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ABSTRACT

In this paper, we consider an approach for estimating the effective hydraulic conductivity of
a 3D medium with abinary distribution of local hydraulic conductivities. The medium
heterogeneity is represented by a combination of matrix medium conductivity with spatially
distributed sets of inclusions. Estimation of effective conductivity is based on a self-consistent
approach introduced by Shvidler (1985). The tensor of effective hydraulic conductivity is
calculated numerically by using a simple system of equations for the main diagonal elements.
Verification of the method is done by comparison with theoretical results for specia cases and
numerical results of Desbarats (1987) and our own numerical modeling.

The method was applied to estimating the effective hydraulic conductivity of a2D and 3D
fractured porous medium. The medium heterogeneity is represented by a combination of matrix
conductivity and a spatially distributed set of highly conductive fractures. The tensor of effective
hydraulic conductivity is calculated for parallel- and random-oriented sets of fractures. The
obtained effective conductivity values coincide with Romm’s (1966) and Snow’ s (1969) theories
for infinite fracture length. These values are also physically acceptable for the sparsely-fractured-
medium case with low fracture spatial density and finite fracture length. Verification of the
effective hydraulic conductivity obtained for afractured porous medium is done by comparison
with our own numerical modeling for a 3D case and with Malkovsky and Pek’s (1995) results

for a2D case.



1

Introduction

The impact of heterogeneity on subsurface flow has been studied in recent years from severa
directions. One of the major research directions s the search for effective flow and transport
parameters in heterogeneous medium. The main approaches and significant theoretical studiesin
this field have been summarized in Shvidler (1985), Dagan (1989), Gelhar (1993) and other
publications. In theories that analyze flow in heterogeneous media, the spatial variation of the
local hydraulic conductivity istypically described as arandom field with a given statistical
distribution (often assumed to be lognormal) and a covariance function. However, the internal
structure of heterogeneous geological formations cannot always be realistically fitted to a
theoretically convenient lognormal distribution (e.g., sand-shale aquifers, aquitards with highly
contrasting hydraulic conductivity in the main facies, and fractured porous rocks). In these
media, the connectivity of highly permeable bodies (e.g., sand, fractures) plays an important role
in the overall hydraulic conductivity of the entire system (Fogg, 1986; Robinson, 1984).

Our goal isto (1) develop and verify a self-consistent method for calculating the effective
hydraulic conductivity of abinary medium (i.e., a medium composed of two subsystems with
arbitrarily contrasting hydraulic conductivity values), and (2) apply the results to a fractured
porous medium.

The development is based on a general self-consistent approach to calculating the effective
conductivity of composite materials, which for groundwater flow, was first applied by Shvidler
(1985) and Dagan (1989), and later used by Rubin (1995) aswell as Dagan and L essoff (2001)
for transport studiesin binary systems.

In this paper, we analyze the effective hydraulic conductivity of afractured porous system
using a self-consistent approach, which allows the same approach to be applied to developing
equations for the effective hydraulic conductivity of porous, fractured, and fractured porous

mediafor many practically important cases.

Theory of Self-Consistent Approach

We consider a heterogeneous medium with a scalar, local hydraulic conductivity modeled by
abinary field K(x) where x={x1,%2,Xs} . The principal axes x; and x, are defined in the horizontal
plane, whereas X3 is the vertical direction. Consider the heterogeneity configuration shown in
Figure 1. The matrix medium with intrinsic hydraulic conductivity ky, contains inclusions
randomly distributed over space with hydraulic conductivity ki,.. Let us assume that each
inclusion is an oblate spheroid with a coefficient of anisotropy £ <1; i.e., with the aspect ratio of
vertical diameter A, to horizontal diameter Ay, of the spheroid less than one. Thelocal Cartesian

coordinates Xinc={ Xinc1,Xinc2:Xinca} are at the center of each spheroidal inclusion and its main axes



have arbitrary directiona cosinesrelative to the global system of x coordinates. Each inclusion
has a given volume, but the volume of each inclusion is much less than the overall volume of the
considered medium. Let p denote the volume fraction of al inclusions (i.e., the ratio of total
volume of al inclusionsto overall volume of the medium). Thus, for the described system, the
hydraulic conductivity field K(x) takes on a value kinc when the specified point isinside an

inclusion; otherwise, it takes on the value k.

2.1 General Equationsfor Calculating Effective Conductivity
Consider the steady-state flow of groundwater. The local Darcy’ s flux g and hydraulic head h
obey the system of equations:

vgx)=0 q(x)=-K(x)J J=Vh. (@)
Let usimpose a hydraulic gradient Jex: on the external boundary of the medium. Then, the
effective hydraulic conductivity satisfies Darcy’s law for mean flux Q:

Q=-KgJe 2
where K ¢ is the tensor of effective hydraulic conductivity. The effective hydraulic conductivity
for the heterogeneity model depends on the values of the intrinsic conductivities, the volume
fraction of inclusions p, the coefficient of anisotropy ¢, and the orientation of the inclusionsin
the medium. In the self-consistent approach for cal culating effective properties, we assume that
the hydraulic-head field inside of an inclusion depends on the properties of the inclusion and the
homogeneous medium surrounding the inclusion. The properties surrounding the homogeneous
medium can be either described by matrix conductivity k. (Maxwell’s method) or the effective
conductivity.

Following Shvidler (1985), let us consider the system of flow and gradient balance

equations:
Kef"]ext = (1_ p)km‘]m + pkinc‘]inc (38.),
‘]ext = (1_ p)‘]m + p‘]inc (Sb),

where Jn, is the mean gradient in the matrix area and Jinc IS the mean gradient in the inclusions.
The development below depends on how the interaction between the inclusions and the medium
is described. For example, Maxwell’ s method was used by Zimmerman (1996) and Zimmerman
et a. (1992) for calculating effective properties. However, this approach gives physically
acceptable results only for alow-volume fraction p of inclusions or for the special case of
nonoverlapping inclusions. Dagan (1989, p. 203, Figure 3.4.6 and Eq. 3.4.38) used a different
approach by assuming that each inclusion is a composite spheroid with internal conductivity kinc

and external conductivity km,, and that the ratio of internal to external volumesisp. This



composite spheroid is then placed in a medium with an effective conductivity value. Later, we
will show that Dagan’s approach does not produce as good afit to the detailed numerical results
as the approach used in this paper.

Now let us adopt Shvidler’ s approach (Shvidler, 1985) by assuming that all inclusions with
intrinsic conductivity kinc are placed in an effective medium. Next, to connect the gradient within
inclusions and with the external gradient, we use the result of Landau and Lifshitz (1960) for
polarization of the electric potential field by a single spheroid. Considering that each inclusion is
placed within the medium with an effective hydraulic conductivity, the ratio between the

projections of external gradient and the gradient projection within an inclusion can be written as:
‘Jiinc = égii‘]aiext (49)
,

5” ) kgf - (kvlelf - kinc)

(4b)

where k!; arethe diagonal elements of effective hydraulic conductivity tensor K and n; are the

polarization coefficients which depend on the shape of the spheroid.
For an oblate spheroid in 3D space, these coefficients have the following form (Shvidler,
1985):

2 kll
n3=1|+3I I -tan ()} 1= szé—l (5a)

n=n,=(1-n3)/2 (5b)

For a 2D medium, the inclusions have the form of an ellipse and the polarization coefficients are:

&

k33
£+ /%
kef

The development below does not depend on the spatia dimension of the problem—that is,

n, = n,=1-n (6)

the results for 2D or 3D space differ only in the form of the polarization coefficients used). The
spatia orientation of inclusionsis taken into account by connecting the mean gradient
projections, averaged over all inclusions, with the gradient projections for each inclusion given
by Equation (4a).
2.2 A Regularly Oriented Set of Inclusions

Now consider several important cases of spatial inclusion orientation. For these, the main

axes of al theinclusions are parallel to the axes of a global system of coordinates. Consecutively

applying the external gradient along the x; axis—J_, ={J,,0,0} —and aong axis xz—

J.. ={0,0,32.} —we obtain from Equations (3a—b) and Equations (4a-b) the following system



of nonlinear equations for determining the main diagonal elements of effective hydraulic

conductivity tensor:

k2 (1 n3)+ kefv [kmc( p)+ km(p + n3 )] km lncnS = 0 (7&)

keth (l n )+ kefh [kmc( p) (p + n - )] km mc 0 (7b)

where kg, = ki = k¥ isthe horizontal effective hydraulic conductivity and kg, = k3 isthe

vertical effective conductivity.

The system of Equations (7a) and (7b) is coupled viathe polarization coefficients n;, which
depend on both components of the effective conductivity, according to Equations (5a-b) for the
3D case and Equation (6) for the 2D case. In general, the system of Equations (7a—7b) can only
be solved numerically. For the simplest case of an isotropic medium (i.e., spherical inclusions),
the values of the all polarization coefficients are equal to 1/3 and ke = kev= Ker. Then, the
effective conductivity value kg for this case can be found in a closed form shown by Equation
(7a) (Odelevsky, 1951):

Ky =k‘T’f‘c{(3p—1)+v(2—3p)+\/[(3p—1)+v(2—3p)]2+8v} v =Ko (8)

23 A Randomly Oriented Set of Inclusions

In these cases, al inclusions are randomly oriented in space, and the directional cosines of
inclusions are randomly distributed. Then, the effective hydraulic conductivity is characterized
by oneisotropic value ke. After applying an external gradient along the x; axis (i.e.,
J.. ={J5,,0,0) and averaging over all inclusions, the projection of the mean gradient in an

inclusion on x4 (for 3D) has the form:

‘]|lnc - 5334_—2511 ‘]el‘xt (98_)
3

For the 2D case, this equation is:

R (ob)

Together with Equations (3a—b), Equation (9a) yields the following expression for effective
hydraulic conductivity:

p
Pk -
m+3( inc

Substitution of the coefficients & from Equation (4b) into Equation (10) yields an expression in

kef =k km)(§33 + 26511) (10)

closed form for p as the function of kg in 3-D space:

olka - )ln( Koo ) =k (ke —Kie) =k

Ke (Ko — Ko ) - [k (0 + 20, = 3)— ko (0, +2n, )]

nc

p= (11)

m



This equation allows the display relationship between kg and p in graphical form, calculating p
values for given values of K.
24 A Number of Inclusion Sets

The results obtained for one set of inclusions can be extended to the case of several sets of
inclusions with different intrinsic hydraulic conductivities and anisotropies. Let us assume that N
sets of inclusions, with volume fractions of each set p' and the total volume fraction z p' <1,

i=1

partialy fill the medium with matrix conductivity. Applying the self-consistent equations for
randomly oriented inclusionsin 3-D space |leads to the following formula

ky = o (123)

3+ZA‘ p'ki . —k ZN:Ai p'

_ (n +2n3 InC(n1 +2n3)
[n( — ki, )~ Ky Hn( ~ ki) k

where k; . istheintrinsic hydraulic conductivity of i-th set and n| isthe polarization coefficient

12b
] (12b)

for i-th set of inclusions.

3 Verification against Theoretical and Numerical Results

In this section, we compare the effective hydraulic conductivity obtained by our self—
consistent approach with analytical and numerical results found in the literature and with our
own numerical modeling.
3.1 Verification against Theoretical Results

Theoretical results that predict the effective properties of a binary medium are limited. As
examples, the equation of Dychne (1970) and some exact relations of percolation theory can be
compared with our approach.
3.1.1 Analytical solution

Important theoretical results were obtained by Dychne (1970) for a 2D case. He showed that
in a 2D binary isotropic system composed of geometrically equivalent subsystems, the following
functional invariance relation (written in the notation of this paper) holds:

kef (p) : kef (1_ p) = km ' kinc (13&)
For the volume fraction of inclusion at 50%, this means:
kef (%) = V kmkinc (13b)

Note that later, Zhikov et al. (1994) have shown that Equation (13a) is not rigorous for the

arbitrary form of subsystems comprising the medium.



Using the polarization coefficients for isotropic inclusionsin 2D space, n; = n3=1/2, and solving
Equation (7a) or Equation (7b), we obtain:

kef = (kinc - km )( p- %) + %\/(l_ 2 p)2 (kinc - km)2 + 4kinckm (14)

which is consistent with Equation (13a).

The other rigorous result that can be used to test our approach is the effective conductivity of
ahorizontally layered medium. For such heterogeneity, the vertical effective conductivity isthe
harmonic mean and the horizontal effective conductivity is the arithmetic mean. For a

horizontally layered medium 4, — «, £¢ > 0 and n, - 1, n, —» 0. Substituting thisvalue ns= 1

into Equation (7a) and n; = 0 into Equation (7b), we see that these equations lead to the expected
harmonic and arithmetic means.

3.1.2 Comparison with percolation theory

The self-consistent approach formally imposes no formal restrictions on the ratio of
conductivities for the matrix and the inclusions, so that the effective conductivity can be
calculated for the extreme case of an impermeable matrix. Putting ky,, = 0 in Equations (8) and
(14); we obtain the percolation threshold p. =1/2 for a 2D medium, and p. = 1/3 for a3D
medium. The first value agrees with the precise percolation-theory result for a medium with
hexagonal inclusions (Zhikov et al, 1994), but it is less than the experimentally obtained
percolation threshold for circular inclusions of 0.669 (Lobb and Forster, 1987). The second value
exceeds the theoretical percolation threshold for a3D medium of 0.16 (Efros, 1988) by about a

factor of two. The percolation exponent z, i.e., the exponent of conductivity growth near the

percolation threshold k; ~ (p— p.)’, equals 1.0 in both cases. This value matches well with the

theoretical result for a 2D medium, but does not match well with the result for a3D medium
(t=1.75) (Chilesand De Marsily, 1993). This comparison shows that our self-consistent
approach produces a better result in a2-D medium, at least for the case of an impermeable
matrix.

3.2 Comparison with Numerical Modeling

321  3-D modeling result

Desbarats (1987) performed numerical modeling of flow in a 3D heterogeneous sand-shale
formation with highly contrasting hydraulic conductivities of sand and shale. His purpose was to
study the dependence of the effective hydraulic conductivity on: (1) the hydraulic conductivity
contrast, (2) the volume fraction of shale, and (3) the anisotropy of the medium. Figure 2 shows
the numerical results (Desbarats, 1987, Figure 12) for the case in which the ratio of hydraulic
conductivities is equal to 10" and the coefficient of anisotropy ¢ isequal to 1/15. Also, in this



figure, the result of Dagan’ s approximation of effective hydraulic conductivity values (Dagan,
1989, fig 3.4.7 p. 205) is shown by dashed lines. The solid line is the calcul ated effective
conductivity (horizontal and vertical) from the present approach, Equations (7a—-b), by setting the
matrix conductivity equal to the sand conductivity and the inclusion conductivity equal to the
shale conductivity. Thisfigure indicates that, in general, the agreement between numerical data
and our results is good—Dbetter than the agreement between Dagan’ s results and numerical data.
3.2.2 2-D numerical modeling for estimation of effective hydraulic conductivity

In the aforementioned work of Debarats (1986), arelatively coarse grid (30 x 30 x 30) units
and simple method (L SOR) were used for modeling of high-contrast conductivities. In our work,
to eliminate the numerical effects and to more precisely model the 2D flow in a medium with
inclusions, a300 x 300 grid is used for the model domain. A randomly distributed set of
inclusions oriented parallel to the main axes, with a coefficient of anisotropy ¢=1/15, is
modeled within the domain. One inclusion covers 169 gridblocks. The volume fraction of
inclusions p is changed within the range 0.05-0.95. Two values of hydraulic conductivity are
used: the first is 1 m/d, which is the characteristic value for sand; the second is 10 m/d, which
can be associated with shale conductivity.

For each modeling run with the set of inclusions given a p value, two conductivity fields are
used. In the first (forward) case, the conductivity of inclusions equals the shale conductivity, and
the matrix conductivity equals the sand conductivity. In the second (backward) case,
conductivity assignments are switched. The conjugate gradient method with Chol ethsky
precondition is used to obtain accurate grid solutions for al valuesof p. Thevertical and
horizontal effective conductivity is calculated for each conductivity field (forward and
backward) as functions of shale volume fraction p.

Figure 3 presents the numerical modeling results, together with results from calculating the
effective conductivity using Equation (7a) and(7b). The figure shows that forward and backward
curves for vertical and horizontal effective conductivities display hysteresis-like behavior. This
hysteresis results from the different connectivity of fractions with high conductivity. In the
forward curves, matrix conductivity is associated with sand, meaning that the sand bodies are
almost perfectly connected, and this connection is destroyed only for high volume fraction of
shae. In the backward curve, the matrix is associated with shale, and the sand bodies are
inclusions, which means that the primary connection of the sand bodiesis very poor. The ratio of
forward to backward effective conductivities near the middle point (volume fraction of shaleis
0.5) isabout 5. Self-consistent curves shown in Figure 3 are very good fits with the forward
curves within the range of shale volume 0-0.4 and with the backward curves within the range of
shae volume 0.6-1.0. For shale volume 0.4-0.6, the self-consistent curves fall between the



forward and backward curves. That means that the self-consistent approach gives better results
for the cases in which the connectivity of the highly conductive bodies does not play important
rolein the overall conductivity of the system. Thisisin keeping with the main thrust of our
approach, that each inclusion interacts with the effective medium.

The evidence obtained from our simulations, of effective-conductivity hysteresisin the case
of anisotropic inclusions, motivated us to perform additional simulations for isotropic inclusions,
(i.e, for sets of circular inclusions for the p=0.5). According to Dychne (1970), the effective
conductivity at this point isinvariant (Equation (13b)), and its value for the used pair of sand and
shale conductivities (1 and 0.0001) is 0.01. Five runs of numerical modeling for the forward and
backward cases produced the results shown in Table 1. This table indicates that effective-
conductivity hysteresis also exists for the isotropic case, in which the ratio of forward and
backward values is about two orders of magnitude. Note however, that the geometric mean of
forward and backward values for this case agrees very well with the Dychne theory and the self-

consistent results.

Table 1. Results of modeling flow in sand/shale formation for shale volume fraction 0.5.

Run kg forward - keff ke backward - k:f m keff
ke

1 0.136 0.00059 0.0090 230
2 0.0938 0.00110 0.0102 84

3 0.1358 0.00115 0.0125 117
4 0.1126 0.00079 0.0094 142
5 0.0989 0.00084 0.0091 116
Mean 0.115 0.0009 0.010 127

These results once more show the importance of connectivity among the highly permeable

bodies on the overall effective conductivity of the medium.

4 Effective Conductivity of a Fractured Porous Medium

In recent decades, the hydraulic conductivity of fractured and fractured porous media has
been the subject of intensive theoretical studies. These investigations began with the work of
Romm (1966) and Snow (1969), who produced the first results for a system of infinite fractures
in 2D and 3D space. Later, finite fracture sizes and low fracture density (with their effect on
fracture connectivity) were considered by Robinson (1983), Long and Witherspoon (1985) and
others. More recent developments deal with stochastic simulation of fracture networksin 3D and

investigations of how fracture statistical parameters influence overall hydraulic conductivity



(Chilesand De Marsily, 1993, Bour and Davy, 1998). Extensive studies were performed to
analyze flow in single-plane fractures with variable aperture (Tsang, 1993; Gelhar, 1993;
Zimmerman and Y eo, 2000) and to understand the effect of the contact area on the permeability
of fractures (Zimmerman et a., 1992).

The self-consistent approach can be effectively used for calculating flow in fractured and
fractured porous media, owing to the principal features of these rocks:

1. Fracturesthat have intrinsic conductivity ki can be considered as inclusions into the

matrix medium with much lower (down to zero) conductivity kq.

2. Thetotal volumetric fraction of inclusions (i.e., fracture porosity) is quite small: p<<1.

In this section, we report some results obtained by our approach for fractured and fractured

porous media.

4.1  Flow in Single-Plane Fractureswith Contact Areas

Zimmerman, Chen, and Cook (1992) studied flow in asingle fracture with contact aress,
using the Maxwell approach for circular and elliptical shaped contact areas. They considered 2D
flow in fractures using the “cubic law”; i.e., setting fracture transmissivity to be proportional to
the aperture cubed and equal to zero in the contact area. In this case, the effective fracture
transmissivity, or effective hydraulic aperture, continuously changes with the changing of the
contact areas p from O to 1, without a percolation threshold. According to Equation (14), an
applying the self-consistent approach for the case with circular contact areas of zero fracture
transmissivity produces the following results:
Ty =T,(1-2p) (15

where T isthe effective transmissivity of fracture, T, =b-k; = 1—12 b® isthe transmissivity of

the fracture outside the contact aresas, b is the fracture aperture outside the contact areas, and p is
the fraction of contact area over the fracture plane. Equation (15) yields zero transmissivity when
p is more than 0.5.

Table 1 shows the results of a 2D simulation of a highly conductive medium, with circular
inclusions that have hydraulic conductivity four orders of magnitude less than the conductivity of
the medium. This result shows that for p=0.5 the effective hydraulic conductivity is not zero, but
itisabout 0.11 of the medium’s conductivity. Thisisafunction of the connectivity of a highly
conductive medium, parts of which are still not isolated by inclusions. Taking this finding into
account, we postul ate that the equation for effective fracture transmissivity in this type of

medium can be written in the following form:



T, =T, (1—2p+a2p2+...) (164).

Correspondingly, the second-order approximation for the effective hydraulic aperture of

fractures with contact areasis:

1-2 2
by :b.sf%j‘z"’ (16D).

Substitution of the numerical result for theratio Te/T; of 0.11 at p = 0.5 givesthe value for
a, ~ 0.44 and the corresponding percolation threshold at p., = 0.57 . Note that this value for pe

is less than that obtained by Lobb and Forster (1987), who calculated the percolation threshold
for circular inclusions to be 0.669, probably because inclusions are not perfectly circular with a
square numerical grid—and for a 2D system, percolation threshold depends on the shape of the
inclusions (Zhikov et a, 1994). Using data from Lobb and Forster (1987) (see Zimmerman,
1996, Figure 6) we found that if we set a,=0.78, Equation 16ais good for predicting

conductivity with circular contact areas up to the percolation threshold.

4.2  Flowin aParalld System of Finite-Sized Fractures

It iswell known that the effective hydraulic conductivity of afractured porous medium with
low permeable matrix and disconnected fractures can be one or two orders magnitude greater
than the matrix conductivity. The theories of Romm (1966) and Snow (1969) cannot help in
predicting the effective conductivity of such a system, because of the finite fracture size and
fracture disconnectedness. In this section, we derive the equations for calculating the effective
hydraulic conductivity of such a system and verify them for 2-D and 3-D cases against other
solutions.
4.2.1 Regular fracture network in two-dimensional space

Malkovsky and Pek (1995) numerically studied the effective hydraulic conductivity of a2D
fractured porous medium with aregular fracture network geometry (shown in Figure 4. They
developed an analytical approximation for the effective hydraulic conductivity along the fracture

direction, of the following form:

kg =Kp| 1+ AlM) ] 17
o m( e 0.125%h(1 171 1 (179
AM) = 2.1431-**™} B =0.9687+0.8138(L— e " (17b)
5k
h:ﬂ,|:£,|\/|: f (17¢)
L L Lk,

where 2L, isthe fracture length, 25 is the fracture aperture, 2L is the distance between fracture
centersin onerow, B is the distance between neighboring fracture rows, k; is the fracture

hydraulic conductivity, and kn isthe matrix hydraulic conductivity.



For this geometry, the fracture porosity p is equals to L1/(2LH). Then, Equations (17a) and
(17b) are valid within the following range of parameters:
1.25<I<2, 0.1<h<5, 0.2<M<500. (17d)

To apply the self-consistent approach to this problem, we represent a rectangular fracture by
an equivalent elliptical fracture with an anisotropy aspect ratio equal to the ratio of rectangular
fracture aperture to fracture length: ¢ = ¢ /L, and with the same area (Figure 4c). For this
system, the effective hydraulic conductivity in the direction orthogonal to the direction of

fracturesis approximately the same as the matrix conductivity, k3* ~ k. Thus, the effective

hydraulic conductivity along the fracture direction can be found from the following eguation for
self-consistent conductivity:

11

ef
o -tk -y (kg ko

)p+km—k§f1=0 (18)
where the polarization coefficient n; is calculated, taking into account that k3* ~ K, :

=t (19

This leads to the following polynomial equation for computing the effective hydraulic

conductivity along the fracture direction:

—k, (p-1)- p]\/>+ +1+ plk, -1)=0 (20)
F

where k, =k%/k_, k, =k, /K.
For the special case of highly conductive fractures, when gk, — oo, the solution of Equation

(20) can be written in explicit form as:
Eef=1+%|-(|+ |2+4) (21a)

| = ple=4N,L2 (21b)

where N, isthe spatial density of fracture centersin 2-D space.

Comparison of the numerical solution Equation (20) and Equation (21a) shows that Equation
(21a) isvalid for the cases when sk, > 20.

To compare the results obtained by Malkovsky and Pek (1995) with the above equations for
the self-consistent hydraulic conductivity, we computed 3,000 values of effective hydraulic
conductivities, using both approaches for fracture parameters randomly distributed within the
ranges given in Equation (17d).



The results of this comparison are shown in Figure 5. This figure indicates that the self-
consistent approach produces a good agreement with the Malkovsky and Pek (1995) results for
the effective hydraulic conductivity of aregular parallel set of fractures. The advantages of
using the self-consistent approach for such a system arethat it is not under any formal
limitations on fracturing parameters like Equation (17d), and Equation (20) can be used for any
paralel systems of fractures.
4.2.2 Paralld fracture network in three-dimensional space

A approach similar to that for the 2D system is applicable for disk fracturesin 3D that are

parallel to one axis. The same precondition is used—that the effective hydraulic conductivity in

the direction orthogonal to the fracture plane is equa to the matrix conductivity (kjf ~ km).

Then, agood 3D approximation for the polarization coefficient n; has the following form:

1
n_1:a0+ji_o, £ = e [k3/KE, a,=1621a =1273 (22)

This equation is valid with error less than 1% for £° < 0.2 .. Substitution of Equation (22) into
Equation (18) leads to a polynomial equation for calculating the effective hydraulic conductivity
in three-dimensional space:

ak? +bl2§+clzef +d\/E+glzf =0
a=s(1-a,)b=-a, c=cla|plk, -1)+1]-1-k, } d = a1+ p(k, -1

For the case of highly conductive fractures, when gk, — oo, the solution for effective

(23)

conductivity can be written in an explicit form:
Ky =1+%Ia1(la1+,/lzaf+4) (249)

| = p/g=%N3D3 (24b)

where N3 is the density of fracture centersin 3-D space, D isthe fracture disk diameter.

Equation (24a) is valid with errorsless 10% , for ¢k, >100and for the fracture porosity p less
than 0.01.

To verify the effective hydraulic conductivity valuesin 3-D obtained as the roots of Equation
(23), we performed a numerical calculation of flow in afractured porous medium. We modeled a
3D steady-state flow between two opposing vertical faces of ablock having a set of horizontal,
paralel, disk-shape fractures randomly distributed in it space. The grid had dimensions 100 x
100 x 40, with a constant gridblock side of 0.1 min all dimensions. Each fracture disk has a
diameter of 0.9 m and an aperture of 10* m. The ratio of fracture-matrix conductivitiesis 10°.

First, for each modeling run, a set of randomly distributed fractures was simulated. Next, the



matrix hydraulic conductivity value was assigned to be the vertical hydraulic conductivity value
for each gridblock. The horizontal hydraulic conductivity value for each block was cal culated
as.

N, 25
ki = Pk, +(L=p)ky, P =——= (25),

where k/ ishorizontal block hydraulic conductivity, 25is fracture aperture, Az is the side length

of the block, and N; is the number of fractures within i-th block.

Figure 6 shows the results of numerical simulation and the calcul ated effective hydraulic
conductivity from Equation (23). Two different curves for effective conductivity are obtained,
using different ways of representing the disk fracture with constant aperture and using an
ellipsoid that has the same volume. The first curveis calculated using the same value of the
ellipsoid anisotropy aspect ratio asthe ratio of fracture aperture to fracture diameter. The second
curve is calculated with the precondition that the ellipsoid diameter is equal to fracture diameter.
In thislatter case, the ellipsoid anisotropy aspect ratio equals 3/2 of the ratio of fracture aperture
to fracture diameter. Figure 6 indicates that numerical results are well fitted by self-consistent
values, and they generally fall between these two aternative self-consistent curves over the

typical range of fracture porosity.

4.3 Randomly Oriented System of Fractures
4.3.1 Random fracture set in two dimensional space

Consider atwo-dimensional fracture set consisting of randomly oriented fractures of constant
length L. The effective hydraulic conductivity of this system isisotropic and characterized by a
single value kg in al directions. Combining Equations (3a—b), Equation (6), and Equation (9b)
produces the following polynomial expression of the third order for effective hydraulic

conductivity:

—e k2 +b-K2 +c-k, +e-k k=0 (26)

N o

where:: bzkm(—§(1+52)+g(l— p)j+kf( (1+52)+g(p—g)—1j,and

c=—k, -km(g(1+ &)+ g(p—g)—1j+ kf(g(u &)+ g(p—l)j.
For infinite fractures (¢ — o) the solution of Equation (26) is:

ki p+k,(2-p)
kf (2_ p)+kmp

For the typical case of fractured medium, i.e., p<<1 and kn<<k: , Equation (27a) tendsto:

k, =k, (27a).



m

ke ~k_ +k, g (27b)

This equation for impermeable matrix reproduces the result of Romm (1966) and Snow (1969)
for a 2D random fracture network.

Equation (26) yields the effective hydraulic conductivity for arbitrary values of parameters.
The most critical task of the self-consistent approach is predicting the hydraulic conductivity of a
purely fractured medium near to percolation threshold. Consider the effective permeability of a
low-density fractured medium for the case of kn= 0. The relationship between the fracture
porosity p and the geometric characteristics of elliptical fractures, with fracture density N, and

fracture length L, can be written in the form:
p=g%N2L2 (289)

Substitution of the porosity from Equation (28a) into Equation (26) and setting the effective
conductivity equal to zero produces the following critical dimensionless fracture density at the
percolation threshold:

N, L2 = ;(1+285_+52) (28b)

This equation gives the numerical value for percolation threshold as 2.54, which is about two
times less of the value (5.7) obtained for arandom network based on intensive numerical
simulation conducted by different authors (Robinson, 1983; Bour, Davy, 1998). Solving
Equation (26), the growth of the effective hydraulic conductivity near the percolation threshold

for very thin fractures (s — «) is described by:

k
—e‘=1—L2 (28¢)
K m-N,L

00

where k, =k, p/(2- p) isthe effective conductivity of infinite fractures network (see Equation

27a).

Equation (28c) differs from the equation for effective conductivity of a sparsely fractured
medium proposed by Robinson (1984). Figure 7 reproduces Figure 4.54 (p.192) of Gelhar
(1993), in which numerical results of different authors were compared with the Robinson (1984)
equation. The line representing Equation (28c¢) is aso shown in thisfigure. We can see that,
despite the fact that Equation (28c) generates more rapid growth in effective conductivity,
generally the results found for the 2-D network using the self-consistent approach appear to be
physically acceptable. Note also that numerical results are well bracketed between Robinson’s

curve and the self-consistent curve (Figure 7)



4.3.2 A random fracture set in three-dimensional space

The development of the two-dimensional fracture set presented in the previous section is
applicable to the much more realistic case of fracturing represented by 3D random-orientation
fractures of constant diameter D. For the 3D case, athird-order polynomial equation for

calculation of effective hydraulic conductivity is also obtained:

a-k3 +b-kZ +c-k, —k_k?n(1-2n)=0 (29)

where a=2n,(1-n,); b=k, (1— 3n, - g — pn, + 4nfj + km(g —2n, +2n’ + pnlj

c= kf[n1+ pnl—2—3p—2nf)+kfkm(3nl—4nl2 +:—23 p— pnl—lj.

For infinite fractures (n, — 0), the solution of Equation (29) is

1 2plky —ky )+ 3k,
k, =K, %, ok, k) (30a)

For the typical case of afractured medium (i.e., p<<1 and k<<k; ), Equation (30a) tendsto:
K, ~k +K, 2—;’ (30b)
Consider the effective permeability of alow-density fractured three-dimensional medium for the

case kn= 0. The relationship between the fracture porosity p, the geometric characteristics of

ellipsoidal fractures with fracture density N3, and fracture diameter D has the form:
p= g% N,D? (31a)
Substituting porosity from Equation (31a) into Equation (29), taking into account the

approximation of Equation (22) for the polarization coefficient n;, and setting the effective

conductivity to zero—qgives the following critical dimensionless fracture density at the

percolation threshold:
N,D® =2~ 225 (31b)
T8

This value falls within the range of values for the percolation threshold given by Chilesand De
Marsily (1993), but generally exceeds the upper limit for percolation threshold given by most
other authors. For example, Gelhar (1993), referring to different works, places the interval for
critical fracturing density between 1 and 2.

The growth of the effective hydraulic conductivity near the percolation threshold for very

thin fractures (& — o) is described by:

K
d :1—% (31c)
K -3, -N;D

0



where k, =k 2p/(3- p) is the effective conductivity of an infinite fractures network (see

Equation 30a).

5 Conclusion
In this paper, a self-consistent approach has been applied to calculate the effective hydraulic

conductivity of a heterogeneous medium composed of highly contrasting intrinsic permeability
values. This approach does not have formal limitations on the difference in intrinsic permeability
values between the two materials. Thus, formally, it can be used for the case in which one
material isimpermeable.

The effective parameters obtained by this approach generaly agree with numerical 2-D and
3-D modeling results, done for the case of four-orders-of-magnitude contrast between the
intrinsic permeabilities of the materials.

Verification of this approach against the percolation theory shows that this approach gives
physically acceptable results for the case of isometric permeable inclusions placed into
impermeable medium. Our 2D results for the percolation threshold agree with the percolation
theory, while our results for a 3D medium exceed the percolation threshold by almost a factor of
two. For the cases of highly anisotropic inclusions (i.e. fracturesin 2D and 3D) in an
impermeable matrix, the percolation thresholds and the growth of effective conductivity are
obtained. The results are close to those of the percolation theory, although specific values of
relative fracture density do not exactly match.

The main limitations of the present approach have to do with its invariance to assigned
medium/inclusion intrinsic permeability values. Our modeling results show that, near the middle
point of the inclusion volume fractions, the effective conductivity strongly depends not only on
the ratio of conductivities in the medium/inclusion and the inclusion geometry, but also on what
value is assigned to the medium and the inclusions. For highly conductive media and weakly
conductive inclusions, the effective hydraulic conductivity could be up to one order of
magnitude larger than the conductivity for the complementary case. The self-consistent approach
gives avalue near the geometric average of both cases. This limitation is associated with the
nature of our approach, in that inclusions interact with effective media and not directly with each
other, whereas the observed behavior of the effective conductivity are often aresult of the
interaction of highly conductive bodies with each other.

As apractica application, the present approach can be effectively used for the cases of
spatialy distributed hydraulic conductivity in sand-shale and fractured porous aquifers, based on

geostatistical simulation of heterogeneity. This can be done using measurable heterogeneity



parameters (such as fracture density and sand volume fraction) and constructing model blocks
with spatially distributed parameters. Then, the self-consistent conductivity can be calculated for

these blocks using equations from this paper.
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Figure captions

Figure 1. Representation of medium hydraulic heterogeneity by matrix and inclusions

Figure 2. The comparison of self-consistent results found by solving system of Equations 7a and
7b for 3D flow with numerical results of Desbarats (1987) and Dagan’ s approximation. Symbols
are numerical results for anisotropy coefficient 1/15, solid lines are self-consistent curves for
vertical and horizontal effective conductivity, and the dotted lines are Dagan’ s approximation of

conductivities.

Figure 3. The comparison of self-consistent results found by solving system of Equations 7a
and 7b for 2D flow with numerical modeling. Lines with symbols are numerical results for
anisotropy coefficient 1/15. The forward runs are shown by open symbols and backward runs
are shown by filled symbols. Thick lines are self-consistent curves for the vertical and

horizontal effective conductivity

Figure 4. Geometry of a 2D regular fracture network problem in a medium with matrix
conductivity studied by Malkovsky and Pek (1995): (a) view of fracture network, (b) geometry
of periodic fracture cell G and (c) representation of rectangular fracture by equivalent elliptical

fracture.

Figure 5. Comparison of self-consistent hydraulic conductivity calculated using Equation (20)
with the values of effective hydraulic conductivity, calculated using the Makovsky and Pek
(1995) equation.

Figure 6. Effective hydraulic conductivity of a 3D matrix medium with a set of parallel disk
fractures randomly distributed over space. Filled circles were obtained by numerical simulation
and the curves are the self-consistent hydraulic conductivity calculated as the root of the
polynomial expression (Equation (23)). The curves are labeled by the values of the ellipsoidal

fracture anisotropy aspect ratio used.

Figure 7. Comparison of the effective hydraulic conductivity near the percolation threshold
obtained by the self-consistent approach (solid line) with that given by Robinson (1984) equation

(dash line) and results from numerical simulations.
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