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Abstract

Current distributions on two plane, parallel electrodes embeaded in
tﬁe walls of a flow channel have been calculated for Sepa;ation distance
betwéén electrodesto electrode length raticsof 0.5, 1, and 10. Segondary B
cﬁrrent distributions were caléulated using the linear ana Tafél polarization
laws. Usiné the Tafel.polarizaﬁidn law, current’distribuﬁions were calcﬁlatéd
at various fractions of the limiting current. 1In all césgs consideréd, the

! .

electrodes are nearly independent of one another if the height to length

ratio is ten or more.
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Introduction
Many industrial electrochemical processes use channel flow between

two plane, parallel electrodes as shown in figure 1. The limiting'curréﬁt
distribution for this flow geometry is well knoﬁnl. A procedure for determin-~
ing current distributions below the limiting éurrent has been outlined previous-
lyl. The.mefhod uses the coﬁéept of having cohCentration variations restricted
to a thin diffusion layer Véfyine;r each élécﬁrodé guffacég,_allCWing the bulk
region and the diffusion léyerslto be treated separately; The‘same concept

3,4 and to the

has been appliédgpreviously to the rotating disk electrode
‘single plane electrode5.

In the treétment'of the problem, the followingbassumptioﬁs are made:

1. The electrodes are embedded in infinite,pargllei;pléne, insulating
walls. |

2. Fully developed, laminar flow exists, and the’velocify profile
can be considered linear inside‘the diffusion layer.

‘ 3L Dilu£é4éolution.th¢pfy with conStant»physical prOperties is

applicablef |

L. The transport eduétions used here apply fo either single salt
‘depésifion or ions reacting in an eXcess of gupporting electrolyte.. The

effect of ionic migration for intermediate cases is not considered.



;' — L _""”4 Cothode., |

¥
- h
4 .

o

i W AL AR S R

‘rigwe 1. Plane electrodes in the walls of a
| flow channel

XBL673-2382A




Lo

Mathematical Formuiation of Problem

The general approach to the problem is outlined in references 1

through 5. The potential in the bulk region satisfies Iaplace's equation:

, -
070 Q3¢9 _ _ (1)

where @ is the potential meagured by a reference electrode of the same type as

the working electrode. The appropriate boundary conditions are:

BQ/By

i}

Oaty=0andy=hforx<Oand x>L ., (2)

I

/3y “—i/km at y =0and y =h chr b <x<L . ' (3)
Equation 2 applies to the insulatihg surfaces bounding the electrodes,
and equation 3 relates fhe nofmal potential gradient to the electrode current
density i, where K is the solution conductivity in the bulk region. .The
.current is taken to be positive on the anode and negative on the cathode.
.The solutionlfﬁo equation.l with the boundary conditions is:

I, o
o(x,y) = s - 2;;@ {J/~ iéath(x')ln[sinhg(ﬂ(x-x’)/éh)
' o ' | (4)

L
2 ' '
+ sin” (m(y-h)/2n)lax! +U/7iémmde(x’)ln[sinhe(ﬂ(x—x’)/Qh) + sing(ﬂy/2hﬂdx' },
where the anode is at .y = O and the cathode is at y = h. The potential very

near the cathode surface is then =

1
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L |
% entn ™) -0 - zwlfcoo {f[iéath(x')ln sinh® (m(x-x")/2n)
g ;
* iandde(X!)ln éoshe.(w(x-x’)/gh)]dx} . (5)

The expression for the anodic potential is the same as above’except that the
subscripts are reversed. These potentials represent the potentials of the
bulk region extrapolated to:the electrode surface as’if'the actual current
‘prevails but there is no concentratién_variafion near the electrodes. The 
integration cdnstant, ®*, is determined by the requirement that the total

currents for the two electrodes must be equal in magnitude, i.e.,

L
‘ fﬁicath(x'} + ianode(x’)]dx’ =0 | (6)
g | o , .

To obtain a relationship between the current and concentration on
each electrode, an equation has been derived from the limiting current expres-

sion

, c ' 1./3.
. nFD o 2y
L) == 112y T/3) <3th a (7)

Application of Duhamel's theorem6 yields an equation which is applicable to

either electrodel:

o . nFD oo |3 rae (x") ax’ o |
S ey eve) §§5>> f = (x-x' )3 - (8)

o]




For many electrode reactions, the current density and surface over-

potential, ns, can be reléted by

i(x) = io(co/cw)Y exp[aZFqS/RT] - EXP[-BZFQS/RT] 5 (9)
where @ and B are characteristic parameters of the electrode reaction and i
is the exchange current density at the bulk concentration. The exchangevcurrent
density 1s assumed to be proéortional to the surface concentration, co, raised

to the powerAT . ‘The surface overpotential on each electrode is related to the

electrode potential, V, by
ng=v-oeon . - (10)

: _ v o
The concentration overpotential, nc, is taken to be

0, = ;(RT/zF)[ln(cm/co? - t(l_co/cw)i , | ' (11)

wheré‘ i
7 = —z+z_/(2;-z_) for a single salt s (12)
: 7 = in with supporﬁing'electrolyte . . ' (13)

.

The transference number, t, is zero if there is an excess of supporting electrolyte.
The number 7 was inserted into equation 9 in order to make more simple the dimen-
sionless parameters which describe the system. The kinetic ?arameters are aZz

and BZ, not @ and B alone.



Numerical Calculations
To calculate current and concentration distributions on the two
electrodes, two sets of five equations must be solved simultaneocusly; these are

equations 5, 8, 9, 10, and

1 ié a specified average current density applying to both electrodes (equa-

avg

tioﬁ lulreplaces equation 6). vFor a given‘distribution of total'overpptential,
nc + qs, equation 8 was éolved in conjuncﬁioh with equations 9 and 10 using the
method of Acrivos and Chambre . .Simpsoﬁ'svmethod was used to evaluate equation
lﬁ. Gaussiangquadrature integration,busing % points8, was uéed e Calculaté '
the total overpotential in-eguation 5; To get intérmediate values of the
integrand requifea for the Gaussian integration; Lééraﬁge’s interpolation
formula was used. Simpson's method hdd been used for évaluating equation 5
but was found to be less accurate and efficient than the:Gauésian_method} The
singularity a& x' =x in equétion 5 was eliminated by adding and subtracting
i(x) as suggegtéd by Kantorovich and Kryiov9.

The answers were considered satisfactory if they did not- change by more
than one percent when theé number of evenly spaced infer&als was increased Ey 20.
The re@uired number of intervals varied between 100 and 180, depending upon the
uniformity of the current and concentraﬁion distributions.

The following doubly reifér&ti&e procedure was used:

1. As a first guess, the total o&erpotential wag sssuned éonétant
over the éntire ele@frode. The overpotentials were caléulated from equation

9 using i(x) = iavg and c_ = C.
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2. TFor avgiven overpotential distribution, the current and concentra-
tion distributions were calculated from equations 8, 9, 10, and 1l.

3. 'The avergge current was then calculated and compared with‘iavg.
If the two values differed by more than 0.001%, the overpotential distribution
was changed uniformly by adding a conétant to each value. The new overpotentials
were then put back into step 2. The constant wés found by assuming that the.
overpbtential at x = O was proportional to the Qaléulated~average’current
density or ité logarithm for the cathode or the:anOde, respectively.

k., Using;the current distributions that satisfy equation 1k, new
valués.of the overpotentials were cdlCulated from‘equgtions 5 and 10.
If the old and new values differed by‘mofe Fhan Q.l%, the two- values were
averaged (usually with une@ual weights because of stability pfoblems) and put
back into Step 2.

| This numerical procedufe works well for the range of current distribu-

tions considered in this paper. Three to eight iterations were required to
obtain éonvergence in the inner loop, and the convergence raté depended upon
how near the overpotential distributions were to the "correct” values. Up to
7O iterations were required in the outer loop. The required number of outer
iterations increéséd with increasing nonuniformity - of the current and concentra-

tion distributions.



Results
Eight parameters are required to definé completely each problem—-'h/L;
the transference number, t, a, B, and Y which are charactéristic of ﬁhe electrode
reaction (although it is not neéessary,-the same kinetic pgrameters are‘assumed
to apply to béth electfbdes).and three dimensionless guantities which are

>

-analogous to those defined for -the flat plate” and the rotating disk3 electrodes:

ey
il

ZFLiO/RTKoo , | : (15)

2 /3 | o |
nZF De 2 :
_ > &L | - o
¥ = T)Rc, \ mD ) ('15)

o
1l

i
Tavg

ZFL/RTC, 5, . (27).

wherevJ, N, and © represent.the dimehsionless exchange, average limiting, and
~average current densities. »The avérage limiting current corresponds to |
5 = 0.807 N. |

The.two extréme cases’ére the primary and limiﬁing current distribu-
tions which are shown in figure 2 for several values of h/L. ~The primary
current distributioh éccurs when thé electrode is reversible and there are no

1
concentration effects (I = o, J = ®), The primary current distribution is

). € cosh E/K(tanhze)
ifs = :
ave

— — s - °(18)

'/sinh-e sinhg(Ex—IJE/L

where € = 7L/2h and K(m) is the complete elliptic integral of the first kind.
“The limiting current occurs when the current distribution is limited

by the mass transfer rate through the diffusion layer and is given by
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FPigure 2. Primary and ,limiting current distribution on channel electrodes.
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i/i, e = (2/3) )3 VV (19)

Secondary current distributions occur when there is a surface over-
potential but no mass transfer effects (N=w). If the current density is small

(8 << J), the polarization law 9 can be linearized to give

i = (a+B)(ZF/RT)iOns . L | , - (20)

Using the coefficient in equétion 20 (which, after'multiplication by L/Km’

becomes (a+B)J) as a parémetsr, Wagnerlo'calculated secondary current distribu~

tions for the two cases of h/L = % gnd h/L << 1. Linear secondary current

distributions are shown in figure 3 for (o+B)J equal”fO'Bﬂ (this corresponds to

Wagner's parameter a/kc = 4m) and sévefal vélues of h/L. vTo give an indication

of current uniformity, the ratio of the maximum fo minimum cufreht density has
been plotted in Tigure 4 as a funcfionvof'(d*B)J and h/L.

If the average current is much greater than the exchange current

(& >> J), Tafel polarization will apply. Equation 9 can then be written as
n, = -(RT/ZFB)[lnIi]-lniol , (21)

for the cathode. (For the anode, @ replaces B and the minus sign is omitted.)
Poddubnyil, Rudenko, and Forminll have calculated secondary current distributions
for Tafel polarization and h/L = o, Figures,S and 6 show current distributions

and current uniformity curves for Tafel kineticé.
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Figure 3. Secondary current distribution for linear 'polariza'tio‘n;
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Figure 4. Ratio of maximum to minimum current for Adinear polarlzatlon as a
function of the parameter (a+B)J.
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Figure 5 Current distribution for Tafel polarization.
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Figure 6. Ratio of maximum to minimum current for Tafel polarization with
no mass transfer effects as a function of the dimensionless
average current.
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As can be seen in figures 3 through 6, the current distributions
become increasingly_more‘sensitive to h/L as'the ratio decreases, For all the
_cases considered, the current distributions for h/L = 10 were very close to
the distributions for n/L = o,

Becéuse mass transfer effects are impbrtantvat higher current
densities, we used Tafel pOlarizdtion in calculating current distributions
'involving concentration effects. FigureiT shows the current distribution on
the cathode at various fractions of the lihiting:current and for three values
of h/L. The cﬁrrent distribution on the anode is shqwn in figure 8 for a
'cufrent which is 95 percent df the limiting current; Near the front of each
'electrode, the current drops rapidly, béhaving like a seéondéry current .-
distribution. However,.on“the cathode, mass transfer effects become'm§re
important with increasing x/L. As the conééntration profiles for thé cathode
show in figure 9, the cathodic current cahnot“contiﬁueto behave like a.secondary
current becauée thé feactant_concentfatioh'has been lowered inside the.diffusion
iayér. - But concentration effécté-éré rélatively unimportant on the anode, and
ﬁhe'anodic current cqntinues to resemblé'a éeéohdary current distribution.
The‘interaction between the two electrbdes_throﬁgh Laplace's equgtion is very
| épparent for the case of h/L = 0.5;:‘ |

' For the cathode, at higher cur?ent densities, the concentration drops
rapidly at the front of the eiectrode.and,as i/L increases,'thé concentfation
_increases slightly before decreasing again for h/L equal to 1.0 or more. This
behavior is céused b&'the-rapid depléﬁionvof-reactant at the'beginning when
the current density iévvery‘high. However; after thevcurrent has dropped, the
concenfration has a chance to incregse by diffusion into the_diffusion layer.

Then, when the current increases, the concentration starts decreasing again. A
similar but opposite behavior occurs on the anode as is shown in figure 10.

}
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Figure 7. Current distribution on the cathode for Tafel polarization near the
limiting current.
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Figure 8. Current distribution on the anode for Tafel polarization with the
’ current at 95 per cent of the limiting current.
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Figure 9. Burface concentration distribution on the cathode for Tafel polarlza—
- , tlon near the llmltlng current.



-20-

8
N 2.0 -
S T _iovvg/-ilim.:gz_g-_s__—.

i

0.6 0.8 1.0

XBL693-219)

Figure 10. Surface concentration distribution on the anode for Tafel polariza-
' tion near the limiting current. .
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" Although not shown, current and concentration distributions were
calculated for N equal to 5 and 20, for comparable fractions bf the liﬁiting
current énd h/L as discussed above. At the lower values of N, the differences
befween the current distributions at h/L of 0.5 and infinity were less than 5

and 12 percent on cathode and anode at x/L = 0. 5.

Conclusions

A general approach applied previously'to flat plate and rotating
disk electrodes, has been used to calculate current‘distribuﬁions on‘two plaﬁe,
parallel electrodes embedded in the wails of a flow_channel.  The method of
solution takes into account mass transfer effecfs as well as'eléctrode kinetics
and ohmic drop in the bulk region. The same approach should be applicable to
>other flow geometries if the velocity gradient is known at the electrode surface,
and if the potential distribution in the bulk region can be obtained from
ILaplace's equation.

Based on the above results, the two electrodes can be treated separate-
ly if h/L is ten or more. This is also a fairly good approximation for h/L down
o 0.5 if tﬁe current density (or (a+B)J in the case of lineaf polarization) is
relatiﬁely émall.“This asSumptionigreatly reduces the numerical work réquired
ﬁo calculate current and concentration distributions on electrodes in flow

channels.
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Nomenclature
concentration at electrode surface, mole/cm3
bulk concentration of reactant, mole/cﬁ3
diffusion cOefficiehﬁ of‘feactant or of binary electrolyte, cmg/sec

Faraday's constant, 96,487 ‘coul/equiv

‘height of flow channel, cm

. 2
normal current density at electrode surface, amp/cm
magnitude of average current density, amp/cm2

v o 2
average limiting current density, amp/cm

. _ ' 2
exchange current density, amp/cm

. dimensionless exchange current density (see equation 15)

complete elliptic integral of<thevfirst kind

| length of electrode, cm

number of electrons prodﬁcéd when one reactant ion or molecule reacts
dimensionless limiting current (see equation 16)

universal gas constant, joule/mole—deg

transference number of reactant

absolute temperature,-deg K_'

a&eragé velocity, cm/éeg

poteﬁtial:of electrode, volt

distance albng’eléctrode, em

hormal distance from_electrodé;;cm

charge.number-of species i S

see equations 12 and 13
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203

paramefers of kinetic expression (see equation 9)
0.89298,‘the ga@ma function of 4/3 | |
dimensionless aVerage current density (see equation»l7)
mL/2h |
concentration overpotential? volt
surface overpotenfial, volt
conductivity of bulk solution, ohm T-cm™
potential in bulk solutioh, volt

potential in bulk solution extrapolated to electrode surface, volt

integration constant (see equation 4)
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