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EFFECTS ON SEA LEVEL DU TO CHANGES IN THE EARTH'S ROTA_TION’Q
S, Flatté = |
Lawrence Radiation Laboratory
University of California
" Berkeley, California -

March 22, 4965

'Abs&r&ct A

The zfs.ea-‘levelv changes over the last 106-million years due to the
decreage in the eartﬁ's anguiar velocity, w, are calculated on the asz -
sumption that the. cearths is x“igid and in’corr‘zpteesible.. Con{pressibﬂi&y
is shown to be negligible and the assumption of rigidiﬁyi is ﬁdi-sca"fdé.d.: L
Comparison of the ellipticity of the earth, as calculated frofn aitiﬁciéﬂ-
satellite observations, and the ellipticity of a hydrostatic model giv_es
upper limits on the changes in sea level., These limits are 200 feet at

the poles and <100 feet at the cquator,
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Introduction. Observations by Eardley [4964] suggest that sea level has

risen in the polar regioms and fallen maau~° the equator, Thé change, Which '
has occurred during the last 400-million ﬁreara; amounts to about 600 fect
near the equator and probably more than 600 feet near the.polea. The
hypothesia has been advanced | Eardiey, ﬁ964] that the change in sea

level was caused by a change in w, the cartils rate of rotation, -

. I 2 change in w is to cause a change in sea level, the éolid earth
mugt at some time deviate from hydrostatic equilibrium (h.e.) since the
oceans are always iﬁ h, e. Hence thé s0lid earth and the oceans must
respond differently to a change in w, and we may relate the differe_ncé. in
~ their responses to the vaesem deviation c}ff the solid earth from hydrostatic
eqﬁlibrium We show here that our knowledge of the present deviation of
the earth from h, e, {sece Caputo, 1965) rules out Eardley's hypothesis,

‘We‘firat give the magritude of the. sea-level change, 2ssuming
~ that the solid earth is rigid and incompré@éibﬁe and using values of the ré,te.

of change of w given by Munk and Mac Donald [1960]."

Compressibility is shown to be a negligible effect, |

Knowieclge of the mazirnum possible departure of the earth's’.en{p'w- o
ticity from the h, fe', value allows us to c‘e}iflculate the maximum possible “
effect of a change in w on gea level, | |

A rigid, incompzessible earth. The theory of the earth's gravitational

| potential to first order in the ellipticity yiélds (see, for uexa.mple,f Munk

and MacDonald, 1960)

oZad

= A ey



of w as -2X10
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where a is the eqv;atorliai radius of the eé;é:*th,. A. depends on the density
distribution wiéhm the earth, and f ie the: lelipticiﬁy of the ocecan's surface,
For.%he'present ecarth, A is observed to be 0;98'. (If the density distribu=-
tion of the solid =arth wera :apheriéally ay@etric, A would be 1/2; if

the solid ecarth and the oceans were homogenecous and of the same density,

A would be 5/4,)

Suppose the ocean's surface has ellipticity fﬁ at time ¢ 4 and ’fz

at timet Let the avez*age densities be  p A and p 2 resgpectively, Con-

20

servation of mass implias that

pi a’ﬁ (i - f1> = ?2 a‘z (i" fz)’

where By and a, are the aquatorial z'adii'at times ti and t,. :Assuming

the carth to be incompressible, we have p, = p, and

a, ~a, = 1/3a,(f,-f,) N €3
| 83 2
= 1/323, (0.98)gpp (0" -0y
' HAw ‘
2, -2y = 2/32,0, o

 for small Aw, fi. and fz. ‘Again to first ordér, the polar radii b:l and

bz satisfy

i

Munk and MacDonald [4960] have given the fractional rate of change

-10/

year, Taking t,-t, 885 ioo-million yearé. ‘we have -
Dwfix= -0,02, Hence | | R |
8, ~a, = - 935 feet

b

3 - bi = 4870 fget.
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i 4) is the geocentric la.ﬁtude, &he equa&iona for the shape of the

caxrth at times ¢ 4 and tz aze, mespectively, '

: o2,y | 2
;o a4 {1 - fi mng}. | T, = az(i - £2 sin’'d),

1 =<4
where r is the geoc@n‘tﬁc radius of the gurface of the carth,

We have seen that the change in pelar radius and the change in equa-

torial ra‘.diﬁa are of opposite sign. Hence there must be a ¢ where Ty RE,:

a, (4 -6, smz%).

i

. .
ai(ﬁ - fi :si;z ¢0)

and using equation (1) we fnd

1/3

ainz¢o B
35.3° .

it

In this section we have shown that the change in sca level over the
last 100-million years would have been =~935 feet at the equatcor, 41870 feet

at the poles, and zero at latitudes 35.3°N, and 35.3°S., assuming the solid

" earth were rigid and incompressible over that period of time.

12 clynes/cmz

Compressibility. - If k is the bulk modulus of the earth, k = 40

J ef'fre.xs;, 1959]. The absolute change in vgeocentric radii due to compreséion

is of the order of D mnear the equator:

2.3 > :
D= 2220 &% 2 gum,
One may thén wonder whéth@r the iequations‘ ob%ai.inedv on the basis of a rigid
incompressible earth arc at all valid. To see that they are, we need only
v'ri,ew the process of ch@ge as a shrinkﬁﬂg of the earth toward it polar a:’a:i’s,» ‘
followed by the changes associa&ed‘with a rigid incompressible Earth, The

shrinking corresponds ¢o a8 small change in scale in the differences between
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absolute radii and is calculated in the nent paragraph. Hence the equations
for a rigid incompressible e.arth can be aéplied. . - | |

We aré not interested in the ébaolute change in the geocentric radius
at any point on the ea,rth‘. We are interes_ﬁed in the difference S@tween the
- geocentric radii of the colid eaxth é.nd the ocean's m[xrface. and hov) it ch.amges‘
with ééme. The change in thé height of th§ oé:ean‘a ﬁurféce above the golid
earth due to compressibility is given by ﬁm-. (compresaion of the ocean’s
water itself due to the change in pressure at the surface of the earth. Thié
change in height, at the equator, is given by d:

4= pwza hz Aw
‘ 4 oW

»

where b is the dep&h.of the ocean, and k, is the bulk modulué of water.

With an average depth of 5 km, we obtain

o dm 5 em,

- Compression has its maximum effect on the equatorial radius; we 'ha.v,e
therefore shown that compressibility is negligible. ‘
Rigidity, Many people [e. g., Munk and MacDonald, 1960] have shown that

the shape of the earth is very close to the shape of a hydrostatic model,

For us ﬁo use the resulte of the equations we have alréady derived without
modification, we must assume that the colld carth is rigid, but just by
accident it has a éhapa and dénsity diatriﬁuﬁon»whi‘cH.«faké-;h.jce.. at our present
rate of ‘rotaticm. 'This seems an unreasonable assumption, In fact juét ﬁ:he v
| oppoéite appears more maaonable._ "I‘ha.t. ia, we agsume the earth approx-
imates a fiuid and that it iz as close to h, e, a8 our measurements allow

ug ¢o accept.
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If the earth were ixi complete h, S.ﬁ we woﬁld see no significant
changes in sea level, because the solid ea_rth‘ would have undergone esson-
tially the same change in ellipticity as the chans‘. What we want is ﬁhe
poseible deviation of the ellipticity of the solid earth from the ellipticity it |
would have were it in h. e:.‘ o | |

Recénﬁ satellite obaefvations have piavided accurate values for the
ellipticity of the earth, independent of any assumption about the intexnal
structure of the eavrth. Theae values of the ellipticity can be compared to
the ellipticity of the hyd:ostaﬁc model whose ‘valuee of wzas/GM and p
most closely approzimaté those observed (Herc P= Jo/H Jg -is the second
term in the gravity potential and H is the praceseioml conatant ) Vaiues
of i1 are givcn in Table 1.

We see that a diecrepancy of aboﬁé 0.5%'exists between the two
ellipticitics. Thus the elli.pﬁcity of the solid earth is at least 0.5% different
from its ellipticity were ¢ in h,e,, and hence at least 0. 5% different from
the @Hipﬁcity of the oceaxﬁe surface, The amsumption that the earth iz as
close to h,e. as measurcments allow us to accept leads to the statement
that the ellipticity of the golid earth is in fact 0, 5% different from the h. e..
ellipticity, Thie difference would an&w ‘a ’change in the seca level to have

taken place at the equator in the amount

and at the poles,
b, - b, = 200 feet. 3y
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There is no known reason to suppose that iOO-'mil_lion ‘years ago the

'ellipticity of the earth was' less than the h. e. ellipticity for that time. A

decrease in w would result in the earth's ellipticity being greater than the -
value for h.e., and wguld create stresses tending to force the earth to a
smaller ellipticity, hamely the h. e, value, The mechanism whereby the

earth responds to stresses of this sort is little understood. MacDonald

. [41965] has pointed out the inadequacies of the asgsumption that the earth is

a Newtonian fluid with a uniform viscosity, and ﬁo other acceptable models
have enough contact with experimental 'information to make them more than
speculative, If, however, we accept the assumption expressed by the first |
sentence of this paragraph, then equations {2) and (‘3) present valid .upper
limits on the rise inv.sea level at the poles and the fall in sea level at the
equator, That is, sea level could not have fallen by more than 400 feet at
the equator. although it could have risen an unknown amount,

In any case we sce that the sea level at the equator cannot have fallen
enough to explain Eardley’a‘ data. | |

One proviso must be added to the interpretation of ellipticities as

" calculated from satellites' data. We illustrate with examples. ‘In the first

case sﬁpposé the earth were a homogeneoﬁs rigid body surrounded by an -
ocean of equal density., Then a satellite would always measuré» the value
appropriate to h, e, even €;h6ugh the central pé.rt of the earth were rigid..
1f, in the second case, the ocean had a dénsit‘yineglig‘it;i‘é:'compa,red to the
density of the 'eérth‘s central portiop, then the satellite wouid :mea.sure the
ellipticity of the central portion only, which could then be meaningf&illy
compared to the value for hydrostatic equilibrium.. The earth's case lies

somewhere in between, Aand since the density of the ocean is one-sixth that



8-  UCRL-16030
of the solid earth, it aeemz«:» reasonable to assume that thé éarth would aﬁpear
to a satellite much more like the second 'example ihan the fifst. . A simple
calculation, based on the assumption that the central portion is a aphéfce
‘of_ specific gravity" 6.0,_.con.firms this idea. [For the central poi'tion £=0.

The h. e. value i3 (5/4) (wz

a3/GM). A sateliite would measure (1/2)(1/6.0)
(wziaS/GM). Hence the satellite Qould measure {f as about 1070 closer to
thé h. e. value than the central portion; actually is, ] ‘Henée the sqlid earth
mighﬁ be slightly‘farther from h, e, thaﬁ a satellite measurement might
indicate. Such an effect, however, would not be large enough to bring con-
sistency with Eardley's data. | |

Another comment should be x'nadevc.m the inte.rpretation of fc.allipticities.
The solid earth is, of course, not a perfect ellipsoid, but has an irregular
shape. However, the difference between the actual ellipticity term for the
solid earth and the ellipticity term it would have were it in h, e, is an qrder
of magnitude larger that tvhe terms representing .highér tesseral harmonics
[MacDonald, 4963]. Hence a world-wide survey 6f the changes in sea level,
such as the one Eardley has made, should yield as its main feature the
properties of the ellipticity term, R
Conclusion, If the Earth were rigid and ihcompx;eséible a rise in sca level
of 4870 feet at the poles and a fall of 935 feet at the e'qﬁator would have
occurred over the last 100-million years. .Compressibility has a negligible
effect on these conclusions, The soiid eéﬂh is hot fi!g.i‘é ‘but is, in fact, very
close to being in hydrostatic equilibrigm._ Calculations baaed oh artificial
satellite observations have deﬁermined the possible déviation from h. e,

which 2llows us to calculate the maximum possible change in sea level over

. the last ﬂOO-milhon‘ years., We assume that the earth is as close to h. e,

3
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as measurements aliow us to accept. The resultis a maximu'm. rise in
sea level of 200 Eéct at the poles and a maximum fall of idO féet at the
equator. Eardley [4964] has observed that thé fall at the equator andb -
~ risc at the poles is about 600 feet, A ch%mge in w, therefore, cannot

explain his data,
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Table 1. Values of £ 3,

Hydrostatic equilibriurn assumed

-4 Reference

£
300. 0 . Henrikaen [ 1960]
299.7 Jeffreys [ 1964] - o
299. 5 : »_l ‘Caiputob[ 1965] (Method 4, Model/Z) |

No assumption about internal structure

298, 4 - Henriksen [ 1960]
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