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ABSTRACT 

Two panel methods for potential flows are studied analytically, with emphasis on their robustness and 

efficiency in two fluid-dynamical applications. In particular, a problem with the simpler formulation, recently 

observed, is eliminated. For both methods, regularized versions of the basic integral equation are given. Also, 

a simple low-order implementation and numerical schemes for computing the tangential fluid velocity on the sur

face are formulated . 
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I. Introduction 

Panel methods based on various boundary integral formulations are in use for the aerodynamical design of 

airplanes since the pioneering work by Hess & Smith. 1•2 Other subsequent methods are discussed in Ref. 3. 

In this note, we consider two more recent formulations. The panel methods by Morino et al. 3•
4 and 

MaskewS are low-order implementations of the first formulation. Numerical studies3•4•5 of various practical cases 

indicate that earlier leakage problems and problems at the trailing edge of wings or at concave corners do not 

appear with this approach, even if a low-order impl~mentation is used. MaskewS shows that the method per

forms as well as earlier higher-order methods. This approach is therefore particularly convenient for solving the 

aerodynamical problem (exterior potential flow) and for computing the potential component of turbulent flows in 

connection with Chorin's random vortex methods. 6•
7 The second formulation5•8•9 to be considered shares the 

above-mentioned advantages, although an increased sensitivity of ihe results to bad panel distributions has been 

observed in Ref. S. This problem will .be analyzed and eliminated in Section 5 with the result that the second 

formulation is superior to the first one whenever applicable, i.e. for exterior potential flows with given freestream 

potential. 

In Section 6 we remove the singularity in the integral equations for both formulations. The integrands in 

the regularized equations are bounded functions except at cusps and edges. (There remains an improper integral 

due to a single-layer potential in the first method.) A partially regularized integral formula for the tangential 

fluid velocity on the surface is given for exterior potential flows. 

Our remarks are formulated for the problem of (steady, subsonic) potential flow around nonlifting bodies 

for simplicity. They are compatible with the extensions3•4•5 for lifting bodies. 

l. The problem 

We consider a Neumann problem10 for the disturbance potential q, in the region R+ filled with the fluid, 

exterior to the body R_: 

(la) 

.. 
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(pES), (I b) 

cP(P) ..... 0 (iPi ..... oo). (lc) 

S is the surface of the body. R_ may consist of several disjoint parts (wing with flaps). ~oo is the freestream 

velocity potential describing, in most aerodynamical applications, a uniform onset flow V oo = V'~00 where 

~oo(P) = V00·P (V00 = const.). 

, .. We note that there is only one continuous solution cfJEC{R+) of Problem (1), even if R+ is multiply con-

nected. 10
•
11 Refs. 10,11,12 contain also information about the interior and the 2-dimensional problems. 

3. First fonmlation 

In this approach cfJ is represented by the sum of the potentials of a single and a double layer following 

Green's exterior formula10
•
11 

(2) 

The density cP+ of the double-layer potential is the solution of the following integral equation: 

(3) 

Eq. (3) is simply the limiting form of Eq. (2) as the point P approaches a surface point p from the exterior R+, 

observing the discontinuity relation (24d) in Appendix 1. The kernel 

(4) 

.,_ has an integrable singularity10
•
12 and, if S is assumed to have continuous curvature, 

(5) 

The solution of Eq. (3) is unique. 9•10
•
12 In particular, an additive constant in cP+ has to vanish by virtue of Eq. 

( 15). 
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The disturbance fluid velocity on the ,surface is given by:9 

(6) 

(Vq,)+(p) ' 

(7) 

The kernels in Eq. ( 6) have singularities 0( IP -q 1 .... 2) at q = p, and the integrals are Cauchy principal value 

(P) integrals. Alternatively, v + may be obtained by some. numerical implementation5•11 of the surface-gradient 

V. Indeed, if we denote by ~the total velocity potential 

~ = ~oo+q,' (8) 

the tangential fluid velocity V + on the surface is given by: 

More details and explicit schemes for the computation of the velocity are given in Appendix 3. 

We note that the existence of a freestream potential ~oo is not required for this formulation, since we have 

in Eq. (3): 

(10) 

This may be important when the method is used in a random vortex method. 6• 7 On the other hand, the existence 

of ~oo may be exploited in order to improve the efficiency. This is done in the second formulation. 

4. Second formulation 

Here q, is represented by a double-layer potential DtJ. with density fJ.: 5•8•9 

<P(P) = DtJ.(P) =- ftJ.(q)K(q,P)dSq, 
s 

The total velocity potential~+ on S is the (unique) solution of the following integral equation: 

{lla) 

( 11 b) 
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(12) 

A derivation of this equation is given in Appendix 1. The left sides (i.e. the integral operators) of Eqs. (3) and 

( 12) are identical. The right side (i.e. the inhomogeneity vector) of ( 12) contains no single-layer potential and 

is a simple given expression (if 4?00 is given). 
,. 

The tangential fluid velocity on the surface is now given by9: 

(13) 

The comments following Eq. (7) remain valid for this formulation (see also Appendix 3). An implementation of 

this formulation leading to particularly simple expressions of the influence-matrix elements is given in Appen-

dices 2 and 3. 

5. Special· panel arrangements 

It is worth ~bile discussing Maskew's experiments5 with badly distributed panels. He found that, in the 

case of wings, the second formulation (Section 4) is less forgiving when faced with bad panel distributions than 

the first formulation (Section 3). 

Now, as already observed, the left sides of Eqs. (3) and ( 12) are identical and so are the influence-

matrices after discretization (see e.g. Appendix 2 or Refs. 4,5). Only the right sides (i.e. the finite-dimensional 

inhomogeneity vectors after discretization) are different. Maskew's observation can then be substantiated by 

saying that the inhomogeneity vector of ( 12) may point in a less favorable direction with respect to the eigenvec-

tors of the influence-matrix than the inhomogeneity vector of (3). 

This problem may be overcome by writing Eq. ( 12) in a slightly modified form: 

(14) 

The inhomogeneity vector of this integral equation is now identical to the corresponding vector in Eq. (3) by vir-

tue of Green's interior formula for 4?~ 10 the left sides are obviously identical (see Eq. (4)). The important 

point is that Eq. (14) is still based on the second approach but behaves as well as Eq. (3) of the first approach 
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in Maskew's critical cases. Moreover, Eq. ( 14) is certainly superior to Eq. (3) since the double-layer potentials 

on the right side of ( 14) may be evaluated by considerably simpler expressions with the same accuracy than the 

single-layer potentials on the right side of (3) (see the explicit formulas in Ref. 4). Actually, those double-layer 

potentials have already been computed to yield the influence-matrix on the left side of (14) and need not be 

evaluated at all if stored in memory. 

Other advantages of the second formulation are the existence of C()mpletely regularized integral equations 

(17) or (18) and the simplicity of the integral formulas (13) and (20) for the velocity. These considerations 

lead to the conclusion that the second formulation with Eq. ( 14) as basic equation is in all cases superior to the 

first formulation whenever applicable (i.e. for exterior potential flows with given freestream potential). 

6. Regularization 

The regularization of the boundary integral equations (3), (12) and (14) is based on the integrability of 

the kernel ( 4) and on the fact that this integral is a constant. The simple technique used here is well known in 

the context of singular integral equations or improper integrals. The value of the constant is very simply 

obtained from the second formulation (Section 4) as follows. 

Consider the solution ~ + of Eq. ( 12) corresponding to the freestream potential ell' 00 = cl>00 + c where c :t= 0 

is an arbitrary constant. Clearly we have: 

as the solution cp of ( 1) is insensitive to the additive constant c. Also, any other additive constant in cp has to 

vanish since, by (lc), constants are not harmonic functions in R+ (only in R_). This implies 4/ =cp. Writing 

Eq. ( 12) for ~ 00 and ~ + defined above, we obtain: 

++(p)- 2~ f•·<q )K( q ,p )dS,- 2+.J.p) - { 1 + 2~ I K( q ,p )dS,]. 

The left side of this equation vanishes by virtue of Eq. ( 12). Therefore the bracket on the right side is zero, 

yielding the property of Gauss' integral: 

-· 
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fK(q,p)dSq = -211". 
s 

(15) 

This relation leads to the regularized boundary integral equations corresponding to Eqs. (3), ( 12) and (14) by 

simple algebra: 

(16) 

(17) 

(18) 

Since Vcfl00 and Vrp+ are continuous functions on S (see (21c) and Ref. 9, p. 6-4), the singularity (5) of the ker-

nel K has been removed by the brackets, except at points such as cusps and edges (see Appendix 4). The 

discretized equations should be solved iteratively; direct methods would destroy the brackets. The iteration may 

be stopped as soon as the relevant flow quantities (e.g. surface-velocity, its direction or its length, at relevant 

points; induced mass; etc.) become reasonably insensitive to further iteration with respect to the estimated 

discretization error. In order to evaluate the numerical characteristics of Eqs. (16), (17) and (18) it seems 

necessary to test them in a variety of cases including complex configurations and Maskew's critical cases (Sec-

tion 5), the same way as has been done for the original formulations; 3•
4

•5 

Let us finally give a (partially) regularized integral formula for the tangential fluid velocity on S. 

The following discontinuity relations for the double-layer potential D p. with continuously differentiable 

density p. have been proved in Ref. 9: 

V(Dp.):f:(p) =- f[p.(q)-p.(p)]VpK(q,p)dSqT211"Vp.(p). 
s 

Inserting (11) in the exterior ( +) formula (19) we obtain: 

Addition of Vcfl00(p) on both sides yields: 

(19) 
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The final expression for V +assumes the form: 

(20) 

The singularity of the integrand in Eq. (20) is only 0( IP -q l-1
) and the integral is absolutely and uni-

formly convergent9 whereas Eq. (13) contains a Cauchy principal value integral. Note that in the case of the 

first formulation, the first integral in Eq. ( 6) corresponding to a single-layer ·potential has to remain a Cauchy 

principal value integral. 
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Appendix 1 

Derivation of equation (12) and the mathematical characterization 
of potential flow around rigid, impermeable bodies 

This derivation has been presented in Ref. 8 and is valid for surfaces with continuous curvature. (The 

case of: Lyapunov surfaces10•11 is covered in Ref. 9.) We assume basically that ~oo is a harmonic function in a 

region containing R_ US in its interior, but the following weaker assumptions will be sufficient: 

/l~oo(P) = 0 (PER_), {2la) 

~oo+<P) = ~~(p) = ~oo(P) a continuous function , {2lb) 

V oo+<P) = V ~(p) = V 00(p) a continuous function . (21c) 

In particular, the potential ~oci...P) = V oo· P of any uniform onset flow V 00 = const. satisfies (21). In the case of 

random vortex methods,6•7 the possibility to integrate analytically the velocity field generated by the vortex ele-

ments (in order to obtain ~00) depends on the types of vortices used: 

We solve problem ( 1) indirectly, considering the following Dirichlet problem as an- auxiliary problem: 

M'(P) = 0 (PER_) , (22a) 

F_(p) = 4 00(p) (pES). (22b) 

Since the solution of the interior Dirichlet problem (22) is unique; this solution is obviously equal to ( 4oo) by 

assumptions (2la,b). We try to represent this (known) solution by the potential Dp. of a double layer on S with 

a density /J. to be determined later: 

a) 

b) 

F(P) = 4 00(P) = Dp.(P) = -fp.(q)K(q,P)dSq. 
s 

The double-layer potential D /J. with continuous density p.E C(S) has the following properties:9•10•11 

I).Dp.(P) = 0 (PER± , p f.S) , 

(23) 

(24a) 

(24b) 

c) The existence of one of the normal derivatives (interior or exterior) implies the existence of the other and 

the equality 



d) Discontinuity relations: 

2 

a(DJL)_(p) 

anp 
(pES}, 

(pES} . 

We have to assume JLEC{S) in order to be able to exploit these properties in the following. 

(24c) 

(24d) 

It then follows from (24a) that the Ansatz (23) satisfies the differential equation (22a) in R_. It remains 

to satisfy the boundary condition (22b) using the interior(-) relation (24d) and (21b): 

F _ = 4oo- = -400 = (D JL)_ = D JL + 2-zrJL . (25) 

This yields an integral equation for the density JL: 

1 I 1 JL{p}- -
2 

JL(q)K(q,p)dSq = --
2 

~00{p}. 
1fs 1f 

(26) 

The extended Fredholm theory for weakly singular integral equations of this type is available, 12 also for surfaces 

with cusps andedges.U It tu~s out that Eq. (26) has a unique solution JLEC{S) si~ce by (21b)its right side is 

continuous. This proves the validity of the representation (23). 

Note: The above procedure is the classical existence proof for the solution of the (interior) Dirichlet prob-

lem, introduced by C. Neumann, 14 for convex bodies R_. This so-called "potential-theoretic method". is also 

usable for solving the Neumann problems10
•
12 (e.g. our original problem (I)~ see Ref. I). It is the starting point 

for the development of the theory of integral equations. 

The mathematical reason for our interest in problem (22) is given bythe following theorem: 

Theorem: The solution of problem (I) admits the representation 

(27) 

as a double-layer potential (23), where~+ e C1(S) satisfies the following integral equation: 

(12) 

The dipole layer potentials in problems (I) and (22) are generated by the same density JL = -4+/4-zr. 
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Proof. From the representation (23) of ( -400) follows: 

a~OQ- a(Dp.)_ 

an an (28) 

Using Eqs. ( 10) and (2Ic) the left side may be written as: 

(29) 

Therefore the inner normal derivative of Dp. in Eq. (28) exists everywhere ort S and by (24c) is equal to the 

exterior normal derivative. It follows that the Ansatz (23) satisfies the boundary condition (Ib). Obviously it 

also satisfies the differential equation (Ia) (see (24a)) and the regularity condition (Ic) (see (24b)). Thus Dp. 

in (23) actually represents the (unique) solution of problem (I) which is continuous in R +· 

It remains to express p. in terms of ~+ to obtain Eqs. (12) and (27). One of the relations (24d) is 

equivalent to: 

(Dp.)+- (Dp.)_ = -41rp.. (30) 

We now exploit the fact {proved above) that: 

{ 

-400(P) if PER_ , 

Dp.(P) = cp(P) if PER+, 

[-4oo(p) +<t>+(p )]/2 if p =pes . 

.(31) 

Inserting (31) in (30) and using (8) and (2lb) we obtain: 

(32) 

The last equation (32) gives p. in terms. of~+· Inserting this into Eqs. (23) and (26) yields (12) and (27). The 

proof of ~+EC1(S) will be omitted here.9 0 

Our method deals with a function 4> harmonic in the exterior R + and a function ( -400) harmonic in the 

interior R_ such that their normal derivatives on the common boundary S coincide. This is our mathematical 

characterization of potential flow around rigid, impermeable bodies. 

The above theorem says that the two harmonic functions may be represented by one and the same double-

layer potential the density of which is solution of an integral equation on the boundary S. 
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Similar relationships between exterior and interior problems play an important role in other methods 

(Refs. 15,16,17,18) and have been discUssed from a general point of view by Schiffer. 19
•
20

•
21 The "physical" 

situation is that the solution ( -4?00) of the auxiliary problem (22), i.e., the disturbance potential in R_, precisely 

cancels out the freestream potential ~000 and therefore the resulting velocity field vanishes in the interior R_ of 

the rigid, impermeable body.5•19•17 Therefore our.characterization of potential flows is also physically adequate. 
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Appendix 2 

A low-order implementation 

Let the surface S be defined by a set {p j }j _1 of points p j e S. The integral equation to be solved, for 

example 

(17) 

I~ 

is required to hold only at these points: 

n 
The integrals in (33) have to be approximated by some quadrature formula. Consider a partition S US; 

i-1 

such that p1 es,. Then (33) becomes: 

(34) 

In a low-order implementation the solution is assumed to be constant on each S1: 

~+(p1 ) ~ ~~ == const. (i == l, ... ,n). (35) 

Then Eq. (34) may be written as 

(36) 

It remains to evaluate somehow the integrals 

wJ = fK(q,pj)dSq . 
I 

(37) 

In almost all practical cases S has a complicated shape, and these integrals have to be approximated by comput-

ing integrals: 

(38) 
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The approximating integration domains st ~ Si are called panels. (Note that U st is in general not a . 
; -1 

closed surface.) In the low-order case (35), trapezoids1•3•
5
•
9 and hyperbolic paraboloids4 have been used as 

panels. In these cases the wJ can be evaluated analytically to yield the elements of the influence-matrix 

0 = (wJ). However, the computer-evaluation of the typically non-symmetric and full matrix fi is fairly time-

consuming for practical n (n ~ 500 and larger). See the corresponding remarks in Ref. 2. 

The approximations (38) are a second source of discretization-error, and Eq. (36) becomes: 

(39) 

Finally, by the principle of point-matching (or collocation), the "~"-signs are replaced by the "="-sign, 

and it is hoped that the solution i = (i1, •••• i,.)T of the linear algebraic system: 

(40) 

is an approximation of the solution c)+ of the exact equation (17). The convergence limi; = ct+(p;) is typi-
n-oo 

cally difficult to prove for collocation methods. As mentioned in Section 6, Eq. ( 40) is to be solved iteratively. 1 

tions: 

We give now simple closed expressions for the integrals in (38). Their derivation is based on two observa-

The integral wj in (37) is equal to (minus) the solid angle subtended by the surface S; at the point 

p/0
•
11

•
12 (the surface-normals in (4) point into R+); 

The solid angle subtended by a circular disc is given by a remarkably simple expression. 

Consequently, our panels st in (38) will be circular discs K; (Pi) with center P; and radius Pi. (We assume that 

the surface elements Si are not too elongated but nearly quadratic with p; ES; as their centroids.) The radii Pi 

may be defined by area-conditions: 

4 

IStl = IKi(Pi>l = -rrp? = 4 ~1Pi.,-Ptl 2 ' 
a-1 

( 41) 

where Pi are the nearest neighbors of Pi on S (Fig. 1). This is reasonable in view of the definition of the solid 
" 

.. 

.~· 
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angle. 10•12 It is most convenient to evaluate the solid angles wJ geometrically. We obtain for i :1= j: 

The approximate surface-normals n1 ~ nP, are defined as: 

d =p· -p, 
' tT 'a 

1r = ( 1234)-cycle, if 
used as index. 

(42a) 

(42b) 

The numbers rr should increase counterclockwise for an observer in the exterior R+ in order to have surface-

normals pointing into R +· In Eq. ( 40) the diagonal elements wj of fl are irrelevant. In the original versions 

(3), ( 12) or (14), however, they are defined by the discretized (n < oo) version of Eq. (iS) as: 

n 
wj = -21f'- ~ wj . 

i-1 
(I ~j) 

(42c) 

A comparison of ( 42a) with the corresponding expressions in Ref. 4 exhibits the relative simplicity of our for

mula ( 42a). We note that the formulas in Ref. 4, based on paraboloidal st. have about the same complexity as 

the corresponding expressions based on trapezoids. 1·2.3•5•9 

The implementation presented here is also usable for the first formulation (Section 3). However, the 

matrix elements 

(43) 

corresponding to the single-layer potentials will be more complicated than ( 42a). 

The robustness of the approach with respect to the shape of S and the distribution of the points Pi has to 

be investigated by numerical experiments. 3•4•5 It is interesting to note that the simplest possible approximation of 

(37), namely the first term in the multipole expansion, is only slightly simpler than the present implementation. 
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The former approximation2.6•9 may give excellent results..for. blunt bodies6•9•22 but it is not usable in the case of 

elongated bodies. 2 

Numerical schemes for the tangential fluid velocity are proposed in Appendix 3. 

We mention that the approach presented here is compatible with the extensions3.4,S for lifting bodies, since 

the lifting elements are precisely double-layers generating potentials of the type D p.. 

XBL 838-555 

Fig. I 
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Appendix 3 

Obtaining the tangential fluid velocity 

As mentioned in Section 3, the tangential fluid velocity may be computed either by using an integral for-

mula1
•
3
•
6
•
9 or by numerical differentiation. 3•

4
•
5
•
11 

a) First we give the discrete version of integral formula (20) for the approach described in Appendix 2. 

By Eqs. (9), ( 10) and (20) we have: 

(44) 

Adopting the notation of Appendix 2 the approximation i0 ~ V +<Pi) may be written as: 

(45a) 

The sum does not contain the i = j terms since the integrals are convergent and are multiplied by zero in this 

case. For i ::1: j the kernel K is analytic and therefore: 

f'VjK(q,pj)ds; = vj I K(q,pf)ds; = -VjwJ' 
s,• s,• 

where wJ is given by ( 42a). Differentiation yields: 

" -I ....,. -I ( ....,. • I) ( Eq (7)) viwi = viwi- ni·viwi ni see . , 

\liwJ = sgn(zli)[21rp?z1iQn1-(R[-Q2)(p1-pi)]/R?R2 , 

Q = r1]-p? 

R1 = \},.....Q-+-4-pl=-z"""'t] , R2 = y(l +Q/R 1)/2. 

(45b) 

(45c) 

b) Next we mention a numerical differentiation scheme as an alternative to Eqs. ( 45). We assume that 

~+admits a biquadratic representation in the neighborhood of each point Pi (local coordinates (x ,y) = (0,0)): 

~+ ~ <i>(x,y) = ax 2 +by2 +ex +dy +~i . (46) 

The coefficients a ,b ,c ,d are the solution of the following system of linear equations: 
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(k = 1,2,3,4) . (47) 

(xk,Yk) are the local coordinates of the nearest neighbors Pi~c of Pi (Fig. 1). 

The surface tangential fluid velocity is now approximated by the vector (c ,d) in the local coordinates: 

V (p ) _ [a~O,O) a~O,O) ) = ( d) 
+ i = ax ' ay c ' . 

(48) 

c) A scheme of the type (48) has been successfully used in Ref. 5 to compute the length IV +I of the 

velocity vector (see also Refs. 3,4); I V +I yields the pressure distribution and the lift-coefficient on S. 

If emphasis is on the generation of surface-streamline coordinates, 9•
23

•
24

•
25 the direction of the vector V + is 

important rather than its length. First numerical experiments suggest that schemes based on integral formulas 

are particularly well suited for this application. 9 

The two methods for obtaining V + from~+ seem therefore to be complementary in the sense that the first 

one gives the accurate length and the second one the accurate direction of V +· It was not possible to find 

results concerning the accuracy of the direction of V + computed by finite differences. Such information would 

be very important in view of the random vortex application6•7 where the whole vector (direction and length) V + 

is needed at each time step. Indeed, numerical differentiation requires only O(n) operations, whereas the 

evaluation of the integral formulas requires O(n2) operations (if all n velocities V +(PJ) are computed). Since 

one single iteration for solving e.g. the linear system ( 40) also requires O(n 2) operations, the integral formulae 

of the type ( 45), however, remain attractive. 

These observations suggest the design of a combined scheme for computing the whole vector V +· An 

attempt in this vein is made in the following. 

d) Assume that vj has been computed by ( 45) in such a way that the direction of vj is sufficiently accu

rate for the particular purpose. As mentioned above, the length 1 v1 1 will still be relatively inaccurate.9 

. -
We wish to compute by finite differences a better approximation I V1 I of I V +(P 1) I than I v1 I , using the 

accurate direction (unit vector): 

(49) 



't· 
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given by (45) and the accurate values ~Jk at the neighbor points p1k (see Appendix 2). The vector 

(50) 

Will be our approximation of V +(p1). We obtain the points A,B in Fig. 1 by solving two systems of 3 linear 

equations for A,IJ.,v: 

{~la) 

(51 b) 

We obtain ~A (resp. is) by linear interpolation at >..A (resp. "As) from ~h and ~h (resp. ~h and ~14) in the 
/ 

configuration of Fig. 1. 

... 
Then we define I v1 I in (50) by the finite difference: 

(52) 

This formula is. most accurate if II-A + 11-s = 0 (central difference) and if "A ,vs are small (small curvature of S1 

e) The most useful test example for the numerical schemes and formulations presented in this note is the 

general ellipsoid in a uniform onset flow, especially for uniform cross-flow or large thickness ratios. 1•16•
18 The 

exact reference solution (e.g. ~+ and V +) is given in Ref. 16. 
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Appendix 4 

Regularization near the trailing edge of airfoils 

It is useful to have an idea about the behavior of the regularizing brackets in Eqs. (16), (17) and (18) 

near the trailing edge of a wing. (The equations contain a term to include lift.) Do these brackets dampen the 

diso/etization errors of K(q ,p )dSq even near the trailing edge instead of amplifying them? The following 

analysis suggests a positive answer. 

Consider a lifting airfoil in a uniform freestream V 00! as sketched in Fig. 2 (cross-section of a finite, 3-

dimensional wing). Let u and I be two points on the upper and the lower sides of the airfoil, near the trailing 

edge (E << 1). We are interested in the normal case of attached flow in which the velocity potential ~+ 

increases monotonously with x on both sides of the airfoil. (By addition of a suitable constant, we obtain that 

~+(LE) = ~IE = 0.) 

Since lift is acting on the airfoil, there is a potential difference 

~~TE = ~~~ -~I > 0 (53) 

at the trailing edge (a~TE is the density of a double layer joining TE and the point· at x = oo, in order to 

satisfy the Kutta condition3.4•5). The difference (~11 4!} is exactly the regularizing "bracket" we are interested 

in, if we put p =I and q = u (used as subscripts in the following). Comparing the original and the regularized 

forms of the integral equations, we see that the inequality 

~~~-~/ <~I (54) 

expresses the regularizing effect of the bracket. This can of course be verified directly in each numerical experi-

ment which yields~~~ and ~1 • Instead, we give a plausibility argument for the validity of (54), using only the 
"j'·· 

lift coefficient cL for different standard NACA airfoils. 

The lift coefficient of an airfoil is given by:27 

(55) 

The pressure coefficient Cp on the upper and lower sides may be written as: 
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[ IV" I )
2 

[I Vii )
2 

Cp,u = 1- I V col ' Cp,/ = 1- I V col ' (56) 

where I Vu,/1 =IV +I, the value of the tangential fluid velocity on that side. 

Combining Eqs. (55) and (56) leads to: 

c 

1 I 2 2 d C£ = --2 ( Vu - Jl[ ) X • 
cVco o 

(57) 

p 

We replace the velocities by the finite differences: 

I I 
~" ~-~LE v. .... -''----

u,/ C 
(58) 

Then the regularizing "brackets"' (~u4J) in (54) may be introduced: 

(59) 

We eliminate~" using the lift-condition (53): 

(60) 

Finite differences of the type (58) yield (at least approximately and for small angles of attack a): 

(61) 

Inserting (61) in ( 60) leads to: 

where u = >0. (62) 

This inequality implies regularization in the sense of Eq. (54) near the trailing edge of any airfoil with a lift 

coefficient 

CL < 2. (63) 

The experimental lift curves27 for different standard NACA airfoil shapes (e.g. NACA 1408, 0012, 1412, 2412, 

2415, 4412, 4415, 23012, 63-210, 64-210, 65-210, 0006, 0009, 65-006, 65-009, verified) show that (63) is very 
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well satisfied. 

Of course, the finite differences (58) and (61) are a very crude approximation of the velocity distribution. 

The above analysis should therefore be taken as an estimate only. 

We have discussed the 2-dimensional versions of Eqs. (16), ( 17) and (18). However, the flow of a typical 

cross-section of a finite wing is roughly 2-dimensional, although the flow around the wingtips creates a small 

velocity component in the downward direction at the wing (downwash). We note that there is no doubt about 

the regularizing effect of the bracket near the wingtips and also near the leading edge. 

~--vm !!---~~--------M~----
,1 I I 
I I 1 
I I I 

0 1-E 1 x/c 

XBL 838-556 

Fig. 2. Airfoil in uniform freestream V 00 with angle of attack a. 

(LE = leading edge, TE = trailing edge, c = chord) 
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