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Abstract. We construct two families of strongly regular Cayley graphs, or equivalently,
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1. Introduction

1.1. Strongly regular graphs and their relatives

Strongly regular graphs, according to Peter Cameron, “lie on the cusp between highly struc-
tured and unstructured” [CamO03]. A (v, k, A, ) strongly regular graph (SRG) is a simple and
undirected k-regular graph with v vertices satisfying the following properties

e (edge regular) every two adjacent vertices have A common neighbours,

e (non-edge regular) every two non-adjacent vertices have ;1 common neighbours.

Note that complete or edgeless graphs are trivially strongly regular graphs. Below, we only
consider SRGs which are not complete or edgeless.

Let I" be a simple and undirected graph with adjacency matrix A. The eigenvalues of I" are
the eigenvalues of the matrix A. An eigenvalue of I is restricted if it has an eigenvector which
is not a multiple of the all-one vector 1. An elegant perspective to analyze SRGs is via their
eigenvalues.

Fact 1.1 ([BM22, Section 1.1]). Let I' be a k-regular graph with v vertices and adjacency ma-
trix A. The following are equivalent:

(1) Tisa (v, k, A\, 1n)-SRG.

(2) A has precisely two restricted eigenvalues, which are the two solutions to the quadratic
equation T* + (1 — N)x + (u — k) = 0.

The construction, classification, and nonexistence of SRGs, as well as their connections
to other mathematical structures, has been an intensively researched area (see for example the
monograph [BM22]). A powerful approach to constructing SRGs is to employ Cayley graphs.

Definition 1.2 (Cayley graph). Let GG be an additively written finite group of order v and D be
a subset of GG such that the identity O ¢ D and D = —D = {—d | d € D}. The Cayley graph
on GG with connection set D, denoted by Cay(G, D), is the graph with vertices as elements of G
and two vertices g, h € G are adjacent if and only if g — h € D.

Remark 1.3. By Definition 1.2, a Cayley graph Cay (G, D) is simple and undirected. Cay(G, D)
is a | D|-regular graph with G being a regular automorphism group of Cay(G, D). For a sub-
set S C @, the set of vertices corresponding to .S forms a clique in Cay(G, D) if and only if the
set{g—h|g,hesS, g+#h}isasubsetof D.

In this paper, we aim to construct two infinite families of strongly regular graphs whose
parameters generalize the Denniston and dual Denniston parameters. For this purpose, we in-
troduce the following concept.

Definition 1.4 (Partial difference set). Let GG be an additively written group of order v and D
be a subset of G with & elements such that the identity O ¢ D. Then D is called a (v, k, A, 1)
partial difference set (PDS) in G if the expressions g — h, for g and h in D with g # h, represent
each element in D exactly A times and represent each nonidentity element not in D exactly u
times.
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Remark 1.5. (1) The assumption O ¢ D in Definition 1.4 is purely technical when consid-
ering PDSs: if D is a PDS in G, sois D U {0 }. We insist on O ¢ D, which guarantees
the associated Cayley graph Cay(G, D) does not contain loops.

(2) In this paper, we only consider (v, k, A, 1)-PDS D with A # p, in which D is necessarily
fixed by inversion, namely, D = —D = {—d | d € D} [Ma94, Proposition 1.2].

(3) Given a (v,k,A\,)-PDS D in group G, its complement G \ (D U {0g}) is
a(v,v—k—1,v—2—2k+ pu,v—2k+ \)-PDS in G.
Combining Definition 1.4 and Remark 1.5, we have the following equivalence between stron-
gly regular Cayley graphs and PDSs.

Lemma 1.6 ([Ma%4, Proposition 1.1]). A Cayley graph Cay(G, D) is a (v, k, A\, 11)-SRG if and
only if D is a (v, k, A\, n)-PDS in G.

Moreover, strongly regular Cayley graphs based on elementary abelian groups are well con-
nected to many other objects, including projective sets and projective two-weight codes. There
have been many excellent surveys addressing these connections, including [BM22, CK86, Ma9%4,
MWX19]. We also refer to [JL21, Section 2] for a summary of known constructions of strongly
regular Cayley graphs based on finite abelian groups. Next, we summarize the relation between
strongly regular Cayley graphs based on elementary abelian groups and their relatives. For stan-
dard terminology concerning projective geometry and coding theory, please refer to [CK86,
Ma94]. We first introduce the definitions of projective sets and projective two-weight codes.
From now on, we always use ¢ to represent a prime power.

Let PG(m — 1,q) be the (m — 1)-dimensional projective space over F,. The point set

of PG(m—1,q)is {{y;) | 1 <i < q;n:11 }, where each (y;) is a one-dimensional vector subspace

of ;" over I, with {y;} as a basis, and {(y;) [ 1 < i < q;”__ll} consists of all one-dimensional
vector subspaces of ;" over F,. A hyperplane in PG(m — 1, ¢) corresponds to an (m — 1)-
dimensional vector subspace of F7* over IF,. The set of all hyperplanes in PG(m — 1, q) corre-

sponds to the set of all (m — 1)-dimensional vector subspaces of " over IF,.

Definition 1.7 (Projective set). A projective (n, m, hq, hy) set O is a proper, non-empty set of n
points of the projective space PG(m — 1,q) with the property that each hyperplane
of PG(m — 1, q) meets O in either h; or hy points.

For 0 < m < n, let C be an m-dimensional vector subspace of Fy over F,. Then C' is
an [n, m], code. For ¢ = (¢, ¢a, ..., ¢,) € C, define the weight of ¢ to be

wt(c) = {1 <i<n|¢#0}.
C is called a two-weight code if all the vectors in C' have precisely two distinct nonzero weights.

Definition 1.8 (Projective two-weight code). For 1 < i < n, lety; € F;". The [n, m], code C
defined by

C={(z-yx ya....x ya) | x €F},
where - is the usual dot product in ", is a projective two-weight code if both of the following
hold:
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(1) Forevery 1 < ¢,7 < n withi # j, y; and y; are linearly independent over I, namely, C
is a projective code.

(2) C'is a two-weight code.

Now we are ready to describe the connection between strongly regular Cayley graphs based
on elementary abelian groups and their relatives.

Lemma 1.9 ([CK86, Section 3]). Let q be a prime power. Let G=F". Let O={(y;) |1<i<n}
be a set of distinct points in PG(m — 1,q). Let D = {ay; | 1 < i < n,a € F,}. Then the
following are equivalent:

(1) O is a projective (n,m,n — wy,n — ws) set in PG(m — 1, q).

(2) The [n,m], code C' = {(x - y1,x - y2, ..., 7 - yp) | © € F'} is a projective two-weight
code with nonzero weights w, and ws.

(3) Cay(G,D)isa (v,k, \, n)-SRG with
v=q",

A=k + 3k — q(wi + wa) — kq(wi + ws) + ¢*wiws,
p=k*+k — kq(w; + wy) + ¢*wws.

(1.1)

(4) Disa (v, k, A\, p)-PDS in G, where (v, k, \, p) satisfies equations in (1.1).

Below, we will focus on a particular family of SRGs with so-called Denniston parameters
and describe the state of the art.

1.2. Strongly regular Cayley graphs with Denniston parameters and their extensions

In view of Lemma 1.6, the parameters of strongly regular Cayley graphs exactly mirror those
of the corresponding PDS. Therefore, in this subsection, we do not distinguish strongly regular
Cayley graphs and PDSs, and omit mentioning them explicitly when describing their parameter
families.

Most known strongly regular Cayley graphs, or equivalently, PDSs, fall into the following
two well-known families.

e Latin square type family with parameters (n?,r(n — 1),n + 1% — 3r,r?> —r) forn > 1
andr > 0.

e Negative Latin square type family with parameters (n?,r(n + 1), —n + r% + 3r,7% + 1)
forn > 1landr > 0.
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We note that in both of the above families, the order of the group is necessarily a square. Given
that, the Denniston family stands out for its distinct parameters as compared with the Latin
square type and the negative Latin square type families, as well as for its intrinsic connection
with finite geometry. Actually, Denniston’s pioneering construction concerns maximal arcs in
classical projective planes of even order. Specifically, let n > 2 and d > 1. An (n, d)-arc in the
classical projective plane PG(2, q) is a set of n points, of which no d + 1 points are collinear.
For an (n, d)-arc in PG(2, ¢), we have

n<1+(g+1)(d—1),

where the (n, d)-arc is maximal if n = 14-(g+1)(d—1). Note that each line in PG(2, ¢) intersects
a maximal (n, d)-arc at either O or d points. Then a maximal (n, d)-arc is a projective (n, 3,0, d)
set in PG(2, ¢). Considering nontrivial maximal (n, d)-arcs where 1 < d < g, it can be shown
that d | ¢. In the classical projective plane PG(2, q) with ¢ = 2™, foreach 1 <r < m — 1,
Denniston constructed maximal (n, 2")-arcs [Den69], which led to the parameter family

(25 (247 — 2™ 4 27) (2 — 1), 2™ — 27 4 (2™ 9™ 4 97) (27 —2), (27T — 2™ 4 27)(2" — 1))

in 5™,

Following Denniston’s construction, a natural question is whether strongly regular Cayley
graphs and PDSs with Denniston parameters can exist in the additive group of a finite field
with odd characteristic. In short, we say the question concerns Denniston parameters in odd
characteristic. Notably, a famous result due to Ball, Blokhuis, and Mazzocca establishes the
nonexistence of nontrivial maximal arcs in classical projective planes of odd order [BBM97].
For a long time, this result seemed to rule out the possibility of Denniston parameters in odd
characteristic. Consequently, the recent discovery of SRGs and PDSs with Denniston parameters
in odd characteristic, simultaneously and independently by two groups of researchers, came as
a huge surprise. Specifically, Davis, Huczynska, Johnson, and Polhill employed cyclotomic
classes and quadratic forms over finite fields to construct the parameter family

(pSm’(pm+r_pm_|_pr)(pm_1)7pm_pr+(pm+r_pm+pr)(pr_2)7(pm+r_pm+pr)(pr_1))

in F,m x F2m, where p is an odd prime, m > 2, and r € {1,m — 1} [DHJP24, Theorems 5.1,
5.2]. De Winter utilized both geometric and algebraic approaches to construct projective sets
in PG(3m — 1, ¢), which yields the parameter family

@ (@™ ="+ ) (d" = 1), ¢" =g+ (@ ="+ ) —2), (" = ¢" +q)(qg— 1))

in Fjm X [Fj2m, where q is a prime power and m > 2 [DW25, Theorem 2]. Recently, Bao, Xiang,
and Zhao extended both constructions and presented the parameter family

(q3m7(qm+r_qm+qr>(qm_1)’qm_qr+<qm+r_qm_’_qr)(qr_2>’(qm+r_qm+qr)(qr_1))

in Fym x Fp2m, where ¢ is a prime power, m > 2, and 1 < r < m — 1 [BXZ25, Theo-
rem 3.2]. Given that ¢ could be an arbitrary prime power and r could vary over the full pos-
sible range 1 < r < m — 1, this construction established the existence of all possible Dennis-
ton parameter families in elementary abelian groups. Moreover, a neat explanation was pre-
sented in [BXZ25, Section 1], illustrating that maximal arcs in projective planes of odd order
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are stronger than SRGs and PDSs with Denniston parameters in odd characteristic. Therefore,
the Denniston parameter family in odd characteristic does not contradict the nonexistence result
in [BBMO97].

The multiple perspectives from which SRGs and their relatives may be viewed, showcased
in Lemma 1.9, speak to the appeal of the topic. On the other hand, it is not uncommon that
some results described via one perspective have not been recognized by others. For instance,
as De Winter observed [DW25, Section 1], in a less well-known paper [BE97], Bierbrauer and
Edel effectively obtained the same parameter family as that of [BXZ25], via an intricate coding-
theoretic approach. During the preparation of this paper, the authors came across another less
noticed paper by Ott [Ott16a], which also extended Denniston’s construction in a different direc-
tion. While Denniston’s construction was based on group Fosm = Fom X Fo2m, Ott considered
a much more general construction based on group Fyme X [ me+1), where ¢ is a prime power
and m, ¢ > 1. As we shall see in Section 3, our construction of generalized Denniston and dual
generalized Denniston parameter families further extends Ott’s construction.

1.3. SRGs and PDSs with generalized Denniston and dual generalized Denniston parame-
ters

We first describe the family of SRGs and PDSs with generalized Denniston parameters.

Theorem 1.10. Let s > 1 and q = p® be a power of prime p. Let m and { be positive inte-

gers. For each 0 < r < m, there exists a (v, k., \., pi,.)-PDS D, in the elementary abelian
sm(20+1)

p-group G = 7, , where
v :qm(2£+1)7
r_1 mZ_l m(Z—i—l)_l
kr:(q )(q )(q )+qme_1’
qm —1
T _1 m(ﬁ—&—l)_l T _1 mﬂ_l
AT:(q )(q )((q )(q )_1>+qmz_2’
qgm —1 qm —1
P C 1)(g™ - 1) ((qr s Ci el VN 1)
' ¢ —1 ¢ —1 '

Consequently, there exists a (v, k., \, pi,.)-SRG Cay (G, D,.).

Remark 1.11. The infinite family of SRGs and PDSs in Theorem 1.10 has the generalized Den-
niston parameters, as it extends a series of previous constructions initiated by Denniston:

(1) Applyingp=2,s=1,/=1,and 1 < r < m — 1to Theorem 1.10, we obtain SRGs and
PDSs with the same parameters as Denniston’s initial work [Den69].

(2) Applying m = 2 and r = 1 to Theorem 1.10, we recover the construction by Momi-
hara [Mom14, Equation (1.1)], which is of the negative Latin square type. We note that
Momihara’s construction [Mom14, Proposition 2] extends that of Polhill [Pol08, Corol-
laries 5.1, 5.2].
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(3) Applying » = 1 to Theorem 1.10, we recover the construction by Ott [Ottl16a, Theo-
rem 3]. We note that Ott’s construction extends that of Fernandez-Alcober, Kwahira, and
Martinez [FAKM10, Proposition 4.3].

(4) Applying p being an odd prime, s = 1, ¢ = 1, and r € {1, m — 1} to Theorem 1.10,
we recover the construction by Davis, Huczynska, Johnson, and Polhill [DHJP24, Theo-
rem 5.1].

(5) Applying/ =1and1 < r < m—1to Theorem 1.10, we recover the construction by Bao,
Xiang, and Zhao [BXZ25, Theorem 3.2].

Given a strongly regular Cayley graph Cay(G, D) based on a finite abelian group G, or
equivalently, a PDS D in a finite abelian group G, there exists a dual strongly regular Cayley
graph Cay(G D7), or equivalently, a dual PDS D™ in the character group G of G. Below, we
describe the family of SRGs and PDSs with dual generalized Denniston parameters.

Theorem 1.12. Let s > 1 and q = p° be a power of prime p. Let m and { be positive inte-
gers. For each 0 < r < m, there exists a (v, kT, X", ut)-PDS Dt in the elementary abelian

p-group G = Zsm(2Z+1 where
qm(2Z+1)
m __ m—r mé __ 1 m(l+1) _ 1
kT :(‘] q )(qu - 1)(61 ) Fogm)
AT :(qm — qm—r)(qm(e+1) — 1)(qm(e+1) _ qm(z+1)_r LT —1)
' (gm — 1)
+ g2 gt =r _ 9am(t+l) _ 9am=r 4 9
gm —1 !
M—i— :(Qm _ qm—r)(qm(Z-H) _ 1)(qm(é+1) _ qm(f—i-l)—r g — 1)
' (gm —1)?

Consequently, there exists a (vt, k", AF, u)-SRG Cay (G, D;").

*m(2+1) in Theorem 1.10 has character group G, which is again iso-

Note that the group G=7,
sm(2€+1)

morphic to Zz"**"™). That is why we phrase Theorem 1.12 with respect to the group Z
The SRGs and PDSs in Theorem 1.12 have the dual generalized Denniston parameters, Wthh
are in general distinct from the generalized Denniston parameters. The standard procedure of
deriving the dual PDS D from the original PDS D will be detailed in Lemma 2.2.

Remark 1.13. As we shall see in Theorem 3.4, D;F can be alternatively constructed as the com-
plement of some (properly constructed) D,,_,. In this sense, the dual generalized Denniston
family in Theorem 1.12 is not that new. However, for completeness, we include this family.
We also note the corresponding SRG Cay (G, D;") has an interesting property concerning its
maximum clique, detailed in Theorem 3.4.
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Remark 1.14. In general, SRGs and PDSs with generalized Denniston and dual generalized
Denniston parameters are not of the Latin square or negative Latin square type, say, for instance,
when m is odd. On the other hand, when m is even and r = 7, the generalized Denniston family

satisfies o
po @ = D" — %) (¢ + 1)
= pr—
and the dual generalized Denniston family satisfies

o (") —1)(g% —1)(g2*H) 4+ 1)
7 qm — 1 )

wl3

Therefore, the corresponding SRGs and PDSs are of the negative Latin square type.

In view of Lemma 1.9, we have the following corollary regarding projective sets derived
from Theorems 1.10 and 1.12.

Corollary 1.15. Let q be a prime power. Let m and { be positive integers. For each 0 < r < m,
the following exist.

(1) A projective (n,,m(2¢ + 1), hy.1, h,.2) set in PG(m(2¢ + 1) — 1,q), where

(¢ = D)@ = 1) (gmEY —1) g1

R P § g § e
[ (qmt = 1) (gD — gl 4 gm — )

’ (g—1)(gm—1) ’
- :(qu _ 1)<qm(£+1)+r—1 _ qm(£+1)—1 +q" — qr‘)'

’ (¢—1D(g™—1)

(2) A projective (nt,m(20 + 1), b}, hf,) set in PG(m(20 4 1) — 1,q), where

N (qm _ qur)(qmé _ 1)<qm(€+1) _ 1) qm(€+1) -1

"o (q—1)(gm—1) IETE
h+1 :(qm@‘#l)*l _ 1)(qm(€+1) _ qm(EJrl)fr + qm—r _ 1)7
" (¢—1)(g™ —1)
h+2 :(qm(Hl) _ 1)<qm(€+1)71 _ qm(erl)frfl + g — 1).
" (¢—1)(¢"—1)

Remark 1.16. Applying { = 1 and » = 1 to Corollary 1.15(1), we recover the projec-
tlve <(q _1)( m+l_qm+q) 3m q2m_q2m—l_q;n+l+2qm_q q2m_q2m—11+qm_q
Y q— Y q—

Winter [DW25 Theorem 4.1].

) set constructed by De

An intriguing feature of De Winter’s construction is that the obtained projective set has pa-
rameters corresponding to the so-called blow-up of a hypothetical maximal (n,q)-arc
in PG(2, ¢™). Note that a point in PG(2, ¢"), being a one-dimensional vector space over [Fm,
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corresponds to an m-dimensional vector space over F,, which again corresponds to an
(m — 1)-space in PG(3m — 1,q). In this way, the blow-up process transforms objects
in PG(2, ¢™) to objects in PG(3m — 1,¢), where a point set in PG(2, ¢™) is transformed to
a set of distinct (m — 1)-spaces in PG(3m — 1,¢) and a line in PG(2, ¢") is transformed to a
(2m — 1)-space in PG(3m — 1, q).

We now illustrate that a projective

((qm _ 1)(qm+1 _ qm +q) am q2m _ q2m—1 _ qm+1 + 2qm —q q2m _ q2m—1 + qm _ q)
q—1 Y q—1 ’ q—1

set can be obtained by blowing up a hypothetical maximal (n, ¢)-arc in PG(2, ¢"). A hypotheti-
cal maximal (n, ¢)-arc consists of n = 1+ (¢™ +1)(¢—1) = ¢™! — ¢™ + ¢ points, so that every
line in PG(2, ¢™) intersects the maximal (n, ¢)-arc in either 0 or ¢ points. Hence, the blow-up
of the maximal (n, ¢)-arc leads to a point set in PG(3m — 1, ¢) with size

ﬂm—l (¢" = 1)(¢™" —q™ +q)

m+1 _ m
(q " 07— 1

And this point set intersects the hyperplanes in PG(3m — 1, ¢) with exactly two sizes:

m—1 2m 2m—1 m+1 m
m m, "1 =T =" 4+ 2¢" — ¢
(@™ =" +q) = 7

q—1 q—1
m—1 m 2m 2m—1 m
mi1 4 —1  ¢q"—=1 ¢ —q +q" —q
(q q") i 1

With the above preparation, we claim that Corollary 1.15(1) generalizes De Winter’s con-
struction in the following sense. Applying / = 1 and 1 < r < m — 1 to Corollary 1.15(1), we
obtain a projective

((qm-—lﬂqm+r—-¢”4—qﬂ

(qm—l _ 1)(qm+r o qm + qr> q2m+7’—1 _ qu—l + qm _ qr)
q—1

3
7m7 q—l Y q—l

set in PG(3m — 1, ¢). Following the same argument as above, this projective set has param-
eters corresponding to the blow-up of a hypothetical maximal (n, ¢")-arc in PG(2,¢™). We
shall note that, as described later in Remark 3.2(5), the projective set in Corollary 1.15(1)
with 1 < r < m — 1 cannot be the blow-up of a point set in PG(2, ¢™).

Remarkably, De Clerck, Delanote, Hamilton, and Mathon discovered a projective
(84, 6,21, 30) setin PG(5, 3) through their careful study of the perp-system [DCDHMO2]. Their
example is formed as the union of 21 joint lines of PG(5, 3) and exhibits many intriguing prop-
erties [DCDHMO2, Example 2]. Consequently, this example is genuinely distinct from the pro-
jective (84, 6,21, 30) set arising from Corollary 1.15(1) withgq =3, m =2,/ =1,andr = 1.

Finally, in view of Lemma 1.9, we have the following corollary regarding projective two-
weight codes derived from Theorems 1.10 and 1.12.
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Corollary 1.17. Let q be a prime power. Let m and { be positive integers. For each 0 < r < m,
the following exist.

(1) A projective two-weight [n,, m(2( + 1)|, code with two weights w,., and w, s, where

(" — D)(g™ = 1)(¢g™D —1) g™ —1

n, = + )
(¢ —1)(¢g™ —1) q—1
y :qmﬁ—l(qm(f—i—l)—&—r _ qm(f—‘rl) € qm _ qr>
r,1 qm _ 1 )
_qm(€+1)—1(qr . 1)(qm€ o 1)
Wypo = .
bl qm _ 1

(2) A projective two-weight [n,", m(2( 4 1)], code with two weights w,", and w;",, where

m _ gm=r\(gmt _ 1 m(f+1) _ 1 m(l+1) _ 1
nj:(q " ") (g )(q ), 4 ’

(¢ =" =1) q—1
qm(ﬁ—l-l)—r—l(qm(l—l-l)—i-r _ qm(f—i-l) + qm _ qr)
wT,l - qm _ 1 )
ot :(qr _ 1)(qm(€+1) _ 1>(qm(€+1)—r _ qm(€+1)—r—1)
" (¢—1)(g™ =1

Remark 1.18. Applying ¢ = 1 to Corollary 1.17(1), we obtain a projective two-weight

[cf(qm —1)(g" —q¢™ "+ 1)
qg—1

,3m|,

code with weights g™ 1 (g™ — ¢™ " +1) and ¢*"" ! — ¢*™~1, which has the same parameters
as the projective two-weight code constructed by Bierbrauer and Edel [BE97].

The rest of the paper is organized as follows. Section 2 provides necessary background, in-
cluding cyclotomic classes, additive and multiplicative characters over finite fields, Gauss sums,
and dual PDSs. Section 3 presents explicit constructions of SRGs and PDSs with generalized
Denniston and dual generalized Denniston parameters. The explicit expressions for the general-
ized Denniston and the dual generalized Denniston families help in articulating the connection
between these two new families and the existing constructions, resulting in an affirmative answer
to an open problem proposed by De Winter [DW25]. Section 4 contains the proof of our main
result, establishing Theorems 1.10 and 1.12. The proof relies on a careful character-theoretic
analysis, inspired by the enlightening work of Momihara and Xiang [MX14]. Section 5 contains
some concluding remarks and several open problems.
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2. Preliminaries

In this section, we first give a brief introduction to characters and character sums, which are
instrumental in showing that a subset of a finite abelian group is a PDS. We then describe the
standard process of deriving the dual PDS from the original one. As our main construction
relies on a careful combination of cyclotomic classes of finite fields, we subsequently define
cyclotomic classes as well as additive and multiplicative characters over finite fields. When
applying additive characters to a union of cyclotomic classes, Gauss sums naturally come into
play. Some basic facts about Gauss sums are also mentioned.

2.1. Characters and character sums

Let GG be a finite abelian group with identity 1. The exponent of a group G is the smallest
positive integer n such that g" = 14 for each ¢ € G. A character x of a group G is a group
homomorphism from G to the multiplicative group ((,,) generated by a primitive n-th root of
unity G,. R R

Denote the set consisting of all characters on G by G. For x1, x2 € G, define an operation o
such that

(x1°x2)(9) = x1(9)x2(9), Vg € G.

Then (@ ,0) forms a group isomorphic to G, called the character group of G. Within G, the
principal character is the character that maps all elements of G to 1; all the other characters of
G are called nonprincipal characters. For y € G and a positive integer ¢, we use X' to represent
the ¢-fold multiplication under the operation o, namely,

X'=xoxo--ox.
——

t occurrences of x

Moreover, " is the principal character of G. We use X! to denote the inverse of y. Conse-
quently, for each g € G, x7'(g) = x(g). Let H be a subgroup of G. A character Y is principal
on H if x maps each element of H to 1. Define H+ = {x € G | x is principal on H }.

Let x € G and D a subset of G. Define the character sum of D with respect to x
as x(D) = >_,ep x(d). Forinstance, given a subset D C G, for the principal character x, € G,
the character sum of D with respect to x is xo(D) = |D|. The following lemma provides a neat

characterization of PDSs via their character sums.

Lemma 2.1 ([Ma94, Corollary. 3.3]). Let G be an abelian group of order v. Let D be a k-subset
of G for which 15 ¢ D. Let \, i be nonnegative integers satisfying k* = k — pu+ (A — pu)k + po
and (A — p)> +4(k — p) = 0. Then D is a (v, k, \, u)-PDS in G if and only if

A pE VA -2+ AR )

x(D) 5

for all nonprincipal characters x of G.

Lemma 2.1 indicates that a subset D of a finite abelian group G is a PDS if and only if the
character sums {x(D) | x € G, x nonprincipal} have exactly two distinct values. This result
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is critical for our subsequent analysis in Section 4. For an expository introduction to characters
and character sums, please refer to [JL24, Section 2].

The following lemma due to Delsarte indicates that a PDS in finite abelian group G auto-
matically generates a dual PDS in the character group G.

Lemma 2.2 ([Ma94, Theorem 3.4]). Let G be an abelian group of order v and D be
a(v,k,\,1)-PDS in GwithD # @and D # G. Set f =\ —j, v =k — pi, and A = % + 4.
Then the dual D™ of D, defined as

D = {x € G |  is nonprincipal and x(D) = TN =—p+ /A= p)?+4k—p)}
isa (v, k*,\*, ut)-PDS in G with

vt =,
- (VE=B)o—1) —2k

2VA ’
)\+:k++(U—2k+ﬁ—\/z)2—02+v—2k:+ﬁ—\/z

1A VA
=kt (”_2k+ﬁ4g\/z)2_“2.

2.2. Cyclotomic classes, additive characters, and multiplicative characters over finite fields

Throughout the rest of this paper, we write ¢ = p° for some prime p and s > 1. Let I, be the
finite field of order ¢ and I, be the multiplicative subgroup of F,.
Let e > 1 be an integer such that e | (¢ — 1). Let w be a primitive element of IF,.

Then F, contains a unique multiplicative subgroup of order %, written as C’ée’q) = (w®). Then

e,q)

for 0 < i < e— 1, the multiplicative cosets Ci( = w'{w*) are the cyclotomic classes of order e

over F,. We write Cy = C\*? and define
Cy={x¢ E‘% | x is principal on Cy}.

For a standard reference on cyclotomic classes, please refer to [Sto67].

Since finite fields have additive and multiplicative group structures, we shall describe char-
acters over both the additive and the multiplicative groups of finite fields. For n > 1, we use &,
to denote a primitive n-th root of unity. Below, we will define and describe some basic proper-
ties of trace functions, additive characters, and multiplicative characters over finite fields. For a
comprehensive treatment of these objects, please refer to [LN97, Chapter 5].

Fact 2.3 (trace and norm functions over finite fields). Let m > 1. The trace function Trym /,
from IFym to I, is defined as
Trgm/g(x) =+ 27+ - + " Ve Fym.

The norm function from F,m to I is defined as

m—1

" -1
Ngmjg(x) =2 - 2% 27 =277 Vo € Fgm.
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Fact 2.4 (additive characters over finite fields). Suppose ¢ = p® for some prime p and s > 1.
Then for each a € ¥y, the mapping ¢, : x — f;,rr"/”(m)
character ), is principal if and only if a = 0. Moreover, the character group I, of the additive

group (B, +) is precisely {1, | a € F,}. Recall that

50(a) = {1 ya=0

is an additive character over IF,. The

0 ifa#0.

When applying an additive character 1), to the group (F,, +), we have the following orthogonal
relation:

Va(Fy) = gdo(a) = {g z:z ; g 2.1

Fact 2.5 (multiplicative characters over finite fields). Let w be a primitive element of F,. Then
every nonzero element of ¥ can be written as w' for some 0 < i < g—2. Forsome 0 < j < ¢—2,
the mapping x := x(j) such that for each 0 < i < q¢ — 2, x(w') = éj_l is a multiplicative
character over F,. The multiplicative character x has order —%——. Lete > land e | (¢ —1).

ng(]aq_l) ’ .
Let x be an order e multiplicative character over IF,. Then for an integer j,

— i Je ifi=0 (mode),
ZX(W>_{O ifjZ0 (mod e). 2

Regarding the multiplicative characters, we have the following critical notion of lifting char-
acters (see for instance [Ott16b, Theorem 6]).

Lemma 2.6 (lifting characters). Let m > 1 and e | (¢ — 1). Suppose X' is a multiplicative
character of order e over Fym. Then there exists some multiplicative character x of order e
over ¥y, such that x' = x o Ngm g, namely, X'(v) = X(Ngmq(7)) for each v € . In this
case, ' is called the lifting character of .

2.3. Gauss sums

Gauss sums were first introduced by Gauss [Gau66], showcasing an elegant way integrating
additive and multiplicative characters over finite fields.

Definition 2.7 (Gauss sum). Let x be a multiplicative character of ;. Let ¢); be the additive
character of IF,. The Gauss sum with respect to  is defined as

G(x) = > x(@)(x).

z€FY

Below, we record some useful properties of Gauss sums. For a comprehensive treatment of
Gauss sums, please refer to [BEWO9S].
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Lemma 2.8 ([MX14, Section 2]). Let x be a multiplicative character over I¥,. Then the following
holds.

(1) G(x) = —1if x is principal.

(2) G(x)G(x) = q if x is nonprincipal.
(3) G(x7) = x(=1)GX).

(4) Let w be a primitive element of F,. Let e | (¢ — 1). Let I be a set of integers that are

pairwise distinct modulo e. Then D = UZ-GICZ-(e’q) is a subset of I, being a union of
cyclotomic classes of order e over IF,. Moreover, for a € I,

Ya(D) = ! > G xlaw). (2.3)

€ -
xECy i€l

The following Davenport—Hasse lifting formula deals with Gauss sums with respect to the
lifting characters.

Lemma 2.9 (Davenport-Hasse). Let x be a nonprincipal multiplicative character of I,
Let m > 1 and X' be the lifting character of x over Fom, namely, x'(v) = X(Ngm/q(7)) for
eachy € Fyn. Then

Gm(X') = (=1)" G ()™,

where G, (X') is the Gauss sum with respect to X' over Fym and G1(x) is the Gauss sum with
respect to x over I,

3. Statement of the main result

In this section, we present explicit constructions of SRGs and PDSs that give rise to Theo-
rems 1.10 and 1.12. Moreover, we examine how our constructions relate to previously known
results. Our construction relies on cyclotomic classes over finite fields, which have been an
extremely powerful tool in constructing SRGs and PDSs, see for instance [BXZ25, BWX99,
DHIJP24, Mom14, MX14, Ottl6a, Pol08].

We first give an explicit construction of the family of SRGs and PDSs in Theorem 1.10.

Theorem 3.1. Let s > 1 and q = p°® be a power of prime p. Let m and { be positive integers.

Sete = q;n:ll and vy to be a primitive element of Fym. For 0 < r < m, let R be an r-dimensional

vector subspace of Fym over IF,. Define

T={0<i<el|y €R} (3.1)

Then

m(’.)

DT,T = U(Ci(e’q X UtGTCi(if

m(l+1))

YU x {0})
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isa (v, ky, Ay, pir)-PDS in the elementary abelian p-group G = (F yme XF jmer), +) = Z;m(%H),

where

U:qm(2Z+1)7
r_1 mZ_l m(f—l—l)_l
k= e Ng Y
qm —1
r_1 m(€+1)_1 T _1 mé _ q
A =@ =Dl )((q )4 )_1>+qmz 5
qm —1 qm —1
(¢ =)™ 1) ((qr —1)(gm“*) 1) )
Ly = +1).
qgm —1 qgm —1

Alternatively, we have

Nq'rn(é«l»l)/qm (b)
qué/qm (a)

qu(é+l)/qm (b)
qué/qm (a/)

Dy = {(a,b) | ab#£0, € UrerCi™ "} U{(a,0) | a € Fipui}

(3.2)

={(a,b) | ab # 0, € R'}U{(a,0) | a € Fyne}

Consequently, Cay(G, D,.r) is a (v,ky, Ar, pir)-SRG with a maximum cliqgue F e x {0} of
size ¢"™.

A few remarks regarding the family of SRGs and PDSs derived from Theorem 3.1 are in
order.

Remark 3.2. (1) The cases of r € {0, m} in Theorem 3.1 correspond to degenerate SRGs and
PDSs. Indeed, whenr = 0, wehave T' = @&. Then D o = ]Fzme x{0} and Cay (G, Dy ») is

a union of ¢™*1) copies of the complete graph Kyme. When r = m, we have
T = {0, 1, N 1} Then Dm,{(],l,...,efl} = Fzmg X ]qu(éJrl) and Cay(G, Dm,{O,l,...,efl})
is a complete g™ -partite graph

m(£+1)

J

K s ‘

q - q

N~
me

q

with each part having size ¢"(“+1).

(2) In [Ottl6a, Theorem 3], Ott constructed a family of PDSs in G = (quz X mesny, +).
Specifically, let x be a multiplicative character of order q;n:l over [F;m. Let ¢ be the lifting

1
character of x ' over F . and ¢ be the lifting character of x over [F jme+1). Then

D ={(a,b) [ ab # 0,9 (a)p(b) = 1} U{(a,0) | a € Flue}
isa (v, k1, A1, p1)-PDS in G. Indeed, we can rephrase D as follows:
qu(£+l)/qm (b)

qul/qm ((l)

Therefore, applying Theorem 3.1 with 12 being a 1-dimensional subspace of F,= over [,
and 7' = {0}, we recover [Ott16a, Theorem 3].

D = {(a,b) | ab # 0, e O} U{(a,0) | a € Fiu}.
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(3) In [Ottl16b], Ott presented a very broad framework in order to construct PDSs in the addi-

“4)

tive groups of Galois domains, which are direct products of finite fields. Specifically, Ott
gave the following construction.

Result 3.3 ([Ott16b, Theorem 20]). Let q1, g2 be prime powers. Let d be a positive integer
such that d | ged(qy — 1,2 — 1) and 1 <u < d— 1. Let A =T U (F; x {0}). Then A
isa (v,k,\, 1)-PDS in (F,, x F,,,+) with

U = q142,
-1 -1
k’ _ u<q1 )(q2 ) +q1 o 1’
_ulee—1) u(g —1) _ _
A\ = y ( y ) +q —2,
ulgr—1) u(ge — 1)

ifI' = {(—a, —b) | (a,b) € '} and the following holds true:
(a) T'isa (v, k—q + 1, X, u*)-PDS in (F,, x Fy,,+),

(b) N =y =\ —p+2 =g — “ate?)

_ 0 _ 4+1 _ "1 — g’ =1 ;
On one hand, set ¢y = ¢™, ¢ = ¢, d = — and u = "1 assuming

all the conditions in Result 3.3 hold true, then the corresponding PDS A has the same
parameters as D, r in Theorem 3.1. On the other hand, the construction in
Theorem 3.1 does not belong to the framework in Result 3.3. Assuming otherwise, the
subset [ J¢—, (C’Z-(e’qmz) X UteTC’i(i’fm(Hl))) of D,.7 would correspond to the PDS I in Re-
sult 3.3. However, by Equation (4.6),

e—1
e me e m(€+1)
(a x ) (O™ X UierCEE™ )
1=0
r m N .. m (b
_(q 71)521_(?1)71) if a # 0,b=0orab 7§ 0, % c RL,
qmt/q™m
={ D@ g = 0,h 0,
(qm—qr)(qnlz—l) . N m(e+1)/ m(b) 1
== 1 ifab 0, ¢ e & RE
m([+1))

Consequently, Uéfl(C.(e’qmg) X UteTC'i(j’f

1=0 %

) is not a PDS, leading to a contradiction.

In [DW25, Theorem 4.1], De Winter described an algebraic construction of a projective
set, which can be rephrased into the context of PDS as follows. Suppose that € is a primitive
element of F2m, then 7 = 4" ™ is a primitive element of F,=. Then the subset
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i '.qm7 m_l
D={(r', ") [0<i < T 0< < (= Dg" +1) = Uy x {0)
Nm mb &,m
:{(a,b)|ab7é0,q?+()€0(§ TN U {(a,0) | a € B}

isa (¢, (¢" ' =q"+q)(q"=1),¢" —q+(¢" T —q"+q)(q—2), (" —q"+q)(q—1))-
PDS in Fyn X Fgom. In view of Equation (3.2), Theorem 3.1 indeed generalizes [DW25,
Theorem 4.1]. Moreover, an open problem in [DW25, Section 5] essentially asks if it is
possible to glue multiple PDSs following from [DW25, Theorem 4.1], where they all share
a common subset [, x {0}, so that the union of these PDSs is again a PDS in Fgm X Fyom.
Theorem 3.1 provides an affirmative answer to this question.

(5) In view of Equation (3.2), for the primitive element -y of =, we have

N m(z+1)/ m(b)
D= B A S
’7 r,T {(”)/CL, ’Yb) | CLb 7£ 07 qul/qm (a)

qu(l+1)/qm (’y_lb>
quZ/q'm (/y_lCL)
N m(Z+1)/ m(b)
= {(a,0) | ab # 0,y ' ——LT—=
qul/qm (a)
qu(£+l)/qm (b)
qul/qm (a)
If r =0, then yR* = R* = @ and T' = @, which implies 7Dy s = Dy o = FZ’”‘ x {0}.
If r = m, then yR* = R* = F;, and T" = {0,1,...,e — 1}, which implies
YD go,1,.e=1y = Dmfo1,..e-1} = ]F;mZ X Fymesny. 1 <r <m — 1, thenyR* # R*
and therefore, YD, v # D, p. Thus, D, r is not invariant under multiplication by elements

of ;... Consequently, the projective set in PG(m(2¢ + 1) — 1, q) corresponding to D, 1
cannot be the blow-up of a point set in PG(2, ¢™).

€ R} U{(7a,0) | a € Fyne}

= {(a,b) [ ab # 0,

€ R'}U{(a,0) | a € Fpu}
€ R"}U{(a,0) | a € Fyu}

= {(a,b) | ab # 0, € YR} U{(a,0) | a € F}.i}

Next, we describe an explicit construction of the family of SRGs and PDSs with dual gener-
alized Denniston parameters in Theorem 1.12.

Theorem 3.4. Let s > 1 and q = p° be a power of prime p. Let m and { be positive integers.
Set e = qq__11 and 7 to be a primitive element of Fym. For 0 < r < m, let R be an r-dimensional
vector subspace of Fyn over ¥, which is also an sr-dimensional vector subspace of F jm over I,

Let

RY = {2 € Fym | Trgm/p(wy) = 0 for eachy € R}

be the dual space of R with respect to the trace function Trym 1, which is an s(m—r)-dimensional
vector subspace of Fym over F,,. Define

T+={0<i<e|n € R}

and
T+ =1{0,1,...,e — 1} \ T+
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Then

e—1
e, me e, m(€+1) %
DL;{Jm§q>xqgﬁq; UUG@XFW%M (3.3)

i=0
is a (vt kN NE wh)-PDS in the elementary abelian p-group G = (Fyme X Fneern, +) =

T

Zf,mmﬂ), where
ot :qm(2Z+1)’
e _@" =g = (g - 1) L
. o :
\ (@ =g = ) (@Y — gD g — )
' (g™ —1)?
. g =r 4 gm(tt)—r _ 9em(et1) _ggm—r | 9
g —1 ’
it (g™ =g (gD — 1) (gD — gD g — o)
’ (g™ —1)2

Alternatively, we have

qu(Z+1)/qm (b)
qul/qm (CL)

qu(l+1) /an (b)
quﬁ/qm (a)

Consequently, Cay(G, D) is a (v, k', XY, t)-SRG with a maximum clique {0} X F )

of size ¢+,

D}y = {(a,b) | ab # 0, € UrerseC{E7 Y U{(0,0) | b € Flsn}

(3.4)

= {(a,) | ab # 0, ¢ RV FU{(0,0) [ b€ Flngesn }

Remark 3.5. From Equation (3.3), we can see that D;’C r is the complement of D,,_, r., where
the latter has the generalized Denniston parameters (v, k., Adn—ry fln—r)-

4. Proof of the main result

Now we proceed to prove Theorem 3.1, which implies Theorem 1.10.

Proof of Theorem 3.1. Note that |T'| = £=!. Then
q

(" = 1)(g™ = 1)(g™"D —1)

g —1 R

kr = |DT,T| =

Note that k? = k, — u, + (A, — p)kr + prv and (N, — p,)% + 4(k, — p1) = 0. In view of
Lemma 2.1, it suffices to show that

(¢ =D —1) | (0" =)™ - 1)}‘

{x(Dv1) | x € G nonprincipal} = {— 1 ; 7 — 1
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Note that G = (Fyme X Fmee+1), +), then G = {¥a Xy | @ € Fyme, b € Fymees) }, where

Tr ax
1/]11(931) pr / é/p( 1),V$1 S qu/z,

Tr (bz2)
m(€+1)
gOb($2) =& ° w Vg € qu(£+1),

(¢a X gOb)(l’l,l‘g) =¢a($1)%(x2),V(x1,x2) € d.

Together with Equation (2.1), we have

m(2+1))

(tha X @1)(D Zwa “C o UrerCEE™ ) + a(Foe)

=Zwa< NN () F g (@)~ 1 @)
1=0

teT
We shall consider three cases.
Casel: a=0and b 7& 0, namely, 1, is principal and ¢y, is nonprincipal.

In this case, 1o (C\“7")) = |Cfe’qm2)| (q1q)751—1) for each 0 < i < e — 1. Note that for

eacht € T, Uf:(%CZ-(jfm(Hl)) = Fzm(eJrl). By Equation (4.1) and Equation (2.1),

— 1 m(e+1
(Y0 X @p)(Drr) = (4 Z Z ou(C Ht ) ) +q¢™ —1

teT =0
q—1)(q e—1 (egm D m
- 3}_1 > Uil ™) + -
q teT
q—l m
. Z% i) + ¢ =1
teT
q—lqM— ) m
! q’)”(— 1 )|T|90b(]qu(e+1>) +q™ -1
:_Xq—DW“—U.¢—1+¢M_1
qgn—1 q—1
— P

Case 2: a # 0 and b = 0, namely, v, is nonprincipal and ¢, is principal.
m (£ m (£ m (£
In this case, cpo(C'(eq (H))) |C’i(e’q ( +1))| = @@ for each 0 < i < e — 1. Note

qnlil
that U=, C7™) = F? ... By Equation (4.1),

(g — 1)(gm“+) — 1)
qm —1

e—1
(ta X 20)(Dr1) Zwa CleN 7| ~1
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¢ =1 (¢g—1(¢m —1)

e me
- . qm — w ( C( d )) 1
<q'r -1 qm(f—O—l) . 1) .
= ;En — 1 /é/}a(IFq’mZ) - 1
I U Ut

Case 3: ab # 0, namely, ¢/, and ¢, are both nonprincipal.

me .
Let o be a primitive element of Fme. For 0 < 7 < e — 1, set C’i(e’q ) = a'{af) and we
m271
write a € Fme as a = afe for some 0 < f, < ¢™ — 2. Note that Nymejgm () = Q7T is a

primitive element of [F;m, we can choose a such that Nyme ,m () = 7, where 7 is the primitive
element of F;» used in Equation (3.1) to define the subset 7T'.
Similarly, we can choose a primitive element 3 of Fm+1), such that Nyme+1) m (8) = 7.
. e m (€ +1 . .
For 0 < i < e —1, set C’( A = [*(°) and we write b € IFZm(M) as b = B/ for
some 0 < f, < ¢V — 2. By Equation (4.1),

m(’ e.qm(£+1)
(d}a X QOb rT +1 —Zd}afa i ngﬁfb z+tq ))

teT

e, m(£+1)
- Z Gl(C Z e (Ch ) (4.2)

teT

For simplicity, we write

me J— —_— m
CF =T = [y € F*... | X' is principal on clea™ ),

m(£+1) ) m(l+1))}

CH, =Ci =1{0 ¢ ]Fm) | ¢ is principal on

e’qm(2+l)

Note that Cj- = F(’;m[/Cée’q and C}; | = IF;MM)/C(()

phic to the cyclic group of order e. Assume that x/, and ¢/, are order e characters in Cj- and C}- 11
respectively. Then

. Both Cf and Cf, are isomor-

Cr=0l)={x"10<y<e—1}and C}, = (0) ={0.° | 0< z < e —1}. (4.3)

According to Lemma 2.6, since ¢ = qqni—*ll | (¢™ — 1), both x’, and @/ are lifting characters of
certain order e multiplicative characters over F,~. Note that all order e multiplicative characters
over F me are of the form y,” with 0 < y < e — 1 and ged(y,e) = 1, as well as all order e
multiplicative characters over IF 1) are of the form §,” with 0 < z < e—1and ged(z,e) = 1.
Therefore, we can choose order e characters X/, and ., such that they are the lifting characters of
the same order e multiplicative character x. over F;m. Namely,

X/e = Xe O qul/qm aIld 9/6 - Xe o qu(g"'l)/q"”‘
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Consequently, we have
Xo(a) = xe © Nyme jgm () = xe(7) and () = xe © Nymesn) jqm (B) = Xe(7)- 4.4)

Let Gp(x') be the Gauss sum with respect to the multiplicative character x’ over F m.
Let Gp(e41)(0') be the Gauss sum with respect to the multiplicative character 6" over IF me+1).
Let G,, ( ) be the Gauss sum with respect to the multiplicative character y over F,». By Equa-
tions (2.3), (4.3), (4.4), Lemma 2.8(1) and the Davenport—Hasse formula, we have

e 1 1— / 7
GOSN =2 T Gl W (@)

X' €Ct
1 e—1
_ZGmf(Xe )Xe ( H_fa)
y=0
1 e—1
:_< GmK(Xeiy)X/e ( H_fa) 1)
e\
1 e—1
= (DTG ) ~ 1)
y=1

and

e.qm(£+1) 1 1 i
PCET ) =0 D0 G (0 HO(B7 Y
0'eCi,
e—1

== Z Gm £+1 9/ Z)G/Z(ﬂerfbH)

e—1

(ZGm £+1 9/ Z)Q/Z(ﬂl'i‘fb'i‘t) 1)

e—1

(G e 1)

z=1

By the above two equations and Equation (4.2), we have

*((tha X ©0)(Dr) + 1)

e—1 e—1

| /\
=~

:Z (Z @ lG ( ) z+fa _ > (Z €+1X,§(,Yi+fb+t) _ 1)
=0 y=1 teT z=1
e—1 e—1 e—1
=2 (0 a6 1) ( X)) T
=0 y=1 teT z=1
e—1 e—1
_ < G ") XY (Y ) ZZG X )TN (y
1

i=0 y= z=1 teT
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e—1
|T\Z D GG NG = 30D () Gl ) () + 1T

teT z=1
= Z Gm Xe Xe fa Z Z G —z €+1 z fb+t ny—l-z
z=1 teT
e—1
md Z D7) N () Y x ()
i—0
e—1
- Z > (-1 X )TN Y O xE(Y) + el T
z=1 teT i=0

By Equation (2.2), we have
*((Ya % @b)(DrT) +1)

Z—BZG ()X Y G ) XV () 4 el T

teT

= —e Z Gon(Xe) G (X)) XUyl + €| T

teT

By Lemma 2.8(2) and (3) and Equation (2.3),

e((Ya X @u)(Dy) + 1)

e—1
£
= =) (DG () Gl D XY 4|7
y=1 teT
e—1
= =" (=D ()Y XL + 1T
y=1 teT
e—1
= " Y0 Gux) DX (1) [T
y=1 teT
e—1
= (Zcm W) Y (=) ) - (T) + T
y=0 teT
e—1
= —q™ Gm () DX (=) A Ferty — (¢ = )T
y= teT

Note that x. € F} has order e and ClT T = (¥ |0 <y <e—1}. Ford € Fyn, let ¢4 be
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the additive character over [F» and write 7y, = (—l)zvf b—fa, By Equation (2.3), we have

meé
q ) -1
0 X D, 1=—— Gm a T
(Ya x ) (D7) + . > )>  X(Tear) T
XEC(()E qm) teT
m eqmyy (@ =1 (g™ —1)
Y (€
teT q
m cqmy (@ = D™ =1)
=4 ZZ%(Tz,a,wtCé ! )) - 7 —1
teT
— mf Z (b @ t+fb faC(eq ) (qT — 1)(qu _ ].)
teT gm —1

Crucially, since e = £—1, we have C{") = F*. Note that (—1)* € F*. We have
q q q

(- D™ -1

($a X @) (Drr) = =¢™ > r(y 1 Fy) —

teT ¢ —1
O T 1) (g™ — 1
— _quz Z Cg‘rq /p(’y b ’Yt ) . (q W)L(q - ) -1 (45)
teT weF;, =

Recall that R is an r-dimensional vector subspace of IF;m over I, which is also an sr-dimensio-
nal vector subspace of F,~ over IF,. Set R* = R\ {0}. By Equation (3.1), we have

R ={yw|teT weF}

with |R*| = ¢" — 1. By Equation (4.5), we have

~fa T ml
(wa X @b)(Dr,T) = _qmﬁ Z Cg\rqm/phfb o) - <q 1)(q 1) —1 (46)

ueR* " = 1
Let
= {2 € Fym | Trymp(zy) = 0 for each y € R}

be the dual space of R with respect to the trace function Trym /,, which is an s(m —r)-dimensional
vector subspace of I, over [F,,. We note that

Z C’I‘rqm/p(fyfb*fau) _ ¢ —1 ifyhlac RE
Y -1 ifyhla g RE

ueR*

Moreover, recall that

,-yfa = qué/qm (a)fa = qué/qm (Oéfa) - quﬁ/qm (a),
’yfb e qu(l+1)/qnz (ﬁ)fb = qu(l+1)/qm (ﬁfb) = qu(£+1)/qm (b)
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Then we have

¢ —1 ifyhfe = Nyme+1) gm (0) c RL

Tr,m fbffau N -~ m(a)
E <p q /p(’Y ) — N,:(L,j_/lz e (47)
uER* —]_ if/yfb*fa — _4a /q € RJ_
quz/qm(a)

Combining Equations (4.6), (4.7), we have

o (~Fo—Fay T 1) (g™ — 1
(% X @b)(Dr,T> = _qmé Z CI;Prq o ) - (q )(q ) —1
ueR* qm —1
(¢"—1)(g™(+D 1) o Nomet1) ;ym (0) 1
I = -1 }qme/q::(a) SRAE
- ( m__ 7‘)( mé_l) . qu(2+1) qm(b) 1
T if /q:n(a) ¢ R
Combining Cases 1, 2, and 3, we conclude
(Va X @) (Dyr1)
r m(e N, o (b
_(q fl)égnj?l)fl) -1 ifayéO,b:OOrab%O, %ﬂz(a;) c RJ_’
= (qm_qr)(qme_l) f . 0 b # O b 7é O qu(g+/1(;/qm(b) g RJ_ (48)
T ifa=0, ora P TNt (@ .

Therefore, D, is a (v, k., A, 11,,)-PDS in G.

Note that for each (a, b) € UZ?;&(CZ(e,qmz) y UtGTCZ'(j-71?m(Z+1)))’
N, m(£+1) m(b)
q /q t " .
———————c{Yw|teT,weF;} =R"
qué/qm (a) q

The alternative expression (3.2) of D, 1 then follows.

By Lemma 1.9, Cay(G, D, r) is a (v, k., A, it,)-SRG. Let S be a subset of G forming a
clique in Cay(G, D,.r). In view of Remark 1.3 and Equation (3.2), elements in S must have
distinct first coordinates. Therefore, |S| < ¢™. On the other hand, IF,me x {0} corresponds to a
clique of size ¢™* in Cay(G, D,.r). Thus, Cay(G, D, r) contains a maximum clique F . x {0}
of size ¢"". O

Now we proceed to prove Theorem 3.4, which implies Theorem 1.12.

Proof of Theorem 3.4. In view of Lemma 2.2 and Equation (4.6), the dual D'}, of D,.; can be
expressed as

qu(£+1)/q7n (b)
qul/qm (CL)
Recall that there exists a canonical group isomorphism f : G — G such that f (Yo xpp) = (a,b).

Define D}, to be the image of D, under f, namely, D\, = f(D; ;). Then

D:T:{waXQOb |ab7é07 gRL}U{Qﬂo XQOb | bEFZm(g+1)} Ca

— qu(e+1)/qm (b)

+ L *
Dr,T - {(CL, b) | ab 7& O’ quE/qm(a,) € R } U {(07 b) | be qu(f+1)} CG.
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Clearly, D isa (v, kT, Af, f)-PDS in G ifand only if D, arisa (vt kS AT, 1)-PDS in G.

y Yo Y r

Therefore, for the sake of simplicity, we identify D p and D, so that D}, is regarded as a
subset of G and

N 7n(l+1) ( )

Dl ={(a,b) | ab # 0,
T {( )| N'm[/q (a)

& R} U{(0,0) | b€ Flon )
Note that
Fon \ Rt = {y'w |t € T, w € FX} = Upepi e C7.

The above equation leads to the alternative expression (3.4). The expression (3.3) then follows
from (3.4). The parameters (v*, &, AT, 1) follow from Lemma 2.2.

By Lemma 1.9, Cay(G, D) is a (v, kF, A, 117)-SRG. Let S be a subset of G' forming
a clique in Cay(G, D;f +)- In view of Remark 1.3 and Equation (3.4), elements in .S must have
distinct second coordinates. Therefore, [S| < ¢™“*!). On the other hand, {0} X F 1) cor-
responds to a clique of size ¢™(“*1) in Cay(G, D;"}.). Thus, Cay(G, D, ;) contains a maximum

clique {0} X Fmee+1) of size g™ O

5. Concluding remarks

In this paper, we construct two classes of strongly regular Cayley graphs and PDSs based on
elementary abelian groups. Respectively, they have the generalized Denniston and the dual gen-
eralized Denniston parameters, and hence are distinct from the well-known Latin square type
and negative Latin square type families. Our construction unifies and subsumes a number of
existing constructions presented in the context of SRGs, PDSs, projective sets, and projective
two-weight codes. Below, we mention several open problems which might be of interest for
further research.

Problem 1: As observed in Remarks 1.11, 1.16, and 1.18, the main result Theorem 1.10 and
its corollaries exactly recover some existing constructions as their special cases. On the other
hand, for some previous constructions, we only know they share the same parameters as our
construction. Therefore, a natural question is to determine whether these constructions with the
same parameters are equivalent/isomorphic to each other. Specifically:

(1) Denniston’s original construction uses an irreducible quadratic form from Faym X Fom
to Fom [Den69, Construction]. By identifying the additive group (Fom x Fom, +) with the
additive group of the finite field Fy2m, we can employ the irreducible quadratic
form f : Fy2m — Fom given by f(z) = 22" ! in Denniston’s construction. This spe-
cial case coincides with the construction in Theorem 1.10 with p = 2, s = 1,/ = 1,
andl <r<m-—1.

(2) Itremains unclear whether the projective two-weight codes arising from Corollary 1.17(1)
with ¢ = 1 are equivalent to the projective two-weight codes constructed by Bierbrauer and
Edel [BE97]. One challenge in resolving this equivalence problem is the highly intricate
nature of the construction in [BE97].
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Problem 2: There has been intensive research on SRGs and PDSs with Denniston parame-
ters in elementary abelian groups [BXZ25, BE97, DHJP24, Den69, DW25, Ottl6a]. We note
that SRGs and PDSs with Denniston parameters have also been constructed in nonelementary
abelian groups [DX00] and nonabelian groups [Bra22, SDPS24]. A natural question is whether
SRGs and PDSs with generalized Denniston and dual generalized Denniston parameters can be
constructed in groups other than elementary abelian groups.

Problem 3: As observed in Remark 1.14, SRGs and PDSs with generalized Denniston and
dual generalized Denniston parameters form two rich families that are largely distinct from the
Latin square type and the negative Latin square type families. It would be interesting to construct
SRGs and PDSs belonging to new parameter families.

Problem 4: In [Ott16b], Ott described a comprehensive framework involving a sophisticated
treatment of Jacobi sums that generate PDSs in groups of the form (F,, x F,, x --- x F, ,+),
where ¢;, 1 < ¢ < s, are prime powers. Indeed, as mentioned in Remark 3.2(3), [Ott16b,
Theorem 20] provides a recursive construction of PDSs in group (F,, x F,,,+), where ¢; and
@2 are not necessarily identical. In this spirit, it is natural to consider adapting the approach in
the current paper in order to construct PDSs in (F,, x F,,,+) with ¢; # g2. We note that there
has been some interesting research in this direction [FAKM10, Ott16b].
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