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Generalized Analysis of Phase-Sensitive Detection 
Circuit Operating Characteristics at the Signal 

Detection in the Presence of Noise 

Branko Leskovar 
Lawrence Radiation Laboratory 

University of California 
Berkeley, California 

March 1971 

Abstract 

UCRL-20252 

This paper presents a new generalized analysis of operating characteris­
tics of phase-sensitive detector circuits, assuming that the input signal 
and the reference wave are in the presence of independent, stationary, and 
additive Gaussian noise. By means of computer-aided analysis, using high­
density discrete Value calculations, the general1zed criteria are determined 
for the detectoroptimum operating conditions and for minimization of the 
detector characteristics essential nonlinearities. The results of the . . 

analysis are given in a normalized form and can be directly applied to 
evalUate in detail the detector circuit performance and characteristics 
essential nonlinearities over a wide dynamic range of operating conditions. 
Furthermore, particular emphasis is laid on the determination of optimum 
detector circuit operating conditions in contemporary instrumentation 
systems. 

Introduction 

The process of phase-sensitive detection often finds its application 
as an important method of signal processing in instn.unentation systems of 
a multitude of research areas, such as experimental physics [1], [2], 
radio astronomy [3], nuclear magnetic resonance [4] - [6), electron spin 
resonance [7], cyclotron resonance [8], autanatic control systems [9], 
arid phase-lock techniques [10]. Previous analyses of phase-sensitive 
detection circuits at the signal detection in the presence of noise [11] -

[14] have been based on the assumption that the additive noise is 



~. . . . . ·. -~-: 

- 2 _. 
_, - : ..... 

_:· .. / ~- .·.:·-; ;. ,· .. ": . ~ -~ .. ~ .. ' · .. · ... ":. ·. ~- .. ·. ":: . j. 

nonexistent in. t:he~de_tector reference ·channel~ Hawever,- in/contemporary 

instrumentation_ and phase-lock systems, where a significant amount of 
noise -~an--bti-pre~e~t ~-~the ~fere_~~e ~~ei~ the- geheral'i~ed 'aiialysis pf 

. detettor' operatin_g characte-ristics:- is needed, which will inciud~ -the 

referehce cllaM~l noi;'e: ~suits from such an an~lysis cotitd be' employed 
I< . • • . - •• . . • ·~ •. • : ' . • . . - • • • . • . - ,. • ' • .. ~ • . • • _. 

to ·optimize thtti.hStn:.nentatfon. systeins, as well as to predict accurately 
th~-ir Perfonnanc~~~. Based ori previously men~ioned.workS [12], further 

~f£ort fuiS' beeri exJ)andecl by me~ ~£, comput~r-aided ~alysis t~ include 
the :n~ise ~~tribJH.on iri --the i~feren~e ~e{'and to calculate· the 

·detector Characteri~tics and its essential nonlinearities in general_ 
fonns-'ov~l/~ ~ide dyn~c ·range of oper~ting cooditions. ·j . 

. _, > Derivation of the ~tector Oper~tirig Olaracte~isti~ _ 
. ,' . "'. - . (. f :- .--~ • ·. . ; .. ::.. . . .. ~- ' . 

•, The :'gehet:~lized p~e-s~nsitive detection circuit under 'consideration.· 
. . I' ' : • :· .,;:.: •. ~ .. •: . . '' •. •IL •··. t ,,_: : • ' ' . ' _."· .~ ' •• ,"J .:· : . :. ; • < 

is. shown ·in Fig~ ~-. · The circuit input signal consists of an i,nput · _ 
. _._,. ::,.. ,, ... ' '*· '· * . " ·. ' ' . . . 

sinusoidal signal s' (t) = s . cos w t superimposed .on a stationary 
broaC:l.;.band Gaussian noise 'n*ctJ.- 1fter ti.nte-invariant 1inear narrow-
- ,· .: : --.- ,_ -.. ;_' '· ': _.;. s . '.. . ·-. - ' '.' . 
band f1Itermg,the S\lll. ~i(t) = s(t) + nst 1s applled to the balanced 
pha5e-sen5i.tl~e detecto1<· The presence of the input signal in the 

narrow-band-Gaussian noise at the detector signal-input is characterized 

by the input :signal-to~noise ratio xs = S/Ns , where S is the amplitude · 

of the sinusoidal signal and Ns is ·the ~oot-mean;.square value of the 

narrow-band noise in the' signal channel, The detector reference input 
. * * ' . . ~ . 

consists of a reference wave r (t) = R cos (w
0
t + til ) superinrposed on . ·.· * - ' . . ' . . . 

a broad•band Gaussi~ noi~e nr(t)'. 'Ill_ is the phase angle between the 
_input signal· andthe r~ference wave.- Again, after filtering, the sum 

ri(t). = r(t) ~ nr(t) . is applied to the detector. The presence of the 

reference wav~ in the narrow-band noise is described by the reference 
' • > - .- -.. - .... ~ \ -

wave-to-noise ratio .ll' = ~N , where R is the amplitude of the filtered -- r _,, r - . · 
reference wave and Nr · is the root-mean-square value of the reference 

channel narrow-band noise. 

..... _. 

, .. J 

• 
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The conventional phase-sensitive detector usually consists of a 
phase-splitter, two adders, two envelope detectors, and adifferential 
circuit. After narrow-band filtering,canbined input signal s.(t) is 

. . 1 

applied to the phase splitter. Two voltages sA (t) are available from 
the splitter, with amplitudes that randomiy change. They are in anti­
phase over the frequenCy range of interest. Two adders perform addition 
of sA(t) and sB(t) with detector reference input. ri(t). The addi­
tion circuits are followed by envelope detectors. The envelope detector 
outputs SA and SB are subtracted in differential circuit. The de 
output of varying amplitude from differential circuit represents the 
outputsignal S

0 
of the detector. 

If ns(t) and nr(t) are independent Gaussian processes, according 
to [12] and [13], the narrow-band Gaussian noises at the signal and 
reference inputs are represented by equations 

and 

nr(t) = nrp(t) cos w
0
t - nrq sin w0 t 

respectively. 

(1) 

(2) 

nsp(t), nsq (t), nrp(t), and nrq(t) are independent Gaussian 
processes with zero mean, and standard deviations Ns and Nr. Consequently, 
after additions, the input wave sA(t) in the first envelope detector can 
be written in the form 

. The terms .. ~(t) = S + R cos w + nsp(t) + nrq(t) and 
n(t) = R sin ~ + nsq(t) + nrq(t) are normally distributed variables 
with the standard deviation (N; + N;)112 and the mean values 
't' = S + R cos $, and 't' = R sin $. 

(3) . 

Equation (3) can be expressed in tenns of an envelope and phase in 
an equivalent fonn 

(4) 

. ' 
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where f
0

. : w
0

/2Tr; ·is the midband freqUency of the narj-ow-band noise equal ·. ··... * . . * . . . . . 
to the freqileiicy .of ·s {t}· and r (t). . The probability density function 
of sA ( t} .; is, given by equation 

(5) 

.·,,, '• . •· . . ,,. •f 

where' SRA ~ o, and 10 [ SRA v * (xs, llr' 111, n) 1( N; + Nf)l/2
] 

.. denotes . the,. Be'ssel . ·run~ti~n of Zer~ order with the irnagin~ry · argtmt'ent ~· 
·i ~ ... . . . . .• .. * . . . . .. 

The fWlctions. v(xs, llr' 111, n) and v (xs, llr' 111, n) are defined by 

· .. · ~. ' \ .. 
'. 

2 '2 
. . llr xs llrXs (6) 

:_.v_.:(J(s' llr' 111 •.. n} = . . 2 . + . . . 2 + _1 cos lj1 
· .· 2(l+h) 2(1'+n-)· n+n ' 

(7) 

where n is the signal channel noise- to-reference channel noise ratio 

n = Ns/Nr. . . . . . . . 
_The env:~lope me.an v~lue, denoted by sRA, is given by the ~irst ~anent. 

·.of the. di.stribution of the randan variable . _ SRA: · .•. 

SRA ·J\Aq(SRA)dSRA = (~ + ~l/2 ml/Zu<l[v(xs, Pr• ~,n)]. (8)\. 
. 0 . ·. . 

• 

The function ua[v(xs, llr' 111, n)] is given by 
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[ ( ,,, )] F 1 1 - r + s + r s cos ,,, { 
{ [ 

l.12 x2 l.1 x ] ) 
uo. v xs ' .l.l r' .,.. ' n = 1 1 - 'Z; ; 2 2 1 .,.. l 

2(1 + n ) 2(1 + n- ) n + n- J 

where 1F1 denotes tl1e confluent hypergeometric function [15] defined by 

. • . _ a (±p) + a(a + 1) (± ) 2 + afa + l)(a + 2) (±p) 3 + l1 (a, b, ±p) - o · ~ 6(6 + 1) ~ 6 6 + 1)(6 + 2) ~ • • • • 

The de output of varying amplitude from the first envelope detector is 
given by the relation 

' 
where nd is the detection efficiency of the envelope detector. 

Similarly, the de output from the second envelope detector is given 
by 

is defined by the relation 

(9) 

(10) 

(11) 

(12) 

where function y8[t(xs, l.lr' liJ, n)] 

y~(t(x5 , ~r' ljJ, n)] = 1F1 {- }; 1; [ 
l.l; X~ 

- 2 (1 + n 2) + _2_(1_+_n __ .... 2-) l.lrXs -1 cos liJ] ( 
n + n f • 

The envelope detector outputs SA and SB are subtracted in 
differential circuit. The differential circuit de output of varying 
amplitude represents the output signal S of the detector. It can be 

0 

expressed in normalized form as: 

where functions ua[v(xs, l.lr' liJ, n)] and y8(t(xs, l.lr' liJ, n)] are given 
by expressions (9) and (13). 

(13) 

(14) 
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Equation· (14). represents the generalized and normalized· fonn of the . 

phase-sensitive· detector operating characteristics, ·where both the input 

sigmil and the· reference wave have been corrupted by the statistically 

inde'pendent additive Gaussian noise •. ·.· 

Detector ·Characteristics' and 'the1r essential nonlinearities relating to the 

input siSJlal-to-noise ratio , . .· · .. 

By rnearis of 'a. digital canputer t the nonnalized detector characteristics 

as. a function of the input signal-to-noise r~tio are calculated and plotted as 

shewn. in ~i~s. 2~_4, fo~ the phase .angle 1/JA= 2m1r, where m = ,o, .1, 2, •••• 
Highaccuracynulnerical'calculations of the confluent hypergeometric func­

tio~ in tl4) arlpeffonned by rnethpds as given .in [13]. Sin~e the 

applications of the phase-sensitive detection demand a detailed evaluation · 
' . . . 

of detector characteristics' oVer a wide dynamic range of operating conditions 

and significant parameters, the signal channel noise-to-reference channel 

noise ratios n of 10-
3

, 1, 103, and the reference wave-to-noise ratios llr 

of. 10-
2

, 10~~ •. 1, 10, 102, 103, and 104 are chosen as par~~ters •. The 

following conclusion~ ~d observations can' be directly made from(l4) 
and Figs. 2..:4. 

1. ''When'the fmctions v(xs, llr' 1/J, n) ·= ll;/2(1 +n2} + x;/2(1 + n~ 2 ) .+ 
. . ~1 2 . 2 2 . -2 

. + 2llrXs cos 1/J/n + n and t (xs, llr' 1/J, n) = llr/2 (1 + n ) + xs/2 (1 + n ) -· 
-2llrXs cos 1/J/n + n -l are much less than one, only the first two terms can 

be taken iiltoconsid.eration in the expansion (10) of the confluent 

hypergeonietric' function. By substituting (10~ into (14) it· follows that 

(15) 

.. , .. 

The.approxirnat1on error is less than 0.3% for the function.vaJues 

v(xs, llrt 1/J, n) ~. 0.1, and t(~s' llr' 1/J, n} ~ 0 .• 1. The nonnalized detector 

output· sigjuff S0 /nd (N;·yll2 is in~the first ·approximation· a ·linear function 

of the input ·signal-to-noise ratio xs and the reference wave-to-no~se 

ratio llr· 

··'.tt 
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2. In the case when the functions v(xs, 1Jr' l/1, n) and t(xs, 1Jr' l/1, n) 
are much larger than one, the asymptOtic expansion of the confluent hyper-
geometric function given in ( 13] can be used. Consequently, eq. [ 141 

is reducedto: 

' 1/2 
- [2t(xs, 1Jr' l/1, n)] 

+ _!_ [ ( ,J, n)]-1/2 
?,/}. v xs' 1Jr' '+' • 

1 --'Ali 
1/2 

[ t (xs , 1Jr, 1JJ, n) ] • 

Furthermore, if S>>R, substitution of n = Ns/Nr' 1Jr = R/Nr' 
xs = SINs , and approximations (S2 

+ 2RS cos '1/J)l/Z ~ S + R cos 1JJ and 

(S2 - 2RS cos 111)112 ~ S - R cos 1JJ into eq. (16) finally give for the 
detector output 

(16) 

(17) 

The output signal amplitude in this case is approximately a linear 
fWlction of the reference wave amplitude. When S<<R, by similar considerations 
it follows that the output signal amplitude is approximately a linear 
fWlction of the input signal amplitude, or 

The output signal practically does not depend on the amplitude of 
the reference wave. Conclusions expressed by eqs. (17) and (18) are 

(18) 

in complete agreement with previously published less generalized results [13}. 

3. Generally, there is a strong dependence of the normalized detector 
output signal upon 1Jr and n, as can 'be seen from Figs. '2-4. For n, = 10-3, 
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the amount of S. /n· ·(N2 
+ N2) 1/ 2 ~ S /l03n N Curves in Fig·.. 2 show that c .d r s o d s· 

.. · ·. 3 . . . . -2 . -1 
for x5 ~ 10 , .and llr = 10 . , . 10 , 1, the detector output-.to-signal channel 

noise ratio . 5
0
/ndNs is in the first approximation a linear .function of the 

input signal-to-noise ratio. When xs>>l03, the amount of S
0

/ndNs approaches 

a constant value and in fact does not depend on x
5

• This saturation level 

of. 50/nd~s depends strongly upon the llr &mount. If llr has a. constant 
value.c, the.1imit of, the output signal-to-noise ratio as xs tends to 

infinity is . . . 

, va~e of th~~ · 
However, there is approximately the same co p gnal-to-noise· 

ratio . x
5

c ~ L 7><103 for all amotmts of llr' if condition llr ~ 1 is 

satisfied. Whe~e llr ~ 1, the amOtmts of xsc shi.ft to. higher values, 

having a particular amount :for a given ll • . 

(19) 

'· · ·· · · ( 2 r 2)1/2 
For ... ri =. 1, the value of S 0 /nd Nr + Ns = . S/ v'ZDdNs. Curves in . 

: ~. . 
Fig. 3 sh6w that for xs ~ 1, and llr = 10-2, 10-1, 1, the detector 'output­

to-signal chanhel noise ratio S/n'aNs is· approximately a linear function 

of the input. signal-to-noise ratio. Again, if llr has a constant value c, 

the limit of .the output signal-to-noise ratio as xs tends to infinity is 

(20) 

The corn.er input signal-to-noise ratio x ~ 2.4 for ll < 1. sc r-
When llr ~ 1~ the value of xsc ~ llr· 

. ' 3 ~ 2 2 )1/2 . . 
For n = 10 , the amount

2 
of ~0/ndttr + Ns. ~ 50 /ndNs. In this case 

only curves for llr = 10, 10 , 10 , 10 are plotted inside a dynamic range of· 
-2 4 -2 4 h . . . xs from 10 to 10 and 5

0
/ndNs frOm 10 to 10 , as s own 1n F1g. 4. · 

The limit of the output signal..;to-noise ratio, if llr has a constant value· 

of c, as xs tends to infinity is 

_'wj ' 
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(21) 

Furthennore, for _ 1J < 1 the corner value of the input signal-to.; noise ratio 
r- . 3 

xsc ~ 1. 7. If· llr! 1, the values of x5 c - 10 Pr· 

When the phase angle tPB = (2m + l)'rr/2, the detector output equal zero 

for any amOlDlt of x
5

, pr' · and n, as can .be seen from (14). If the 

phase angle til~ = (2m + l)w, the same conclusions are valid for the nonnal­

ized detector output as in the previously considered case for lilA= 2mrr, 
but the sign_of the detector output is negative. 

In addition to the above given considerations, the essential nonlinearity 
* NA(xs) of the detector characteristics has been determ!ned as a function of 

xs for the phase angle lilA • 2m1r. The nonlinearity NA (xs) is evaluated 

from the extent of detector characteristic departure from the tangent drawn 

to the characteristic at point xs = o. The tangent slope to the detector 

characteristic at point xs .., o is given by the partial differentiation 

of ftmction (14) with respect to xs. .Differentiation gives the result: 

where functions 

defined by: 

1 

- (S - R cos lP)ma[t(xs, llr' IP, n)]} 

(22) 

sa[v(xs, ·llr' liJ, n)] = F { 1. 2· - [ _ll_;_....-+ _x_~--...- + prxs cos lP] l 
1 1 !• ' 2(1 + n2) 2(1 + n-2) n + n-I ~ 

(23) 
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The equation of the tangent to the detector characteristic at point 

xs :: o, .with;/ .1P A:= ;2nm .. is 

~· C:sJ =. CzYl~ Nzs: N2 ~ *c~r' n) (25) 
.· • s r 

where 

(26) 

The detector output for the phase angle ljl A . is given fran 
equation {t4 J~ in' 'the fc)rin: . 

(27) 

•. * . 
where functionS. <t> [f(xs, l.ir, ri)] and z [h(xs, ~r' n.)] are given by 

<t> * [f(xs' ~r' n)··.] = l.Fl.· j- 7.1; l;. ~ [ _~_;_..,.2_ + x; z + urxs 1 ] t l 2(1 + n ) 2(1 + n- ) n + n- f 
(28) 

* . The essential nonlinearity NA (xs) of the detector characteristics 
relating to· the·input signal-to-noise ratio is directly given by_the expression 

* * * . ~ [f(xs, ~r' n}] - z [h(x5 , ~r' n)] 
= 1- y (x5 , ~r' n) --------,-=--------­

K (~r' n) 

(30) 

..... 

.... 
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where 

* y (xs, Jlr' n) 

* By means of a digital computer, the nonlinearity N A (xs) · as 
a fWlction of xs with Jl and n as parameters is calculated and plotted 
over a wide range of operating conditions (Figs. 5~6). 

Similarly, as in previous considerations concerning the detector 
characteristics dependence upon Jl and n, there is a strong dependence . * r 
of the essential nonlinearity NA(xs) ratio. It c~ be seen from Fig. 5 
that there are two different groups of curves for N A (xs). The left- hand 

. -3 . . . 
group of curves. belongs to the case when n = 10 • The right- hand group 
is for n = 103• For n = 10-3, nonlinearity is plotted for Jlr = 10-2, 

-1 . . . . . 
10 , 1, ~and 10. For any higher value of Jlr the nonlinearity curves 

are outside of dynamic range from 10-2 to 104 for xs. In general the 
nonlinearity increases with the increase of the signal-to-noise ratio, 

* for a given lJ • Also, NA(xs) decreases by increasing the ll /x r .. 1' s 
ratio, particularly when lJr~ 1. In particular, if the ratio 

-2 * < . -1 
lJr/xs ~ 10 , the nonlinearity NA (xs) s:::::: 0.1%. When lJr/xs ~ 10 , 

the nonlinearity has value N;(xs) ~ 0.01%. In some cases the increase 
of lJr/xs ratio for one order of magnitude decreases the nonlinearity 
more than three orders of magnitude , as can be seen by inspection ·of 
curves for lJr = 1, 10, and xs = 103• Actually the nonlinearity' is even 
more reduced for larger amounts of xs, and for the same increase of 
lJr/xs ratio. Generally, the nonlinearity has a small value over a wide 
dynamic range of xs. However, if the mininrum nonlinearity value is 
desirable, it is important to optimize the detector operating conditionsby 
choosing the ratio lJr/xs as large as possible. 

(31) 

It is also apparent that in the case when the signal channel noise­
to-reference channel noise ratio is large, n = 103, the minimization of 
the nonlinearity requires a very high value of lJ~Xs ratio. Specifically, 
curves show that lJr/xs = 5.103 for the nonlinearity N;(xs) = 0.1%, 
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and xs ~ .. ~.<. For llr = xs, and . ~ ~ r, the essential nonl.inearity 
* .. . . . . .· . . . . 

NA (xs) ~- 11%., 1fis ~ount is tmacceptable .. for Jl10St practical applica-

tiot:lS •. Exceptions, are cases -whe.re detector nonlinearity is purposely 
i ' . : . . - ·, .. ' . ' 

introduced, suth as .in phase-lo~k .. loop !iYStems to improve. the system 

perfonnanc~.,. It .follows that for. $is particular case iti~.very . ·•, •' . . . . . *· . ·.· 
d~ff~~ult ~o. pbtain a satisf~ctory. small va~.ue of NA (xs), because of 

the g~eneral shif~ of all curves involved .to the smaller Values .of. xs, 

as well as to the ·grouping of characteristics. 'for. llr ~ 103_. 
. ·, . . , .. ; .· .. .. . . . ..:· .··. ;. ·, : . . . ·. . . . ; ' .. , ... '. .. . ,. .. . . ~ ... . 

Curves in, Fig. 6 ~show ~hat for n = 1 the nonlinearity NA (xs) can 

be. considerably 'decreased by increasing the ratio J.lr/xs. For example, 

increasing J.l;/xs _ ratio ·by . one order· of m~gnitude will dec~ase the 

nonlinearity ·hy alJTiostthree o~ders of magnit~de for X . :: l. . Further-
. . .. · ·. · .... ·. . . . . . . s '· ·. ,: .. 

more~ the'no~linearity is even more reduced for larger amourits of xs. 

It can be seen that for llr ·= 10~ increasing J.lr by one order of . 

magnitude decreaSeS the no~lineari ty by . more than four orders . of ' . 

magnitude •. · Consequently, the gain 'in the nonlin~arity decrease is 

larger for larger: xs, for the same increase· of· llr/x
5

.: However·, for 

purposes of obtaining ·the largest output signal and a wide dynamic range · 

in wide-band phase s·ensitive detection application by using solid state 

components,_ xs can be close in value to llr· In such an application, 

essential nonlirieari ty can have an appreciable value, especially for 

small llr and xs. With increasing J.lr and xs the essential 

nonlinearity is gradually increased, . between lines x = 1 and . . . . . s . 
xs. = 10, and after xs = 10 decreased, as can be concluded by com-

paris~~ of the curves. For the case 11r = xs, approximate values 

of . NA(xs) can be set:m frpm Fig. 6: S, 7.5, 1, and 0.1% for xs 
'. . .· . .· .. ·. :2 -3 ·_· . . ( 

equals 1, 10,· 10 :, and 10 , respectlvely. However, .if both llr and xs 

are greater than 10, 11r always· has to be slightly· larger than xs. _ 

If. this condition is not satisfied, the nonlinearity can reach an 

unacceptably high value; e.g •• ~or J.lr = 100 and xs = 80 the .nonlinearity 

~ 0.0017%. On the other hand, for 11r = 100 and xs = 120, nonlinearity 

I 
i 
I 
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is more than three orders of magnitude larger, more than approximately 18%. 
* This value.of NA(xs) is \Dlacceptable for most practical.applications. 

In general, the nonlinearity deterioration is larger for larger values of 
both ~r and xs under previously mentioned conditions, Consequently, 
wherever the. essential nonlinearity is of prime importance, the maximtun 
xs value should always be smaller than ~ , irrespective of other demands than . r 
can be imposed on the phase-sensitive detection circuit for other reasons. 
This is particularly important in applications in which xs varies in a 

w!de dynamic range. If xs ·is only 10% smaller than ~r' the nonlinearity 
NA(xs} can be reduced by more than one order of magnitude; this can be 
concluded by inspection and comparison of curves for ~r = 102, 103, and 104• 

Detector characteristics and their essential nonlinearities relating to the 
phase angle between the input signal and reference wave 

Detector characteristics as function of phase angle between the 
input signal and the reference wave ~ with xs, n, and ~r as parameters are 
calculated from (14) and shown in Figs, 7-9. It should be pointed out 
that the detector output depends strongly upon previously mentioned para­
meters. In general, for the phase angle in the vicinity of point 
~B = (2n + l)w/2, the detector output is in the first approximation 

a linear fWlction of xs, for any amount of xs, ~r' and n. If the 
phase angles approach the point ~CB = 2mw, a nonlinear relationship 
exists between the detector output and ~. Since the points ~B and 
~C may be equally important for a particular application, the nonlinearity 

* NB(xs) of detector characteristics relating to the phase angle in the 
vicinity of ~B' and the nonlinearity NC relating to the phase angle 
in the vicinity of the point ~CB are determined, using the same method · 

* . as before for NA(xs). The tangent equation to the detector characteristic 

at point ~B = (2m + l)w/2 is 

RS 
w[f(xs, ~r' n)] [(~) - ~J (32) 
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where 

The detector output 

in the fonn: 

* z (IJI) 

- .. , 
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(33) 

is directly given from eq. (14) 

z* 6v) / (;.)1/z {~a [v(i5 , ~r• 1/1, ~j I· Ya (t(x5 , ~r• 1/1, nlJ} (34) 

where functions · ·. lla [v(xs ~ · llr·,· lJI, n)J and y f3 [t (xs, llr' 1P, n) 1 are· 

given by (9) and (13). 
* Hence~. the .essential nonlinearity N8 (1/J) of the detector c:haracteristics 

w~th respect to the phase angle between the input signal and reference wave 

is given ·by, equa:tion 
.- -.:, f. ·• • ' • • ' 

* w*(IP~ ,._ ·~*($) ;.. , * . ·. · . ~a[v(x5 , llr' IP~ n)] - Ya'ft(xs, ll·r, IP, n)] 
N

8
(1PJ - . 1 - l - o (xs, llr' $, n) ...;.·;,;...__.-....;......_..;...., __ ··-·--. _..;,;;;_ ___ .;;...;.. ___ _ 

w (IPl · w[f(xs, l!r' n)J .. 
(35) 

* . 
Ftmction · o (xs, llr' _Ill, n) is defined by 

(36) 

* In general, the nonlinearity N8 (1P) depends strongly not only ~on 111, 

but also an x5 , · llr, and n. To obtain the most infonnation about N8 ($) 

and a better insight into nonlinearity behavior with signal-to-noise ratio . . . . ' . . . . 

. variation, the nonlinearity is calctilated and plotted in Figs. lO and 11 as 

a ftmctioil of xs, with 111, llr, and n ·as parameters. Specifically, 

in Fig. 10, the nonlinearity N; (xs) i; plotted £or n = 10-3 and 103, · with 

the· following values of llr: . 1, 10, 103 ,and 104; and the following fixed · 

values of 111: .o;. rr/4, rr/3, Sn/12, lln/24, 47n/96 ,and 99rr/200. In Fig. 11, 
N;(xs) is .plotted for n =· 1, with the following values of l!r: 1, 10, 10

2 , 

103 , and 104; and the same values of 111 as in Fig. 10 • 

. . 
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The curves in Fig. 10 show that for n = 10-3 ·and ll = 1, the nonlinearity 
* r NB(xs) is practically independent of the input signal-to-noise ratio over 

a wide dynamic range. Curves have a small minimum at point xs ~ 2. 5 X 103 

On the other hand, the nonlinearity strong dependence upon the phase angle 
* is readily evident. The maxi.mtun nonlinearity NB(xs)max . appears at the 

point ~B = 9, but its value depends upon xs and llr• TI1ere is a more 

* significant minimtun of NB(x ) for · ll = 10~ The minimum nonlinearity * . . s r 
NB(xslffiin .is approximately a half order of magnitude smal!er than its 
average value for almost any value of ~. In general, NB(xslffiin is 
smaller for larger values of ~. For any higher value of llr the minimtunS 
of the curves are outside of xs dynamic range. 

3 Furthennore, in the case for n :: 10 , curves in Fig. 10 show that the 

detector characteristics have a nonlinearity minimt.nn value for ll = 103 
r 

and 10
4

• For llr ~ 10
3

, the value of N;(xslmin is so small· in comparison 
with the nonlinearity average amount that it is not clearly visible as a 
minimlDTI. 

Figure 11 illustrates the behavior of N; (x
5

) for n = 1. It can be 
seen from the given curves that for any phase angle value, the detector char-
acteristics have a nonlinearity minimlDTI amount if ll is close in 

r 
value to xs, for the total xs dynamic range of interest. 

* TI~ nonlinearity NC(~) of the detector characteristics relating to 

phase angles in the vicinity of the possible operating point ~CB = 2m1r 

* is determined by a similar method as the nonlinearity NB(~). The tangent 
equation to the detector characteristic at point ~CB is given from (14) 

by 

r*c~) = (7//2 
{ cp*[f(xs, llr' n)] - z*[h(xs, llr' n)]} 

* where <P [f(x5 , llr' n)] and z*[h(xs, 1Jr' n)] are given by eqs. (28) 
and (29). 

(37) 
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- - . . ·. ' * . -
The ·e~sential nonlinearity. Nc(ljJ} relating to the. phase ·angle ·between 

the inpu~ signal and reference wave for the operating point ljJCB .= 2m1f - is. 

= f*(w)ti- z*(ljJ) = 1 - lla[v(xs, llr' IP, n)] - Ya[tJxs• llr' w, n)] • 

f (1)1) _ , ~ [~(xs-' llr' n)] - z [h(xs, llr' n)l: (38) 

.. : ·~ : . . ' . : . 
. - ~ 

To obt;ain ,the most infonnation ,about .. Nc-~IP) and a bett~r insight· _ 
int~ its _qehavior _with. xs variation, the nonlinearity js calculated and plot­

ted as a:_->.funct:ion of,. :JCs -wit.h tp, llr,and_._n ~- param;ters in. Figs; 12 _ . 

and 13. In particular, in Fig. 12_, the nonlinearity NC(xs) is-plotted for 
·. . . . • ; ,.,1' . ,. • . ·. . . . - .. ' . : . . . ·-. . . .. 3 ·. 4 . 

n-,= J0- 3 and ~0~. ;with ~~ (ollew~ng values~ of llr.: 1,_ io, 1.0 , and ~0 ; 

and the- follawing values of ljJ: · · 471f/96, 1f/4, 'rr/12, 1f/24, n/48, 1f/36, and 
- * 

n/300, F~rtherniore~ in_ Fig. 13, _ Ncfxs) . is plotted for n =. 1, with th~ 

follaiing values of ll :. 1' 10' 102• 103 ' and 10
4

; and' for the same values -r 
of.- 1)1 ·as in Fig.- 12. 

. ·. .· . * 
'The ~rve.s in Fig. l2 show that nonlinearity ·· NC(xs) is almost independent 

of the input signal~to-noise ratio for n = 10-3 and llr = 1. · However, the 

nonlinea:rity s'trongly depends on* th~ phase angle for any value of xs, llr• 

and n. There is a maximlDTl of NC(xs) for llr = 10. Generally, the maximuin 
* nonlinearity NC(xs)max is approximately a half order of magnitude larger than 

its average value for almost any value of ljJ, For llr ~ 10 the maxitn:a· of 

N~(xs)- are outside of xs dynamic range, When n.., 103 , curves in Fig. 12 

shaw that the detector characteristics have. a maximum value for ur = 103 
. 4 

and 10 • 

In the.case_when n = 1, curves in Fig. 13 shaw that the detector char-
* acteristics have a maximum of the nonlinearity NC(x

5
)max _if llr 

is· close in value to x
5

• The nonlinearity maxinn.Dn is approximately 

one to two orders of magnitude larger than its average value for any value -

.of tlJ. In general, in comparisonwith its a,verage--value, N~(x~)m~ is 

larger for l~rger values of both x
5 

and llr and smaller values of 1jJ ~ 

... 
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Conclusions 

The phase-sensitive detection circuit operating characteristics and their 

essential nonlinearities have been analyzed, assuming that the input signal 

and the reference wave are in the presence of independent additive Gaussian 
noise. Analysis shows that the presence of the reference channel noise has 

a dominant role in the determination of the detector circuit optimum 

operating conditions. The obtained expression (14) and the rurves in 
Figs. 2-4 and Figs. 7-9 illustrate the behavior of the detector circuit 

characteristics under different operating conditions, particularly concerning 

tl1e influence of the signal channel noise-to-reference channel noise ratio n. 
Furthermore, expression (30) and curves in Figs. 5-6 show the behavior of 

lit 
the essential nonlinearity NA(xs) of the detector characteristics. It can 
be seen from Figs. 5-6 that for a fixed phase angle $, and given ratio n, . ' * . 
the proper choice of ~ and xs minimizes the nonlinearity NA(x ) to an r . s 
acceptable amount. 'Ibis is particularly important in a wide dynamic range, 
wide-band,phase-sensitive detection application using solid state circuit com­

ponents. In such an application the ratio ~r is often close in value to 

the ratio xs, resulting in a large essential nonlinearity. From 
* expression (35) for the detector characteristics nonlinearity NB($) with 

respect to phase angle $, and from Figs. 10-11 , it follows that the proper 

choice of ~r for a given n and xs minimizes the nonlinearity. Any other 
value of ~r can be considered a nonoptirnum one, although the nonlinearity 

increase will not be significant for ~r = 1, and for small amounts of $. 
Finally, from expression (38) and curves in Figs. 12-13, it follows tllat 

* particular values of ~ also minimize the nonlinearity NC($). For 
r * this purpose it is important to avoid the regions where · NC (x ) curves 

. * * s 
have maximums. From comparison of NB (xs) and NC (xs) curves it can be 

seen that nonoptimlD'Il values of ~r' xs, and n have far larger influence 

* * , on the behavior of the nonlinearity NC (x
5

) than on the nonlinearity NB (x
5

) • 

In general, the nonoptimum ~ , xs, and n values maximally increase the 
* r 

NB(xs) for approximately a half order of magnitude in the worst case. 
* * However, NC(xs) nonoptimum values of ~r' xs,and n increase NC(xs) for 
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two orders of magnitude. Consequeljltly, the. phase angle ljJB = (2m + l)n/2 

should .be chosen as·an operating point wherever possible. In this c:ase sig­

nificantly smaller nonlinearities for nonoptimum values of ~r• xs, 

and n result in .canparison with operating point ~PCB = 2mn. 
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Fisure Captions 

Fig. 1. Generalized phase-sensitive detection circuit l.Ulder consideration. 

Fig. 2. Detector characteristics as a fl.Ulction of the input signal-to-noise 

ratio x
5 

with the reference wave-to-noise ratio ~r as parameter, and 

the 'signal channel noise-to-reference channel noise ratio n = 10-3• 

Fig. 3. Detector characteristics as a function of the input signal-to-noise 

ratio with the reference wave-to-noise ratio ~r as parameter, and the 

signal channel noise-to-reference channel noise ratio n = 1. 

Fig.' 4. Detector characteristics as a function of the input signal-to-noise 

ratio xs with the reference wave-to-noise ratio llr as parameter, and 

the signal channel noise-to-reference channel noise ratio n = 103• 
. . * 

Fig. 5. Nonlinearity NA(xs) versus signal-to-noise ratio xs, with 

the reference wave-to-noise ratio ~r as parameter and the signal 

channel noise-to-reference channel noise ratio n = 10-3 and 103• 

* Fig. 6. Nonlinearity NA(s) versus signal-to-noise ratio xs, with the 

reference wave-to-noise ratio ~r as parameter and th~ signal channel 

noise-to-reference channel noise ratio n = 1. 

Fig. 7. Detector characteristics as a fl.Ulction of the phase angle between 

the input signal and reference wave .~ with the input signal-to-noise 

ratio xs as parameter, the reference wave-to-noise ratio ~r = 10-2 and 

104 , and the signal channel noise-to-reference channel noise ratio n = 10-3• 

Fig. 8. Detector characteristics as a fl.Ulction of the phase angle between 

t4~ ~PP"t ~~~! ard f~f~r~pce wave ~~ witij the input sign~l-tp-noise 

ratio xs as parameter, the reference wave-to-noise ratio p = 10-2 and . r 

104, and the signal channel noise-to-reference channel noise ration= 1. 



j ;' 

~ ..... : ·, 
·,.,·: .. . 

. ~zz.-··.. '·'·'. 

Figure Captions (cont'd) 

'. ·. ·. ' . . . ,: . . ' . ' . ' . . • ' . • . :'· .. ~ ... :· '· . . :· t, : . .. . . . . . • . . ' . : . . . . 

thEflnput 'sigiial 'and <the ~ferenee m~ w; with the inpti~ signal;.oto-
. . . 

noise tatio ',;~s·'··;as• ;~ '~tameter•, 'tlle·''referenc~· ~ave~t~noise ratio ;, 

. 'JJr -=10-z, and to\· and ~the si~l "d~am1ef noise~to-refe~nce ;.channel noise. 
. . . 

.. ;.· 
.;,_ 

Fig; to~·: NcmliJlearity: 'N:(xs) trers~ sigria~~to-noise 'ratio x
5

; with 

phase angle tJr. and· the reference wave-to-nois~ ratio · llr as parameters 

; for the sighal charuiel noise-to-refei'enc~ cruiMel :noise ~tio . n = ·lo-3 and 

103• ; ; .: ······,;;· .·: 

Fig~ 11. ·. Nonlinearity' N: (xs) ·versuS signal.~to~ndiSe ~ratio, . xs, with · 

phase angle 1P .,and the reference wave-to•noise ratio ,llr as parameters 

for the signal· channel noise-to~refetence clwmel noise ratio n = 1. 

* . . Fig. 12. Nonlinearity Nc(xs) versus signal-to-noise ratio xs, with 

phase angle 1P and the reference wave-~o:-noise ratio lll: as parameters, 

for the signal channel noise-to-reference channel noise ratio n = 10•3 and 

103• 

* fig. 13. Nonlinearity NC(xs) versus signal-to-noise ratio xs, with 

the phase angle tP and the reference wave•to-noise ratio JJr as parameters, 

for the signal channel noise-to-reference channel· noise ratio n = 1. 
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r------------------LEGALNOTICE--------------------~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights . 
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