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ABSTRACT OF THE DISSERTATION 

Bubble Dynamics in Shear Flows: Impact on Energy Dissipation and Thrust Production 
  

by 

Campbell Austin Dinsmore 

Doctor of Philosophy, Graduate Program in Mechanical Engineering 
University of California, Riverside, August 2015 

Dr. Marko Princevac, Chairperson 
 

With terms like “globalization” and “export driven economy” as part of our modern 

lexicon, clearly international trade is an important part of the world’s economic landscape.  

By necessity, much of this trade involves maritime transport.  Even though goods can be 

transported efficiently by ship, improving those efficiencies would help reduce the 

corresponding transportation costs and fuel consumption, thereby, reducing the emission 

of associated pollutants and their impact on the environment.  Numerous studies have 

investigated the introduction of air bubbles along a ship’s hull in order to reduce the drag 

on a ship through the shearing of a water/air mixture rather than water alone.  This 

technique is called “air lubrication” of the ship’s hull, and some of the associated studies 

have shown significant improvements in the propulsion system efficiencies when these 

systems were tested.  Hardly any of these studies, however, included an investigation of 

the bubbles’ impact on the operation of the propeller.  Consequently, this research 

investigated the interaction between a propeller and bubbles from three different 

perspectives.  Initially, tests were run on a remote controlled boat to quantify a bubbly 

mixture’s impact on the propeller.  These tests indicated that the bubbles reduced the 

thrust developed by the propeller by 4.5%.  Additionally, theoretical investigations into 



 ix

the nature of the bubble/water interaction were also undertaken.  This work broadened the 

investigation and led to the development of general creeping flow equations describing 

flow fields and energy dissipation in spherical bubbles and the liquid that surrounds them.  

These equations and a series of simple experiments indicated that bubbles will enhance 

the dissipation in creeping linear shear flows.  Finally, high speed video of the propeller 

jet was shot to characterize the interaction between the bubbles and the turbulent flow 

field in the jet.  The videos captured at least four bubble breakup modes and showed how 

these modes were related to the relative turbulent intensity in the fluid surrounding the 

bubble.  These experiments and investigations, developed a more comprehensive 

understanding of the interactions (1) between a bubble and its surrounding liquid and (2) 

between a bubbly mixture and a propeller. 
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1. Introduction 

 

Even though they may sound a bit exotic, two-phase flows are ubiquitous and are an 

important part of our lives.  When we are watching the clouds in the sky, are pouring 

water into a cup of ice, are mixing oil and vinegar, or are mesmerized by the streams of 

bubbles in champagne, we are either observing or creating two-phase flows.  It is 

apparent from these examples that this type of flow involves two readily identifiable 

species or phases that are interacting with each other as the fluid or fluids move. 

As is so often the case with interacting systems, the key to understanding two-phase 

flows is the interface between the two phases.  Once the physics at the interface has been 

established, the mono-phase constitutive equations will capture the bulk flow in each 

phase individually.  Even though the physical interface between the two phases can be 

examined from a number of different perspectives, the two phenomena that are presently 

of interest are force (or stress) and velocity continuity across the interface.  Force 

continuity at the interface is captured by Newton’s Third Law and velocity continuity is 

enforced by the no-slip condition.  These two principles can also be seen as ensuring 

kinetic and kinematic continuity across the interface. 

Even though these principles apply to essentially planar interfaces, such as the wind 

blowing over a glassy lake, they also apply to other very important types of two-phase 

flows including those that have spherical interfaces.  Of particular interest for the current 

study, this is the type of interface geometry that is generally associated with bubbles, 
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drops, and, in some cases, particles.  Even though drops and particles played an important 

role in the work associated with this thesis, bubbles were at the center of this effort. 

Entrained or artificially created bubbles may be present in any type of flow field, 

from the chaotic flows associated with rapids or a well-mixed chemical reactor to the 

well-ordered fluid motion that can exist down-stream of a relatively small waterfall.  

These bubbles will not only play an important role in modifying the chemical 

composition of the gaseous and liquid phases, they will also have a significant impact on 

the flow fields both outside and inside the bubble itself.  These altered flow fields can 

affect other properties of the mixture and the processes that are influenced by the fluid 

motion.  Since bubbles may affect almost every aspect of a fluid flow, establishing how 

they interact with their surrounding liquid is absolutely critical to understanding their 

impact on natural and engineering processes. 

As described more fully later, one application, and the technology that inspired the 

various investigations that comprised this effort, uses compressed air to produce a sheet 

of bubbles along a ship’s hull while it is underway.  As the ship moves through this 

air/water mixture, the bubbles may interact with the boundary layer immediately adjacent 

to the ship’s hull, in such a way as to reduce the skin friction applied to the ship.  This 

energy saving approach is called “air lubrication” of the ship’s hull and the devices used 

to create this bubble sheet are part of the air lubrication system (ALS).  These systems 

have advanced to the point at which large scale model tests and sea trials have been 

conducted, in some cases resulting in significant reductions in drag.  Even though ALS 

systems have developed to this point, the impact of these systems on the performance of 
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the propeller has not been thoroughly investigated.  Since this interaction may affect the 

overall efficiency of the combined air lubrication and propulsion systems, it is essential 

that the various aspects of propeller behavior are understood before air lubrication 

systems are put into widespread use.  

The investigation into the literature on air lubrication systems raised basic questions 

about the air/water interaction at the heart of this technology.  These questions related not 

only to the interaction between the air bubbles and the propeller but also to some of the 

fundamental physical mechanisms behind air lubrication itself.  Specifically, these 

questions are: 1) how do small bubbles, such as those that exist in the propeller jet, 

impact the dissipation of turbulent kinetic energy (TKE) in the jet itself, and 2) how do 

these bubbles affect the macroscopic forces, such as drag, applied to the propeller and the 

wetted surfaces of the vessel? 

The current research consisted of two different phases, with the first phase focusing 

on system level phenomena.  It included : 1A) developing a robust methodology and 

laboratory setup to investigate the impact of air bubbles on the propeller thrust and on its 

related efficiency, and 1B) quantifying the impact that changes to major parameters (such 

as bubble density, bubble diameter, and propeller rotational rate) have on propeller 

efficiency.   The second phase focused on localized phenomena and included: 2A) the 

development of flow field equations that capture the interaction between the two phases 

at a fundamental level, and 2B) the development of an understanding of certain aspects of 

bubble dynamics in various turbulent flow fields.  These efforts are presented in the 

following text.  
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 Section I is focused on those topics related to system level phenomena and design 

considerations.  In this section, Chapter 2 introduces techniques to improve a ship’s 

overall propulsion efficiency, including a discussion of air lubrication systems.  Chapter 3 

provides a detailed discussion of both the various (some partially unsuccessful and others 

successful) test setups that were used to investigate the impact a bubbly mixture has on a 

propeller.  Even though this chapter may run the risk of being excessively descriptive, it 

was felt that this discussion not only provided significant insight into the depths of the 

design process used during the experimental studies associated with this work, it also 

captured the evolution of the test setup’s design.  In addition to reducing the drag applied 

to a ship, properly modified air lubrication systems can be used to alter the 

maneuverability of a ship.  This can, then, lead to other uses for an existing or a newly 

installed ALS.  These potential uses of air lubrication systems as control mechanisms are 

discussed in Chapter 4.    

In Section II, the discussion transitions to phenomena at the local level and efforts 

associated with the investigations of these phenomena.  The study of these local 

behaviors was undertaken from both a theoretical and an experimental perspective.  On 

the theoretical side (in Chapter 6), the interaction of Kolmogorov eddies (the mechanism 

for the dissipation of TKE) and micro-bubbles at the Kolmogorov length scale was 

investigated.  To do this, creeping flow equations were developed using vector harmonic 

functions that described the three dimensional flow fields within both a micro-bubble and 

the surrounding fluid.  From these expressions, the resulting velocity gradients were 
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found which, in turn, allowed the associated local volumetric flow dissipation near the 

micro-bubble to be determined.  

These theoretical results were then examined experimentally (in Chapter 7) by a 

series of two increasingly sophisticated experiments.  In these experiments, a known 

amount of energy was introduced into a body of water that contained a uniform density of 

bubbles.  The resulting fluid motion was timed until the kinetic energy introduced into 

the fluid was dissipated.  The same experiment was run with water alone (i.e. no bubbles 

were introduced into the water) and the resulting dissipation times were then compared. 

Finally, in an attempt to capture the full complexity of the flow field in the propeller 

jet, high speed video was taken of the bubbly mixture in the propeller jet (Chapter 8).  

Even though this effort failed to catch the detailed interactions of the smallest bubbles, 

i.e. ones at the Kolmogorov length scale, it nonetheless yielded important information 

about larger bubbles as they interacted with the turbulent flows in the propeller jet.  This 

provided additional insight into the fundamental dynamics of bubbles in a turbulent flow 

field, especially for bubbles that don’t satisfy the assumptions imposed by the cases 

considered for the theoretical development.  

Even though structuring the text in this fashion has led to a significant number of 

smaller chapters, it is hoped that this organization will complement the various 

investigations that were a part of this effort and the nature of those investigations.  It is 

also hoped that its structure will make the topics more approachable and readable for 

those who explore this work.  
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SECTION I 

Studies of System Level Phenomena and Related Subjects 

 

Chapter 2 – Chapter 4 
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2. Background for System Level Phenomena - Air Lubrication Systems 

 

Maritime transport has been a crucial human activity for millennia, and, due to the 

recent sharp increase in international trade [1], its importance has increased in recent 

times.  International trade – trade that travels, in significant part, across the oceans and 

seas - is an important part of the world’s economic landscape .  As trade between 

continents has increased, there has been an associated increase in the energy consumed to 

ship the goods and materials of the global economy to their international destinations.    

This not only puts an additional strain on the world’s fuel reserves, the consumption of 

that fuel also produces greenhouse gases and other pollutants that impact the local 

environment in particular and the global environment in general.   

Any development that can make maritime transport more efficient will be a boon for 

business by reducing fuel costs and for the environment by curtailing the pollutants 

released by ships.  Even though maritime shipping is an efficient transportation mode, 

making it even more efficient is crucial to reducing global transportation costs and, 

through the reduction of energy consumption and the emission of associated pollutants, to 

minimizing its impact on the environment.  Consequently, efforts to improve the 

efficiency of ocean-going vessels are constantly being pursued.   

From these efforts, there have been recent advances in at least two approaches to this 

ongoing endeavor.  There are several ways of increasing the efficiency of the ship to 

reduce overall shipping costs.  In all cases, however, the goal is to increase the “payload 

efficiency” of the ship.  In this context, payload efficiency will be taken to mean the 
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quantity of fuel consumed to transport a given amount of payload, such as one metric ton, 

a specific distance, such as one kilometer.  Using this metric, the effectiveness of various 

hull and ship designs can be compared to determine which ones are best at transporting 

cargo for a given amount of fuel.  There are at least two different ways to increase the 

payload efficiency.  One way is to reduce the fuel consumed by the ship while keeping 

the payload fixed.  The other is to increase the payload transported for a given quantity of 

fuel.  Even though the difference between these two approaches is nonexistent from a 

mathematical perspective, they result in extremely different design philosophies.   

 

2.1  Triple-E Class Cargo Ships 

The first of these philosophies is to target the payload capacity of the ship.  This 

approach was wholeheartedly adopted by the Maersk Lines with the recent introduction 

of their Triple-E class of ships, one of the largest cargo ships currently in operation [2].     

In the case of the Triple-E design, though, this philosophy has been taken to its extreme.  

A Triple-E class ship can carry 18,270 Twenty-foot Equivalent Units (TEUs) [3], which 

essentially means that, when fully loaded, this type of ship can effectively carry 18,270 

twenty foot long cargo containers.  This is roughly a 16% increase over the next largest 

ship class in the Maersk fleet, the Emma class, whose ships can carry 15,500 TEUs each 

[4]. 

To make a ship that can carry such a vast amount of cargo, the Triple-E class hull was 

designed so every available space could be used to store cargo containers.  This, then, 

resulted in a hull form that is very “bulky” below the water line.  This aspect of the 
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Triple-E’s hull geometry is captured by its high block (Cb) and midship (Cm) coefficients.  

The block coefficient is the ratio of the volume of the water displaced by the ship to the 

volume of the imaginary underwater box created by the ship at its waterline, which is 

defined by the ship’s draft (or the depth below the waterline of the deepest portion of the 

hull), its length at the waterline, and the its beam (or the width of the widest part of the 

ship at its waterline).  The midship coefficient is the ratio of the ship’s maximum cross 

sectional area under the waterline (called the midship area [Am] – since this maximum 

area typically occurs at the middle of the ship) to an imaginary rectangular area in the 

water defined by the ship’s beam and its draft (at the same location that was used to 

determine Am).  (Note: a plane perpendicular to the longitudinal axis of the ship is used to 

determine the midship cross sectional area). 

These high block and midship coefficients lead to both higher form drag and skin 

friction, which, in turn, lead to greater resistance as a Triple-E class ship tries to move 

through the water.   Why, then, would anyone want to construct a vessel using this kind 

of design?  There are two aspects to the answer of this question.  

First, even though the overall drag applied to this kind of vessel is greater than for 

ships that have relatively slender hull forms, the increase in the Triple-E’s load carrying 

capacity more than compensates for this increased drag.  As a result, the overall payload 

efficiency of a fully loaded Triple-E class ship will be greater than its slender hulled 

counterparts.   

Second, the increase in the drag applied to Triple-E class ships isn’t completely 

driven by the form of the hull.  Another very important factor influencing the drag 
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produced by a vessel is its cruising speed.  Since the overall drag force can be reduced by 

operating at lower speeds, the Triple-E class ships are designed to cruise at a relatively 

slow speed of 20 knots.  Since both the form drag and the skin friction decrease with 

decreasing speed, operating this class of ship at lower speeds increases both its fuel and, 

consequently, its payload efficiencies.  In this way, these ships can moderate the negative 

effects of their bulky hull form, and as a result, the overall payload efficiency of a fully 

loaded Triple-E class ship will be greater than its slender hulled counterparts. 

Even though a Triple-E class ship travels relatively slowly, because of its inefficient 

hull design (from a fluid mechanics perspective), this type of ship must operate at nearly 

full capacity to realize these improvements in the payload efficiency (i.e. full and slow!).  

If this is not the case, it is quite possible that Triple-E class ships would operate at lower 

payload efficiencies than their more traditional counterparts.  Because global trade 

patterns (including trade imbalances) are subject to whims of the world economy, the 

ability to book a full manifest in a timely manner poses a significant risk to the overall 

success of the Triple-E’s operational design.  

 

2.2  Air Lubrication Systems 

The second approach to reducing fuel consumption targets fuel reduction by reducing 

the ship resistance rather than by increasing the payload capacity.   It does this by 

introducing air bubbles along the ship’s hull.  This allows the craft to move through an 

air/water mixture rather than through water alone.  Since air has a much lower dynamic 

viscosity than water, it would appear that shearing through this mixture would take less 
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propulsive power than if the vessel were to plough through the water alone [5-8].  This 

technique is called “air lubrication” of the ship’s hull, and the devices used to create this 

effect are called air lubrication systems (ALSs).  Using an ALS offers at least two 

advantages over the “super-sizing” approach of the Triple-E: 1) even though it depends 

slightly on the ship’s manifest, an ALS may increase the vessel’s payload efficiency, and 

2) since it does not require a change to the shape of the hull, it is possible to retrofit an 

existing ship with an ALS.  These advantages make using an ALS quite attractive and, 

consequently, several groups have been actively involved with developing these types of 

systems. 

This method of introducing bubbles to reduce the drag on a ship has, arguably, been 

most extensively developed by the Japanese, generally, and Mitsubishi Heavy Industries 

(MHI), specifically.  The Japanese have designed and installed air lubrication systems 

(ALSs) on at least four ships: two were retrofits of existing ships and the other two were 

installations on new vessels.  Though the other three will be discussed only briefly, the 

most successful of these ALS installations thus far has been on the Yamatai, a newly 

constructed heavy load carrier.  During sea trials of the Yamatai, the power required by 

the propulsion system was decreased by between approximately 10% and 17.5% 

depending on the volumetric flow rate through the ALS [6].  However, these reductions 

in the propulsive power do not account for the power consumed by the on-board 

compressors and other equipment related to the air lubrication system.  Once the power 

provided to the ALS is taken into consideration, the net reduction in power consumed by 

the combination of the propulsion system and the ALS (herein called the combined 
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propulsion system or CPS) is 8% to 12% depending on the volumetric flow rate through 

the ALS [6]. 

In addition to the Yamatai, Japanese researchers also retrofitted the Pacific Seagull, a 

cement carrier, with an ALS.  This was one of the earliest full scale sea trials of an ALS.  

During these trials, the net power consumed by the CPS was reduced by 7% when the 

ship was loaded with ballast only and was reduced by 4% when the ship was fully loaded 

[5]. 

Both the Pacific Seagull and the Yamatai have high block coefficients which means 

that they both have bulky hull forms below their waterlines.  This type of hull geometry 

has some natural advantages when the ship is using an ALS.  Because the bottoms of 

high block coefficient ships are relatively flat, the bubbles generated by the ALS have a 

tendency to remain on the hull bottom rather than immediately rising up the sides of the 

ship.  Therefore, a bubble created by the ALS may be available for drag reduction along 

nearly the entire length of the ship, and consequently the ALS does not have to consume 

additional power to replenish bubbles that escape up the ship’s sides. 

  In 2012 MHI started sea trials on Ferry Naminoue; a ship with a slender hull form 

with low block and midship coefficients.  Consequently, the bottom of Naminoue is not 

flat, and the ALS bubbles will immediately glide up the sides of the ship.  Even with this 

disadvantageous hull geometry from an air lubrication perspective, the ALS on Ferry 

Naminoue was still able to reduce the combined propulsion system power consumption 

by 5%, net [7]. 
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2.3  Potential Effect of ALS on Propellers 

Even though the initial development and deployment of ALSs has shown that the 

power required to propel a vessel forward can be significantly reduced, less is known 

about the indirect costs associated with using an air lubrication system.  One possible 

indirect cost is the potential for reduced efficiency of the propulsion system as bubbles 

shed from the ship’s hull interact with the propeller.  Depending on the nature of this 

interaction, it may not only influence the effectiveness of the ALS, possibly making the 

implementation on an existing ship fruitless, but it may also impact the operational 

characteristics of the ship such as, among others, its operational speed, the propeller 

rotational rate, the bubble volumetric flow rate, and the conditions under which propeller 

cavitation can occur.  Without understanding these effects, an ALS may not be used to its 

full potential or, in the worst case, may even consume more power than is saved.    

And yet, even after all the work that was done to prepare, support, and perform tests 

and sea trials on air lubrication systems, the effect of this system on the propeller has 

been the subject of far fewer investigations.  In the ALS papers that have been found to 

date, only three make any mention of the propeller.  One of the papers indicated that the 

authors went to some length to ensure the propulsion system would not ingest the bubbles 

created by the ALS, thus eliminating this as a factor during their tests [8].  Of the other 

two papers, one states that the measured propeller efficiency dropped by 3-6% [9] which 

was greater than predicted (though the predictions aren’t presented in the paper) and the 

other states that the effect is negligible [10].  Thus, this clearly leads to contradictory 
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conclusions about the ALS’s impact on the propeller; contradictions that must be 

resolved before these systems are used with maximum efficiency.  
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3. Propeller Interaction Investigation 

 

Since much can be gained by the widespread use of air lubrication systems and since 

it is quite likely that increased efficiencies can be achieved by minimizing the adverse 

impact the ALS has on the propeller, the research that is the subject of this thesis initially 

focused on the impact the air lubrication system has on a propeller and the mechanisms 

by which this interaction takes place. 

 The mechanics of the bubble-propeller interaction were examined in different ways 

and on different levels.  In order to study these phenomena at the macroscopic level, 

robust experimental methodologies were developed, and then a laboratory setup was 

designed and fabricated to investigate the impact of this interaction on the propeller.  

During these tests, the effect of changes to the major parameters that impact the 

performance of an ALS, such as bubble density, bubble diameter, and propeller spin 

speed, were quantified.    

 

3.1  Propeller Experiments 

 

3.1.1  Design and Testing of the “Box”  

Initially, the research into the interaction between the propeller and the ALS bubbles 

focused on the development of experiments to measure the change in propeller thrust as 

bubbles were introduced into the propeller flow stream.   The experimental effort itself 

was divided into several phases.  The first phase involved laying the foundation for this 
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effort: developing the testing methodology and designing the initial experimental setup.  

Once this was completed, the next phase involved implementing the design.  This phase 

represented a considerable effort as various versions of the design were tested, their 

limitations were identified, and the appropriate changes were made to the test 

configuration.  After the experimental setup was complete, tests were performed to 

determine the effects simulated ALS bubbles have on the propeller and the propeller’s 

thrust and efficiency.  Finally, the data was analyzed to understand the meaning of these 

effects. 

3.1.1.1  Experimental Groundwork 

Before anything else could be started on the propeller test, the experimental 

methodology had to be established.  After deliberating about the test objectives, it was 

determined to execute the tests in two stages.  Since the purpose of these tests was to 

establish the bubbles’ impact on the propeller, it was decided that the initial sequence of 

tests would be used to determine whether or not the bubbles had any discernible impact 

on the propeller thrust.  If there was no measurable change in the thrust, then a second set 

of tests would be developed to ensure that these results were consistent under different 

test conditions.  If this second battery of tests also indicated that there was no change in 

thrust, then it could be reasonably concluded that the simulated ALS bubbles were having 

a minimal, if any, impact on the propeller performance.  If, on the other hand, changes in 

the propeller thrust were observed during either the initial or secondary trials, then testing 

would enter its second stage, and test parameters that are capable of being changed would 
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be varied individually in order to determine the role they play in influencing the thrust 

from the propeller. 

It was quickly realized, however, that several systems would have to be developed, 

designed, fabricated, and/or found in order to support this testing.  First and foremost, a 

suitable body of water would have to be found where the tests could be conducted.  For 

this testing, the body of water had to be held at a constant temperature (preferably with 

no or minimal temperature gradients), and it also had to have a uniform composition.  

Additionally, the water had to be quiescent in its natural state, and, since some designs 

for the test setup would more than likely have above-water components, the air above the 

water also had to be quiescent.  As it turned out, the Environmental Flow Modeling 

Laboratory at the University of California at Riverside (UCR) had a water channel that 

satisfied all of these requirements. 

Beyond finding the water channel, components and systems also had to be identified 

or created to meet the specific goals of this research project.  First among these was 

finding or designing a propeller that would have the proper operational characteristics 

(size, shape, range of spin rates, etc.) for the purposes of this research.  This propeller 

would have to be attached to a shaft and an associated power transmission system that 

was capable of operating in or near an aqueous environment.  The power transmission 

system itself needed to be driven by a system that could constantly deliver a known 

amount of power preferably at a consistent and known rotational rate.  Another system 

would be required to measure the thrust produced by the propeller.  Clearly, since the 

thrust measurement system could be susceptible to extraneous forces, it was imperative 
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that the power delivery system did not apply any unwanted forces to the propeller system.  

Additionally, in order to record the thrust measurements from the various trials, a data 

acquisition system was needed.  Finally, a system that could produce the simulated ALS 

bubbles and deliver them to the propeller needed to be developed.  Once these systems 

were properly integrated, we would have a fully functioning and very capable test setup 

that would meet the experimental needs of this research project. 

As noted before, most of the systems that comprised the experimental setup evolved 

as the system was refined and became more sophisticated.  Of all the systems in the test 

setup, none underwent as many and as extensive changes as the propeller and power 

transmission system (the propeller system).  As part of the initial investigation for the 

power transmission design, a list of available resources was created.  During this process, 

it was discovered that there was a handheld corded drill motor which had been modified 

so that the speed could be accurately controlled.  Since controlling the rotational rate was 

thought to be an important aspect of the testing process and since using this drill motor 

would assist with this control, its use became a central part of the design for the test 

setup. 

3.1.1.2  Design of the “Box” Components 

This, then, drove several design requirements for the first version of the test setup.  

Clearly, since the motor was handheld, it would be impractical to have the test operator 

attempt to follow some motion, either as prescribed by the test procedure or as dictated 

by the test setup itself.  Consequently, this meant that the test setup had to either remain 

stationary or allow for some relatively small incidental motion introduced by the 
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operator.   Two possible ways of achieving this was to either have a system that the 

operator immersed and held in the water channel while running the test or a system that 

was attached to or remained stationary in the water channel.  In the end, it was decided 

that stationary designs would work better for three reasons.  First, it would be easier for 

the operator if they did not have to simultaneously and actively position and support the 

experimental equipment while running the test.  Second, since there would be less 

variability in the location and operation of the test equipment with a stationary design, it 

would make the thrust measurements more consistent and accurate.  Finally, it would be 

easier to assemble all of the components if their relative positions remained fixed. 

An additional consideration mandated by the use of this motor was that, like all 

standard drill motors, it could not be exposed to water.  Consequently, the power 

transmission system had to be designed so the drill motor would remain dry while it was 

simultaneously providing power to a propeller immersed in water.  One way of doing this 

was to have a vertical input power transmission shaft that extended above the surface of 

the water.  The drill motor could then be attached to this shaft without any concerns about 

it getting wet.  The propeller could then be attached to an output shaft that was partially 

or fully immersed in the water.  In the case of this first and, for that matter, all subsequent 

designs, this output shaft was mounted in a roughly horizontal orientation to better 

simulate an operational propeller.  This meant, though, that there needed to be some way 

to transfer power between these two shafts that were at different orientations.  

Since this was not a trivial power transmission application, designs of power 

transmission systems for other applications were investigated to see if they could assist 
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with the current design efforts.  Because size and expense were crucial factors for this 

particular situation, this search started to quickly focus on remote control (RC) models.  

Of all remote controlled devices, RC cars and trucks have some of the most sophisticated 

power transmission systems.  As it turns out, this is especially true for those models that 

have four power driven wheels.  While investigating this type of RC vehicle, it was found 

that these vehicles have power transmission systems made from plastic shafts connected 

to each other by universal joints and supported by ball bearings of surprisingly high 

quality.  Because of the design and construction of these shafts, these power transmission 

systems were modular by their very nature, which provided for significant design 

flexibility.  The only drawback of this design, however, was that, even though all the 

other drive train components were water resistant, the supporting metallic ball bearings 

were not and had to remain dry.  Even with this drawback, this system more than 

adequately met the other requirements for this application and, consequently, it was 

selected to be the central piece of the power transmission system. 

The next challenge, then, was to create a system that could support all of the power 

transmission system components while, at a minimum, keeping the ball bearings dry.  

After some discussion, it was decided that the simplest way to do this would be to build a 

waterproof housing around the system.  This system would then be weighted down so 

that it would sit on the bottom of the water channel.  The sides of the housing would then 

be built so that they would extend above the water level in the channel.  It was quickly 

realized that it would be impractical, from a structural and power transmission 
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perspective, and unnecessary, from a propeller operations perspective, to have the sides 

extend above the side walls of the water channel.    

Therefore, the test equipment was designed to operate in about 9 inches of water.  

This amount of water would provide sufficient depth to operate the model propeller but it 

would not be so deep that significant hydrostatic forces would be applied to the housing.  

This would then simplify the design of the housing and permit a wider variety of 

materials to be used for its construction.  A relatively shallow depth would also reduce 

the overall length of the vertical input shaft, making it more rigid and, consequently, 

making the entire system more stable.  This would mean, however, that instead of using 

the full operational water depth of the channel which is about 27 inches, only about one 

third of this depth would be used.  This wouldn’t adversely impact the operation of the 

water channel, but, because of its relative proximity to the bottom of the channel due to 

this reduced water depth, the propeller’s performance might change slightly.  It was 

determined that this should not detrimentally affect the tests since this condition would be 

the same for all the trials, whether bubbles were present or not, and since the purpose of 

these tests was to simply measure the change in thrust produced by the presence of the 

bubbles rather than attempting to accurately measure the absolute thrust of the propeller 

under these two conditions. 

After establishing the water channel’s impact on the test equipment, it was time to 

focus on the remaining aspects of the design.  It turned out that another significant driver 

of the housing design was the material used in its construction.  Clearly the material had 

to be impermeable to water and it should also be relatively easy to find, easy to work 
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with, and be inexpensive.  After surveying the materials available at major retailers, it 

was decided that, since the hydrostatic forces would not be excessive, relatively thin 

Plexiglas would be used for the sides of the housing and aluminum tape would be used to 

connect the sides together.  These materials met the goals established for the housing 

design, but their use introduced another requirement. 

As the housing was being fabricated and the hole for the output shaft was being 

drilled in one of the Plexiglas sides, it was quickly realized that there would need to be 

some way of preventing water from flowing into the housing through this hole.  One way 

to do this would be to drill the hole so that it was almost exactly the same size as the 

output shaft diameter.  Even if it was possible for both these features to have exactly the 

same diameters, because of other imperfections in the shape of the shaft, the hole, or both 

(such as being out-of-round), it would be impossible for the shape of the hole to perfectly 

match the shape of the shaft for all possible shaft orientations.  As it turned out, though, it 

was very difficult to drill the hole accurately in the Plexiglass.  Consequently, only two 

possibilities remained: to undersize or oversize the hole. 

Undersizing the hole would produce an interference fit that would minimize or 

eliminate this leaking but would also create unacceptable losses due to the friction 

produced at that shaft/housing interface.  This interference fit would also cause the shaft 

and/or housing wall to wear excessively (with the accompanying variation in system 

performance).  The other option, oversizing the hole, would eliminate the concerns 

associated with friction, but then flow through the clearance between the hole and the 

shaft would be an issue.  This option would then require some method of minimizing or 
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eliminating this flow while still allowing for the free rotation of the output shaft.  It turns 

out that this task was further complicated by the thrust measurement efforts. 

When it came to the thrust or force measurement system, the previous design 

decisions started to have a substantial impact on the design of this system.  Since the test 

equipment was designed to remain stationary, force measurement systems external to the 

housing and the power transmission systems would not be effective.  Therefore the force 

measurement system would have to be a part of these two systems.  It was felt that, since 

the power transmission system (in particular the output shaft) was most directly affected 

by the thrust, it would make the most sense to interface the force measurement system 

with this system.  As it turns out, since the propeller is attached to it, the axial load in the 

output shaft is equal to the thrust produced by the test setup. 

There were at least two different ways to measure this thrust.  One way was to attach 

or otherwise use some strain measuring device in order to determine the force applied to 

the output shaft.  Another way was to have a two-piece telescoping output shaft (the two 

pieces would be coaxial and one piece would be able to translate and the other piece 

would remain stationary).  If a spring of known rate was placed between these two halves 

of the shaft, then its deflection would be a direct measurement of the force produced by 

the propeller’s thrust.  Fortunately, the power transmission system from an RC car that 

was being used already had two-piece telescoping shafts incorporated into its design.  All 

that had to be done was to place a spring between these two pieces of the shaft.  This was 

made easier because the translating portion of the shaft had a long hollow segment within 

which the non-translating portion of the shaft would fit.  This hollow segment was the 
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ideal place to locate the spring.  The only drawback with this design was that this 

telescoping portion of the shaft had to remain dry in order to avoid additional forces 

produced by a liquid moving in and out of the cavity.  This then meant that it had to be 

located inside the housing.  Because of the simplicity of its design, this latter approach 

was selected for this test setup. 

The selection of this approach to measure the thrust produced by the propeller levied 

an additional requirement on the interface between the shaft and the housing.  

Consequently, beyond having to minimize or eliminate the flow through the clearance 

between the shaft and the housing while allowing for the free rotation of the shaft, this 

interface would also have to allow for the limited but significant axial translation of the 

output shaft segment that is attached to the propeller.  Because most propeller shaft seals 

are unable to accommodate non-negligible axial displacements of the shaft, a completely 

different approach had to be used for the design of this interface.   

After investigating various options for this design, it was decided that the housing, 

which had originally been designed to have an open top, would be fully enclosed.  

Slightly pressurized air (from the exhaust side of a shop vacuum) could then be 

introduced through an opening in the top of the housing and this air would push the water 

away from any unsealed openings including the interface between the housing and the 

shaft.  Even though this method would not completely prevent water from entering the 

housing, it would minimize the amount of water that entered through any unsealed holes, 

and it would allow for the free rotation and axial translation of the shaft.  It was also 

realized that any water that entered the housing could be accumulated at a low point 
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within the housing itself.  Since the volumetric flow rate developed by the shop vacuum 

would greatly exceed the combined flow rates through the holes in the housing, then, if 

the opening of an exhaust duct for the pressurized air was located immediately above this 

point, this water could be captured by the air stream and blown out of the housing.  

Therefore, using this pressurized air method, the interface between the shaft and the 

housing would have a minimal impact on the power transmitted from the drill motor to 

the propeller, on the measurement of the thrust produced by the propeller, and on the 

hydrostatic integrity of the housing.  

Finally, the power transmission system had to be integrated with the housing.  To turn 

the power from a vertical shaft to a horizontal shaft, the power transmission system used 

three shafts connected to each other through two universal joints.  These shafts were held 

by ball bearings which were, themselves, mounted in supporting brackets.  Fortunately, 

the style of supporting brackets used on the type of RC vehicles that were the inspiration 

for this power transmission system design could also be used directly in this application.  

In order to support these brackets, rods that spanned from one side of the housing to the 

other were added to the assembly.  These rods passed through holes in the brackets and 

were then inserted into  through holes that had been drilled in the side walls.  The final 

design appears in Figure 3.1. 
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3.1.1.3  “Box” System Trials 

Once the design was complete and the components were acquired and/or fabricated, 

several of the subsystems were individually assembled and tested to ensure they 

functioned properly.  During this process, some issues were uncovered and resolved 

before the subsystem was integrated into the next higher assembly.  Beyond the 

subsystem tests, these next higher assemblies were also tested to ensure the integration 
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was successful and that the integrated subsystems functioned together as designed.   

It turned out, though, that when the propeller and thrust measurement system were 

integrated with the housing and the power transmission system (which was the first point 

at which water tests could be performed), the thrust measurement system could not 

properly measure the output from the propeller.  After investigating the cause of this 

problem, it was determined that the force produced by the static friction (stiction) 

between the two telescoping parts of the output shaft was too large, and it could not be 

overcome by thrust produced by the propeller.  It turned out that, even with the addition 

of a lubricant, it was impossible, from a practical perspective, to get an accurate thrust 

measurement from this system in the face of the relatively small thrust produced by the 

propeller, the variation in the propeller’s thrust, and stiction.  Since this was the case and 

since no other feasible force measurement approaches were readily available, an entirely 

new investigation into the design of this experimental setup was initiated while solutions 

were sought to correct this design.   

 

3.1.2  Design and Testing of the Barge  

Based on the experiences from the previous setup, it was decided that the next design 

should have features that would simplify the overall power transmission system and 

allow for the accurate measurement of the propeller’s thrust.  Because of the thrust 

measurement problems associated with the prior design of the test equipment, it made 

sense that correcting this issue would be a central aspect of the next design.  The other 

design factor, simplifying the power transmission system, may be less obvious.  Even 
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though this system functioned properly for the first design, it was fairly complicated and 

relatively difficult to operate.  As a result, the thrust measurement could change when the 

operator did something as simple as repositioning the handheld drill.  It was, therefore, 

felt that, if the power transmission system design was simplified and the drill motor was 

taken out of the hands of the person conducting the test, the test equipment would be 

significantly less susceptible to unwanted external influences. 

3.1.2.1  Design of the “Barge” Components 

After considering several different design configurations, it was decided that the best 

way of achieving the design objectives was to have a mostly self-contained test system 

that had a minimum number of connections which crossed the system boundary.  This, 

then, would minimize the ways that environmental influences could disturb the system.  

It also meant that force measurements would have to be taken at only a limited number of 

locations in order to determine the thrust produced by the propeller.   

Once these general design considerations had been identified, it did not take long to 

realize that one of the best solutions for this design problem was to attach the propeller to 

an object that was floating in the water channel.  The propeller could be powered by the 

same speed-controlled drill motor used in the previous test setup but, in this 

configuration, the motor would be supported by the floating object itself rather than being 

held by the person conducting the test.  This would then eliminate any human-induced 

disturbances and would leave the electrical cord that powered the drill motor as the only 

connection associated with the drive system that could introduce an external disturbance. 

This disturbance could be minimized (if not eliminated entirely) by suspending the cord 
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from supports located above the test system and providing the proper strain relief loops in 

the cord itself.  

Once it was realized that this type of design would be very effective at controlling the 

externally applied disturbances, the next thing that had to be evaluated was the design’s 

ability to yield accurate thrust measurements.  In the continuing attempt to minimize the 

possible disturbance sources within the test setup, one of the design goals for this 

measurement system was to again minimize the external connections to the test system.  

As a result, it was quickly realized that it would be best if this measurement system could 

simultaneously perform two different but, as it turns out, related roles.  The first of these 

roles was to (as the name of the system implies) measure the thrust force which the 

propeller applied to the test system.  The second role was to restrain the test system from 

moving forward while the propeller was operating.  As can be imagined, unlike sea trials 

where there is plenty of room to conduct the tests, the water channel at UCR is too small 

and does not have the correct shape to allow the test system to move about freely while 

thrust measurements are taken.  Consequently, if the measurement system could be 

designed so that it could also maintain the equilibrium of the test system, then it would 

fulfill both of these roles, as hoped. 

Since it was felt that it would be easier to design the structural components 

responsible for restraining the test system, this was the initial focus of the design effort.  

The simplest method of restraining the test system was to simply tie it to some fixed 

support with a single string.  This string would then provide the required force to keep the 

test system in force equilibrium.  Additionally, from a measurement perspective, a single 
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load sensor could be placed in series (i.e. in-line) with the string and it would then be able 

to measure the net force applied to the test system.  Even though this system would be 

very simple to construct, it turned out to have one fatal flaw – it could not keep the test 

system in complete equilibrium.  Even though the string could provide radial equilibrium 

and would prevent the test system from moving beyond the circle defined by the string’s 

length, it was realized that the string could not develop the tangential forces that would be 

required to prevent the test system from moving around on this same circle.  

Additionally, since the string could not prevent rotation by itself, there would also be no 

way to prevent the test system from rotating about its own center of mass.  These two 

aspects of the design would almost certainly be of concern because, in order for there to 

be no tangential forces and no moments applied to the test system, the test system center 

of mass, the propeller thrust vector, and the string would have to remain in perfect 

relation to each other, even in the face of disturbances and other unwanted influences, 

throughout the entire duration of the test.  Since the likelihood of this happening 

throughout all of the testing is impossibly small, this single string design was abandoned. 

Even though the idea of using a single string by itself was found to be lacking, it was 

difficult to move away from the simplicity of the design.  Consequently, it was realized 

that, where a single string may be inadequate, two strings may be sufficient.  If two 

roughly parallel strings were attached near the outer back corners of the floating test 

system, then, as the thrust vector rotated in one direction, the string in the direction of 

motion that was produced by the rotated thrust vector would become more slack, the 

other would become more taut, and a restoring torque would be developed that would 
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turn the thrust vector back to be more in line with the strings.  Even though this would 

cause the test setup to oscillate about the midpoint between the two strings, it would 

clearly prevent significant lateral motion and prevent large tangential forces from being 

developed. 

In addition to this oscillation, another minor drawback of this two string design was 

that it required the simultaneous measurement of the forces in both strings in order to 

determine the overall instantaneous thrust force produced by the propeller.  Since the 

same in-line configuration for the load transducer could be used for this two string design 

just as it was with the single string design, the installation would not be significantly 

more complicated but would take about twice as long to install both string/transducer 

assemblies and would require twice the equipment.  These drawbacks were considered 

minimal, though, and consequently this two string design was selected as the basis of the 

measurement system. 

The next aspect of the design that had to be considered was the buoyant section 

(otherwise known as the body) of the floating test system.  There were several design 

considerations that would influence the design of the body.  First and foremost, the body 

had to be sufficiently buoyant, so it could support the drill motor, the propeller, and all of 

the associated support equipment.  Secondly, it had to be easy to attach the other 

subsystems and the associated equipment to the body without compromising the body’s 

ability to float.  Finally, the body design had to accommodate some positional uncertainty 

in the various test system components. 
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When considering these different design factors, it was quickly realized that having 

some kind of non-uniform body, such as a water-tight shell that displaces water, would 

have the same water intrusion issues as the previous “box” style test setup.  Even though 

these issues had already been addressed, implementing the associated solutions would not 

be a trivial matter and their implementation would also require additional (relatively stiff) 

connections to the test system – something that the current design explicitly attempted to 

avoid.  Consequently, it was decided that a uniform material (at a macroscopic level) 

would be used for the body of the test system.  Clearly, this material would have to 

possess specific properties; it would have to have a low density (so that it could produce 

the appropriate buoyant force), and it would be readily available and relatively 

inexpensive (so that it wouldn’t cost too much and could be acquired easily and quickly).  

Of all the materials available for this purpose, Styrofoam packing blocks were selected to 

make up the body of the test system.  As one would expect, these blocks were easy to 

find with all of the deliveries arriving at Bourns College on a daily basis, and they were 

free for the taking.  Since these blocks were made of Styrofoam (a material that is 

inherently buoyant), they clearly had the proper density for this application. 

These packing blocks also had the advantages that they could be 1) easily cut and 

formed to the specific geometries required for this design and 2) readily joined using glue 

or other very cost effective means.  Another advantage was that, the components from the 

other subsystems could be easily attached to the Styrofoam in a variety of ways 

including: (1) using glue to permanently attach the components, (2) using Velcro to 

temporarily attach various objects, (3) simply inserting the components into the 
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Styrofoam itself, or (4) gluing them in place.  Because of the flexibility associated with 

the Velcro connections and the natural compliance of the Styrofoam itself, these two 

attaching techniques helped fulfill another design goal by providing substantial positional 

adjustment at these interfaces.   This adjustment could then be used to accommodate the 

positional uncertainty and the resulting misalignments associated with the various 

components that comprised the overall test system. 

Next, the design effort focused on integrating the propeller into the overall test setup 

and creating a power transmission system that would take power from the drill motor and 

deliver it to the propeller.   When considering this system, it was realized that several 

factors would influence its design.  First, the propeller had to be supported so it was free 

to rotate only about its thrust axis and so the motion associated with all other degrees-of-

freedom, both translational and rotational, was eliminated.  This was important because, 

if these other degrees of freedom were not properly constrained, the propeller may have a 

tendency to change its orientation and its resulting thrust characteristics between tests 

and/or even during the same test.  Next, it was preferred that the rotational resistance of 

the propeller mounting system be minimized.  Even though this would not necessarily 

impact the accuracy of the thrust measurements, provided that this resistance remained 

consistent from one test to the next regardless of whether bubbles were present, if this 

resistance could be reduced, it would reduce the overall loads that would have to be 

handled by the power transmission system.  This, in turn, would simplify the designs of 

the remaining power transmission components.   
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Finally, to ensure reasonably accurate measurements of the thrust produced by the 

propeller, it was decided that obstructions both upstream and downstream of the propeller 

should be minimized.  If that was done, then any changes in thrust that resulted from the 

introduction of the air bubbles would then almost certainly be the result of the interaction 

between the bubbles and the propeller rather than the interaction of the bubbles and the 

obstructions. 

With these design factors in mind, the first and most critical design decision was 

made; the propeller would be mounted on a horizontal shaft.  Provided that it was 

properly sized and supported, this shaft would allow the propeller to rotate while 

preventing any unwanted motion.  Once the method of supporting the propeller had been 

settled, it was now a matter of where to place this shaft.  Since it would keep the shaft 

close to the components that would eventually support it, one of the first possibilities 

considered was to place the shaft immediately behind the body of the test system.  This 

presented two conflicting challenges.  If the propeller was located close to the body, it 

would be fairly easy to support, but the flow through the propeller would be obstructed 

by the body itself.  On the other hand, if the propeller was placed well down stream of the 

body, then the flow issue would be resolved, but the shaft would either be difficult to 

support or, if supported relatively far away from the propeller, the shaft might become 

unstable.  As a result of these concerns, it was decided that the shaft would be placed 

below the body.  In this case it would be relatively easy to extend structural components 

from the body down to the shaft and, provided those components were not excessively 

large, the effect on the propeller flow stream would be minimized. 
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In addition to being influenced by the position and orientation of the propeller, the 

design of the shaft support structure also had to account for another factor that was again 

affected by the shaft: the preference that it would be able to rotate freely.  When looking 

at the free rotation of the shaft, it looked like the shaft support requirements were 

completely contradictory.  On the one hand, the shaft needed to be adequately supported 

so it wouldn’t immediately “fly off” as soon as power was delivered to the propeller.  On 

the other hand, the shaft had to rotate as freely as possible about its own axis.  

Fortunately, a similar conundrum had been faced when trying to support the various 

power transmission shafts used previously in the box style test system.  Consequently, the 

brackets and the ball bearings that had been used for the box design were repurposed and 

used for the current test system design.  As had been done before on the box system, it 

was decided that, since these off-the-shelf brackets were designed to be supported by 

circular rods, this same type of rod would be used in this design.  Once the geometry of 

the bracket was taken into account, it turned out that it was best to orient these rods 

horizontally just as for the box design. 

Therefore, the shaft support structure had to properly locate the shaft under the body 

of the test system, and it had to be comprised, in part, of these horizontal circular rods 

that would be used to support the brackets that held the ball bearings.  The simplest 

design for this kind of structure would be a single straight post mounted to the Styrofoam 

body.  The problem with this type of design was its small footprint.  As a result of the 

small moment arm created by the footprint of this type of structure, not only would 

relatively large reactions (especially for Styrofoam) be developed at these supports, but, 
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because of the compliance of the Styrofoam as well, this interface would not be stiff 

enough to prevent unwanted motion of the shaft.  Even though using two posts separated 

by some distance along the shaft axis would increase the footprint of this structure, it 

would only do so about a single axis (one perpendicular to the shaft axis itself – the 

“lateral axis”), and it would be impractical to react out moments about the line 

connecting the bases of the two posts together – the “line of bases” (i.e. a line on the body 

parallel to the shaft axis).   

Consequently, it was decided that two modified A-frame structures would be used 

instead of two posts.  Since these A-frame structures, when constructed in planes 

perpendicular to the shaft axis, would individually increase the footprint about the line of 

bases and since two of these structures, when used together, would increase the footprint 

perpendicular to this line of bases, then any moments lateral to the shaft axis could then 

be supported by this structure.  Additionally, because of the nature of these A-frame 

structures, they were easily able to support any forces that were again lateral to the shaft 

axis.  Even though this structure could have been modified to more efficiently support 

loads along the shaft axis (by adding cross braces oriented along the shaft axis), it was 

realized that the existing attachment design of the bases for the A-frame structures would 

be more than sufficient to support the relatively small axial thrust force produced by the 

propeller itself. 

The perimeter of these modified structures was based on a traditional A-frame design: 

an isosceles triangle created by the body (as the foundation) and two small rectangular 

steel bars (as the vertical members).  The main change made to this structure was that 
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there were two horizontal cross members instead of the single member in the traditional 

design.  This was done to support the bracket that held the ball bearing.  Since the intent 

of this design was to locate the shaft as far from the body as possible, this bracket was 

located at the apex of the A-frame structure.  This, then, forced one of the cross members 

to be located closer to the apex than usual for the traditional design.  As a result, a second 

cross member was added closer to the base of the structure to recover some of the load-

carrying capability lost in the effort to support the bracket.  Since the cross member near 

the apex had to perform the dual role of supporting the bracket as well as enhancing the 

structural capacity of this frame, this member was made out of the same circular rod that 

previously had been used to support the bracket.  To minimize the variety of materials 

used in this design, this same rod was used for the second cross member as well. 

These cross members were located in holes drilled at the appropriate stations along 

the rectangular bars.  The bars themselves were oriented so the long sides of their cross 

sections were parallel to the jet produced by the propeller.  Additionally, the ends of the 

bars at the apex of the structure were connected together using aluminum tape, and the 

base ends of the bars were inserted into the Styrofoam body and glued in place.  Finally, 

these A-frame structures were placed along the propeller shaft several inches from each 

other and upstream of the propeller itself (i.e. the propeller was supported in a cantilever 

configuration). 

The last part of the test system to be designed was the portion of the power 

transmission system that took the mechanical power developed by the drill motor and 

delivered it to the propeller shaft.  Because this part of the system was developed toward 
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the end of the design process, its design was not only affected by its own requirements 

but also by the requirements imposed by the designs of the other subsystems.  

Consequently, more aspects of this design had to be considered than for previous designs.  

For example, to ensure it could be successfully integrated into the overall test system 

assembly, this design would have to be able to accommodate the positional uncertainty 

associated with the other subsystems.  It also couldn’t be too large, in general, because it 

might then interfere with components from the other subsystems. 

Beyond the requirements dictated by the interfaces, this system had requirements of 

its own.  In order to ensure that it was both easy to fabricate and would be reliable, the 

design had to be relatively simple.  Additionally, to ensure that it would be fairly 

efficient, it had to deliver power as directly as possible.  If it used simple components 

made of readily available materials, this design would also be cost effective.  

Additionally, this system had to simultaneously work with both the propeller, in a wet 

environment, and with the drill motor, in a dry environment.  These requirements, along 

with others, drove the shape of this part of the power transmission system. 

As with the design of the other subsystems, there were again several ways of 

approaching this design.  Much as for the box test system design before, the power could 

be transmitted through a series of shafts and universal joints.  One of the problems with 

this design was that, because the universal joints have a fairly difficult time transmitting 

power through a large change in shaft angle, a relatively large number of these joints 

would have been required for this type of system to have a realistic chance of working.  

This would have led to an unwieldy, excessively complicated, and inefficient power 
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transmission system.  As if that were not enough, it would also have required that 

numerous additional ball bearings, and their associated brackets, would have to be used 

in order to support these shafts.  This would, then, also have made the design of the 

corresponding supporting structure for this part of the power transmission system 

substantially more complicated.  

Another alternative was to drive the propeller shaft through a drive train composed of 

gears.  It was quickly realized that this wouldn’t be very feasible because, since the drill 

motor couldn’t get wet (and, consequently, had to be on the dry side of the test system 

body) and the propeller had to be immersed, the gears would have to span a relatively 

large distance.  This would require either a series of several relatively small gears or one 

or more fairly large gears.  By virtue of their size, large gears would be very difficult to 

align and integrate into the test system.  Even though small gears would have been 

relatively easy to integrate, the alignment issues would have been compounded manyfold.  

Additionally, beyond these concerns, was the fact that these gear drive systems could 

interact with the water in a number of negative ways: mechanically, chemically, and 

otherwise (e.g. splashing, causing corrosion, etc.).  As a result, a gear system was not 

pursued. 

The next drive system design considered using a belt as the main drive element.  For 

this system, a belt would be in direct contact with the propeller shaft itself, and it would 

drive that shaft without the assistance of a pulley or wheel on the propeller half of the 

drive system.  Additionally, on the drill motor half of the drive system, a shaft would be 

placed in the chuck of the drill motor.  The drill would then be positioned so that the shaft 
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attached to its chuck would be parallel to the propeller shaft.  Again, without using a 

pulley on the drill motor side of the power transmission system, the belt would directly 

receive power from the drill motor shaft and then deliver it to the propeller shaft without 

having any intermediate stages. 

This type of arrangement would work well on several levels.  Since it would require 

only a single belt and two shafts, this system would be extremely simple.  This, in turn, 

would generally increase the system’s reliability and would also typically make it easier 

to assemble and maintain the system.  Additionally, this would be one of the most direct 

ways of transferring mechanical energy over the relatively long distance from the drill 

motor, which again must remain dry, to the propeller, which must be immersed in the 

water.  The relatively direct transfer of power afforded by this system would allow it to 

be as compact as possible.  Additionally, reducing the mechanical interfaces between the 

system input and its output would tend to make it more efficient.  Finally, since the shafts 

would simply be small round rods and since belts are typically made of relatively 

inexpensive materials, producing this system would be very cost effective.  Since belts 

are also typically made of organic materials, they would not corrode when exposed to 

water. 

There were two main concerns associated with this design.  The first was the 

corrosion of those metallic components that would get wet or be completely submerged 

during operation.  These components included both the drill motor and propeller shafts, 

but, of greater concern, it also included the ball bearings that supported the propeller 

shaft.  In order to ensure that the shafts wouldn’t corrode, it was decided that they would 
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be thoroughly dried at the conclusion of each test sequence.  As for the ball bearings, 

because of the numerous tight clearances between the balls and the bearing races, it 

would be practically impossible to ensure they were completely free of moisture.  This, in 

and of itself, may have doomed this and any other design that used submerged bearings 

but, as it turned out, the bearings that were designed to be used with the RC car brackets 

that had already been purchased for this project were sealed against water and debris 

intrusion.  Consequently, these bearings could be used in this way without any 

modification and without any special operating procedures. 

The second main concern was the slipping of the belt.  As with any power 

transmission system, it is important that the appropriate forces (the normal forces 

between gears, the interface forces between a roller chain and its sprocket, and the 

friction forces between a belt and the contact surface that it drives) are developed within 

the system so it can function properly.  Since belt systems rely exclusively on this friction 

force to transmit power, anything in the system that reduces friction, especially 

something like a lubricant between the belt and its contacting surface, would make it 

more difficult (if not impossible) for this type of system to operate.  Since, in the case of 

the current test system, the belt must directly drive a shaft immersed in a lubricant, 

slipping of the belt on the shaft is a very real concern. 

Fortunately, there were several mitigating factors.  First, since Styrofoam packing 

blocks are not ordinarily very large, the largest propeller that could be driven was one 

that would normally be used on a small remotely controlled boat.  Since this type of 

propeller cannot generate large forces, the load transmitted through the belt would be 
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relatively small and this, in turn, would reduce the belt’s tendency to slip.  Next, it was 

decided that the belt would be made out of two strips of electrical tape placed so that their 

adhesive sides were in contact.  Their ends would be offset by about two inches along the 

axis of the tape in order to create tabs at each end that could then be attached to each 

other in order to finish forming the belt loop.  A belt constructed in this way would not 

only be relatively inexpensive (since electrical tape is very common and affordable) and 

structurally sound (since exposed, non-adhesive side of the electrical tape doesn’t 

deteriorate in water).  Because this type of tape is very compliant, it would readily 

conform to the shape of the propeller shaft thereby maximizing the contact area between 

the belt and the shaft.  This, in turn, would help minimize the chance that the belt might 

slip.   Finally, because electrical tape is quite stretchy, it is comparatively easy to develop 

a relatively large tension in the belt.  This, then, would allow the belt system to generate 

fairly large normal forces at the interface between the belt and the shaft, which, in turn, 

would be able to develop friction forces that were large enough to transmit the required 

power to the propeller.   This would be true even when the belt drive system was faced 

with the reduced coefficient of friction that would be associated with these wetted 

surfaces, again, provided that a large enough tension could be applied to the belt. 

Therefore, for this belt drive system to work, the power transmission system design 

would come down to finding a viable solution for tensioning the belt itself.  Fortunately, 

as can be seen in Figure 3.2, it turned out that this was relatively easy to do.  Instead of 

simply rigidly attaching the drill motor to the Styrofoam body of the test system, which 

would have forced it into a fixed position, the drill and its shaft could be configured as a 
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lever with the massive motor on one side of the fulcrum and the belt applying a 

restraining force to the shaft on the other side.  Through the restraining force, this 

arrangement would then allow the drill motor itself to tension the belt.  This tension could 

be varied by simply changing the relative position between the drill motor, the fulcrum, 

and the location of the belt on the drill shaft.  It turned out that this was fairly easy to 

control using a compliant foam block as the fulcrum.  This block would not be attached 

to any other test system components.  Consequently, it could be easily moved to any 

position along the length of the composite drill motor/shaft lever and simply be left in 

place.  The weight of the drill motor and the tension in the belt would then hold the block 

in place when the composite lever was placed on top.  Finally, because this foam block 

Belt 

FIG. 3.2. The “Barge” experimental setup.  Note: the 
restraints are not shown and the propeller is not 
shown in the Front view. 
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was compliant, its sides could be compressed by different amounts, allowing the 

composite lever to rotate about the block’s midpoint.  Once the final hurdle had been 

crossed with the development of this composite lever design, even though slipping was 

still a concern, it was felt that the mitigating factors for a belt drive system would be able 

to overcome the issues associated with a partially submerged drive train, and, 

consequently, it was selected to be the central part of the overall power transmission 

system.  

After the basic framework had been determined for the various subsystems, the final 

challenge was to integrate them.  As required by the composite lever design, the belt 

would pull on the motor shaft side of this lever.  On the propeller end of the power 

transmission system, since the propeller was already supported in a cantilever 

configuration, it was decided that the belt would be positioned on the propeller shaft 

about half way between the two A-frame supports.  This would allow the propeller shaft 

to react out the tension in the belt with a simply supported configuration that would be 

more efficient, structurally speaking, than using a cantilever support scheme.  This was 

important because the propeller shaft was sized for the propeller bore and not the stresses 

that would be created by the belt tension.  It turned out that, as a result of choosing this 

type of support structure, the propeller shaft was more than capable of withstanding the 

forces created by the belt tension. 

Positioning the belt between the A-frames presented another design challenge to the 

body of the test system.  Since it had already been determined that the bases of the A-

frame structures would be inserted into the body and glued into place, the body would 
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therefore have to, in some way, span the distance between these two frames.  If this was 

done using a single rectangular block of Styrofoam, then it would obstruct the passage 

required to get the belt from the motor shaft to the propeller shaft.  Consequently, it was 

decided that the portion of the body supporting the A-frames would be broken into two 

blocks.  These blocks would be positioned so there would be a gap between them that 

would create a slot through which the belt could pass.  The A-frames were then 

positioned to straddle the gap between these two blocks (i.e. one foot of each frame 

would be supported different blocks).  Because of the blocky form associated with the 

body of this design, this test system came to be known as the barge. 

3.1.2.2  “Barge” System Trials 

As expected, the actual fabrication of the barge itself was relatively straight forward 

and very inexpensive.  Consequently, it didn’t take long before the barge itself was ready 

for its first trail run.  During this test, which was performed without the load transducers, 

it was noticed that the propeller was not rotating fast enough to produce meaningful 

results.  After a brief examination of the test system, it was quickly realized that the speed 

ratio produced by the direct shaft-to-shaft drive of the existing power transmission system 

was too low and that the drill motor itself could not run fast enough to compensate for 

this low speed ratio.  When looking at ways to fix this problem, it was realized that the 

only practical solution would be to add a pulley to the shaft connected to the motor.  This 

solution had one major drawback, however: because of the geometry associated with a 

belt drive system, as the pulley gets larger (in order to increase the speed ratio) it turns 

out that the contact angle on the propeller shaft gets smaller.  The concern then became 
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that, even though slipping of the belt wasn’t a concern for the original design, the belt 

would start to slip because of this reduced contact angle. 

Two ways to reduce or eliminate the impact of this concern would be to 1) make the 

geometry more advantageous by increasing the separation distance between the two 

shafts [and, consequently, making the belt longer], or 2) apply a higher tension to the 

belt.  Because the maximum safe initial tension had been applied to the belt during the 

trial run, it was realized that it would be impossible to apply a higher tension to the belt 

without permanently damaging it, and so this second possibility was ruled out.  As for 

separating the shafts and making the belt longer, it was realized that the belt would need 

to be very long in order to regain an adequate contact angle.  Not only would an 

excessively long belt have a tendency to relax from one test to the next (thereby calling 

the accuracy of the tests into question), it would also have a severe and negative impact 

on the rest of the subsystem designs.  Consequently, even though it might have been 

possible (after significant and substantial changes to the barge design) to make this 

system work, the team realized that this design process had given them ideas for other, 

more reliable, test system design alternatives and, in light of this, it was decided that the 

uncertainty associated with the barge test system was too great to continue.  

 

3.1.3  Design of the Model Boat Test System 

Based on the knowledge gained from the design process for the box and the barge, a 

simple test setup was constructed using readily available (i.e. equipment already present 

in the lab) and/or fairly commonplace equipment (most of which are off-the-shelf 
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consumer products).  The key to the success of this last setup was that a simple 

extrapolation of the box and the barge designs led to the use of an off-the-shelf remote 

controlled (RC) model boat.  Clearly, this was an extension of the barge design, but it had 

one critical difference – the propulsion system could be at or below the waterline because 

it was located within the hull of the boat itself.  This, then, solved one of the most vexing 

problems associated with this particular part of the propeller studies: how to efficiently 

provide power to the propeller.  On the other hand, this reintroduced a problem associated 

with the box design – how to provide power to an immersed propeller on one side of the 

hull while keeping the motor dry on the other side.  Since the boat came with its own 

seals around the propeller shaft, though, switching to a preassembled RC boat solved this 

issue entirely.  As a result, the RC boat was at the heart of this final setup. 

 Next, there had to be a means of introducing bubbles into the propeller stream.  

Fortunately, after some research, it was learned that aerator blocks made of different 

materials are frequently used in aquariums.  Consequently, after a quick trip to a local 

aquarium store, wooden aerator blocks with the correct pore size were procured and 

ready for use. 

With the aerator blocks in-hand, there needed to be some way to supply them with 

pressurized air.  Fortunately, it turned out that there was a positive displacement digital 

gear pump already available in the lab.  This pump (which was normally used to inject 

dye for flow visualization in the water channel) could be used with air and was operated 

through a digital interface, versus manual control.  This, then, supplied a very accurate 

volumetric flow rate of air to the aerator blocks. 
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Finally, just as with the barge design, there had to be some way to prevent the boat 

from moving within the water channel.  To do this, it was decided that the boat would be 

restrained by a harness connected to a supporting structure at two points.  Since these two 

points would react-out the thrust produced by the propeller, it was realized that these 

would be the perfect points to measure the force applied to the boat.  Consequently, two 

load transducers were placed in-line with the harness supports at these locations.  In this 

way, these load transducers would measure the thrust applied to the boat by the propeller.  

Figure 3.3 presents a schematic of this simple setup. 
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Since the load transducers were simple off-the-shelf scales, though, unfortunately 

their output could not be read directly into a computer.  Consequently, a data acquisition 

(DAQ) module was purchased from National Instruments.  Even though it was the major 

cost driver for this effort, its capabilities were well worth the price.  It was able to 

digitally sample multiple analog channels at a rate of up to 5000 Hz, and, through a built-

in USB connection, it could output these digital signals to a computer for further 

processing, analysis, and storage.  Additionally, the module came with signal processing 

software that could apply different filters to each channel. 

Unfortunately the load transducers did not have an external output.  Consequently, an 

investigation was undertaken to determine if there was a way to extract the load 

measurement from the transducers.  After reviewing their schematics, it was realized that 

the load transducers were using a Wheatstone bridge as part of the circuitry that detects 

the measured load.  This meant the load measurement could be accessed by simply 

soldering extra leads to the correct locations on this Wheatstone bridge.  Once these leads 

were connected and the system was assembled, the load transducers were calibrated using 

a series of test weights.  It turned out that there was considerable high and low frequency 

noise in the measured values from the load transducers.  Consequently, beyond constants 

to properly scale the measured value and eliminate any offsets, both a low-pass filter (to 

eliminate the high frequency noise) and a moving-window averaging filter were added to 

the signal processing of each transducer and were appropriately tuned to produce a 

smooth but agile response.  
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3.2  Initial Model Boat Tests, Issues, and Results 

After using a bracket to locate the aerator blocks under the boat, putting the 

remainder of the test equipment together, and resolving all of the issues, tests could 

finally be run.  During these tests, the RC boat was powered using the battery supplied by 

the manufacturer, and it was run at its one and only operational speed – full power.  Once 

the boat was running, 6 seconds of data were recorded for each test using the software 

provided with the DAQ module.   

Since the motor on the boat could get very warm during even modest runs, to prevent 

its internal resistance from changing, the duration of each test was minimized by 

preparing all of the other systems (such as the gear pump and the computer that was part 

of the data acquisition system) before applying power to the boat.  As a result, the start-

up transients for the boat and the data filtering were captured at the beginning of each of 

these trials.  This, then, meant that the data for the first few seconds of each test had to be 

disregarded. 

The boat was run at full power while the resulting thrust was measured with, and 

without, the introduction of bubbles.  As can be seen in Figure 3.4, combinations of trials 

with, and without, bubbles were run, and the initial results indicate a 4.5% reduction in 

propeller thrust when the bubbles were present. 

These tests were conducted using the factory-installed battery and controller that 

came with the RC boat.  Unfortunately, the power delivered by the battery decreased 

quickly and consistent results were only obtained with a freshly charged battery.  Since it 

took about half an hour after each run to fully charge the battery, a more consistent means 
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of powering the boat 

was investigated.  That 

process identified a 

very robust in-house 

power supply which 

was integrated into the 

test setup.  With this 

power supply and its 

integrated current and 

voltage meters, not 

only could either the 

current or the voltage 

be controlled precisely, 

but the power delivered 

to the boat could also be measured accurately – something that was crucial for 

determining changes in the effectiveness of the propulsion system. 

Additionally, the load transducers used during the initial testing, which again were 

modified off-the-shelf scales, started giving erratic measurements.  After spending 

considerable time trying unsuccessfully to debug this system, the entire approach of using 

the modified load transducers was called into question.  Consequently, an effort was 

undertaken to develop new measurement systems.  Unfortunately this effort was also 

FIG. 3.4.  Measured thrust on a model boat without bubbles 
(blue) and with bubbles (red).  Average thrust when no 
bubbles are present is 2.33N while it drops to 2.22N when 
the bubbles are introduced. 
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unsuccessful, and attention turned back to the original system (since it had worked at 

least temporarily).   

After undertaking a painstakingly detailed investigation of the original data 

acquisition system, it became clear why the prior debugging effort had so much difficulty 

and had eventually failed: two failures had occurred simultaneously.  It turned out that 1) 

one of the load transducers was damaged slightly during the modification process, and 

this condition worsened over time to the point at which it was no longer reliable, and 2) 

several channels on the DAQ module were not functioning properly.  Fortunately, once 

the failed load transducer had been replaced and the faulty channels on the DAQ module 

were taken out of service, the data acquisition system started working flawlessly. 

 

3.3  Final Model Boat Tests and Results 

With the data acquisition system back in working order and the new power supply in 

place, the final series of tests were run.  During these tests, the voltage to the motor and 

the volumetric flow rate of the gear pump were both varied.  Beyond changing these two 

parameters, different methods were also used to introduce bubbles into the propeller.  In 

addition to using the aerator blocks, this second round of tests included cases in which a 

tube/pipe directly injected bubbles into the propeller.  The various cases run during this 

round of testing and the number of trials associated with each of these cases is shown in 

Table 3.1 (for this table, Q represents the volumetric flow rate of air).   

The results of these tests are shown in the eight figures listed in Table 3.2.  Figures 

3.5 through 3.8 capture the thrust data and Figures 3.9 through 3.12 capture the ratio of 
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the thrust produced by the propeller (F) to the power consumed to produce that thrust (P 

= i·v).  This ratio (F/P) gives an indication of the efficiency of the propulsion system as it 

interacts with mixtures that have different bubble concentrations.  Even though it is not a 

perfect measure of the propulsion system 

efficiency (the propeller rotational speed would 

be required for that analysis), at a minimum, this 

ratio reflects power changes associated with 

changes in thrust (i.e. it will capture situations 

where the reduced thrust is accompanied by a 

corresponding reduction in the propeller power). 

Beyond capturing the thrust and F/P ratio, 

these figures also capture the percent difference  

Table 3.1.  Propeller test cases for final sequence of tests.  Table entries 
represent the number of trials reported for each case. 

V 
system 

Q 

V 
system 

Factor 

Table 3.2.  Figures capturing 
results from final propeller tests. 
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between the corresponding mixture case and the associated no-bubble case.  The 

calculations for these percentages use the no-bubble cases as the reference for these 

calculations.  In addition to showing the percent differences for the various thrusts and 

F/P ratios, these figures also show the one standard deviation (1 σ) error bars, in red, on 

the thrust and ratio subplots.  This provides a measure of the variability associated with 

the constituent trials for a particular case. 

As can be seen from Figures 3.5 through 3.12, there is considerable variability in both 

the thrust produced and the F/P ratio across the different cases.  The percent difference in 

thrust varies from nearly a 70% reduction in thrust (for 5-volt supply power with a 3600 

mL/min air flow rate using a pipe) to several cases that have less than statistically 

significant changes in thrust.  Of these latter cases, even though the difference is still less 

than statistically significant, the highest thrust was observed for the 6-volt case in which a 

pipe was used and the air flow rate was 1000 mL/min.  Despite this case and the other 

two less than statistically significant cases (with less than a 4% change in thrust – which 

is within the one standard deviation error limits), the other eleven (of fourteen) cases 

showed varying degrees of meaningful thrust reduction.  Two of these cases (the 5-volt 

case mentioned immediately above and the 5-volt case where a pipe was used and the air 

flow rate was 3000 mL/min) showed extreme reductions in thrust of around 68-69% 

each.  Even though the reduced thrust in these two cases is consistent with the thrust 

reduction seen in the majority of cases, the magnitude of these reductions potentially 

indicates an unrealistic bubble concentration at the propeller disk.  This would be 

consistent with using the pipe system to introduce bubbles directly upstream of the 
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propeller.  At the high air flow rates associated with these two cases and the effectiveness 

of this bubble injection system, it is quite possible that the propeller was ingesting vast 

quantities of air.  As a result, these two cases should be viewed with some level of 

skepticism. 

An unexpected trend in the data is the transition to higher thrust levels for the two 

higher air flow rate cases where blocks were used and power was delivered at 6 volts.  

One would expect that the propeller thrust would decrease as the bubble concentration is 

increased.  This is the general trend seen in all of the cases using the pipe injection 

system, and it is also seen in the lower flow rate cases that used blocks.  However, it 

appears to break down for these higher flow rate cases where blocks were used.  As it 

turns out, though, unlike the cases that used the pipe system, there was no way of 

ensuring that each bubble created by the blocks was ingested by the propeller.  

Consequently, it is quite possible that the larger, more buoyant, bubbles produced by the 

blocks at the higher volumetric flow rates were less apt to be entrained in the propeller 

flow stream.  Clearly, even though there is a higher bubble concentration in the overall 

flow field, this could lead to a lower bubble concentration at the bubble disk.  This, in 

turn, would lead to higher thrust.  This is consistent with anecdotal observations that a 

considerable percentage of bubbles simply rose straight to the surface for these higher 

flow rate cases.  It is also important to note that, even though lower aerator flow rate 

cases were not run at the 5-volt supply voltage, the thrust magnitudes for the higher block 

flow rate cases are consistent with the corresponding 6-volt cases.  
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Another interesting observation is that the percent reduction in thrust for all of the 5-

volt cases that used the pipe injection system are higher than the corresponding 6-volt 

cases.  This makes perfect sense when examining this trend through the bubble 

concentration lens.  Because the pipe injection system can be assumed to be perfectly 

efficient when introducing bubbles into the propeller disk, for a given air volumetric flow 

rate, the bubble concentration will be entirely determined by the water flow rate in the 

propeller jet.  Since the current and the power delivered to the boat motor will be greater 

when the power supply is operating at 6 volts (versus 5 volts), water flow rate in the 

propeller jet will be greater when power is delivered at 6 volts rather than at 5 volts.  This 

increased water flow rate, when coupled with the fixed air flow rate, will lead to a lower 

bubble concentration in the propeller jet for the 6-volt cases than the 5-volt cases.  This, 

in turn, will result in greater thrust production for the 6-volt cases relative to the 5-volt 

cases.   

Finally, it is important to address the case where power was delivered to the motor at 

6 volts, a pipe was used to inject bubbles directly into the propeller, and the air flow rate 

was 1000 mL/min.  Even though it is not statistically significant, it must be 

acknowledged that the thrust appeared to increase for this case.  It is possible that these 

thrust measurements were in some way anomalous, which needs to be investigated 

further, but, considering that the thrust production is not only consistent with the other 6-

volt cases that used the pipe injection system but that it is also consistent with the trends 

observed in the 5-volt pipe data, it is also possible that this effect is real.  This latter 
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possibility also needs to be viewed as a plausible explanation for the results of these trials 

during any subsequent investigations. 

Even though it remains to be seen whether this thrust data for this case is repeatable 

and reliable or it was just an experimental artifact caused by the interaction of the 

propeller flow stream and relatively low air volumetric flow rate, if it is assumed to be 

real, one possible explanation for these observed results is that the air in the relatively 

slowly forming bubbles associated with this low air volumetric flow rate may have 

slightly reduced the viscous losses in the propeller flow stream.  Though this may seem to 

contradict the results of efforts discussed later in this text, it is important to realize that 

the fluid mechanics of a bubble that is still forming at the end of a pipe will be 

substantially different than those of a free bubble that represents an inescapable pocket of 

trapped gas.  Though, as will be seen later, a free bubble will enhance the dissipation of 

kinetic energy in the flow field, it is possible that an attached bubble, one that still has the 

ability to influence the velocity field in a larger body of air, might be able to reduce the 

dissipation of the flow field kinetic energy.  Even though much more work would have to 

be done to determine whether this explanation has any merit, it is important not to 

immediately dismiss the results of this case as being flawed in some way but, instead, to 

investigate the above proposed explanation or other explanations that might shed light on 

the physics behind this very interesting special case.   

Finally, when looking at the F/P ratios, it can clearly be seen that they follow the 

same general trends as the thrust data.  This, of course, means that the reductions 

observed in most of the thrust data did not result in an equal reduction in the power 



62 
 

consumed by the propeller.  Consequently, this means that the propeller operated less 

efficiently, from a thrust perspective, when bubbles were present.   

It must be noted, though, that the percent reduction in these ratios was typically lower 

(or the percent increase was typically higher) than the percent reduction in thrust for the 

same case.  Therefore, in the vast majority of cases, the F/P ratios indicate the interaction 

between the propeller and the bubbly mixture is not as extreme as is portrayed by the 

thrust data alone.  When looking at the ratio data, then, it turns out that (as before) two 

cases can still be classified as being unreasonably extreme, the differences associated 

with four cases can now be classified as less than statistically significant, and eight cases 

can be seen as having statistically significant reductions associated with them.   

As can be seen from the results from both the initial and final tests, even with all of 

these issues associated with this test setup, in the end this particular test configuration 

produced good data.  This data has indicated that the thrust produced by, and potentially 

the efficiency of, the propeller decreased when bubbles were present.  This would mean 

that, if the propeller on a commercial ship were to ingest some significant fraction of the 

bubbles produced by an ALS, it would have a tendency to reduce the performance of the 

propeller with a corresponding impact on the performance of the ALS.  Even though 

these results would have to be properly scaled to lengths generally associated with 

commercial vessels in order to make sure these conclusions are appropriate for real ALS 

applications, which is not a trivial matter given the nature of a bubbly mixture and a 

highly turbulent flow field, it can be said with reasonable confidence that this interaction 

between the propeller and a bubbly mixture merits further study if interest in air 
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lubrication systems continues to grow.  
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4. Ship Dynamics 

 

When considering an ocean-going vessel, there are a multitude of characteristics that 

would have to be quantified in order to have a complete picture of its design and 

capabilities.  Surprisingly, interest in the specific characteristics of a ship is greatly 

dependent on the context in which those attributes are considered.  As they would dictate 

the size and capabilities of a corresponding shipyard or dry dock, properties such as a 

ship’s maximum height, length, and width (or breadth) might be of critical importance 

when a ship is being built or undergoing major servicing. However, these parameters are 

typically not nearly as critical when the ship is in operation.  At this point, the 

dimensional information with respect to the waterline will generally be of greatest 

concern.  Because they may dictate navigable courses and ports, quantities such as the 

ship’s draught, beam, and length at the water line then become important.  Additionally, 

to successfully clear bridges and other overhead obstacles, a ship’s height above the 

waterline might be of concern.  When creating a manifest and planning a voyage, 

logistics personnel might be most concerned with the net and gross tonnage of a ship (i.e. 

the amount a ship can hold). 

Beyond these and other parameters that are typically defined for a static vessel, there 

are other parameters that can be used to describe the dynamic behavior of a ship.  These 

include the kinematic quantities associated with the local rigid body motion of the vessel 

itself.  The surge, sway, and heave represent the translational motion of the vessel in the 

x, y, and z directions, respectively.  (Just as there are many parameters associated with a 
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vessel, there are also many coordinate systems that can be used when examining different 

aspects of a vessel.  In the case of the coordinate system considered here, it will be 

assumed that the origin is located at the midship length, and that the x-axis points through 

the vessel’s bow, the z-axis is oriented vertically upward when the vessel is static, and the 

y-axis completes the right handed triad.)  Additionally, the roll, pitch, and yaw capture 

the rotational motion, again, about the x, y, and z axes respectively. 

In addition to the rigid body motion, marine engineers are also keenly interested in 

the various paths that can be taken by a ship, changes that can be made to those paths, 

and the motion along that path.  These properties are collectively captured by what is 

called the maneuverability of a ship.  Because of the nature and geometry of a ship, it 

turns out that the maneuverability of a ship is coupled to the ship’s design (hull form, 

control surface configuration, propulsion system capabilities, etc.), dynamic properties 

(mass properties, hydrodynamics, etc.), and rigid body kinematics (which are, of course, 

tied to the ship’s rigid body kinetics).  These, along with other factors, will dictate the 

velocity and acceleration along the path and the turning performance of the vessel.  The 

turning capabilities of the ship are captured by: 1) the steady turning radius (the radius of 

the turn when the ship configuration is held constant and the turn initiation transients 

have died out), 2) the advance of the turn (the furthest point reached downrange of the 

turn initiation when measured relative to the ship’s initial heading – defined for a turn of 

90 degrees or greater), and 3) the tactical diameter (the effective diameter as measured 

from the incoming path before turn initiation to the point in the turn where the ship has 

rotated through 180 degrees). 
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Even though they may be of little interest for a ship operating under normal 

conditions in the open ocean, the precise maneuvering capabilities of a vessel may be put 

to the test in a port (or other congested area) or in an emergency situation (or both as the 

case may be).  In those cases, it is imperative that the vessel be as maneuverable as 

possible.  One highly unrealistic way to alter a ship’s maneuverability would be to 

change its dynamic properties by jettisoning cargo or other massive items.  Another, 

much more realistic technique would be to change the forces and moments applied to the 

vessel.  Traditionally, this has been done exclusively by changing the configuration of the 

control surfaces, modifying the thrust produced by the propulsion system, or a 

combination of the two.  Unfortunately, though, because of the design and inertia of these 

systems as well as the forces involved with rapidly changing their configuration, 

reconfiguring these systems can take an unacceptably long period of time under some 

circumstances. 

 

4.1  Decelerating Using ALS 

As indicated by the propeller tests performed as a part of this effort, though, it can be 

seen that air lubrication systems offer a third possibility and a new capability when it 

comes to maneuvering a vessel.  If a ship is equipped with an appropriately modified 

ALS, several options are available to the captain and crew that will positively affect the 

dynamics of the ship. 

Starting with the motion along the path, different actions can be taken to either 

slightly increase or decrease the speed of the vessel.  To decrease the speed (i.e. slightly 
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apply the brakes to the craft), the easiest action to take, assuming it is currently active, is 

to simply turn the ALS off.  Once the residual bubbles have exited the system, which 

shouldn’t take long, the drag will start to increase very quickly.  If possible, this effect 

could be enhanced by simultaneously performing turning maneuvers that may sweep 

some of the bubbles away from the ship’s hull. 

A more aggressive approach to slowing the vessel would be to dramatically increase 

the volumetric flow rate through the ALS instead of turning it off.  As indicated by Marie 

[11], provided that this increased flow rate results in substantially larger bubbles in the 

boundary layer, these bubbles will have a tendency to increase rather than reduce the 

drag.  This, then, means that the drag differential produced by the bubbles coming out of 

the ALS will change from being advantageous to disadvantageous at nearly the speed of 

sound in air.  It is important to realize though that, even though the larger bubbles will 

start to increase the drag almost immediately, it will take some time before the full effect 

of the larger bubbles is felt since the smaller drag reducing bubbles will still be making 

their way along the ship’s hull for some time after the ALS is switched to this drag-

increasing mode.  A secondary effect associated with this approach is that, since some 

propulsion systems are also used to provide the electrical service for the vessel, the 

additional power required to produce an increased flow rate from the ALS may act as an 

additional draw on the propulsion system.  By necessity, this will reduce the power 

delivered to and the thrust produced by the propeller which will also act to slow the 

vessel. 
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As indicated by the propeller tests, a more direct way of reducing the thrust, and 

consequently slowing the vessel, would be to directly introduce bubbles into the 

propeller.  Even though this would almost certainly require dedicated hardware that is not 

currently envisioned for most (if any) air lubrication systems, it would assist with slowing 

the vessel in two different ways.  First, these bubbles would directly reduce the thrust 

produced by the propeller which would then, in turn, lead to an associated slowing of the 

vessel.  Second, this reduced thrust would also lead to reduced loads on the propeller and 

its shaft.  As a result, if this type of ALS were implemented on a craft that has a variable 

pitch propeller, the pitch of the propeller blades could be changed more quickly in this 

relatively low load environment in such a way to reduce, eliminate, or even reverse the 

thrust produced by the propeller.  Unlike the other ALS approaches to reduce the speed of 

the vessel, both of which start immediately but take some time to reach their full effect 

this thrust reduction approach could be turned on or off almost immediately, provided 

that the bubble injection system for the propeller is designed properly.  This would, then, 

provide an almost instantaneous ability to sculpt the thrust profile in a way that best suits 

the particular situation. 

 

4.2  Accelerating Using ALS 

In addition to applying the brakes on the vessel by increasing the drag, an ALS could 

also be used to further reduce the drag.  This technique relies on a subtle, but important, 

aspect of ALS operations.  Even though the literature examined to date has not discussed 

the optimal operation of these systems, it is clear that there is an optimal operating point 
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for any given ALS.  At this point a small increase to the power provided to the ALS will 

result in an even smaller reduction in the power required by the propulsion system.  As a 

result, from a fuel efficiency perspective, it makes perfect sense for the ALS to be 

operated as close to this optimal point as possible.  It is important to realize, though, that 

this is an optimal operating point for the combined ALS/propulsion system.  It does not 

mean that the drag cannot be reduced further.  Provided that maneuverability is more 

important than saving fuel, the ALS can be run at a volumetric flow rate slightly above 

this optimal point (but not at such a level that the drag is increased) and the drag will 

continue to drop.  As it is switched into this mode, the ALS will allow the vessel to 

increase its velocity slightly and move out of the way of any on-coming craft.   

 

4.3  Enhanced Turning Using ALS 

Beyond changing the speed of a vessel, when designed and operated properly, an 

ALS can be used to enhance the turning capabilities of a vessel.  There are at least two 

different ways to use an ALS in this way.  First, if it is possible to independently vary the 

volumetric flow rates to either or both the starboard or the port sides of the craft, then the 

appropriate size of bubbles can be introduced to enhance the drag on the side of the 

vessel in the direction of the turn and reduce the drag on the other side.  This approach to 

enhanced turning would not require any modifications to the ALS and, as a result, it 

would not add to the cost of an ALS installation.  It would simply change the way in 

which this system is operated. 
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If it is possible to add a bubble injection system to the propellers, though, and if the 

ship has an offset twin screw design (i.e. it has two propellers located on parallel but not 

co-linear shafts), then, as a turn is executed, bubbles could be introduced into the flow 

stream of the inboard propeller and, as a result, its thrust would be reduced.  Since the 

outboard propeller would be unaffected by these bubbles, its thrust would continue, 

unabated, and the moment created by the differential thrust produced by these two 

propellers would create an additional moment primarily about the vessel’s z-axis.  This 

moment would be proportional to the thrust reduction produced by the injection of the 

bubbles and to the distance from which the propeller’s axis is offset from the centerline 

of the ship.  The application of this additional moment would then enhance the craft’s 

ability to quickly turn in an emergency situation or turn more rapidly to avoid that 

emergency in the first place. 

These properties, then, could make a traditional or an appropriately modified ALS a 

truly capable and agile system.  Not only could these types of systems be used to reduce 

drag in the customary fashion, they could also be operated in new and, as of yet, untried 

ways to improve the maneuverability and safety of a vessel.  This, in and of itself, could 

position these systems to become an important part of modern marine engineering.  

Because of the relatively compact size of the equipment used in these types of systems 

and because of air’s low density,  when the capabilities of air lubrication systems are 

viewed in light of their ability to rapidly change operational modes (a transition that can 

be augmented by using pressurized vessels or the like), these systems could soon become 

completely indispensable. 
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SECTION II 

Studies of Localized Phenomena and Associated Investigations 

Chapter 5 – Chapter 8 
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5. Background for Local Level Phenomena 

 

In conjunction with the propeller investigation at the macroscopic level, at the other 

end of the length scale this research also examined how the presence of bubbles impacts 

the dissipation of the turbulent kinetic energy (TKE).  Even though the various aspects of 

this research were initially undertaken in an attempt to understand the small-scale 

dynamics of a bubbly mixture in the immediate vicinity of the propeller, as can be seen 

from the theoretical investigation that follows, it turns out that, in some cases, the results 

of this work go well beyond this original vision and, they can be applied to any flow 

field, microscopic or macroscopic, that satisfy the underlying assumptions of their 

particular development.  With this said, in order to make the following discussion more 

efficient and understandable, as appropriate, it will be undertaken from the original 

perspective of this work, which involved micro-bubbles interacting with Kolmogorov 

eddies.  

 

5.1  Bubble Geometry    

As soon as the theoretical investigation got underway, it was realized that some 

assumptions had to be made for the analysis to be tractable.  Since the main thrust of this 

work was to determine how bubbles affect the dissipation of flow field kinetic energy, 

generally, and turbulent kinetic energy (TKE), specifically, it soon became apparent that 

Kolmogorov eddies would play a central part in this investigation and dictate some of the 

assumptions. 
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    Since liquid phase Reynolds numbers are relatively large for a ship at its cruising 

speed, the Kolmogorov eddies in the boundary layer surrounding the hull are quite small.  

This essentially means that, since larger bubbles would not be kinematically compatible 

with these eddies, only micro-bubbles would have any effect on the shear flow that exists 

at the Kolmogorov length scale. At this small scale, it is appropriate to approximate shear 

flow as linear.  Furthermore, since the shear flow within these eddies is responsible for 

dissipating TKE, only micro-bubbles would have any impact on the dissipation of 

turbulent energy within the flow field.  As a result, it was decided that this investigation 

would initially focus on micro-bubbles. 

In addition to establishing the size of the bubble under consideration, it was also 

crucial to determine its shape.  When examining bubbles and their associated geometry, 

clearly the materials that comprise both the inner and outer phases will have a substantial 

impact on a bubble’s size and shape.  In addition, though, it is also important to recognize 

that the initial quantity of material in the bubble and the characteristics of the flow field 

in the continuous phase also play significant roles in influencing the bubble’s geometry.  

As one might expect, bubbles in a quiescent fluid would likely experience fewer breakup 

events and, consequently, be larger in general than those that are exposed to a turbulent 

environment.  Additionally, it can reasonably be expected that larger bubbles and those 

exposed to more turbulent environments will typically have more variation in their shape 

than smaller bubbles or those that are surrounded by either a quiescent liquid or fairly 

well ordered flows.  When examining these interactions between the continuous and 
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discrete phases, one of the simplest flows that can be considered is a bubble rising 

through an essentially static liquid. 

As discussed by Clift et al. [12], three dimensionless parameters are primarily 

responsible for determining the shape and size of a bubble as it moves through the static 

liquid: the Eotvos number (Eo), the Reynolds number (Re), and the Morton number (M).  

The Eotvos number (Eo = g (∆ρ) de
2 / σ) [12], which is the same as the Bond number 

(Bo), is the ratio of the gravitational force to the force produced by the surface tension 

[13].  Here, g is the acceleration due to gravity, ∆ρ = | ρp – ρ | (ρp and ρ are respectively 

the densities of the particle and the surrounding fluid), de = (6 V / π) 1/3 is the diameter of a 

volume equivalent sphere (where V is the volume of the bubble), and σ is the surface 

tension.  The Reynolds number (Re = ρ de U / µ) [12] is the ratio of the inertia force to the 

viscous force [13] (where U is the terminal speed of the bubble, and µ is the dynamic 

viscosity of the surrounding liquid).  Finally, the Morton number is M = g(∆ρ) µ4 / (ρ2 σ 
3) 

[12].  These three numbers capture the essence of the physics that influences the shape of 

the bubble as it moves through a static liquid.  Depending on their values, a bubble may 

be a simple sphere, it may flatten out into an ellipsoid, or it may even develop a skirt as 

some of the outermost material is allowed to lag behind the main body of the bubble. 

Clearly, though, when a bubble is in a moving liquid, inertia and surface tension 

effects will play a dominant role, and the buoyancy of the bubble may assume a 

secondary role.  Consequently, another number, the Weber number (We) is central to 

understanding bubble behavior in a moving liquid.  The Weber number (We = ρ v2 L / σ 

[14], where v is the characteristic velocity, and L is a characteristic length) is the ratio of 
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inertia forces to the forces created by the surface tension.  As it turns out, the Weber 

number not only influences the shape of the bubble, but it can also be used to determine 

whether a bubble will remain intact or break up in a given flow field. 

To this end, Chanson [15] extensively discusses air entrainment, bubble breakup, and 

the resulting bubble distribution for a wide variety of turbulent flows.  Of specific interest 

for this study, he not only presents critical Weber numbers for various flow conditions 

((We)c = ρw v’2 (dab)max / (2σ), where ρw is the density of water, v’ ~ ((∂v/∂y)· (dab)max ) is the 

characteristic velocity, and (dab)max is the maximum bubble size in the local flow field), he 

also discusses relevant features of the size distribution for the bubbles that are created in 

these turbulent flows.  Complementing Chanson’s primarily experimental approach, Qian 

[16] investigated bubble breakup in a homogeneous turbulent flow field from a numerical 

perspective and identified important values for the Weber number that assist with 

characterizing bubble breakup phenomena in that type of flow.   

    Based on the discussions by Clift et al.[12], Chanson [15], and Qian[16] and the 

nature of the turbulent flow field considered herein, it can be concluded that various 

locations in such flow fields could produce and support the existence of micro-bubbles 

that were the initial focus of this effort.  Additionally, it can also be concluded that these 

micro-bubbles will be essentially spherical.  Because surface tension is the dominant 

force affecting very small bubbles, it will tend to make the bubble spherical in order to 

minimize the surface area and the energy associated with interface between these two 

phases.  This conclusion is confirmed by Figure 2.5 in Clift [16] which indicates that 

micro-bubbles will be spherical based on their small Reynolds and Eotvos numbers.  
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Therefore, for the purposes of this study, it was assumed that the micro-bubbles would be 

perfectly spherical. 

 

5.2  Bubble and Solid Particle Dynamics 

Once the critical features of the bubble had been established for this investigation, i.e. 

its size and shape, it was then time to focus on particular aspects of the interaction 

between the bubble and its surrounding liquid.  One of the most fundamental aspects of 

this interaction is the bubble motion that results due to the nature of the liquid motion.  

Clearly, it can be seen that, in the absence of body forces, the micro-bubble will be 

subjected to equal and opposite forces created by a linear shear flow and, consequently, it 

will simply translate with the mean value of the velocity gradient across the bubble’s 

diameter.  Because of the bubble’s small size, this means that the relative velocities 

associated with the surrounding water (as viewed from a reference frame translating with 

the center of the bubble) will be relatively small.  Consequently, the inertia forces in both 

the water and the bubble will also be small and can be neglected.  Therefore, the creeping 

flow form of the momentum equation can be used. 

Fortunately, when it comes to the behavior of small particles in liquids undergoing 

creeping linear flow (whether those particles are solid or fluid) an extensive amount of 

theoretical work has already been done.  Hadamard and Rybczynski [17] developed the 

flow field equations for an immiscible spherical fluid particle in uniform creeping flow.  

As developed by Levich [17], this approach starts with the differential forms of the 

continuity equation for an incompressible liquid and the Navier-Stokes equation for 
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creeping flow (i.e. linearized momentum equation for a Newtonian fluid).  Due to the 

axial symmetry of this problem, these two constitutive equations can be simplified by 

realizing that there is no azimuthal velocity component and no change in flow field 

properties in this same direction.  A general form of the solution can then be inferred 

from the far-field expressions for the uniform flow field.  This captures the fact that, in 

the limit, the flow field expressions must be equal to the expressions for the undisturbed 

uniform flow field at points that are infinitely far from the particle.  By substituting these 

solutions into the simplified constitutive equations mentioned above, specific forms of 

the solutions can then be developed once values for several arbitrary constants have been 

established.  This is done by recognizing that (1) the interface velocities and stresses must 

be matched when developing the near-field boundary conditions, and (2) the general form 

of the particle flow field equations must be the same as those for the surrounding fluid to 

ensure that the velocity boundary condition at the interface will be met.  It is important to 

note that, in this context, the fluid in the particle might also be called the discrete phase, 

or inner fluid, and the surrounding fluid might be called the continuous phase, or the 

outer fluid.  Once completed, the flow field equations and the equation for the terminal 

velocity of the particle in the fluid can then be written.  The continuous equations are: 

( )( ) ( ) ( )
( ) ( ) ( ) 



























+
+

+
++−−=










+
+

+
+−−=

=

3

3
2

3

3

1414

32
1sin

1212

32
1cossin

r

a

r

a
Urv

r

a

r

a
Urv

v
r

λ
λ

λ
λθ

λ
λ

λ
λθθ

θ

v
 (5.1) 



78 
 

The discrete equations are: 
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Finally, the terminal speed for a fluid particle in an essentially static liquid is: 
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Where vr and vθ are the radial and tangential velocity components, respectively, for the 

continuous phase and v̂r and v̂θ are the corresponding components for the discrete phase.  

U is the free-stream speed for the undisturbed uniform flow which is taken to be flowing 

in the negative z-direction for this particular development.  This is the same as the 

terminal speed when the particle is moving through a stationary body of liquid.  r is the 

radial distance from the center of the particle to the point under investigation.  a is the 

radius of the particle and λ is the ratio of the particle dynamic viscosity, µ̂ , to the 

dynamic viscosity of the continuous phase, µ.  θ is the azimuthal angle measured from 

the positive z-axis to the point under investigation.  ρ and ρ̂ are the densities for the 

continuous and discrete phases, respectively, and g is the local acceleration due to gravity 

(taken as 9.81 m/s2). 

It can readily be surmised that the equations for another case of great importance to 

this research, Stokes flow, can be found from the Hadamard-Rybczynski equations 

simply by taking the limit as the particle dynamic viscosity, µ, goes to infinity.  When 
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this is done, the particle effectively becomes solid, and the simplified Hadamard-

Rybczynski equations represent creeping uniform flow about a solid non-rotating 

particle.     

The final case of significance for this research was investigated by Leal [18].  Among 

other flow configurations, he studied the creeping flow field created by a non-rotating 

solid spherical particle located in a fluid undergoing simple linear shear.  Even though 

Leal’s development uses essentially the same steps as the prior two cases, he performs 

them in a slightly different order.  This, then, leads to a fairly different approach when 

finding equations associated with this flow field.  In this approach, instead of substituting 

general forms of the vector field solutions (which are again based on the far-field 

boundary conditions) into the simplified constitutive equations, Leal first works with the 

simplified constitutive equations for creeping incompressible flow to determine 

acceptable forms for the various terms that may appear in the flow field solutions. Based 

on acceptable forms for those terms, this method then builds the complete form of the 

general solutions. 

Only after the general form of a solution is created are the appropriate boundary 

conditions applied to find the flow field equations.  To ensure this method matches the far 

field boundary conditions, Leal [18] worked almost exclusively with disturbance 

pressures and velocities which, when summed with the corresponding undisturbed 

quantity (which is again captured by the far-field boundary conditions), yields the overall 

pressure and velocity fields.  Clearly, then, if the constructed solutions for these 
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disturbance quantities go to zero at points infinitely far from the particle, the far field 

boundary conditions will automatically be met. 

One of the key features of Leal’s method is that, when the simplified constitutive 

equations are written using the disturbance parameters, the general solutions for the 

disturbance quantities associated with incompressible flows can only be comprised of 

harmonic functions.  When this is coupled with the far-field boundary conditions above, 

the continuous phase equations must be composed of decaying harmonic functions in 

order to ensure that the disturbance parameters approach zero at points near infinity.  

Once the general forms of the solutions were built in this fashion, the appropriate no-slip 

condition was applied at the particle surface to develop the complete form of the flow 

field equations.  

 



81 

6. Theoretical Development 

 

6.1  Approach 

As can be seen from the discussion above, due to the inherent lack of axial symmetry 

associated with shear flows, a Hadamard-Rybczynski style approach to the development 

of the flow field equations would be impractical.  Consequently, a Leal style approach 

was used to develop the flow field equations in and around a bubble immersed in a linear 

creeping shear flow.   

Again, from the discussion above, the first step of Leal’s method is to construct the 

general form of the flow field equations using harmonic vector functions.  Based on a 

similar investigation presented by Leal [18], once they are constructed, the general 

equation for the continuous phase is: 
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and for the discrete phase it is: 

( ) ( ) ( ) xErdxExxdxdxEdu ⋅+⋅⋅−+⋅= 2
2243 21

5

21
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^ˆ ωr  (6.2) 

In these equations, u
r

 and û  are the continuous and discrete phase vector fields, 

respectively.  E is the dimensionless rate of strain tensor; x
r

 is a position vector in the 

flow field normalized to the bubble radius; ωr  is the dimensionless angular velocity 

vector; r is the magnitude of the normalized position vector; and c1, c3, c4, d2, d3 and d4 are 

constants.   
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An interesting and important difference in the construction of these solutions is that, 

even though the equation for the continuous phase velocity field uses decaying harmonic 

vector functions, as expected, the corresponding discrete phase equation uses growing 

harmonic functions.  This makes sense because, if the discrete phase velocity field 

equation contained terms that used decaying functions, these terms would create 

singularities at the center of the bubble (where the origin is located).  Therefore, to have 

finite velocities and, as it turns out, pressures in the discrete phase, the discrete phase 

flow field equation must be constructed from growing harmonic functions – the growth 

of which will be 

limited by the finite 

size of the fluid 

particle. 

Once the general 

form of the flow field 

equations had been 

constructed, these 

equations could be 

applied to a specific 

type of flow.  In the 

case considered here, 

FIG. 6.1 Definition of the shear flow relative to the 
coordinate axes as well as other aspects of the 
spatial geometry associated with the flow field. 
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the undisturbed flow field (one in which the bubble is not present) is simply a linear shear 

flow in the x-direction, as shown in Figure 6.1.  In non-dimensional terms, this 

undisturbed velocity field, ∞u
r

, is captured by [18]: 

 

 (6.3) 

when the shear flow is in the x-direction and when the velocity gradient is in the y-

direction.  From Leal [18], this velocity field can also be captured by the velocity 

gradient tensor, Γ, which itself can be expressed in terms of E and Ω, the vorticity tensor: 

xxExu
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and realizing that:  
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it can be seen that: 
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where, for linear shear flow: 
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Here ωr  is the angular velocity vector. 

With this groundwork laid, the efforts relevant for this investigation could get underway.   
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Substituting these into the vector field equations 6.1 and 6.2 above yields: 
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and: 
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for the continuous and discrete phases, respectively.  Here the vectors capture the x, y, 

and z components, in that order.  Transforming these equations into spherical coordinates 

results in: 
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and: 
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again, for the continuous and discrete phases, respectively, and where the vectors capture 

the r, θ, and ϕ directions, in that order.  Additionally, it must be noted that ϕ is the 
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longitudinal angle, measured in the x-y plane from the x-axis of the rectangular system, 

and θ is the latitudinal angle, measured from the z-axis of the rectangular system about 

the ϕ-axis of the spherical system.   

In the case considered here, clearly the tangential stresses must be consistent across 

the bubble surface.  From Potter [19], the general forms of the tangential stress 

components in spherical coordinates are: 
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and: 
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From this, the r-θ stress components for the continuous, θτ r , and discrete, θτ r̂ , phases 

are: 
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Where, again, µ  and µ̂  are the continuous and discrete phase dynamic viscosities, 

respectively.  Additionally, the r-ϕ stress components for the continuous, φτ r , and 

discrete, φτ rˆ , phases are: 
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and: 
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 += drdr  (6.17) 

Once the relevant equations had been developed, the boundary conditions established 

at the spherical interface between the two phases (at r = 1) could then be applied.  In 

order to ensure compatible tangential stresses, these stress components across the 

interface were equated. Additionally, recalling that the bubble is assumed to remain 

spherical, then clearly the radial velocity components must be zero for both the 

continuous and discrete phases.  Finally, the velocity components in the θ and ϕ-

directions for both phases also had to be equal.   

After satisfying the appropriate stress and velocity boundary conditions, the constants 

were determined as: 
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This yields the following flow field equations for continuous phase (in Cartesian 

coordinates): 

 

 (6.24) 

 

 

For the discrete phase, these equations are: 

 

 (6.25) 

 

 

where u1, u2, and u3 are the velocity components in the x, y, and z directions, respectively. 

Once the flow field equations were established, one of the main objectives of this 

study could be realized – the development of the dissipation equations.  As it turns out, 

the dissipation in both phases could be found using the dissipation function [20]: 
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( )[ ]2222222 φθθφφφθθ εεεεεεµ rrrr +++++=Φ
 (6.26) 

where Φ is the dissipation associated with the viscous losses in an incompressible fluid 

and rrε ,  θθε , φφε , θφε , rθε , and φε r  are the fluid strains.  Then, from the spherical form 

of the flow field equations, the dissipation functions for the discrete and continuous fluids 

were determined to be: 
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where Φ and Φ̂  are the dissipation functions for the continuous and discrete phases, 

respectively.  Based on these expressions, the viscous dissipation and the normalized 

dissipation can be found at different locations in the flow field.  The normalized 

dissipation is simply the dissipation function normalized to the volumetric dissipation of 

an equal volume in the undisturbed flow field.  From this point forward, the term 

“dissipation” will be used to refer to the normalized dissipation.) 
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6.2  Results 

Figure 6.2 shows the 

flow fields in the gradient 

plane.  As can be seen in 

this figure, the fluid in the 

particle primarily rotates in 

response to the disturbed 

shear flow in the 

surrounding fluid.  As 

expected, at the relatively 

low viscosity shown in the 

figure, the inner fluid 

deviates from pure rotational motion most dramatically at the particle’s equator (where 

the relative motion between the particle and the undisturbed shear flow would ideally be 

zero).  As can also be seen, a very noticeable sympathetic bulge in the region around the 

particle is created in the outer fluid at this same location.  This bulge allows for a smooth 

transition of the shear flow streamlines around the particle.  It is important to note that, 

for cases in which the particle viscosity approaches infinity (i.e. the particle is a solid 

object), the particle simply rotates, as expected, and the equatorial circulation regions 

around the particle become even more pronounced.   

The sphere in Figure 6.3(a) shows the dissipation associated with the liquid at the 

surface of the bubble (λ = 0).  From the color map, it can be seen that the greatest 

FIG. 6.2. Streamlines associated with the analytical 
solution for a flow around and inside a bubble.  Axes 
are normalized by the bubble radius, “a”.  
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dissipation occurs 45º between the axial and gradient poles.  This also can be seen in 

Figure 6.4(a-c), which are surface plots of the continuous phase dissipation in the xy-

plane.  As can be seen in this figure and in Figure 6.5(a), four dissipation peaks are 

located at the surface of the bubble.  Each of these peaks has a “tail” of tapering 

dissipation that emanates radially from the bubble.  Interestingly, at the axial and gradient 

poles themselves, troughs of depressed dissipation are formed and taper radially away 

from the bubble.  Additional examination of Figure 6.3(a) also reveals that there are 

regions of reduced dissipation located at the transverse poles.  Because of this reduced 

dissipation at the poles and along the great circles connecting the poles, it turns out that 

the continuous phase dissipation is depressed across the entire xz and yz-planes for this 

case.   

FIG. 6.3. Continuous phase dissipation at the bubble surface for: (a) λ = 0, 

(b) λ = 10
6
.  Color scales are the same for both sub-plots.  Plots are created 

using ParaView, version 4.3.1 64-bit. 
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Since, at present, it is assumed that the fluid motion inside the bubble is inviscid, 

these continuous phase dissipation patterns simply result from the outer fluid moving 

Figure 6.4. Dissipation in the xy-plane for the continuous phase flow field around the 
bubble.  For an inviscid bubble [ λ = 0] the following views are: (a) top oriented, 

(b).bottom oriented, (c) side. For a solid particle [ λ = 10
6
] the following views are:  

(d) top oriented, (e) bottom oriented, (f) side.  Color scales are the same as Figure 6.3. 
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around the bubble.  Because the fluid motion within the bubble has no impact on the fluid 

motion in the continuous phase, in this case, the bubble simply acts as an obstruction in 

the shear flow.  Consequently, this will be called the “obstruction” pattern.  For this 

pattern, the elevated dissipation near the bubble is primarily driven by high normal strains 

that develop in the continuous phase as the liquid deforms to move around the bubble.  

The regions of reduced dissipation in the xy-plane correspond to areas of reduced shear 

strain.  

Even though the main focus of this effort involves bubbles interacting with shear 

flows, greater insight into the present study can be gained by also investigating solid 

spherical particles and their effects on the dissipation patterns in a linear shear flow.  A 

solid particle can be modeled as a fluid particle that has a very high dynamic viscosity.  

When this is done, much as in the case of an inviscid bubble, as can be seen in Figure 

6.4(d-f), the flow field immediately adjacent to a solid particle has four dissipation peaks 

Figure 6.5. Top view of the dissipation field in the xy-plane of the continuous 

phase around the bubble for: (a) λ = 0, (b) λ = 10
6
.  Note: the bubble is represented 

by the circle at the center of each sub-plot.  
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in the xy-plane separated by an equal number of troughs.  Several important differences 

exist between these two cases, however.  First, as can be seen in this figure, the peaks and 

troughs associated with the flow around a solid particle are rotated by 45° in the xy-plane 

from their locations when the particle is inviscid.  This, then, places these regions of 

elevated dissipation directly on the axial and gradient poles.  Second, unlike the long 

tapering tails in the inviscid case, peaks and troughs associated with a solid particle 

rapidly transition to a circular region of constant and slightly elevated dissipation.  This 

circular region is located in the xy-plane, centered on the particle, and is just outside the 

solid particle’s peaks and troughs (at a normalized radius of approximately 1.175 in the 

case of a solid particle).  Third, this constant dissipation region transitions back into a 

region of four shorter peaks (which are more like hills) and four shallower troughs (which 

are more like valleys).  These hills and valleys are offset by 45° from the peaks and 

troughs located at the surface of the solid particle.  This, then, places the hills and valleys 

directly on the long tails of the dissipation peaks associated with an inviscid bubble. 

The inboard and outboard regions in the xy-plane that are separated by the circular 

constant dissipation region make for a more complex and interesting dissipation pattern 

than the one associated with the inviscid bubble.  Even though this dissipation pattern is 

fairly complex, the physical reasoning behind it is rather simple.  The flow field 

associated with the inboard region is driven primarily by the rotation of the particle.  As 

the particle rotates, it allows the surrounding liquid to rotate as well.  Since the liquid at 

the particle’s equator would normally be stationary, as it is with an inviscid bubble, the 

rotational motion of the particle creates shear strains in the equatorial liquid. These 
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strains are particularly high at the axial poles and again, as seen in Figure 6.3(b), they 

lead to high dissipation levels at these locations.  The fluid motion induced at the equator 

acts to retard the rotational motion of the particle.  Consequently, the angular velocity of 

the particle is only half of what it would be if the linear velocities at the particle’s 

gradient poles were to match those in the undisturbed shear flow (e.g., per Trevelyan 

[21], the dimensionless angular velocity of the particle is ½ rather than 1).  As a result, 

elevated shear strains, and the associated elevated dissipation levels, are developed at the 

gradient poles as the fluid at these poles helps propel the rotational motion of the particle.  

In this way, the fluid motion at the gradient poles (which contributes to the forces that 

sustain the particle’s rotational motion) is coupled to the fluid at the axial poles (which 

react those forces out) through the particle itself. 

This rotating fluid creates an envelope around the particle.  In the xy-plane, the edge 

of this envelope is the circular region of constant dissipation.  Beyond this envelope, the 

shear strains that dominated the dissipation near the particle give way to normal strains 

that dominate the dissipation in the outboard region as this outboard fluid deforms to 

move around this now effectively larger “bubble”.  As a result, the dissipation pattern in 

the outboard fluid takes on the same form as the obstruction pattern that was associated 

with an inviscid bubble.  Clearly, though, since the rotational motion of the inboard 

region helps the outboard fluid move around this larger obstruction, and, since the 

outboard fluid also now has a larger region to adjust to this obstruction, the dissipation 

intensities are lower in the outboard fluid but remain elevated over a wider area in these 

regions.   
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It can thus be seen that the dissipation behavior of the continuous phase evolves as 

the dynamic viscosity of the bubble is increased.  As shown in Figure 6.6, this is most 

easily seen on a polar plot of the dissipation in the xy-plane.  Instead of focusing on the 

overall dissipation distribution, however, this figure captures the radial variation of the 

dissipation by plotting the radial and transverse values on rectangular axes and then 

looking directly down the transverse axis (note that the bubble is to the left of the 

dissipation axis).  In this way, both the minimum and maximum dissipation values at any 

given radial value can be readily determined.  Please note that, for simplicity, this 

Figure 6.6. XY-plane dissipation field in the continuous phase for increasing viscosity 
ratios represented here in a polar system [r-ϕ].  The dissipation field is projected down 
the ϕ-axis for: (a) λ = 0, (b) λ = 0.1, (c) λ = 0.5, (d) λ = 1.057, (e) λ = 2, and (f) λ = 

10
6
.  Color scales are the same as Figure 3.  Note – the bubble is immediately to the 

left of the dissipation axis. 

(a) (c) (b) 

(d) (f) (e) 
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discussion is limited to trends in the xy-plane.  Even though there are interesting trends at 

the transverse poles (and at other locations in the flow fields), their impact on the 

bubble’s overall effect on the dissipation is not of primary concern. 

This figure also shows the radial dissipation distribution for various viscosity ratios.  

For a point of reference, Figure 6.6(a) again shows the case where the fluid in the bubble 

is inviscid.  As before, the dissipation peaks are immediately adjacent to the bubble, and 

they have long tails that taper radially.  Because it is inviscid, the fluid in the bubble has 

no effect on the fluid motion in the continuous phase other than to simply obstruct the 

shear flow.  Again, the dissipation in this case is primarily driven by the normal strains, 

and the shear strains at the bubble surface in the xy-plane are non-existent.  

Consequently, there is no rotational through-bubble coupling between regions in the 

continuous phase. 

For Figure 6.6(b), the viscosity ratio is 0.1.  Therefore, the fluid in the bubble will 

start to move in response to the continuous phase flow field.  Since the material in the 

bubble is trapped by the surrounding fluid, the only viable flow patterns result in 

circulation of the fluid within the bubble itself.  Because of the no-slip condition at the 

bubble surface, this circulation inside the bubble creates a weak rotation in the fluid 

surrounding it.  This rotation makes it slightly easier for the fluid in the continuous phase 

to move around the bubble.  As a result, the normal strain intensity is diminished slightly 

with a corresponding decrease in the maximum dissipation.  Because the fluid 

surrounding the bubble starts to rotate, though, small but finite shear strains start to 
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develop at the axial and gradient poles in this particular case indicating that the strains at 

these locations are becoming loosely coupled. 

Figure 6.6(c) corresponds to a viscosity ratio of 0.5.  The same trends observed when 

λ was 0.1 are present in this case (reduced normal strains and increased shear strains and 

gradient plane coupling), and they are becoming more pronounced.  In this case, the 

better organized rotation of the bubble and the associated rotation in the fluid have made 

it easy enough for the fluid to move around the bubble, so that the location of the peak 

dissipation moves away from the surface of the bubble, and its magnitude continues to 

drop.  Even though the rotational motion in both phases is starting to have an observable 

effect on the dissipation pattern, the obstruction dissipation pattern still dominates. 

As the bubble viscosity is increased and normal strains continue to drop while the 

shear strains (and the continuous phase coupling) increase, a point is reached at which the 

dissipation at the bubble’s surface from the shear strains approximately equals that from 

the normal strains.  This happens at a viscosity ratio of approximately 1.057, and this case 

is shown in Figure 6.6(d).  At this viscosity ratio, neither the dissipative effects associated 

with the fluid rotation nor those associated with the fluid motion around the bubble 

dominate at the bubble surface, thus indicating a transition in the dominant dissipation 

mode near the bubble. 

As expected, when the viscosity ratio is increased to 2, as shown in Figure 6.6(e), the 

dissipation peaks associated with the obstruction pattern have moved further away from 

the bubble, and the peaks associated with the “rotation” dissipation pattern start to 

develop at the bubble surface.  Separating these two patterns is the circular region of 
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constant dissipation (shown as a single point in Figure 6.6(e)).  As the viscosity is 

increased to the point at which the particle is essentially solid (λ = 106 as shown in Figure 

6.6(f)), the circular region of constant dissipation has moved further out from the bubble, 

the obstruction dissipation peaks are at their lowest level.  They are located at a 

normalized radius of approximately 1.4, and the rotation dissipation peaks are at their 

highest level (indicating complete coupling of the fluid at the axial and gradient poles 

through this now solid particle). 

Numerical simulations have also predicted similar continuous phase behavior.  Wang 

[22], Yeo [23], and Goa [24] have all noted elevated levels of dissipation when small 

particles and/or bubbles are present in turbulent flow fields.  In particular, Wang noted 

that the dissipation was highest for a solid particle within 0.4 radii of its interface with the 

continuous phase which, as it happens, corresponds almost identically with the 

obstruction peaks for a solid particle in the gradient plane (again, as shown by that peak 

at a radius of 1.4 in Figure 6.6(f)).  It is also important to note that the particles in these 

investigations ranged in size from the Kolmogorov to the Taylor length scales16.  This, 

then, means that the particles investigated in these numerical simulations were interacting 

with diverse features in the flow field, not simply with a creeping linear shear flow.  

However, these investigators reached similar, albeit necessarily more general, 

conclusions about the interaction between the discrete and continuous phases.  

Consequently, even though this theoretical development only applies to a case with fairly 

restrictive assumptions, it can be seen that the general trends identified by this effort may 

apply to a much broader set of interphase interactions.  



99 

As an aside, it is interesting to note that all of the xy-plane dissipation pattern features 

discussed above (or their parent features) are present in the continuous phase flow field 

equations at all viscosity ratios.  They are simply inside the bubble boundary at low 

viscosity ratios until they expand radially outward to finally join the continuous phase’s 

physical domain as the viscosity ratio is increased. 

In addition to viscous losses in the continuous phase, the bubble itself will also 

dissipate kinetic energy.  As it turns out, the dissipation pattern in the bubble is more 

consistent than the pattern associated with the continuous phase.  This pattern is so 

Figure 6.7. Discrete phase dissipation at the bubble surface for: (a) λ = 0.1 [note 

relatively high maximum dissipation for a low value of λ], (b) λ = 1.  The color 

scales are different for the sub-plots but the dissipation patterns are nearly 

identical.  Note: the dissipation magnitude between these cases changed by a 

factor of approximately 3. 
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consistent that, regardless of the viscosity ratio, the maximum values for all six normal 

and shear strain components at the bubble’s surface are simply scalar multiples of each 

other.  This is very different from the continuous phase trends at the interface in which 

the intensity of the shear strains generally moves opposite from the normal strain 

intensities. 

It can be seen in Figure 6.7 that in all cases the greatest dissipation associated with 

the bubble is along the gradient great circle.  The relatively uniform dissipation in this 

region results from the fact that the locations at which the shear strains reach their 

maximum values are offset by 45° from the points on the gradient great circle where the 

normal strains are at their maximum.  This has a tendency to even out the dissipation 

along the gradient great circle, which results in the relatively uniform dissipation pattern 

shown.  Additionally, the minimum dissipation on the surface of the bubble is at the 

transverse poles.  Since these poles are on what is essentially the rotational axis for the 

Figure 6.8. Dissipation in the xy-plane for the discrete phase 
flow field for: (a) λ = 0.1, (b) λ = 1.  Color scales are the same 
for both sub-plots. 
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bubble, the strains in this region are fairly small as the bubble fluid on the surface 

primarily rotates about the transverse poles. 

Figure 6.8 shows the magnitude of the bubble dissipation in the xy-plane.  In addition 

to the surface dissipation, which is represented by the high values at the rim of the 

“bowl”, in all cases there is an inner core of elevated dissipation within the bubble, as 

indicated by the bump in the bottom of the bowl.  The dissipation in the core is relatively 

low when compared to the maximum surface dissipation, and it is separated from the 

surface dissipation region by a region of reduced dissipation which is typically near zero.  

The dissipation associated with this inner core is primarily driven by the distorted fluid 

motion that results from coupling the fluid motion in the continuous phase at the axial 

and gradient poles. 

Even though the bubble dissipation pattern remains fairly consistent, as can be seen in 

Figure 6.9(a), the overall dissipation in the bubble varies considerably depending on the 

viscosity ratio.  As expected, when the bubble is inviscid or solid (i.e. the viscosity ratio 

is either zero or very large, respectively), then no energy is dissipated by the bubble.  The 

dissipation then increases as the viscosity ratio moves away from these extremes, and it 

reaches its maximum value when the continuous and discrete phase viscosities are the 

same.  A similar curve can be created for the continuous phase.   

As can be seen in Figure 6.9(b), the continuous phase dissipation starts at a relatively 

moderate value when the bubble is inviscid.  It then drops as the bubble viscosity is 

increased and rotation is developed in the continuous phase.  After above a viscosity ratio 

of approximately ⅔, the increased coupling between the fluid at the axial and gradient 
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poles starts to dominate 

and the dissipation starts 

to rise.  This trend 

continues until the 

dissipation reaches a 

maximum value at which 

the particle is essentially 

solid. 

 Figure 6.9(c) captures 

the combined dissipation 

of the discrete and 

continuous phases.  As 

can be seen from this 

figure, even though there 

is a relatively complex 

relationship between the 

viscosity ratio and the 

dissipation for each 

phase individually, the 

combined dissipation 

increases monotonically 

with increasing bubble 

FIG. 6.9. Dissipation as a function of the viscosity ratio 
for r/a between: (a) 1 and 5 [liquid only], (b) 0 and 1 
[bubble only], and (c) 0 and 5 [both bubble and liquid]. 
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viscosity.  Consequently, bubbles of all viscosities will lead to increased dissipation and 

the level of this dissipation increases with increasing viscosity ratio. 

As a result, it can be seen that micro-bubbles (and even micro-particles) will 

accelerate the dissipation of turbulent kinetic energy.  Considering that this theoretical 

development did not explicitly assume a particular bubble size or range of sizes, though, 

these results then apply to any essentially spherical bubble in a creeping linear shear 

flow.  Consequently, this analysis also applies to larger spherical bubbles (again, as 

determined by the values of the Eotvos, Reynolds, Morton, and/or Weber numbers, as 

appropriate) subjected to a bulk shear flow in a laminar flow field. 

 

6.3  Cavitation 

As a slight tangent, it is important to briefly discuss cavitation.  Even though it 

appears that no link between the two has been shown as yet, it remains a possibility that 

bubbly mixture may change the the properties of the flow field including the conditions 

under which cavitation can occur.  If this turns out to be the case, then it is important to 

note that Chanson [15] also makes the point that aerated flows reduce the damaging 

effects of cavitation.  There are several mechanisms behind this.  First, since water vapor 

is likely to form in a preexisting air bubble rather than forming a vapor bubble by itself, 

when the vapor re-enters the liquid phase from the air/vapor bubble, the residual air will 

prevent the bubble from collapsing completely and creating the damaging high pressure 

wave.  Additionally, even if there is the complete collapse of a vapor bubble in an aerated 

flow, the bubbles will mitigate the effects of the pressure wave by 1) compressing as the 
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bubble encounters the wave and thus dissipating some of the wave’s energy, and 2) 

scattering those portions of the wave that remain entirely in the liquid phase.  All of these 

effects can be summed up quite succinctly by saying that the bubbles add some 

compressibility to the mixture – or in other words this can be viewed as “cavitation 

bubble-wrap”.  
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7. Bubble Experiments 

 

7.1  Initial Experimental Setup 

With the theoretical results in hand, attention was turned to testing various aspects of 

the theoretical results.  Since this investigation had its roots in the energy dissipation 

associated with a flow field, the testing focused on demonstrating this aspect of the 

theoretical results with an initial aim of investigating the interaction of micro-bubbles 

with turbulent flow fields.  

As can be seen in Figure 7.1, a very simple test setup was developed for this purpose.  

To investigate the interaction 

of micro-bubbles with 

turbulent flow fields.  In this 

setup 2 liters of water were 

placed in an upper reservoir 

fashioned from an 18.9 L (5 

gallon) container, which was 

located approximately 2 m 

above a receiving reservoir, 

of similar size, located 

immediately below it.  This 

water was then released by 

removing a plug placed in a 

FIG. 7.1. Schematic of second experimental setup.  
Not to scale. 

Upper 
Reservoir 

Lower 
Reservoir 

Pipe 
Assembly 
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hole drilled in the bottom of the upper reservoir.  The falling water was then guided by a 

32 mm tube which terminated in the lower reservoir.  Along the vast majority of its 

length, the tube was vertical but, at the very end, a series of fittings were used to turn the 

flow 90°.  This, then, directed the flow horizontally along the sidewall of the lower 

container and, depending on the test, the outlet was positioned about 0.3 to 0.45 m above 

the receiving surface in the lower reservoir before the test started.  Solid particles floating 

on and/or entrained in the water were used to observe the resulting fluid motion.  Finally, 

the time taken for the motion to cease was measured and recorded. 

This test setup ensured that turbulent flow would be developed not only in the tube 

guiding the water between the reservoirs, but also at the point at which the water 

interacted with the receiving surface in the lower reservoir.  Depending on the test, this 

surface was either the solid bottom of the reservoir (corresponding to a drop of 

approximately 0.45 m from the exit of the pipe assembly), or it was a liquid surface when 

the lower reservoir was partially pre-filled with approximately 7.6 L of water (with a 

corresponding drop of approximately 0.3 m).   

After water-only tests were run to establish baseline results, tests were conducted 

using a positive displacement gear pump and aerator blocks to introduce bubbles at 

various locations throughout the setup.  Initially, bubbles were introduced at the outlet of 

the upper reservoir.  At this location, the bubbles interacted with the water throughout the 

entirety of its turbulent motion.  Next, the blocks were located at the exit of the pipe.  At 

this location, the bubbles interacted with the water as it made the final drop into the lower 

reservoir.  Lastly, even though the extraneous motion induced by the bubbles made it 
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more difficult to determine when the test was complete, the aerators were moved to the 

lower reservoir.   

At first, the blocks were placed in the lower reservoir when it was dry, but, because 

the motion of the test water pushed them out of position, tests were then run in which the 

lower reservoir was filled with 7.6 L of water prior to starting the test.  This layer of 

water protected the blocks and prevented them from moving excessively during the tests.  

This prevented the unwanted motion of the aerator blocks, but it also raised the receiving 

surface by approximately 0.15 m.   As expected, though, locating the blocks in the lower 

reservoir made it more difficult to identify when the fluid motion came to an end.   

Unfortunately, because of the chaotic motion during these tests, when the bubbles 

were introduced in the top reservoir or at the outlet of the tube, it was virtually impossible 

to determine if the bubbles were entrained or, if so, had remained in the turbulent flows.  

The only tests in which it was clear the bubbles were interacting with the water was when 

they were introduced directly into the water in the lower reservoir. 

 Even though these latter tests indicated there might be some reduction in the time 

taken until the water stopped rotating in the lower reservoir, which would indicate an 

elevated level of dissipation within the air/water mixture, the motion created by the 

bubbles introduced in the lower reservoir made it difficult to determine the specific time 

when rotational motion ceased.  As a result of these difficulties and others associated 

with these tests, it was decided to move forward with an entirely new setup for these 

tests.   
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7.2  Final Experimental Approach 

Although getting reliable data from the initial tests proved elusive, they were not a 

complete loss.  In particular, the final round of initial tests with the aerator blocks in the 

bottom reservoir seemed to have a discernible reduction in the time taken for the bulk 

rotational fluid motion to end.  This finding, then, influenced the next round of tests in 

two fundamental ways.     

    First and foremost, since the duration of the turbulent flow was very brief when 

compared to the long-lasting swirling motion in the lower reservoir, it was decided to 

change the length scale that was investigated during the second set of tests.  

Consequently, instead of looking at micro-bubbles interacting with Kolmogorov eddies, 

the second test sequence focused on larger bubbles interacting with the well-ordered 

swirling motion of the fluid in the lower reservoir.  Since the theoretical results could be 

scaled to any size, this change would not complicate our ability to test the theory.  

Second, since the introduction of air bubbles via aerators, even on a larger scale, 

would still introduce unwanted fluid motion that would complicate the test, the decision 

was made to dispense with the aerators altogether and use a liquid that could produce its 

own bubbles: carbonated water.  Even though it was recognized that the bubble 

concentration would change during the course of the test, depending on the level of 

agitation as well as other factors, it was felt that having a bubbly mixture throughout the 

entire test was well worth this complication.  In the end carbonated water proved that it 

could, and would, provide a much more consistent bubble/liquid mixture during these 

tests.   
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7.3  Final Experimental Setup 

Beyond this fundamental change to the second round of tests, as seen in Figure 7.2, 

other changes were made to the test setup to make repeated testing easier and more 

reliable.  Because the connection at the 

bottom of the upper reservoir was 

problematic, the new setup used an 

integral “stand pipe” design in which the 

test fluid was stored in an L-shaped 

section of pipe until released for the test.  

Additionally, the drain plug  used during 

the initial tests was replaced by a 

quarter-turn ball valve.  This provided a 

much faster and more reliable release of 

the test fluid.  Even though these aspects 

of the test fixturing changed, the 

equivalent of the lower reservoir in the 

initial tests remained the same.  

Additionally, even though it was altered 

slightly from the initial setup, fittings 

were attached to the end of the pipe that directed the test fluid roughly tangent to the side 

wall of the now one and only “lower” reservoir.  Lastly, just as in the final sequence of 

FIG. 7.2. Schematic of the second 
experimental setup.  Not to scale. 

Upper Reservoir 
(Stand pipe)  

Ball Valve 

Lower Reservoir 

Top View 

Side View 
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the initial tests, fluid was placed in this reservoir (termed the “lower” fluid) prior to 

releasing what can be termed the “upper” fluid from the stand pipe.    

Finally, in order to better determine the time taken for the fluid rotation to stop, it was 

decided to eliminate the particles that were floating on, or entrained in, the test fluid 

because this approach had led to a relatively subjective determination as to when the fluid 

rotation had stopped.  Instead, for the second round of tests, a standard sewing needle was 

tied to a thread.  This assembly was then clipped to the rim of the reservoir so the thread 

would allow the needle to swing freely and to be in contact with the working fluid 

throughout the test.  Video of the thread was then taken for each test, and the time was 

measured until the thread returned to the same line of pixels established by one of the 

pre-test images in the video.  This provided a much more objective and reliable measure 

of the time taken for the rotational fluid motion to subside.  

Once the testing mechanics were established, all that remained was to determine what 

would be tested.  Determining the various cases to be tested was complicated by the fact 

that there would be two different flow regimes during the test.  First, very shortly after 

the test fluid in the stand pipe was released, it would flow rapidly through the remainder 

of the pipe assembly in a turbulent fashion.  Turbulent flow would also exist as this fluid 

rushed out of the pipe assembly and into the receiving reservoir.  Once in the reservoir, 

though, the turbulent motion would dissipate rapidly and the fluid would simply rotate in 

the lower reservoir in a relatively well-ordered fashion until the kinetic energy was   

dissipated. 
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Understanding that these different regimes would be present during these tests and 

realizing that bubbles could possibly impact the losses in each of these regimes, as 

mentioned above, it was decided that fluid would be placed in the lower reservoir prior to 

releasing the fluid from the upper reservoir.  This not only eased the transition of the 

upper fluid as it exited the pipe assembly, but, depending on the test being run, it also 

partially compensated for carbonation lost from the upper fluid while it was flowing 

through the pipe assembly.   

As a result, it was also decided that all permutations of the working fluids would be 

tested.  This, then, led to the following four cases: bubbly soda water for both the upper 

and lower fluids, flat (i.e. un-carbonated) soda water for both the upper and lower fluids, 

bubbly soda water for the upper fluid and flat soda water for the lower fluid, and finally 

flat soda water for the upper fluid and bubbly soda water for the lower fluid.  In each of 

these cases, 2 liters of upper fluid and 4 liters of lower fluid were used.  It should be 

noted that the flat soda water used for these tests was just the formerly bubbly soda water 

used in prior tests.  This, then, ensured that the pure liquid would be as similar to the 

bubbly soda water as possible.   

 

7.4  Experimental Results 

Ten trials were run for each of the four cases identified above.  In each case, the time 

was normalized to a time scale defined by ghDt LR 2* = , where DLR is the diameter of 

the lower reservoir (taken as approximately 0.5 m), g is the acceleration due to gravity, 

and h is the height of the fluid’s center of gravity in the upper reservoir (taken as 
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approximately 1 m).  As can be seen from Figure 7.3, the rotational motion of the fluid 

was dissipated much more rapidly when the lower fluid was bubbly soda water.  In fact, 

the average time ratio for the cessation of motion in these cases was approximately 3500, 

whereas the average time ratio for the motion to dissipate was 5700 when flat soda water 

was the lower fluid.  This represents approximately a 38% decrease in the time it takes to 

dissipate the motion.  As a result, bubbles can be seen to dramatically increase the 

dissipation in a well-ordered linear shear flow.  These results agree with and complement 

the theoretical efforts. 

An interesting aspect 

of these tests that must 

be noted is that the 

composition of the upper 

fluid did not have a 

statistically significant 

effect on these results.  

There are at least three 

possible explanations for 

these observations.  First, 

it is possible that the 

carbonation was almost 

immediately discharged from the soda water solution immediately after its release from 

the stand pipe.  Though it seems unlikely that this would occur, it could explain this 

FIG. 7.3. Experimental results plotted on a dimensionless time 
scale.  The working fluids are indicated on the vertical axis.  
The type of fluid in the lower reservoir is indicated by the 
horizontal text and the vertical text indicates the fluid used in 
the upper reservoir.  The red lines indicate the error associated 
with each case. 
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fluid’s apparent inability to change the dissipation in either the turbulent or laminar 

regimes.  Second, it is possible that the bubbles had some effect but, because this effect 

was applied for such a short period of time as the upper water rushed through the pipe 

assembly, this effect was unable to be measured.  Third, it’s possible that, due to the size 

of the bubbles developed in the turbulent flow field or some other effect, the bubbles had 

no effect whatsoever.  There is some evidence to support this third possibility from the 

ALS studies that have been undertaken.  Two trials showed that their air lubrication 

systems produced little, and potentially negative, or no effect [9,25].  Since this second 

round of testing focused on the dissipation of the rotational flow in the lower reservoir 

and since this dissipation appeared to be largely unaffected by these other factors, they 

were not made a part of this study.  
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8. Bubble Breakup 

 

8.1  Experiments 

In addition to the propeller and bubble dissipation tests, another set of experiments 

first looked into the dynamics of bubbles in an anisotropic, non-homogeneous, turbulent 

flow field and then, based on those dynamics, attempted to determine some of the 

characteristics associated with continuous phase flow field.  To this end, using the same 

RC boat as for the propeller tests, high speed videos were taken as bubbles of various 

sizes interacted with the propeller and with different parts of the propeller jet.  The videos 

were taken at a rate of 6000 frames per second as a tube parallel to the propeller axis 

injected bubbles directly into the propeller itself.  The resulting bubble field indicated, 

among other things that there were different regions associated with the flow field.  In 

particular, to a large extent, a bubble’s behavior appeared to be highly dependent on its 

radial distance from the propeller axis. 

Consequently, in order to better understand the behavior in some of these regions, in a 

second series of videos (at the same frame rate) the tube was placed just behind the 

propeller and perpendicular to its axis.  Initially the tube was located far below the 

propeller axis and the bubbles were outside the propeller jet.  Under the action of gravity, 

they then moved up and started interacting with the outermost edge of the propeller jet.  

After varying the sizes of these bubbles by changing the volumetric flow rate of the air, 

the tube was then moved to a position approximately midway between the propeller axis 
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and this outer envelope of the jet, and the process was repeated.  Finally, the same was 

done for a point close to the propeller axis. 

 

8.2  Analysis of Minimum Bubble Size 

These videos were analyzed to determine important characteristics associated with the 

two phase flow including the size and shape of the bubbles, the bubble breakup modes 

and associated locations, and the minimum bubble size.  This information was then used 

in an attempt to determine if there were any consistent behaviors associated with either 

the bubble dynamics or the turbulent flow field generated by the propeller.   

This study then grew into two main efforts that became the focus of the high speed 

video investigation.  While working on the theoretical investigation, which again initially 

examined the effect of micro-bubbles on the turbulent flow field, it was realized that the 

turbulent flow’s effect on the bubbles had not been entirely investigated during the 

propeller tests.  Consequently, staying with the theme of examining phenomena at their 

smallest level, it was decided that the video would be analyzed to determine the size and 

the density of the smallest bubbles in the flow field.  It was believed that this data might 

shed light on some of the turbulent flow field’s smallest structures (including, hopefully, 

the Kolmogorov eddies).  Unfortunately, even though the high speed video was able to 

capture some very small bubbles, the resolution wasn’t good enough to measure the size 

of the smallest bubbles in the flow field and, consequently, the results for this particular 

effort were inconclusive.   
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8.3  Identification of Bubble Breakup Modes 

As an outgrowth 

of this first effort, 

though, a second 

effort was undertaken 

to classify bubble 

breakup phenomena.  

This effort began as 

an attempt to identify 

very small bubbles as 

soon as they formed, but, when it was observed that a significant percentage of breakup 

events exhibited common characteristics, this investigation took on a life of its own.  As 

shown in Figure 8.1, four different breakup phenomena were identified. 

The first breakup mode starts with a larger bubble that the flow field pulls into two 

halves, of similar but not necessarily equal size, connected by a relatively thin filament 

(much like a classic dumbbell shape).  Eventually this filament breaks – sometimes the 

break is clean, other times very small bubbles are formed as the filament collapses.  For 

the next case, a thin protrusion grows from a larger bubble.  This protrusion then retracts 

back into the main bubble leaving behind a very small bubble.  In the third case, very 

small bubbles are shed directly off of a larger bubble.  Finally, in the fourth case, a large 

bubble directly breaks up into two or more smaller bubbles without first forming 

filaments.  In this case, very small bubbles may also be formed during this breakup 
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sequence.  It is important to note that similar results have been presented by researchers 

investigating these phenomena from a numerical perspective [16]. 

An initial analysis of the data seems to indicate that cases three and four occur most 

frequently in the portion of the propeller jet that is close to the propeller itself.  Since the 

turbulent intensity increases as the breakup event gets closer to the propeller, this would 

indicate that these two cases are associated with regions where the turbulence is very 

intense.  Case one and two breakups were typically observed further downstream in the 

propeller jet where the turbulent intensity had abated somewhat. 

Because of the relatively long, thin features associated with case one and two breakup 

events, it was realized that the air flow within these features might play a role in their 

collapse.  One way to create these features is to have an external velocity gradient that is 

pulling on the top part of the bubble and pushing on the bottom part.  This can then lead 

to a portion of the bubble becoming extended in that direction, and, if this condition is 

extreme enough and lasts for long enough, some of the bubble material will move away 

from the center of the original bubble to form either a protrusion or an entirely new part 

of the bubble (which, again, is connected to the old part through a filament).  It is 

important to realize, however, that, even though a bubble may deform significantly in a 

mostly uniform flow, it is unlikely to experience a breakup event because it would simply 

translate with this uniform flow.    

In the majority of these case-one and case-two events, there are two forces that are 

responsible for determining the fate of the bubble.  Viscous forces created by the velocity 

gradient on the exterior of the bubble are trying to tear the bubble apart, and the surface 
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tension forces at the interface are trying to hold it together.  Therefore, because of the no-

slip condition, the external velocity gradient will set up a velocity gradient inside the 

filament or the protrusion itself.  This means that the viscous forces and the inertia forces 

within the bubble itself will start to interact and,  the nature of this interaction is captured 

by the Reynolds number.  Clearly, if the Reynolds number reaches a critical value for the 

fluid inside this thin feature, its flow can become unstable, and it can then collapse.  In 

order to capture some of these effects, the following relatively simple dimensionless 

number was created based on the ratio of the viscous forces to the forces associated with 

the surface tension.  For this analysis, the viscous and surface tension forces are 

respectively: 

dFandLd
d

v
F ⋅⋅=⋅⋅∆= πσπµ στ  (8.1) 

Where µ is the dynamic viscosity of the fluid in the bubble, ∆v is the velocity gradient 

across the width of the feature, d is the diameter of the feature, L is the feature’s length, 

and σ is the bubble’s surface tension.  Then, the ratio of these forces yields: 

d
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F

F

⋅
⋅∆⋅=

σ
µ

σ

τ  (8.2) 

Then, relating these terms to the characteristic parameters in the flow environment 

where: ∆v can be related to the maximum velocity of the propeller, ω·dp (where dp is the 

diameter of the propeller and ω is the propeller’s spin speed); d can also be related to the 
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propeller diameter, and L can be related to the diameter of the original bubble that is 

breaking-up, D.  In the end, the dimensionless becomes simply: 

D
F

F
⋅= ω

σ
µ

σ

τ  (8.3) 

Even though it doesn’t include the inertia forces, it will be used to examine the 

existing data to determine if it has properly captured the critical parameters for the flow 

field.  If not and if it appears that it is important to also account for the inertia forces, then 

a different (more complicated) dimensionless number that includes the inertia effects will 

be developed. 

Before leaving the subject of bubble breakup entirely, it is important to note that, the 

Weber number does not apply solely to liquids that exhibit some type of bulk motion.  

Since it is entirely possible for larger bubbles to break-up under their own motion in an 

essentially static fluid, the Weber number is also an important parameter for bubbles in 

static liquids.  It is only once a bubble has finished breaking up that the Eotvos, 

Reynolds, and Morton numbers can be used to determine the bubble’s shape. 
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9. Conclusions 

 

In the current research climate, in which energy efficiency is one of the most 

important topics and UCR’s strategic plan includes Energy Efficiency and Sustainable 

Development as a research theme, it is of utmost importance that power saving 

technologies, such as air lubrication systems, be thoroughly investigated to ensure they 

are deployed in the most efficient way possible.  This is especially important for large 

container vessels that are among the largest individual contributors to green-house gases.  

Due to the large scale of CO2 emissions from such ships, even small improvements in 

their propulsive efficiencies will result in significant fuel savings which will, in turn, lead 

to substantial reductions in emissions.  Even though some papers indicate that using air 

bubbles to lubricate a ship’s hull appears to be a promising means of achieving this result,  

unfortunately, their impact on the propeller and its efficiency are largely unknown.  

Consequently, understanding this bubble/propeller interaction is a crucial part of ensuring 

that the full potential of this technology is realized. 

Based on research conducted thus far, this concern takes on even greater urgency.  

Even though they are specific to the setup used for this research, the propeller tests have 

indicated that an air lubrication system may have a significant impact on the propeller 

performance.  This, then, may indicate that only a fraction of the possible savings from an 

ALS is currently being realized.  Clearly, these results need to be scaled to a size that is 

appropriate for a commercial vessel – an effort that will be complicated by effects, such 
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as those created by the turbulent nature of the flow near the propeller that are possibly 

difficult to scale.   

Beyond the propeller studies, this investigation also developed plausible flow field 

equations for a spherical bubble in linear creeping shear flow.  From these equations, the 

equations for the fluid strains and the flow field dissipation were also developed.  Even 

though these various equations apply to a subset of bubbly linear shear flows, specifically 

to small bubbles in turbulent flows or larger bubbles in slow well-ordered shear flows, 

the general flow field characteristics revealed by this study should apply to, and provide 

additional insight into, cases that involve more realistic flows.  These flows can go 

beyond the case of a gas bubble in a liquid and can include flows involving liquid 

particles in gases such as in mists and fogs. 

Of paramount importance to this study, the theoretical and experimental results have 

shown that bubbles enhance the dissipation of energy in well-ordered linear shear flows.  

Additionally, since these experimentally validated theoretical results apply to flow fields 

at any reasonable scale, they indicate that this enhanced dissipation will occur in small 

scale, as well as, in large scale bubbly shear flows, including flows down to and at the 

Kolmogorov length scale.  As a result, it can be seen that, under the appropriate 

conditions, bubbles will not only enhance the dissipation of kinetic energy in bulk shear 

flows but also of TKE in turbulent flows.  

It can also be seen that the elevated dissipation created by the flow within and outside 

the bubble is not uniform.  In fact, regardless of the viscosity ratio, a disproportionate 

amount of the elevated dissipation occurs very close to, e.g. within one radius of, the 
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bubble itself.  These vast differences in dissipation levels, and the associated fluid strains, 

over relatively short distances can have important applications in micro-fluidics and other 

industrial or biological processes. 

Due to their dissipative nature, it seems unlikely that bubbles caught in a shear flow 

near a ship’s hull would, in and of themselves, tend to reduce the skin friction applied to 

the vessel.  This fact may shed some light on the potentially conflicting drag reduction 

results that currently appear in the literature, and it may provide significant understanding 

at the microscopic level for some of Chanson’s observations and for the results of the 

bubble experiments.  There is almost certainly some other factor at play that contributes 

to the positive effect bubbles have on pipe flow [26] or an ALS has on a vessel.  Marie 

[11] and Foeth [27] attribute the drag reducing properties of a bubbly mixture to an 

increase in the thickness of the boundary layer.  Whether bubble-induced drag reduction 

results from an increased boundary layer thickness or from some other interaction or 

combination of interactions, clearly bubbles have a complicated relationship with their 

surrounding liquid.  This, then, should act as a cautionary note for the designers of air 

lubrication systems (and any other systems that rely on the physics of bubbly mixtures): 

bubbles interact with their surrounding liquid in a very complex fashion, and, as was seen 

by Foeth [25,27] and Kato [9], the act of introducing bubbles along a vessel’s hull (or 

into any other process) may not, in and of itself, produce the desired effect.  As indicated 

by the present study, to be useful, bubbles and bubble fields must be “tuned” to their 

particular application, and this tuning process is far from a trivial matter. 
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In addition to the theoretical investigations, this study examined the interaction 

between bubbles and their surrounding continuous phase from an empirical perspective.  

Using a high speed video camera, footage was shot showing bubbles interacting with the 

propeller and the propeller jet.  From these videos, it became clear that the propeller itself 

was responsible for very little of the bubble breakup, and that the vast majority of bubbles 

actually broke-up as a result of the fluid motion in the propeller jet.  Even though the 

bubble breakup behavior in the jet was quite complex, four primary breakup modes were 

identified.  Additionally, two dimensionless parameters that may relate to the essential 

factors driving this bubble breakup were also identified.  Even though these parameters 

have not yet been used to analyze the bubble breakup data, it is hoped that one or both of 

them will be able to adequately capture the fundamental physics behind this very 

amazing and complex phenomena.  

These results have hopefully helped to paint a more complete picture of a very 

interesting and relevant case of two-phase flow: bubbles or other types of particles 

immersed in a surrounding fluid.  This work not only adds to the discussion of energy 

dissipation in the flow field at the Kolmogorov and larger length scales, it also provides a 

more complete understanding of the flow field associated with the particular case of two-

phase flow.  Even though the theoretical development presented herein is highly idealized 

and, because of their nonlinear nature, it would be difficult to directly scale the 

dissipation equations, these relationships and the associated discussions should correctly 

capture, to some reasonable extent, the basic physics that dictates the behavior of bubbles 

or particles and their surrounding fluid.  With this in mind, in addition to those who are 
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investigating the mechanisms behind, and the viability of, air lubrication systems, this 

study will hopefully prove to be useful to investigators of fluid phenomena at any length 

scale.  
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Appendix A: Spherical Coordinate System Definition and Derivations 

 

The work captured in these appendices shows the complete development of various 

vector field operators when that field is represented in spherical coordinates.   These 

developments are simply electronic forms of the author’s notes.  As such, they are in 

relatively rough form - presented, at best, with minimal explanations, formatting, 

annotations, etc. - and they are meant to be an aid to the reader if they want to pursue a 

more fundamental understanding of the work presented in this text or the foundational 

work of others that laid the groundwork for the derivations presented in the main body of 

this document.  The author would again like to thank Joshua Hauser, Warner Tse, and 

Albert Lin for their many hours spent to bring this material to you, the reader. 

 

Definition of the spherical coordinate system used in these developments: 
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Coordinate system transformation equations: 

 

�̂� =cos����Ɵ	̂ + �������Ɵ�̂ + ��Ɵ��  

�̂Ɵ = cos���Ɵ	̂ + ������Ɵ�̂ − ���Ɵ�� 

�̂�= -sin	Ɵ	̂ + ����̂ 
� 	�̂�̂��=�

cos����Ɵ cos���Ɵ −sin	��������Ɵ ������Ɵ �����Ɵ −���Ɵ 0 � ��̂�	�̂Ɵ�̂�� 
	=̂ cos����Ɵ�̂� + �����Ɵ�̂�̂Ɵ − �����̂� 

�̂= sin����Ɵ�̂� + ������Ɵ�̂Ɵ + ����̂� 

��=cosƟ�̂� − ���Ɵ�̂Ɵ 

 

 

 



131 

 

Appendix B: The Gradient Operator in Spherical Coordinates 

 

Please see the text in Appendix I. 

This is for ∇f in spherical coordinates. 

Note: ∇f = ��
�� �̂ + ��

�
 �̂ + ��
�� � in rectangular coordinates. 

Synopsis: Find rectangular partials in terms of spherical partials. Find rectangular unit 
vectors in terms of spherical unit vectors and substitute in. 

 

����� = ��������Ɵ �������Ɵ −�����������Ɵ �������Ɵ �������Ɵ −���Ɵ 0 � ��00� 

 

Express rectangular components in terms of r, Ɵ, !�"	� 

x=	��������Ɵ 

y=r�������Ɵ     

z=r���Ɵ 

 

��
�$ = ��

��
��
�$ + ��

�

�

�$ + ��

��
��
�$     where  

��
�$ =	�������Ɵ, 

�

�$ = 	�������Ɵ, 

��
�$ = 	���Ɵ 

=�������Ɵ ��
�� + �������Ɵ ��

�
 + ���Ɵ ��
�� 

 

��
�Ɵ = ��

��
��
�Ɵ + ��

�

�

�Ɵ + ��

��
��
�Ɵ     where  

��
�Ɵ =	��������Ɵ, 

�

�Ɵ = 	��������Ɵ, 

��
�Ɵ = 	 −����Ɵ 

=r�������Ɵ ��
�� + ��������Ɵ ��

�
 − ����Ɵ ��
�� 

 

��
�% = ��

��
��
�% + ��

�

�

�% + ��

��
��
�%     where  

��
�% = −��������Ɵ, �


�% = ��������Ɵ, ��
�% = 0 
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=	−��������Ɵ ��
�� + ��������Ɵ ��

�
 

 

→ ��
�
=

'
()*+%+,-Ɵ

��
�% + .!��	 ��

�� 

→ ��
�Ɵ=��������Ɵ ��

�/ + ��������Ɵ	 0 '
()*+%+,-Ɵ

��
�% + .!��	 ��

��1 − ����Ɵ ��
��	 

��
�2=

)*+%)*+Ɵ
+,-Ɵ

��
�/ + +,-%)*+Ɵ

+,-Ɵ 0 '
()*+%+,-Ɵ

��
�% + .!��	 ��

��1 − '
(+,-Ɵ

��
�Ɵ 

 

→ ��
�(=�������Ɵ ��

�/ + �������Ɵ	[ '
()*+%+,-Ɵ

��
�% + .!��	 ��

��] + ���Ɵ[)*+%)*+Ɵ
5,-Ɵ

��
�/ 

           +
+,-%)*+Ɵ

()*+%(+,-Ɵ)8
��

�% + +,-%9:-%)*+Ɵ
+,-Ɵ

��
�/ − '

(+,-Ɵ
��
�Ɵ]										 

=	�������Ɵ ��
�/ + �������Ɵ.!��	 ��

�� + )*+%()*+Ɵ)8
5,-Ɵ

��
�/ + +,-%9:-%()*+Ɵ)8

+,-Ɵ
��
�/ + 9:-%

(
��

�% 

   + 	 +,-%()*+Ɵ)8
()*+%(+,-Ɵ)8

��
�% − '

(9:-Ɵ
��
�Ɵ 

=
)*+%(+,-Ɵ)8;+,-%(+,-Ɵ)89:-%;)*+%()*+Ɵ)8;+,-%9:-%()*+Ɵ)8

+,-Ɵ
��
�/ + 9:-Ɵ

(
��

�% + 	 +,-%()*+Ɵ)8
()*+%(+,-Ɵ)8

��
�% −

'
(9:-Ɵ

��
�Ɵ 

=
)*+%;+,-%9:-%

+,-Ɵ
��
�/ + 9:-%)*+%(+,-Ɵ)8;+,-%()*+Ɵ)8

()*+%(+,-Ɵ)8
��

�% − '
(9:-Ɵ

��
�Ɵ 

=
()*+%)8;(+,-Ɵ)8

)*+%+,-Ɵ
��
�/ + 9:-%

((+,-Ɵ)8
��

�% − '
(9:-Ɵ

��
�Ɵ 

 

��
�/=�������Ɵ ��

�( + �������Ɵ '
(9:-Ɵ

��
�Ɵ − �������Ɵ( 9:-%

((+,-Ɵ)8) ��
�% 

=	�������Ɵ ��
�( + )*+%)*+Ɵ

(
��
�Ɵ − +,-%

(+,-Ɵ
��

�% 

 

��
�< =	 '

()*+%+,-Ɵ
��

�% + .!��[�������Ɵ ��
�( + )*+%)*+Ɵ

(
��
�Ɵ − +,-%

(+,-Ɵ
��

�%] 

=	�������Ɵ ��
�( + +,-%)*+Ɵ

(
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�Ɵ + =− (+,-%)8

()*+%+,-Ɵ + '
()*+%+,-Ɵ> ��
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=	�������Ɵ ��
�( + +,-%)*+Ɵ

(
��
�Ɵ + ()*+%)8

()*+%+,-Ɵ
��

�% 

=	�������Ɵ ��
�( + +,-%)*+Ɵ

(
��
�Ɵ + )*+%

(+,-Ɵ
��

�% 

 

��
�2 = )*+%)*+Ɵ

+,-Ɵ (cos����Ɵ ��
�( + )*+%)*+Ɵ

(
��
�Ɵ − +,-%

(+,-Ɵ
��

�%) 

         +	+,-%)*+Ɵ
+,-Ɵ (sin����Ɵ ��

�( + +,-%)*+Ɵ
(
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�Ɵ + )*+%

(+,-Ɵ
��

�%)	− '
(+,-Ɵ
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�Ɵ 
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�(	+	()*+%)8()*+Ɵ)8
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�Ɵ − +,-%)*+%)*+Ɵ

((+,-Ɵ)8
��

�% + 

(����)?	���Ɵ ��
�( + (+,-%)8()*+Ɵ)8

(+,-Ɵ
��
�Ɵ  +	+,-%)*+%)*+Ɵ

((+,-Ɵ)8
��

�% − '
(+,-Ɵ

��
�Ɵ 

= c��Ɵ ��
�( + [()*+Ɵ)8

(+,-Ɵ − '
(+,-Ɵ]	 ��

�Ɵ 

= c��Ɵ ��
�( + @(+,-Ɵ)8

(+,-Ɵ 	 ��
�Ɵ 

= c��Ɵ ��
�( − +,-Ɵ

( 	 ��
�Ɵ 

 

∇A=
��
�� �̂ + ��

�
 �̂ + ��
�� �  

=(	�������Ɵ ��
�( + )*+%)*+Ɵ

(
��
�Ɵ − +,-%

(+,-Ɵ
��

�%)(�������ƟB̂( + �������ƟB̂Ɵ − ����B̂%)     

+(	�������Ɵ ��
�( + +,-%)*+Ɵ

(
��
�Ɵ + )*+%

(+,-Ɵ
��

�%)(�������ƟB̂( + �������ƟB̂Ɵ + ����B̂%)           

+(c��Ɵ ��
�( − +,-Ɵ

( 	 ��
�Ɵ)( c��ƟB̂( − ���Ɵ	B̂Ɵ) 

=[(����)?(���Ɵ)? ��
�( + 

()*+%)8)*+Ɵ+,-Ɵ
(

��
�Ɵ − +,-%)*+%

(
��

�% + 

(����)?(���Ɵ)? ��
�(+	(+,-%)8)*+Ɵ+,-Ɵ

(
��
�Ɵ +

+,-%)*+%
(

��
�% + (���Ɵ)? ��

�( − )*+Ɵ+,-Ɵ
(

��
�Ɵ]	B̂( 

+[(����)?���Ɵ���Ɵ ��
�(+

()*+%)8()*+Ɵ)8
(

��
�Ɵ	 

- 
+,-%)*+%)*+Ɵ

(+,-Ɵ
��

�% + (����)?���Ɵ���Ɵ ��
�(	+ 

(+,-%)8()*+Ɵ)8
(

��
�Ɵ 

+	+,-%)*+%)*+Ɵ
(+,-Ɵ

��
�%+	(−���Ɵ)���Ɵ ��

�( +	(+,-Ɵ)8
(

��
�Ɵ]B̂Ɵ  

+[−�����������Ɵ ��
�( − )*+%+,-%)*+Ɵ

(
��
�Ɵ + (+,-%)8

(+,-Ɵ
��

�% +	�����������Ɵ ��
�( 



134 

 

+	)*+%+,-%)*+Ɵ
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�Ɵ + 

()*+%)8
(+,-Ɵ

��
�%]	B̂% 
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��
�( + 0 ��

�Ɵ + 0 ��
�%]	B̂( + =0 ��
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Appendix C: The Divergence Operator in Spherical Coordinates 

 

Please see the text in Appendix I. 

This is for ∇ ∙ �� in spherical coordinates. 
 

Note ∇ ∙ �� = ����	 + ����� + ����  in rectangular coordinates. 

 
Synopsis:  

• Find rectangular partials in terms of spherical partials 
• Find rectangular components in terms of spherical components 
• Substitute both in 

 

��	����� = ���	 + ��	 + ��	��� + ��� + ������ + ��� + ��� � = ����� ∙ ���� ���� ∙ ���� −�������� ∙ ���� ���� ∙ ���� �������� −���� 0 � ∙ �������� 
 �	 = 	���� ∙ ���� ∙ �� + 	���� ∙ ���� ∙ �� − ���� ∙ �� �� = 	���� ∙ ���� ∙ �� + 	���� ∙ ���� ∙ �� + ���� ∙ �� �	 = 	���� ∙ �� − 	���� ∙ ��																																															 
 
But (from gradient development) 
  �	 ! = ���� ∙ ���� ∙  �	 " + #$%�∙#$%�� ∙  �	 � − %&'��∙%&'� ∙  �	 �   �� ( = ���� ∙ ���� ∙  �� " + %&'�∙#$%�� ∙  �� � + #$%��∙%&'� ∙  �� �   �� ) = 	���� ∙  �� " −	 %&'�� ∙  �� � 																																												 
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∇ ∙ �� = *���� ∙ ���� ∙ +���� ∙ ���� ∙  �� " + ���� ∙ ���� ∙  �� " − ���� ∙  �� " ,
+ ���� ∙ ����"∙ +���� ∙ ���� ∙ �� − 	���� ∙ ���� ∙  �� � − ���� ∙ ���� ∙ �� + ���� ∙ ����
∙  �� � − ���� ∙  �� � , − ����" ∙ ����
∙ +−���� ∙ ���� ∙ �� + ���� ∙ ���� ∙  �� � − ���� ∙ ���� ∙ �� + ���� ∙ ����
∙  �� � − ���� ∙ �� − ���� ∙  �� � ,- 

+*���� ∙ ���� ∙ +���� ∙ ���� ∙  �� " + ���� ∙ ���� ∙  �� " + ���� ∙  �� " , + ���� ∙ ����"
∙ +���� ∙ ���� ∙ �� + ���� ∙ ���� ∙  �� � − ���� ∙ ���� ∙ �� + ���� ∙ ����
∙  �� � + ���� ∙  �� � , + ����" ∙ ����
∙ +���� ∙ ���� ∙ �� + ���� ∙ ���� ∙  �� � + ���� ∙ ���� ∙ �� + ���� ∙ ����
∙  �� � − ���� ∙ �� + ���� ∙  �� � ,- 

+.	���� ∙ /���� ∙  �� " − ���� ∙  �� " 0 −	����"∙ /−���� ∙ �� + ���� ∙  �� � − ���� ∙ �� − ���� ∙  �� � 01 
 

∇ ∙ �� = *23����45 ∙ 3����45 + 3����45 ∙ 3����45 + 3����456 ∙  �� "
+ 23����45 ∙ ���� ∙ ���� + 3����45 ∙ ���� ∙ ���� − ���� ∙ ����6 ∙  �� "+ 2−���� ∙ ���� ∙ ���� + ���� ∙ ���� ∙ ����6 ∙  �� " - 

+*23����45 ∙ ���� ∙ ���� + 3����45 ∙ ���� ∙ ���� − ���� ∙ ����6 ∙ 1" ∙  �� �
+ 23����45 ∙ 3����45 + 3����45 ∙ 3����45 + 3����456 ∙ 1" ∙  �� �+ 2−���� ∙ ���� ∙ ���� + ���� ∙ ���� ∙ ����6 ∙ 1" ∙  �� � - 
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+*2−���� ∙ ���� ∙ ���� + ���� ∙ ���� ∙ ����6 ∙ 1" ∙ ���� ∙  �� �
+ 2−���� ∙ ���� ∙ ���� + ���� ∙ ���� ∙ ����6 ∙ 1" ∙ ���� ∙  �� �
+ 23����45+3����456 ∙ 1" ∙ ���� ∙  �� � - 

+*+3����45 ∙ 3����45 + 3����45 ∙ �������� + 3����45 ∙ 3����45 + 3����45 ∙ ��������
+ 3����45, ∙ 1" ∙ ��
+ +−3����45 ∙ ���� ∙ ���� + 3����45 ∙ �������� −3����45 ∙ ���� ∙ ����
+ 3����45 ∙ �������� + ���� ∙ ����, ∙ 1" ∙ �� + 2���� ∙ ���� − ���� ∙ ����6
∙ 1" ∙ ���� ∙ ��- 

 

∇ ∙ �� = . �� " + 0 + 01 + .0 + 1" ∙  �� � + 01 + *0 + 0 + 1" ∙ ���� ∙  �� � -
+ .2" ∙ �� + ����" ∙ ���� ∙ �� + 01 

 

=  �� " + 2" ∙ �� + 1" ∙  �� � + ����" ∙ ���� ∙ �� + 1" ∙ ���� ∙  �� �  

 

= 1"5 ∙ 92" ∙ �� + "5 ∙  �� " : + 1" ∙ ���� ∙ 9���� ∙ �� + ���� ∙  �� � :+ 1" ∙ ���� ∙  �� �  

 

∇ ∙ �� = 1"5 ∙   " 3"5 ∙ ��4 + 1" ∙ ���� ∙   � 3���� ∙ ��4 + 1" ∙ ���� ∙  �� �  
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Appendix D: The Laplacian Operator in Spherical Coordinates 

 

Please see the text in Appendix I. 

This is for ∇��� in spherical coordinates. 
 
 

∇��� = ∇ ∙ ∇��	 but  ∇�� = 
�	
�
�� �̂� + �

�
�	
�
�Ɵ �̂Ɵ + �

����Ɵ
�	
�
�� �̂�  and 

 ∇ ∙ �� = 
�
��

�
��(����) +	 �

����Ɵ
�
�Ɵ(s��Ɵ�Ɵ) +	 �

����Ɵ
���
��  

Then: 

∇��� = �
��

�
��(�� �	
�

��) +	 �
����Ɵ

�
�Ɵ(s��Ɵ(�� �	
�

�Ɵ)) +	 �
����Ɵ

�
��(

�
����Ɵ

�	
�
��) 

= 
�
��

�
��(�� �	
�

��) +	 �
����Ɵ { �

�Ɵ (��) · s��Ɵ �	
�
�Ɵ +	�� [�$��Ɵ

�Ɵ
�	
�
�Ɵ + s��Ɵ ��	
�

�Ɵ�]}+	 �
����Ɵ{

�
��(

�
����Ɵ) · �	
�

�� + 

�
����Ɵ

��	
�
���} 

 

Note: 
�
�Ɵ '�

�( = 0, 
�
��(

�
����Ɵ) · �	
�

�� = 0, and 
�$��Ɵ
�Ɵ

�	
�
�Ɵ + s��Ɵ ��	
�

�Ɵ� = 
�
�Ɵ(s��Ɵ �	
�

�Ɵ) 

 

∴ 		 ∇���	= 
�
��

�
��(�� �	
�

��) +	 �
�����Ɵ

�
�Ɵ(s��Ɵ �	
�

�Ɵ) +	 �
��(���Ɵ)�

��	
�
���    

 

So the first partial derivatives are: 

+��
+� = +��+� �̂� + ��

+�̂�+� + +�,+� �̂, + �,
+�̂,+� + +��+� �̂� + ��

+�̂�+�  

-��.�	 +�̂�+� = +�̂,+� = +�̂�+� = 0, 0ℎ�� 

+��
+� = +��+� �̂� + +�,+� �̂, + +��+� �̂� 
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+��
+2 = +��+2 �̂� + ��

+�̂�+2 + +�,+2 �̂, + �,
+�̂,+2 + +��+2 �̂� + ��

+�̂�+2  

+��
+2 = +��+2 �̂� + ��3.4-5 ∙ .4-2 ∙ 6̂ + -��5 ∙ .4-2 ∙ 7̂ − -��2 ∙ 9:; + +�,+2 �̂,

+ �,3−.4-5 ∙ -��2 ∙ 6̂ − -��5 ∙ -��2 ∙ 7̂ − .4-2 ∙ 9:; + +��+2 �̂� + ��{0} 
+��
+2 = +��+2 �̂� + �� �̂, + +�,+2 �̂, − �,�̂� + +��+2 �̂� 

<ℎ���	 +�̂�+2 = �̂,; 	+�̂,+2 = −�̂�; 	+�̂�+2 = 0 

 
 +��

+5 = +��+5 �̂� + ��
+�̂�+5 + +�,+5 �̂, + �,

+�̂,+5 + +��+5 �̂� + ��
+�̂�+5  

+��
+5 = +��+5 �̂� + ��3−-��5 ∙ -��2 ∙ 6̂ + .4-5 ∙ -��2 ∙ 7̂ + 0 ∙ 9:; + +�,+5 �̂,

+ �,3−-��5 ∙ .4-2 ∙ 6̂ + .4-5 ∙ .4-2 ∙ 7̂ + 0 ∙ 9:; + +��+5 �̂�
+ ��3−.4-5 ∙ 6̂ − -��5 ∙ 7̂ + 0 ∙ 9:;
= +��+5 �̂� + �� ∙ -��2 ∙ �̂� + +�,+5 �̂, + �, ∙ .4-2 ∙ �̂� + +��+5 �̂�
− ��3.4-5>.4-5 ∙ -��2 ∙ �̂� + .4-5 ∙ -��2 ∙ �̂, − -��5 ∙ �̂�?
+ -��5>-��5 ∙ -��2 ∙ �̂� + -��5 ∙ .4-2 ∙ �̂, + .4-5 ∙ �̂�?;
= +��+5 �̂� + �� ∙ -��2 ∙ �̂� + +�,+5 �̂, + �, ∙ .4-2 ∙ �̂� + +��+5 �̂�
− ��3(.4-�5 + -���5)-��2 ∙ �̂� + (.4-�5 + -���5).4-2 ∙ �̂, + (.4-5
∙ -��5 − .4-5 ∙ -��5)�̂�;
= +��+5 �̂� + �� ∙ -��2 ∙ �̂� + +�,+5 �̂, + �, ∙ .4-2 ∙ �̂� + +��+5 �̂�
− ��{-��2 ∙ �̂� + .4-2 ∙ �̂,} 

<ℎ��� +�̂�+5 = -��2 ∙ �̂�; 	+�̂,+5 = .4-2 ∙ �̂�; 	+�̂�+5
∗
= −(-��2 ∙ �̂� + .4-2 ∙ �̂,)	 

ABCD∗ :	− (-��2 ∙ �̂� + .4-2 ∙ �̂,) = −>.4-5 ∙ -���2 ∙ 6̂ + -��5 ∙ -���2 ∙ 7̂ + -��2 ∙
.4-2 ∙ 9: + .4-5 ∙ .4-�2 ∙ 6̂ + -��5 ∙ .4-�2 ∙ 7̂ − -��2 ∙ .4-2 ∙ 9:? = −>.4-5{.4-�2 +
-���2}6̂ + -��5 ∙ {.4-�2 + -���2}7̂ + 09:?=−.4-5 ∙ 6̂ − -��5 ∙ 7̂ = FĜ�

F�  
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Then substituting the first partial derivatives into the equation for the Laplacian: 
 

∇��� = 1
�� ∙ +

+� I�� J+��+� �̂� + +�,+� �̂, + +��+� �̂�KL + 1
��-��2

∙ +
+2 I-��2 ∙ J+��+2 �̂� + �� �̂, + +�,+2 �̂, − �,�̂� + +��+2 �̂�KL + 1

��-���2
∙ +
+5 I+��+5 �̂� + �� ∙ -��2 ∙ �̂� + +�,+5 �̂, + �, ∙ .4-2 ∙ �̂� + +��+5 �̂�

− ��{-��2 ∙ �̂� + .4-2 ∙ �̂,}L 

∇��� = 1
�� ∙ 2� J+��+� �̂� + +�,+� �̂, + +��+� �̂�K

+ N+���+�� �̂� + +��+�
+�̂�+� + +��,+�� �̂, + +�,+�

+�̂,+� + +���+�� �̂� + +��+�
+�̂�+� O

+ .402
�� JP+��+2 − �,Q �̂� + P+�,+2 + ��Q �̂, + I+��+2 L �̂�K

+ 1
�� JI+���+2� − +�,+2 L �̂� + P+��+2 − �,Q +�̂�+2 + I+��,+2� − +��+2 L �̂,

+ P+�,+2 + ��Q +�̂,+2 + I+���+2� L �̂� + I+��+2 L+�̂�+2 K
+ 1

��-���2 JI+���+5� − +��+5 -��2L �̂� + P+��+5 − ��-��2Q +�̂�+5
+ I+��,+5� − +��+5 .4-2L �̂, + P+�,+5 − ��.4-2Q +�̂,+5
+ I+���+5� + +��+5 -��2 + +�,+5 .4-2L �̂� + I+��+5 + ��-��2 + �,.4-2L +�̂�+5 K 
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∇��� = 2
� ∙ J+��+� �̂� + +�,+� �̂, + +��+� �̂�K + J+���+�� �̂� + +��,+�� �̂, + +���+�� �̂�K

+ .402
�� JP+��+2 − �,Q �̂� + P+�,+2 + ��Q �̂, + I+��+2 L �̂�K

+ 1
�� JI+���+2� − +�,+2 L �̂� + I+��,+2� + +��+2 L �̂, + I+���+2� L �̂�K

+ 1
�� RP+��+2 − �,Q �̂, + P+�,+2 + ��Q (−�̂�)S

+ 1
��-���2 JI+���+5� − +��+5 -��2L �̂� + I+��,+5� − +��+5 .4-2L �̂,

+ I+���+5� + +��+5 -��2 + +�,+5 .4-2L �̂�K
+ 1

��-���2 JP+��+5 − ��-��2Q T-��2 ∙ �̂�U + P+�,+5 − ��.4-2Q T.4-2 ∙ �̂�U
+ I+��+5 + ��-��2 + �,.4-2L (−-��2 ∙ �̂� − .4-2 ∙ �̂,)K 

 

∇��� = N2�
+��+� + +���+�� + .402

�� P+��+2 − �,Q + 1
�� I+���+2� − +�,+2 L − 1

�� P+�,+2 + ��Q
+ 1

��-���2 I+���+5� − +��+5 -��2L − 1
��-��2 I+��+5 + ��-��2 + �,.4-2LO �̂�

+ N2�
+�,+� + +��,+�� + .402

�� P+�,+2 − ��Q + 1
�� I+��,+2� − +��+2 L

+ 1
�� P+��+2 − �,Q + 1

��-���2 I+��,+5� − +��+5 .4-2L
− .4-2

��-���2 I+��+5 + ��-��2 + �,.4-2LO �̂,

+ N2�
+��+� + +���+�� + .402

��
+��+2 + 1

��
+���+2�

+ 1
��-���2 I+���+5� + +��+5 -��2 + +�,+5 .4-2L

+ 1
��-���2 P+��+5 -��2 + +�,+5 .4-2 − ��QO �̂� 
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Radial Component 
 

N2�
+��+� + +���+�� + .402

�� P+��+2 − �,Q + 1
�� I+���+2� − +�,+2 L − 1

�� P+�,+2 + ��Q
+ 1

��-���2 I+���+5� − +��+5 -��2L
− 1

��-���2 I+��+5 + ��-���2 + �,.4-2-��2LO �̂�

= N2�
+��+� + +���+�� + .402

��
+��+2 + 1

��
+���+2� + 1

��-���2
+���+5� − 2���� − 2

��
+�,+2

− 2 .402
�� �, − 2

��-��2
+��+5 O �̂� 

 
 
Latitudinal Component 
 

N2�
+�,+� + +��,+�� + .402

�� P+�,+2 + ��Q + 1
�� I+��,+2� + +��+2 L + 1

�� P+��+2 + �,Q
+ 1

��-���2 I+��,+5� − +��+5 .4-2L
− .4-2

��-���2 I+��+5 + ��-��2 + �,.4-2LO �̂,

= N2�
+�,+� + +��,+�� + .402

��
+�,+2 + 1

��
+��,+2� + 1

��-���2
+��,+5� + 2

��
+��+2

+ V− 1
�� �, − cot�2

�� �,Z
∗
− 2

��
.402
-��2

+��+5 O �̂,

= N2�
+�,+� + +��,+�� + .402

��
+�,+2 + 1

��
+��,+2� + 1

��-���2
+��,+5� + 2

��
+��+2

− 1
��-���2 �, − 2

��
.402
-��2

+��+5 O �̂, 

 

ABCD:	 V− 1
�� �, − cot�2

�� �, = −J -���2
��-���2 + .4-�2

��-���2K �, = − 1
��-���2 �,Z

∗
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Longitudinal Component 

 

N2�
+��+� + +���+�� + .402

��
+��+2 + 1

��
+���+2� + 1

��-���2 I+���+5� + +��+5 -��2 + +�,+5 .4-2L
+ 1

��-���2 P+��+5 -��2 + +�,+5 .4-2 − ��QO �̂�

= N2�
+��+� + +���+�� + .402

��
+��+2 + 1

��
+���+2� + 1

��-���2
+���+5� − 1

��-���2 ��

+ 2
��-��2

+��+5 + 2.402
��-��2

+�,+5 O �̂� 
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Appendix E: Material Derivatives in Spherical Coordinates  

 

Please see the text in Appendix I. 

 

E.1  Material Derivative of a Function in Spherical Coordinates 

i.e. 
��
�� = ��

�� + � ��
�� + 		 ���� +� ��

�  in Spherical Coordinates 

Synopsis: Find rect. partials in terms of spherical partials and transform velocity 
components from rectangular to spherical coordinates and substitute in. 

From gradient development: 

��
�� = ���∅���� ��

�� + ���∅����
� 	���� − ���∅

�����
��
�∅  

��
�� = ���∅���� ��

�� + ���∅����
� 	���� + ���∅

�����
��
�∅  

��
� = ���� ��

�� − ����
� 	����  

 

Velocity Transformation: 

 

��	�� = ����∅���� ���∅���� −���∅���∅���� ���∅���� ���∅���� −���� 0 � ������∅� 
 

U	 = ���∅������ + ���∅������ − ���∅�∅ 

V	 = ���∅������ + ���∅������ + ���∅�∅ 

W	 = ������ − ������ 
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��
�� = ��

�� + (���∅������ + ���∅������ − ���∅�∅)(���∅���� ��
�� + ���∅����

� 	���� −���∅
�����

��
�∅)  
+(���∅������ + ���∅������ − ���∅�∅) %���∅���� ��

�� + ���∅����
� 	���� +���∅

�����
��
�∅&  

+(������ − ������)(���� ��
�� − ����

� 	����)  
 

= ��
�� + {((���∅))(����))�� ���� 	+ (���∅))���������� ���� − ���∅���∅�����∅ ����	*  

+((���∅)+��������� �� ���� 	+ (���∅)+(����)+
� �� ���� − ���∅���∅����

� �∅ ����	*  
+[− ���∅���∅����

����� �� ���∅− 	���∅���∅����
����� �� ���∅+ (���∅)+

����� �∅ ���∅]} + 

+{((���∅))(����))�� ���� 	+ (���∅))���������� ���� + ���∅���∅�����∅ ����	* 
+((���∅)+��������� �� ���� 	+ (���∅)+(����)+

� �� ��
�� + ���∅���∅����

� �∅ ����	*  
+[���∅���∅��������� �� ���∅+ 	���∅���∅����

����� �� ���∅ + (���∅)+
����� �∅ ���∅]} + 

+{((����))�� ���� − ���������� ����* + (− ��������
� �� ���� + (����)+

� �� ����*}  
= ��

�� + {[(���∅))(����)) 	+ (���∅))(����)) + (����))	]�� ���� +  

+[(���∅))�������� + (���∅))�������� − ��������]�� ���� + 

+[−���∅���∅���� + ���∅���∅����]�∅ ����} + 

+{((���∅)+��������� + (���∅)+��������
� − ��������

� * �� ���� +  

+[(���∅)+(����)+� +	 (���∅)+(����)+� + (����)+
� ]	�� ����+ 

+(− ���∅���∅����
� + ���∅���∅����

� * �∅ ����} +  

+{(− ���∅���∅����
����� + ���∅���∅����

����� *�� ���∅+  
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+(− 	���∅���∅����
����� + 	���∅���∅����

����� * �� ���∅ +  

+((���∅)+����� + (���∅)+
����� * �∅ 	���∅}  

= ��
�� + 1	�� ���� + 0	�� ���� + 0	�∅ ����  

+0	�� ���� + 0
� 	�� ��

�� + 0	�∅ ����  

+0	�� ���∅ + 0	�� ���∅+ 0
����� 	�∅ ���∅  

��
�� =	 ���� + 1	�� ���� + 0

��� ��
�� + 0

����� 	�∅ ���∅   

 

 

 

E.2  Material Derivative of a Vector Function in Spherical Coordinates 

Start with general material derivative notation: 
�(	)
��    

 

�(	)
�� = �(	)

�� + �� �(	)�� + 0
��� 	�(	)�� + 0

����� 	�1 �(	)
�1   

∴ 	�3445	�� =	 �3445�� +	�� �3445�� + 0
��� 	�3445�� + 0

����� 	�1 �3445
�1  

 

 

= �6	378̂7:3;8̂;:3∅8̂∅<�� + �� �6378̂7:3;8̂;:3∅8̂∅	<�� …  

…+ 0
��� 	�6378̂7:3;8̂;:3∅8̂∅	<�� + 0

����� 	�1 �6378̂7:3;8̂;:3∅8̂∅	<�1   

 

 

=	 >?7�� 	 @̂ + 	� �8̂7�� + �3;�� 	 @̂� + 	� �8̂;�� + �3A�� 	 @̂1 + 	1 �8̂A�� …  
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…+ (>?7�� 	 @̂� + 	� �8̂7�� + �3;�� 	 @̂� + 	� �8̂;�� + �3A�� 	 @̂1 + 	1 �8̂A�� 	* ��…  

…+ (>?7�� 	 @̂� + 	� �8̂7�� + �3;�� 	 @̂� + 	� �8̂;�� + �3A�� 	 @̂1 + 	1 �8̂A�� * 0���…  

…+ (	>?7�1 	 @̂� + 	� �8̂7�1 + �3;�1 	 @̂� + 	� �8̂;�1 + �3A�1 	 @̂1 + 	1 �8̂A�1 *	 0
������1  

 

But (From Laplacian of a vector function 

�8̂7�� = 0	; 	�8̂;�� = 	0	; 	�8̂A�� = 0	  
�8̂7�� =	 @̂�	; 	�8̂;�� = −@̂�	0	; 	�8̂A�� = 0	  
�8̂7�1 = 	����	@̂1	; 	�8̂;�1 = ����	@̂1	; 	�8̂A�1 = −(����	@̂� + ����	@̂�)  
 

And, because the coordinate system at any particular point remains fixed over time,: 

@̂C� = 	0  

@̂C� = 	0  

@̂C� = 	0  

 

�344D
�� = �37�� @̂� + �3;�� @̂� + �3∅�� 	 @̂∅  

+(�37�� @̂� + �3;�� @̂� + �3∅�� 	 @̂∅* ��  

+(�37�� @̂� + 	�@̂� + �3;�� @̂� − 	�@̂� + �3∅�� 	 @̂∅*	0���  

+(�37�1 @̂� + 	�����@̂1 + �3;�1 @̂� + 	�����@̂1 + �3∅�1 	 @̂∅ − 	∅(����@̂� +����	@̂�)*	 0
������∅	  

 

 

= (�37�� + �� 	�37�� + 0
��� �37�� − 0

���	� + E∅�����
�37�∅ − 0

����� 	�∅	∅����)@̂�	  
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+	%�3;�� + �� �3;�� + 0
� 	��	� + 0

� 	�� �3;�� + E∅�����
�3;�∅ −	 E∅����� 		∅����	& @̂�   

+	(�3∅�� + �� �3∅�� +	0� 	�� �3∅�� + E∅�����	����� +	 E∅�����	����� + E∅����� 	�3∅�∅ 		)	@̂∅  

 

= %�37�� + �� �37�� + 0
� 	�� �37�� + E∅�����

�37�∅ − 0
� 	��	� − 0

��∅	∅	& @̂�   

+%�3;�� + �� �3;�� + 0
� 	�� �3;�� + E∅�����

�3;�∅ + 0
� 	��	� − ����

������∅	∅	& @̂�  

+%�3∅�� + �� �3∅�� + 0
� 	�� �3∅�� + E∅�����

�3∅�∅ + 0
� 	�∅	� + ����

������∅	�	& @̂∅  

 

�3445
�� = %�37�� − E;� 	� − E∅� 	∅& @̂� + %�3;�� + E;� 	� − E∅��������� 	∅& @̂�  

+	%�3∅�� + E∅� 	� + E∅��������� 	�& @̂∅  

 

 =	%�37�� − E;3;:E∅3∅� & @̂� + %�3;�� + E;37FE∅3∅����� & @̂� +	%�3∅�� + E∅37FE∅3;����� & @̂∅		 
 

Or 

 

�3445
�� = %�37�� + �� �3��� + 0

��� 	�37�� + E∅�����
�37�∅ − E;3;:E∅3∅� & @̂�  

+%�3;�� + �� �3;�� + 0
��� 	�3;�� + E∅�����

�3;�∅ + E;37FE∅3∅����� & @̂�  

+%�3∅�� + �� �3∅�� + 0
��� 	�3∅�� + E∅�����

�3∅�∅ + E∅37FE∅3;����� & @̂∅  

 




