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ABSTRACT OF THE DISSERTATION

Topological and dynamical physics in condensed matter systems

by

Wang Yang

Doctor of Philosophy in Physics

University of California San Diego, 2018

Professor Congjun Wu, Chair

Topology and dynamics are among central topics in contemporary condensed matter

physics. In this thesis, I present our works on topological properties of topological super-

conductors with spin-3
2 fermions, and real-time dynamics of one-dimensional (1D) integrable

antiferromagnetic spin-1
2 chains.

We systematically generalize the exotic 3He-B phase, which not only exhibits uncon-

ventional symmetry but is also isotropic and topologically non-trivial, to arbitrary partial-wave

channels with multi-component fermions. The concrete example with four-component fermions

is illustrated including the isotropic f , p and d-wave pairings in the spin septet, triplet, and quintet

channels, respectively. The odd partial-wave channel pairings are topologically non-trivial, while

xiv



pairings in even partial-wave channels are topologically trivial. The topological index reaches

the largest value of N2 in the p-wave channel (N is half of the fermion component number). The

surface spectra exhibit multiple linear and even high order Dirac cones. Applications to multi-

orbital condensed matter systems and multi-component ultra-cold large spin fermion systems are

discussed.

Besides fully gapped unconventional superconductors, nodal superconducting systems can

also exhibit nontrivial topological properties. Recent experiments provide evidence to unconven-

tional superconductivity in the YPtBi material with nodal spin-septet pairing. We systematically

study topological pairing structures in spin-3
2 systems with the cubic group symmetries and

calculate the surface Majorana spectra, which exhibit both the zero energy flat band and the cubic

dispersion. The signatures of these surface states in the quasi-particle interference patterns are

studied, which can be tested in future tunneling experiments.

Although the low energy fractional excitations of one dimensional integrable models are

often well-understood, exploring quantum dynamics in these systems remains challenging in

the gapless regime, especially at intermediate and high energies. Based on the algebraic Bethe

ansatz formalism, we study spin dynamics in the antiferromagnetic spin-1
2 XXZ chain with the

Ising anisotropy via the form-factor formulae. Various excitations at different energy scales

are identified crucial to the dynamic spin structure factors under the guidance of sum rules. At

small magnetic polarizations, gapless excitations dominate the low energy spin dynamics arising

from the magnetic-field-induced incommensurability. In contrast, spin dynamics at intermediate

and high energies is characterized by the two- and three-string states, which are multi-particle

excitations based on the commensurate Néel ordered background. The dynamic spectra of the

identified dominant excitations evolve with clear energy separations when tuning the magnetic

field, conveying a simple and straightforward way to clearly identify the novel string excitations

in proper condensed matter systems.
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Chapter 1

Introduction

Ever since the experimental discovery of the exact quantization of Hall conductance in

1980 [1]– which was awarded the Nobel prize in 1985 – topology has revolutionized people’s

understanding of modern condensed matter physics. The amazing feature of the properties related

to topology is their robustness to disturbances. For example, in quantum Hall effect, although the

real materials inevitably suffer from defects, dislocations, electron-electron and electron-phonon

scatterings, etc., the Hall conductance exhibits exact quantized plateaus in units of e2

h . Such

robustness is now understood as derived from the topology of the many-particle wave function,

where the electrons conspire together to generate global properties that is insensitive to the local

details of the system.

Chapter 2 and 3 are devoted to a systematic study of Cooper pairing structures and

topological properties of multi-component fermions, including both the fully gapped and nodal

superconducting systems. Although electrons have two internal spin degrees of freedom, effective

multi-component electronic systems are not rare in nature since electrons can also occupy

different atomic orbitals. Indeed, the discovered nodal superconductivity in the half-Heusler

compound YPtBi has been recently proposed to be of spin-3
2 nature [2]. Our studies show that the

multi-component systems exhibit richer electron pairing structures, leading to exotic topological

1



properties not to be found in conventional two-component electronic systems. For the 3He-B like

isotropic Cooper pairing with multi-component fermions, we find that there appear Majorana

states with linear, cubic, and even higher order dispersions on the surface of the system, whereas

only linear dispersing surface states can emerge in two-component systems. For the nodal case,

we specify to the p-wave septet pairing which is proposed to be possibly relevant with the YPtBi

material [3], and find Majorana flat bands on the boundary of the system. The quasi-particle

interference patterns associated with these Majorana surface states are calculated, and the features

insensitive to material details are extracted based on symmetry analysis.

Another part of the thesis focuses on real time dynamics of strongly interacting systems.

The dynamics and out-of-equilibrium properties have attracted great deals of research attentions

in recent years, mainly due to the advancements in experimental techniques that enable people

to infuse large pumping power into, gain precise control over, and make detection with high

resolution of the condensed matter systems. The real-time dynamics reveal lots of information that

do not show up in equilibrium properties. From a theoretical point of view, the real-time dynamics

of systems with interactions of strong strength between constituent particles is a very difficult

problem due to the intricate interplay between dynamic evolution and quantum fluctuations.

Among the strongly interacting systems, the exactly solvable models – although rare and ideal

– stands out with special and important status, since the exact solvability allows people to treat

the problem in an unambiguous manner, and the features in such systems can provide valuable

intuition and information to other non-solvable and non-ideal systems.

Along this line of logic, in Chapter 4 we study the spin dynamics in one dimensional

quantum Heisenberg spin model. This is a representative of exactly solvable models through

the method of Bethe ansatz, which was initially proposed by Hans Bethe dated back to 1930’s

[4] and has profoundly influenced both theoretical physics and pure mathematics thenceforth.

The strongly interacting systems exhibit many interesting properties absent in systems without

interactions. Examples include the emergence of fractionalized particles where the fundamental

2



unit of the system splits into two freely moving pieces, and hence only even numbers of such

fractionalized pieces can be created; and the formation of bound states where several particles are

bound together and propagate as an entity. Such features can be described in a definite manner

in exactly solvable systems. We calculate the dynamical spin structure factors (DSF), and find

that both the fractionalized particles and the bound states play important roles in spin dynamics.

The DSF in (ω,q) space are proportional to the differential cross section in scattering processes,

hence also of direct experimental relevance. The contributions from different types of excitations

to the spin propagation exhibit a clear hierarchy of frequency separation. At low frequencies, the

propagation is dominated by fractionalized particles, while at higher frequencies, two-particle

and even three-particle bound states dominate the spin propagation. Such distinguished features

are in good agreement with the ESR experiments performed by our experimental collaborators.
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Chapter 2

Topological isotropic Cooper pairing with

spin-3
2 fermions

2.1 Introduction

The unconventional superconductivity and paired superfluidity of neutral fermions have

long been among the central research topics of modern condensed matter physics. If the total

spin angular momentum of a Cooper pair formed by spin-1
2 fermions is nonzero, the orbital

pairing symmetry has to be in the odd partial-wave channel. The p-wave paired superfluidity

[5, 6] includes the 3He-A phase containing point nodes [7], the fully gapped B phase [8], and

the recently reported polar state with linear nodes [9, 10]. The p-wave superconductivity has

been intensively studied in SrRu2O4 [11–13], and also in heavy fermion systems including UGe2,

URhGe, UCoGe [14]. There exhibit rich topological structures of vortices and spin textures under

rotations or in external magnetic fields in the p-wave superfluid 3He and superconductors[15, 16].

In addition, the experimental signatures of the possible nodal f -wave superconductivity have also

been reported in UPt3 [17, 18].

The 3He-B phase is distinct among these unconventional pairing phases. The overall

4



pairing structure of 3He-B is isotropic and fully gapped in spite of its non-s-wave pairing symmetry

and spin structure. Its pairing exhibits the symmetry breaking pattern from SOL(3)⊗SOS(3) to

SOJ(3) [5] where L, S, and J represent the orbital, spin, and total angular momentum, respectively.

The relative spin-orbit symmetry-breaking has also been studied in the context of Pomeranchuk

instability termed as unconventional magnetism leading to dynamic generation of spin-orbit

coupling [19, 20].

Furthermore, the 3He-B phase is topologically nontrivial [21–23]. Ever since the discovery

of the integer quantum Hall effect [1, 24, 25], topological states of matter have flourished into a

major research focus. Recently, the study of topological band structures has extended from time-

reversal (TR) breaking systems to TR invariant systems [26–28], from two to three dimensions

[22, 29, 30], and from insulators to superconductors [21–23, 31–34]. The 3He-B phase is an

example of TR invariant topological Cooper pairing state in 3D, belonging to the DIII class

characterized by an integer-valued index [22]. Its bulk Bogoliubov spectra are analogous to

the 3D gapped Dirac fermions. There exhibit gapless surface Dirac spectra of the mid-gap

Andreev-Majorana modes [35] as a consequence of the non-trivial bulk topology. Evidence of

these low energy states has been reported in recent experiments [36].

Because the spin channel of electron Cooper pairs can only be either spin singlet or

triplet, the 3He-B phase seems to be the only choice of the isotropic pairing state in 3D with

unconventional pairing symmetry. In this article, we will show that actually there are much

richer possibilities of this exotic class of pairing in all the partial-wave channels of L≥ 1. Such

possibilities can be realized in systems with multi-component fermions. The multi-component

fermionic systems naturally arise in both orbital-active solid state systems and ultra-cold atomic

systems with large spin alkali and alkaline-earth fermions, both of which have recently attracted a

great deal of attention [37–45]. For simplicity, an effective spin s is introduced below to describe

the multi-component fermion systems with the component number expressed as 2N = 2s+1≥

4. Their Cooper pair spin structures are greatly enriched compared with the 2-component
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case[38, 46]. For example, the 4-component spin-3
2 systems can support the f -wave septet,

p-wave triplet, and d-wave quintet pairings, all of which are fully gapped and rotationally

invariant. Nevertheless, only the odd partial-wave channel ones, i.e., the p and f -wave pairings

are topologically non-trivial. Their topological properties are analyzed both from calculating

the bulk indices and surface Dirac cones of the Andreev-Majorana modes. Specifically, the

topological index reaches the largest possible value N2 for the p-wave case. Correspondingly the

surface spectra exhibit the coexistence of 2D Dirac cones of all the odd orders from 1 to 2N−1.

2.2 Topological properties of isotropic f -wave pairing

2.2.1 Mean field Hamiltonian

The Hamiltonian for a 3D spin-3
2 system with isotropic f -wave spin septet Cooper pairing

is expressed as

H = ∑
k

εkc†
α(k)cα(k)−

g
V0

∑
k,k′,m,ν

P†
m,ν(k)Pm,ν(k′), (2.1)

in which εk = ~2k2

2m − µ, µ is the chemical potential, α = ±3
2 ,±

1
2 is the spin index, g is the

pairing interaction strength, and V0 is the system volume. The pairing operator is defined as

P†
m,ν(k) = c†

α(k)Y3m(k̂)[S3νR]αβc†
β
(−k) where k̂ = k/k, Y3m(k̂)’s with −3 ≤ m ≤ 3 are the 3rd

order spherical harmonic functions, and S3ν with −3 ≤ ν ≤ 3 are the rank-3 spherical tensors

based on the spin operator S in the spin 3
2 -representation, where ν is the eigenvalue of Sz. For later

convenience, the normalization of Y3m(k̂)’s are chosen such that ∑m |Y3m(k̂)|2 = 1. R defined as

Rαβ = (−)α+ 1
2 δα,−β is the charge conjugation matrix. R satisfies RST R−1 =−S such that Rαβc†

β

transforms in the same way under rotations as cα does. The expressions of the spherical harmonic

functions and the spin tensors are given in Appendix A.
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In the mean-field approximation, Eq. 2.1 becomes

HMF

V
=

1
V

′

∑
k

Ψ
†(k)H(k)Ψ(k)+g ∑

m,ν

∆
∗
m,ν∆m,ν, (2.2)

in which ∑
′
k denotes the summation over half of the momentum space; Ψ(k) = (ck,α,c

†
−k,α)

T is

the Nambu spinor; the order parameter ∆m,ν is determined by the self-consistent equation as

∆m,ν =
g
V ∑

k
〈G|cγ(−k)Y ∗3m(k)R

†S3ν,†cδ(k)|G〉 (2.3)

where 〈G|...|G〉 denotes the ground state average. The matrix kernel H(k) in Eq. 2.2 is expressed

as

H(k) = ε(k)τ3⊗ I4×4 + ∆̂(k)τ++ ∆̂(−k)τ−, (2.4)

where τ3 and τ± = 1
2(τ1± iτ2) are the Pauli matrices acting in the Nambu space. ∆̂(k) is a matrix

in spin space defined as

∆̂(k) = ∑
ν

(S3νR)d∗,ν(k), (2.5)

where d∗,ν(k) = ∆m,νY3m(k̂) dubbed as the d-tensor in analogy to the d-vector in 3He. The usual

d-vector in the spin-1
2 case has three Cartesian components. On the other hand, the d-tensor here

is a rank-3 complex spherical tensor.

We consider the special case of isotropic pairing with spin-orbit coupled total angular

momentum J = 0, which is a generalization of the p-wave 3He-B phase. This kind of pairing is

fully gapped, hence conceivably energetically favorable within the mean-field approximation. The

corresponding d-tensor is given by dν(k) = c f ∆ f (
k
k f
)3Y3ν(k̂), where c f is an overall normalization
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factor presented in Appendix B. ∆ f is the complex gap magnitude, or, equivalently,

∆̂(k) = ∆ f (
k
k f

)3K f (k̂)R (2.6)

in which K f = c fU(k̂)S30U†(k̂), and U(k̂) is a rotation in the spin-3
2 space which rotates the

z-axis to the direction of k̂. U(k̂) can be chosen as U(k̂) = e−iφksze−iθksy in which θk and φk are

polar and azimuthal angles of k̂, respectively. The explicit form of ∆̂(k̂) are given in Appendix B.

Here we use the isotropic f -wave pairing state as an example to illustrate the symmetry

properties of this class of pairings. The Hamiltonian Eq. 1 is rotationally invariant in both the

orbital and spin channels, i.e., the symmetry group is SOL(3)×SOS(3). On the other hand, for

the isotropic pairing state characterized by Eq. 5, only the total angular momentum is conserved,

i.e., the residue symmetry is SOJ(3). The general configuration of the d-tensor can be expressed

as

dν
R(k̂) = dν(R−1k̂) = Dl=3

νν′ (R)d
ν′(k̂), (2.7)

where R is an arbitrary SO(3) rotation and Dl
νν′(R) is the rotation D-matrix. The relative SO

symmetry breaking pattern is the same as the case of 3He-B, but here it is realized in a high

representation of angular momentum. Combining with the U(1) gauge symmetry breaking

in the paired superfluid state, the Goldstone manifold is [SOL(3)⊗ SOS(3)⊗U(1)]/SOJ(3) =

SO(3)⊗U(1). Accordingly there exist four branches of Goldstone modes, including one branch

of phonon mode and three branches of relative spin-orbit modes.

K f (k̂) can be further expressed in an explicitly rotational invariant form as

K f (k̂) =−
5
2

h3(k̂)+
41
8

h(k̂), (2.8)

in which h(k̂) is the helicity operator defined as h(k̂) = k̂ ·S. K f (k̂) can be easily diagonalized in

8



Figure 2.1: Pictorial representations of the pairing matrices over the Fermi surfaces of the
isotropic f -wave septet pairing. Intuitively, the f -wave matrix kernels U(k̂)S30U†(k̂) for each
wavevector k are depicted in their orbital counterpart harmonic functions.

the helicity basis: U†(k)K f (k̂)U(k̂) = (−5
2S3

z +
41
8 Sz). For a helicity eigenstate with the eigen-

value λ, the corresponding eigenvalue ξλ of K f (k̂) reads ξλ =−3
4 ,

9
4 ,−

9
4 ,

3
4 for λ = 3

2 ,
1
2 ,−

1
2 ,−

3
2 ,

respectively. The Bogoliubov quasi-particle spectra are

Eλ(k) =

√
ε2(k)+ |∆ f |2(

k
k f

)6ξ2
λ

(2.9)

which satisfies Eλ(k) = E−λ(k) due to the parity symmetry.

2.2.2 Bulk topological index

Next we study the topological structure of the pairing Hamiltonian. The Bogoliubov-

de Gennes (B-deG) Hamiltonian in Eq. 2.4 always possesses the particle-hole symmetry

CpH(k)C−1
p =−H∗(−k) with Cp = τ1⊗ I4. Furthermore, the isotropic pairing state described

by Eq. 2.6 is TR invariant satisfying CT H(k)C−1
T = H∗(−k) with CT = I2⊗R. Hence it belongs

to the DIII class according to the classification of topological superconductors. The associated

topological index is integer-valued which can be evaluated following the method in Ref. [34].

Due to the particle-hole and TR symmetries, H(k) can be unitarily transformed into a 2× 2
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block-off-diagonal matrix as ε(k)τ1 +∆ f (
k
k f
)3K(k̂)τ2. The upper-right block can be singular-

value-decomposed as U(k̂)L(k)Λ(k)U†(k̂), in which L(k) and Λ(k) are two diagonal matrices

only dependent on the magnitude of k defined as Lλλ(k) = Eλ(k) and Λλλ(k) = eiθλ(k), respec-

tively. The angles satisfy tanθλ(k) =−
∆ f ξλ

εk
( k

k f
)3 and for simplicity ∆ f is set as positive. Since

the pairing occurs only within a small window around the Fermi surface, the k3-dependence of

the pairing amplitude must be regularized: Beyond a cutoff kc, ∆ f vanishes.

The upper-right block can be adiabatically deformed into an SU(4) matrix Qk =U(k̂)Λ(k)U†(k̂)

without gap closing since the system is fully gapped. The topological index is calculated in terms

of Q(k) as

Nw =
1

24π2

∫
d3kε

i jlTr[Q†
k∂iQkQ†

k∂ jQkQ†
k∂lQk]. (2.10)

Nw characterizes the homotopic class of the mapping from the 3D k-space to the SU(4) group,

which is integer-valued since π3(SU(4)) = Z. Nevertheless, Nw is only well-defined up to a sign:

After changing ∆ f →−∆ f , Nw flips the sign.

The topological index can be calculated in the following way. Since U and U† only

depend on the direction of k, while Λ(k) only depends on the magnitude of k, we have

∇kQ = U†
∇kΛ(k)U,

∇θQ = ∇θU†
ΛU +U†

Λ∇θU,

∇φQ = ∇φU†
ΛU +U†

Λ∇φU, (2.11)

in which ∇k = k̂ ·∇, ∇θ = êθk ·∇, ∇φ = êφk ·∇. Substituting the above equations into Eq. 8 and
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after simplification, we arrive at

Nw =
1

4π2

∫
d3kTr(∇θU∇φU†−∇φU∇θU†)∇kΛΛ

†,

= ∑
λ

qλwλ, (2.12)

in which qλ is the monopole charge associated to the Berry curvature of the helicity eigenstate;

the corresponding eigenvalue λ is defined as

qλ =
∫ k2dΩk

4π
Fλ

θφ
(k̂)

=
∫ k2dΩk

4π
(−i)

(
∇θU∇φU†−∇φU∇θU†

)
λλ

= λ, (2.13)

and wλ is the winding number of the angular θλ(k) along the radial direction of k as

wλ =
∫ +∞

0

dk
π

(
i∇ΛΛ

†
)

λλ

=

 sgn(ξλ) (µ > 0),

0 (µ < 0).

(2.14)

Consequently, we arrive at

Nw =

 ∑λ λ sgn(ξλ) (µ > 0),

0 (µ < 0).
(2.15)

Coming back to the current f -wave case, at µ > 0, Nw is evaluated as

Nw = ∑
λ=± 3

2 ,±
1
2

λ sgn(ξλ). (2.16)

The dependence on sgn(ξλ) is because θλ(k) varies from 0→ π

2→ π at ξλ > 0 but from π→ π

2→ 0
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Figure 2.2: The gapless surface spectra for the isotropic f -wave septet pairing with spin-3
2

fermions.

as k varies from 0 to k f to +∞. A similar form of Eq. 2.16 was obtained in Ref. [34] in which the

Fermi surface Chern number plays the role of λ in Eq. 2.16. For the two helicity pairs of λ =±3
2

and λ =±1
2 , their contributions are with opposite signs, and thus Nw = 2.

2.2.3 Gapless surface Dirac cones

There emerge gapless surface Dirac cones on the system boundary due to the non-trivial

bulk topology. Due to the pairing isotropy, without loss of generality, an open planar boundary

is chosen at z = 0 with µ(z) = ε f > 0 at z < 0 and −∞ at z > 0. The mean-field Hamiltonian

becomes H(k‖,z) in which k‖ = (kx,ky) remains to be good quantum number while kz is no

longer conserved. The symmetry group on the boundary is Cv∞ including the uni-axial rotation

around the z-axis and the reflection with respect to any vertical plane. Cv∞ is also the little group

symmetry at k‖ = 0, hence the four zero Andreev-Majorana modes at k‖ = 0 can be chosen as Sz

eigenstates denoted as |0α, f 〉. The associated quasiparticle creation operators γ
†
α are solved as

γ
†
α =

∫ 0

−∞

dz [ ei(ϕ

2+
π

4 )c†
α(k‖ = 0,z)

+ e−i(ϕ

2+
π

4 )c−α(k‖ = 0,z)]uα(z), (2.17)
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where ϕ is the phase of ∆, and u f ,α(z) is the zero mode wavefunction exponentially decaying

along the z-axis, the expression of which is presented in Appendix C.

Since |0α, f 〉’s are at zero energy, they possess an important symmetry property that

the gapped bulk modes do not have, i.e., they are chiral eigen-modes satisfying Cch|0α, f 〉 =

(−)να |0α, f 〉 with να = 0 for α = 3
2 ,−

1
2 and να = 1 for α = 1

2 ,−
3
2 , respectively, in which Cch is the

chiral operator defined as Cch = iCpCT = iτ1⊗R. The mean-field Hamiltonian H(k‖,z) changes

sign under the chiral operation: CchH(k‖,z)C−1
ch = −H(k‖,z), thus Cch is a symmetry only for

zero modes. Whereas for a nonzero mode |ψn〉 and its chiral partner |ψn̄〉=Cch|ψn〉, their energies

are opposite to each other, i.e., εn̄ =−εn. There is an important selection rule related to Cch. If a

perturbation δH remains in the DIII class, then CchδHC−1
ch =−δH. As a result, δH can only mix

two zero modes with opposite chiral indices because 〈0α, f |δH|0β, f 〉= (−)να+νβ+1〈0α, f |δH|0β, f 〉,

and it is nonzero only if να 6= νβ.

Away from k‖ = 0, the zero modes evolve into dispersing midgap states. In the vicinity

of the surface Γ-point, i.e., when k‖� k f , these midgap states can be solved by using the k · p

perturbation theory within the subspace spanned by the zero modes |0α, f 〉 at k‖ = 0. Using

δH = H(k‖,z)−H(0,z), the k · p perturbation Hamiltonian to the linear order of k‖ can be

calculated as

H f
mid(k‖) =

9∆ f

4k f



0 −ik− 0 O(k3
−)

ik+ 0 −2ik− 0

0 2ik+ 0 −ik−

O(k3
+) 0 ik+ 0


, (2.18)

where k± = kx± iky. Due to the previously mentioned selection rule of Cch, the matrix elements

in the same chiral sector are exactly zero. The elements at the order of O(k3
±) are neglected. The

spectra of Eq. 2.18 consist of two sets of 2D surface Dirac cones with the dispersions given by

Ea(b)
± (k‖) =±va(b)k‖, in which the velocities are va(b) =

9
4
|∆ f |
k f

(
√

2±1). We have also developed
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Figure 2.3: Pictorial representations of the pairing matrices over the Fermi surfaces the isotropic
p-wave triplet pairing with spin- 3

2 fermions. Intuitively, the p-wave ones U(k̂)S10U†(k̂) for each
wavevector k are depicted in their orbital counterpart harmonic functions.

a systematic method beyond the k · p theory to solve the midgap states for all the range of k‖ as

presented in Appendix F, and the results are plotted in Fig. 2.2 (a). In addition to the Dirac cones,

there also exists a zero energy ring not captured by Eq. 2.18, which is located at k/k f =
√

3
2 as

analyzed in Appendix C.

2.3 Topological properties of isotropic p-wave pairing

2.3.1 Bulk properties

The other topologically nontrivial isotropic pairing channel is the p-wave triplet, and

the analysis can be similarly performed as in the f -wave case. The pairing matrix is ∆̂p(k) =

∑ν=0,±1(S1νR)d∗,νp (k) = ∆p
k
k f

Kp(k̂)R, where S1ν is the rank-1 spin tensor, dν
p = ∆p(

k
k f
)Y1ν(k̂),

and Kp(k̂) = k̂ ·S is just the helicity operator. The quasi-particle spectra are fully gapped as

Eλ(k) =
√

ε2(k)+ |∆p|2( k
k f
)2λ2. The topological index of this pairing can be evaluated via Eq.

2.16 by replacing the eigenvalues of K f (k̂) with those of Kp(k̂). Different from the f -wave

case, the contributions from two helicity pairs of λ =±3
2 and ±1

2 now add up leading to a high

value Nw = 4. In comparison, the topological index of the 3He-B phase is only 1, and thus their
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Figure 2.4: The gapless surface spectra for the isotropic for the isotropic p-wave triplet pairing
with spin- 3

2 fermions.

topological sectors are different although the symmetry classification is the same.

2.3.2 Gapless surface Dirac cones

There coexists a linear and a cubic Dirac cone in the surface spectra of the isotropic

p-wave pairing with spin-3
2 fermions. The boundary condition is taken the same as before.

Similarly for each spin component α there exists one zero mode at k‖ = 0 labeled by |0α,p〉.

Again the k · p analysis can be performed at k‖ � k f in the subspace spanned by |0α,p〉 with

respect to the perturbation Hamiltonian δH = H(k‖,z)−H(0,z). The chiral eigenvalue of |0α,p〉

is (−)να = sgn(α), which leads to a different structure of effective Hamiltonian from that of the

f -wave one. Due to the selection rule of Cch, only |0± 1
2 ,p
〉 can be directly coupled by δH, which

leads to a linear Dirac cone. On the other hand, |0 3
2 ,p
〉 and |0− 1

2 ,p
〉 are coupled through the 2nd

order perturbation theory, and so do |0− 3
2 ,p
〉 and |0 1

2 ,p
〉. Even more, the pair of states |0± 3

2 ,p
〉 can

be coupled only to third order perturbation theory. As a result, in addition to a linear Dirac cone, a

cubic Dirac also exists on the boundary as shown in Appendix D. The above analysis is confirmed

by the solution based on the non-perturbative method in Appendix F, as plotted in Fig. 2.2 (b).

Here we also mention that the d-wave spin quintet isotropic pairing of spin-3
2 fermions

are topologically trivial. By imitating the analyses above, we replace K f (k̂) with Kd(k̂) =
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2(k̂ ·S)2− 5
2 I4. Different from the odd partial wave kernels Kp and K f , the eigenvalues of Kd

are even with respect to the helicity index, i.e., ξd
λ
= ξd

−λ
, such that Nw vanishes. The explicit

calculation of the surface spectra in Appendix E confirms this point showing the absence of zero

modes.

2.4 Generalization to fermionic systems with arbitrary spin

It is straightforward to generalize the previous analysis to multi-component fermion

systems with a general spin value s = N− 1
2 . In the following, Slm (0≤ l ≤ 2S and −l ≤ m≤ l)

denote the spin tensors at the order of l. For each partial-wave channel 0≤ l ≤ 2S, there exists

an isotropic pairing with the pairing matrix ∆̂(k̂) = ∆l(
k
k f
)lKl(k̂)R in which Kl =U(k̂)Sl0U†(k̂).

Similar as before, the topological index Nw(l) is determined by the sign pattern of the elements

of the diagonal matrix Sl0. For even and odd values of l, Sl0
αα =±Sl0

−α−α, respectively, and thus

Nl
w vanishes when l is even, while

Nw(l) = ∑
λ>0

2λ sgn(Sl0
λλ
), (2.19)

when l is odd, in which Sl0
αα = (−)α+ 1

2 〈Sα,S−α|SS; l0〉 up to an overall factor. Nw reaches

the largest value for the p-wave case. This is because S10 ∝ Sz and contributions from all the

components add together leading to Nw = N2. The 3He-B phase of spin-1
2 fermions and the

isotropic p-wave pairing with spin-3
2 fermions are two examples in the N = 1 and N = 2 cases,

respectively. As for the surface zero modes |0α,p〉 at k‖ = 0, their chiral indices equal sgn(α). As

a result, similar to the spin-3
2 case, when performing the k · p analysis for midgap states within the

subspace spanned by |0α,p〉, only |0± 1
2 ,p
〉 are directly coupled leading to a linear Dirac cone, and

other pairs of |0±α,p〉 are indirectly coupled at the order of (δH)2α leading to high order Dirac

cones.

16



2.5 Summary

Multi-component fermion systems are not rare in nature. In solid state systems, many

materials are of multi-orbital nature. Examples include semiconductors, transition metal oxides,

and heavy fermion systems. The band structures in such materials are often characterized by

electron total angular momentum j due to the spin-orbit coupling effect, and in many situations

j > 1
2 . For example, in hole-doped semiconductors, the valence band carries j = 3

2 which can

be described by the Luttinger model [48], and superconductivity has been discovered in these

systems including hole-doped diamond and Germanium [49–51]. Although the Cooper pairings in

these materials are mostly of the conventional s-wave symmetry arising from the electron-phonon

interaction, it is natural to further consider unconventional pairing states in systems with similar

band structures but stronger correlation effects. The p-wave pairing based on the Luttinger

model has been studied in Ref. [44]. In addition, in ultra-cold atom systems, many alkali and

alkaline-earth fermions often carry large hyperfine spin values F > 1
2 . Hence their Cooper pair

spin structures are enriched taking values from 0 to 2F beyond the conventional singlet and triplet

classification as in the spin-1
2 case [38, 40, 52].

There often exists spin-orbit coupling in multi-component solid state systems. For ex-

ample, there is an isotropic spin-orbit coupling term Hso = γ2k2(k̂ ·S)2 in the Luttinger model

describing hole-doped semi-conductors [48]. In such case, Hso is diagonal in the helicity eigenba-

sis, and the kinetic energy changes to εkλ = εk + γk2λ2 in the mean-field analysis. εkλ satisfies

εkλ = εk,−λ, thus the pairing structure described by Eq. 2.6 is not affected. The topological

properties are the same as analyzed before because the index formula Eq. 2.16 remains valid, and

the surface mid-gap state calculation can be performed qualitatively similarly. Nevertheless, the

symmetry breaking pattern is different from before. The spin-orbit coupled Goldstone modes in

3He-B become gapped pseudo-Goldstone modes since the relative spin-orbit symmetry is already

explicitly broken by Hso. The value of the gap is proportional to the spin-orbit coupling strength
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γ2.

In summary, we have found that a class of exotic isotropic pairing states exist in multi-

component fermion systems which are analogous to the 3He-B phase with unconventional

pairing symmetries and non-trivial topological structures. Isotropic gap functions are formed by

combining high-rank spin tensors and orbital partial-waves together at the same order. For the

spin-3
2 case, the f and p-wave pairings carry topological indices 2 and 4, respectively, while the s-

and d-wave channel pairings are topologically trivial. We have solved the surface Dirac cones

of mid-gap modes analytically, and found two linear Dirac cones in the f -wave case, and the

coexistence of linear and cubic Dirac cones in the p-wave case. It is straightforward to generalize

this exotic class of Cooper pairing to systems with even more fermion components. This work

provides an important guidance to the search of multi-component topologically nontrivial pairing

states in both condensed matter and ultra-cold atom systems.

This chapter contains material published by American Physical Society in: Wang Yang,

Yi Li, Congjun Wu, “Topological septet pairing with spin-3
2 fermions – high partial-wave channel

counterpart of the 3He-B phase”, Phys. Rev. Lett. 117, 075301 (2016). The dissertation author

was the primary investigator and author of this paper.
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Chapter 3

Nodal topological pairings in spin-3
2

semi-metals

3.1 Introduction

Topological superconductivity and paired superfluidity have been attracting intense re-

search interests in recent years [5, 6, 28]. The nontrivial topology manifests itself in the Andreev-

Majorana zero modes on boundaries and topological defects like vortices [21, 53–55]. Such

Andreev-Majorana modes are of particular interests since they are potentially useful for topo-

logical quantum computations [31, 56, 57]. Early topological classifications mostly focus on

the fully gapped superconducting systems[22, 23, 58], including the two-dimensional px + ipy

superconductor [54], and the three-dimensional 3He-B phase with the isotropic p-wave triplet

pairing [5, 8, 35]. Recently, gapped topological superconductivity has also been proposed for

high Tc cuprates in the very underdoped regime [59].

Gapless, or, nodal, superconductors/superfluids often exhibit unconventional pairing

symmetries, such as the d-wave superconductors of high Tc cuprates[60], the three-dimensional

3He-A phase with the px + ipy triplet pairing [54, 61], the pz-triplet pairing phase of electric
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dipolar fermions[52], and spin-orbit coupled p-wave pairing with total angular momentum

J = 1 induced by magnetic dipolar interactions [62]. For these examples, their gap functions

exhibit spherical or spin-orbit coupled harmonic symmetries. In contrast, the doped magnetic

Weyl semi-metals can support monopole harmonic pairing[63], which is a class of topological

superconducting states characterized by non-trivial monopole structures. Their pairing phases

cannot be globally well-defined on Fermi surfaces.

The gapless superconducting systems also exhibit interesting topological structures [64,

65], which are typically weaker than those in the gapped cases in the sense that only suitably

oriented surfaces can support the zero energy Andreev-Majorana states. These surfaces are with

particular orientations such that a relative sign change occurs between the gap functions along

the incident and reflected wavevectors. Such a condition is consistent with the general bulk-edge

correspondence principle, and the bulk topological numbers are momentum-dependent for the

gapless superconductors [66, 67].

The non-centrosymmetric superconductors add to the diversity of gapless superconduc-

tivity [66–70]. In their normal state band structure, the spin degeneracy is lifted by spin-orbit

coupling, and pairing gap functions typically show mixed-parity due to the breaking of inversion

symmetry. Depending on the pairing symmetry and the nodal structure, there appear Majorana flat

bands and zero energy arcs on the surfaces with suitable orientations [67, 71]. The experimental

signatures include zero-energy peaks in the tunneling spectra [72, 73], and certain patterns in the

quasi-particle interference(QPI) [74]. The instability of the Majorana flat bands has been studied

with respect to the spontaneous time reversal (TR) symmetry breaking effects arising from the

Majorana fermion-superfluid phase interaction [75], or, the magnetic interactions [76].

The superconducting pairing symmetries can be greatly enriched in multi-component

fermion/electron systems. In ultra-cold fermion systems, many fermions carry large hyperfine

spin S larger than 1
2 . In solid state systems, electrons can be effectively multi-component due to

orbital degeneracy and spin-orbit splitting, such as the effective spin-3
2 Luttinger-Kohn model
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for the hole band of semi-conductors. Their pairing spin structures can take values from 0

to 2S beyond the conventional singlet and triplet scenarios [38–40, 46, 77]. For example, the

spin quintet pairing (the spin of Cooper pair S = 2) has been found to support the non-Abelian

Cheshire charge in the presence of half-quantum vortex loop [46]. Recently, the 3He-B type

isotropic topological pairing has been generalized to multi-component fermion systems [77]. For

the simplest case of spin-3/2 systems, both the p-wave triplet and the f -wave septet pairings are

non-trivial, possessing topological index 4 and 2, respectively. They support surface spectra with

multiple linear and cubic Dirac-Majorana cones[44, 77]. The interaction induced TR symmetry

breaking effects are investigated in Ref. [78]. The topological nature of this class of pairings is

most clearly seen in the helicity basis, and thus it also applies to spin-orbit coupled multi-orbital

solid state band systems.

Recently, the half-Heusler compound YPtBi has attracted considerable attention [2, 79].

The band structure can be described by the effective spin-orbit coupled spin-3
2 Kohn-Luttinger

Hamiltonian with parity symmetry breaking. The chemical potential lies close to the Γ-point of

the p-like Γ8 band [79] as shown in the angluar resolved photo emission spectrascopy. Experiment

evidence to unconventional superconductivity has been found in the half-Heusler compound

YPtBi [2]. A mixed parity pairing immune to pair breaking effect has been proposed for YPtBi

[3], with a small fraction of s-wave singlet component superimposed on p-wave septet pairing.

Motivated by the advancements in non-centrosymmetric superconductors, we system-

atically study the Majorana surface states of topological superconductors based on the spin-3
2

Luttinger-Kohn model subject to the cubic symmetries. For the Td point group symmetry, we

show that the double degeneracy along the [001] direction and its equivalent ones are protected

by the little group SD16, i.e., the semi-dihedral group of order 16. The pairing patterns in non-

centrosymmetric systems are in general of mixed-parity nature as discussed under concrete cubic

symmetry groups. For the YPtBi, the proposed mixed s-wave singlet and p-wave septet pairing

exhibits line nodes on one of the spin split Fermi surfaces as shown in Ref. [3], and the six nodal
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loops centering around [001] and its equivalent directions are topological. We show that for the

(111) surface, the Majorana zero modes appear in regions enclosed by the projections of the

nodal loops to the surface Brillouin zone, but disappear in the overlapping regions. The QPI

patterns are calculated on the (111) surface due to the scattering with a single impurity in the

Born approximation. For non-magnetic impurity, chiral symmetry forbids scatterings between

Majorana islands with the same chiral index, while for magnetic impurity, the scatterings between

Majorana islands with opposite chiral indices are forbidden. The structures of QPI patterns of

magnetic impurity are richer than those of non-magnetic impurity under the C3v group, which is

the symmetry group of the (111)-surface. Experiments on QPI patterns will provide test to the

proposed pairing symmetries of YPtBi.

3.2 Non-centrosymmetric spin-3
2 systems with the cubic sym-

metries

In this section, we first discuss the Luttinger-Kohn Hamiltonian in spin-orbit coupled

systems, and classify the inversion breaking terms according to the cubic point groups. We

then show that for the Td group, there exits a protected double degeneracy along [001] and its

equivalent directions. Finally the band structure properties of the YPtBi material are reviewed.

3.2.1 The Luttinger-Kohn Hamiltonian and band inversion

Although electrons carry spin-1
2 , the effective spin-3

2 systems are not rare in solid state

materials due to spin-orbit coupling. Examples include the half-Heusler compounds, where

spin-orbit coupling recombines the outer-shell s- and p- orbitals into s 1
2

(Γ6), p 1
2

(Γ7) and p 3
2

(Γ8)

orbitals, with the subscripts denoting the spin-orbit coupled total angular momentum. The p 1
2
-

band is denoted the “spin-split” band, which is far from the Fermi energy, and will be neglected
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below. The s 1
2

and p 3
2

bands are active, and typically the s 1
2

band energy is higher. The gap

between them is tunable by varying the spin-orbit coupling strength, which can be realized in

experiments by substituting the heavy atom with other atomic elements. The gap vanishes at a

critical spin-orbit coupling strength, and then becomes negative, i.e, the energy of the s 1
2
-band

becomes lower, which is termed as “band inversion”. The p 3
2
-band further splits due to spin-orbit

coupling according to the helicity quantum number, i.e., the spin projection on the momentum

direction. The heavy hole band is of the helicity quantum numbers ±3
2 , and the light hole one is

of the helicity numbers ±1
2 . The heavy and light hole bands touch at the Γ-point, as protected by

the cubic group symmetry. All bands are doubly degenerate when TR and inversion symmetries

are present.

At the critical spin-orbit coupling strength, where the s 1
2
- and p 3

2
-bands touch at the

Γ-point, the dispersions of s 1
2
- and light hole bands become linear, while the heavy hole band

remains parabolic. After the band inversion, the curvature of the dispersion of s 1
2
-band becomes

negative, while that of the light hole actually is positive. A schematic plot of the band structure

after band inversion is shown in Fig. 3.1.

The process of band inversion can be understood by a k · p analysis as follows. Consider

systems with the full spin-orbit coupled SO(3) symmetry for simplicity. The k · p basis for s 1
2

and

p 3
2
-bands are chosen as

|s;↑〉, |s;↓〉, (3.1)
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and

|px + ipy;↑〉,
1√
3

(
|px + ipy;↓〉+

√
2|pz;↑〉

)
,

1√
3

(
|− px + ipy;↑〉+

√
2|pz;↓〉

)
,

|− px + ipy;↓〉, (3.2)

which are eigen-basis of Sz = Lz +
1
2σz with eigenvalues in a descending order. The three basis at

the Γ-point with positive eigenvalues of Sz are s 1
2
, |px + ipy ↑〉, 1√

3
(|px + ipy ↓〉+

√
2|pz ↑〉), and

the other ones with negative Sz can be obtained from them by the TR operation. Apart from an

overall constant the Hamiltonian at the Γ-point in the positive Sz sector is given by

H+(Γ) =


m

−m

−m

 , (3.3)

in which m is half of the band gap. To obtain the Hamiltonian away from the Γ-point, it is

sufficient to consider the z-direction due to the rotation invariance. The little group along this

direction is the U(1) group e−iSzφ, hence, hybridizations only occur between states with the same

Sz. The k · p Hamiltonian in the positive Sz sector up to the linear order in kz is

H+(kz) =


m λkz

−m

λ∗kz −m

 , (3.4)

in which m > 0 and < 0 correspond to before and after band inversion, respectively. The

Hamiltonian H− in the negative Sz sector can be obtained by applying the TR operation to Eq.
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(3.4). The k · p Hamiltonian in the basis of Eqs. (3.1, 3.2) along a general direction of k can be

constructed by performing the rotation operation U = e−iSzφke−iSyθk on H+(kz)+H−(kz) where

θk and φk are the polar and azimuthal angles of k, respectively. At the critical point m = 0, the s 1
2
-

and light hole band dispersions become linear with the velocity ± |λ|~ .

Consider the case with band inversion as illustrated in Fig. 3.1, where the Fermi energy

lies close to the Γ-point of the p 3
2
-bands. Only the p 3

2
-bands are taken into account with the

k · p basis chosen as the four states in Eq. (3.2), and the band structure is captured by the

Luttinger-Kohn Hamiltonian

HL(k) = (λ1 +
5
2

λ2)k2−2λ2(k ·S)2

+ λ3 ∑
i 6= j

kik jSiS j, (3.5)

in which S = (Sx Sy Sz) are the spin-3
2 operators. The λ3 term breaks the full spin-orbit coupled

SO(3) rotational symmetry, but is allowed for the cubic symmetry group. When λ3 = 0, the mass

of helicity ±3
2 bands is ~2

2(λ1−2λ2)
, and that of the helicity ±1

2 bands is ~2

2(λ1+2λ2)
. For the band

inverted case, we need −2λ2 < λ1 < 2λ2 to ensure the opposite signs of the light and heavy hole

masses.

3.2.2 Non-centrosymmetric spin-orbit couplings with the cubic symme-

tries

We classify all the TR and cubic symmetry allowed k · p terms up to the quadratic order

in k. The Hamiltonian Eq. (3.5) includes all the inversion invariant terms up to the k2-apart from

an overall constant. Inversion breaking terms are allowed for the three cubic groups O,Td,T . The
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Figure 3.1: Schematic plots of the p 3
2
- bands (Γ8), p 1

2
- bands (Γ7), and s 1

2
- bands (Γ6). The

abbreviations of “h. h.” and “l. h.” within the p 3
2
-bands represent the heavy and light hole bands,

respectively. The Fermi level crosses the heavy hole bands. Each pair of bands exhibit spin
splitting due to the presence of the inversion symmetry breaking term δ

k f
A(k) in Eq. (3.6).

corresponding band Hamiltonian becomes

H0(k) = HL(k)+
δ

k f
A(k), (3.6)

in which A(k) =−A(−k) breaks inversion symmetry, k f is the Fermi wave vector, and δ parame-

terizes the inversion breaking strength. To the lowest order in momentum, the TR invariant A(k)

takes the form

Td : ki · (Si+1SiSi+1−Si+2SiSi+2),

O : ki ·Si +a1ki ·S3
i ,

T : ki ·Si +b1ki ·S3
i +b2ki · (Si+1SiSi+1

−Si+2SiSi+2), (3.7)

in which a1, b1, b2 are numerical factors, and the indices i, i+1 are defined cyclicly for x,y,z and

the summation over i is assumed. Detailed discussions are included in Appendix G.
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Figure 3.2: The decorated cube with the Td symmetry.

3.2.3 Protected degeneracy along the [001] direction with the Td symmetry

The band structure of Eq. (3.6) does not exhibit double degeneracy in general due to the

breaking of inversion symmetry. Interestingly, for the Td group, there is a protected non-Kramers

degeneracy along [001] and its equivalent directions explained as follows.

The illustration of the Td symmetry in terms of a decorated cube is shown in Fig. 3.2. Its

little group along the [001] direction contains two mirror reflections along the diagonal directions

y =±x denoted as x′ and y′, respectively. The corresponding operations are denoted as Mx′ and

My′ , respectively. Since Mx′My′ = R(ẑ,π), where R(n̂,φ) denotes the rotation around the n̂ axis at

the angle of φ, the little group L0 of Td along the [001] direction is

L0 = {1,Mx′ ,My′ ,R(ẑ,π)}, (3.8)

which is isomorphic to the dihedral group D2. In half-odd integer spin representations, the

2π-rotation equals −1, and hence L0 is doubled as

L1 = {1,Mx′ ,My′ ,R(ẑ,π),

1̄, 1̄Mx′ , 1̄My′ , 1̄R(ẑ,π)}, (3.9)
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in which 1̄ denotes the 2π-rotation. As discussed in Appendix H, L1 is in fact isomorphic to

the quaternion group Q8. Different from D2, Q8 is non-Abelian, and has four 1D irreducible

representations and one 2D irreducible representation. The half-odd integer spin representations

do not contain the 1D representation of Q8 shown as follows:

Mx′My′ =−My′Mx′ (3.10)

for half-odd integer spins, since (Mx′My′ )
2 = R2(ẑ,π) = 1̄. This anti-commutativity protects the

double degeneracy along the [001] direction.

There is another mechanism of the degeneracy protection based on an anti-unitary sym-

metry S . It is constructed based on the Td group and the TR operation T as

S = R(ẑ,
π

2
)I ·T (3.11)

where I is the inversion operator which flips the momentum direction and acts as the identity

operator in spin space, and T is the Kramers TR operation satisfying T 2 = −1. S leaves the

[001]-direction invariant. It is easy to verify that S ’s quartic power is −1, i.e.,

S 4 =−1. (3.12)

Nevertheless, unlike the Kramers operation, S2 =−R(z,π) which remains an operator instead of

a constant. Still S ensures the double degeneracy of electron states with k ‖ ẑ [? ], which can

be proved by contradiction. If there was no degeneracy, each Bloch wave state |ψk〉 must be a

simultaneous eigenstate of both the Hamiltonian and the operator S , then S |ψ〉= λ|ψ〉, where λ

is a complex number of unit norm. This implies that S 2|ψ〉= |λ|2|ψ〉 due to the anti-unitarity of

S , and then S 4|ψ〉= |ψ〉 which is in contradiction with the property S 4 =−1.

Including the anti-unitary operation S, the little group along the [001] direction is extended
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from the double group L1 to SD16, the semi-dihedral group of order 16 Detailed discussions about

SD16 are included in Appendix H.

Both degeneracy protection mechanisms are general beyond the k · p approximation. The

degeneracy is held for any band Hamiltonian with the Td and TR symmetries realized by half-

integer fermions. It even applies to the Bogoliubov excitation spectra in the superconducting

states which maintain these symmetrys.

3.2.4 The YPtBi material

We briefly review the YPtBi material and its band structure. It is an half-Heusler compound

with band inversion. The active atomic orbitals are the 6s and 6p orbitals from the Bi atom. The

Pt and Bi atoms form a zinc-blende sublattice, and the Y atoms fill in the lattice such that the Pt

and Y atoms form another zinc-blende sublattice [81–83]. The system has the TR and Td point

group symmetries, but is not inversion symmetric.

The charge carrier density of YPtBi is very low around 2×1018cm−3 as revealed by the

Shubnikov-de Hass (SdH) oscillation experiments [2]. The corresponding Fermi energy is on the

order of 102K with the Fermi wave vector one order smaller than the Brillouin zone boundary,

such that the k · p description around the Γ-point is applicable. The k · p Hamiltonian H0(k) of

effective spin-3
2 particles has been proposed for YPtBi [3] as a combination of the Luttinger-Kohn

Hamiltonian in Eq. (3.5) and an inversion breaking term given corresponding to the Td group

in Eq. (3.7). The inversion breaking term breaks the double degeneracy except along [001]

directions, and leads to the spin-split Fermi surfaces with the energy splitting on the order of 10K.

The distortion of the Fermi surfaces away from the perfect sphere induced by the λ3-term in Eq.

(3.5) is shown to be a small effect as revealed by the SdH oscillation experiments [2], which will

be neglected in later calculations.
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3.3 Non-centrosymmetric spin-3
2 Cooper pairings

In this section, we first discuss the non-centrosymmetric Cooper pairings under cubic

group symmetries. Then the possible pairing symmetries of YPtBi are briefly reviewed.

3.3.1 Non-centrosymmetric Cooper pairings with cubic symmetries

We discuss the Cooper pairings in non-centrosymmetric sytsems with the TR and cubic

group symmetries, which can be viewed as analogues of the 3He-B pairing in the lattice. The

generalization of the 3He-B pairing to the large spin and high partial-wave channels in continuum

has been studied in Ref. [77].

The Bogoliubov-de Gennes (B-deG) Hamiltonian of a spin-3
2 superconductor is

HB-deG =

′

∑
k
(c†(k),c(−k)T )H(k)

 c(k)

c†(−k)

 , (3.13)

in which ∑
′
k denotes summing over half of momentum space, and

c(k) = (c3/2(k),c1/2(k),c−1/2(k),c−3/2(k))T . (3.14)

The matrix kernel H(k) is represented as

H(k) =

 H0(k)−µ ∆(k)

∆†(k) −(H0(−k)−µ)T

 , (3.15)

in which H0(k) is the band structure given by Eq. (3.6), and µ is the chemical potential measured

from the Γ point of the p3/2-bands. The pairing term ∆(k) is given as

∆(k) = K(k)R, (3.16)

30



in which K(k) denotes the pairing kernel, and R is the charge conjugation matrix defined as

Rαβ = (−)α+ 1
2 δα,−β with α spin indices [40]. For non-centrosymmetric systems, the breaking of

the inversion symmetry mixes pairings with different parities. The pairing kernel K(k) has been

proposed to take the form[84]

K(k) = ∆s +
∆p

k f
A(k), (3.17)

in which A(k) is given by Eq. (3.7) for the cubic groups O,Td,T ; ∆s and ∆p parameterize the

strength of the s and p-wave components, respectively. Such pairing avoids the pair breaking

effect induced by the inversion breaking term δ

k f
A(k) in the band structure [84], and thus is

conceivably to be energetically favorable. The pairing only takes place between electrons from

the same spin-split Fermi surface.

3.3.2 The superconducting properties of the YPtBi material

In this part we give a brief review to the superconducting properties of the YPtBi material,

particularly its topological nodal line structure in the gap function. Its transition temperature is

Tc = 0.78K. Its London penetration depth exhibits a linear temperature dependence [2], which is

a strong evidence for a gap function with nodal lines.

Let us first consider the band eigenstates of H0 defined in Eq. (3.6) with A defined as

A(k) = ∑
i=x,y,z

ki(Si+1SiSi+1−Si+2SiSi+2), (3.18)

which maintains the TR and Td symmetries. At |δ| � 1, the main effect of the inversion symmetry

breaking term is within the heavy hole band and the light hole one to split the double degeneracy.

The mixing between heavy and light hole bands is small and will be neglected. Since the Fermi

surface cuts the heavy hole band, we project the 4×4 matrix kernel A(k) into the heavy hole
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Figure 3.3: Nodal loops of the superconducting gap function on the larger spin-split Fermi
surface for a) ∆s/∆p = 0.3 and b) ∆s/∆p = 0.7, and projections of the nodal loops to the (111)-
surface for c) ∆s/∆p = 0.3 and d) ∆s/∆p = 0.7. In (c) the topological numbers are +1 and −1
in the regions enclosed by the red loops and the blue loops, respectively, and are zero outside
the loops. In (d) the situation is similar except that the topological numbers are zero in the
overlapping regions of the loops. The three axes in a), b) and the two axes in c), d) are momenta
in the bulk Brillouin zone and surface Brillouin zone, respectively, in which the momenta are
measured in the unit of

√
2k f . The Luttinger parameters are taken as λ1 = 0 and λ2 = |µ|/(2k2

f ).
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bands. Then A(k) becomes a 2×2 matrix
−→
Λ (k) · τ where τ is the Pauli matrices under the basis

with helicities ±3
2 , and

Λx(k) = −9k
8

sin2θk cos2φk,

Λy(k) =
9k
16

(3+ cos2θk)sinθk sin2φk,

Λz(k) = 0, (3.19)

with θk and φk the polar and azimuthal angles of k, respectively. Then the heavy hole ener-

gies exhibit the splitting of δ/k f |
−−→
Λ(k)| which becomes zero along the [001] and its equivalent

directions.

It has been proposed for YPtBi that its pairing symmetry is likely of the mixed s-wave

singlet and p-wave septet [3]. The B-deG Hamiltonian is given by Eq. (4.45), which maintains

the TR and Td symmetries. The Bogoliubov quasi-particle spectrum exhibits line nodes centering

around [001] directions when ∆s/∆p 6= 0 [3]. Based on a similar basis as above, when projected

into the two spin-split Fermi surfaces belonging to the heavy holes, the diagonalized gap functions

becomes ∆s±∆p|
−→
Λ (k)|. Hence, the gap function becomes nodal on one of the spin-split Fermi

surfaces at |−→Λ (k)|= ∆s/∆p, and the node lines form closed loops centering around [001] and its

equivalent directions. The plots of the nodal loops on the corresponding Fermi surface are shown

in Fig. 3.3 (a,b) for two representative ratios between ∆s and ∆p, for which the nodal loops do

not cross, or, cross, respectively.

3.4 Topology in nodal-line superconductors

In this part, we first briefly review the definition of the path-dependent topological number

for TR invariant nodal topological superconductors [66], then apply the formula to the spin-3/2

case of current interest. The pairing strengths of s- and p- wave components are parametrized as
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∆s =Cs∆0 and ∆p =Cp∆0.

If the system has TR symmetry, then the combined operation C = PhT , dubbed as chiral

operator, anti-commutes with the B-deG Hamiltonian. As a result, Hk can be unitarily transformed

into a block-off-diagonal form as τ1 · diag(D†
k,Dk). The matrix Dk can be decomposed into

Dk = UkΛkVk via singular-value decomposition, in which Λk is a diagonal matrix with non-

negative eigenvalues, and Uk,Vk are unitary matrices. Now consider a closed path L in momentum

space. If the gap does not vanish along the path L , then Λk on L can be deformed into identity

matrix without ambiguity, and Dk becomes a unitary matrix denoted as Qk. The topological

number of the path L is defined by the formula [66],

NL =
1

2πi

∫
L

dkl Tr[Q†
k∂kl Qk]. (3.20)

Next we carry out the calculation of the topological number in Eq. (3.20) for the Hamilto-

nian Eq. (4.45) with Td symmetry. The chiral operator C = τ1⊗R can be diagonalized by the

following matrix W ,

W =
1√
2

 I4 iR

−iR I4

 , (3.21)

in which I4 is the 4× 4 identity matrix. The Hamiltonian Hk can be brought into a block

off-diagonal form by W , as

WHkW † =

 0 Dk

D(k)† 0

 , (3.22)

in which

Dk = HL(k)+δA(k)−µ+ i∆0(Cs +CpA(k)). (3.23)
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Treating the inversion breaking term δ

k f
A(k) by first order degenerate perturbation theory, the

band energies ε
(1/2)
± (k),ε(3/2)

± (k) of the spin split light hole and heavy hole bands are given by

ε
1/2
± (k) = (2λ2 +λ1)k2±δ|Λ(1/2)(k)|−µ,

ε
3/2
± (k) = (2λ2−λ1)k2±δ|Λ(3/2)(k)|−µ. (3.24)

Up to first order in δ/|µ| and ∆0/|µ|, the matrix Dk can be diagonalized via a unitary transforma-

tion Uk as

Dk =Ukdiag(ε(α)ν (k)+ i∆(α)
ν (k))U†

k , (3.25)

in which α = 3/2, 1/2, ν =±, ∆
(α)
ν (k) = ∆0(Cs +νCp|

−→
Λ (α)(k)|). Then Qk is

Qk =Ukdiag(eiθ(α)ν (k))U†
k , (3.26)

in which tanθ
(α)
ν (k) = ∆

(α)
ν (k)/ε

(α)
ν (k). Plugging in Eq. (3.20), it is straightforward to show that

NL =
1

2π
∑
α,ν

∫
L

dkl ∂kl θ
(α)
ν (kl). (3.27)

The helicity ±1
2 bands lie above the Fermi energy with the energy difference on the order

of |µ|. The angles θ
(1/2)
ν (k) are nearly zero on the Fermi surfaces, since ε

1/2
± (k) ∼ |µ| >> ∆0.

Hence the α = 1/2 terms in Eq. (3.27) can be dropped. For the helicity ±3/2 bands, the formula

for NL can be simplified to [66]

NL =−1
2 ∑

ν

∑
kF

sgn(∂kl ε
(3/2)
ν (kF)) · sgn(∆(3/2)

ν (kF)),

(3.28)
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where kF ’s are the wavevectors at which the path L crosses the Fermi surfaces. The equation

ε
(3/2)
+ (k) = 0 determines the smaller Fermi surface, while ε

(3/2)
− (k) = 0 determines the larger

Fermi surface. The two Fermi surfaces touch along [001] directions protected by the little group

SD16 as analyzed in the main text. Suppose ∆s,∆p > 0, the quasi-particle spectrum is fully gapped

on the smaller Fermi surface, i.e. ∆
(3/2)
+ (kF) > 0. A closed path L always crosses the Fermi

surface in even times. Since the sign of (∂kl ε
(3/2)
ν (kF)) for crossing the Fermi surface from inner

to outer direction is different from that for crossing the Fermi surface from outer to inner direction,

the ν =+ term also drops off the expression for NL. Hence the formula is simplified to

NL =−1
2 ∑

kF

sgn(∂kl ε
(3/2)
− (kF)) · sgn(∆(3/2)

− (kF)),

(3.29)

in which only the larger Fermi surface contributes. For the Hamiltonian Eq. (4.45) with Td

symmetry, the sign of the pairing ∆
(3/2)
− (kF) inside the nodal loop is different from that outside

the loop. Hence from Eq. (3.29) the topological number for a closed path that encloses the nodal

loop once is ±1, where the sign of Ni depends on the direction that the path is traversed.

The topological number Eq. (3.29) can be related to the sign structure of the incident and

reflected wavevectors [66]. Let k‖ be an in-plane wavevector within the surface of interest. The

infinite vertical line passing through k‖ crosses the larger Fermi surface at two wavevectors with

vertical components k⊥1 and k⊥2. Now we can enclose the infinite line with a semi-infinite circle

and consider the topological number of the combined path L0. From Eq. (3.29), NL0 is related to

the sign difference between ∆
(3/2)
− (k⊥1) and ∆

(3/2)
− (k⊥2). On the other hand, NL0 does not change

by continuously deforming the path as long as the nodal circles are not touched. If after such

deformation no nodal loop is enclosed, the pairings of the incident and reflected wavevectors are

of the same sign, and the situation is topologically trivial. If only one nodal loop is enclosed, the

topological number NL0 is ±1. Majorana zero modes appear for this case. Another possibility is
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that two nodal loops are enclosed and the topological numbers from the two loops cancel. The

situation is topologically trivial again.

The nodal loops centering around [001] and its equivalent directions as discussed in

Section 3.3 are topologically non-trivial [2, 66]. An integer-valued index can be assigned to

each nodal loop as the topological number of a closed loop in momentum space linked with

the nodal one on the Fermi surface [66]. For a non-trivial nodal loop, the gap functions located

inside and outside the nodal loop on the Fermi surface are with opposite signs. Now consider a

2D surface and the associated surface Brillouin zone, the projection of the nodal loop in the 2D

Brillouin zone becomes a 2D planar loop. For each momentum in the surface Brilliouin zone, it

represents an effective 1D system perpendicular to the surface. Hence, a topological number can

be defined for each 2D surface momentum except that on the nodes [66]. The gap functions of the

incident wave and the reflection wave perpendicular to the surface change sign if their common

2D momentum is inside the planar projection loop. Hence, for the surface states, their topological

numbers are non-trivial for those inside the 2D projection loop but trivial for those outside. But

for those in the overlapping regions between two projection loops, they become trivial again. The

schematic plot for the case of the [111]-surface is taken as an example for illustration, as shown

in Fig. 3.3 (c, d) for two representative ratios between ∆s and ∆p.

3.5 Majorana surface states

In this section, we first derive the equation solving the Majorana surface states for the

spin-3
2 systems. The corresponding calculations were performed for the fully gapped isotropic

p-wave triplet and f -wave septet for the continuum model before [77]. Here we consider the

gapless mixed parity pairing state explained in the last section. For simplicity, we set λ3 = 0 in

the band Hamiltonian, and consider the limit of ∆s,∆p << δ << |µ|. This limit is justified in

YPtBi, since ∆s,∆p ∼ 1K, δ∼ 10K, and µ∼ 102K. The equation is then applied to compute the
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Majorana surface states for systems with TR and Td symmetries and also for those with the T , or,

O symmetry.

3.5.1 The methodology

Consider a surface with the normal direction along n̂ = (sinθn cosφn, sinθn sinφn,cosθn).

To simplify calculations, we rotate n̂ into the z-axis. The bulk of the system lies at z < 0, and

the side of z > 0 is vacuum. The boundary condition is that the wavefunction vanishes at z = 0

and exponentially decays to zero when z→−∞. Within the rotated coordinates, the Luttinger

Hamiltonian, the inversion breaking term in band structure, and the pairing Hamiltonian are

expressed as follows,

HL(−i∇) = −(λ1 +
5
2

λ2)∇
2−2λ2 (Rn(−i∇) ·S)2

− µ,

HA(−i∇) =
δ

k f
A(Rn(−i∇)) ,

∆(−i∇) = K (Rn(−i∇))R, (3.30)

where Rn = R(ẑ,φn)R(ŷ,θn) is the rotation operation transforming ẑ to n̂, Rn(−i∇) represents the

rotation of the vector operator −i∇, i.e,

Rn,a(−i∇) =−iRn,ab∇b, (3.31)

where a = x,y,z, and Rn,ab is the 3×3 rotation matrix. The momenta kx and ky parallel to the

surface plane remain conserved.

We use the trial plane wavefunction as

Ψ(r) = ∑
l

ClΦleikl ·r, (3.32)
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where Φl is an eight-dimensional column vector with four spin components of both particle and

hole degrees of freedom. Plug Eq. (F.1) into the eigen-equation, we obtain

 H0(Rakl)−µ ∆(Rakl)

∆†(Rakl) −(H0(−Rakl)−µ)T

Φl = EsΦl,

(3.33)

where kl = (kx ky kzl), and Es is the surface state energy. The boundary condition requires that

Imkzl < 0, and there are eight solutions of kzl satisfying this condition, i.e., 1≤ l ≤ 8: Four come

from the sector of helicity eigenvalues ±3
2 and the other four from helicity eigenvalues ±1

2 .

Furthermore, the boundary conditions require that

8

∑
l=1

ClΦl = 0. (3.34)

In order to have non-trivial solutions of Cl , the determinant composed of the eight column vectors

needs to be zero, i.e.,

det
(
{Φl}1≤l≤8

)
= 0, (3.35)

which determines the surface state eigen-energies. The explicit forms of the eight column vectors

Φl’s in the limit of ∆s,∆p << δ << |µ| are derived in Appendix J.

3.5.2 Surface states under the Td symmetry

In this part, we solve the Majorana surface modes. Let us consider the (001), and (110)-

surfaces. From the gap nodal loop configurations shown in Fig. 3.3, the nodal loop projections

fully overlap with each other, such that all the momentum-dependent topological numbers are

trivial. Hence we will only consider the (111)-surface. Through out the calculations the Luttinger
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Figure 3.4: Distribution of Majorana zero modes in the surface Brillouin zone in the (111)-
surface for a) ∆s/∆p = 0.3 and b) ∆s/∆p = 0.7. The white circle denotes the boundary of the
projection of the Fermi surface. Majorana zero modes exist in the bright regions. The chiral
index is marked for each island of the Majorana flat band, where “e” and “o” represent “even”
and “odd” with the chiral eigenvalue ±1, respectively. The horizontal and vertical axes are
momenta in the surface Brillouin zone measured in the unit of

√
2k f . The Luttinger parameters

are taken as λ1 = 0 and λ2 = |µ|/(2k2
f ). The numerical computations are carried out for a

200×200 lattice in momentum space.

parameters are taken as λ1 = 0, λ2 = |µ|/(2k2
f ) and λ3 = 0.

The results of Majorana spectra on the (111)-surface are presented in Fig. 3.4. Fig. 3.4

(a) shows the case that the projections of the gap nodal loops do not overlap, and the surface zero

Majorana modes appear inside the projection loops. In Fig. 3.4 (b), the projections overlap, and

the zero Majorana modes in the overlap region disappear. The former corresponds to a smaller

value of ∆s/∆p = 0.3, and the latter is with a larger one ∆s/∆p = 0.7. Since each non-trivial

momentum dependent topological index equals either 1 or -1 as shown in Fig. 3.3, these surface

zero Majorana modes are non-degenerate. The surface spectra solved from matching boundary

conditions are consistent with the previous analysis based on bulk topological number. This can

be seen as a verification of the bulk-edge correspondence principle in the spin-3/2 situation.

We then analyze the symmetry properties of the Majorana surface states. Based on

the Td and the TR symmetry, the symmetry subgroup for the (111)-surface is C3v×{1,T },

where T is the TR operation defined as T c†(k)T −1 = c†(k)R ·K, with K the complex conjugate
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operation. The surface spectra in Fig. 3.4 exhibit the C3v-symmetry. The TR operation reverses

the momentum direction, and the spectra are also invariant under the TR operation. Consider

the particle-hole operation PH defined as PHc†
α(k)P−1

H = cα(k)K. PH anti-commutes with B-deG

Hamiltonian Eq. (4.45) and transforms a state to another state with the opposite energy. Since

Majorana surface modes are at zero energy, they are particle-hole symmetric.

We can also define a chiral operator as

Cch = iT PH . (3.36)

It is Hermitian in half-odd integer spin spaces: C†
ch = −iP†

HT † = Cch, since T † = T −1 = −T

(as T 2 =−1), P†
H = PH , and [T ,PH ] = 0. Both TR and particle-hole operations reverse the sign

of the momentum, hence, Cch maintains momentum invariant. This implies that each Majorana

zero mode solved above can be chosen as a chiral eigen-state with a chiral index of ±1. Since

Cch commutes with the C3v group, the islands related by the C3v group carry the same chiral

index. While the two islands related by TR operation carry opposite chiral indices, because Cch

anti-commutes with the TR operator.

3.5.3 The T and O groups

In this part we briefly present the surface spectra calculation of the p-wave triplet pairing

for point groups O and T . While the situation of the p-wave triplet pairing with band inversion

and the Fermi energy tuned to cross the heavy hole bands has been sketched based on physical

intuitions [44], here, we perform a detailed calculation. The band structure and the Cooper

pairing are given by Eq. (3.6) and Eq. (3.16), respectively, in which A(k) takes the corresponding

form for O and T groups in Eq. (3.7). For simplicity, here we only consider the special case of

the p-wave triplet dominant pairing. The pure p-wave triplet pairing is SO(3) invariant under

the combined orbital and spin rotations, and the quasi-particle spectrum is fully gapped on the
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Figure 3.5: Surface spectrum of p-wave triplet pairing along radial direction. The horizontal
axis is the momentum measured in the unit of ku =

√
2k f , and vertical axis is the surface energy

measured in the unit of ∆p.

Fermi surface. For small enough parameters a1, b1, b2 in Eq. 3.7 and the ratio ∆s/∆p in Eq.

(3.17), they can be set to zero without affecting topological properties since the pairing is fully

gapped. In this case, the B-deG Hamiltonians for the T and O point group symmetries are the

same. The system belongs to the DIII class due to the TR and particle-hole symmetries. The bulk

topological number is 3 as a sum of those from the helicity ±3
2 bands [77]. Fig. 3.5 shows the

surface spectrum along the radial direction of momentum, and the full spectrum can be obtained

by performing a rotation around the normal direction. The overall surface spectrum exhibit the

cubic Dirac dispersions [44, 77], which is consistent with the bulk topological number.

3.6 Quasi-particle interference patterns

The scanning tunneling spectroscopy measures the local density of states (LDOS) on the

sample surface. In the presence of an impurity, the LDOS exhibits interference pattern due to

the scattering of electrons by impurities. The quasi-particle interference (QPI) patterns provide

information to the pairing symmetry of high-Tc superconductors [85], orbital ordering in 2D

materials [86], surface states of topological insulators [87] and semi-metals [88]. The QPI patterns

have also been discussed for various spin-1/2 non-centrosymmetric superconductors [74].
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In this section, we use the wavefuntions of the surface states solved from Sec. 3.5.2 to

compute the QPI patterns of a single impurity on the surface of the spin-3
2 topological supercon-

ductor with the TR and Td symmetries. Experiments on QPI patterns provide test to the proposed

pairing form in Eq. (3.17).

3.6.1 Spin-resolved local density of states

The impurity can be either magnetic or non-magnetic, and the tunneling spectroscopy

can be either spin-resolved or non-spin-resolved. In consideration of these, the LDOS tensor

ρµν is defined with µ = 0,1,2,3,4, whose (µ,ν) element is the spin-resolved LDOS for spin in

µ-direction with impurity spin polarized in ν-direction. The cases of µ = 0 and ν = 0 correspond

to non-spin-resolved and non-magnetic impurity, respectively. To facilitate the symmetry analysis,

we rotate the coordinate frame to x̂
′
= 1√

6
(1,1,−2), ŷ

′
= 1√

2
(−1,1,0), ẑ

′
= 1√

3
(1,1,1), The little

group of Td along the (111)-direction is C3v. The three-fold rotation axis in C3v is the ẑ
′
-axis, and

the three vertical reflection planes are the x
′
z
′
-plane and the±2π

3 rotations of the x
′
z
′
-plane around

z
′
-axis. To simply notation, below we still use x,y,z to represent x′, y′ and z′, i.e., to suppress the ′

symbol, and use the Greek index ν = 1,2,3 to represent them, respectively.

Let us comment on the modeling of the impurity potential in calculations below. For

simplicity, the non-magnetic impurity potential Vimp is used as an example, which can be straight-

forwardly extended to the magnetic impurity potential. Typically, it is taken a short range

δ-potential in real space. However, due to the open boundary condition, the surface state wave-

functions vanish on the surface. If the impurity is located exactly on the surface, then it will

not cause any scattering. This artifact can be cured by using a more realistic model to take into

account the finite range of the impurity potential. Hence, we assume the following form of Vimp,

Vimp(r) = NaV0e−z/a0δ(x)δ(y), (3.37)
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in which V0 parameterizes the potential strength and Na is a normalization factor. Although the

detailed distribution of QPI patterns depends on the explicit form of Vimp, the overall characteristic

features should not be sensitive on the choice of Vimp.

For an impurity whose spin is polarized in ν-direction with potential Vimp(r), or, a non-

magnetic impurity for ν = 0, the retarded Green’s function Gν
R(ω,r) of the frequency ω at the

position r is defined by

Gν
R(ω,r) = 〈r|

1
ω− (H +Hν

imp)+ iε
|r〉, (3.38)

in which |r〉 represents the coordinate eigen-state located at r. In principle, Gν
R exhibits a matrix

structure with respect to all the spin, Nambu, coordinate, and frequency indices. For Gν
R(ω,r),

it takes the diagonal elements in terms of coordinate and frequency, and leave the spin and

Nambu indices general. H is the matrix-kernel of the B-deG Hamiltonian without impurity in Eq.

(4.45) expressed in the coordinate representation. Hν
imp is the impurity potential in the Nambu

representation, defined as

Hν
imp =Vimp(r)Σν, (3.39)

where Σν = τ3⊗Sν for ν = 0,1,3, and Σ2 = τ0⊗S2. τ3 is the Pauli matrix and τ0 is the identity

matrix acting in Nambu space, and S0 is the identity matrix acting in spin space.

We define the 3D local density of states (LDOS) tensor as

ρ
µν(ω,r) =− 1

2π
ImTr

(
(1+ τ3)Σ

µ Gν
R(ω,r)

)
, (3.40)

in which 1+ τ3 is the abbreviation of (I2 + τ3)⊗ I4. ρµν(ω,r) refers to the density distribution in

the presence of the magnetic or non-magnetic impurity for µ = 0, and the spin-density distribution

at polarization µ at µ 6= 0. Then the surface LDOS tensor ρ
µν

s f (ω,r‖) for the position r‖ on the
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surface is defined by

ρ
µν

s f (ω,r‖) =
∫

drF (r− rc)ρ
µν(ω,r), (3.41)

where rc = (r‖,z) is the 3D coordinate, and F (r− rc) is an envelop function describing the

sensitivity of the STM tip to the local density of state distribution along the z-axis. Here, we do

not use the δ-function along the z-direction either, due to the open boundary condition used for

the calculation of surface states. Instead, a Gaussian distribution envelop function is used

F (r) = Nbe−(
z

b0
)2

δ(x)δ(y), (3.42)

in which Nb is the normalization factor. The characteristic features of the LODS should not be

sensitive to the detailed form of the function F .

Subtracting the background contribution in the absence of the impurity from ρ
µν

s f (ω,r‖),

we extract the impurity contribution to the LDOS defined as

∆ρ
µν

s f (ω,r‖) =−
1

2πi

∫ 0

−∞

dzF (z)Tr
[
(1+ τ3)Σ

µ

(
∆Gν

R(ω,r‖,z)−∆Gν∗
R (ω,r‖,z)

)]
, (3.43)

where

∆Gν
R(ω,r) = Gν

R(ω,r)−G (0)
R (ω,r), (3.44)

with

G (0)
R (ω,r) = 〈r| 1

ω−H + iε
|r〉. (3.45)
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The QPI pattern in momentum space ∆ρ
αβ

s f (ω,q) is defined to be the Fourier transform of

∆ρ
αβ

s f (ω,r‖) with respect to r‖, as

∆ρ
µν

s f (ω,q) = − 1
2πi

∫ 0

−∞

dzF (z)
(
Λ

µν(ω,q,z)

− Λ
µν∗(ω,−q,z)

)
, (3.46)

in which Λµν(ω,q,z) is the Fourier transform of Tr[(1+ τ3)Σ
µ∆Gν

R(ω,r‖,z)].

3.6.2 The T -matrix formalism and Born approximation

The retarded Green’s function GR(ω,r‖,z) can be evaluated using the T-matrix formalism.

Define the operator GR(ω) as

GR(ω) =
1

ω−H−Himp + iε
, (3.47)

and that in the absence of impurity G (0)
R (ω) as

G (0)
R (ω) =

1
ω−H + iε

. (3.48)

GR(ω) can be solved through

GR(ω) = G (0)
R (ω)+G (0)

R (ω)T (ω)G (0)
R (ω), (3.49)

in which the T -matrix operator T (ω) satisfies the equation

T (ω) = Himp +HimpG (0)
R (ω)T (ω). (3.50)

The Born approximation will be performed to solve the T -matrix.
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Now we outline the procedure of calculating ∆ρ
µν

s f based on Eq. 3.46. First, ∆Gν
R(ω,q,z)

can be evaluated by inserting the complete basis to both the left and right hand sides of T (ω)

in Eq. (3.49). A general eigenstate of the Hamiltonian H is of the form 1
Leik‖·r‖Ψk‖,α(z), where

L stands for the average inter-impurity distance, and the index α labels the states with fixed

in-surface momentum k‖, which can be either scattering state or surface state. Ψk‖,α(z) is the

8-component normalized wavefunction in z-direction. After carrying out the Fourier transform,

we obtain

Λ
µν(ω,q,z) =

Na

L2 ∑
k‖α,k

′
‖β

δk‖−k′‖,q
1

ω−Ek‖,α + iε

× 〈Ψk‖,α|H
ν
imp,z|Ψk′‖,β

〉 1
ω−Ek′‖,β

+ iε

× Tr
[
(1+ τ3)Σ

µ
Ψk‖,α(z)Ψ

†
k′‖,β

(z)
]
, (3.51)

in which Ek‖,α is the energy of the wavefunction Ψk‖,α(z), Hν
imp,z(z) is the impurity potential in

z-direction defined as

Hν
imp,z(z) = Σ

νV0e−z/a0, (3.52)

and

〈Ψk‖,α|H
ν
imp,z|Ψk′‖,β

〉=
∫ 0

−∞

dzV0e−z/a0Ψ
†
k‖,α(z)Σ

ν
Ψk′‖,β

(z). (3.53)

In Eq. 3.51, the expression of Ψk‖,α(z)Ψ
†
k′‖,β

(z) represents a 8×8 matrix structure in the combined

spin and Nambu space.

We consider the QPI patterns for at the frequency less than the gap energy. Since the

surface flat bands contribute a singular density of states at zero energy, only the Majorana surface

states are kept in the summation over states, and the bulk band contributions are neglected. With
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this approximation, Eq. (3.51) becomes

Λ
µν(ω,q,z) =

Na

N ∑
k‖,k

′
‖

δk‖−k′‖,q
(

1
ω+ iε

)2

× 〈ΨM
k‖|H

ν
imp,z|Ψ

M
k′‖
〉Tr
[
(1+ τ3)Σ

µ
Ψ

M
k‖(z)Ψ

M†
k′‖

(z)
]
, (3.54)

in which ΨM
k‖(z) represents the wavefunction of the Majorana state with the in-plane momentum

k‖.

The surface Majorana modes exhibit flat-band structure at zero energy. In the case of the

dilute limit, in which the single impurity scattering can be justified, the scattering matrix element

scales as V0/L2, thus the scattering occurs nearly at zero energy. Below, we set ω at the order of

ε, which can be viewed as the inverse lifetime of the Majorana states.

Before presenting the detailed QPI patterns, there is a general property of ∆ρµν(ω,q).

Since both the density and spin-density distributions are real fields, their Fourier transforms

satisfy

∆ρ
µν(ω,q) = ∆ρ

µν,∗(ω,−q). (3.55)

In other words, Re∆ρµν(ω,q) and Im∆ρµν(ω,q) are even and odd with respect to q. This

symmetry has been clearly shown in all of Fig. 3.6, Fig. 3.7, Fig. 3.8, and Fig. 3.9, which present

the Fourier transforms of ∆ρ
µν

s f (ω,q) at ω = ε in (111)-surface.

3.6.3 The QPI pattern for a non-magnetic impurity

In this section, the QPI patterns for non-magnetic impurities are presented. ∆ρ
µ0
s f (ω,q)

vanishes when µ 6= 0 due to TR symmetry, hence, only the results of ∆ρ00
s f (ω,q) are displayed.

Fig. 3.6 and Fig. 3.7 present ∆ρ00
s f (ω,q) at two representative pairing ratios ∆s/∆p.

Both figures exhibit the C3v symmetry with three vertical reflection planes. For a non-magnetic
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Figure 3.6: a) Re∆ρ00
s f (ε,q) and b) Im∆ρ00

s f (ε,q) in the (111)-surface for ∆s/∆p = 0.3 under
the Born approximation. The background contribution in the absence of impurity is subtracted.
The numerical computations are carried out for a 60×60 lattice in momentum space. The tip
resolution b0 in Eq. (3.42) is set to be b0 = 1/(

√
2k f ), and the impurity range a0 in Eq. (3.37) is

taken as a0 = 1/(
√

2k f ), both of which are at the order of Fermi wavelength. Other parameters
are λ1 = 0,λ2 = |µ|/(2k2

f ), and λ3 = 0. ∆0 = 0.02|µ|, Na = 1
2k2

f
, V0 = 8π2|µ|, Nb =

√
2k f .

ε = 2×10−5|µ|, which is the inverse of the Majorana life time. The color bar is in the unit of
k f√
2|µ| .

Figure 3.7: a)Re∆ρ00
s f (ε,q) and b) Im∆ρ00

s f (ε,q) in the (111)-surface with the parameter
∆s/∆p = 0.7. The other parameters are as the same as in Fig. 3.6.
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impurity, the Hamiltonian remains odd under the chiral operation defined in Eq. (3.36), which

imposes strong restrictions on the QPI patterns. It can only couple the Majorana zero modes

with opposite chiral indices as shown in Fig. 3.4 (a) and (b). In Fig. 3.4 (a), four representative

scattering wavevectors between Majorana islands are drawn in red arrowed lines, among which

“0” represents the intra-island scattering, and “1”, “2”, and “3” represent inter-island scatterings.

The scatterings “1” and “3” are between islands with opposite chiral indices, hence are allowed in

the Born approximation, as shown in Fig. 3.6. In contrast, the scatterings of “0” and “2” connect

islands with the same chiral index, and hence are forbidden. For example, the QPI spectra vanish

near q = 0, which is the consequence of the absence of intra-island scatterings.

While both scatterings “1” and “3” appear in the QPI patterns, the QPI spectral magnitudes

of “3” are much weaker than that of “1”, which is a consequence of TR symmetry. The impurity

matrix element vanishes between two Majorana states with in-plane momenta k2d and k′2d with

k′2d = −k2d , forming a Kramers pair with T 2 = −1. Nevertheless, the TR symmetry does not

completely forbid the scattering from k2d to k′2d in the neighbourhood of −k2d , although this

kind of scatterings are weakened. Hence, unlike the case of chiral symmetry which completely

forbids scatterings between islands with the same chiral index, the TR symmetry only reduces

while not strictly forbids the scatterings between TR related Majorana islands. For the case of

a large pairing ratio ∆s/∆p as shown in Fig. 3.7, the phase space for non-TR related Majorana

states scatterings for inter-island scattering “3” is much larger than the case shown in Fig. 3.6.

3.6.4 The QPI for a magnetic impurity

In this part, the QPI patterns for a magnetic impurity are presented, corresponding

to ∆ρ
µν

s f (ω,q) with ν 6= 0. Although in principle, a magnetic impurity could also induce the

density response, it is a high order effect not showing up at the level of the second order Born

approximation. Only µ,ν 6= 0 are displayed here. For simplicity, we will use Latin indices to refer

spin directions 1,2,3.
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Figure 3.8: Re∆ρ
i j
s f (ε,q) with i j equal to a)11, b)12, c)13, d)21, e)22, f )23, g)31, h)32, i)33,

for ∆s/∆p = 0.3 in the (111)-surface. The background contribution in the absence of impurity
is subtracted. The numerical computations are carried out for a 60×60 lattice in momentum
space. The parameters are taken the same as Fig. 3.6.
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Figure 3.9: Im∆ρ
i j
s f (ε,q) with i j equal to a) 11, b) 12, c) 13, d) 21, e) 22, f ) 23, g) 31, h) 32,

i) 33. The parameters are the same as those in Fig. 3.8.
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Fig. 3.8 and 3.9 show the real and imaginary parts of ∆ρ
i j
s f (ε,q), respectively. The

magnetic impurity Hamiltonian H j
imp ( j = 1,2,3) is even under the chiral operation, hence, it only

induces scatterings between Majorana islands with the same chiral index denoted as scatterings

“0” and “2” in Fig. 3.4. For example, these two classes of scatterings are marked in the QPI

patterns of ∆ρ11
s f (ω,q) shown in Fig. 3.8 (a) and Fig.3.9 (a).

The consequences of the point group symmetry are more complicated. Let us first consider

the magnetic impurity with spin oriented along the z-direction, the impurity Hamiltonian still

preserves the C3 symmetry. Hence, the QPI patterns of ∆ρ33(ε,q) explicitly exhibit the C3

symmetry as shown in Fig. 3.8 i) and Fig. 3.9 i). As for ∆ρ13(ε,q) and ∆ρ23(ε,q), their symmetry

properties under the C3 rotation

∆ρ
i3(ε,Rq) = Ri j∆ρ

j3(ε,q), (3.56)

where Ri j refers to the 2×2 rotation matrix of a C3 rotation. For example, for the rotation R(ẑ, 2π

3 ),

∆ρi j satisfies

 ∆ρ13(ε,q)

∆ρ23(ε,q)

=
1
2

 −1
√

3

−
√

3 −1


 ∆ρ13(ε,q′)

∆ρ23(ε,q′)

 , (3.57)

where q′ = R(ẑ, 2π

3 )q, and this property has been checked for Fig. 3.8 (c, f ) and Fig. 3.9 (c, f ). On

the other hand, the vertical reflection symmetry with respect to xz-plane is broken, nevertheless, it

can be restored by combining with TR operation. Sz and Sx are odd for this operation, while Sy is

even, hence,

∆ρ
i3(ε,q) =±∆ρ

i3(ε,q′), (3.58)

where + applies for i = x,z and − applies for i = y; q′ is the image of q after the reflection.
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Similar transformations can be derived for other planes equivalent to the xz-plane by the C3

rotations. It is easy to check that all of Fig. 3.8 (c, f , i) and 3.9 (c, f , i) satisfy these properties.

Now we consider the case of the impurity spin orientation along the x-direction. Then the

C3 rotation symmetry is no long kept. The symmetry of the combined reflection followed by TR

operation is still valid, nevertheless, the reflection plane can only be the xz-plane. Hence, we have

∆ρ
i1(ε,q) =±∆ρ

i1(ε,q′), (3.59)

where + applies for i = x,z, and − applies for i = y. Again this can be checked by examining Fig.

3.8 (a,d,g) and Fig. 3.9 (a,d,g). At last, we examine the case of the impurity spin orientation

along the y-direction. Again the C3 rotation symmetry is lost, while the refection symmetry with

respect to the xz-plane is maintained.

∆ρ
i2(ε,q) =∓∆ρ

i2(ε,q′), (3.60)

where − applies for i = x,z, and + applies for i = y. Clearly this symmetry is respected in Fig.

3.8 (b,e,h) and Fig. 3.9 (b,e,h).

3.7 Summary

In summary, the non-centrosymmetric effective spin-3
2 systems with cubic group symme-

tries are discussed. The emphasis is put on the Td group, which is relevant to the YPtBi material.

The double degeneracy along [001] and equivalent directions for systems with Td symmetry

is shown to be protected by the little group SD16. Majorana surface states are calculated for

the proposed mixed s-wave singlet and p-wave septet pairing of the Td case in (111)-surface.

Two representative values of the ratio between s- and p-wave pairing components are taken as

examples for calculations. The Majorana states form flat bands within the regions enclosed by the
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projections of the nodal loops in gap functions on the surface Brillouin zone, but disappear in the

overlapping regions. The results are consistent with the bulk-edge correspondence principle. The

QPI patterns are computed for the surface states with a single impurity in Born approximation.

Chiral symmetry forbids scatterings between Majorana islands of same (opposite) chiral index

for the non-magnetic (magnetic) impurities. There are richer structures in the QPI patterns under

the transformation of C3v group for the case of magnetic impurity than the case of non-magnetic

impurity. Experimental signatures on the QPI patterns can test the possible mixed s, p pairing for

the half-Heusler compound YPtBi.

This chapter contains material published by American Physical Society in: Wang Yang,

Tao Xiang, Congjun Wu, “Majorana surface modes of nodal topological pairings in spin-3
2 semi-

metals”, Phys. Rev. B 96, 144514 (2017). The dissertation author was the primary investigator

and author of this paper.
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Chapter 4

Quantum spin dynamics of the axial spin-1
2

XXZ chain

4.1 Introduction

The real-time dynamics reveals rich information of the quantum nature of strongly corre-

lated many-body states [92–105]. On the other hand, one-dimensional integrable models due to

their exact solvability provide reliable reference points for studying quantum and thermodynamic

correlations [4, 106–112]. The spin-1
2 antiferromagnetic (AFM) Heisenberg XXZ chain, a repre-

sentative of integrable models, is an ideal system for a non-perturbative study on quantum spin

dynamics [113–121]. Nevertheless, it remains a very challenging problem due to the interplay

between quantum fluctuations and the dynamic evolution. On the experimental side, a great deal

of high precision measurements have been performed on quasi one-dimensional (1D) materials

by using neutron scattering and electron spin resonance (ESR) spectroscopy [103, 112, 122–129].

These systems are faithfully described by the 1D spin-1
2 AFM Heisenberg model.

There has appeared significant progress in calculating the dynamic spin structure factors

(DSF) [113–121]. At zero field, contributions to the DSFs from the two- and four-spinon
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excitations can be solved analytically by using the quantum affine symmetry [130–134], however,

this method ceases to apply at nonzero fields. In the algebraic Bethe ansatz formalism [108, 135],

the matrix elements of local spin operators between two different Bethe eigenstates are expressed

in terms of the determinant formulae in finite systems [136–139]. Accompanied with a judicious

identification of the dominant excitations to spin dynamics, this method can be used to efficiently

calculate the DSFs for considerably large systems. Excellent agreements between theories

and experiments have been established for the SU(2) invariant spin-1
2 AFM Heisenberg chain,

confirming the important role of spinon excitations in the dynamic properties [127].

In this article, we study quantum spin dynamics in an axial AFM spin-1
2 XXZ chain

at zero temperature in a longitudinal magnetic field. The system is gapped at zero field, and

increasing field tunes the system into the gapless regime [107], in which the full spin dynamics

remains to be explored. Working within the algebraic Bethe ansatz formalism, we identify

various spin excitations separated at different energy scales. The S−+(q,ω)-channel is dominated

by the psinon pair excitations resembling the zero field des Cloizeaux-Pearson (DCP) modes

[140], whose momentum range shrinks as increasing polarization. The coherent low energy

excitations of the S+−(q,ω) resemble the Larmor mode at q→ 0, and become incoherent at

q→ π. The 2- and 3-string states play important roles at intermediate and high energies, reflecting

the background Néel configuration. At specific transfer momenta q = 0,π/2,π, when tuning

magnetic fields the peaks of the transverse spectra line shapes for the identified excitations evolve

with clear energy separations, making possible a direct observation and identification of the

string excitations via proper DSF measurements. And indeed, for the first time, the novel string

excitations were unambiguously confirmed by the ESR experiment on the quasi-1D material

SrCo2V2O8 [129]. The low energy excitations in the longitudinal Szz(q,ω) channel exhibit the

sound-like spectra at q→ 0 while the spectra in the high energy sector reflect the excitonic

excitations on the gapped Néel background. These high-frequency features of spin dynamics

cannot be captured by the low energy effective Luttinger liquid theory.
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4.2 Brief introduction to Bethe ansatz

4.2.1 Bethe ansatz in the axial regime

In this section, we present the Bethe ansatz equations (BAE) and the Bethe quantum

number (BQN) structure. We focus on the anti-ferromagnetic XXZ spin chain (Eq. (1) in main

text) in the axial regime with ∆ = coshη > 1.

In the method of the algebraic Bethe ansatz [108], the monodromy matrix is a 2×2 matrix.

Its matrix entries A(λ),B(λ),C(λ),D(λ) are operators acting in the many-body Hilbert space

of the spin chain. By the virtue of the Yang-Baxter equation, all the transfer matrices T (λ) =

A(λ)+D(λ) with different spectral parameter λ’s commute, hence they can be simultaneously

diagonalized. The XXZ Hamiltonian can be expressed in terms of these transfer matrices, and

thus it shares common eigenstates with all the transfer matrices.

A Bethe eigenstate with M down-spins can be expressed as the result of successively

applying the magnon creation operators B(λ j) (1≤ j≤M) onto the reference state |F〉=⊗N
j=1| ↑

〉 j, as ΠM
j=1B(λ j)|F〉. The rapidities {λ j}1≤ j≤M satisfy the Bethe ansatz equations,

Nθ1(λ j) = 2πI j +
M

∑
k=1

θ2(λ j−λk), (4.1)

where

θn(λ) = 2arctan(
tan(λ)

tanh(nη/2)
)+2πbRe(λ)

π
+

1
2
c. (4.2)

The symbol bxc represents the floor function, which yields the largerst integer less than or

equal to x. The rapidities can be either real or complex in general. If all λ j’s are real, then the

corresponding state is called a real Bethe eigenstate. If there exist complex-valued λ j’s, then

the state is called a string state[110], whose name comes from the pattern of λ j’s in the complex

plane in the thermodynamic limit. We will give a brief description in Sec. 4.2.2. For a chain
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with even number of sites, the ascending array of Bethe quantum numbers {I j}1≤ j≤M take integer

values when M is odd, and half-integer values when M is even. The total momentum of this state

is

P = πM− 2π

N

M

∑
j=1

I j, (4.3)

and the energy is

E =
M

∑
j=1

sinh2(η)

coshη− cos(2λ j)
. (4.4)

In the subspace with a fixed value of Sz
T , there exist M = N

2 − Sz
T down-spins. In this

sector, the BQN of the lowest energy state are given by

I j =−
M+1

2
+ j, 1≤ j ≤M. (4.5)

As for the excited states, the BQN can be grouped into certain patterns by examining

how they can be obtained through modifying those in the ground state given in Eq. (4.5). We

consider two different classes of excited states with purely real rapidities. Eigenstates with n-pair

of psinons are denoted nψψ [113], and their Bethe quantum numbers {I j}1≤ j≤M satisfy

−M−1
2
−n≤ I j ≤

M−1
2

+n, (4.6)

where either I1 =−M−1
2 −n or IM = M−1

2 +n to avoid over-counting. Another class of solutions

are called n-pair of psinon-anti-psinon states denoted nψψ∗. Among their M Bethe quantum

numbers I j’s, M−n of them lying within the range [−M−1
2 , M−1

2 ], and the remaining n ones lying

outside [113].
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4.2.2 The Bethe-Gaudin-Takahashi equations for string states

The rapidities of the BAE can take complex values, and the corresponding solutions are

called string states[110]. The string ansatz assumes that the complex rapidities form the string

pattern described below.

For a single n-string of complex rapidities,

λ
n
j = λ

(n)+ i(n+1−2 j)
η

2
, 1≤ j ≤ n, (4.7)

where λ(n) and η are real numbers, and j is the rapidity index inside the string. For a finite

system the distribution of rapidities does not exactly follow Eq. (4.7). The deviations become

exponentially suppressed as enlarging system size, and the string ansatz is asymptotically exact

in the thermodynamic limit. Then a general Bethe eigenstate with M rapidites is a collection of

Mn n-strings, where ∑n nMn = M. A real Bethe eigenstate can be also viewed as a collection of

M 1-strings in this language.

The BAE Eq. (4.1) becomes singular in thermodynamic limit for a string state with the

rapidity pattern of Eq. (4.7). Their regularized version is called the Bethe-Gaudin-Takahashi

(BGT) equations [110], which only contain the common real part λ(n)

Nθn(λα) = 2πI(n)α + ∑
(m,β)6=(n,α)

Θnm(λ
(n)
α −λ

(m)
β

), (4.8)

with 1≤ α≤Mn, 1≤ β≤Mm, where

Θnm = (1−δnm)θ|n−m|+2θ|n−m|+2 + ...

+ 2θn+m−2 +θn+m, (4.9)
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and θn is defined in Eq. (4.2). The momentum of such a state is

P = π∑
n

Mn−
2π

N ∑
nα

I(n)α (4.10)

and the energy is

E = ∑
nα

sinh(η)sinh(nη)

cosh(nη)− cos(2λ
(n)
α )

. (4.11)

The general rules for determining BQN for distinct eigenstates are rather complicated

[120]. Since only Bethe eigenstates with up to only two types of strings are considered in this

article, we only present the rules for these special cases below [120].

Consider a string state with Mm m-strings and Mn n-strings, where M = mMm + nMn.

Without loss of generality, we assume m < n. The BQN for the m-strings are within the sets of

A(m)
i = {−Wm−1

2
+ i≤ Im

j ≤
Wm−1

2
+ i,1≤ j ≤Mm}, (4.12)

where

Wm = N−2mMn− (2m−1)Mm, (4.13)

and 0≤ i≤ 2m−1. For the n-strings, the BQN are within the sets of

A(n)
i = {−Wn−1

2
+ i≤ In

j ≤
Wn−1

2
+ i,1≤ j ≤Mn}, (4.14)

where

Wn = N−2mMm− (2n−1)Mn, (4.15)
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and 0 ≤ i ≤ 2n−1. Not all these BQN yield distinct Bethe eigenstates. To remove equivalent

sets of BQN giving same eigenstates, we need to exclude those simultaneously satisfying the

following two conditions

I(m)
1 ≤ −Wm−1

2
+2m−1,

I(n)Mn
≥ Wn−1

2
+2n− (2m−1). (4.16)

In the following, the presence of the rules of Bethe quantum numbers for 2-string and

3-string states are combined together to reduce the content. We list the rules for the BQN of

the string states calculated in the main text. In the following formulae, n = 2 or 3. The rule for

1χ(n)1ψψ state is

−N−2M
2 ≤ I(n) ≤ N−2M

2
+2n−1,

−M−n+1
2 + i≤ I(1)j ≤

M−n+1
2

+ i, 1≤ j ≤M−n,

(4.17)

in which i is an integer. The DSF intensity distribution must be symmetric with respect to since

the system possesses inversion symmetry. It is possible for states with i = 0 to be transformed to

those with i 6= 0 under inversion, which must also be included.

For the excitations of the type of 1χ(n)1ψψ(∗), the rule for the I(n) part is the same, while

that for real rapidities is

−M−n−1
2 + i≤ I(1)jl ≤

M−n−1
2

+ i,

1≤ l ≤M−n−1,

−N−M+n−3
2 ≤ I(1)jM−n

≤−M−n−1
2

−1+ i, or

M−n−1
2 +1+ i≤ I(1)jM−n

≤ N−M+n−3
2

+1, (4.18)
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where I(1)j ’s should be arranged in an ascending array, and −(2n−1)≤ i≤ 2n−1 again for the

purpose of symmetrization. The BQN need to be excluded if they simultaneously satisfy the

following two conditions I(n) ≥ N−2M
2 +2n−2 and I(1)1 ≤−

N−M+n−3
2 +1 to avoid overcounting

as mentioned above.

4.2.3 The determinant formulae

To carry out the DSF calculation, the normalized Bethe state and the matrix element of

spin operators are needed. The normalized state of ΠM
j=1B(λ j)|F〉 is denoted as |{λ j}1≤ j≤M〉

below. The matrix entries 〈{µk}1≤k≤M+1|Sa
q|{λ j}1≤ j≤M〉 can be formulated into determinant

forms [146], which greatly facilitates both analytical and numerical calculations.

Real states in the axial regime

We first present the determinant formulae for the real Bethe state. Since

|〈{µk}1≤k≤M+1|S−q |{λ j}1≤ j≤M〉|2 = |〈{λ j}1≤ j≤M|S+−q|{µk}1≤k≤M+1〉|2, (4.19)

we only present the matrix element for S−q and Sz
q.

The transverse matrix element can be expressed as

|〈{µ}|S−q |{λ}〉|2 = NδP({λ})−P({µ}),q|sin iη|
Π

M+1
k=1 |sin(µk− iη/2)|2

ΠM
j=1|sin(λ j− iη/2)|2

× 1
Πk 6=k′ |sin(µk−µk′ + iη)|Π j 6= j′ |sin(λ j−λ j′ + iη)|

× |detH−|2

|detΦ({µ})detΦ({λ})|
.

(4.20)
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in which H− is an (M+1)× (M+1) matrix. For 1≤ k ≤M+1, 1≤ j ≤M,

H−k j =
1

sin(µk−λ j)
[ΠM+1

l=1(l 6=k) sin(µl−λ j + iη)

−(
sin(λ j− iη/2)
sin(λ j + iη/2)

)N
Π

M+1
l=1(l 6=k) sin(µl−λ j− iη)];

(4.21)

and for 1≤ k ≤M+1,

H−k,M+1 =
1

sin(µk + iη/2)sin(µk− iη/2)
. (4.22)

For the longitudinal matrix element, the expression for 〈{µk}1≤k≤M|Sz
q|{λ j}1≤ j≤M〉 is

|〈{µ}|Sz
q|{λ}〉|2 =

N
4

δP({λ})−P({µ}),q Π
M
k=1|

sin(µk− iη/2)
sin(λ j− iη/2)

|2

× 1
Πk 6=k′ |sin(µk−µk′ + iη)|Π j 6= j′ |sin(λ j−λ j′ + iη)|

× |det(H−2P)|2

|detΦ({µ})detΦ({λ})|
,

(4.23)

in which the M×M matrices H and P are given by

Hk j =
1

sin(µk−λ j)
[ΠM

l=1(l 6=k) sin(µl−λ j + iη)

−(
sin(λ j− iη/2)
sin(λ j + iη/2)

)N
Π

M
l=1(l 6=k) sin(µl−λ j− iη)],

(4.24)

and

Pk j =
ΠM

l=1 sin(λl−λ j− iη)
sin(µk + iη/2)sin(µk− iη/2)

, for 1≤ k ≤M, 1≤ j ≤M. (4.25)
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The off-diagonal matrix elements Φ jk at ( j 6= k) is

Φ jk =
sin(2iη)

sin(λ j−λk− iη)sin(λ j−λk + iη)
, (4.26)

and the diagonal matrix element Φ j j is

Φ j j = N
sin(iη)

sin(λ j− iη/2)sin(λ j + iη/2)
−

M

∑
l=1,l 6= j

sin(2iη)
sin(λ j−λl− iη)sin(λ j−λl + iη)

.

(4.27)

The reduced determinant formule for string states

In calculating the DSFs, if we directly plug in the rapidities of the string state solutions

into Eqs. (4.26, 4.27), the matrix Φ becomes singular. The L’Hospital’s rule must be applied to

remove the singularities [120]. The reduced matrix Φ(r) is defined by [120]

Φ
(r)
nα,nα = N

n

∑
j=1

[
sin(iη)

sin(λ(nα)
j − iη/2)sin(λ(nα)

j + iη/2)

−
M

∑
k=1(k 6=nα j, j±1)

sin(2iη)

sin(λ(nα)
j −λk− iη)sin(λ(nα)

j −λk + iη)

+
n

∑
l=1(l 6= j, j±1)

sin(2iη)

sin(λ(nα)
j −λ

(nα)
l − iη)sin(λ(nα)

j −λ
(nα)
l + iη)

],

Φ
(r)
nα,mβ

=
n

∑
j=1

m

∑
k=1

sin(2iη)

sin(λ(nα)
j −λ

(mβ)
k − iη)sin(λ(nα)

j −λ
(mβ)
k + iη)

, nα 6= mβ, (4.28)

in which λ
(nα)
j = λ(nα) + i(n+ 1− 2 j)η/2, where λ(nα) is the common real part of the α’th

length-n string.

The formula for |〈{µ}|S−q |{λ}〉|2, where |{µ}〉 is a string state, |{λ}〉 a real Bethe eigen-
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state, is given by

|〈{µ}|S−q |{λ}〉|2 = NδP({λ})−P({µ}),q
|sin(iη)|

Πn(|sinn−1(2iη)|)Mn

×
Π

M+1
k=1 |sin(µk + iη/2)|

ΠM
j=1|sin(λ j + iη/2)|

1
Π j 6= j′ |sin(λ j−λ j′ + iη)|

× 1

Πmβl 6=nαl′ ,l′±1|sin(µ(nα)
l −µ(mβ)

l′
+ iη)|

|detH−|2

|detΦ({λ})| · |detΦr({µ})|
.

(4.29)

The expression for |〈{µ}|Sz
q|{λ}〉|2 can be obtained similarly, as

|〈{µ}|Sz
q|{λ}〉|2 =

N
4

δP({λ})−P({µ}),q
1

Πn(|sinn−1(2iη)|)Mn

× Π
M
j=1|

sin(µ j + iη/2)
sin(λ j + iη/2)

|2 1
Π j 6= j′ |sin(λ j−λ j′ + iη)|

× 1

Πmβl 6=nαl′ ,l′±1|sin(µ(nα)
l −µ(mβ)

l′
+ iη)|

|det(H−2P)|2

|detΦ({λ})| · |detΦr({µ})|
.

(4.30)

4.2.4 Deviation of string states

The string ansatz is known to be not exact even in the thermodynamic limit. The solutions

of rapidities may deviate from the pattern assumed by string ansatz. Such deviations must be

taken into account when they are large [147]. In this section, we give the formulae for an exact

treatment of string deviations for 1χ(2)R and 1χ(3)R excitations.

The branch cut of logarithmic function is taken as the negative real axis which is identified

with R−+ i0. From this the branch cut of arctan-function is accordingly determined via the

definition

arctan(z) =
1
2i
(ln(1+ iz)− ln(1− iz)). (4.31)
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For a 1χ(2)R type excitation, let the two complex rapidities be λ
(2)
± = λ(2)± i(η/2+δ),

where δ represents the deviation from the pattern of string ansatz, and the remaining M−2 real

rapidities be {λk}1≤k≤M−2. Let the corresponding BQN be J± and {Jk}1≤k≤M−2. Then the two

BAE for the complex rapidities are

Nθ1(λ
(2)
a ) = 2πJa +θ2(λ

(2)
a −λ

(2)
−a)

+∑
M−2
k=1 θ2(λ

(2)
a −λk), (4.32)

where a =±. In the followings, we assume that λ(2) 6= 0, δ 6= 0, and λ(2)−λ j 6= 0, 1≤ j≤M−2.

From the choice of branch cut for arctan-function, the real part of the difference between

the equations of a =+ and a =− in Eq. (4.32) gives

J−− J+ = Θ(δ), (4.33)

in which Θ(x) = 1 when x≥ 0, and Θ(x) = 0 when x < 0. Taking the sum of the equations for

a =+ and a =− in Eq. (4.32), setting δ = 0, and comparing with the reduced BGT equation, we

obtain

J−+ J+ = I(2)+Nbλ
(2)

π
+

1
2
c+ N

2
(−)b

λ(2)
π/2 c. (4.34)

The sign of δ can be determined from Eq. (4.34) by noticing that J± are integers (half-integers)

when M is odd (even), i.e.

Θ(δ) = mod (I(2)−M+1+
N
2
,2). (4.35)

Combining Eqs. (4.34,4.35) together, the BQN J± can be determined from the reduced one I(2) in

BGT equations. For the BQN of real rapidities, it can be shown that Jk = Ik, 1≤ k ≤M−2. To
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solve the exact values of rapidities, Eq. (4.32) are replaced with the following two real equations.

The first one is the sum of the two equations in Eq. (4.32), but not setting δ = 0. The second one

is obtained by taking the imaginary part of the a =+ equations in Eq. (4.32), as

|
tan(λ(2)

+ −λ
(2)
− )− i tanhη

tan(λ(2)
+ −λ

(2)
− )+ i tanhη

|= |
tan(λ(2)

+ )− i tanhη/2

tan(λ(2)
+ )+ i tanhη/2

|N

·Πk|
tan(λ(2)

+ −λk)+ i tanhη

tan(λ(2)
+ −λk)− i tanhη

|.

(4.36)

Combining these two equations with the BAE for real rapidities, the exact solutions can be solved.

The first order deviation of δ can be obtained from Eq. (4.36). Up to first order of δ, the left hand

side (LHS) of Eq. (4.36) is |δ|/(sinh(η)cosh(η)).

For the case of 1χ(3)R excitation, the logic is similar. Let the three complex rapidities

be λ
(3)
a with a = ±, 0, and the real rapidities be {λk}1≤k≤M−3. Let the corresponding Bethe

quantum numbers be Ja (a =±, 0), and {Jk}1≤k≤M−3. To parametrize the string deviations, the

complex rapidities are written as λ
(3)
0 = λ(3), and λ

(3)
± = λ(3)+ ε± i(η+ δ). The BAE for the

three complex rapidities are

Nθ1(λ
(3)
a ) = 2πJa +∑b6=a θ2(λ

(3)
a −λ

(3)
b )

+∑
M−3
k=1 θ2(λ

(3)
a −λk), (4.37)

where a, b =±, 0. We assume that λ(3) 6= 0, ε 6= 0, δ 6= 0, and λ(3)−λ j 6= 0, 1≤ j ≤M−3.

The real part of the difference between the equations for a =+ and a =− in Eq. (4.37)

gives

J−− J+ = 1. (4.38)
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Taking the sum of the three equations in Eq. (4.37), setting ε = δ = 0, and comparing with the

reduced BGT equation, we obtain

J++ J0 + J− = I(3)+N(2bλ(3)

π
+ 1

2c+(−)b
λ(3)
π/2 c)

−∑k(bλ(3)−λk
π

+ 1
2c+

1
2(−)

b λ(3)−λk
π/2 c

).

(4.39)

To determine J± and J0, the sum of the equations for a =± in Eq. (4.37) is taken, yielding

2π(J++ J−)+θ2(λ
(3)
+ −λ

(3)
0 )+θ2(λ

(3)
− −λ

(3)
0 ) = N(θ1(λ

(3)
+ )+θ1(λ

(3)
− ))

−∑
k
(θ2(λ

(3)
+ −λk)+θ2(λ

(3)
− −λk)).

(4.40)

Define A to be the right hand side of Eq. (4.40). Since θ2(λ
(3)
+ −λ0)+θ2(λ

(3)
− −λ0) ∈ (−2π,2π),

J++ J− is the even (odd) integer number within (A/2π− 1,A/2π+ 1) when M is even (odd).

Hence

J++ J− = (1+(−)M)b1
2(

A
2π

+1)c

+(1− (−)M)(b1
2(

A
2π

+1)+ 1
2c−

1
2).

(4.41)

From Eqs. (4.38, 4.39, 4.41), the values of J± and J0 can be determined from the reduced BQN

I(3) in BGT equation. The BQN for real rapidities can be proved to be of the following expression

in similar manner,

Jk = Ik−b
λk−λ(3)

π
+

1
2
c− 1

2
(−)b

λk−λ(3)

π/2 c
, (4.42)
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where 1≤ k ≤M−3.

For solving rapidities, Eq. (4.37) are replaced with the following three real equations. The

first one is the sum of the equations for a =±, a = 0 in Eq. (4.37) without setting ε and δ to be

zero. The second one is Eq. (4.40). The third one is by taking imaginary part of the difference

between the equations for a =+ and a =− in Eq. (4.40), which is

|
tan(λ(3)

+ −λ
(3)
0 )− i tanhη

tan(λ(3)
+ −λ

(3)
0 )+ i tanhη

|= |
tan(λ(3)

+ −λ
(3)
− )+ i tanhη

tan(λ(3)
+ −λ

(3)
− )− i tanhη

| · |
tan(λ(3)

+ )− i tanhη/2

tan(λ(3)
+ )+ i tanhη/2

|N

·Πk|
tan(λ(2)

+ −λk)+ i tanhη

tan(λ(2)
+ −λk)− i tanhη

|.

(4.43)

Let ε = r sinθ, δ = r cosθ. For first order deviation, we remark that up to first order in ε and δ,

the LHS of Eq. (4.43) is r/(2sinhηcoshη), and θ can be determined from Eq. (4.40) as

θ =−φ+πsignφ, (4.44)

in which φ is defined to be 1
2A−πJ0. The values of r and θ can be used as the initial inputs in an

iterative solution of ε and δ.
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4.3 Transverse dynamical spin structure factors

4.3.1 Dynamical spin structure factor

The axial N spin-1
2 AFM XXZ chain with the periodic boundary condition in a longitudinal

magnetic field h follows by

H0 = J
N

∑
n=1

{
Sx

nSx
n+1 +Sy

nSy
n+1 +∆

(
Sz

nSz
n+1−

1
4

)}
,

H = H0−h
N

∑
n=1

Sz
n. (4.45)

where Sα
n = 1

2σα with σα (α = x,y,z) being the Pauli matrices, and ∆ = coshη > 1. The system

becomes gapless above the critical field hc(∆). The magnetization m = 〈G|Sz
T |G〉/N arises when

h > hc, where |G〉 denotes the ground state, and Sz
T = ∑

N
i=1 Sz. h and m are conjugate variables

through h = ∂e0/∂m with e0 = 〈G|H0|G〉/N. In the following, we set ∆ = 2 and N = 200 with

corresponding critical field hc/J ≈ 0.39 [107]. Then the zero temperature DSFs follow by

Saā(q,ω) = 2π∑
µ
|〈µ|Sā

q|G〉|2δ(ω−Eµ +EG), (4.46)

where a = ± and z; ā = −a for a = ±, and a = ā for a = z; S±i = 1√
2
(Sx± iSy) and Sa

q =

1√
N ∑ j eiq jSa

j ; |µ〉 is the complete set of eigenstates; EG and Eµ are eigenenergies of the ground

and excited states, respectively.

We employ the Bethe ansatz method to calculate the DSFs. The fully polarized state

with all spins up is taken as the reference state, based on which the flipped spins are viewed

as particles. A state with M flipped spins describes an M-particle state and the polarization

m = 1/2−M/N. Each particle wavevector k j is related to a rapidity λ j through the relation

eik j = sin(λ j + iη

2 )/sin(λ j− iη

2 ) (1 ≤ j ≤M), where λ j are determined by the integer or half-

integer-valued Bethe quantum numbers I j (Appendix 4.2.1). If some λ j’s are complex [4], the
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Figure 4.1: The momentum integrated ratios (a) ν−+ and (b) ν+− from the S−+ and S+−

channels, respectively. In (a), the blue and black lines represent the 1ψψ and 1ψψ+ 2ψψ

contributions. In (b), the green line is the 1ψψ∗ contribution. The blue, red, and the black
lines are argumented by progressively taking into account the 2ψψ∗, 2-string, and 3-string
contributions, respectively. The system size N = 200, and anisotropy ∆ = 2.

corresponding states are referred as string states [110] (Section 4.2.2). The determinant formulae

for the form factors 〈µ|S±j |G〉 can be obtained from the rapidities (Section 4.2.3) [139]. Due to the

exponentially large number of excited states, only a subset of them with dominating contributions

to the DSFs are selected. The validity of the selection is checked by comparing the results with

the sum rules presented below.

4.3.2 Comparison with sum rules

We use both the momentum-resolved and -integrated sum rules. In Appendix L, the

momentum-resolved sum rules of the first frequency moment (FFM) are explained [141]. The
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Figure 4.2: The momentum-resolved FFM ratios with 2m equal to (a) 0.2, (b) 0.5, and (c) 0.8,
respectively. The pink, blue, red and black curves represent cumulative results by including
the psinon states nψψ (n = 1,2) in S−+, the psinon-antipsinon states nψψ∗ (n = 1,2), the 2-
string states and 3-string states in S+−, respectively. In (a), the pink and blue curves overlap
significantly and so do the red and black curves in (c).

transverse FFM sum rule is

W⊥(q) =
∫

∞

0

dω

2π
ω
[
S+−(q,ω)+S−+(q,ω)

]
= α⊥+β⊥ cosq, (4.47)

where α⊥ = −e0−∆∂e0/∂∆+mh and β⊥ = (2−∆2)∂e0/∂∆+∆e0. Its longitudinal version is

also known as W‖(q) =
∫

∞

0
dω

2π
ωSzz(q,ω) = (1−cosq)α‖ [141], where α2 =−e0+∆∂e0/∂∆. The

momentum-integrated sum rule is Raā =
1
N ∑q

∫
∞

0
dω

2π
Sa,ā(q,ω) = 1

4 +
m
2 ca [142], where ca =±1,0

for a =± and z, respectively. To evaluate the saturation levels of these sum rules, we define the

ratios of the momentum-resolved FFMs as ν
(1)
⊥ (q) = W̃⊥(q)/W⊥(q) and ν

(1)
‖ (q) = W̃‖(q)/W‖(q)

in the transverse and longitudinal channels, respectively, and those of the integrated intensity

as νaā = R̃aā/Raā, where R̃aā and W̃⊥(‖)(q) are calculated from the partial summations over the

selected excitations.

We first compare with the momentum integrated sum rules. For S−+, as shown in
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Fig. 4.1(a), the 1ψψ states already saturate the momentum integrated sum rule to a good extent,

and the inclusion of 2ψψ states makes the saturation to above 88% for the whole range of

magnetization. The saturation is better near critical line and full polarization, but exhibits a small

dip around half polarization. The missing 10% weights may come from string states. For S+−, as

revealed in Fig. 4.1 (b), the contributions from 1ψψ∗ and 2ψψ∗ states become negligible when

critical line is approached. The inclusion of string states greatly lifts the saturation to above 87%

for the whole range of magnetization. The decreasing of overall saturation near critical line can

be attributed to the possibly unknown modes with significant weights around zero momentum as

mentioned in the main text.

Next we compare with the momentum resolved sum rules. Fig. 4.2 displays the momentum-

resolved transverse FFM ratios ν
(1)
⊥ (q) in the Brillouin zone for three representative magnetiza-

tions. The magnetic polarization breaks time-reversal symmetry, and thus S+− contributes more

prominently than S−+ to sum rules. The pink lines of S−+ are contributed from the “psinon”-pair

states nψψ (the pair number n = 1,2) which possess real rapidities [117, 143] (Section 4.2.1).

They lead to high saturation levels in the integrated intensity ratio ν−+. The S+− channel is more

involved: Dominant excitations include the “psinon-antipsinon” pair states denoted as nψψ∗ and

string states. Combined with S−+, different contributions are plotted and their relative weights are

displayed explicitly. The nψψ∗ excitations possess real rapidities, with n = 1 and 2 contributing

significantly to S+−(q,ω) at large polarizations, particularly at long wave lengths (Section 4.2.1).

But their weights become less important as decreasing polarization. The same trend is clearly

shown in the momentum-integrated intensity ratio ν+−. This observation is supported by consid-

ering the limit of 2m→ 0 at Sz
T = 1, then |µ〉’s in Eq. (4.46) belong to the subspace of Sz

T = 0 with

dimension N!/(N
2 !)2. In this sector, there only exist two states with all real rapidities representing

even and odd superpositions of two symmetry breaking Néel states. The dominant weights near

the critical line hc(∆) should arise from string states characterized by complex rapidities. Below

we further consider the solutions with one length-l string denoted as 1χ(l)R where R = mψψ∗
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or mψψ. Here 1χ(l) denotes one length-l string with rapidities λ
(l)
j = λ(l)+ iη

2 (l + 1− 2 j) for

1≤ j ≤ l where the real rapidity λ(l) is the common center of the string.

The calculation for S+−(q,ω) is significantly improved by including the string state

contributions (Fig. 4.2). The two-string excitations 1χ(2)R (R = 1ψψ∗,1ψψ) greatly improve the

saturation level of the FFM ratios for both intermediate and high polarizations at all momenta.

In particular, the 1χ(2)1ψψ∗ contributions are more dominant than 1χ(2)1ψψ, typically one

order higher. However, at small polarizations, the two-string contributions decrease quickly

in particular at long wavelengths, indicating the necessity of including states with even longer

strings. Including the 3-string excitations 1χ(3)1ψψ∗ further improves the saturation level of

ν
(1)
⊥ (q) at small polarizations, while their contributions are minor above the half-polarization.

The 1χ(3)1ψψ excitations are neglected since their contributions are about two orders smaller.

After combining all the excitations above, a high saturation level (> 80%) is reached for all

momenta at the intermediate (e.g. 2m = 0.5) and high polarizations (e.g. 2m = 0.8). At small

polarizations (e.g. 2m = 0.2), ν(1)(q) is still well saturated for most momenta. Nevertheless, the

saturation level decreases when m→ 0 at q = 0, and the trend is more prominent for even smaller

polarization. There may exist unknown modes with significant weights around zero momentum.

4.3.3 The transverse DSF figures

Fig. 4.3 shows plots of the transverse DSFs in the q-ω plane at selected values of 2m.

S−+(q,ω) exhibit the reminiscence of the DCP modes at zero field [140] [Fig. 4.3 (a1,b1,c1)], but

only appear in the momentum interval of 2mπ < q < 2π−2mπ. This can be understood intuitively

in terms of the 1D Hubbard chain at half-filling. Although a weak coupling picture is employed

below, the momentum interval for S−+ does not change as increasing the interaction U to the

strong coupling Heisenberg regime. Since charge gap opens at infinitesimal U > 0, there is no

phase transition and the spin spectra should evolve adiabatically. At magnetization m, the Fermi

points for two spin components split exhibiting the Fermi wavevectors k f↑,↓ = π(1
2 ±m). The
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Figure 4.3: The intensity plots for the transverse DSFs S−+(q,ω) from (a1) to (c1), and
S+−(q,ω) from (a2) to (c2) in the q-ω plane with the same intensity scale. 2m equals 0.2 in
(a1,2), 0.5 in (b1,2), and 0.8 in (c1,2). The δ-function in Eq. 4.46 is broadened via a Lorenzian
function 1

π
γ/[(ω−Eµ +EG)

2 + γ2] with γ = 1/400.
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minimum momentum for flipping a spin down to up is the difference between k f↑,↓ , i.e., ∆k f = 2mπ

or equivalently (1−m)2π, and the energy cost is zero. At small polarizations, S−+(q,ω) is very

coherent near q = ∆k f , while as q approaches π, it becomes a continuum. The lower boundary of

the continuum touches zero at q = π corresponding to flipping a spin-down at one Fermi point

and adding it to the spin-up Fermi point on the opposite direction. The momentum interval for

S−+ shrinks as increasing polarization and vanishes at the full polarization.

Fig. 4.3 (a2,b2,c2) present the spectra of S+−(q,ω). At small polarizations, the spectra

resemble the DCP modes and further split into three sectors. Recall the ground state evolution

as increasing polarization: At ∆ > 1, the ground state exhibits the Néel ordering at m = 0, or,

the commensurate charge-density-wave (CDW) of particles. With hole-doping, the ground state

quantum-mechanically melts and becomes incommensurate. The low energy excitations are thus

gapless, however, the intermediate and high energy excitations still sense the gapped Néel state.

Applying S−(q) on |G〉 corresponds to adding back one particle. A prominent spectra feature at

low energy is the coherent Larmor precession mode. At q = 0 and the isotropic case, the Larmor

precession mode describes the rigid body rotation with the eigenfrequency ω = h unrenormalized

by interaction. With anisotropy and away from q = 0, it is renormalized by interaction but remains

sharp. The antiferromagnetic coupling causes the downturn of the dispersion touching zero at

q =±2πm, and then disappears. The spectra around q = π is incoherent as a reminiscence of the

two-spinon continuum in the zero-field DCP mode. The intermediate and high energy spectra

arise from the 2- and 3-string states describing 2- and 3-particle bound states, respectively. The

energy separations among these three sectors are the reminiscence of the spin gap of the Néel

state. As increasing polarization, the Larmor mode evolves to the magnon mode. The states

containing a pair of bounded magnons contribute to the upper dynamical branch, which are high

energy modes since the coupling is antiferromagnetic.

Fig. 4.4 displays the transverse DSF intensities v.s. ~ω/J from small to large polarizations

at two selected wavevectors q = π

2 , 3
4π. The peaks reflect the large-weight region of the spectra in
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Figure 4.4: Spectrum intensity evolution of S⊥(q,ω) v.s. ~ω/J at (a) q = π

2 , and (b) q = 3π

4 . In
(a) and (b), lines from bottom to up correspond to 2m varying from 0.1 to 0.9 with the step of
0.1. Contributions from psinon excitations in the S−+ channel, psinon-antipsinon, 2-string and
3-string states in the S+− channel are plotted in pink, blue, red and black colors, respectively.
The broadening parameter γ = 1/50.

Fig. 4.3. The low frequency peaks are typically from the 2-particle excitations of the 1ψψ and

1ψψ∗ states. In contrast, the intermediate and high frequency peaks are based on multi-particle

string excitations. For example, the 2-string states 1χ(2)1ψψ are 4-particle excitations composed

of a 2-particle bound state and a psinon-psinon pair excitations. Therefore, the string-state-based

peaks are typically more smeared than the low frequency peaks. In Appendix G, we investigate

the evolution of the transverse DSFs as varying the anisotropy parameter ∆. The 3-string state

contributions are enhanced as increasing ∆ to the Ising limit.

4.4 The longitudinal dynamical spin structure factors

We continue to present the longitudinal DSF Szz(q,ω) of Eq. (4.45). This quantity is

equivalent to the dynamic density-density correlations of a 1D interacting spinless fermion

system through the Jordan-Wigner transformation with the identification of the Fermi wavevector

k f =
1
2π(1−2m). After taking into account excitations of 1ψψ∗, 2ψψ∗, and 1χ(2)1ψψ states, the
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Figure 4.5: The momentum-resolved FFM ν
(1)
|| (q) ratios from (a) to (c), and the intensity

plots from (d) to ( f ) for the longitudinal DSF Szz. 2m equals 0.2 in (a) and (d), 0.5 in (b)
and (e), and 0.8 in (c) and ( f ), respectively. In (a), (b) and (c), the blue, red and black lines
are cumulative results by including 1ψψ∗, 2ψψ∗, and 1χ(2)1ψψ excitations. The broadening
parameter in the intensity plots is γ = 1/400.

integrated intensity νzz and the FFM ratio ν
(1)
T reach excellent saturation levels as presented in

Appendix G. Furthermore the momentum-resolved ratios ν
(1)
zz (q) at representative polarizations

and the intensities of Szz(q,ω) are plotted in Fig. 4.5. At small polarizations, the contribution of

string states dominates the high energy spectra branch. The low energy excitations in the long

wavelength regime are very coherent due to the structure of 1D phase space, while those at 2k f

are incoherent, both of which can be described by the 1D Luttinger liquid theory [144]. The high

energy excitations are the reminiscence of the gapped excitonic excitations in the commensurate

Néel background. As increasing polarization, particle filling touches the band bottom where the
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Figure 4.6: The evolution of peaks in DSFs of S+− and S−+ at different momenta versus
magnetic field h with lines of peaks marked by χ
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states in S+− and three-string states in S+−, respectively.

band curvature is important, and thus the low energy coherent excitations are suppressed and

particle-hole continuum becomes more prominent. When the ground state evolves further away

from commensurability, the spectra from the string state excitations diminish.

4.5 Relevance to experiments

We next consider the implication of our results for experiments. The quasi-1D SrCo2V2O8

AFM chain can be effectively described by the XXZ model with parameters ∆ = 2,J = 3.55meV,

and the Landé factor gz = 6.2 [128, 129]. The Brillouin zone of the material is folded twice due

to its four-fold screw periodic structure, hence the electronic spin resonance (ESR) measurements

can detect the DSF of S+−+S−+ at momenta 0, π

2 , π and 3π

2 , in which π

2 and 3π

2 are equivalent

due to the inversion symmetry. Fig. 4.6 exhibits the evolution of peaks in DSF at momenta 0, π

2

and π with magnetic fields tuning where the gapless branch at momentum π is not included. We

identify the lines of peaks χ
(3)
π/2, χ

(2)
π/2, R−+

π/2, χ
(2)
π , R+−

0 , R+−,a
π/2 , R+−,b

π/2 , where the subscripts denote
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the corresponding momenta, and a,b label the two branches of peaks in R+−
π/2. Evidence of the

existence of the string states have already been observed in the ESR experiment on the material

SrCo2V2O8 [129]. The full DSF spectrum FIg. 4.3 and Fig. 4.5 are relevant to inelastic neutron

scattering experiments.

4.6 Summary

In summary, the zero temperature spin dynamics is studied for the axial XXZ model

with the longitudinal magnetic fields. We find that different dynamic branches are energetically

separated, which originate from various classes of excitations including psinon-psinon and psinon-

antipsinon pairs at low energy, and string excitations at intermediate and high energies. In

particular, for S+−(q,ω) at small magnetizations, states with real rapidities contribute negligibly

small to the sum rule, and the 3-string states become more and more dominant as approaching the

critical line or increasing anisotropy. These high-frequency string excitations cannot be captured

within the low energy effective theory of the Luttinger liquid, which are unambiguously confirmed

by recent ESR experiment on the material SrCo2V2O8.

The 1D bosonic system in the hard-core regime is equivalent to the spin-1
2 chain, which

has been realized in cold atom experiments [100], and quantum dynamics of two-magnon bound

states has been measured [100]. Our DSF calculations and various identified excitations also

provide helpful guidance to the experimental study of quantum spin dynamics in these systems.

This chapter contains material from the following preprint being prepared for submission

for publication: Wang Yang, Jianda Wu, Shenglong Xu, Zhe Wang, Congjun Wu, “Quantum

spin dynamics of the axial antiferromagnetic spin-1
2 XXZ chain in a longitudinal magnetic field”,

arXiv:1702.01854 (2017). The dissertation author was the primary investigator and author of this

paper.
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Appendix A

Spherical harmonic functions and

high-rank Spin tensor operators

In this section, we present spherical harmonic functions in momentum space and high-rank

spin tensors.

For convenience in the main text, we normalize the spherical harmonic functions Ylm(k̂)

defined on the Fermi surface satisfying

l

∑
m=−l

|Ylm(k̂)|2 = 1. (A.1)

This normalization differs from the usual one of
∫

dΩk|Ylm(k̂)|2 = 1 only by an overall factor√
4π

2l+1 . More explicitly, for the p-wave case, they are defined as

kY1±1(k̂) = ∓ 1√
2

k±, kY10(k̂) = kz, (A.2)
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For the d-wave case, they are defined as

k2Y2±2(k̂) =

√
3
8

k2
±, k2Y2±1(k̂) =∓

√
3
2

k±kz,

k2Y20(k̂) =
1
2
(3k2

z − k2). (A.3)

For the f -wave case, they are defined as

k3Y3±3(k̂) = ∓
√

5
4

k3
±, k3Y3±2(k̂) =

√
30
4

k2
±kz,

k3Y3±1(k̂) = ±
√

3
4

k±(k2−5k2
z ),

k3Y30(k̂) = −1
2
(3k2−5k2

z )kz. (A.4)

All of them are homogeneous polynomials of momentum components kx, ky and kz.

The spin-3
2 matrices are defined in the standard way as

S+ =



0
√

3 0 0

0 0 2 0

0 0 0
√

3

0 0 0 0


,

S− = S†
+,

Sz =



3
2 0 0 0

0 1
2 0 0

0 0 −1
2 0

0 0 0 −3
2


, (A.5)

in which S± = Sx± iSy. The general rank-k spin tensors S jm satisfy

[S−,S jm] =
√
( j+m)( j−m+1)S jm−1. (A.6)
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Based on these relations, we can build up spin tensors. For example, the rank-1 tensors are defined

as

S11 =−
1√
2

S+, S10 = Sz, S1−1 =
1√
2

S−. (A.7)

The rank-2 tensors are spin quadrupole operators defined as

S22 =
1√
3

S2
11 =



0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0



S21 =
1
2
[S−,S22] =



0 −1 0 0

0 0 0 0

0 0 0 1

0 0 0 0



S20 =
1√
6
[S−,S21] =

1√
2



1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1


S2−1 =

1√
6
[S−,S20] =−S†

21

S2−2 =
1
2
[S−,S2−1] = S†

22. (A.8)
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This set of tensors can be organized into the Dirac Γ matrices through the relations of

Γ1 = −i(S22−S2−2), Γ5 = S22 +S2−2

Γ2 = −S21 +S2−1, Γ3 = i(S21 +S2−1)

Γ4 =
√

2S20, (A.9)

which satisfy the anti-commutation relation

Γ
a
Γ

b +Γ
b
Γ

a = 2δab. (A.10)

The rank-3 spin tensors S3,m, also called spin-octupole operators, are constructed as
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follows

S33 =

√
2

3
S3

11 =−



0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0


,

S32 =
1√
6
[S−,S33] =

√
2

2



0 0 1 0

0 0 0 −1

0 0 0 0

0 0 0 0


,

S31 =
1√
10

[S−,S32] =−
1√
5



0 1 0 0

0 0 −
√

3 0

0 0 0 1

0 0 0 0


,

S30 =
1

2
√

3
[S−,S31] =

1
2
√

5



1 0 0 0

0 −3 0 0

0 0 3 0

0 0 0 −1


,

S3,−1 =
1

2
√

3
[S−,S30] =−S†

31,

S3,−2 =
1√
10

[S−,S3,−1] = S32,

S3,−3 =
1√
6
[S−,S3,−2] =−S†

33 (A.11)
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Appendix B

Pairing matrices for the isotropic p, d, and

f -wave

By using the spherical harmonic functions Ylm(k̂) and spin-tensors, we can construct

the pairing matrices for the isotropic pairings for the spin-3
2 fermions in the p, d, and f -wave

channels, respectively. The pairing matrix ∆αβ(k) in momentum space can be represented as

∆
l
αβ
(k) = cl∆

(
k
k f

)l

(−)mYlm(k̂)SlmR

= cl∆

(
k
k f

)l

Y ∗lm(k̂)S
lmR, (B.1)

in which l = 1,2,3 represent p, d, and f -wave pairings, respectively, while cl is an overall

constant factor. These pairing structures are isotropic in analogy to the 3He-B phase: the pairing

orbital angular momenta are l, and the pairing spins are also l, such that they add together into

the channel of total angular momentum J = 0. The matrix kernel Y ∗lm(k̂)S
lm can be explicitly
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represented in isotropic forms as

Y ∗lm(k̂)S
lm =


k ·S, (l = 1)

1√
2
(k ·S)2− 5

4
√

2
k2, (l = 2)

√
5

3 (k ·S)3− 41
12
√

5
k2(k ·S), (l = 3)

(B.2)

More explicitly, the pairing matrix in momentum space can be expressed as follows. In

the p-wave case (c1 = 1), it is

∆
p
αβ
(k) =

∆

k f



0 0 −
√

3
2 k− 3

2kz

0 k− −1
2kz

√
3

2 k+

−
√

3
2 k− −1

2kz −k+ 0

3
2kz

√
3

2 k+ 0 0


.

(B.3)

In the d-wave case (c2 = 2
√

2), it reads

∆
d
αβ
(k) =

∆

k2
f



0
√

3k2
− −2

√
3k−kz 3k2

z − k2

−
√

3k2
− 0 3k2

z − k2 2
√

3k+kz

2
√

3k−kz k2−3k2
z 0

√
3k2

+

k2−3k2
z −2

√
3k+kz −

√
3k2

+ 0


, (B.4)
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and in the f -wave case (c3 =−3
√

5
2 ), it becomes

∆αβ(k) =
3
√

3∆

8k3
f
·

5√
3
k3
− −5k2

−kz −k−(k2−5k2
z )

1√
3
(3k2−5k2

z )kz

−5k2
−kz −

√
3k−(k2−5k2

z )
√

3(3k2−5k2
z )kz k+(k2−5k2

z )

−k−(k2−5k2
z )

√
3(3k2−5k2

z )kz
√

3k+(k2−5k2
z ) −5k2

+kz

1√
3
(3k2−5k2

z )kz k+(k2−5k2
z ) −5k2

+kz − 5√
3
k3
+


. (B.5)

The general mean-field Hamiltonian in coordinate space is represented as

H =
1
2

∫
d3rΨ

†(r)

 (− ~2

2m∇2−µ)I4 cl
∆

kl
f
Y ∗lm(−i∇)SlmR

cl
∆

kl
f
(Y ∗lm(−i∇)SlmR)† −(− ~2

2m∇2−µ)I4

Ψ(r), (B.6)

in which Ψ†(r) = (c†
α(r),cβ(r)) is the Nambu spinor; −i∇ replaces k in the expressions of

klYlm(k).
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Appendix C

The surface modes of the f -wave isotropic

pairing

In this part, we study the gapless surface states of the f -wave septet pairing.

We study a boundary imposed at z = 0 with a spatial dependent chemical potential µ(z):

µL =
~k2

f
2m > 0 at z < 0 and µR < 0 at z > 0. For simplicity, we consider the case of |µR| � µL and

finally take the limit of |µR| → ∞, i.e., at z > 0 is the vacuum.

C.0.1 The f -wave zero modes at k‖ = 0

To warm up, we first consider the case of k‖ = 0 in which Sz remains a good quantum

number, and the zero modes described by different Sz eigenvalues decouple. The B-deG equation

of the zero mode with Sz-eigenvalue α becomes

 − ~2

2m
d2

dz2 −µ(z) −i∆α

k3
f

d3

dz3

−i∆α

k3
f

d3

dz3
~2

2m
d2

dz2 +µ(z)


 u0

α(z)

v0
−α(z)

= 0,

(C.1)
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in which ∆± 3
2
= 3

4∆ and ∆± 1
2
= 9

4∆. The boundary condition is that

u0(z)→ 0, v0(z)→ 0, (C.2)

as z→±∞.

Eq. 10 (main text) is invariant under the operation of

 u0

v0

→ iτ2

 u0

v0

 in which

τ2 acts in the Nambu space, thus we can set v0 =±iu0. As it will be clear later that the solution

actually satisfies v0(z) =−iu0(z), the other one with v0(z) = iu0(z) corresponds to the case that

the system lies at z > 0 and the vacuum is at z < 0. Then the equation becomes

(
− ~2

2m
d2

dz2 −µ(z)− ∆α

k3
f

d3

dz3

)
u0(z) = 0. (C.3)

We try the solution u0(z) ∼ eβLz at z < 0, and, eβRz at z > 0, and thus ReβL > 0 and ReβR < 0,

respectively.

At z < 0, βL satisfies the cubic equation with real coefficients

(
βL

k f

)3

+
ε f

∆α

(
βL

k f

)2

+
ε f

∆α

= 0, (C.4)

which has a pair of conjugate complex roots and one real root. We only consider the weak pairing

limit that ∆

ε f
� 1. The solutions correct to the linear order of ∆

ε f
� 1 are

(
βL

k f

)
1,2
≈±i+

∆α

2ε f
,

(
βL

k f

)
3
≈−

ε f

∆α

, (C.5)

and thus only (βL
k f
)1,2 can be kept. Similarly, at z > 0, in the case of |µR| � ε f , there exists a pair
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of complex conjugate roots and one real root for βR as

(
βR

k f

)
1,2
≈ c

(
−1

2
± i

√
3

2

)
, (

βR

k f
)3 ≈ c, (C.6)

in which c = (|µR|/∆α)
1
3 .

Because Eq. 10 (main text) is a 3rd order differential equation, all of u0(z), d
dzu0(z), d2

dz2 u0(z)

need to be continuous at the boundary z = 0. For this purpose, we construct the following solution

u0(z) =

 AL sin(k f z+φL)e
∆α
2ε f

k f z
(z < 0)

AR sin(
√

3
2 ck f z+φR)e−

c
2 k f z (z > 0)

, (C.7)

in which the four parameters AL(R) and φL(R) are sufficient to match three continuous conditions.

In the case of c→+∞, the results can be simplified as

φL = 0, φR =−π

3
AR

AL
=

1
csin(π

3 −φR)
→ 0, (C.8)

which shows that we can simply set uL(z) vanishing at z = 0.

To summarize, we have solved

u f ,α(z) =
1√
Nα

eβαz sink f z (C.9)

with β± 3
2
= 1

3β± 1
2
= 3

8
|∆|
ε f

k f , and N± 3
2
= 3N± 1

2
= 4

3
ε f
|∆|

1
k f

.

C.0.2 The k · p perturbation theory for midgap states

The effective Hamiltonian for the midgap states on the surface of the f -wave isotropic

pairing is presented in Eq. 11 (main text). The spectra consist of two gapless Dirac cones denoted

92



as a and b, respectively, as shown in the main text. The corresponding eigenfunctions are solved

as

ψ
a
±(k‖) =

1√
N



∓ie−i 3
2 φk

−xe−i φk
2

±ixei φk
2

ei 3
2 φk ,


,

ψ
b
±(k‖) =

1√
N



±ixe−i 3
2 φk ,

e−i 1
2 φk

±iei 1
2 φk

xei 3
2 φk ,


, (C.10)

in which x =
√

2+1; N = 2
√

2+
√

2; φk is the azimuthal angle of k‖.

The eigen-solutions ψ
a(b)
± (k‖) are parity eigenstates of the little group symmetry of the

reflection σv(k‖), which is defined with respect to the vertical plane passing k‖ and the z-axis ẑ.

The operation σv(k‖) can be decoupled as a combined operation of inversion and rotation as

σv(k‖) = iIRk′(π) =



0 0 0 −ie−i3φk

0 0 ie−iφk 0

0 −eiφk 0 0

ie3φk 0 0 0


,

(C.11)

in which I is the inversion operation; φk is the azimuthal angle of k‖; k′ is an in-plane momentum

perpendicular to k‖ and Rk′(π) is rotation around k‖ at the angle of π; the factor of i is to make
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σv an Hermitian operator with eigenvalues ±1. It is easy to check that

σv(k‖)ψa
±(k‖) = ±ψ

a
±(k‖),

σv(k‖)ψb
±(k‖) = ∓ψ

b
±(k‖), (C.12)

respectively.

C.0.3 The surface zero energy ring states

Here we present the eigenfunctions of the zero energy ring of the midgap surface states of

the isotropic f -wave pairing state, which is located at k0
‖ =

√
3

2 k f . The method of solution can be

referred to SM F. The zero energy states at k‖ = k0
‖(cosφk,sinφk) are two-fold degenerate, whose

creation operators are denoted as γ1,2(k‖), respectively. They are explicitly expressed below as

γ
†
1(k‖) =

∫ 0

−∞

dz ∑
α

[
ei( φ

2+
π

4 )c†
α(k‖,z)+(−)α+ 1

2 e−i( φ

2+
π

4 )cα(−k‖,z)
]

e−iαφkuα(z),

γ
†
2(k‖) =

∫ 0

−∞

dz ∑
α

[
(−)α− 1

2 ei( φ

2+
π

4 )c†
α(k‖,z)+ e−i( φ

2+
π

4 )cα(−k‖,z)
]

e−iαφku−α(z), (C.13)
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in which φ is the phase of the pairing amplitude ∆; α = ±3
2 ,±

1
2 as the eigenvalue of Sz; the

envelope wavefunctions uα(z) are

u 3
2
(z) =

1√
N3

2

3cos(
k f z
2

)(eβ1z− eβ2z),

u 1
2
(z) =

1√
N1

2

sin(
k f z
2

)(3eβ1z +5eβ2z),

u− 1
2
(z) =

1√
N− 1

2

√
3cos(

k f z
2

)(eβ1z− eβ2z),

u− 3
2
(z) =

1√
N− 3

2

sin(
k f z
2

)(
1√
3

eβ1z−3
√

3eβ2z),

(C.14)

in which β2 = 3β1 =
9
4
|∆|
k f

, and Nα’s are the overall normalization factors whose expressions are

complicated and will not be presented.

Since γ
†
1,2(k‖) represent the zero energy modes, again they are chiral eigen-modes satisfy-

ing

Cchγ1(k‖)C−1
ch = γ1(k‖),

Cchγ2(k‖)C−1
ch = −γ2(k‖). (C.15)

Nevertheless, they are not parity eigen-modes, and they transform into each other under the parity

operation defined in Eq. C.11 as

σv(k‖)γ1(k‖)σ−1
v (k‖) = γ2(k‖). (C.16)
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Appendix D

The surface states of the p-wave isotropic

pairing

In this section, we consider the surface states of the p-wave case under the same planar

boundary configuration as that in the f -wave case.

D.1 The p-wave zero modes at k‖ = 0

There also exists one zero mode at k‖ = 0 for each spin component in the p-wave case,

whose spatial wavefunctions will be solved below.

The equation parallel to Eq. C.3 is

(
− ~2

2m
d2

dz2 −µ(z)+
|∆α|
k f

d
dz

)
u0(z) = 0. (D.1)

in which ∆± 3
2
= 3

2∆, ∆± 1
2
=−1

2∆, and v0(z) = iu0(z) for α =±3
2 , v0(z) =−iu0(z) for α =±1

2 .

Again we set u0(z)∼ eβLz at z < 0, and, eβRz at z > 0, with ReβL > 0 and ReβR < 0. At z < 0, βL
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satisfies the equation

(
βL

k f

)2

− |∆α|
ε f

(
βL

k f

)
+1 = 0, (D.2)

which in the limit ∆

ε f
<< 1 has the solutions

(
βL

k f

)
1,2
≈±i+

|∆α|
2ε f

. (D.3)

At z > 0, in the limit of |µR|>> ε f , βR has two solutions as

βR,1,2 ≈±
(
|µR|
ε f

) 1
2

, (D.4)

and the negative one is kept to match boundary condition at z→+∞.

Eq. D.1 is a second order differential equation, and thus u0(z) and d
dzu0(z) need to be

continuous at z = 0. Similar to the f -wave case, we arrive at

up,α(z) =
1√
Nα

eβαz sink f z, (D.5)

with βα = |∆α|
2ε f

k f , and Nα =
ε f
|∆α|

1
k f

.

D.2 The k · p perturbation theory

The chiral indices for the zero modes |0α〉p at k‖= 0 are 1,1,−1,−1 for α= 3
2 ,

1
2 ,−

1
2 ,−

3
2 ,

respectively. We can use these zero modes as the bases to construct the effective Hamiltonian for

low energy midgap states at k‖� k f with respect to δH = H(k‖,z)−H(0,z). As constrained by

the surface symmetry Cv∞ and the chiral symmetry of the zero modes, the effective Hamiltonian
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is

H p
mid(k‖) =

∆

k f



0 0 ck2
− O(k3

−)

0 0 −ik− ck2
−

ck2
+ ik+ 0 0

O(k3
+) ck2

+ 0 0


, (D.6)

in which the terms proportional to k3
± arise from the 3rd order perturbation theory and are

neglected. The terms proportional to k2
± are due to the 2nd order perturbation theory involving

gapped bulk states as intermediate states. Under a suitable phase convention c is a real coefficient

at the order of 1/k f , whose concrete value is not important. At the leading order, the two

components with α = ±1
2 form a linear Dirac cone, while the other two with α = ±3

2 are

dispersionless. Nevertheless, the latter are coupled indirectly through coupling with the former

and develop a cubic Dirac cone.
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Appendix E

The isotropic d-wave pairing

The isotropic d-wave pairing with spin-3
2 fermions is actually topologically trivial. In this

part, we explicitly check this point from the boundary spectra. The boundary configuration is the

same as before, and we will show the absence of the zero modes at k‖ = 0.

Similar to the f - and p-wave cases, the equation determining zero modes is invariant

under iτ2 operation. Let v0(z) = iηu0(z) (η =±1), we obtain

(
− d2

dz2 −
µ(z)
ε f

k2
f

)
u0(z)− iη

∆α

ε f

d2

dz2 u0(z) = 0, (E.1)

in which ∆ 3
2
= ∆ 1

2
= 2∆, ∆− 3

2
= ∆− 1

2
=−2∆. Expressing u0(z)∼ eβLz at z < 0, and, eβRz at z > 0,

βL and βR are solved as

βL

k f
≈ ±

(
1− 1

2
iη

∆α

ε f

)
,

βR

k f
≈ ±

√
|µR|
ε f

(
1− 1

2
iη

∆α

ε f

)
, (E.2)

where |∆α| � ε f � |µR| is assumed.

Since Eq. E.1 is a 2nd order differential equation, both u0(z) and d
dzu0(z) need to be
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continuous at z = 0. Regardless of value of η, there is only one βL with a positive real part, and

one βR with a negative real part. The boundary conditions at z = 0 are two linear homogeneous

equations of the undetermined coefficients of wavefunctions. Generally speaking, there is only

zero solution, which demonstrates the absence of zero modes for d-wave isotropic pairing.
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Appendix F

The method for solving the midgap surface

states

In this section, we present a general method for solving surface states in the weak pairing

limit away from the k‖ = 0 point. The isotropic f -wave pairing in the spin-3
2 system is used as

an example, and actually the method can be directly applied to other partial-wave channels and

higher spins.

F.1 Match boundary conditions

Consider the same boundary configuration as stated before in Supp. Mat. C. We denote

Φ(r) the eigen-wavefunction with the eigen-energy E and the in-plane wavevector k‖ = (kx,ky).

The following trial solution will be used

Φ(r)∼

 ΦLeβLzeikxx+ikyy, z < 0,

ΦReβRzeikxx+ikyy, z > 0,
(F.1)
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in which ΦL, ΦR are 8-component column vectors. Denote HL and HR the Hamiltonians for z < 0

and z > 0 with the corresponding chemical potentials µL and µR, respectively. Substituting the

trial wavefunction into the eigen-equations at z < 0 and z > 0, respectively, the conditions for the

existence of nonzero solutions of ΦL and ΦR are obtained as det[HL(kx,ky,−iβL)−E] = 0,

det[HR(kx,ky,−iβR)−E] = 0.
(F.2)

Both solutions −iβL and −iβR appear in terms of complex conjugate pairs, since the

determinant Eq. F.2 are real equations. Consequently, among the 24 solutions of βL
j , there are

12 solutions with positive real parts and 12 with negative real parts, and so do βR
j ’s. The midgap

state needs to vanish at z→±∞, hence, it is in the form of

Φ(r) =

 ∑
12
j=1 BL

j Φ
L
j e

βL
j zei(kxx+kyy), z < 0,

∑
12
j=1 BR

j ΦR
j eβR

j zei(kxx+kyy), z > 0,
(F.3)

in which ReβL
j > 0 and ReβR

j < 0, 1≤ j ≤ 12.

The boundary conditions require the wavefunctions Eq. F.3, and their first and second

order derivatives to be continuous at z = 0. We have a set of linear homogeneous equations that

the coefficients BL
j and BR

j should obey. The conditions for the existence of nonzero solutions are

det


EL ER

FL FR

GL GR

= 0 (F.4)

in which EL,R, FL,R and GL,R are 8× 12 rectangular matrices, and thus the total dimension is
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24×24. The above block rectangular matrices are expressed as

EL(·, j) = Φ
L
j , ER(·, j) = Φ

R
j ,

FL(·, j) = β
L
j Φ

L
j , FR(·, j) = β

R
j Φ

R
j ,

GL(·, j) = (βL
j )

2
Φ

L
j , GR(·, j) = (βR

j )
2
Φ

R
j , (F.5)

in which (·, j) denotes j-th column of the corresponding matrix. Surface energies can be solved

from this equation.

Actually the complicated determinant equation Eq. F.4 can be greatly simplified in the

weak pairing limit as will be shown in Sect. F.2.

F.2 Equations of the midgap state energy

In the half space at z < 0, we rewrite the eigen-solution Φ(r) in Eq. F.3 as

Φ(r) =
12

∑
j=1

BL
j Φ

L
j e

ikz, jzei(kxx+kyy), (F.6)

in which kz, j =−iβL
j (1≤ j ≤ 12), hence, Imkz,j < 0 such that Φ(r) vanishes at z→−∞.

It can be shown that the twelve kz, j’s can be classified into two groups. In one group, their

real parts are very close to ±
√

k2
f − k2

‖ as

k±z,m = ±
√

k2
f − k2

‖− iξ±m∆, (F.7)

in which m = ±3
2 ,±

1
2 , and ΦL±

m are corresponding eigen-vectors. The remaining four kz’s

represent fast decaying modes in the weak pairing limit, which are proportional to −i ε f
∆

k f . It can
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also be proved that at the leading order of ∆

ε f
, the wavefunction at z < 0 is represented as

Φ(r) = ∑
m

{
BL+

m Φ
L+
m eik+z,mz +BL−

m Φ
L−
m eik−z,mz

}
, (F.8)

in which the fast decaying mode contributions are neglected.

It can be shown that in the limits of ∆� ε f � |µR|, the boundary conditions can be further

simplified as Φ(r) = 0 at the boundary of z = 0. The detailed proof is rather complicated but

straightforward, and will be presented elsewhere. This great simplification reduces the equation

determining surface energies from the original 24×24 determinant condition of Eq. F.4 to the

following one of 8×8,

det
(
Ψ

+,Ψ−
)
= 0, (F.9)

in which Ψ± are 8×4 matrices defined by Ψ±(·,m+ 5
2) = ΦL±

m (m =±3
2 ,±

1
2 ). Furthermore, due

to the SU(2) bulk rotation symmetry and the reflection symmetry σv(k‖) defined in Eq. C.11, Eq.

F.9 can be further simplified to two 4×4 determinant equations.

The surface midgap energies are smaller than ∆, we express E = ε∆. To solve k±z,m and

ΦL±
m , k±z =±

√
k2

f − k2
‖− iξ±∆ is plugged into the eigen-equation. Keeping only the leading order

of ∆, we obtain

 ∓2i∆
√

k2
f − k2

‖ξ
±I4 K(kx,ky,±

√
k2

f − k2
‖)R

(K(kx,ky,±
√

k2
f − k2

‖)R)
† ±2i∆

√
k2

f − k2
‖ξ
±I4

ΦL± = ε∆ΦL±. (F.10)

in which the subscript m is dropped for simplicity. Since K(kx,ky,−i∂z) already contains a

prefactor of ∆, the −i∂z can be substituted by ±
√

k2
f − k2

‖ without inducing higher order error.

Denote U±(k) as the rotation matrices associated with the operations rotating ±ẑ to the direction
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of k, the pairing part can be represented as

K(±k f ẑ)R =U−1
± (k±) K(k±)R U∗±(k±), (F.11)

in which k± = (kx,ky,±
√

k2
f − k2

‖). Applying such rotation operations to the eigen-equation, we

obtain  ∓2i∆
√

k2
f − k2

‖ξ
±I4 K(±k f ẑ)R

(K(±k f ẑ)R)† ±2i∆
√

k2
f − k2

‖ξ
±I4

Φ̃L± = ε∆Φ̃L±, (F.12)

in which

Φ̃
L± =W−1

± (k±)ΦL±. (F.13)

and W is defined as

W±(k±) =

 U±(k±)

U∗±(k±)

 . (F.14)

Hence it is sufficient to solve Φ̃L± to arrive at ΦL±, which satisfy a simple equation where the

pairing matrix is in ±ẑ direction.

For notational convenience we define the column vectors representing particle and hole

states as

p 3
2

= (1000 ,0000)T , p 1
2
= (01000 ,000)T ,

p− 1
2

= (0010 ,0000)T , p− 3
2
= (0001 ,0000)T ,
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and

h 3
2

= (0000 ,1000)T , h 1
2
= (0100 ,0100)T ,

h− 1
2

= (0010 ,0010)T , h− 3
2
= (0001 ,0001)T .

The solutions to ξ±m and Φ̃L±
m are summarized as follows (vectors un-normalized),

ξ
±
3
2

=

√
9
16 − ε2

2
√

k2
f − k2

‖

∆, Φ̃
±
3
2
=

3
4

p 3
2
+(−i

√
9

16
− ε2∓ ε)h− 3

2
,

ξ
±
1
2

=

√
81
16 − ε2

2
√

k2
f − k2

‖

∆, Φ̃
±
1
2
=

9
4

p 1
2
+(−i

√
81
16
− ε2∓ ε)h− 1

2
,

ξ
±
− 1

2
= ξ

±
− 1

2
, Φ̃

±
− 1

2
=

9
4

p− 1
2
+(−i

√
81
16
− ε2∓ ε)h 1

2
,

ξ
±
− 3

2
= ξ

±
3
2
, Φ̃

±
− 3

2
=

3
4

p− 3
2
+(−i

√
9
16
− ε2∓ ε)h 3

2
. (F.15)

Correspondingly, the determinant equation for the eigen-energies becomes

det
[
W+(k+)Ψ̃

L+,W−(k−)Ψ̃L−]= 0, (F.16)

in which Ψ̃L± are 8×4 matrices defined by Ψ̃±(·,m+ 5
2) = Φ̃L±

m (m =±3
2 ,±

1
2). As mentioned

before, in this way, the original 24×24 matrix determinant equation is reduced to an 8×8 one.

Further using the reflection symmetry, the above 8×8 matrix can be further decomposed

into two 4× 4 ones. Without loss of generality, we only consider k‖ along the x-axis, i.e.,

k‖ = (k‖,0), and results for other values of k‖ can be obtained by applying rotations around the

z-axis. The reflection operator with respect to the vertical xz-plane which we denote by σvx, is

106



given in the particle-hole 8-dimensional space as

σvx =

 −iR 0

0 iR

 . (F.17)

The vectors Φ̃L±
m can be recombined into even and odd eigenvectors of σvx defined as

Φ̃
±
e, 3

2
= Φ̃

L±
3
2

+ iΦ̃L±
− 3

2
,

Φ̃
±
e, 1

2
= Φ̃

L±
1
2
− iΦ̃L±

− 1
2
,

Φ̃
±
o, 3

2
= Φ̃

L±
− 3

2
− iΦ̃L±

3
2
,

Φ̃
±
o, 1

2
= Φ̃

L±
1
2

+ iΦ̃L±
− 1

2
, (F.18)

in which the subscripts “e” and “o” denote even and odd parity eigenvalues 1 and −1 of σvx,

respectively.

For k‖ = (k‖,0), U±(k±) are rotations around the y-axis, which commutes with σvx.

Applying a basis transformation P which separates the even and odd parity eigen-spaces of σvx,

we have

P−1
Φ̃
±
e,η =

 φ±e,η

0

 , P−1
Φ̃
±
o,η =

 0

φ±o,η

 , (F.19)

where η = 3
2 ,

1
2 , and then

P−1U±(k±)P =

 U±,e(k±) 0

0 U±,o(k±)

 . (F.20)

In this set of basis, we obtain the following two 4×4 determinant equations for the even and odd
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sectors of σvx, respectively, as

det
(
U+,eΨ̃

+
e ,U−,eΨ̃

−
e
)
= 0,

det
(
U+,oΨ̃

+
o ,U−,oΨ̃

−
o
)
= 0, (F.21)

in which U±,e, U±,o are 4×4 matrices, and Ψ̃±e = (φ±
e, 3

2
,φ±

e, 1
2
), Ψ̃±o = (φ±

o, 3
2
,φ±

o, 1
2
) are 4×2 ones.

The surface midgap state spectra displayed in the main text are solved from this set of equations

which are fourth order algebraic equations of ε2.

F.3 Simplification in weak pairing limit

In this subsection, we prove the simplification of boundary conditions as claimed in last

section in the limits ∆� ε f � |µR|. For later notational convenience, am, bm are defined as,

am = pm− ihm, bm = pm + ihm, (F.22)

in which m =±3
2 ,±

1
2 . pm and hm is a set of natural basis, but in this subsection, expand all of the

8-dimensional vectors in the basis of am, and bm.

We first describe the solutions of β’s and α’s and their corresponding eigenvectors Φ
L,R
j

that appear in Eq. F.1. At z > 0, since |µR| � ε f , we only keep ∂3
z terms and neglect all other

lower order terms. The Hamiltonian is approximated as

H(kx,ky, iα)−EI8 ≈

 −µRI4 KR

(KR)† µRI4

 , (F.23)
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in which

K ≈− 3∆

4k3
f
(iα)3S30. (F.24)

The matrix Eq. F.23 factorizes into four 2×2 diagonal blocks. Within each block denoted by

m = ±3
2 ,±

1
2 , Eq. F.2 is a six order algebraic equation. Three roots of αm’s have positive real

parts are kept, while the other three solutions with negative real parts are discarded. Among the

three solutions kept, two of them form complex conjugate pairs are denoted by αm,±, and the

other real one is denoted by αm,r where the subscript “r” means real. The results are summarized

as follows,

αm,± = (
8|m||µR|

9∆
)

1
3 k f e±i π

3 , Φ
R
m,± = am,

αm,r = (
8|m||µR|

9∆
)

1
3 k f , Φ

R
m,r = bm. (F.25)

At z < 0, among the total twelve solutions of β’s, there are four pairs lying around

±i
√

k2
f − k2

‖, denoted by βm,± with the corresponding eigen-vectors Φ
L,±
m , in which m =±3

2 ,±
1
2 .

The other four wave-vectors βm,r are at the order of ε f
∆

k f with the eigen-vectors ΦL
m,r. The explicit

forms of βm,± and ΦL
m,± have been given in Sect. F.2. These expressions are not used in this

section. What are needed are the expressions for βm,r and ΦL
m,r as will be derived below.

Since βm,r’s are fast decaying modes of order ε f
∆

k f , in weak pairing limit ∆ << ε f , we

can only keep terms in Hamiltonian at order ( ε f
∆
)2, so that

H(kx,ky,−iβ)−EI8 ≈

 −β2I4 KR

(KR)† β2I4

 , (F.26)
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in which

K ≈− 3∆

4k3
f
(−iβ)3S30. (F.27)

Again it factorizes into four independent 2×2 matrices, with the solutions

βm,r =
8|m|ε f

9∆
k f , Φ

L
m,r = bm, (F.28)

where again m = 3
2 ,

1
2 ,−

1
2 ,−

3
2 .

Using above notations, the wavefunction in z-direction can be written as

Φ(z) =

 Bm,+ΦL
m,+eβm,+z +Bm,−ΦL

m,−eβm,−z +Bm,rbmeβm,rz, z < 0,

(Am,+e−αm,+z +Am,−e−αm,−z)am +Am,rbme−αm,rz, z > 0,

(F.29)

in which the repeated index m is assumed summation over 3
2 ,

1
2 ,−

1
2 ,−

3
2 . Then the boundary

conditions at z = 0 are expressed as

Bm,+Φ
L
m,++Bm,−Φ

L
m,−+Bm,rbm

= (Am,++Am,−)am +Am,rbm,

Bm,+βm,+Φ
L
m,++Bm,−βm,−Φ

L
m,−+Bm,rβm,rbm

= (Am,+(−αm,+)+Am,−(−αm,−))am +Am,r(−αm,r)bm,

Bm,+(βm,+)
2
Φ

L
m,++Bm,−(βm,−)

2
Φ

L
m,−+Bm,r(βm,r)

2bm

= (Am,+(αm,+)
2 +Am,−(αm,−)

2)am +Am,r(αm,r)
2bm, (F.30)

where repeated index m is assumed summation over 3
2 ,

1
2 ,−

1
2 ,−

3
2 .

In the following, ΦL
m,± will be assumed to be 8-component column vectors expressed in
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the new basis am, bm. Denote

Pa =

 I4 0

0 0

 , Pb =

 0 0

0 I4

 , (F.31)

i.e., Pa and Pb are projection operators to the space spanned by am’s and bm’s, respectively. The

goal is to prove that in the weak pairing limit

Bm,+Φ
L
m,++Bm,−Φ

L
m,− = 0. (F.32)

For this, we will prove the projections to a and b spaces are zero separately, i.e.

Bm,+PaΦ
L
m,++Bm,−PaΦ

L
m,− = 0,

Bm,+PbΦ
L
m,++Bm,−PbΦ

L
m,− = 0. (F.33)

Let’s first apply Pa to Eq. F.30. Then

Bm,+PaΦ
L
m,++Bm,−PaΦ

L
m,− = (Am,++Am,−)am,

Bm,+βm,+PaΦ
L
m,++Bm,−βm,−PaΦ

L
m,− = (Am,+(−αm,+)+Am,−(−αm,−))am,

Bm,+(βm,+)
2PaΦ

L
m,++Bm,−(βm,−)

2PaΦ
L
m,− = (Am,+(αm,+)

2 +Am,−(αm,−)
2)am, (F.34)

in which repeated index m is assumed summation as before. Define two 4×1 column vectors A±

as,

A± = (A 3
2 ,±

A 1
2 ,±

A− 1
2 ,±

A− 3
2 ,±

)T , (F.35)

then the latter two set of equations in Eq. F.34 can be written into a set of linear equations of
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Am,±, as

 T11 T12

T21 T22


 A+

A−

=

 b1

b2

 , (F.36)

in which T11, T12, T21, T22 are 4×4 matrices, defined by

T11(·,m+
5
2
) = (−αm,+)am,

T12(·,m+
5
2
) = (−αm,−)am,

T21(·,m+
5
2
) = (αm,+)

2am,

T22(·,m+
5
2
) = (αm,−)

2am, (F.37)

with m = 3
2 ,

1
2 ,−

1
2 ,−

3
2 , and b1, b2 are four component column vectors defined by

b1 = ∑
m

Bm,+βm,+PaΦ
L
m,++Bm,−βm,−PaΦ

L
m,−,

b2 = ∑
m

Bm,+(βm,+)
2PaΦ

L
m,++Bm,−(βm,−)

2PaΦ
L
m,−,

(F.38)

where we restore the summation for clarity here, and particularly there is no summation over m in

Eq. F.37. Then A± can be solved as

 A+

A−

=

 T11 T12

T21 T22


−1 b1

b2

→ 0, |µR| → ∞,

(F.39)

since αm,±’s are of order |µR|1/3.
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The first equation in Eq. F.34 can be expressed as

(
Q Q

) A+

A−

= ∑
m

Bm,+PaΦ
L
m,++Bm,−PaΦ

L
m,−,

(F.40)

in which Q is a 4×4 matrix defined by Q(·,m+ 5
2) = am, m = 3

2 ,
1
2 ,−

1
2 ,−

3
2 . Hence

∑
m

Bm,+PaΦ
L
m,++Bm,−PaΦ

L
m,− =

(
Q Q

) T11 T12

T21 T22


−1 b1

b2

→ 0, |µR| → ∞,

(F.41)

which is exactly the first equation in Eq. F.33.

Similarly applying the projection operator Pb to Eq. F.30, we obtain

Bm,+PbΦ
L
m,++Bm,−PbΦ

L
m,−+Bm,rbm = Am,rbm,

Bm,+βm,+PbΦ
L
m,++Bm,−βm,−PbΦ

L
m,−+βm,rBm,rbm = Am,r(−αm,r)bm,

Bm,+(βm,+)
2PbΦ

L
m,++Bm,−(βm,−)

2PbΦ
L
m,−+(βm,r)

2Bm,rbm = Am,r(αm,r)
2bm, (F.42)

With the same logic as the Pa case, from the third equation in Eq. F.42, Am,r’s can be formally

solved, then plugging into the first two equations in Eq. F.42, it is easy to see that in the limit

|µR| → ∞,

Bm,+PbΦL
m,++Bm,−PbΦL

m,−+Bm,rbm = 0

Bm,+βm,+PbΦL
m,++Bm,−βm,−PbΦL

m,−+βm,rBm,rbm = 0.

(F.43)
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Finally we are in a position to prove that the Bm,r terms in Eq. F.43 actually can be

neglected. Now we expand all of the quantities in Eq. F.43 in a Laurent series of ∆

ε f
. The

wavefunctions need not be normalized at this stage. The leading terms of ΦL
m,±’s and ΦL

m,r’s

can be chosen to be O(1), otherwise the overall factors can be absorbed into redefinitions of

the coefficients Bm,±’s and Bm,r’s. The largest order of terms appearing in all of the coefficients

B’s can be fixed as O(1). Keeping only largest order terms in the first equation of Eq. F.43, the

following can be obtained

B(0)
m,+PbΦ

L(0)
m,+ +B(0)

m,−PbΦ
L(0)
m,−+B(0)

m,rb
(0)
m = 0, (F.44)

in which superscript ”(n)” is used to denote the O(( ∆

ε f
)n) term in the Laurent expansion of ∆

ε f
,

where n is an integer; while the result of collecting largest order terms in the expansion of second

equation of Eq. F.43 is

β
(−1)
m,r B(0)

m,rb
(0)
m = 0, (F.45)

due to the fact that βm,r is of order ε f
∆

k f . The four bm’s are linearly independent, hence B(0)
m,r = 0

from Eq. F.45. Then plugging this result back into Eq. F.44, we obtain

B(0)
m,+PbΦ

L(0)
m,+ +B(0)

m,−PbΦ
L(0)
m,− = 0. (F.46)

Combining Eq. F.41 and Eq. F.46, the following is proved,

B(0)
m,+Φ

L(0)
m,+ +B(0)

m,−Φ
L(0)
m,− = 0, (F.47)

which states that in the limits |µR|>> ε f >> ∆, the boundary conditions at z = 0 are just that the

wavefunction in z < 0 vanishes at O(1) in the expansion over ∆

ε f
.

114



Appendix G

The cubic groups

In this appendix, we first briefly describe the five cubic point groups Oh, O, Td, Th, T ,

then list the classifications of momentum spherical harmonics and spin tensors up to third rank

according to the irreducible representations of these five groups. Finally using these lists, all

cubic group invariant spin-orbit combinations up to third ranks of momentum and spin tensors

are exhausted.

Before describing the cubic groups, we fix some notations. The Oh group contains 48

group elements and is the largest among the five cubic groups. It is the symmetry group of the

cube. The other four cubic groups are subgroups of Oh, and are symmetry groups of the cube

decorated in different ways. Fig. 3.2 shows the decoration of the cube corresponding to the

group Td . In the designated coordinate system, O is at the origin (0,0,0), and the eight vertices

A,A
′
,B,B

′
,C,C

′
,D,D

′
are at (−1,−1,−1), (1,1,1), (1,0,1), (−1,0,−1), (1,1,−1), (−1,−1,1),

(−1,1,1), and (1,−1,−1), respectively. We use the notation I to denote the inversion operation,

and R(n̂,θ) the rotation around the direction n̂ by angle θ.

Within the group Oh, there are 24 proper elements with unit determinant, which are

listed in Table G.1. The other 24 elements are improper with determinant equal to −1. The

conjugacy classes of the improper elements i, 3σh, 6S4, 6σd , 8S6 can be obtained from the
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Table G.1: List of 24 group elements of point group O. In accordance with the notations in
Fig. 3.2, OM represents the vector pointing from the center of the cube (i.e. the point O) to
the vertex or the direction M, where M is one of A, A′, B, B′,C,C′, D, D′ when it is a vertex of
the cube, and is one of X , Y, Z, X ′, Y ′, Z′ when it represents a direction. X , Y, Z represent the
positive directions of the three axes x, y, z, and X ′, Y ′Z′ represent the negative directions of the
three axes. The symbol [MN] represents the line passing through the point that bisects the edge
MN′ and the point that bisects M′N, where M, N, M′, N′ are all vertices of the cube.

E 1 (x,y,z) identity

3C2

2 (x,−y,−z) R(OX ,π)
3 (−x,y,−z) R(OY,π)
4 (−x,−y,z) R(OZ,π)

6C4

5 (x,z,−y) R(OX , π

2 )
6 (x,−z,y) R(OX ′, π

2 )
7 (−z,y,x) R(OY, π

2 )
8 (z,y,−x) R(OY ′, π

2 )
9 (y,−x,z) R(OZ, π

2 )
10 (−y,x,z) R(OZ′, π

2 )

6C
′
2

11 (y,x,−z) R([AC],π)
12 (−y,−x,−z) R([BD],π)
13 (z,−y,x) R([AB],π)
14 (−z,y,−x) R([CD],π)
15 (−x,z,y) R([AD],π)
16 (−x,−z,−y) R([BC],π)

8C3

17 (y,z,x) R(OA, 2π

3 )

18 (z,x,y) R(OA′, 2π

3 )

19 (−y,−z,x) R(OB, 2π

3 )

20 (z,−x,−y) R(OB′, 2π

3 )

21 (y,−z,−x) R(OC, 2π

3 )

22 (−z,x,−y) R(OC′, 2π

3 )

23 (−y,z,−x) R(OD, 2π

3 )

24 (−z,−x,y) R(OD′, 2π

3 )
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Table G.2: List of classifications of momentum spherical harmonics up to cubic order according
to irreducible representations of the five cubic point groups. The subscripts i, i+ 1, i+ 2 are
defined cyclically in x,y,z.

Oh O Td Th T
{ki}1≤i≤3 T1u T1 T2 Tu T

k2
x + k2

y + k2
z A1g A1 A1 Ag A

{(k2
x + k2

y −2k2
z )/
√

2,k2
x − k2

y} Eg E E Eg E
{kiki+1}1≤i≤3 T2g T2 T2 Tg T

kxkykz A2u A2 A1 Au A
{k3

i }1≤i≤3 T1u T1 T2 Tu T
{ki(k2

i+1 + k2
i+2)}1≤i≤3 T1u T1 T2 Tu T

{ki(k2
i+1− k2

i+2)}1≤i≤3 T2u T2 T1 Tu T

Table G.3: List of classifications of spin tensors up to third rank according to the irreducible
representations of the five cubic groups. The symbol ”Sym” represents symmetrization as a
sum of all permutations of the objects inside the symbol. The subscripts i, i+1, i+2 are defined
cyclically in x,y,z.

Oh O Td Th T
{Si}1≤i≤3 T1g T1 T1 Tg T

S2
x +S2

y +S2
z A1g A1 A1 Ag A

{(S2
x +S2

y−2S2
z )/
√

2,S2
x−S2

y} Eg E E Eg E
{SiSi+1 +Si+1Si}1≤i≤3 T2g T2 T2 Tg T

Sym(SxSySz) A2g A2 A2 Ag A
{S3

i }1≤i≤3 T1g T1 T1 Tg T
{Si+1SiSi+1−Si+2SiSi+2}1≤i≤3 T2g T2 T2 Tg T
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Table G.4: TR and rotationally invariant combinations of momentum and spin tensors up to
third rank. The second rank combinations preserving inversion symmetry are not shown since
they have been already included in the Luttinger-Kohn Hamiltonian. The dot represents inner
product as a summation of i from 1 to 3.

Oh O Td Th T
kxkykz ·Sym(SxSySz) A1u A1 A2 Au A

ki ·Si A1u A1 A2 Au A
ki ·S3

i A1u A1 A2 Au A
ki · (Si+1SiSi+1−Si+2SiSi+2) A2g A2 A1 Au A

k3
i ·Si A1u A1 A2 Au A

k3
i ·S3

i A1u A1 A2 Au A
k3

i · (Si+1SiSi+1−Si+2SiSi+2) A2g A2 A1 Au A
ki(k2

i+1 + k2
i+2) ·Si A1u A1 A2 Au A

ki(k2
i+1 + k2

i+2) ·S3
i A1u A1 A2 Au A

ki(k2
i+1 + k2

i+2) · (Si+1SiSi+1−Si+2SiSi+2) A2g A2 A1 Au A
ki(k2

i+1− k2
i+2) ·Si A2u A2 A1 Au A

ki(k2
i+1− k2

i+2) ·S3
i A2u A2 A1 Au A

ki(k2
i+1− k2

i+2) · (Si+1SiSi+1−Si+2SiSi+2) A1u A1 A2 Au A

composition of I with the conjugacy classes E, 3C2, 6C4, 6C
′
2 and 8C3 of the proper elements.

The improper elements are not listed in the table for simplicity. The other cubic groups are

subgroups of Oh. They are O = {E,3C2,6C4,6C
′
2,8C3}, Td = {E,3C2,8C3,6S4,6σd}, Th =

{E,3C2,8C3, i,3σh,8S6}, T = {E,3C2,8C3}.

In general, up to third rank, there are 3 rank-1, 6 rank-2, 10 rank-3 momentum harmonics

and similar for spin tensors except that there are 7 rank-3 ones. This is due to the relations

Si+1SiSi+1 +Si+2SiSi+2 = (S(S+1)−1)Si−S3
i . The decompositions according to cubic groups

are rank1 = T , rank2 = A⊕E⊕T , and rank3 = A⊕T ⊕T ⊕T for momentum harmonics and

rank3 = A⊕T ⊕T for spin tensors. The results are summarized in Table G.2 for momentum

spherical harmonics, and Table G.3 for spin tensors.

Here we list all spin-orbit coupled terms which are invariant under the other three cubic

118



groups O,Td,T up to third order in k. For point group O, the invariant combinations are

ki ·Si,ki ·S3
i ,

kxkykzSym(SxSySz),

k3
i ·Si,k3

i ·S3
i ,

ki(k2
i+1 + k2

i+2) ·Si,ki(k2
i+1 + k2

i+2) ·S3
i ,

ki(k2
i+1− k2

i+2) · (Si+1SiSi+1−Si+2SiSi+2).

(G.1)

For point group Td , the invariant combinations are

ki · (Si+1SiSi+1−Si+2SiSi+2),

k3
i · (Si+1SiSi+1−Si+2SiSi+2),

ki(k2
i+1− k2

i+2) ·Si,ki(k2
i+1− k2

i+2) ·S3
i ,

ki(k2
i+1 + k2

i+2) · (Si+1SiSi+1−Si+2SiSi+2).

(G.2)

For the point group T , all combinations in the list of the groups O and Td are allowed. In above

expressions, the dot ”·” represents an inner product between the two 3-vectors, in which ”i” runs

over x,y,z and a summation ∑i=x,y,x is taken. Inversion symmetry is explicitly broken by all 17

terms, hence the double degeneracy in the heavy hole and light hole bands is in general absent.

The lattice analogues of 3He-B phase are TR and cubic group invariant combinations of

momentum and spin tensors. TR symmetry requires that the homogeneity of the combinations be

even. The inversion-preserving combinations have already been included in the Luttinger-Kohn

Hamiltonian Eq. (3.5). There are 17 inversion breaking combinations which are listed in Table

G.4. All of these combinations belong to A-representations of the cubic groups. Whether they are
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A1, A2, or Ag, Au of a particular cubic group can be obtained from the information in Tables (G.2,

G.3) and the multiplication rules of the representations.
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Appendix H

The semi-dihedral group SD16

In this appendix, we discuss the little group structure of [001] and its equivalent directions.

We show that this little group is isomorphic to the semi-dihedral group (also called the quasi-

dihedral group) SD16, where the subscript “16” represents the order of the group.

First consider Td as a subgroup of O(3). Consistent with the notations in the main text,

the little group L0 of the z-direction is

L0 = {1,Mx′,My′,R(z,π)}, (H.1)

in which 1 is the identity element. The multiplication rules of L0 are a2 = 1, and ab = c,

in which the sequence of (a,b,c) is obtained by any permutation of {Mx′,My′,R(ẑ,π)}. L0

is isomorphic to D2, the dihedral group of order 4, which is abelian and hence only has 1D

irreducible representations.

Next consider L1, the double group of L0. Adding 1̄= R(n,2π) into L0, L1 is given by

L1 = {1,Mx′,My′,R(z,π),

1̄, 1̄Mx′, 1̄My′ , 1̄R(z,π)}. (H.2)
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1̄ commutes with every element in the group. It takes the value of 1 in the integer spin representa-

tions, and −1 in half odd integer spin representations. L1 is isomorphic to the quaternion group

Q8 = {±1,±i,± j,±k} through the identifications 1= 1, 1̄=−1, Mx′ = i, My′ = j, R(z,π) = k.

The multiplication rules of Q8 and L1 are given by

i2 = j2 = k2 =−1,

i j =− ji = k, jk =−k j = i,ki =−ik = j. (H.3)

Here we explicitly check that M2
x′ = 1̄ and Mx′My′ = R(z,π), and other relations can be obtained

in similar ways. The reflection Mx′ can be decomposed as Mx′ = I R(x̂′,π). The inversion

operator I commutes with all O(3) elements and acts as identity operator in spin space, hence

M2
x′ = R(x̂′,2π) = 1̄. With similar decomposition for My′ , one obtains Mx′My′ = R(x̂′,π)R(ŷ′,π).

The multiplication of R(x̂′,π) and R(ŷ′,π) is R(ẑ′,π) in SO(3). In SU(2) it also equals R(ẑ′,π)

rather than 1̄R(x̂′,π) which can be checked by carrying out the multiplication in any half-odd

integer spin representation explicitly. Q8 and hence L1 has one 2D irreducible representations up

to isomorphism in which 1 and 1̄ take the value of 1 and −1, repectively, and four 1D irreducible

representations in which 1 and 1̄ are identical.

Next we consider L2, which is the little group of the magnetic group of Td . The anti-unitary

operator S defined in the main text is an element of the little group L2. By defining T ′ = I T

which leaves the [001]-direction unchanged, S can be written as S = R(ẑ, π

2 )T
′. T ′2 can be either

1 or −1 depending on whether the spin is integer or half-odd integer. L2 corresponds to the case

of T ′2 = 1 and is given by

L2 = {1,Mx′,My′ ,R(z,π),

S ,Mx′S ,My′S ,R(z,π)S}. (H.4)
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Defining r = R(ẑ, π

2 )T
′, s = Mx′ , the group L2 can be rewritten as

L2 = {1,r,r2,r3,s,sr,sr2,sr3}. (H.5)

It is isomorphic to D4, the dihedral group of order 4, with the relations r4 = s2 = 1, srs−1 = r−1.

Finally we consider the case of T ′2 =−1. The little group L3 along [001]-direction of

the magnetic double group of Td is given as

L3 = {1,r,r2,r3,

1̄, 1̄r, 1̄r2, 1̄r4,

Mx′+y′T ′, 1̄My′, 1̄Mx′−y′T ′, 1̄Mx′,

1̄Mx′+y′,My′,Mx′−y′T ′,Mx′}. (H.6)

Defining s′ = rMx′ , L3 can be rewritten in terms of r and s′ as

L3 = {1,r,r2,r3,

r4,r5,r6,r7,

s′,s′r,s′r2,s′r3,

s′r4,s′r5,s′r6,s′r7}. (H.7)

The group L3 is in fact isomorphic to the semi-dihedral group SD16 of order 16 defined in terms

of generators and relations as

SD16 = 〈r,s|r8 = s2 = 1,srs−1 = r3〉. (H.8)

The isomorphism can be checked by showing that r and s′ satisfy the above relations. The proof
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of r8 = 1̄ and s′2 = 1̄ are straightforward. Here we show that s′rs′−1 = r3 as follows,

s′rs′−1 = Mx′rM−1
x′ T ′

= R(x̂′,π)R(ẑ,
π

2
)R(x̂′,π)−1T ′

= R(ẑ,
7
2

π)T ′ = 1̄R(ẑ,
π

2
π)T ′

= R(ẑ,
3
2

π)T ′3 = r3, (H.9)

in which in the second last line R(ẑ,2π) = 1̄ is used. We further note that SD16 has both Q8 and

D4 as subgroups. The Q8 subgroup is generated by {r2,rs′}, while the D4 subgroup is generated

by {r2,s′}.
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Appendix I

The anti-unitary operator S with S 4 =−1

In this appendix we make some comments on the anti-unitary operator S in the spin-3
2

representation, in which the spin operators are given by

S+ =



0
√

3

0 1

0
√

3

0


,

S− = S†
+,

Sz =



3
2

1
2

−1
2

−3
2


. (I.1)

(I.2)

We will give the explicit form of the operator S , and its action on the two doubly degenerate

subspaces along [001] directions.
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Since I acts as identity operator in the spin space, the anti-unitary operation S is given by

S = e−iSz(−π/2)R ·K, (I.3)

in which K is the complex conjugate operation. Then S is computed as S = SK, where

S =



0 0 0 ei 3π

4

0 0 −ei π

4 0

0 e−i π

4 0 0

−e−i 3π

4 0 0 0


. (I.4)

It is straightforward to verify that S 2 = diag{i,−i, i,−i}, and S 4 =−1.

Up to an overall factor, the Hamiltonian Eq. (3.6) along z-axis is

Hz = S2
z +δ(SxSzSx−SySzSy), (I.5)

in which |δ|<< 1 for the case of small inversion breaking strength. Since the Hamiltonian Eq.

(I.5) changes spin either by 0 or 2, the spin 3
2 component will mix with the −1

2 component, and 1
2

with −3
2 component. The two eigenvectors v1 and v2 of the eigenvalue 1

4(5+2
√

4+3δ2) are

v1 =
1

N
(1,0,

2√
3δ

(

√
1+

3
4

δ2−1),0)T ,

v2 =
1

N
(0,− 2√

3δ
(

√
1+

3
4

δ2−1),0,1), (I.6)

in which N is the normalization factor, and the two eigenvectors w1 and w2 of the eigenvalue
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1
4(5−2

√
4+3δ2) are

w1 =
1

N
(0,1,0,

2√
3δ

(

√
1+

3
4

δ2−1))T ,

w2 =
1

N
(− 2√

3δ
(

√
1+

3
4

δ2−1),0,1,0)T . (I.7)

The action of S within the subspace spanned by v1 and v2 is

Sv =

 0 ei π

4

−e−i π

4 0

K, (I.8)

and the action within the subspace spanned by w1 and w2 is

Sw =

 0 e−i π

4

−ei π

4 0

K. (I.9)
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Appendix J

Method for solving surface states in nodal

topological superconductors

In this appendix, we derive the equation determining the surface state energy and wave-

function in the limit of ∆0 << δ << |µ|. The logic is to first solve the eight pairs of {kl,Φl}

from Eq. (3.33) as functions of Es, then plug in det({Φl}1≤l≤8) = 0 to solve for Es. The pairing

strengths and the surface energy are parametrized as ∆s =Cs∆0, ∆p =Cp∆0 and Es = ε∆0.

Since the system is translationally invariant in xy-plane, kx,ky are good quantum numbers.

The momentum kz which solves Eq. (3.33) can be expanded as kz =±k0z+ζδ− iξ∆0, in which k0z

is the magnitude of the z’th component of the Fermi wavevector determined by the Luttinger-Kohn

Hamiltonian, ζδ originates from the splitting of Fermi surfaces due to the inversion breaking term

in the band structure, and −iξ∆0 is from the superconducting pairing. Denote k(3/2)
0z and k(1/2)

0z to

be the above mentioned k0z for the heavy hole and light hole bands, respectively. Also denote

k(3/2)
0 and k(1/2)

0 satisfying (k(3/2)
0 )2 = k2

x + k2
y + (k(3/2)

0z )2 and (k(1/2)
0 )2 = k2

x + k2
y + (k(1/2)

0z )2.

Since the Fermi energy crosses the heavy hole bands, k(3/2)
0 =

√
|µ|/(2λ2−λ1) is real, and

k(1/2)
0 =−i

√
|µ|/(2λ2 +λ1) is purely imaginary. We will discuss the heavy hole and light hole

bands separately.
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We first consider the heavy hole bands. The superscript 3/2 will be dropped in the

following expressions for simplicity. Let k0η = (kx,ky,ηk0z) (η =±1), and define U(3/2)(k0η) as

U(3/2)(k0η) = U(â) 0

0 U(â)T,−1


 U(k̂0η) 0

0 U(k̂0η)
T,−1

 , (J.1)

in which U(â) = e−iSyφae−iSyθa and U(k0η) = e−iSyφηe−iSyθη , where θa and φa are the polar and

azimuthal angles of â, and θη and φη are those of the vector k0η. U(3/2)(k0η) corresponds to the

helicity basis at momentum k0η. Performing the transformation U(3/2)(k0η)
−1H(k)U(3/2)(k0η)

to the Hamiltonian in Eq. (4.45), projecting to the heavy hole bands, and only keeping the leading

order terms in the expansion over δ and ∆0, the HL and HA terms in Eq. (4.45) become

H ′L−µ = (ζδ− iξ∆0)
(
2(λ1 +

5
2

λ2)ηk0z

−2λ2k0P3/2{Sz,U(k0η)
−1SzU(k0η)}P3/2

)
,

H ′A =
δ

k f
P3/2U(k0η)

−1U(â)−1A(Rak0η)

·U(â)U(k0η)P3/2,

(J.2)

in which P3/2 is the projection operator to the heavy hole bands, the supercript of prime denotes

the terms after the transformation and the projection, and {,} represents the anti-commutator of

two matrices. H ′L and H ′A are 2×2 matrices after the projection to the heavy hole bands. H ′A is

traceless, hence can be expanded in terms of Pauli matrices as

H ′A = δ
−→
Λ (k0η) ·σ, (J.3)
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in which
−→
Λ (k0η) is a three-component vector. Let the matrix D(k0η) be the transformation

that diagonalizes H ′A. The eigenvalues of H ′A are ±δ|−→Λ (k0η)|, which leads to Fermi surface

splitting. ζδ is the correction of the Fermi wavevector due to the inversion breaking term H ′A.

In the following, for simplicity, we will term the basis after the transformation D(k0η) as band

structure basis.

Next we consider the effect of the superconducting pairing. Since ∆0 is assumed to be

much smaller than δ, as long as H ′A does not vanish, we can project the superconducting pairing

onto each band structure basis, and the corrections from the mixing between different spin split

bands are of higher orders in ∆0/δ. The momentum in the pairing term can be set as k0η with

corrections of high orders. After performing the projection and canceling the factor of ∆0, Eq.

(3.33) becomes a two-component eigen-equation, as

 iξγ(k0η)− ε (−) 1−ν

2 χν(k0η)

(−) 1−ν

2 χν(k0η)
∗ −iξγ(k0)− ε

Φ
′ = 0, (J.4)

in which

γ(k0η) = −2(λ1 +
5
2

λ2)ηk0z +

2λ2k0PνP3/2{Sz,U(k0η)
−1SzU(k0η)}P3/2Pν,

χν(k0η) = PνD(k0η)
−1P3/2U(k0η)

−1U(â)−1K(Rak0η)

·U(â)U(k0η)P3/2D(k0η)Pν, (J.5)

where Pν is the projection operator to one of the two band structure basis with eigenvalue

νδ

√−→
Λ (k0η)2 of H ′A. The γ(k0η) term corresponds to the O(∆0) correction to the diagonal block

in Eq. (3.33) from −iξ∆0 in kz = ηk0z+ζδ− iξ∆0, and the χν(k0η) term is the projection to band
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structure basis of the superconducting pairing term. The solutions of ξ and Φ′ are given by

ξ
(3/2)(k0;η,ν) =

√
|χν(k0η)|2− ε2

γ(k0η)2 ,

Φ
′(3/2)(k0η;ν) =

 −(−) 1−ν

2 χν(k0η)

iξ(k0η,ν)γ(k0η)− ε

 , (J.6)

in which ξ is chosen to be positive to match the boundary condition at z→−∞. The eigenvector

Φ can be obtained from Φ′ by performing the transformations D(k0η), U(k0η) and U(â) back in

sequence.

Next we consider the light hole bands. Again the superscript“1/2” will be dropped

in the following expressions for simplicity. The momentum in z-direction is in general kz =

k0z +ζδ− iξ∆0, where k0z =−i
√
|µ|/(2λ2 +λ1)+ k2

x + k2
y . Im(k0z) is chosen to be negative so

as to match the boundary condition at z→−∞. Let k0 = (kx,ky,k0z), and define

U (1/2)(k0) =

 U(â) 0

0 U(â)T,−1


 U(k̂0) 0

0 U(k̂0)
T,−1

 , (J.7)

in which U(k0) = e−iSyφe−iSyθ with φ = arctan(ky/kx) and θ = arccos(k0z/k0). Unlike the

heavy hole bands, θ is purely imaginary here since |k0z| > |k0|. Performing the transforma-

tion P1/2U−1H(k)UP1/2 to the Hamiltonian and only keeping the leading order terms in the
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expansion over δ and ∆0, the HL and HA terms become

H ′L−µ = (ζδ− iξ∆0)
(
2(λ1 +

5
2

λ2)k0z

−2λ2k0P1/2{Sz,U(k0)
−1SzU(k0)}P1/2

)
,

H ′A =
δ

k f
P1/2U(k0)

−1U(â)−1A(Rak0)

·U(â)U(k0)P1/2,

(J.8)

in which P1/2 is the projection operator to the helicity±1/2 bands, the supercript of prime denotes

the terms after the transformation and the projection. The eigenvalues of H ′A are ±
√−→

Λ 2(k0). H ′A

leads to Fermi surface splitting, and introduces the correction of ζδ into the Fermi wavevector.

The 2×2 matrix D(k0) which diagonalizes H ′A defines the band structure basis for case of the

light hole bands.

For the treatment of superconducting pairing, again by assuming ∆0 << δ, the projection

to the band structure basis can be performed, and the eigen-equation determining ξ and Φ is

 iξγ(k0)− ε −(−) 1−ν

2 χν(k0)

−(−) 1−ν

2 χ̃ν(k0) −iξγ(k0)− ε

Φ
′ = 0, (J.9)
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in which

γ(k0) = −2(λ1 +
5
2

λ2)k0z

+2λ2k0PνP1/2{Sz,U(k0)
−1SzU(k0)}P1/2Pν,

χν(k0) = PνD−1(k0)P1/2U(k0)
−1U(â)−1K(Rak0)

·U(â)U(k0)P1/2D(k0)Pν,

χ̃ν(k0) = PνD†(k0)P1/2U(k0)
†U(â)−1K(Rak∗0)

·U(â)U(k0)
†,−1P1/2D(k0)

†,−1Pν,

(J.10)

where Pν is the projection operator to one of two band structure basis with eigenvalue ν

√−→
Λ 2(k0)

of H ′A. Then ξ and Φ′ are solved to be

ξ
(1/2)(k0;ν, ι) = ι

√
χν(k0)χ̃

∗
ν(k0)− ε2

γ(k0)2 ,

Φ
′(1/2)(k0;ν, ι) =

 (−)(1−ν)/2χν(k0)

iξ(k0;ν, ι)γ(k0)− ε

 . (J.11)

The eigenvector Φ can be obtained from Φ′ by performing the transformations D(k0), U(k0) and

U(â) back in sequence.

Plugging these expressions into the boundary condition at z = 0, we obtain the equation

determining the energy of the surface states,

det
(
{Φ(1/2)(k(1/2)

0 ;ν, ι)}ν,ι=±,{Φ(3/2)(k(1/2)
0η

;ν)}η,ν=±
)

= 0,

(J.12)
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in which

Φ
(1/2)(k(1/2)

0 ;ν, ι) =U (1/2)(k0)D̄(1/2)(k0)Φ
′(1/2)(k0;ν, ι),

Φ
(3/2)(k(3/2)

0η
;ν) =U (3/2)(k0η)D̄(3/2)(k0η)Φ

′(3/2)(k0η;ν),

(J.13)

with D̄ = diag(D,DT,−1) as the extension of the matrix D to the particle-hole space. In the above

expression Eq. (J.13), all of the terms are in the 8-dimensional space. For those originally defined

not to be 8-dimensional, we need to appropriately embed them into the 8-dimensional space. Eq.

(J.13) is the equation for solving surface state energy, without restriction on the form of inversion

breaking term, nor on the pairing Hamiltonian.

We further note that for the present case in which the Fermi energy only crosses the heavy

hole bands, the 8×8 matrix in Eq. (J.13) can be reduced to a 4×4 one when solving Majorana

zero modes explained as follows. The boundary condition requires that the eight vectors Φ
(α)
i

(α = 3/2,1/2, 1≤ i≤ 4) are linearly dependent. At zero energy, the four vectors Φ
(1/2)′
i in the

light hole space in Eq. (J.11) are linearly independent. Hence they must also be so at least in a

neighborhood of ε = 0. The vectors Φ
(1/2)
i are obtained from Φ

(1/2)′
i by the same transformation

D(1/2). This means that Φ
(1/2)
i are also linearly independent in a neighborhood of ε = 0. Thus

the boundary condition can be simplified to det{P Φ
(3/2)
i }1≤i≤4 = 0, where P is the projection

operator into the linear subspace orthogonal to the space spanned by {Φ(1/2)
i }1≤i≤4.

Although the original boundary condition matrix in Eq. (J.12) can be reduced to the heavy

hole space, the light hole space cannot be neglected since they touch with the heavy hole bands

at the Γ point. If the two sets of bands are separated by a band gap Eg much greater than the

value of the chemical potential, then the light hole bands are inert up to leading order of |µ|/Eg.

In the current situation, they enter into the reduced 4×4 boundary condition matrix, which is a

reflection of the spin-3/2 nature of the system.
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Appendix K

Symmetry properties in QPI patterns

We discuss in this section the implications of particle-hole, TR, chiral and C3v symmetries

on the QPI patterns in (111)-surface.

K.1 Particle-hole symmetry

In this part, we discuss the consequence of particle-hole symmetry in QPI patterns,

and show that the contributions from Majorana flat bands to ∆ρµν(ω = 0,q) vanish in Born

approximation.

First consider the non-magnetic impurity. Let Ps f be the projection operator to the surface

states. In Born approximation and only taking into account the contribution from Majorana

surface modes, ∆ρ(00)(ω,r) can be expressed as

∆ρ
(00)(ω,r) = − 1

2π
ImTr

[
(1+ τ3)〈r|Ps f

1
ω−H + iε

Ps f HimpPs f
1

ω−H + iε
Ps f |r〉

]
,

= − 1
2π

Im
[
(

1
ω+ iε

)2Tr
(
(1+ τ3)

〈r|Ps fVimpPs f |r〉
)]
, (K.1)
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in which Vimp is a scalar potential. Particle-hole symmetry leads to

〈r|Ps f HimpPs f |r〉=−τ1〈r|Ps fVimpPs f |r〉∗τ1. (K.2)

Since 〈r|Ps f HimpPs f |r〉 is hermitian, Tr〈r|Ps f HimpPs f |r〉 vanishes due to Eq. (K.2). Thus

∆ρ
(00)(ω,r) =− 1

2π
Im(

1
ω+ iε

)2Tr
[
τ3〈r|Ps f HimpPs f |r〉

]
.

(K.3)

This immediately shows that ∆ρ(00)(ω = 0,r) = 0.

Next consider the magnetic impurity. In the same approximations, we have

∆ρ
i j(ω,r) = − 1

2π
ImTr

[
(

1
ω+ iε

)2(1+ τ3)

Σ
i〈r|Ps f Σ

jVimpPs f |r〉
]
. (K.4)

Particle-hole symmetry implies that

〈r|Ps f Σ
jHimpPs f |r〉=−τ1〈r|Ps f Σ jHimpPs f |r〉∗τ1. (K.5)

Combining with τ1Σiτ1 =−Σi∗, we obtain Tr(τ3Σi〈r|Ps f Σ jVimpPs f |r〉) = 0, and

∆ρ
i j(ω,r) = − 1

2π
Im
[
(

1
ω+ iε

)2

Tr
(
Σ

i〈r|Ps f Σ
jVimpPs f |r〉

)]
. (K.6)

Again since Tr
(
Σi〈r|Ps f Σ jVimpPs f |r〉

)]
is real, ∆ρi j(ω,r) vanishes when ω = 0.
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K.2 Time reversal symmetry

In addition to the suppression of scatterings between TR related Majorana islands, TR

symmetry also requires that ∆ρµ0 = 0, and ∆ρ0ν = 0 in Born approximation, where µ,ν 6= 0. We

show these properties in this part.

It can be proved that in Born approximation, TR symmetry leads to

∆ρ
µν(ω,r)

=− 1
2π

ImTr〈r|(1+ τ3)(T−1
Σ

µT )
1

ω−H + iε

·Vimp(T−1
Σ

νT )
1

ω−H + iε
|r〉.

(K.7)

Since Σ0 is invariant under TR operation and Σi (i = 1,2,3) changes sign under TR operation, it

is clear that ∆ρµν vanishes when µ = 0, ν 6= 0 or µ 6= 0, ν = 0.

K.3 Chiral symmetry

TR operation reverses the sign of Σν when ν = 1,2,3, and keeps it invariant when ν = 0.

Particle-hole operation reverses the sign of Σν for all ν = 0,1,2,3. Chiral operation is the

composition of TR and particle-hole operations. Hence the selection rule of chiral symmetry is

that Hν
imp couples Majorana islands with opposite chiral indices when ν = 0, and those with the

same chiral index when ν = 1,2,3.

K.4 C3v symmetry

The little group of the (111)-surface within the Td group is C3v. In this part, we analyze the

consequence of the C3v symmetry on the QPI patterns in Born approximation. Since ∆ρ00
s f (ω,q)
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is invariant under C3v, and ∆ρ
µν

s f (ω,q) = 0 if one of {µ,ν} is zero, here we consider µ,ν 6= 0.

In Born approximation

∆ρ
µν(ω,r) = − 1

2π
ImTr[(1+ τ3)Σ

µ〈r| 1
ω−H + iε

Vimp(r)Σν 1
ω−H + iε

|r〉]. (K.8)

Since C3v is the symmetry group of the system, for C ∈C3v, ∆ρµν(ω,r) can also be written as

∆ρ
µν(ω,r)

=− 1
2π

ImTr[(1+ τ3)CΣ
µC−1〈Cr| 1

ω−H + iε

·Vimp(r)CΣ
νC−1 1

ω−H + iε
|Cr〉],

(K.9)

in which C is the corresponding 3× 3 rotation matrix. Using CΣµC−1 = ΣαCαµ, ∆ρµν(ω,r)

satisfies

∆ρ
µν(ω,r) = ∆ρ

αβ(ω,Cr)CαµCβν
, (K.10)

for any C ∈C3v.

For fixed ω,q, define ∆ρs f (ω,q) as the 3×3 matrix whose µν element is ∆ρ
µν

s f (ω,q). The

above analysis shows that

∆ρs f (ω,Cq) =C∆ρs f (ω,q)CT , (K.11)

for any C ∈C3v. This is the relation that ∆ρs f (ω,q) must satisfy due to the C3v symmetry.
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Appendix L

The first frequency moment sum rule

In this section, we summarize the derivation of the first frequency moment sum rule

following Ref. [141]. The first frequency moment is defined as

ωaā(q) =
∫

∞

−∞

dω

2π
ωSaā(q,ω). (L.1)

The expressions of ω+−+ω−+ and ωzz are derived as a function of ∆ and h for the XXZ

Hamiltonian (Eq.(1) in main text).

By inserting a complete set of eigenstates and performing the integration with respect to t

and ω, ωii (i = x,y,z) can be transformed as

ωii =
1
N ∑

j, j′
e−iq( j− j

′
)
∫

∞

−∞

dω

2π

∫
∞

−∞

dtωeiωt
∑
µ

ei(EG−Eµ)t〈G|Si
j|µ〉〈µ|Si

j′
|G〉

= − 1
N ∑

j, j′
e−iq( j− j

′
)〈G|[H,Sa

j ]S
a
j′
|G〉. (L.2)

Similarly

ωii =
1
N ∑

j, j′
e−iq( j− j

′
)〈G|Si

j[H,Si
j′
]|G〉. (L.3)
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Since the system is invariant under inversion tranformation defined as PS jP−1 = S− j, i.e.

P|G〉= |G〉, PHP−1 = H, (L.4)

Eq. (L.3) becomes

ωii =
1
N ∑

j, j′
e−iq( j− j

′
)〈G|Si

j′
[H,Si

j]|G〉, (L.5)

where in obtaining the last line the change of summation indices − j → j
′

and − j
′ → j is

performed. Combining these results together, we obtain

ωii = − 1
2N ∑

j, j′
e−iq( j− j

′
)〈G|[[H,Si

j],S
i
j′
]|G〉, (L.6)

The commutation relations for i = x,y,z can be carried out explicitly, and the results for ωii are

ωxx(yy) = − 1
N ∑

j
[(1−∆cosq)〈G|Sy(x)

j Sy(x)
j+1|G〉+(∆− cosq)〈G|Sz

jS
z
j+1|G〉−

h
2

Sz
j],

ωzz = − 1
N
(1− cosq)∑

j
〈G|(Sx

jS
x
j+1 +Sy

jS
y
j+1)|G〉.

(L.7)

In the main text S+−(q,ω) and S−+(q,ω) are calculated, and their first frequency moment

sum rule can be derived from ωxx and ωyy through

ω+−+ω−+ = 2(ωxx +ωyy). (L.8)
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Under the help of the Hellman-Feynman theorem, we have

〈G|∑
j

Sz
jS

z
j+1|G〉 =

∂e0

∂∆
,

〈G|∑
j
(Sx

jS
x
j+1 +Sy

jS
y
j+1)|G〉 = e0−∆

∂e0

∂∆
.

(L.9)

where e0 is defined as

e0 = ∑
j
〈G|(Sx

jS
x
j+1 +Sy

jS
y
j+1 +∆Sz

jS
z
j+1)|G〉. (L.10)

The magnetic field h and magnetization m are related through the Legendre transform

h =
1
N

∂e0

∂m
. (L.11)

Combining these results together, the first frequency moment sum rule can be expressed as

ω+−(q)+ω−+(q) = − 2
N
[(∆(1+∆cosq)−2cosq)

∂e0

∂∆

+ (1−∆cosq)e0−m
∂e0

∂m
], (L.12)

ωzz(q) =−
1
N
(1− cosq)(e0−∆

∂e0

∂∆
). (L.13)
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