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N o L o g i c ? N o P r o b l e m !  U s i n g A  Covar iat io n Ana lys i s O n A 

D e d u c t i v e T a s k 

John B. Best 
Departmen t  o f  Psycholog y 

Easter n Illinoi s Universit y Charleston ,  I L 6192 0 
cfjbb@ux l  .cts.eiu.ed u 

Abstrac t 

Subjects were presented with 

previousl y playe d Mastermin d g a m e s i n 

th e for m o f  "Mastermin d problems" . 
Althoug h eac h proble m w a s formall y 

deduclble ,  an d I n s o m e cases , 

overdetermined ,  subject s nevertheles s 
usuall y faile d t o m a k e mor e tha n a  thir d 

of  th e potentia l  deductions .  A  Bayesia n 

model  tha t  treate d th e tas k a s on e o f 
"probabilisti c  reasoning "  rathe r  tha n 

"logica l  deduction "  accounte d wel l  fo r 

th e performanc e o f  th e lowe r  performin g 

subjects .  I t  i s  argue d tha t  a t  leas t  s o m e 
of  th e reasonin g failure s see n o n 

hypothesi s evaluatio n task s suc h a s thi s 

on e ar e produce d i n par t  b y th e solver' s 
replacemen t  o f  a  "deduction " 

representatio n wit h a  "probabilisti c 
reasoning "  representation . 

Introductio n 

Studies using hypothesis 

evaluatio n paradigm s sugges t  tha t 
th e "confirmatio n bias "  see n i n th e 2 -

4- 6 tas k (Wason ,  1960 )  result s i n 

par t  fro m subjects '  inabilit y  t o 

generat e th e hypotheses .  Tha t  is , 
when th e appropriat e disconfirmator y 

hypothese s ar e alread y generate d 
fo r  them ,  the n subject s w h o ar e 

instructe d t o d o s o ca n recogniz e 
disconfirmator y hypotheses , 

suggestin g tha t  th e necessar y logica l 
operator s ar e intac t  (Farri s &  Revlin , 

1989) .  Bu t  ther e i s a t  leas t  on e 

importan t  provis o t o thi s finding .  I n 
hypothesi s evaluatio n paradigm s 

(Farri s &  Revlin ,  1989) ,  o r  i n rul e 

discover y task s i n whic h th e subject s 

ar e "debiased "  b y instruction s 
(Gorma n &  Gorman ,  1984) ,  th e 

contex t  i n whic h th e material s ar e 

presente d t o th e subject s almos t 

alway s involve s "logica l  deduction s 

or  scientifi c  thinking" ,  a  contextua l 
effec t  tha t  seem s ver y likel y t o b e 

reflecte d i n th e subjects ' 
representatio n o f  th e task .  Thi s 

implie s tha t  th e abilit y  t o generat e o r 
recogniz e disconfirmator y respons e 

may b e a  produc t  o f  bot h th e 
presenc e o f  th e disconfirmator y 

hypotheses ,  an d th e "righ f  element s 
i n th e solver' s representation . 

Whethe r  peopl e ca n routinel y 
engag e i n disconfirmator y analyse s 

when th e context ,  an d therefor e 
perhap s th e person' s representation , 

ar e no t  s o explicitl y  presente d a s 
"logica l  deduction "  i s th e issu e 
motivatin g thi s paper .  I  argu e that ,  i n 

suc h contexts ,  s o m e failure s o n 

formall y deductiv e task s ar e 

produce d i n par t  b y th e subject' s 
replacemen t  o f  th e concep t  o f 

"logica l  necessity "  wit h a  concep t  o f 
"probabilisti c  reasoning" .  Wha t 

follow s i s s o m e evidenc e t o suppor t 
thi s claim ,  a s wel l  a s a  mode l  tha t 

duplicate s s o m e o f  th e effect s o f 
"probabilisti c  reasoning "  o n a  purel y 

forma l  deductiv e task . 

Metho d 

Materials and Procedure 
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Four  previousl y playe d 

Mastermin d g a m e s o f  moderat e 

complexit y wer e presente d a s 

"Mastermin d problems "  i n thi s study . 

Thus ,  i n thi s for m o f  Mastermind , 

subject s di d no t  generat e thei r  o w n 

hypotheses .  Rather ,  thei r  tas k wa s t o 

evaluat e th e hypothese s an d 

feedbac k tha t  ha d bee n produce d i n 

an effor t  t o deduc e th e code .  I n eac h 

of  th e fou r  problems ,  th e se t  o f 
hypothese s an d feedbac k tha t  wer e 

displaye d containe d informatio n tha t 
was necessar y an d sufficien t  t o 

permi t  th e deductio n o f  tha t 
problem' s code . 

Eac h o f  th e 4 8 subject s wa s 

ru n individually .  Th e experimente r 

explaine d th e rule s o f  Mastermind . 
als o statin g tha t  i n thi s for m o f  th e 

task ,  th e subject s woul d no t  b e 
generatin g thei r  ow n hypotheses . 

The problem s wer e presente d i n a 
way tha t  simulate d actua l 

Mastermin d play .  Tha t  is ,  subject s 
sa w eac h hypothesi s an d it s 
associate d feedbac k individually . 
Followin g th e presentatio n o f  eac h 
hypothesis ,  th e subjec t  wa s aske d t o 
indicat e th e exten t  o f  hi s o r  he r 
deduction s o n a  respons e form . 

Subject s indicate d tw o principa l 
type s o f  deductions :  Th e subjec t 
marke d a n "assignment "  whe n h e o r 
sh e wa s convince d tha t  a  particula r 
lette r  wa s definitel y a  cod e member . 
The subjec t  als o indicate d th e 
purporte d locatio n o f  th e assigne d 
letter .  "Exclusions "  wer e marke d b y 
th e subjec t  whe n h e o r  sh e wa s 
positiv e tha t  a  particula r  lette r  wa s 

definitel y no t  a  cod e member .  Al l 
previousl y presente d hypothese s 
fro m tha t  proble m remaine d o n vie w 

unti l  afte r  th e problem' s penultimat e 
hypothesi s wa s presented .  Th e 
presentatio n orde r  o f  th e fou r 

problem s wa s completel y 
counterbalanced . 

Result s 

The data were scored by 

countin g th e numbe r  o f  accurat e 

assignment s an d exclusion s marke d 
by th e subject s followin g th e nt h ro w 

of  eac h o f  th e fou r  problems . 

Followin g th e nt h ro w o f  eac h 

problem ,  enoug h informatio n w a s 

presen t  t o permi t  fou r  assignment s 

an d tw o exclusions .  O n e poin t  w a s 
awarde d fo r  eac h suc h deduction . 

M e an performanc e acros s th e fou r 
problem s w a s 8. 6 (maximu m scor e = 

24) .  Eve n thoug h th e specifi c 

assignment s an d exclusion s wer e al l 

logicall y deducibl e followin g th e 
presentatio n o f  th e nt h hypothesi s 

an d feedbac k o f  eac h problem ,  th e 
likelihoo d o f  th e subject' s correctl y 
deducin g assignment s varie d 
significantl y bot h withi n an d acros s 

problems .  O f  th e 1 6 assignment s i n 
th e fou r  problem s onl y 4 
assignment s wer e m a d e accuratel y 
by a  majorit y o f  th e subjects .  Fiv e 
assignment s wer e m a d e correctl y b y 
40 -49 % o f  th e subjects .  Thre e 
assignment s wer e m a d e correctl y b y 
30 -39 % o f  th e subjects ,  an d fou r  o f 

th e assignment s wer e m a d e 
correctl y b y onl y 10-29 % o f  th e 
subjects . 

Moreover ,  i t  appear s tha t  th e 
likelihoo d o f  a  particula r  letter' s bein g 
correctl y assigne d t o a  specifi c 
positio n wa s influence d b y th e 
number  o f  time s tha t  th e lette r 
appeare d i n th e proble m a t  th e s a m e 
position .  Specifically ,  i n case s i n 
whic h a  lette r  appeare d severa l 
time s a t  th e s a m e location ,  an d i n 
whic h blac k feedbac k w a s given , 
subject s wer e likel y t o conclud e tha t 
th e lette r  mus t  b e correctl y place d a t 
th e positio n wher e i t  appeare d mos t 

of  th e time . 
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For  exampl e i n Proble m 2 , 

6 9 % o f  th e subject s correctl y 

deduce d tha t  B  mus t  b e place d a t 

positio n 4 .  B  appeare d thre e time s i n 

th e problem ,  eac h tim e a t  th e s a m e 

locatio n (rati o o f  tota l 

appearances/differen t  position s = 

3/1) ,  an d w a s accompanie d b y a 

tota l  o f  seve n blac k feedbac k pins . 
But  substantiall y  fewe r  subject s 

(23% )  correctl y deduce d tha t  E  mus t 

b e place d a t  positio n 3  (rati o o f  tota l 

appearances/differen t  position s = 

3/3 ,  o r  1/1) .  Thi s analysi s suggest s 

tha t  th e subject s wer e basin g thei r 

deduction s o n th e degre e o f 

covariatio n betwee n a  letter' s 

placemen t  an d th e occurrenc e o f 

blac k feedback .  Tabl e 1  show s th e 

result s o f  simila r  computation s 

carrie d fo r  thi s an d th e othe r  thre e 
problem s use d i n th e study ,  an d i t 

confirm s th e finding s suggeste d b y 

th e initia l  problem .  W h e n a 

Tabl e 1 

Likelihood of Correct Assignment as a function of Appearance/Position Ratio 

Correct Assignments Total Appearances Positions Ratio 

Percentag e Deducin g 

5 1 % (o r  more) ,  N = 4 

40-49% ,  N = 5 
30-39% ,  N = 3 
10-29% ,  N = 4 

4.2 5 
3.4 0 

3.3 3 
2.0 0 

1.7 5 
2.4 0 
2.6 7 

2.0 0 

2.4 3 
1.4 2 

1.2 5 
1.0 0 

particula r  lette r  appeare d i n th e arra y 

frequentl y an d remaine d mor e o r  les s 
stationary ,  th e subject s wer e likel y t o 
conclud e tha t  thi s covariatio n enable d a 
necessar y logica l  connection .  Bu t  whe n 

a lette r  appeare d infrequently ,  o r 

appeare d frequentl y i n differen t 

locations ,  the n subject s wer e les s likel y 

t o deduc e it s assignment . 

Modelin g th e Deduction s o f  L o w -

Performanc e Subject s 

Subjects who accept the 
experimenter' s depictio n o f  th e tas k 

m ay indee d represen t  th e fou r 
problem s a s involvin g logica l 
deduction .  Suc h a  representatio n 

woul d likel y includ e logica l  operator s 

whos e functio n i s t o tak e variou s 

input s fro m th e proble m arra y an d 

produc e deductions .  Whil e suc h 

operator s m a y no t  alway s succee d i n 
producin g vali d deductions ,  th e 

situation s i n whic h the y fai l  ar e 
presumabl y describabl e i n term s o f 
memory,  o r  othe r  exogenou s 

demands o n th e cognitiv e system . 
However ,  ther e ar e certainl y 

othe r  plausibl e way s o f  representin g 

th e problems ,  an d thes e othe r  form s 

of  representatio n m a y predic t 

outcome s tha t  ar e mor e consisten t 
wit h th e observe d finding s tha n ar e 
th e prediction s o f  th e "logical "  model . 
For  example ,  subject s wh o trea t  th e 

logica l  problem s a s analogou s t o 

everyda y problem s i n th e rea l  worl d 
m ay vie w covariatio n a s a  usefu l 

heuristi c i n makin g assignments . 

O ne wa y o f  conceptualizin g th e 
reasoner' s tas k i s t o conside r  th e 

reasone r  a s usin g th e evidenc e tha t 
ha s accrue d (th e blac k feedback )  i n 

an effor t  t o asses s it s effect s o n th e 

likelihoo d o f  a  particula r  hypothesi s 

(namely ,  tha t  a  specifi c  lette r  i s 

assignabl e a t  a  specifi c  location ) 

bein g true .  Usin g a  standar d for m o f 
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th e Bayesia n equatio n t o represen t 

thi s stat e o f  affair s w e have : 

p [L(P)/F = p [F/L(P) p [L(P)] 

p I  F/L(P )  p  IL(P) J 

+ p[F/~L(P) p[-L(P)] 

where p [L(P)/F] represents the 
probabilit y  o f  a  particula r  lette r  (L )  t o 

positio n (P )  assignmen t  bein g tru e 

give n tha t  a  certai n feedbac k patter n 

(F )  ha s bee n observed ;  P  IF/L(P) ] 

represent s th e lil<elihoo d o f 
observin g a  certai n patter n o f 

feedbac k give n tha t  a  lette r  t o 

positio n assignmen t  i s  true ,  an d p 

[L(P) ]  represent s th e prio r  probabilit y 
of  an y specifi c  lette r  t o positio n 
assignmen t  bein g true ,  p  [F/~L(P) ] 
represent s th e probabilit y  o f  th e 
feedbac k patter n bein g observe d 
give n tha t  th e lette r  t o positio n 
assignmen t  i s no t  true ,  an d p  [~L(P) ] 

represent s th e prio r  probabilit y  tha t 
th e lette r  t o positio n assignmen t  i s 
not  true .  Computin g s o m e o f  th e 
equation' s term s i s straightforward : 
Give n tha t  an y o f  th e si x availabl e 

letter s ca n b e assigne d to ,  an y 
specifi c  position ,  p [  L(P) ]  ca n b e 

estimate d a t  .17 ,  an d p  [~L(P )  ]  =  1  -
p IL(P)] .  Th e estimatio n o f  p  [F/L(P) ] 
involve s computin g fo r  an y specifi c 
lette r  t o positio n assignmen t  (a s i n 
lette r  A  i n positio n 1 )  th e proportio n 

of  al l  code s (o f  whic h ther e ar e 360 ) 
tha t  woul d generat e thi s particula r 
feedbac k patter n throug h thi s 
hypothesis ,  i f  A  wer e indee d 
correctl y locate d a t  positio n 1 .  Tha t 
is ,  o f  th e 6 0 code s i n whic h A  i s 
correctl y locate d a t  positio n 1 ,  wha t 
proportio n woul d b e followe d b y th e 
specifi c  feedbac k " 1 Black ,  1  White " 

if  thi s hypothesi s ha d bee n played ? 
The s a m e logi c i s use d t o estimat e p 
IF/-L(P)] .  Tha t  Is ,  o f  th e 30 0 code s 
tha t  d o no t  hav e A  correctl y locate d 

at  positio n 1 ,  wha t  proportio n woul d 

be followe d b y th e specifi c  feedbac k 

"1 Black ,  1  White "  i f  th e hypothesi s A 

B C  D  ha d bee n played ? 

To ru n th e Bayesia n model , 

eac h o f  th e si x letter s wa s initialize d 
as a  fou r  plac e vecto r  wit h prio r 

probabilitie s o f  .1 7 i n eac h o f  th e fou r 

slots ,  thu s creatin g a  6  X  4  matrix . 

Th e probabilitie s fo r  eac h lette r  t o 

positio n assignmen t  wer e update d 

afte r  eac h hypothesis ,  treatin g th e 
previou s hypothesis' s posterio r 

likelihoo d a s th e curren t  hypothesis' s 
prio r  likelihood .  A  normalizatio n 

procedur e w a s applie d afte r  eac h 
updatin g cycl e fo r  an y ro w vecto r 

whos e probabilitie s exceede d unity . 
Testin g th e model' s 

prediction s involve d splittin g th e 
sampl e o f  subject s int o tw o 

subgroup s base d o n thei r  overal l 
performance .  Th e logi c her e i s tha t 
subject s wh o hav e acces s t o logica l 

operators ,  an d w h o ar e motivate d 
enoug h t o us e them ,  wil l  b e unlikel y 
t o rel y o n th e covariatio n analysi s t o 
assig n letters ,  an d thu s wil l  b e likel y 
t o correctl y assig n letter s whos e 
logica l  statu s i s clea r  regardles s o f 
ho w suc h letter s loo k t o th e 

covariatio n analysis .  O n th e othe r 

hand ,  subject s w h o d o no t  hav e 
acces s t o suc h operators ,  o r  w h o ar e 
not  motivate d enoug h t o engag e i n 
th e fairl y effortfu l  analysi s require d 
t o us e the m shoul d b e likel y t o rel y 
on covariatio n analysi s whic h th e 
Bayesia n mode l  shoul d pic k up .  Th e 
subject s wer e divide d int o tw o 
groups .  Hig h performanc e subject s 
( N =  25 ,  M =  12.6 )  wer e thos e w h o 
score d 9  o r  bette r  o n th e fou r 
problems ,  whil e lo w performanc e 
subject s ( N =23 ,  M =  3.7 )  wer e thos e 

whos e scor e range d fro m 0  t o 8 . 
Expecte d frequencie s o f  lette r  t o 
positio n assignment s wer e compute d 
fo r  eac h lette r  i n eac h proble m b y 
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multiplyin g th e element s o f  th e 

letter' s ro w vecto r  b y th e numbe r  o f 

subject s i n eac h subgrou p w h o 

actuall y m a d e assignment s o f  tha t 

letter .  Eigh t  chi-square s ( 4 problem s 

X 2  subgroups )  wer e use d t o 

evaluat e goodnes s o f  fi t  betwee n 

expecte d an d observe d frequencie s 
of  lette r  t o positio n assignments .  Fo r 

al l  fou r 

problem s i n th e hig h performanc e 

group ,  th e chi-square s wer e 

significan t  a t  p  <  .001 ,  indicatin g poo r 

goodnes s o f  fit .  Bu t  fo r  al l  fou r 

problem s i n th e lo w performanc e 

group ,  th e chi-square s faile d t o reac h 

statistica l  significanc e ( p >  .05) , 

suggestin g a  reasonabl e conformit y 

betwee n th e model' s predicte d 

assignment s an d thos e tha t  th e lo w 

performanc e subject s actuall y made . 
Moreover ,  th e deviation s fro m th e 

model' s prediction s m a d e b y th e hig h 

performanc e subject s wer e alway s i n 

th e directio n indicate d b y a  logica l 
analysi s rathe r  tha n b y a  covariatio n 

analysis . 

Discussio n 

These findings suggest that 
th e deductiv e performanc e o f 
subject s w h o d o particularl y poorl y 
on thi s tas k i s th e resul t  o f  a n over -
relianc e o n a  covariatio n analysis , 

an d thi s covariatio n analysi s ca n b e 

modele d effectivel y usin g principle s 
of  Bayes '  theory .  Thi s i s no t  t o sa y 
tha t  th e lower-performin g subject s 

ar e engage d i n a  sophisticate d 
Bayesia n analysis .  Rather ,  suc h 

subject s see m t o b e engage d i n a 
typ e o f  probabilit y  estimation ,  an d 

thes e estimation s see m t o b e 

capturabl e i n a  Bayesia n model . 
I n addition ,  th e finding s ar e 

suggestiv e tha t  th e us e o f  th e 

covariatio n analysi s i s drive n b y th e 

subject' s representatio n o f  th e 

proble m a s a n exampl e o f  "rea l  life " 

reasoning ,  rathe r  tha n a s a  proble m 

i n forma l  logic .  Tha t  is ,  althoug h fe w 

of  th e subject s i n th e stud y ha d 

studie d logi c formally ,  a s colleg e 

student s the y wer e wel l  awar e tha t 

logi c i s a  forma l  discipline ,  an d th e 

topi c o f  universit y coursework .  An d 

fro m wha t  the y kno w o f  al l  academi c 

disciplines ,  suc h subjec t  matte r  i s 

approache d wit h considerabl y mor e 

rigo r  an d intensit y tha n i s th e 

"corresponding "  subjec t  matte r  i n 

day-to-da y life .  Thu s fo r  example ,  I 
m ay mi x th e ingredient s i n a  cak e 

recip e wit h considerabl y les s 

precisio n tha n I  woul d us e t o mi x th e 
ingredient s i n th e chemistr y lab , 

knowin g tha t  th e cak e wil l  probabl y 

tur n ou t  regardless .  W h e n applie d t o 

th e curren t  situation ,  th e typica l 
subjec t  m a y b e wel l  awar e tha t  t o b e 
"logical "  migh t  m e a n exercisin g 

greate r  precisio n i n th e reasonin g 
process ,  includin g bein g mor e 

demandin g o f  evidentia l  standards , 
bein g mor e skeptical ,  bein g mor e 

aler t  t o discrepancie s o f  appearanc e 
an d reality ,  an d s o on .  Presente d a s 

it  i s  i n thi s context ,  tha t  is ,  a s a 

game.  Mastermin d migh t  b e no t 
necessaril y  invit e th e mor e rigorou s 
approac h characteristi c o f  subject s i n 

studie s o f  "logica l  deduction" . 
O ne o f  th e issue s i n th e 

literatur e o n hypothesi s evaluatio n 

concern s th e abilit y  o f  human s t o 
recogniz e disconfirmator y 

hypothese s whe n suc h hypothese s 
hav e bee n generate d fo r  them . 

Researcher s typicall y fin d tha t 

peopl e ar e goo d a t  discernin g 
disconfirmator y hypothese s i n thi s 

situation .  T o th e exten t  tha t  th e 
Mastermin d problem s use d i n thi s 

stud y ca n b e see n a s analog s t o th e 

reasonin g vignette s use d b y Farri s 

an d Revli n (1989) ,  thes e finding s 
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sugges t  tha t  ther e ar e situation s i n 

whic h simpl y havin g th e relevan t 

hypothese s availabl e doe s no t  m e a n 

tha t  th e subject s ca n engag e i n th e 

modus tollen s lik e reasonin g o f 

necessar y logica l  operations .  A s w e 

sa w i n thi s study ,  i n a n absolut e 

sens e th e subject s di d no t  m a k e al l 
th e necessar y logica l  operation s tha t 

wer e available .  Finally ,  thes e 
finding s m a y b e see n a s a n 

instantiatio n o f  th e rationa l  analysi s 

approac h (Anderson ,  1990 )  tha t  ha s 
prove d usefu l  i n th e area s o f  memor y 

and categorization .  A s applie d t o 
reasoning ,  suc h a n analysi s 
suggest s that ,  give n tha t  s o m e 

individual s understan d forma l 
reasonin g a s equivalen t  t o mode l  o f 
causatio n tha t  migh t  b e derive d fro m 

dail y experiences ,  thei r  deduction s 
withi n tha t  contex t  ar e orderl y an d 

plausible . 
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