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Abstract

Scalable and Reliable Gaussian Processes for Uncovering Physical Patterns from

Experiments and Simulations
by
Xinyi Fang

Gaussian processes (GPs) provide a fundamental tool for statistical inference and experimen-
tal design in scientific computing, which provides an important framework for quantifying
uncertainty. However, two challenges remain for Gaussian process models of complex real-
world data. First, computational and storage costs are prohibitively large when dealing
with problems requiring massive amounts of data. Second, reliable predictions, inverse
estimation, and feature selection for data with high-dimensional inputs or large noise. This
thesis addresses these two challenges by developing novel, efficient statistical approaches
and fast algorithms that address these problems.

Chapter [I] systematically reviews GPs and their theoretical connections to dynamic
linear models and the Kalman filter, which form the foundation of the subsequent scalable
inference methods, and active learning strategies for prediction and optimization, particularly
for problems with a high-dimensional input space. Chapter 2] introduces the inverse Kalman
filter, a novel algorithm that reduces the computational complexity of covariance matrix-
vector multiplication from quadratic to linear order, for any covariance matrix induced by
dynamic linear models, a broad class of models that include GPs having Matérn covariance
with one-dimensional input and half-integer roughness parameter. By integrating the inverse
Kalman filter with the conjugate gradient algorithm, we are able to compute the predictive
distribution for GPs with a class of additive covariance matrix scalably, with applications

in accurately estimating kernels between a large number of interacting particles over a

X



long period of time and interpolating incomplete lattices. Chapter [3| develops data-driven
statistical methods for modeling collective cell motion, guiding feature selection in adaptive
model construction through composite hypothesis testing to achieve effective parameterized
modeling. Chapter [4 proposes a physics-informed machine learning method for automatically
identifying the phase structure of block copolymers. The selected feature set is independent
of the chemical composition of the materials, allowing the model to generalize to block
copolymers with new monomers. Chapter [5] proposes an active learning framework with
probabilistic error control, applicable to high-dimensional input space, providing a reliable
solution for surrogate modeling of expensive simulations. Finally, Chapter [6] provides an

outlook on future research directions.
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Chapter 1

Introduction

With the development of modern experimental techniques, vast amounts of ex-
perimental data can be generated in one experiment, such as a large microscopy video in
imaging formation of microscopic patterns, but the number of experiments can be limited
due to the time and cost. Thus, translating experimental observations into physical rules and
knowledge faces two distinct challenges in practice. First, scalable computational tools are
needed to process and analyze the massive data produced within each experiment, especially
when the underlying physical or biological mechanisms can be unknown or too complex to
model directly [2] B, 14} 5] [6, [7]. Second, efficient inverse estimation approaches are required
to extract and capture underlying patterns across a limited set of experiments [8, 9] [10].
This thesis aims to construct scalable statistical approaches for efficiently estimating system
properties, automating model construction, and intelligently selecting informative training
data for training surrogate models when physical simulation is available.

Gaussian processes (GPs) [9] are widely used surrogate models for predicting
continuous outcomes from small tabular datasets due to its computational efficiency and
internal uncertainty quantification [9, 11l §]. Modern large language models, such as

ChatGPT and Gemini, frequently recommend GP for such small-data regression tasks. In



particular, the predictive distribution of a GP provides more than just point predictions
[12]. It also yields a principled measure of model confidence that guides the selection of the
most informative input points for sampling [13], 14 [15, [16].

Training a GP surrogate for a larger number of observations is challenging due to
the computational bottleneck of inverting the covariance matrix, which scales O(n3) with
the number of samples n, making exact inference prohibitive for large data. To address this,
various approximation methods have been proposed. These include low-rank approximations
that project GPs onto low-dimensional latent subspaces via inducing points [17, [18], Vecchia-
based methods that exploit sparsity in the inverse Cholesky factor through conditional
independence [19, 20} 2], and local GP (1aGP) that performs inference on a locally optimal
subset of observations [22]. Although these techniques accelerate computation, there is a
trade-off between computational efficiency and predictive accuracy.

For processes with specific covariance structures, it is possible to achieve exact
inference, prediction, and uncertainty quantification with high computational efficiency.
When a GP employs certain kernel functions (e.g., the Matérn kernel with a half-integer
roughness parameter [23] and one-dimensional inputs), it can be equivalently represented as
a dynamic linear model (DLM) [24] 25]. Under this state-space representation, the Kalman
filter (KF') algorithm enables exact inference and prediction with linear time complexity
O(n) [26]. While this connection offers substantial advantages for one-dimensional inputs, it
does not naturally extend to more complex systems motivated by physical models, where
the covariance has an additive structure arising from multiple latent factors. Existing
GP approximation methods are also not directly applicable to such cases. To bridge this
gap, Chapter [2| introduces an accurate and scalable algorithm for GP inference under this
broader class of covariance structures by combining state-space representations with iterative

methods.



Beyond computational scalability, many scientific applications require not only
accurate predictions but also an understanding of the underlying physical mechanisms. While
non-parametric frameworks like GPs are powerful for discovering complex relationships,
they often act as “black-box” predictors that do not explicitly account for specific physical
or biological laws. In many contexts, such as the study of collective dynamics, parametric
modeling remains essential for bridging the gap between empirical observations and physical
theory [27, 28, [6]. By constructing models with defined mathematical structures, researchers
can evaluate whether these representations align with experimentally observed behaviors.
Such alignment provides a systematic way to interpret the underlying logic of a system
and identify the key drivers behind complex phenomena. By integrating statistical learning
and testing with physical models, Chapter [3| develops a statistically efficient framework for
model construction that captures key features without exhaustive simulation-based model
comparison.

The success of a statistical model depends not only on its architecture but also
on how the training data is constructed, particularly when resources are limited. This
“information limitation” can arise in two ways. First, although various types of measurement
data are typically available, not all features exhibit good generalization capabilities. In
materials characterization, for instance, models built on system-specific features like chemical
composition or molecular weight are inherently restricted to training samples and fail to
generalize across different chemical systems [29, [3]. In contrast, physical measurements such
as scattering data capture structural information that is independent of specific chemical
details, thus providing a basis for universal models [30]. In this case, extracting chemically
independent yet informative features from high-dimensional data is crucial for achieving
cross-system generalization. Chapter [4] addresses this challenge by developing a physics-

informed approach to extract generalizable features from scattering data for polymer phase



identification, which is important for automating experiments in chemical laboratories [31].

Second, when physical simulations or experimental evaluations are expensive,
researchers face the critical challenge of sample selection. Traditional experimental design
often relies on static sampling schemes [32], such as space-filling designs including Latin
hypercube sampling [33] and maximin distance designs [34]. These methods aim to distribute
sample points across the input space to ensure sufficient training data near any test point
[35]. While effective in low-dimensional problems and scenarios with sufficient computational
resources, such space-filling strategy encounters the curse of dimensionality in complex
physical systems. As the input dimension increases, the number of samples required to
adequately cover the domain grows exponentially, leading to an extremely sparse input space
under any realistic budget. This challenge is further amplified when inputs are functions
(e.g., external potentials in density or quantum functional theory and initial conditions of
partial differential equations) [36] [10], 37, [38], which are inherently infinite-dimensional. In
these settings, the model essentially extrapolates across vast “gaps”, making it difficult for
static sampling schemes to capture abrupt changes. Active learning offers an alternative [39]:
instead of aiming for uniform coverage of the entire space, it dynamically selects the most
informative points for evaluation, focusing the limited budget on regions of high importance.
Common strategies include minimizing the average variance of parameter estimates via
the trace of the inverse Fisher information matrix (A-optimality) and maximizing the
determinant of the Fisher information matrix (D-optimality) [40, 39]. In the context of
GP modeling, approaches based on predictive variance reduction (e.g., ALM, ALC) have
emerged [13], 14}, [41]. However, these methods mostly focus on the geometric structure of the
input domain [12] and rarely utilize the observed output responses to assess model reliability.
A new active learning strategy, presented in Chapter [5 enables automatic error control

through the quantified reliability of the surrogate model, ensuring high accuracy at feasible



cost.
The mathematical foundations of GPs and their connection to DLM and the KF
are introduced in Sections and respectively. The outline of the subsequent chapters

is presented in Section

1.1 Gaussian processes

1.1.1 Gaussian processes with scalar outputs

When we model a real-valued unknown function z(-) using a Gaussian process (GP),

it means that for any finite set of inputs {x1,...,x,}, where each x; € RP, the corresponding
output vector z = (21, ... ,zn)T follows a multivariate normal distribution

z| 0%, R~ MN(u,o°R), (1.1)
where g = (u(x1), ..., u(x,))7 is a vector of mean, o2 is an unknown variance parameter, and

the (i, j)-th entry of the correlation matrix R is defined by the kernel function R;; = ¢(x;, x;).

For any input x, the output mean is typically modeled as p(x) = h(x)3, where 3
is a p,-dimensional vector to be optimized, and h(x) = (h1(x),...,hy,(x)) is a predefined
row vector of mean basis functions. In practice, the most common choice is to use only the
intercept term, i.e., set p, = 1 and h(x) = 1.

There are two main classes of kernel functions whose structure directly determines
the properties of the GP. Isotropic kernels characterize the correlation solely based on the
Euclidean distance between two inputs c(x;,%;) = c(||x; — x;||), where x; = (z41,...,Zip)

and x; = (2j1,...,2;p). This type of kernel is often used for spatiotemporal data where

each input dimension is on the same scale. When the scale of the input dimensions differs,



Table 1.1: Commonly used kernel functions, with ¢(z;, z;) = ¢(d) and d = |z; — z;|. In the
Matérn kernel, I'(+) is the gamma function and /C,(-) is the modified Bessel function of the
second kind.

Kernel Type Form Range
Power Exponential exp(—(d/v)") v e (0,2]

Matérn 2“*1111(11) (%) K % v>0

Rational Quadratic (1 4 ($)2> v v>0

a product kernel is often used to incorporate different correlations for each coordinate,
defined as c(x;,x;) = c1(|zin — xj1]) X -+ X ep(|xip — xjp|), where ¢(+) is the kernel for the
[-th coordinate for [ = 1,...,p. In this case, the correlation matrix can be expressed as
R =Rjo---oR, with o representing the Hadamard (element-wise) product.

Some commonly used kernel functions are shown in Table . The kernel ¢(-)
typically involves a roughness parameter v; > 0 and a range parameter ; that controls the
rate at which the correlation decays with distance. For power exponential kernels, when
v; = 2, the kernel becomes the Gaussian correlation kernel, whose corresponding sample
paths are infinitely differentiable. Although the Gaussian kernel offers good flexibility, its
overly strong smoothness may be impractical when dealing with real-world physical systems.
Thus, choosing 1 < 1; < 2 is often a more suitable choice.

Another class of kernel functions highly favored in scientific computing is the Matérn
kernel. When the roughness parameter v; takes half-integer values, i.e., vy = (2¢ — 1)/2, with
G € N being a positive integer, the Matérn kernel has a closed-form expression. Furthermore,
a GP with a Matérn kernel is [1; — 1] times differentiable, an attractive property in practice
as the differentiability of the process is directly controlled by the roughness parameter [9].
For example, when v, = 1/2, it simplifies to the exponential correlation ¢;(d) = exp(—d/v;),

corresponding to the Ornstein-Uhlenbeck process, which is not mean-squared differentiable.



When v; = 5/2, the Matérn kernel takes the form

5172d  5d? 51/2d
c(d) = <1 + + 32> exp (— , (1.2)

m Vi

which is twice differentiable. Due to the good balance between smoothness and flexibility,
this Matérn kernel (1.2]) has been widely adopted as the default covariance function in

modern software of GP surrogate models or emulators [42], [43].

Predictive distribution and parameter estimation

Given observed data z and the corresponding inputs {xi,...,X,}, the likelihood of

the GP models is

~-HB) TR (z—H
£(B. 0%y | 2) = (2mo?) AR| e (LR HON)
o
where H = [h(x;)7, ..., h(x,)T]7 is the n x p, design matrix, 3 is the mean parameter
vector, o2 is the variance parameter, and v = {’yl, e ,’yp} represents the range parameters

for each input dimension. Conditional on -, the maximum likelihood estimates (MLE) is

obtained as

5 e _ . 1 f .
Bure = (HIRTH)'HIR 'z, 63,5 (z—HB)TR(z — HPB). (1.4)

n

Plugging B vLE and (3]2\4 1 p into |i the likelihood reduces to the profile likelihood

£y ] 2 Buse-Fhure) xRV (2 BA) Rz~ HA)) . (L5)



The range parameters -« are then estimated as the mode of the log profile likelihood ([1.5)),
denoted as 4psrg. The predictive distribution of a new input x*, conditional on all estimated

parameters, is given by

2(x*) | 2. Bure: 63rpm AvLe ~ N Gure(XY), 63 eche), (1.6)
where
Snep(x) = h(x")Bure + 17 (xR (2 HBurp) | (1.7)
e = c(x*,x*) — ! (x)R™r(xY), (1.8)
with r(x*) = [e(x*,x1),...,c(x*,x,)]7, and R depends on 415

Another parameter estimation method is based on the robust marginal posterior.
Within the Bayesian framework, we assign prior distributions to the mean and variance
parameters. A common choice is the reference prior [44]: 7(3,0?) o 1/02. Under this prior,

the marginal likelihood is obtained by integrating out 3 and o?:

Liv|2) / / p(z | B.0% R)m(B,0%)dBdo’

. N\ —(n—pp)/2
< [RI7VHIRTHT (-HATR 2 -H) T (1)

The maximum marginal posterior estimation (MMPE) of ~ follows:
Yumpe = argmax. log(L(v | 2)m(7)), (1.10)

where 7(7) is a prior of the range parameters or their transformation. The reference prior

or jointly robust prior of 4 are used in practice [45], 46].



Conditional on the estimated range parameter 4asapE, the predictive distribution
of z(x*) at a new input x* follows a non-centered scaled Student’s t-distribution with n —p,

degrees of freedom:

2(x*) | z,Ymumpe ~ T (2(x"), 52 . n —Du)s (1.11)

where, after replacing Yyrre by Yvmre, 2(x*) = 2y re(x), B =By, 62 = neip/(n—

Pu), and

¢ = ¢y + 0 (x)” (HTR™'H) ™ h*(x%), (1.12)

with h*(x*) = h(x*) — H'R!'r(x*). The derivation of Equation (1.11) is provided in
Appendix [A]

For computing either the profile likelihood or the marginal posterior distribution, the
main computational bottleneck of GP lies in the inversion and determinant calculation of the
correlation matrix R. These operations are typically carried out via Cholesky decomposition,
which has a computational complexity of O(n?). Therefore, direct computation for GP can

be computationally expensive for problems with large datasets.

Gaussian processes for noisy observations

In many practical applications, we cannot observe the underlying latent function,

but only noisy observations:

y(x) = 2(x) + €(x), (1.13)



where 2(-) is modeled as a GP and €(x) ~ N (0, 03) represents independent observation noise.
This model is widely used in scenarios involving observation errors, such as measurement
errors or random variability, or to improve numerical stability even if there is no noise. Let
y = (y(x1),y(x2),...,y(x,))" be the noisy observations at the input set {xi,xa,...,X,},
and define the nugget parameter as n = 0(2) /o?. Under this model, the parameter estimation
and predictive distribution remain identical to those described previously for both profile
likelihood or marginal likelihood methods, except that all R in Equations — are
replaced by R = R + nI,,. The nugget parameter 7 is then estimated jointly with the range

parameters .

1.1.2 Gaussian processes with vectorized outputs

The output of interest in many simulations and experiments is often a vector rather
than a scalar. Let z(x) = (21(x),..., 2x(x))? be the k-dimensional output vector at the
input x, where z;(x) represents the response of the j-th output dimension. A straightforward
modeling approach is to fit a GP model independently for each output dimension z;(-).
However, this method encounters significant computational bottlenecks when k is large. As
discussed earlier, the main computational cost of a standard GP lies in the inversion and
determinant calculation of the correlation matrix R, with a complexity of O(n?). For a
k-dimensional output, independent modeling requires parameter estimation and prediction
for each dimension separately, resulting in a total computational complexity of O(kn?),
which is computationally prohibitive when both k& and n are large.

To reduce the computational cost while maintaining modeling flexibility, we adopt
the partial parallel Gaussian process (PP-GP) model [47]. The core idea of this model
is to share the range parameters v and basis functions h(x) across all output dimensions

while allowing the mean and variance parameters to vary. Specifically, for the j-th output

10



dimension, we assume z;(-) ~ (]P(h(')ﬁj,ajzc(-, -)), where B; and 0]2 are the mean and
variance parameters specific to the j-th dimension, respectively. The use of shared range
parameters ensures that the correlation matrix R only needs to be computed once, while
dimension-specific parameters ajz and B; allow different outputs to have distinct mean
structures and levels of variability.

The reference prior for this model is 7(B41, . .., B, 02, . .. ,a,%) x 1/ H§:1 O'JZ. For a

new input point x*, the predictive distribution for the j-th output dimension is a Student’s

t-distribution with n — p, degrees of freedom

*k

2 (x*) | 2,y ~ T(3(x%),67¢ 0 = pu), (1.14)
where

£(x") = h(x")B; + 7 (x" )R (z; - HB)) (1.15)
and ¢** defined as in , with

B;= H'R'H) 'H'R 'z, (1.16)

52 = (z; — HB;) R\ (z; — HB,))/(n— p,). (117)

In the PP-GP framework, the outputs are assumed to be conditionally independent across
dimensions given the shared parameters. Thus, we have p(z;(x*) | 4,2) = p(z;(x*) | ¥, 2;),
for any j and x*, which allows us to use Equation for computing the posterior predictive
distribution. The shared range parameters v can be estimated by maximizing either the
marginal likelihood, obtained after integrating out the mean and variance parameters (3;, ajz)

for all 7 =1,...,k, or the marginal posterior density (MMPE), if we further incorporate a

11



prior distribution () similar to the framework in . In practice, the marginal posterior
mode is often preferred as it provides more robust parameter estimation.

In comparison with alternative methods for modeling multi-dimensional outputs,
the PP-GP emulator discussed above has advantages in terms of computational scalability
and internal uncertainty assessment. First, constructing the covariance matrix requires
O(n?p) operations, while computing the predictive mean in Equation (1.15)) only takes
O(nk) + O(n3) operations, where the O(n3) term stems from the Cholesky decomposition
of the covariance matrix. Compared to the O(kn3) cost of building independent emulators
for each output dimension, this represents a significant reduction, as it requires only a
single Cholesky decomposition for all output dimensions. Furthermore, approaches that
explicitly model the k x k spatial covariance matrix generally incur a cost of O(k3), which
is computationally expensive when the number of grid points & is large. Second, predictive
uncertainty can be directly assessed since the percentiles of the predictive distributions in
have closed-form expressions. This quantified uncertainty allows for the control of
predictive errors, as discussed in Chapter

One natural generalization is the multi-output emulator of [48], which models the
k-dimensional output as a matrix-variate GP with separable covariance structure, where
the joint covariance between outputs at two inputs is modeled as the product of an input
correlation function and a k x k output covariance matrix that captures dependencies among
output dimensions. Theorem 6.1 in [47] shows that under an objective prior, the posterior
predictive mean is identical for any choice of this output covariance matrix, implying that
the PP-GP achieves comparable predictive accuracy without explicitly modeling output
dependencies.

An alternative for modeling multi-dimensional output is the linear model of core-

gionalization (LMC) [49]. It decomposes the output into a linear combination of independent
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latent GP factors, with a factor loading matrix linking these latent factors to the observed
output dimensions. A common way to estimate the loading matrix is to apply principal
component analysis (PCA) to the simulator output [50], which turns the emulation problem
into fitting a set of independent scalar GP emulators on the projected coordinates. Within
this latent factor framework, the PCA solution coincides with the maximum marginal likeli-
hood estimator of the factor loading matrix only when the latent factors are independent
and normally distributed [51I]. Once the factors are correlated, this PCA estimator can be
suboptimal. To fix this, generalized probabilistic PCA (GPPCA) models each latent factor
as a GP and derives a more accurate estimator of the factor loading matrix that accounts
for factor correlation [51]. This framework was later extended to handle large datasets
with irregular missing values via Gaussian orthogonal latent factor (GOLF) processes [52].
More recently, a new algorithm called FMOU was developed for high-dimensional dynamical
systems [53]. By modeling each latent factor as an Ornstein-Uhlenbeck process with distinct
correlation and variance parameters, this algorithm uses the orthogonal loading structure to
achieve closed-form updates within an expectation-maximization framework. When these
latent factor processes are equipped with specific covariances on a one-dimensional input,
they admit an equivalent state-space representation as a dynamic linear model, as reviewed

in Section [[.2

1.2 Dynamic linear models and Kalman filter

Dynamic linear models (DLMSs), also known as linear state space models, are widely

used for modeling temporally correlated data [54] [55]. Each observation y; € R in DLMs is
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Figure 1.1: The dependent structure of the dynamic linear model.

associated with a latent state vector 8; € RY, defined as:

Yt = Ft0t + €, €~ N(O, 0'(2)115), (118)

Gt = Gtet_l + Wy, W ~ M/\/(O,Wt), (1.19)

where F; and G; are matrices of dimensions 1 x ¢ and § X §, respectively, W; is a ¢ X ¢
covariance matrix for ¢ = 2,...,n, and the initial state vector follows a multivariate normal
distribution 8; ~ MAN (by, W1). While the model allows for time-varying observation noise,
in practice, it is often assumed that Uat = o} for all t. The dependency structure of DLMs
is illustrated in Figure (1.1

The Kalman filter (KF) and Rauch-Tung-Striebel (RT'S) smoother provide a fast and
exact approach to estimate latent states and compute likelihood and predictive distributions
in DLMs, which scales linearly with the number of observations [26], as reviewed in Lemma
and Lemma In particular, the KF enables efficient computation of L~1u for any
n-dimensional vector u in O(§>n) operations, where L is the Cholesky factor of the covariance
matrix 3 = Cov[y1.,] = LLT. The result is summarized in Lemma with the detailed

proof provided in Appendix

Lemma 1.1 (Kalman Filter). Let 0,1 | y1..-1 ~ MN(my_1,C;_1). Recursively for

t=2,...,n:
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(i) The one-step-ahead predictive distribution of 0, given yi.4_1 is

0: | y14—1 ~ MN (b, By), (1.20)

with by = Gymy_1 and B; = G;Cy_1G] + W,.

(i) The one-step-ahead predictive distribution of y; given y1.4—1 is

Yt | y1e—1 ~ N(ft, Qr), (1.21)

with f, = F¢by, and Qy = F,BF] + 3 .

(iii) The filtering distribution of 0y given y1.4 follows

0: | y14 ~ MN(my, Cy), (1.22)

with m; = by +BF] Q; ' (y:— fr) and C; = By —BFL Q; 'F;By, where K; = B{FL Q!

is called the Kalman gain.

Lemma 1.2 (RTS Smoother). Denote 0441 | yi:n ~ MN (S¢41,S¢41), then recursively for
t=n-—1,...,1,

ot ’ Yin ~ MN<St7 St)a (123)

where

T -1
sy =my + C;Gy 1B, (sg1 — beya),

S: = C; — C,G/, B}, (Biy1 — Si11)B | G11Cy.
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Lemma 1.3. Denote § = (71,...,9,) = L'y, where L is the lower triangular factor in

Cholesky decomposition of a positive definite covariance X = LLT, with ¥ = Cov[y1.,] with

Yy defined as in . We have

~ Yt — fi
t

where f; and Q¢ are defined in . Furthermore, the t-th diagonal term of L is Ly = 2/2.

DLMs are a large class of models that include many widely used processes, such as
autoregressive and moving average processes [50, [57]. When the input is one-dimensional and
ordered (e.g., time or spatial series), GPs with commonly used covariance functions, including
the Matérn kernel with a half-integer roughness parameter [23], can also be represented
as DLMs [24], 25]. In such cases, there exist closed-form expressions for F;, G; and Wy.
This connection, summarized in Appendix [A] provides significant computational advantages
for GPs, as we can achieve inference and prediction with linear complexity by utilizing
KF algorithms, thereby overcoming the O(n3) computational bottleneck of standard GP

methods.

1.3 Outline

Chapter [2 introduces the inverse Kalman filter (IKF'), which extends the compu-
tational scalability of the KF to more general and complex dependency structures. While
standard DLMs assume a one-to-one mapping where each observation y; depends only on
its corresponding latent state 6, (Figure , many scientific problems involve dependencies
where a single observation is influenced by multiple latent states simultaneously (Figure .
The IKF addresses these complexities by enabling exact, linear-time multiplication of the

covariance matrix with arbitrary vectors. Furthermore, when integrated with the conjugate
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gradient algorithm, it enables fast GP inference and prediction for kernels that admit a
DLM representation. This approach is validated through the nonparametric estimation of
particle interaction functions and is implemented in the FastGaSP R package.

Chapter |3| explores the modeling of the same collective cell migration system from a
different perspective. Building upon the Vicsek model framework [27], this chapter constructs
a parameterized model through systematic statistical testing to describe cellular movement on
anisotropic substrates. By using normality and significance tests to guide feature selection, we
demonstrate how to capture key biophysical mechanisms while maintaining model simplicity
and interpretability. This chapter uses the same cell trajectory data as Chapter [2] but the
focus shifts from computational scalability in non-parametric prediction to the discovery of
mechanistic rules.

Shifting from inference problems to design problems, Chapter [ focuses on the
extraction of features with cross-system generalization capabilities. This chapter proposes
a physics-informed machine learning method for the automated identification of block
copolymer phase structure from small-angle X-ray scattering data. By employing KF
for curve denoising and extracting chemically independent physical features, the resulting
random forest classification model demonstrates the ability to generalize to previously unseen
chemical compositions.

Chapter |5 explores how to intelligently select samples when data acquisition costs
are high. This chapter develops an active learning with error control (ALEC) framework
to guide sequential sampling by quantifying the reliability of model predictions. Unlike
some active learning methods that rely primarily on the geometric structure of the input
space, ALEC incorporates observed output responses to dynamically assess model confidence
and establishes probabilistic error bounds based on the predictive t-distribution of the GP.

This effectiveness of the method is validated through surrogate modeling of classical density
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functional theory and is compared with alternative sampling strategies.

Finally, Chapter [6] summarizes the main contributions of this thesis and outlines
potential directions for future research. Specifically, we explore extensions of the IKF and
active learning framework. We also discuss the integration of GP approximations, such as
the Vecchia approximation, into our ALEC framework, and propose further extensions to

the Vecchia method itself.
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Chapter 2

The inverse Kalman filter

Building upon the connection between Gaussian processes and dynamic linear
models established in Chapter this chapter addresses the computational challenges
of applying Gaussian process inference to large-scale datasets: the cubic computational
complexity required for inverting the covariance matrix. We develop the inverse Kalman
filter, which leverages the state-space representation of the Gaussian process to achieve
exact multiplication of the covariance matrix with any vector in linear time. Unlike the
Kalman filter, which is limited to the one-to-one mapping in traditional dynamic linear
models where each observation relies on a single latent state, the IKF can be applied to
handle complex dependency structures where a single observation depends on multiple latent
states simultaneously. This is a common structure in many scientific problems, such as
particle dynamics. Combined with the conjugate gradient algorithm, this method provides
an accurate and scalable computational framework for inference in large-scale dynamic
systems. We validate the performance of this method in nonparametric estimation of particle

interaction functions and integrate its implementation into the FastGaSP R package.
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Figure 2.1: The dependent structure of particle dynamics.

2.1 Introduction

Dynamic linear models (DLMs) offer a powerful representation for modeling tem-
porally correlated processes. As discussed in Section certain Gaussian processes (GPs),
such as those with Matérn covariance functions and half-integer smoothness parameters,
admit exact DLM representations. This equivalence allows GP inference to be carried out
using the Kalman filter (KF), leading to substantial computational advantages. In particular,
as shown in Lemma in Section the KF enables the computation of L™1u for any
vector u in O(G*N) operations, where § is the latent state dimension, N is the number of
observations. Here, L is the Cholesky factor of the covariance matrix ¥ = Cov(y1.n) = LLT,
with y1.n denoting the output observations.

Computational challenges remain for high-dimensional state space models and
scenarios where the KF cannot be directly applied, such as the dependent structure shown
in Figure [2.1) where each observation y; can be associated with multiple latent states. This
interaction structure, introduced in Section is common in physical models, including
molecular dynamics simulation [58]. A way to overcome these challenges is to efficiently
compute Xu for any N-dimensional vector u and utilize optimization methods such as
conjugate gradient (CG) algorithms for computing predictive distributions [59]. This strategy
has been used to approximate the maximum likelihood estimator of parameters in GPs
[60, 61]. Yet, each CG iteration requires matrix-vector multiplication, which involves O(N?)

operations and storage, making it prohibitive for large N.

20



To address this issue, we introduce the inverse Kalman filter (IKF), which computes
Lu and L7u with O(G®N) operations without approximation, where L is the Cholesky
factor of any NV x N DLM-induced covariance X and u is an N-dimensional vector. The
complexity is significantly smaller than O(N?) in direct computation. The dimension of
the latent states ¢ does not exceed 3 in our applications, and this choice includes many
commonly used models such as twice differentiable GPs with Matérn covariance in ,
often assumed as default in GP models.

The IKF algorithm can be extended to accelerate matrix multiplication and in-
version, a key computational bottleneck in practice. We integrate the IKF into the CG
algorithm to scalably compute predictive distributions of observations with a general covari-

ance structure:
J
T

B, =Y A;SAT +A, (2.1)

j=1
where 3; is a DLM-induced covariance matrix, A; is sparse, and A is a diagonal matrix.
This structure appears in nonparametric estimation of particle interactions, which will be
introduced in Section Both real and simulated studies involve numerous particles over a
long time period, where conventional approximation methods [19, 21, 62} (63| 64, 22] are not
applicable. This covariance structure also appears in other applications, including varying
coefficient models [65] and estimating incomplete lattices of correlated data [I1]. Though we
focus on nonparametric estimation of particle interaction functions in this chapter, we also

apply our approach to the latter in Appendix and provide numerical comparisons with

various approximation methods in Appendix
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2.2 Inverse Kalman filter

In this section, we introduce an exact algorithm for computing Zu with O(G@N),
where u is an N-dimensional real-valued vector and ¥ = Cov[y;.n] is an N x N covariance
matrix of observations induced by a DLM with ¢ latent states, as defined in -.
This algorithm is applicable to any DLM specified in —. Define ¥ = LL”, where
the Cholesky factor L does not need to be explicitly computed in our approach. We develop
fast algorithms to compute X = L7u and x = Lx by Lemma and Lemma below,
respectively, each with O(¢>N) operations. Detailed proofs of these lemmas are available in
the Appendix In the following, us, x+, Z+ denote the t-th elements of the vectors u, x,

and X, respectively, and Ly ; denotes the (t',¢)-th element of L for ¢ and ¢/ =1,2,..., N.

Lemma 2.1 (Compute X = L7u with linear computational cost). For any N -dimensional

vector u, let Ty = lefuN, IN_1 = Q%EI(EMN,luN +un-1), and gn—1 = FNGnuy. For

t=N—2,...,1, iteratively compute Ty using
~ 1o,
T = Qf (ftﬂ,t + b1 1 + ut) ; (2.2)
gt = 8t+1Gir1 + Fry1Grprugia, (2.3)

with gt-i—l,t = Ft+1Gt+1Kt, gt—l—l,t = gt+1Gt+1Kt7 and the Kalman gam

K, = B,FTQ; !, (2.4)

where By = Cov[0; | y1..—1] and Q¢ = Var[y, | y1..—1] are respectively defined in the KF in
and in Section . Then x = LTu.

Lemma 2.2 (Compute x = Lx with linear computational cost). For any N-dimensional
vector x, let xt1 = Fib; + Q11/2§c1 and my; = by + Ky(x1 — F1by). Fort = 2,... N,
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Algorithm 2.1 The IKF for computing 3u

Input: F;, G;, W;,t=1,..., N, an N-dimensional vector u.
1: Use KF from Lemma [I.1] to compute By, @4, and K; for t =1,..., N.
2: Use Lemma to compute X = LT u.
3: Use Lemma [2.2] to compute x = Lx.

Output: x.

iteratively compute Ty using

b, = Gymy_q, (2.5)
1

= Fiby + Q7 7y, (2.6)

m; = by + Ky(2; — Fiby), (2.7)

where Ky and Q¢ are respectively defined in and . Then x = Lx.

The algorithm in Lemma |2.1]is unconventional and nontrivial to derive. In contrast,
Lemma has a direct connection to the KF'. Specifically, the one-step-ahead predictive
distribution in step (ii) of the KF, given in Chapter [1, enables computing L~'x for any
vector x (Lemma . Lemma essentially reverses this operation, computing Lx for any
vector X, leading to the term Inverse Kalman filter (IKF).

The IKF algorithm, outlined in Algorithm sequentially applies Lemmas [2.1] and
to reduce the computational cost and storage for Xu from O(N?) to O(G2N) without
approximation. Note that the O(¢°N) is primarily due to the matrix-matrix multiplication
required to obtain B; (Equation ((1.20])) in the initial KF. Once these quantities are pre-
computed, the core iterations in Lemmas [2.1 only involve matrix-vector multiplications,
which require O(¢?N). The IKF applies to all DLMs, including GPs that admit equivalent
DLM representation, such as GPs with Matérn kernels where roughness parameters 1/2 and

5/2 correspond to § = 1 and § = 3, respectively.

While Algorithm can be applied to any DLM in ((1.18))-(1.19)) regardless of the
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Figure 2.2: Panels (a) and (b) compare the IKF (blue dots) with direct computation (red
triangles) for calculating ¥u in the original time scale and logarithmic scale (base 10),
respectively. Panel (c) shows the predictive error comparison between the non-robust IKF
(light blue squares) and the robust IKF (blue dots).

noise variance, we do not recommend directly computing 3u in scenarios when the noise
variance 0’%7t is zero or close to zero in . This is because, when a&t =0, Q; in ,
the variance of the one-step-ahead predictive distribution, could be extremely small, which
leads to large numerical errors in due to the unstable inversion of Q;. To ensure
robustness, we suggest computing x = (X 4+ VIy)u with a positive scalar V' and outputting
x — Vu as the result of 3u. Here, ¥ + VIn can be interpreted as the covariance matrix
of a DLM with noise variance V. Essentially, we introduce artificial noise to ensure that
@; computed in the KF is at least V' for numerical stability. The result remains exact and
independent of the choice of V.

We compare the IKF approach with the direct matrix-vector multiplication of 3u in
noise-free scenarios in Figure The inputs of ¥ are uniformly sampled from [0, 1] and the
Matérn covariance with unit variance, roughness parameter 5/2, and range parameter vy = 0.1
[23] is used. Panels (a) and (b) show that the IKF significantly reduces computational costs
compared to direct computation. The IKF achieves covariance matrix-vector multiplication
for an output vector of 10 dimensions in about 2 seconds on a desktop, making it highly
scalable to be applied in iterative algorithms like the CG algorithm [59] and the randomized

log-determinant approximation [66]. Figure [2.2c) compares the maximum absolute error
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between the robust IKF with V' = 0.1 and the non-robust IKF with ¥V = 0. The non-robust
IKF exhibits large numerical errors due to instability when @); approaches zero, while the
robust IKF remains stable by ensuring that ¢); is no smaller than V', even with near-singular
covariance matrices X.

Lemmas [2.1] and facilitate the computation of each element in L using DLM
parameters and enable the linear computation of (L7)~'x. These results are respectively

summarized in Lemmas 2.3 and [2:4] below, with proofs provided in the Appendix [B:1}

Lemma 2.3 (Cholesky factor from the inverse Kalman filter). Each entry (t',t) in the lower

triangular matriz L with t' >t has the form
1
Ly = Q¢ by, (2.8)

where by y =1, and, for t' >t, by, is defined as

t
Et/,t - Ft/ ( H G’l) Kt, (29)

I=t+1

with Hf/:H_I G =GyGy_1...Gp1, K¢ and Qy respectively defined in and .

Lemma 2.4 (Compute u = (L7)~!'% with linear computational cost). For any X, let

uy = Q]—Vl/sz’ and uy_1 = QJ_Vl_/f:Z‘N_l — Iy N_qun. Fort =N —2,...,1, iteratively
compute u; using
1
up = Qp 2Ty — Lyt — b1 41, (2.10)

with gt+17t and liy1, defined in Lemma . Then u = (LT)'x.
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2.3 Nonparametric estimation of particle interaction func-

tions

The IKF algorithm is motivated by the problem of estimating interactions between
particles, which is crucial to understanding complex behaviors of molecules and active matter,
such as migrating cells and flocking birds. Minimal physical models, such as the Vicsek
model [27] and its extensions [67, 68|, provide a framework for explaining the collective
motion of active matter.

Consider a physical model encompassing multiple types of latent interactions.
Let y; be a D,-dimensional output vector corresponding to particle 7' at time 7, which
is influenced by J distinct interaction types. For the j-th type of interaction, the i-th
observational vector interacts with a subset p; ; of particles rather than with all particles,

typically those within a radius r;. This relationship is expressed as a latent factor model:

J DPij

yi=D_ D aijnz(dijk) + € (2.11)

j=1 k=1

with € ~ MN(0,0’%IDy) denoting a Gaussian noise vector. The term a;;j is a Dy-
dimensional known factor loading that links the i-th output to the k-th neighbor in the
Jj-th interaction, with the unknown interaction function z;(-) evaluated at a scalar-valued
input d; j x, such as the distance between particles ¢ and k, for k =1,...,p;;, 1 =1,...,n,
and j = 1,...,J. For a dataset of n, particles over n, time points, the total number of
observations is N = nDy = npyn:D,,.

An illustrative example of this framework is an unnormalized Vicsek model. Unlike
the original Vicsek model [27], which enforces a constant speed for all particles, we allow

velocity magnitudes to vary over time. Time-varying velocities are more sensible in many
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real-world scenarios, including cellular movements studied in Section When the system
approaches a high degree of confluence, the average velocity of the cells typically decreases

because of cell proliferation. Assume that the 2-dimensional velocity of the -th particle

T

at time 7, vy (7) = (vir.1(7),vi 2(7))", is updated by averaging the velocity of its neighbors

from the previous time step. Specifically, for each direction [ = 1,2,

1

pr(r—1) R (T — 1) + €r4(7), (2.12)

keney (1—1)

k3

v (1) =

where €;(7) is a zero-mean Gaussian noise with variance o3. The set of neighbors ne; (7 — 1)
includes particles within a radius of r from particle i’ at time 7 — 1, i.e., ney (7 — 1) = {k :
||si (T — 1) —sp(7 — 1)|| < r}, where s;(7 — 1) and sg(7 — 1) are 2-dimensional position
vectors of particle i’ and its neighbor k, respectively, and p; (7 — 1) denotes the total number
of neighbors of the #/-th particle, including itself, at time 7 — 1. The illustration of this
model is shown in Fig. [B.1{(b) in the Appendix

The unnormalized Vicsek model in is a special case of the general framework
in with scalar output y; = vy (7), i.e. D, =1, and the index of the i-th observation
i =2(t —1)n, +2(¢' — 1) + [ is a function of time 7 and particle ¢. This model contains
a single interaction, i.e. J = 1, with a linear interaction function z(d) = d, where d is the
velocity component of the neighboring particle, and the factor loading being 1/py (7 — 1).

Numerous other physical models of self-propelled particles can also be formulated
as in with a parametric form of a particle interaction function [67]. Nonparametric
estimation of particle interactions is preferred when the physical mechanism is unknown
[69, [70], but the high computational cost limits its applicability to systems with large
numbers of particles over long time periods.

In this study, we model each latent interaction function z;(-) nonparametrically
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using a GP. By utilizing an equivalent DLM representation, we can leverage the proposed
IKF algorithm to significantly expedite computation. This includes commonly used kernels
such as the Matérn kernel with a half-integer roughness parameter [23], often used as the
default setting for GP models to predict nonlinear functions, as the smoothness of the

process can be controlled by its roughness parameters [45].

For each interaction 7, we form the input vector dgu) = [dguj), e dg\qf]) j]T, where
superscript (u) indicates that the input entries are unordered, d?}) = d;jr with t =

2:7:1 pir i + k for any tuple (¢,7,k), k=1,...,p;;,t=1,...,n,7=1,...,J,and N; =
1 1 5J ) J
>, pij- The marginal distribution of the j-th factor follows

z§u) = [zj(d(u)), .. ,zj(dg\lé_)d)}T ~ MN (07 25@) ,

Ly

where the (¢,t')-th entry of the N; x N; covariance matrix Egu) is Cov|z; (dgjj-)), zj(dg,“;)] =

17y i) = O'JQ-CJ' (d), with d = |d§uj) - dg/u;], and 0]2 and ¢;(-) the variance parameter

oje;(
and correlation function, respectively. We employ the Matérn correlation with roughness
parameters v; = 1/2 and v; = 5/2 introduced in Section for each interaction j.

By integrating out latent factor processes z;, the marginal distribution of the

T

observational vector y = (y7,... ,yg)T

, with dimension N = nD,, follows a multivariate

normal distribution:

J
(y1=",08) ~ Mma (0,3 AZMAT + Bl | (2.13)
j=1

Here, A; is a sparse N x N; block diagonal matrix, such that the ¢-th diagonal block

is a Dy x p;;j matrix A;; = [a;;1,...,8jp,,;] for i = 1,...,n. The posterior predictive
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distribution of the latent variable z;(d*) for any given input d* is also a normal distribution:
(2i(d*) | v, 08, 0%, 7,1) ~ N(25(d"), 03¢} (d")), (2.14)
with the predictive mean and variance given by

z(d) = = (@) TATS, by, (2.15)
o2ei(d) = olej(d*, ) — = (@) TATS LA =W (@) (2.16)
Here, £, = .7 A;SWAT 1 0215, 0 (d%) = 02[e;(d1"),d"), ..., ¢;(d) ;,d*)]T and r

15> J

represents additional system parameters.

The main computational challenge in calculating the predictive distribution in
lies in inverting the covariance matrix 3, where N and N; range between 10° and
10% in our applications. Though various GP approximation methods have been proposed
[19, 17, [71], (72, [62), 22}, (63, 20], they typically approximate the parametric covariance Egu)
rather than X, and thus they are not directly applicable for computing the distribution in
(12.14).

To address this, we employ the CG algorithm [59] to accelerate the computation of

the predictive distribution. Each CG iteration needs to compute X, u for an N-dimensional

(w)

vector u. To employ the IKF, we first rearrange the input vector dj into a non-decreasing
input sequence d; = [dyj,...,dn,;]7. Denote the covariance Cov(z;] = X; with z; =
[25(d1,5), - - 2i(dn, ;)]*. The covariance of the observations can be written as a weighted sum
of ¥; by introducing a permutation matrix for each interaction: 3, = ijl AijjAz’j +

o2ly, where Ay ; = AjPJT with P; a permutation matrix such that ¥; = PjEE.u)P?. After

this reordering, the computation of ¥,u can be broken into four steps:
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(1) u; = Az,jua

(2) xj = Zjuy,

(3) by = Ar;x;,

(4) 7, 0+ ofu.
Here, A (and thus Ay ;) is a sparse matrix with N;D, non-zero entries. The IKF algorithm
is used in step (2) to accelerate the most expensive computation, with all computations
performed directly using terms in the KF algorithm without explicitly constructing the
covariance matrix.

We refer to the resulting approach as the IKF-CG algorithm. This approach reduces
the computational cost for computing the posterior distribution from O(N 3) operations
to pseudolinear order with respect to N;, as shown in Table in the Appendix
Furthermore, the IKF-CG algorithm can accelerate the parameter estimation via both
cross-validation and maximum likelihood estimation, with the latter requiring an additional
approximation of the log-determinant [66]. Details of the CG algorithm, the computation of

the predictive distribution, parameter estimation procedures, and computational complexity

are discussed in Sections and of the Appendix [B] respectively.

2.4 Numerical results for particle interaction function esti-

mation

2.4.1 Evaluation criteria

We conduct simulation studies in Sections [2.4.2 and analyze real cell trajectory
data in Section to estimate particle interaction functions in physical models. The
code and data to reproduce all numerical results are available at https://github.com/

UncertaintyQuantification/IKF. We have implemented the main functions of the IKF
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and IKF-CG algorithms for estimating particle interaction functions in the FastGaSP package
on CRAN [73]. The observations in simulation are generated at equally spaced time frames
T=1,...,n,; with interval At = 0.1, though the proposed approach is applicable to both
equally and unequally spaced time frames. For simplicity, the number of particles n,, is
assumed constant across all time frames during simulations.

For each of the J latent factors, predictive performance is assessed using the
normalized root mean squared error (NRMSE;), the average length of the 95% posterior

credible interval (L;(95%)), and the proportion of interaction function values covered within

the 95% posterior credible interval (P;(95%)), based on n* test inputs df = (d} ;, ..., dj. ;)"
_ 1/2
N (5(dF ) — zi(dF )2
NRMSE; = (Z”n(* i) ]*( ”2)) > : (2.17)
>im1(Z — Zj(di,j))
1«
L;(95%) = — ;length {CI, ;(95%)}, (2.18)
1«
P;j(95%) = pors Z Lejdr )ect ;(95%)- (2.19)
i=1

*

Here, 2;(d} j) represents the predicted mean at d; ;,

Z;j is the average of the j-th interaction
function, and C1; ;(95%) denotes the 95% posterior credible interval of z;(d; ), for j =
1,...,J. A desirable method should have a low NRMSE;, small L;(95%), and P;(95%) close
to 95%.

To account for variability due to initial particle positions, velocities, and noise, each
simulation scenario is repeated F = 20 times to compute the average performance metrics.
Unless otherwise specified, parameters are estimated by cross-validation, with 80% of the
data used as a training set and the remaining 20% as the validation set. All computations

are performed on a macOS Mojave system with an 8-core Intel i9 processor running at 3.60

GHz and 32 GB of RAM.
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Figure 2.3: (a) Computational time of calculating predictive means using the IKF-CG
algorithm (blue dots), CG method (purple squares), and direct computation (red triangles)
for the unnormalized Vicsek model with different numbers of observations. (b), (¢) NRMSE
of predictive means for the interaction function and log-likelihood computed via direct
computation (red triangles) and the IKF-CG algorithm (blue dots), with differences (yellow
diamonds) of orders 10~7 to 10~° and 107° to 10™%, respectively.

2.4.2 Unnormalized Vicsek model

We first consider the unnormalized Vicsek model introduced in Section [2.3] For

each particle 7' at time 7, after obtaining its velocity using (2.12)), its position is updated as

sy(t) =sy(t = 1)+ vy(n)At, ' =1,...,nyp, (2.20)

where At is the time step size. The initial velocity of each particle is set to v (0) =
[v cos(py(0)), v sin(dy(0))]7, where ¢;(0) is drawn from a uniform distribution on [—7, ]
and v = 21/2/2 ~ 0.71. Initial particle positions s;(0) in (2.20) are uniformly sampled
from [0, npl/ 2] x [0, npl/ 2] to keep consistent particle density across experiments. The goal
is to estimate the interaction function nonparametrically, without assuming linearity. The
interaction radius » = 0.5 is estimated alongside other parameters, with the estimation
results detailed in the Appendix [B.7}

We first compare the computational cost and accuracy of the IKF-CG, CG, and
direct computation for calculating the predictive mean in and the marginal likelihood

in (2.13]) using the Matérn covariance in (1.2]). Simulations are conducted with n, = 100
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Figure 2.4: Boxplots of NRMSE in for estimating the latent interaction function in
the unnormalized Vicsek model with 03 = 0.12 based on 20 experiments. Panel (a) uses
the Matérn covariance with roughness parameter 5/2, and panel (b) uses the exponential
covariance.
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Figure 2.5: Uncertainty assessment of predicted interaction function in the unnormalized
Viesek model with 03 = 0.1 using (a) Matérn covariance function in and (b) exponential
covariance function. Bars represent average lengths of 95% posterior credible intervals .
Dots indicate the proportions covered in the 95% intervals , with the optimal coverage
(0.95) shown as the purple dashed lines.

particles and noise variance 03 = 0.22. Figure (a) shows that the IKF-CG approach
substantially outperforms both direct computation and the CG algorithm in computational
time when predicting n* = 100 test inputs with varying time lengths n., ranging from 4
to 200. Figure (b) compares the NRMSE of the predictive mean between the direct
computation and IKF-CG method when the number of observations ranges from 400 to
2,000, corresponding to n, from 4 to 20. The two methods yield nearly identical predictive
errors, with negligible differences in NRMSE. Figure [2.3(c) shows a comparison between
the log-likelihood values computed via the direct computation and the IKF-CG algorithm,
where the latter employs the log-determinant approximation detailed in the Appendix

Both methods produce similar log-likelihood values across different sample sizes.
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Figure 2.6: (a) Predicted (blue dashed lines) and true (pink solid lines) interaction functions
with the 95% posterior credible interval (grey shaded area) for the unnormalized Vicsek
model with n, = 900, T" = 10, and 08 = 0.12, using Matérn covariance function with v = 5/2.
(b) Trajectories of 45 randomly sampled particles over 50 time frames using estimated (blue
dashed lines) and true (pink solid lines) interaction functions with identical initial positions
and noise samples.

Next, we evaluate the performance of the IKF-CG algorithm across 12 scenarios
with varying particle numbers (n, = 100, 300,900), time frames (n, = 5,10), and noise
variances (03 = 0.12,0.22). The predictive performance is evaluated using n* = 200 test
velocity inputs evenly spaced across a representative input domain of the interaction function
in the data, [—1, 1], averaged over F = 20 experiments.

Panels (a) and (b) of Figures show the predictive performance of particle
interactions using the Matérn covariance with roughness parameter v = 5/2 and the
exponential covariance (Matérn covariance with v = 1/2), respectively, for noise variance
03 = 0.12. Results for 0 = 0.22 are provided in the Appendix Across all scenarios,
NRMSEs remain low, with improved accuracy for larger datasets and smaller noise variances.
The decrease in the average length of the 95% posterior credible interval with increasing
sample size, along with the relatively small interval span compared to the output range,
indicates improved prediction confidence with more observations. Moreover, the coverage

proportion for the 95% posterior credible interval is close to the nominal 95% level in all cases,
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validating the reliability of the uncertainty quantification. By comparing panels (a) and (b) in
Figures we find that the Matérn covariance in yields lower NRMSE and narrower
95% posterior credible intervals than the exponential kernel. This improvement is due to
the smoother latent process induced by , which is twice mean-squared differentiable,
while the process with an exponential kernel is not differentiable.

Figure a) shows close agreement between predicted and true interaction func-
tions. The 95% posterior credible interval is narrow yet covers approximately 95% of the
test samples of the interaction function. Figure (b) compares particle trajectories over
50 time steps by the predicted mean of one-step-ahead predictions and the true interaction

function, both having the same noise vectors. The trajectories are visually similar.

2.4.3 A modified Vicsek model with multiple interactions

Various extensions of the Vicsek model have been studied to capture more complex
particle dynamics [67), 68]. For illustration, we consider a modified Vicsek model with two
interaction functions. The 2-dimensional velocity v;(7) = (vir1(7), vy 2(7))T, corresponding
to the output in , is updated according to:

Y kenes 1y VE(T = 1) Zkene!, (1) F(dirk(T = 1))erp(r —1)
i =—— 1 " = 1)

+ey(1), (2.21)

where €; (1) = (€41(7), € 2(7))T is a Gaussian noise vector with variance o3 and D, = 2.
The first term in models velocity alignment with neighboring particles, and the second
term introduces a distance-dependent interaction function f(-). The definitions of neighbor
sets, 2-dimensional vector ey (7 — 1), and the second interaction function f(-) are provided
in Appendix

We simulate 12 scenarios, each replicated £ = 20 times, using the same number
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Table 2.1: The predictive accuracy and uncertainty assessment by (2.17))-(2.19) for the
modified Vicsek model with of = 0.1 using Matérn covariance function and roughness
parameter v; = 5/2.

First Interaction Second Interaction
NRMSE; L1(95%) Pi(95%) NRMSEy Lo(95%) P2(95%)
np=100 n,=5 68x1073  0.098 92%  87x1072  0.29 94%
n, =10 6.0x1073  0.097 95%  3.8x1072  0.18 96%
np=300 n,=5 12x10"2  0.23 87%  3.2x1072  0.21 96%
ny =10 42x1073  0.10 98%  2.0x1072  0.13 97%
np=900 n,=5 56x107%  0.10 96%  1.4x1072  0.12 98%
nr=10 4.4x107%  0.12 97%  1.4x107%2  0.10 96%

of particles, time frame, and noise level as in the unnormalized Vicsek model in Section
The predictive performance of the IKF-CG algorithm is evaluated using n* = 200 test
inputs evenly spaced across the input domain of each interaction function. We focus on the
model with the Matérn kernel in , with the results for the exponential kernel reported
in the Appendix [B.7 Consistent with the results of the unnormalized Vicsek model, we
find that models with the Matérn kernel in are more accurate due to the smooth prior
imposed on the interaction function.

Table summarizes the predictive performance for o3 = 0.12; results for o3 = 0.22
are reported in the Appendix [B:7] While both interaction functions exhibit relatively low
NRMSEs, the second interaction function has a higher NRMSE than the first, because the
repulsion at short distances creates fewer training samples with close-proximity neighbors.
This discrepancy can be mitigated by increasing the number of observations. The average
length of the 95% posterior credible interval for the second interaction decreases as the
sample size increases, and the coverage proportion remains close to the nominal 95% level
across all scenarios.

In Figure 2.7] we show the predictions of the interaction functions, where the
shaded regions represent the 95% posterior credible intervals. The input velocities are larger

than the unnormalized Vicsek model due to the inclusion of the second interaction function,
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Figure 2.7: Predictions (blue dashed curves), truth (pink solid curves), and the 95% posterior
credible interval (shaded regions) of particle interaction functions when n, = 900, n, = 10,

and 03 =0.12.

and thus the test input domain in Figure 2.7((a) is wider than that in Figure [2.6(a). The
predictions closely match the true values, and the credible intervals, while narrow relative to
the output range and nearly invisible in the plots, mostly cover the truth. These results

suggest high confidence in the predictions.

2.4.4 Estimating cell-cell interactions on anisotropic substrates

We analyze video microscopy data from [74], which tracks the trajectories of over
2,000 human dermal fibroblasts moving on a nematically aligned, liquid-crystalline substrate.
This experimental setup encourages cellular alignment along a horizontal axis, with alignment
order increasing over time, though the underlying mechanism remains largely unknown.
Cells were imaged every 20 minutes over a 36-hour period, during which the cell count grew
from 2,615 to 2,953 due to proliferation. Our objective is to estimate the latent interaction
function between cells. Given the vast number of velocity observations (N = 300,000), direct
formation and inversion of the covariance matrix is impractical.

We apply the IKF-CG algorithm to estimate the latent interaction function. Because

of the anisotropic substrate, cellular velocities differ between horizontal and vertical directions,
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Figure 2.8: The blue dashed curves show the predicted interaction function for the horizontal
and vertical directions. The grey shaded area is the 95% posterior credible interval. The
purple line of slope 1 is the prediction using the unnormalized Vicsek model. The light pink
histogram shows the velocity distribution of all training samples.

so we independently model the velocity of the #’-th cell in each direction [ as

1 .
Ui’,l(T) = Z Zl(dk,l) + 6i’,l(7_)7 2/ = 17 ceey nP(T) (222)
pnei/J(T*l) keney (t—1)

where ny(7) is the cell count at time 7, I = 1, 2 correspond to horizontal and vertical directions,
respectively, and ¢; (1) ~ N(0, Ugvl(T)) denotes the noise. Inspired by the modified Vicsek
model, we set d; = vg;(7 —1). To account for velocity decay caused by increasing cell
confluence, we model the noise variances as U(Q]J(T) = wlail(T — 1), where 0371(7 —1) is the
sample velocity variance at time (7 — 1), and w; is a parameter estimated from data for
I = 1,2. The neighboring set in (2.22)), formed as ney (7 —1) = {k : [|sy (1 —1) —sp(7—1)|| <
7y and vy (7 — 1)Tvi (7 — 1) > 0}, where r; denotes the interaction radius of direction [ for
[ = 1,2, excludes particles moving in opposite directions, reflecting the observed gliding and
intercalating behavior of cells [75].

We use observations from the first half of the time frames as the training set and
the latter half as the testing set. The predicted interaction functions in Figure [2.8] show

diminishing effects in both directions, likely due to cell-substrate interactions such as friction.

The estimated uncertainty (obtained via residual bootstrap) increases when the absolute
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Table 2.2: One-step-ahead prediction performance on the testing dataset. Here RMSE =
o ZZ”:(I) (D3 1(T) — vir 1 (1))2) 307 (1) }/2, with n¥ denoting the number of testing
time frames. L(95%) and P(95%) are computed similarly to those in (2.18]) - (2.19)), but
with the predictive interval of z replaced by that of y, where y represents the velocity in
each direction.

Horizontal direction Vertical direction
RMSE  L(95%) P(95%) RMSE L(95%) P(95%)
Unnormalized Vicsek 3.9x 1073 0.029 99% 2.6 x 1073 0.029 99%
Anisotropic Vicsek 3.9x 1073 0.034 99% 2.6 x 1072 0.022 99%

Nonparametric estimation 3.5 x 1072 0.015 95% 2.3 x 1073 0.0092 95%

velocity of neighboring cells in the previous time frame is large, which is attributed to fewer
observations at the boundaries of the input domain. Furthermore, the interaction in the
vertical direction is weaker than in the horizontal direction, due to the confinement from the
anisotropic substrate in the vertical direction.

Our nonparametric estimation of the interaction functions is compared with two
models for one-step-ahead forecasts of directional velocities: the unnormalized Vicsek model
introduced in Section which uses a shared interaction radius for both velocity com-
ponents, and the anisotropic Vicsek model, which uses distinct radii in each direction. As
shown in Table both Vicsek models have similar RMSE as the difference of interaction
radii does not have a large impact for estimating interaction functions. Our model outper-
forms both Vicsek models in the RMSE for one-step-ahead forecasts of directional velocities,
despite the large inherent stochasticity in cellular motion. Moreover, our model has notably
shorter average interval lengths that cover approximately 95% of the held-out observations.
These findings underscore the importance of the IFK-CG algorithm in enabling the use of
large datasets to overcome high stochasticity and capture the underlying dynamics of cell

alignment processes.
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2.5 Implementation of Inverse Kalman Filter in FastGaSP

The methods introduced in this chapter have been implemented in the R package
FastGaSP [73]. The package supports fast and exact computation of GPs with the Matérn
kernel via the KF, and additionally provides implementations of the IKF algorithm (Sec-
tion and core functions for particle interaction estimation (Section [2.4). In this section,

we describe the key functions relevant to our approach.

2.5.1 Core IKF functions

The IKF function implements Algorithm to compute Xu, where X is the
covariance matrix induced by a DLM and u is an arbitrary N-dimensional vector. This
function supports the Matérn kernel with roughness parameters 1/2 (kernel_type = "exp")
and 5/2 (kernel type = "matern 52"), with the latter being the default choice. The
function requires four additional input arguments: the inverse range parameter 1/7, the
noise variance a&t in Equation , a vector of consecutive differences between ordered
inputs, and the output vector u.

To demonstrate the usage of IKF function, we first generate N = 2000 sorted

inputs, compute their consecutive differences, and create a random output vector:

> N <- 2000
> input <- sort(runif(N))
> delta_x <- input[-1] - input[-N] # consecutive differences

> u <- rnorm(N)

We use the Matérn kernel with roughness parameter 5/2 for demonstration purposes and set
the inverse range parameter to 10. In the presence of observation noise with variance, we

can directly use the IKF function by setting tilde_nu to the noise variance:

> beta <- 10 # inverse range parameter

>V <- 0.2 # noise variance

> x_IKF_noisy <- IKF(beta = beta, tilde_nu = V, delta_x = delta_x,
+ output = u, kernel_type = "matern_5_2")
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The IKF function substantially reduces computational time compared to direct matrix
multiplication, as shown in Figure [2.2)(a)-(b). To verify its accuracy, we compare the result

with that of direct matrix computation and obtain a difference near zero.

> RO <- abs(outer(input, input, "-"))

> R <= (1 + sqrt(5)*beta*R0 + 5*beta”2+¥R072/3) * exp(-sqrt(5)*beta*R0)
> x_direct_noisy <- (R + V * diag(N)) %*% u

> max(abs(x_direct_noisy - x_IKF_noisy))

[1] 1.669775e-13

We also demonstrate the use of the IKF function when there’s no noise, where
a value for tilde_nu is set as a stabilizing parameter for the robust IKF. The following
example compares the robust IKF (with stabilization) to the non-robust IKF (without
stabilization). The robust version maintains accuracy comparable to direct computation,

while the non-robust version suffers from numerical instability:

> # Robust IKF (with stabilizing parameter)

> tilde_nu <- 0.1 # stabilizing parameter

> x_IKF <- IKF(beta = beta, tilde_nu = tilde_nu, delta_x = delta_x,

+ output = u, kernel_type = "matern_5_2") - tilde_nu * u
> # Non-robust IKF (no stabilization parameter)

> x_non_robust_IKF <- IKF(beta = beta, tilde_nu = 0, delta_x = delta_x,
+ output = u, kernel_type = "matern_5_2")

> x_direct <- R %*% u

> max(abs(x_direct - x_IKF))

[1] 2.629008e-13

> max(abs(x_direct - x_non_robust_IKF))

[1] 1.462629

The error comparison between robust and non-robust IKF across varying sample sizes is
demonstrated in Figure [2.2(c).

For users who wish to work directly with DLMs without going through the GP
specification, the package offers additional flexibility. Instead of using the IKF function,
users can manually specify the G; and W, matrices in the DLM representation and call the
functions Get_Q K and Get R_y. The Get_Q_K function computes (; and Kalman gain K,

from the KF (Lemma , while Get_R_y computes 3u using these pre-computed quantities.
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The FastGaSP package also includes fundamental operations based on the Cholesky
decomposition factor L (X = LL”), which form the building blocks of the IKF algorithm.
Specifically, the package provides four independent functions for efficiently computing

matrix-vector products related to L, applicable to any N-dimensional vector u:

e Get_L_y: compute Lu (Lemma [2.2)),
e Get L t_y: compute L™u (Lemma [2.1)),
e Get_L_inv_y: compute L™ u (Lemma [1.3),

e Get L t_inv_y: compute (L7)"'u (Lemma .

These functions take four arguments: the matrices G; from DLM, Q;, the Kalman gain K;
from KF, and the vector u. Since these functions assume the KF quantities are pre-computed,

each of them requires only O(g2N) operations, where § is the dimension of the latent state.

2.5.2 Application to particle interaction estimation

The FastGaSP package implements several functions for the particle interaction
estimation applications described in Section These functions incorporate the IKF
algorithm within the CG method to handle the general covariance structure in Equation
, providing a complete workflow from data generation or preprocessing to parameter
estimation and prediction.

For simulation studies, the simulate_particle function generates particle trajec-
tory data according to the Vicsek-type models. It supports both the unnormalized Vicsek
model (Section and the modified Vicsek model with two interaction functions (Section
. The only mandatory argument for the simulate_particle function is the initial
velocity magnitude, for which there is no default value. By default, the funciton simulates
100 particles over 5 time steps with a time step size of 0.1, an interaction radius of 0.5, and

Gaussian noise with a standard deviation of 0.1. We demonstrate the simulation of the
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unnormalized Vicsek model with an initial velocity magnitude v = v/2/2 using the default

setting:

> v_abs <- sqrt(2)/2
> sim <- simulate_particle(v_abs=v_abs, model = "unnormalized_Vicsek")

This returns an object of class particle.data that contains the simulated particle positions,
velocities, and other information.

For experimental data, the trajectory_data function processes raw particle track-
ing data into the standardized particle.data format. This function handles time series
with a varying number of particles across time frames and maintains particle identity tracking
between consecutive time steps. The input must be a data frame with columns for particle

positions (px, py), velocities (vx, vy), time step (time), and particle identifier (particleID):

> # Load experimental data
> raw_data <- read.csv("cell_tracking.csv")
> traj <- trajectory_data(raw_data)

The extract_time_window function allows users to select specific time frames for train-test
splitting or focused analysis.

The fit function performs parameter estimation and prediction for particle in-
teraction systems using the IKF-CG algorithm. We illustrate its application using the
simulated data generated previously. First, we define the testing inputs, an upper bound of

the interaction radius, and initial parameter values:

> testing_inputs <- matrix(as.numeric(seq(-1,1,length.out=200)) ,nr=1)
> cut_r_max=1.5 # upper bound of the interaction radius

> # Initial parameter values

> param_ini <- log(c(0.3,1000,0.3/(cut_r_max-0.3)))

The parameter vector contains the log-transformed values of the inverse range parameter,
the variance-noise ratio, and a transformed interaction radius ensured to be smaller than

cut_r_max. These initial values serve as the starting point for the optimization process when
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est_param = TRUE (the default). The function then estimates the parameters and computes

predictions at the testing inputs:

> est <- fit(sim,param=param_ini,cut_r_max=cut_r_max,
+ testing_inputs = testing_inputs, compute_CI = TRUE)

The returned object contains the estimated parameters, predicted interaction function values
at the testing inputs, and 95% credible intervals if compute_CI = TRUE (see Figure [2.6(a)
for an example). Additional options include specifying the kernel type (kernel_type =
"matern 52" or "exp"), restricting interactions to particles moving in the same direction

(apolar_vicsek = TRUE), and setting the convergence tolerance for the CG algorithm (tol).
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Chapter 3

Data-driven model construction for
anisotropic dynamics of active

matter

Uncovering the biophysical mechanisms behind collective cell movement is crucial for
understanding embryonic development and tissue morphogenesis. Experimental observations
show that under the influence of weak guidance from a molecularly aligned substrate, the
orientational alignment of cells increases over time, accompanied by cell proliferation. This
chapter, based on the classic Vicsek model framework (a model where particles update
their velocity directions according to the average direction of nearby neighbors plus random
fluctuations), constructs a parameterized model through data-driven statistical testing,
thereby avoiding exhaustive testing of all feature combinations through simulation. This
method, while maintaining model simplicity and interpretability, quantitatively reproduces
the key system-level parameters: the temporal progression of the velocity orientational

order parameter and the variability of velocity vectors. Compared to the non-parametric
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estimation in Chapter [2] this chapter focuses more on parametric modeling that provides
a better grasp of the underlying mechanisms. The material in this chapter is reproduced
with permission from Mengyang Gu, Xinyi Fang, and Yimin Luo, “Data-Driven Model
Construction for Anisotropic Dynamics of Active Matter,” PRX Life 1, 013009 (2023).

Copyright 2023 by the American Physical Society.

3.1 Introduction

Active matter refers to systems composed of many individual agents that interact
with each other and consume energy from their surroundings or an internal source to generate
complex, global behaviors [76, [77), [78]. It encompasses a wide range of biological systems,
such as flocks of birds, schools of fish, groups of humans, herds of sheep, monolayers of cells,
colonies of bacteria, and others, all exhibiting intriguing out-of-equilibrium phenomena. The
dynamics of active matter, which we term “active dynamics”, is the key to describing the
collective, spatiotemporal self-organization that arises from interactions and decision-making
at the individual agent level.

Disorder-to-order transitions in biological tissues, characterized by the emergence
of patterns, are a common feature of cellular systems. These transitions have been compared
to phases of matter, such as disordered gas and amorphous solids [79, 80]. They underlie
many developmental processes [81], and are implicated in cancer invasion [82]. The resulting
patterns impart tissue with form, function, and integrity, as seen in the basket-weave-like
pattern of the dermis that serves as a shield for the deeper layers [83 [84], the generation
of forces in blood vessels [85] [86], and the coordination of cell fates during embryonic
development [87].

The mechanisms behind these cellular transitions are not well understood, but
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traditionally, collective behaviors are thought to be regulated by cell chemosensing [2], and
upstream biochemical signaling pathways [88]. While biochemical regulations are on-demand
and short-lived, physical guidance ensures the generation of cell phenotypes and long-term
maintenance of tissue structures [89]. More recently, simple two-dimensional transitions of
such nature have been realized through in vitro experiments [90} OT], [92], 93], by subjecting
a cell monolayer to an external guiding field, such as a well-aligned molecular field [74],
which can lead cells to collectively orient along a predetermined axis in a density-dependent
manner.

Modeling spontaneous alignment of particles in active matter systems has been the
subject of numerous studies [27, 94}, 95, 96} [68, 97]. The two main approaches in modeling are
either by constructing mechanistic models through physical laws, or by applying data-driven
methods to extract information from observations to construct models [98] [99]. Describing
individual cell behaviors often starts from a Langevin equation of Brownian particles [100]:
mv = —(v+e€p, with m, v and ¢ being the mass, velocity and friction coefficient, respectively,
and ep being a random force fluctuation, typically assumed to be a Gaussian white noise.
Variants of it have been widely used for modeling persistent random motions of cells in
experiments and simulation [T01], 102} 103}, [104] T05], whereas the complex cell-cell interaction
at high density, often implicated in tissue formation and repair, is not explicitly considered
in these models.

In data-driven methods, regression techniques, for instance, are widely applied to
estimate linear coefficients of a set of additive basis [106], 107, 108], and to learn particle
interaction kernel functions by piece-wise linear functions [70], neural networks [I09], and
Gaussian processes [I10]. Learning the distance-based interaction kernel function has been
successfully applied to model schools of golden shiner [69], flocks of surf scoters [111] and

systems of interacting particles [70]. However, these approaches are rarely applied to
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estimate cell-cell interaction from experiments with a large number of cellular trajectories,
partly because the large computational cost prohibits accurate interaction kernel learning
approaches [I10]. Furthermore, as the underlying mechanism of these interactions remains
largely unknown, a principled way to identify the relevant input of interaction kernel and
delineating neighboring sets is needed as adding nonrelevant inputs can dramatically reduce
estimation efficiency.

Despite the prevalence of the disorder-to-order transition observed in experiments
[74, [112], 113], capturing the temporal progression of dynamic quantities in active matter
systems, such as the orientational order parameter and variability of velocity, remains a
challenging task due to a few reasons. First of all, active matter systems intrinsically
contain large fluctuations. Gaussian distributions of fluctuation, for instance, are often
assumed for modeling the velocity progression in constructing mechanistic models [114] [115].
In a data-driven approach, the model is usually optimized by minimizing a loss function.
One common choice of the loss function is the sum of squared errors, and minimizing
it is equivalent to finding the maximum likelihood estimator, under the assumption of
having independent Gaussian noises with equal variances. However, we find that velocity
distributions from our experiments significantly deviate from Gaussian. In fact, even though
models assuming Gaussian distribution of the velocity fluctuation can fit the magnitude of
temporally dependent velocity, they cannot capture the progression of orientational order
parameters. Non-Gaussian distributions of displacements have been widely observed in
biological systems, such as particles absorbed on lipid bilayers, immersed in entangled actin
solutions [I16], in a bath of swimming algal cells [I17], liposomes in active actin solutions
[118], and receptors on living cell membranes [I19]. While models have been developed
to explain the fluctuation of displacements independent of time [120, [12I] and for how

these distributions arise [122], the fluctuation distributions have rarely been incorporated
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in simulation to reproduce the temporal progression of velocity and order parameters in
nonequilibrium cell migrations.

Second, in principle, having a large number of observations containing thousands of
particle trajectories over hundreds of time points can help offset the uncertainty of estimation
due to large fluctuations of the active particles. Nonetheless, calibrating the simulation
model with such a large number of observations is a nontrivial task. Placing a smooth
Bayesian prior on the interaction kernel function, such as a Gaussian process prior, can
partially filter the noise in estimation but also leads to large computational costs. Thus,
most of the current studies of learning interaction kernels are restricted to a small number of
particles and time frames [70, 123]. Hence, there is a need for robust and computationally
scalable algorithms for feature selection and estimation from a large number of observations.

This chapter aims to address these issues by introducing an efficient workflow to
automate model construction, promoting convergence between simulation and experiments.
We take a hybrid approach that integrates physical models and statistical learning approaches:
First, we start from a conventional form of the physical models (e.g. the Vicsek model
[27, 28]). Second, we apply statistical tests for feature selections. Then, these features
are utilized to construct a data-generative model, instead of minimizing a loss function
as usually adopted in other data-driven discovery approaches. The data generative model
provides a better physical interpretation of the estimated quantities, and more importantly,
the uncertainty of the estimation can also be quantified. We develop an automated feature
selection and estimation approach, which is applied to learning physical quantities from live
microscopy of fibroblasts moving on liquid crystal elastomer substrates, to discover a variety
of new features. Simulation models constructed with these new features can reproduce
the progression of system properties, such as orientational order parameters and velocity

distributions, whereas models missing any of these features do not match experimental
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Figure 3.1: (a) Schematics of the two types of substrates (isotropic and nematic) tested in
this study. On the nematic substrate, the molecular alignment (denoted by a red double-sided
arrow) is parallel to x. (b) A stitched view of a snapshot of long-term cell imaging where
the cell cytoplasm is labeled in red. (c) Correlation plots in exploratory data analysis,
where x, y velocity components are plotted against those of the neighboring average in
the previous step. The slope of the fit (red solid lines) is smaller than 1 (black dashed
lines). (d) Parameter estimation of the slope parameters, w, the slope value of the red
solid line in (c), and their 95% confidence intervals (shaded area). The statistical tests
yield four potential features (green blocks), representing new features added to the classical
Vicsek model in fitting the current data set. (e) The grid-based system to search for the
neighbors. In order to find the neighbor of the target cell i (circled in red), a radius of
r will be searched. The computational procedure is simplified by only searching through
neighboring squares connected to the square cell ¢ is located in. This workflow generates
various physical parameters via simulation to compare to quantities computed from the
experiment.

findings.

The main contribution is to develop an efficient feature selection and estimation
approach for cellular movement experiments on liquid crystal elastomer substrates from video
microscopy. The four selected features can be classified into two groups. The first group
concerns cell-substrate interactions. We found that the velocity of the cells is anisotropic and
has heavier tails than a Gaussian distribution, motivating the use of a Laplace distribution or
generalized Gaussian distribution of fluctuation for characterizing cell-substrate interaction.
Though Laplace distribution was used to fit the probability distribution of the displacements

[124] [1T6], [118] and the mechanism of exponentially distributed cellular motility was explored
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in [122], its effect on capturing the progression of the orientational order parameter in
simulations has not been demonstrated. The second group of discoveries concern cell-cell
interactions. We observe from experiments that when cells interact, cell bodies become
elongated, suggesting cells pulling each other along through a tensional network. Our
findings indicate that cells are not perfectly aligned with the average of their neighbors in
the prior time frame, as is the case in the classic Vicsek model [27]; Instead, effects from
the previous step shrink towards zero, likely due to a frictional force term in the Langevin
equation [100]. Additionally, we discovered that cells traveling in the opposite direction may
be excluded from the neighboring set, leading to improved predictions of the velocity at the
subsequent time point. This likely arises from the nematic nature of cell-cell interactions
[112], where cells traveling in the opposite direction can simply glide past each other without
influencing each other’s velocity. Typical cell trajectories and interactions are illustrated in
the Supplemental Material of [6] available in [125].

Furthermore, we develop scalable computational tools for analyzing and simulating
dynamical processes of active matter. Figure illustrates an instance of the particle-
based module of our computational tools. In Figure c), we present a plot showing
the correlation between cellular velocity and the mean velocity of neighboring cells in the
previous time point. The slopes of the best-fit lines (red solid curve) are smaller than 1 for
both x and y directions. To determine if this result applies to all time points, we plot the
fitted weight parameters (equivalent to the slope of the fit in Figure [3.1]c)) over time and
calculate the 95% confidence interval, which is represented by the shaded area in Figure
3.1{(d). The upper bounds of the 95% confidence intervals are substantially smaller than
1, indicating that the weight parameters must be included in the simulation model. All
the identified features are included in the simulation model, and a maximum likelihood

estimator is derived for efficient parameter estimation (Appendices and |C.2)). For both
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parameter estimation and simulation, we employ a grid-based approach [126] by storing
the particles in a coarse-grained grid (Figure [3.1](e)), which can improve the efficiency in
searching for neighbors. With a typical microscopy video of n &~ 2500 cells and T" = 100 time
frames, the time it takes to perform feature selection, parameter estimation, and simulation
of dynamics with particle interactions, is less than 30 seconds on a desktop computer. This
provides almost immediate feedback that can be used to inversely guide the design of the
experiment. The data sets and code used in the article have been made publicly available at

https://github.com/UncertaintyQuantification/data_driven_cell_model.

3.2 Feature selection from experimental results

We begin by discussing experimental methods for live cell imaging and the process
of extracting trajectories from cells cultured on aligned (nematic) and disordered (isotropic)
liquid crystal elastomer substrates. We then conduct exploratory data analysis and statistical
tests to identify significant features from the experimental data. These features are used as
building blocks to extend a baseline model. Lastly, we perform simulations to validate our

findings in Section

3.2.1 Experimental setting: In vitro cell alignment experiment

The experimental data were derived from [74], consisting of cell trajectories. Liquid
crystal elastomer (LCE) substrates were fabricated with a mixture of reactive monomers
RMS82 and RM23 (SYNTHON Chemicals GmbH & Co.) in a 1:1 molar ratio with the molec-
ular field having either isotropic or nematic (uniform along the z-direction) configurations.
The monomers were crosslinked to make a solid film, which was topographically flat but
molecularly aligned, previously examined by wide angle X-ray scattering and atomic force

microscopy [74]. Human dermal fibroblasts (HDF's, American Type Culture Collection)
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were seeded onto the substrates at cell density p ~ 50 mm~2, and grown to desired p. Prior
to imaging, cell nuclei and cytoplasm were stained with Dyes Hoechst 33342 and CellTracker
Deep Red (both from ThermoFisher), respectively. Cells are maintained at 37 °C, 5% CO,
and imaged every 20 min for about 36 hours. Tens of images were taken at every time
point and stitched together to construct an image on the order of square millimeters in
area. LCE nematic substrates impose a molecular direction to guide HDF growth. During
the experiment, cell density p grows from roughly 350 to 400 mm~2. With an increase in
cell density, the monolayer undergoes a disorder-to-order transition. Initially, there were
approximately 2600 cells captured within the frame. When we finished imaging, the count
had increased to about 2950 cells. To obtain the trajectories as inputs, we fit an ellipse to
the nuclei and track particle trajectories using ImageJ [127], a standard cellular imaging
tool. On the nematic substrate, cells develop a long-range order along the z-direction, the
same direction as the molecular orientation in the aligned substrate, but not on isotropic
substrates.

From the experiment, we extract the 2D position vector s;(t) = (s;4(t), siy ()T
and velocity vector v;(t) = (v;z(t), viy(t))T of cell 4, at time frame ¢, for i = 1,..., ny, with
ny being the number of cells on time frame ¢, for t = 1,...,T. The velocity is computed by

dividing the displacement over time intervals as follows: v; ; = , and similarly

Sz (t+A)—s; 2 (t)
At

for v; . We then store the data matrix, where each row contains the 2D position, velocity

and a unique cell identification number resulting from trajectory linking. The goal is to

construct an interpretable model and constrain the model by data, for reproducing the

temporally dependent variability of the velocity and orientational order parameter. We

plot the standard deviation of the velocity at x and y directions at each time frame in

Figure [3.2(a). Since the nucleus does not distinguish between the head and tail, its order

is apolar, we cannot apply the polar order parameter to quantify the system alignment
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Figure 3.2: Parameters estimated from the data set. (a) The standard deviation of the cell
velocities is shown in yellow circles and green triangles. The light-colored histogram denotes
the cell number count (b-c). The velocity distribution at a representative time = 20 hours.
The dashed black lines denote the best fit normal distribution. The solid orange lines denote
the best fit Laplace distribution. (d) The blue squares denote the polar order parameter,
and the polar histograms of the velocity angle at two different time points are plotted in

(e-f).

[128]. Instead, we first transform velocity angle of the particle ¢ at time frame ¢, denoted by

¢i(t) = arctan(v; y(t)/vi«(t)), to [0, 7] by letting:

oi(t) + 7 if ¢i(t) <O,
¢i(t) = (3.1)

¢i(t) if ¢i(t) > 0.

The orientational order parameter at time ¢, a commonly used measure of collective alignment,
is defined as Ses(t) = ny ' 21, cos(2¢5(t)), an ensemble of transformed velocity angles
amongst all cells, where the subscripts “c” and “s” denote cells and substrate, respectively.
This parameter takes values close to 1 when cell velocities are highly aligned and close to 0

when directions are random. This way, antiparallelly traveling cell pairs (¢; = ¢; + m) have
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the same contribution to orientational order parameters. In Figure d), we show that the
orientational order parameter Scs(t) increases with time. The distributions of the velocity
angles at two different time points are plotted in Figure [3.2e) and (f), showing that over
time the velocity distribution becomes more parallel along z-direction.

To account for observed migrational patterns, we start by identifying unexpected
deviations of the magnitude and distributions from the classical Vicsek Model. Exploratory
data analysis (EDA) [129] is a useful step to visualize patterns from complex experimental
data before performing statistical tests and modeling. Here, we first perform EDA on
various aspects of the data, followed by statistical tests and estimation to identify features to
include in the modeling. The main text focuses on the analysis of an experiment where cells
initially cover roughly 50% of the substrates. During the experiment, the order parameter
increases rapidly with cell proliferation. We present results on the analysis of two additional

experiments at different cell densities or on isotropic substrates in Appendix [C.4]

3.2.2 Permutation F-test on variances of the velocities

To test whether the variances of the velocities along x and y directions are the same
at all time frames, we first compute the sample standard deviation of the velocity vector

at 2 and y coordinates: 62(t) = Y1 (vi e (t) — 0(t))?/(ne — 1) and 62(t) = Y1 (vy(t) —

T

y(t))%/(ny — 1), where 0,(t) and 9,(t) are the mean of the velocity at time ¢ computed from
an ensemble of all cells in the system, and both are close to zero. As shown in Figure a),
we found that the standard deviation of the velocity along the x coordinate is always larger
compared to that along y. The larger magnitude of cellular velocity along the x coordinate
is induced by the liquid crystal elastomer substrate, which is molecularly aligned along the
x direction in this experiment. As the velocity magnitudes along x and y directions become

more unequal over time, the orientational order parameter increases (Figure [3.2{d)).
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Figure 3.3: A permutation F-test shows that the variance of the fluctuation along z and y
directions is indeed unequal at time =20 hrs.

Is the observed difference between o,(t) and o, (t) due to signal or noise? Typically,
testing the equality of the variance is performed using the F-test assuming both populations
are normally distributed. However, as we will see later, velocity distributions do not follow
a normal (Gaussian) distribution, while the F-test is sensitive to the normality assumption
[130].

Here we circumvent the normality assumption by running a permutation F-test.
The permutation test is a general nonparametric test that is insensitive to the distributional
assumption. At each time ¢, we begin by combining the velocities at x and y directions into a
long vector. Subsequently, we randomly assign these combined velocity values into two groups
of equal size, creating a permuted sample. We repeat this step B times to collect B permuted
samples: v (t) = [vﬁ)i(t), ...,vs:),m(t)] and stb) (t) = [vgl”;(t), ...,vg?,y(t)] forb=1,...,B. Then
we compute the permuted F-test statistics F()(t) = 5§7x(t)/c}g’y(t), where ‘}l?,x(t) and (}g,y
denote the sample variances of the velocity for x and y directions, respectively, from the
permuted sample b. The p-value is twice the minimum of the probabilities Pr(F®)(t) > F(t))

and Pr(F®)(t) < F(t)), which can be computed empirically using the permuted samples.

Figure [3.3| shows the distribution of the F-test statistics of the permuted samples
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and the observed F-test statistics for velocity observations at time equal to 20 hours. Since
the observed F-test statistics is larger than any of the permutation sample, the p-value is
smaller than 1074, indicating that the variance of the velocity along = and y directions is
unequal at this time frame. We perform the permutation F-test for each of the time points
and verify that the variances o2(t) # 05 (t) for all time points. Thus, cellular movements are

anisotropic when cells are grown on a molecularly aligned substrate.

3.2.3 Shapiro-Wilk test for normality of velocity distribution

While at first glance cell motility bears much resemblance to passive, freely diffusing
particles, our study reveals that velocity distributions in our system deviate from the
Gaussian distribution typically observed for passive particles in a homogeneous environment.
To illustrate that, we plot the probability density function of velocity distributions at a
representative time (Figure [B.2(b) and (c)). Both velocity distributions along = and y have
spiky modes and heavy tails, which cannot be captured by the best-fit Gaussian distribution
(Figure black dashed curves), for which the mean and standard deviation are specified as
the sample mean and sample standard deviation, respectively. The shape of the probability
density distribution suggests the use of the Laplace distribution (Figure [3.2b) and (c),
orange solid curves), which fits the velocity distributions reasonably well.

To test whether the velocity distribution follows the normal distribution at each
time frame, we compute p-values of the Shapiro-Wilk test for normality [131], plotted in
Figure [3.4] The p-values are all extremely small, indicating the velocity distribution at
any time frame substantially deviates from Gaussian. Furthermore, we plot the sample
quantile-theoretical quantile from a normal distribution (QQ-plot) of the velocities along both
directions at 20 hours, both of which deviate from theoretical quantiles, shown as the black

line in the inset. The p-values get smaller at later time frames when the system approaches

57



l0—10

Statistic u/ test for %
—20 L
10 v,(t) distribution
5 e : °
N W
c; 10_30 [ . A f AA A YN
=y =5 ; LA f&‘
=} \ & h
g o PA VS
& o DI : A
401 T o W ' A
1040 2 |
] v Statistical test for
2 '5.4 20 2 4 v(t) distribution
_ Theoretical Quantiles .
10 50 Q
0 10 20 30

Time (hr)
Figure 3.4: Shapiro-Wilk test for normality. The figure shows the p-value of individual
frames, which is a statistical measurement applied to validate whether or not the observed
data follows a normal distribution. A small p-value indicates statistical significance. The
inset shows a representative quantile-quantile (QQ) plot at time = 20 hours to compare the

sample quantiles of normalized velocity with the theoretical quantiles from the standard
normal distribution. The black curve indicates the linear curve with slope 1 (normal).

jamming, as the network effects are larger. Furthermore, the p-values for velocities along
y-direction are smaller than those from the z-direction, indicating that the deviation from

normality is also bigger, signaling more confinement along y-direction.

3.2.4 Neighboring feature construction for cellular interaction

Next, we discuss the contribution of the neighbor ensemble to cell alignment. For
any cell, the conventional choice of the neighboring set is to include all cells within a radial
distance r (as shown in Figure [3.5(a)). Evidence of cell intercalation, where cells squeeze
past their neighbors and they exchange positions, is increasingly found in recent studies
[132, [133]. When antiparallelly aligned cells move past each other, they minimally impact
each other’s velocity. This motivates us to investigate a neighboring set that excludes the
cells with opposite velocities, as shown in Figure (d) To compare these two approaches of
accounting for the neighbors, in Figure (b), we plot the cellular velocity of each particle
v;,2(t) at time = 20 hours versus the mean velocity of neighboring cells at the previous time

frame at x coordinate, while in Figure (e) the same quantities are computed when the
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Figure 3.5: Effects of accounting for different neighbor ensembles. (a-c) Parameters and
correlation plots using the neighbor ensemble of the classical Vicsek model for time = 20
hours. (d-f) The scenario where only cells traveling in the same direction are considered.
[(b), (c), (e), and (f)] The correlation between the cell at ¢ versus the mean of the velocity of
its neighbors at t — 1. (g) Correlations between velocity v; . (t), viy(t) of any cell i and mean
velocity of the neighboring cells from the previous step v; »(t — 1), ¥ 4(t — 1), where the 95%
confidence intervals, shown in fainted shades, are computed based on Fisher transformation
of correlation coefficients. Two scenarios are shown, either by including all neighbors (bottom
2 curves), or only the same direction neighbors (top 2 curves). (h) The estimated weights,
equivalent to the fitted slopes, w,(t), @y(t) from these two scenarios and their confidence
intervals are plotted.

cells with opposite velocities are excluded from the neighboring set. As the neighboring
set in the previous step includes the cell itself, it is not surprising that both approaches
yield a relatively high 1-step forecast accuracy, since individual cells tend to migrate with a
persistent velocity [134].

The correlation in Figure (e) is around 0.64, which is substantially higher than
the correlation of 0.41 in Figure [3.5(b), indicating that excluding the particles from the
neighbors substantially improves the 1-step predictive accuracy. The same conclusion holds
for velocity updates along the y coordinate, shown in Figure (c) and (f). Furthermore,
by evaluating the 1-step correlation over all time points (Figure [3.5(g)), we find that the
method including only same-direction neighbors substantially outperforms the one including
all of the neighbors, as in the Vicsek model. These results indicate that the HDF cells in our

experiment appear to distinguish between head and tail polarities [I35], despite extensive
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analogy that has been drawn between weakly interacting fibroblasts and active nematics

112, 136],

3.2.5 Reduced magnitude of local alignment

Unlike [67], we do not normalize the velocity to keep the velocity magnitude to be
the same, as the velocities can also change due to an increase in cell density. Figure (e)
and (f) indicate that the velocity of the cell ¢ at time ¢ may be modeled by the mean of
the velocity of the neighboring cells at time t — 1, that is, E{v; »(t)] = wy(t)0; »(t — 1) and
Elv; y(t)] = wy(t)v;,y(t — 1), where 05 »(t — 1) and ©;,(t — 1) are the mean of the velocity of
the neighboring cells at time ¢ — 1. To further test whether the statement is statistically
significant, we compute the maximum likelihood estimator of the weights when the random
fluctuation follows a Laplace distribution and generalized Gaussian distribution, with a
different set of parameters at  and y coordinates.

As shown in Figure 3.5(h), the maximum likelihood estimators of weights w, () and
wy(t) are both smaller than 1. Furthermore, the shaded area shows that the 95% confidence
intervals of the estimation, which is calculated by the residual bootstrap estimate [137]. In
all plots, we found the upper bounds of the 95% confidence intervals of w,(t) and wy(t)
are smaller than 1 at any time frame, indicating that the velocity of a cell aligns with the
velocity of neighboring cells, while the velocity alignment is offset by other forces, such as

frictional force between substrates and cells [138, 2, [95] [139].

3.2.6 Summary of data-driven findings and model development

Here, we summarize the discovery from the EDA and statistical tests. First,
variances of the random motion along the x and y coordinates are distinct, and both decrease

over time due to cell proliferation. Second, the probability density of the velocity distribution
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at both x and y directions has shown non-Gaussian behavior with a heavy tail and spiky
mode near zero. Third, excluding cells with opposite velocities substantially improves
the correlation between cellular velocity and mean velocity of the neighboring cells at the
previous time step, as cells glide across each other in a manner reminiscent of intercalation
[140]. Fourth, the slope of the coefficient of a linear fit between the particle density and
mean of neighboring particles in the prior time frame is smaller than one, indicating velocity
alignment with its neighboring particles is offset by cell-substrate forces. All of the statistical
tests we have developed so far are not restricted to the context of externally guided alignment;
they are generally applicable to video microscopy which contains rich spatiotemporal data.
Next, we illustrate how these analyses can be utilized to develop simulation models and

parameter estimation for these models.

3.3 Model constructed from selected features and maximum

likelihood estimation

Our objective is to develop a minimum physical model that can account for
temporally dependent orientational order parameters and velocities. We begin our model
construction based on the seminal work by Vicsek [27], consisting of agents moving at a
constant speed and updating their direction of movement at each step. The “new” velocity
direction is determined by the summation of the average of the velocities of neighboring
agents in the prior time frame, plus a random fluctuation. Despite its simplicity, this system
exhibits a wide range of phenomena, including a transition from disordered to ordered
behavior by adjusting the magnitude of the fluctuation. Later modification to this model
includes incorporation of distance-dependent interactions [95], which effectively reproduces

observed phenomena such as local cohesion [67] and jamming transitions [I41]. These
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phenomena are characteristic of a migrating epithelium [142], which has strong cell-cell
junctions. Here we utilized a data-driven approach to make systematic improvements to
the Vicsek model by incorporating the four selected features into the model. Though some
of these aspects have been noted to some extent in literature, to our knowledge, there has
been no work incorporating all of them and systematically testing their applicability for
quantitatively reproducing the evolving orientational order observed in the experiment. The
velocity vector of the i-th particle at time frame ¢, v;(t) = (v; »(t),viy(t))T, for t =1,..,T
and 1 = 1,...,ny, is modeled by two terms. The first and second terms represent the cell-cell,

and cell-substrate interactions, respectively, as follows

Via(t) = wo (DT (t — 1) + €1.0(E), (3.2)

iy (t) = wy (D) Viy(t — 1) + €y (1), (3.3)

where €; ;(t) and €; ,(t) are independent zero-mean random variables with respective variances
Var(e; - (t)] = 72(t) and Var[e; ,(t)] = 77(t), 0io(t — 1) and 0;,(t — 1) are the mean of the x
and y directional velocities of neighboring particles at time ¢ — 1, and w,(t) and w,(t) are

real-valued scalars denoting the weights. The mean of the velocity at the = and y coordinates

is modeled by

1
ia(t—1)=——— Y w.(t—1),
pnei(til)jenei(tfl)
B 1
Tigyt—1)=——— Y w,t-1),
Pre;(t—1) jenei(t—1)

where ne;(t — 1) is the neighboring set of cell i at time frame ¢t — 1 and py¢,(;—1) is the
number of cells in the neighboring set. Let s;(t — 1) be the 2D position of cell i at time

frame ¢ — 1. The neighboring set is defined as ne;(t —1) = {j : [|s;(t — 1) —s;(t — 1)| <
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rand v;(t — 1) - v;(t — 1) > 0}, which contains particles within a radius distance r but
excludes particles with opposite velocities.

Section provides compelling evidence that the fluctuation distribution in
the model significantly deviates from Gaussian distributions. Here, we introduce two
distributions to model the random fluctuations in velocity: the Laplace distribution (or the
double exponential distribution) and the generalized Gaussian distribution (or the stretched
exponential distribution). Both distributions have been fit to the probability distribution
of displacements that go beyond Gaussian assumptions, particularly when the system
approaches jamming [143], 124, 118, 144]. Yet, finding the maximum likelihood estimator
of the parameters with non-Gaussian fluctuations is not a computationally trivial task,
given that the video contains 10? time frames and each frame has over 2000 cells. Hence,
we introduce computationally-scalable approaches to compute the maximum likelihood

estimator for models with these non-Gaussian fluctuations.

3.3.1 Maximum likelihood estimator with Laplace fluctuation

For the sake of simplicity, we will only demonstrate the model using velocity
along the x direction as an example. The model for velocity along the y direction can be
constructed in a similar manner. To model the fluctuation by the Laplace distribution
€iz(t) ~ Laplace(0, 7,(t)), entails that the residual of velocity of particle ¢ at time ¢ e; ,(t) =

Vi z(t) — we (t)v; 2 (t — 1) follows

pleia(t) | (1) = \/ii(t)exp (_M) '

The maximum likelihood estimator of w, () can be obtained by iterative algorithms

such as the expectation-maximization algorithm and iterative reweighted least squared
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algorithm [145, [146], while a faster alternative is through linear programming [147, [148].
The likelihood function and the maximum likelihood estimator of the weight parameter,
Wy (t), are introduced in Appendix The maximum likelihood estimator of the standard
deviation of the random fluctuation can be obtained by maximizing the profile likelihood

after substituting in w,(t):
. V2 o
72(t) = o Z Vi 2 (t) — Wy ()0 1 (t — 1) (3.4)
i=1

3.3.2 Maximum likelihood estimator with generalized Gaussian distribu-

tion

In general, both the Laplace and the Gaussian distribution are special cases of
the generalized Gaussian distribution (GGD), also referred to as a stretched exponential
distribution [149], [150]. Here, we illustrate the formulation by applying the model to fit the
velocity component along the z direction. We assume that the residual e; () follows a

zero-mean GGD with parameters a.(t) and 5,(t) at time frame ¢:

o (t)

e Bz (t)
pleral®) | aa(t), Ao(t)) = | —2=_ exp{—(”“”) } (35)
20, (1)T ( - (t))

The variance of the GGD follows 72(t) = Var[e; »(t)] = o2()T'(3/8:(t))/T'(1/8:(t)), with
I'(-) denoting the gamma function. When 3,(t) = 2 and a,(t) = v/27,(t), GGD reduces to
a Gaussian distribution. When f,(t) = 1 and oy (t) = 7,(t)/v/2, GGD reduces to a Laplace
distribution. Therefore, the shape parameter §,(t) controls how close the GGD resembles a
Gaussian distribution. Similarly, the GGD of the residual along y can also be defined in
terms of parameter oy (t) and (,(t) at any given time frame ¢.

It should be noted that at each time frame, the GGD has three parameters, and
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Figure 3.6: Reproducing orientational order parameters and mean absolute deviation of
velocity with different simulation models at a representative radius r = 75 um. The left,
middle, right panels compare simulations using the Gaussian, Laplace, GGD fluctuation
with experimental observations. For each type of fluctuation distributions, simulations of
different interaction rules are presented. (a-c) show the orientational order parameter, (d-f)
show the average absolute deviation of the velocities.

some of these parameters, such as the power parameter, are notoriously difficult to estimate
[I51]. Hence, we derive closed-form derivatives to numerically compute the maximum

likelihood estimator of the parameters, introduced in Appendix [C.2]

3.4 Results

Here we perform simulations to compare models with and without the selected

features, and the simulation details are provided in Appendix
3.4.1 Model comparison by simulated orientational order parameter and
velocity variability

We compare models using simulated order parameters and variability of velocity.
The simulated order parameters is computed by Ses(t) = n; * 37, cos(26;(t)) with ¢;(t)

defined in Equation (3.1)). As the velocity distribution more closely resembles a Laplace
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distribution, we use the average absolute deviation or L loss to measure the variability of
velocity: 6,(t) = n% Yot |viz(t) — U4(t)| and 6, (t) = n% ot iy () — 0y (t)] with v4(t) ~ 0
and vy(t) ~ 0, instead of the more commonly used variance or Lo loss to quantify the
variability of the velocity. This is because the velocity distribution is closer to a Laplace
distribution than a Gaussian distribution (Figure [3.2|(b) and (c)), and thus the Ly loss is
more appropriate to account for the variability of the distribution.

In Figure [3.6] we compare experimental observations and simulated results of the
particle-based simulation, from which we computed the dynamics of the orientational order
parameters and the average absolute deviation of the velocity. We apply the estimation and
simulation procedure to scenarios where either all features are present or one or more of
them are missing. Remarkably, we find simple models from Equations — with four
features found in Section can reproduce the dynamical progression of order parameters
(solid curves in Figure [3.6(b) and (c)) and average absolute deviation of the velocity (Figure
3.6(e) and (f)), even though we do not fit a loss function for these ensemble properties
directly. In Figure [C.4] and Figure in Appendix [C.4] we show the simulation using the
estimated parameters from two other experiments and observe that our model is sufficiently
general to capture the progression of system characteristics with varying initial densities
and substrate materials.

In all simulation models, the magnitude and variability of the velocity along the
x coordinate are both larger than those along the y coordinate, stemming from our first
finding that the velocity distribution is anisotropic. The growing anisotropy of the velocity
induced by the molecularly aligned substrate leads to the increase of orientational order
parameters.

Second, the simulation with neighbor ensembles that include only cells traveling

in the same direction (solid curves in Figure [3.6)) more accurately reproduces both the
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progression of the orientational order and velocity than the simulation with interactions that
includes all cells within a radial distance. This finding, which is derived solely from tracking
the nuclei, reflects what has been observed from the video microscopy: cells elongate, pulling
on one another, as they migrate in the same direction. Conversely, when a pair of cells move
pass each other in opposite direction, both cells maintain similar direction and velocities
before the encounter. This effect likely occurs because of the complex interplay of cell-cell
interactions, which are mediated through a cascade of signaling molecules. Consequently, the
direction and polarity of contact are crucial factors in determining the strength of cell-cell
interaction [135].

Third, the weight parameters w,(t) and wy(t) estimated by observations are
always smaller than 1 (Figure [3.5(h)). In the simulation, we find that the model with
estimated weights typically outperforms the model where the weights are constrained to be 1,
particularly for reproducing the dynamical progression of the average absolute deviation of
the velocity (Figure[3.6(a-c)). If the estimated slope parameters are equal to 1, the simulated
velocity magnitude is frequently larger than what is observed. In comparison, the inclusion
of the estimated weights appears to resolve this issue, as the velocity is constrained. This
effect likely arises due to a loss of momentum to friction. Furthermore, a unique aspect of
our formulation is that the variability of velocity can change over time, applying estimated
weights enables us to capture a wider array of behaviors, such as slow-downs. For instance,
with increasing cell density, the average magnitude of the velocity must change. Ultimately,
crowding leads to arrested dynamics [80]. Nonetheless, simulation models often oversimplify
this aspect by only modeling the velocity angle, overlooking the important role of slow-downs
or heterogeneous dynamics [27, [68].

Lastly, we find that the simulation model validates the finding that velocities

are not normally distributed (Figure —the model with fluctuations following Laplace
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distributions (Figure |3.6(b)) better reproduces the progression of the orientational order
parameter than the model with Gaussian fluctuation (Figure [3.6{a)), even if they contain
the same number of fitting parameters. Besides, the model with GGD fluctuation (Figure
3.6|(c)) fits slightly better than the one with Laplace fluctuation, but it also contains one
more parameter at each time point than both the Gaussian and Laplace distributions, and
thus it has more flexibility in controlling the decay of the tail of the distribution. It is
important to note that reproducing solely the variability of the velocity is inadequate to
replicate the velocity orientational order parameter in our system, which is sensitive to the
change in the velocity distribution.

To further explore the difference between the effect of different random fluctuation
distributions, in Figure [3.7) we show the distribution of the simulated residuals in z

direction in (a-c): e = vFm(t) — ’be(t)ﬁffrm(t — 1) and in y direction in (d-f): ef™ =

i i iy
vflym(t) - wy(t)ﬁfém(t — 1) by the colored circles and triangles, and the solid curve denotes
the distribution of the residuals in the simulations. The fitted weight is derived from the
maximum likelihood estimator where the fluctuations follow Gaussian, Laplace, and GGD,
from the left to the right. Simulated Gaussian fluctuation distributions along x and y
directions are shown in Figure [3.7(a) and (d), which underestimates the number of cells
with near-zero velocities in both directions. Instead, simulation fluctuation distributions
with either Laplace distribution or GGD better reproduce the experiments, as shown in
Figure [3.6(b), (c), (e) and (f).

Here we use a neighbor radius of » = 75 pm. Fit of orientational order parameters by
models with different neighbor radii is plotted in Appendix and no significant difference
amongst them has been observed. Thus, the radius seems to play a role in refining the fit,

but to a much lesser degree than the choice of neighbor and fluctuation models. To further

explore difference between models, we present a summary of the results of incorporating
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Figure 3.7: Distributions of random fluctuations between the observations and simulated
models at a representative radius 7 = 75 pm and time = 20 hours with the distributions of
the fluctuation in the simulation following Gaussian (a,d), Laplace (b,e) and GGD (c,f).

various modeling parameters and compare the simulation to the experimentally obtained
orientational order parameter in Table The root mean squared error (RMSE) of the

velocity orientational order parameter is calculated as the following;:

T *
RMSES — Z (Scs(t) ;Scs(t))Q’

t=1

where S¥ (t) and S¢s(t) are the ensemble orientational order parameters from the simulation
and experiments at time frame ¢, respectively. The RMSE for ¢, and ¢, can be defined
similarly, and they are shown in Table RMSE values that are better than the baseline
average absolute deviation are bolded. Values from Table and indicate that, while
there are several effective methods to describe the average absolute deviation of velocity, it
is more difficult to capture the progression of the order parameter. This is not surprising
as the order parameter is a complex function of the distribution, which is not explicitly
controlled by any parameters in the likelihood function, given v;, and v;, are modeled

independently. When modeling the velocity fluctuation, approaches incorporating Laplace
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Table 3.1: RMSEg for the orientational order parameter estimates. All assumed the weights
parameters from the fluctuation from the x and y directions are separately estimated. The
standard deviation of the velocity orientational order parameter is 0.050 and an effective
method (highlighted in bold) has RMSEg smaller than this value. AN (= all neighbors)
and SDN (= same direction neighbor) stand for methods with all neighboring cells within
the radius and the same direction neighboring cells, respectively. Gau, Lap, and GGD are
Gaussian, Laplace, and generalized Gaussian distributions of the fluctuation.

Orientational order w=1 w#1
parameter RMSEg  Gau Lap GGD Gau Lap GGD

r =25 pym AN 0.17 0.12 0.14 0.090 0.061 0.058
r = 25 ym SDN 0.12 0.16 0.14 0.077 0.034 0.038

r =50 um AN 0.11 0.13 0.12 0.079 0.047 0.043
r = 50 pm SDN 0.041 0.12 0.033 0.069 0.022 0.025

r =75 pum AN 0.13 0.11 0.10 0.081 0.058 0.042
r =75 pum SDN 0.15 0.060 0.099 0.063 0.020 0.018

and GGD fluctuations better capture the progression of the orientational order parameter,
which is the main characteristic of the system, compared to the model with the Gaussian

fluctuation.

3.4.2 Sensitivity analysis of the simulation

As captured by Equations and , the anisotropy of substrate materials
induces asymmetric velocities in cells, which are manifested through both interactions and
fluctuations. These contributions are temporally dependent, as changes in cell density due
to proliferation lead to fluctuations in the velocity magnitude. For a given set of model
parameters and fluctuation distribution, it will be helpful to understand their impacts on
the asymptotic order parameters, such as those that can be achieved after enough time has
elapsed, for refining experimental designs and controls.

Here, we perform a sensitivity analysis for simulation with Laplace fluctuations and
all other selected features. We vary the ratio of the variance of the fluctuation 7, /7, and the
ratio of their weights w,/w, in the model (Equations and (3.3)). While the variation of

the order parameter is controlled by four parameters (7;, 7, ws, and wy), we find that the
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Table 3.2: RMSE for the average absolute deviation of the velocity estimates ¢, and &y.
All assumed the weights parameters from the fluctuation from the x and y directions are
separately estimated. The benchmark RMSE of the average absolute deviation (calculated
by the standard deviation of the average absolute deviation) for &,, 6, are 5.7x 10~* and
5.3x1074, respectively. An effective method (highlighted in bold) has RMSE smaller than this
value. AN (= all neighbors) and SDN (= same direction neighbor) stand for methods with
all neighboring cells within the radius and the same direction neighboring cells, respectively.
RMSE = (table value) x10~%.

w=1
Average absolute deviation of Gaussian Laplace GGD
velocity estimates - - - - - -
Or Oy O oy Oz oy
r =25 pum AN 38 35 38 30 39 32
r = 25 pm SDN 137 68 140 59 130 63
r =50 pm AN 24 20 20 17 25 20
r = 50 pym SDN 74 40 88 36 7 37
r =75 pum AN 14 14 14 12 16 13
r =75 um SDN 42 34 52 32 49 32
w#1
Average absolute deviation of Gaussian Laplace GGD
velocity estimates - - - - - -
Or Oy Oy o Oz Oy
r =25 um AN 1.1 2.7 14 0.56 1.3 0.67
r = 25 um SDN 3.0 3.5 29 1.1 2.6 1.4
r =50 um AN 24 3.1 0.83 0.52 0.89 0.54
r = 50 pum SDN 34 34 24 0.67 1.7 0.83
r =75 pum AN 3.0 3.6 0.87 0.47 0.72 0.53
r =75 pm SDN 39 34 2.1 056 1.5 0.51

estimated w, (Figure [3.5(h)) does not change drastically over time. Furthermore, we show
in Appendix [C.2] that simulations with two different choices of 7, do not have a large impact
on the variation of the order parameter so long as the ratios of w’s and 7’s remain the same.
Hence, we are able to represent the asymptotic value of the order parameter on a 2D plot
with 7, = 0.02 and w, = 0.7 fixed to be the mean of estimation over all time frames. Each
simulation is implemented in 70 time points, where the order parameter fully equilibrates
after 20 time points (see the evolution of the order parameter for select simulation parameter
in Appendix|C.2). Due to this, the order parameter in Figure was computed by averaging

the last 50 time points.
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Figure 3.8: Change of order parameters due to the change of simulation parameters with
7, = 0.02 and w, = 0.7. The color bar corresponds to the simulated order parameter at long
times. The dashed lines and circles denote the actual path of the experimental results plotted
against the phase diagram. The colors of the markers correspond to the order parameter
as denoted by the color bar. Red and blue X’s denote the beginning and the end of the
trajectory, respectively.

We find that the asymptotic order parameter increases when either 7, /7, or w,/wy
increases (Figure . The order parameters computed from the experiment at different
time points are overlaid on top of the diagram, where the warmer colors represent a larger
magnitude of the order parameter, consistent with the color scheme of the phase diagram.
The ratio w,/w, fluctuates around a fixed value ~ 1.2, potentially due to fixed properties
of the external substrate guiding cells to migrate preferentially along x. That is to say,
the substrate has a fixed modulus ratio along the z and y directions, as found in [74].
This ratio is reflected in the variance of the velocity along the corresponding directions,
thereby restricting their ratio. As the system evolves over time, the caging effect becomes
more prominent along y, which increases the ratio 7,/7,. This analysis provides further
evidence to support our conclusion that substrate anisotropy and cell crowding both influence
alignment. However, at low cell densities, the alignment effect is likely drowned out by noise.
Our findings also open up exciting design opportunities, where 7, /7, can potentially be

controlled by varying the initial cell density or the composition of the substrate [93], so the
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cell alignment dynamics can be tuned as a result. Overall, good agreements between the

experiment and simulation are obtained.
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Chapter 4

Universal phase identification of
block copolymers from

physics-informed machine learning

This chapter addresses a classification problem in materials characterization: pre-
dicting the phase morphology of block copolymers from small-angle X-ray scattering (SAXS)
intensity curves. Accurate phase identification is crucial for understanding structure-property
relationships, but the high noise levels in experimental SAXS data challenge the direct
application of standard classification methods. We develop a physics-informed machine
learning approach that first denoises the raw SAXS intensity curves using the Kalman
filter and then extracts features that are independent of chemical details but reflect the
microstructure, which are then used to build the classification model. This physics-informed
feature selection effectively reduces dimensionality, which enables the model to achieve high
accuracy in predicting phases of both novel and existing materials in the training dataset.

Furthermore, by leveraging the inherent uncertainty of the model, overall accuracy can be
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further improved by manually reviewing only a small fraction of samples with high predictive

uncertainty.

4.1 Introduction

Block copolymers, which consist of two or more chemically distinct segments
(blocks), are an important class of materials known for undergoing self-assembly into well-
defined nanostructures, underpinning their use in applications including drug delivery,
high-performance materials, and advanced electronics [152), [153]. Self-assembly into a
variety of nanostructures, including body-centered cubic spheres (BCC), hexagonally-packed
cylinders (HEX), double gyroid networks (GYR), and lamellae (LAM) can be precisely tuned
by various parameters including block chemistry, volume fraction (f), molecular weight
(M), and architecture [I54]. More recently, Frank—Kasper phases, hexagonally close-packed
spheres, hierarchical X-in-Y structures, and complex network phases have been discovered
in block copolymers, highlighting the ever-expanding palette of potential morphologies and
properties achievable in this class of soft materials [155], 156, 157, 158, [159].

Traditionally, studying the phase behavior of block copolymers is laborious, involv-
ing iterative synthesis across many different compositions and molecular weights, coupled
with characterizing each distinct material using tools such as small-angle X-ray scattering
(SAXS), a technique that measures the scattering intensity of X-rays as a function of wave
vector magnitude ¢ to produce a 1D intensity profile. The complexity of this approach is
underscored by the need for rigorous peak indexing of each SAXS pattern to accurately
determine a given structure, which is complicated by issues including poor long-range or-
der, missing reflections (i.e., form-factor minima that suppress allowed reflections), limited

peak resolution, sample purity, coexisting phases, and extraneous atmospheric scattering
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[160, 161, 162] 163, [164]. At best, analyzing SAXS datasets is time-consuming and slow; at
worst, the aforementioned issues cause challenges that only an expert-level understanding of
X-ray theory can help resolve. The considerable complexity, time, and effort required to
accurately identify nanostructures formed by block copolymers—and other materials—is
compounded by an expansive parameter space, highlighting the potential utility of a work-
flow that accelerates the study of new materials, ideally in a fashion that is accessible to
researchers from many different backgrounds.

Thinking about solutions to such experimental bottlenecks can find inspiration from
recent advances in computation and theory. In many ways, similar issues are encountered
with the de-facto tool for simulating block copolymer phase behavior, such as self-consistent
field theory (SCFT) and coarse-grained model [165], 166, 167, 168, 169, 170l 171]. Yet the
SCFT and other simulation approaches rely on idealized parameters and assumptions that
may not capture the distinct phase behaviors of block copolymers with different monomers.
In addressing these challenges, recent advances in machine learning have created new
opportunities to automate structural analysis by detecting patterns in datasets with high
dimensionality [172, 173, 174, 175]. For example, Jayaraman and coworkers developed a high-
throughput machine learning enhanced computational method which analyzes SAXS patterns
to reconstruct real-space 3D structures of materials [176], (177, [I78]. Pozzo and colleagues
introduced an algorithm which analyzes the shape of SAXS profiles to automatically generate
phase maps [I79]. Furthermore, Olsen and colleagues leveraged a random forest model
to analyze the phase behavior of diblock copolymers using experimental data mined from
literature [I]. While Olsen’s method is effective in predicting phases of existing polymers
in the database, this method, which we refer to as a chemistry-dependent random forest
(CD-RF), relies on chemical-specific features, such as monomer identities, volume fraction,

molecular weight, and temperature, which limits the predictive accuracy of phases formed
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by new monomers that are not in the database.

Here, we build on these advances and report a machine learning method that rapidly,
automatically, and accurately determines the morphology of block copolymers SAXS data to
enable real-time data analysis. Unlike conventional machine-learning methods for analyzing
SAXS data that process the full intensity curve without explicit noise filtering, our approach
is informed by X-ray scattering theory and automatically extracts pivotal physics-informed
morphological features from the reduced 1D intensity scattering pattern to construct a
universal classification model and enable real-time data analysis for researchers. Statistically,
our method introduces two major innovations. First, by modeling each intensity curve with
a Gaussian process [9, 45], we incorporate experimental uncertainties across different wave
vector magnitudes, g. Second, by integrating the physical principles of X-ray diffraction, we
enhanced the effectiveness and accuracy of our predictive models. X-ray diffraction measures
the power spectrum of the Fourier transform of the sample’s electron density. Thus, details
of a sample’s phase and nanostructure manifest most prominently as diffraction peaks in
the X-ray data profile; where the g-location of the strongest peak, peak width, and peak
locations of all peaks with respect to the primary peak are the most important features
with direct physical significance. With this knowledge, full-intensity curves were instead
transformed into a small set of informative features, dramatically reducing the required size
of the training set.

The combination of advanced statistical modeling and informed feature reduction
significantly enhances the robustness and reliability of our predictive models for accelerating
materials discovery. Our machine learning process is structured into three stages: filtering
the noise of intensity curves with a Gaussian process, detecting peaks and extracting crucial
curve features, and applying a classification model, such as random forests [I180], bagging

[181], and gradient boosting [182] for material phase prediction. Importantly, we couple this
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new physics-informed machine-learning algorithm with a powerful experimental technique
recently developed by our groups—automated chromatography—that yields a large set of
well-defined and purified block copolymers from a very small number of as-synthesized
samples [I83] 184 162, [185] 157, (186 [158]. A notable advantage of this separation process
over traditional iterative synthesis is its ability to remove homopolymer impurities and
reduce the dispersity of each fraction compared to the as-synthesized parent block copolymer,
enhancing the purity and reproducibility of fractionated samples’ morphologies. Together,
this combined workflow minimizes the synthetic burden of creating comprehensive and
systematic sets of training data that were used to evaluate the accuracy and predictive
capabilities of the machine-learning framework. Notably, this method achieves approximately
95% predictive accuracy across a variety of block copolymer chemistries, molecular weights,
domain spacings, and nanostructures, including both new and existing materials in the
training dataset, which is much higher than other alternative approaches. Furthermore, this
method can further identify and correct data that was initially mislabeled as a result of
human error based on quantified uncertainty of the prediction. After scrutinizing about
15% of the data with the highest uncertainty in predictive labels, the accuracy of our
method approaches nearly 100%, marking a crucial advancement towards automated, high-
throughput laboratories integrated with SAXS systems [I87, [I88]. The data and code used
in this chapter are publicly available (https://github.com/UncertaintyQuantification/

automated_polymer_phase_identification).
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Figure 4.1: A library of 364 well-ordered diblock copolymers derived from the synthesis and
separation of only 16 parent copolymer samples was used to evaluate the machine-learning
algorithms developed herein. Overall block copolymer molecular weight is denoted by
M,. Volume fraction of the semi-fluorinated block is denoted by fr. Color indicates the
morphology as determined by manual analysis of SAXS data.

4.2 Results and discussion

4.2.1 Generating block copolymer libraries

To evaluate the efficacy of our new machine-learning algorithm as applied to ana-
lyzing small-angle X-ray scattering (SAXS) data, we leveraged a large experimental dataset
(364 SAXS patterns) spanning four different block copolymer chemistries with systematically
varying molecular weights and volume fractions as derived from automated chromatography.
Note that we recently reported the phase behavior of these materials, which was manually de-
termined by painstaking analysis of each individual SAXS pattern; these experimental phase
portraits are reproduced in Figure [162]. Each material is a diblock copolymer with a
poly(dodecyl acrylate) block connected to one of four semi-fluorinated acrylates we denote the
volume fraction of the semi-fluorinated block in each case by fg. Four classes of AB diblock

copolymers with increasing degrees of fluorination were synthesized via sequential photo-
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Figure 4.2: Panels display a representative example of each morphology. Black and blue
curves represent the original log intensity and the smoothed intensity curves, respectively.

Detected peak locations are highlighted by red triangles and marked with orange dashed
lines.

initiated atom transfer radical polymerization: poly(dodecyl acrylate)-b-poly(2-fluoroethyl
acrylate) (D-1F), poly(dodecyl acrylate)-b-poly(2,2,3,3,3-pentafluoropropyl acrylate) (D-5F),
poly(dodecyl acrylate)-b-poly(1H,1H,2H,2H-nonafluorohexyl acrylate) (D-9F), poly(dodecyl
acrylate)-b-poly(2,2,3,3,4,4,5,5,6,6,7,7-dodecafluoroheptyl acrylate) (D-12F). Readers inter-
ested in the experimental details of the synthesis and chromatographic separation are referred

to our previous publication and the supporting information [162].

4.2.2 Filtering and feature extraction

Automated chromatography yielded an extensive library of materials with high-
quality self-assembly across a wide range of volume fractions (fp = 0.02 — 0.80). Represen-
tative scattering patterns from six distinct morphologies (disordered (DIS), BCC, o, HEX,
GYR, and LAM) are plotted in Figure where the blue curve represents the scattering
intensities after noise filtration. The filtering is performed via a twice differentiable Gaussian

process with a Matérn kernel [I10], implemented through the Kalman filter framework
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described in Chapter [1} which provides computational efficiency for the smoothing along the
one-dimensional ¢ coordinate. We have innovated an approach that integrates experimental
uncertainties in filtering and denoising with minimal computational demand, which is crucial
for processing experimental data. In X-ray diffraction, certain peaks may be absent or
suppressed due to factors like poor resolution or limited long-range order. For example, the
o pattern typically requires synchrotron-level capabilities to resolve its intricate diffraction
pattern often comprised of circa 48 distinct peaks, whereas using traditional bench-top
SAXS instruments would impart significant peak broadening despite analyzing the same
nanostructure [I55]. Excessive smoothing can obscure these critical small or overlapping
peaks, whereas insufficient smoothing might misinterpret noise as peaks. The smoothing
level in Gaussian process regression is controlled by the range and nugget parameter of the
covariance [43], which are determined using the maximum likelihood estimate from all DIS
samples in our dataset. Comprehensive details on the formulae for smoothing and peak
detection are provided in the Appendix

Figure [.3(a) shows a t-distributed stochastic neighbor embedding (t-SNE) plot of
logarithmic SAXS intensities curves [189], where each point represents an individual curve,
color-coded by morphology. Utilizing the entire 1D intensity scattering curves leads to
poor separation in t-SNE visualization, likely due to subtle differences in overall scattering
patterns across various morphologies as well as baseline noise interference. To address these
challenges, we employ X-ray scattering theory to construct physics-informed morphological
features (PIMF), which are automatically extracted and input into the machine learning
model rather than using the full scattering curve. Specifically, the analysis of the location of
the first three peaks proved highly diagnostic of distinct morphologies. Figures (b) and
H(c) respectively show the first primary scattering peak location against the ratio between

the first and second peaks and the ratio between the second and third peaks. These plots
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Figure 4.3: (a) T-distributed stochastic neighbor embedding (t-SNE) for visualization of
original log intensity. (b) First peak location vs. the ratio between second and first peak.
(c) First peak location vs. the ratio between third and second peak.

illustrate that physics-informed features, such as ratios between peak locations, facilitate a
more effective structural determination than traditional methods which analyze the entire
scattering curve. These refined features—the location of the first primary scattering peak and
pairwise ratios of the first three peak locations—hold particular significance for researchers
seeking to analyze novel materials that may lack extensive long-range order. We limit our
analysis to the first three peaks here, as using fewer yields insufficient information and
extending beyond often proves impractical, given that over 30% of samples lack a fourth
peak, leading to less accurate classification.

In addition to peak locations, the width and sharpness of the peaks are also critical
for identifying morphologies in block copolymers. Typically, disordered samples exhibit a
single broad and low-intensity peak, whereas ordered block copolymers often display multiple
well-resolved and sharp reflections. However, there are instances, such as in HEX, BCC, and
o phases, where a single peak might emerge due to overlapping peaks or being close to the
order-disorder boundary. To address these challenges, we include in our model the width of
the first primary scattering peak and its sharpness, measured by the second derivative of
the peak.

Our approach effectively reduced the original intensity curves to 6 salient features:
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the pairwise ratio of the first three peak locations, and the location, width, and sharpness of
the first primary scattering peak. These physics-informed features substantially simplify
the high-dimensional scattering intensity patterns to enable facile structure determination.
Importantly, these features are independent of the specific chemical composition of the
material, underscoring the versatility of this approach as a universal algorithm for phase
identification in a wide range of block copolymers. Including more morphologically relevant
features can improve predictive accuracy in similar tasks, whereas adding a large number of
less informative features may also degrade the predictive accuracy of the model. Significantly,
this method’s ability to extract essential morphological information from scattering patterns
enables its broad applicability across a diverse chemical landscape extending to various block
chemistries, molecular weights, dispersities, number of blocks, and polymer architectures.
Notably, well-ordered materials of a specific morphology exhibit identical series of scattering
reflections, regardless of polymer identity. The ¢ values of these reflections may shift based
on polymer molecular weight, but the overall pattern remains consistent. By removing the
impact of specific chemical characteristics, our model offers a powerful tool for analyzing

diverse block copolymer systems efficiently.

4.2.3 Phase identification of new block copolymer chemistries

To demonstrate the effectiveness of our method with PIMF in rapidly analyzing
novel block copolymers, we first trained our model using manually identified SAXS patterns
from three block copolymer chemistries to predict the morphologies of a fourth material
group. Due to the increased conformational asymmetry of D-1F and D-5F block copolymers,
these materials exhibit a window of ¢ stability that vanishes in more conformationally
symmetric D-9F and D-12F materials [162]. Holding out these two groups as the training

data could lead to inaccurate predictions due to the limited number of ¢ samples. Thus, we
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Table 4.1: Prediction results of random forest models on predicting D-9F block copolymer
morphologies using PIMF-RF, CD-RF, and Curve-RF.

PIMF-RF pred
DIS BCC o HEX GYR LAM # Misclassified
true DIS 10 1 1
HEX 12 0
GYR 7 0
LAM 1 26 1

CD-RF pred
DIS BCC o HEX GYR LAM # Misclassified
true DIS 4 2 5 7
HEX 12 0
GYR 7 7
LAM 4 4 19 8

Curve-RF pred
DIS BCC ¢ HEX GYR LAM +# Misclassified
true DIS 10 1 1
HEX 8 2 2 10
GYR 2 3 2 7
LAM 11 9 7 20

focused on two testing scenarios: using D-1F, D-5F, and D-12F to predict the morphology
of D-9F, and using the other three block copolymer libraries to predict D-12F.

We present the results of out-of-sample prediction by the physics-informed mor-
phological features in the random forest (PIMF-RF) model [I80] and compare the accuracy
with the CD-RF model that relies on volume fraction, total molar mass, temperature, and
monomer identity of the diblock copolymers [I] and the Curve-RF model that directly uses
the original SAXS curve. We also employ bagging and the gradient boosting model with our
feature set, which provides similar results detailed in Appendix

Table presents the classification performance of different approaches when pre-
dicting the phase behavior of group D-9F. Notably, our approach only has 2 misclassifications
out of 57 samples, significantly outperforming the 22 and 38 misclassifications observed in
the CD-RF and Curve-RF methods, respectively. Compared with using the entire SAXS

curve as the input in the Curve-RF method, the six physically-formed features in PIMF-RF
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Figure 4.4: Maximum predicted probability for correctly and incorrectly predicted morpholo-
gies for (a) the D-9F block copolymer library; (b) the D-12F block copolymer library using
PIMF-RF.

are informative in reducing the high dimensionality of the SAXS curve and they lead to
much higher accuracy in predictions. Furthermore, the CD-RF approach does not rely on
the use of SAXS data and it is shown to be accurate for predicting phases with monomers
that appear in the training data set [I]. The results indicate that the automated analysis of
SAXS data in PIMF-RF effectively enhances the accuracy of predicting the phase of the
novel monomers not in the training data set.

The RF model classifies phases based on the predicted probability for each phase,
where the phase with the highest probability is selected as the predicted outcome. The low
maximum predicted probability indicates high uncertainty of the method, which can be
used to control the predictive error [I0]. Figure [.4|(a) represents the maximum predicted
probabilities for all test samples, overlaid on violin plots that illustrate the distribution of
these probabilities. [I90] The plot reveals that the 2 misclassified samples in group D-9F
have probabilities below 0.55, indicating low prediction confidence. Conversely, correctly
classified samples generally display maximum probabilities exceeding 0.7, demonstrating a
higher confidence level. This pattern suggests that inspecting a small subset of test samples
with low maximum predicted probabilities could enhance the accuracy close to 100%, which

will substantially reduce the manual review workload compared to examining all samples.

85



Table 4.2: Results of random forest models on predicting D-12F block copolymer morphologies
using PIMF-RF, CD-RF, and Curve-RF.

PIMF-RF pred
DIS BCC o HEX GYR LAM # Misclassified

true DIS 12 0
BCC 5 0
HEX 3 36 3
GYR 2 0
LAM 33 0
CD-RF pred
DIS BCC o HEX GYR LAM # Misclassified
true DIS 8 1 3 4
BCC 4 1 4
HEX 4 1 29 1 4 10
GYR 1 1
LAM 1 32 1
Curve-RF pred
DIS BCC o HEX GYR LAM # Misclassified
true DIS 9 2 1 3
BCC 3 2 5
HEX 8 1 6 5 19 33
GYR 1 1 2
LAM 6 22 5 28

Subsequently, we applied the same PIMF-RF approach to predict the morphologies
of the D-12F block copolymer library with the classification results detailed in Table
Of the 91 D-12F block copolymers, only three are inaccurately predicted, an improvement
over the CD-RF [I] and Curve-RF approaches, which misclassify 21 and 71 morphologies,
respectively. Figure [4.4[(b) shows that the maximum predicted probabilities of 3 misclassified
samples in the D-12F library are all below 0.5, reinforcing the earlier observation that
reviewing samples with low predicted probabilities can reduce prediction errors of our
approach. Significantly, our PIMF-RF model accurately identifies the morphology of 142
out of 147 block copolymers (96.6% accuracy) consisting of novel monomers not present in
the training dataset, highlighting the power of this synergistic approach combining machine

learning with automated chromatographic separation towards accelerated materials discovery.
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4.2.4 Phase identification of mixed block copolymer chemistries

To further evaluate the robustness of our high-throughput analysis method under
diverse training conditions, we combined all four classes of diblock copolymers and imple-
mented a 5-fold cross-validation strategy. The dataset was randomly divided into five folds,
with each iteration using four-folds for training and one-fold for testing. Employing the
PIMF-RF approach results in 25 misclassified morphologies out of 364. Upon careful review,
we found three block copolymers initially mislabeled during manual morphology assignment
were identified and correctly predicted by our approach. These three SAXS patterns are
shown in Appendix Figure (a) displays the maximum predicted probabilities for all
morphologies, with mislabeled materials highlighted in red. We retrained our model of the
revised dataset after correcting these labels, and the number of misclassified morphologies
using our PIMF-RF method reduced to 20, which is much smaller than the 62 misclassifi-
cations observed with the CD-RF approach [I] and 85 misclassified samples in Curve-RF
approach using the same training data. Detailed results are provided in Appendix

Figure [4.5(b) presents the violin plot of the maximum predicted probabilities of all
held-out test samples by the PIMF-RF method. Analysis shows that when using a threshold
of 0.6 for the predicted probabilities, we need to examine only 32 SAXS patterns (9% of the
data) to achieve a predictive accuracy of 98.4%. Increasing this threshold to 0.8 requires
inspecting 69 samples (19% of the data), which results in remarkably accurate predictions
with 100% accuracy. This pattern suggests that strategically examining a small subset of
SAXS patterns with lower predicted probabilities enables the ML approach to attain high

predictive accuracy.
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Figure 4.5: Maximum predicted probability for correctly and incorrectly predicted samples
of all diblock copolymers using the physics-informed features for (a) the original samples;
(b) revised samples after correcting three mislabeled detected by our method.
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Chapter 5

Reliable emulation of complex
functionals by active learning with

error control

In many scientific problems, physical simulations are computationally expensive,
and the input space is often high-dimensional or even infinite-dimensional. Traditional
“space-filling” designs, including random sampling and Latin hypercube sampling, become
inefficient as the dimensionality of the input variables increases, and the predictive accuracy
of the emulator can degrade substantially for test inputs far from the training input set.
This chapter develops an active learning with error control framework, which guides adaptive
sampling by quantifying prediction reliability based on the predictive distribution of Gaussian
processes. This algorithm is applicable to infinite-dimensional mappings and achieves high-
fidelity predictions with controlled prediction error. By applying it to classical density
functional theory, a statistical-mechanical framework for modeling the equilibrium properties

of molecular systems, we demonstrate the algorithm’s high computational efficiency and
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improved performance compared to conventional “space-filling” designs and alternative active
learning methods. The material in this chapter is reproduced from Xinyi Fang, Mengyang
Gu, and Jianzhong Wu, “Reliable emulation of complex functionals by active learning with

error control,” J. Chem. Phys. 157, 214109 (2022), with the permission of AIP Publishing.

5.1 Introduction

Theoretical research in chemistry and materials science is often hampered by
computational bottlenecks in applying complex physical models to predict the microscopic
structure and physicochemical properties of many-body systems. Statistical and machine
learning (ML) methods, such as Gaussian process (GP) regression, basis expansion methods,
and neural network models, have been widely used as a surrogate of complex physical
models to emulate the atomic force fields, density functionals, chemical reactions, and diverse
properties of materials and chemical systems [191] [192] 193], 194] [195| 196}, 197, [198]. Here
a typical aim of a ML approach is to learn the map with a high dimensional input or a
functional input from observations. Trained on a set of pre-specified inputs, a statistical
emulator can obtain accurate predictions when a test point is close to the training inputs
[199], 200, 201].

Constructing a statistical emulator often starts with selecting a set of “space-filling”
samples in the input space, such as uniform samples or Latin hypercube samples (LHS)
[32]. The statistical emulator will be trained based on the outputs of the simulation at these
pre-selected inputs. The idea is to ensure that for each test point in the input space, there
are a sufficiently large number of inputs near this test point, where the outcomes (such

as the potential energy or atomic force in emulating the first-principles calculations) were

observed. Using the space-filling samples and assuming a set of regularity conditions, the
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predictive error of some ML methods, such as the GP regression, is guaranteed to converge
to zero, when the sample size goes to infinity [202]. The space-filling samples have two main
drawbacks in emulating physics-based calculations such as molecular dynamics simulation
(MD). First, the input values, such as atomic positions or pairwise inter-atomic distances
in MD, may not be directly controlled. Second, physics-based modeling of molecules and
materials often involves a high or infinite dimensional input space, such as the external
potential function and atomic configurations. If the statistical emulator is trained in a small
parameter subspace, the predictive accuracy of the emulator can be dramatically degraded
outside the subspace where no training input is available. This scenario often occurs when the
outcome is required in a slightly different system or at another experimental condition, such
as different temperatures or pressures, whereas the statistical emulator becomes inaccurate
if it is only trained on one set of conditions. Obtaining accurate predictions of any test input
with a controlled predictive error is important to bypass expensive computations based on
complex physical models.

To address the fundamental difficulty in predicting functions and functionals with
a high-dimensional input space, active learning has become one of the most promising
techniques to sequentially reinforce the emulation of physics-based modeling [39]. The active
learning approach can be implemented in two broad scenarios. The first one is an online
scenario or “on-the-fly” prediction, where the test inputs sequentially come and one does
not know what future input needs to be predicted [40], 203), 204]. The online prediction
scenario has many applications, such as Bayesian optimization [I5] [16] and model calibration
[8, 205], where the outcome of the simulation needs to be sequentially predicted for every
sampled input. The second scenario is to sequentially select the samples to run a computer
simulation for predicting the entire input space, where the uncertainty of the emulator is

often used for selecting the next design run [206]. In this chapter, we focus on the online
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prediction scenario and test our approach using the classical density functional theory
(cDFT) calculations for one-dimensional (1D) hard-rod systems, with different external
potentials. The availability of exact densities and free-energy functional for various 1D
systems of hard rods allows us to validate the efficiency of the surrogate model with the
ground truth. Here the fundamental difficulty is on a user-specified external potential-an
arbitrary functional input with infinite dimensions. For constructing statistical emulators,
we assume that no parametric form of this functional input is available. We demonstrate that
the new integrated approach provides a high-fidelity prediction of particle density profiles
and grand potentials with a controlled error in the probabilistic sense, more accurate than
a GP emulator with conventional “space-filling” designs, and it is more computationally
scalable than direct cDFT calculations.

We highlight the key novelty of this work in developing the surrogate model and
error control criteria for functional mapping. First, while some popular criteria, such as
the D-optimality, were introduced in the active learning framework [40] 207], the threshold
of determining whether a test input can be reliably predicted may be hard to choose, as
the threshold may not be directly related to the error in prediction. In practice, one may
need to tune the threshold for different systems for a given error bound. Here, we use the
internal uncertainty assessment of the GP emulator to decide whether a test input can be
predicted precisely. For any given threshold of predictive error and probability tolerance
bound, our approach automatically defines the criterion to control the predictive error below
the threshold with a large probability satisfying the probability tolerance bound (see Section
. We demonstrate that our approach can identify whether an upcoming input can be
reliably predicted, and thus it has much better performance than the conventional statistical
emulation by training the emulator with a space-filling design, such as random sampling.

Furthermore, we derive an iterative formula that reduces the computational complexity for
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GP models with augmented samples. In each iteration, updating our algorithm only requires
O(n?) operations, while a direct approach requires O(n?) operations. Other emulation
approaches, such as those enforcing the invariance symmetries, can be easily included in our

integrated framework for reliable predictions with a controlled error.

5.2 Classical density functional theory
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Figure 5.1: (a) Functional learning in the context of cDFT for one-dimensional hard rods of
uniform size a in an external field V¢*!(.) defined in a domain of size L. (b)-(c) t-distributed
stochastic neighbor embedding (t-SNE) for visualization of input fichen, — V(.) (middle
panel) and output p(.) (right panel). For each group, 2000 density profiles are generated
based on different combinations of picpen, and parameters in Vemt(.).

Classical density functional theory (¢cDFT) is a statistical-mechanical method that
describes the thermodynamic properties of equilibrium systems in terms of the density
profiles of individual particles [208] [209]. In a nutshell, cDFT calculations are based on the

minimization of a grand potential functional that, for systems consisting of only one type of

particle, can be expressed as

Qlp] = Fialp] + Fealp] + / dsp(s)[VE"H() = ichem), (5.1)

where p(s) denotes the particle density at position s, Fj4[p| is the free-energy functional

of an ideal gas, and F..[p] is called the excess free-energy functional, V¢*(s) denotes a
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one-body external potential, and pichen is the chemical potential of the particles. The

ideal-gas functional has an exact form

BenFialp] = / dsp(s){loglp(s)A%] — 1},

where Ay, is the thermal wavelength and e, = 1/(kpTemp) with kp being the Boltzmann
constant and T¢,,, the absolute temperature. While T¢,,,,, and picpen, are thermodynamic
variables that define the equilibrium condition, A, and Fe.[p] depend on the intrinsic
properties of the system such as the particle mass and inter-particle potential. In this
chapter, we set B¢, = Atn = 1 as the units of energy and length.

One key premise of cDFT calculations is that V¢*!(s) is uniquely determined by
p(s) such that, given an analytical expression for Fe,[p], p(s) can be solved by minimizing
Q[p] and, subsequently, all thermodynamic properties of the system can be derived. The

equilibrium density profile minimizes 2 and thus satisfies the Euler-Lagrange equation:

p(s) = exp { fenem — 0Feq/5p — V' (s) }. (5.2)

Equation provides a functional map between the one-body density p(s) and the one-
body external potential V¢! (s). Because in general F,, is a complicated functional of p(s),
solving p(s) from the Euler-Lagrange equation is often computationally demanding. Besides,
the formulation of an accurate expression for F,, is a formidable task for complex molecular
systems. In this chapter, we demonstrate that statistical emulation will be helpful to solve
both problems.

For proof of concept, we consider a statistical emulator of cDFT for one-dimensional

(1D) systems consisting of identical hard rods (HR). For such systems, the excess free-energy

94



functional, thus the grand potential, is exactly known [210]. The analytical results were
derived decades ago and are reproduced in Appendix Given any external potential
Verl(s) and chemical potential fichem, the density profile of hard rods can be numerically
solved (e.g., by Picard iteration) from Equation , and it is plugged into Equations ,
, and for computing the grand potential and other thermodynamic quantities.
For a given system defined by pichen and Vé¥(s), statistical emulation aims to
predict the particle density and free-energy functionals as in direct cDFT calculations
(illustrated in Figure[5.1j(a)). Previous work in ¢cDFT [211}, 195 212] and Kohn-Sham density
functional theory (KS-DFT) [213, [214] demonstrate the performance of ML models with a
single parametric form for the external potential with different choices of parameters. In
this chapter, we show that the active learning procedure is applicable to multiple classes of
external potential similar to cDFT calculations with the same intrinsic Helmholtz energy
functional. We demonstrate that, when presented with a new class of external potentials,
the model can discern whether this new input can be accurately predicted. As mentioned
above, functional mapping represents one of the biggest obstacles in statistical emulation as
well as machine learning. Filling the entire functional input space directly with a limited
number of simulation runs, such as random sampling or the LHS, is not generally possible.
When the external potential function is distant from the training input set, both statistical
emulators and machine learning methods become inaccurate. We provide a solution to
this fundamental problem by integrating direct cDFT calculations with a GP emulator
through an active-learning framework. We derive a probabilistic bound to control the overall
prediction error of the particle density based on the internal assessment of the uncertainty
from the statistical emulator, making our approach applicable to functional learning in
infinite dimensional spaces, as well as reducing the computational costs for inputs that can

be accurately predicted. Here our algorithm can reliably learn multiple classes of external
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potentials, while earlier applications of ML methods in both KS-DFT (e.g. [214]) and ¢cDFT
(e.g. [195] 212]) only demonstrate the performance of their models on one particular class
of the external potential. Besides, the active learning scheme developed in this chapter
enables the ML approaches to discern whether outcomes of a test input can be reliably
predicted. This ability allows us to control predictive errors as well as substantially reduce
the computational cost.

In Figure [5.1|b) and (c), the input fiepem — V*(.) and output p(.) of the statistical
emulator are projected onto two t-distributed Stochastic Neighborhood Embedding (t-SNE)
factors as commonly used for visualizing high-dimensional data [I89]. It is evident that the
inputs generated from different groups of input functions form different clusters. Similar
patterns can be observed for the corresponding particle densities. In addition, group 1 forms
a curve in Figure (b) due to the fact that the only change of the input in group 1 i fichem,
which only results in a shift in the input space, making group 1 mapping the simplest to
learn for the statistical emulator, as to be demonstrated later in the section on numerical
results. We noticed several points in groups 2 and 3 are close to those in group 1. These
points correspond to samples whose input parameters are close to 0 and are thus nearly
equivalent to group 1’s inputs. These patterns demonstrate the input-output relationship
can be captured by distance metrics, as the smaller distance between chemical potentials
leads to the higher similarity between the particle densities. This validates the use of kernels
in the GP to map the distance between inputs (chemical and external potentials) to the
correlation between output (particle densities), as the smaller distance in the input space
indicates a larger correlation or similarity between outputs. Unlike the dimension reduction
approach shown in Figure we will model the entire density profile jointly in a statistical

emulator to encode all information.
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5.3 A reliable Gaussian process emulator by active learning

with error control

5.3.1 Parallel partial Gaussian process emulation for vectorized outputs

For demonstration purposes, our statistical emulator is built upon the parallel
partial Gaussian Process (PP-GP) emulation approach [47], introduced in Section for
representing the map between the particle density, a vectorized output defined on massive
grid points, and the input function composed of the chemical and external potentials. Other
emulators that produce uncertainty quantification for predictions can be used as well. The
GP emulator is one of the most commonly used surrogate models for expensive physics-based
calculations, and it has been widely used for emulating molecular simulation, the potential
energy surface, and atomic force fields [191], 215l 216, 217, 197]. In combination with the
dimension reduction technique, the GP emulator has also been used as a surrogate model
for approximating the KS-DFT calculation of electron density [214].

Here, we let X = fighem — V'¢*!(.) denote the functional input discretized at p spatial
grid points. For any input x, the particle density is defined at k£ grid points, written as
p(x) = [p1(x), p2(X), ..., pr(x)]. In this example, we set the number of spatial grid points
used for discretizing external potential and density to be the same, i.e., p = k. When applying
the PP-GP emulator to model the particle density in ¢cDFT, we employ a constant mean and
an isotropic Matérn kernel function with roughness parameter 5/2 (Equation (1.2])) for the
spatial correlation. Thus, given n ¢cDFT calculations with inputs {x;,...,x,}, the density
vector at any spatial grid point j is assumed to follow a multivariate normal distribution
pi = [pj(x1),- ., pi(xn)]T ~ MN(len,a?R). The predictive distribution then follows

(1.14]) with all terms related to z replaced by p.
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Active Learning with Error Control (ALEC)
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Figure 5.2: An overview of the active learning with error control framework.
5.3.2 ALEC: active learning with error control approach

Active learning is a sequential design approach in statistics. In an “on-the-fly”
online prediction scenario, there is no information regarding the future input to be predicted.
If a configuration is new to the current training set, i.e., it is located in a sparsely sampled
region, we may not be able to accurately predict this sample by the emulator. For a large
functional input space, it is almost inevitable to extrapolate the sampled input space, as the
number of simulated runs that populate this input space is sparse. Therefore, it is necessary
to establish a criterion for determining whether an upcoming configuration can be reliably
predicted.

In this chapter, we develop the active learning with error control (ALEC) emulator
that can automatically control predictive error for simulations with high or infinite dimen-
sional input space. A few criteria were studied before to detect the test case hard to be
predicted, such as the D-optimality criterion [40] and the predictive variance criterion [204].
Yet, the threshold of these strategies often requires to be chosen empirically, as they may
not be directly related to the predictive error. In our automatic approach, a new criterion
has been established such that the threshold can be chosen automatically for any given
predictive error bound and probability tolerance bound, based on the internal uncertainty

assessment of the emulator. Figure [5.2]shows an overview of our strategy. For a given testing
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Figure 5.3: Empirical CDF of absolute error of particle densities |p;(x}) — p;(x})| for 4
classes of input functions at all grid points using the criterion with different error
bounds § and probability tolerance thresholds «. The horizontal line and the vertical line
are 1 — v and 9, respectively. On the x-axis, the 1 — « percentiles of the absolute errors are
recorded, all of which are less than J.

input x*, if the criterion that controls the predictive error is satisfied as shown in the yellow
box, the particle density profile will be predicted; otherwise, a numerical solver will be called
for computing the particle density corresponding to x*, and this new information will be
added to the training set and used to update the PP-GP emulator.

Let us first consider controlling the predictive error for particle density at a fixed
coordinate j based on the PP-GP algorithm. Given a prespecified error bound §; > 0, we
aim to have the predictive error of a test input x* smaller than d; > 0 for more than 1 — «

of the predictions, where « is a small value (e.g. o = 0.05). This means

P(lp;(x") = pi(x7)| > 8;) < a, (5:3)

i.e., the probability that the absolute error between the predicted and true densities at the

Jj-th coordinate exceeds ¢; is less than a. Since small predictive variance from the emulator
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indicates high-fidelity in prediction, we predict the test input x* if

5.
A/ 62 < ——L—— 5.4
J n ta/2(n - p,u) (5.4

where t,/o(n —py,) is the upper a/2 quantile of a Student’s t-distribution with n —p,, degrees
of freedom, ¢** and &]2 are given in Equations and , respectively. Otherwise,
we will compute this particle density directly from c¢DFT using a numerical solver, as
the assessed uncertainty for predicting this test input is large. This strategy satisfies the
probabilistic error control outlined in Equation , as shown in Appendix .

We have a few remarks regarding this strategy. First, the error bound ¢; and
probability tolerance « have interpretations. Suppose, for instance, one expects to see the
predictive error in more than 95% of predictions smaller than 0.01, one can then let § = 0.01
and a = 0.05. Second, in the active learning strategy, one reduces the sample space from
the original space X' to Xp; = {x* : \/&?? < 9j/tajo(n — pu)}, where the subscript F
denotes the input set that can be reliably predicted. A numerical solver for cDFT needs
to be called for any input x* that does not satisfy Equation (5.4). Though selecting a
smaller 0 or « leads to a smaller predictive error, more evaluations from the numerical solver
would be required, which increases the computational cost. Thus, a balance between the
size of the cut-off value and computational time is needed in practice. Third, the degree of
freedom of the Student’s t-distribution increases with the sample size. When the sample
size is sufficiently large, the t-distribution can be accurately approximated by a standard
normal distribution. For instance, when n —p, = 300 and a = 0.05, t,/5(n — p,) ~ 1.968
and the upper a/2 quantile of a normal distribution Z,, /2 ~ 1.960, which only differs from
that of a t-distribution by around 0.5%. Thus one can use the normal approximation if

the sample size is large. Finally, the error control from Equation (5.4]) means that if the
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statistical emulator is a correct representation of the reality, and the number of test samples
is infinitely large, we have at least 1 — o probability such that the absolute predictive error
is less than §. This does not preclude the cases where in slightly more than 1 — « of the
predictions, the predictive error is larger than ¢, due to model misspecification or the limited
number of test samples. Fortunately, the predictive error at these inputs is typically close to
0, as the assessed uncertainty of these inputs is smaller than the threshold.

We can extend the strategy for controlling the error of the density at a fixed
coordinate j to the overall error of density prediction. Consider that we use a uniform

cutoff value §, and that we make predictions for a test input x* if each coordinate satisfies

1)
max{5ic*t < ——— 5.5
\ { J = taje(n —pu) 5

We call the criterion in Equation (5.5) the maximum variance selection criterion. Under

Equation (5.4), i.e.,

this criterion, we are able to derive the probabilistic bound to control the predictive error of

particle density at each coordinate,

P(|p;(x*) — p;(x*)| > 8) <, forj=1,...k, (5.6)

and the root mean squared error (RMSE), defined as RMSE = \/Zg’?zl(pj(x*) — pj(x*))?/k,
follows

P(RMSE > §) < a. (5.7)

The detailed derivation of Equation (5.6)) and (5.7)) is given in Appendix Equations
(5.6) and (5.7) imply that the overall predictive error can be controlled in a probabilistic
way under the maximum variance selection criterion in Equation ([5.5)).

In practice, the cut-off in (5.5 is too conservative, and we rarely see more than
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« samples larger than the claimed threshold. A less restrictive criterion to control the

predictive error is by predicting any input set x* such that

k20
25=195° < 0 : (5.8)
k ZL/oz/2(n _pu)

o =

We call the criterion in the average variance selection criterion. Equation controls
the predictive error of vectorized outputs (particle densities) in the average sense, while it
does not guarantee the error control as in Equation . In practice, one may select a large
number of points for numerical solvers to run using criterion , thereby requiring a larger
computational cost, while the predictive error control can be achieved using criterion
with much less training samples.

To quantify whether the error is indeed controlled based on our threshold, we plot
the empirical cumulative distribution function (CDF) of the absolute errors in Figure
using the criterion with different error bounds and probability tolerance thresholds «
for all 4 classes of input functions considered herein. In the upper middle panel, for instance,
the vertical solid line marks the chosen threshold § = 0.01 and the purple dashed line labels
the percentile corresponding to 1 — o = 0.95. On the x-axis, we mark the values of the 95th
percentile of the absolute errors for each group of input, all of which are less than 0.01. In
the remaining panels of Figure the empirical CDF's of the absolute errors for various «
and 0 values are illustrated. In general, the smaller error bound or probability tolerance
threshold, the smaller the predictive error is, while more samples are required for achieving
this accuracy level. Thus, a balance between the computational cost and accuracy level is

generally required.
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5.3.3 Sequential update of the ALEC emulator

When calculating the predictive mean and predictive correlation in Equations
and , one needs to solve R™u, for an n-dimensional real-valued vector u € R™. In the
PP-GP emulator [47], we implement the Cholesky decomposition of the correlation matrix
R = LL”, and use the forward and backward substitution algorithms to compute R™!u.
In the ALEC emulator, whenever a sample x* € R? is added to the previous training set
with n samples, the PP-GP model needs to be updated accordingly. Directly applying this
approach will require O(n?) operations for computing the Cholesky decomposition each time
when the sample size is n. To reduce the computational cost, we introduce a new approach
that takes only O(n?) operations in performing the Cholesky decomposition.

To update L with the addition of x*, we denote the correlation matrix of previous
n design elements as R,, = LnLZ, with L,, being the Cholesky decomposition of R,,. Next,

we write the updated correlation matrix R, 41:

where 1, (x*) = [c¢(x*,%x1), ..., ¢(x*,%5)]". In evaluating Ry, 41 = L, 1LY, ,, it is clear that
the first n rows of the lower triangular part of L, is identical to the lower triangular part

of L,

Ln On
Ln+1 =
Loyiin+1,1:n) Lppa(n+1,n+1)
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Therefore, only the last row of L,11 needs to be computed:

j—1

1
Ly, 1,j) = ———=I(rn(y) — Ly, 1,m)Ly(7, j=1,...,n, (5.
#iln+1,5) = g () 3 Lua(n+ 1.m) Ly m) j n, (5.9)
Lpyiin+1,n+1) = |c(x*x*) — Z Lpt1(n+1,m)?, (5.10)
m=1

with Ly, (4,7) and Ly4+1(4, ) denoting the (i, j) entry of L,, and L,,11, respectively, and r,(j)
denoting the j-th element of r,(x*). Equations and indicate that updating Ly, 41
requires O(n?) computational operations, for i,5 = 1,...,n. After obtaining the Cholesky
decomposition L,1+; we can update other terms required in computing the predictive mean

and variance.

5.3.4 Algorithm and the computational cost

We summarize the ALEC emulator in Algorithm Given the initial PP-GP
emulator, predictive error bound 4, and probability tolerance threshold «, the ALEC emulator
determines whether the particle densities can be reliably predicted for a new test input. The
output contains the predictive particle densities for all test inputs and they are plugged into
the energy functionals to compute the energy. Note that the range parameter in the kernel
needs to be numerically estimated, which has the largest computational cost in the algorithm.
When more training samples are added, the previously estimated range parameter 4 may no
longer be accurate if our initial model has a small training sample size. To compromise the
computational cost and accuracy in predictions, the range parameter in the ALEC emulator
is re-estimated for every 50 training samples, if the training size is less than 350. When the
training size is large, the estimated range parameter does not change much. In general, the
frequency of re-estimating the kernel parameter depends on the computational budget.

Denote the initial training size as n;,; and the number of augmented samples as
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Naug- The computational cost of constructing the Cholesky decomposition of the initial
ALEC emulator is O(n3 ), and the total computational order for updating the Cholesky
decomposition is then O(ZZZL;LZZLTIQ n?). For computing the predictive mean and predictive
variance, it takes O(EZ:Z:T{ nk) and O(Zzzgjff n2k), respectively.

The computational complexity of the online updating approach reduces the cost
compared to directing computing the Cholesky decomposition at each iteration, which
costs O(Zzzgjnf‘j;‘f n3). The computational complexity is significantly faster than the time
required to calculate the density using a numerical solver for computing the particle density
at each test input. Indeed, the largest computational cost of our approach comes from the
numerical solver for the training input set, as will be seen in Figure Since only a small

fraction of samples are used as the initial training and augmented sample, the computational

cost of the ALEC emulator is much smaller than running numerical solvers for each density.
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Algorithm 5.1 ALEC emulator
Input: The number of test samples n;, testing inputs X', Cholesky factor L of R in the initial
PP-GP model, estimated variance parameters 62 = [63, ..., &,%] and mean parameters
B2 = [/5’%, - Bg] in the initial PP-GP model, probability level o and threshold § chosen
by the user.
I Naug < 0;
2: for i =1 to n; do
: Set i-th test sample in X' as x* and calculate &?c** for j=1,...,k and ¢* via
and , respectively;
4: if 0" < 5/ta/2(n —p‘u) then
Predict for the predictive distribution in for this x*, and record predictive
mean p(x*) and scale 62c**;

6: else

7 Naug < Naug + 1;

8: Using the numerical solver to compute the corresponding output p(x*);

9: if the training size is a multiple of 50 and the training size < 350 then

10: Rebuild the PP-GP emulator with retrained the range parameter v in Matérn
kernel;

11: else

12: Update PP-GP emulator with the added input x*;

13: Update parameters 62 and [3'2;

14: end if

15: end if

16: end for

Output: The number of augmented size 144, predicted mean, and variance of particle
densities for remaining n; — 14y samples.

5.4 Numerical Results

Here we evaluate the predictive performance of our surrogate model based on
particle densities generated from four classes of external potentials (closed-forms shown in
Appendix with the length of hard rods a = 1 and the domain size L = 9. The values
of chemical external input and parameters in each external potential are changed when
generating the data. We assume the external potential functions and chemical potentials
are used as inputs, while the parametric forms of the external potential functions are not
known. We will test the predictive performance separately for each class of external potential
functions, and jointly by combining all classes of external potential functions, in Section

and Section respectively. Section gives the predictive performance of our
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approach for predicting a new class of densities. The code and data used in this chapter are
publicly available: https://github.com/UncertaintyQuantification/ALEC.
We record the out-of-sample root mean squared error (RMSE) of particle density

and the grand potential of the test samples from

RMSE, = \/ 311 S (s (x5) — pi(x1)?

n*k ’

RMSEq = \/Z?il(ﬂ(xj) - Q(XZ‘))Q’

n*

where p;(x}

) is the predicted density of i-th hold out sample at j-th coordinate, and Q(x})
and Q(x;k ) are the predicted and true grand potential for i-th hold out sample, respectively.
Other criteria, such as the proportion of the test samples covered in the 95% predictive
intervals and the average length of the predictive intervals, are provided in supplementary
materials. Note that we only compute the predictive error on those inputs we predict, not
including those initial samples or the augmented samples computed by the numerical solver.

We generate 2000 samples for each group with LHS, and compare our surrogate
model with three other commonly used approaches. The first two approaches use conventional
random sample (RS) designs, where we randomly draw 1,4, samples from the LHS samples
as the training dataset and use the remaining samples as testing data. We have two distinct
training sample sizes for RS samples. The sample size in the first RS sample (RS1) is
specified as the initial training size in ALEC, while the sample size in the second RS sample
(RS2) is specified as the final training size in ALEC. For predicting any test input, the
training sample size in active learning is neither smaller than the training sample size in
RS1 nor larger than the training sample size in RS1. We have also implemented the active

learning algorithm with D-optimality [40], where the details are given in Appendix
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Figure 5.4: The bar plots and line plots show the out-of-sample RMSE of density p, and
RMSE of grand potential €2, respectively. The ALEC emulator is compared with other
methods with three other designs: RS1, RS2, and D-opt (Active learning with D-optimality).
For the ALEC emulator, we use § = 0.01 and « = 0.05 as the threshold, and the augmented
sizes for groups 1-4 are 0, 7, 21, and 504, respectively. In D-opt, the augmented sizes for
groups 1-4 are 0, 7, 21, and 582, respectively. The number of training sample sizes from RS1
and RS2 are the same as the initial sample size and terminal sample size in ALEC.

5.4.1 Particle density and grand potential prediction for each group of

external potential field separately

We first test different approaches for four families of functional inputs separately.
The density profiles are initially trained using PP-GP with n;,; = 20 inputs per group. Then
following our ALEC algorithm, the surrogate model is sequentially updated by augmenting
the train data with samples selected by the average variance selection criterion in Equation
. After obtaining the predicted density p for the remaining test samples, we predict the
grand potential ) by plugging p into the energy functional in Equation in Appendix
Ed

Figure displays the overall performance of different surrogate models (more
detailed results can be found in the table in the supplementary materials). Here the threshold
in the ALEC algorithm is set as § = 0.01 and o = 0.05, representing a strategy for having
less than 5% of the coordinate to have an absolute error of density prediction larger than

0.01. The first group of external potentials has the least flexibility, as the only change in
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Figure 5.5: A comparison of four surrogate models for predicting the group 4 functions:
Active learning with error control (ALEC), random sampling with the number of training
points as the initial number of training points in ALEC (RS1) and with the number of
training points as the final number of training points in ALEC (RS2), and active learning
with D-optimality (D-opt). (a) Boxplots of predictive RMSE of each predicted density in the
testing dataset. (b) Predicted grand potential Q vs. the truth €. (c)-(d) True and predicted
densities for two selected density profiles.

the input is pehem- Thus, predicting the density profile for the first group of functions is
the easiest. Models with only 20 inputs in the conventional RS design can predict particle
densities relatively well, and no augmented sample is needed in the ALEC emulator. For
the other three functional groups, the active learning algorithm has the smallest predictive
RMSE on density p and grand potential {2 among all four designs. It is worth noting that
the number of training inputs from active learning is always not larger than that in the
RS2 design, but the predictive error by active learning is much smaller than the one by
RS2. This is because the active learning strategy accurately identifies test samples hard
to be predicted, and a numerical solver is called for computing these samples. Thus the
computing budget is more efficiently spent with respect to the accuracy of predictions.
Figure [5.5] presents more detailed prediction results of the particle densities and
grand potentials for the fourth class of external potentials. The boxplot in Figure (a)
gives the out-of-sample RMSE for predicting the particle densities. Many densities are
inaccurately predicted based on the samples from RS1, RS2, or D-opt, resulting in large

errors in predicting the grand potential (Figure [5.5(b)). In comparison, the ALEC emulator

109



identifies the samples that are difficult to be predicted and it uses them to enhance the
emulator, thus providing accurate predictions for the remaining test samples. Although
the total computational cost of the ALEC is similar to the methods with RS2 and D-opt

schemes, the ALEC emulator results in better predictive accuracy.

5.4.2 Predicting particle densities and grand potentials for all groups of

external potentials

In this subsection, we describe a more challenging scenario, where we aim to predict
four groups of samples together. We assume that only the chemical potential and the
external potential are used as input, while the parametric forms of the external potential are
not known. The density profile and grand potential are harder to be predicted accurately in
this case, as the input contains more degrees of freedom, leading to larger variability of the
density and energy functionals, compared to the ones from any single class of input function
alone.

Since the inputs are a random sample from four classes of external potentials, we
use the first n;,; = 80 samples as initial inputs to build the ALEC emulator. When a test
sample comes, we use the criterion from Equation to determine whether the test sample
can be accurately predicted by the ALEC emulator or a numerical solver will be needed for
solving the system directly.

We show the emulator’s overall performance in the leftmost group (named as all
groups) in Figure (detailed results are displayed in the supplementary materials). On
average, the ALEC emulator performs much better, where the predictive RMSE of both
particle densities and grand potentials is at least one magnitude smaller than all other
approaches. A total of 873 training samples are added through the active learning algorithm,

which is more than the total number of training samples added for building the emulator
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Figure 5.6: Out-of-sample RMSE of particle density p (bar plots) and grand potential
(line plots) for active learning with error control, RS1 design, RS2 design and active learning
with D-optimality. The overall RMSE for combined all groups (solid bars and dots) and
the RMSE of each individual group (shadow bars and dots) are both recorded. ALEC
contains 80 inputs as initial training size, and the total number of augmented samples in
the ALEC emulator (6 = 0.01, « = 0.05) is 873, with 0, 1, 58, and 814 augmented samples
in groups 1 to 4, respectively. In D-opt, the total number of augmented samples is 935, and
the augmented sizes for groups 1-4 are 59, 73, 393, and 410, respectively. RS1 contains
a total of the first 80 training samples after uniformly mixing all four groups of density
together. RS2 contains the first 953 training inputs, with 245, 221, 238, and 249 for groups
1-4, respectively. Since the ALEC emulator identifies the hardest region (group 4) to be
predicted, thereby augmenting most samples from group 4, it has the smallest predictive
error overall and predictive errors of all groups are controlled.

separately. This is because having a larger input space containing all 4 classes of external
potentials increases the difficulty of learning densities, requiring more samples given the same
threshold of the error. Note that the good predictive performance by ALEC is achieved using
a similar or smaller sample size in training the emulator compared to the D-opt and RS2
approaches, by efficiently allocating the computing budget on computing particle densities
hard to be predicted, and accurately predicting the rest of the densities with a negligible
computational cost.

When examining the performance of different approaches in each function group,
we found that the RMSE of particle densities from ALEC is homogenous across groups,
while RS2 and D-opt approaches have smaller predictive errors for the first two groups,
but have much worse performance for the fourth group. This is because RS2 and D-opt

select more points from the first two groups to train the emulator, thereby yielding a similar
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or better result than ALEC in these two groups. However, the error from the first two
groups can be controlled below the threshold of 0.01 for more than 95% of the test samples
with no augmented samples or only a small number of augmented samples. In the ALEC
emulator, for instance, the augmented samples from groups 1 and 2 are 0 and 1, respectively.
On the contrary, the particle densities and grand potential energy from group 4 are the
hardest to be predicted. This is automatically identified by ALEC, and the most computing
budget (814 augmented samples) is spent on the fourth group to ensure the predictive errors
of most samples are controlled below the threshold. This is exactly what we intend to
accomplish. The ALEC can identify input regions that are difficult to predict, and then put
more computing resources on those regions to control the predictive error. Consequently,
the predictive error is controlled below the threshold for all subclasses, even if we do not
know the labels of subclasses from the test samples, as all input classes are combined for
predictions.

Another interesting finding is that the additional training samples from other input
functional classes do not substantially improve the predictive performance for a specific
input class. This is because the inputs from one class are distant from another class, as
shown in Figure b), and thus the correlation between different input classes is small. It
may be of interest to automatically identify the cluster in the training and split the training
sample when constructing the emulator. This is useful as splitting the samples can reduce
the computational complexity of the emulator. To explore this idea, we utilized a simple
input decomposition technique. When the size of a cluster reaches 400, we divide it into
two sub-clusters using the K-nearest neighbors (KNN) algorithm [218]. In this approach,
the number of augmented samples and predictive RMSE of particle densities are 779 and
9.73 x 1074, respectively. It achieves similar accuracy with 94 fewer training samples than

the ALEC algorithm without input decomposition. Developing a more comprehensive way
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Figure 5.7: The running time for each function group using the ALEC algorithm and using
numerical solver (NS). As the running time for building the GP model in ALEC is very
small, the bars for GP are nearly invisible. Other approaches, such as RS2 and D-opt, have
similar computational costs as ALEC as the training and augmented sample sizes are similar.

for input decomposition approach can further enhance the efficiency and accuracy of the
surrogate model.

Figure compares the computational time required in the ALEC approach and
in calling a numerical solver (NS) each time. The largest computational cost in the ALEC
algorithm comes from calling the NS for computing the particle densities of the initial and
augmented training samples, while the time in constructing the ALEC emulator and making
predictions is negligible, as the training sample size is not large. Since the ALEC emulator
only requires a fraction of the samples to be numerically solved, it is much faster than
running a numerical solver for each test sample. Note that RS2 and D-opt compared herein
have a similar computational cost as the ALEC emulator, as the number of density profiles

to be solved by NS is similar, yet the predictive error was not controlled in those approaches.

5.4.3 Predicting a new class of external potential

In this section, we examine the performance of the ALEC approach to predict
inputs from a new functional form that is not in the training data set. To test this case, in

addition to the existing 8000 samples, we generated 2000 new samples based on the weighted
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Figure 5.8: Prediction results from the ALEC emulator on a new class of external potentials
where ALEC models are trained by the previous four functional groups separately and by
all functional groups together. 6 = 0.01 and a = 0.05 are used. Left panel: the empirical
CDF of absolute error using the average variance selection criterion in Equation . The
number of augmented samples using the model for groups 1-4 and all groups combined are 92,
122, 67, 48, and 15, respectively. Middle panel: the percentage that the absolute difference is
greater than § for each coordinate, i.e. Y i 1{p;(x}) — pj(xF) > d}/n*,j =1,..., k. Right
panel: the empirical CDF of absolute error using the maximum variance selection criterion
in Equation . The number of augmented samples using the model for groups 1-4 and
all groups combined are 408, 395, 384, 362, and 263, respectively.

inputs between groups 2 and 3 as explained in Appendix We test the performance of
the ALEC emulator for predicting the new input class, starting with the final GP emulator
developed for groups 1-4 and all groups combined.

The left panel of Figure displays empirical CDF plots of the absolute errors of
the ALEC emulator using the average variance selection criterion in Equation . First,
the predictive error of most of the test samples in the new group is small, for any initial
emulator built upon other groups. Less than a = 5% of the absolute errors are greater than
the chosen error bound § = 0.01 for models using groups 1-3 and all groups combined. When
we start from the initial emulator built from group 4 input, 11.2% of predictive errors are
greater than § = 0.01, which is larger than the probability tolerance threshold o = 5%. A
close examination reveals that the percentage of the absolute error greater than ¢ is typically
large for coordinates at the tail of the particle densities (Figure middle panel), because
of a rapid change in density at both ends, making it distinct from existing densities in group
4. The difference in the particle densities in the new class and group 4 increases the model

discrepancy and makes the uncertainty in predictions harder to be quantified. Among the

114



11% of the test samples with RMSE larger than the threshold, however, most RMSEs are
still very close to the threshold value, making this criterion ideal if the computational budget
is not large.

On the other hand, the right panel of Figure shows the CDF of the RMSEs
based on the maximum variance selection criterion in Equation . Much less than «
probability of the predictive error exceeds the threshold ¢ for all the cases shown here, as the
maximum variance selection criterion is conservative, yielding more augmented samples and
higher predictive accuracy. When the model discrepancy is large, one may use the maximum

variance selection criterion to achieve a higher level of accuracy in predictions.
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Chapter 6

Conclusion and future directions

This thesis introduces novel statistical approaches and algorithms for challenging
inverse estimation and forward prediction problems motivated by physics, chemistry, and
materials science. These methods revolve around a central theme: how to achieve scalable
statistical computation and efficient estimation from a limited number of experiments, where
each experiment can contain large amounts of data, potentially with substantial noise and
high-dimensional inputs.

Chapter [2] introduces the inverse Kalman filter (IKF) method to address the
computational bottlenecks of Gaussian processes (GPs) in large-scale inference. The core of
IKF is a fast algorithm for multiplying the covariance matrix induced by the dynamic linear
model with any vector in linear time. Combined with the conjugate gradient (CG) algorithm,
this method enables scalable GP computation via the state-space representation. It effectively
handles complex dependency structures that are challenging for traditional Kalman filter
(KF) and existing GP approximations. In problems such as particle interactions, where
a single observation depends on multiple latent states, the proposed method significantly
reduces computational costs compared to full GP while maintaining predictive accuracy.

This method is implemented in the FastGaSP R package.
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To gain a mechanistic understanding from the same dynamic data, Chapter
introduces data-driven statistical tests to identify key features and expand the baseline
Vicsek model. The maximum likelihood estimator of this model is derived and implemented
for model calibration and simulation. By incorporating features such as the non-Gaussian
and anisotropic fluctuations, reduced alignment strength, and restricting interactions to
neighboring cells with same velocity direction, the model quantitatively reproduces key
system-level parameters, whereas models missing any of the features fail to capture these
temporally dependent parameters. Compared to traditional methods that require exhaustive
simulations to evaluate all possible combinations of potential features, this method relies on
individual statistical tests, substantially improving modeling efficiency.

Chapter 4] proposes a physics-informed machine learning method for the automatic
identification of phase behaviors in diblock copolymers. By integrating experimental uncer-
tainties into a KF, this method efficiently denoises raw small-angle X-ray scattering (SAXS)
curves. Building on this, we extract physics-informed morphological features (PIMF), such
as peak spacing ratio, peak width, and peak curvature, which significantly reduces data
dimensionality compared to the full intensity curve. Since these PIMFs are independent of
specific chemical identities, our classification model successfully generalizes to novel materials,
which outperforms chemistry-dependent models that rely on features like monomer type and
molecular weight and approaches that input the entire noisy SAXS curves. This method
provides a practical and generalizable computational tool for high-throughput material
characterization.

Chapter |5 develops active learning with error control (ALEC), a framework that
leverages the uncertainty assessment inherent in a partial parallel GP (PP-GP) to achieve
adaptive sampling for approximating computationally expensive functionals. The proposed

method is fully automatic and provides probabilistic interpretability. In classical density
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functional theory calculations, ALEC demonstrates superior predictive accuracy compared
to both random sampling and active learning strategies based on an established criterion.
Regarding computational cost, ALEC requires only a small number of calls to the numerical
solver while controlling the predictive error. Therefore, the ALEC emulator can serve as a

reliable building block for solving challenging simulation tasks.

6.1 Extensions of the inverse Kalman filter

The IKF method developed in Chapter [2| can be extended to a broader range
of scenarios. First, the fast computation of large matrix-vector products serves as a
general computational building block with potential extensions to various large-scale models,
including certain deep learning architectures. Second, while IKF achieves linear-time
computation for covariance matrix-vector products, full maximum likelihood estimation of
parameters also requires computing the log-determinant of the covariance matrix. Developing
scalable methods for computing log-determinant without approximation would enable IKF
to be used for estimating the parmaters from the likelihood without approximation.

Furthermore, the current IKF method is applicable to one-dimensional inputs, such
as the distance between particles. For higher-dimensional inputs, the framework could be
extended to separable kernels, where the corresponding covariance matrix is expressed as
the Hadamard product of covariance matrices from each dimension. Achieving efficient
computation with this structure is a direction worth exploring. Finally, while the integration
of IKF with CG performs well in practice, further research could focus on improving efficiency
for ill-conditioned problems through tailored preconditioning strategies. Beyond iterative
methods, a significant future direction is to investigate direct matrix inversion approaches.

Specifically, exploring methods to compute the predictive distribution directly without
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relying on iterative solvers like CG could further enhance the robustness and computational

speed of the framework.

6.2 Future work on active learning

The ALEC framework in Chapter [5] focuses primarily on online active learning,
where the next evaluation point is selected during the prediction process. This error control
criterion can be naturally extended to offline design, where the design points are selected
prior to prediction, or to batch selection problems, where a set of input points is chosen
simultaneously.

In addition, while the ALEC emulator handles functional inputs, prespecifying a
suitable kernel for high-dimensional inputs after discretization is challenging. Chapter
demonstrated the value of dimension reduction through physics-informed feature extraction.
However, since many problems lack clear physical guidance, data-driven dimension reduction
remains a crucial research direction. In many applications, the effective dimension of the
input space is often much lower than the nominal dimension p. Techniques such as PCA or
active subspace methods [219], which identify important input directions by analyzing the
gradients of outputs with respect to inputs, could be integrated into the ALEC framework
to reduce the problem’s dimensionality.

Moreover, the current ALEC framework is based on standard GPs, which encounter
computational bottlenecks as the sample size grows. Combining ALEC with scalable GP
approximation methods is a vital extension, and the Vecchia approximation is particularly

promising, as discussed in Section [6.2.1
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6.2.1 Extensions of the Vecchia approximations in high dimensions

A common approach to scaling GPs to large datasets is through approximation
methods, such as the Vecchia approximation [20]. This framework decomposes the joint

density of a GP into a product of conditional densities and approximates it by restricting

each conditioning set to a small subset C(i) C {1,...,7 — 1} of size at most my:
fly) = Hf(yz‘ | yri1) & f(y) = Hf(yz‘ | Ye@): (6.1)
i=1 i=1

where the index ¢ follows a pre-specified ordering of all samples, and C(i) typically consists
of the m,, nearest neighbors of y; among the previously ordered points. A popular ordering
choice is maximin ordering, which sequentially places each point as far as possible from all
preceding ones, and has been shown to perform well compared to alternative orderings in
low-dimensional settings [220].

For prediction, let z* denote the latent function values at n* test locations. The
Vecchia approximation is applied to the joint vector [y, z*] by ordering training and test
points together. Under a response-first ordering, where all training observations are placed
before test points, the approximated joint distribution f (y,2z*) is multivariate normal with
sparse precision matrix Q = UUY. Here, U is a sparse upper triangular matrix with at most
m, nonzero entries per column. This ordering, adopted by the GpGp package [221], enables
the predictive mean and variance of z* to be computed using only the last n* columns of U.
The resulting computational cost is O(n*m?2(p + m,)), where p is the input dimension.

The scaled Vecchia approximation [2I] extends this framework to high-dimensional
inputs by treating the range parameter in each input dimension as a separate scaling factor.
In this approach, ordering and neighbor selection are performed in the scaled input space.

Dimensions with weak influence on the response receive large scaling factors, effectively
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minimizing their contribution to neighbor selection. As a scaling factor diverges, the
corresponding dimension is effectively eliminated, providing an implicit form of dimension
reduction. More recently, the Vecchia parallel partial emulator (VPPE) [222] combines this
scaled Vecchia with the PP-GP framework [47]. By sharing the covariance parameter and
conditioning set across output dimensions, VPPE handles simulators with both large sample
sizes and high-dimensional outputs.

Several directions can be explored to extend the Vecchia framework to higher input
dimensions. A major bottleneck in high-dimensional settings is nearest neighbor search: as
the input dimension p increases, the computational cost rises substantially, and the traditional
concept of “closeness” becomes less meaningful in extremely high dimensions. Developing
fast nearest neighbor search methods for large p is therefore crucial, and approximate nearest
neighbor (ANN) search offers a promising path. Traditional tools like k-d trees [223], used
in the GpGp package, become inefficient in high dimensions, but recent advances in ANN
provide more scalable alternatives. For instance, graph-based methods such as hierarchical
navigable small world (HNSW) graphs [224] achieve logarithmic search complexity through
a hierarchical multi-layer structure, while quantization-based methods such as RaBitQ
[225], 226] approximate high-dimensional vectors with compact discrete codes to enable fast
distance estimation. These methods are being actively developed in large-scale retrieval
systems and large language model inference [227, [228], but their application within the
Vecchia approximation framework remains an open area for research.

The choice of ordering strategy is also an important factor in high-dimensional
settings. While maximin ordering is effective in low dimensions, its advantages tend to
diminish as p increases. In such cases, middle-out ordering, which sorts points based on their
distance to a reference location, has been shown to be more suitable [220]. Determining how

to select a suitable reference location for middle-out ordering is an open research question.
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Combining the Vecchia approximation with active learning introduces an additional
challenge: incorporating new training points requires updating both the ordering and nearest
neighbor structure. To maintain efficiency, it is essential to develop incremental update
methods rather than recomputing the entire structure from scratch with each new observation.
Exploring data structures that facilitate efficient updates while maintaining low overall
cost is central to achieving scalable error-controlled active learning with GP approximation

methods.

122



Appendix A

Appendix of Chapter

A.1 Derivation of the predictive t-distribution

Here we present the derivation of the predictive t-distribution of z(x*) for a new
input x* in Equation (1.11)). In this derivation, we treat the range parameter v as fixed
at some estimate 4 (e.g., for the mode of the maximum marginal likelihood estimator,

4 = AYumpr). Conditional on (z, 3,02,4), we have
2(x*) | 2,8,0%,4 ~ N(i(x*), o%c"), (A1)

where fi(x*) = h(x*)8 + r(x*)TR™1(z — HB) and ¢* = ¢(x*,x*) — r(x*)TR~!r(x*).

Denote the precision parameter ¢ = 1/02 and the reference prior becomes (83, ¢)
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1/¢. The posterior distribution of mean and variance parameters (3, ¢) follows

p(B,¢ | p,7) x<p(B,¢)p(z,7 | B, 9)

m;qwz exp (i( ~HB)'R™!(z - Hﬁ))

ox¢™/? exp <—§’(ZTR1Z —22"R7THB + ﬁTHTRlHﬂ)>

sy (<56 B TR )5 - B))

p(Blz,6,7)

¢n/2fpu/2*1 exp <—§(Z — HB)TR?l(Z - H,é)),

p(¢lz,9)

where B = (H'R'H)"'H"R !z and the last step follows from adding and subtracting
BTHTR'HA in the exponent. Thus, (B | z,¢6,7) and (¢ | z,7) are distributed as a

multivariate normal distribution and a gamma distribution, respectively,

B12.6.4 ~ MN (B, (¢H'R™'H) "), (A-2)
—py (z—HB)"R\(z - HB)) |

n
G
o|z,5y amma( 5 5

Marginalizing out (3. Since both Equations (A.1)) and (A.2) are normal distribu-
tions, we have

2(x) | 2,6,9 ~ N(2(x"), ¢ ¢ (x", x7)), (A4)

124



where the mean and variance can be obtained by the law of total expectation and variance:

E[z(x") | 2,¢,9] = E[E[z(x") | 2, 8, ¢,7]]

=E|h(x*)8 +r(x*)"R(z — HB)

2,6,
= h(x")8 + r(x")"R™!(z ~ H) = 5(x"),
Varlz(x") | 2,6,4] = E[Varlz(x") | 2. 8,6,4]] + Var[E[=(x") | 2. 8,6,7]
—E[¢™'c" | 2.6.9] + Var[h(x")8 + (x") R~ (z — HB) | 2,6.4]

= ¢~1c* + Var [h(x*)ﬁ —r(x)TRIHB

2,6,4]

= ¢ te* + Var {(h(x*) — r(x*)TRle) B

2,6,4]
— ¢—lc*

+ (h(x") - r(x*)"RH) (¢H'R'H) ™" (h(x*) — r(x*)"RH)"

Marginalizing out ¢. Now ¢ follows the Gamma distribution in (A.3]). Define

62 =(n— pu)_l(z — HB)TR_I(Z - HB)7 we obtain Equation 1} by applying lemma

with D = 1,m = 2(x*),¥ = ¢ (x*,x*), and v = n — p,.

Lemma A.1. Let g | ¢ ~ MN(m,X/¢) (D-variate normal) and ¢ ~ Gamma((n —

pu)/2, (n —pu)62/2). Then g has a D dimensional multivariate t distribution

g~ t(ma 6227 n— p,U«)?
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with density

L (g-m)'Sg-m)] T e
g~ g~
n—py 62

Proof. The joint density of g and ¢ is

p(g, ) x ¢”/% exp (—(g(g -m)'s (g - m)) x P2 exp (—(n — pu)6°/2)

x ¢(D+n—pu)/2—1 exp (_(5 ((g N m)Tz—l(g _ m) + (n _pu)6_2)> :

which is a Gamma((D +n — p,)/2,((g — m)TE"1(g — m) + (n — p,)6?)/2. Then the

distribution of g follows from marginalizing out ¢:

p(g) / p(g, ¢)d¢
x (g —m)"S (g — m) + (n — p,)6%) " (—PutD)/2

o (1+ (g —m)"(672) (g — m)/(n — p,)) """t
which gives the D dimensional multivariate ¢ distribution t(m, 2%, n — p,,). O

A.2 Proof

Proof of Lemma[1-3 From (1.21)) in step (ii) of the Kalman filter in Lemma [I.1] we have

v =T {aro-t o (0582} "

=1 ¢

Additionally, since y1., follows a zero-mean multivariate normal distribution, we have

i) = (2m) H 2 e (-3 L) (L)), (A6)
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where L is the Cholesky factor of 3, a lower triangular matrix with positive diagonal entries.

By equating (A.5)) and (A.6)), we have

Since the Kalman filter operates incrementally and applies to any number of observations,
these equalities hold not only for the entire set of observations up to n but also for any
subset up to ¢ < n. This means the expressions in and are valid for sums and
products up to any ¢’ = 1,...,n. We will use this property to prove both statements of the
lemma by mathematical induction.

First, we prove g, = (y; — ft)/Q;/2 for t = 1,...,n. When we consider only the first
observation, i.e., t = 1, the matrix X reduces to the scalar )1, and the statement directly
follows from the definition of the Cholesky decomposition which has positive diagonals and
f1 = 0. For the first t' — 1 observations, we have Zi/:_ll(yt — )?/Q: = Zi;_ll 72. Including
the t-th observation, we get Zf:l(yt — [1)?/Q: = Zle 2. Subtracting the sum of the first
t' — 1 observations, we have (yy — fi)?/Qup = §7, which gives

~ Yy — fu (yt/ - ft')
Yy = 7@1/2 71/2 s (Ag)

t t’

or gt/ = —

where fyp is not related to the observation y; based on the Kalman filter. Let Iit/,t denote

the (#',t)-th element of L™!. We can write

t/
Yp = Z Ly 4. (A.10)
t=1
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By equating the coefficient of yy in 1) and l) we obtain f/t’,t’ = Qt_,l/ % or Et/,t/ =
—Qt_,l/ 2 AsLL = I, and L is a lower triangular matrix with the diagonal value Ly ;> 0

1/2

for ' =1,...,n, then f}t/,t: =1/Ly ¢ > 0. The only solution is gy = (yy — fr)/Q}/

The second statement, L;; = Qi / 2, follows the similar logic with 1) by mathe-

matical induction. The detailed proof is omitted here for brevity. ]

A.3 Gaussian processes with half-integer Matérn covariances

as dynamic linear models

In this section, we provide the connection between Gaussian processes (GPs) having
the Matérn covariance with roughness parameters v = 1/2 and v = 5/2 and dynamic linear

models (DLMs). Let y; = y(z;) for t = 1,...,n, modeled as

y(xy) = 2(zy) + €,

with z(-) follows a zero-mean GP with covariance function ¢(-,-) and range parameter -,
and ¢; represents independent Gaussian noise with variance a&t.

For a GP having Matérn covariance function with roughness parameter v = 5/2 in
, the latent stochastic process z(-) can be expressed via stochastic differential equations

[25]:

6(x) = JO(z) + Fu(x), (A.11)
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or equivalently in matrix form

z(x) 0 1 0 z(x) 0
0
o XDy =1 o 0 1 W) |+ o)
2 (z) -2 =302 =30 \2O(2) 1

where 9 denotes the differentiation, z()(.) denotes the p-th derivative of the process z(-),
and u(x) ~ N(0, 0?) follows Gaussian white noise with variance o2, A = v/2v/7.

For any z; with ¢t = 1,...,n, the solution of (A.11)) can be represented as a DLM:

y(we) = FO(x;) + e, e ~N(0,00,) (A12)

O(xt) = G(24)0(x1—1) + wW(zt), w(ze) ~ MN(0, W (), (A.13)

where G(z;) = eJ@—%-1) W (z;) = Jooo ISFeFTe sds fort =2,...,n, F = [1,0,0],

and the stationary distribution is 6(z;) ~ MN (0, W(z1)) with W (z1) = [5° eVSFcFTed" 5ds
and ¢ = 1602\ /3.

Write G(z¢) = Gy, W(z;) = W, and 6(x;) = 6y, the joint distribution of

0F,...,01T follows a multivariate normal distribution with the covariance being the

inverse of a block tri-diagonal matrix

0, W, + GIw, G2 —-GTw;t

0> W, 'G» W, ' +GIW,'Gs

05 ~ MN | 0, , (A.14)
W L+ GIWGL -G W

0, -W, 1 Gy w !

where all G; and W, have closed-form expressions as a function of A,, = |x; — 21| and
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A =+2v/y:

MAZ +2X+2 20002 + Ay,) A2

G, = B = 2 —)\3A;%t _2(>‘2Agt - A, — 1) 20,4, — )\Ait

/\4A:26t — 2)\3A33t 2()\3A%t _ 3>\2Amt) AzAit — AN, + 2

Wii(zy) Wia(xe) Wis(x)

402)\°

W(wt): 3 WQ’l(xt) W272(xt) W2,3(xt) ’

Waa(x:) Wso(ay) Waa(ay)

e P (34 6AA,, + 6A2A2 +4NA3 +201A% ) — 3

Wii(x) =

—4)\d )
6—2)\Azt Ai
Wha(z) = Wai(zy) = ft,
e e (14 20A,, +2X2A2 1 4X3A3 —2)1AL ) —1
Wi z(xe) = Wai(zy) = ( : 4)\;; : ) ;
e B (14 20A,, +2X2A2 —4AN3A3 +2M1AL ) — 1
W2,2($t) = 3 ;
—4\
e R A2 (4 — 4NA,, + N2A2
Was(wy) = Waa(2y) = ! 5 . t),
e PABa (=3 + 10AA,, — 22A%A2 +12)03A3 — 201AL ) + 3
Wss(xt) = :
4N
and
o? 0 —02)\2/3
W(z1) = 0 o2\2/3 0
—02)M%/3 0 o2\

For GPs with exponential covariance functions or, equivalently, the Matérn covari-

ance functions with the roughness parameter being v = 1/2, the corresponding DLM represen-

tation follows (A.12)-(A.13) with F; = 1, Gy = exp(—|xt — x4-1|/7) and W; = 02?(1 — G}) for
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t = 2,...,n. The stationary distribution z(z;) ~ N(0,02). The joint distribution (1, ...,0,)"
follows (A.14)), where the inverse covariance matrix is a tri-diagonal matrix. All results

shown above are coded in the FastGaSP package on CRAN [73].
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Appendix B

Appendix of Chapter

B.1 Proofs

In the following proofs, we first prove Lemma which, along with Lemma [1.3] is
essential for proving Lemma [2.3] The outcome of Lemma [2.3]is then used to prove Lemma

2.1} The proof of Lemma [2.4] is presented at the end.

Proof of Lemma[2.9. For any t =1, ..., N, we invert (1.24]) in Kalman filter (KF) to compute

T = fi + Qtl/29~ct with f; = Fb, which leads to 1) The other two steps in 1)1 are

from the KF with a known observation ;. By Lemma [I.3] for any N-vector x, the second
step of KF produces X = L™'x. As the steps of KF are reversed in Lemma we have

x = Lx for any N-vector X. O

Proof of Lemma[2.3 Denote x = Lx. The t'-th entry z; is

t/
Ty = ZLt/,t'ft' (Bl)
t=1

We will prove (2.8)) with ¢; 4 defined in (2.9)) using the mathematical induction. By Lemma

we have Ly ; = Q;/Q fort' =t,s0 L1 = Q}/Q. First, we show that Ly y_q = Qi/_Qlﬁt/,t/,l.
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For z/, we iterate through equations in Lemma to get
1 1
vy =FpGy(by_1 + Ky 1Q)_1Zpy_1) + Q. (B.2)

Note that by_1 does not depend on Zy_1 or Zy. From (B.1)) and Lemma we also have

t'—2

Ty = Z Lt’ tht + Lt’ At 1Tp—1 + Qt,mt/ (B?))
t=1

By equating 1' and 1) we have that for ¢/ = t+1, Ly y = Ly y_1 = Ft/Gt/Ktllei/_Ql =
Qi/2€t’,t7 where gt’,t = Ft’Gt’Kt’fL
/ 1/2 1/2 ¢
Now, assume that for any t' >t + 1, Ly, = Q;" ly; = Q,' Fy (Hl:tJrl Gl> K;.
We will show that this result holds for Lyi;;. From (B.1]), Lemma and plugging

Ly, = Q%mﬁt,’t = Qg/QFtl (Hf/:t_H Gl) K; for >t + 1, we have

t'—1 t
zy = Fy Z Qt ( H Gl> K% + Qt,xt/ (B.4)

I=t+1

o

Compare (B.

with |) in Lemma we obtain by = t _1 1/2 (Hl —t+1 )thct'

Then iterate through Lemma we derive

t'—1
my = Z Qt ( H Gl) Kz + Kt'thwt'

I=t+1

t'—1 1 t'+1
by = Z Q7 ( H Gl) Kz + Gt'+1Kt'Qt1l’t'
t=1

I=t+1

-1 t'4+1
Ty = Fpp (Z Qt ( H Gl) K2y + Gt’-l—th’Qt/xt’) + Qt/+1$t'+17

I=t+1
1 t'+1

=Fy ZQf I G | K +Qt, Ty (B.5)
t=1 I=t+1

By equating (B.5) with (B.1) for zy1: @pyr = by L@t + Lyj1 @41, we get
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Ly = Q3/2Ft/+1 (Hfljt}u Gl> K; = Qt1/2€t/+17t, thus completing the proof. ]

Proof of Lemma[2.1. Denote x = LTu. The N-th and (N — 1)-th entries of % directly follow
from Lemma Fort = N —2,...,1, we will prove by induction. For the ¢-th entry z;, by

Lemma we have

N L/ N
Ty = g Ly yuy = QF g Ly gugr + L g1 +ug |

=t t'=t+2

Thus, it suffices to prove Zt+1,t =g:11G11 Ky = Zi}f:tﬁ Ly yup. When t = N — 2,
InN—ouny = FNGNGN_ 1Ky suy = gn 1Gn 1 Kn_o =y 1 N2

Assume for any given t with t < N — 2, g;11G 11Ky = ZiY:H_Q Ly yup. We will prove the

formula holds for ¢ — 1. From Lemma [2.3] we have

N N t N t
Z ft/7tut/ = Z Ft/ ( H Gl) Ktut/ = { Z Ft/ ( H Gl) Ut/} Gt+1Kt,

t'=t+2 t'=t+2 I=t+1 t'=t+2 l=t+2

where the last equation hols as u is a scalar. Thus

N ¢
gt+1 = Z Fu ( H Gl> Uy .

t'=t+42 I=t+2

Then for (t — 1)-th entry, similarly we have

N N t/
Z ft',t—lut/ = { Z Fy ( H Gl) Ut/} GiK;

t'=t+1 t'=t+1 I=t+1
={gt+1Gt+1 + Fir1Grpurs1 } G Ky

=g G Ky_1,
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where the last equation follows from 1' Therefore, g:G:K;_1 = Ei}f:t 41 by —1up and
we have proved the results hold for ¢ — 1 from any given ¢ < N — 1 which concludes the

proof. O

Proof of Lemma 2.4 In Lemma the iterative algorithm gives X = L”u for any N-vector
u. We invert 1) to get uy = Qt_l/Qift — Zt+1,t — li41 1u41 for any ¢, which leads to (2.10).
Since we reverse the steps of the iterative algorithm in Lemma we have u = (L7)~!x

for any N-vector x. O

B.2 The conjugate gradient method

The conjugate gradient (CG) algorithm [59] is an iterative method to solve a linear
system 3,0 = y, particularly useful for a sparse matrix 3,. The key advantage of the CG
algorithm is that it avoids the computationally intensive matrix inversion and only requires
matrix-vector multiplication, making it a potentially scalable alternative for large-scale

applications. The detailed algorithm is summarized in Algorithm [B.1

B.3 Scalable computation of the predictive distribution in

particle dynamics

In this section, we detail the scalable computation of the predictive mean and

variance for the particle interaction function in (2.15) and (2.16]), respectively, applicable

to both single and multiple test inputs. We use an example of particles on 2-dimensional
spatial coordinates to illustrate the data pre-processing step. The space is divided into
n1 X no grids, where n; and no represent the number of grids along the two orthogonal
coordinates. Each particle is assigned to a grid, with neighboring particles located within the

adjacent nine grids, as depicted in Figure (a). For each grid, we record the positions and
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Algorithm B.1 Conjugate gradient algorithm

Input: ¥,, y from the linear system 3, = y, maximum iteration ¢,,4., and the error
tolerance tol.
10
a+0
e~ y— X,
u<+e
5old — ETE
6new +—1
while ¢ < 4,42 and 6,0 > tol do
u<+ Xyu
Q< 50ld/(uTﬁ)
i+ t+au
E+e—au
Spew — €le
6ratio — 5new/5old
U < € + Opatioll
5old <~ 5new
16: 14 1+1
17: end while
Output: .

—= e = s e e
BT i sl e

velocities of particles within the adjacent nine grids. This step is critical as it allows efficient
neighbor searching within the adjacent grids during parameter estimation, avoiding the need
to loop over all particles. The computational cost of this step is O(> 1" n,(7)), where n,(7)
is the number of particles at time 7, and it needs to be performed only once. Following
the pre-processing step, constructing neighboring distances for each type of interaction
incurs O(p; Y 7, ny(T)) operations, with p; being the average number of particles in the
neighboring nine grids for j-th interaction, typically no larger than 10 in our applications,
which is much smaller than n,(7), thereby reducing the cost substantially compared to
O3, (ny(7))?) without the pre-processing step.

For prediction on either single or multiple test inputs, the primary computational
task is solving for u = X ly. where y is a vector of N dimensions. This is equivalent to
solving a linear system 3,0 =y, which can be computed iteratively by the CG algorithm.

Starting with an initial guess u) = 0, the CG method iteratively refines the solution
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Figure B.1: (a) Illustration for preprocessing the particles into coarse-grained grids. The
domain is divided into square grid cells with side lengths equal to or greater than the maximum
interaction radius. For a given particle (red dot), as only particles in the current and eight
adjacent grid cells (orange square region) need to be considered, it substantially accelerates
the computation. Particles (blue dots) within the interaction radius (the dashed circle) and
itself (red dot) can be identified as neighbors. (b) Visualization of velocity alignment in the
unnormalized Vicsek model. Each red particle updates its velocity v(7) = [v1(7), v2(7)]T by
aligning with all neighboring particles, including itself, within interaction radius r. While all
particles simultaneously update their directions, this illustration focuses on the movement
of the red particle.

u(;) within the Krylov subspace spanly, 3.y, ..., ES*Iy] at each step k, minimizing the
norm |[a — u(k)H%y = (0 —ug)) 'y (u—u). In each iteration step, we need to compute
Yu= (Z}'le Ang.u)AJT + 0215 )u for any N-dimensional vector u, as detailed in Algorithm
in Section For each interaction j,j = 1,...,J, we decompose the computation of

A; 2§U)A;‘-Fu into four steps.

In Step 1, we compute ug-u) = A;*-Fu, where A; is a sparse block diagonal matrix

of dimensions N x Nj, with the i-th digonal block being A;; = [a; 1, ..,a;;yp, ]| for i =

T]T —

1,...,n. We stack all non-zero terms in A; as a vector a; = [vec(A1 )T, ..., vec(A, )
[vec(ay ;)T ..., vec(an, ;)T]" of dimension DyN;, where vec(-) denotes the vectorization

operation and a;; = a; j with ¢ = ZE,:I pirj+kfori=1,...,nand k=1,...,p;;, with
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(u)

po,j = 0. The t-th entry of u;

(TL.), can be computed by

, denoted as u, j

(u)

_.T
Uy = A4 jU(t—1)Dy+(1:Dy)>

where u_1)p,+(1:p,) is a vector containing the ((¢ — 1)Dy + 1)-th to tDy-th entries of u.

In Step 2, we rearrange u§u) into u; based on the sorted order from d§“) =

10 ,dg\%_)J]T tod; = [d1,...,dn, ;7. We obtain the index set {gt}i\ijl, where d). = dy ;.

gt,J

(u)

Using this index set, the t-th entry of u; is w; ; = (Oes

In Step 3, we use the IKF algorithm presented in Algorithm to compute

x; = Xj;u;. We then rearrange the entries of x; from x; = [z1,... ,me]T to xg.“) =
[a:gu]), . ,a:%? j]T, where ﬂfgi)j = x4, to preserve the original order of u; for subsequent
calculations.

In Step 4, we compute Gi; = ijg-u). We partition the vector @; into 4; =
[ﬁf oo ﬁ;f’ j], where each sub-vector 4i; ; has D, dimensions and can be computed by

with XZ(Z-) being the (3251 pirj + (1 : p;j))-th entry of the vector xg-u) fori=1,...,n.

After completing these four steps for j = 1,..,J, we obtain 3¥,u = Z}-le a; + ou.
These steps are repeated iteratively in a CG algorithm to compute G = 3 ly.

The output of the CG algorithm, i, is used to calculate the predictive mean. We
will first explain how to compute the predictive mean and variance for a single test input,
and then discuss a scalable approach to compute the predictive mean of a latent interaction
function on a large number of inputs. In both scenarios, we first compute the matrix-vector

multiplication G; = A;“-Fﬁ using Step 1 above.
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The process of calculating the predictive distribution for a single test input distance
d* is straightforward. Once Nj-vector E§u)(d*) is constructed, the predictive mean can

be obtained by direct vector-matrix multiplication: Z;(d*) = Eg-u)(d*)Tﬁj. To compute

the predictive variance in ([2.16[), we first calculate the Nj-dimensional vector flgu) (d*) =

Ajﬁgu)(d*) using Step 1. Then Steps 1-4 in the CG algorithm are applied to compute

2";§u) (d*) =%, 125@) (d*), and the predictive variance is thus computed as ¢ (d*) = ¢;(d*, d*)—

(W) ¢ s T (W) ¢ g
Ej (d*) Ej (d*).
For computing the predictive distribution of j-th interaction functions on multiple

*

test inputs d;f = [d} FTRRE N j]T, once 1 = A?E;ly is obtained, the direct calculation of
i 7 9

the posterior mean involves matrix-vector multiplication Eg-u) (d;)Tﬁj, which costs O(N}N;)
if computed directly. This remains computationally intensive for large N7, especially during

parameter estimation that requires multiple iterations. To reduce computational complexity,

we generate an augmented distance vector dfj Y (W) - [(d;'f)T, (d§u))T]T. We then sort this

J
(N} + Nj)-dimensional vector into a non-decreasing sequence: dj*’ = [d}'/, ... ,d%ﬁf N, j]T,
. . . . - yNF+N;
where d??g < df,ujg if t < ¢. This sorting generates the index set {g:},./; ~ such that

dggg = dg:?’(u). Next, we define the augmented vector ﬁ;mg’(u) = [Oﬁj,ﬁ;‘r]T of Nj + Nj

dimensions and rearrange it as ﬁ?ug with a;}gg = ﬁg%’.’(u) fort =1,..., N7+ Nj. The IKF

from Algorithm [2.1]is then used to compute 27" = 254", where 37" is the covariance

matrix of d?ug. Finally, 2;-“‘9 is reordered to the initial order iz-wg (W with égf]g- () 2y ?9 ,
and the predictive mean Zj(d;k») is the first IV ]* entries from ng?’(u). This approach reduces

computational operations and storage cost to O(cjj??(N i+ N;)) without approximation.

To compute the predictive variance on multiple test inputs, we employ the IKF
to compute the most demanding terms 3 1A Egu)(d*) as for predicting on a single test
input. Unlike the posterior mean computation, which is required multiple times in parameter

estimation, the calculation of the posterior variance only needs to be performed once, making
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the computation typically feasible after being accelerated by the IKF algorithm. In addition,
one may approximate the predictive variance of a test input by the predictive variance on

the neighboring grid.

B.4 Application of predicting incomplete lattice for correlated

data

Missing values in lattice data are ubiquitous in scientific datasets, such as satellite
radar interferograms [229] and temperature measurements [230]. Here, we demonstrate the
use of the IKF-CG algorithm to efficiently compute predictions of incomplete lattice data.
Let Z € R™*™2 represent the unobserved complete lattice data, where the lattice is defined
on input variables s; = [s1,1,...,8p,,1] and so = [s1,2,.. ., Sn,2]. Each entry Z; ; corresponds
to the value of the function Z(s;1,s;2) at the input location (s;1,s;2) on the 2D grid. The
lattice is vectorized into an N-dimensional vector z where vec(Z) = z with vec(:) being
the vectorization operator and N = n; X ng. Denote the observed incomplete data as y,
consisting of N observations with N < N. We model y as y = Az + €, where A is a sparse
N x N matrix that maps the latent vector z to the observed data y. Specifically, A is
formed by removing rows corresponding to missing regions from an N x N identity matrix,
and contains N 1s and NN — N 0s. The Gaussian noise vector follows € ~ MN (0, 021 5)-

For demonstration purposes, we consider z ~ MN (0, ), where X = 0?R1 ® Ra,
with R; and Ro being the n; X n1 and no X ng correlation matrices of input variables s;
and so of the lattice, respectively, and ® denotes the Kronecker product. Each of Ry and
Ry is parameterized by a correlation function, such as the Matérn correlation, which enables
the use of the IKF for fast matrix-vector multiplication. This framework can be extended to

models with semi-separable or non-separable covariances, and distinct mean patterns [52].
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After integrating out the latent factors z, the marginal distribution of y follows

(v 3,08) ~ MN (0, ASAT + 051 5) .

Given the observed data, the posterior distribution of z is a multivariate normal
distribution with mean z given by

z=%ATSly, (B.6)

where ¥, = ASAT + 0'(2):[ ~- To calculate the predictive mean, we employ the IKF-CG
algorithm. Each iteration of the CG algorithm requires computing X,u = (AXAT + 031 Nu
for a N-dimensional vector u. The most computationally expensive part is computing
Yu = (R; ® R2)u = vec(RoUR,), where vec(U) = u. This computation can be accelerated
using the IKF algorithm when the correlation matrix is induced by DLM. We first compute
X = RyU by applying the IKF algorithm column-wise to U, and then compute U =
(R1X™)T by again applying the IKF algorithm column-wise. This reduces the computational

cost of each matrix-matrix multiplication from O(N?) to O(G*N) if we use ¢ latent states

for both inputs. Details of parameter estimation are provided in Section [B.5]

B.5 Parameter estimation

This section discusses the parameter estimation methods for both applications:
estimating particle interaction functions (Section and predicting incomplete lattice
data (Section . In the application described in Section the model parameters
include the range parameters v = (y1,...,77s), the variance of each latent factor process

o? = (0},...,0%), the variance of the noise of, and other physical parameters r, such
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as the radius of interactions between particles. For computational efficiency, we define
n = (Mn,...,ns) with ﬁjz = (7]2./08 for j = 1,...,J as the ratio of the variance of the J
interaction functions to the variance of the noise, and 03 can be marginalized out explicitly.
This parameterization is preferred over 03 / ajz (the nugget defined in Chapter , because

o2

5 could be close to zero if the effect of the j-th particle interaction is small, thus causing

numerical instability. In contrast, the variance 0(2], accounting for measurement noise and
model inadequacy, is typically larger than zero, making the parameterization by 7 a preferred
choice for our applications. Similarly, for the application in Section we define 7j = 02/ ag .

In [I10], the authors developed a fast algorithm, which is only applicable for a
Gaussian process (GP) with an exponential kernel, fixed hyperparameters of covariance
functions, and physical parameters. In this study, we extend the methodology by employing
two parameter estimation methods applicable to GPs with any DLM-induced covariance
structure and utilizing the residual bootstrap method for quantifying the uncertainty of
parameter estimation. All these approaches can be accelerated using the proposed IKF
algorithm.

First, we focus on the cross-validation approach for parameter estimation, where
we split the observations into training and hold-out validation sets, denoted as y¢yqin and
Yoval for Niqin training and N,,; validation vectors, respectively. Parameters are estimated

by minimizing a loss function, chosen as the mean squared error, during cross-validation:

1

(7217 ot f) = argmin(ﬁ,'y,r) {N(yval - Yval)T(yval - yval)} >
val

where for application in Section Voal = Ejzl A vaiZjval, With 2; .4 being the posterior
mean of the latent interaction function for cross-validation inputs d;'f of size N, ]* and A ,q

being a sparse latent factor loading matrix of dimensions Nyq x N7, for j =1,...,J. For
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application in Section Voal = AvaiZy, where Ay is an Ny X N matrix formed by
removing rows corresponding to the entries of the training data from an N x N identity
matrix.

Conditioning on other estimated parameters, the maximum likelihood estimate of
03 is obtained via 63 = yTR; ly /N, where R, = ¥, /03. The computation of R, ly can be
efficiently handled using the IKF-CG algorithm. The parameters are then transformed to
obtain A]2~ = :263 and 62 = 6268 in applications of Sections and respectively.

Next, we discuss the maximum likelihood estimation, which requires computing the
determinant of a large N x N matrix Y},. This computationally expensive step, requiring
(’)(N 3) operations in direct computation, can be addressed with a low-rank approximation
S, of rank N, for the matrix o [66], with £ = Y7 A; S AT /o? and £y = ASAT /o3
for applications in Sections and [B.4] respectively. This approach approximates the
log-determinant of the covariance matrix by log ‘20 —|—IN} ~ log|¥, +1In,|. The key
assumption is that the matrix 3y has N, dominant eigenvalues, a sensible assumption for
both applications.

To construct 3, we first set the dimension N, of the matrix 3, with N, < N and
initialize a N x N, matrix € with i.i.d. standard normal entries. Next, we compute ES/IOQ,
where M is a positive integer. The QR decomposition of Eéw YQ} yields an orthogonal matrix
Ue RVXN. o and the low-rank matrix 3, is defined as ¥, = UTZ,U. All computations can
be accelerated using the IKF method, resulting in a cost of O(M Z}']:1 N; (log(Nj)—l—Dy—i—Q;’))
and O(g*MyN) for applications in Sections and respectively. When the gap between
dominant and sub-dominant eigenvalues is large, a small M suffices. Figure (c) presents
the results using My = 1, which shows an accurate approximation. Then with the maximum

likelihood estimate of 63 = yTR; ly/ N, parameters (7, ~,r) are estimated by maximizing
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the logarithm of the marginal likelihood after integrating out the latent factors:

~ 1 N
(7,4, %) = argmax { —=log |, + In,| — = log (y"R,'y) ¢ .
(A1) 2 2 y

This approximation is as fast as cross-validation, with small approximation errors in our
applications, as demonstrated in Figure (C) for a simulated study.

Lastly, we employ residual bootstrap to quantify uncertainty in parameter estima-
tion [I37) 231]. This involves computing the posterior mean of the observations ¥ using the

predictive interaction function with estimated parameters (7:7', 4,t), and calculating residuals

e=y—9=le1,...,e5]7. We then generate a new set of N residuals e* = [}, . .. ,e}"v]T, such
that pr(ef = ey) = 1/N for / = 1,..., N. This creates a new set of bootstrap observations

via y* = § + e*. Using the same inputs and bootstrap observations, we refit the model to
obtain the estimates 4*, ﬁ*, and ©*. Repeating this procedure B times, we obtain confidence

intervals by taking the percentiles of these B estimates for each parameter.

B.6 Computational complexity

The primary computational challenge lies in estimating the hyperparameters in
the model. Here, we mainly focus on parameter estimation with cross-validation. The
computational cost of maximum likelihood estimation is similar. First, we analyze the
computational complexity of learning particle interactions in Section [2.3] Table lists the
computational complexity of three different parameter estimation algorithms, namely our
IKF-CG method, the conventional CG algorithm, and the direct computation via Cholesky
decomposition and forward-backward solver (see Appendix A.4 of [9]). We assume that all
algorithms require M iterations for parameter estimation, and in each iteration, the CG

and IKF-CG methods require S iterations to compute 3, Ly In our applications, both M
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Table B.1: The computational complexity of parameter estimation with M iterations of
numerical optimization of the parameters in learning particle interactions with NV ;l” = N;+N J’-“.
The CG and direct computation algorithms involve forming an N; x N; covariance matrix,
while the IKF-CG only requires computing the ordered inputs. We assume computing
weights @1; = A;*-FE; ly is a separate step with complexity shown in the third row of the
table.

Steps IKF-CG CG Direct computation
Form covariance / oM Z}'le N J2) oM 23'121 N jQ )
Sort inputs O3, (N#) log(N#h) /

Compute weights O(M S 23‘121(Dy + (j?)Nj) O(MS ijl NJQ) O(MN?)
Compute loss O(M Y] (Nai)) OM Y NIN;) O(MY L, NIN;)

and S are around a hundred to ensure the approximation error is a few orders of magnitude
smaller than the predictive error (Figure [2.3]). We will pre-process the particle information

and save the results in coarse-grained grids, shown in Figure (a), which only takes

O(Dy > "7, np(1)) = O(N) operations.

After constructing the neighbors, the cross-validation estimation of the parameters
: s N ! 5 (3% — (W) 35\ A T S _ Y/ T 2.(4*
is split into three parts: G =Xy, 2;(d}) = £, (dj)Aj G and Jou = > 5_1 A, ;125(d}).

)

To compute X ly. we first sort d§u in a nondecreasing order to obtain the sorted inputs d;

for each interaction kernel, which requires (’)(Z‘j]:l Njlog(Nj)) operations. As described in

Section [B.3| for each iteration in the CG algorithm, we compute u§u) = A;Fu with u being

the current vector for optimization, which requires O(D,N;) operations for j =1,...,J.

(u)

We then rearrange the vector u, to obtain u; and use the IKF algorithm to compute

x; = 2ju; with a computational cost of O(Q?Nj) for all j. After reordering x; to get

(u) i — A
X; ', we compute 0; = Ajx

(u)

', which again requires O(DyNj) operations. Finally, we
calculate ¥, u = Z;-Izl i + o2u with O(JN) operations. Typically N; > N as the particles
contain no less than one neighbor on average. Thus, the total computational operations for
%, 'y amount to (’)(Zj:1 Njlog(N;)) + O(SD, ijl N;)+O(S ijl @3 Nj), where S is

the total number of CG iterations. Typically, around 100 iterations are sufficient to provide

an accurate estimation in our applications unless the system has extremely small noise
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and large correlation, which may make the covariance near singular. Second, computing
Z}'le 25.”) (d;'f)AJTﬁ costs (’)(Zj:l(NJ*+Nj) log(NJ*%-Nj))—i—(’)(Z‘j]:l cj?(N;‘ +N;)) operations
using the IKF algorithm with the augmented covariance matrix and output vector, and
the details are discussed in Section . Lastly, computing Z}'le AvTaL 2 (d;‘ ) requires
O(Z}I:l DyN7) operations.

In particle interaction applications, N and N; stand for the number of observations
and the number of inputs in the j-th interaction, respectively, which are typically large in
real-world applications, ranging from 10° to 10%. The number of validation inputs N J’-“ for
the j-th interaction has the same order as IVj, and all other quantities listed are relatively
small. The number of interactions, J, is typically 1 or 2. For modeling interaction functions,
Matérn covariances with roughness parameters 1/2 and 5/2 are used, corresponding to ¢; = 1
and ¢; = 3, respectively. The dimension of the output vector, D,, is generally no more than
3 in practical scenarios.

The direct computation method requires O(M Z}-le N jQ) and O(MN3) operations
for forming the covariance matrix and computing its inversion, respectively, which is pro-
hibitively slow for large dataset. The CG algorithm is typically faster than the direct
computation method, but still prohibitively expensive to compute @; = A;‘-FE; ly with
M S iterations for parameter estimation. The IKF-CG algorithm significantly improves
the computational order by removing the cost of forming the N; x N; covariance matrix
and computing the weights and loss. It is approximately N; times faster than the CG
algorithm for matrix-vector multiplications involving a dense covariance ;. The scalability
of the IKF-CG algorithm makes it a suitable alternative for fast parameter estimation and
predictions.

The computational cost associated with modeling incomplete lattice data using

the IKF-CG algorithm is more straightforward. Specifically, parameter estimation for the
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Figure B.2: Boxplots of NRMSE for estimating the latent interaction function in
the unnormalized Vicsek model with 0(2) = 0.22. Results are based on 20 experiments for
each scenario, using the Matérn covariance with roughness parameter 5/2 (Panel (a)) and
exponential covariance (Panel (b)).

IKF-CG by cross-validation primarily involves computing the predictive mean in ,
which requires O(MS§N) operations and O(G>N) storage cost, both linear to the size of
the covariance matrix. The cost of the IKF-CG algorithm is significantly lower than that of
direct computational methods, which require O(M N?) for matrix inversion and O(N?) for

storing the covariance matrix.

B.7 Additional numerical results for estimating interaction

functions

B.7.1 Unnormalized Vicsek model

Here we provide additional numerical results for the unnormalized Vicsek model
under various scenarios. Figures and present the predictive performance with
02 = 0.22. Panels (a) and (b) show results for the Matérn kernel with a roughness parameter
of 5/2 and the exponential kernel, respectively. As in scenarios with 03 = 0.12, we observe
consistently low NRMSE, with increasing prediction accuracy and decreasing length of the
posterior credible intervals, as the number of observations increases.

Figure shows boxplots of the estimated radius parameters for each of the
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Figure B.3: Uncertainty assessment of the predicted interaction function of the unnormalized
Vicsek model using the Matérn covariance function with roughness parameter 5/2 (Panel
(a)) and the exponential covariance function (Panel (b)), both with o = 0.22. The bars
represent the mean length of the 95% posterior credible interval over 20 experiments,
and the dots represent the average percentage of test data covered by 95% posterior credible
interval across 20 experiments. The purple dashed line at 0.95 indicates the optimal
coverage level for the dots.
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Figure B.4: Boxplots of the estimated radius distance 7 in the unnormalized Vicsek model.
Panels (a) and (c) use the Matérn covariance with a roughness parameter 5/2 for o3 = 0.12
and o = 0.22, respectively, while panels (b) and (d) use the exponential covariance for the
same noise levels. The purple dashed lines mark the true radius distance » = 0.5.
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Figure B.5: The 95% credible intervals for the estimated interaction radius in the unnor-
malized Vicsek model, obtained using the Matérn 5/2 covariance and B = 100 residual
bootstrap samples. Results are based on 20 simulations for ag = 0.1 and 0(2) =0.22, with
ny, = 100 and n, = 5. The dots represent the estimated radius 7 from the original data, and
the purple dashed lines represent the true radius r = 0.5.

12 simulated scenarios using the Matérn covariance function with a roughness of 5/2 and
exponential covariance. Across all simulations, the estimated radii closely align with the
true value r = 0.5, and the accuracy of radius estimation improves with larger sample sizes.

To quantify the uncertainty of the estimated radius 7, as well as other parameters,
we employ the residual bootstrap method introduced in Section Figure shows
the 95% intervals obtained from B = 100 bootstrap samples, using the Matérn kernel of
roughness parameter 5/2 for two scenarios with 0(2) =0.12 and 08 =0.22, where n, = 5 and
n, = 100 are used for both scenarios. All bootstrap intervals cover the true radius 7, which

indicates a reliable assessment of parameter uncertainty in these applications.

B.7.2 Modified Vicsek model

The neighbor set in the first term of the modified Vicsek model in is defined
as ney (1 —1) = {k : [|sg(7 — 1) — sy (7 — 1)|| < r}, with py (7 — 1) being the total neighbors
in this set. The second term introduces a distance-dependent interaction governed by
f(dig(r— 1)) = =2(5(dy (7 — 1) + 0.01))F — 20ds (T — 1) + 10.8, where dy (T — 1) =

|lsi(T — 1) —sg(7 — 1)||. This interaction captures repulsion at close distances and attraction
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Table B.2: The predictive accuracy and uncertainty assessment by — for the
modified Vicsek model with of = 0.2 using Matérn covariance function and roughness
parameter 5/2.
First Interaction Second Interaction
NRMSE; Li(95%) P1(95%) NRMSEy L2(95%) P2(95%)
n,=100 n,=5 9.9x107% 0.16 98% 1.6 x 107!  0.45 93%
ny, =10 8.9x107%  0.19 94% 1.0x 107! 0.37 94%

n,=300 n.=5 9.7x107% 0.23 98% 4.8 x 1072  0.31 97%
n, =10 9.2x 1073  0.22 96% 3.5x1072  0.22 96%
n,=900 n.=5 62x107% 0.19 100% 2.5x1072  0.21 99%

n, =10 7.3x107% 023 99%  2.0x 1072  0.18 99%

Table B.3: The root mean squared error (RMSE) of the estimated radius for modified
Vicsek model using Matérn covariance function with roughness parameter 5/2, computed
as (21221(7% —1)2/20)'/2 with #; being the estimated radius of the i-th experiment for each
scenario.
n, = 100 n, = 300 ny, = 900
Ny =29 n, = 10 Ny =29 n, = 10 Ny =295 n, = 10
02=01% 35x1073 2.7x107® 1.7x107% 1.1x107% 42x107* 19x 1074
02=02% 32x107% 40x107% 16x107% 1.0x107% 79x107*% 3.1x1074

at longer distances with the unit vector ey (7 — 1) = (sg(7 — 1) —sy(7 — 1)) /dy (7 — 1)
specifying the interaction direction. The corresponding neighboring set excludes particle
i’ itself and is defined as nel, (1 — 1) = {k : ||sp(7 — 1) — sy (7 — 1)|| < r and ¢ # k}, with
P, (T — 1) denoting the number of neighbors.

The modified Vicsek model in can be represented as a latent factor model
in with two latent interactions. The first interaction is linear, z1(d;) = dj, where
di = vy 1(7) or dy = vy 2(T), the same as in the unnormalized Vicsek model. The second
interaction is nonlinear, zo(d2) = f(d2), where dy = djr (7 — 1). A common interaction
radius r = 0.5 is assumed for both interactions.

We first present additional results for Matérn covariance function with a roughness
of 5/2 in the modified Vicsek model discussed in Section which consists of two types
of interaction. Table summarizes the predictive performance with o3 = 0.22. Consistent
with results for ag = 0.12, we observe improved performance with an increasing number of

observations, especially for the second interaction. Table presents the root mean squared
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error (RMSE) of the estimated radius. All RMSE values are small, with estimation accuracy

improving as the training size increases.

Table B.4: The prediction results of modified Vicsek model with exponential covariance

function.
ny, = 100
ny = 300
ny = 900
n, = 100
ny, = 300
ny = 900

Ny =29
n, = 10
Ny =29
n, = 10
Ny =29
n, = 10
Ny =9
n, = 10
Ny =29
n, = 10
Ny =209
nr = 10

o3= 0.1

First Interaction

NRMSE;
1.1 x 1071
4.9 x 1072
1.2 x 1071
3.1 x 1072
6.6 x 1072
5.4 x 1072

0.70
0.35
0.45
0.29
0.52
0.50

Second Interaction
L1(95%) P1(95%) NRMSEs L2(95%) P2(95%)

88% 3.6x107'  1.07

94% 6.7 x 1072 047

84% 53 x107%2  0.68

92% 33x107%2 0.31

91% 3.0x1072 0.25

91% 2.5x1072  0.23
03=0.2?

First Interaction

NRMSE;
6.6 x 1072
4.7 x 1072
8.5 x 1072
8.3 x 1072
7.7 x 1072
4.1 x 1072

0.65
0.82
0.64
0.59
0.54
0.55

95%
94%
90%
90%
89%
93%

92%
98%
98%
99%
98%
99%

Second Interaction
L1(95%) P1(95%) NRMSEs L2(95%) P2(95%)

1.9x107Y  1.24
1.6 x 107t 1.01
81x1072 0.63
55x 1072 0.43
45%x 1072  0.41
3.7x 1072  0.34

96%
95%
98%
98%
99%
99%

Table B.5: The RMSE of the estimated radius for modified Vicsek model using exponential
covariance function.

o3 =0.12
od =0.22

n, = 100 n, = 300 n, = 900
ny =25 n, =10 Ny =29 n, =10 ny =29 n, =10
31x107% 1.7x107% 1.3x103 13x103 33x107* 27x10*
53x 1072 1.9x1072 21x107% 99x107* 51x107* 29x107*

Next, we present the numerical results of latent factor model using an exponential

covariance function. The results, presented in Table [B.4] exhibit similar trends to those

obtained by using the Matérn covariance with a roughness parameter of 5/2. Specifically,

the NRMSE for the second interaction is larger than that of the first interaction due to fewer

observations with small inputs of the second interaction, which can be resolved by increasing

the number of observations. In addition, the length of the 95% posterior credible interval

decreases as the number of data points grows, while the coverage proportion remains close to

the 95% nominal level. Table displays the RMSE for radius estimation, which exhibits
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comparable performance to that achieved by using the Matérn covariance with a roughness

parameter of 5/2. The accuracy of the estimation improves as we have more observations.

B.8 Numerical results of predicting incomplete lattice data

B.8.1 Evaluation criteria

In this section, we present the results of a simulated study in Section and a
real data analysis in Section to predict incomplete lattices of correlated data. The
NRMSE is used to evaluate the predictive performance of the missing regions. Similar to the
definition of observation y in Section the N — N dimensional vector of missing entries is
modeled by y(™ = Az + (™) where A(™ € ROV=N)XN Y55 (N — N) 1s, with all other
entries being Os to map the latent vector to the missing values, and €™ is a Gaussian noise
vector with variance 08. The simulated mean of the missing region is z(™ = A(™)z and the
predicted values of the missing region are denoted as z(™ = Az, The NRMSE in this

application is defined as

: (B.7)

(m)

i(m)7 Z

where 2 , and z; represent the i-th entry of z2m) z(m) and z, respectively, and 2
is the mean of the vector z. Since for real data, the underlying true z is unknown, the
NRMSE in real data analysis in Section is computed as in with %(m)’ zi(m), Zi,
and Z replaced by ngm), ygm), yi, and g, representing the i-th entry of v y(M) v and the
average of [y(™),y], respectively.

Our IKF-CG approach is compared with four popular GP approximation methods,

including the Vecchia approximation [19] and Scaled Vecchia approximation (SVecchia) [21],
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both configured with a model condition size of 90 and a prediction condition size of 150,
nearest neighbor Gaussian process (NNGP) [63, 64] with 30 neighbors, and local approximate
Gaussian process (1aGP) [22] 232] with 70 neighbors. We choose a larger conditioning size
of the Vecchia and SVecchia approaches, and more neighbors in NNGP and laGP than the
default setting, to improve the precision of the approximation methods, despite the increased
computational cost, as shown in Table [B.6] and Figure B.10] All methods utilize the Matérn
kernel with a roughness parameter of 5/2, except for laGP, which only allows the Gaussian

kernel in the package.

B.8.2 Branin function

We first employ the Branin function to evaluate the performance of our IKF-CG
algorithm in modeling incomplete lattice data [233]. The data are generated using

5.1 5 2 1
y(s1,82) = <52 - 477@8% + —s1— 6> +10 <1 - 877) cos(s1) + 10 + ¢, (B.8)

where ¢ is a Gaussian noise with the variance of 0(2) = 10%2. We consider a lattice with
dimensions n; = 100 and ny = 100 over the domain (si4,s2;) € [—5,10] x [0,15] for
1<i<n;,1<j<ngin . Three scenarios are analyzed, two having 20% missing
locations at disks with different centers and one having 20% randomly selected missing
locations. In each scenario, we repeat the simulation £ = 20 times to account for variability
from the noise. The observations from the first simulated case of the 20% disk missing
scenario are shown in Figure [B.6|(a), with the underlying mean shown in panel (b). The
prediction of the IKF-CG algorithm is plotted in panel (c), which demonstrates a high
degree of accuracy.

Figure presents violin plots of the NRMSE distribution for the missing regions
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Figure B.6: (a) Observed data from a simulation of the Branin function with the first disk
missing. (b) Latent mean of the Branin function. (c¢) Predictions obtained using the IKF-CG
algorithm.

Table B.6: The average computational time in seconds over 20 experiments for estimating
the parameters and predicting Branin function.
IKF-CG Vecchia SVecchia NNGP 1laGP

Disk1 107.1 53.2 130.6 105.2 120.4
Disk2 108.9 52.6 142.3 105.1  120.1
Random 103.2 63.4 134.3 105.7 1184

in each scenario, comparing IKF-CG with the other four GP approximation methods, with
dots indicating the average NRMSE across all experiments. The results reveal that all
methods perform worse with disk-missing data compared to random-missing data, which is
expected. Across all scenarios, the IKF-CG consistently achieves the lowest NRMSE values.
Specifically, the average NRMSE for the IKF-CG is 0.022, 0.022, and 0.014 for scenarios
shown in Figure (a)-(c), respectively, while the average NRMSE for other methods is
at least twice as large. The average computational times for each scenario are provided in
Table The Vecchia method is the fastest, while the other four methods have a similar
computational time. Overall, the IKF-CG method is more accurate than the alternatives for

this example with a similar computational cost.

154



(@) jagp- —— | (b) 5P| (©) 1agp- S
NNGP- —_— NNGP- — NNGP- )
SVecchia | SVecchia{ == SVecchia { )
Vecchia{ =——— Vecchia{ =—— Vecchia - (D
IKF-CG 1 [>> IKF-CG f IKF-CG { —————
0.0 0.1 0.2 0.3 0.4 0.5 00 02 04 06 0.01 0.02 0.03 0.04
NRMSE NRMSE NRMSE

Figure B.7: Violin plots illustrating the NRMSE of missing regions for different methods
under 20% disk missing with the first center (panel (a)), 20% disk missing with the second
center (panel (b)), and 20% random missing (panel (c)). The point on each violin represents
the mean NRMSE for each method.

(a) Observation (b) Truth (C) IKF-CG Prediction
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Figure B.8: (a) Observed data from interferograms with the 25% random missing. (b) True
values of the interferogram data. (c¢) Predictions obtained using the IKF-CG algorithm.

B.8.3 Interferometric synthetic aperture radar interferogram

Interferometric synthetic aperture radar (InSAR) interferograms can measure
ground deformation with centimeter-level precision, widely used for understanding geo-
physical processes and hazard quantification [234], 229]. We test our IKF-CG algorithm
for predicting missing values in a COSMO-SkyMed satellite interferogram spanning from
October 17, 2011, to May 4, 2012, for Kilauea Volcano studied in [235]. For demonstration
purposes, we investigate two types of missing data on a 200 x 200 lattice (disk missing and
random missing) across five missing proportions (5%, 10%, 15%, 20%, and 25%).

Figure [B.§(a) plots the InSAR interferograms with 25% random missing data, while

panel (b) shows the complete data without any missing values, and panel (c) presents the
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Figure B.9: The NRMSE of the missing regions in disk missing (panel (a)) and random
missing (panel (b)) scenarios for interferograms.

700 1
(a) 600- (b) 600 - ettt ° Method

i | T e B P - . 500 1 o T F R . |KF—CG
» 5004 ®- ... I - 0 e .
® 4004 © 4004 Vecchia
£ £ SVecchia
F 300 - 300 1 NNGP

200 1 200 ‘\/\/ e laGP

005 010 015 020 025 005 010 015 020 025
Proportion Proportion

Figure B.10: Total computational time for the missing regions in disk missing (panel (a))
and random missing (panel (b)) scenarios for interferograms.

predictions obtained using the IKF-CG algorithm. The prediction of IKG-CG shows a high
degree of accuracy.

Figures [B.9(a) and [B.9(b) illustrate the NRMSE for disk missing and random
missing scenarios, respectively. The corresponding run times are provided in Figure [B.10]
which shows that the computational order of all approaches is similar. Generally, the
predictive error is around an order of magnitude smaller for random missing data compared
to disk missing data. In Figure (a), the IKF-CG outperforms other methods across most
scenarios, especially at higher proportions of missing data (10%, 15%, 20%, and 25%), and
it is also the fastest method for these higher proportions shown in Figure Figure
(b) reveals that while Vecchia performs slightly better than the IKF-CG for the first

four proportions in random missing scenarios, the IKF-CG achieves the lowest NRMSE for

156



the 25% missing scenario. The difference in NRMSE between these two methods is small.
Though predicting missing values in lattice data is not the main application in our study,
the results underscore the accuracy and scalability of the IKF-CG algorithm in different

applications.
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Appendix C

Appendix of Chapter

C.1 Maximum likelihood estimator with Laplace fluctuation

Here, we discuss the maximum likelihood estimator when the noise fluctuation
follows the Laplace distribution. We use the observations for the x coordinate as an example,
and the derivation for the y coordinate follows similarly. We denote the observation vector
ve = (vI(1),vI(2), ..., vI(T))T with vy (t) = (v1,4(t), ..., n, 2 (t))T for time frame t = 1,..., T,

and assume that the initial velocity v, (0) is given. The likelihood function of the parameters

wi = (0 (1), ...,we(T))T and 7, = (72:(1), ..., 72(T))T can be written as

p(Ve | Wa, Tu, v (0 Hp (Ve (t) | va(t — 1), we(t), 72(t))
T ng
=[] p@ie(®) | Bia(t = 1),wa(t), 7(t))
t=1i=1
3 T e T ng e
—(Vars () " exp (— >yl gg“”) ,
t=1 i=1 r

where the residual of the i-th particle at time frame ¢ is defined as e; »(t) = v;(t) —

we (£)0; x(t — 1).
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For any time frame ¢, the maximum likelihood estimator of w,(t) is equivalent to

the least absolute deviation (LAD) regression below:

ne
W (t) = argmin Y |vix(t) — wa(£)0ix(t — 1)].
e (1) wa (t) 71

Although there is no closed-form solution for the estimator in the LAD regression,
fast algorithms, such as the Barrodale and Roberts (BR) algorithm [148], that can transform
the LAD regression into a linear programming problem, are available. The BR algorithm
is available in standard software platforms. For instance, the package “Llpack” in the
Comprehensive R Archive Network (CRAN) implements the BR algorithm to solve a LAD
problem. After obtaining the estimator w,(t), we substitute it into the likelihood function
and maximize the profile likelihood to obtain the maximum likelihood estimator of 7,(t),

which is given in Equation (3.4).

C.2 Maximum likelihood estimator with generalized Gaussian

fluctuation

Next, we discuss the maximum likelihood estimator for models with generalized
Gaussian fluctuation. To do so, we denote three vectors of parameters w,, o, and 8,, each

having T' dimensions. The logarithm of the likelihood function follows

T

Ba(t) < (eia ()
lo Vg | Wg, Oz, 0z )) = s lo - — ’
g(p(va | Wa, Be, ) ; 8 2ers (1) (5zl(t)) ; < ay(t) )

where €; 4 (t) = v; o (t) —wg(t)0; »(t—1) and I'(-) denotes the Gamma function, with w,(t) € R,

a,(t) € RT and B,(t) € RT.
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We first differentiate the likelihood function with respect to o, (¢) and set it to zero.

For any given f3,(t) and wy(t), the likelihood is maximized when

- ™ol
alt) = (ﬁ;‘f ) rez-,gc(t)\m) . (RY

i=1

After substituting the &,(t) from Equation (C.1) into the log-likelihood function, we obtain

the logarithm of the profile likelihood of (w,, 3;):

T
log(p(ve | We, Bz, &) = Z{nt log (2636(?)>
Bz (t)

t=1
M e [ =) Zm N ROR L
/Bx(t) ! s < n i—1 ’ z,:r:(t)| ) Bx(t) } (02)

Denoting the logarithm of the profile likelihood by ¢(w,, B;) = log(p(vy | Wa, Be, &) and

differentiating Equation ((C.2) with respect to w,(¢) and a,(t), we then find

oUWy, Be) W Zzil |ei,x(t)‘ﬁm(t)_ll_’i,m(t - 1)Sgn(ei,x(t))

Qug(t) S Jesa(4)]P0 : (C.3)
O]t : Mg (220 S5 e, )0
05: (1) ﬂx@)W%(t)q’(ﬁw(t))*/ﬁ%(t)lg( n ;'““’(t)' >

me S (e Ologlesa®) -,

 Bu(t) S Jes.a ()]0 ;

where ¥(z) = I'(z)/T'(z) stands for the ratio between the derivative of a Gamma function
and a Gamma function for any z, and sgn(e; »(¢)) denotes the sign of e; »(t) = v; »(t) —
W (t)0; »(t — 1). Thereafter, we iteratively maximize the likelihood function with respect to
wy(t) and B, (t) using the profile likelihood in Equation and closed-form derivative in
Equations and by the low-storage quasi-Newton optimization method (L-BFGS)

[236]. Note that, for each ¢, we only need to iteratively maximize the log profile likelihood
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with respect to two parameters, making the computational procedure both fast and robust.

%107

6 14 0.8
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e N\a} 3 0.6
2 Mot ' Mg
0 0.8 04
0 20 0 20 0 20
Time (hour) Time (hour) Time (hour)

Figure C.1: Parameter estimation with interval (shaded) for a Generalized Gaussian distri-
bution following Equation (3.5 along z-direction (yellow), and along y-direction (green).

The maximum likelihood estimators of parameters o, (t), ay(t), Bx(t), By(t), we(t)
and wy(t) assuming the fluctuation follows the generalized Gaussian distribution, are shown
in Figure The estimated S, (t) and §,(t) are both close to 1, which means that the
fluctuation is closer to the Laplace distribution. In addition, 3,(t) is typically smaller than
Bz (t), as there is more confinement in the y direction because of the substrate-imposed
directionality. Furthermore, both w,(t) and wy(t) are smaller than 1 for any ¢, consistent
with the findings when assuming the fluctuation follows the Laplace distribution.

To demonstrate the impact of parameter selection on the order parameter, we
investigate the 2D parameter space defined by the ratios w,/w, and 7,/7,. Figure
illustrates one possible path of order development, using a selected set of parameters
7,=0.01 and w;=0.7. Next, we show that when 7,=0.01 and 7,=0.04, encompassing the
experimentally observed values range, the order parameter exhibits consistent behavior along
the temporal course of the experiment for different 7, values (= 0.01, 0.02, 0.04) [Figure
[C.2(a) and Figure[C.2b)]. To determine the order parameter, we average the last 50 steps

in the simulation, as it reaches a plateau after the first 20 steps (Figure |C.3]).
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Figure C.2: (a-b) Change of order parameters due to the change of simulation parameters
with 7, = 0.01 in (a) and 7, = 0.04 in (b), which cover the range of the observed 7’s.
w, = 0.7 are assumed for both cases. Red and blue X’s denote the beginning and the end of
the trajectory.

C.3 Details on simulation

We first briefly introduce the setup of the simulation: Cells are modeled as particles,
and their initial velocities and positions are imported from the data. For simplicity, we
assume that the cell number remains constant. We start by partitioning the space into grids,
and the spacing between gridlines is no smaller than the cell-cell interaction radius r. In our
simulation, grids are populated with cells based on cells’ positions s;(t) = (si4(t), siy(t))T
(Figure [3.1e)). The grid-based approach [I126] improves computational efficiency for
searching neighbors in simulation since as such, identifying a cell’s neighbors only requires
searching the nine grids surrounding it. Using this method, computing the likelihood function
for parameter estimation and simulation only requires O(Zle n) operations, which is much
faster than the conventional approach requiring O(Zle n?) operations, where n; is the
number of cells at time frame . We note that this coarse-graining strategy to search for
neighbors only improves computational efficiency, but does not change the simulation results.

The velocities v;,(t) and v;,(t) are updated according to Equations (3.2)-(3.3),

with three types of distribution of fluctuations due to the cell-substrate interaction: Gaussian,
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Figure C.3: Several typical simulation progressions, where the first 20 steps are regarded as
burn-ins and left out in computing the averages in the phase diagram.

Laplace, or GGD; two types of neighbors: interactions with all neighboring cells or only
neighboring cells with the same direction velocity, and weights (w, and w,) of the interaction
fixed to be 1 or estimated from the data, which are due to cell-cell interactions. All

parameters are estimated based on the maximum likelihood estimators introduced in Section

B3l

C.4 Additional results on experimental data

The four new features are used to construct a minimum physics model that can
quantitatively capture the progression of the orientational order parameter and velocity
distribution, for various experiments with different initial cell densities and liquid crystal
elastomer substrates. The results of several additional experiments are also analyzed to
validate the generality of our algorithm (Figure . Similar to the main text, we
evaluate models by velocity orientational order parameter and the average absolute deviation

of the velocity at each time point.

163



. @ Gaussian ) . © GGD
906 006 06
g g g
£ g 5 g 5 5, 5, S
A, 04 A 04 A 04 Experiment
8 8 g
o o o A o
- - —
Q02 Q02 Q02 Simulation
0 10 20 30 0 10 20 30 0 10 20 30 o
(d) Time (hr) (e) Time (hr) ® Time (hr) same direction neighbors, weights # 1
-3 -3
10 10
107 —10 = same direction neighbors, weights = 1
~
g 8
3 ¢¥ all neighbors, weights # 1
= 4
© all neighbors, weights = 1
& 2
0 10 20 30 0 10 20 30 0 10 20 30

Time (hr) Time (hr) Time (hr)

Figure C.4: Reproducing orientational order parameter (a-c) and average absolute deviation
of velocities (d-f) from different simulation models at a representative radius r = 75 pm
for experiments of cell migrating on a nematic substrate when starting at a higher initial
density.

The experimental setup in Figure has the same substrate material as the
one presented in Figure 3.6 Except that at the start of imaging, cell density is higher.
During the course of the experiment, the cell density p grows from p = 500 to 650 mm2.
The simulation model with selected features can accurately capture the progression of
orientational order parameter and velocity magnitude, shown in upper and lower panels in
Figure [C.4] Models without all selected features cannot reproduce some of the properties.
In particular, if Gaussian fluctuation is used with the other three features (blue curve in
panel (a)), the model substantially underestimates the orientational order parameter, while
the model with Laplace or GGD fluctuations, shown by blue curves in panel (b) and (c),
respectively, reproduces the progression of these parameters reasonably well. Furthermore,
all approaches incorporating estimated weights and considering neighbor ensembles of only
cells traveling in the same direction capture the average absolute deviation of velocities 7,

and o, reasonably well.

On the other hand, results presented in Figure are derived from cell movements
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Figure C.5: Reproducing orientational order parameter (a-c) and average absolute deviation
of velocities (d-f) with different simulation models at a representative radius r = 75 pym for
experiments of cells moving on an isotropic substrate, which do not align, and have isotropic
velocity.

on an isotropic substrate, during this time, cell density changes from p = 420 to 470 mm™2.

We have observed that, on the isotropic substrate, we reproduce order parameters that are
around zero with any type of fluctuations (Figure [C.F|(a-c)), signaling the lack of order, and
the velocity variance is also isotropic (Figure [C.5(d-f)). It can be noted that when the cell
moves on an isotropic substrate, choices of neighbor, fluctuation distributions, and weights
become less important in fitting the order parameter (Figure a-c)). Nonetheless, the
absolute deviationg, and &, change over time due to proliferation. Approaches that utilize
estimated weights and consider ensembles of neighboring cells traveling in the same direction

effectively capture and accommodate these changes.

C.5 Additional results on simulation using different neighbor
radii

Here, we explore the effect of radii in reproducing the velocity order parameter for

the entire monolayer. Given the cell width ~ 20 pum and length ~ 100 pm in projection, we
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Figure C.6: Reproducing orientational order parameters with different radii. The left, middle,
and right panels compare simulations using the Gaussian, Laplace, and GGD fluctuation
with experimental observations. Open square symbols show the order parameter calculated
from experimental data, dark blue solid line, yellow dash-dotted line, and red dashed line
represent simulation results of different radii 75, 50, and 25 pm.

explore length scales comparable to these dimensions. Below, we plot the order parameters
reproduced by using different pair-wise distances: 25, 50, and 75 pum, in simulation (Figure
. All simulations are reproduced by including only the same direction neighbors and
applying weights less than 1, as discussed before. Our results show that the variation in r

plays a much smaller role than changing the model for fitting the velocity fluctuations.
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Appendix D

Appendix of Chapter

D.1 Methods

D.1.1 Materials

All reagents were used as received except where noted. Ethyl a-bromoisobutyrate
(EBiB), copper (II) bromide (CuBr2), 2,2,2-trifluoroethanol (TFE), and 2-trifluoromethyl-
2-propanol were (TFMP) were purchased from Sigma Aldrich. Tris[2-(dimethylamino)
ethyllamine (Me6Tren) was obtained from Alfa Aesar. Dodecyl acrylate (DDA, > 98%),
2,2,3,3,3-pentafluoropropyl acrylate, 1H,1H,2H,2H-nonafluorohexyl acrylate, and 2,2,3,3,4,4,
5,5,6,6,7,7-dodecafluoroheptyl acrylate were obtained from TCI chemicals. Monomers were
passed through a column of basic alumina to remove inhibitor prior to use. Deuterated
solvents were acquired from Cambridge Isotope Laboratories. 2-fluoroethyl acrylate was
synthesized and stored in a solution of hexanes. All solvents were ACS grade or better and

used without further purification.
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D.1.2 Molecular Characterization

The photo-mediated ATRP polymerization light source (UV: A\puz =~ 360nm) was
a commercial nail curing lamp (Thermal Spa, obtained online from Amazon) equipped
with 3 x 16 W bulbs. Solution state 1H nuclear magnetic resonance (NMR) spectra were
recorded on a Varian 600 MHz spectrometer. Chemical shifts () are reported in ppm
relative to residual protio-solvent in CDCI3 (7.26 ppm). NMR measurements were performed
with samples concentrations of 10-20 mg/mL. Size-exclusion chromatography (SEC) was
conducted on a Waters Alliance HPLC System, 2690 Separation Module using chloroform
with 0.25% triethylamine as the eluent with a flow rate of 0.35 mL/min. Refractive index
traces from a Waters 2410 Differential Refractometer detector were used for estimates of the
molar mass and dispersity relative to linear polystyrene standards with a chloroform mobile
phase.

Automated flash chromatography was performed on a Biotage Selekt unit installed
with an external evaporative light scattering detector (ELSD), using Biotage Sfar cartridge
series (50 g/100 g) eluted with suitable hexanes/ethyl acetate solvent gradients. All chro-
matographic solvents were ACS grade or better and used without further purification. In
fractionation experiments, the mass recovery was taken as the ratio of the collected mass to
the injected mass.

SAXS measurements were collected on a custom-built high-brilliance laboratory
beamline for small and wide-angle X-ray scattering (SAXS/WAXS) at the BioPACIFIC
Materials Innovation Platform at UCSB. The instrument is constructed using a high-
brightness liquid metal jet X-ray source (D2+ 70 kV from Excillum), a low background
scatterless slit beam collimation system developed in-house, and a 4-megapixel hybrid photon

counting area detector (Eiger2 R 4M from Dectris) housed inside a 3 meter-long vacuum

168



vessel. The combination of the high brightness source and a large area detector results in more
than 10X reduction in data collection times compared to standard lab-based SAXS/WAXS
instruments, enabling high throughput nano-structural characterization of a wide range of
samples. 2D-data were reduced to a one-dimensional form of intensity (arbitrary units) as
a function of the magnitude of the wave vector ¢ = |q| = 47 sin(¢/2)/Aray, Where Agpay is
the X-ray wavelength and ¢ is the scattering angle. Samples consisted of 5-10 mg of bulk
polymer pressed within a metal washer backed with Kapton tape annealed at 115 °C for 10

minutes, then 70 °C for 12 hours under vacuum (200 mTorr).

D.1.3 Procedure for the synthesis of 2-fluoroethyl acrylate

In a round bottom flask, 2-fluoroethanol (8 g, 125 mmol) was dissolved in dry
dichloromethane (210 mL) containing triethylamine (19 g, 187 mmol). This solution was
cooled in an ice bath. Acryloyl chloride (17 g, 187 mmol) was then added slowly to the
cooled alcohol solution, which gradually turned a light-yellow color. The mixture was stirred
in an ice bath for an additional 4 h and then reacted overnight. The solution was transferred
to a separatory funnel, washed with 1 M KOH (100 mL), 1 M HCI (100 mL), and brine
solution (100 mL), dried over MgSO4, gravity filtered, and concentrated in vacuo. The
resulting residue was purified by flash column chromatography using a hexanes/ethyl acetate

gradient to yield the monomer as a colorless liquid in a hexane solution.

D.1.4 General procedure for the synthesis of poly(dodecyl acrylate) ho-

mopolymer

A solution of Cu(II)Br2 (5 mg, 0.022 mmol) and Me6Tren (36 pL, 0.13 mmol)
was prepared in 1 mL of TFE. In a scintillation vial containing EBiB (167 mg, 0.86 mmol),

dodecyl acrylate (7.3 g, 30 mmol) was dissolved in a mixture of 6 mL of toluene, 0.7 mL
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catalyst stock solution, and 0.8 mL of additional TFE. The vial was capped with a septum
and the solution was degassed with nitrogen for 15 minutes. With stirring, the polymerization
mixture was then irradiated ()xxray = 360 nm) in a commercial UV nail lamp system until
70% conversion was achieved as monitored by 1H NMR. The resulting polymer precursor was
purified via dissolution in a minimal amount of toluene and precipitated into cold methanol

five times.

D.1.5 General procedure for the synthesis of fluorinated diblock copoly-

mers

A solution of Cu(II)Br2 (5 mg, 0.022 mmol) and Me6Tren (36 pL, 0.13 mmol) was
prepared in 1 mL of fluorinated alcohol (TFMP or TFE). In a scintillation vial containing
poly(dodecyl acrylate) homopolymer (1 g, 0.12 mmol) dissolved in 2 mL of toluene, fluorinated
monomer (5.3 mmol) was dissolved in a mixture of 0.3 mL of fluorinated alcohol (TFMP
or TFE) and 0.4 mL catalyst stock solution. The vial was capped with a septum and
the solution was degassed with nitrogen for 15 minutes. With stirring, the polymerization
mixture was then irradiated (Agay = 360 nm) in a commercial UV nail lamp system until
70% conversion was achieved as monitored by 1H NMR. The resulting polymer precursor was
purified via dissolution in a minimal amount of toluene and precipitated into cold methanol
five times or column chromatography using a hexanes/ethyl acetate gradient. Note that
TFE was used as a solvent for polymerization of 2-fluoroethyl acrylate. TEFMP was used to
polymerize 2,2,3,3,3-pentafluoropropyl acrylate, 1H,1H,2H,2H-nonafluorohexyl acrylate, and

2,2,3,3,4,4,5,5,6,6,7,7-dodecafluoroheptyl acrylate.
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D.1.6 General procedure for fractionation of diblock copolymers via au-

tomated flash chromatography

Automated flash chromatography was performed using a Biotage Selekt purification
system equipped with an external evaporative light scattering detector (ELSD). Biotage
Sfar 50/100 g cartridges were used with a flow rate of 40 mL/min. For separations of
less than 1.5 g of polymer, a 50 g column was used, whereas separations greater than 1.5
g of polymer required a 100 g column. The column was equilibrated with two column
volumes of hexanes. After equilibration was complete, the parent diblock copolymers were
dissolved in dichloromethane and loaded directly onto the chromatography column. The
parent diblock copolymers were eluted with a programmed hexanes/ethyl acetate gradient.
All chromatographic solvents were ACS grade or better and used without further purification.
Fractions were monitored by an evaporative light-scattering detector and collected in 22 mL
increments. The overall mass recovery was determined as the ratio between the collected
and injected mass. Volume fractions and molecular weights of the fractionated materials

were calculated by 1H NMR.

D.1.7 Logarithmic space transformation

The original intensity from SAXS data is denoted as a n-dimensional vector
¥ = [#(q1), .., 5(qa)]*, where each component corresponds to the intensity at different
magnitudes of wave vectors ¢;. The associated uncertainty, which represents the standard
deviation of the scattering intensity, is expressed as & = [G0o(q1), ..., 50(qn)]”.

Given that our analysis operates within the logarithmic intensity space, we define the
logarithm with base 10 of the intensity as y = [y(q1), ..., ¥(gn)], where y(g;) = logo(7(g;))-

The next step involves approximating the variance of noise in this logarithmic space using the

variance of the original measurements, where we utilize the Taylor expansion to approximate

171



the logarithm of the random variable Y(qj), representing the intensity at g;, which has a

mean fi(qg;) and variance 63 (q;):

log10(Y (g5)) = logyo(i(q;) + Y (g5) — fi(a;))
Vig) —ilg)  (Y(g) — filgy))?
fi(gj)log.(10)  2fi(q;)?logZ(10)

. 53(q;
Eflogy0(Y (g))] ~ logyo(fi(g;)) — 2/12((13(1((1)22(10)
J e

~ logyo(fi(g;)) +

Var(log(Y(g)))) = fi2(g;) logZ(10)

To employ these approximations, an estimate of the mean of the random variable ?(qj) is
required. In our dataset, given the relatively small standard deviation, we approximate
the mean fi(g;) using §(g;), a sample from ?(qj). Consequently, the approximation of

the noise variance in the log space is denoted as €3 = [e3(q1), ..., €2(gn)]”, where €2(q;) =

53 (a;)/ (5% (45) logz (10)).

D.1.8 Noise filtering with Kalman filter

In diblock copolymer analysis, discerning the true signal from noise is crucial,
especially for precise peak detection. Here, we model the observed logarithmic intensities y
with a Gaussian process with Matérn kernel [9, [45] and roughness parameter 5/2 (Equa-
tion (|1.2))) to filter out the noise given the provided noise variance in the data. Since the
input (the wave vector magnitude ¢;) is one-dimensional, we can apply the Kalman filter and
Rauch-Tung-Striebel (RTS) smoother, summarized in Lemmas [1.1{ and [1.2]in Section to

efficiently perform this filtering. The noise variance provided in the data is heterogeneous,

172



so instead of an identity noise covariance matrix, the model takes the form:

y ~ MN (0,0°R + 5¢) = MN (0,0*(R+1nA)), (D.1)

where o2 is the variance, ¥ = diag(c3(q1), .- .,08(qn)), A = diag(e3(q1), ..., e3(qn)), with
the entries e%(q]) computed in Section When apply the Kalman filter for smoothing,
we set 037]- = og(qj) in Equation , with index t replaced by j. After obtaining the
predictive mean s; using the RT'S smoother in Equation , the filtered intensity at each
qj is recovered by computing F;s;.

Two parameters of interest are 7 in Equation (D.1]) and ~ in the kernel function .
To estimate these parameters, we adopt a strategy of maximizing the sum of log likelihoods
across all DIS samples. We choose DIS samples for their inherent smoothness compared to
other morphologies, enabling them to more effectively filter out noise. Alternatively, one
could opt to maximize the sum of likelihoods across all samples or focus on maximizing the
likelihood of a specific intensity curve. Once other parameters have been estimated, the

2

variance parameter c° can be determined through maximum likelihood estimation, given by

o* =y"(R+nA)""y/n.

D.1.9 Peak detection and feature selection

Reducing the original intensity curves to a handful of informative features is
important for later classification models. A primary feature set we consider is the pairwise
ratios of peak locations. This choice is grounded in the traditional manual approach to
morphology determination, where these ratios play a pivotal role. To facilitate this, our first
task is to reliably detect all peaks across each intensity curve.

Our peak detection method begins by identifying potential peaks, P = {p1, ...,ﬁf},
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where the smoothed logarithmic intensity changes from an increasing to a decreasing trend
and recording the peak heights as f~L1, o h 7 To ensure accuracy, we exclude peaks that
appear at the initial or final segments of the curve, as these are often subject to varying
conditions and may not represent true peaks. Next, we discard those peaks where the
ratio of their height to the height of the subsequent peak is less than a certain threshold
re, recognizing these as noise. We then retain only those peaks exceeding a predetermined
height threshold h., which ensures that we focus on the most significant features. Write it

formally as:

P = {ﬁ, € ]5 : ili/ili_i_l > r. and ilz > hc}.

In scenarios where the first two detected peaks are close, we keep only the peak with the
greater height. The locations of the remaining detected peaks are denoted as p1,p2, ...,y
for f detected peaks (potential features), with each p; = ¢; for some j. In this chapter, we
use the pairwise ratio between the first three peaks, ps/p1, ps/p1, and ps/p2, as they capture
essential characteristics without including too much noise.

Additionally, three features were incorporated into the analysis: the position of the
first peak, its width, and its sharpness. The sharpness, defined by the second derivative,
reflects the peak’s curvature. Assuming the first peak occurs at p; = g5 for some s, we define

it as:

V(1) = o (g5) ~ L) = fi(j)sg (@) (D.2)

where Aq = |gs — gs—1] is the spacing between successive points. The width of the first peak,

w1, is determined by the range over which the second derivative stays negative around the

174



peak:

Freft i= mJaX{j <s:9y"(g;) > 0,y"(gj+1) < 0},
Jright = mjin{j > s:y"(g5) > 0,9y"(gj—1) < 0},

w1 = jright — Jleft- (D3)

These steps allow us to refine the intensity curves into a set of six physics-informed mor-
phological features (PIMF), independent of the initial chemical identities of the diblock
copolymer, making it a universal feature set. Thus, it enables reliable morphology prediction

for copolymers, even those composed of new chemical identities.

D.1.10 Machine learning models for classification

The final step involves the construction of classification models. We primarily
utilize bagging, random forest (RF), and extreme gradient boosting (XGBoost) techniques,
though other models can also be applied. Our approach first categorizes all test samples
with no detected peaks as DIS. We then train the model using samples that exhibit at least
one peak and apply the model to predict the morphologies of the remaining test samples.

We evaluate our methodology under two different scenarios. In the first scenario,
models trained on data from three chemical groups are employed to predict the phases
of a fourth, previously unseen chemical group. The second scenario involves combining
data from all four chemical groups and implementing 5-fold cross-validation for evaluating
model performance. Across these scenarios, we observe that all three methods with PIMF

demonstrate comparable performance.
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D.2 More numerical results of machine learning models for

classification

D.2.1 Phase identification of new chemical groups

Here we discuss the importance of different predictors in the RF model, where
the importance of each variable is quantified by the mean decrease in model accuracy that
results from permuting the values of that variable. This analysis, applied to the phase
prediction of diblock copolymers from the third and fourth groups, is depicted in Figure
The plot demonstrates that the ratio between the locations of the third and first peaks

stands out as the paramount factor for precise phase behavior prediction in both groups.

Variable Importance of random forest Variable Importance of random forest
for predicting D-9F for predicting D-12F

Pa/p | p,,s/p1 |
P2/ p; | y (p1) |
y (p1) | P2/ P |
Pa/p2 | P3/p2 |

Wi P1

gl — wi

I 1 1 T 1 1 1 I 1 1 T 1 1 1
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.00 0.05 0.10 0.15 0.20 0.25 0.30

Figure D.1: Variable importance of the PIMF-RF model in predicting the third group (left)
and the fourth group (right).

Additionally, we show the performance of the bagging model, with numerical results
provided in Table and Figures - all using the constructed PIMF as inputs.
Similarly, the performance of the XGBoost is shown in Table and Figures[D.4]- The
analysis reveals that the bagging model achieves accuracy comparable to that of the random
forest model, whereas the XGBoost model exhibits slightly better performance in predicting
the phase behavior of the new copolymer. Furthermore, for both the bagging and XGBoost

models, the ratio p3/p; is identified as the most significant feature for classification. Note
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Figure D.2: Maximum predicted probability for correctly and incorrectly predicted samples
of D-9F group (left) and D-12F group (right) using PIMF-bagging model.

that the feature importance in XGBoost is defined differently than the other two models,
which quantifies the fractional contribution of each feature to the model, calculated from
the total gain of the splits where the feature is used. A higher percentage indicates a more

significant role in improving the model’s predictive accuracy.

Table D.1: The confusion matrix of PIMF-bagging in predicting the third group (D-9F)
(top) and the fourth group (bottom).

pred
DIS ¢ HEX GYR LAM # Misclassified
true DIS 10 1 1
HEX 12 0
GYR 7 0
LAM 1 26 1
pred

DIS BCC ¢ HEX GYR LAM +# Misclassified

true DIS 12 0
BCC 0
HEX 1 38 1
GYR 2 0
LAM 1 1 31 2
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Variable Importance of bagging Variable Importance of bagging

for predicting D-9F for predicting D-12F

P3/p | pa/p; |
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Figure D.3: Variable importance of PIMF-bagging in predicting the third group (left) and
the fourth group (right).
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Figure D.4: Maximum predicted probability for correctly and incorrectly predicted samples
of D-9F group (left) and D-12F group (right) using PIMF-XGBoost model.

Table D.2: The confusion matrix of PIMF-XGBoost in predicting the fourth group (D-12F)
(top) and the fourth group (bottom).

pred
DIS o HEX GYR LAM ¢ Misclassified
true DIS 10 1 1
HEX 12 0
GYR 7 0
LAM 27 0
pred

DIS BCC o HEX GYR LAM # Misclassified
true DIS 12
BCC 5
HEX 39
GYR 2
LAM 1 32

_ o O O O
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Variable Importance of extreme gradient Variable Importance of extreme gradient

boosting for predicting D-9F boosting for predicting D-12F
Ps/p1 | p2/p |
p.,z/P1 | Ra/p1 |
y (p1) y (p1) |
P1 P+
wi [ ] wi [ ]
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Figure D.5: Variable importance of PIMF-XGBoost in predicting the third group (left) and
the fourth group (right).
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Figure D.6: Three mislabeled samples during manual assignment in the dataset.

D.2.2 Phase identification of mixed chemical groups

The three mislabeled samples during initial manual assignment are shown in Figure
The classification results of RF using PIMF and chemistry-dependent (CD) features

in predicting the phase behavior across all four groups, utilizing 5-fold cross-validation are

reported in Table
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Table D.3: The prediction results of the PIMF-RF, CD-RF [I], and Curve-RF on predicting
mixed chemical groups with out-of-sample cross-validation.

PIMF-RF pred
DIS BCC ¢ HEX GYR LAM # Misclassified
true DIS 69 3 1 4
BCC 1 19 1 2
o 4 24 1 1 6
HEX 1 2 103 1 4
GYR 1 1 15 2
LAM 2 114 2
CD-RF pred
DIS BCC ¢ HEX GYR LAM # Misclassified
true DIS 60 1 7 5 13
BCC 13 7T 1 14
o 6 24 6
HEX 2 1 94 3 7 13
GYR 8 5 4 12
LAM 2 2 112 4
Curve-RF pred
DIS BCC ¢ HEX GYR LAM +# Misclassified
true DIS 53 2 4 12 18
BCC 4 10 1 6 11
o 1 2 23 4 7
HEX 5 91 11 16
GYR 11 4 2 13
LAM 18 98 18

The performance of bagging and XGBoost models is shown in Figures[D.7]- and
summarized in Tables [D.4] - Analysis of the data which includes manual identification
errors reveals that both models identify all three incorrectly labeled samples. Upon correction
of these mislabeled samples and retraining the models, the number of misclassified samples
by the PIMF-bagging is reduced from 26 to 21 instances, while the PIMF-XGBoost has a

decrease from 24 to 19 instances.
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Figure D.7: Maximum predicted probability for correctly and incorrectly predicted samples
of all diblock copolymers using PIMF-bagging model.
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Figure D.8: Maximum predicted probability for correctly and incorrectly predicted samples
of all diblock copolymers using PIMF-XGBoost model.

Table D.4: The classification results of the bagging model with out-of-sample cross-validation
using PIMF.

pred
DIS BCC ¢ HEX GYR LAM # Misclassified
true DIS 68 1 4 1 5
BCC 1 19 1 2
o 3 25 1 1 5
HEX 4 101 1 1 6
GYR 1 16 1
LAM 2 114 2

Table D.5: The prediction results of the XGBoost model with out-of-sample cross-validation
using PIMF.

pred
DIS BCC ¢ HEX GYR LAM +# Misclassified
true DIS 67 1 4 1 6
BCC 1 19 1 2
o 3 26 1 4
HEX 1 2 103 1 4
GYR 1 1 15 2
LAM 1 115 1
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D.3 Further inspection of misclassified samples by quantified

uncertainty

We discussed using the maximum predicted probability as an indication of quantified
uncertainty for further inspecting the misclassified samples when predicting the diblock with
new chemical identities. In general, the uncertainty of the classification of a test sample
is large when the maximum predicted probability is small. Panels (a)-(b) in Figure
illustrate the SAXS curves incorrectly predicted for the third and fourth groups, respectively,
while panel (c) presents representative SAXS curves for the phases BCC, HEX, LAM, o, and
DIS. Note the samples of phase GYR are absent in panel (c) as there were no misclassifications
associated with this phase. Further, Figures and detail the feature values used in
predicting the third and fourth groups, respectively, using the jittered plot, which added
random noise to the x-coordinate of the scatter plot for better visualization of overlapping
data points. Herein, training values are represented in blue, values for correctly predicted
test samples in green, and those for inaccurately predicted samples in red. The presence of
zero values in these plots accounts for missing values, as not all curves have 3 peaks in our
dataset.

In predicting the third group, one sample identified as DIS is incorrectly classified
as o (Figure (a)). While most DIS samples exhibit no more than one peak, a subset,
due to phase mixing, may display two peaks. Notably, the erroneously classified DIS sample
is distinguished by the detection of three peaks. As illustrated in Figure this test
sample is the only one that has three detected peaks (observed from panels of p3/p; and
p3/p2), with its other feature values closely aligning with those of o samples, leading to its
prediction as o. Another misclassification within the third group involved a sample identified

as LAM being predicted as HEX. The SAXS curves for HEX and LAM phases often exhibit
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Figure D.9: (a) Two incorrectly predicted samples using PIMF-RF for the third group, D-9F.
(b) Three incorrectly predicted samples for the fourth group, D-12F. (¢) Two representative
SAXS curves for the phases BCC, HEX, LAM, o, and DIS. The black dots and blue curves
represent the original log intensity and the smoothed intensity curves, respectively. Detected
peak locations are marked with yellow dotted lines.

similar patterns, generally featuring at least three peaks. However, the misclassified sample

presented only two detected peaks, making it harder to decide. Furthermore, while HEX

phase curves theoretically adhere to a peak ratio of [1,1/3,2,...], the suppression of the

second peak can result in a peak ratio of [1,2,...] (Figure [D.10]), mirroring the initial peak

ratios observed in LAM samples. A detailed examination of the predicted probabilities for

this sample revealed that LAM possessed the second-highest probability, which aligns with

our expectations.

For the prediction of the fourth group, all three misclassified samples are HEX

samples predicted as BCC, as shown in Figure (b) Among these, two samples exhibit

two peaks, and one sample presents only a single peak, deviating from the typical pattern of

HEX samples, which usually display more than three peaks. As highlighted in Figure
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Figure D.10: The value of each PIMF in the training and testing set when predicting the

third group, D-9F.
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Figure D.11: The value of each PIMF in the training and testing set when predicting the

last group, D-12F.
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these incorrectly predicted samples are the only three samples that have at most two peaks
detected among the test set, whereas a larger fraction of BCC samples have no more than
two peaks. Thus, accurately predicting the phase of these samples proves challenging. When
closely examining the predicted probability of these three samples, for the two samples with
two peaks, the HEX phase emerged as the second most likely prediction. For the sample
with a single detected peak, the o phase is assigned the second-highest probability. This
is because o samples, similar to the misclassified sample, can also feature just one peak,

alongside comparable values for the sharpness and width of the first peak.
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Appendix E

Appendix of Chapter

E.1 Analytical forms in cDFT

The closed-form expressions of 0F,;/dp, 2, and Fe, for 1D HR [210] 237] are

summarized here:

“Js''—a P(
_ [ pls—a)
Balp) = = [ g ds (E:2)

Benbealdl = = [po)tog (1= [ p(sas) ds (E3)

where a is the length of each hard rod.

E.2 External potentials and chemical potentials

Let L be the distance between two hard walls, and a is the length of the hard rods
(HR). We consider the following four parametric forms of the external potential.

The first functional form applies to uniform hard rods confined between hard walls
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00, s<a/2,s>L—a/2,
Vert(s) = (E.4)

0, a/2<s<L—aj2.
In the second functional form, the hard rods experience a van der Waals-like attraction from

the hard walls

00, s<a/2,s>L—a/2,
Vert(s) = (E.5)

~e{(5%7)* + (=) ) a/2<s<L—a2

Equation(E.5|) is adopted from [238]. With fixed a and L, € is a parameter in the range of
€ € (0.1,2.2). Note that when € = 0, we have the same potential as the first one.
The third functional form consists of hard-wall potentials and a repulsion linearly

proportional to the distance

00, s<af2,s>L—al2,

mys, a/2<s<L—aj2.

Intuitively, the linear form mimics the gravitational potential.[239] This is the only asym-
metric potential considered in this chapter. In training the machine-learning models, the
range of my is chosen to be (0.1, 3).

The power-law external potential [239] is the fourth functional class considered in
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this chapter. This external potential has more flexibility as it has three parameters, ug, xg,
and ag that can be used to modify the range of interactions:

00, s<af2,s>L—a/2,
Vert(s) = (E.7)

uo‘ﬂ‘ao, a/2<s<L—a/2,

o

where ag > 0. In this chapter, we use ug € (1,3),z0 € (1,3) and ag € (2,5). Figure [E.]
shows five examples of generated densities for each external potential.
In section [5.4.2] the performance of our strategy is evaluated on a new set of

densities. The external potential of these densities is generated from the weighted average

of and :

00, s<a/2,s>L—a/2,
Vemt(s) —

—we{(s+‘é/2)3 + (L+a‘;2_s)3} + (1 —w)mys, a/2 <s<L-—a/2,

where w € (0,1).

E.3 Derivation of probabilistic upper bounds

First, we derive the probabilistic upper bound for the absolute difference of den-
sities. For a fixed coordinate j, based on the predictive distribution in ([I.14)), we have
P (]pj (x*) — pj(x*)| > &?c**ta/z(n — pu)> = «. Since p;(x*) is predicted for sample x*

only if 612.0** < dj/tas2(n — pu), the probability of predictive error larger than error bound
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d; follows

B (Joj(x") — p5(x*)| > &) = P (|,oj<x*> i) >

Next, let us consider controlling the grid-level predictive error using the maximum

variance selection criterion in 1} where p(x*) is predicted for x* only if /maxj{&]zc**} <

6/tas2(n —ppu). Then for any j, j =1,..., k,

B (|oy(x") = ps(x")| > 6) < P (\pj<x*> = pi(X)| > [max 5Fe o o —m)
P (Ins(x") = 2 ()| > (/82 tayo(n = b))

«,

IN

from which equation (5.6)) is proved.

Third, let us derive the probabilistic bound for root mean squared error (RMSE =

\/ Z?Zl(pj(x*) — pj(x*))?/k) under the maximum variance selection criterion in Equation

(5.5). For j =1,...,k, we have

< P (sl () = 4y )7 > max e n =)

where the third inequality follows from the condition in Equation (5.5)). Supposing the left
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hand side inside the probability is maximized when j = j*, then we have

PRMSE > ) < P ((py () = 3o (x)? > maxae” 60~ ) ).

IN

P ((pjr (") = pye (x))? > G222y (n = p) ) =,

from which equation (5.7)) is proved.
Lastly, we give the upper bound for the expectation of mean squared error, MSE =

Z?Zl(pj (x*) — pj(x*))?/k, under the average variance selection criterion (Equation ),

<5 .
ta/2(” —Pu) N —pu — 2

For moderately large n, and small a, we have E,y-)(MSE) < 8. For instance, for any

n > 20 and constant mean basis (p, = 1), E,x+)(MSE) < 62 for any a < 0.2.

E.4 Details of the D-optimality criterion

Here we discuss the details of the D-optimality criterion. Consider the correlation
function ¢(x,x;),7 = 1, ...,n, with each training set sample serving as a set of basis functions.
Then, by definition, these basis functions of the training dataset form the correlation matrix
R, and the basis functions with any testing sample x* gives r’ (x*). Define the row vector
c= I‘T(X*)R*1 for each sample x*. Set the threshold ¢;;, > 1 for the maximum absolute
value in c. If the uncertainty estimate ¢4, := max |¢;| > ¢y, @ numerical solver will be called

to solve the system and the outcomes at x* will be added to the training set. Otherwise,
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the emulator will be used to predict the test input x*. Since the D-optimality criterion is
not directly related to the predictive error, selecting threshold ¢;;, may be performed in a
case-by-case manner. In order to make a comparison with our method, the threshold is
adjusted to make the number of augmented samples selected from D-optimality at least as
large as the one in our strategy. For more discussion about the D-optimality criterion in

emulating molecular simulations, we refer the readers to [40] and section 15.2.3 in [39].

E.5 Out of sample prediction results of particle density and

grand potential

The performance of the ALEC emulator is compared to the performance with three
other designs: random sampling using the same number of training size as the initial training
size in ALEC (RS1), random sampling using the same number of training size as the final
training size in ALEC (RS2), and active learning algorithm with D-optimality criterion.
The performance is compared based on root mean squared error (RMSE) of density and
energy, and 95% interval coverage and length. Suppose we have a total of n* testing samples

remaining after running the model, then the criteria we adopt are:

n*k ’

RMSE, = \/ Zi Ejalos () = s

n* k
1
coverage, = — Z Z 1{p;(x;) € C1; j(95%)},

n

i=1 j=1
1 n* k

length, = —7 Z Z length{C1; ;(95%)},
i=1 j=1

RMSEq = \/ Zgl(ﬁ("a— Q(x; ).
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where pj;(x}

) is the predicted density of i-th hold out sample at j-th coordinate, and

C1;,j(95%) is the 95% confidence interval of p;(x}) based on the predictive distribution.

Table E.1: The prediction results for building models on four groups separately. In ALEC
emulator, we ues § = 0.01 and « = 0.05 as threshold. In D-opt, we adjust the threshold ¢,
such that it has the similar number of augmented samples in AL, and ¢y, for group 1-4 are,
30,3.4,2.4 and 1.03, respectively.

trainingn ~ RMSE, coverage, length, RMSEq
Group 1 20 6.97 x 1076 87.7% 247 x107°  2.60 x 107°
RS1 Group 2 20 3.62x 1073 93.9% 6.79 x 1073 1.27 x 1072
Group 3 20 2.00 x 1072 92.0% 881 x 1072 7.07 x 107!
Group 4 20 8.81 x 1072  91.2% 3.69 x 1071 1.24
Nini + Naug RMSE, coverage, length, RMSEq
Group 1 2040 6.97 x 1076 87.7% 247 x107°  2.60 x 107°
ALEC Group 2 20+7 1.02 x 1073 95.6% 1.97 x1073 3.73x 1073
Group 3 20421 212 x 1073 94.2% 4.25 x1073 1.43 x 1072
Group 4 204504 3.79 x 1073 85.1% 6.61 x 1073 1.62 x 102
trainingn  RMSE, coverage, length, RMSEq
Group 1 20 6.97 x 1076 87.7% 247 x107°  2.60 x 107°
RS2 Group 2 27 1.71 x 1073 96.3% 2.53x 1072  5.05 x 1073
Group 3 41 6.89 x 1073 94.9% 8.97x 1073  2.16 x 107!
Group 4 524 1.14x 107! 96.6% 3.94 x 1071 4.20 x 107!
Nini + Naug RMSE, coverage, length, RMSEq
Group 1 2040 6.97 x 1076 87.7% 247 x107°  2.60 x 107°
D-opt Group 2 20+7 1.44 x 1073 94.9% 2.27 x 1073 4.32 x 1073
Group 3 20421 3.00 x 1073 93.6% 4.53 x 1073 1.43 x 1072
Group 4 204582 1.37 x 1071 98.1% 3.73x 107! 5.64 x 107!
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Table E.2: The prediction results for building models on four groups together. We use
0 = 0.01 and o = 0.05 in the ALEC emulator. In D-opt, the threshold ¢;, = 1.12. For each
strategy, we evaluate the overall performance, as well as the performance for each subgroup.

trainingn RMSE, coverage, length, RMSEq
RS1 Al 80 1.02 x 1071 94.7% 3.44 x 1071 4.70 x 1071
Group 1 24 1.45 x 1074 94.9% 2.66 x 107* 4.13 x 1074
Group 2 15 2.18 x 1072 93.0% 1.94 x 1073 8.57 x 1073
Group 3 23 7.92 x 1073 99.5% 7.07x 1072 537 x 1072
Group 4 18 2.04 x 1071 91.4% 1.30 9.38 x 107!
Nini + Naug RMSE, coverage, length, RMSEq
ALEC Al 80+873 8.76 x 1074 91.1% 1.70 x 1073 4.14 x 1073
Group 1 24+0 1.30 x 107%  90.6% 1.25 x 1074 3.49 x 1074
Group 2 15+1 1.13 x 1073 80.3% 711 x107* 6.93 x 1073
Group 3 23+58 512 x 107*  99.1% 2.84 x 1073 2.46 x 1073
Group 4 18+814 1.42 x 1073 97.0% 417 x 1073 3.39 x 1073
trainingn RMSE, coverage, length, RMSEq
RS2  All 953 3.25 x 1072 93.3% 842 x 1072 4.64 x 1071
Group 1 245 8.29 x 1076 74.3% 1.16 x 1075 1.01 x 107°
Group 2 221 6.50 x 107°  100% 7.25 x 107 1.78 x 1073
Group 3 238 3.76 x 1073 100% 2.92 x 1072 2.67 x 1072
Group 4 249 6.51 x 1072 98.7% 3.09x 107! 9.31 x 107!
Nini + Naug RMSE, coverage, length, RMSEq
D-opt All 80+935 8.91 x 1072 98.3% 7.60 x 1072 3.31 x 107!
Group 1 24+59 2.11 x 107°  92.8% 1.42 x 107%  3.77 x 107°
Group 2 15+73 1.37 x107*  98.0% 2.20 x 107*  4.90 x 104
Group 3 23+393 2.23 x 107 99.9% 1.05 x 1073 7.53 x 10~*
Group 4 18+410 1.88 x 1071 97.1% 3.36 x 107! 6.98 x 107!

Table E.3: The prediction results of the ALEC approach, using average-sense criterion
and maximum-sense criterion, on a new functional form that is not in the training data
set, starting with the final GP emulator developed for groups 1-4 and all groups combined.
0 = 0.01 and a = 0.05 are used.

ALEC Nini + Naug BRMSE, coverage, length, RMSEq
Group 1 20490 5.04 x 1073 83.9% 4.87 x 1073 1.96 x 1072
Group 2 27+120 2.05 x 1073 92.2% 4.02 x 1073 6.08 x 1073

average  Group 3 41466 4.47 x 1073 87.7% 4.91 x 1073 1.47 x 1072
Group 4 524447 1.48 x 1072 69.7% 6.11 x 1073 6.46 x 1072
All groups 953+15 4.68 x 1073 77.7% 3.42 x 1073 1.83 x 1072
Group 1 204408 4.34 x 1074 94.9% 4.87 x 1073 7.89 x 1074
Group 2 274395 4.69 x 107* 95.0% 4.02 %1073 7.85 x 10~*

maximum Group 3  41+384 4.39 x 1074 95.1% 4.91 x 1073 7.70 x 1074
Group 4 5244361  5.73 x 107* 90.5% 6.11 x 1073 7.15 x 1074
All groups 9534268  5.18 x 1074 92.5% 3.42x 1073 7.24 x 1074
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