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Abstract

Fusion rules for VLS;
by
Junwen Liao

This dissertation determines the fusion rules for the fixed-point vertex operator algebra
Vf;, where L, denotes the rank-one even lattice satisfying (a, @) = 2. The main idea is
to identify certain irreducible V3 é—modules as direct sums of irreducible VLS;—modules.

These identifications allow us to compute the relevant entries of the S-matrix for Vf ;

Applying the Verlinde formula, we then obtain the complete fusion rules for VLS;
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Chapter 1

Introduction

The classification of rational vertex operator algebras of central charge 1 can be traced
back to the work of Kiritsis. In [K], Kiritsis showed that, under suitable modularity
assumptions, the g-character of a rational vertex operator algebra of CFT type with
central charge ¢ = ¢ = 1 coincides with the character of one of the following vertex
operator algebras:

+ G
VL 5 VL 5 VZa’

where L is a positive-definite even lattice of rank one, Za is the root lattice of type Ay,
and G is a finite subgroup of SO(3) isomorphic to Ay, S4, or As.

The irreducible representations and fusion rules of V;, and V;" have been studied by
Frenkel-Lepowsky—Meurman, Abe-Dong, and Dong—Nagatomo. Subsequent work has

focused on the fixed-point vertex operator algebras

Ay Sq As
VL2 2 VL2 ’ VLZ 4

where L, is the rank-one lattice satisfying (a, @) = 2. The irreducible modules of

Vi 4 were classified in [DJ], and the fusion rules for Vf\z * were determined in [DJJJY].



Chapter 1 Introduction

Furthermore, the irreducible modules of VLS ;‘ were classified in [WZ].

The purpose of this dissertation is to determine the fusion rules for Vf ; Determining
these fusion rules describes the representation category of Vf ;‘ once the classification of
its irreducible modules is known. The main strategy is to identify certain irreducible
V3 g—modules as direct sums of irreducible Vf; -modules. These identifications allow us
to compute the relevant entries of the S-matrix for VLS; We then apply the Verlinde
formula to determine the complete fusion rules.

Two important tools used in this dissertation are the Verlinde formula and quantum
dimensions. The Verlinde formula provides a method for computing fusion rules from
the S-matrix of a rational, C»-cofinite, self-dual vertex operator algebra of CFT type.
Quantum dimensions are used to control the possible decompositions of tensor products
and to verify that the decompositions obtained are complete.

This dissertation is organized as follows. In Chapter 2, we review the necessary
background on vertex operator algebras, twisted modules, lattice vertex operator alge-
bras, orbifold theory, intertwining operators, fusion rules, and quantum dimensions. In
Chapter 3, we recall the construction of the rank-one lattice vertex operator algebra Vy,,,
the fixed-point subalgebra VS;‘, and the classification of its irreducible modules. We
then establish the module identifications needed to compute the relevant entries of the

S-matrix. Finally, we use the Verlinde formula to determine the fusion rules among all

irreducible VLS ;‘ -modules.



Chapter 2

Preliminaries

§ 2.1 Basics of Vertex Operator Algebras

Definition 2.1.1. A vertex algebra over C is a triple (V,Y, 1), where V is a vector space
over C and

Y :V - EndV][[z,27 '],

v—oY(v,z2) = Z vz " v, € EndV,n € Z,
neZ

is a linear map, called the vertex operator map. Here EndV|[[z,2”']] denotes the
space of formal Laurent series in z with coefficients in EndV. The element 1 € V
is a distinguished vector, called the vacuum vector, and the following properties are

satisfied:
1. for any u,v € V, we have u,v = 0,n > 0;
2. Y(1, 2) =Idy;

3. Y(u,2)1 € V[[2]] and lim,—0 Y (u, 2)1 = u;
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4. (Jacobi identity) for any u, v € V, we have

_15( A By (u,21)Y (v, 22) - 2015( )Y(U 22)Y (u, 21)

= 2516( )Y(Y(u: Z())U, 22))

Here n > 0 means n is sufficiently large; §(z) = }’,c7 2" is the formal 6§ function. We

assume (2 —w)™ has the following expansion:

(z—w)™ = i (r:)(—l)”zm_”w".

n=0

We define a linear map
D:V-oYV, v vl

Then, by the Jacobi identity, we obtain

d
Y(Dv,z) = —Y(v,2),Yv € V.
dz
Lemma 2.1.2. (Skew-symmetry) For any u,v € V, we have the following identity:
Y(u, 2)v =Py (v, —2)u.
In particular, for any n € Z, we have

unv_z”

The proof of this lemma follows from the expansion of the Jacobi identity. Since

)n+1+1

D.(Un+iu)-

vpu = 0 for sufficiently large n, the sum is finite and therefore well defined.



§2.1 Basics of Vertex Operator Algebras

Definition 2.1.3. Let (V,Yy, 1y) and (W, Yy, 1) be vertex algebras over C. A linear
map

f:v-ow

is called a homomorphism if it satisfies

f(1y) =1y,

and

f(unv) = f(wnf(v), VneZ, Yu,v eV.

We call f an isomorphism from V to W if f is bijective. The vertex algebras V and W
are said to be isomorphic if there exists an isomorphism from V to W. When V = W, an

isomorphism f is called an automorphism of V.

Let W be a subspace of a vertex algebra V that contains 1y and is closed under all
n-th products. Then W is a vertex algebra, and we call it a subalgebra of V.
We call a subspace I of V an ideal of V if it satisfies D(I) C I and u,v € [ forallu € V

and v € I. A vertex algebra V is called simple if it contains no nontrivial ideals.

Definition 2.1.4. A vertex operator algebra over C is a 4-tuple (V,Y,1,w). Here

(V,Y,1) is a vertex algebra over C, and

V:@Vn

neZ

is a Z-graded vector space decomposition such that
dimV, <o VneZ, V,=0forn <« 0.

The element w € V, called the Virasoro vector or conformal vector of V, has vertex
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operator given by

Y(w,2) = Z L(n)z ™% = Z wpz ",

neZ neZ

and satisfies:

1. L(-1) =D, i.e.

L(-1)u=D(u) =u,l, VYueV;

2. L(O)lvn = TlIan, ie.

L(O)u =nu, Vu € Vy;

m3—m

[L(m),L(n)] = (m—n)L(m +n) + B

6m+n,0 cldy.

Here ¢ € C is a constant called the central charge of the vertex operator algebra
V. The finite-dimensional subspace V,, is called the weight-n subspace with respect to
L(0). Elements in V, are called weight vectors or homogeneous vectors. The weight
of a homogeneous vector u is denoted by wt(u). Thus, wt(u) = n for all u € V,,. For

convenience, we often write V instead of (V,Y,1, w).

Lemma 2.1.5. Let V be a vertex operator algebra, and let v € V,,, u € V,,, be homoge-
neous vectors. Then we have

Ukl € Vipyn—k—1-

Proof. The result follows by a direct computation of the coefficients appearing in the

Jacobi identity. O

We call V a simple vertex operator algebra if V is simple as a vertex algebra.



§2.1 Basics of Vertex Operator Algebras

Theorem 2.1.6. Let V be a simple vertex operator algebra, and v € V is a nonzero

vector. Then we have:
V =span{uyv|lu € V,n € Z}.
This theorem also follows from the expansion of the Jacobi identity.

Theorem 2.1.7. LetV be a simple vertex operator algebra, and let u,v € V be nonzero

vectors. Then, Y (u, z)v # 0.

Definition 2.1.8. Let V and W be two vertex operator algebras. Let w be the Virasoro
vector of V and w; the Virasoro vector of W. A linear map f : V — W is called a
homomorphism of vertex operator algebras if it is a homomorphism of vertex algebras

and satisfies
flwy) = w,.

If f is bijective, then it is called an isomorphism. If f is an isomorphism from V to

itself, then it is called an automorphism of V.

Remark 2.1.9. Using the above notation, if u € V,,, then
nf(u) = f(L(O)u) = f(wy,u) = f(wy)1f(w) = w2, f(u) = L(0) f(w).
Hence f(u) € W,, and therefore f(V,) C W,,.

Definition 2.1.10. Let (V,Y, 1, w) be a vertex operator algebra. A weak module is a

pair (W, Yy ). Here W is a vector space over C and

Yo : V = EndW[[z,27']]
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is a linear map given by

v Yy(v,2) = Z vz L v, € Endw,

neZ

and satisfies:

1. foranyu € V and v € W, we have u,v = 0,n > 0;
2. Yw(l, Z) =Idw,

3. (Jacobi identity) for any u, v € V, we have

21— 22 —

z _ z
i (120 (v, 22) = 25 8(= =¥y (v, 22)¥ir (1,21)

22516(

2616(

20w (¥ (1, 20)v, 22),

Z1 —
22

Remark 2.1.11. Every vertex operator algebra V is naturally a weak module over itself.

Definition 2.1.12. Let V be a vertex operator algebra over C and W a weak V-module.

We call W admissible or Z-graded if W has a vector space decomposition

W = é W(n),
n=0

satisfying for homogeneousu € V,m € Z,andn € Z,
upW(n) C W(wt(u) —m—1+n),

with W(n) =0ifn < 0.
Definition 2.1.13. Let V be a vertex operator algebra and let W, M be V-modules. A
linear map f : W — M is called a V-module homomorphism if
fYW(u, Z) :YM(U, Z) f) YuelV.

8



§2.1 Basics of Vertex Operator Algebras

Or equivalently,
f(unv) =u,f(v), VneZ,YueV, YveW.

Definition 2.1.14. A vertex operator algebra V is rational if any admissible V-module

is a direct sum of irreducible admissible V-modules.

Definition 2.1.15. Let W be a weak V-module. We call W an ordinary V-module if it

has a vector space decomposition
W:@WA, dimW; < oo,

where

Wy ={w e W ; L(O)w = Aw},

and for any A € C we have
Wian=0 forn<«0, neZ.

Definition 2.1.16. A vertex operator algebra V is called C,-cofinite if V/C,(V) is finite-
dimensional, where

C2(V) =spanc{u—v | u,v € V}.

Definition 2.1.17. A vertex operator algebra V is said to be of CFT type if V;; = 0 for
alln < 0and Vy = C1.

Definition 2.1.18. Let V be a vertex operator algebra, and let

M = é M(n)
n=0
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be an admissible V-module. Define

M =M@y,
n=0
where M (n)* denotes the dual space of M (n).

Then we have a natural pairing
(','):M,XM—)C, (f,LU):f(LU)
We define a vertex operator

Y :V - End(M)[[z, 27 ']]

urY(u,z2) = Z upz 1,

nezZ
where

(Y (u,2)f,w) = (£, Yo (20 (=7 O, 57 w)

forall f € M',u € V, and w € M. Then M’ is also an admissible V-module, called the
contragredient module of M.

We call V self-dual if

as V-modules.

Remark 2.1.19. If V is a rational, C,-cofinite, self-dual vertex operator algebra of CFT
type, the category of V-modules forms a modular tensor category, and the contragredient

module is the dual object in the category.

10



§2.2 g-Twisted Modules

Remark 2.1.20. From the expansion of
Y (ezL(l)(_Z—Z)L(O)u, 2—1) w,

we obtain
(_ )wt(u)

(unf, w) = ( e

——(L( l)iu)ZWt(u)—m—i—Zw)
i>0

for any f € M(n)’,u € V), m € Z,andn € Z,.
Remark 2.1.21. We call a vector u € V a primary vector if
L(nu=0
forall n > 1. If u is a primary vector of V, then
(tnf, w) = (=)™ (f, tawr(u)-m-2w),

and

(L(m) f,w) = (f, L(-m)w), VfeM, Yw e M.

§ 2.2 g-Twisted Modules

Let (V,Y, 1, w) be a vertex operator algebra, and let g be an automorphism of V of finite

order T. The eigenspace decomposition of V with respect to g is given by

where

11
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Definition 2.2.1. A weak g-twisted V-module M is a vector space with a linear map

Yy : V — (EndM) {z}

v Yy (v,2) = Z Unz " (v, € EndM)
neQ
which satisfies the following: forall0 < r < T-1l,ueV,veV,w e M,

Vi (0,2) = ) upz ™,

=
neT+Z

yw =0 forl > 0,

Yu (1,2) = Idy,

22 — 2]

- Z]1 — 2 -
'8 22 h ) Y (0220 =557 | 222 o 22 o )

-r/T
-1[%21— 20 21 — 20
=25 ( = ) s ( = )YM (Y (u, 20) v, 22) ,

Definition 2.2.2. A g-twisted V-module is a weak g-twisted V-module M that carries a

C-grading induced by the spectrum of L(0), where L(0) is the component operator of

Yu(w, z) = Z L(n)z 2.

neZ

That is, we have

M:@M;L,

12



§2.2 g-Twisted Modules

where

My={weM|LOw =Aw}.
Moreover, we require that dim M, is finite and that, for fixed A, we have
M T = 0
for all sufficiently small integers n.

Definition 2.2.3. An admissible g-twisted V-module M = & M (n)isa %Z;graded

ne%ZJ,
weak g-twisted module such that u,M (n) C M (wt(u) — m — 1 + n) for homogeneous

ueVandm,ne%Z.

When g = idy, the above notions reduce to the usual notions of weak, ordinary, and

admissible V-modules.

Definition 2.2.4. A vertex operator algebra V is called g-rational if every admissible

g-twisted V-module is a direct sum of irreducible admissible g-twisted V-modules.

Theorem 2.2.5. [DLMI1] Let V be a g-rational vertex operator algebra. Then the
following hold:

1. Every simple admissible g-twisted V-module is an g-twisted V-module.

2. V has only finitely many isomorphism classes of simple admissible g-twisted

modules.

13
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§ 2.3 Heisenberg Vertex Operator Algebras and Lattice
Vertex Operator Algebras

Definition 2.3.1. Let H be a finite-dimensional vector space over C, and let (-, ) be a
nondegenerate symmetric bilinear form on H. We regard H as an abelian Lie algebra,

namely,

[h1,h2] =0, hi,h, € H.

We construct its Heisenberg Lie algebra
(2.3.1) H=H®C[t,t'!] ® CK,
with Lie bracket relations
(2.3.2) [a(m), B(n)] = m(a, B)8m+noK, [a(m), K] =0,
forall o, 8 € H and m,n € Z, where
a(m) =a®t™.

For any A € H, we set M(1,A) = U(H)/J;. U(H) is the universal enveloping algebra

of H and J; is the left ideal of U(H) generated by :

(2.3.3) a(n),ax € Hyn > 0;a(0) — (a, A); K — 1.

Clearly, M(1, 1) is a H-module.

Lemma 2.3.2. We write e* =1+ J; = [1] € M(1, X). Then,

234 M(1,1) =  span{h;(-ny) - - he(-ny)e*|h; € H,Vi,n; > --- > n; > 0}

14



§2.3 Heisenberg Vertex Operator Algebras and Lattice Vertex Operator Algebras
(2.3.5) = SHat'C[t])e* = C[h(-n)|h € B,n > 0]¢*,
Here, S(V) is the symmetric algebra of the vector space V over C, and B is a basis of H.
We denote M (1,0) by M(1),e® =1 and
M(1) = C[h(-n)|h € B,n > 0],
as a vector space.

Theorem 2.3.3. (M(1,0),Y,1,w) is a vertex operator algebra. lIts Virasoro vector
w = %Zil ai(=1)%1 where ay,--- ,aq form an orthonormal basis of H. Its vertex

operatorY is defined as

Y(hi(=ni = 1)---he(=ne = D1, 2) = 9" hi(z) - - 8"he(2) -,

hl)"'JhIEHJHIJ'.'Jnt€Z+'

Here, 3" = ni!(%)”, n>0h(z) =X,.c7h(n)z™ ' h(n) = h ® t". This vertex operator

algebra is called the Heisenberg vertex operator algebra.

Remark 2.3.4. : - - - : in the above definition is called normal ordering and it is defined

in the following way:

a(m)B(n), if m < n;
ta(m)B(n) =

B(n)a(m), if m > n;

When n = m, it follows that [a(m), B(n)] = 0. Therefore, a(m)B(n) = B(n)a(m). The
normal ordering has no ambiguity when m = n.

For aj(my) - - - @ (my), its normal ordering is defined as

15



Chapter 2 Preliminaries

soap(my) - an(my) =gy (ms1y) - - - Asn) (Ms(n))
where § € S, and Mg(n) = 2 Mg(1)-
Lemma 2.3.5.

a(m)B(n), ifm<0
ca(m)B(n) =

Bma(m), ifm=0;

is an equivalent definition of normal ordering.

Proof. Case 1: m > O,n > 0. Then we have [a(m),B(n)] = O.

It implies that

a(m)B(n) = B(n)a(m). Therefore, the two definitions agree with each other.

Case 2: m > 0,n < 0. Clearly, m > n. The two definitions agree.

Case 3: m < 0,n > 0. Clearly, m < n. The two definitions are equal.

Case 4: m < O,n < 0. We have [a(m),B(n)] = 0, and a(m), B(n) commute.

Therefore, the two definitions are equivalent.

O

Theorem 2.3.6. [LL] For each A € H, M(1,A) is an irreducible M(1)-module as

a vertex operator algebra module. Every irreducible M(1)-module is isomorphic to

M(1, A) for some A € H.

From this theorem, we see that M (1) has infinitely many irreducible modules up to

isomorphism. Hence, M (1) is neither rational nor C,-cofinite.

In this dissertation, we focus on the case where H has rank one. In other words,

H =Ca.

16



§2.3 Heisenberg Vertex Operator Algebras and Lattice Vertex Operator Algebras

We now construct the lattice vertex operator algebra associated with an even lattice

based on the Heisenberg vertex operator algebra.

Definition 2.3.7. A lattice L is a finite-rank free abelian group. If L is equipped with an

integer-valued, nondegenerate symmetric bilinear form satisfying
(a,a) € 27
for all ¢ € L, then L is called an even lattice.

Let L be an even lattice of rank d, and let
H=C®yL

be the tensor product over Z. Then H can be viewed as a vector space over C of dimension
d. The nondegenerate bilinear form on L extends naturally to a nondegenerate bilinear
form on H.

Let {ay, -, aq} be abasis of L. Then it is also a basis of H. Since the bilinear form

is nondegenerate, there exists a dual basis
{a!, -, a%}
such that
(ai, &) = 8, Vi, j.

Define

L° = Z-span{a',--- , a}.

Then L° is also a lattice satisfying L C L°, and we call L° the dual lattice of L. In fact,

17
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we have

L°={A€H; (A,a) € Z, Ya € L}.
Lemma 2.3.8. The quotient group L° /L is a finite group.

Let L be an even lattice with positive-definite bilinear form, and let H = C ®7 L. Let
M(1) be the Heisenberg vertex operator algebra associated with H. We can always find

a bimultiplicative map € : L X L — {1, —1} that satisfies:
e(a, Be(B, @) = (=1)“P), Va, B € L.
For example, for a = Zle a;a;, B = Zle bjaj, we can set

(-)@®) ifi < j;

(aj,0;)

e(ai,aj) =1 (=)~ 7 ,ifi = j;

1, otherwise.

We have:

(aj,a;)

e(at, B) = Mij(—1)@D L () @bT5T

andVa € L, e(a, @) = (—1)@.

Define C¢[L] = P 1, Ce” as the e— twisted group algebra of L, and set
VL =M(1) ® C°[L].

Here, the tensor product is taken over C as vector spaces.

18



§2.3 Heisenberg Vertex Operator Algebras and Lattice Vertex Operator Algebras

Moreover, since L°/L is a finite group, we can write
L°=(L+A)U---U(L+Ag).
For each coset L + A;, we define
Visa, = M(1) ® C°[L + A4].
Definition 2.3.9. We define some maps on vector space Vi,:

h(n) : Visa, = Viger, v @ w — h(n)v @ w;
h(0) : Viga, = Viga, v ®e* — (h,a)v ® %;
h. a (h,a) ja.
20 Vier, = Vi {zhvee® s v®@z Ve

ey : Viaa, = Vi, v @ ™ - e(y, pu @ /P,
Here, he Hon#0€ Z,a € L+ A;, B,y € L, z is a formal variable.

Definition 2.3.10. We define vertex operator Y (u, ), u € Vi, over the vector space V43,.

Y(h(-1)1,2) = h(z) = Z h(n)z ™!, Vh € H;

neZ

E*(a,2) = exp(z @z‘”),‘v’cx €l;

n>0

19
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(04

n
)z_”), Va € L;
n

E (a,2) = exp(z

n<0

Y(e% 2) = E (~a, 2)EY (—a, 2)eqz”, Va € L.
Foru=h;(-n;—1)---hs(—ns; — 1) ® e* € V;, we set
Y(u,z) = 3"hi(2)---3™hs(2)Y(e% 2) : .

Here, : --- : is the normal ordering we defined in the construction of Heisenberg

vertex operator algebra.

Theorem 2.3.11. (V,,Y, 1, w) is a vertex operator algebra where w = % Zle ui(-1)%1 €

Vy is the Virasoro vector of Vi and {uy, - - - ,uq} is an orthonormal basis of H.

Theorem 2.3.12. V., is an irreducible V;,-module for each A; and Vi,j, = Vi, A, if and
only if Ai = Aj(mod L). Every irreducible Vi module is isomorphic to Vi, for some

Ai A
Theorem 2.3.13. V; is a rational, simple, C»-cofinite vertex operator algebra.

In this dissertation, we focus on the case where L is a rank-one even lattice L = Za
with nondegenerate bilinear form (a, @) = 2. We will denote the corresponding lattice
vertex operator algebra as Vi, or Vz,.

From [FLM], there is an order 2 automorphism 6 of V,:
O(a(-n)) - a(-mp) @ ") = (=D)*a(-n1) - a(-n) @ ™.

forn € Z, and A € L. Let C[H] be the group algebra of H with a basis {¢*|1 € H}. This

6 can be extended to a linear isomorphism on Vg = M(1) ® C[H]. We can construct

20



§2.4 Orbifold Theory

the O-twisted Vy,-module as follows:

LetA[-1] = H®t%C[t, t"']®CK be aLie algebra, and let H[—1], = H®t%<[:[t] ®CK
be its subalgebra. Then, C can be considered as a one-dimensional module for H[—1].,
with the action

1
(a®tm)~1:OandK~1:lform€§+N.

Let M(1)(6) be the induced H[—1]-module. Let y, be a character of L/2L such that
xs(a) = (=1)*fors =0, 1, and let T, = C be the irreducible L/2L-module with character
Xs- Then

Vi = M(1)(0) ®Ty,

is an irreducible O-twisted V;-module. In the rest of the dissertation we will denote VLT 0

by VLTl and VLT1 by VLTz.

§ 2.4 Orbifold Theory

From the definition of a vertex operator algebra, we see that constructing examples of
vertex operator algebras is not easy. Therefore, it is useful to develop techniques for
constructing new vertex operator algebras from known ones.

Orbifold theory is an important method for constructing new vertex operator algebras
from existing vertex operator algebras.

Let V be a vertex operator algebra, and let Aut(V) denote the automorphism group
of V. Let G be a subgroup of Aut(V). We denote by V¢ the fixed-point subspace of V

under the action of G. That is,

(2.4.1) Vé={veV|8w)=uv, V8 €G}.
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By the definition of a homomorphism of vertex operator algebras, we know that

1,w € VC. VO is closed under all n-th products:
S§(upv) = 6(u),6(v) = uyv, Yu,v e VO, V8 € G.

Hence, V° is a subalgebra of V. By choosing different subgroups G, we can construct
different vertex operator algebras from a given vertex operator algebra V.
Following [DRX], in the rest of this dissertation, we assume that the vertex operator

algebra V satisfies the following conditions:
.v=©Ep x>0 Vn 18 @ simple vertex operator algebra of CFT type.

2. G is a finite automorphism group of V and V¢ is a vertex operator algebra of CFT

type.

3. VY is rational and C,-cofinite.

4. The conformal weight of any g-twisted V-module for g € G is positive except for

V itself.

By [ADJR,HKL, ABD], if V and G satisfy the above conditions, V is C,-cofinite and
g-rational for all g € G.

Let V be a vertex operator algebra, and let g be an automorphism of V of order T, and
let M = @n eZt M+ be a g-twisted V-module. We define the trace function associated
with a homogeneous element v € V by:

Zu(v,q) = tryo(v)q" "7 H = ¢*7% Y try,, 0(v)q".

Zy
ne T
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§2.4 Orbifold Theory

where o(v) = vyy-1. If |q| < 1 and V is Cp-cofinite, then Zy (v, q) converges to a

holomorphic function. In particular, if v = 1, then

Zu(1,q) = ¢ Z dim Mp+n q"

neZt
is called the g-character of M. We will also use Zy;(v, T) to denote Zy;(v, q), where T
lies in the upper half-plane of C and q = e>*'.

By [DLM2] and [Z], Zy (v, T) satisfies the modular invariance property:
-1 d
Zy, (v, T) = ¢l Z Si,jZm; (v, T)
=0

where M; is an irreducible V-module and M; ranges over a complete list of irreducible
V-modules up to isomorphism. The numbers S;; form a matrix called the S-matrix,
and this matrix is independent of the choice of v. In [Z], Zhu introduced a new vertex

operator algebra (V,Y[-, z], 1, @) associated with V. Here

and

(2.4.2) Y[v,z] =Y (v, e — 1)e&E™®) = Z v[n]z 1.

neZ

The notation wt[v] in the above equation denotes the weight of v with respect to the
new conformal vector @.
Let g, h € Aut(V) be automorphisms of finite order. Let (M, Yy;) be a g-twisted weak

V-module. Then there exists an h~!gh-twisted weak V-module (M o h, Yyon), Where
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M o h = M as vector spaces and
YMOh(U) Z) = YM(hU) Z)'

If g and h commute, then h acts on the set of g-twisted V-modules. Let S(g) denote

the set of equivalence classes of irreducible g-twisted V-modules, and define
S(g,h) ={M € S(g) | Moh = M as g-twisted V-modules }.
Then, for any M € S(g, h), there exists a g-twisted V-module isomorphism
P(h) : Moh — M.

This linear map is unique up to a scalar, and when h is the identity automorphism, (1)
is the identity map.

Let M be a g-twisted V-module, and define
Gu={heG|Moh=ZM}.
The assignment h — (h) defines a projective representation of Gy; on M such that
Y(h) Yu(v,2) Y(h) ™" = Yu(hv, 2).

Then M is a C™ [Gy]-module, where C*™ [Gy,] is a twisted group algebra and a, is a
2-cocycle.

Let Ag,,.«, denote the set of irreducible characters of C**[G)]. Then we have

where W} is the irreducible C™ [G)]-module corresponding to the irreducible character
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A, and M is the corresponding multiplicity space.

Theorem 2.4.1. [DRX] With the notation above, the following statements hold:
* (1) M; is nonzero for each A € Ng,, q,,-
* (2) Each Mj is an irreducible V" -module.
* (3) My and M, are equivalent as VoM_-modules if and only if A = y.

LetS = Ugeq S(g)- Then G actson S, and M =M ohasa V¢-module for any M € S

and h € G.

Theorem 2.4.2. [DRX] Let g,h € G. Let M be an irreducible g-twisted V-module and
let N be an irreducible h-twisted V-module. Assume that M and N are not in the same

G-orbit. Then:
e (1) Each Mj is an irreducible V¢ -module.

e (2) Forany A € Ng,, o, and 11 € Ag,, av, the irreducible V°-module M; and N
M>AM NN H

are inequivalent.

Theorem 2.4.3. [DRX] Any irreducible VC-module is isomorphic to M; for some

A € Ag,, a,, and some irreducible g-twisted module M.

§ 2.5 Intertwining Operators and Fusion Rules

Definition 2.5.1. Let V be a vertex operator algebra, and let (W;,Yw,) (i = 1,2,3) be

V-modules. An intertwining operator of type
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W3
W, W,

I(-,2) : W) @ Wy — W3{z}

is a linear map

such that for each v € Wj,

I(v,2) = Y vpz ™,

neC
where v,, € Hom(W,, W3), satisfying the following conditions:

1. For fixedn € C and u € W,

Un+ktt =0

for sufficiently large integers k;

2. (Jacobi identity) for any a € V,v € W, and u € W,

22 — 21

_ zZ1— 2 _
2016( lzo 2)YW}(a,zl)I(u,zz)u—2016( )I(U,zz)YWZ(a,zl)u

= z516(zl z_ ZO) I(Yw, (a, 20)v, 22)U;
2
3. (L(—1)-derivative property)

iI(v, z) =I(L(-1)v, 2).
dz

3 W3
Let Iy be the vector space of all intertwining operators of type
Wy W, Wi W,
: w, . o W3
The fusion rule NWf w, 18 the dimension of the vector space Iy
Wi W,
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§2.5 Intertwining Operators and Fusion Rules

Theorem 2.5.2. [FHL] Let V be a vertex operator algebra and Wy, W,, W3 three V-

modules. Then, we have

Wi | Wi | (W2)
Iy =y =y
Wi W, Wo Wi Wi (W3),

Definition 2.5.3. Let V be a vertex operator algebra, and let Wi, W, be two V-modules.

A pair (W, I), where

Iely ,
W W,

is called a tensor product of W; and W, if the following universal property holds:

For any V-module M and any intertwining operator

Yely (Wl Wz)’

there exists a unique V-module homomorphism
fwW—-M

such that

y:fol_

We denote the tensor product (W, I) by
Wi &y Ws.

The tensor product exists if V is rational and C,-cofinite. When W' and W? are two

irreducible V-modules, we have

W, &y W) = @va\z,wz w,
w
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where W runs over the set of equivalence classes of irreducible V-modules, and NVV:,’1 W,

is a finite nonnegative integer. From [H] and [V], we have the following theorem:

Theorem 2.5.4. (Verlinde formula) LetV be a rational and C,-cofinite simple vertex
operator algebra of CFT type and assume V =V'. Let S = (S;, J')?,jzo be the S-matrix as
defined above. Then

(1) (87");; = Sijy = Sij, and Siy = Si j;

. . 2 _ .
(2) S is symmetric and S° = (5i’j/),
SisSisSyk
S(),s

k _ vd
(3)N;; = Zis=0

Remark 2.5.5. In fact, if V is a rational, C»-cofinite, simple, self-dual vertex operator
algebra of CFT type, then the category of V-modules forms a modular tensor category;
that is, a ribbon fusion category with a nondegenerate S-matrix [H2]. The Verlinde

formula holds in any modular tensor category.

Lemma 2.5.6. Let V be a rational vertex operator algebra of CFT type. ThenV is

simple.

Proof. Let I be a nonzero ideal of V. Since V is rational, V' is completely reducible as a

V-module. Hence, there exists a V-module W such that
VzIieW.
Because V is of CFT type, we have
Vo = C1.

Therefore, the vacuum vector 1 must belong to either I or W. If 1 € W, for any u € V,

u =u_11 € W. This forces W =V, and I = 0. This contradicts our assumption that
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§2.5 Intertwining Operators and Fusion Rules

I # 0. Therefore, 1 € I and I =V. V is simple. O
By this lemma, the simplicity assumption in the previous theorem can be removed.

Remark 2.5.7. Let V be a vertex operator algebra with vertex operator Y. Vertex

Vv
operator Y is an intertwining operator of type Iy . If W is a V-module, its vertex
4%

w
operator Yy is an intertwining operator of type Iy

vw
If V is a rational, C,-cofinite, self-dual vertex operator algebra of CFT type, its
representation category is a modular tensor category and V is the unit object in this

category. Hence, we know V ® W = W for any V-module W.

Corollary 2.5.8. LetV be a rational, Cy-cofinite, and self-dual vertex operator algebra

of CFT type, and let M; and M; be two irreducible V-modules.

M;
dim IV =1
V M;
l.fMi = Mj and
M;
dim IV =0
V M,
otherwise.

The following theorem also plays an important role in computing the fusion rules of

V! [DL], [Al:

Theorem 2.5.9. Let V be a vertex operator algebra, My, My be irreducible V-modules,

and M3z be a V-module. Let U be a vertex operator subalgebra of V with the same
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Virasoro element and N; be a U-module in M;, (i = 1,2). We have:

M; M;

M M, Ni N,

§ 2.6 Quantum Dimensions

Definition 2.6.1. Let V be a vertex operator algebra and let M be a V-module such that

Zy(t) and Zy; () exist. The quantum dimension of M over V is defined as

where y is real and positive. [DJX]

From Remark 3.5 of [DJX], if qdim;, M exists, then
qdimy, M = qdim, M.

In the calculation of Lemma 4.2 in [DJX], if V is a simple, rational, C>-cofinite vertex
operator algebra of CFT type and the conformal weights of all irreducible V-modules

are positive except that of V itself, then

Si0

qdim, M* = ,
50,0

where M! is an irreducible V-module and S; ; denotes the (i, j)-entry of the S-matrix.

By convention, we let M 0=y,

Theorem 2.6.2. The following result is due to [DJX]. Let V be a simple, rational, C;-
cofinite vertex operator algebra of CFT type. Let My, My, ..., Mg be a complete list

of equivalence classes of irreducible V-modules such that My =V, and the conformal
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§2.6 Quantum Dimensions

weights of all irreducible V-modules except My are positive. Also, assume thatV =V’

as a V-module. Then,

qdimy, (M; ® M;) = qdimy, (M;) qdimy, M;.

Definition 2.6.3. Let V be a simple vertex operator algebra. An irreducible V-module M
is called a simple current if for any irreducible V-module W, the tensor product M ® W

exists, and M ® W is an irreducible V-module.

Theorem 2.6.4. By [DIX], letV be a vertex operator algebra as in Theorem 2.6.2. Then

M is a simple current if and only if qdim, (M) = 1.

Example 1. [DJX] Let M(1) be the Heisenberg vertex operator algebra constructed

above and H has dimension d. Then,

Ab _d

q2 24

— A €H
Hn21(1 _qn)d

(2.6.1) chgM(1,4) =
By calculating the limit, we see that qdimy,\M(1,1) = 1,YA € H.

Example 2. Let V74 be the rank-one lattice vertex operator algebra with (a, a) = 2.
Every irreducible Vz4-module is a simple current. Hence, all irreducible Vz,-modules

have quantum dimension 1.
Definition 2.6.5. The global dimension of V is defined as glob(V) = Zfzo(qdim M;)>.

Remark 2.6.6. Assume that V is a vertex operator algebra satisfying all the conditions
in Theorem 2.6.2. Then the representation category of V is a modular tensor category.
Theorem 2.6.2 shows that the quantum dimension defines a character of the Grothendieck

ring whose values are always positive. In a modular tensor category, there is a unique
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character with this property, called the Frobenius—Perron dimension. Therefore, under
the assumptions of Theorem 2.6.2, the Frobenius—Perron dimension coincides with the
quantum dimension.

In [DJX], Dong proposed the following open question: LetV be arational, C»-cofinite,

self-dual vertex operator algebra of CFT type, and let
{Mla ) Mn}

be a complete list of inequivalent irreducible V-modules with conformal weights A;.
Are the modules with the lowest conformal weight among all irreducible V-modules
unique?

If the answer is affirmative, then some assumptions in Theorem 2.6.2 can be removed,

and similar results concerning quantum dimensions would still hold.

Theorem 2.6.7 ((DRX]). For any irreducible g-twisted V-module M, we have
qdimyc M = |G| qdim;, M.
Theorem 2.6.8. ([DRX]).

glob(VY) = |G|? glob(V).
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Fusion Rules for V‘LS ;‘

§ 3.1 Irreducible Modules of Vf:

Let L be a rank-one even lattice satisfying (a, @) = 2k and V;, the corresponding lattice
vertex operator algebra.

L° is the dual lattice of L:

(3.1.1) L°:{Aeb|(a,A)EZ}:2—1kL.

Then L° admits the coset decomposition

k .
° _ . _t
= U (L+4), where A = —a.
i=—k+1
Set Vi4y, = M(1) ® C[L + A;]. The modules Vj;,, fori = -k + 1,...,k, are all
inequivalent irreducible V;-modules.

Let 6 be the order-two automorphism defined at the end of section 2.3. We can extend

0 to a linear isomorphism from Vi3, — Vi, fori=—-k +1,--- k.

0:a(-ny)---a(-n) ® P — (=Dla(-n)) - a(-ny) @ e P74,
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wheren; > 0,1 < j <[, and B € L. It follows that 6 induces an automorphism on M(1).
For Vi, and Vi4,,, 0 is a linear isomorphism from the space to itself. Since 6 has order
2, its eigenvalues must be +1.

We use M(1)*, V;, and VL’“Mk to denote the +1 eigenspaces of M(1), V;, and Vp4,,,
respectively. Similarly, we use M(1)~, V', and V,, 2, 0 denote the —1 eigenspaces of

M(1), Vi, and Vi4,,, respectively.

Similarly, we can define an action of 6 on VLT ii=1,2:
0:a(-ny) --a(-n) @t — (-D'a(-n;) -+ a(-n) ®t,
forn; € % +z,,t €Ty, 1 =1,2. Wealso use (VLTi)i to denote the +1 eigenspace of 6 on

T _
vLi=1,2.

V= VL<9> is also a vertex operator algebra.

Theorem 3.1.1 ([CM)]). Let T be a simple non-negatively graded regular vertex operator
algebra with a non-singular invariant bilinear form and let G be a finite solvable group
of automorphisms of T. Then the fixed-point vertex operator subalgebra T® is simple,

non-negatively graded, regular, and admits a non-singular invariant bilinear form.

Definition 3.1.2. A vertex operator algebra V is called regular if every weak V-module

is a direct sum of irreducible ordinary V-modules.

Theorem 3.1.3. [ABD] A vertex operator algebra of CFT type is regular if and only if

it is rational and Cy-cofinite.

Definition 3.1.4. LetV be a vertex operator algebra and let M be an ordinary V-module.

A bilinear form (-, -) on M is called invariant if for any u € V and wy, w, € M, we have

(Y (u, 2)wy, w)) = (wl, Y (eZL<”<—z-2>L<°>u, z-l) wz) .
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In particular, we have
(L(Nwy, ws) = (wy, L(-n)wy), VneZ.

Proposition 3.1.5. Let V be a vertex operator algebra and M an ordinary V-module.

There exists a nondegenerate invariant bilinear form on M if and only if M is self-dual.

Proposition 3.1.6. Let V be a vertex operator algebra of CFT type and (-, -) a nonzero

invariant bilinear form on V. Then it is nondegenerate if and only if V is simple.
Proposition 3.1.7. Any invariant bilinear form on'V is symmetric.

Combining these propositions, we obtain the following consequence of Theorem 3.1.1:

Let V be a rational, C,-cofinite, self-dual vertex operator algebra of CFT type, and let
G be a finite solvable subgroup of Aut(V). Then VS is also a rational, C,-cofinite, and
self-dual vertex operator algebra of CFT type.

Hence, VLJ’2 ,Vi?,vfj are all rational and C,-cofinite vertex operator algebras since

Z3, A4, Sy are all solvable groups.

Remark 3.1.8. This theorem implies the rationality of VLJ’2 , Vi“, and VLS;‘ However, this
theorem does not apply to VA;, since As is not solvable. Without knowing the rationality
of VLA; °, we cannot guarantee a complete classification of all irreducible Vi >-modules via

orbifold theory, nor can we compute the fusion rules using the Verlinde formula.
In [DN], all inequivalent VL+ -modules are classified:

Theorem 3.1.9. Any irreducible V;"-module is isomorphic to one of the following mod-
ules:

VLi; Vli+L(i = 1: 25 Tt k- 1))V/1ik+L’ (Vgl)i’ (ng)i
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Let L, be the rank-one positive definite even lattice with (a, «) = 2. Then x, x, x3

form an orthonormal basis of (Vf,);

| .
x1 = —a(-D1,x, = —(e*+e %), x3 = L(e“ —e %).

V2 V2 V2

Let 8, p € Aut(Vy,), and let t; € Aut(Vy,), i = 1,2 be defined as follows.

0 1 O

8 (x1,x2,x3) = (x1,x2,x3) | 0 0 -1

-1 0 O
1
T1 (x1, X2, x3) = (x1, X2, X3) -1 ,
-1
-1
T (x1, X2, x3) = (x1, X2, X3) 1 ,
-1
-1 0 0

p(x1,x2,x3) = (x1,x2,x3) | 0 0O 1

0

—
]

Clearly,
(t1,72,8,p) =S4, (11,72,6) T A4, (T1,7T2) =Ky,

and the K4 generated by 71 and 7, is a normal subgroup of both S4 and A4.

Remark 3.1.10. A direct calculation shows 7, is the automorphism 6 we defined above.

Lemma 3.1.11. By [DGL[WZ], we have V{ = vgﬁ,vg* = (vgﬂ)<5>,vf; = (V3,) 0P~ =
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A
(V.

By Remark 3.4 of [DJJJY], SO(3) is the connected compact subgroup of Aut(Vy,)

that contains Z,, D,,, A4, S4, As as discrete subgroups. It follows that VLZZ” = Vzne and

D

VLn Ev+

> Zna'
Let us denote B = 2a and { = 4a. By [DG], V%B is generated by J = h(=1)*1 —
2h(=3)h(-1)1+ %h(—2)21, Eg = e +e7P and Vgg is generated by J, E¢ = ¢ +e~¢ where
h = %a. By [DJJJY],[DJ], all inequivalent irreducible Vi *_modules are classified and
their quantum dimensions are calculated. By [WZ], all inequivalent irreducible Vf;-

modules are classified as follows and their quantum dimensions are calculated.

Theorem 3.1.12. There are exactly 21 irreducible modules of Vi ‘

Table 3.1: Conformal weights and quantum dimensions

0 1 2 —
Vzp)" | Vzp) | (VZp)™ | Vg | Vzpaip | Vzpeip

1 9
qdim 1 1 1 3 6 6

Wl,T],l Wl,T] 2 WI,T1,3 W2,T1,l WZ,T],Z W2,T1,3

1 25 49 1 4 16
@ 36 36 36 9 9 9
qdim 4 4 4 4 4 4

WI,T2,1 Wl,Tz,Z Wl,T2,3 WZ,TQ,I WZ,TZ,Z W2,T2,3

1 25 49 1 4 16
w 36 36 36 9 9 9
qdim 4 4 4 4 4 4
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(Vzp + 1B)° | (Vzp + 1B | (Vzp + 3B)?

1 9 9
w Z 7 7
qdim 2 2 2

Since VLA; = (V3 B)‘S, irreducible V{‘z *-modules are obtained by decomposing ordinary
modules, 8-twisted V3 ﬂ-modules, and 82-twisted V3 P -modules.
The modules (V3 ﬁ)i fori = 0, 1,2 are three components obtained from the decom-

position of V3. Similarly, (Vzps ! ﬁ)i fori =0, 1,2 arise from the decomposition of

,B.
VZ,B'{'%ﬁ'

Moreover, V2. has two 8-twisted modules, Wt and W2t . Each of these decomposes

zB

into three irreducible Vi“-modules:
whbhii i=1,2,3, w2l =1,2,3.

There are two §2-twisted modules, W2 and W22, The modules WT21 and W22
fori =1, 2,3 are obtained in a similar way by decomposing these twisted modules.
Let

1
h=——=(x1 +x; — x3).

36

A direct calculation shows
§ = 2mih(0)
and that e2™hOp = p, By [DJJJY], the group (§,t; | i = 1,2) acts on VZ%a =
M(1) ® C[}aZz].
Let y = 18h. Then Vz, is the eigenspace of § with eigenvalue 1. On the other hand,

Vz, carries a vertex operator algebra structure, and

~ ~ 1746
Vzy =V 2V, .
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§3.1 Irreducible Modules of VLS;‘

Its irreducible modules

Vz

Y3y

are also eigenspaces of § with distinct eigenvalues. Hence, each decomposes as a direct
sum of irreducible Vg“ -modules.

Moreover, Proposition 3.7 of [DJJJY] gives a precise identification of those irre-
ducible Vé“—modules arising from the decomposition of the §-twisted and 82-twisted

VZ 5 -modules.

Proposition 3.1.13. As Vi *-modules, we have the following identifications:

~ 1170 ~ sl ~ 72
VZy+1L8y = Wé,l’VZ = WS,I’VZy+17—8y = Wé‘,l’

y—i5y

~ 1470
Vs Ly —Wa,z’Vz

~ wl ~ w2
y—4 =Ws2Vz = Ws o

y+3y y—3v

~ 1170
Vo1, =W v,

1 ~ 1172
=gy ~ LD Weo 10 Vay-fy = W.

yry — 'S 82,1°

=~ w2

VZ 52,2'

=wl v, . =wl!
24

52’2: Zy 52’2: VZ

y+sy y+3y

Here, we use a slightly different notation for some modules. In this notation, ng is

just WET1 defined above, and others are similar.

Theorem 3.1.14. [WZ] Any irreducible VLSZ4 -module is isomorphic to one of the following

modules:

(3.12) (V)" (V20 (VEp) ', (VZp)*, (V)
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(3.1.3) (V§ﬁ+iﬂ)+’ (vgmﬁ)—,v%mﬁ,

(3.1.4) (Vzpr1p) " (Vzpeip) > (Vzpu3p)™s (Vapiap) ™
(3.1.5) Vzy+Lys forl1 <r<8andr # 0 (mod3),

(3.1.6) VZ§+%{, for1 <s<15ands # 0 (mod 2),
(3.1.7) Vi VZy

Here ((V5 B)0)+ is just the eigenspace of 1 (p) with eigenvalue +1. It is an irreducible
VLSj-module that is obtained by decomposing VLA;“-module (V3 ﬁ)o.
Theorem 3.1.15. [WZ] The quantum dimensions for all irreducible Vf;—modules over

Vf; are given by the following tables.

Table 3.2: Quantum dimensions and notation for the irreducible modules

(V2)" | ((V2)0) | (V2! | (Vo) | (V)™

qdim 1 1 2 3 3

Module MY Mm! M2 M3 e
( §ﬂ+£ﬁ)+ ( §ﬁ+;{ﬁ)_ V%[H}“B
qdim 2 2 4
Module M’ MO M7
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(VZﬂ+§B)+ (VZ/;+§¢3)_ (VZB+§ﬁ)+ (VZﬁ+§B)_

qdim 6 6 6 6
Module M8 Mm° M0 M
To,+ Ty, —

VZV+{—8V VZ§+§—2§ szc Vzi;

qdim 8 6 12 12
Module | M2, ... M7 | M8, ... M® | Mm% | M%7

In the last table, r,s € Z,1 <r <8, 1<s<15,r # 0 (mod 3), and s + 0 (mod 2).

Let P = p o 75 and note that

(P, T2) = (11,72, p) = Dg.

By direct computation, P maps a(—1) to a(—1), e* to ie*, and e™* to —ie™“, so P fixes
e and {(-1). Therefore, Véf ) = Vz¢, not just isomorphic. Furthermore, 7; is exactly

the automorphism 6 discussed above, so
(Vl_ff))(rz) - (VLZ)(P,rz) — ng — (V%-B)<P>.

By abuse of notation, we write M* for the +1-eigenspace of P(p) on M if M is a
Vgﬂ—module.

Proposition 3.1.16. [DN] The following tables give the scalars obtained from the

construction of these modules:

Table 3.3: Eigenvalues of w, E, and J
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2 k
wl| 0] 1 o i i
E| O 0 1 -1
4 2 2 _ 2 K k| Kk
JI 0|6 -5, <=5 |FT-3|7 3%
Ty,+ Ty,— T+ Tr,—
VL1 VL1 VL2 VL2
1 9 1 9
W 76 16 16 16
E 2—2k+1 _2—2k+1(4k _ 1) _2—2k+1 2—2k+1(4k _ 1)
J 3 —45 3 —45
128 128 128 128

Proposition 3.1.17. As VLS;‘ -modules, we have the following identifications:

(3.1.8) ViE Vi = ((VEp)") @ (VEy)!
(3.1.9) Vi = Vga%g ~ ((Vgﬁ)o)— ® (vgﬂ)l
(3.1.10) Vzp =Vz

(3.1.11) Vg 2V

(3.1.12) Vipezp = Vaeze

(3.1.13) Visezp = Vsoezt

(3.1.14) Vigizp = Viserze



§3.1 Irreducible Modules of VLS;‘

(3.1.15) Vagizp = Visesze

(3.1.16) Vipizp =Vigize 2 (V§ﬁ+zﬁ)+ ® Vimzzs
(3.1.17) V;B+Zﬁ =Vigize = (V§g+zﬁ)_ ® Vil,B+Z,B
(3.1.18) VaE = (Vyp,0)* © (Vyp,0)”
(3.1.19) Vi = (Vapp)" @ Vg, )”
(3.1.20) ng%ﬁ = Vgt = Viteze

Proof. First, we prove (3.1.12)—(3.1.15). By the definition of p, we have p(J) = J and

p(Eg) = —Eg. On the one hand, by [WZ], we have

~ vyt -
V%+Zﬂ - V%+ZB ® V§+Zﬂ

as a Vf ;-module. On the other hand, applying Theorem 2.4.2 to decompose V%a +2p into

V3 é—modules, we again obtain

~ y/+ -
Veizp = V‘-;+Zﬁ ® V§+Zﬁ

must be isomorphic to irreducible VE(

V¥ -module. Thus, V} d vy
as a Vz,-module us, £azp an ;

+Zp
modules listed in Theorem 3.1.9.

B
8.

Without loss of generality, we may assume that 1 ( p)(eg) = e8. Then the conformal
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weight of V’g+zg By the definition of (p), we have

1S 16
(p)Y (Ep, 2) = =Y (Ep, 2)1p(p).

Hence,
B _
(EB)(n)eg € V§+Zﬂ
for every n such that (Eg)(n)eg # 0. By direct calculation,

8 _ w /]
Y(Eg,2)es =zE (—f,2z)e¥ +2~ E (B,z)e ¥.

Comparing with the quantum dimensions and conformal welghts of irreducible V3 ¢
modules, it follows that the conformal weight of V%;Jrzﬁ is £. We obtain (3.1.12) and
(3.1.14). Applying the same argument yields (3.1.13) and (3.1.15).

Next, we prove (3.1.16) and (3.1.17). Using a similar method, we find that V§+Zﬂ has

conformal weight 71; and vy has conformal weight %. Hence,
Z+Zﬁ
+ ~ ~
Viizg = Vaorze Vg = Viierz

zg
[DJ], we have

as V3,-modules. Therefore, V; . and V; . have the same quantum dimension. By
Z+ T+

0 1 2

as Vi?—module. By [WZ], we have
_ 0 + 0 - 1

. . . TP
By counting the quantum dimensions, we have V devze = = Lo ZB) 4B+Zﬁ and

lﬁ ZB 4ﬂ zB
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A direct calculation shows p(Eg) = —Eg and p(J) = J. Using the scalars in the above

proposition from [DN] and combining this with the action of p on VZB 5» it follows that
*2

+ o Vo +
Zﬁ+§op_VZ g So,VZ

B+3

z andV_  are in the same orbit. This implies:
7B+ 5

B+5

+ ~ 17—

VZ/}+§ N VZ/}+§

is an irreducible V2

Zg—module. Comparing the conformal

as Vgg—modules and V; 5

2

weight and the quantum dimensions of VZ with those of the remaining V7 C—modules,

B+
+ ~
we see that VZB+§ = V%GZC'
By [WZ],
Ti+ ~ T+ ~ T+ Ti,— ~ 1/ To— ~ /T1,—
Vzp EVzg =Vzes  Vzp =Vzp =Vzg
as Vg g—modules. On the other hand, by [DJ],
~ T+ ~ /T2, + ~ 1/T1,— ~ y/T2,—

VZﬁ+§ = VZB = VZﬁ ) Vzm% = Vz;a = VZB

as VLA;“-modules. Thus, (3.1.18) and (3.1.19) follow.

Comparing with the remaining inequivalent V; ¢ -modules, it is clear that
++ ~ oyt -+ ~ -

By an argument similar to that used to prove (3.1.12), we see that VZ} is generated by

Eg. A direct computation shows that

(E¢)qs)(Ep) = Ep.

Therefore, by [DN],

+—- ~ + - ~ -
VZﬁ - VZ{+%{’ VZﬁ - Vzg+%§
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as V3 g-modules and hence as VLS ;‘-modules. Finally, (3.1.8) and (3.1.9) follow from the

quantum dimensions.

Corollary 3.1.18. As VLS; -modules:

(3.1.21) Vze 2 (V) @ (VEp)' @ (Vp)*
(3.1.22) Vaess = (Vzp)" @ (V)"
(3.1.23) Voeat = (V3)")" @ (V3p)' @ (V)"
(3.1.24) VZG% = (viﬂ)+ ® (Vz5)~
(3.1.25)

Voito
Z{+%=(V§ prew! )
B+7 ZB+7

(3.1.26) VZG%;(\%% oV )
(3.1.27) Veeizor pewl )
(3.1.28)

V -
zu%:(v; prew! )
ﬁ+Z Zﬁ+Z

(3.1.22) follows from Lemma 5.1 [DJ]. Applying the method in [DJJJY], let y =

V6 (x1 +x2 —x3) and € = 2(x, + x3), we have the following identifications:
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Proposition 3.1.19. As Vf; -modules:

(3129) VZy ((V+ )0)+®((V+ﬁ)0) GB(V ,B)+€B( ﬂ)
(3.1.30) Vzyer = (Vi)' @ (Vi) @ Vi)~
(3.1.31) Ve = = (V3p)' @ (Vzp)" @ (V)"

(3.1.32) Vi ~(v§ﬁ+ﬂ)+@(voﬁ )" ea( ﬂ)
(3.1.33) Vzyay = 2v;ﬂ+ ;

(3.1.34) Vyy ~(v§ﬂ+ﬂ) @(v‘)ﬂ 5”@ ( ZM)
(3.1.35) Vze 2 (V3))Y @ (V3p)' @ (V)" @2(Vy)”
(3.1.36) VZe+%E(VZB+§)+EB(V; 5)” @2(v1ﬁ 5)
(3.1.37) Vzers = ((V29)")" @ (V2p)' @ 2(VZp)* @ (V)™
(3.1.38) Vaesis —(Voﬁ DG 2pe8) ®2(V] 2p4t)

Proof. Applying the method in [DJJJY] and Corollary 3.1.18, we have
(3.1.39)

VL, 2 (V2 ) oWl e (V7)) ew e (Vi) ew) e (V)" oW, @ (Vy,) ewy,
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and
~ (/0 - 1 0 + 2 1
(3.1.40) Ve = (VZB+§) W, & (VZB+§) W, @ (Vzg+§) ® Wy.

Here Wij denotes an irreducible representation of GL(2, 3), where i indicates the di-
mension of the irreducible module and j distinguishes inequivalent irreducible modules
of the same dimension. Combining Corollary 3.1.18 with the eigenspace decomposition
(with respect to the eigenvalues of the linear map P) in [DJJJY], we obtain that Wl0 has
eigenvalue 1, Wll has eigenvalue —1, W20 has eigenvalues +1, W21 has eigenvalues ei%i,
sz has eigenvalues etal Wg has eigenvalues —1, +i, W31 has eigenvalues 1, +i, and Wy
has eigenvalues e* %, e T

Therefore, calculating the eigenvalues of Wl.j with respect to p and § yields (3.1.29)—

(3.1.38).

Lemma 3.1.20. As Vf;—modules:

(3.1.41) VZ’+ = Vzers
(3.1.42) Vyy Z Ve

Proof. By Theorems 2.4.1-2.4.3, we know that any irreducible Vf ;‘ -module arises from
a decomposition of irreducible V;,-modules, t-twisted Vi,-modules, §-twisted Vi,-
modules, p-twisted V;,-modules, or P-twisted Vi,-modules. By [WZ], the irreducible

S4
VL2 -

modules arising from p-twisted and P-twisted Vi,-modules are M1g—M>7 (using the
indexing in Theorem 3.1.15).

Both Vi, and Vza+e are inequivalent irreducible V7,-modules, and both are stabilized
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by P. By [DLM?2], there are exactly two P-twisted V;,-modules with conformal weights

é and 624. Thus, the stabilizer of the action is equal to the centralizer of P, namely
Co(P) = (P) = Z4.

The Schur multiplier of Z4 is trivial, so there are eight inequivalent irreducible Vf;—
modules arising from the decomposition of those two P-twisted V;, modules.
Applying Theorem 2.4.1 to G = (P), we see that these eight modules are also in-
equivalent irreducible VL<5> = Vz¢-modules. Therefore, these eight modules correspond
exactly to M13—M>s. Consequently, M»e and M7 arise from p-twisted V,-modules. By
applying a similar argument, we see that Mg and M7 are also inequivalent irreducible
Véf ) = Vze-modules. Comparing conformal weights, we obtain (3.1.41) and (3.1.42).

O

The identifications above are useful for calculating the fusion rules of modules that
are contained in untwisted irreducible Vi,-modules. In order to determine the fusion
rules involving irreducible Vf;-modules that arise from twisted V7,-modules, we need
to compute the S-matrix of Vf; The main method follows Lemma 5.1 of [DJJJY];

however, for completeness, we provide a proof here.

Lemma 3.1.21. The entries of the S-matrix that involve irreducible twisted modules of

Vf; are given in the Appendix.

Proof. We give the proof for Mg, ..., Mss; the other cases are similar. Consider

irreducible Vz¢-modules. They are of the form

_ ke

= k=0,...,31.
329 ) b)

VZe i Ak
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By [S], we have

31
1 L orign
(3.1.43) Dy, (_;) - ;‘ 5 (A i) Ly, (T)-
Thus,

L it
V32

where Sy, 2, denotes the (A, Ax)-entry of the S-matrix of Vz¢.

Let (S;x) denote the S-matrix of Vf; For j =18, ...,25, we have

Sjo = \/% = qdianf; (MJ) - S0,0 = 65()’().
Therefore,
S0,0 = L,
To6V3R2
and hence " o)
s .
Sj,OZm forall j=0,...,27.
6V32

Fix M/ = Vze4a, for some l € {0,...,31}. Let M be an irreducible Vf;-module. If

M¥ does not appear as a submodule of any Vz¢,;.,s =0,...,31, then
Six=0.
Otherwise, suppose M* appears in
Vzgsng s> Vzgen,

with multiplicities sy, . . ., s, respectively. Then

r

Sjk = D 5iSiu,-

i=1
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The same method applies to compute the S-matrix entries involving M'?> — M'7 and
M2, M27,

O

By Proposition 3.1.17, ViB ; and ViB ¥ can also be computed in this way. The next

lemma calculates the S-matrix entries related to (V. ﬂ)—

Lemma 3.1.22.
1 1 |
Z(Vz_ﬁ)+(_;) = 2\/— (( ﬂ)) (T)+ \/_ (( ﬂ)) ( )+\/?Z(V+ (T)
3
( )+ ( ) —Z 0 +(1—)
2\/_ 2wz @ (VZg)™ \/_2 o )
_ 2
+ = ~
1
_—@Z(VzﬂJr%)_ (T) - \/_EZ(VZI“%)*— (T) - EZ(VZ[H%)_ ("L')
1 15 ,
(3.1.44) +— (7)) = —=Z 1+ (T) = ——Z 1, (T).
\/ﬁs:l,s;éOZ(mod 2) A \/_ V2 V32 V2
1 1 |
Z(VZ_ﬁ)_(_;) = \/_ ((v £0)0)* (1) + \/_ ((V 20 () + @Z(Wﬁ) (0)
+ +(T) + L,
2\/3_2 vy o)’ \/— Zw, ne (1) + \/_ (v ) (1)
2 1
—Z T)+ —Z ) — 7 (1
\/ﬁ (ng) (1) V32 (v;M)( ) —@ (vm%) (7)
1 1 |
B (1) = —7=2 (1) - —=2Z )
\/ﬁ (Vzﬂ+%) (T) \/3—2 (VZB+%) (T) \/3—2 (VZ,B+%) (T)
15
1
(3.1.45) = Dy Zyus (=l (D)4 =2y (D).
V32 L ahmoany \/_ \/—
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Proof. Let us start with the proof of (3.1.44). By Proposition 3.1.17, we have (V. B)+ =

Vi{ as Vf;—module. So,

(G146)  Zy(~1) =2y (1) +7 K(——)—Z (®.

Z§+ 32{

By Theorems 2.6.7 and 2.6.8, we can calculate the quantum dimension of V3 Z—modules

Y have quantum dimensions 2 for (s =

VZC’ ; ¢ have quantum dimensions 1, V,, 7e4s
., 15) and V;C , ;{ have quantum dimensions 4. Applying the technique from the
previous lemma, we know Sp o = ﬁ Thus, we have
Zys () = —=z 1)+ @) @)
+ (—— = — + T
YT zv— et z\/— Vaed zv— Yages
15
1
+Z Z<+3zf \/_ZVTI (T)+\/—ZVT1 (T)+\/_ZVT2+(T)
(3.1.47) \/_ZVTZ (7).
Then, we have
Zu (1) = —=z () + (@)
EE 2\/_ %" 2\/_ Wz T 2\/_ Ve 2\/_ V2
2 2
+ — ——7 1+ —Z 1)+
Z 2, 4 = Gy () T2 (0 - v_ e ()
2
3.1.48) ——Z - (7).

Combining this with Proposition 3.1.17, we obtain (3.1.44). The proof of (3.1.45) is

similar. We can compute the quantum dimensions of V. Zﬁ modules. Vzﬁ,VJ“B have
2
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quantum dimensions 1, and VZB oy Vgﬁ , Z‘ have quantum dimensions 2. We have
7
1 1 1 1

3.1.49 Zv,,(—=) =Zy+ (—=)+Zy- (=)= ) —Zy .
(3.1.49) vap (=) = Zyg, (=) + Zv, (=) ZOVE Vg (0
and
Z ! = ! Z Z Z Z ! 3 Z i

v, () = F( (D ¥ 2, (O 2 O+ 2y ()% 2 B0
(3.1.50) \/—Zle (1) + \/_ZVT, (T) + \/_ZVTZ +(T) + \/_ZVTQ (7).
Thus,

1 1
Zv,(—2) = 27<ZW ()4 25,(0 + 2y, @27 (D)4 D 2y )
(3.1.51) V_Zle +(T) V_ZVTI (T) v_ZVT2 +(T) \/_ZVTZ (T)
By Proposition 3.1.17, we have
1 3
Zviﬂ(_;) = \/—(Z((VJ' )0)* (t) + Z((V+ )0)~ (1) + 2Z(V+ )I(T)) + \/—(Z(V 70" (1) + Z(V
+—(Z o w(O)+Zy0 -(T)+2Z0 (7))
\/g (VZ[H%) (V.Zﬁ+§) VZB+
1
(3.1.529% (Z(VZﬁ+%)+(1) + Z(vzﬂ+§)* (7) + Z(VZB+%)+ (7) + Z(VZﬂJr%),(r))

Subtracting (3.1.44), we obtain (3.1.45). m|

§ 3.2 Fusion Rules for Vf;

In this section, we compute the full fusion rules of VLS;-modules. The indices of the

modules follow from Theorem 3.1.15. Throughout this section, we use 0 to denote +
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and 1 to denote — when appropriate. For example, (Viﬂ)0 denotes (Viﬁ)ﬂ and (Viﬁ)l

denotes (Viﬁ)'.
Lemma 3.2.1. Every irreducible VLS;-module is self-dual.

Proof. By the construction of the contragredient module, we know that a module W
and its contragredient module W’ have the same conformal weight. On the other hand,
W and W’ have the same g-character, since the weight-A subspace of W’ is the dual
space of the weight-A subspace of W, and each weight space of W is finite-dimensional.
Therefore, W and W’ have the same quantum dimension.

By comparing the conformal weights and the quantum dimensions of each irreducible

VLS; -module in Theorem 3.1.15, we conclude that every irreducible Vf ;—module is self-
dual. O
Theorem 3.2.2.
(3.2.1)
) (V) )8 Vzyegy) = @8 Vayeit
t#0 (mod 3)

(i=1,3,j=0,1,1<r<8 r#0 (mod 3)).

(3.2.2)
(2).

Mg X Mg = Mg ® Mj9 @V;{F EBV;Z’_,Mg K Mg = Mg ® My @V;;— @Vgg_,

Mg & My = My © Moy & vzt gyl

T, Tp,—
Mg R My =Mi9g® M @V 2T @ V> z¢ z¢

ze ze

Mg & My, = My © M3 & V;;- @ V;zéi_, Mg & Mp3z = My & Moy & V;{F @ V;é_

Mg ® Mpy = Moz & Mos & V;;- @ V;{’_, Mg ® Mps = Moy & Mps & V;{'— ® V;zé_
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My R Mg = Moy ® Mrs ® V;zc’-'- @ VZ«’_: My R Mg = My3 ® Mrs ® V;{’-‘- ® V;zc’_
Tp,+ Ty,— T>,+ T,—

Mo ® My :M22€BM24€BVZC EBVZ§ , Mg ® M>| = M>| & M»>3 EBVZ{ EBVZ§
_ Tp,+ T ,— _ T>,+ T,—

Moy R M») —MzoéBMzz@VZ§ EBVZ{ , Mg ® M»>3 _M19@M21€BVZ§ GBVZ§
_ Tp,+ Ty ,— _ T>,+ T,—

M9IZ|M24—M18€BM2()€9VZC EBVZ{ , Mo ® M>s = Mg @ Mg EBVZ§ GBVZC
To,+ T,— T>,+ T,—

Mo ® Mg :M20®M21EBVZC EBVZC , Mo ® Mq9 =M19€BM22€BVZC @VZC
To,+ T>,— T>,+ T,—

Mg ® Myy = Mg © M3 @VZC EBVZ§ , Mo ® My =M1869M24€BVZC EBVZ{
_ To,+ T>,— _ T>,+ T>,—

Mg ® My = M9 & M»s ®VZC ®VZ§ , Mo ® M3 = My © Mos @VZC @VZC
_ To,+ T>,— _ T>,+ T>,—

Mo ® Mpyg = Mp GBMM@VZC EBVZC , Mo ® M5 = My & M3 @sz EBVZ{’
_ To,+ T>,— _ T>,+ T>,—

M1 ® Mg = My & M3 GBVZ§ EBVZ{ ,M]]IZ]M]g—MQ]EBMm@VZ{ EBVZ{
T>,+ T>,— T>,+ T>,—

M1 & My = My ®© Mss GBVZ{ EBVZ{ , M1 ® My :M19€BM25€DVZ§ GBVZ{
_ T>,+ T>,— _ T>,+ T,—

My EM22—M18®M24®V2€ GBVZZ , M1 ® M3z = Mg © M3 GBVZ{ ®VZ§
M _ Tr,+ Tr,— _ Ty, + Tr,—

11IZM24—M19€BM22€BVZ{ GBVZ{ ,M11IZIM25—M20€BM21€BV2€ EBVZ§

j Tok _
(3) (VZﬁ+%) RVye = @ V%+Z{
1<s<15
s20  (mod 2)
(3.2.3) . .
2,+ 2~
®VZ§ ®VZ§ s
(i=1,3, j=0,1, k=0,1).
(4).  For the fusion rules of type M; ® M; with 12 <i < 17,18 < j < 25.

Mo ® Mg = Mo ® My = M2 ® My = M2 B Mps = M3 ® Mjg

= M3 ® Mo = M3 ® M3 = M3 ® Mpy = M4 ® Mjg
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= M4 ® Mo = M4 R M3 = M4 ® Mpy = Mjs ® Mg
= M5 ® My = M5 ® My = M5 R Mas = Mg ® M3
= M6 ® Mp; = M6 ® M2y = Mg R Mps = M7 ® Mj9
= M7 ® My = M7 ® M2y = M7 ® Mps

(3.2.4) = Mg ® M1 ® My & Mps & Mog & M»>7.

All other products of this type are equal to: M9 @ My ® Moz ® M4 @ Mg & Mo7.

T2,j _
) Vopg eV = (D Vi

1<s<15
s#0  (mod 2)

(3.2.5)

T, + Tr,—
@2‘/22( ®2VZZ§ ,

(1<r<8, r#0 (mod3), j=0,1).

T2,j _

32
1<r<8
r£0 (mod 3)

3.2.6 ¢
(3.2.6) @ EB Vig 2

a=1,3
t=0,1

(1<s<15 s#0 (mod?2)).

G227 (. (Vzp'm VZ;J' =V @V fori=j,(i,j=0,1).

328)  (8). (Vgp'm VZ;J' =W @V fori# ), (i, =0,1).
Proof. This follows directly from Theorem 2.5.4, Lemma 3.1.21, Lemma 3.1.22. ]

We use the following conventions in the next theorem. Leti,j € Z. We write i + j
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fori+ jmod?2and i+ jfori+ jmod3. By [DJJJY] and [WZ], we have the following

identifications as VLS ;‘—modules:

(3.2.9) Wy, = Vzyed

(3.2.10) W52 =V, 2

(3.2.11) Wsn 2V, 0

(3.2.12) W51 =V, o

(3.2.13) Ws, = Va2

(3.2.14) Wi, 2V,

Theorem 3.2.3.

(3.2.15) (D). (V2 ((VE))"Y = (V3™ (1,7 =0,1).
(3.2.16) 2). (V2= (V' =(Vzp', (i=0,1).
(3.2.17) (3). (Vi) ® (V3p) = (V39 ™, (i,j = 0,1).
(3.2.18) (4. (V") m(Vg, ») =y, Fi, (i,j=0,1).
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(3.2.19) (5). ((vgﬁ)o)lmv%ﬂ s —vlﬂ 5 (i=0,1).

(3.2.20) (). ((VZp)") 8 (Vyg,19)" = (Vg s B)”k (i,k=0,1,j=1,3).
(3.2.21) (7). ((Vgﬁ)o)ivaH%:vzy+%,(i:0,1).

(3.2.22) ®). (V2" BV, g =Vyp, . (i=0).

(3.2.23) 9). (Vzp)") BV, i =Vypptisac, (= 1).

(3.2.24) (10). ((vgﬁ)o)lva” T2 o =0,1).

(3.2.25) (D). (V) ' = (Vi)' = (V2N @ ((V3p)") " @ (V3p)'.
(3.2.26) (12). (V3p)' 8 (Vgp) = (Vzp)" @ (Vgp) ", (7 =0,1).
(3.2.27) (13). (vgﬁ)lx(voﬂ p) = ZB Lo (1=0,1).

(3.2.28) (14). (Vgﬁ)lxvéﬂ s (V§ﬁ+ﬁ)+@(v0ﬁ ) eV Zﬁ+

(3229) (15). (Vzp)' & (V)" = (Vpp, )" © (V) ™, (j = 1,3,k =0, 1).

1
(3.2.30) (16). (VZp)' BVzyn =V, 5 8V, %
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(3.2.31) (Vzp)' ® Vo =Vz,,0 OVy 0
(3.2.32) (VZp) BV, 0 =V, 2 @V, 5.
(3.2.33) (V2p) ®Vy,5 =Vzpr ©Vy, 3.
(3.2.34) (V2p) ®Vy, 0 =Vzpr ©V,, 5.
(3.2.35) (VZp) ®Vy, 0 =Vy 2 @V, .
(3.2.36) (17). (Vzp)'® Vg =V 70 OV, usac.
(3.2.37) (18). (V3! vazg V;f oV 7

(19).  (Vzp)'m (Vzp) = (VEp) )™ @ (Vi)'

(3.2.38)

® (Ve (V) ,  (,j=0,1).
(3.2.39) (20). (VZB)lx(VOﬁ 5 —(voﬁ B)‘*Jea gt
(3.2.40) (21). (Viﬂ)lmvéﬂ s (v§ﬁ+ﬁ)+@(voﬁ ) o2 et
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(3.2.41)
(22). (Vzp)'m(V B+kﬁ) = ( Zﬂ+kﬂ)l+ ®V+ﬁ g
@V%mm_sk)ﬁ, (k=1,3,j=0,1,i=0,1).
(3.2.42) (23). (Vgp)' BVzyen =Vzye ®Vy, 0 @V, 0, forr odd.

(3.2.43) (VZB)l R V7,0 = VZy+% ® VZy+‘1‘—§ ® VZy+?—§’ forr even.

(3.2.44) (24) (Vzp)' ¢ OVy 7 OVyp o,

Z{+ Z§+ Z8+33
—_— + _

(VZp) BV 8 = Va0, 8 @V st OV 11,
-\t

(VZﬁ) MVZ§+§§ Zé«+3§ eV ze+ 5{ eV Z(_‘_l’&{,

- \+
(VZp) BV 8 =V & OVar 8 O Vg 150,

N
(Vzp) BVZ2er% = Vs & OVzr % O Vg 150,

‘g
(Vzp)" BV 116 =Vyp 3 @V 11c @ Vg 1ac,

(Vzﬁ)+ Z{ ML :VZ§+‘;—2 EBVZ{+11§ eV Ze+ 13

32

(Viﬁ)+ Z§+15{ = ZC+7{ ®VZ{+9< eV Zg+ 156

(V)™ BVer 8 = Va8 OVzp % © Vg 150,
(VZﬁ) xRV 7e+% :VZ§+% eV 7g+ 118 eV 7g+ 1%
(VZﬁ) XV {+5§ = Z§+3§ eV ZC+“< eV Z§+13<’

(Vzp)" B Ve, = Ve, g ®Var % ©Vyp 15,
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(3.2.45)

(3.2.46)

(3.2.47)

(25).

(26).

§3.2 Fusion Rules for VLS;‘

(Vzp) BV, z¢+% :VZ§+ VZ§+7¢ eV ze+ 55
(Vzp)” BV 118 =V 3 ®Vyp s ®Vyp 1,
(VZp)™ BV 130 =V, 3 ©Vyp, st ® Vi e,
(Vzp)™ ® Vaga 56 = Ve, & OV 1t OV, .

(V§ﬂ+£)l ( Oﬁ ﬂ)J - ((VZﬁ) )1+J ® (VZﬁ)l+J (l ] =0, 1)
7
(Vzﬁ p) ® B o =) @ (V)T e (V7)™ (i=0,1).
0 +_yt
(27) (VZ,B'*'4) ( Zﬂ+ﬁ) Zﬁ 3ﬂ eV ﬁ ﬂ’
( 7B+ ﬂ)+ ( B+ﬁ) Zﬁ 3ﬁ @Vﬁ B>
(Vop) B (Vg 9)" =V, 5 @V, 4,
+ _
( 7B+ ﬂ) X ( Zﬁ+3ﬂ) ;é; @VZﬁ B>
+ - _
( 7p+t ﬂ) ® ( Zﬂ+ﬁ) Vzﬁ+3ﬂ ®VZB+§’
0 - _
(VZﬁ‘Fg) ( Zﬂ+ﬁ) 35 ®VZﬁ+ﬂ’
(v 7p+t ﬂ) IZl(VZﬁ+%ﬂ)+ ﬂ ¥ ®V£ﬁ+ﬁ’
0 .
(28) (Vzﬁ+§)lEVZY+ﬁ _VZy+ @sz+4y’
O [ —
(VZﬁ-F%)l EVZ)/+% = VZ}H—I}'_S @VZ}/+SY’
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(3.2.48)

(29).

( 7B+ ﬁ)l Zy+ VZy+" EBV

( zp+8 ﬁ)l Zy+ VZy+ @sz+8y,

(Zﬁ+ﬁ)l Zy+ VZy+ EBVZHS"’

( zp+4 ﬁ)l Zy+8y =V zZy+3% @sz+
(Vgﬁ ) V72008 =Vaea O Ve 5t
( Zp+ ﬂ)+ Z§+ VZ§’+32 EBVZ{+7§’
(V§ﬁ+§)+ V7038 = Vo & OVze, %,
( ZB+ ﬂ) RV, ZC+% :VZ§+%€B Z§+“§’
vy zp+t /3)+ Z§+ zg+5< eV VAGR -

+
( Zﬁ+§) Z<;+“< - Z§+74 eV z¢+ 25>
0 +
(VZﬁ+§) Z§+13§ = Z{+9< eV Z§’+15<’

(VO +£)+ xV. 15{ = 1 @V
q

Z§+ Z§+'3§’

(9 +Z)_ RVzee g = Vol @V, 1,
Z§+9( @V Z¢+ %’
(V;g+§)_ RVZe438 =Vap 8 OVgp 5,
v Zp+ ﬂ) RVZee 2 =Vgpast @ Vgp 13,

0 - —
(VZB+§) lZ]VZ§+3—g_ ZG_%{EB Z€+11(,

0 - —
(VZB+§) IZVZ{+%_VZ§+ EBVZ{+9§’
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( 28+ ﬂ) RV Ze 1% _VZ§+ eV 7e+ %

(3.2.49) (V0 2548 ) BV =V, OV, s
(3.2.50) (30). (v ﬁ)lleT“ Vit eV (i=0,1,j=0,1)

(3.2.51) (31). v%mng%ﬁ% = ((V3)) @((V25)") @ (V2p) @2(V75) " @2(VZp) .

(3.2.52) (32). v;ﬁ g B (Vyg,m) = P « Vygis).
k=1,3,5=0,1
1
(33). Vi B Vayep) =V 0 ®Vz, 0 @2V; n,
1
VZﬂ+ ( Zy+ ) VZ}/+ Y @VZ)/+ @ 2VZY+7y,

1
Vi B Vzy9) =Vayy @2V, o @V, 0,

1
V IZI(V +?§;) Z +2y @ZVZ @VZ +8y,

zp+2
V%m (Zy+ ) = 2VZy+ GBVZy+ ®VZy+8y’
V%m[z,x(vZ 9) =Wz p @Vy 9 OV, 0,
(3.2.53)
(34). vlﬂ V00t =Vara2t @V, OV e @V, (s=1,7,9,15).
(3.2.54)
Zﬂngu =V f ®Var 18 @V x &V, (s=3,5,11,13).
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(35) (VZﬂ lﬂ) IZ( Zﬁ_'_kﬂ)l

—_ /(1,0 J+ 1
= (0, ev]

(3.2.55) & (V1)) @ (Vi)'

— \J+ + -
@ (Vzp) @Vzﬁ Vzﬂ s

oVl L, eV fori=k=1, j,1=0,1.

zp+3E zp+3L’

( ZB+’B) = ( Zﬂ+kﬂ)l

= (0 VeV

zp+2 Zﬂ+

(3.2.56) & (V1)) " @ (V)

J+l +
@ (Vzp) @VB ﬂeavzﬁ s

@Vgﬁ 3 EBVZﬁ 385 fori=k=3, j,1=0,1.
I _ 0 ]+ 1 +
( Zp+ lﬂ) IZ1( B+kﬁ) - ((VZB+ﬁ) )@VZﬁ B @(V [3) EB(V g) eV Zﬂ ﬂ
— + — _
(3.2.57) @Vzmé Y% Tpess @Vzﬂ+%,forl +k,j,1=0,1.

k I 0 1 2 pe]
(36). Wg RWg, =Ws, &@Ws, ®@W;, ® W&;
® (V)" @ (V) @ (Vzp)* @ (V)
® ( Z,B“’ﬁ)-'- ® ( ZB“’ﬁ) ® ( Z,B+3ﬁ)+ ® ( ZB_,_W)_:

(3.2.58) fork=1, kl1=0,1,2.
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W BWS, = Wy @W;, eW; eWsi @ (Vi) e (V)' e (Vg)”
O(Vyp,0)" @ (Vyp,0)” @ (Vyp,20)" @ (Vyp, )™, fork # Lk, 1=0,1,2.

(3.2.59)

Wi, Wy, = wgl@wgl@wm@wgzk "o (V7)) @ ((V35)°)" @ (Vzp)" @ (V)"
®( ZM)*@( ZN) @ ( Zﬁﬁ,;)*ea( Zﬂ+3ﬂ)—, fork=1k,1=0,1,2.

(3.2.60)

W5, W5, = Wy @W; @W;, eW;) e (Vi)' @ (V)" @ (Vyy)"
(3.2.61) o(V. ﬁ+ﬂ)+€9( zp+8) ® (V. [3+3ﬁ)+®( 2p+3) >

fork #1,k,1=0,1,2.

(3.2.62)
— 0 + 0 -
Vaye s BV = Vzy g OV 2 0V, 6 8V, 0 & v, 75+ ﬂ) ® (Vzmﬂ)
(3.2.63) @vlﬂ 5 © (Vo) @ (V)™ @ (Vg 0)" @ (V)7
_ 0 + 0 -
Vayi 'Z'VZy+18 = sz+ eavzy+ eavzy+ EBVZy+8V ea(v 7848 s) ea(vzﬂ+ﬁ)
(3.2.64) eav;ﬂ 0@ (Vo)™ @ (Vg 0)” @ (Vg 30)™ @ (Vyp, )™
— 1
sz_,_y IZIV 18 = VZy+ €BV EBVZy+% EBVZ}H_% EBZVZ/H%
(3.2.65) eV M)*@( 2p+8)” ® (Vzp,58)" @ (Vg )™
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_ 0 + 0 -
VZy+ mVZer = VZy+ EBVZY+ @VZy+ @VZMV €B(V 25+ ﬁ) @(VZﬁ+ﬂ)
(3.2.66) @vlﬁ ;O (V B+ﬂ)+ea( Vypet)” @ ( Zﬁ+3ﬁ)+@( Vapoa) -
_ 1
VZ)/+ IZIV Zy+ - VZ},_{_% ®VZ @sz+ @VZ)H_S)/ GBZV ﬂ+§
(3.2.67) a( Zﬁ+ﬂ)+@( Zﬁ+/3) & ( Zﬁ+3ﬂ)+®( Zﬂ+zﬁ)_.
_ 0 + 0 -
VZy+5’ xVZY+18 = sz+ eavzy+ eavzy+ @VZMV ® (V 7848 ﬁ) ® (Vz;a+ﬁ)
(3.2.68) eav;ﬂ 0 © (Vop,0) @ (Vpp,0)7 @ (Vp,20)" @ (V)
— 1
sz+zy IZIVZY+18 = VZy+?§ ®VZy+ GBV EBVZ)H_% 692VZ[3+§
(3.2.69) &( Zﬂ+ﬂ)+@( 2p+8 8)” @ ( ZB+3ﬂ) ® ( Zﬂ+3[3)_
— 0 + 0 —
vz+ IZIVZy+]8 = VZ+ oV, eavzy+ y ©V, 8y®(vzﬁ+é) @(vZﬂ+§)
(3.2.70) @V%ﬂ s @ ( Zﬁ+ﬂ)+ea( 2p+8)” ® (Vg 0)" @ (V)7
= 0 + 0 -
VZy+ xVZer = Vzyrz @VZy+ eaVZy+ eavzy+8y @(V 75+ ﬁ) @(Vzﬂ+ﬁ)
(3.2.71) @véﬁ 0 ® (Vo)™ @ (V)7 @ (Vg 20)" @ (V)

Proof. We begin with the proof of (1)—(10). By Theorem 3.1.15, ((V. ﬁ)o)l is a simple
current, and its tensor product with any irreducible module is again an irreducible

Vf“-module. By Corollary 3.1.18, we have
2

(Vi) CVze and ((V3))")™ € Vg
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We first show that
(V) = (V)" = (V)"

By Theorem 2.5.9, some irreducible Vf ;‘ -modules appearing in Vz; must also appear in
((Vgﬁ)o)+ X ((Vgﬁ)O)Jr. The equality then follows from a comparison of the quantum
dimensions. The remaining cases in (1) are proved in a similar manner.

The same method applies to the proofs of (1)—(10) when combined with Corol-
lary 3.1.18, Proposition 3.1.19, and Lemma 3.1.20.

Proof of (11): By Theorem 2.5.9 and the fusion rules for Vg ‘-modules [DJJJY],
(Vgﬂ)1 must be contained in (Vgﬂ)1 b (Vgﬂ)l. From Lemma 3.2.1, we know that all
irreducible VLS ; -modules are self-dual.

M

By Corollary 2.5.8, we know dim I+ o)+ = 1 for all irreducible
((VZ)") . Ons
(V)" M
s | (V)" |
VL;—modules M. Thus, by Theorem 2.5.2, dim I((Vgﬂ)oﬁ = 1. That is to
MM

say there is one and only one copy of ((Vgﬁ)o)+ in (Vgﬁ)1 X (Vgﬁ)l. By counting the
quantum dimensions, we know ((V%B)O)‘ € (Vgﬁ)l X (Vzﬁ)1 and get (11).

Proof of (12): By the fusion rules for VLA; *-modules, we have
(V3p) ®a, Vi =V

Ve
Let I be an intertwining operator of type I 4, zp
L + 3\1 —
"\ (VZp) Vg
of I yields a nonzero intertwining operator of type

. By [DL], the restriction

-
IVS4 2 . ’ ] = 0’ 1.
7\ (V2! (Vzp)
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Letv e (V. B)J Then

(upvlu € (Vgﬁ)l, n € Z) =V,

where u,v denotes the coefficient of 27! in I(u, z)v. This follows from the fact that
V2 is an irreducible V *-module. Consequently, (V. ﬁ)l x (V ﬂ)f must contain both
(V ﬁ) and (V. ﬁ) The equality then follows by comparing the quantum dimensions
of both sides.

Proof of (13): This follows from Theorem 2.5.9 and the fusion rules for VA4—m0dules.

Proofof(14): By the fusion rules forV *-modules, we have (V+ﬁ)1 |Z|A4VIB+ = Vélﬂ
iy
and V0 p B A4V2ﬂ s = (Vzp) @(V, B)l From the first identity, we know V2, = V!

zp+8 " zp+t

as V —modules is in (V. ﬁ)l X Vlﬂ ;- [From the second identity, we know 1
Z

0 +
(V3! (Vi)' (V2 )"
dim I 4, 2P <dim s, b = dim L5, ZP+3
VL2 VO 1 Ly ( 0 )+ Ly ( )
z7p+5 " zp+t zp+87 " zp+t ZpB Zﬂ
This means (V%B ,)* must be in (V B)l =RV! et Equality follows by counting the quan—
+5 T

tum dimensions.
Proofof (15): This follows from Theorem 2.5.9, Proposition 3.1.17, Corollary 3.1.18.
Proof of (16): We prove (3.2.30); the proofs of the remaining cases are similar. As a
VS4—m0dule we have VZy L = WO = Wgz | by [WZ],[DJJJY]. By Theorem 2.5.9 and

c (v ﬁ)l ® Vz,.x- The

the fusion rules for VL2 -modules, we see that VZy £ Zy it

equality then follows from a comparison of the quantum dlmensions.
Proof of (17): By Corollary 3.1.18, (V. B)l is contained in both Vz; and V. frane Using
the fusion rules of Vz¢-modules, together with Theorem 2.5.9, quantum dimension

arguments, and the fact that V. ¢ as V —modules we obtain (17).

7e+ (16+s)§ = Z§+

Proof of (18): This follows from e-identification in Proposition 3.1.19 and the tech-
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nique used in the proof of (17).

Proof of (19): By the fusion rules for Vf‘; *-modules, we have
Vip B, Vg = (V) @ (Vi)' @ (V35)* @ 2V,

By Theorem 2.5.9, the fusion product (Viﬁ)i = (Viﬁ)j must contain at least one irre-
ducible module from (Vgﬁ)O and at least one copy of (Vgﬁ)l. Since all irreducible

v

I -modules are self-dual, we have

(V29)°)™ € (Vzp) 8 (V).
Moreover, by Proposition 3.1.17,

—+ ~ — —_— ~ —

as Vf;—modules. From [ADL], we have

=V

(3.2.72) Ve By e

¢ VZ§+%

By Corollary 3.1.18, (Viﬁ)Jr is contained in V,, el Applying the same technique as
P

in the proof of (12), we obtain
(V) @ (Vzp)™ € (Vgp)' ® (V).

Equality follows from comparing the quantum dimensions of both sides.
Proof of (20): By the fusion rules for Vi“—modules, the fusion product contains one

s By the fusion rules for

copy of V% ; and at least one irreducible module from V;
7 3

B+
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V3 7¢ -modules, there exists an intertwining operator I of type
V. 3
IV% oy
V¢ VZ{+%

Restricting I, we obtain a nonzero intertwining operator of type

V

I Z§+X
V?’ - \* O
0z 02,
Therefore,
+ 0 - _ (/0
(3.2.73) (Vzﬁ) |Z|(V 7548 B) (V 754 ﬂ) eV Zﬂ+ .
Replacing VZ % by V zg+50 We similarly obtain
-\t 0 + _ (/0 + 1
(3.2.74) (Vzﬁ) X (VZ,B+§) = (Vzﬁ+ﬂ) ZB+ .

On the other hand, consider
(Vzp)™ @ (vzp) ) B (Vy, o).

By the fusion rules for Vi“—modules, there exists an intertwining operator I of type

ZB+§
- 0
VZB V2ﬁ+
Then

(V)" @ (Viﬁ)_’z)((voﬁ ,)) = (V§ﬂ+ﬂ)+ ( Zﬁ+ﬂ)—

+ 0 j . 0 + 0 -
This shows that ((V ﬂ) ® (V. ﬁ) ) ® (VZﬁ+§) contains both (VZB+§) and (VZB+ﬂ) )

7
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Consequently, (V. B)+IZI(VO ;) and (V5 B)_IZI(VO , )’ contain different irreducible
+7 Zp+7
VS4 -modules in Voﬁ s This proves (20).
+7
Proof of (21): By the fusion rules for sz *-modules and the techniques used above,

i /] L0 + 0 - vl .
we know that (V. ﬂ) XV 26+ must contain (VZB+ ] )T e (VZB+ ] )" @ VZB+ 8 Comparing

+B
1
the quantum dimensions of both sides, we see that there are four remaining dimensions

to be accounted for.

By the fusion rules for VLA;“—modules, we have

(V) )

+ 31 -\t i
2848 D(VZB) EB(VZﬁ) @(Vzﬁ) .

ZB+

This implies
(V) )

7648 = (V25)' ® (V3p)* @ (VZ)™.

Zﬁ+
Since all VLS;‘-modules are self-dual, it follows that there is exactly one copy of

(V; ] )i, for i = 0, 1, appearing in (V‘B)i X VIB 2 Combining this with the previous

calculations, we conclude that ((V. B)O)’ (V. B)l and (V. ﬁ)‘ do not appear in (V ﬁ)l

1 : - 1
VZ s - Therefore, the only choice is (V, B)l XV 2841

B contains two copies of V1 B-
B+ 7

1 1
Proof of (22): We prove (V. ﬁ) X V+B s only. The other cases are similar. By the

g
fusion rules of VLA;“, we know it contains at least one copy of an irreducible module
fromV,,. p+b and two copies of irreducible modules from V, peib-

Corollary 3.1.18, we have (V. B) C Vz¢e, V.

By Proposition 3.1.17,

s and VY s = V{ Thus (22)

Z§+{’ VAG & zp+% B+Z8

follows from the fusion rules for Vz¢-modules and Theorem 2.5.9.
Proof of (23): This follows directly from Theorem 2.5.9 and the fusion rules of Vf\z ‘.
Proof of (24): This proof is similar to (17).
Proof of (25): By the fusion rules for VA4 -modules, (VO N )m (VO )j must contain

at least one module from V; and (V. B)O By self- duahty, it is clear that (v ﬂ)0)+ isin
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the tensor product if i = j and ((V. ﬁ)o) is in the tensor product if i # j. By (20), it is
clear that (V. B)+ C (Voﬁ ﬂ)l (V0 264 ﬂ)f ifi =jand (V. ﬂ) C (Voﬂ B)l (V0 2548 ﬂ)f
i#].

Proof of (26): This has already been proved in the proof of (21).

Proof of (27): This proof is similar to (17).

Proof of (28): This follows from the fusion rules of VLA;“ and Theorem 2.5.9.

Proof of (29): This proof is similar to (17).

Proof of (30): This proof is similar to (17).

Proof of (31): By the fusion rules for VLA;“-modules and the techniques used above,

the fusion product contains
(V)" (V)7 (Vgp)*s (Vi)™

By (3.2.28), the tensor product contains exactly one copy of (V. B)l By (3.2.40), there
are two copies of (V. ﬁ)‘ for i = 0,1. The equality then follows by comparing the
quantum dimensions of both sides.

Proof of (32): This follows from the fusion rules for V{‘z *-modules and the technique
used in the (12).

Proof of (33) will be given later.

Proof of (34): This proof is similar to (17).

Proof of (35): The quantum dimension of (VZngr % ) ® (VZﬁ+ % ) is equal to 36.

For i = k, the fusion rules for V{\; -modules give

Vv

0 1 2 0 2
Z,B+lﬁ XA, Zﬁ+lﬂ _VZ +ﬁ oV +¢3 eV ﬁ @(VZ;;) ®(Vzg) EB(VZB)

B zp Zp+
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and
1% w =Vl Jevl eV [ e2v;
ZB+B S, V ZB+ 4 Zﬁ+§ Z,B+ﬂ Z,B+ﬂ Zp
2V 2V
® 7B+ ﬁ ® 7B+ B

The restriction of the quantum dimensions 1mphes that there is exactly one irreducible

VS4 -module arising from each of the following V *-modules if i = k:

vo ooVt 2 )l (i) v,
Zﬁ+ﬁ ﬁﬂ (Vzp)"s (Vzp)'> Vg

and two irreducible VS4—m0dules arising from each of Vzﬁ p and V 3ﬁ .

To determine whether (V° 5 )* or (VO B) appears in the tensor product we use
B+

Zp+7
our calculation in (27). We only compute V* p B vt B Since
Zﬁ+§ Zﬂ+§
V' eV pt=vt eVt
Zﬁ+§) ( ZB+§ 7B+ 3P ZB+B

by self-duality we conclude that (V g = (V * contains (V® ,)*. The other
zp+ zp+5 8 z7p+8
cases are similar.
By (22), we also see that the tensor product contains (V. B)J+l if i =k, and (V. B)+

(V ﬁ) otherwise.

By the previous arguments, it is clear that

+
FNASY

all appear in the tensor product.

It remains to determine the summands related to V 2+ B andV 254 3. By [ADL], there
s

Ti,+
V.
. . .. Zz8 . .
exists an intertwining operator I € IV% N Using the technique from
\4 Vv 1,
VA4 +% VA4
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the (12), we obtain that V* p B vt P contains V* g OV 4, and V* g BV
Zﬂ+§ Zﬁ+§ Zﬁ+§ Zﬁ+ Zﬂ+§ Zﬁ+§
also contains V* p OV 4. The remaining cases are similar.
Zﬁ+§ Zﬂ+§

Combining all these results, we obtain (35).
Proof of (36): (3.2.58-3.2.62) follows directly from the S-matrix and previous cal-
culations. We prove (3.2.63-3.2.71). The summands consisting of modules of the

form V.

Zy+ iy AT€ determined by the S-matrix. By the fusion rules for V -modules, we

know the tensor product must contain at least one copy of Vlﬂ V+ﬂ s> and V+ﬁ
After counting the quantum dimensions, a quantum dimension of 4 remains. From
the fusion rules for V *-modules, the tensor product contains (V0 ﬁ)+ (v 0 ﬁ)‘ un-
less (k = 0,1 =2),(k =1=1),or (k =2, =0). For these three cases, we know
((v3 )0) (V. /3) (V ﬂ) (VOB B) are not in the tensor product from those fusion
rules that are already calculated. Thus, we have no other choice.

Proof of (33): By Proposition 3.1.19, we know VIB ®Vz,,r must containV,, 7y+2 ®

18

. . 1
VZy+“V eV, oy if r is odd and VZﬂ+§ R Vzy,n must contain Vzye 2 © VZij y &V,
if r is even. By (36) and self-duality, we obtain (33). Equality follows from counting

the quantum dimensions.

For1 < i,j < 15withi,j# 0 (mod 2), we divide the tensor productV_,, « ®RV_, j
Z8+35 Z8+35
into three parts.

We call all irreducible modules belonging to M,—M17 Part A, and all irreducible
modules belonging to Mg—M;; Part B. All remaining irreducible modules are said to
belong to Part C. The full fusion rules are obtained by adding Part A, Part B, and Part
C.

This decomposition will be convenient for describing the fusion rules forV_,, « ®

Z§+
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Voess For brevity, we will use (i, j) to denote the fusion product M; ® M;.
32

Theorem 3.2.4. Part A is as follows:

(18,18) = (18,21) = (18,22) = (18,25)
= (19,19) = (19,20) = (19,23) = (19,24)
= (20,20) = (20,23) = (20,24)

= (21,21) = (21,22) = (21,25)

= (22,22) = (22,25) = (23,23) = (23,24)
= (24,24) = (25,25)

(3.2.75) =M ® M5 ® M.

For other pairs, part A is M3 @ M4 @ My7.

Part B:

(18,18) = (18,19) = (19,20) = (20,21)
= (21,22) = (22,23) = (23,24) = (24,25)
= (25,25) = Mg.

(18,24) = (18,25) = (19,23) = (19,25)
= (20,22) = (20,24) = (21,21) = (21,23)
= (22,22) = Mo.

(18,20) = (18,21) = (19, 19) = (19,22)
= (20,23) = (21,24) = (22,25) = (23,25)

= (24,24) = Myy.
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Chapter 3 Fusion Rules for Vf;

(18,22) = (18,23) = (19,21) = (19, 24)
= (20,25) = (20,20) = (21,25) = (22,24)

(3.2.76) =(23,23) = My;.
Part C:

(18, 18) = (19, 19) = (20,20) = (21,21) = (22,22) = (23,23) = (24,24) = (25,25)
= (V20 @ (Vi)' @ (V3p)".
(18,19) = (18,20) = (19, 21) = (20,22) = (21,23) = (22, 24) = (23,25) = (24, 25)

=W

)+ @Vl
Zﬁ+§

zp+8’
(18,21) = (18, 22) = (19,20) = (19,23) = (20,24) = (21,25) = (22,25) = (23,24)
= (VZp)" @ (Vz5) ™

(18,23) = (18,24) = (19,22) = (19,25) = (20,21) = (20,25) = (21,24) = (22,23)
= (ngg)‘ eav%m%.

(18,25) = (19,24) = (20,23) = (21,22) = ((V3p)")” @ (V3,)' @ (VZ,) ™

(3.2.77)

Proof. Parts A and B are obtained directly from the S-matrix using the Verlinde formula.

Part C is derived from the self-duality and calculations in Theorem 3.2.3. O
Theorem 3.2.5.

1 Tr,i _ Tr,+ To,— /+ _
(3.2.78) (1) VZﬁ+§ X szgl _ ZVZ% ) ZVZ% ,((=0,1).
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§3.2 Fusion Rules for VLS;‘

(2) vRigylz

zg VA4S
| @ s
@ zy+i2 | ® zp+L
1<k<8 s=1,3
k20 (mod 3) t=0.1

0 + 0 - + \0\it+)
@ (V)" @V, )" ® ((V2)")

) (Vgﬁ)l ® 2V£p+§ ) 2(Viﬂ)i+j+l @ (Viﬁ)m’

(3.2.79) (i,j=0,1).
Proof. We first prove (2). Vgé’i X VZ:j contains
8
t
( @ 2VZY+%) ® ( EB Vzm%)
k=1,k+0 mod 3 s=1,3,t=0,1

by the S-matrix calculation. By Theorems 3.2.2 and 3.2.3, VZ’i X VZ:j contains exactly

0 + (1,0 - + \0\i+j (+ 31 N S T N _
one copy of (V0 )%, (V) )7, ((V2)"), (V2)!, 2(V5)) L, (V7). By count
ing the quantum dimensions, a quantum dimension of 8 remains. So, the only remaining

. 1 .
summand is 2VZB+ 3 This proves (2).

(1) follows from (2). |

7



Appendix

78



For convenience, in the following diagram, we will use W; to denote %(e 9 +e 9 ) for

i g

j=1,2,4,5,7,8 and T; to denote eij +e% forj=1,3,5,7and P; to denote eT6 + 76
forj=1,3,5,7,9,11, 13, 15. The following is the part of the S-matrix for irreducible
V3*-modules that we need:

Lz_

Table 4: The S-matrix

V328, 10| 8 9 | 10 | 11 |12 |13 | 14| 15|16 | 17
BRI
HOEEEEEE R IEEE
2 |42 |2 |2 |2 |-4)-4)-4]-4]-4]4
3 1|t 1| -1 fO]O]O]O[O0O]O
4 il -1 -1 -1 -1 lojo]O0O|O0O]|]O0]|O
s 1300 o IEIEIHEE
6 3]0 oo o 44140t 4 ]
7 (310 oo o 44444
8 1| V2 | V2 | vV2|—vV2| 00 |0|0] 0] 0O
9 1| V2 | V2 | —vV2|—vV2|0]0|0]|0] 00O
10 |1 -V2|-vV2|{ V2| ~vV2]0]|0|0]0]|O0]|O
1 1| -V2|-V2| V2| V2|0 |0|0|[0|0]|O
12 |3 0 | 0 | 0 | O |W |W | W |Ws | W |W
13 [3] 0 | 0 | 0 | 0 |W|W|Ws|Ws| Wy | W
14 |[%2] 0 0 0 0 | Wy | Wg | Wy | Wy | Wy | Wy
15 il 0 0 0 0 |Ws | We | Wy | Wy | W | Wy
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TS| o|o|lo|c|o|lo|c|o|o|e
ot W3 W/. clo|loco|loc|lolocoloc|lo| o] o
RN W4 clo|loc|loc|lolocolocolo| o] o
= W8 W4 clo|loco|loc|lolocoloclo| o] o
QS| S| o|o|lo|c|o|lo|c|o|o|o
Als| S| o|oc|o|o|o|o|o|o|o|e
= S A A =
Slleleo| 98| Q| @Y &l 8| w|oe
S IR BT RS I A M o e S -
w|lo|lo | QK| Y| ¥ &8 EI QKoo
() <tlen | <flon | v — — — — — — — e\l o
—
Qllo|n|lw|loalo|=|a|lao|lx|vn| 0|
@ — | =l =] =|Q@|la|la|lalda|lalal o
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S N 3 o | o o|lo|lo|lo|lo|lo|lo|lo|lo|lo| o
S N N o | o O|lo|oc|lo|loco|o|o|jo|o| o] o
'e) N Q n
IS\ in — _V _ S e E|e|loleloe|o| ol g
o
S i — _V__W A o e B R SR R SN IS e
2 —
& i — _V__W LI g S|e|le|lele|o|o| g
o
N in — _W_V_ SS9 Q|o|lo|o|lo|lo|lo| A
o
@\l — ~
~ n — _V_V_ S S| 9| O|lo|lo|lo|lolo|lo| &
o
& i — _V__W RIS S| o|lo|lolo|lo| o A
o
S - — _V__W Ol el S|l slelo|lolo|lolol| L
0 — a | g — ~ ) 7o) —
— ] — _V _ ~ ~ ~ ~ = = () ] =) ) a,
=
%)
@ — S | o SIS N BT e i A R (R )
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2000000024
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