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Abstract

C0 rigidity in Hofer geometry and Floer theory

by

Sobhan Seyfaddini

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Alan Weinstein, Chair

This dissertation explores two instances of C0 rigidity in symplectic geometry: First, we
prove that continuous Hamiltonian flows as defined by Oh and Müller have unique L(1,∞)

generators. Second, we study the behavior of certain Floer theoretic invariants of Hamilto-
nian flows, called spectral invariants, under C0 perturbations of Hamiltonian flows.
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Chapter 1

Introduction

This dissertation explores the field of C0-symplectic geometry. A symplectic manifold is
a smooth manifold equipped with a non-degenerate, closed two-form called the symplectic
form. All fundamental definitions and constructions in symplectic geometry rely on the
underlying smooth structure of symplectic manifolds. It may therefore sound unintuitive to
speak of continuous symplectic geometry. However, several important and beautiful results
indicate that various symplectic constructions and properties survive under C0 limits. For
example, the celebrated Gromov-Eliashberg C0-rigidity theorem states that a diffeomorphism
that can be written as a C0 limit of symplectomorphisms is itself a symplectomorphism. This
is a rather surprising statement because being a symplectomorphism imposes C1 restrictions
and the Gromov-Eliashberg theorem states that the imposed C1 restrictions survive under
C0-limits.

Another well-known occurrence of C0-rigidity was discovered recently by Cardin and
Viterbo [7]. Suppose that fi and gi are smooth functions on a symplectic manifold which
converge uniformly to smooth functions f and g. The Cardin-Viterbo theorem states that
if the Poisson bracket {fi, gi} converges uniformly to zero, then {f, g} = 0. Once again, this
is an unexpected result because it indicates that a C1 condition survives under C0-limits.
The Cardin-Viterbo theorem has been generalized by Buhovsky, Entov, and Polterovich [3,
4, 10, 21].

C0-symplectic geometry is the study of such C0-rigidity phenomena. This dissertation
studies two instances of C0 rigidity in symplectic geometry: in Chapter 2, we prove that con-
tinuous Hamiltonian flows as defined by Oh and Müller in [36] have unique L(1,∞) generators.
In Chapter 3, we study the behavior of certain Floer theoretic invariants of Hamiltonian flows,
called spectral invariants, under C0 perturbations of Hamiltonian flows.

In the next section we review the necessary background from symplectic geometry, set
our notation, and state our main results. For a basic introduction to symplectic geometry
we refer the reader to [25, 46].
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1.1 Symplectic Preliminaries

A symplectic manifold (M,ω) is a smooth manifold M equipped with a smooth, non-
degenerate and closed 2-form ω. Non-degeneracy of ω forces the dimension of M to be
even; if the dimension of M is 2n then non-degeneracy of ω implies that ωn is a volume
form on M . We denote by Diff(M) and Homeo(M) the groups of diffeomorphisms and
homeomorphisms of M , respectively.

The most basic example of a symplectic manifold is R2n equipped with the standard
symplectic structure ωst =

∑2n
i=1 dxi ∧ dyi, where xi, yi denote the standard coordinates on

R2n. An automorphism of a symplectic manifold is a diffeomorphism φ : M → M which
preserves the symplectic form. Such diffeomorphisms are called symplectomorphisms and
the group of all symplectomorphisms is denoted by Symp(M,ω). Symplectic manifolds have
no local invariants: the famous Darboux Theorem states that every symplectic manifolds is
locally symplectomorphic to (R2n, ωst).

Any smooth Hamiltonian H : [0, 1] × M → R induces a Hamiltonian isotopy φtH :
M → M (0 ≤ t ≤ 1), obtained by integrating the unique time-dependent vector field XH

satisfying dHt = ιXHω, where Ht(x) = H(t, x). We denote the space of Hamiltonian flows by
PHam(M,ω). A Hamiltonian diffeomorphism is by definition any diffeomorphism obtained
as the time-1 map of a Hamiltonian flow. We denote byHam(M,ω) the set of all Hamiltonian
diffeomorphisms. We will eliminate the symplectic form ω from our notation unless there is
a possibility of confusion.

One can easily check that, if H, G are two smooth Hamiltonians with flows φtH , φ
t
G, then

the composition of the two flows, φtH ◦φtG, and the inverse flow (φtH)−1 are Hamiltonian flows
generated by the Hamiltonians

H#G(t, x) = H(t, x) +G(t, (φtH)−1(x)), and

H̄(t, x) = −H(t, φtH(x)),

respectively. This shows that PHam(M) and Ham(M) are both groups. It can easily be ver-
ified that Ham(M) is a normal subgroup of Symp(M): if θ ∈ Symp(M), then θ−1φtHθ

=φtθ∗H
where θ∗H(t, x) = H(t, θ(x)).

Throughout this thesis, we assume that M is closed and connected unless otherwise
stated. When M is not closed we consider only Hamiltonians which are compactly supported
in the interior of M . We denote by C∞c ([0, 1] ×M) the set of smooth Hamiltonians with
compact support in the interior of M . The group of Hamiltonian diffeomorphisms generated
by such Hamiltonians is denoted by Hamc(M).

Throughout this thesis, we equip M with a distance d induced by any Riemannian metric.
The C0-topology on Homeo(M), or any of the aforementioned automorphism groups, is the
topology induced by the distance

dC0(φ, ψ) := max
x

d(x, φ−1ψ(x)).
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Similarly, for paths of homeomorphisms (or diffeomorphisms) φt, ψt (t ∈ [0, 1]) we define
their C0-distance by the expression

dpathC0 (φt, ψt) := max
t,x

d(x, (φt)−1ψt(x)).

As was mentioned earlier, we will be concerned with C0 limits, which are limits taken with
respect to these distances.

Ham(M) can be equipped with two remarkable metrics: the Hofer metric and the spec-
tral metric. We will be studying C0 rigidity properties of both of these metrics. The spectral
metric, sometimes called the γ-metric, is defined via Floer theory. We will review its con-
struction in Section 1.4. Here is a brief description of the construction of the Hofer metric.

A time dependent Hamiltonian H : [0, 1] ×M → R is said to be normalized if, for all
t ∈ [0, 1], we have ∫

M

Htω
n = 0.

The set of normalized Hamiltonians will be denoted by C∞0 ([0, 1] × M); this set can be
equipped with the L(1,∞), or Hofer, norm:

‖H‖(1,∞) =

∫ 1

0

(max
x

H(t, x)−min
x
H(t, x)) dt.

The Hofer length of a Hamiltonian isotopy φtH is defined to be ‖H‖(1,∞). The Hofer norm
of a Hamiltonian diffeomorphism ψ is defined by the following expression:

‖ψ‖Hofer = inf{‖H‖(1,∞) : ψ = φ1
H}.

This remarkable norm was discovered by Hofer in [19]. Non-degeneracy of the above norm
was established in [19] on R2n and in [22] on general symplectic manifolds. The Hofer distance
of two Hamiltonian diffeomorphisms is given by:

dHofer(φ, ψ) = ‖φ−1ψ‖Hofer.

For further details on Hofer geometry, we refer the interested reader to [20, 39].

1.2 Uniqueness of generators for continuous

Hamiltonian flows

In this section we introduce Oh and Müller’s work on C0-symplectic topology [36] and state
our main results on this subject. All the results here, except for Theorem 1.3.1, first appeared
in [5]. Theorem 1.3.1 will appear in [42]. The proofs of these results and further details are
postponed to Chapter 2.



CHAPTER 1. INTRODUCTION 4

The study of continuous symplectic geometry began with the celebrated Eliashberg-
Gromov rigidity theorem [9, 8, 17], which states that Symp(M) is C0-closed in Diff(M).
This theorem motivates the following definition for symplectic homeomorphisms. The group
of symplectic homeomorphisms Sympeo(M,ω) is defined as the C0 closure of Symp(M,ω)
in the group of homeomorphisms of M . Extending the notion of Hamiltonian flows turns
out to be more complicated.

In [36], Oh and Müller introduce the notions of topological Hamiltonian paths (or contin-
uous Hamiltonian flows), and Hamiltonian homeomorphisms. We will now review Oh and
Müller’s construction.

Recall that the set of normalized Hamiltonians is denoted by C∞0 ([0, 1] × M). The

completion of C∞0 ([0, 1]×M) with respect to the L(1,∞) norm is denoted by L
(1,∞)
0 ([0, 1]×M).

We denote by C∞0 (M) the space of smooth functions H : M → R with
∫
M
H(x)ωn = 0. We

endow C∞0 (M) with the L∞ norm:

‖H‖∞ = max
x

H(x)−min
x
H(x).

The completion of C∞0 (M) with respect to the L∞ norm is denoted by C0(M), and the space
C0(M) consists of all continuous functions H : M → R that satisfy

∫
M
H(x)ωn = 0.

By definition, a continuous path of homeomorphisms φt : M →M is called a continuous
Hamiltonian flow, generated by H ∈ L(1,∞)

0 ([0, 1]×M), if there exists a sequence of smooth
Hamiltonian flows, φtHi , with generating Hamiltonians Hi ∈ C∞0 ([0, 1]×M), such that

φt = (C0) lim
i→∞

φtHi ,

H = (L(1,∞)) lim
i→∞

Hi,

that is, the first convergence is in the uniform topology, and the second convergence is in the
L(1,∞) topology. We denote by PHameo(M,ω) the space of all pairs (φt, H) of a continuous
Hamiltonian flow φt and a L(1,∞) Hamiltonian H, that generates φt. The space Hameo(M,ω)
of Hamiltonian homeomorphisms is defined to be the set of all time-1 maps of continuous
Hamiltonian flows.

Question 1.2.1. Does a continuous Hamiltonian flow φt have a unique generating Hamilto-
nian? In other words, if we have two (smooth) sequences (φtHi , Hi), (φ

t
Ki
, Ki) ∈ PHam(M,ω)

satisfying
(C0) limφtHi = (C0) limφtKi = φt,

(L(1,∞)) limHi = H,

(L(1,∞)) limKi = K,

does this imply K = H, as L(1,∞) functions?
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This question was raised by Oh and Müller [36]. The main purpose of Chapter 2 is to prove
the above uniqueness result for Hamiltonian generators of continuous Hamiltonian paths, as
defined in [36]. This “uniqueness of generating Hamiltonians” turns out to be essential to
extending various constructions on spaces Ham(M,ω) and PHam(M,ω), to the case of
continuous Hamiltonian flows [35]. For example, uniqueness of the generating Hamiltonian
implies that the Oh-Schwarz spectral invariants extend to the space of continuous Hamil-
tonian paths PHameo(M,ω). Another interesting implication of this uniqueness theorem
is that elements of PHameo(M,ω) corresponding to one-parameter subgroups in the group
of Hamiltonian homeomorphisms, Hameo(M,ω), are generated by autonomous continuous
Hamiltonians. A corollary of this correspondence is the law of conservation of energy in the
present setting. We refer interested readers to [35] for proofs of the above consequences of
the uniqueness theorem.

Recall that, in the case of smooth Hamiltonian flows φtH and φtK we have the following
well known formulas for the Hamiltonian functions of φtH ◦ φtK and (φtH)−1:

φtH ◦ φtK = φtG, where G = H#K(t, x) := H(t, x) +K(t, (φtH)−1(x)),
(φtH)−1 = φt

H
, where H(t, x) := −H(t, φtH(x)).

It was shown by Oh and Müller [36] that these operations admit a natural generalization
to the space PHameo(M,ω). It follows that given two pairs (φt, H), (φt, K) ∈ PHameo(M,ω)
with common continuous Hamiltonian flow, we get the identity flow Idt = (φt)−1 ◦ φt gener-
ated by the Hamiltonian

H#K(t, x) = −H(t, φt(x)) +K(t, φt(x)).

Hence, question 1.2.1 simplifies to:

Question 1.2.2. Assume we have a sequence of smooth Hamiltonian paths (φtHi , Hi) ∈
PHam(M,ω) satisfying

(C0) limφtHi = Idt,

(L(1,∞)) limHi = H.

Does this imply H = 0, as an L(1,∞) function?

In [49], C. Viterbo gives an affirmative answer to the above question under the assumption
that (C0) limHi = H. Note that (C0) limHi = H implies (L(1,∞)) limHi = H. The methods
employed here are very different than those used in [49]; Viterbo’s method uses deep results,
whose proofs rely on psuedoholomorphic curve theory, about Lagrangian submanifolds.

Remark 1.2.3. One can find a sequence of Hamiltonian paths (φtHk , Hk) ∈ PHam(M,ω)

such that (C0) limφtHk = Idt, but the sequence (Hk) does not converge in L
(1,∞)
0 ([0, 1]×M).

To demonstrate this we borrow the following example from [49]:
Let U ⊂M be a Darboux chart with coordinates (x1, y1, ..., xn, yn), such that 0 = (0, 0, ..., 0, 0) ∈
U . Let r > 0 be small enough, such that

V := Br(0) = {(x1, y1, ..., xn, yn) |x2
1 + y2

1 + ...+ x2
n + y2

n < r2} ⊂ U.
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Take H : M → R to be any normalized, autonomous and smooth non-zero Hamiltonian
supported in V . For any k ∈ N, define Hk : M → R by

Hk(x1, y1, ..., xn, yn) = kH(kx1, ky1, ..., kxn, kyn)

for (x1, y1, ..., xn, yn) ∈ Vk := B r
k
(0) ⊂ U , and Hk(x) = 0 for x ∈M \ Vk. Then the sequence

of smooth Hamiltonian paths (φtHk) C
0 converges to Idt, but the sequence of Hamiltonians

(Hk) diverges.

In Section 2.1, we state the main result from [5] and formulate a sequence of lemmas
which are used in its proof. In Section 2.2, we present the proof of the uniqueness theo-
rem. Section 2.3 studies the local uniqueness for L(1,∞) Hamiltonians and for continuous
Hamiltonian flows. Here we state and prove a generalization, to the L(1,∞) case, of Theorem
1.3 from [33]. We derive two consequences of these local uniqueness results. First, on any
closed symplectic manifold we construct an example of a continuous function which fails to
generate any continuous Hamiltonian flows. Second, we give an example of a continuous
flow of homeomorphisms on any closed symplectic manifold, which is a C0 limit of smooth
Hamiltonian flows, but is not a continuous Hamiltonian flow.

1.3 C0-rigidity of Hamiltonian isotopies

In Section 2.4 we present an interesting application of the aforementioned uniqueness theorem
to the study of the C0-Flux conjecture. Banyaga’s foundational paper [1] gave rise to the
C0-Flux conjecture; it states that Ham(M) is C0-closed in Symp0(M), the path component
of identity in Symp(M). An article by Lalonde, McDuff, and Polterovich [23] contains a
full discussion of this conjecture and a proof of it in special cases. As is noted in [23],
the C0-Flux conjecture is a fundamental question lying at the boundary between hard and
soft symplectic topology; very little is known about the C0-Flux conjecture and today’s
symplectic technology seems to be insufficient for approaching this question in full generality.

The reader may wonder why it is asked if Ham(M) is C0-closed in Symp0(M) rather
than Symp(M). The difficulty in addressing the latter question is that, although symplectic
rigidity tells us that Symp(M) is C0-closed in the group of diffeomorphisms of M , it is
not known if Symp0(M) is C0-closed in Symp(M). To avoid this difficulty the C0-Flux
conjecture is usually stated for Symp0(M). For further information about this intriguing
conjecture we refer the reader to [23, 25].

In Section 2.4, we address a path version of the C0-Flux conjecture: we ask if the space of
(based) Hamiltonian isotopies is C0-closed in the space of (based) symplectic isotopies. If the
C0-Flux conjecture were true, it would immediately answer this question in the affirmative.
Below, we will show that a symplectic isotopy which is a C0 limit of Hamiltonian isotopies
is itself Hamiltonian, provided that the corresponding sequence of generating Hamiltonians
converge in L(1,∞) topology. In particular, because uniform convergence of functions is
stronger than L(1,∞) convergence, the same statement is true if we assume that the generating
Hamiltonians converge uniformly. Here is a precise state of the main result of Section 2.4:
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Theorem 1.3.1. Consider a smooth isotopy, φt , t ∈ [0, 1], which is a C0 limit of Hamil-
tonian paths, φtHi , t ∈ [0, 1]. If the sequence of Hamiltonians Hi has a L(1,∞) limit H :
[0, 1]×M → R, then

1. The L(1,∞) equivalence class of H has a smooth representative.

2. φt is a Hamiltonian path and the smooth representative of H is its Hamiltonian func-
tion.

The methods we employ are very different than those used by Lalonde, McDuff, and
Polterovich in [23]. The main tool used here Theorem 2.3.1 on local uniqueness of generators
for continuous Hamiltonian flows. We should mention that the C1-Flux conjecture, which
states that Ham(M) is C1-closed in Symp(M), was settled by Ono in [37]. Note that in this
case there is no need for restricting to Symp0(M) because it is known that Symp0(M) is
C1-closed in Symp(M). This follows from the fact that a C1-small neighborhood of identity
in Symp(M) can be identified with a neighborhood of zero in the space of closed 1-forms on
M [52].

1.4 Spectral Invariants

In this section we introduce and state the main results obtained in [43]. The proofs of these
results and further details are postponed to Chapter 3.

The 1-periodic orbits of a non-degenerate Hamiltonian H ∈ C∞([0, 1]×M), which are the
critical points of the action functional associated to H, generate the Floer chain complex,
CF∗(H), of the Hamiltonian H; see [40] for a survey of Floer theory on a large class of
symplectic manifolds. The important fact that the homology of this complex, denoted by
HF∗(H), coincides with the quantum cohomology of M , QH∗(M) = H∗(M) ⊗ Λ, is one of
the most spectacular achievements of Floer theory. Using the isomorphism between QH∗(M)
and HF∗(H), one defines the spectral invariant associated to H and a ∈ QH∗(M) \ {0},
denoted by ρ(H; a), to be the minimum action required to represent the quantum cohomology
class a in HF∗(H). Spectral invariants were introduced in the symplectically aspherical case
by Schwartz in [41] and were extended to general closed symplectic manifolds by Oh [31];
see [32] for a full survey. One interesting application of the spectral invariant ρ(·; 1) is
the construction of a bi-invariant norm, called the spectral norm, on Ham(M). For other
interesting applications of spectral invariants we refer the reader to [11, 12, 13, 14, 32, 34]. In
this thesis, we study the behavior of spectral invariants of a Hamiltonian H and the spectral
norm of a Hamiltonian diffeomorphism ψ under C0-small perturbations of the flow of H and
the diffeomorphism ψ, respectively.

Next, we will briefly review Hamiltonian Floer theory, the construction of spectral in-
variants, and state our main results on this subject; details and proofs are postponed to
Chapter 3. For further details on Hamiltonian Floer theory and spectral invariants, we refer
the interested reader to [26, 32, 40].
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Define

Γ :=
π2(M)

ker(c1) ∩ ker([ω])
.

The Novikov ring of (M,ω) is defined to be

Λ = {
∑
A∈Γ

aAA : aA ∈ Q, (∀C ∈ R)(|{A : aA 6= 0,

∫
A

ω < C}| <∞)}.

Let Ω0(M) denote the space of contractible loops in M . Γ forms the group of deck transfor-
mations of a covering Ω̃0(M)→ Ω0(M) called the Novikov covering of Ω0(M) which can be
described as follows:

Ω̃0(M) =
{[z, u] : z ∈ Ω0(M), u : D2 →M,u|∂D2 = z}
[z, u] = [z′, u′] if z = z′ and ū#u′ = 0 in Γ

,

where ū#u′ denotes the sphere obtained by gluing u and u′ along their common boundary
with the orientation on u reversed. The action functional, associated to a Hamiltonian
H ∈ C∞([0, 1]×M), is the map AH : Ω̃0(M)→ R given by

AH([z, u]) = −
∫
H(t, z(t))dt −

∫
u

ω.

Crit(AH) = {[z, u] : z is a 1-periodic orbit of XH} denotes the set of critical points of AH .
The action spectrum of H is defined to be the set of critical values of the action functional,
i.e., Spec(H) = AH(Crit(AH)). Spec(H) is a measure zero subset of R.

We say that a Hamiltonian H is non-degenerate if the graph of φ1
H intersects the diag-

onal in M ×M transversally. The Floer chain complex of (non-degenerate) H, CF∗(H), is
generated as a module over Λ by Crit(AH). The boundary map of this complex is obtained,
formally, by counting isolated negative gradient flow lines of AH . The homology of this com-
plex, HF∗(H), is naturally isomorphic to QH∗(M) = H∗(M)⊗Λ, the quantum cohomology
of M . We denote this natural isomorphism by Φ : QH∗(M)→ HF∗(H).

Given α =
∑

[z,u]∈Crit(AH)

a[z,u][z, u] ∈ CF∗(H), we define the action level, λH(α), of α by

λH(α) = max{AH([z, u]) : a[z,u] 6= 0}.

Finally, given a non-zero quantum cohomology class a, we define the spectral invariant
associated to H and a by

ρ(H; a) = inf{λH(α) : [α] = Φ(a)},

where [α] denotes the Floer homology class of α. It was shown in [31] that ρ(H; a) is well
defined, i.e., it is independent of the auxiliary data (almost complex structure) used to define
it and ρ(H; a) 6= −∞.
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Thus far, we have defined ρ(H; a) for non-degenerate H. Recall that the L(1,∞) (or Hofer)
norm of a Hamiltonian K is

‖K‖(1,∞) =

∫ 1

0

(max
x

K(t, x)−min
x
K(t, x)) dt.

The spectral invariants of two non-degenerate Hamiltonians H1, H2 satisfy the following
estimate

|ρ(H1; a)− ρ(H2; a)| ≤ ‖H1 −H2‖(1,∞).

This estimate allows us to extend ρ(·; a) continuously to all smooth (in fact continuous)
Hamiltonians.

We will now list, without proof, some properties of ρ which will be used later on. Recall

that a Hamiltonian H is said to be normalized if

∫
M

Htω
n = 0 for each t ∈ [0, 1].

Proposition 1.4.1. ([31], [32], [41])
The function ρ : C∞([0, 1]×M)× (QH∗(M) \ 0)→ R has the following properties:

1. If r : [0, 1]→ R is smooth then

ρ(H + r; a) = ρ(H; a)−
∫ 1

0

r(t)dt.

2. (Normalization) ρ(0; 1) = 0.

3. (Symplectic Invariance) ρ(η∗H; η∗a) = ρ(H; a) for any symplectomorphism η.

4. (Triangle Inequality) ρ(H#G; a ∗ b) ≤ ρ(H; a) + ρ(G; b) where ∗ denotes the quantum
product in QH∗(M).

5. (L(1,∞) − continuity)

−
∫ 1

0

max
M

(Ht −Gt)dt ≤ ρ(H; a)− ρ(G; a) ≤ −
∫ 1

0

min
M

(Ht −Gt)dt, and in particular

−
∫ 1

0

max
M

Ht dt ≤ ρ(H; 1) ≤ −
∫ 1

0

min
M

Ht dt.

6. (Non-degenerate Spectrality) ρ(H; a) ∈ Spec(H) for non-degenerate H.

7. (Homotopy Invariance) Assume that φ1
H = φ1

G and that the Hamiltonian paths φtH and
φtG are homotopic rel. endpoints. If H and G are normalized, then ρ(H; a) = ρ(G; a).

One can also define spectral invariants for Hamiltonian paths. Given φt ∈ PHam(M) we
take H to be the unique normalized Hamiltonian generating φt and define ρ(φt; a) = ρ(H; a).
Note that the homotopy invariance property implies that ρ(·; a) descends to the universal
cover of Ham(M).
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We define the spectral length function γ : C∞([0, 1]×M)R by

γ(H) = ρ(H; 1) + ρ(H̄; 1).

Note that the triangle inequality implies that γ is always non-negative. Also, if H and G
differ by a function of time, then part 1 of Proposition 1.4.1 implies that γ(H) = γ(G).
Hence, γ is well defined on PHam(M) and by the homotopy invariance property it in fact
descends to the universal cover of Ham(M). By property (5) of spectral invariants we have
γ(H) ≤ ‖H‖(1,∞).

Define the spectral norm of a Hamiltonian diffeomorphism ψ by

‖ψ‖γ = inf{γ(H) : ψ = φ1
H}.

‖ · ‖γ induces a non-degenerate norm on Ham(M), see [34, 48] for a proof. The spectral
distance of two Hamiltonian diffeomorphisms is given by:

dsp(φ, ψ) = ‖φ−1ψ‖γ.

Warning: Some authors use the notation γ(·) for the spectral norm. Please note that
we are using that notation for a different purpose here.

A locally Lipschitz estimate for spectral invariants

Recall that for a Hamiltonian path φtH , generated by normalized H, ρ(φtH ; 1) is defined to
be ρ(H; 1). One may ask if the map ρ(·; 1) : PHam(M)→ R is C0-continuous. The answer
to this question turns out to be no. In Example 3.1.3, we will construct a sequence of
normalized Hamiltonians Hk such that the flows of these Hamiltonians C0-converge to the
identity, but the spectral invariants ρ(Hk; 1) and ρ(H̄k; 1) converge to 1 and −1, respectively.
However, as the first main theorem of this note demonstrates, it seems that the culprit here
is the requirement that the generating Hamiltonians be normalized.

Let B be an open ball in (M,ω) and denote by C∞c ([0, 1] × (M \ B)) the set of smooth
functions vanishing on B.

Theorem 1.4.1. (C0-Spectral Estimate) Suppose H,G ∈ C∞c ([0, 1]× (M \B)). There exist
constants C, δ > 0 (depending on B) such that if dpathC0 (φtG, φ

t
H) < δ, then

|ρ(G; a)− ρ(H; a)| ≤ C dpathC0 (φtG, φ
t
H).

In Example 3.1.4 we prove that the above estimate is sharp in the sense that a locally
Lipschitz estimate is optimal. The proof of Theorem 1.4.1 relies on the following variation
of the concept of displaceability:

Definition 1.4.2. Fix a positive real number ε. A subset of a symplectic manifold U ⊂ M
is said to be ε-shiftable if there exists a Hamiltonian diffeomorphism, φ, such that

d(p, φ(p)) ≥ ε ∀p ∈ U.
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The main idea of the proof of Theorem 1.4.1 is as follows: we first reduce the theorem
to the case where G = 0. In Theorem 3.1.1 we will show that if the support of H can be
ε-shifted by ψ ∈ Ham(M), and if dpathC0 (Id, φtH) ≤ ε then |ρ(H; 1)| ≤ ‖ψ‖γ. We then prove
Theorem 1.4.1 by carefully constructing ψ. The details of this argument are carried out in
Section 3.1.

The following statement follows readily from Theorem 1.4.1 and the triangle inequality:

Corollary 1.4.3. Suppose H,G ∈ C∞c ([0, 1] × (M \ B)). There exist constants C, δ > 0
(depending on B) such that if dpathC0 (φtG, φ

t
H) ≤ δ, then

|γ(G)− γ(H)| ≤ C dpathC0 (φtG, φ
t
H).

We will prove Theorem 1.4.1 in Section 3.1. By part 1 of Proposition 1.4.1, if r : [0, 1]→ R
is a function of time, then γ(H) = γ(H+r), and so γ is not affected by normalization. Hence,
in light of Corollary 1.4.3, it is more reasonable to expect that the map γ : PHam → R is
C0-continuous. It follows from Theorem 1.4.3 that on surfaces this indeed is the case.

Spectral norm v.s. C0-norm

In section 3.2, we study the relation between ‖·‖γ and dC0 on surfaces. In [18], Hofer compares
the C0-distance and the Hofer distance on Hamc(R2n), the group of compactly supported
Hamiltonian diffeomorphisms of R2n, and obtains the well known C0-Energy estimate:

dHofer(φ, ψ) ≤ CdC0(φ, ψ).

No estimate of this kind holds on closed manifolds. In fact, one can show that on any
surface, closed or not, there exists a sequence of Hamiltonian diffeomorphisms which con-
verges to the identity in C0-topology, but diverges with respect to Hofer’s metric. Contrary
to the above fact, in section 3.2, we will obtain the following Hölder estimate:

Theorem 1.4.2. Let (Σ, ω) denote a closed surface of genus g equipped with an area form.
Suppose that φ ∈ Ham(Σ). There exist constants C, δ > 0 such that if dC0(Id, φ) ≤ δ then

‖φ‖γ ≤ C (dC0(Id, φ))2−2g−1

.

Remark 1.4.4. It follows readily from the above result that if φ, ψ ∈ Ham(Σ) and dC0(φ, ψ) ≤
δ then

dsp(φ, ψ) ≤ C (dC0(φ, ψ))2−2g−1

.

This establishes C0-continuity of the spectral norm on surfaces. This answers part 1 of
Question 5.13 of [35], in the case of surfaces.

One interesting consequence of Theorem 1.4.2 is the following result about C0-continuity
of the map γ : PHam(Σ)→ R.
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Theorem 1.4.3. Suppose φtH ∈ PHam(Σ), where Σ is a surface of genus g. There exist
constants C, δ > 0 such that if dpathC0 (Id, φtH) ≤ δ then

γ(H) ≤ C (dC0(Id, φ1
H))2−2g−1

.

The above statement no longer holds if one replaces the assumption dpathC0 (Id, φtH) ≤ δ with
the weaker assumption that dC0(Id, φ1

H) ≤ δ. To see this, let H denote a time independent
Hamiltonian on S2 whose flow rotates the sphere a full turn around its central axis. Then,
φ1
H = Id but γ(H) = 4π.

We will present a proof of Theorem 1.4.3 in section 3.2. The proof presented there follows
almost immediately from the following lemma, which is probably of independent interest.

Lemma 1.4.5. Suppose that Σ is a surface of genus g and that φtH ∈ PHam(Σ) is a loop.
There exists a constant δ > 0 such that if dpathC0 (Id, φtH) ≤ δ then the loop φtH is contractible.

Of course, the above lemma is interesting only in the case of Σ = S2, as Ham(Σ) is
simply connected for other surfaces. The proof of this lemma, which will be presented in
section 3.2, uses Theorem 1.4.2.

Remark 1.4.6. The statements of Theorems 1.4.1, 1.4.2 and 1.4.3 can be translated into
questions about Lagrangian submanifolds of cotangent bundles: let L0 denote the space of
Lagrangian submanifolds of a cotangent bundle which are Hamiltonian isotopic to the zero
section. In [51], C. Viterbo uses generating functions to construct a distance, which we
denote by ‖ · ‖γ,L0 , on L0. In fact, Viterbo’s work in [51] is a precursor to Oh and Schwarz’s
work on spectral invariants. Viterbo has asked whether the distance ‖ ·‖γ,L0 can be bounded
by a multiple of the Hausdorff distance. An affirmative answer to Viterbo’s question would
have significant consequences for his theory of symplectic homogenization [50]. Note that
the distance ‖ · ‖γ on Ham can not be bounded by dC0 . This is because on some compact
manifolds, such as the two dimensional torus, ‖ · ‖γ is unbounded.

It would be interesting to see if Theorems 1.4.2 & 1.4.3 hold on general symplectic
manifolds.

Applications to the theory of Calabi quasimorphisms

Assume that M admits a Calabi quasimorphism µ : H̃am(M) → R, as defined by Entov
and Polterovich in [11], for example M = CP n. See section 3.3 for the definition of µ and
the necessary background.

First Application: Denote by U an open subset of M and let η = µ − C̃alU . The
Calabi property of µ indicates that η = 0 if U is displaceable. If U is not displaceable,
our first application of Theorem 1.4.1 establishes that the homogeneous quasimorphism η is
locally Lipschitz with respect to dpathC0 . See Theorem 3.3.1 for a precise statement.
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Second Application: Denote by B2n the ball of radius 1 in R2n, by Ham(B2n) the
group of compactly supported Hamiltonian diffeomorphisms of B2n, and by H(B2n) the
C0-closure of Ham(B2n) inside the group of compactly supported homeomorphisms of B2n.
In [15] Entov, Polterovich and Py study a family of homogeneous quasimorphisms ηδ :
Ham(B2n) → R, where δ is a parameter that ranges over (0, 1). One of the main results
of [15] is that the homogeneous quasimorphisms ηδ are C0-continuous and hence, by general
properties of homogeneous quasimorphisms, extend continuously to H(B2n); see Theorem
1.1 and Propositions 1.3, 1.4 and 1.9 in [15].

In Theorem 3.3.2 we improve the results in [15] by obtaining an estimate which shows
first, that the quasimorphisms ηδ are locally Lipschitz continuous with respect to dC0 on
Ham(B2n), and second, that eachηδ extends to a locally Lipschitz continuous map on
H(B2n). See Theorem 3.3.2 in Section 3.3.1 for proofs and precise statements.

Spectral Hamiltonian Homeomorphisms and a Question of Y.-G.
Oh

The set of symplectic homeomorphisms, denoted by Sympeo(M,ω), is the C0-closure of
Symp(M,ω) in the group of homeomorphisms of M . We denote by Sympeo0(M,ω) the
path connected component of the identity in Sympeo(M,ω). We should point out that
Sympeo(D2) = Sympeo0(D2).

Recently, Oh used spectral invariants to introduce new C0 generalizations of Ham and
PHam, denoted by Hameosp and PHameosp, respectively. The reader should keep in mind
that it is not known whether Hameosp and PHameosp are closed under composition. These
objects will be defined in section 3.4. Oh asked the following question:

Question 1.4.7. (Oh’s Question) Suppose that M = S2 or D2. Is Hameosp(M) a proper
subset of Sympeo0(M)?

An affirmative answer to the above question would settle the longstanding open problem
regarding the simpleness v.s. non-simpleness of the groups Sympeo0(S2) and Sympeo0(D2).
This is because Sympeo0(S2) and Sympeo0(D2) have normal subgroups which are contained
in Hameosp(S

2) and Hameosp(D
2), respectively.

In section 3.4, we will answer the above question in the case of D2 by showing that
Hameosp(D

2) = Sympeo0(D2). In the same section we present two results regarding unique-
ness issues for spectral Hamiltonian homeomorphisms.
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Chapter 2

Uniqueness of generators for
continuous Hamiltonian flows

The main goal of this chapter is to present a proof of the uniqueness theorem for generators
of continuous Hamiltonian flows; this theorem will be proven in Sections 2.1 and 2.2. In
Section 2.3, we study local uniqueness for L(1,∞) Hamiltonians and continuous Hamiltonian
flows. Here we state and prove a generalization of Theorem 1.3 from [33], to the L(1,∞)

case. We derive two consequences of these local uniqueness results. First, on any closed
symplectic manifold we construct an example of a continuous function that fails to be gen-
erate any continuous Hamiltonian flows. Second, we give an example of a continuous flow of
homeomorphisms on any closed symplectic manifold, which is a C0 limit of smooth Hamil-
tonian flows, but is not a continuous Hamiltonian flow. In Section 2.4, we present a proof
for Theorem 1.3.1 on C0 rigidity of Hamiltonian isotopies.

The results presented in Sections 2.1, 2.2, and 2.3 were announced in [5]. Theorem 1.3.1
was announced in [42].

2.1 Main result

Here is our answer to Question 1.2.2 :

Theorem 2.1.1. Denote by Idt : M → M the identity flow. If we have H ∈ L(1,∞)
0 ([0, 1]×

M), such that (Idt, H) ∈ PHameo(M,ω), then we have H = 0 in L
(1,∞)
0 ([0, 1]×M).

We will use the following definition in our proof.

Definition 2.1.1. (Null Hamiltonians) Define

H0 = {H ∈ L(1,∞)
0 ([0, 1]×M) | (Idt, H) ∈ PHameo(M,ω)},

this is the set of null Hamiltonians.

Hst
0 = {H ∈ H0 |H is time independent}.
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An element H ∈ L(1,∞)
0 ([0, 1]×M) is time independent if there exists a representing function

for H, as in Lemma 2.1.4 below, that is time independent. Since Hst
0 consists of time-

independent null Hamiltonians, we identify it with a subset of C0(M).

We divide the proof of Theorem 2.1.1 into a sequence of lemmata. Lemma 2.1.2 is the
smooth case of Theorem 2.1.1. It has been proven in the past, see e.g. [20, 36].

Lemma 2.1.2. If H ∈ H0 ∩ C∞([0, 1]×M), then for all t ∈ [0, 1] we have H(t, x) ≡ 0.

Lemma 2.1.3. The sets H0,Hst
0 have the following properties:

1. H0 is closed under the sum operation and the minus operation. In other words, if
H,K ∈ H0, then −H,H +K ∈ H0.

2. H0 is closed in the L(1,∞) topology. Hst
0 is closed in the L∞ topology.

3. If H ∈ H0, then for any smooth increasing function α : [0, 1]→ [0, 1] the Hamiltonian
K(t, x) = α′(t)H(α(t), x) belongs to H0 as well.

4. Hst
0 is a vector space over R.

5. If H ∈ Hst
0 , then for any φ ∈ Symp(M,ω) we have φ∗H = H ◦ φ ∈ Hst

0 .

Lemma 2.1.4. (Lebesgue’s differentiation theorem) Any H ∈ L
(1,∞)
0 ([0, 1] × M) can be

represented by a function H : [0, 1]×M → R (we use the same notation for the function as
well), such that for any t ∈ [0, 1] we have H(t, ·) ∈ C0(M), and such that for any Cauchy
sequence (Hi)i=1,2,... in C∞0 ([0, 1]×M) that represents H, we have

lim
i→∞
‖Hi −H‖(1,∞) = 0,

where

‖Hi −H‖(1,∞) =

∫ 1

0

max
x

[Hi(t, x)−H(x, t)]−min
x

[Hi(t, x)−H(x, t)] dt.

Moreover, almost everywhere in t ∈ [0, 1) we have

lim
h→0+

1

h

∫ t+h

t

‖H(s, ·)−H(t, ·)‖∞ds = 0.

Lemma 2.1.5. Let H ∈ H0, and denote by the same notation H its functional representative,
as in Lemma 2.1.4. Then for almost any t ∈ [0, 1], the time-independent Hamiltonian
h(x) = H(t, x) lies inside Hst

0 .

Lemma 2.1.6. If H ∈ Hst
0 , then H ≡ 0.
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2.2 proofs

Proof of Lemma 2.1.2. Assume for a contradiction, that H is not constantly zero. Let φtH
denote the usual flow of H. Since H is not constantly zero we conclude that φTH is not the
identity map, for some T ∈ [0, 1].

Since (Idt, H) ∈ PHameo(M,ω), there exists a smooth sequence (φtHi , Hi) ∈ PHam(M,ω)
which converges to (Idt, H). This implies that (φTHi)

−1◦φTH C0 converges to φTH . Pick a point
x ∈ M such that φTH(x) 6= x. There exists a small open neighborhood, U of x, which is
displaced by (φTHi)

−1 ◦ φTH , for i large enough. The general energy-capacity inequality [22],
implies that the Hofer norm of (φTHi)

−1 ◦ φTH is bounded below by a positive constant, e(U).
But this norm is bounded from above by

‖Hi#H‖(1,∞) = ‖ −Hi(t, φ
t
Hi

(x)) +H(t, φtHi(x))‖(1,∞) = ‖ −Hi +H‖(1,∞),

what contradicts the L(1,∞) convergence of Hi to H.

Proof of Lemma 2.1.3.
(1): If (λt, H), (µt, K) ∈ PHameo(M,ω), then the composition of the pairs, (λt◦µt, H#K),

and the inverse flow ((λt)−1, H) are also in PHameo(M,ω) [36]. Since λt = µt = Idt, we have
H#K = H +K,H = −H.

(2): This is clear from the definition of H0 and of Hst
0 .

(3): If φtG is a smooth Hamiltonian flow generated by G, then its reparameterized flow

φ
α(t)
G is generated by L(t, x) = α′(t)G(α(t), x). If we assume that H ∈ H0, then there

exists a sequence Hi(t, x) of smooth Hamiltonians, such that we have (C0) limφtHi = Idt,

and (L(1,∞)) limHi = H. Then the reparameterized flows φ
α(t)
Hi

are generated by Ki(t, x) =
α′(t)Hi(α(t), x). It is clear, that

(C0) limφtKi = (C0) limφ
α(t)
Hi

= Idt,

and also

(L(1,∞)) limKi(t, x) = (L(1,∞)) limα′(t)Hi(α(t), x) = α′(t)H(α(t), x).

Therefore K(t, x) = α′(t)H(α(t), x) ∈ H0.
(4): This follows from the previous results. Suppose H ∈ Hst

0 with the Hamiltonian
flow φt. For any 0 < a < 1, apply (3) with α(t) = at to obtain that aH ∈ H0 and hence
aH ∈ Hst

0 . Then, the case of general a ∈ R follows from (1).
(5): In the smooth case, if H generates the Hamiltonian flow φt, then ψ∗H generates the

Hamiltonian flow ψ−1φtψ. This property extends to topological Hamiltonian flows [36], and
hence the result follows.
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Proof of Lemma 2.1.4. Consider a Cauchy sequence Ki ∈ C∞0 ([0, 1]×M), i = 1, 2, ..., repre-
senting H. By passing to a subsequence, if necessary, we may assume that ‖Ki+1−Ki‖(1,∞) <
1
2i

for i > 1. Denote f1(t) ≡ 0, and

fN(t) := ‖K2(t, ·)−K1(t, ·)‖∞ + ...+ ‖KN(t, ·)−KN−1(t, ·)‖∞,

for N ∈ N, N > 1, t ∈ [0, 1]. Then (fN) is a non-decreasing sequence of non-negative
continuous functions on the interval [0, 1], and we have a bound on the L1 norm ‖fN‖1 <∑N−1

i=1
1
2i
< 1, for N > 1. Therefore it follows that a.e. in t ∈ [0, 1] there exists a finite

limit f(t) := limN→∞ fN(t), and we have f ∈ L1[0, 1] and limN→∞ ‖f − fN‖1 = 0. Since
a.e. in t ∈ [0, 1], the sequence (fN(t))N=1,2,... converges, and we have fN(t) − fM(t) >
‖KN(t, ·)−KM(t, ·)‖∞ for any N > M , it follows that for almost any t ∈ [0, 1], the sequence
(KN(t, ·))N=1,2,... is a Cauchy sequence with respect to the L∞ norm. Therefore for almost
any t ∈ [0, 1], there exists

H(t, ·) := (L∞) lim
N→∞

KN(t, ·) ∈ C0(M).

For all other t ∈ [0, 1], define H(t, ·) ≡ 0. Now, for any N > M and t ∈ [0, 1] we have
fN(t) − fM(t) > ‖KN(t, ·) − KM(t, ·)‖∞, and for almost any t ∈ [0, 1] we have H(t, ·) =
(L∞) limN→∞KN(t, ·), hence by taking N → ∞, for almost any t ∈ [0, 1] we obtain f(t) −
fM(t) > ‖H(t, ·) − KM(t, ·)‖∞, for M ∈ N. Finally, since f(t) = (L1) limM→∞ fM(t), we
obtain limM→∞ ‖H −KM‖(1,∞) = 0.

For any other Cauchy sequence Hi ∈ C∞0 ([0, 1] ×M), i = 1, 2, ..., representing H, we
have

‖H −Hi‖(1,∞) 6 ‖H −Ki‖(1,∞) + ‖Ki −Hi‖(1,∞)

for any i ∈ N, and hence we also have limi→∞ ‖H −Hi‖(1,∞) = 0.
The second part of the theorem is a reformulation of Lebesgue’s differentiation theo-

rem [16] for L1 maps from [0,1] to the Banach space C0(M). Consider any Cauchy sequence
Hi ∈ C∞0 ([0, 1] ×M), i = 1, 2, ..., that represents H. The functions Hi are continuous and
hence they satisfy

lim
h→0+

1

h

∫ t+h

t

‖Hi(s, ·)−Hi(t, ·)‖∞ds = 0

for all t ∈ [0, 1).
Denote Fi = H −Hi. Then for t ∈ [0, 1) we have

lim sup
h→0+

1

h

∫ t+h

t

‖H(s, ·)−H(t, ·)‖∞ds

6

(
lim sup
h→0+

1

h

∫ t+h

t

‖Fi(s, ·)− Fi(t, ·)‖∞ds
)

+

(
lim sup
h→0+

1

h

∫ t+h

t

‖Hi(s, ·)−Hi(t, ·)‖∞ds
)

= lim sup
h→0+

1

h

∫ t+h

t

‖Fi(s, ·)− Fi(t, ·)‖∞ds
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6 lim sup
h→0+

1

h

∫ t+h

t

‖Fi(s, ·)‖∞ + ‖Fi(t, ·)‖∞ds

= ‖Fi(t, ·)‖∞ + lim sup
h→0+

1

h

∫ t+h

t

‖Fi(s, ·)‖∞ds.

Denote fi(t) := ‖Fi(t, ·)‖∞, we have fi ∈ L1([0, 1]). By the standard Lebesgue differentiation
theorem [16], for any i, we have

lim
h→0+

1

h

∫ t+h

t

fi(s)ds = fi(t),

or

lim
h→0+

1

h

∫ t+h

t

‖Fi(s, ·)‖∞ds = ‖Fi(t, ·)‖∞

for almost every t ∈ [0, 1). Therefore for any i we have

lim sup
h→0+

1

h

∫ t+h

t

‖H(s, ·)−H(t, ·)‖∞ds 6 2fi(t) = 2‖Fi(t, ·)‖∞

for almost every t ∈ [0, 1).

The sequence of functions, fi(t), L
1 converges to zero. Every L1 converging sequence

has a subsequence that converges almost everywhere. Hence, by passing to a subsequence
we may assume fi(t) converges to zero for almost every t ∈ [0, 1).

Proof of Lemma 2.1.5. Because of Lemma 2.1.4, H can be represented by a function H :
[0, 1]×M → R, such that for any t ∈ [0, 1), the function H(t, ·) ∈ C0(M) is continuous, and
moreover for almost any t ∈ [0, 1) we have

lim
h→0+

1

h

∫ t+h

t

‖H(s, ·)−H(t, ·)‖∞ds = 0.

Consider such a value of t ∈ [0, 1). Take N ∈ N large enough. Applying Lemma 2.1.3,
(3) for α(s) = t + s

N
, we obtain a Hamiltonian GN(s, x) = 1

N
H(t + s

N
, x) ∈ H0. Applying

Lemma 2.1.3, (1), we get HN(s, x) = NGN(s, x) = H(t+ s
N
, x) ∈ H0. Denote h(x) = H(t, x)

for x ∈M . We have∫ 1

0

‖HN(s, ·)− h(·)‖∞ds = N

∫ t+ 1
N

t

‖H(τ, ·)−H(t, ·)‖∞dτ →N→∞ 0,

where we made the substitution τ = t+ s
N

. Therefore, because of Lemma 2.1.3, (2), we have
h ∈ H0, and being time-independent, h ∈ Hst

0 .
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Proof of Lemma 2.1.6. Let H ∈ Hst
0 , and assume, for a contradiction, that H is a non-zero

function. We will show this would imply the existence of a non-zero function h(x) ∈ Hst
0 ∩

C∞(M). First, there exists a point in M such that H is not constant in any neighborhood of
it (otherwise H is locally constant, and since M is connected, H is a constant function). Take
such a point x0, and consider an open neighborhood x0 ∈ U , such that U  M is moreover
a Darboux chart. Take y0 ∈ U , such that H(x0) 6= H(y0). There exists φ ∈ HamU(M,ω),
such that φ(x0) = y0. Define K = H ◦ φ − H. Then K ∈ Hst

0 , because of Lemma 2.1.3
(4), (5). Moreover K is a non-zero function, and supp(K) ⊂ U . Consider the L∞ - closure
L of the linear span of all functions of the form φ∗K, where φ ∈ HamU(M,ω). In view of
Lemma 2.1.3 (2), (4), (5), we have L ⊂ Hst

0 . Let us show, that L contains a non-constant
smooth function. Since U is a Darboux neighborhood, and the latter statement has a local
nature, we can further assume, that U ⊂ (R2n, ωstd), and moreover we have K : U → R
with K 6= 0, and moreover K = 0 near ∂U . Extend K as a function K : R2n → R by 0
outside U . In this new situation, where we replaced the manifold M by R2n, we keep the
notation L for the L∞ - closure of the linear span of all functions of the form φ∗K, where
φ ∈ HamU(R2n, ωstd). For v ∈ R2n, we denote Kv(x) = K(x−v). Let us show, that when the
norm ‖v‖ is small enough, we have Kv ∈ L. Take a neighborhood W of supp(K), such that
W ⊂ U . Pick a function φ : R2n → R, such that supp(φ) ⊂ U and moreover φ ≡ 1 on W .
For any v ∈ R2n define a Hamiltonian Gv : R2n → R as Gv(x) = ωstd(v, x)φ(x) for x ∈ R2n.
Then, for small ‖v‖, the time one map of its Hamiltonian flow coincides on supp(K) with
the translation x 7→ x+ v. Therefore we will have Kv =

(
φ−1
Gv

)∗
K, and hence Kv ∈ L. Here

we denote by φtGv the Hamiltonian flow of Gv, for t ∈ R.
Therefore we have shown, that Kv ∈ L for small ‖v‖. As a conclusion, we have that

for a smooth function χ with support lying in a sufficiently small neighborhood of 0, we
have that the convolution K ∗ χ lies in L as well. We see this from the fact, that K ∗ χ
is an L∞ limit of a sequence of finite sums

∑m
k=1 ckKvk , coming from the approximation of

the Riemann integral by Riemann sums (for the sake of completeness, we provide a detailed
proof of a slightly more general fact in Lemma 2.2.1 below). But of course, the function
K ∗χ is smooth, provided that the function χ is smooth. Moreover, K is a non-zero function
on U . Choose a sequence χk of smooth mollifiers approximating the δ0 - function, having
sufficiently small supports. Then, we have K ∗ χk → K in the L∞ topology, and hence the
function K ∗ χk is a non-zero function too when k is large. This shows that L contains a
non-zero smooth function. Therefore we conclude that the space Hst

0 ∩ C∞(M) contains a
non-zero smooth function, which contradicts Lemma 2.1.2.

Lemma 2.2.1. Let f, g : Rd → R be two functions, where g ∈ L1(Rd) has compact sup-
port, and f ∈ Cc(Rd) is continuous with compact support. Then, there exists a sequence of
measures µk =

∑Nk
j=1 ckjδvkj , where ckj ∈ R, and vkj ∈ Rd, such that

f ∗ g = (L∞) lim
k→∞

f ∗ µk = (L∞) lim
k→∞

Nk∑
j=1

ckjf(x− vkj).
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Moreover, if for some open set V ⊂ Rd we have supp(g) ⊂ V , then one can choose the
measures µk to satisfy supp(µk) ⊂ V .

Here, by the L∞ norm on Cc(Rd) we mean

‖h‖∞ = max
x∈Rd
|h(x)|.

Proof. Given a measure µ we denote by ‖µ‖ its total variation. Recall that if µ is abso-
lutely continuous (with respect to the Liouville measure), then the total variation norm of
µ coincides with the L1 norm of its Radon-Nikodym derivative. First of all, the function
g can be approximated, up to any precision in L1 norm, by a function of the form µ ∗ ψ,
where µ is a measure of the form µ =

∑N
j=1 cjδvj , ψ = 1

V ol(Kε)
χKε , Kε = [0, ε]n is a cube,

and χKε is the characteristic function of Kε. Moreover, we require ε to be arbitrarily small,
‖µ‖ =

∑N
j=1 |cj| 6 ‖g‖L1 + 1, and supp(µ) ⊂ V . Observe that g can be approximated in

L1(Rd), up to any precision, by a continuous function with support lying in V , and any
continuous function h : Rd → R with supp(h) ⊂ V can be approximated in L1(Rd) by µ ∗ψ,
where ψ = 1

V ol(Kε)
χKε , and

µ =
∑
α∈εZn

V ol(Kε)h(α)δα.

Note that ‖µ‖ → ‖h‖L1 , as ε→ 0, and supp(µ) ⊂ V for small ε.
Therefore, there exists a sequence of measures µk =

∑Nk
j=1 ckjδvkj , and functions ψk =

1
V ol(Kεk )

χKεk , such that

g = (L1) lim
k→∞

µk ∗ ψk,

lim
k→∞

εk = 0,

‖µk‖ is uniformly bounded in k, and supp(µk) ⊂ V for all k ∈ N. We have

f ∗ µk − f ∗ g = (f ∗ µk − f ∗ µk ∗ ψk) + (f ∗ µk ∗ ψk − f ∗ g)

= (f ∗ µk − f ∗ ψk ∗ µk) + (f ∗ µk ∗ ψk − f ∗ g)

= (f − f ∗ ψk) ∗ µk + f ∗ (µk ∗ ψk − g).

Therefore, we have

‖f ∗ µk − f ∗ g‖∞ 6 ‖f − f ∗ ψk‖∞‖µk‖+ ‖f‖∞‖µk ∗ ψk − g‖L1 .

Note that ψk > 0,
∫
ψk = 1, and supp(ψk) converges to 0, as k → ∞ (i.e., they are

contained in any chosen neighborhood of 0, for large k). These properties imply that
limk→∞ ‖f−f ∗ψk‖∞ = 0. Moreover, ‖µk‖ is a bounded sequence; hence, ‖f−f ∗ψk‖∞‖µk‖
converges to 0, as k →∞. Also, we know that

lim
k→∞
‖µk ∗ ψk − g‖L1 = 0.

We conclude that limk→∞ ‖f ∗ µk − f ∗ g‖∞ = 0.
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Proof of Theorem 2.1.1. Assume thatH ∈ L(1,∞)
0 ([0, 1]×M), such that (Idt, H) ∈ PHameo(M,ω).

Then H ∈ H0, and Lemma 2.1.5 implies that for almost any t ∈ [0, 1], the time-independent
Hamiltonian h(x) = H(x, t) lies inside Hst

0 . Then, for such values of t, the function H(·, t)
is zero, by Lemma 2.1.6. Therefore H = 0 in L

(1,∞)
0 ([0, 1]×M).

2.3 Local uniqueness

In this section we present a generalization, to the L(1,∞) case, of Theorem 1.3 from [33]. As an
application we give an example of a continuous function which fails to be a generator of any
continuous Hamiltonian flow. As another application, we give an example of a continuous
flow, which is a C0 limit of smooth Hamiltonian flows, but is not a continuous Hamiltonian
flow.

Local uniqueness for L(1,∞) Hamiltonians

The uniqueness result from Theorem 2.1.1 admits a generalization, which is a local analog
of it. The following result holds.

Theorem 2.3.1. Suppose that we have H ∈ L
(1,∞)
0 ([0, 1] ×M) and a continuous flow φt

on M , such that (φt, H) ∈ PHameo(M,ω). Assume in addition, that the flow φt equals to
the identity flow on some open subset U ⊂ M , i.e. for any x ∈ U and t ∈ [0, 1] we have
φt(x) = x. Then for almost all t ∈ [0, 1], the restriction H(t, ·)|U is a constant function.

Proof of Theorem 2.3.1. Let ψ ∈ HamU(M,ω). Then we have ψ−1 ◦ φt ◦ ψ = φt for any
t ∈ [0, 1]. On the other hand, the Hamiltonian function of the flow ψ−1 ◦ φt ◦ ψ equals to
ψ∗H, while the Hamiltonian function of the flow ψt equals H. We can apply the uniqueness
result for the Hamiltonian function, corresponding to a continuous Hamiltonian flow, which
follows from Theorem 2.1.1. We conclude that H(t, ψ(x)) = H(t, x) in L

(1,∞)
0 ([0, 1] ×M),

for any ψ ∈ HamU(M,ω). Let us derive the result of the theorem from this. Choose a dense
countable subset of U , X = {x0, x1, x2...} ⊂ U . For every i ∈ N pick some ψi ∈ HamU(M,ω)
satisfying ψi(x0) = xi. Then for each i ∈ N there exists a zero-measurable set Si ⊂ [0, 1],
such that H(t, ψi(x)) = H(t, x) for any t /∈ Si and x ∈ M . In particular H(t, xi) = H(t, x0)
for any t /∈ Si. Denote S =

⋃∞
i=1 Si. Then S ⊂ [0, 1] is of measure 0, and moreover we have

H(t, xi) = H(t, x0) for any t /∈ S. Fix arbitrary t /∈ S. The function H(t, ·) is continuous
on M , and we have H(t, x) = H(t, x0) for any x ∈ X, while X ⊂ U is a dense subset. We
conclude that H(t, ·)|U = const for any t /∈ S.

Local uniqueness for continuous Hamiltonian flows

Theorem 2.3.2.
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1. Let H ∈ L
(1,∞)
0 ([0, 1] × M) be a Hamiltonian function that generates a continuous

Hamiltonian flow φtH . Let U ⊂ M be an open subset. Assume that for almost all
t ∈ [0, 1], the restriction H(t, ·)|U is a constant function, say c(t). Then φtH(x) = x for
any x ∈ U , t ∈ [0, 1].

2. Let H,K ∈ L(1,∞)
0 ([0, 1]×M) be two Hamiltonian functions, that generate continuous

Hamiltonian flows φtH , φ
t
K. Let U ⊂ M be an open subset. Assume that for any

t ∈ [0, 1] we have H(t, x) = K(t, x) ∀x ∈ φtH(U). Then we have φtH(x) = φtK(x) for
any x ∈ U , t ∈ [0, 1].

The proof of Theorem 2.3.2 (1) is similar to the proof of Theorem 3.1 from [33].

Proof of Theorem 2.3.2.
(1): We know that there exists a sequence of smooth Hamiltonians Hi, L

(1,∞) converging
to H, whose flows φtHi C

0 converge to φtH . For a given point x ∈ U , pick a neighborhood of
it V which is compactly contained in U , and take a smooth cut off function β such that the
support of β is contained in U , and β = 1 on V. For any i ∈ N, for any t ∈ [0, 1], define

ci(t) =

∫
U
Hi(t, x)ωn∫
U
ωn

,

di(t) =

∫
M
β(x)(Hi(t, x)− ci(t))ωn∫

M
ωn

,

and then define new smooth normalized Hamiltonians

Gi(t, x) = β(x)(Hi(t, x)− ci(t))− di(t).

Then Gi(t, x) = Hi(t, x) − ci(t) − di(t) on V . It is easy to see that (L(1,∞)) limGi = 0.
Assume for a contradiction, that for some t ∈ [0, 1] we have φtH(x) 6= x. Then we can find
some 0 < T 6 1 such that φTH(x) 6= x and moreover φtH(x) ∈ V for all t ∈ [0, T ]. Therefore,
since (C0) limφtHi = φtH , there exists a small enough open neighborhood W of x, x ∈ W ⊂ V ,
such that φTHi(W )∩W = ∅ and moreover φtHi(W ) ⊂ V for all t ∈ [0, T ], for sufficiently large
i. Because Gi(t, x) = Hi(t, x) − ci(t) − di(t) on all of V , we have φTGi(W ) ∩W = ∅ as well,
for i large enough. Then the energy-capacity inequality implies that ‖Gi‖(1,∞) is bounded
from below by the displacement energy of W , which is known to be positive. But we know
that Gi L

(1,∞)-converges to 0, and this is a contradiction.
(2): Consider the flow (φtH)−1◦φtK . This flow is generated by the HamiltonianH#K(t, x) =

−H(t, φtH(x)) +K(t, φtH(x)). By our assumption, this Hamiltonian is zero on U . Therefore,
by (1) we obtain (φtH)−1 ◦ φtK(x) = x, and hence, φtH(x) = φtK(x) for any x ∈ U , t ∈ [0, 1].
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Example of a non-generator

We will now construct an example of a continuous function which does not generate a
continuous Hamiltonian flow. Let (M,ω) be a closed symplectic manifold. Consider some
Darboux chart W ⊂M , endowed with symplectic coordinates (x1, y1, ..., xn, yn), and assume
for simplicity that

0 = (0, 0, ..., 0, 0) ∈ W.

Take any continuous function K : M → R, such that for every point

(x1, y1, ..., xn, yn) ∈ W,

sufficiently close to 0 ∈ W , we have K(x1, y1, ..., xn, yn) = |x1|. Let us show that such a
function does not generate a continuous Hamiltonian flow. Assume for a contradiction, that
K generates a continuous Hamiltonian flow φtK on M . There exists ε > 0, such that we have
(x1, y1, ..., xn, yn) ∈ W and

K(x1, y1, ..., xn, yn) = |x1|,

provided |xi|, |yi| 6 ε, i = 1, 2, ..., n. Consider any smooth function φ : M → R supported in
W , such that φ(x) = 1 for x = (x1, y1, ..., xn, yn) ∈ W with |xi|, |yi| 6 ε, i = 1, 2, ..., n.

Define H1 : M → R as H1(x) = x1φ(x), for x = (x1, y1, ..., xn, yn) ∈ W , and as H1(x) = 0
for x ∈ M \ W . Define U1 ⊂ W to be the set of all (x1, y1, ..., xn, yn) ∈ W , such that
0 < x1 < ε, |y1| < ε

2
, and |xi|, |yi| < ε for i = 2, 3, ..., n. Apply Theorem 2.3.2 (2), to

H1, K, U1 in the time interval [0, ε
2
] (of course, the time interval [0,1] in Theorem 2.3.2 can

be replaced by any other time interval). We conclude that

φtK(x1, y1, ..., xn, yn) = φtH1
(x1, y1, ..., xn, yn) = (x1, y1 − t, ..., xn, yn)

for any 0 6 t 6 ε
2
, for any (x1, y1, ..., xn, yn) ∈ W , provided 0 < x1 < ε, |y1| < ε

2
, |xi|, |yi| < ε

for i = 2, 3, ..., n.
Now define H2 : M → R as H2(x) = −H1(x), and let U2 ⊂ W be the set of all

(x1, y1, ..., xn, yn) ∈ W , such that −ε < x1 < 0, |y1| < ε
2
, and |xi|, |yi| < ε for i = 2, 3, ..., n.

Applying Theorem 2.3.2 (2), to H2, K, U2 in the time interval [0, ε
2
], in a similar way we

obtain
φtK(x1, y1, ..., xn, yn) = φtH2

(x1, y1, ..., xn, yn) = (x1, y1 + t, ..., xn, yn)

for any 0 6 t 6 ε
2
, for any (x1, y1, ..., xn, yn) ∈ W , provided −ε < x1 < 0, |y1| < ε

2
,

|xi|, |yi| < ε for i = 2, 3, ..., n.
Clearly, such flow φtK is not continuous, and we come to a contradiction.

Example of a non-flow

In this section, for any closed symplectic manifold (M2n, ω), we construct a continuous flow
of homeomorphisms, i.e. a continuous path in the group Homeo(M,ω), which is a C0 limit
of smooth Hamiltonian flows, but is not a continuous Hamiltonian flow. This flow fails to
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be a continuous Hamiltonian flow, because there exist no H ∈ L(1,∞)
0 ([0, 1]×M) generating

the flow.
The following example is a generalization of the one considered by Oh and Müller (see [36],

and [29] Section 2.4.1). Let (M2n, ω) be a closed 2n-dimensional symplectic manifold. Con-
sider a smooth symplectic embedding of a small ball i : (B2n(a), ωstd) ↪→ (M,ω), and denote
V = i(B2n(a)). Consider the Darboux coordinates (x1, y1, ..., xn, yn) on V coming from
B2n(a). For a smooth function h : (0, a) → R, which is zero near a, define a Hamiltonian
H : M \ {i(0)} → R, such that for x = (x1, y1, ..., xn, yn) ∈ V we have H(x) = h(r) where
r =

√
x2

1 + y2
1 + ...+ x2

n + y2
n, and for x ∈ M \ V we have H(x) = 0. Then H has a well

defined smooth Hamiltonian flow φt : M \ {i(0)} → M \ {i(0)}, and we can extend φt to a
continuous flow on M , by setting φt(i(0)) = i(0). Moreover, in the case when h(r) = 0 for
small r, the flow φt is Hamiltonian, where the (un-normalized) Hamiltonian function equals
H on M \ {i(0)}, and equals 0 at i(0). We say that φt is the rotation associated to h.

Now, consider a smooth function f : (0, a) → R, such that f(r) = 1
r

for r ∈ (0, a
3
), and

also f(r) = 0 for r ∈ (2a
3
, a). Let ψt : M → M be the rotation, associated to f . Then

the flow ψt is a C0-limit of smooth Hamiltonian flows. Indeed, take a sequence of smooth
functions fn : (0, a)→ R, such that fn(r) = 0 for r ∈ (0, 1

n
), fn(r) = f(r) for r ∈ ( 2

n
, a), and

for each n define ψtn to be the rotation associated to fn. Then ψtn is the needed sequence of
smooth Hamiltonian flows.

Assume, for a contradiction, that the continuous flow ψt is in fact a continuous Hamilto-
nian flow. Then denote byH(t, x) its Hamiltonian function. Take fn, ψtn as above, and denote
by Hn(x) the normalized Hamiltonian function of ψtn. We obtain that the flow (ψtn)−1 ◦ψt is
generated by Kn(t, x) = −Hn(ψtn(x)) +H(t, ψtn(x)). Moreover, we have (ψtn)−1 ◦ψt = Idt on

Vn :=

{
x = (x1, y1, ..., xn, yn) ∈ V

∣∣∣ r =
√
x2

1 + y2
1 + ...+ x2

n + y2
n >

2

n

}
.

Then, from Theorem 2.3.1 we have Kn(t, x) = −Hn(ψtn(x)) +H(t, ψtn(x)) = cn(t) for almost
all t, for x ∈ Vn. Since ψtn(Vn) = Vn, we get H(t, x) = Hn(x) + cn(t) for almost all t,
for x ∈ Vn. This immediately implies that for almost any fixed t, the function H(t, ·) is
unbounded, and we come to a contradiction.

2.4 C0 rigidity of Hamiltonian isotopies

Observe that Theorem 1.3.1 says that if φtH ∈ PHameo(M) happens to be smooth then it
is a smooth Hamiltonian path and H is its (smooth) Hamiltonian.

We will need the following lemma:

Lemma 2.4.1. Let φtH , t ∈ [0, 1], denote a continuous Hamiltonian flow. For each fixed
s ∈ [0, 1), φtK := φt+sH ◦ (φsH)−1 : [0, 1− s]×M → M, is a continuous Hamiltonian flow with
generator K(t, x) : [0, 1 − s] ×M → R, where K(t, x) := H(t + s, x). Note that φtK is a
continuous Hamiltonian flow defined on the interval [0, 1− s].
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Proof. Fix s ∈ [0, 1). We must show that there exist Hamiltonians Ki : [0, 1− s]×M → R
such that (L(1,∞)) limKi = K and (C0) limφtKi = φtK .

We know that φtH is a continuous Hamiltonian flow. Hence, there exists a sequence of
smooth Hamiltonians Hi : [0, 1]×M → R such that (L(1,∞)) limHi = H and (C0) limφtHi =
φtH . Let φtKi := φt+sHi

◦ (φsHi)
−1 : [0, 1 − s] ×M → M . The smooth Hamiltonian path φtKi is

generated by the Hamiltonian Ki(t, x) := Hi(t + s, x) : [0, 1 − s] ×M → R. Now, the fact
that (C0) limφtHi = φtH implies that (C0) limφtKi = φtK and the fact that (L(1,∞)) limHi = H

implies that (L(1,∞)) limKi = K.

Theorem 2.4.1. Let φtH , t ∈ [0, 1], denote a continuous Hamiltonian flow. If φtH is smooth
then it is a smooth Hamiltonian path.

Proof. Let X denote the time dependent vector field obtained by differentiating φtH with
respect to time, i.e. Xt(φ

t
H(x)) = d

dt
φtH(x). Let αt = ω(Xt, ·). We know, by the Gromov-

Eliashberg C0-rigidity theorem , that φtH is a symplectic isotopy and hence X is a symplectic
vector field, i.e. αt is a closed one form ∀t ∈ [0, 1]. We will break the proof down to several
steps.

Step 1: For every point p ∈M there exist a neighborhood of it Wp, a time period [0, Tp] ⊂
[0, 1], and a smooth function G : [0, 1]×M → R such that:

1. αt|Wp = dG(t, ·)|Wp for all t ∈ [0, Tp].

2. H(t, ·)|Wp = G(t, ·)|Wp + c(t) for almost every t ∈ [0, Tp], where c(t) is a L1 function of
t.

Proof of Step 1: Take any point p ∈M . Because αt is closed, there exists a smooth function
G : [0, 1]×M → R and a neighborhood U of the point p such that αt|U = dG(t, ·)|U . Because
the family of one forms αt varies smoothly with t, we can pick the function G so that it is
smooth in t.

Let φtG denote the Hamiltonian flow of G. Clearly, the vector field of φtG coincides with
X on U . Hence, the two flows φtH and φtG coincide on a neighborhood of p, say Vp, for a
short time period. In other words, ∃rp ∈ (0, 1] (depending on p) and ∃Vp ⊂ U such that

φtH(x) = φtG(x), ∀x ∈ Vp and ∀t ∈ [0, rp].

The composition (φtG)−1 ◦ φtH is a continuous Hamiltonian flow and it is generated by
−G(t, φtG(x)) + H(t, φtG(x)). Clearly, (φtG)−1 ◦ φtH(x) = x ∀x ∈ Vp and ∀t ∈ [0, rp]. Thus,
Theorem 2.3.1 implies that

H(t, φtG(x)) = G(t, φtG(x)) + c(t) ∀x ∈ Vp , and ∀t ∈ [0, rp], (2.1)

where c(t) is that it is a L1 function of t. Now, there exists a small neighborhood of p, say
Wp ⊂ Vp, such that (φtG)−1(Wp) ⊂ Vp for a short period of time, say Tp. We may assume
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that Tp ≤ rp. For any point x ∈ Wp, we know that (φtG)−1(x) ∈ Vp for all t ∈ [0, Tp]. Hence
by (2.1), H(t, x) = G(t, x) + c(t) for all x ∈ Wp and almost every t ∈ [0, Tp].

Step 2: There exist a finite cover {Wi}i=ki=1 of M , smooth functions {Gi : [0, 1]×M → R}i=ki=1

and T ∈ [0, 1] such that:

1. αt|Wi
= dGi(t, ·)|Wi

for all t ∈ [0, T ].

2. H(t, ·)|Wi
= Gi(t, ·)|Wi

+ ci(t) for every t ∈ [0, T ] \ A, where ci(t) is a L1 function of t
and A is a measure zero subset of [0, T ].

Proof of Step 2: Let {Wp : p ∈ M} denote the collection of sets obtained in Step 1.
By compactness of M we can pick a finite subcover {Wi}i=ki=1 with associated time intervals
[0, Ti] and functions Gi. Let T = mini{Ti}. Then it is clear that αt|Wi

= dGi(t, ·)|Wi
for all

t ∈ [0, T ]. Now, for each i there exists a set Ai of measure zero such that for all t ∈ [0, T ]\Ai
we have H(t, ·)|Wi

= Gi(t, ·)|Wi
+ ci(t). Let A =

⋃k
i=1Ai. Then A has measure zero and for

every t ∈ [0, T ] \ A we have H(t, ·)|Wi
= Gi(t, ·)|Wi

+ ci(t). Note that for all t ∈ [0, T ] \ A,
and hence for almost every t ∈ [0, T ], the function H(t, ·) : M → R is smooth on M .

Step 3: For almost every t ∈ [0, T ] the one form αt is exact.
Proof of Step 3: By Step 2, αt|Wi

= dGi(t, ·)|Wi
∀t ∈ [0, T ] and H(t, x)|Wi

= Gi(t, x)|Wi
+

ci(t) for every t ∈ [0, T ] \ A. Clearly, this implies that αt|Wi
= dH(t, ·)|Wi

for every t ∈
[0, T ] \A. Because the sets Wi cover M we conclude that αt is exact for every t ∈ [0, T ] \A.

Step 4: For every t ∈ [0, T ] the one form αt is exact. Hence, the smooth isotopy φtH 0 ≤
t ≤ T is a smooth Hamiltonian path.
Proof of Step 4: Let γ : S1 → M denote a smooth loop. Let f(t) :=

∫
γ
αt. Then, f(t) is

a smooth function of t because the family of one forms αt depends smoothly on t. Now, αt
is exact for almost every t ∈ [0, T ], hence f(t) = 0 for almost every t ∈ [0, T ]. Smoothness
of f implies that f(t) = 0 for every t ∈ [0, T ]. Therefore, for every t ∈ [0, T ] and any loop γ
in M

∫
γ
α(t) = 0, which means that αt is exact for every t ∈ [0, T ].

The above implies that for each t ∈ [0, T ] there exists a smooth function F (t, ·) : M → R
such that αt = dF (t, ·). The functions F (t, ·) can be picked such that they depend smoothly
on t. This, by definition, means that the isotopy φtH 0 ≤ t ≤ T is a smooth Hamiltonian
path, and in fact by the uniqueness theorem F = H in L(1,∞)([0, T ]×M).

Step 5: The smooth isotopy φtH 0 ≤ t ≤ 1 is a smooth Hamiltonian path.
Proof of Step 5: Let s = sup{r ∈ [0, 1] : φtH ∈ Ham(M) ∀t ∈ [0, r]}. By Step 4, s ≥ T
and hence s is positive. First, note that φsH is Hamiltonian. This is because φtH ∈ Ham(M)
for all t ∈ [0, s) which means that αt is exact for all t ∈ [0, s). The argument used in Step 4
shows that αs is exact.

If s = 1 we are done. For a contradiction, assume s < 1. Let φtHs := φt+sH ◦ (φsH)−1 :
[0, 1 − s] ×M → M . By lemma 2.4.1, φtHs is a topological Hamiltonian path (defined on
[0, 1-s]) and it is generated by Hs(t, x) = H(t + s, x). Now, φtHs is a smooth topological
Hamiltonian path. Hence, by Steps 1 to 4 we can conclude that there exists T ′ ∈ [0, 1 − s]
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such φtHs ∈ Ham(M) for all t ∈ [0, T ′]. Clearly, this implies that φt+sH ∈ Ham(M) for all
t ∈ [0, T ′]. Thus, s = sup{r ∈ [0, 1] : φtH ∈ Ham(M) ∀t ∈ [0, r]} ≥ T ′ + s which is a
contradiction. Hence, s = 1 and we are done.

Proof. (Proof of Theorem 1.3.1) It is clear that φt is a continuous Hamiltonian flow generated,
in the sense of [36], by H. Since φt is smooth the previous theorem implies that it is a smooth
Hamiltonian path generated, in the usual sense, by a smooth Hamiltonian F . Theorem 2.1.1
on uniqueness of generators implies that H = F as L(1,∞) functions.
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Chapter 3

C0-limits of Hamiltonian paths and
the Oh-Schwarz spectral invariants

The main goal of this chapter is to present proofs for the results announced in Section 1.4.
These results first appeared in [43].

3.1 Proof of the C0-spectral estimate

The main goal of this section is to prove Theorem 1.4.1.
Recall that we say U ⊂M is ε-shiftable if there exists a Hamiltonian diffeomorphism, φ,

such that d(p, φ(p)) ≥ ε ∀p ∈ U ; see Definition 1.4.2.

Remark 3.1.1. An ε-shiftable set is not necessarily displaceable. However, every compact
displaceable set is ε-shiftable for a sufficiently small ε. It was pointed out to the author by
the referee of [43] that there exist displaceable sets which can not be ε-shifted for any ε. For
example, a countable dense subset of S2 can be displaceable but can not be ε-shifted because
otherwise we would obtain a Hamiltonian diffeomorphism of S2 without any fixed points.

The support of a time dependent Hamiltonian is defined by Supp(H) = ∪t∈[0,1]supp(Ht).
The following theorem is the main reason for the introduction of Definition 1.4.2.

Theorem 3.1.1. Suppose that the support of a Hamiltonian H can be ε-shifted by ψ ∈
Ham(M). If dpathC0 (Id, φtH) < ε, then

|ρ(H; 1)| < ‖ψ‖γ.

We will now prove Theorem 1.4.1, using the above statement. Recall that Theorem 1.4.1
states: Suppose H,G ∈ C∞c ([0, 1]× (M \B)). There exist constants C, δ > 0 (depending on

B) such that if dpathC0 (φtG, φ
t
H) < δ, then

|ρ(G; a)− ρ(H; a)| ≤ C dpathC0 (φtG, φ
t
H).
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Proof. (Theorem 1.4.1)
We will prove the result in two steps.
Step 1. Suppose φtG = Id, a = 1.
We have to show that there exist constants C and δ > 0 such that if dpathC0 (Id, φtH) < δ

then

|ρ(H; 1)| ≤ C dpathC0 (Id, φtH). (3.1)

To establish (3.1), pick a Morse function K with all its critical points contained in B,
and denote by XK the Hamiltonian vector field of K. XK is non-vanishing on the compact
set M \B. Let C1 := inf{‖XK(x)‖ : x ∈M \B}. Using the compactness of M \B, one can
show that there exists a sufficiently small r > 0, such that for each s ∈ [0, r] the Hamiltonian
diffeomorphism φsK

C1s
2

-shifts the set M \B.

Take H ∈ C∞c ([0, 1] × (M \ B)) such that dpathC0 (Id, φtH) < C1r
2

. Then, by the previous

paragraph, for s ∈ ( 2
C1
dpathC0 (Id, φtH), r] the Hamiltonian diffeomorphism φsK

C1s
2

-shifts the

support of H. Also, note that dpathC0 (Id, φtH) < C1s
2

. Therefore, Theorem 3.1.1 implies that

|ρ(H; 1)| < ‖φsK‖γ.

Because ‖φsK‖γ ≤ ‖sK‖(1,∞) = s‖K‖(1,∞) we have

|ρ(H; 1)| < s‖K‖(1,∞).

Since the above inequality holds for s ∈ ( 2
C1
dpathC0 (Id, φtH), r], we get that

|ρ(H; 1)| ≤ 2

C1

dpathC0 (Id, φtH)‖K‖(1,∞).

The estimate (3.1) follows, with C := 2
C1
‖K‖(1,∞) and δ := C1r

2
.

Step 2. No assumptions on φtG or a.
We use the constants δ and C from the first step. Recall that by definition dpathC0 (φtG, φ

t
H) =

dpathC0 (Id, φ−tG φ
t
H). If dpathC0 (φtG, φ

t
H) < δ, then it follows from the first step that

ρ(Ḡ#H; 1) ≤ CdpathC0 (φtG, φ
t
H).

By the triangle inequality for spectral invariants we have ρ(H; a)−ρ(G; a) ≤ ρ(Ḡ#H; 1).
Hence, we get

ρ(H; a)− ρ(G; a) ≤ CdpathC0 (φtG, φ
t
H).

Similarly, we get ρ(G; a) − ρ(H; a) ≤ CdpathC0 (φtH , φ
t
G), which combined with the previous

inequality implies the result.

We will now provide a proof for Theorem 3.1.1.
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Proof. (Theorem 3.1.1) Observe that it is sufficient to show that the assumptions of the
theorem imply that

ρ(H; 1) ≤ ‖ψ‖γ.

Indeed, if the above statement holds then we get ρ(H̄; 1) ≤ ‖ψ‖γ. This is because dpathC0 (Id, φtH) =

dpathC0 (Id, φt
H̄

). By the triangle inequality we have −ρ(H; 1) ≤ ρ(H̄; 1), and thus −ρ(H; 1) ≤
‖ψ‖γ.

We may assume, by slightly C∞-perturbing ψ, if needed, that it is non-degenerate. Let
K denote a generating Hamiltonian for ψ, i.e., ψ = φ1

K .
We claim that Fix(φtHφ

1
K) = Fix(φ1

K) for each t ∈ [0, 1]. Indeed, if p ∈ Fix(φ1
K), then p

can not belong to the support of H because φ1
K moves every point in the support of H by a

distance of at least ε. Hence, for p ∈ Fix(φ1
K) we have φtHφ

1
K(p) = φtH(p) = p. This shows

that, Fix(φ1
K) ⊂ Fix(φtHφ

1
K).

To show the other containment take a point p in Fix(φtHφ
1
K). First, for a contradiction,

suppose that p ∈ Supp(H). Then d(p, φ1
K(p)) > ε > dpathC0 (Id, φtH), so φtH can not move

φ1
K(p) back to p and hence, p can not be a fixed point of φtHφ

1
K . Next, we will show

that φ1
K(p) /∈ Supp(H). If φ1

K(p) ∈ Supp(H) then φtHφ
1
K(p) ∈ Supp(H), which in turn

implies that φtHφ
1
K(p) 6= p because p /∈ Supp(H). Since φ1

K(p) /∈ Supp(H) we get that
φtHφ

1
K(p) = φ1

K(p). Thus, p ∈ Fix(φ1
K).

Note that the above argument implies that Fix(φ1
K) ∩ Supp(H) = ∅. The result then

follows from Proposition 3.1.2, stated and proven below.

The following proposition is a variation of previously obtained results by Entov-Polterovich[11],
Ostrover[38], and Usher[48]. Our proof follows the argument in [48].

Proposition 3.1.2. (See [11] Proposition 3.3, [38] Proposition 2.6, [48] Proposition 3.1)
Suppose that H, K : [0, 1]×M → R are two Hamiltonians with the following properties:

1. φ1
K is non-degenerate,

2. Fix(φtH ◦ φ1
K) = Fix(φ1

K) for each t ∈ [0, 1], and

3. Fix(φ1
K) ∩ Supp(H) = ∅.

Then,
ρ(H; 1) ≤ γ(K).

Proof. Note that the 2nd and the 3rd assumptions imply that for each t ∈ [0, 1] the Hamil-
tonian diffeomorphism φtH ◦ φ1

K coincides with φ1
K on a neighborhood of all its fixed points.

Hence, it follows, from the non-degeneracy of φ1
K , that φtH ◦ φ1

K is non-degenerate as well.
We may also assume that K is normalized because, as was mentioned earlier, γ(·) does not
distinguish between Hamiltonians that differ by a function of time.

Let H̃ denote the normalization of H. Clearly, H̃(t, x) = H(t, x) − c(t), where c(t) =∫
M H(t,x)ωn

vol(M)
.
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Let α : [0, 1
2
] → [0, 1] denote a smooth, non-decreasing map from [0, 1

2
] onto [0, 1] which

equals zero on a neighborhood of zero, and equals 1 on a neighborhood of 1
2
. Let

Ls(t, x) =

{
α
′
(t)K(α(t), x) if 0 ≤ t ≤ 1

2
;

sα
′
(t− 1

2
)H̃(sα(t− 1

2
), x) if 1

2
≤ t ≤ 1.

Then, φ1
Ls

= φs
H̃
◦φ1

K . This Hamiltonian diffeomorphism is non-degenerate by the discussion
in the first paragraph of the proof. Hence, ρ(Ls; 1) ∈ Spec(Ls), by the spectrality property
of spectral invariants.

Next, we’ll show that ρ(Ls; 1) = ρ(K; 1) +
∫ s

0
c(t)dt. Let [z, u] ∈ Crit(ALs). Then, the

second and the third assumptions imply that

z(t) =

{
φ
α(t)
K (z0) if 0 ≤ t ≤ 1

2
;

z0 if 1
2
≤ t ≤ 1.

where z0 = z(0). Thus,

ALs([z, u]) = −
∫
Ls(t, z(t))dt −

∫
u

ω

= −
∫ 1

2

0

α
′
(t)K(α(t), φ

α(t)
K (z0))dt −

∫ 1

1
2

sα
′
(t− 1

2
)H̃(sα(t− 1

2
), z0)dt −

∫
u

ω

= −
∫ 1

0

K(t, φtK(z0))dt −
∫ 1

1
2

sα
′
(t− 1

2
)c(sα(t− 1

2
), z0)dt −

∫
u

ω

= −
∫ 1

0

K(t, φtK(z0))dt −
∫
u

ω +

∫ s

0

c(t)dt

= AK([φtK(z0), u]) +

∫ s

0

c(t)dt.

So, we conclude that Spec(Ls) = Spec(K)+
∫ s

0
c(t)dt. The continuous function ρ(Ls; 1)−∫ s

0
c(t)dt (as a functions of s) takes values in the nowhere dense, measure zero set Spec(K),

and therefore it is constant, i.e., ρ(Ls; 1) = ρ(L0; 1)+
∫ s

0
c(t)dt = ρ(K; 1)+

∫ s
0
c(t)dt. Here, we

have used the homotopy invariance property of spectral invariants to conclude that ρ(L0; 1) =
ρ(K; 1).

The Hamiltonian paths φtL1
and φt

H̃#K
are homotopic rel. endpoints, and the Hamiltoni-

ans L1, H̃#K are both normalized. Thus, by the homotopy invariance property,

ρ(H̃#K; 1) = ρ(L1; 1) = ρ(K; 1) +

∫ 1

0

c(t)dt.

We then have: ρ(H̃; 1) ≤ ρ(H̃#K; 1) + ρ(K̄; 1) = ρ(K; 1) + ρ(K̄; 1) +
∫ 1

0
c(t)dt. Because

ρ(H̃; 1) = ρ(H; 1) +
∫ 1

0
c(t)dt, by part 1 of Proposition 1.4.1, we conclude that

ρ(H; 1) ≤ ρ(K; 1) + ρ(K̄; 1) = γ(K).
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Example 3.1.3. In this example, we demonstrate that Theorem 1.4.1 does not hold if we
require that the Hamiltonians be normalized.

Let F be a smooth, time-independent Hamiltonian, supported inside a Darboux chart
(U, x, y) such that

∫
M
F = 1. Let Fk = k2nF (kx, ky), where 2n is the dimension of the

manifold. Note that Supp(Fk) shrinks to a point and thus dpathC0 (Id, φtFk) converges to 0.
Also, note that

∫
M
Fk = 1, so these Hamiltonians are not normalized.

Corollary 3.3 in [48] states that ρ(Fk; 1) ≤ e(Supp(Fk)), where e(Supp(Fk)) is the dis-
placement energy of support of Fk. Applying the above mentioned result to F̄k we get
ρ(F̄k; 1) ≤ e(Supp(Fk)), which combined with the fact that 0 ≤ ρ(Fk; 1) + ρ(F̄k; 1), implies
−ρ(Fk; 1) ≤ e(Supp(Fk)). Hence, we have

|ρ(Fk; 1)| ≤ e(Supp(Fk)).

Similarly, one can show that
∣∣ρ(F̄k; 1)

∣∣ ≤ e(supp(Fk)). Since the sets Supp(Fk) shrink to
a point, e(Supp(Fk)) converges to 0. Thus, |ρ(Fk; 1)| and

∣∣ρ(F̄k; 1)
∣∣ both converge to zero.

Let Hk be the Hamiltonian obtained by normalizing Fk, i.e., Hk = Fk − 1. Then,

lim
k→∞

ρ(Hk; 1) = lim
k→∞

ρ(Fk − 1; 1) = lim
k→∞

ρ(Fk; 1) + 1 = 1.

Similarly, we see that
lim
k→∞

ρ(H̄k; 1) = −1.

Example 3.1.4. In this example, we will show that the (locally) Lipschitz estimate obtained
in Theorem 1.4.1 is sharp in the sense that it can not be improved to a (locally) Hölder
estimate of Hölder exponent larger than 1, i.e., the following estimate, for H as in Theorem
1.4.1, can only hold if α ≤ 1:

|ρ(H; 1)| ≤ C (dpathC0 (Id, φtH))α. (3.2)

Our example is for the case of surfaces, but it can easily be generalized to higher dimen-
sions. Let U denote a Darboux chart on a surface (Σ, ω), and assume that ω = rdr ∧ dθ,
in U . Let a be a small enough positive number such that (an embedding of) the disk of
radius a is contained in U . Pick a smooth function h : [0, a] → R such that h ≡ −a on
[0, ε], h is increasing on (ε, a − ε) , and h ≡ 0 on (a − ε, a), where ε is picked to be suffi-
ciently small. Extend h to Σ by setting it to be zero outside the disk of radius a. Note that
Xh(r, θ) := h′(r) ∂

∂θ
, and hence ‖Xh(r, θ)‖ = r|h′(r)| ≤ C, for some constant C. This implies

that for each s ∈ [0, 1] we have dpathC0 (Id, φsh) ≤ sC. Define a sequence of Hamiltonians
Hi := 1

i
h. The above discussion implies that

dpathC0 (Id, φtHi) ≤
1

i
C.

Observe that for i large enough Hi is C∞-small, and hence it has no non-trivial contractible
periodic orbits of period at most 1. Proposition 4.1 in [48], states that if a Hamiltonian,
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K, has no non-trivial contractible periodic orbits of period at most one then ρ(K; 1) =
−minM K. Hence,

ρ(Hi; 1) = −min
M

Hi =
a

i
.

We conclude that the estimate (3.2) can only hold for α ≤ 1.

3.2 The case of surfaces: spectral norm v.s. C0-norm

Our main objective in this section is to prove Theorems 1.4.2, 1.4.3 and Lemma 1.4.5.
Throughout this section (Σ, ω) denotes a surface equipped with an area form ω. A disk in
Σ is the image of an area preserving embedding of D2

r := {(x, y) ∈ R2 : x2 + y2 ≤ r}.

A fragmentation theorem

To prove Theorem 1.4.2 we will employ a fragmentation theorem for C0-small Hamiltonian
diffeomorphisms of a surface. In the case of a surface with boundary, Ham(Σ) denotes
the group of Hamiltonian diffeomorphisms generated by Hamiltonians that vanish near ∂Σ.
Also, recall that if a surface Σ has non-empty boundary then it can be obtained by attaching
a number of 1-handles to a disk.

Proposition 3.2.1. (C0-Fragmentation, see [15] section 1.6.2) Let Σ denote a compact
surface. There exists a C0-neighborhood ν of the identity in Ham(Σ) and a finite covering
of Σ consisting of N disks (Di)1≤i≤N with the property that any φ ∈ ν can be written as a
composition φ = φ1 · · ·φN , where each φi is supported in one of the disks Dj and satisfies
the estimate

dC0(Id, φi) ≤ C (dC0(Id, φ))21−N ,

where C is a constant. Furthermore,

1. If ∂Σ 6= ∅, then N = l + 1, where l denotes the number of 1-handles needed to obtain
Σ from a disk.

2. If ∂Σ = ∅, then N = 2g + 2.

This result is a slight modification of a statement that appears in section 1.6 of [15]. We
will discuss the proof of this result in section 3.2.

Proof of Theorem 1.4.2

The proof of Theorem 1.4.2 will use the following lemma:

Lemma 3.2.2. Suppose ψ ∈ Ham(B2n
r ). There exists a Hamiltonian H : [0, 1]× B2n

r → R
such that ψ = φ1

H and dpathC0 (Id, φtH) ≤ dC0(Id, ψ).
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Remark 3.2.3. Let Br denote the image of a symplectic embedding of B2n
r into M . Suppose

ψ ∈ Ham(Br), i.e., there exists a Hamiltonian G whose support is contained in Br and
ψ = φ1

G. One can easily check that the proof of Lemma 3.2.2 can be adapted to obtain the
following statement:

There exists a Hamiltonian H supported in Br such that ψ = φ1
H and dpathC0 (Id, φtH) ≤

C dC0(Id, ψ), where dC0 denotes a C0-distance on M and C is an appropriately chosen
constant.

Postponing the proof of the above lemma, we now prove Theorem 1.4.2:

Proof. (Theorem 1.4.2) We pick δ small enough so that we have φ ∈ ν, where ν is the neigh-
borhood of the identity from Proposition 3.2.1. Applying Proposition 3.2.1, we obtain disks
(Di)1≤i≤2g+2 and Hamiltonian diffeomorphisms φi ∈ Ham(Dj) such that φ = φ1 · · ·φ2g+2,
and

dC0(Id, φi) ≤ C1 (dC0(Id, φ))2−2g−1

. (3.3)

Lemma 3.2.2 and Remark 3.2.3 imply that we can find Hamiltonians H1, · · · , H2g+2 such
that Hi is supported in the same disk as φi, φi = φ1

Hi
, and

dpathC0 (Id, φtHi) ≤ C2 dC0(Id, φi). (3.4)

Assuming δ is sufficiently small, we can apply Corollary 1.4.3 to each Hamiltonian Hi

and obtain
γ(Hi) ≤ Ai d

path
C0 (Id, φtHi),

where Ai is a constant depending on the disk Dj which contains the support of Hi. Combine
the above inequality with the estimates (3.3) and (3.4) to get

γ(Hi) ≤ C (dC0(Id, φ))2−2g−1

, (3.5)

where C is an appropriately chosen constant. Let H := H1# · · ·#H2g+2, so that φ = φ1
H .

The triangle inequality for spectral invariants and estimate (3.5) imply that

γ(H) ≤ Σ2g+2
i=1 γ(Hi) ≤ (2g + 2)C (dC0(Id, φ))2−2g−1

,

from which the result follows.

Remark 3.2.4. Observe that in the above proof we have shown that if φ ∈ ν, where ν is
the neighborhood from Proposition 3.2.1, then there exists a Hamiltonian H such that

φ1
H = φ, dpathC0 (Id, φtH) ≤ A (dC0(Id, φ))2−2g−1

, and γ(H) ≤ C dC0(Id, φ)2−2g−1

,

for appropriately chosen constants A, C.

Finally, we give a proof for Lemma 3.2.2.
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Proof. (Lemma 3.2.2) WLOG, we may assume that r = 1. Indeed, the proof presented below
for B2n

1 can be rescaled to provide a proof for any value of r. Take a positive constant ε such

that ε ≤ dC0 (Id,ψ)

2
. For each s ∈ [ε, 1] we define a Hamiltonian diffeomorphism φs as follows:

φs(x) =

{
sψ(x

s
) if |x| ≤ s;

x if |x| ≥ s.

A simple computation shows that φs ∈ Ham(B2n
r ), and in fact if G(t, x) is a Hamiltonian,

supported in B2n
1 , which generates ψ then φs is the time 1 map of the flow of the following

Hamiltonian:

Gs(t, x) =

{
s2G(t, x

s
) if |x| ≤ s;

0 if |x| ≥ s.

Note that φs is obtained by rescaling ψ by a factor of s and hence it can easily be checked
that for each s ∈ [ε, 1] we have

dC0(Id, φs) ≤ s dC0(Id, ψ). (3.6)

It remains to define φs for s ∈ [0, ε]. We do so by the formula:

φs(x) := φ
s
ε
Gε
.

We obtain φs for all s ∈ [0, 1] by smoothly concatenating the two paths φs|s∈[0,ε] and φs|s∈[ε,1].
Note that the Hamiltonian path φs (s ∈ [0, ε]) is supported in the ball of radius ε and hence
its distance from the identity is bounded by 2ε which is smaller than dC0(Id, ψ). This
combined with (3.6) implies that the whole path φs (s ∈ [0, 1]) satisfies the inequality

dC0(Id, φs) ≤ dC0(Id, ψ).

Let H be the Hamiltonian that generates φs. Clearly H satisfies all the required conditions.

Proofs for Theorem 1.4.3 and Lemma 1.4.5

We will now provide proofs for Theorem 1.4.3 and Lemma 1.4.5.

Proof. (Proof of Theorem 1.4.3) It is well known that Ham(Σ) is simply connected if Σ has
positive genus. See chapter 7 of [39] for a proof of this fact. This implies that ‖φ1

H‖γ =
γ(H). Hence, in the case of surfaces of positive genus we get, from Theorem 1.4.2, that if
dC0(Id, φ1

H) ≤ δ then γ(H) satisfies the required inequality.
For the rest of this proof we assume that Σ = S2. We pick δ such that the entire path φtH

lies in the neighborhood ν from Proposition 3.2.1. According to Remark 3.2.4 there exists a
Hamiltonian K such that

φ1
K = φ1

H , dpathC0 (Id, φtK) ≤ Aδ2−2g−1

, and γ(K) ≤ C dC0(Id, φ1
H)2−2g−1

,
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for some constants A and C. We’re done if we show that γ(H) = γ(K). By the homotopy in-
variance property of spectral invariants it is sufficient to show that the following Hamiltonian
loop is contractible:

λ(t) =

{
φ2t
H if 0 ≤ t ≤ 1

2
;

φ1−2t
K if 1

2
≤ t ≤ 1.

Note that
dpathC0 (Id, λ) ≤ max(δ, A δ2−2g−1

),

hence, by picking a sufficiently small δ, we can ensure that the Hamiltonian path λ(t) is
C0-small enough for the application of Lemma 1.4.5, which implies that λ(t) is indeed con-
tractible.

Finally, we prove Lemma 1.4.5:

Proof. (Proof of Lemma 1.4.5) Once again, because Ham(Σ) is simply connected for surfaces
of positive genus, we assume that Σ = S2. We set S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}
and equip it with the standard area form. It is well known that π1(Ham(S2)) = Z

2Z , with
the non trivial element being the full rotation around the vertical axis; see Chapter 7 of [39].
Let f : S2 → R denote the time independent and normalized Hamiltonian generating the
mentioned rotation. One can easily check that ρ(f ; 1) = ρ(f̄ ; 1) = 2π, and thus γ(f) = 4π.

We pick δ small enough such that if dC0(Id, φ) ≤ δ then, by Theorem 1.4.2, ‖φ‖γ ≤
C dC0(Id, φ)

1
2 . Now suppose that dpathC0 (Id, φtH) ≤ δ. We break the interval [0, 1] into N equal

parts and consider the Hamiltonian paths:

φtKi = (φ
i−1
N
H )−1φ

t+i−1
N

H , 0 ≤ t ≤ 1, 1 ≤ i ≤ N.

Note that φtH is the concatenation of the paths φ
i−1
N
H φtKi . We pick N large enough to ensure

that the paths φtKi are all C∞ small enough to guarantee that

γ(Ki) ≤ 1.

By Theorem 1.4.2, we can pick Hamiltonians Fi 1 ≤ i ≤ N such that

φ1
Fi

= φ
i
N
H and γ(Fi) ≤ 2C δ

1
2 .

Consider the Hamiltonian loops:

λi(t) =


φ3t
Fi−1

if 0 ≤ t ≤ 1
3
;

φ
i−1
N
H φ

3(t− 1
3

)

Ki
if 1

3
≤ t ≤ 2

3
;

φ
1−3(t− 2

3
)

Fi
if 2

3≤t≤1
,
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where 1 ≤ i ≤ N and we assume that F0 = 0. Observe that φtH is homotopic to the
concatenation of the loops λi 1 ≤ i ≤ N . Hence, it is sufficient to show that each loop λi is
contractible.

The loop λi is homotopic to the composition

φtFi−1
φtKi(φ

1
Fi

)−1φ1−t
Fi
.

Furthermore, the path (φ1
Fi

)−1φ1−t
Fi

is homotopic with fixed end point to the path φt
F̄i

.
Therefore, λi is homotopic to

φtFi−1
φtKiφ

t
F̄i
.

By the triangle inequality we get that

γ(λi) ≤ γ(Fi−1) + γ(Ki) + γ(F̄i)

≤ 2C δ
1
2 + 1 + 2C δ

1
2 ≤ 4π,

where the last inequality holds for sufficiently small values of δ. This implies that, for
sufficiently small values of δ, λi is not homotopic to the full rotation around the central axis
of S2, and hence it must be contractible.

Proof of the Fragmentation Theorem

This section contains a sketch of the proof of Proposition 3.2.1. This fragmentation result
is a slight modification of an assertion that appears in section 1.6.2 of [15]. The mentioned
assertion is labeled by (∗) in [15]. Proposition 3.2.1 can be extracted from the (very technical)
proof that is presented there by making a few modifications. Hence, we will only outline the
argument presented in [15] and mention the changes that must be made to that argument
to obtain Proposition 3.2.1. In order to make it easier for readers to compare the proof
presented here and the original proof of [15], we will try to follow the notation and format
of the argument in [15] as closely as possible.

Moser’s Trick:

The argument in [15] repeatedly uses a variation of Moser’s trick; see Proposition 5 in section
1.6.1 of [15]. Here we modify part (iii) of that proposition as follows:

Let Σ be a compact connected oriented surface, possibly with a non-empty boundary
∂Σ, and let ω1, ω2 be two area-forms on Σ. Assume that

∫
Σ
ω1 =

∫
Σ
ω2. If ∂Σ 6= ∅, we also

assume that the forms ω1 and ω2 coincide on ∂Σ.
Then there exists a diffeomorphism f : Σ → Σ, isotopic to the identity, such that

f ∗ω2 = ω1. Moreover, f can be chosen to satisfy the following properties:
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(i) If ∂Σ 6= ∅, then f is the identity on ∂Σ, and if ω1 and ω2 coincide near ∂Σ, then f is the
identity near ∂Σ.

(ii) If Σ is partitioned into polygons (with piecewise smooth boundaries), so that ω2 − ω1 is
zero on the 1-skeleton Γ of the partition and the integrals of ω1 and ω2 over each polygon
are equal, then f can be chosen to be the identity on Γ.

(iii) Suppose that ω2 = χω1 for a function χ. The diffeomorphism f can be chosen to satisfy
the following estimate:

dC0(Id, f) ≤ C‖χ− 1‖C0 ,

for some C > 0. Here, ‖ · ‖C0 denotes the standard sup norm on functions.
Proof: Following Moser’s trick we consider the path of symplectic forms ωt = ω1 +

t(ω2 − ω1). The form ω2 − ω1 is exact. Pick a 1-form σ such that dσ = ω2 − ω1. Let f be
the time-1 map of the time dependent vector field Xt defined by: ιXtωt = σ. Parts (i) and
(ii) of the above statement are identical to what appears in [15] and are proven there. To
prove Part (iii) we must ensure that the 1-form σ satisfies ‖σ‖ ≤ C‖χ− 1‖C0 . Lemma 1 of
[27], reduces this to the case where ω2−ω1 is supported in a rectangle. In that case one can
construct σ and show that it satisfies the required estimate.

The Extension Lemmas

We will need the following two extension lemmas to prove our fragmentation result. These
lemmas are modifications of Lemmas 2 & 3 from section 1.6.1 of [15].

Area-preserving extension lemma for disks: Let D1 ⊂ D2 ⊂ D ⊂ R2 be closed disks
such that D1 ⊂ Interior (D2) ⊂ D2 ⊂ Interior(D). Let φ : D2 → D be a smooth area-
preserving embedding (we assume D is equipped with some area form). If φ is sufficiently
C0-small, then there exists ψ ∈ Ham(D) such that

ψ|D1
= φ and dC0(Id, ψ) ≤ (dC0(Id, φ))

1
2 .

Area-preserving extension lemma for rectangles: Let Π = [0, R]×[−c, c] be a rectangle
and let Π1 ⊂ Π2 ⊂ Π be two smaller rectangles of the form Πi = [0, R]× [−ci, ci] (i = 1, 2),
0 < c1 < c2 < c. Let φ : Π2 → Π be an area-preserving embedding (we assume Π is equipped
with some area form) such that

• φ is the identity near 0× [−c2, c2] and R× [−c2, c2].

• The area in Π bounded by the curve [0, R]× y and its image under φ is zero for some
(and hence for all) y ∈ [−c2, c2].

If φ is sufficiently C0-small, then there exists ψ ∈ Ham(Π) such that

ψ|Π1
= φ and dC0(Id, ψ) ≤ (dC0(Id, φ))

1
2 .
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Proof of Proposition 3.2.1

Postponing the proofs of the above extension lemmas, we will now use them to prove Propo-
sition 3.2.1. We will be closely following the proof of (∗) in section 1.6.2 of [15].

Proof. (Proposition 3.2.1)
Part (1): We will first establish the result in the case ∂Σ 6= ∅. It will be proven by

induction on the number of 1-handles l. The base case l = 0 is obvious. Assume now that the
lemma holds for any surface with boundary obtained from the disk by attaching l 1-handles
and suppose Σ0 denotes one such surface. Let Σ be a surface obtained from Σ0 by attaching
one 1-handle.

As in [15], we pick a diffeomorphism ϕ : [−1, 1]2 → Σ− Σ0, which is singular at the
corners, and maps [−1, 1] × {−1, 1} into the boundary of Σ0. Let Πr = ϕ([−1, 1] × [−r, r])
and Σ1 = Σ0 ∪ ϕ([0, 1]× {s, |s| ≥ 1

4
}). Note that Σ1 is obtained from the disk by attaching

l 1-handles and hence there exists a neighborhood ν1 of the identity in Ham(Σ1) such that
all φ ∈ ν1 can be fragmented as described in the proposition.

Suppose that φ ∈ Ham(Σ) and let ε = dC0(Id, φ). As in [15], assuming that ε is small
enough, we apply the extension lemma for rectangles to the chain of rectangles Π 1

2
⊂ Π 3

4
⊂

Π 7
8

and to the restriction of φ to Π 3
4
; note that φ being Hamiltonian ensures that the

hypothesis on the curve [−1, 1]×{y} is satisfied. We obtain a diffeomorphism φ1 ∈ Ham(Π 7
8
)

which coincides with φ on Π 1
2
. Hence, we can write

φ = φ1h,

where h is supported in Σ1. The argument in [15] shows that h ∈ Ham(Σ1). Also, note that
we get the following estimates using the inequality from the extension lemma for rectangles:

dC0(Id, φ1) ≤ C1ε
1
2 and dC0(Id, h) ≤ C1ε

1
2 , (3.7)

for some constant C1. Now, by the induction assumption there exist l + 1 disks (Di)2≤i≤l+2

covering Σ1 such that any ψ ∈ ν1 ⊂ Ham(Σ1) can be fragmented as described by the
lemma. For our surface Σ we take the required l + 2 disks to be D1 = Π 7

8
, D2, · · · , Dl+2. It

just remains to show that h can be fragmented as required by the proposition: if ε is picked
to be sufficiently small, then (3.7) guarantees that h ∈ ν1. Hence, h = φ2 · · ·φl+2, where
φi ∈ Ham(Dj) (i, j ≥ 2) and

dC0(Id, φi) ≤ C2 (dC0(Id, h))2−l ≤ C3ε
2−l−1

,

where C2, C3 are constants. Note that the neighborhood ν associated to Σ must be picked
so that if φ ∈ ν, then first, the restriction of φ to Π 3

4
is small enough for the application of

the extension lemma for rectangles, and second, the bound on the C0-norm of h from (3.7) is
small enough to ensure that h ∈ ν1. This finishes the proof of part (1) of Proposition 3.2.1.
Part (2): Consider a chain of small disks D1 ⊂ D2 ⊂ D embedded in Σ. Let Σ1 = Σ \D0,
where D0 is a disk contained in the interior of D1. If φ ∈ Ham(Σ) is sufficiently C0-small
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then we can apply the extension lemma for disks to the chain of disks D1 ⊂ D2 ⊂ D and
φ|D2

, exactly as the extension lemma for rectangles was applied in the proof of part (1), and
obtain two diffeomorphisms φ1 ∈ Ham(D) and h ∈ Ham(Σ1) such that

• φ = φ1h

• dC0(Id, φ1) ≤ C1(dC0(Id, φ))
1
2 and dC0(Id, h) ≤ C1(dC0(Id, φ))

1
2 , for some constant C1.

The argument from [15] ensures that h ∈ Ham(Σ1). Observe that Σ1 is a surface with
boundary which is obtained from the disk by the attachment of 2g 1-handles, and hence if
φ is sufficiently C0-small the result follows by applying part (1) to h.

Proofs of the extension lemmas

The extension lemmas used to prove Proposition 3.2.1 follow easily, as described in section
1.6.3 of [15], from the following extension lemma for annuli. This lemma is a modification
of Lemma 4 in section 1.6.3 of [15]. The proof of this lemma contains most of the hard work
that goes into proving Proposition 3.2.1. Once again, we have tried to follow the argument
presented in [15] as closely as possible.

Area-preserving extension lemma for annuli: Let A = S1× [−3, 3] be a closed annulus
and let A1 = S1 × [−1, 1], A2 = S1 × [−2, 2] be smaller annuli inside A. Let φ be an
area-preserving embedding of a fixed open neighborhood of A1 into A2 (we assume that A
is equipped with some area form ω), so that for some y ∈ [−1, 1] (and hence for all of them)
the curves S1× y and φ(S1× y) are homotopic in A and the area in A bounded by S1× y
and φ(S1 × y) is 0.
If φ is sufficiently C0-small, then there exists ψ ∈ Ham(A) such that ψ|A1

= φ and

dC0(Id, ψ) ≤ C(dC0(Id, φ))
1
2

for some constant C > 0.
Moreover, if for some arc I ⊂ S1 we have that φ = Id outside a quadrilateral I × [−1, 1]

and φ(I × [−1, 1]) ⊂ I × [−2, 2], then ψ can be chosen to be the identity outside I × [−3, 3].
Proof: We equip A = S1× [−3, 3] with the area form ω = dx∧dy, where x is the coordinate
on S1 and y is the coordinate on [−3, 3]. Suppose that dC0(Id, φ) ≤ ε. Let Diff0,c(A2) denote
the connected component of identity in the group of compactly supported diffeomorphisms
of A2. By Lemma 5 from section 1.6.3 of [15] there exists f ∈ Diff0,c(A2) such that
dC0(Id, f) ≤ Cε, f = φ on a neighborhood of A1. Denote Ω = f ∗ω. Following the strategy
in [15] we will find a diffeomorphism h ∈ Diff0,c(A2) with the following properties:

• h|A1
= Id,

• h∗Ω = ω,
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• dC0(Id, h) ≤ C ′ ε
1
2 .

Given such an h, we extend fh by the identity to all of A. It can easily be seen that
fh is area preserving and its dC0(Id, fh) satisfies the correct estimate. However, to get a
Hamiltonian diffeomorphism fh must be modified in a way such that, for any y ∈ [−3, 3],
the area between S1 × {y} and its image under fh is zero. This can be done by perturbing

fh by an amount no larger than C ′ ε
1
2 on A \ A2. We will now describe the changes that

must be made to the argument in [15] to obtain h with the above properties.

1. Preparations for the construction of h: In this section we change r = ε
1
4 to r = ε

1
2 .

Note that the requirement that r > 3ε is satisfied if ε is picked to be small enough. The rest
of this section needs no changes.

2. Adjusting Ω on Γ: This section requires no changes. Our choice of r does not affect
this part. In this section the authors obtain a diffeomorphism h3, which they later arrange
to satisfy

dC0(Id, h3) ≤ ε. (3.8)

3. Adjusting the areas of the squares: First note that in this section the authors use
the fact that ε

r
→ 0 as ε→ 0. This fact remains true for us as well, since ε

r
= ε

1
2 . Note that

our choice of r changes equation (1.6) to

|ti| ≤ C1
ε

r
= C1ε

1
2 .

Next, the authors pick nonnegative functions ρ̄i supported in the interior of the squares Ki

so that
∫
Ki
ρ̄iω = r2 and ||ρ̄i||C0 ≤ C2ε

−1/2. Note that, because
∫
Ki
ω = r2 one can easily

pick the functions ρ̄i as above such that they satisfy the better estimate

||ρ̄i||C0 ≤ C2.

Define a function % on A by % := 1 +
∑N

i=1 tiρ̄i. Note that for an appropriate choice of a
constant C3 we have

||%− 1||C0 ≤ C3ε
1
2 (3.9)

The rest of this section of the proof is unaffected by our changes.

4. Finishing the construction of h+: Moser’s argument: The authors apply Moser’s
argument and obtain a diffeomorphism h4 whose C0-distance from the identity is bounded
by the diameter of the squares Ki, which have side length r = ε

1
2 , hence for an appropriate

choice of a constant C4 we have:

dC0(Id, h4) ≤ C4ε
1
2 . (3.10)

Finally, the authors obtain another diffeomorphism h5 by applying Moser’s argument to
the forms ω and %ω. Part (iii) of Moser’s trick, which we proved above, and estimate (3.9)
imply that

dC0(Id, h5) ≤ C5ε
1
2 . (3.11)
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Then, as in [15], we set h+ = h3h4h5. Estimates (3.8), (3.10), and (3.11) imply that

dC0(Id, h+) ≤ C6ε
1
2 , which is what we needed.

5. Final observation: This section is unaffected by our changes.
This finishes the proof of the modified version of the extension lemma for annuli.

3.3 Applications to the theory of Calabi

quasimorphisms

One can associate to each open subset, U , of a symplectic manifold a subgroup of H̃am(M),
the universal cover of Ham(M). This subgroup is defined by:

H̃amU := {φ̃tH : Supp(H) ⊂ U}.

Similarly, we define HamU := {φ1
H : φ̃tH ∈ H̃amU}. H̃amU admits a homomorphism, C̃alU :

H̃amU → R, called the Calabi homomorphism [6], [1] defined as follows:

C̃alU(φ̃tH) :=

∫ 1

0

∫
M

H(t, ·)ωndt.

If the symplectic form ω is exact on U then the above formula gives a well defined homo-
morphism, CalU : HamU → R, which is also called the Calabi homomorphism.

If U ⊂ V are open sets then C̃alV = C̃alU on H̃amU , and if ω happens to be exact
on U and V then CalV = CalU on HamU . One may wonder if it is possible to coherently
glue these Calabi homomorphisms together to form a map on the entire symplectic mani-

fold. It is well known that Ham(M,ω) is simple, and H̃am(M,ω) is perfect, see [1], and
hence these groups admit no nontrivial homomorphisms to the real line. However, it was
first shown by Entov and Polterovich in [11] that, under certain restrictions on QH∗(M),

H̃am(M,ω) admits a homogeneous quasimorphism which, in a sense, extends the mentioned
Calabi homomorphisms. We will briefly review their work here, and present two applications
of Theorem 1.4.1 to their theory. The interested reader is referred to [11, 12, 14, 13, 24, 47]
for further information on this subject.

A quasimorphism on a group G is a map µ : G → R which is a homomorphism up to a
bounded error, i.e., there exists a constant C > 0 such that for all φ, ψ ∈ G

|µ(φψ)− µ(φ)− µ(ψ)| ≤ C.

We say µ is homogeneous if µ(φm) = mµ(φ), for all m ∈ Z.
Let e denote an idempotent in the quantum cohomology ring of M , i.e., e∗e = e. Given a

Hamiltonian path φtH , 0 ≤ t ≤ 1, where H is taken to be the unique normalized Hamiltonian
generating φtH , we define ρe(φ

t
H) := ρ(H; e). The homotopy invariance property of spectral
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invariants implies that ρe : H̃am(M,ω)→ R is a well defined map. If there exists a constant
R such that ∀H ∈ C∞([0, 1]×M)

ρ(H; e) + ρ(H̄; e) ≤ R (3.12)

then the map ρe defines a quasimorphism on H̃am, see [47]. It has been shown that such
an idempotent exists in the quantum cohomology ring of many symplectic manifolds, e.g.,
the identity element 1 ∈ QH∗(CP n), where CP n is equipped with the Fubini-Study sym-
plectic structure. However, ρe is not homogeneous, so we homogenize it by defining µ :

H̃am(M,ω)→ R by the formula:

µ(φ̃tH) = vol(M) lim
m→∞

ρe(φ̃tH
m

)

m
. (3.13)

If the idempotent e satisfies Equation (3.12), then µ is a homogeneous quasimorphism
(see [47]) which satisfies the so called Calabi property: if U is a displaceable open set then

µ|
H̃amU

= C̃alU . We will refer to the quasimorphism µ obtained via Equation (3.13) as the

spectral Calabi quasimorphism.

A triangle like inequality for Calabi quasimorphisms

We will need the following lemma for our applications:

Lemma 3.3.1. Let µ : H̃am → R denote the spectral Calabi quasimorphism obtained from
ρe via Equation (3.13). Suppose φt, ψt ∈ PHam. µ satisfies the following triangle like
inequalities:

1. µ(φtψt) ≤ µ(φt) + vol(M)ρe(ψ
t)

2. µ(φtψt) ≤ vol(M)ρe(φ
t) + µ(ψt).

Remark 3.3.2. Note that the above lemma implies that µ(φt)− µ(ψt) ≤ vol(M)ρe(ψ
−tφt).

One interesting consequence of this inequality is the fact that the spectral Calabi quasimor-
phism is Lipschitz continuous with respect to the Hofer metric. This important fact was
established in [11] by somewhat different methods.

Proof. (Lemma 3.3.1) We provide a proof for the first of the two inequalities and leave the
second to the reader. Note that for any integer m we have

(φtψt)m = (φt)m
m∏
i=1

(φt)i−mψt(φt)m−i.

The triangle inequality of spectral invariants implies that:

ρe((φ
tψt)m) ≤ ρe((φ

t)m) +
m∑
i=1

ρe((φ
t)i−mψt(φt)m−i). (3.14)
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We claim that ρe((φ
t)i−mψt(φt)m−i) = ρe(ψ

t). To see this, first observe that for any θt ∈
PHam the path (θt)−1ψtθt is homotopic with fixed end points to the path θ−1ψtθ. Here is
a homotopy from one path to the other:

Λ(s, t) = (θ(1−t)s+ t)−1ψtθ(1−t)s+ t.

The homotopy invariance property of spectral invariants implies that ρe((θ
t)−1ψtθt) =

ρe(θ
−1ψtθ), and the latter equals ρe(ψ

t) by the symplectic invariance property. This proves
the claim.

It follows from inequality (3.14) and the above claim that

ρe((φ
tψt)m) ≤ ρe((φ

t)m) +mρe(ψ
t).

Multiplying both sides of the above inequality by vol(M), dividing by m and taking the limit
as m→∞ yields the result.

First Application

We are now ready for the first application of Theorem 1.4.1. In the following theorem, we
assume e ∈ QH∗(M,Λ) satisfies Equation (3.12), e.g., e = 1 in the case of M = CP n. Let µ
denote the spectral Calabi quasimorphism obtained from Equation (3.13). Let U denote a

proper open subset of M and define η : H̃amU → R by

η = µ− C̃alU .

Theorem 3.3.1. Suppose that φt, ψt ∈ HamU for all t ∈ [0, 1]. There exists constants
C, δ > 0 depending on U , such that if dpathC0 (φt, ψt) ≤ δ then:

|η(φt)− η(ψt)| ≤ C dpathC0 (φt, ψt).

Proof. We pick δ to be the same constant from Theorem 1.4.1. Let F,G : [0, 1] ×M → R
denote the unique normalized Hamiltonians which generate the flows φt, ψt, i.e., φt = φtF
and ψt = φtG. Note that η(φt) − η(ψt) = η(φtF ) − η(φtG) = µ(φtF ) − µ(φtG) − C̃alU(φ−tG φ

t
F ).

From Lemma 3.3.1 and Remark 3.3.2 we get

µ(φtF )− µ(φtG) ≤ vol(M)ρ(Ḡ#F ; e),

which combined with the previous line gives us

η(φt)− η(ψt) ≤ vol(M)ρ(Ḡ#F ; e)− C̃alU(φ−tG φ
t
F )

= vol(M)ρ(Ḡ#F +
C̃alU(φ−tG φ

t
F )

vol(M)
; e),
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where the last equality follows from Property (1) of spectral invariants. Now, observe that

the Hamiltonian Ḡ#F +
C̃alU (φ−tG φtF )

vol(M)
is supported in U . Hence, Theorem 1.4.1 and the above

inequality imply that
η(φt)− η(ψt) ≤ C dpathC0 (φt, ψt),

for an appropriately chosen constant C. Similarly, we get an estimate for η(ψt)− η(φt) from
which the result follows.

Second Application

Let B2n
r denote the open ball of radius r in R2n, equipped with the standard symplectic form

ωst. Let H(B2n
r ) denote the C0-closure of Ham(B2n

r ) inside compactly supported homeomor-
phisms of B2n

r . In [15], Entov, Polterovich, and Py construct an infinite dimensional family
of homogeneous quasimorphisms on H(B2n). We will now present a brief summary of their
work.

Consider CP n equipped with the Fubini-Study symplectic form, ωFS, normalized so that
vol(CP n) = 1. In [2], the authors construct embeddings, θδ : B2n

r0
→ CP n, where r0 = 1√

π
and

δ is a parameter ranging over (0, 1]. These embeddings are conformally symplectic: θ∗δωFS =
δωst. The embeddings θδ induce monomorphisms θδ,∗ : Ham(B2n

r0
, ωst) → Ham(CP n, ωFS).

The Hamiltonian diffeomorphisms that are in the image of θδ,∗ are supported in the interior
of the image of θδ and are given by the formula:

φ 7→ θδφθ
−1
δ .

Let µ : Ham(CP n, ωFS) → R denote the spectral Calabi quasimorphism from the pre-
vious discussion. It is shown in [2] that µδ := δ−n−1µ ◦ θδ,∗ is a Calabi quasimorphism on
Ham(B2n

r0
, ωst).

In [15] the authors consider homogeneous quasimorphisms

ηδ := µδ − CalB2n
r0
.

They show that each ηδ is bounded in a C0-neighborhood of the identity in Ham(B2n
r0

). Em-
ploying general properties of homogeneous quasimorphisms one can show that this bounded-
ness implies that ηδ is continuous with respect to the C0-topology (see [44]), and it extends
continuously to H(B2n

r0
). Using the fact that B2n is conformally symplectomorphic to B2n

r0
,

one can easily transfer all of these construction to the ball of radius 1.
Below, we will improve the results in [15] by obtaining estimates which establish firstly,

local Lipschitz continuity of ηδ with respect to dC0 on Ham(B2n
r0

), and secondly, extension
of ηδ to a (locally Lipschitz) homogeneous quasimorphism on H(B2n

r0
). Our proof is a direct

corollary of Theorem 3.3.1 and it does not appeal to the general properties of homogeneous
quasimorphisms used in [15].
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Theorem 3.3.2. There exist constants C, ε > 0, depending on ηδ, such that if dC0(φ, ψ) ≤ ε
then

|ηδ(φ)− ηδ(ψ)| ≤ C dC0(φ, ψ).

Here dC0 is the distance induced by the standard metric on R2n, and C is some constant
depending on ηδ. Furthermore, ηδ extends to H(B2n

r0
), and the extension satisfies the same

estimate as above.

Proof. (Theorem 3.3.2) Note that because ε does not depend on φ or ψ the estimate in the
theorem proves more than local Lipschitz continuity of ηδ. In fact, the second assertion of
the theorem about ηδ extending to H(B2n

r0
) follows easily from this estimate. Hence, we will

only provide a proof for the first assertion in the theorem.
Let U denote the image of B2n

r0
under the embedding θδ. To avoid confusing the C0-

distance on CP n and the one on B2n
r0

we will use the notation dC0,CPn to denote the distance
associated to CP n, and use dC0 for B2n

r0
. We drop all tildes from our notation, because in

this case both µ and CalU descend from H̃amU to HamU .
It is easy to show that the ratio of any two Riemannian metrics on a compact manifold

is always bounded, below and above. This fact implies that there exists constants A1, A2

such that

A1 ≤
dC0,CPn(θδ,∗(φ), θδ,∗(ψ))

dC0(φ, ψ)
≤ A2, (3.15)

for any homeomorphisms φ, ψ.
Suppose that H : [0, 1]×B2n

r0
→ R is a normalized Hamiltonian. It can easily be checked

that θδ,∗(φ
t
H) is generated by the Hamiltonian δH(t, θ−1

δ (x)). For simplicity of notation we
will let H∗ = δH(t, θ−1

δ (x)), for any Hamiltonian H : [0, 1]×B2n
r0
→ R. A simple computation,

which will be carried out at the end of this proof, yields the following formula for ηδ:

ηδ(φ
1
H) = δ−n−1(µ(φ1

H∗)− CalU(φ1
H∗) ). (3.16)

We will now prove our Theorem using the above formula. Pick a Hamiltonian F :
[0, 1]×B2n

r0
→ R such that φ = φ1

F . By Lemma 3.2.2 there exists K : [0, 1]×B2n
r0
→ R such

that φ−1ψ = φ1
K and

dpathC0 (Id, φtK) ≤ dC0(Id, φ−1ψ) = dC0(φ, ψ).

Let G = F#K, so that φ1
G = ψ. Note that we have:

dpathC0 (φtF , φ
t
G) ≤ dC0(φ, ψ),

which, by (3.15), gives us the following estimate:

dpathC0,CPn(φtF ∗ , φ
t
G∗) ≤ A2dC0(φ, ψ). (3.17)
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Formula (3.16) tells us that ηδ is nothing but δ−n−1 times the pull back to B2n
r0

of the
quasimorphism η considered in Theorem 3.3.1. The result follows immediately from (3.17),
and Theorem 3.3.1. Note that we must pick ε to be small enough to make the application
of Theorem 3.3.1 possible.

We will now give a proof of formula (3.16). Because θ∗δωFS = δωst we have

CalB2n
r0

(φ1
H) =

∫ 1

0

∫
B2n
r0

H(t, x)ωnst dt

=

∫ 1

0

∫
CPn

H(t, θ−1
δ (x)) (θ−1

δ )∗ωnst dt

= δ−n
∫ 1

0

∫
CPn

H(t, θ−1
δ (x))ωnFS dt

= δ−n−1

∫ 1

0

∫
CPn

H∗(t, x)ωnFS dt

= δ−n−1CalU(φ1
H∗).

Also, by definition of µδ we have

µδ(φ
1
H) = δ−n−1µ(θδ,∗(φ

1
H)) = δ−n−1µ(φ1

H∗).

Combine the above two computations to get (3.16).

3.4 C0 Symplectic Topology and Spectral

Hamiltonian Paths

Suppose H ∈ C∞([0, 1] ×M) with the associated flow φtH ∈ PHam(M). Recall that for
each s ∈ [0, 1] the Hamiltonian diffeomorphism φsH is the time-1 map of the flow of the
Hamiltonian

Hs(t, x) = sH(st, x).

We define ρH : [0, 1]→ [0, 1], the spectral wave front function of H, by

ρH(s) = ρ(Hs; 1).

This definition first appeared in an unpublished manuscript of Y.-G. Oh. Oh used the
above notion to define a C0 generalization of smooth Hamiltonian paths. We will now recall
Oh’s construction of spectral Hamiltonian paths and answer a question raised by him on this
subject.

By an isotopy of M we mean a path in the group of homeomorphisms of M . We assume
that all Hamiltonians are normalized in the sense that

∫
M
H(t, ·)ωn = 0 for each t ∈ [0, 1].
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Definition 3.4.1. (Oh) Suppose that φt : M →M (0 ≤ t ≤ 1) is an isotopy of M such that
there exist a sequence φtHi in PHam(M) and two continuous functions ρ, ρ̄ : [0, 1]→ R with
the following properties:

lim
i→∞

dpathC0 (φt, φtHi) = 0, (C0) lim
i→∞

ρHi = ρ, and (C0) lim
i→∞

ρH̄i = ρ̄.

We call such an isotopy φt a spectral Hamiltonian path with the spectral wavefront function
ρ. By PHameosp(M,ω) we denote the set of all spectral Hamiltonian paths. We define the
set of spectral Hamiltonian homeomorphisms of M by

Hameosp(M,ω) := {φ1 : φt ∈ PHameosp(M,ω)}.

We will eliminate the symplectic form ω from the notation, unless there is a possibility of
confusion. Recall that if limi→∞ d

path
C0 (φt, φtHi) = 0 then we also have limi→∞ d

path
C0 ((φt)−1, φt

H̄i
) =

0. Thus, the above definition implies that ρ̄ is the spectral wavefront function of (φt)−1. We
should point out that it is not known if PHameosp and Hameosp are groups. The difficulty
here lies in showing that these sets are closed under composition.

In the above definition, it is assumed that M is closed. However, we will need the above
notions in the case of one non-closed manifold: the two dimensional disk D2. We embed
D2 into the two sphere as the southern hemisphere and we assume that all diffeomorphisms,
homeomorphisms, and isotopies considered have supports contained in the interior of the
southern hemisphere of S2. PHameosp(D

2) and Hameosp(D
2) are then defined as in Defi-

nition 3.4.1. Note that, even though we require that all diffeomorphisms and Hamiltonian
paths be supported in the interior of D2, we continue to assume that all Hamiltonians are
normalized as Hamiltonians on S2 and hence they may be non-zero functions of time in the
northern hemisphere.

The following result answers Question 1.4.7 in the case where M = D2.

Theorem 3.4.1. Hameosp(D
2) = Sympeo0(D2).

Proof. Recall that we are assuming that D2 is embedded into S2 as the southern hemisphere.
Suppose φ ∈ Sympeo0(D2). Take a path φt (0 ≤ t ≤ 1) in Sympeo0(D2) such that φ0 = Id
and φ1 = φ. To obtain the result we have to show that φt ∈ PHameosp(D2).

There exist smooth Hamiltonians paths φti ∈ PHam(D2) such that

dpathC0 (φt, φti) = 0.

The existence of this sequence follows from the fact that every area preserving homeomor-
phism can be approximated by smooth area preserving diffeomorphisms; see [30, 45, 28].

Let Fi denote the unique Hamiltonian supported in D2 which generates φti, i.e., φti = φtFi .
Now pick time independent Hamiltonians fi supported in balls of diameter 1

i
contained in

D2 such that ∫
S2

fiω = −
∫ 1

0

∫
S2

Fi(t, ·)ω dt.



CHAPTER 3. C0-LIMITS OF HAMILTONIAN PATHS AND THE OH-SCHWARZ
SPECTRAL INVARIANTS 49

Let Hi = Fi#fi. Note that Hi is supported in D2 and
∫ 1

0

∫
S2 Hi(t, ·)ω dt = 0. Further-

more, because support of fi is contained in a ball of radius 1
i

we have

dpathC0 (φtFi , φ
t
Hi

) ≤ 1

i
,

and thus
dpathC0 (φt, φtHi)→ 0.

It remains to show that the sequences of spectral wavefront functions ρHi and ρH̄i have
C0 limits. To do so we will show that these sequences are Cauchy.

For any small δ > 0, we have dpathC0 (φtHi , φ
t
Hj

) ≤ δ for large enough i, j. Because the Hi

and Hj vanish on the northern hemisphere of S2 we can apply Theorem 1.4.1 and get

|ρHi(1)− ρHj(1)| = |ρ(Hi; 1)− ρ(Hj; 1)| ≤ C dpathC0 (φtHi , φ
t
Hj

) ≤ C δ.

Similarly, we get that
|ρHi(s)− ρHj(s)| ≤ C δ,

for any s ∈ [0, 1].
This shows that the sequence ρHi is Cauchy. The same reasoning as above yields that

ρH̄i is Cauchy. This finishes the proof.

Failure of Uniqueness for wavefront functions

As in the case of topological Hamiltonian paths (see [36] for a definition), uniqueness issues
turn out to be quite interesting in the case of spectral Hamiltonian paths. In the case of
topological Hamiltonian paths, it has been shown that (see [5, 49]) if

dpathC0 (Id, φtHi)→ 0, and if ∃ H such that ‖H −Hi‖L(1,∞) → 0,

then H = 0. The following theorem demonstrates that in the case of spectral Hamiltonian
paths uniqueness of wave front functions fails, spectacularly.

Theorem 3.4.2. Let g : [0, 1] → R denote any continuous function such that g(0) = 0.
Then, on any closed symplectic manifold M there exists a sequence φtHi ∈ PHam(M) such
that

lim
i→∞

dpathC0 (φtHi , Id) = 0, and (C0) lim
i→∞

ρHi = g.

Proof. First, we assume that g is differentiable. Let K be a smooth, time-independent
Hamiltonian, supported inside a Darboux chart (U, x, y) such that

∫
M
K = 1. Let F (t, x, y) =

g′(t)K(x, y), where g′(t) is the first derivative of g. Let Fi(t, x, y) = i2nF (t, ix, iy), where
2n is the dimension of the manifold. Note that supp(Fi) shrinks to a point and thus
dpathC0 (φtFi , Id)→ 0. Also, note that ∫

M

Fi(t, .)ω
n = g′(t).
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Corollary 3.3 in [48] states that ρ(Fi; 1) ≤ e(Supp(Fi),M), where e(Supp(Fi);M) is the
displacement energy of support of Fi. The above inequality combined with the fact that
0 ≤ ρ(Fi; 1) + ρ(F̄i; 1), implies |ρ(Fi; 1)| ≤ e(supp(Fi),M). Similarly, one can show that∣∣ρ(F̄i; 1)

∣∣ ≤ e(supp(Fi),M).

Since the sets supp(Fi) shrink to a point, e(supp(Fi);M) converges to 0. Thus, |ρ(Fi; 1)|
and

∣∣ρ(F̄i; 1)
∣∣ converge to zero. The same reasoning as above also implies that the spectral

wavefront functions ρFi(s) and ρF̄i(s) converge to 0 uniformly.
Let Hi be the Hamiltonian obtained by normalizing Fi, i.e., Hi(t, .) = Fi(t, .) − g′(t).

Then,
(C0) lim

i→∞
ρHi(s) = (C0) lim

i→∞
ρ(sHi(st, .); 1)

= (C0) lim
i→∞

ρ(sFi(st, .)− sg′(st); 1)

= (C0) lim
i→∞

ρ(sFi(st, .); 1) +

∫ 1

0

sg′(st)dt

= (C0) lim
i→∞

ρFi(s) +

∫ s

0

g′(t)dt = g(s)− g(0) = g(s).

Similarly, we see that
(C0) lim

i→∞
ρH̄i(s) = −g(s).

If g is not differentiable, pick a sequence of differentiable functions gi such that ‖g −
gi‖C0 ≤ 1

2i
. By the above, we can find smooth Hamiltonians Hi such that:

dpathC0 (φtHi , Id) ≤ 1

i
, ‖ρHi(s)− gi(s)‖C0 ≤ 1

2i
, and ‖ρH̄i(s) + gi(s)‖C0 ≤ 1

2i
.

We, therefore, conclude that

φtHi
C0

−→ Id, ρHi
C0

−→ g, and ρH̄i
C0

−→ −g.

Despite the above failure of uniqueness, we will next show that, in the case of surfaces,
this failure is not as bad as it looks on the surface. It would be very interesting to see if this
result, which implies the C0-continuity of the spectral norm, holds on general symplectic
manifolds.

Proposition 3.4.2. Suppose that Σ is a surface and that φtHi is a sequence in PHam(Σ)
which converges uniformly, in time and space, to the identity. Then, the sum of the spectral
wave front functions of Hi and H̄i, ρHi + ρH̄i, converges uniformly to zero.
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Proof. Let γHi(s) = ρHi(s) + ρH̄i(s). Note that, γHi(s) = γ(Hs
i ).

Recall that the flow of the Hamiltonian Hs
i , where s is fixed, is the path φstHi (0 ≤ t ≤ 1),

which converges uniformly to the identity. Therefore, by Theorem 1.4.3, for i large enough
we have

γ(Hs
i ) ≤ C (dpathC0 (Id, φtHs

i
))2−2g−1 ≤ C (dpathC0 (Id, φtHi))

2−2g−1

.

The result follows from the above inequality.
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