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An Analysis of Multi-component,
Chemical Transport Crystal Growth

R. B. Agnihotri and L. F. Donaghey

Inorganic Materials Research Division of the
Lawrence Berkeley Laboratory and the
Department of' Chemical Engineering of the
~ University of California, Berkeley
Berkeley, California 94720

Abstract

The chemical trahsport crystal érbwth of binary compounds
in ciosed containers 1is analyzed for transport properties under
conditions of multi-component, gas phase diffusion controlled
kinetids. The Stefan-Maxwell transport equations for multi-
component gaseous diffusion are integréted and related to phése
equilibria at ends of the transport path to predict diffusion -
fluxes and component concentrations aléng the transport path.
The analysis allows the prediction of interdifquion contributions

to the transport flux.



Introduction

Chemical transport reactions are well recognized for their
importance in crystal growth (1, 2). These reactions are appropriate
for the growth of metal chalcogenides because of the high vapor
préssure of the chalcogen element and because many metal_chalcogenides
vaporize incongruently. Through chemical transport in which low
vapor pressure component elements of the compound react with a
halogen to form a volapile halide, the crystal growth temperature
can be greatly reduced be;ow that required for direct crystal growth
by sublimation—conaensation.

The reaction chémber commonly cqnsidered in theories of
closed-system chemical transport‘is a tube of constant croés-seétion
placed in a.temﬁerature gradient. The tube contains a solid source
chemical S at one end and a seed crystal or auto-nucleated crystals
of S at the other. The central part of the tube is initially
evacuated and filled with I, moles of a transport agentA1 before
the tube is sealed and raised to the operating temperatures,

Gaseous reaction products between Al and S are then formed which
are transported by diffusion causéd by the thermal gradient.

Previous analyses of closed-tube, diffusion confrolled chemical
transport reactions in a thermal g;adient have been presented by
Schaefer et al. (3, 4) and by Mandel and Lever (5-9). Schaefer
et al. (3, 4) analyzed the transport case for the simple reaction

involving two vapor species

1S5y ¥ I3 Col k Az(g)_ (1),
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with the limitations of equimolal counterdiffusion and a combined

diffusion coefficient. They used the simple Fick's Law

i ig, | | (2)

to describe the diffusion for the case of j = k. For j # k the flow
term introduced in the system was approximated to unity. They
discussed the system involving three vapor species,

+

—

is 2(g) 2,A3(g) (3)

321 (g)

but did not attempt a solution. |
Mandel (5) followed a more rigorous approach improving on that of

Schaeﬁm:by eliminating the need for a combined diffusion coefficient

for all the species and by treating cases involving more than two

vapor species. Mandel, however, still used the basic Fick's

diffusion relation

Di api

i T OTRT %, | (4)

which does not take into ‘account the flow term caused by an increase
in the gasvphase molar concentration on reaction. Multicomponent
diffusion‘involving a flow term is best expressed by the standard

Stefan-Maxwell equations (10)

TREDIR - el LN (5)
j=1  iJ

Later, Mandel and Lever (6) attempted to justify simplification of

the above equation by defining an "average diffusion coéfficient?



-

for each species which would, in its very.definitioh, take into
acéount the flow term. Approximations of the partial pressures'of
the vapor species would then reduce this "average diffusion coeffi-
cient" to the diffusion coefficient of the species in a mixture as
needed in their earlier paper ( 5).

| Mandel (5) also treats the effect of surface reaction rates on
£he ptoduct formation rate. Subsequently, Lever (7) treats the prob-
lem of multiple reaction equilibria for vapor transport. Here
thermal diffusion is neglected and the flow is expressed very |
simply in terms of the diffusion coefficient and a simple parameter
describing the overall gas composition without reference to
individual molecular species. Mandel (9) extends this to transport
of several solids by using coupling parameters that can be
determined from an (N-1) dimensional‘equation set where N is
the number of equilibria. In a later work Lever (8) also treats
the problem of a single heterogeneous equilibrium and transport. None

of these studies has treated the effect of multicomponent interdiffusion |
on chemical transport and transport flow.

In thé analyses of diffusion in multicomponent gas mixtures
the most fundamental gas phase transport equations are the Stefan
. Maxwell equatioﬁs (Egn. 5), as formulated by Curtis and
Hirschfelder (10). We have used these as our basis for a more
rigorous solution to the transport»problem. The major improvement
over previous researchers is (i) that we do not approximate the
flow term and (ii) that wé use simple binary diffusivities of the

species involved. We do not take recourse to the "average
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diffusion coefficients" of Mandel and Lever, nor do we approximate
the partial pressure profiles of the gaseous species.

We consider the diffusion-limited steady—state transport in
this paper. Since we have not taken into account the limitations
due to surface reaction and nucleétion of the product crystals, the
product rate predicted will necessarily be an upper limit of the
experimental rate. The approximation we use is that diffusivity and
the total concentration is constant because of the slight variation

of temperature along the tube.
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Integration of the Stefan-Maxwell Equations

The heterogeneous reaction equilibrium which applies at the

solid-gas interfaces has the general form

(6)

+ v

Sty F Vit1(q) = V2P2(g) T V3P3(g)

where Vi are rational stoichiometric coefficients of the species
Ai. Al is the transpdrt agent and Az, A3 are the intermediate

products.

The equilibrium constant for the above reaction is
v
p2.2p\)3
K = 23 | 7
. P\)l
1
where Pi are the partial pressures of species Ai' The temperature
dependence of K can be deduced from free energy calculations.
During steady-state chemical transport the mass flux of the

product s, NS' is related to mass fluxes of the gas phase

species by -

Ng = =v; "Ny = v,"Ny = v3"Ny (8)

If the mean free path between molecular collisions is small
compared to the dimensions of the transport tube, the total pressure

within the tube is independent of position. Thus,

P.(2) P(z) = P
z i t | (9)

or J x,(z) = 1, 0<z<L

where the total pressure Pt is specified by the extent of reaction

at the source temperature Tl’ and X5 is the mole fraction of species

A, in the vapor phase.



Diffusion of the various gaseous species along the transport

path can now be deduced from the Stefan-Maxwell equations,

1 ‘ -
= == (x.N. - x.N.), . (10)
:E: CDijy "1 T3 4a,2,3. |

Combining Egs. (9) and (10), we can eliminate one species,

say X3, and represent Eg. (10) in a linear form,

V., = a,,x, + a
i

i1¥1 * 330%y t by . - an

i=1,2

Using Eg. (8) and'the fact that Dij = Dji' the coefficients in

Eg. (11) are found to be as follows:

1L 7T \D, ~ g3 21 7T b, ~ D,
a, =8 vy [ - A o s ( V1, V23
12 C 12 D13 22 C D12 D23
b =E\I.§..\.)_!'_ b =_'i§:)—2-
1.7~ T o, 2 ¢ D,

Eg. (1l1) can be repfesented in matrix form as

- Vx=Ax+B . - a2
Vx b
where vk ={ ° ; A= 11 f12 and B = _l
sz ' b2

The solutionsto the homogeneous parts of Eq. (12) are

)\ miz )\ mzz ' X
X, = Ae + Ae (13)-
m, 2z m.z
X2 = }\Be + )\4e ) ( )



11+a22

: 2
where ml, #12 = — ‘/(a +a ) + 4(a21a12-a11a22)

It can be shown that‘A3 andA)\4 are related to Al and A2 by

a m, —a
= 21 .1 11
Y3 T Eta hT A, vt

17922 12 .
’ a m.=—-a
and )\4 = ;ﬁ‘g‘};"’\z: 2 11 Ay
- 27922 a2

The general solution to the nonhomogeneous Eq. (12) is

Az | -1
=)le - A B ‘ (15)

where A is a vector containing arbitrary constants.
Addition of the vector A B to the solutions (13) and (14) then
gives the solution to Egq. (12):

z m,z b.=-a.,.b

x, = Ae 4 Ae + 227171272 (16)
4513127311322
@y 2 mz ag A, myz  ay;by-ay; by
2 -y € * oA e Yt a3 (17)
17222 27327 212127311322
Xy = 1= Xy T X, (18)

The roots m, and m, are generally complex and require that

2
they be expressed in terms of trigonometric functions.
If we assume that m, are complex with real and imaginary parts

defined by
m, = s+ ir

m, = S - ir



=

a,.+a
_ 11 722 -1 2 _
where s = —————-—2 and r = 2J(éﬁll+a22) +4 (a21a12 allazz)

then the concentrations of the gaseous species can be expressed as

_ _ sz . :
X; = a, + e (c1 cos rz + ¢, sin rz) _ (19)
X, = 0o, + esz(c3 cos rz + Cy sin rz) “(20)
X3 =1 - % - x, (21)
a,.b,-a,.b
where @y = 3 22 l_a12a2
21712 11722
o = 211P27251 0
2 a5131,73;373;;
‘ \
cg = A vAy s gy = A=y

A | A
- - 14 - - b
3 \m-ay, m,-a, 4 my=a,, MyTa,[2l

Note that ¢, and ¢, are dependent on =2 and c, by the relation

3 4
c.t-rc c,t+rce
{71 772 : 2 1l
[ = - . Zla and fo] =L __=—la
21 21
3 ( r2+t2 ) 4 ( r2+t2 )

where t = s - a9 ‘
Formulation of the Chemical Transport Boundary Value Problem
To obtain a particular solution to the above general solutions

2
in the constants ajqyr alz, etc.), cl, c2 and C, the total concentra-

for Xy, X and xé, i.e., Eq. 19-21, we must know Ng (which is implicit
tion of all gaseous species in the ampoule. Accordingly, we need
four équations to obtain these four quantities. Theseequations can

be derived from:



~10-

i) Conversion at the source. (This gives ué C,
the total concentration.)

ii) Transport agent conseryation in the ampoule.

iii) = The equilibrium condition at the source end.

iv) The equilibrium condition at the product end.

i) Conversion at the source:
At temperature Tl'the source reaction given by Eq. 6 has the

equilibrium constant,

Vo, V Vo, V
P22P33 x22x33 R :
K1 = = = — ‘& (CRT,) (22)
1 IS x, 1 i
1 1
z=0 z=0

where @I = vz + v3 - vl.

If y is the extent of reaction at the source for the reaction .
of Eq. (6), and if the initial feed concentration of the transport
agent is € = IoﬁaL),_where L is the tube length and a the tube cross
sectional area, then the concentration of the transport species

are given by

A = (1-y) € = Cx, (23)

ey o2 = 24

c, =€y VI = sz (24)

de, =ey = | (25)
and ¢4 = ey GI.— Cg3

Replacing the values of Xyr X, and X4 in Eq. 22 by Eq. 23-25,

we obtain



v, 2 vy @2+v3) 1
K, = (;—) (—) X——-—v- (€RT,) (26)
1 V1 (1-y) * |

Since the mole fractions of the gaseous species must sum to unity,

it is necessary that

A A .
(1-y)e , & 2 & 3 _ . (27)
C cC Vp c YV :

As a consequence, the extent of reaction is simply,
1 C
= 1, (28)

Combining Eq. (26) and Eq. (28) we obtain
Vo Vv
\,22\)33 (€RT)H(_C_:' _ ]_) 2 3
- 1l €
- v
: 1
C

Knowing the equilibrium constant at the source end from free energy

(29)

considerations the total concentration C in the ampoule can be

obtained by inverting Eq. 29.

ii) Transport agent requirements:

The transport agent A reacts .with the solid S to form volatile
intermediates thch, after transport to the other end of the tube,
react to give'back the original compounds Al and S. The number of
moles of the transport agent species must be conserved, whether
as A, or in some fraction of A, and A_,. This conservation

2 3
condition is then
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L
€AL = I0 = Ca f [xl(z) + szz(z) + Y3x3(z)]' dz | (30)
3
where Y, = atoms of species Aj in Aj

atoms of species A; forming a molecule OoI A,

For example, in the reactive transport of ZnS with iodine as a

transport agent, the reaction equation is

: 1
—ald -
Zns + 12 s ZnI2 + 282

and the ratio of Yor the atoms of species I in molecule of ZnI,
to Yao the atoms of species I in molecules of I, is unity.
Similarly, for the reactive transport of Fe,S, with iodine with

the reaction equation

-3
—
Fe,S_, + 312t—' 2FeI3 + ‘2'32:

273

the values of Yo and Yy are 3/2 and 0, respectively.

Generélly, for the reaction in Eq. (6) only one of the products
A2 or A3 contains the transport agent species, and especially
when the tfansport agent is an element. We can write the general
transport equation such that Y3 = 0. Thus, for a typical case the

conservation condition becomes,

L :

To

ic = f (%, + yv,x,) dz
0

In terms of the constants ci this conditién becomes

>
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I ey + Y,e5)
;g = L, + Y,&,)). + 1 23 [s(eSLcos rL-1) + reSLsin rI]
aC 1 22 r2+s

c, + YaC ,

+ 2 24 [seSLsin rL - r(eSLcos rL—l)]
2 2
r’ + s _
where'c3 and ¢, can be expressed in terms of c; and c,. (31)

iii) EBquilibrium at the source end:

. N &
. Equilibrium at the source end requires the reaction Eq. 6 with

x"zx <!
_ 7273 I
Ky = v (CRTl) .
Xy :
z=0
This equation reduces to
v V3
a,, (tc,-rc,) a
21 1 72 2
0., + , l1-0,-0,~Cc,=-———5 (tc,-rc J
K. = [ 2 r? + t2 ] [ 7% 2 + t2 12 (CRTl)n
1l ‘ : vl
oy + cy
(32)

iv) Equilibrium at the product end:

Similarly, equilibrium at the product end of the reaction

vessel requires

2
X

Vo V3
X, x,"

3

z=L

I
(CRT2)

In terms of the constants ci,_this equation becomes



. =14-

. \ V) '
K, ={o, + e -(glt-lczr) cos rL + (clr+c2t) sin rL

a :
sL 21
x 11 - o, -a, e_. {[cl + rT—:-—t—-z- (e, t czr)] cos rL

W

' a . 3
_ 2 L
+ [cz + ———————z-rz Tt (clr+c2t)] sin rL

: 11
(CRTZ)

sL , ' . V1
(al + e (cl cos rL + c, sin rL)

(33)
Once C is calculated from Eq. 29, the system of three
non-linear algebraic simultaneous equations Egs. 31-33 can be

solved for cl, c2 and NS'
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~ Results

The chemical tfanspoit‘bf'a number of binary metal chalcoggh;des
with hélpgen transpért égehts was studied by numerical simﬁl;tiop~.
under a variety 6f transéortlconditions. The total molar concentra-
tion énd extent of reéction were calculated from Egs. 28 and 29 for
a fixed source temperature and feed concentration of the transport
agent. The species concentrations and product flux along the transport
path were than calculated by solving Egs. 31-33 simultaneously for
the variables Ci + Cy and Ng for a fixed temperature gradient
and species interdiffusivitiés. The method of computation used was
to first set the initial épproximate variable values within their
‘respective ranges, and then to seek a minimum errorvfor the equation
set by unconstrained minimization using the Newton Raphson method
with internally approximated gradients.

The computed reéults-of the simulated transport problems were
examined for dependence of the product flux on the halogen feed con-
centration, the interdiffusion coefficients and the imposed tempera-
ture gradient.‘ In general the following results were found:

i) For a given temperature gradient and a fixed crystal growth
temperaturefthe product flux increased with the concentration
of transport agent feed. The rate of increase decreases with
increasing feed conéentration, and reaches a maximum when
the mole fraction of the transport agent predominates over
other speciés mole fractions within the ampoule.

ii) The product flux inc?eéses essentially linearly with increasing

'temperature gradient“imposed along the transport path, fdr
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a fixed path length and halogen feed concentration. The
linear rate of increaée tends to decrease élightly for
AT > 100°K .

iii) ihe'interdifoSion éoefficient influences the transported
product flux most significantly in the region of the transport
path where K = 1 . The variation in product flﬁx is within
25% of that when interdiffusion effects are absent.

iv) The concentration profiles along the transport path were
found to be nearly linear in all transport simulations. The
non-linearity depends to a large extent on unequal
interdiffusion coefficients, as well as on other factors.

As a general rule, the noﬁ-linearity_increases with both
iodine feed and temperature gradient.

- The effect of interdiffusion coefficient‘variation was explored
for a hypothetical metal dichalocogenide with scalabie physical |
properties transported with iodine as a transport agent along a
temperature difference of 25°C. The interdiffusion coefficients
were varied for each of three values-of the equilibrium constants
at the prodﬁct end, K, . The interdiffusion coefficients enter
into the constants aij and bi which in turn fix the values of
the transport parameters r , s , cy and czb. It waé found,
however, that ¢y is approximateiy equal to 2, whereas c, has
a value néar -1 for metal dichalocogenide transport. The normalized

mola: product flux was found to vary as much as 25% for fixed values

of equilibrium constants at the ends of the transport path.
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Table 1. Depehdende of normaiized product flux on
transport parameters r and s,

K2 rx104 sx10? NS*
8.92 1.1 2.6 0.178
8.92 2.0 4.8 0.164
8.92 3.5 8.4 0.141
1.66 5.0 12.7 6.91
1.66 9.5 - 23.8 6.17
1.66 16.5 41.9 5.55
0.185 - 9.7 24.6 4.65
0.185 19.5 49.3 4.57
0.185 3é.4 97.1 4.34

*

1

normalized product flux, [moles cm-zhr-l(25°K)- atm-leOS]
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Discussion

The results of the numerical simulation studies are consistent
with expéctations based on simpler predictions of the producﬁ flux
dependence on transport conditions where transport flow and
interdiffusion effects are omitted. For the transport problem
whiéh includes interdiffusion and flow, result (i) above is consistent
with the effect of increasing halogen mqle fraction on allowable
concentrations of other species. . Tﬁe near linear dependence of pro-
duét flux on temperature gradient is also expected, since the
interdiffusivities are assumed independenf of temperature in the
present model. _

The éignificant result of the present study is that ofv(iii)
‘above, which is that.interdiffusibn and transport flow effects can
influencevthe‘predicted product flux for the chemical transport
process. The major effect is expected in the region where K = 1
because the vapor phase is truly multicomponent in this range.

When K differs significantly from unity one or two of the species
dominate in the vapor phase, and chemical transport is then limited

by diffusion of other species through this simpler vapor.
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The superiority of our model over the analysis of previous
researchers ig derived from the exactness of the concentratidn
profile and the consequent improvement in the product rate. The
approximations of the flow terms, diffusion coefficients and concen-
tration profiles in the previous analyses are avoided. The
product flux is an implicit variable in the problem which is
solvable by numerical techniques. A computer program has been

compiled for the transport of binary chalcogenides by halogens,

1 )
— o
where M is the divalént metal, Ha the halogen and X the chalcogen.

= 1
1 2 3732772

for ZnS and MnS transport by I, will be tabulated and discussed

For Eq{ 34, v, =1, VvV, =1, v = 1 and Yy = 0. The results -
in a later paper.

Our model still assumes no variation of diffusivities Dij
. and total concentration C with a variation in temperature. However,
- assuming a linear temperature variation along the ampoule, we can
link the variations of C and Dij to z and examine the errors thus
caused.

A linear variation of temperature with distance, coupled with

the boundary conditions gives us

(T,-T,)
r=—2"1 54 (35)
L 1 ‘
T, -T
ar _ "2771 _ AT _ )
and a-z-———L-——— T -—kl (36)
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Assuming an ideal gas variation at constant pressure,

P
CT_ﬁ—kZ
ac dT _

and T‘a—£+CaE'—o-

Combining Egs. 36 and 38, we obtain

4n C = - zn(klz+Tl) + &n k3
k
3
or C = 74—
klz + Tl .

il
o
v}
3
[oh}
-

i
H

At the source end, for z

is Cl as found by Egq. 29, then

e =3
1l Tl
c
c =]_+;£.
L Tl
If % = £ and %2-= § , then
_ _ N
.—_———c-l-———
1+ &8

(37)

(38)

(39)

(40)

if the total concentration

(41)

(42)

(43)

If &§ is small, then C = c, which is our assumption in the text,

is always l.. Hence, if § is small, the error is small. However,

we can use Eq. 43 to further require the model.

We have used Egs. 29,

30, 32 and 33 to generate the solution to the transport problem.

In Eq. 29 and 32 we can directly use c, as found above. 1In Eq; 33

we can use c, instead of C, where



Only Eg. 30 will have to be transformed to

I % '

-0 _ /' (Cx; + Y,Cx, + Y5Cx3) dz . (44)
0

The individual terms under the integral sign can be integrated

separately and will involve integrations of the form

L

= sz sz .
Bl / e Ccos gz az and 32 = f e s:n.;x rz dz ,
0 (1L + 2z f) 0 (1 + E(S) .

These can be found from any integration tables. However, since

Cu:% and Dija:Tl‘8 it is not possible to offset the variation
of C with T. If we combine both the quantities, then

(CDij) « Tp°gx z0'§ Since incorporation of vari;tion of Dij with
z will complicate the problem, it is better to eliminate the
variation of C with T in the main problem.:

The simulation of the chemical transport of metal chalcogen
compounds including interdiffusion effects has several incentives.
In addition to-compéring the suitability of different halogens and
other compounds as transport agents, the solution method prOposéd
allows a prediction of the prqduct compound formation rate for
diffusion controlled transport under different conditions of temper-
ature, initial transport agent concentration and choice of transport

agent. The method outlined above allows a prediction of the

concentration profiles for various species along the transport path,
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can provide the total pressure in the transport tube, and can

provide data for predicting the optimum conditions for crystal growth.
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