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Generalized Analysis of Phase-Sensitive Detection
C1rcu1t Operating Characteristics at the Signal
. Detection in the Presence of Noise

Branko Leskovar
Lawrence Radiation Laboratory
University of California

" Berkeley, California

March 1971
AbStraet

‘This paper presents a new generalized analysis of operating characteris-
tics of phase-sensitive detector circuits, assuming that the input signal
and the reference wave are in the presence of independent, stationary, and
additive Gaussian noise., By means of computer-aided analysis, using high-
density discrete value calculations, the generalized criteria are determined
for the detector optimum operating conditiens and for minimization of the
detettbr.characteristics essential nonlinearities. The results of the
analysis arelgiven in a normalized form and can be directly applied to
evaluate in detail'the detector circuit perfonmance and characteristics
essential nonllnear1t1es over a w1de dynamlc range of operatlng conditions,
Furthermore partlcular emphasis is laid on the detemmination of optimum _
detector c1rcu1t_operat1ng conditions in contemporary instrumentation
systems,

Introduction

The process of phase-sensitive detection often finds its application
as an important_method of signal processing in instrumentation systems of
~amultitude of research areas, such as experimental physics [1], (2],
'eradio_astronomy [3], nuclear magnetic resonance [4] - [6], electron spin
resonance [7], cyclotron resonance (8], automatic control systems [9],
and phase-1lock techniques [10]. Previous analyses of phase-sensitive _
“detection circuits at the signal detection in the presence of noise [11] - .
[14]) have been based on the assumption that the additive noise is
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'_nonex1stent in. the detector reference channel. However, 1n contemporary
1nstrumentat1on and phase-lock systems,‘where a 51gn1f1cant amount of -
_n01se can ‘be. present in the reference channel the genera11zed analys1s of
'Pdetector operatlng character1st1cs is needed wh1ch w111 1nc1ude the
reference channel no1se.l Results from such an ana1y51s could be employed
to optlmlze the 1nstrumentat10n systems as well as: to. pred1ct accurately
the1r performances. Based on prev1ously ment1oned works [12], further _
effort has been expanded by means of computer-a1ded analys1s to 1nc1ude d
. the no1se contr1but10n 1n the reference channel and to calculate the '
'detector character1st1cs and 1ts essentlal non11near1t1es 1n general o
_forns over a w1de dynamlc range of operatlng condltlons. S

Der1vat1on of the Detector OperatlngfCharacter15t1cs

The generallzed phase-sens1t1ve detectlon c1rcu1t under con51derat1on:f
, is. shown 1n Flg*-lj The c1rcu1t 1nput 51gna1 con51sts of an 1nput
'-s1nuso1dal 51gna1 s (t) S: cos w t superlmposed on a statlonary
-broad-band Gau551an n01se ng (t) After t1me 1nvar1ant ‘linear’ narrow—
band f11ter1ng,the sum S; (t) = s(t) + n t is app11ed to the balanced
,'phase sen51t1ve detector. The presence of the input 51gna1 in the '

_narrow-band Gauss1an nolse at the detector 51gna1 1nput is character1zed
'by the input 51gna1 to-n01se ‘ratio Xg = S/N ' where S is the amplitude .

: of the 51nu501dal s1gna1 and Ng is the root-mean—square value of the

-_narrow-band noise in the 51gna1 channel. - The: detector reference input

' consists of a reference wave r*(t) = R* cos (w t+y) superlmposed on
' a broad-band Gauss1an n01se n*(t) w 1s “the phase angle between the
,1nput 51gnal and the reference wave. Again, after f11ter1ng, the sum
_r (t) = r(t) + n (t) 1s app11ed to the detector. ~The presence of the
"reference wave . 1n the narrow-band noise is descr1bed by the reference )

' :”wave to-n01se ratlo u R/N where R is the amplitude of the filtered.

'reference wave and N is. the root-mean-square value of the referencev"
3 channel narrow-band no1se. ' ) ' '
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x The'conventional phase-sensitive detector usually consists of a
phase-splitter, two adders, two envelope detectors, and a differential
circuit. After narrow-band f11ter1ng,comb1ned input signal s, (t) is
applied to the phase splitter. Two voltages s (t) are ava11ab1e from
the splitter, with amplitudes that randomly change. They are in anti-
phase over the frequency range of interest, Two adders perfonm addition
of sA(t) and _sg(t)- with detector reference input T, (t). The addi-
tion cirCUits_are-followed by envelope detectors. The envelope detector
outputs SA and SB are subtracted in differential circuit, The dc
output of vary1ng amplltude from differential circuit represents the
output 51gnal S of the detector.

If ng (t) and n (t) are independent Gaussian processes, according
to [12] and [13], the narrow-band Gaussian noises at the signal and
reference inputs are represented by equations

N ns(t)_= nsp(t) cos wot - nSq sin w,t ‘ | ’ | 1)
and '
nr(t) ;‘nrp(t) cos wot - an sin w,t , (2)
iespectively;
(t),» (t), nrp(t) and nrq(t) are independent Gaussian

processes w1th zero mean, and standard deviations N ~and N Consequently,
after addltlons the input wave sA(t) in the first envelope detector can
be written in the fonn '

sA(t) = £(t) cos w,t - n(t) sin wote _ . (3).

The terms E(t) =S +Rcos vy + ng (t) + nrq(t) ‘and
n(t) =Rsiny +n q(t) +n_(t) are nonmally distributed varlables
with the standard deviation (Nz + N )1/2 and the mean values
T=S+Rcosy, and T = R sin ¢,

Equation (3) can be expressed in temms of an envelope and phase in .
an equivalent form

sA(t) = Sp,(t) cos [w t + 6(t)] | [0



where f =uw /2" ‘is the mldband frequency of the narrow band noise equal
to the frequency of 'S (t) -and 'r (t). The_probab111ty density funct1on
of - SA(t) is® glven by equation T IR DPPE -

v (x ETIRR n)
[(N +N)1f2 s o 0
vwhere SRA > 0, and I [S v (xs, ur, lp, n)/( Pt N )1/2]
-denotes the Bessel functlon of zero order w1th the maglnary argument.
The functlons v(xs, u w, n) and v (xs, My 'P, n) are defmed by

u, x T S
| er..f _ s — .rs-l. cos b (6)
21 +n")  21+n %) n+n ’

Wl g, ¥y 1) -

‘where n is the 51gna1 channel noise- to-reference channel no1se ratlo

V"n"N/N.

|  The envelope mean value denoted by SE;, is g1ven by the f1rst manent
"of the d1str1but10n of ‘the random variable . SRA G ‘ '

St f fsgAq_(s'gA)'&s (Nz + N )1/ 2 (,)1/_2 u [V(xs. u,. v n)] t_&fl
The functlon u [v(xs, My w, n)] is given by o
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u [vix., u., ¢, n)] = ,F {- 3 13 -[ + —— + — COS Y

alt’ st r'. » 1'1 YA | 20 + nZ)' 201 + n 2) I ;

(¥)
11

1F1(a; b; ip) ='%..'@+H%+Hﬁr:%£§?)_+”' a (10)

The dc output of varying amplitude from the first envelope detector is

where .F, denotes the confluent hypergeometric function [15] defined by

given by the relation
) _o (T2 2 . W2\1/2 | o
Sp = g = na (7)7° (NG + %) ULV (Xss tps ¥y )] - an
. . .
where ng “is the detection efficiency of the envelope detector.
| Similarly, the dc butput from the second envelope detector is given
by _ _

Sg = na5§§'= ”d(;>1/2 (Ni + Ni)l/z yaltlxg, up, ¥, m)] (12)

where function 'yB[t(xS, Mo ¥, n)] 1is defined by the relation

g s by 101 = g5y - b 3; o[ 2 s ' e “’]}
Yo (t(x_, U, ¥, N)] = - o 15 - + —— = —y COS
B ¥s? Trr T 1 1. z 2(1 + nzj 2(1 +n 2) n+n 1 .
(13)

The envelope detector outputs SA and SB are subtracted in
differential circuit. The differential circuit dc output of varying
amplitude represents the output signal So of the detector., It can be
expressed in normalized form as:

So m\1/2
= (2‘) *ua[v(xsv "r’ ¥, n)} - yB[t(xso Hrs Y, n)]} (14)

N R

where functions u vixg, ., ¥, n)] and ys(t(xs' ﬁr’ ¥, n)] are given
by expressions (9) and (13).



'I'Equation*(14)‘represents the generalized’énd normaliZedlform of the
‘phase-sensitive detector: operating characteristics, ~where both the input
s1gna1 and the: reference wave have been-corrupted by the stat1st1ca11y
1ndependent add1t1ve Gau551an n01se. L

Detector character1st1cs and ‘their essentlal nonllnear1t1es relat1ng to tbe

| Agput 51gna1 -to-noise ratio - o, .
' By means of a d1g1ta1 computer, the normallzed detector characterlst1cs
‘as a functlon of the input signal- to-no1se ratlo are calculated and plotted as

_shown in Flgs. 2 4 for the phase angle wA Zmﬂ ‘ where m= 0 1, 2, cee o
ngh accuracy numer1ca1 calculatlons of the confluent hypergeometr1c func- v
tlons ‘in (14) are performed by methods as g1ven in [13]. Since the

| appllcatlons of the phase- sens1t1ve detect1on demand a detailed evaluat1on

. of detector character15t1cs over a w1de dynamic range of operatlng condltlons :

and S1gn1f1cant parameters the s1gna1 channel noise- to-reference channel
-3

noise ratios n of 10 %, 1, 103, and the reference wave- to- no1se ratlos u
vof 10 - -2 , 107 1 1 10, 102 103, and 104 are chosen as parameters. The ‘
’ follow1ng conclus1ons and observatlons can be dlrectly made from (14)
and Figs. 2-4, . ' ‘ ST
"*“When' the functions v(xs, Moy ¥, n) = /2(1 +'n ) + x: /2(1 +n ) +
Zu Xg €O V/n + n -1 and t(xs, Mo ¥, n) =y /2(1 +n ) + X /2(1 +n ) -
: -Zu Xg COS y/n'+n -1 are much less than one, only the first two terms can
-~ be taken 1nto consideration in the expans1on (10) of the confluent
hypergeometrlc functlon. By substituting (10) into (14) it: follows that

‘S‘f-* hx, _ B o S
7 z )1/2 ——r""r cos ¥ . o
d(N + N )1727' H n+.n ST e
The,approxlmation error is less than 0.3% for the functlon,values a f o
Cv(x ’.”r’ ¥, n) < 0.1, and t(is, Hps ¥, 1) £ 0.1, The ndrmalized detectOr

- output s1gna1 S /nd< )1/2 is inathe first approx1mat1on a 11near functlon

- of the input signal- to-noise ratio xg and the_reference ‘wave- to-no;se

ratio M.




2, In the case when the functions vixg, ur,'w, n) and t(xg, ., ¥, N)
are much larger than one,the asymptotic expansion of the confluent hyper-
geometric function given in [13] can be used. Consequently, eq. [14]
is reduced to: ' '

S : , .
' -1/2
7 2 7z = (2vixg, vy, ¥, m)/2 e L vixg, v ¥, )] /
. nd(Nr + _S) S v .
' " /2 1 1/2
- [Zt(xs’ Hps v, n)]_/ - ‘2\72-' [t(xs’ ur: ¥, n)] / . (16)
Furthermoré,'if S>>R, substitution of n = NS/N . u' = R/N_,
T 7 1/2 T T T
Xg = S/Ns , and approximations (S" + 2RS cos ¥) =S + R cos y and
(S2 - 2RS éos‘w)l/z ~ S - R cos y into eq. (16) finally give for the
detector'OUtput'_
S_b ~2ny Rcos v . | (17)

The output signal amplitude in this case is approximately a linear
function of the reference wave amplitude, When S<<R, by similar considerations
it follows that the output signal amplitude is approximately a linear
function of the input signal amplitude, or |

So = anS cos ¥ , | _(18)

The output signal practically does not depend on the amplitude of
the reference wave., Conclusions expressed by eqs. (17) and (18) are
in complete agreement with previously published less generalized results [13]}.
3. Generally, there is a strong dependence of the normalized detector
output signal upon My ‘and n,  as can be seen from Figs, ‘2-4, For n'= 10'3‘
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the amount of S /nd(NZ +:N )1/2 ~ S /10 ngN 5. Curveslin Fig; 2 show that -

for x, & 103 and oy - 102, 107L,

noise ratlo S /ndN 1s in the flrst approximation a linear . function of the

1 the detector output to- 51gnal channel

input 51gna1 to-n01se ratlo. When x >>103 the amount of S /nd approaches
‘a constant value and in fact does not depend on. X This saturatlon level
of S /n s depends strongly upon the Hyp amount. If “r has a.constant

value c, - the limit of, the output. 51gna1 to- n01se ratio as X . tends to .

= 1nf1n1ty is:

lim (S /n ) g=2%x10° L a9
xs-m =10 B oo , ' » ‘ .

T ' | value of the
However there is approximately the same CGFEEFVIHEGE_Eiénal -to-noise
'vratlo xsc 1. ZKIOS for all amounts of u_, if condition 'p <1 is -
satlsfled Where My 2 1, the amounts of xsc sh1ft to. h1gher values,
hav1ng a partlcular amount for a given Moo ' '
For n = 1 the Value of S /nd (NZ + N )1/2_f S /\/—nd . 'curves in J'
| 2 g0l i

B Flg. 3 show that for xs' L1, and M. =10°¢, 10, 1 the detector output-

to- 51gnal channe;_n01se ratio So/nd s is approximately a linear function
of the input signal-to-noise ratio. Again, if u, has a constant value c,’
the limit of the output signal-to-noise ratio as x

¢ tends to infinity is

lm(S/nst) - Vi . I @
xs-mo n=1 .

The corner input signal-to-noise ratio Xgo = 2.4 for M S 1,

When . >-1, the value of x . ~u.

" For n= 10°, the amount of S /"dg N2+ NEJ/2 x5 mN_. In this case
only curves for u = 10, 102 103 10" are plotted inside a dyhamic range of - -
x, from 107% to 10% and s./nNg from 0% to 10%, as shown in Fig. 4. |
The limit of the output signal-to-noise ratio, if My has a constant value’

of~c, as  Xg

tends to infinity is



din SN ge2xw . @
X T n=100 S T o

Furthermore for ST 1 the comer value of the input. s1gnal to-nmse ratlo

~1.7. If- w21, T the values of Xge ~1o3u.

When the phase angle "’B (2 + 1)n/2, the detector output equal zero
for any amount of Xgs Mp» and n, as can be seen from (14). If the
phase angle zp (Zm + 1)n, the same conclusions are valid for the nonnal-
ized detector output as in the previously considered case for "’A 2mm,
but the sign of the detector output is negative. _
| In addition to the above given considerations, the essential nonllneanty

A(x ) of the detector characteristics has been detemuned as a function of
- xg  for the phase angle Y, = Zmm, The nonlinearity A(x ) is evaluated
from the extent of detector characteristic departure from the tangent drawn '
to the character1st1c at pomt X, = o. The tangent slope to the detector
characteristic. _at point X, = 0 is given by the part1a1 differentiation

of function (14) with 'reSpect to x

S

s‘ Differentiation gives the result:

- 1/2'1 -
Ks[nd(N +N 1/2] 7{2’ T {(S+Rcos¢)sa[_v_(xs, ey ¥, M) -

T
Ns + N
- (S - R cOs_g;)mB'[t(xs“’. . v, n)']}' )
o | @
where func‘tions _ vsa[v(xs, 'ur', w,.'n)] and mB'[t(x's, Mo ¥, n)] are '
‘defined by: ' B B '
’ ’ . 1 My X - WX ]l
s[v(x,u,lpn)]=F{;2;- + —— + —r COS Y
o Vs B B T Z [2(1”12)2(1”12) el f
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- SN ’ iy
: . ; : Fou - B S B P ¢ :
mg[t(xg, 1py ¥y M= 4F {% - [ e i Sn_I cos w]} |

[za+nh za+nD o+
| (24)

The equatlon of the tangent to the detector characterlstlc at p01nt

_XS =0, w1th wA'- 2mn. is

N f 'NS +er
where S : '.._ Ty

2(1 +n )

The detector output for the phase angle wA is g1ven from _
-equatlon (14) 1n the fonn |

y (X ) =< )1/2 { ¢ [f(x;, ur' n)] - z*[h(xs, :uf:r’ ﬂ)]} .i k (27)

where fun;tiqns* s [£(xg, 1z, )] and 2"[h(xg, u_, n)] are given by

v 2 2
N I CEE TR IERN W My Xs HrXs : -
¢ [f(x., u,., n)] = ,F {- 3 1 - | — +. e+ - - (28)
BN a4 ”'[Zﬂ*hﬁ 20+ 09 nent [§

T TP o 1, . ¥y X5 Hr¥s ' '
.2 "[h.(xs’, Ure n)] = 1F {' ¥ 15 - [,2(1 +‘ nT) * 2(1 + n:Z) ) n+n? . (29)

The essential nonlinearity Ny(xg) of the detector characteristics
relatlng to. the 1nput 51gna1 to-n01se ratlo is d1rectly given by the expre551on

Fe Y e . -T¢w%w,mwzm%mpm1
Na(xg) = .fvir 1 - Y (Xs. Mps 1) ——— - -

S I
L o | | (30)
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where
* 1 - o R
Y (xg, ur, n) = ;;a;- (n+n ) , . (31)
By means of a digital computer, the nonlinearity - A(x ) -
- a function of 'xs with ¢ and n as parameters is calculated and plotted

over a wide range- of operating conditions (Figs. 5-6).

Slm11arly, as in. previous con51derat10ns concerning the detector
characteristics dependence upon u and n, there is a strong dependence
of the essent1a1 nonl1near1ty *(x ) ratio. It can be seen from Fig. 5
that there are _two different groups of curves for N (x ). The left-hand
group of curves belongs to the case when n = 10° 3 The r1ght—hand group
is for n = 103.> For n = 10 3, nonllnearlty is plotted for My = 107
10-1,.1, 5, and 10. For any higher value of u, the non11near1ty curves

-2 to 104 for. X In genefal the

non11near1ty increases w1th the increase of the signal-to-noise ratio,

are outside of dynamic range from 10

for a given Uoe Also, N (x ) decreases by increasing the ur/x
ratio, particularly when ur13 1. In particular, if the ratio

- x . -
ur/xs,i'lo'z. the nonlinearity N (x ) £ 0,1%, When “r/xsli 10 1,

the nonlinearity has value (x ) 0.01%. In some cases the increase
of ur/xS ratio for one order of magnitude decreases the nonlinearity
more than three orders of magnitude , as can be seen by inspection -of
curves for u, = 1, 10, and X = 103. Actually the nonlihearity‘is even

more reduced for larger amounts of x_, and for the same increase of

: s?
ur/xs ratio. Generally, the nonlinearity has a small value over a wide

dynamic range of x However, if the minimum nonlinearity value is

desirable, it is-im;ortant to optimize the detector operating conditions by
choosing the ratio u_/x, as large as possible.

- It is also apparent that in the case when the signal channel noise-
to-reference channel noise ratio is large, 103 the minimization of
the non11near1ty requires a very high value of ur/x ratio. Specifically,

curves show that ur/x = 5.10° for the nonlinearity N A (Xg ) 0.1%,



and x = 1., For u ; and x > 1 _the essent1al nonllnearlty

s’
A(x ) > 11% Thls amount 1s unacceptable for most pract1ca1 applica-
.t1ons.; Except1ons are cases where detector nonllnearlty 15 purposely
‘introduced, such as in phase lock loop systems to 1mprove the system
‘performance. It follows that. for ‘this part1cu1ar case 1t 1s very

o d1ff1cu1t to obta1n a sat1sfactory small value of (x ), because of

'fthe general sh1ft of all curves 1nvolved to the smaller values of  x.

's?
3 )

‘as well as to’ the grouplng of characterlstlcs for u < 10 |
) Curves 1n F1g. 6 show that for n= l the nonllnear1ty N (x ) can o

be. cons1derably decreased by 1ncrea51ng the ratlo M /x . For example
1ncrea51ng u. /x & ratlo by ‘one order of magn1tude WIll decrease the

S
more, the nonllnear1ty 1s even more reduced for larger amounts of X,

-nonllnearlty by almost three orders of magn1tude for x_ =1l,; Further-. o

) s*
It can be seen that for u = 10 1ncre351ng u by one order of

magnltude decreases ‘the nonllnearlty by more than four orders of

magnitude. Consequently, the ga1n in the nonllnearlty decrease is

larger for- larger Xgyfor the same’ increase .of* u /x B However, for

purposes of - obta1n1ng the largest output s1gna1 and a w1de ‘dynamic range -

in wide-band phase sensitive detection appllcatlon by. u51ng sol1d state

-Components’ | S »;an_be close_ln yaluevto Mo In such an appl;cat1on,

essential nonllnearity can have an appreciable value, especially for

osmall u ”and 'XS With increasing M andv X the essential
_nonllnearlty is gradually increased, between 11nes Xg =1 and-

s = 10, and after Xg = 10 decreased as can be- concluded by com-

: par1son of the curves.j For the case u Xg s approximate values

of N (x ) can be -seen from F1g. 6: 5 7 5, l and 0. 1% for X

equals 1 10 lO2 and 103 respectlvely. However, if both u and xS

are greater than 10, 'ur always has to be sllghtly larger than X

. S .
- If this condltlon 1s not satisfied, the nonllnearlty can reach an =

unacceptably h1gh value"‘.g,.for_ ur = 100 and X = 80 the nonlinearity

~ 0.0017%. On the other hand, for u. =100 and xg = lZO,__nonllnearltyf', -
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is more than three orders of magnltude larger more than approximately 18%.
This value of N (x ) is unacceptable for most practical applications.
In general, the non11nearity deterioration is larger for larger values of
I :
wherever the essential nonlinearity is of prime importance, the maximum
x. value should élw;ys be smaller than Mo *ifrespectivevof other demands than

s _ _
"can be imposed on the phase-sensitive detection circuit for other reasons.

both Mo and x_ under previously mentioned conditions, Consequently,

This is particularly important in applications in which xs varies in a

* s
Na(xg )} can be reduced by more than one order of magnltude this can be

concluded by 1n5pect10n and comparison of curves for n. = 102,.1 3, and 10

wide dynamic range. - If x_ - is only 10% smaller than Mo» the noﬁlinearity

Detector characteristics and ‘their essential nonlinearities relating to the

phase angle between the input signal and reference wave

Detector characteristics as - function of phase anglebbetween the
input signal ‘and the reference wave ¥ with Xg, N, and U, as parameters are
calculated = from (14) and shown in Figs. 7-9. It should be pointed out
that the detector output depends strongly upon previously mentioned para-
meters. In géneral, for the phase angle in the vicinity of point

= (2n + 1)n/2, the detector output is in the first approximation
a linear_function of Xg, for any amount of Xgy My and n, If the
phase angles approach the point wCB = 2mm, a nonlinear relationship
exists between.the detector output and Y., Since the points wB and
Yo may be equally important for a particular application, the nonlinearity
N;(xs) of detector characteristics relating to the phase angle in the
vicinity of wB, and the nonlinearity NC relating to the phase angle
in the vicinity of the point Yop are determined, using the same method

as before for N, (x ). The tangent equation to the detector characteristic

at point wB = (2m + 1)w/2 is

w*(w)f(})l/z ;‘Z&f—ﬁf WIECxg, 1y ] [(3) - ¢] (32)
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The detector output 'z (w) 1s;direet1y given from eq. (14)v_"
v_1nthefom ' R

f‘ 2" ) = ( )1/2 {u'[v(xs. u,. w. - yB[t(xs. ur. w. n)]} BN

'Where functic‘ms [v(xs, ur, w, n)] and yB[t(xS, ur, v, n)] are.

: g1ven by (9) and (13) : . o

' Hence the essential nonlmeanty NB(xp) of the detector characterlstlcs k
w1th reSpect to the phase angle between the input 51gna1 and reference wave
1s glven by, equatlon ' ' o

g [v( » ﬁrl wi’h)l'- ?Blttxg;V#;z v, ]

‘N (‘P) w_ (w) Z (w) = 1 -6 (x59 Urs .‘p’rn) ; ‘ :

- _cht-_io_n ‘5 _(?‘s- Hps ‘3", n) is define‘d by

n+n

8 (xs, . w, n) = (z w) | - (36)

In general the nonllneanty NB(tb) depends strongly not only upon v,
but also an xs, Mo and n. To obtain the most 1nformat10n about NB(W)
- and a better’ 1n51ght into nonlinearity behavior w1th signal-to-noise ratio -
- variation, the nonlmearlty is calculated and plotted in Flgs. 10 and 11 as

" a functlon of xs,

‘in Flg. 10 the non11ne‘arity (x ) is plotted for n = 10" 3 and 103 w1th
‘the followmg values of M 1 10 103 ,and 104 and the followm_g fixed

- with w, Mo and n as parameters. Spec1f1ca11y,v : |

.,values of. ¥: 0 /4, 1r/3 S1r/12 111r/24 47m/96 , and 99r/200. - In Fig, 1.1',’}

N B(x ) is plotted for n =1, with the followmg values of W o1, 10, 102,

3 N

__, and 10 and the same values of Yy as in Flg. 10,
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-3.

The curves in Flg. 10 show that for n = 107> and u = 1, the nonlinearity

N (x ) 1is practlcally independent of the input 51gna1 to noise ratio over
a w1de dynamic range. Curves have a small minimum at point 'xs 2,5X 103
On the other hand, the nonlinearity strong dependence upon the phase angle

is readily evident. The maximum nonlinearity NB(x ) _appears at.the

_ , s’‘max -
point Yg = 9, but its. value depends upon Xg and M. There is a more

51gn1f1cant minimum of N (x ) for u, = 10, The minimum nonlinearity
B(xs),nln - is approx1mate1y a half order of magnitude smaller than its
average value for almost any value of 1, In general, B(x 1“1n is

smaller for larger values of Y. For any higher value of My the minimums
of the curves are outside of Xg dynamic range. B
Furthermore, in the case for n = 103, curves in Fig. 10 show that the

detector characteristics have a nonlinearity minimum value for M = 103

and 104. For He S 103, the value of N;(xs1nin is so -small in comparison
with the nonlinearity average amount that it is not clearly visible as a
m1n1mum. | ' |

Flgure 11 illustrates the behavior of N (x4 ) for n =1, It can be
seen from the given curves that for any phase angle value, the detector char-
acteristics have a nonlinearity minimum amount if W is close 1n:

value to x_., for the total x_ dynamic range of interest.

s? S
*
The nonlinearity NC(W) of the detector characteristics relating to
phase angles in the vicinity of the possible operating point wCB = 2mm

is determlned by a similar method as the nonlinearity NB(W) The tangent
equatlon to the detector characteristic at point wCB is given from (14)
by

fw = (M e, v w1 - e, ) | 7

where ¢ [f(xs,_ur, n)] and z*[h(x,, u_, n)] are given by eqs. (28)
and (29).
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The essent1al nonllnear1ty (w) relat1ng to the phase angle between=v‘
;the input 51gnal and reference wave for the operat1ng po1nt wCB Zmn. is.

(w) . f (w) z (lb) IJ [;’E’is: Ur’ W. n)] yB[t(xso urs ws n)] . o
L W [g(xs, ur. nn -z (h(xs. b IE

To obtaln the most 1nformat1on about N (w) and a better 1n51ght

'1nto 1ts behav1or w1th X, var1at10n the nonl1near1ty is calculated and plot- , o

S
"ted as a funct1on of Xg w1th w, r,and n as. parameters in Figs: 12

and 13. In part1cular, in Flg. 12 the nonllnear1ty N (x ) is- plotted for

,,,7 PRSI o
-3 3 3 and 104

_ 10 ;'and 10_, W1th the follow1ng values of M 1, 10 107,
and the- follow1ng values of /R 47n/96 n/4 /12, n/24 n/48 w/36 and
'n/300 Furthermore, in Fig. 13, N (x ). 1s plotted for n= 1 Wlth the .

‘ follow1ng values of 19e 1,310, 102 3

’ and 10%; and for.the'samesvalues_
of . ¥ oas in Flg. 12, S

3 10

Fhe curves in F1g. 12 show that nonllnear1ty N (x ) is almost 1ndependent

of the input s1gna1 to-noise ratio for n =10 and u =1, However, the -
S? h ur’

&

and n, There 1s ‘a maximum of NC(x ) for B = 10 Generally, the max1mum

' nonllnearlty strongly depends on the phase angle for any value of X

nonllnearlty Nc(xs)max

i its average value for almost any ‘value of Ve .Bor ML 2 10 the rnaxinna~of

' C(x ) are outs1de of xg dynamic range.r When n= 103, curves in Flg. 12
show’ that the detector character1st1cs have a maximum value for u 103
and 10%, | ' | |

f In the case ‘when n = 1, curves in F1g. 13 show: that the detector char-
o acteristics have a-  maximm. of the nonl1near1ty N (x ) if M
- is- close in value to Xg o The non11near1ty maxlmum 1s approx1mately ‘
one to two orders of magnltude larger than its average value for any value
~of ¢, In general in comparison with 1ts average value, E(xs)max ,is

larger\for larger values of both x, and u . and smaller values of ..

_is approximately a half order of magnitude larger than

w
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Conclusions

The phase -sensitive detection circuit operat1ng characteristics and their
essential nonlinearities have been analyzed assuming that the input signal
and the reference wave are in the presence of independent additive Gaussian
noise. Analysis shows that the presencé of the reference channel noise has
a dominant role in the determination of the detector circuit optimum
operating conditions. The obtained expreésion (14) and the curves in
Figs. 2-4 and Figs, 7-9 illustrate the behavior of the detector circuit
characteristics under different opérating conditions, particuiarly cdncerning
the influence of the signal channel no1se to-reference channel noise ratio n.,
Furthermore, expre551on (30) and curves in Figs, 5-6 show the behav1or of
the essential nonlinearity (x ) of the detector characteristics. It can
be seen from Figs; 5-6 that for a fixed phase angle Y, and given ratio n,
the proper choice of M. and xg minimizes the nonlinearity' N;(xs) to an
acceptable amount., This is particularly important in a wide dynamic range,
wide- band,phase sensitive detection application using solid state circuit com-
ponents. In such an application the ratio M. 1is often close in value to

the ratio x resultlng in a large essentlal nonlinearity, From

?
expression (25) for the detector characteristics nonlinearity NB(w) with
respect to phase angle Y, and from Figs, 10-11, it follows that the proper
choice of My for a given n and X minimizes the nonlinearity. Any other
~value of . can be considered a nonoptlmum one, although the nonlinearity
increase will not be significant for M = 1, and for small amounts of .
Finally, from expression (38) and curves in Figs, 12- 13 it follows that
particular values of W also minimize the nonlinearity Nc(w) For
this purpose it is 1mportant to avoxd the reglons where N (x ) curves
have maximums. From comparison of N (x ) and N (x ) curves it can be

~ seen that nonoptlmum values of My xs, and n have far larger influence

,on the behav1or of the nonlinearity N (x ) than on the nonlinearity N (x ).
In general, the nonoptimum My Xg, and n values maximally increase the

*

B(x ) for approximately a half order of magnitude in the worst case,

However, C(x ) nonoptimum values of My, X and n increase Nc(x ) for

S
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two_ordérs of }nagnitudé-; Cbnsequ‘ele_tly, jt__he\pha‘sé angle -.'xp.é = (2m + 1)n/2
should be chosen as an operating point wherever possible, In this case sig- .
nificantly Smaliér‘ nenlinearities ~for nonoptimum values §f Mpy Xgo '
and n result’ in =<_:omparison with oper.ating point "’CB = 2mm, -
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Figure Captions

Fig. 1, Gghéralizéd phase-sensiti&e detection éircuit under cbnsideration.
Fig. 2, Detectorbcharactefistics és a fuhction of the input signalftbfnoise
ratio .ks Qith £h¢ reference wave-to-noise ratio ‘”r as parameter, and

. | thé'sighél éhahnei noise-to-reference channel noise ratio n = 1075,
Fig. 3. Detettbr'charactefistics.as'a function of the input signal-to-nbise
ratio with the reference wave-to-noise ratio M. as parameter, and the
signal éhahpél noise-to-reference channel noise ratio n = 1.
Fig. 4. Déteétdr_charactefistics as a functibn'of thé input'Signal-to;noise'
ratio X, with the reference wave-to-noise ratio ‘ur as parameter, and

the signal channel noise-to-reference channel noise ratio n = 103.

Fig. 5. Nonlinearity NA(xS) versus signal-to-noise ratio X, with

the reference wave-to-noise ratio M. as parahefer and the signal
channel noise-to-reference channel noise ratio n = 107> and 103,

Fig. 6. Nonlinearity N;(s) versus'signal-to-noise ratio Xg» with the

| reference wave?to-noiSe ratio u. as parameter and thg'signal-channelv
noise-to-reference channel noise ratio ’n'=-1.

Fig. 7. Detector characteristics as a function of the phase angle between

the input signal and reference wave ¥ with the input signal-to-noise

ratio X as parameter, the reference wave-to-noise ratio M. = 10'2 and
4 -3

10", and the signal channel noise-to-reference channel noise ratio n = 1077,

Fig. 8. Detector characteristics as a function of the phase angle between
the igpu;'s;-igga; and reference wave V¥, with the input signal-to-noise

. - ratio X as parameter, the reference wave-to-noise ratio uf = 10'2 and
»104, and the signal channel noise-to-reference channel noise ration = 1,




‘Figure Captions .:(ébrxfii‘sii B

F1g. 9. Detector charactenstlcs as a functxon of the phase angle between o

the mput signal and the reference wave up, w1th the input s1gna1 -t0- k
*".nolse ratzo xs “as‘a parameter, the reference wave-to-noxse rat1o | |
"u-r‘ 10 "2 ‘and 104 ‘and’ the 51gna1 channel no1se-to-reference channel noise. R
'ratlo nf*s 103. | _b - = B ;
Fig.’ 10,7 Nonlmeanty (x ) versus 51gnal-to-n01se ratlo xs w1th | ,. . [

phase angle ‘J' ‘and the reference wave- to-n01se ratlo U, as parameters* ‘} |

" for the sxgnal channel nmse-to-reference channel no1se ratlo n = 10 -3, and

103. _ ‘.:-, N ’, |
~ Figl 11, Nonlmeanty NB(x ) 'versus 51gna1-to-n01se ratlo xs, ‘with
phase angle 'JJ and the reference wave-to-n01se ratlo u " as parameters

for the 51gna1 channel no1se to-reference channel noise ratlo n=1,

v i

 Fig, 12, Nonlmearlty Nc(x ) versus signal- to-n01se ratm xs,' w1th

phase angle 'l’ and the reference wave-to-n01se rat1o u -as parameters, -

for the 51gna1 channel n01se-to-reference channel n01se ratio n= 10 -3 and' -
3
10 .

T A R S

Fig, 13, Nonlmeanty Nc(x ) versus . 51gna1 to-no:Lse ratlo x > w1th

the phase angle w and the reference wave- to-n01se ratio u as’ parameters, -

o A N e T T TR

for ’dle 51gna1 cha:mel nmse-to-reference channel n01se ratlo n-= 1
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This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
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