemma 15. From Lemma 14, we know that if a particle starts from C'/\/c + es/p,

it will have a descendant at time s which stays to the right of C'//(44/¢) with probability at

least Cg. So if we have a particle branching off the spine at a position and time (¢t — ¢;, ()
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satisfying 0 < t; < e7%2 and C//e +¢t;/p < (;,, then

ti ¢ etet; C
Pf;, (Elu e N{ Y, () > _> > pflfxﬂ um(au eNY Y, (t) > —> > .

NG ING

Combined with Lemmas 13 and 14 and the branching property, we have

Que""" ({Vu ENTL, V(e ) < %} Nn{M > 20\/_})

e3/2,2 1
< QY 32, ({M > 20\/5} N { Z 1{5(%—%521&1-20\@} < %})
i=1

Ne
e3/2 5 - - C
+ Q% (VU ENTL, Yu(e??) < m){M > 2C/e} N { Z L, ~1c2,>0v2)
i=1

N,
1 32, - .
> _6}) x QY 3/2] ({ Z 1{54tf%52tizcﬁ} > %} N{M > 26\/5})
i=1

2
< <_ + 6) e~ Cs/vVeE (1— 06)1/\@'

Note that if there exists a u € N4, such that Y,(¢7%?) > C/(44/), then for & small
enough, there exists a 0 < C; < Cp/4 satisfying

L <4\f ~Cp/(4vB) < o~Cu/VE
T Vale e = |

As a result,

1
Yy
@ [Z Y( ~3/2)¢ Ve ) |

e—3/2 — Z]

—-3/2 , C
- zeszyE 7 ({Vu €N %, Y, (e7%?) < 4—\/5} N{M > 20\/5})

+ e~ Ou/VEQUETe ({Elu eENL, Y (e73?) > i} N{M > 20@})

4/e
< 126—05\/5 + ge—Cs/\ﬁ + 1(1 — 06)1/ﬁ + e Cu/ve, (2.42)
Yz z z
Letting 0 < C7 < min{Cj, —log(1 — Cg), C11 }, the lemma is proved. O
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Proof of Lemma 16. First note that if y € [(2C + 1/p)e~/?,00), then M > 2C+/¢ and
therefore the inequality (2.13) holds trivially. It only remains to consider the case where
y € (0,(2C +1/p)e'/?).

Observe that there is a simple upper bound for (2.13)

1
y
“ Zu Y. (5—3/2)60%(5*3/2) Liv<acyey

1 _

Esp2 = z} < —QuA(M < 20VE).  (2.43)
z

Furthermore, because 1/p < C,

Qe (M < 2C/6) = Qy’€_3/2’z( sup  (eCs — %525) < 20\/5)

0<s<e—3/2

_ 3C
< Qv /< sup <s<—)
0<s<e—3/2 Ve

= Qy,s_3/2,z< sup 63/4(5—3/% < 3081/4> .

0<r<1

Notice that under 97573/2%, the process {34 _s/2, }o<p<1 is a Bessel bridge from 342 to
€ r >

£3/4y in time 1. Recall that {X="#1=""v} _ | denotes a Bessel bridge from £3/4z to £¥/4y in

3/4 3/4

z,1,e

time 1. For simplicity, below we will omit the superscript of { X Y}o<r<i. Therefore,

we have

QU (M < 2CV/fE) < P( sup X, < 3051/4>. (2.44)

0<r<1

According to (0.22) of [72], let B>1°, B%? B%10 he three independent standard Brownian
1) (2) (3)

2 2 2
0,10 4 0,1,0 0,1,0 0,1,0
X _\/ (") + (By") + (BY) .

According to Lemma 10 and the above formula, letting {X%"°};<,<; be a Bessel bridge

bridges, we have

from 0 to 0 in time 1 and {B>'%};<,<; be a Brownian bridge from 0 to 0 in time 1, for
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z € (0,e7? and y € (0, (2C + 1/p)e~Y/?), we get

3
P( sup X, < 3051/4) < P( sup X0 < 3061/4> < [P( sup |BP| < 3051/4)] :

0<r<t 0<r<1 0<r<i1
(2.45)
From Lemma 8, for ¢ sufficiently small,
0,1,0 1/4 1_-1/4 i
P( sup [BMO] < 3CeM1) < 0l { - 5ear) 2.46
0831:21 1B : - =P 72C?%\ /e (2.46)
In the end, setting 0 < Cg < 7%/(24C?), by (2.43)-(2.46), Lemma 16 is proved. ]

2.4 Lower bound

2.4.1 Proof of the Lower bound

In this section, we will prove the lower bound (2.7). We first state two lemmas, which
are the key ingredients in the proof of the lower bound.

We observe that for e sufficiently small, the probability that particles which branch
off the spine before a large time have descendants at time ¢ is small. As a result, in order to
deal with the lower bound, we only need to consider particles that branch off the spine after
a large time. We will start by finding this cutoff time ¢*.

Let 0 < 01 < d3 < 1/4. We denote

4\ 2/(1-261)
t* =1t — (_) ’ t/ :Zt—t1/2+62.
£

Define V; to be the event that particles that branch off the spine before time ¢’ have descen-
dants alive at time ¢ and the spine stays below (¢)'/27% for all s < ¢. Define V5 to be the
event that particles that branch off the spine before time ¢’ have descendants alive at time
t and the spine crosses the curve (¢/)1/27% for some s < t. Define V3 to be the event that

particles that branch off the spine between time ¢ and ¢* have descendants alive at time ¢
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and the spine stays below the curve s'/27% for all s € (#',t*]. Define V; to be the event that
particles that branch off the spine between time ¢ and ¢t* have descendants alive at time ¢

and the spine crosses the curve s'/27% for some s € (¢,¢*]. More precisely,

Vi={3ueN,:0, <t}n{& < (), vs < '}, (2.47)
Vo={3ueN,:0, <tYN{Is<t:& > () /2oy (2.48)
Va={FueN, :t' <0, <t'yn{& < s Vs e (¢, 1]}, (2.49)
Vi={3ueN,:t' <0, <t'yN{3sec{t t]:& > s>, (2.50)

Then we have,

{BueN;: 0, <t} =ViUVL,UVzUV,.

Lemma 18. For any 0 < 6 < 1/2, if € is sufficiently small, then for all z € (0,e71/?],

t—o0

4
lim sup Q"”“(UVZ) < 0. (2.51)
i=1

Note that as d; goes to 0, 2/(1 — 20;) goes to 2. Roughly speaking, this lemma
shows that only particles which branch off the spine within the last e=2 time will contribute
significantly to our expectation in Proposition 7. For simplicity, letting x = 40, /(1—26;) > 0,

we will also write the cutoff time t* as

4 24K
t"=1t— (—) .
e

We need one more lemma to finish the proof of (2.7). Define

1
M = sup (6@ - —523).
)2-‘,—14

0<s<(4/¢ p

Similarly to the proof of upper bound, we will divide the space into two parts, {M' < C'y/e}
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and {M' > C/z} for some constant C' > 2+/3. Since this time we focus on the lower bound,

it is enough to consider only one of them.

Lemma 19. Let C > 2v/3. There exists a positive constant Cio such that for € sufficiently

small, for all z € (0,e7Y?] and y € (0,e77%], we have
Qy,(4/5)2+n7z (M’ < C\/E> > g3/ Ciz/VE|

Below, we will apply above lemmas, together with Jensen’s inequality and the mar-

tingale property to prove the lower bound.

Proof of (2.7). Conditioned on the endpoint of the spinal particle, we have

Vo | |
> VI s

e—1/2

_m/ Qi

. —-1/2
(t)agt S € :|

1 1
] fe—(x—z)2/(2t)(1 — ety g,

[Z Yu(t)er®) | \ort

For every ¢ and z, there exists a T'(e, x) such that for all t > T'(¢,x) and z € (0,7,

eyl 2w

o~ (@=2)?/20) 5 _
= =2t ot

l\:JI}—l

Therefore,

e—1/2

1
22 Yu(t)errs®)

Q™ { } 22dz. (2.52)

V2rtQ [z Y<1>em 12%/

Next, we restrict the integrand to the case where all particles branch off the spine
after t*. Letting
4
V= {VuE/\/}:Ou>t*}:ﬂVf,
i=1
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we have

z,t,z 1 z,t,z 1V Ttz 1V
¢ [ZuYu(t> prult } v {ZuYu(t) prult } v [ZuYu(t)epYua)l{oM} 3

Define G; to be the o—field generated by V' and the whole trajectory of the spine, {&;}o<s<t-
In other words, G, contains all the information regarding the movement of the spine and the
event that all descendants alive at time ¢ branch off the spine after t*. Conditioning on G,

Jensen’s inequality for conditional expectation gives

Qz,t,z 1V :|
2w Yall JerYul )1{Ou>t*}

Z Qa:,tz 1VO{M/<C\[} :|

[ Ya(O)erOlio, 0y
— Qx,t,z 1 , Q 2 1
Vn{M’'<Cye} Zu Y, (t)erYu

dl

110, >t}

lvnpr<cyzy
Q=7 [ 3, Yo (t)er v W15, o4y

2 QCIZJ,Z <254)

gt}}

To deal with the denominator, we need to use the fact that for every e, { }°, Y, (t)er¥=( <t} 150
is a martingale for the original BBM with absorption. Under the measure (), particles branch
off the spine with rate 2 and initiate independent copies of the original BBM with absorption.
Note that & = (s for 0 < s < t. Then by the spinal decomposition and the formula for

expectations of additive functionals of Poisson point processes, we have

t
Q" [ZY e” u 1{Ou>t*} Qt} = 2/ fwep'ST_E(t_")dr + zef?
t*

(4/e)%tr
= 2/ CoePS 5 ds + zeP”, (2.55)
0

Moreover, on the event { M’ < C'\/e}, if ¢ is sufficiently small, for all 0 < s < (4/g)*™",

1 4 24K C
Cs S - (_) €+ % S 42+55_1_N7
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and

™D

pCs —es = —(eCs — %5 s) < pC’\/_

\/_.
Thus, when M’ < C+/z, for all z € (0,712,

(4/2)2+" 4N 2+
2/ Csepgs_asds + zeP? < 2 (—) Qg GOp/VE | = 1/200/VE
0 - \¢

< 10H4K ~3-2r Cp/VE (2.56)

Combining (2.54), (2.55) and (2.56), we have

Ttz 1V —10—4k K_— eNx,t,z
oot IRAOT L > 9104k 342, ~Co/VEQut (Vﬁ{M’ < C\/E}) (2.57)

It remains to find a lower bound for the probability of the above event. Because
{€s}o<s<t is a Markov process under Q™% we have {&}o<s<+ is conditionally independent
of {&s}r<s<t given &-. Furthermore, note that V' is the event that particles which branch
off the spine before time t* all become extinct before time ¢ and once a particle branches
off the spine, it initiates a BBM independent of the future trajectory of the spine. As a
result, conditioned on &, the events V and {M’ < C'y/e} are independent. By Lemma 19,

we obtain

Qt*(Vin{m' < CvEY)
- /Ooo vath<1/ n{M' < CVz}

£ = y)pf*”(y)dy

/ Q" (V]gr = y) Q20 (M’ < CVE|Gr = 9)pi*(y)dy

Z/O thz(v‘ft* — )Qy (4/)?t" 2 (MI<C\/_) xtz< )dy
> 8—3/46—012/\56227,15,,2 (Vﬂ {&* < 6—1—5})

— c—3/4,—Ciz/VE [Qx,t,z <£t* < gflfﬁ) — Qv (vc N{& < 5*1*”}>]. (2.58)
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As for the first term, note that {& < e 17"} = {(ujepzen < 7177}, where {(}o<s<t IS
a Bessel bridge from z to z in time ¢ under Q*"*. Define {R?},>0 to be a Bessel process

starting from z. We apply Lemma 11 to obtain,

lim Q7 (& < =77 ) = P(Riyyopen <2717%).

t—o00

According to the scaling property of the Bessel process, we have for ¢ sufficiently small, for

all z € (0,672,

. ek 1+I€/2 e\ 1+k/2 -
P<R(4/5)2+~ S 3 ) ( > (4/5)2-»-5 S (Z) g

—K/2
(e/4)1++/2 €
(e < 222

I
“U

V
[\.’)'I —

Therefore, for £ small enough, for all z € (0,e7/?], if ¢ is large enough, we have

(2.59)

DO | —

Qm,t,z (gt* S 6717n> 2

As for the second term, according to Lemma 18, for ¢ sufficiently small, for all z € (0,e/2],

if ¢ is large enough, then

(2.60)

AN,

Ot <ch {&* < 5—1—&}) < QP <Vc> <

In the end, by (2.52), (2.53), (2.57)—(2.60) and Fatou’s Lemma, we proved that for ¢
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small enough,

1
.. 3T
11ggcl>£1f V2mt3Q) |:Zu Yu(t)epYu(t):|
1 —1/2

> - / 202t 2n e ColVE i inf Q7 (V 1 (M < C/E}) 22
0 —00

> 9 13—4rg—1.3/4+2k —(Cp+Cr2) [ VE

Consequently, the lower bound in Theorem 6 is proved as long as

Cy>20+C1p > Cp+C'12.

2.4.2 Proof of Lemmas

Before proving Lemma 18, we need one more ingredient. Recall that {R?},>0 is a

Bessel process starting from z.

Lemma 20. For every fized €, we have

t—00 £

2/(1-2651) 2/(1-261)
lim Q™" (37“ > (Z—l> DG > r1/2+51) = P(EIT > (é) tRZ > 7“1/2+51>.
£

Proof. According to Lemma 11, the Bessel bridge converges to the Bessel process in the
Skorokhod topology. Recall that under Q***, the process {( }o<r<: is a Bessel bridge from
z to z in time ¢t. Since both Bessel bridges and the Bessel process are continuous, the
Skorokhod topology in this case coincides with the uniform topology. Thus, it is sufficient to
prove that for a Bessel process { RZ},>o starting from z under P, for every constant ¢ > 1,

the event

A= {EITZC:Ri 2r1/2+51}
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is a continuity set under the uniform topology. That is to say, letting A denote the boundary

set of A under the uniform topology, essentially, we want to prove that
P(0A) = P({w : {R:(w)},>0 € OA}) = 0. (2.61)

We first consider elements in dA, which can be approached both from A and A° under
the uniform topology. Note that A° = {Vr > ¢, R? < r'/?*%} For {R*(w)},>0 € DA, if there
exists an 7 > ¢ such that R?(w) > r'/?*% then {R?*(w)},>o cannot be approached from A°.
As a result, R?(w) < r/2%% for all r > ¢. Furthermore, if inf,.(r1/2+% — R?(w)) > 0, then
it cannot be approached from A. Thus, inf,s.(r'/?*% — R?(w)) = 0. Indeed, this infimum
must be attained at some finite value of r because of the law of iterated logarithm of the
Bessel process at infinity (see, e.g., IV.40 of [19]). More precisely, letting o = inf{r > ¢ :

RZ = r1/2¥91} we see that

P({o = 00} N0A4) < P({o = 0o} N { inf(r'/* — R) = 0})

r>c

< P( lim (520 — R7) = 0)

7—00

= 0.

Note that ¢ is a stopping time and let F, be the o— field generated by o. By the strong

Markov property of the Bessel process, we have

P(9A) = P(0AN {0 < o0})
< P({Vr >c: R < 7“1/2+51} N{o < oo})
=F

[1{U<M}P<Vr >0,R7 < (r+ 0)1/2”1)] (2.62)

Using the same method as the proof of Lemma 10, it can be shown that the Bessel process
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{RZ?},>0 stochastically dominates Brownian motion {B?},>o. Thus, conditioned on F,,

P<\V/T Z 07R2.1/2+51 S (T+U)1/2+61> S <V7‘ Z 0,B:1/2+61 S (T+U)1/2+61>

P
P(vr >0,B, < (r+o)/2 - 0—1/2”1). (2.63)

By the law of the iterated logarithm at 0 for Brownian motion (see, e.g., IV.5 of [19]), we

have almost surely

B
lim sup ————— = 1, (2.64)

t=0  +/2tInln(1/t)

Conditioned on F,, since 0 < §; < 1/4 and 0 > ¢ > 1, a Taylor expansion gives
1 1
(r+ 0)'/2H0 — o120 = (5 - 61>al/2+51r +o(r) < (5 + 51>r +o(r).

Since 0 < §; < 1/4, conditioned on F,, there exists an « such that for all r < a,

1
(r + o)l/20 _ gl/2H0 o Z 2rinln (—) (2.65)
r

From (2.64) and (2.65), conditioned on F,, we have
P(Vr > 0,B, < (r 4 o)/2t0 — g1/2t0) — ¢, (2.66)

By (2.62), (2.63) and (2.66), equation (2.61) is proved and the lemma follows. O

Proof of Lemma 18. Let u(t,x) be the probability of survival at time ¢ for a BBM starting

from x under P7,. It is pointed out in equation (5) of [48] that
u(t,z) < e et (2.67)

Moreover, we write 0 < 7 < 7 < ... < t for the successive branching times along the

spine. Note that under Q%, particles branch off the spine at rate 2. We define N} to be
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the the set of surviving particles at time ¢ which have branched off the spine at time 7;.
Inheriting notations from Section 2.3, we denote by ps(z,y) the transition probability of a
Bessel process and p***(y) the transition probability of a Bessel bridge from z to z within
time ¢.

Start with V; which is defined in (2.47). Applying (2.67), we have

Q" (V1) < sz[ D Lo Lig, <o, vasey

1o <t!
N1/2481

<2 // u(t — s,9)p3" (y)dyds

1)1/2+81

<2/ / ery—e(t=s) p=t* (y)dyds

< 9enlt) /2 / oet-9) g
0

<

(LN )

pe(t=t)+p(t)1 /2o (2.68)

For every fixed ¢, since 0 < d; < d9 < 1/4, we have

, et—=t)
tlglom -

Therefore, for every fixed e,

lim Q™"*(V;) = 0. (2.69)

t—o0

As for V5 and Vj, which are defined in equations (2.48) and (2.50) respectively, notice
that the process {&;}o<s<: is a Bessel bridge from x to z in time ¢ under Q*"*. According
to the scaling property of the Bessel bridge, {&.+/v/t}o<,<1 is a Bessel bridge from x/v/t to
z/+/t within time 1. Define {er/\/z’l’z/\/z}ogrgl to be a Bessel bridge from z/v/t to z/v/t
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within time 1. Then we have 0 < Q*"*(V3) and

Qm,t,z(‘/g) < Qa;t,z (ElS < t/afs > (t/)1/2+51>

0
_p(3r < b xevina 2
— t’ T t1/2 :

Note that
(t/>1/2+61 (t _ t1/2+62)1/2+61

172 = 1172 — 00, ast— o0.

Accordingly, for every fixed ¢,

(t/)1/2+61
0 < lim Q7*(Vy) < lim P(Elr <1, XEVELEVE —> = 0. (2.70)
—00

t—o0 t1/2

Similarly for Vj,

Qz’t’z(vzl) < Qm,t,z <E|8 c (t/,t*],fs > 81/2—1—61)

t/ t* (,r.t)l/2+61
_ vy x/Vt 1,2/t N
_P(Elr6<t,t},Xr > 7 .

Because as t — oo, for all 7 € (¢'/t,t*/t], (rt)/>T% /t'/2 = 0o, we have for fixed x and ¢, for
all z € (0,e7/2],

/

vt t)!/2H0
0 < lim Q"**(V}) < lim P(Elr e (-, },Xf/ﬁvlvz/ﬁ > L) = 0. (2.71)
— 00 — 00

tt /2

It remains to work on Q***(V3). Recall that Vj is defined in (2.49). We will separate

Q*"*(V3) into two parts and show both of them have small probability as ¢ — oco. For
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€ (0,e74/%,

QU (V) = @ ({Bu € Ny < 0, < £} N {6 < 81275 Vs € (¢, 1]}
< Qv ({Elu EN,:t' <O, <t }N{& < (t—s)/ Vs e (t/,t*]}>
+Q"” (Hs €t 7] & = (t— 5)1/2+51)

For Hy, we have

7t7 .
H <Q° [ > 1{/@#@}1{5S<(t8)1/2+61,Vse<tat*]}]
ot/ <T <t*
(t—s)1/2+01

< 2/ / u(t — s,9)p”"* (y)dyds.

Letting r = t — s and noting that a time-reversed Bessel bridge is also a Bessel bridge, we

get

P1/2+81

/ u(r,y)p2t* (y)dydr

£1/2+32

me [
<),

We further observe that for large time ¢, the difference between the probability density

£1/2+32

F1/2+681 ( I)
/ e p,( 2, y)p—H Y dydr. (2.73)
p

functions of the Bessel bridge and the Bessel process are negligible. Note that 1 —e™ < x

forz>0and 1 —e™* > x/2 for 0 < x < 1. Then for every fixed e, when ¢ is large enough,
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we have for all z € (0,72, y € (0,71/2%], and r € [t — t*, '/27%] uniformly,

P (y I’) 5 l(t ) . %e*(y*xﬁ/Z(tfr)(l _ 672yx/(t77«)>
t—r\Y, _ T(t—r
pi(2, @) \/2% . fe—(z—fv)Q/?t(l _ e—2xz/t)
T 2y
< t Y Qt—r
t— rf 2. %
3/2
t
_ 3( )
t—r
<4

Also see that for r > t —t*, pr'/?*% < per/4. Based on the above two observations, we have

for sufficiently small ¢, if ¢ is large enough, then

tl/2+52 1/2+51 ( t1/2+52 1/2+51
/ / Tz, y) e d dr <8 / / ™" pp(2,y)dydr
pe(z, ) .

t*
tl/2+52

1/24+6871 _
/ eP" T dr
t—t*

£1/2+32

8 / par/4)—ardr

o—e(1=p/2)(a/2)*/ (=20

m . (2.74)

| /\

IN

Since 0 < §; < 1/4, together with (2.73) and (2.74), we have for any 0 < 0 < 1, if ¢ is
sufficiently small,

16 )
limsup Hy < —e V¢ < —. (2.75)

t—o00 S 2

As for Hy, we will apply the law of the iterated logarithm for the Bessel process (see, e.g.,
IV .40 of [19]) for all 2 € (0,712,

RZ
P[ limsu —tzl) =1.
( tﬁ\oop V2tInint
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Then it follows that for all z € (0,72,

lim P(R; < s ys > t> ~ 1. (2.76)

t—o00

Recall that {(;}o<s<: denotes the time-reversed Bessel bridge, which is a Bessel bridge from

z to x in time ¢t under @™"*. From Lemma 20 and (2.76), if € is sufficiently small, we have

limsup Hy = limsup @ (It € ¢, )6 2 (0= )

t—o00 t—00
AN 2/(1-251)
< lim sup Q" (3 r> <—) LG > rl/wl)
t—o0 €
2/(1-26
:P(EIT> <é> /( 1) R Z701/2+61)
£
J
o 9.
<3 (2.77)
Consequently, by (2.72), (2.75) and (3.273), for sufficiently small ¢,
lim sup Q*"*(V3) < 4. (2.78)
t—ro0
Together with (2.69), (2.70) and (2.71), the lemma follows. O

Proof of Lemma 19. Under Qu*4/9°""% the reversed trajectory of the spine {¢sYocs<afey2in

is a Bessel bridge from 2 to y within time (4/¢)*"*. After scaling, {(5/4)1+”/2C(4/5)2+HT}0<r<1

is a Bessel bridge from (¢/4)'%/2z to (¢/4)'**/?y within time 1. Recall that the process

{Xﬁg/d‘)lﬂmZ’l’(5/4)1+n/2y}Ogrgl is a Bessel bridge from (£/4)'+%/2z to (¢/4)'**/?y in time 1.

1+N/2z717(€/4)1+ﬁ/2

For simplicity, we will write { X, }o<,<1 in place of {Xﬁa/ 5 “Yo<r<1. Accordingly,
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we have

P (b1 < 0R)
. 1
— va(4/5)2+ 7Z< sup <€<s — —628) < C\/E)
0<s<(4/e)2+% P
B (4)e)2+5 5 e\ 1+r/2 41w/ —K/2 C (r+1)/2
— Qy( / ) (021:21 ((Z) C(4/8)2+H7’ - p 19 r S Wg

gln/2 C
_ _ 7!{/2 - (K+l)/2
= (g, (20 < ).

By (0.22) of [72], we can represent {X, }o<,<1 in terms of three independent standard Brow-

. . 0,1,0 150,1,0 150,1,0
nian bridges, By, By, By

x, L \/ ((Z)H’“/ -0+ () B?S’O(r))Q + (B30 + (B300)

According to the two formulas above, because C' > 2v/3, we have for all z € (0,e7'/?] and

y € (0,e7171],
QUi (M < OVE)
e\ 1+£/2 e\ 1+r/2 10 AL+K/2 B Celst1)/2
> P| su (—) Z_|_<_> T+‘BO” T‘_ 5n/2r <
B (OSTIS)I < 4 4 Y (1) ( ) \/gp \/g . 41l+k/2

41+H/2

C
« | P su ’BO,I,O »l - —5_“/27’) < 8(,~;+1)/2)]
|: (OSTEI < @) ( ) \/gp - \/§ Al+K/2

1 1
0,1,0 R (k4+1)/2
> P(@S;:gl <(B(1> (7")‘ 5¢ r) S it )
41—&—5/2

C 2
x |P| su ’3071’0 r)| — 5—"@/%) < —€(n+1)/2)} ‘ 979
[ (0921 ( ) () V3p = /3. 41+R/2 ( )

According to Lemma 8, for ¢ sufficiently small, we have

2

1 1 472
0,1,0 T —K/2 Kk+1)/2 —-1/4 o
P(Os<1;}1<)l ()3(1) (r)) — 25 / r) < 41%/28( )/ ) > ¢ exp{ _\/5}’ (2.80)

o7



1+k/2
N B CRN Ly
\/§,0 T /3 41452

[3pm )4 3pm?
>4/ — — : 2.81
>\~ Texp SOz (2.81)

Letting Cp > 412 +1272/(8C) > 412 +6p7?/(8C), the Lemma follows from equations (2.79),

P ( sup (‘B?Z’;’O(r)

0<r<1

(2.80) and (2.81). O
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Chapter 3

Branching Brownian motion with an

inhomogeneous branching rate

Aiming to understand the distribution of fitness levels of individuals in a large pop-
ulation undergoing selection, we study the particle configurations of branching Brownian
motion (BBM) where each particle independently moves as Brownian motion with negative
drift, particles can die or undergo dyadic fission, and the difference between the birth rate
and the death rate is proportional to the particle’s location. Under some assumptions, we
obtain the limit in probability of the number of particles in any given interval and an explicit
formula for the asymptotic empirical density of the fitness distribution. We show that after
a sufficiently long time, the fitness distribution from the lowest to the highest fitness levels
approximately evolves as a traveling wave with a profile which is asymptotically related to
the Airy function. Our work complements the results in Roberts and Schweinsberg (2021),

giving a fuller picture of the fitness distribution.

3.1 Introduction

To understand the evolution of populations undergoing selection, we study the dis-

tribution of fitness levels of individuals. There is a well-known observation in the biology
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literature that in a large population where various beneficial mutations compete for fixation
simultaneously, the distribution of the fitness is well approximated by a traveling wave. This
observation goes back at least to the work of Tsimring, Levin and Kessler [84]. In a recent
paper by Melissa et al. [66], they showed using non-rigorous methods that the fitness distri-
bution within a population can be described as a traveling wave with a profile defined by the
Airy function. Roberts and Schweinsberg [75] used BBM with an inhomogeneous branching
rate to model a population undergoing selection. They showed that the empirical distribu-
tion of fitness levels of individuals is approximately Gaussian. Our work complements the
results in [75], giving a fuller picture of the fitness distribution and providing a mathemat-
ically rigorous justification of the biology conjecture in [66]. Based on the model in [75],
we show that after a sufficiently long time, the fitness distribution from the lowest to the
highest fitness levels approximately evolves as a traveling wave with a profile asymptotically
equivalent to the profile that is expressed in terms of the Airy function. This Airy traveling
wave profile has been obtained using nonrigorous methods in the biology literature. See e.g.
29, 66, 68, 84].

The most intuitive model of fitness is the fitness landscape, which is a mapping from
the multidimensional genotype space to a real valued fitness space. This model is constructed
in a high-dimensional space where the number of dimensions is equal to the number of
nucleotides in the genome. Each point represents a particular genome and each genome
is assigned with a fitness level. Although the fitness landscape visualizes the relationship
between genotypes and fitness, limited quantitative analyses can be done in this model due to
its high dimensional construction, see e.g. [82]. In order to study the evolution on a smooth
fitness landscape, Tsimring, Levine and Kessler [84] introduced the traveling wave model in a
one-dimensional fitness space where they characterized the population density as a function
of time and the fitness level. Since then, the traveling wave model of fitness has become an
important model in adaptation and has been studied in the evolutionary context for more

than two decades with different model assumptions, see e.g. [8, 33, 34, 39, 44, 45, 55, 66, 68,
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71, 70, 76]. Some of these works demonstrated that in a large asexual population where the
influx of beneficial mutations is large enough, the distribution of the fitness will settle into a
bell-shaped density moving to higher fitness as a traveling wave and the population adapts.
For a complete summary of the dynamical behavior of the traveling wave fitness models
under different mutation settings (which is also known as mutation kernels or distribution
of fitness effects), see [46].

In the mathematics literature, most of the work related to the dynamical behavior of
fitness has been done under the framework of Moran model where the number of individuals
in the population is NV at all times and the individual fitness level can only change discretely.
In the strong selection and weak mutation regime, one selective sweep occurs at a time.
This regime was mentioned in Desai and Fisher [33]. For rigorous analyses of this process,
see [81]. Yu, Etheridge and Cuthbertson [88], followed by Kelly [54] considered the very
fast mutation case and established the upper and lower bounds for the rate of increase of
mean fitness in the population. Durrett and Mayberry [34] first rigorously established the
non-Gaussian traveling wave behavior of fitness when the selection rate is constant and the
mutation rate is N~ for 0 < a < 1. Schweinsberg [80] considered slightly faster mutation
rates and showed that the distribution of fitness has a Gaussian-like tail behavior, though it
does not actually converge to a Gaussian distribution. Schweinsberg [80] rigorously proved
the results in earlier work of Desai and Fisher [33]. For Moran model, the explicit expression
for the distribution of the fitness has not been established precisely.

The idea of modeling the population evolution using branching processes has a long
history and rich literature. In the last decade or so, there has been some work that used
BBM to model the evolution of populations, see e.g. [11, 13, 25, 26, 62]. In these works, the
branching rate is homogeneous in space and selection was not fully considered. Recently,
Roberts and Schweinsberg [75] studied the evolution of a large population undergoing se-
lection using an inhomogeneous BBM model. They considered the case where the rate of

beneficial mutations is large but the selective advantage of each mutation is relatively small.
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In this scenario, since each individual acquires many mutations with a small selective ad-
vantage, the individual fitness level will behave like a continuous-time random walk. After
proper scaling, the fitness of each individual will move according to Brownian motion. To
incorporate the stochastic dynamics of discrete replicating individuals, they constructed an
inhomogeneous BBM model where each particle independently moves according to Brownian
motion with negative drift, particles can die or undergo dyadic fission, and the difference
between the birth rate and the death rate is proportional to the particle’s location. We will
work under the same setup and assumptions as [75]. We are interested in the bulk distribu-
tion of individual fitness levels from the least fit individuals to the most fit individuals, or
in other words, the particle configurations from the left edge to the right edge.

BBM with a space-dependent branching rate model was first introduced by Harris
and Harris in [49]. In their model, a particle at location y € R will split into two particles
at rate Sly|’, where § > 0 and p € [0,2]. They didn’t include the case p > 2 because the
process will explode in finite time if p > 2. Our model is related to their model with p = 1.
They studied the right-most position for different values of p using martingales and the
related spine changes of measure. They proved that for p € [0, 2), the maximal displacement
grows polynomially while for p = 2, the maximal displacement grows exponentially. Later on,
Berestycki et al. in [14] studied the particle configurations of such models for all p € [0,2). By
studying the large deviations probabilities for particles following certain rescaled paths, they
obtained the logarithmic order of the expected and almost sure number of particles whose
rescaled trajectories follow paths in some set. Tourniaire [83] studied a space-homogeneous
BBM with absorption model where particles branch at rate p/2 in the interval [0, 1] for
some p > 1, and at rate 1/2 in (1,00). This branching particle system is an analytically
tractable system which can be used to study the so-called semi-pushed traveling waves. This
branching particle system can be viewed as a biological model which describes the invasion
of an uncolonized habitat by a species. Particle configurations for some of the BBM models

have been understood completely. Berestycki et al. in [13] studied configurations of particles
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in BBM with absorption at the origin. They proved that if the process settles into an
equilibrium configuration and there are N particles in total, then the density of particles
near y is roughly proportional to e~V sin(v/27y/ log N). Some of the ideas in this chapter

are inspired by [13].

3.1.1 The model

Consider a sequence of models indexed by n. In the n-th model, each particle moves
independently as Brownian motion with drift —p,. For a particle at position x, it will either

die at rate d,(x) or branch into two particles at rate b, (x), where

bo(z) — dp(x) = By,

Here, each particle corresponds to an individual in the population. The positions of particles
represent fitness levels of individuals and the movements of particles illustrate changes in
fitness levels over generations. Branching events represent births. If the birth rate is less
than the death rate, unfit individuals will die and the corresponding lineage will become
extinct.

We assume that

. P
A5, =0 &1)
A pn =0, (3:2)
and there exists a € (0,1) such that
do(z) >aforallz e R, ne N and b,(x) <1/aforallz <1/5,,n¢eN. (3.3)

We assume that (3.1) and (3.2) hold true throughout the rest of this chapter, even when
they are not specifically stated. In the n-th model, we denote by N, the total number

of particles at time ¢, N;, the set of particles alive at time ¢ and N, (Z) the number of
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particles in the interval Z at time ¢. The set of positions of particles at time t is written
as {X;n(t),i € Ny,}. For i € Ny, we denote {X;,,(r),0 < r < t} the past trajectory of

the particle 7 alive at time ¢. To state further assumptions, we need to introduce the Airy

1 [~ 3
Ai(z) = ;/o Ccos (% + xy) dy.

The Airy function has an infinite number of zeros, all of which are negative. We denote the

function

zeros of the Airy function by (7%)52,; such that - -+ < v < v < 0. Specifically,

v ~ —2.338. (3.4)
We define
2 2
L= L =-—= 3.5
T A ) 39

Roughly speaking, most particles will stay within [L], L*]. We call L* the right edge and
L} the left edge. We define a boundary L, that is slightly larger than L’ so that almost no

particles will exceed L,

L= £~ (20) (36)
Let
Yo(t)= > ermXinl), (3.7)
i€Nin
and
Zn(t) = D e Xm0 Ai((28,)"* (Lo = Xin(t) + 7)) L, n ()<L} (3.8)

1€Nn
We make the following assumptions regarding the initial configuration expressed in terms of

Y,(0) and Z,(0). We assume that

pLe Y, (0) <5, 0, (3.9)
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and for all € > 0, there exists a § > 0 such that for n sufficiently large,

1/3 1 51/3
Pl 6L —errin < 7,(0) < 2 C—efrin ) > 1 — ¢ (3.10)
oy o py

It is mentioned in [75] that Z,(t) provides a natural measure of “size” of the process at time
t. Roughly speaking, assumption (3.9) requires that the “size” of the process at early time
will not be dominated by the descendants of a single particle in the initial configuration or
particles that are far from L, at time 0. This assumption is biologically natural because
otherwise, a single lineage will quickly take over the whole population and we cannot expect
the population adapts and reach an evolutionary stable equilibrium. Assumption (3.10) is

roughly saying that the “size” of the initial configuration will be around B/ *ePLn /g3 |

3.1.2 Main results

We will first introduce some notation that will be used throughout the chapter. For
two sequences of positive numbers (z,)%; and (y,)32,, if x,/y, is bounded above by a
positive constant, we write =, < y, and if lim, . z,/y, = 0, we write z, < y,. We
define z,, 2 vy, and x,, > y, correspondingly. Moreover, the notation z, =< ¥, means that

Zn/Yn is bounded above and below by positive constants, and the notation x, ~ y, means

o0

o, is bounded and

that lim,, o ,/y, = 1. We write z,, = O(y,) if the sequence (z,/y,)
Ty = 0(yy) if lim,, o0 20 /Yy = 0.

Before stating our new results, we briefly recall the main results that Roberts and
Schweinsberg [75] established for this model. Under assumptions (3.1), (3.2), (3.3), (3.9) and
(3.10), they showed that if ,0721/ 3 / BS/ Y <ty — P /Bn < pn/ B, then most particles are near the

origin at time ¢,, and the scaled empirical distribution of particles at time ¢,, is Gaussian. More

precisely, define the random probability measure which represents the empirical distribution
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of the particle locations at time t,, scaled in space, to be

Gultn

Z in tn Bn/pn (311)

tn7 ZEMTL n

They showed as n — oo, that the random measures (,(t,) converge weakly to the standard
normal distribution in the Polish space of probability measures on R equipped with the weak
topology. From the scaling in (3.11), this result implies that the empirical distribution of
particle locations at time ¢ is approximately normal with mean 0 and variance p,/f3,. In
particular, this result describes the configuration of particles whose distance to the origin is
O/ Pn/Bn)-

Roberts and Schweinsberg [75] also provided an explicit characterization of the empir-
ical distribution of particles close to the right edge. They considered the empirical measure

where a particle at x is weighted by e”**. Define the random probability measure

—_ ’ﬂXZTL t'n
Enltn) = Yot ENZ e’ 0(26,)~1/3(Ln— X1 1 (tn) (3.12)
T tn,n

Thus, particles with a higher fitness level will contribute more to &,(t,). Let u be the

probability measure on (0, 00) with probability density function

Ai(y +m)
I° Ai(z +7)dz

h(y) =

Roberts and Schweinsberg proved that under assumptions (3.1), (3.2), (3.3), (3.9) and (3.10),
if

2/37. 1/3 [ Pn
B, 7" log <ﬂi/3> <tn S Bn
then as n — 0o, we have

&nltn) = 1, (3.13)

where = refers to weak convergence in the Polish space of probability measures on R
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equipped with the weak topology. From the scaling in (3.12), we see that this conver-
gence result describes the configuration of particles whose distance from the right edge L}
is O(8, '7%).

Our goal in this chapter is to obtain a fuller understanding of the particle configura-
tions from the left edge LI to the right edge L*. In other words, for this model, we aim to
characterize the long-run empirical distribution of the fitness levels of individuals in a large
population.

Consider a sequence of intervals {[a,, b,|}5°,, where —oco < a,, < b, < oo, satisfying

the following three conditions:

by —a, >1 (3.14)
L —a, > ('3 (3.15)
b, — LI > 513, (3.16)

We are interested in the number of particles in the intervals [ay,, b,]. We include the conditions
(3.15) and (3.16) because we do not expect our results to describe the configuration of
particles which are within distance O(S, Y %) of the right edge L* or the left edge Li. Also,

the particles within O(f, Y 3) distance of the right edge were studied in Theorem 1.2 in [75].

Define )
an if a, >0,
Zn =190 ifa, <0, b, >0, (3.17)
b, if b, < 0.
\

Note that 2, € (LI, L?), and the restrictions (3.15) and (3.16) are equivalent to

L —2,> B7Y3, 2, — L > g3, (3.18)

Later, we will see that the asymptotic density of the number of particles in [a,, b,| reaches
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its maximum at z,. As a result, the number of particles near z, dominates the total number
of particles in [ay, by].

For every n, we will define two important functions in the domain (—oo, L]. First,

uly) = \/%@; ). (3.19)

We will later see that particles near y are most likely descended from ancestors that were

we let

near the right edge approximately ¢,(y) time units in the past. For every n, we observe that

tn(y) is a decreasing function of y. We have ¢,(0) = p,/5,. If L} — 2z, > Bn'? then
tn(zn) > 5,%/°. (3.20)
Also, for y € (—oo, L}], we define

(L —y)*2. (3.21)

9n(y) = pu(L;, —y) — 2\/?

We will see shortly that in the long-run, the number of particles located near y is roughly
proportional to e, Note that g,(y) is decreasing in [0, L*] and increasing in (—ooc,0].
The functions g,(y) and t,(y) were previously obtained in [75].

We now state our main result, which describes the configuration of particles from the

left edge to the right edge.

Theorem 21. Suppose assumptions (3.1), (3.2), (3.3), (3.9) and (3.10) hold. For every

sequence of intervals {[an, by 152, satisfying (3.14)-(3.16), define z, according to (3.17). If

2/3
n

Pn
5 < ty — ta(zn) < 2 (3.22)

B’
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then as n — 00,

1 “ 1
Ni o (an, by ——— e—f’"Ln/ iy ) o1 (3.23
(lansba]) / (AZ,(%)Q O =) BN CED

If

ty = ta(zn) = 22 (3.24)

B’

then as n — 00,

1 , 1
N, n anabn —Zn tn — tnl2n e_p”L"/ —egn(y)d ) — 1.
tn, ([ D/(AZ’(%)Z ( ( )) antuln(—so L] \/27En (5) Y p
(3.25)

Theorem 21 describes the number of particles in any given interval in the long run.
The randomness is characterized by the stochastic process {Z,(t),t > 0}, which measures
how the overall “size” of the process changes over time. The deterministic part has a density
formula proportional to e9¥)/ \/m . To be more precise, shortly after time ¢,(z,), the
number of particles in the interval [ay,, b,] depends on the initial configuration of particles
through the value of Z,(0). For much later times t,,, when t,, — t,(z,) is of the order p, /3,,
the number of particles in the interval [a,, b,| depends on Z(t,, —t,(2,)), which is the “size”
of the process t,(z,) time units in the past. Here z, is the point where the density of the
number of particles in [a,, b,] is maximized. Later it will be shown in the proof that the
number of particles in any interval [ay,, b,] is dominated by the number of particles that are
close to z,. The proof of Theorem 21 indeed shows that most of the particles in the interval
la,,b,] at time t, are descendants of particles that are close to the right edge t¢,(z,) time
units in the past. This also explains why the number of particles in [a,,b,] depends on

Z(ty — ta(zn)).

Corollary 22. Suppose assumptions (3.1), (3.2), (3.3), (3.9) and (3.10) hold. For every
sequence of intervals {[an,b,|}5, satisfying (3.14)-(3.16), define z, according to (3.17).
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Suppose

2/3
Fory € (—oo, L%], define
fn(!/) - ;egn(y)fpi/Gﬁn'

V27t (y)

is tight. If 0 € [ay,, b,] for all n, then D,, converges to 1 in probability as n — oco.

The sequence

Corollary 22 shows that the ratio of the number of particles in any given interval to
the total number of particles is comparable to the integral of f,(y) over the given interval. We
can therefore regard f,(y) as the density of the limiting empirical distribution of the process,
or in other words, the asymptotic empirical density of the fitness levels of individuals.

To understand the connection with results on traveling waves in the biology and
physics literature, consider a translation of the model where each particle independently
moves as standard Brownian motion without drift. A particle at location y can either die
or split into two particles, and the difference between the birth rate and the death rate is
Bn(y — pnt). Corollary 22 shows that after a sufficiently long time, the empirical density of

individual fitness levels is

1
f;: (ta y) - fn(y - pnt) - 2rt (y - P t) egn(y_pnt)_p%/ﬁﬁn’ for Yy S (LIL + pnt? L;kl + pnt>’

which is a traveling wave with profile f,(y).
The asymptotic empirical density f,(y) is closely related to the Airy function. For
y < Ly, define

FMy) = (2B,)empmutonl30n Ai ((28,)Y3(LE — ). (3.27)
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According to (2.45) in [85],

lim 2v/7z' /4@ Aj(z) = 1. (3.28)

T—00

Therefore, if L} — y,, > 6{1/3, then as n — oo,

fn(yn) ~ ff(yn)

Note that the restriction L} — vy, > 5 /3 is consistent with our requirement (3.15) on the
interval. The appearance of this Airy density function is not a coincidence. Using nonrigorous
methods, Melissa et al. in [66] showed that the fitness distribution within population can be

described as a traveling wave which has a steady-state shape ff(y)

ff(y) = e_p"yAi<(2,6n)1/3<% — y)), fory < L, (3.29)

after matching parameters. We will explain the derivation of equation (3.29) in more details
in Section 3.1.3. Note that f/(y) is proportional to fA(y). Therefore, Corollary 22 shows
that, under certain assumptions, after a sufficiently long time, the bulk distribution of fitness
levels of individuals from the least fit individuals to the most fit individuals is approximately a
traveling wave with a profile asymptotically equivalent to the profile defined in citeMelissa,
providing mathematically rigorous justification for the result in [66]. The idea that the
traveling wave profile should have a shape given by the Airy function goes back to the early
work of Tsimring, Levine, and Kessler [84], and this Airy shape also appears, for example,
in [29, 68, 66]. Theorem 21 and Corollary 22 therefore provide rigorous justification for this
result in the biology and physics literature.

We also observe that the shape of f,(y) near 0 is very much like the Gaussian density
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— asymptotic empirical density
— Airy density formula

—— Gaussian density formula

-60000 =40 000 =20 000 r 20000 40000

Figure 3.1: Graph of the symptotic empirical density, Airy density formula and Gaussian
density formula when p, = 10~* and 3, = 10713

function with standard deviation \/p,,/3,. Let

£o(y) = £ y) (3.30)

1
V 27T)0n/ﬁn ( zpn

As noted in [75], the Taylor expansions of g,(y) and ¢,(y) around 0 give

3 2
Py Buy [pn
In(y) = — — : tay) = [ 5
v) 66,  2pn (v) Bn

Therefore, the asymptotic empirical density f,(y) can be approximated by the Gaussian

density formula f%(y). This is consistent with Theorem 1.1 in [75].

Figure 3.1 illustrates the graphs of the asymptotic empirical density f,(y), the Airy
density formula f(y) and the Gaussian density formula f&(y) from L to L* when p,, = 1074
and (8, = 1073, We see that all three functions have similar shapes. The asymptotic
empirical density is very close to the Airy density formula in the bulk, especially in the
negative real line where y is far away from the right boundary L*.

Let M;,, = max{X;,(t),i € N;,} be the position of the right-most particle at time
t and my, = min{X;,(t),i € M.} be the position of the left-most particle at time t.
Propositions 23 and 24 show that, under certain assumptions, with high probability the

right-most particle is close to L* and the left-most particle is close to Lf. This explains why
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we are able to refer to L as the right edge and L as the left edge of the process.

Proposition 23. Suppose assumptions (3.1), (3.2), (3.3), (3.9) and (3.10) hold and (t,)5>,

satisfies

~2/37.,1/3 [ _Pn < Pn
B, <" log (5711/3) <Lty S 5, (3.31)

For any positive constant Cy, we have

lim P(thn >, -4 ) = 1. (3.32)

n—o00 B%/?’

If in addition, the birth rate b, (z) is non-decreasing and the death rate d,,(x) is non-increasing,

then for any constant Cs € R,

lim P(thn <L,+ %> =1. (3.33)
n—oo ,On
Therefore, we have as n — 0o,
M, n
Lt’;’ —, 1. (3.34)
Define
= 9D Pi ~-1/3
Lu=—5 B +2(28) ™, (3.35)

which is slightly smaller than L. The following proposition shows that L, is the approximate

position of the left-most particle.

Proposition 24. Suppose assumptions (3.1), (3.2), (3.3), (3.9) and (3.10) hold and (t,,):°

n=1
satisfies
prl’ N
62/9 Lty —tn(Ly) < 5 (3.36)

For any k > 0, there exists a positive constant C3 such that for n large enough,

_
P(mtmn < L,+— ) >1— k. (3.37)

PRE
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Ifin addition, the birth rate b, (x) is non-decreasing and the death rate d,(z) is non-increasing,

then for any k > 0, there exists a positive constant Cy such that for n large enough,

- C
P(mtn,n > L, — —4) >1— k. (3.38)
Pn
Therefore, we have as n — oo,
mtn,n
T —p L. (3.39)

3.1.3 Ideas behind the proof

We have two perspectives to understand the expression of the asymptotic empirical
density f,(y) heuristically. The first one is through the large deviations techniques in [14]
and the second one is through the traveling wave approach in [29, 66, 68, 84].

The heuristics proposed in [14] inspired the derivation of the functions g¢,(z,) and
tn(zn), although the techniques they used are not sufficient to derive the exact asymptotic
rate of the number of particles like what we did in Theorem 21. Roberts and Schweinsberg
in [75] first derived the explicit formulas of g,(z,) and t,(z,) using the method of [14]. They
conjectured that the number of particles near z, in the long run is proportional to e?»(*») and
proved this conjecture when |z,| is around the origin (2, < v/pn/B,). Since these heuristics
are essential in understanding the behavior of the process and the main ideas of the proof,
we will briefly recall their calculations.

For every n, consider a large time ¢, and a path f, : [0,£,] — R. By Schilder’s
theorem and the many-to-one lemma, if the process starts with one particle at f,(0), the

expected number of particles that stay “close” to f, during [0,¢,] is approximately

exp ([ (Butt) = 50000 + 7)) (3.40

Note that if f,(u) = p2/28,, then the integrand is 0. Thus the number of particles around

p2 /2B, is O(1) and the right-most particle should stay close to p2/24,, which is the right
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edge L. We next consider the optimal trajectory f>» followed by particles that are near z,
at time t,,. This path is optimal in the sense that particles which end up near z, must follow
this trajectory to achieve the maximum almost sure growth rate. According to Theorem 7 in
[14], there exists a cutoff time t,,(z,) such that the optimal path will follow the trajectory of
the right-most particle up to some time t,, — t,(2,) and then moves towards z, by following

a path that satisfies a certain differential equation. Therefore, f:» satisfies
far(u) = p},/2B8, for u € [0, ty — ta(2n)],

(f2)"(u) = =, for u € [t, — tn(2n), tal ,

Solving the above equations, we get the expression (3.19) for ¢,(z,). Together with (3.40),

the number of particles near z, at time ¢, is approximately

explonen) =0 ([ (8500 = U0+ )"} o),

which gives (3.21) for all z,. Figure 3.2 is an illustration of the trajectory of f?». It is also
worth mentioning that the expressions for the left edge L] and the right edge L* emerge
from g¢,,(2,,). Solving g,(z,) = 0, we get two solutions

50, Pr

Zn = —gat A= ooy

80, 26,
which correspond to LI and L? respectively. These heuristics also explain why we need
assumptions (3.1) and (3.2). Note that the Taylor expansion of e9*) is proportional to the
Gaussian density with mean 0 and variance p,/f,. The standard deviation of the Gaussian

distribution should be much smaller than the right-most position, which leads to (3.1).

Moreover, the branching rate should be small around the right edge p2 /23, which leads to
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Figure 3.2: Trajectory of fi»

According to the discussion after Corollary 22, we know that the asymptotic empirical
density f,(y) is closely related to the Airy density formula fA(y), which is fA(y) after
matching parameters. Below we will follow the derivation of fA(y) in [66]. We assume that
there are N individuals in the population. Each individual subject to new mutations at rate
1 and the selective advantage s of each mutation is random and has a distribution with
probability density function p(s). Let ¢(x,t) be the density of particles with fitness z at
time ¢, which gives the distribution of fitnesses within the population. Define m(t) to be the
average fitness at time ¢ with m(0) = 0. Let v(s) = up(s). Then equation (4) in [66] shows

that g(z,t) will satisfy the following nonlinear stochastic differential equation,

% (x,t) = (x —m(t))q(x,t) + / (p(z — s,t) — p(z,t))v(s)ds + 1/ %n(w,t}, (3.41)

where 7 is a Brownian noise term. By stochastic simulations, it was conjectured by multiple

biology literatures (e.g. [84]) that equation (3.41) has a traveling wave solution of the form
q(z,t) = w(z —vt),
which moves at an unknown average rate of mean fitness change v = m(t)/t. Writing
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y = x — vt for the relative fitness and neglecting the noise term, equation (3.41) becomes

o (y) = () + / (w(y — 5) — w(y))w(s)ds.

Since the selective advantage s is sufficiently small, we can use Taylor expansion to approx-
imate

wly—s) —w(y) = —sw'(y) + %Szw”(y).

which leads to

0/ (y) = yoly) — pELs (0) + GuEL" ().

According to the Fisher’s Fundamental Theorem of Natural Selection [40], the speed of the
traveling wave v is the summation of the variance in the fitness distribution, written as o?

and the direct contribution from mutations, written as D. Letting D = puE[s?]/2, we get
D" (y) + oW/ (y) + yw(y) = 0. (3.42)

We note that the above equation will lead to a solution which take negative values at suf-
ficiently large y, which is impossible for a fitness distribution. To avoid this, we assume
that there is a cutoff value y.,;, which can be understood as the maximum fitness of the

individuals in the population, such that
w(:y) - 07 fOI‘ Y > Yeut- (343)

As a result, the solution of equations (3.42) and (3.43) is

4

2
_ oDy (9 Y P 5-1/3432/3
w(y) =e7" Al<4D4/3 D1/3>’ for y < 5 272 B0y (3.44)

It remains to relate parameters o? and D with p, and 3, in our model. Recall that the

limiting distribution of (3.11) is the standard Gaussian distribution. Therefore, in our model,
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the empirical distribution of particles has variance p,/(,. Because the branching rate, which
measures the fitness of the population, increases in the unit of 3, our model can be viewed

as the model in [66] scaled by 3,. Thus the variance in the fitness distribution

2 2 Pn
Bn

As for D, equation (1.20) in [75] states that 3, = s,/j, which leads to

Plugging the above two formulas into (3.44) and taking the scaling into consideration, we
get

2
_ . 1%
w(Bpy) =€ p"yAz(W — 21/351/33/), for y < L,

which is exactly the expression of fA(y) in (3.29). According to (3.28), f4(y) is essentially
the same as the asymptotic empirical density f,(y) expressed in terms of ¢,(y) and g¢,(y) in
the limit when L} —y > ﬁ;l/?’.

From the large deviations analysis, for n sufficiently large, particles near the right
edge should be in a stable configuration at time ¢, — t,(2,) according to (3.13), and a law
of large numbers behavior is expected. As a result, we are going to use a first and second
moment argument to prove Theorem 21. The argument consists of two parts. First, we
compute the expectation. Next, we control the fluctuations and show that N, ,,([an, b,]) is
concentrated around its mean. Moreover, Ny, ,([ay,by]) is concentrated around the number
of particles that are close to z,. As for the first moment estimate, we denote by pj'(z, y) the

density at location y and time t for the process which starts from a single particle at = at

time 0. This means that if there is a single particle located at x at time 0, then the expected
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number of particles in the measurable set U at time ¢ is

/Upt(rvvy)dy-

According to formula (2.11) in [75], by the many-to-one lemma

1 (x—y)?* pit n Bl +y)t i Br%t:s)‘ (3.45)

p?(:ﬂ,y)zﬁeXp(pn:B—pny—Q—t—T 5 24
The first moment estimates involve expressing p} (z,2,) in terms of g,(z,) and some other
controllable terms. As for the second moment, we will only control the fluctuations of the
number of particles that are close to z,. The remaining particles in the interval [a,, b,] can
be dealt with using the first moment estimate. A direct second moment computation will
fail because without truncation, the expected number of particles around z, is dominated
by rare events in which one particle drifts very far to the right and generates a large number
of descendants around z,. As a result, we need to do a truncated second moment estimate
where particles are killed upon hitting the boundary L,,. This boundary L,, needs to be large
enough that particles which contribute most won’t hit this boundary and small enough that
we can control the second moment of the number of particles. It is pointed out in [75] that
(3.6) is an appropriate choice. We show that the major contribution of the first moment
comes from particles which stay close to L, at time t, — ¢,(2,) and don’t hit the right
boundary L,, during time [t,, — t,(2,), t,]. Since the proofs of the second moment estimates

are quite tedious, we defer them until Section 3.5.

3.1.4 Table of notation

We summarize some of the notation that is used throughout the rest of this chapter

in the following table.
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Table 3.1: Index of notation in Chapter 3

Prn
Bn

N

A

<

Index of a sequence of processes.

Particles move according to Brownian motion with drift —p,,.

Selection parameter. The difference between the birth rate and the death
rate for a particle at x is 3,x.

Total number of particles at time ¢.

The set of particles alive at time t.

Number of particles in the interval Z at time t¢.

Positions of the particle i at time ¢ for i € N;,,.

The largest zero of the Airy function.

The approximate position of right-most particle, L, = p? /3, — (28,) /3y
Defined to equal L, — A/p, for A € R.
The approximate position of left-most particle, L, = —5p2/83, —

2(28,) oy
The position that is near the position of the right-most particle. We call it
the right edge. Explicitly, L* = p2/8,.
The position that is near the position of the left-most particle. We call it
the left edge. Explicitly, LI, = —5p2 /80,.
Sum of eP»Xinl®) for all i = 1, ..., N ,,. Defined in (3.7).
Weighted sum used to characterize the size of the configuration at time t.
Defined in (3.8).
Write z,, < vy, if z,,/y, is bounded above by a positive constant. Define 2>
similarly.
Write x,, < y,, if lim,, o0 5, /yn, = 0. Define > similarly.
Write x,, < y, if x,/y, is bounded above and below by positive constants.

Write x,, = O(y,) if the sequence (z,,/y,)52; is bounded.

80



Table 3.1: Index of notation in Chapter 3, Continued

iz, y)

pr(z,y)

CO,n

Write x,, = o(y,) if lim, o0 2, /yn = 0.

Interval satisfying (3.14)-(3.16).

Roughly speaking, the asymptotic density of the number of particles in
[an, b,] is maximized at z,. Defined in (3.17).

Measures the length of the interval in which we are counting the number of
particles.

For particles near y at time t,, t,, — ¢,(y) is the time when their ancestors
start to leave the right boundary and drift toward y. Defined in (3.19).
Function used to approximate the density of particles. Defined in (3.21).
Position of the left-most particle at time t.

Density at location y and time t for the process which starts from a single
particle at x at time 0. Defined in (3.45).

Density at location y and time t for the process where there is only one
particle at z at time 0 and particles are killed upon hitting L.

The ratio between z, and L. Defined in (3.48).

Measures the distance between z, and L. Defined in (3.87).

Rate at which particles hit L,, at time v. Defined in 3.1.4.

Number of particles in the interval Z at time ¢ for the process in which
particles are killed at L,,.

Natural filtration associated with the BBM process.

Used to divide the length of the interval in the proof of Proposition 26.
Defined in (3.135).

Constants used to adjust time. In the proof of Propositions 25 and 26, we

define s = C, 8, 2.
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Table 3.1: Index of notation in Chapter 3, Continued

Sy Constants used to adjust time for each y € [z — [, z + ] based on the choice

of s. Defined to be t(y) — t(z) + s.

Uy The first cutoff time in the second moment calculation. See Lemma 42.
Us The second cutoff time in the second moment calculation. Defined in
(3.284).

3.1.5 Organization of the chapter

The rest of this chapter is organized as follows. In Section 3.2, we show how to obtain
Theorem 21 and Corollary 22 from two other propositions, one of which controls the number
of particles in narrow intervals and one of which controls the number of particles in longer
intervals. In Section 3.3, we prove Propositions 23 and 24, and give the most important
arguments for the proofs of the two propositions that lead to Theorem 21. Proofs of some
technical lemmas are postponed until Section 3.4, and the second moment calculations are

presented in Section 3.5.

3.2 Structure of the proofs

In this section, we show how Theorem 21 and Corollary 22 follow from Propositions

25 and 26 below. We also introduce some notation that will be used throughout the chapter.

3.2.1 Division into larger and smaller intervals

The proof of Theorem 21 will be divided into two cases. First, we will deal with
intervals with smaller length. In such intervals, we will control the number of particles using

a second moment argument. Indeed, we will show that most particles that end up near z,
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at time ¢, stay close to L, up to time t, — t,(z,) and then drift towards z,. Trajectories
of such particles are illustrated in Figure 3.2. Second, we will consider longer intervals. We
will show that the number of particles in the interval |a,, b, that are far away from z, is
negligible using a first moment argument, allowing us to estimate the number of particles in
the entire interval by the number of particles in a smaller interval around z,. The first step
will lead to Proposition 25 while the second step will lead to Proposition 26.

Consider a sequence (z,)>, satisfying (3.18) such that

|2n] 2 4 /g—" or 20| < 1/2—”. (3.46)

We further assume that
2z, >0 foralln or 2z, <0 for all n. (3.47)

Denote

Con = % (3.48)

We consider intervals of the forms [z, z, + ,] and [z, — [,, z,| where [, is the length of the

interval. By convention, if [, = oo, then [z,, z, + [,,| = [25,00) and [z, — 1., 2,] = (—00, 2,,].

Proposition 25. Suppose assumptions (3.1), (3.2), (3.3), (3.9) and (3.10) hold. For every
sequence (z,)2, satisfying (3.18), (3.46) and (3.47), choose (1,,)S°, such that

n=1

1 . Pn
1<, S FIp if 2al Z 1/ 5%

1<, < Z,—Z if |zn] < /22

(3.49)
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Consider intervals of the form

[Zn, Zn + ln] Zon Z 07
I, = (3.50)
[2n = ln, 20 if z, < 0.
If t,, satisfies
prl’ p
W <Lty — tn(Zn) < E’ (351)
then for any k > 0, we have
lim P(l_—ﬁep”L’?Zn(O)/ ;egn(y)dy < Ny (T
n—oo  \ Ai'(71)? I, /27t (y) -
14+Kk  _, /x / 1
: R/ (1) N R ———C ) ) =1. (3.52
T Al (m)? 0 7, /27t (y) ! 392

Proposition 26. Suppose assumptions (3.1), (3.2), (3.3), (3.9) and (3.10) hold. For every
sequence of (2,)0 satisfying (3.18), (3.46) and (3.47), choose (1,)>2, such that

n=1

1 > n
> if zal 24/ 5

(3.53)
>\ /8" if |zn| < (/5%
Consider intervals of the form
[2ny 2n + 1] if zp >0,
[2n — ln, 2n) if 2z, <O0.

If t,, satisfies (3.51), then for any k > 0, we have

1 - KJ * 1
lim P , e Pinz (0 / —egn(y)dy < Ny, (T
n—o9 (Al’(%)2 ) Tun(=s0,L3] \/ 27tn (Y) o)

1+ _ =« 1
< R el Z,(0) / —eg"<y)dy) =1. (3.55)
Ai'(n)? Tn(—00,L3] \/ 27tn (Y)
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Next, we will explain heuristically why the interval length [,, is divided into the above
two cases (3.49) and (3.53). Let us take the case z, > 0 as an example. The case when
z, < 0 is essentially the same. Our hope is to find a cutoff length [, depending on z, such
that the number of particles in [z,, 00) is dominated by the number of particles in [z, 2z, +1,]-.
Since the number of particles near z, is approximately proportional to e9(*n) / \/m ,
this boils down to finding a cutoff length [,, such that for any n > 0, if n is sufficiently large,
then

eI W gy < (1+mn) eI W dy.

e 1
/zn V21t (y) Zn V21t (y)

It turns out that if z, 2 \/pn/Bn, then we can take [, < 1/cq,pn, as shown in Lemma 36,

while if z, < \/pn/Bn, then we take l,, < \/pn/Bn.

3.2.2 Proof of Theorem 21

In this subsection, we deduce Theorem 21 from Propositions 25 and 26. We first

review an important result from [75] which will be needed in the proof.

Remark 27. Proposition 2.3 in [75] states that if But,/pn converges to a positive real number
as n goes to infinity, then with probability tending to 1 as n — oo, conditions (3.9) and
(3.10) hold with Y, (t,) and Z,(t,) in place of Z,(0) and Y,(0) respectively. Furthermore, if
tn X pn/Bn, then for every subsequence (n;)32,, there exists a sub-subsequence (nj, )3, such

that

— e — 7 (0,00).

Consequently, by Proposition 2.3 in [75], with probability tending to 1 as k — 0o, conditions
(5.9) and (3.10) hold with Yy, (tn; ) and Zy; (t,; ) in place of Z,(0) and Y, (0) respectively.

Proof of Theorem 21. First, we consider the case when ¢,, satisfies (3.22). To prove (3.23), it

suffices to show that for every subsequence (n;)32,, there exists a sub-subsequence (n;, )72,
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such that for any 0 < k < 1,

l—K —po L 1
lim p( ez, o) —
koo \ Ad'(71) [anj, bng I0(=00 L5, 1y 27t (y)

<N, e ([anj,c , bnjk])

J

1 _ * 1
A (71) [anjk ,bnjk]ﬂ(—oo,L;*l]_k] 27rtnjk (y)

(3.56)

e} [e.e]

Given a subsequence (n;)2,, there exists a further subsequence (n;, )72, such that one of

the following holds:

1. We have O, > 0 for all k. Let Zn;, = Qn, and [

Ik T,

= bnjk — Qn,, - The subsequence

(2n;, )72y satisfies (3.18), (3.46) and (3.47), and the subsequence (I, )72, satisfies (3.49)
or (3.53).

2. We have bnjk < 0 for all k. Let Zn; = bnjk and lnjk =b,. — a,, . The subsequence

Ik Jk

(2n;, )iz satisfies (3.18), (3.46) and (3.47), and the subsequence (I, )72, satisfies (3.49)
or (3.53).

3. We have n; < 0 and bnjk > 0 for all k. Let Zny, = 0, ll,njk = —Qn,, and lgmjk =b

njk .
Both the subsequences (I1,,,, )72, and (l2,;, )72, satisfy (3.49) or (3.53).

In cases 1 and 2, since [anjk , bnjk] satisfies the hypotheses of either Proposition 25 or Propo-

sition 26, equation (3.56) follows from (3.52) or (3.55). As for case 3, we see that both

[anjk ,0] and [0, bnjk] satisfy the hypotheses of Proposition 25 or Proposition 26. Thus, both

[an,, ,0] and [0, by, | satisfy (3.56) with [a,, ,0] and [0, by, | in place of [a,, , b, | respectively.

Consequently, equation (3.56) also holds in this case. Therefore, equation (3.23) follows.

Next, consider the case when ¢, satisfies (3.24). Choose a sequence (hy,,)5°, for which

2/3

pn pn
G <l <5

(3.57)
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Let

Tn =ty — ta(2n) — ha. (3.58)

Note that r, < p,/B8,. By Remark 27, for every subsequence (n;)52,, we can choose a
sub-subsequence (n;, )32, such that assumptions (3.9) and (3.10) hold when Y,,(0) and Z,(0)
are replaced by Y, (ry; ) and Z,; (r,; ). By using the Markov property at time r,, and
applying the previous argument, there exists a further sub-subsequence (n;, )5_; such that

equation (3.56) holds with Zy;, (rnjk ) in place of Z(0). As a result, we have for any

0< k<1,

1 - K; * 1
lim P( . e_annZn(rn)/ —egn(y)dy S Nn n [ana bn]
n—oo AZ’(’Vl)z [@n,bn]N(—00,L%] \/27Ttn(y) - ( )

1 -
< ./+ /ize—ann Z(T0) / -
Ai' () [anbn]N(—00,Lx] \/ 270 (Yy)

egn(y)dy) =1. (3.59)

Note that equation (3.59) holds for all choices of (¢,,)5°, satisfying (3.24) and (h,)>, satis-
fying (3.57). Thus for every (z,)5°, satisfying (3.18), (t,)32, satisfying (3.24) and any two

sequences (hy )22, (haon)o, satistying (3.57), we have

. 11—k 1+k
lim P<1 " /iZ"(rl’n) < Zn(ran) < 1

n—oo

Zn(m,n)> =1, (3.60)

— K

where r;, = t, —t,(2,) — hin for i = 1,2. Choose ()5, satisfying (3.18), (})32, satisfying
(3.24) and (h1,,)2, (hayn)22, satisfying (3.57) such that

n=1» n=1

th — tn(2n) =t —to(2)) — hag, tn — tn(2n) — hy =t —t,(2)) — hop.

n

For example, for any sequence of (hy,,)72, satisfying (3.57), we can take 2 = z,, t} = t,+h1,

and ha,, = hy,, + hy. By (3.58) and (3.60), we have

1— 1
lim P(l ¥+ K,Zn(tn - tn(zn)) S Zn(rn) S 1 T

n—o0 K — K

Z (tn — tn(zn))> =1. (3.61)
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Finally, equation (3.25) follows from (3.59) and (3.61). O

Remark 28. The argument leading to (3.61) can be modified to show that for t, < p,/Bn

and h,, < pp/Pn, as n — oo,
Zn(tn)

- 1. .62

To see this, note that we can choose ()22, satisfying (3.18), (t£)2, satisfying (3.24), and

n=1 n=1

(h12)02 and (hoyn)o2, satisfying (3.57) such that

tn =t, —tn(2r) — hin, tn + hy =t —t,(2)) — hop.

n

For example, we can take (hay,)i, to be any sequence satisfying (3.57) and ()52, to be
any sequence satisfying (3.18) such that t,,(2)) < pn/Bn. Then we let hy, = hop + hy and
th =t +tn(2)) + hip. Letting rin =t —t,(2)) — hiyn fori = 1,2, equation (3.62) follows

from (3.60).

As a byproduct of the proof of Theorem 21, the following lemma shows that the

number of particles in any given interval will not change much on a time scale shorter than

P/ B

Lemma 29. Suppose (3.1), (3.2), (3.3), (3.9) and (3.10) hold. For every sequence
{lan, bn)}5° satisfying (3.14)-(3.16), define z, according to (3.17). Suppose

2/3 2/3

If
/ Pn
[t — ] < ==, (3.64)
B
then as n — oo,
N n n»y bn
wnllinbul) | .



Proof of Lemma 29. First, we consider the case pi/ 3/ B <« b, — tn(zn) < pn/Bn. From
(3.64), we also have pi/S/Bg/g Lt —tn(zn) < pn/Bn. Therefore, both Ny, ,.([an,b,]) and
Ny n([an, by]) satisfy (3.23) and equation (3.65) follows.

It remains to consider the case t, — t,(2,) < pn/Bn. By (3.64), we also have ¢/, —

tn(2n) < pn/Bn. Then both Ny n([an,by]) and Ny ,([an, by]) satisfy (3.25). As a result,
equation (3.65) follows from (3.25) and (3.62). ]

3.2.3 Proof of Corollary 22

In this subsection, we show how to obtain Corollary 22 from Theorem 21. We first

recall that Proposition 2.2 in [75] proves that if

2/3

Pn Pn
W <Lt, — tn(O) < E’ (3.66)
then for all k > 0,
1—k 3 14+ k 3
lim P —enl3n 7 (0) < Ny, < “Pnl3n7.(0) ) = 1. 3.67
i P (e 0 N < 10 0 (3.6)
Equation (3.67) also follows from (3.23) with a,, = —oo and b, = 0o, once it is established
that for n sufficiently large, we have
1—n < e Pn/6n / — "Wy < 141 (3.68)
—oo \/ 27, (Y)

One can obtain (3.158) by comparing the density f,, defined in the statement of Corollary

22 to the Gaussian density f¢ defined in (3.30). We omit the details.

Proof of Corollary 22. By applying the same argument leading to (3.25) in the proof of
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Theorem 21, equation (3.67) implies that if ¢,, — ¢,,(0) < p,/fBn, then

1—k 3 1+k 3
lim P /30 7 (b — £a(0)) < Ny < 3 7 (t, — a(0)) ) = 1.
nggo (Ai/(’}/l)Qe ( ( )) = “Vp,n = Ai’(’}/l)Qe ( ( ))
(3.69)
If
o’ p il p
then by (3.23) and (3.67), we have for any x > 0
1-— 1
lim P(~—" <D, <« — ) 1. (3.70)
n—00 1+ kK 1—k
Thus, the sequence (D,,)> is tight. If
p i’ p
then by (3.25) and (3.67), we have for any x > 0,
_ 1 — kK Zy(ty —tn(zn)) 1+ Kk Zy(ty — ta(zn))
lim P <D, < =1. 3.71
n00 (1 +r  Z,(0) L=k Zu(0) 7y

Note that Z,(0) satisfies (3.10) and Z,(t, — t,(z,)) also satisfies (3.10) by Remark 27.

Equation (3.71) thus implies that (D,)5%, is tight. The remaining two cases

2/3
Pn Pn _Pn
W <<tn—tn(2’n) < E, tn—tn(O) = ﬁn’
and
Pn Pr
tn — to(zn) <X =, tn — 1,(0) < —,
" B Bn

follow by essentially the same argument as the second case, using (3.69) in place of (3.67).

If 0 € [ay, by], then (3.70) holds true and thus D,, — 1 in probability as n — oo. O

90



3.3 Proof of Propositions 23, 24, 25, and 26

In this section, we give the main arguments in the proofs of Propositions 23, 24, 25,
and 26. We defer the proofs of several technical lemmas until Section 3.4 and the proof of

the second moment estimates until Section 3.5.

3.3.1 A review of results from [75]

In this subsection, we will collect some of the results in [75] that will be used in the

proofs. Suppose (3.9) and (3.10) hold.

3.1.1 Lemma 6.1 in [75] shows that

r—00

lim eT3/3/ ") Aj(yy + 2)dz = 1. (3.72)
0

Based on equations (6.5), (6.6) and Lemma 6.1 in [75], for any n > 0, there exists a

constant C5 > 2 sufficiently large such that
N\ c3/6 = 2-Y3C5(v1+y) 4, Cc3/6
1-— 5)e” < e Ai(y +y)dy < (14 n)e™s/°, (3.73)
0

and
o—C2/6 (L+n)v 27T

A7 ()2 Az (M +y)dy <n (3.74)

1/3

hold. Furthermore, there exists a constant Cy > —27"/°~; sufficiently large such that

/ 2 PO Aj(yy + y)dy < 08148, (3.75)
21/306 2
3.1.2 Fix A € R. Define
A
LA=1L,—-—. (3.76)
Pn

Lemma 5.1 in [75] proves that there exists a constant C; such that the probability
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3.1.3

3.1.4

that some particle that is to the right of L? at time 0 has a descendant alive in the
population at time C7p; 2 tends to 0 as n — co. Moreover, according to the argument
leading to (5.9) in [75], for t,, < p,/fBn, it follows that with probability tending to 1 as
n — 00, no particle that hits L# before time ¢, — C7p,? has descendants alive at time

t.

Consider the process in which particles are killed upon hitting L,,. If this process starts
from a single particle at x, we denote the density of this process at time ¢ by p=*(z, ).

Lemma 2.5 in [75] implies that if z,y < L,, and
(26,0 ((Ln = 2)"* 4 (Ln = 9)?) = 271287 — —oo, (3.77)
then there exits a constant Cy such that
P (x,y) < CaBy et Ai(28,)" (Lo — ) + 1)V Ai((260) /(Lo —y) +m1)- (3.78)

Define

Bat?

H,(t)=L, —
(t -

(3.79)

Equation (5.5) in [75] states that if 2 < Hy(tn), 0 < G < Butn/2 and B < t, <

Pn/ Bn, then

LTL
/ phn (z, y)ePr—udy < P =Bt /T3 (3.80)
Equation (5.6) in [75] states that if 2 < Ly, 0 < (o < Butn/2 and Bn "> < tn < pn/ B,
then
Hy(tn)
/ Pl (w,y)elrn W dy < ePrtePtn/T, (3.81)

Consider the process in which particles are killed upon hitting K. If the process starts
with a single particle at x < K, we denote by Tgn(?)) the rate at which particles hit K

at time v and rX (u,t) the expected number of particles that are killed at K between
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3.1.5

3.1.6

times v and t. Then

t
rfn(u, t) = / 'r’ffn(v)dv.
If K = L,, then by (6.29) in [75], there exists a constant Cy such that

CQ(L — ilf)

Ly n (Ln — $)2 —1/3 52/3
Tom(v) < — iz OXP | e — PnLy — —y T 2728 v . (3.82)

Furthermore, for K = L4, define A_ = max{—A,0}. By Lemma 2.13 in [75], we have

forall z < L, and 0 < u < t,

7“5,71(% t) < ep":”e*p"Lﬁ6753“3/9—1—52/3(15—11)6*"@;?eB"A—t/p”ef’”zAz'((26n)1/3(Ln—x)+71).

(3.83)
Suppose
—2/371..,1/3 Pn
B~ log (51/3> Kt < 5 (3.84)
Let f: R — [0,00) be a bounded measurable function. Define
= Y e ((28,)3( Ly = Xin(tn)))- (3.85)

ZeMn n

According to (5.8) in [75], we have for any > 0,

JLﬁP(ﬁ(/Omf(z)Ai(% —l—z)) Z,(0) < B (f)
Lw (/ F(2)Ai 71+z))Z (0)) —1.  (3.86)

Al (m1)?

For 3, 13 « r, < B!, consider the process started from a single particle at z,.
According to Lemma 2.14 in [75], there is a positive constant Co such that for large
enough n, the probability that the process survives until time Cio/(5,x,) is bounded

above by 25,x,/a. Here, a is the constant appearing in assumption (3.3).
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3.3.2 Notation

Here we introduce one more piece of notation which will be used throughout the rest

of this chapter. Recall that ¢y, = z,/L}. We denote

o = /T con. (3.87)

We can now write

2 2
Py = P (3.88)

) === La—@m=5g

* — 2z, and

The notation ¢y, and ¢, will be useful in simplifying expressions involving z,, L},

tn(zn). Therefore, we list some of the most useful formulas involving ¢y, and ¢, below. We

see that for 2, € (LI, L?),

5) 3
— 7 <G < 1, 0<c, < 3 (3.89)

We also have the following equivalent asymptotic expressions:

|CO,n
|1 - Cn| = 1+c = |CO,n|7 (390)
1/2
22 = foonl 2 20 (3.90)
Zn|l < B CO,n ~ "3/2° .
n ,On
. 1 o
L) —z, > 7 T Cn > , (3.92)
Bn Pr
1 2/3 9 2/3 3 2/3
w—Ll> — =t > =T L= s >
e ntIZ 2 147 2"
Moreover, if |z,| 2 \/pn/Bn and z, satisfies assumption (3.18), then
1/2
lencon] 2 =575 (3.93)
Pn
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Also if |z,| < \/pn/Bn, then

cn <1,

1/2
n

‘Cg7n| <K 3—/2
pr

(3.94)

Table 3.2 might be helpful in keeping track of the asymptotic behavior of ¢y, and c,.

Table 3.2: Asymptotic behavior of co,, and c,

Zn Con Cn Other
2l < Vou/Br | lconl < B2 /0 | eax 1
o 2 PP | con 2 870" o < e <1 | encon 2 8% 007

L;‘L—zn>>6{1/3

—Zn Z \/pn/ﬁn)

Zp — LL > 57;1/3

lcom| 2 B3/ 03

3/2 — ¢, > B3 p2

|Cn00,n| 2 55/2/@)1/2

In the rest of this chapter, to lighten the burden of notation, we will usually omit the

subscript n in the notation. For example, we will write p in place of p,, z in place of z, and

g(z) in place of g,(z,). However, it is important to keep in mind that these quantities do

depend on n.

3.3.3 Proof of Proposition 25

In this subsection, we will prove Proposition 25 using first and second moment esti-

mates. First, we have the following lemma which shows that y € [z — [, z 4 [] satisfies the

restriction (3.18) with y in place of z.

Lemma 30. For every z satisfying (3.18), (3.46) and (3.47), choose | according to (3.49).

Forally € [z — 1,z + 1], we have

L — Y>> /6_1/3
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and

y— LT > g71/3 (3.96)

Next, we have the following lemmas which control the difference between ¢(z) and

t(y), and g(z) and g(y) for y € [z — 1, 2 +].

Lemma 31. For every z satisfying (3.18), (3.46) and (3.47), choose l according to (3.49).
Forally € [z — 1,z + 1], we have
[t(y) — t(z)| = o(B72). (3.97)

Moreover, uniformly for ally € [z — 1,z + ],

i)
nh_)r{.lo 1) 1. (3.98)

Lemma 32. For every z satisfying (3.18), (3.46) and (3.47), choose | according to (3.49).

Then for ally € [z — 1,z + 1], we have

l9(y) —g(2)| S 1. (3.99)

The following lemma controls the first moment.

Lemma 33. For every z satisfying (3.18), (3.46) and (3.47), choose | according to (3.49).
Let s > 0 and

t=t(z)—s, z=L"—w, s,=1t(y) —t(z)+s.
For allw € R, s < t(z) and y € R,

2
P, ) < \/;_m exp (g(y) — pw + fws, — %3) (3.100)
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Furthermore, if s < 3723, then for all |w| < B3 andy € [z — 1,z + 1],

= 1 ex — QW ws —/8—233 [0}
plo) = <= p@@ pw + Bus, +—m) (3.101)

6 Yy

A key step in the proof of Proposition 25 is the following second moment estimate.
Note that it is rare for a particle to drift to the right of L but once it does so, it will
generate a large number of descendants in the interval Z at time ¢, which ruins the second
moment argument. Therefore, we need to consider a truncated second moment estimate
where particles are killed at L. For this process, we denote by N(Z) the number of particles

in the interval Z at time t.

Lemma 34. Consider the process which starts from a single particle at x such that 0 <
L—x < B7Y3. For every z satisfying (3.18), (3.46) and (3.47), choose | according to (3.49).
Consider intervals T defined in (3.50). Suppose

s = B3 t=1(z) — s.
Then for the process in which particles are killed upon hitting L, we have

62/3 .
E[NtL(I)2] < _epx+pL72pL

(3.102)

To prove Proposition 25, we need one more technical lemma. Let n > 0. Choose

constants Cs > 2 and Cg > —27 /3~ such that (3.73)-(3.75) hold. Then, C5 and Cj satisfy
3 21/306 —-1/3 3
u—mﬁmﬁ/ & PO Ai(, 1 y)dy < (1 4+ n)e®HS. (3.103)
0

The next lemma is a slight generalization of Lemma 6.2 in [75].

Lemma 35. Suppose (3.9) and (3.10) hold. Let n > 0, and choose positive constants Cs
and Cg such that (3.73)-(3.75) and (3.103) hold. Let s = Cs372/% and uw =t — t(z) + s for
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all z. If

~2/37,51/3 (_P_ P
B~ log <51/3) <u< g, (3.104)

then

. 1-2p p’s s’ —B5)X; (u
o P(mz(o) < exp (T =) 2 I saxy <y
FENY

1+2n
Z
— A (m)?

(0)) = 1. (3.105)

Moreover, for every z satisfying (3.18), (3.46) and (3.47), choose l according to (3.49). For

every y € [z — 1,2+ 1], let s, = t(y) — t(z) + s and

PQSy 5232 —Bsy)X;
ty = exp (T N T) > TN i <y (3.106)
JEN

If (3.104) holds, then uniformly for ally € [z — 1,z + 1],

Jim P( L9 sy <, < 22_72737)722(0)) 1. (3.107)

Lemmas 31, 33 and 35 will be proved in Section 3.4. Since the proof of Lemma 34
is rather technical and tedious, we defer it until Section 3.5. With the help of the above
lemmas, we will follow the same strategy as the proof of Proposition 2.2 of [75] to prove

Proposition 25.

Proof of Proposition 25. Let

s =Cs37%3, u=1t—1t(z)+s. (3.108)
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By (3.20), we have t — t(2) < u < t for n sufficiently large. For all y € Z, denote

By Lemma 31, for all y € Z, we see that s, = (C5 £ 0(1))37%? or equivalently, uniformly for
all y € 7,

lim 3%*3s, = Cs. (3.109)

n—oo
Figure 3.3 might be helpful for keeping track of notation.

Space

L

Figure 3.3: Notation when z > 0

Recall that H(u) = L— Bu?/9 by (3.79). For a particle i € NV, recall that {X;(v),0 <

v < t} denotes its past trajectory. Define

Si={i e N;: Xi(u) < H(u), X;(v) < Lfor allv € [0,u]},

Sy = {z eN;: H(u) < Xi(u) < L — Cf~ Y3 Xi(v) < L for all v € [o,u]},
Sy = {z eN;: L—CeB3 < Xi(u) < L, Xi(v) > L for some v € (u,t)},
Sy = {z EN,: L—Csf 3 < Xi(u) < L, X;(v) < L for all v (u,t)},

S5 :M\(51US2U83US4)
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For j =1, ...,5, write
Then

We are going to show that the major contribution comes from ©4, and ©, is concentrated
around its mean. Define (F;,t > 0) to be the natural filtration associated with the BBM
process.

Let us first consider ©;. By inequality (3.100) and Tonelli’s theorem, we have

IICAVAES Z /Pt u ) pwweton]. X, ) <Ly LX< i) dY

FjENY
2.3
/)L* pQS?J _ B Sy
2 6

/mxp(

X Z PPN (e 0., (o)< 2y LX ()< ()1 0Y - (3.110)
JEN

We denote by H; the summation on the last line of (3.110). By (3.51), we have 372/% < u <
p/B. Furthermore, by equation (3.97), we see that 0 < s, < fu for all y € Z. Therefore,

by (3.81), we have for all y € Z,
E [Hy|Fo] < e P /By (0). (3.111)

Since t —u = t(z) — s > B72/3, equation (3.98) implies that uniformly for all y € Z,

t
lim Y g (3.112)
n—oo t — U
Also, for all y € Z, we see from (3.51) that

p’s,/2 < B (3.113)
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Thus, from (3.110)-(3.113), we have

. 1
E[@1|f0] < e_pL _’82u3/74Y<0)/ eg(y)dy.

7 /27t(y)

Then by the conditional Markov’s inequality, we can deduce that for any n > 0, if n is

sufficiently large,

P<@1 > ne PY eIW dy

]_—0) < Y(O) 6—5%3/74.

1
20) [ <
© 7 +\/27t(y)
Based on assumptions (3.9) and (3.10), we have that for any n > 0,

1
—eg(y)dy) = 0. (3.114)

i P<@1 > e 2(0) /I i)

n—oo

We next consider ©5. By (3.100) and Tonelli’s theorem again, we get

1 . p2sy BQS?’
E[0|F] < /I\/ﬁexp <g(y) — pL* + = Ty)

< E LZ e(p_ﬁsy)xj(u)I{VUE[O,u},Xj(vKL}1{H(u)<Xj(u)§L—C65—1/3}
jENY

fo] dy
(3.115)

We can separate the expectation in the integrand into two parts by writing

.

—B8y) X (u
=FK LZ elP=Ps) X5 )1{Vv€[0,u},X]-(v)<L}1{Xj(0)§H(u)}1{H(u)<Xj(u)§LfCGB*1/3}
jeN,

E

Z e(p=Bsy) X (u) 1{VUE[O,u],Xj ()<L} 1{H(u)<Xj(u)§L—CGB—1/3}
JEN

:

+F [Z e(p_ﬁSy)Xj(u)1{vue[o,u],xj(v)<L}1{H(u)<xj(o)<L}1{H(u)<xj(u)§L_065—1/3}
jENY

g

101



Note that when H(u) < 2 < L and H(u) <y < L — Cs371/3,
(28)((L — )2 + (L = )'/%) < (28)"° -2 (L — H(w)"? = /537182,

Since 27/6371 < 271/3 and B*?u > 1, equation (3.77) is satisfied. Thus, in (3.116), we can
upper bound the first expectation by (3.80) and upper bound the second expectation by
(3.78). We have that for all y € Z,

2,3 L=Cop~1/?
E[Hy + Hs|Fo] < e #/™Y(0) 4+ CsZ(0) /

B gL3 A ((25)1/3(1: — )+ 'yl>dv.

(3.117)

Substituting v with L — (28)~'/3r, by (3.75) and (3.109), we have for n sufficiently large, for

all yeZ,

L*C(;ﬁ_l/s
/ e*BSy”B”:‘Ai((%)”?’(L —v) + ’yl)dv

H(u)
S 2—1/3€—p25y/2/ 62*1/352/3sy(’yl+’r)A2'(,yl _|_ r)d,r.
21/306
<(1+ n)2_1/36—p25y/2/ 62*1/305(71#)14@(71 +7)dr
o 21/3C4

<(1+ n)2—1/3e—025y/2ge(7?/48. (3.118)

Combining the above formula with (3.115) and (3.117), we have

2 6283
O, F <e_/32“ /73Y _pL*/ ex ( +ﬂ——y)d
Fioel7 Ve il (e e S
1 . 1 253 3
0877(4 3+?7 Je oL exp < y) — 5%s, %) dy.

By (3.113), if n is sufficiently large, then for all y € Z,

s, - 3243 _ _62u3
2 3 T 74

(3.119)
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Also note that for n large enough, 3%s; /6 > C2 /48 for all y € Z. Then by (3.112), we obtain

that for n sufficiently large

Csn(1+n)

) g

E[@2|f0] < (662u3/74y(0) + (y)dy.

By (3.51), we have u > p*3/8%9 and therefore (3.9) and (3.10) imply that

e~ /1y(0)/Z(0) —, 0. Thus, by the conditional Markov’s inequality,

. 2(1
limsupP(@2 >n2e L Z(0 Con (1 + 1)

L ;eg(y) e A R Vi
S ( )/I /—27Tt(y) dy) < 94/3 : (3.120)

We now consider ©3 and ©4. According to (3.101), (3.112) and Tonelli’s theorem,
there is a sequence of F,-measurable random variables {6,,}>°, which converges uniformly

to 0 as n goes to infinity such that

B[O+ O4|F] = (1+6,) Ly P O
(O3 + 64 + / ’—wt exp | g(y) — pL* + 5 6

" Z o(P—Bsy) j(u)1{L_065,1/3<Xj(u)<L}dy'
jENu

We can deduce from (3.107) that

eg(y)dy < E[O3 + O4)F,]

1 .
lim P y e Pz /
n—00 (AZ/(’)/ \/ 27Tt y
< 1+44n oLy

=t / (y)dy) —
= Ai'(m)? W

(3.121)

Next, we will estimate ©3 and ©4 individually. Note that ©3 accounts for particles that
reach L between times v and ¢ and then drift back to Z. Consider a process which starts

from a single particle at L — Cs3~1/3

< x < L. Suppose we kill particles upon hitting L. For
v € [0,t — u], recall 7Z(v) is the rate at which particles hit L at time v. We further denote

by m*(v) the expected number of descendants in Z at time ¢ of a particle that reaches L at
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time u+v. Consider the process in which there is one particle at x at time u without killing.
Then the expected number of particles in Z at time ¢ whose trajectories cross L between

times u and ¢ is

/0 T o )mE (0) o,

From the definition of m?(v), we have

mz(v) = /Ipt—u—v(L7y)dy'

Setting w = (28)~'/37; and substituting s 4+ v in place of s in equation (3.100), we have

exp (9(y) — p(28) Py + B2B) Py (ty) — (t —u—))

mz(’u)</ !
T Jz 27t —u—)

W~ a0 Ja 3122

Note that t(y) — (t — u — v) = s, +v. Combining (3.122) with (3.82), we have

CQ(L - .T)

1 (L —xz)?
ex r—pL" — ————+
T T r— /I p (p p 50 9(y)
2

+ 271/362/3%% . %(sy + v)3) dy.

TL(v)mZ(v) <

We are going to deal with the terms involving s, by using an argument similar to the one
leading to (3.118). Notice that (s, +v)* > sJ. By (3.109), the dominated convergence

theorem and Tonelli’s theorem, for n large enough, we obtain

/0 T ) () do

Co(1+n) ( . 323
< IR TV oxp ( pr — pL* +271/332/3~ 6 — /eg<y>
< o p(pr—0p B 6 g

" /(t—u)/2 L—1x 1 (L . .CIZ')Q ot /t—u L —x 1 p
ex ——— )dv v .
0 V32 St —u—v) P 2v t—wy2 V¥ VE—u—wv

(3.123)
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Lemma 4.1 in [75] states that for a > 0 and b > 0,

/ Le‘bQ/WdU = - ;m.

03/2

Thus we have

(t—w)/2p _ 1 (L — z)?
572 exp| — —— |dv
0 v (t—u—v) 20

[ 2 *L—x (L — z)?

< S S

- t—u/o v3/2 exp( 20 )dv
2\/m

- : 3.124
Vit—u ( )
Noticing that L — 2 < Cs871/3 < v/t — u, we see that for n sufficiently large
/t—" L—z - 23/2(L — ) /t—“ 1 p AL-—=) 1
v v — '
ey VNV —u—v T (= uP? Jy iy, VE—u—v t—u T \i—u
(3.125)

By equations (3.112), (3.123), (3.124) and (3.125), since 71 < 0, we have for n large enough,

/0 T ) )y

2.3
< (2\/%%‘ ].)Cg(]_ + ’I’]) exp <p1‘ — pL* + 2_1/3,62/3718 — 568 )

5233) / 1 9(y)
——€
6/ Jr\/2mt(y)

eg(y)dy

L

dy.

< (27 +1)Co(1 + n) exp (pw —pL* —

Summing over all particles at time u, we have for n large enough

6283) / 1
E[0s]F.] < (2vT +1)Co(1 +n)Y (u)exp [ — pL* — eSWdy.  (3.126
Furthermore, equation (6.31) in [75] states that
lim P(Yn(u) < 1.+ 7 Z,(0) /°° Ai(n + Z)dz) =1 (3.127)
nree Ai'(m1)? 0
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Recall that s = C547%/3. Combining (3.126) with (3.74) and (3.127), we have

JLIEOP(E[®3|J-"U] > (ﬁ+ %) Con(1 + n)e‘pL*Z(O)/I\/ﬁeg(y)dy> =0. (3.128)

By the conditional Markov’s inequality,

1 1
thUpP(@3 > /)71/2 —pL Z(O)/ \/Weg(y)dy) (\/_+ E) 09771/2(1 + ,r]) (3129)
7 Yy

n—oo

Next, we are going to show that ©, is concentrated around its mean. By (3.121) and
(3.128), letting
1
C(n) =4n+ (\/5 + —)Csm(l +n) A (m)?,

V2r
we see that
lim P( [04]F.] > ! _C<”)6—PL*Z(0) / ;eg(y)dy) =1 (3.130)
n—00 1 A’ ( ) T A /27rt(y) ’ '

Considering the process in which particles are killed upon hitting L, we can bound the

conditional variance of ©4 by Lemma 34. We get

Var (4] F,) Z Ex; (u) ]1{L706,371/3<Xj(u)<[“}
JEN,
213 1 2
er (u)+pL—2pL* (/ —eg(y)dy> 1,7 —1/3 (u

]EZN ot 1 V/2rHy) Ry
52 /3 2pL*+pL () ’

< e—p*+py (/ e‘”’d).

- pt \/271'25 Y

Then by Chebyshev’s inequality,

(3.131)

P(‘@4 — B[O4F.]| > ne " Z(0) / ;eﬂwdy‘fu) <
T

27t (y)
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On account of (3.10) and (3.127), as n — oo,

Fer Y (u)

—, 0. (3.132)
As a result, by equations (3.121), (3.130), (3.131) and (3.132), we obtain

lim P

() o)

(3.133)

eg(y)dy'

It remains to consider ©5. Define S} to be the set consists of particles whose trajec-

tories cross L before time u, so

Sz ={ie N, : X;(v) > L for some v € [0,u]}.

We observe that S5 C Si. Note that u + 2C7p~% < t since t —u = t(z) — s > 723 by
(3.20). According to 3.1.2, the probability that particles that either are to the right of L at
time 0 or hit L before time u have descendants alive at time ¢ goes to 0 as n goes to infinity.

Therefore,

lim P(©5 =0) = 1. (3.134)

n—oo

Consequently, for any x > 0, by choosing 7 appropriately, equation (3.52) follows
from (3.114), (3.120), (3.129), (3.133) and (3.134). a

3.3.4 Proof of Proposition 26

In this subsection, we will prove Proposition 26 with the help of Proposition 25.
Before starting the proof, we need two more lemmas to control the number of particles that

are far away from z.

107



Lemma 36. Consider z such that (3.18) holds and |z| 2 \/p/B. For anyn > 0, there exists

a constant Cyy large enough such that for

Cll

eolp’
the following hold:

1. The constant satisfies

CH > 4, 6_011/2 <n.

2. If z > 0 for all n, then for n sufficiently large

3. If z <0 for all n, then for n sufficiently large

z—d 1 z 1
= Iy < / -
/oo /27t (y) v 2—d \/27t(y)

z+d 1
W dy < 77/ . ———

eg(y)dy.

(3.135)

(3.136)

(3.137)

(3.138)

Since we expect that the density of the number of particles near y is roughly propor-

tional to e9® //27t(y), Lemma 36 indicates that most particles in [z, L*] are in [z, z + d],

while most particles in (—oo, z| are in [z — d, z].

Suppose (3.18) holds and |z| 2 +/p/B. For any n > 0, choose d according to Lemma

36. Note that (3.49) holds with d in place of [, and for [ satisfying (3.53), we have 2d < [ for

n sufficiently large. Denote

z+2d if z >0,

z—2d if z <0,

Lemma 37. Consider z such that (3.47) holds and |z| 2 \/p/B. Let

s=<pB7 t=t(z)—s x<L.
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1. Suppose z > 0 for all n, and z satisfies (3.18). Choose d according to (3.135). For all

y € [¢,0), we have for n sufficiently large,
o) < pleOep (= H1- 0 -0)) (3.139)

2. Suppose z < 0 for alln. Write x = L* —w. For all y, we have for n sufficiently large,

1
\ 27t

pe(x,y) < exp (g(z) —(c—1Dp(z —y) — pw+ Bsw — ?) (3.140)

Furthermore, let sc = t(¢) —t(z) +s. If y < (, then for n sufficiently large,

283

exp (5(6) — (= D¢~ ) = pscw = Z5). @y

1
z,y) <
pt( y) \/2_7T7f

Proof of Proposition 26. Let us first consider the case |z| 2 1/p/f. Define s, u and H(u) as
in (3.108) and (3.79). Denote

Define

Sy ={i eN;: X,(t) € K},
Sy = {z e N\ S1: X;(v) > L for some v € [O,u]},
53 = {Z E./\/;f \ (Sl USQ) Xz<u) S I — 06671/3}’

S4 = {Z EM\(SlLJSg) : L—C’Gﬁil/:3 < Xz(u) < L}

For y =1, ...,4, write

E =) lixwes

i€S;
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Then

We will show that compared with Z;, the terms =y, =3 and =, are negligible.
We first consider =;. Since 2d satisfies the restriction (3.49) in Proposition 25, ac-

cording to (3.52), (3.137) and (3.138)

I—n
lim P ey / Dy < =
oo <(1+0)A2 "m)? N
1—1—7] oLt / )
< e’ eIWdy | = 3.142
SVIen Tne y ( )

For =, since u + Cyp~2 < t, according to 3.1.2, the probability that particles that
either are to the right of L at time 0 or hit L before time u have descendants alive at time ¢
goes to 0 as n goes to infinity. Therefore,

lim P(Z, =0) = 1. (3.143)

n—oo

It remains to consider =3 and =,. Let us first consider the case when z > 0. Recall
the definition of H; in (3.110) and H,, Hj in (3.116). Since (3.49) holds with 2d in place of

[, by inequalities (3.100), (3.139) and Tonelli’s theorem, for n large enough, we have

._3|-F Z / Di— u y)l{VUE[O u), X (v )<L}1{Xj(u)§L—Cgﬁ*1/3}dy
JENY
z+l1
< Z P~ u )1{VU€[0 ul, X; (v )<L}1{Xj(u)<L—Cgﬁ1/3}/ e—P(l—C)(y—C)/2dy
]EN C
1 p28g 5232 z+1 X ,
S —/————0xp (g ()—pL"+———— / e—P1=c)(y=Q)/ dy
27(t — u) (©)=r 2 6 c
x (Hy + Hy + Hs) (3.144)
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According to the choice of d, since ¢ € (0,1) when z > 0, we have

2 2(1 4
= (L+¢) < — <d.
p(l—c) pCo pCo

Also, by (3.98), uniformly for all y € [z, (], we have t —u > t(y)/(1 +n) for sufficiently large
n. Combining this observation with the fact that g(y) is decreasing on (0, L*) and (3.137),

we have

9(€) 1 2

(&
27 (t — u) p(1 =)
S
< ﬂeg(y)dy
¢-d /2t (y)

1
<ny1+ 77/ E— (3.145)
TN(

—OO,L*} 27Tt(y)

9(¢)

z+1
e / e—PL-IW=0/2 gy <
27(t —u) Je

Since (3.49) in Proposition 25 holds with 2d in place of [, equations (3.111), (3.117) and
(3.118) hold with s. in place of s,. By (3.111), (3.117), (3.118), (3.144) and (3.145), along

with (3.119) with ¢ in place of y, we get

« Csn(1 1
E[Z5]F0] < ny/1 +ne Pt (26_52"3/74}/(0) + %Z(O)) / —eg(y)dy'
jﬁ(*OO,L*]

(3.146)

Therefore, equations (3.9), (3.10), (3.146) and the conditional Markov’s inequality imply

lim sup P (Eg > /n(l + n)e—PL Z(O) / —eg(y)dy) S 8T 4(/3 + 77>..
n—»00 JN(—o0,L*] / 27Tt(y) 2

(3.147)

As for =4, according to the argument leading to (3.144), we have

1
E[E4|F.) <

T /27n(t —w)

where I'c was defined in (3.106). By equations (3.107) and (3.145), and the conditional

z+l
e9(Q)—pL” / e—p(l—C)(y—C)/2dy x T,
¢
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Markov’s inequality, we get

x 1 143
limsupP(E4 > /n(1+n)e ** Z(O)/ —eg(y)dy) < M (3.148)

n—o00 JN(—o0,L*] 27Tt(y) AZ/('yl)Q

As a result, when z > 0, for any x > 0, by choosing 1 appropriately, equation (3.55) follows
from (3.142), (3.143), (3.147) and (3.148).

When z < 0, by (3.141) and Tonelli’s theorem, for n large enough, we have

¢
E[=;|F,] = Z/ lptfu(Xj(u%y)1{Vv€[0,u},Xj(v)<L}1{Xj(u)§L—C’6,8*1/3}dy

JEN
1 pPse 5252) /< ple—1)(c—
< ex S P B S e Ple=1)(C~y) g
27 (t — u) P (Q(C) ’ 2 6 21 !
X <H1+H2+H3), (3149)

where Hy, H,, and Hj are defined as in (3.110) and (3.116) but with ¢ in place of y. By
(3.98), uniformly for all y € [(,z], we have t —u > t(y)/(1 + n) for sufficiently large n.

Combining this observation with the fact that ¢g(y) is increasing on (—o0,0), we have

¢ ¢+d  /
e / e—p(c—l)(c—y)dy < 1 es© < 1 L4n eg(y)dy_
21(t —u) J.i T V2r(t —u)ple=1) T dplc=1) Jo  \/2xt(y)
(3.150)
By (3.89), (3.90) and (3.136), we see that
(C — 1)011 CH 4 8
(e=Lr o] I+c¢  1+3/2 5 (3.151)

Also, by (3.138), we have

C+d 1 z 1

z—d 1
eIW) dy < / eIW) dy < 77/ S
¢\ 2mt(y) oo/ 27t(y) 2—d \/27t(y)

9 dy. (3.152)
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Therefore, by (3.150), (3.151) and (3.152), we obtain that for n sufficiently large,

(e=DC—y)dy < IV - 7 1 vl + / ;eg(y)dy. (3.153)

—o0,L7] \/ 27E(Y)

m/

Since 2d satisfies the restriction (3.49) in Proposition 25, equations (3.111), (3.117) and

(3.118) hold with s, in place of s,. By (3.111), (3.117), (3.118), (3.149) and (3.153), we get

B[S Fy) < V-0 VIt —pr (26—5 WY (0) + wm)) / gy,
8 24/ TN(—o0,L*] / 27t(Yy)

(3.154)

Therefore, equations (3.9), (3.10), (3.154) and the conditional Markov’s inequality imply

5+/n(1 . 1 Cai’?(1
lim SupP<E3 > Me—;ﬂl Z(O)/ —eg(y)dy) < 87 4(3 + 77).
n—00 8 JN(—o0,L*] 27Tt(y) 24/

(3.155)

As for =4, according to the argument leading to (3.149), we have

¢
B2, F) < L a0t / e~ gy T
27 (t — u) P

By equations (3.107) and (3.153), and the conditional Markov’s inequality, we get

94/n(1 ) 1 1+3
thUPP(E4 > MB_’JL Z(O)/ —eg(y)dy) < (L+3m)y/n +,/ 77)\2/5
TN(—c0, L] /27t (y) Ai' ()
(3.156)

n—oo

As a result, when z < 0, for any k > 0, by choosing 1 appropriately, equation (3.55) follows
from (3.142), (3.143), (3.155) and (3.156).
It remains to consider the case |z| < +/p/B. Below we will only prove the result

under the scenario z > 0. The scenario when z < 0 can be proved using the same argument.
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The interval [z, z + [] can be divided into two intervals

(2,2 +1] = [z,z—l—\/g} U [z+\/g,z+l]

It is obvious that the first interval fits in the setting of Proposition 25. We further claim

that the second interval fits in the setting of the previous case. Indeed, according to Lemma

t(z) — t(z + \/g> = o(B7Y3).

Thus (3.51) holds with z + y/p/f in place of z. Also, letting ¢ = (2 + /p/5)/L*, which is

31, we know that

the same as ¢y but with z + \/p/ in place of z, the length of the second interval satisfies

P p_ 1
I— /5> /5 = —.
\/; \/; CoP

According to Proposition 25 and the previous case, equation (3.52) holds with [z, 2+ +/p/f]

in place of Z and equation (3.55) holds with [z + \/p/8,z + [] in place of J. Combining

these two equations, (3.55) follows. O

Remark 38. Proposition 26 gives another proof for Equation (3.67) coming from [75]. Let
z = 0. Note that z satisfies (3.18), (3.46) and (3.47), and also the assumption (3.66) is
exactly the same as the assumption (3.66) in Proposition 26. Applying (3.55) to intervals

[0,00) and (—o0, 0], we get for any n > 0,

lim P 1—n —rL* 7(() " 1 IWdy < N,
P\ 0 L ey

oo —oo 1/ 27L(Yy)

14+n _ L / )
< —e P vd 3.157
— Al (n)? \/27Tt Y ( )
We claim that for n sufficiently large,
3 |
(1-n)?<e™” /65/ ————e"Wdy < (1 +1n)% (3.158)
2mt(y)
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As a result, for any k > 0, by choosing n appropriately, equations (3.157) and (3.158) implies
(3.67).
It remains to prove the claim. First, we choose a constant C; large enough such that

(3.136), (5.137), (5.138) and

S| 2
1-n< / ——e vy <1 (3.159)
—C7 V 2

hold. By (8.137) and (3.138), we have for n sufficiently large,

/L* o(v) (14+C7/2)+/p/B 1 W
ydy<(1+7])/ ———eIWdy,
N \/27rt NG 2mt(y)
/ VP (141) Ve L ow
———e"Wdy < (1+n / ————e"Wdy.
—o  \/2mt(y) ~(1+Cr/2)1/p/B /2L (Y)
Thus, by (3.136), we get for n sufficiently large,
/Cm/ﬁ/ﬁ 1 W) L o(0) ( ) Crv/p/B 1 W
———e9dy < eIWdy < 1—1—77/ ———"dy.
~Cr\/o/B \/ 2T (Y) o0 /2 ~Or\/o/B \/ 2TH(Y)
(3.160)

Next, we are going to show that e9W)=P*/%8 .\ [ort(y) can be well approzimated by S(y)
defined in (8.30) which comes from the Taylor expansions of g(y) and t(y) around 0.

Note that for 0 < x < 1, we have (1 — 2)%? = 1 — 32/2 + 32%2/8 + O(2®). For all

—C7/p/B,Crr/p/ Bl

K 2 3/2
g(y)—g—6+%:p<L*_y)_p_<1_Lg> 6B+ﬁy
_p3 p 3y y Y33
I _B( “5r sl +0<<L*) ))
& s
¢ p—y)
= o(1).
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Combining with (3.98), we get for n sufficiently large

C?\/P/_ﬁ C?\/P/_ﬂ 1 C?\/p/_ﬁ
1 — C(y)d —p°/68 = 9y 14+ C(y)dy.
( n)/_%/p/_ﬁf (y)dy < e /—07\/,)/_5 rﬁ(y)e y < ( n)/_c7\//)/_ﬂf Ey)y)
3.161

[ = [ e 3102
f(y dy:/ ——- ¥/ %dy. 3.162
—C7/p/B -Cr V2m

The claim (3.158) follows from (3.159)—(3.162).

Observe that

3.3.5 Proof of Proposition 23

In this subection, we will prove Proposition 23, which gives the maximal displacement

of the process. For any constant Cy € R, define

4 (
0 CQ >0 Cg CQ >0
A=< c,=0 and Cy=<1q Cy =0 (3.163)
—205 (Oy3<0 —Cy Oy <0.

The proof of Proposition 23 requires the following lemma which concerns the maximal dis-

placement of a slightly supercritical BBM with constant branching rate.

Lemma 39. Consider a BBM started from a single particle at L. Each particle moves as
standard Brownian motion. Each particle independently dies at rate d(2L), and splits into
two particles at rate b(2L). Let M} be the mazimal position that is ever reached by a particle
before time t. For any constant Cy € R, define C} > 0 as in (3.163). There exists a constant

Cho such that if n 1s sufficiently large, then for all t,
* A Cé 2
p

Proof of Lemma 39. In this process, each individual lives for an exponentially distributed
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time with parameter b(2L) + d(2L), and then gives birth to 0 offspring with probability
d(2L)/(b(2L) + d(2L)) and 2 offspring with probability b(2L)/(b(2L) + d(2L)). Therefore,
the generating function for the offspring distribution is

d(2L) b2L)
b(2L) +d(2L) T b(2L) + D)

fs) =

Let B be the event of survival. By (3.3) and the formula for the survival probability of the

Galton-Watson process, there exists a constant ('3 such that for all n,

b(2L) — d(2L)

P(B) = b(2L)

For any time ¢, we get

C Ch

P(Mt* > LA+—2> < P(Mt* >LA 4+ 2
p p

Cl

< P(M; >LA 4+ 2

P

Bc) P(B°) + P(B)

BC) + Ci5p%. (3.165)

We are interested in the behavior of the process conditioned on the event B¢ of extinction.
According to equation (4) of Gadag and Rajarshi [42], the conditioned process is equivalent

to a subcritical branching process with generating function

bRL)f(sd(2L)/b(2L))  b(2L) dern)
Js) = d(2L) T 2L +b(2L) L) +bD)”

Thus, in the conditioned process, there is a single particle at L* at the beginning. Each
individual moves as standard Brownian motion. It lives for an exponentially distributed
time with parameter b(2L) + d(2L), and then gives birth to 0 offspring with probability
b(2L)/(b(2L) + d(2L)) and 2 offspring with probability d(2L)/(b(2L) 4+ d(2L)). Consider a
critical branching process started from a single particle at L#. Each individual moves as

standard Brownian motion. Each particle lives for an exponentially distributed time with

117



parameter b(2L) 4+ d(2L), and then gives birth to 0 offspring with probability 1/2 and 2
offspring with probability 1/2. We observe that the right-most position that is ever reached
by particles up to time t in the conditioned process is stochastically dominated by the right-
most position that is ever reached by particles up to time ¢ in the critical process. Letting
M Dbe the all-time maximal displacement of the critical process, we have for all C5 > 0 and

all time ¢,

!
P(M: > LA+%

BC> < P(M > L4+ ﬁ) (3.166)
P

According to equation (1.7) of Sawyer and Fleischman [79], we have for n large enough,

Cs 6
P(M>L"+ —2> < 0. 3.167
( ) ) = p 190
Letting C1o = C13 + 6/(C%)?, equations (3.165)-(3.167) imply (3.164). O

Proof of Proposition 23. Let us first consider the case when

~2/31,51/3 [ _P_ P
15} log (51/3) <<t<<5.

We start with the proof of equation (3.32), which follows directly from results in [75]. For
any constant C7 > 0, define

1 z< 21/301
flz) =

0 otherwise.

Define ®(f) as in (3.85). By 3.1.5, we see that ®(f) satisfies (3.86). For all C; > 0 and
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0 < k < 1, if n is sufficiently large, then

P(Mt = L= 561’/3> = P(Cb(f) > epL‘Clp/ﬂm)

1— K 1/3
> > pL—C1p/p'/3 | _ I
_P(Az ENE (/ f(z)Ai( 71+z)dz) (0)>e )

By (3.10), we have for n sufficiently large

P(ﬁ(/j f(2)Ai(n + z)dz)Z(o) > eﬂL—Cw/B”?’)

Equation (3.32) follows from (3.168) and (3.169).

Vv

DO 3

K
>
(3.168)

(3.169)

We next prove equation (3.33) under the additional assumption that the birth rate

function b(x) is non-decreasing and the death rate function d(x) is non-increasing. For any

constant Cy, define A and C% as in (3.163). We divide particles at time ¢ into the following

categories:

={i e Ny : X;(v) < L for all v € [0,¢]},

Sy ={i € N;\ S1: Xi(v) > L™ for some v € [0,t — Crp~?]},

Sz =N; \ (S1 U Sy).
For j = 1,2, 3, write
M = max {X;(t),i € S;}.

Note that

M, = max {Mfl, M, M§3}.

For Sy, it is obvious that for all constants Cj,

/
P(Msl <L+02) —P(Msl < LA+ C ) —1.

p p
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For S,, according to 3.1.2, with probability tending to 1, particles that either are to
the right of L# at time 0 or hit L# before time ¢ — Cp~2 will not have descendants alive at
time t. Thus for all constant Cj,

C:
lim P(Mf2 <L+ —2) > lim P(Sy, =0) = 1. (3.172)
p

n—o0 n—oo

It remains to deal with S5, which consists of particles whose trajectories cross L in
the last C7p~2 units of time. Consider the process in which particles are killed upon hitting
LA. Let R be the number of particles that first hit L* between t — C7p~2 and t. We denote
by {r;}, the sequence of hitting times. For the process started from a single particle at z,
recall that " (u,t) is the expected number of particles hitting L4 between time u and t.

By (3.83), taking all the particles at time 0 into consideration, we have

E[R|Fy) = Z Ty ( - t) exp (—pLA — i C7p_2)3>Y(O) +%Bz/36pLAZ(O).

ZENO 9

From (3.9) and (3.10), it now follows that for any x > 0, there exists a constant C14 such

that for n sufficiently large,

K

31
P(E[R|.F0] < Cl4p3 p2 >1 1

Thus by the conditional Markov’s inequality, we have for n sufficiently large,

2
P(R > clfp—/glOl) < E{%1{E[R%]<Cuﬁ/p5}] + P(E[R|]—"0] > 014%%) <2
(3.173)
Therefore, with probability at least 1 — /2, the number of particles that hit L* in the last
Crp~2 unit of time is at most C148%2/p*, which is o(p~2).
For every i = 1, ..., R, we consider three BBMs. All three processes start from a single

particle at L* at time r;. The first process has inhomogeneous birth rate b(z) and death
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rate d(x). Each particle moves as Brownian motion with drift —p. The second process is
constructed based on the first process with the extra restriction that particles are killed upon
hitting 2L. To be more precise, in the second process, particles give birth at rate b(z) and
die at rate d(x). Particles move as Brownian motion with drift —p and are absorbed at 2L.
In the third process, the birth rate is the constant b(2L) and the death rate is the constant
d(2L). Each particle moves as standard Brownian motion. We denote by M,_,,, M- and
My, the maximal positions that are ever reached by particles before time ¢ in the three
processes respectively. Because of the monotonicity of b(z) and d(z), we observe that M;
stochastically dominates ME_LT By Lemma 39, we have for sufficiently large n,
- C} C
P(Mf_ﬁi > LA+ —2) < P(Mt*_ri > L4+ —2) < Chap®.
p p
Note that L* 4+ C4/p < 2L for n sufficiently large. Thus, if M2, < LA + Cjp~!, then the
first process is identical to the second process up to time ¢ — r;. Therefore, for sufficiently

large n,
! /
P(Mt_n. > L+ @) = P(Mt_n. > L+ %) = P(ME_LT, > L4+ @> < Ciap?. (3.174)
p p L p

Combining (3.173) with (3.174), for any x > 0, we have for n sufficiently large,

P(ME3>L+%) §g+014

p%3 1 3K

L Cppt < = 3.175
p2 p2 12P" < 4 ( )

As a result, equation (3.33) follows from (3.170), (3.171), (3.172) and (3.175).

Now let us consider the case when ¢ satisfies (3.31). It suffices to show that for every

o0

subsequence (n;)3,, there exists a sub-subsequence (n;, )32, such that

. Cy
lim P(Mtnjk ny = Ly, — T/s) =1 (3.176)
n,
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and under the additional assumption on the birth rate and the death rate,

: &
IJL%OP(M’S% gy S Ly + ) - (3.177)
Njp

o0

By (3.31), given a subsequence (n;)52,, we can choose a sub-subsequence (n;, )32, for which

. /anktnjk o
lim —*—* =7 € [0, 00).
k—o0 pnjk,

If 7 = 0, then according to the previous argument, (3.176) and (3.177) hold. If 7 > 0, choose

times (vy,;, )72, for which

—2/37..1/3  Pn Pr;

(o

Let r,;, =t,;, — vy, . By Remark 27, assumptions (3.9) and (3.10) hold with Y, (r,; ) and

Zy;, (n;, ) in place of Z(0) and Y(0) respectively. Replacing Y(0) and Z(0) by Yy, (rs; )
and Z,, (ry; ), the previous argument also works. Therefore, equations (3.176) and (3.177)

also hold in this case. Equation (3.34) follows from (3.32) and (3.33). O

3.3.6 Proof of Proposition 24

In this subsection, we will prove Proposition 24, which gives the position of the left-

most particle of the process. Denote

where (1 is defined in 3.1.6. We have the following lemma which controls the number of

particles below L at any time between ¢, and t,.

Lemma 40. Suppose
/3 ~
—oxt—-tl) K

7 (3.178)

4
5
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For any € > 0, if n is sufficiently large, then

B 1 63/4
P(]Vt1 ((—OO,L)) < EW) >1—c. (3179)
Moreover, for any € > 0, if n is sufficiently large, then there exists an event B € JFi,
satisfying

P(B)>1-¢ (3.180)

such that

to
E[/ N, ((=oo,L))dr-1p| < p (3.181)
t1

Proof of Lemma /0. Define s as in (3.108) and

20y, C
210 + 25 .
pr P

u=ty—t(L)+s=t—t(L)+

Since 2C10p~2 + C5372/3 < p/B, by (3.178), we have p?/3/p%? <« u < p/B. For any
r € [t1, 2], define

S =8—1+ 1.

Note that

gl

) — 5. (3.182)

Sp X 8, r—u=1(
For every r € [t1,ts], denote
Si(ry={i e N, :Jv € [0,u], X;(v) > L},

Sy(r) ={i e N, : Xi(u) < L — Cs373, X;(v) < L for all v € [0, u]},

Ss(r)={i € N, : L — Cs37 Y < X;(u) < L, X;(v) < L for all v € [0,u]}.

For j = 1,2, 3, write

Yi(r) = Z Lix,om<iy-
i€S;(r)
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Then
N, ((—o00, L)) = 34(r) + Sa(r) + Z3(r). (3.183)

We first consider (7). Let By be the event that particles that are to the right of L
before time u have descendants alive at time ¢;. Then B; € F;,. Since u + C7p~2 < ty, by

3.1.2, we have that for any n > 0, if n is sufficiently large, then

P(B;) <.

Note that {¥;(r) # 0} is a subset of By for all r € [t;,t5]. Therefore, we have for sufficiently
large n, for all r € [t1, to],

P(S.(r) # 0) < P(By) < 1. (3.184)

We now consider ¥5(r). Denote

By (3.182), we see that for all r € [t1,t,], equation (3.140) holds with 7 — u in place of ¢, L
in place of z, ¢z in place of ¢ and s, in place of s. By (3.140) and Tonelli’s theorem, for n

large enough, we have for all r € [ty, ts],

1 _ 2 2.3 L )
E[¥y(r)|Fu] £ ———=cexp (g(L) — pL* + Pse @) / P00 gy
27(r — u) 2 6 .
X (Hy+ Hy + Hy), (3.185)

where Hy, Hy and Hj are defined as in (3.110) and (3.116) but with s, in place of s,. Since
sy < s, the upper bounds on H;, Hy and Hs in (3.111), (3.117), (3.118) also hold here. For

any 1 > 0, since r —u ~t(L) ~ 3p/205 and c; ~ 3/2, we have for n sufficiently large,

L 1/2
1 / e=Ple=D(E-) gy, — 1 L _20+np” (3.186)
27(r —u) J-oo om(r —u)plcp —1) = Br p3/?
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Also, because (1 — x)%2 > 1 — 3z/2, we have

g(L) = p(L* L)

9" _ 2*yp 9p3( %22/371>3/2

B T T T

< p(28)7 . (3.187)

B 2v/28 (L* o E)3/2
3

We get from equations (3.111), (3.117), (3.118), (3.185)—(3.187) that for all r € [t1, 5], if n

is sufficiently large, then

/
E[Sy(r)| Fo] < 2(\1/;_;7) %e—ﬂ (26—52u3/74y(0) + WZ(O)). (3.188)

By (3.9) and (3.10), for any n > 0, there exists a 6 > 0 such that for n sufficiently large

P({Y(O) > %GPL} U {Z(O) > %%ge’*}) <. (3.189)

Define B; to be the union of the previous two events. We see that By € Fy C F;,. Note

that e=#*4"/™ <« 513 /p. From equation (3.188), we have for all r € [t;, 5],

1 ﬁ5/6 1 53/4

E[X2(r)1pg] S Pz 2 < 2 7 (3.190)
Specifically, for r = ¢, by (3.189) and (3.190), we have for n large enough
1 63/4

Similarly for ¥3(r), by (3.140), (3.186), (3.187) and Tonelli’s theorem, we have for n

sufficiently large

W) B2 (s P s,
E3s(r)|Fu] < —e exp | — — — ePBIX ] sy
/31 p3/2 2 6 jEZML {L-Csp <X;(u)<L}
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Because s < s, < s+ 4Cy/p? for all r € [t1, 1], we have

EY F1< 51/2 —pL pzs _ B’ (p=Bs)X;(u)q 3.192
[Es(r)[Ful < WG exp o 6 Z € {L—-C6B~1/3<X;(u)<L}" (3.192)
JENY

By (3.10) and (3.105), for any € > 0, there exists a § > 0 such that for n sufficiently large,

2 2.3 1/3
p?s  [%s (p—B5) X () 1 14+2np L
P L p i(u)q _ _ >_-—— " _¢F <n.
(exp( ) 6 )jEGN:ue {L—C6p~1/3<X;(u)<L} 5 Ai' ()2 p? € N

(3.193)
Define Bj to be the event in the previous equation. Then Bs € F, C F;,. From (3.192), we

have for all 7 € [t1, ],
1 55/6 1 53/4

E[Xs(r)1pg] S 2 S (3.194)
Specifically, for r = ¢, by (3.193) and (3.194), we have for n sufficiently large,
1 63/4

As a result, for any € > 0, by choosing 1 appropriately, equation (3.179) follows from
(3.183), (3.184), (3.191) and (3.195). Let

B = BSn BN B,

Then B € F;,, and by (3.184), (3.189) and (3.193), for n large enough,
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From (3.183), (3.184), (3.190) and (3.194), we have for n sufficiently large

E[ /j N, (=00, L)) dr - 13}

to t2 2
§E|:/ El(T)d’f"le] —|—E|:/ Eg(T)dT'lB§:| +E|:/ 23(7’)617“'1B§:|
t1 t1 t1

Letting n = /3, equations (3.180) and (3.181) follow. O

Proof of Proposition 24. Let us first consider the case when p?/3/8%° < t —t(L) < p/B. We
start with the proof of equation (3.37). For any sequence (d,)%, satisfying 3713 <« d <

0%/ B, we claim that

lim P(m, < L+d) =1, (3.196)

n—oo

To prove the claim, we first note that L + d satisfies assumptions (3.18), (3.46) and (3.47) in
Proposition 26. Furthermore, according to the Taylor expansion v/1 — z = 1 —2/2+ O(2?),

we get

& ) (3.197)

Since d < p?/3, we have

& < d < d
VB(L* — L)3/? 28(L*—L) B

Therefore,
)02/3 _ B B
G <t HL+d)=t—uL)+ (D)~ UL +d) <

Y

™I
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which is assumption (3.51). Since for 0 <z < 1, (1 —z)32 =1 — 32/2 + O(2?), we have for

n large enough,

b dN (e AN 2B A\
g<L—|—2 =p(L =L =3 3 (L* — L32[ 1 5

2(L* —

pd 2420 3 d d>

=p(L" = L") - = - 25 - L)1 - S —
4 )=5 5 ) 2 —h T\ =
~pd | 3pd Bd?
SR L o( -
> 2
- 8
Thus for n sufficiently large,
1 1 d/16
eIW dy > ——IW gy > P16, (3.198)
(—o0,L+d) \/27t(y) (Lt+d/2,L+d) \/27t(y)

By Proposition 26 and equations (3.10) and (3.198), for any € > 0, if n is sufficiently large,
then

P(m; > L+d) = P(Nt((—oo, L+d)) = 0) <e, (3.199)

which implies (3.196). Now we use (3.196) to prove (3.37). Suppose (3.37) is not true. Then

there exists k£ > 0, such that for any constant C5 > 0, we have for infinitely many n,

- C
P<mt§L—|—/61—1/Z) <1-—k.

We can therefore choose a sequence of positive integers (n;)52, and another sequence of

positive constants (Cy5 )32, satisfying

n; < 1 and 1< 055 K /)ij/52/~3

nj
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such that for all 7,

1/3
)

P<mtnj,nj < L, + Gt ) <1-=k (3.200)

Let d,;, = 015,]-5@1/3. Note that 57;1/3 < d,, < pij/ﬁnj. Then (3.200) contradicts (3.196),
and (3.37) follows.
We next prove equation (3.38) under the additional assumption that for all n, the

birth rate function b(z) is non-decreasing and the death rate function d(z) is non-increasing.

Define

Sl = {’L < M : Xz(tl) < E},
Sy = {z €N\ S;: Xi(v) > Lforallv e [tl,tg]},

Sg :M \ (Sl USQ)
For j =1,2,3, we further denote
m;* = min{X;(t),i € S;}.

We have

my = min {mfl,me,mfg’}. (3.201)

For S;, we will show that particles below L at time ¢; will not have descendants
survive until time ¢. For < L, consider one process starting from a single particle at
at time t;, and another process starting from a single particle at L* at time ¢;. Because of
the monotonicity of the birth rate and the death rate, the probability that the first process
will survive until time ¢ is dominated by the probability that the second process will survive

until time ¢, which is at most p?/a by 3.1.6. Thus by (3.179), for any & > 0 and all positive
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constant (', if n is sufficiently large,

_ 21 B3
S 4 P
P(mtlgL—7>SP(S1#@)§EEW+6<2€. (3.202)
For S,, it is obvious that for all Cy,
- C
P(mfZ <L- —4) = 0. (3.203)
P

We next deal with S3. Consider the process in which particles are killed when they
hit L between times ¢; and ¢. Let R be the number of particles that are killed at L between
times ¢; and ¢t. For i € 1,2,..., R, let ; € [t1,t] be the time that this particle is killed at L.
For the ith particle that hits L between t; and ¢, consider a process without killing starts
from this particle and let K;(v) be the number of descendants of this particle to the left of

L at time 7; + v. Define
2C10/p?
0

Then
R to B
ZKig/ N, ((—oc,L))dr. (3.204)
i=1 t1

For all i = 1,2, ..., R, by Tonelli’s theorem and (3.45), and interchanging the roles of y and

L — y in the last step, we have for n large enough,

o V27 2 2 9 24
2C10/p* oo 1 2 ﬁ( _
y)v
> ex —Z —Cy+ dydv. 3.205
> /0 /0 Toms P (py 5 10 5 ) Y ( )
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Since p > Cyof/p?, for n sufficiently large, we have for all y > 0 and v < 2C4,/p?,

B2L -y

)
5 > _ZCIO +o(1). (3.206)

Py +

Thus by (3.205) and (3.206), we get for n sufficiently large,

2C10/p" | C

EB[K;] > / —e~9C10/440() gy > 10 o=5C10/2 (3.207)
" 2 -

Note that random variables { K;}1 | are independently and identically distributed. Moreover,

conditioned on F3,, the random variables R and K, are independent. Let B € F;, be the

event defined in Lemma 40. By (3.204), we have

R
E[R|F,|EIK|F, ]l = E {Z K;
=1

fh} 1y < E[ / " Ny (=00, L))dr - 15

t1

]—"tl} . (3.208)

Note that E[K;|F,] = E[K;]. By (3.181), (3.207) and (3.208), we have for n sufficiently
large,

1 1 3/4
E[RlB] S _65010/2_ /8

O 7 W. (3.209)

For every i = 1,..., R, we consider three BBMs. All three processes start from a
single particle at L at time r;. The first process has inhomogeneous birth rate b(z) and
death rate d(z). Each particle moves as Brownian motion with drift —p. The second process
is constructed based on the first process with the extra restriction that particles are killed
upon hitting 0. In the third process, the birth rate is the constant (0) and the death
rate is the constant d(0). Each particle moves as standard Brownian motion without drift.
We denote by my_,, and my_, the minimal displacement at time ¢ in the first and second
processes respectively. We let ngn be the maximal position that is ever reached by a
particle before time t in the second process. Furthermore, for the third process, we denote

by m the all-time minimum and M the all-time maximum. Because of the monotonicity

of b(x) and d(z), we can couple the second and third processes such that M stochastically
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dominates Mto_n. Taking the drift into consideration, we also have that m{_, + p(t — r;)
stochastically dominates m. Note that in the third process, since b(0) = d(0), the branching
is critical and the process dies out eventually. According to equation (1.7) of Sawyer and

Fleischman [79], we have for x large enough

- - 6

6
Pm<L—1z)< et P(M>L+zx) < (3.210)

x2

Thus, by the construction of the first and the second processes, we have

P(mt_n. < .Z — %>
P

- C _ - C _ - C
< P({mt_ri <L-— —4} N {ME_T, <L+ —4}) +P(M,?_T, > L+ —4)
p ’ p ' P

P(m?_ri <I- %) +P(M£_m > m%).

Note that ¢t — r; < 2Cy/p? for all ;. By the stochastic dominance relations and equation

(3.210), for Cy > 2C4, we have for n large enough,

. 04) ( . 04_2010) ( ; 04) 2,
Plm,, <L—=2)<Pm<l-—"L) 41 P(M>L+—2)<—>—p°
<t p p p) = (Ci— 20"

(3.211)

From (3.180), (3.209) and (3.211), we can choose constant C, large enough such that for n

large enough,

R

_ _ C
P(me <L- —4) < E{ZP(W_W <L- —4)13} te
p p p
3/4
< 48 65010/26 /4 +e
C1o(Cy — 2Ch)? p°/
< 2. (3.212)

For any x > 0, by choosing ¢ appropriately, equation (3.38) follows from (3.201), (3.202),
(3.203) and (3.212).
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Next we consider the case when 5(t —t(L))/p — 7 € (0,00) as n — 0o. Choose time

v < t for which

2/3
P 7 P
W<<U—t(L)<<B.

Let r =t — v. By Remark 27, the previous argument still holds with Z(r) in place of Z(0)
and Y'(r) in place of Y(0). As a result, equations (3.37) and (3.38) follow in this case.
Finally, when ¢ satisfies (3.36), we prove equations (3.37) and (3.38) by contradiction.
Since the proofs of equations (3.37) and (3.38) are essentially the same, we only prove
equation (3.37). Suppose equation (3.37) does not hold true. Then there exists x > 0 such

that for all positive constants C3, we have for infinitely many n,

P<mtmn <L,+ &> <1-=s.

PRE

We can therefore choose a sequence of positive integers (n;)52, and another sequence of

positive constants (Cs;)32,, both of which tend to infinity as j — oo, such that

1/3

nj

P(mtnj,nj < L, + @) <1-k (3.213)

For every subsequence (n;)$2,, there exists a sub-subsequence (n;, )32, such that

lim Bﬂjk (t"jk B tnjk (Enjk)>

k—o0 pnfk

=7 € [0,00). (3.214)

Fix any positive constant C3. Then C5 < Csj, for k sufficiently large. From (3.213), we

have for k large enough,

1/3

. C
P(mtnjk gy < Ly, —3) <1-k (3.215)

On the other hand, note that (¢,; );2; satisfies the assumptions of one of the previous two

cases by (3.214). Therefore, equation (3.37) holds with n;, in place of n, which contradicts
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(3.215). Thus, equation (3.37) holds true. Equation (3.39) follows from (3.37) and (3.38). O

3.4 Proofs of lemmas

In this section, we will prove all the lemmas except Lemma 34, whose proof is

deferred until Section 3.5.

Proof of Lemma 30. First, let us prove equation (3.95). When z < 0, equation (3.95) holds

automatically. It remains to consider the case z > 0. If z < \/p/[3, then

2
15\/g<<%xL*—z.

If z 2 +/p/5, then according to (3.88), (3.92) and (3.93)

For z satisfying (3.18) and y € [z — [,z + 1], we have L* —y > L* — 2z — | > 73 which
proves equation (3.95).
We next prove equation (3.96). When z > 0, equation (3.96) is obvious. It remains

to consider the case z < 0. If —z < \/p/3, then

2
15\/g<<%xz—ﬂ.

If \/p/B S —2 < p?/83, then according to (3.91),

[ < < £<<2—LT.
~leolp ™V B

134



If —z < p?/B3, then
1

<
|CO|P 51/3

For z satisfying (3.18) and y € [z — I,z 4+ [], we have y — Lt > 2 — Lt — [ >> p~/3 which

< z— L.

proves equation (3.96). O

Proof of Lemma 31. Following similar calculations to those in (3.197), with the help of the

Taylor expansion /1 —z =1 —2/2 + O(2?), we have for all y € [z — 1,2 + ],

oo (12)-)

= B —z)+o(\/B(Ll—Z)3/2)

Expressing the above formula in terms of ¢ according to (3.87), we obtain for all y € [z, z+1],

[t(y) —t(z)] < — + 0( B2 >

cp 33

If |z| 2 /p/B, then I < 1/(|colp). By formulas (3.92) and (3.93), we get

l 9 Bl 6]
i ~2/3 P~ ~2/3
ep ™ dleolp? S v Gpp ~ Bopp S s
If |2| < \/p/B, then I < \/p/B and ¢ < 1. We get
z 1 /e _ 1
o< < —2/37 <« 2/3
cp ™ evpB ’ A3pd 3 g

Combining the above three formulas, equation (3.97) follows. Moreover, by (3.95), we have

t(y) > B2 for all y € [z — I, z + [] and equation (3.97) implies (3.98). a

Proof of Lemma 32. Note that for 0 < z < 1, we have (1 —z)3% = 1—31/2+32%/8+ O(2%).

135



For all vy,

9(y)—g(2)

=p(z—y)+ @(Ij* _ 2)3/2 <1 _ (1 B g*—_zz>3/2)

2V2B, . s 3(y—2)  3y—2)? ly — 2
= plz—y) + =g (L7 =) (1_1+2(L*—z) _8(L*—z)2+0<(L*—z)3>)

L B2z =yl
s oY *O(uf—zwﬂ)‘

=plz—y) — V28(L* —2)(z —y) —

Because L* — z = ¢?p?/(2/3), the above equation can be expressed in terms of ¢ as

210 _ 1|3
9(y) = g(2) = p(1 =) (2 —y) — %(z —y)?+ O(%). (3.216)
For all y € [z — [,z + ], we have
213
l9(y) —9(= )\<pl\1—c\+—p+0<fgp3>. (3.217)

If |z| 2 v/p/B, then according to (3.90), (3.91) and (3.93), we see that

g2 l-c _ 1 gr BB
— < plll —¢| < = =1 < < 1. 3.218
20 P TAS T ST T S N s S € (3218
If |z] < \/p/B, then according to (3.90) and (3.94), we see that
3/2 273 1
Pl — ¢ < gl/2|c0| <1, 5— < 25— o=l (3.219)
The lemma follows from (3.217), (3.218), and (3.219). O

Proof of Lemma 33. We are going to express pi(z,y) in terms of s, and w. Writing ¢ =
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t(y) — s, and using (3.45), we have

pt(%y):\/ﬁeXp(p(L*—w)—py—(L — w:f%( ) i 5 (t(y) = sy)
)

_ ! . (L —y)?* < ) Bly+ L) | Fiw)’
_\/Q_Wtexp(pL T ) 2 5 T )
2.3 2
X exp ( — pw— ﬁw;(y) + B(L 2—y)sy n ﬁU2JSy B 522y . 15} t(gy)sy B 52t(g)28y

(3.220)
Using that t(y) = \/2(L* —y)/B and y + L* = p?/B — (L* — y), we get
) (L*—y)?  pty) | Bly+ L)ty  Py)?
P ==y~ 2 " 2 LY
o B — )P pPty) | (Pty)  BYELT—y)PPN | BVA(LT —y)P
S R A
= ot =) - 2y
=9(y). (3.221)
Also notice that
(L =9~ s ) w0 sy \' wT =y s\
2(y) ;(t@n) 2t(y)kzzo(t(y)) T ;(«»)
1 Sy 2—w 2
=g = (i) )
(ﬁ3§—2w)2
= S (3.222)

For all w, according to (3.220), (3.221) and (3.222), replacing t(y) with /2(L* —y)/5, we
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have

x _ 2.3
pe(z,y) = \/%exp (g(y) - pw — 5“);@) - i 5 L + *BUQ)Sy izy
By)s,  Bly)*s, (" — y)2( Sy Sy n Sy )
8 8 2t(y) \t(y) ty)? ty)?
w(L* —y) 5 (Bsy — 2w)?
() -
2 2 2 2
= \/;_m exp (g(y) — pw + Pws, — %32 — w) (3.223)

For all w € R, s < t(2) and y € R, since —(fs; — 2w)*/8t < 0, formula (3.100) follows.
Furthermore, if s < $72/3, then by Lemma 31, we have s, < 723 for all y € [z — [,z +].

Then for |w| < 713, we get
(85 - 2u0)?

o =o(1).

and therefore (3.223) implies (3.101). O

Proof of Lemma 35. Equation (3.105) follows from Lemma 6.2 in [75] directly. We use a
similar strategy as in the proof of Lemma 6.2 in [75] to prove (3.107). For every y € [z—I, z+1],
define

e2 P sy ) < < 2130 e2 0 () < g < 23¢,

fy(z) = and f(z) =

0 otherwise 0 otherwise.

We can express I'y in terms of the function f, by writing

_ Bs, (W) By (L—X (u
[, = exp (2 YSGRs, — ) S eSO ey
JEN

_ B*s? .
—exp (2 Y3235, — ) S enop ()L - Xw)).  (3.224)

6 JENY
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According to Lemma 31, we see that 52/3% — C'5 uniformly for y € [z — [, 2+ 1]. Thus

2.3
5y

6

03
exp (2_1/352/33y7 ) — exp (2 13~,Cy — ), as n — 0o. (3.225)

6

Also, for every n > 0, if n is sufficiently large, then for all x,

sup [ fy(z) = f(z)| <nf(z).

yElz,2+1]

Therefore, for every n > 0, if n is large enough, then for all y € [z — [, z + ],

Z P X ( QB 1/3(L X > Z ePXi u)f <(25)1/3(L X( )))’

JEN, JENu

<> e p((28) (L - X;(w) ), (3.226)

JENu

Furthermore, since u satisfies (3.84), equation (3.86) implies that

1 21/3Cg B ‘
70 2 (@ LX) o i [ iy (3220
]eN 71)" Jo
As a result, equation (3.107) follows from (3.103), (3.224)—(3.227). O

Proof of Lemma 36. First, let us summarize properties of the function g(y) that will be

useful throughout the proof. For y € (—oo, L*), we have

() =—p+V28(L*—vy), ¢'(y)=- .

2(L* —y)

The function ¢(y) is increasing in the interval (—oo, 0) and decreasing in the interval [0, L*).

The derivative of g(y) is decreasing and g(y) is a concave function. Thus ¢(y) is bounded
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above by its first order Taylor approximation. We have for all z1, xs € (—o0, L*],

g(w2) < g(o1) + ¢’ (1) (22 — 21). (3.228)

First consider the case z > 0. By (3.228) and the fact that the derivative of g is

decreasing, we have for all y € [z, 2z + d],

9() 2 9(2) + 9 (Y)(y — 2) 2 9(2) + g'(z + d)(y — 2).
Also noticing that ¢(y) is a decreasing function of y, we have

1 SA
Iy > — L oa(o) / o -2 gy
a (2) 2

z+d 1
/z V27t (y) \/2mt
1
_ 9(z)

Vart(s) 19+ d)]

According to the definitions of ¢q in (3.48) and c in (3.87), we get

( 1 — edg’ (z+d) ) )

_Cu _ Cu

dg'(z -+ d) < dy () = — 1= < =

Therefore,

z+d

1 1 1
eIW) dy > e9(2) 1—e /2y, 3.229
/Z \/27t(y) V= \/2mt(2) 9'(2 + d)] ( ) ( )

Moreover, since t(z) = ¢p/f and |¢'(z + d)| < p, we see that
2+d 1/2
1 s

= Wy > p9(?) 3.230
/z V27t (y) ©WR cl/2p3/2 ‘ ( )

On the other hand, we will separate the integral on the left hand side of (3.137) into
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two parts and upper bound each of them. Define

h=pgY/Ir— 2= \/§Cg2/3‘ (3.231)

We claim that d < h and h < L* — z. Indeed, since z 2 \/p/f3, equation (3.93) gives

61/2 ﬁ2/3
~ 032 > P2

CoC
which implies
1 cp

d= — <K —= =< h.
Cop<<52/3

Furthermore, because ¢ > 33 /p, we have

2 2
h= P <« o (3.232)

CEE 5
We denote
L*

z+h L*

1 1 1
eg(y)dy _ eg(y)dy + / -
2+d /27t (y) +d A/ 27t(y) 2+h A/ 27t(y)

We first consider K;. By (3.228), we have ¢(y) < g(z +d) + ¢'(# + d)(y — z — d) for

IWdy =: K) + K,. (3.233)

y € [z +d, z+ h]. Hence,

z+h
K< b coteta) ed HDl—==d) gy < S S— N S (3.234)
 \/27t(z+ h) Z+d T/ 2mt(z+ h) 19'(z + d)|
Since z 2 \/p/5, by (3.90) and (3.93), we have
52d3
pd(1—c) > eyl (3.235)
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According to equations (3.90) and (3.216), we have for n sufficiently large,

oo+ )= gz) = pdl1 =) = 5 0 55

2¢cp 3p3
d(1 —
<g(z) - pdll —c)
2
. Cn
=9 =505
C
< g(z) — f. (3.236)
Also by (3.232), we have for n large
h 1
=1/1- > —
t(z+h) T Zt(z) > 2t(z)
Combining the above two observations with (3.234), we have for n large enough,
—ona_ L e
K <e ™t g (3.237)

rt(z) gz +d)|

We next consider Ks. Recalling that the function g(y) is decreasing when y € [0, L*] and

t(y) = /2/BVIT =y, we get

95/431/4

L* — 71/4d:
( y)” dy NG

L* 51/4
Ky < e9GHh) / (L* — 2)3/4e9=HN), (3.238)

. P r

We are going to apply the same argument that led to (3.236). Because z 2 \/p/3, we have
pco > B3 /(cp) by (3.93). Thus by (3.90) and (3.231), we get

2/3 2h3
ph(1 — ¢) < phcy > 5c_ph = g

C3p3 ’

According to (3.216) and (3.231), since ccy > 37/12/p"/* by (3.93), we have for n sufficiently

large,
ph(l—c ccop? 1/4
o0 < gz - 22D i) ;

P
N <g(z) - S
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Combining this result with (3.238), we get for n large,

o5/431/4
K, < b
3/

L* 3/ p1/4 _ 03/2p3/2 p1/4 5
(L* = 2)""exp | g(z) T g ) < TpE P 9(z) — i ) (3.239)

Furthermore, since ¢ < 1 and p® > 3, we notice that

3/2 )3/2

B1/2

U/ g2 o
exp (g(z) — 51/12> < 61/2p3/2€g , (3.240)

As a result, equations (3.242), (3.239) and (3.240) imply

dy. (3.241)

z+d
Ky, < / ;69(?4)
= \/27t(y)

For any 1 > 0, choosing Cy; large enough such that n(1 — e=11/2)/y/2 > e=11/4 equation
(3.137) follows from (3.229), (3.233), (3.237) and (3.241).
Next consider the case z < 0. The proof is similar to the previous case. By (3.228)

and the fact that the derivative of g is decreasing, we have for all y € [z — d, 2],

9(y) > 9(2) —dW)(z—y) > 9(2) = g'(z = d)(z — y).

Also, note that ¢(y) is a decreasing function of y. Thus,

N 1 1 N ,
—69(y)dy > —eg(z)/ eI (Z+d)(z—y)dy
/z—d V27t (y) V/27t(z — d) 2—d
1 1

e9(2)

V2rt(z—d)  g(z—d)

According to the definitions of ¢ in (3.48) and ¢ in (3.87), since ¢ € [1,3/2), we get

(1-— e_dg,(z_d)).

2
—dg'(z — d) < —dg'(2) = _1C+Hc < - (;“.
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Therefore,

o)1

’ ;eg(y) !
/zd V27t (y) dy 2 \/27t(z — d) g'(z —d)

On the other hand, since g(y) < g(z —d) 4+ ¢'(z — d)(y — z + d) by (3.228) and t(y)

(1 —e~20n/5), (3.242)

is decreasing, we get

z—d —d
1 1 )
—— "Wy < —eg(z—d)/ o9 (z=d)(y—2+d) g
/—oo V2t (y) = V/2mt(z — d) —oo Y
1
< e 3.243
=i —d) JG—d) (3.243)

We will apply the argument that led to (3.236) again. Note that under the current scenario

cp < 0and 1 <¢<3/2. From (3.90), (3.216) and (3.235), we get for n sufficiently large,

pd(1 —¢)

9(z —d) §9(2)+T =g(z) — Cn Cn

2010 <g(z) - —

Combining the above formula with (3.243), we get for n large

g(2) 1

z—d
/ ;eg(y)dy < 1 e
oo A/ 27t(y) V2mt(z — d) 9'(z —d)

e~n/s, (3.244)

For any 7 > 0, choosing Cj; large enough such that n(1 — e=21/5) > ¢=C1/5 equation
(3.138) follows from (3.242) and (3.244). Therefore, for any n > 0, we can choose Cj; large
enough such that (3.136)—(3.138) all hold and the lemma follows. O

Proof of Lemma 87. First consider the case z > 0. For z < L and y € [, o), from (3.45),

me Rt GURGIC S ) I
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Using that x < L and y > (, we have

ﬂt_Zx—C—y>p_ﬁt_(z)+@_2(L—z—2d)

2 2t 2 2 2t
> 5 ﬁt(Z) & B L* — 2 2—1/3&—1/3,)/1
- 2 2 t t '

Note that we can expand 1/t as a geometric sum and thus

L*—2 L*—z (L*—2)s (L*—Z)SQi(s)k:L*—z (L* —2)s  (L*— 2)s*
t(2) '

i e e =\ i) e i)

Recall from (3.88) that #(z) = ¢p/B and L* — z = ¢*p?/(2/3). Therefore, from the above two

formulas, we get

ﬁt_Zx—C—y>
2 2t -

582 2—1/35—1/3,)/1

1—¢) — 22
p(1—c) 5 Tt "

Since z > \/p/B, we have p(1 — ¢) > 3%/3/(cp) by (3.90) and (3.93). Thus,

B B_SQ 2_1/35_1/371 _ 52/3
2t t )

< p(1—c).
Therefore, for n sufficiently large, we have for all z < L and y € [(, o),
bt 2x—(—vy

p- TSV g(l—c). (3.246)

Equation (3.139) follows from (3.245) and (3.246).
Next consider the case z < 0. We are going to apply an argument that is similar to

the proof of (3.100). Writing r = z — y and expressing p;(z,y) in terms of s, w, r and z, we
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have

pe(z,y)

1 L*— 2471 —w)? s \* 2
— e (ol ) = ol ) - EEIEE RS (L) - ) -
N B(z—r+ L —w)(t(z) —s) N B2(t(z) — 3)3)

S i uELE p?t;; WLCESATC N0
conp (= e pr - BEAE) B =2 B wle_ 5, P
-E -G (5 o7t ti)g) -2 )
(@) ) R )

By a computation similar to the one leading to (3.222), we get

G - n @) TR )
(Bs? + 2r — 2w)?
8t

which is negative. Combining the previous two formulas with (3.88) and (3.221), we have

o, y) < \/;_m exp (g<z) — pwt pr— B(r +2w)t(z) n 5(L*2_ 2)s N B(r —; w)s 522
B(z)s*  B(2)’s (L =2)°( s s? 53
T g 2(2) <t(z) ITOEN t(z)3)
(r=w)(L" —2) s
o (i)
- e (g<z> (e~ pr — pu+ g - )
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which is (3.140). Furthermore, let

CC:M]_—%.

Note that that t = #(¢) — s¢c and s¢ < 873 by (3.97). Thus for y < ¢, equation (3.140)

holds with ¢ in place of z, ¢ in place of ¢ and s¢ in place of s, so we have

1
z,y) <
pt( y) \/2_71'25

exp (9(6) — (= Dolc =) — o+ Bscw= ). (a2

Since ¢ < z < 0, we have ¢, > ¢ > 1. Therefore, equation (3.141) follows from (3.248). O

3.5 Second moment estimate

3.5.1 Proof of Lemma 34

A key step in the proof of Lemma 34 is the following second moment estimate, which
will be proved in Section 3.5.2. Recall that pZ(x,y) is the density of the process in which

particles are killed at L.

Lemma 41. For every z satisfying (3.18), (3.46) and (3.47), let
0<s< B3, t=1t(z) —s.

Suppose 0 < L —x < B71/3. Then

t L 2 [B2/3 4283 :
L L drdu < -2 L— X2 (0 — )32,
/Of_mpu(x,r)(pt_u(ﬁ Z)) rdu S s P\ pz+p 3 ( z)

(3.249)

Note that equation (3.249) means that the ratio between the left hand side and

the right hand side is bounded above by a positive constant uniformly for all n and all z
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satisfying (3.18), (3.46) and (3.47).

Proof of Lemma 34. According to the standard second moment formula (see e.g. Theorem

2.2 in [78]), we have

BINHZP) £ [ sty +2 [ gl ;pm,m( [t y)dy)2drdu. (3:250)

Regarding the first term in (3.250), we upper bound pF(z,y) by pi(x,y) and then

apply (3.100) to get

éﬁmw@sé

On account of (3.97), we observe that 0 < t(y) —t < 872/3 for y € Z. Also notice that

o (9000 = (L7 = 0) 4 5L = 2)(e) — ) = o) - 0

|L* — x| < B~Y/3. Therefore, we get

/pf(x,y)dy
T

ex L* + px |d
/\/27rt p( —F g ) ’
32/3 1 2 -
_ epz+pL2pL*</ eI g ) L__empltpl” (/ dy) .
ot 7 /27t (y) B2/3 \/2mt(y

(3.251)

For z satisfying (3.18), we see that g(z) > 0 and t(y) < 2t(z) for all y € Z when n is large

enough. Also note that ¢ < 3/2, p/'/3 > 1 and v, < 0. By (3.88), we get for n large,

4
—pL-I—pL*

—1 -1
P —pLtpL* !
52/3 (/ V27t (y dy) : 52/36 o (2 Wt(z))

2T p TP np
- I 51/3 exXp 21/3@1/3

< 1. (3.252)
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By (3.251) and (3.252), we have

L B3 +pL—2pL* 1 (v) ’
v, y)dy < B——eprtrl=2p / Wy | . 3.253
[t < 2 ([ ) (325

Regarding the second part of (3.250), by the Cauchy-Schwarz inequality and Tonelli’s

theorem, we have

/Ot /_zopﬁ(x,r) (/Ipfu(r, y)dy) 2al?“du < l/I/Ot /_;pﬁ(x,r)(pfu(r, y))erdudy.

(3.254)
We want to apply Lemma 41 to upper bound the above expression. First, by Lemma 30, we

know that (3.18) holds with y in place of z. Also, by Lemma 31, for all y € Z,

t(y) = t(z) £ o(8~").

As a result, the assumptions in Lemma 41 are satisfied, and we can apply Lemma 41 to get

t L
l / / / pE(x,r) (pF (ry)) drdudy
ZJO —00
1B%/3 1 428 .
S / ) P (pw —2py +pL — ——(L" — y)3/2> dy
T

P 2rt 3
2/3

:ﬂepcc-l—pL—W?L*l/ 1 e9W) dy. (3.255)
P 7 2mt(y)

According to Lemma 32, we have for all y € Z,

e9(2) = 9(y)

From the previous equation and (3.98), we get

1 1 2
l / — Wy = ( / —eg<y>dy> . 3.256
7 27t(y) 7 +/27t(y) ( )
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By equations (3.254), (3.255) and (3.256), we obtain

Yty L ’ B3 +pL—2pL ) ’
T, L(roy)dy ) drdu < F——ePm P20l / yd).
/O/Oopu( )(/Ipt (r,y) y) o ( i

(3.257)
The lemma follows from (3.250), (3.253) and (3.257). O
3.5.2 Proof of Lemma 41
The proof of Lemma 41 will be divided into the following three lemmas.
Lemma 42. For every z satisfying (3.18), (3.46) and (3.47), let
0<s< B3, t=1t(z) — s, uy = BT — )V
Suppose 0 < L —x < B71/3. Then
2
/ / P ) (phu(r.2)) drdu
428
< —2 L— (L —2)37). 3.258
S i P (px pz+p 5 (L7 —2) ) (3.258)
Lemma 43. For every z satisfying
L¥—z> g7 log4/3(,0/ﬁ1/3), z— L > 713, (3.259)
let
0<s< B3, t=1t(z) — s, uy = B(LF — )V
Suppose 0 < L —x < Y3, Then
44/2
/ / pE(x,r) pt W7 z)> drdu < (B) exp (p:c —2pz+ pL — Tﬁ(L* - z)3/2>.
(3.260)
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Lemma 44. For every positive z satisfying
B8 < L — 2 < B3 0g 3 (p) B3, (3.261)

let

0<s<p 3, t=1t(z) — s, wy = BT2(LF — 2)YA

Suppose 0 < L —x < 373, Then (8.260) holds.

o0

Proof of Lemma 41. Tt suffices to show that for every subsequence (n;)32,, there exists a

sub-subsequence (n;, )72, such that

tn.  pLn.
Ik Ik Ln; Ly, 2
Ik Ik
Du (xn].k,r) <ptn, . (1, Zn]k)> drdu
0 —00 Ik Ik

2/3
< P,

~ tn, (ank )pfzjk

W >3/2)‘

exXp (pnjk xnjk - QPan ank + Pn]-k Lnjk - 3 ng,

(3.262)

o0

Given a subsequence (n;)52,, there exists a further subsequence (n;, )32, such that one of

the following holds:
Ny,

N -1/3 1/3 —1/3
L Ly, = 2y > B 2108 3 (pn, [B7) and 2, — L}, > /%,

—-1/3 % —-1/3 1/3

k

In case 1, equation (3.262) follows from Lemmas 42 and 43. In case 2, equation (3.262)

follows from Lemmas 42 and 44. |
The second moment estimate relies on delicate estimates of the density. Different

approximations to the density pF(z,y) were obtained in [75]. The following results come

from Lemmas 2.6, 2.7 and 2.8 in [75].
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Lemma 45. For allt > 0 and x,y < L, we have

1 L-2)(L—y) (y—x)?® _ptt
L
py(z,y) S min {m, 4372 exp | pr —py = o + pLt). (3.263)

Moreover, when t > 2723, 0< L —x < 7% and y < L, we have

3(7 )
pf(:l?,y) SMmaX{Lﬁ(L—y—%)}

Vit
(y—x)* pt Blatyt [ 1 ( pt?
oy T Pt L-y—"-)).
exp <px Y > T T Tagm\M TV T
(3.264)

It remains now to prove Lemmas 42, 43 and 44.

Proof of Lemma 42. For all u € [0,u;], we see that t — u > t/2 > 372/3 for n sufficiently
large. We will bound pL(x,r) by equation (3.263) and pZ  (r,z) by equations (3.45) and
(3.264). We have

work (1 (L—a)(L - —r)?  p?
115/0 /Oomln{u1/27( ‘22}52 r)}exp (pl'_p/r_ (iL‘ QUT) _%—}—/@LU)
1 1 B(t — u)? 2
X —u (1{L—7‘>,31/3} + 62/3([1 — T)2<maX {1, m (L -z — %) })

1 Bt — u)?
X exp (M(L —z— %))1{0<L—r<ﬁ1/3}>

X exp (2,07" —2pz — (r= ?2 — Pt —u)+ B(r+2)(t —u) + M) drdu.

t— 12

Denote

M(u,r,m):min{ ! M}

ul/2’ 3/2
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and

_ 2 2
NCu2) =Sy + 77 s {1, e (22 - 520 ) )
1 R
X exp (m (L —z— M))l{osrgﬁl/r»}.

Interchanging the roles of » and L — r, we have

00 1 — I 2
1'15/ / M (u,r, )N (u,r, z)exp (p.ﬂ:—Qp2’+pL—p7"—u
o Jo t—u 2u
o 2 2 2 t — 3
— (LT—Z)—F& —p215—|rﬂllu+ﬁ(L—7’)(7f—u)4—ﬁz(t—u)—i—M drdu.
t—u 2 12
Since t = t(z) — s, L = L* — (23)~/37; and
1 i u+s\" (3.265)
i) 2=\ 1) ) |

we can express —(L —r — 2)?/(t — u) as

_ <L*—z>2§:<u+s>’“_ (2B) P +r)? 2L =2 AL = 2)(28)

t(z) — t(2) t—u t—u t—u

A N U PN /e
=TT e et t(z)3 (wts) ==+
+2(Lt*__uz)r+2( _:)_(25 )" (3.266)
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Rearranging all the terms, I; can be further bounded as follows:

I S exp (Pw 2pr ot pL— pPH(2) + AL + fet(z) + ) (L= 2)2>

12 t(z)
/01/0 t_lu><M(u,r,x)N(u,r,z)exp(—pr—((L_;)L_r) —(LZ(Z_);) (u—+s)
(L =2, WP, 2L —ar AL =228V
—W(u—ks)— ) (u+s)° + .t — —i—T

2 3
+p’s — B(28) Pt — Bt — u)r — Bz(u+5) — BL*s — d (ul;r .

BP(2)(u+s)  F(2)(u+s)?
- 1 + 4 ) drdu. (3.267)
Note that
() + BLM(E) + Bat(z) + 2 tg) - (L’; <;)Z) - —@(U 2P (3.268)
Also,
A= DCOTT a1
<2 —Zt)((j)ﬂ) T (a8 out(e) + B28)
= 3(28)"
< 0,
and
Pu

+p?s — Bz(u+s) — BL*s = B(L* — z)(u + s).
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Combining the above four formulas, we get

1 4,/2
I < 7 eXP (pm —2pz+ pL — TB(L* — z)3/2>

/Oul/OOOM(u,r,x)N(u,r,z)exp(—r<p+5(t_u)_ 2(L*_z)> (L—2)—1)?

t—u 2u
=2 L=z e =2 s

_Pluts) P (uts)  FHE)(ut s>2) drdu
y .

(u+s)—

12 4

Observe that

t(z)? (u+s) + B( )(u+ s) 1
(L — 2)? 2, BPt(z)(u+5)?
nBE (u+s)+ 4 =0,
(=22 Pluts) B
TR 2 =3

Therefore,

1 4./20
Ilsgexp(px—szerL—— 3/2)/ / M (u,r,x)N(u,r,2)
r

exp<—r(p+5(t—u)—2(f:f))— _qu y ﬁzg)drdu (3.260)

Denote the double integral as J. Write J = J; + Jy where J; is the portion of the double
integral for which r > 8~/ and .J, is the portion of the double integral for which 0 < r <

B3, We first estimate J;. Since u < uy = B7/2(L* — 2)Y/* and s < wu;, we see that
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B(u+ s) < p. Thus, according to (3.265), for n sufficiently large we get

p+ﬁ(t_“)_2(%7)=P+t(2)6—ﬁ(u+8)—2(€z—z_)dz(%)
_ 2L* — z) o= (u+s\"
—P—ﬁ(u—l—s)—wg(w)
:p—ﬁ(uqts)_ﬁt(i)(_uu%-s)
=3 (3.270)

Therefore,

up 00
J1 < / / M (u,r, )N (u, r, 2)e " *drdu
0 [371/3

-2

p 1 0 Uy 0 L _
< / s e~ 2drdu + / / (L—z)r - /Z:)re_’”ﬂdrdu
0 u B-1/3 p=2Jp-1/3 u

< o—pI28V/? (iz n 4(L173$) n 8(L — x))
p p p

Since L —x < 813, for n sufficiently large,

ofag (i AL -2)  S(L- x))

. 2/3 4 2/3
—p/2BY/3 n—2/3 _ B P —p/2p8/3 p
PR TE , )R s (i) " <

~ ot \BL/3
Combining the above two equations, we have

62/3
Ji < —r (3.271)
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Next, we estimate J,. Note that

! Blt —w)? 1 s, Bluts)?
m<L_Z_ 2 ):ﬁl/s(t_u)(_m)/71_T+ﬁt(2)(U+s)>

~ s (- L ) ) ot

(3.272)

We will expand 1/(t —u) as a geometric sum. Using that t = t(2) — s, u < uy = f77/12(L* —

2)Y4 and s < 723, we see that u + s < t(z). Using also (3.88) and (3.265), we get

k=0

— 823 (u + 5) (1 + 0(%;» +o(1)

= B*3u+0(1).

Equation (3.270) and the previous formula imply that

Ja N/ / - M (u,r, x) 62/3 2<max{1 62/3u}>

L — . 2 2
xexp(—%—( 292 r) _ﬁ?)u +62/3u>drdu

—2 5—1/3

3672/3 1 /371/3 L . N 2
L R ETE Y (A ekt
+ /p2 e /0 (L —x)B7°r° exp ( 5 o drdu

u1 1 g2 r (L—xz—r)?
L I — 2\ 32/3,3 _pr LT
* /3ﬂ—2/3 u3/2 /0 ( 33)5 rexp 2 2u

2/3,\3
X exp ( — @ + B*Pu + 210g(52/3u)>d7“du.
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When z > 3, we have —23/3 + x + 2log z < 0. Therefore,

p=2 1 B-1/3
Jo 5/ —7 23202 drduy
o u 0
“ol g 9 r (L—x—r)?
/3,3 e T T
+/p_2 u3/2/ (L —z)pB*"r exp( 5 0 )drdu
S pr (L—a—rp
B2/3 . u3/2 riexp | — 5 5o drdu.  (3.273)

Note that u; < p'/257%/¢. By applying exactly the same calculation as in equations (8.54),
(8.55) and (8.56) of [75], we see that

—1/3 2 2/3
2/3 VN et ikt o VAP il 3.974
z)f / u3/2/ rexp( 5 e rdu < P (3.274)

Combining equations (3.269), (3.271), (3.273) and (3.274), we have

2/3

I <2

]

exp <p:(: —2pz+ pL — 3

which implies (3.258). O

Proof of Lemma 43. The restriction (3.259) is equivalent to

51/3 p 3 52/3
c>>710g2/3 W s §_C>>p_ (3275)

In particular, ¢ > BY/2p~! and 0 < ¢ < 3/2. For u; < u < t, we will bound both pL(z,r)

and pL (r,2) by equation (3.45). Similar to the calculation for I}, interchanging the roles
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of r and L — r, we have

I, < exp (px — 2pz 4 pL — p*t + BLt + th)

t 2 Lu B Bt —u)?
“1/2(p ) Texp (24 4 B2 _ g, PLU
X [ u t—u) " exp ( + Bzu + +
/u1 2 2 2 24 12

> fu (L—z—1)> (L—2z-—71)?
/0 exp ( - r(p + [t — 7) - e S~ )drdu. (3.276)

Using (3.88), to prove (3.260), it is equivalent to show that

35/3 263
I < o exp | pr — 2pz + pL — 35) (3.277)

To simplify I, we are going to estimate K in two ways depending on the value of u.

This cutoff value uy will be defined based on 3, introduced below. Denote

9c2 3 1 1
A=4/— 1 e ==+ ——-A. 3.278
\/ 1 +c+1, Y 2+c . ( )

Note that y. < 1 since for 0 < ¢ < 3/2,

1 (A—1)(A+1)
L=t a1

9c 1 1
TN <§_A—+1>

9c (A—1)(A+1)
TA4AFD) 2(A+1)2

9c c 9c?

TAA+1) 2A+1)2 8(A+1)?

1 9¢ ¢ 9¢
> - = _Z_ =
_(A+1)2 2 2 8

> 0.

(3.279)
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Choose a constant C'g > 0 small enough such that the following hold:

1

g — 5 > 0167 (3280)

— 1 + 205 < —C (3.281)
3<3+\/1—7)<1+\/1—7/2) 16 16, .

— ! + 2+ 6Chg < 0 (3.282)
23+ VIT)(1+I7/2) 2 ° 7 0T '

8 +9C15 < —Cl. (3.283)

93-24+2- (L 4+ 1)

Then define

3 1 1 /9¢
u2:(§+g—z T+C+1—C160)t- (3.284)

Since y. < 1 by (3.279), we see that uy < t. Also, when 0 < ¢ < 3/2, one can show that

3/2+1/c— AJc— Cige is a decreasing function of ¢. Thus by (3.280),

3 2 2 /9 9 3 3C16 1 3C5
> (242 2, /2. 2405401 t=1{=— t t 2
u2_<2+3 VAN 2) (3 )i 0 (3.285)

and uy > uy for sufficiently large n.

Denote the inner integral in (3.276) as K. When u; < u < us, letting a = (p + ft —

pu/2)(t —u) and b= L — z, K can be written as

. /Oooexp (_ (r—(b— a/tz)_)2u+ ab—a?/4 (L—;:u— r>2)dr. (3.286)

For u; < u < ug, we claim that b — a/2 < 0. Because b — a/2 is an increasing function of
u, it is sufficient to show that for u = ug, we have b — a/2 < 0. Recall from (3.88) that

t=cp/B—sand L* — 2z = ?p?/23. Writing

U
Yo = 72 = y. — Clec, (3-287)
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we have that

2

b— g = (1 —00)5—5 —(28) 3y, — %((1+C)p_53_ %+ 53;28)(1 —y2)<c§ _S)
2 2,2 2
= %(— %‘Fy?(%‘*‘g) - g) +PS(1—?/2)(%+C— %) _|_O(5—1/3).
(3.288)

We observe that . is one root of
c*y 3 ¢ c
———i—y(——i——) —5:0. (3.289)

Therefore, according to (3.287) and (3.289), equation (3.288) implies that

a  Ept (O CigA 1 Yo 1
_ 2= 1— z _ = /3y
b 5 3 < L T3 )+ps( yc+C16C>(2+C 2>+O(ﬁ )

Because 1 — y. < 9¢/4(A + 1) by the second line of (3.279) and 1/2 4+ ¢ — cyy/2 < 2 for

0 < ¢ < 3/2, it follows that

CieAc?p?

a 9
_ = -z —1/3y
b 5 < % +2psc(4<A+1)+C16)+O(ﬁ )

Since ¢ > 33p~! by (3.259) and s < 723, we see that c¢2p?/3 > psc and ¢?p?/B > B~1/3.

As a result, for u = us, and thus for all u; < u < us, for n sufficiently large,
a
b— 3 <0. (3.290)

From (3.286) and (3.290), we obtain that for u; < u < ua,

KS/OOOeXp(— (L—2) (L_x_r>2)dr§ \/%exp<—M). (3.291)

t—u 2u t—u

When uy, < u < t, we upper bound K by the formula for the moment generating function of
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the normal distribution to get

Kﬁ/wexp(—r<p+ﬁt_@_L_$_2(L_z)>

. > T u t—u
G R e
_ ;uf”)g _ <[; - 2)2). (3.202)

According to (3.276), (3.291) and (3.292), we have

I, < exp (px — 2pz + pL — p*t + BLt + th)

X/uz(t—u)lexp( 5 +@_5 ﬂLu+62U3 +52(t—U)3 _ (L_Z)z)du

2 2 24 12 t—u

ui

+exp( x — 2pz + pL — pt—l—ﬁLt—i—ﬂzt)

v pu ﬁxu 5 A Gl
/ (t —w)(t+ u) eXp ~ Peu 24 12 )

me(( (s ﬁ____Lux__<-—@>_<L—m2_a~wV)m

2(t +u) t—u 2u t—u
R 4R, (3.293)

We first estimate R;. Let y; = wi/t and yo = uy/t. After making the change of

variables u = yt and writing z = ¢oL* and t = ¢p/3 — s, we obtain

2

+ )
+oal (e -5)) / — (%<c§_s> P ()
c£—5>y+

_50025< 3 24
(L= co)p?/28 = (28)Pn)?
(cpF 91— 1) )@‘
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Observing that

(1 —co)p®/28 — (28))? _ (1= co)*p’ - (38
(cp/B —s)(1—y) = 4cB(1 - y) ,; <Cp>
(1—1co)?p® (1 —cp)?p®s (1 —co)*pBs?

- _405(1 —9) 4c2(1 — y) 43(1 —y) ’

we get

S 2pls - p
Ry < exp (p$—2pz+pL—§E+T—2 1/3710W)
/92 L p_B(%_CCoy+c3y3 +C3(1—y)3 B (1—00)2)
R B\2 "2 T 12 1e(1—y)
I 23 2(1 —u)? 1 — )2
B x)y(cﬁ_8>+p28<_g+@_cy -y (2 co) )
2 3 2 2 8 4 42 (1 —y)
3 3 3 3 2 2
2(Y (1-y) > 2 3<y (1-y) ) (1 —co)*pBs
AT S VA R Z_ — dy. 3.294
+opfs <g Ty A CTRENT 31—y )Y (3.294)

Note that for s < 8723 and all y € [y1, ],

3 3
o1z, P 2o(y”  (L=9)*\ _ (P
0<-=2 71051/3+Cp58<8+ 1 ) O<61/3)'

Since v/1 — ¢p = ¢, the upper bound of Ry in (3.294) can further be expressed as
3 3

2c’ p cp /y2 1 cpfs’
_ B _ 2cp” cp _
Ry Sexp <p:c 2pz + pL 35 +O<51/3>) . 1_yeXP 4(1 —vy)

33 3 1
exp(—p (—y—+y2+y+1——>

43 6 I—-y

1y ¢ (1-y° 1
22 (2 _Y_ Y _ _ dy. 295
+es(5-5 % 1 4(1—y)) Y (3.295)

Let
1y 1—y)3 1
My =5 - 4L L
2 8 4 41 —y)
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Since for y € [0, 1],

we get h(y) < h(0) = 0. Also for all y € [y1, ya],

c3 v, 1 Ayl 1 ASy?
N P
4( A g 1 \6 T1=y) S
Thus,
203 p3 cp c3y3p3 v2 1 C,OﬁSQ
< 9 L-r o( ) _th / _ PP Ny,
f s e (px petp 3 8 \grs 248 ) Jy, 11—y TP 1=y )Y
(3.296)
By (3.275), we have that
Ay p? _ 3 <B_7/12(L* _ z)1/4)3 N 33 (6‘7/12(02,02/25)1/4)3 _ (312 /2 . cp
245 243 t 243 cp/B 24 .23/4. 312 7 g1/

Also, because cpBs? > 1, after changing variables twice, we get
P gmg

2] cpBs* ) 1 < cpﬁsQ)
—exp| ——— )dy < / —exp| — dy
/yl 1—y < A1 —y) 0 Y 4y

< 1. (3.297)

Therefore, in equation (3.296), the term O(cp/BY/?) can be absorbed into —c3y}p*/243 in

the exponent and the integral can be neglected. By (3.275), we conclude that

5/3 23 P\ ¢cp? 32 32
5/3 263 P
K ——exp | pr —2pz +pL — —— | (3.298)
cp 3 B
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Here we want to point out that this is the only place in the proof of Lemma 43 where we need
to use the assumption ¢ > 5'/3p~1log?3(pB~1/3) instead of the weaker one ¢ > B/3p~1.

Next, we estimate Ry. Letting u = yt, by similar computations as for R;, we have

Ry S exp (p:v —2pz + pL — 53%5 + # - 24/3710#)
/ exp(ﬂ<y+y_3+(1—y)3>_Czpzs<y+y_‘°’+(1—y)3>
\/W 3 12 2 8 4
+ cpBs’ ( ) ( (1 I2y) >)
y(1—y) ﬂ —z 20L—-2)\ (L—=2)? (L-2z)?
xexp( 21+ >< + Bt — _t(l—y)) B 2yt _t(l—y) Y.
(3.299)

Denote the exponent on the last line of (3.299) as A. For z < L and y € [y», 1], we get

:MK +6t—@) +(L—x)2+4(L—z)2_2(L—x)< Lt _5_y>

2(1+y) 2 y2t? t2(1 — y)? yt
4(L — 2) Byt 4(L—x)(L - 2) (L—xz)* (L—=z)?
Ct(1-y) (p ot ) T Ty } o2yt t(l—vy)

ty(l—y) Byt\> (L—1)> (L—z2? 1-—y By
= =) e i 9= )

2y Byt 2(L —z)(L - 2)
| G e e
ty(l—y) Byt\* (L—z2? 2y Byt
SiW(p+Bt_ 2) Tty Trs T ><p+ﬁt_7>
2(L —x)(L — 2)
t(1+y) ‘

Recalling that t = cp/B — s and L* — z = ¢*p* /23, we have

_ c c 5 c 2 C22 6_( 1/3 1)
Aggg+?£ Fp_s>(p+5<ﬁp‘3>_?y<ﬁp‘s>> - p(l/iyxcj/ﬂ)—s;

2p? c — ) (202 /28 — ~1/3.,
_i—yy%( W(Fp_ )_%%}_5))*2@ <12/212£<1f§§ ",

(3.300)
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Because L — 2 < 713 and s < 37%/3, we see that for y € [y, 1],

2(L —x)(*p*/28 — (28)"Pm) _ ep
(co/B—s)(1+y) ~ B

We also observe that p3s? < p/BY3, 8253 < p/BY? and

(02,02/2ﬁ—(2 ) 1/371) 4/462 & 03,03 B 02p25
(L+y)(ep/B —s) =" 1+ycp/ﬂz(cp/ﬁ> T 4B(l+y) 4(1+y)

Therefore, equation (3.300) implies that

P Ty(l—y) cy ¢ y o cy 2 c?
ASFL(H,@) <1+ 2) 4(1+y)_1+yc(1+6_7>}+p8[_4(1+y)

(D YD ) )]

+ 0(51/3> (3.301)

By (3.299) and (3.301), we have

203p3 p
RSGXP<P$—2pZ+pL———+0_)
2 35\ (E= N/
3 /.3 3,2 B33 3 1— ) 5
X exp £ wjuﬂ__y_,_c_ y( y)( _%) _C
pL4 4 24 4 214y 2) A1+
2 3 9
- 2(1 _%) ¢ Ay &y cl-y) c
1—|—yc +c 5 )—l—ps 5 5 < 7 4(1+y)
y cney(l—y)  y(l— y i~
(Yo T T A
(1=3) (e ity 2ty \ Ty U)o )
(3.302)
Define
2w 10 2y, (2 6 9
A Y L VR —~ 3.303
¢(y) 3 +(3 +C>y (62+C>y+62, (3.303)
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and

y? 5¢? 9 9 1 1
w(y)_T—(T—I—c)y +(2c +3c+§>y—2c—§. (3.304)

After algebraic calculation, equation (3.302) is equivalent to

2¢% p? ! 1
Ry ,Sexp(px—sz—i—pL—%%—i-O(#))/yQ —(1+y)(1—y)
Sty y
X exp (74(1 " y)cb(y) + p2sm¢(y))dy- (3.305)

Below we will obtain the upper bounds for ¢(y) and ¥ (y) in the cases z > 0 and z < 0.
Let us first study ¢(y). Note that for every ¢, we have ¢"(y) > 0 for all y € [ys, 1].
Therefore, for y € [y, 1], the function ¢(y) reaches its maximum either at 1 or at yo. When

y = 1, we have for all ¢ € (0,3/2),

% _ _—8<3/§C_ 9 . (3.306)

For ¢ € (0,3/2), since 0 < y2 = y. — Cigc < 1, after rearranging terms, we have

2 5 8 2y, (2 6 2
gb(y?) = ng(l — Ye + ClGC) + <§ + Z)?/Q - (; + E) (yc - CIGC) + g
2 8 2 2 6 2 20160 2016
< 0w (G D= (e Y 2 .
2C6c  2C
= d(ye) + 316 + 616 + 6C5.

Since y. satisfies (3.289), we have y? = y.(3+2/c) —2/c. Replacing y? with y.(3+2/c) —2/c
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in the first step and replacing y, with 3/2 + 1/c¢ — A/c in the second step, we get

4\ n 4 1 i . %
c 3¢ 3c¢2 33 3¢
292 —4A%) 4 1 2A?-1)

T e(B3c+2A) 3¢ 3 33(A+1)
—8c—38 4 3 1 2

(3c+2A)c * 3¢ * 2e(A+1) 32 N 32(A+1)

For ¢ € (0,3/2), we have A > 1. According to the above two formulas, we have

—8c—8 4 3 20160 2016
< - - 4= 6C'
W) S mone T T a3 0%
—24Ac+ 3¢ — 14A — 48 + 16A2  2C1c  2Chg
. 6C1. 3.307
6c(3c+ 2A) (A + 1) L T (3:307)

If 2 >0, then c € (0,1] and 1 < A < /17/2. We have
—24Ac+ 3c < —21¢,
and

—14A — 48 + 16A% = 14A(A — 1) — 48 + 2A?
2
(VT s (400)

<4 —(—-1
2 2

< —8.

Therefore, combining the above two observations with equations (3.281), (3.282) and (3.307),
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we obtain

: +2C )1— !
B+VINL+VIT/2) ) ec 2B+ VIT(+V1T/2)

2
P(y2) < ( - 3 + 5016 + 6C'6

&
<=L

Cc

(3.308)
According to equations (3.306) and (3.308), we get when z > 0, or equivalently ¢ € (0, 1],

8(3/2 - ¢) _%} _ G (3.300)

< —
max ¢(y) < max{ R .

96[92:1]

If z <0, then ¢ € (1,3/2) and v17/2 < A < 11/4. We have

—24Ac+ 3¢ — 14A — 48 + 16A% < —21Ac + 14A(A — 1) + 2A% — 48
V1T 11<11 >+2 11 11

<-21- Y141 —(=—1
p T\

< =8

Therefore, combining the above two observations with equations (3.283) and (3.307), since

c € (0,3/2), we obtain

—8
¢(y2) < + 9016 < _016-

—9(3-34+2- (A1)

According to equations (3.306) and (3.308), we get when z < 0, or equivalently ¢ € (1, 3/2),

max ¢(y) < max{ — w, —016}. (3.310)

yE[y27l}

We next study 1(y). Let us first consider the case z > 0, or equivalently, ¢ € (0, 1].

For all y € [y2, 1], we have

2,2 2
bly) < - - (% )y 4 (26 + Ay = e(2e+ Dy(1 —y) < 3e. (3.311)
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If z < 0, we claim that for all y € [y, 1] and ¢ € (0, 3/2), we have

Y(y) < —3cp(y) /4. (3.312)

Indeed, for every y, we can view —3c?¢(y)/4 — ¥ (y) as a quadratic function of c:

_3¢(y)
4

1, 3
—1(y) =—2y62+0<—§y2+§y+2) +y—1=:p(c).

Note that for every y € (0, 1], the quadratic function ¢(c) for ¢ € [1, 3/2] reaches its minimum

at either ¢ = 1 or ¢ = 3/2. Since for all y € (0, 1], we have

1 1
s0(1)=—§(y2—y—2) >0, w(—) =—1(3y2+5y—8) >0,

the claim follows.
Now it remains to apply the upper bounds of ¢(y) and ¥ (y) in (3.305). By (3.285),
for all y € [yo, 1], we have
Cie/2 <y/(1+y) <1 (3.313)

When z > 0, combining (3.305) with (3.309), (3.311) and (3.313), we obtain

2¢3p®  Ch p?
RQSexp<px—2pz+pL—?5 s 7B + 3cp S+O(51/3>) (3.314)

Recalling that ¢ > $/3/p and s < 7%/3, we have

2P ) 23 o C2 2p3 3513
7>>Cp8, 7>>m, exp(—l—67)<<c—p5.
Consequently,
5/3 263 p
Ry < o exp (px —2pz+ pL — ?E> (3.315)

If 2 < 0, since 3p3/8 > ?p*s, according to (3.305), (3.310), (3.312) and (3.313), we have
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for n sufficiently large

203 3
Ry < exp (px—2pz+pL— 3% O(ﬁ))
(ﬁ yo(y) ) ’
y2\/W B 8(1+vy)
2¢8 p*  Chg *p? 8(3/2 — ¢
R A A L R C D)

By (3.275), since ¢ > 1, we have

0353 - { 8(3/;6— c) 016}

exp ( _EP i {W’CMD <5
6] 3c

Therefore, equation (3.315) also holds when z < 0.
Finally, combining (3.298) and (3.315), equation (3.277) is proved and the lemma

follows. O

Proof of Lemma 44. Recall that in the proof of Lemma 43, the only place where we used
the assumption L* — z > 57/310g"3(p/B3) is equation (3.298). Thus to prove Lemma
44, it is sufficient to prove that for z satisfying f~1/3 <« L* — 2 < p~1/3 logzl/zl’(p/ﬁl/g)7 or

equivalently, 8/3p~! < ¢ < BY3p " 1og¥3(p/B/3), we have

5/3 3.3

2
I —/ / ph(x,r) (pt (7 z)) drdu < iTeXp <p:(: —2pz+ pL — ?C) pﬂ) (3.316)

The portion of the double integral in I5 for which us < u <t has been dealt with in Lemma

43. By (3.4), we can choose constant C'; > 0 such that

1
27y 4+ Cir +1 < -5 (3.317)
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According to equations (3.88) and (3.287), and the fourth equality in (3.279), we get

9¢
4(A+1)

2
e = t(1 = ) = 1=t Cu) < 103) #Oue) = L g a1y

Thus t — uy < 28723 for n large enough. Therefore, for n large enough, we can write
I, =P+ P+ P,

where P, is the part of the double integral for which L — C1787Y% < r < L and u; <
u < t—287%3 P,is the part of the double integral for which L — Cy78~/3 < r < L and
t — 28723 < u < uy, and Ps is the part of the double integral for which r < L — Cy73~1/3
and u; < u < us.

To bound Py, we are going to bound pZ(x,r) by (3.263) and pX ,(r, z) by (3.264). We

get

t—282/3 . I — 2 2
Fﬁmg/ /ﬁ x§ mEKP(ﬂt—pr—~91—il~—gl5+ﬁLu)
L—Cy78-1/3 u 2u 2

I o (- 25

_ 2 2 t — 3
X exp <2p7“ — 2pz — <Tt 2) %
—u

o (e Y

=Pt =)+ B+ 2)( —w) +
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Note that L — 2 < f71/3 and t = t(2) — s. Interchanging the roles of r and L — r, we have

t—24-2/3 1/3 )2 2
s 1 Bt — u)
Az / (=) (ma" {1’ B — ) (L T )})

P(t(z) = s —u)’
)+ 12

1 Bt —u)2\\ [ (L—2—r)?
+m(L—Z‘T>)/O Tgexp(‘f”“T

- % +B(L—r+2)(H(z) — s — u)) drdu. (3.319)

2
exp (px—2p2+pL—%—i—ﬂLu—pQ(t(z)—s—u

We first estimate the term (L — z — B(t — u)?/2)/(BY3(t — u)). For u > u;, we see that

Blu+s) > Buj _ é(ﬁq/m(l,* _ 2)1/4>2 - P > 4713 = (QB)—l/?,l,m_

2 -2 2 ’\52/3

Thus by (3.272), we have for n large enough

L (1o M) ) Fo4(2) (u + ) 5.320)

m 2 = BBt —u) t—u ’
Furthermore, we note that

P u+s) | B
t—u - t(z)

01/2p1/2

— [2/3, -

Moreover, we will upper bound the term —(L—7r—2)%/(t—u) by (3.266). By (3.266), (3.319)
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and (3.320), after rearranging terms, we get for n large

Py S exp (px — 2pz + pL — p*t(2) + BL*t(2) + Bzt(2) + prrz)" (L= 2)2)

12 t(z)
t—2872/3 p5/3 2 2 2 2 3
[ (- 22
n Brt(z)(u+ ) BH(2)*(u+ 5) n 62/3t(z)(u +s) BL(u+ s) — 271332 4(2)

4 4 t—
(L* = 2)*(uts) (L Z)Q( ) (LT =2 (u+ 5)3>
t(z)? t(2)? t(2)!

Cr7B~1Y/3 o
/ T3exp(—pr_ﬁr(t(z)_8_u)_(L T 7“)2
0

2u
2L — 2)((28)" " + T))drdu.

— Ba(uts) -

+
t—u

Notice that since t(z) = \/2/BVL* — z, L = L* — (28)"'/?v; and s < 7%/3, we observe that

— % + BLu+p*(u+s) — Fie) 4(u o) _ BL(u+s) — Bz(u+s) — (L _tz(l)g“ +5)
= O 4 s — BLs — fa(u+ ) — B(L* — 2)(u+ 5)
2
=3 - 5[/)3
=0(1).
Also
Br()(u+s)?® (L =z)>(u+ts) 0
4 t(z)3
and
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By the above four equations and (3.268), we can further bound P; as follows:

B, an) [T BB (u+ s)?
P <exp (px—2p2+PL—T<L ~2)¥ /u1 ud/2(t — u)3

o ( Bl | B S) g,

3 t—u
2 [* — »)(2-1/3 ~1/3 C17871/3
+ ( 2 N+ )8 ) ></ re P drdu.
0

t—u

Recall that ¢ > 33 /p. By equation (3.88), for n sufficiently large, for all u; < u < t—257%/3,

we have
_M B 271/362/3 t(z) _ _62u£1’> o mep 03/2p3/2 . nep _03/2p3/2
3 WSS T T gisps T T3 gs/p2 - QUBRIE = GRIZ

Also, by equations (3.88) and (3.317), since u + s < t(z) = ¢p/B, we have for all u; < u <

t— 28723,

B23t(2) (u + s) N 2(LF — 2)(2713y, + Cy7) B3
t—u t—u

v ((u rs)+ L (273 + 017)>

~ B —u) 8
2p? B
< m(l +271 3y + Ci7)
22

< ——
= TopA(—w)
Combining the above three equations with (3.88), after some standard calculations, we get

02 263 p3 03/2p3/2

t—23-2/3 (u—i—s)2 02 2
P
——t—exp| — ———— )du.
/Jl ( )>

ud2(t — u)3 2643(t — u

Note that for n large, we have u + s < 2u for all uy < u <t — 23723 Let v =t — u. The
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integral in the previous equation can be upper bounded by

t—28-2/3 1/2 2 2 1/2,1/2  pt—w 2 2

U cp 4c=p _3 c“p
4 ( — —)d < — ( - —)d
/u1 (t —u)? P 264/3(t — u) U= [1/2 /2ﬁ_2/3 v 2/34/3y !

Act2pl/2 o _3 2 p?
Swfo v¥exp (- g, )

401/2p1/2 468/3

G172 . e (3.321)
Combining the above two formulas, because cp/3'/3 > 1, we get
11/6 263 3 3232
< - _ - _ -7
TEIN 32p11/2 exp (px 2pz + pL 3 B 631/2 )
5/3 263 o

L — —2pz+pL — ——|. 3.322
o &P (px pz+p 3 6) (3.322)

We next estimate P,. We are going to bound both pZ(x,r) and p& (7, 2) by (3.263).

Interchanging the roles of r and L — r, we get

Py, S(L—a)(L —2)*exp (px —2pz+ pL — p*t + ZﬂLt)

u2 1 p2u
X _ — — 8L
/t_%”/3 Wt — u)? exp ( 5 B u)

Cy7B71/3 L—1—17)? L —r—2)2
/ 3 exp < — pr — ( ) — ( r—2) >d’rdu. (3.323)
0

2u t—u

By (3.317), we have for all 0 < r < C1787Y/3,

C(L—r—z? (D=2 (28) Pt r)? 2L~ 2)((28)" Py + 1) < - )

t—u t—u t—u t—u t—u

Thus for ¢t — 237 < u < uy, the inner integral in (3.323) can be upper bounded by

e’} L* — 2
/ T3exp(—pr——( ?) )dr,ﬁ
0 t_u




Then equation (3.323) becomes

I — I — 2)2 2/3 L* — %)2
P, < ( x)<4 ?) exp (p:zc — 2pz 4 pL — p*t + 2BLt — %)
0
U2 1 p*u (L* — 2)?
S (P FYR i uh )
/”5_2/3 WP —u)E P ( SRR T L
Expressing L — z and ¢ in terms of ¢, since L —z < 73, we get

4

4
¢ _ 2/3, cp. . cp
P < 57/3 exp (pas 2pz + pL — 2 51/3 16ﬁ4/3>

top-2/3 U2 (t —u)? 862(t — u)

By applying the same argument as in (3.321), the integral in the previous equation can be

upper bounded by

1 u2 1 C4p4 < 63/2 0 q C4p4 y
e i (wmioa) S | aoe ()

B11/2
c19/2p19/2°

)

Combining the above two equations, since cp/Y3 > 1, we have

19/6

4
_ 2/3 cp cp
RS 1721972 eXp (px 2pz + pL —2 51/3 1664/3)

5/3

2c3
L ——exp | pxr —2pz+ pL — ¢ p (3.324)
cpd 3B

It remains to estimate P5. We are going to bound both pZ(x,r) and pl  (r,2) by
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(3.45). By a similar calculation as in (3.276), we get

P; < exp (px — 2pz 4 pL — p*t + BLt + th)

. /U2 w2 (t —u) " exp (pQ_u + Pau _ 2u — pLu + B + Bt~ U)3>

w 2 2 2 24 12
/ eXP(-?“(,O—l-ﬁt_@)_( vor) (L—z-7) )drdu
C17B-1/3 2 2u t—u
2 Cl7p
< exp px—2pz—i—pL—,o1H—ﬁLt—|—th—ﬁl/3
us 2 2.3 2 3
_ p°u  Pru BLu  f*u®  [*(t — u)
t—u)t —t— = — du.
></u1 (t —u) exp( 5 T3 Bzu 5 T T 5 u

Note that the above upper bound is very similar to R; defined in (3.293). Therefore, by

carrying out the same calculation as for Ry in (3.295), we obtain

23 p* O
ngexp(px—sz—i—pL—ip—— 17P+O< cp))

3 6 51/3 51/3
» 1 oty L oy v (A-yp
ey (S (v ) w44 )
x/yl 1—yeXp<4B( 6+y +y+ +cp52 5 8 1 Yy
(3.325)

where 1 = u; /t and y5 = us/t. We see that for ¢ < Y3p = 1og??(p/BY3) and y € [y1, ya],

633
P P

I

2 2 }_g_y_?’_(l—y)?’ <02102<< p
~ 32/3 B1/3°

Thus the integral in (3.325) can be bounded by

exp (0(#)) /:2 ﬁdy < exp (o(#)) /11y2 %dv = exp (o(#)) log (1 —1y2>

(3.326)

According to (3.278) and (3.284), we see that 1 —yo = 1 — y. + Cigc > Cigc. Thus, since
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c> Y3p1, we have

log (1 _1y2) < log (é) < log <W> (3.327)

Combining (3.326) and (3.327) with (3.325), since ¢ < /3p " 11og*3(p/'/3), we get

3

P o () e (o 20101~ 55~ S 0((57) ol 37

5/3 263 p
< o exp (px —2pz+ pL — ?§> (3.328)

Finally, equation (3.316) follows from (3.322), (3.324) and (3.328) and the lemma follows.
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