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ONE-LOOP PAULI-VILLARS REGULARIZATION

OF SUPERGRAVITY I:
CANONICAL GAUGE KINETIC ENERGY*

Mary K. Gaillard

Department of Physics and Theoretical Physics Group, Lawrence Berkeley
Laboratory, University of California, Berkeley, California 94720

Abstract

It is shown that the one-loop coefficients of on-shell operators of
standard supergravity with canonical gauge kinetic energy can be reg-
ulated by the introduction of Pauli-Villars chiral and abelian gauge
multiplets, subject to a condition on the matter representations of the
gauge group. Aspects of the anomaly structure of these theories under
global nonlinear symmetries and an anomalous gauge symmetry are

discussed.

*This work was supported in part by the Director, Office of Energy Research, Office of
High Energy and Nuclear Physics, Division of High Energy Physics of the U.S. Depart-
ment of Energy under Contract DE-AC03-76SF00098 and in part by the National Science
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1 Introduction and preliminaries

It was shown in [1] that Pauli-Villars regulation of the one-loop quadratic
divergences of a general N = 1 supergravity theory is possible. This re-
sult was generalized [2] to the regularization of the one-loop logarithmic
divergences of globally supersymmetric theories, including nonlinear sigma
models, with canonical kinetic energy for Yang-Mills fields. It was further
assumed that the theory was free of gauge and mixed gravitational-gauge
anomalies. The purpose of the present paper is to generalize further these
results.

In section 2 we give a full PV regularization of a general supergravity the-
ory with canonical kinetic energy for the gauge fields and an anomaly-free
gauge group. In section 3 we consider anomalies under Kahler transforma-
tions, and in section 4 we show how the regularization procedure must be
modified in the presence of an anomalous U(1) gauge group factor. Our re-
sults are summarized in section 5, and some calculational details, as well as
corrections to [3, 4], are given in appendices.

We conclude this section with a brief review of the formalism used to
evaluate the regularized Lagrangian. The one-loop effective action S; is ob-
tained from the term quadratic in quantum fields when the Lagrangian is
expanded about an arbitrary background:

Lquea(®,0,¢) = —%QTZ‘I’ (D3 + Ho) @ + %éZ@ (i Po — Mo)©
1 .
+5e2° (D? + H.) c+ O(y), (1.1)

where the column vectors ®, 0, ¢ represent quantum bosons, fermions and
ghost fields, respectively, and 1 represents background fermions that we shall
set to zero throughout this paper. The fermion sector © includes a C-odd
Majorana auxiliary field « that is introduced to implemeht the gravitino
gauge fixing condition. The full gauge fixing procedure used here is described



in detail in [3], [4]. The one loop bosonic action is given by |
1 ~ ] . ¢ ~
S, = §‘Tr In (D} + Ha) — 5 TrIn (=i Po + Me) + ;STrIn (D2 + H.)
= %STr In(D?+ H) + T, | (1.2)

where T_ is the helicity-odd fermion contribution which contains no quadratic

divergences, and the helicity-even contribution is given by
D + Ho = (—i Po + Mo) (i Po + Mo). (1.3)

The background field-dependent matrices H(¢) and Du(g_b) =0, + T, () are
given in [3], [4], where the one-loop ultraviolet divergent contributions have
been evaluated. '

We regulate the theory by including a contribution from Pauli-Villars
loops, regarded as a parameterization of the result of integrating out heavy
(e.g., Kaluza-Klein or string) modes of an underlying finite theory. The
signature 7 = £1 of a PV field determines the sign of its contribution to the
supertrace relative to an ordinary particle of the same spin. Thusn = +1(—1)
for ordinary particles (ghosts). The contributions from Pauli-Villars fields
with negative signature could be interpreted as those of ghosts corresponding
to heavy fields of higher spin.

Explicitly evaluating (1.2) with an ultraviolet cut-off A and a massive
Pauli-Villars sector with a squared mass matrix of the form

. 2y

gives, with H' = H + HPV:
32728, = —/d4a:p2deSTr In (p2'+ p+ H + 1/) + 3272 () +T2)
= 3202(S +T) — / d*epdp’STrIn (¢ + 1)

- /d“xpzdpQSTrln [1 + (p2 + u2)~1 (H' + 1/)] . (1.4)
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S] is a logarithmicaﬂy divergent contribution that involves the operator
Gy =[D,, D}

1 1 1
22/=_/d4 2d2T a4 ynz 1 ) PV.
327°S] T zp°dp”S r(p2+u2) W(p2+u2)G y G =GutG,,
(1.5)
Finiteness of (1.4) when A — oo requires
STrp™ = STrH' =STr (22 H' + v*) = STrvH’
= STrH? + %STrG’2 + 2t =0, (1.6)

where t’_ is the coefficient of InA?/3272 in T_ +TFV. The vanishing of STru?"
is automatically assured by supersymmetry. Once the remaining conditions
are satisfied we obtain

d*z

S1=- 6472

2 Anomaly-free supergravity

We consider here a supergravity theory in which the Yang-Mills fields
have canonical kinetic energy. We further assume that there are no gauge or
mixed gauge-gravitational anomalies: TrT* = Tr({T,,T3}T.) = 0, where T,
is a generator of the gauge group.

To regulate chiral multiplet loops, we introduce Pauli-Villars chiral su-
permultiplets Z!, that transform under gauge transformations like Z7, Y7,
that transform. according to the conjugate representation, and gauge singlets
Y?, Z°. Additional charged fields X4 and U % transform according to the rep-
resentation R4 and its conjugate, respectively, under the gauge group factor
G., and V[,A transforms according to a (pseudo)real representation that is
traceless and anomaly-free. Their gauge couplings satisfy

Snpcs=YCcr=Cy, (2.1)
8,4 i

3

STr [(W’H' + 12+ STeH? + éSTrG’Q +or ) In ,ﬂ] L

e



where

Tr (T°T") , = 6uCh (2:2)
for particles transforming according to the representation R (or R), and
the subscripts i, A, refer to the light fields and to X, U, V, respectively. For
example, if the theory has 2Ny fundamental representations of G,, (as in
supersymmetric extensions of the Standard Model) we can take PV fields in
the fundamental and anti-fundamental representations with signatures that
satisfy Y4 77Jﬁf = Nf. If there are 2Ny + 1 fundamental representations, one
needs an anomaly-free (pseudo)real representation r for some V4 such that
C} = (2m + 1)C%. If no such representation exists, the theory cannot be
regulated in this way.

To regulate gravity loops we introduce additional gauge singlets ¢7, as
well as U(1) gauge supermultiplets W< with signature n* and chiral mul-
tiplets Z* = €% with the same signature and U(1)s charge gadss, such
that the Kahler potential K (,8) = 1v,(6 + 6)? is invariant under U(1)g:
00, = —'6ﬁ0_a = i¢adqp. The corresponding D-term: -

D(0,0) = DeDl, D% = i3 Kpbab® = qura(0 +8%),  (2.3)
B

vanishes in the -background, but (#* + 8%)//2 acquires a squared mass
p2 = (2z2)"'q2v, equal to that of W2, with which it forms a massive vector
supermultiplet, where £ = ¢g~2 is the inverse squared gauge coupling, taken
here to be a constant.

Finally, to regulate the Yang—Mills contributions, we include chiral mul-
tiplets 2%, @4 that transform according to the adjoint representation of the
gauge group.

We take the Kahler potential®

- 1 -
Kpy = 3| ¢78, + 50y + 0, + 3 (1x21 + IUXP)]

v A

IThis choice is by no means unique, only illustrative.
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+ Z (X e +¢ads) + 3 (KZ+ KY) + S IVP
@ Ay

b

Kf = Z [K17Z£Zg + —222‘ {(KU — K.LKJ) Z;Z; + hc}] + lZg|2,

I,J=%,j

I,J=t,j
Kl = Y &Y+ 5P K =K"Kp, | (2.4)
=y i

Ky = [ ST KIYPYF - aq (naYgKi +h.c._) +|YEP (1 +a2K? K)} ,

where K is the inverse of the metric tensor Kim, the superpotential
Wpy = zﬂ: [Z w2 Zvf + uaﬁZOYﬁ + = Z (uaﬂwawﬁ + uaﬁ%sog)]
o
s 2 [ (7Y% + % (67)?] + > (BXURX + Y (VIY?)
\/_ Z (aaWiZLYs + W ZLYY ) e S22 W

i 1
p Z a2 [YI‘J‘(T,,Z)z + gaDaYo"] +3 3 ol ZUPW,  (25)
a=4 o
and gauge field kinetic functions
[ = (6% 4 2dapplph), [0 =0, fo=eVoxyp, (26)

where the index a refers to the light gauge degrees of freedom. The function
K = K(Z, Z) is the Kiihler potential for the light chiral multiplets Z* = (Z°)1,
W = W(Z) is the superpotential, and

0
Ki = azK = 'a—zz'K, Kim = BiamK, Kij = BiajK, etc. (27)
Properties of the metric tensor for Y7,Y;, are given in Appendix A. The
matrices ftag, dug, €ap, are nonvanishing only when they couple fields of the
same signature. The parameters u, v, play the role of effective cut-offs; they

are constrained so as to eliminate logarithmically divergent terms of order
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p2In A? in the integral (1.4). The parameters a,b, c,d, e, are of order unity,

and are chosen to satisfy:
bi = 1, bep =0, aEanaz: , Zna =

a=4 a=4
> ¢

2e=4g—2, g=) (aa+9gs)’ D_nict=—Ng. (2.8)
@ a=4 «a :

The signatures of the chiral PV multiplets satisfy

Y =1, Yonf=2 S nZ=-1, n¥=nf,
@ a (3
e = nZ, nt=nl, nf=nf=-nf=-1 (2.9)

2.1 Quadratic divergences
In [1] it was shown how to regulate the quadratic divergences of supergravity
that are proportional to?

7 o
STeH = -10V - 2M” + o7 + 4Kin D2 D*2™ + 2D + Ngg

12N (V M- i—) + 207D, Dy(T?2)¢
—2R ("X A'A™ + D,2'D*Z"™), (2.10)

where N and Ng are the number of chiral and gauge supermultiplets, re-
spectively, in the light spectrum. In these expressions, r is the space-time
curvature, R;; is the Ricci tensor associated with the Kéahler metric Ky,
V=V+Dis the classical scalar potential with V = e ¥ A, 4 — 3M?, D =
(22)"'D*D,, Do = K;i(Tyz)', and M? = e XAA is the field-dependent
‘squared gravitino mass, with

A= W=A, A=DA, A =K"An, e, (2.11)

2See Appendix D for corrections with respect to [3, 4]. Our conventions and notations
are defined in the Appendices of these papers.




where D; is the scalar field reparameterization covariant derivative.
In evaluating the effective one-loop action we set to zero all background
Pauli-Villars fields; then the contribution of these fields to STrH is

1 L L
STRHPY = 2% 1, [;Dapp (To2)P = REyy (AiA™e ¥ + D”z’D”Zm)]
P

+2 ijnp (V+ M) - (Z P — Znﬁ) g - (212)

where P refers to all PV chiral multiplets, including . ;From (2.1) we
obtain for the relevant elements of the scalar reparameterization connection

I' and Riemann tensor R (see Appendix A):

DI(Taza)J
(R%*)km
DI(Ta.ya)J
DO(Taya)I
(R¥*)Jkm
(R5* Jokm

DC(Ta¢)D

Di(Tez)’, Di(Toy)’ = _(Ta);"
;’k'rh7 (Ryl)flkm =0,
—D;(T,2)* — a2K;(Toz)!, Di(Taya)’ = —aa(Tuz)’,
Qo (KjDi(Taz)j — Kin(Toz)™ + aﬁKiDa) . Do(Toya)® = a2D,,
Rl — a2l Kim, (R*)oem = a2Kim, (R™)%pm =0,
Go [KiRips + 0% (KiKjm + KiKim)|, a#1,
(T.)$ + 6SacD,, RS, =06SacKim, ¢°°#ZY, (2.13)

where o = 1, o = of = 0. Using these relations with (2.9) we obtain an

overall contribution from heavy PV modes:

STI‘HPV

—g (N' = N) — 20 (KinDyz'DP2™ — 2D) — 227" Do Dy(T2)’
+2V (N' = ) + 2M? (N’ — 30) + 2R (e X A'A™ + D,Z'D'z™),
Y oncac, N'=3_np—2N, Ng=> 7’ o (2.14)
(o P Y

With (2.10) the finiteness condition STrH’ = 0 imposes the constraints

N = 7-N, N,=-Ng a=2 (2.15)



The vanishing of STr(u? H'+1?) in (1.6) further constrains the parameters

p and v. If, for example, we set® ply = pldag, ¢o = 1, pE?® = pln, v =

2
(ﬁg) |u|?, the finiteness constraint requires

, _
Y2 (62 = Tl (apl) =N aZ(67) + T nebe) =0,
a=1 a=4 a=4 C,aC=0

ch (,3(;)2 = 0 forfixedac #0, C#Z',Y;. (2.16)
C

As explained in [1] the O(p2) contribution to So+ 31 = [ d*z (Lo + L£1) takes
the form:

Lo(gp, K)+ L1 = Lo(gu, K +0K), gu = g, (1+€)

€ = —Z )\P G_KA APQ :TI'Z /\A2 (I
-~ 3op2” P9 ~ 3272
— AP (K APQ — AA?
0K = ZP: 3972 (6 APQA - 4’Cp) = TY;%C,
Kp = 6po, K5 S 86:00:8" = ¢2vs, | (2.17)
J .

where [5]

Apq = 06poAp, (p@ = 0rQCp
: 2
)\P = 2 zﬂf (135) In 185) CP;/:G = C;J;ég = 1, Cg = ——4, Cé = 0,
Q R [ —
(A2)P = eXKPKSupsizr, P#6, Ajp, =0ayltel’. (2.18)
A? plays the role of the (matrix-valued) effective cut-off. As emphasized

previously {1], if there are three or more terms in the sum over , the sign of
Ap is indeterminate [5].

3The result is unchanged if the parameters u — p(z), v = v(z,%) depend on the light
fields[1]. ’




In the following we require only on-shell invariance,® so the quadratic
divergences impose one less constraint than in (2.15). That is, we perform a »
Weyl transformation to write the one-loop corrected Lagrangian as

2
‘Ceff - Etree (gR) - 3’12};(_2'

2
+0 (mA )+O

STrH” — (g + D D Ky — 2v)

n\?
(1_6—5) :I + finite terms,
T

2

3272

G = (1+€)gu, €=z (N+N'=Ng—Ng-17), (2.19)

and we do not require € to vanish. Then the finiteness conditions reduce to
N = 3a+1-N, N;=a—-2-Ng. (2.20)
In this case, the third finiteness condition in (1.6) becomes

STr (2u2H' + 1/2) = 2STr (,ué - ,ui) (—;—r + KimD, 2" D*z™ — QV) =0.
g (2.21)
The supertrace on the right hand side vanishes identically because the su-
pertraces of the squared mass matrices u%, vanish separately in the chiral
(12) and U(1) gauge (u%) PV sectors.

2.2 Logarithmic divergences

;From the results of [3, 4], if L(g, K) is the standard Lagrangian [6, 7] for
N =1 supergravity coupled to matter with space-time metric g,,, Kahler
potential K, and gauge kinetic function f,,(Z) = &, the logarithmically
divergent part of the one loop corrected Lagrangian is

In A2 In A2
3272 3272
4The off-shell divergences are prescription dependent; the extension of this regulariza-

tion procedure beyond one loop may require a choice of prescription in which they can
also be made finite.

ﬁeff = L(gR,KR)—l- L

(XABﬁAﬁB + XAﬁA) + \/_6




L = Lo+Li+Ly+Ls+NL, + NeL,

oL
L, = — 2.22
where ¢4 is any light field, and®
Ly = 3C%y (W +hc) -~ ?V‘L’ + -%QVW +5M* + %%M?

47x —ab a v . oy i 17

5 [2Wa W — (Fj, - iFy,) (F£* +iF) Duz DHZ™ K
11 , _ 1 N _ .

—-3f w#'D, 2" Kin D FL + 5 (25V +10M°) Kiy D, 2" D
20 '

+5 (W + W*) DD, + 11DKn D,z DP2™

14 . . . _ _
—-é—DV + 15’D“23D#21Du2m’1)”2ﬂKiﬁij

20 _ : 20 _ . _ .
- (Du2" D5 Kin)” + S DuZ"D*5D, 2 D" Kin K, (2:23)
Ly = —% (Fg—iFs,) (F& +iFf") D2 D 2" Kin

1 o
+3 (W™ = D (KinDp D2 + 2V + 4M°) |

+'§ (V + ZMZ) KimDusz#zz - %Dﬂz]D”ZmKimDaF‘fV'

2 - 1 . : . _
+‘§VM2 + M4 4 'é'DuZ]D”ZZDuZmDUZnKiﬁij, (224)
. , 9 _ ) .
Ly = — [WabDi (Ty2)’ Dj(To2)"+ h.C.] + ;DuzzDuszz{cmjDaDk (T°z)

+;Dae‘KR'”n’iAkA"Dj (T%2) + 2iF2, D;(T,z2) R, D*z* D" 2"
+D,2' D*Z™ RE ;D2 D* 2" Riyy, + D2 D, 2™ Ry, /D* 2 DV 2" Ry

jme
—D,2"D, 7Rt D2 D2 Ry + 2¢7 5D, 2" D* 2™ RE, i RY] A A
+e 2K A, AFRT LR A A, (2.25)

5See Appendix D for corrections with respect to {3, 4]
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2

, . _ N 2 . o
Iy = Di(Ts2)Da (Due? D2 K + V +3M?) + gz 2D, 7™ Riy D F1

3z

2 co
+5 DTz’ [(W + W™) D, + iz Fe, KD 2D 2"

+§De"KR;'.A,-AJ' - gpuzipﬂzm e ¥ REAL A" Kim + Ri (V +3M°) |

2 . _ . _ . . 2 _ .
~3 D' Doz KimRjn (DD 2" — DI DHE") — ¢ KRy AR AN A A

2 . o 4 S
5D D? 2" Kin D5’ Dy 2" Rjn + 5 DD, DA™ Rim,

Ly = DuszMziRkjeiDuzﬁD”ZmRﬁkﬁw :
. +6—K [’DuziDl‘zj (AikeAannlj _ R,;E(Amkefim _ AkgA)> + h.c.]

-K . _ . _ .
+67Da [(T°2)' R, A A + hc ]| + e (R A APAA + h.c.)

+e7X (2D, D*2™ + €N A'A™) Ry RS AA”
— (D' D*z™ + e K A A™) [D; (e R, AcA*) + he],  (227)
1 P ) ) _ ) _ L
Ly = KK (2D,#'D*27D, 2" D" " + D,z D*2"D, 2" D" %)

—% (Dﬂzi’D"ZmKim)? + xQWabWab + % (Wab + Wab) Depb

N 1 /4 . _ , _
—%VQ +3 (V +D) D' D2 Ko — %Duz*DumeimD“F;“’

2
where F? = F2, F!¥ with F, the Yang-Mills ﬁelq strength,

. ___?;IA/D — ;-C-KimD,,ziDl‘zm (F;u + iﬁ:”) (F(fu _ iﬁf”) o (2.28)

1 ~ 1
Wa =7 (Fa- By + Fo- By) = 5-DuDy, (2.29)
and

e D; (enK jmkAeAjk) = (D;Rfmy) A A + Ry Aie A"

FORE, AgA + RE R AN (230)

Xy

11



The renormalized Kéahler potential is

Krp = K+ In A® [e—KA-'-A”f — 2V — 10M? — 4K° — 1273]
R 32n2 i a ’
1 L _
’Cg = E(TGZ)Z (be)mKim. : (231)

The second term in the expression (2.24) for Ly does not contribute to the
S-matrix. Since we are only interested in on-shell finiteness, we can drop
it. We have also dropped total derivatives, including the Gauss-Bonnet term
which can readily be extracted from the results of [3, 4]:

Loss > /T 2 I8 L (414 N - 3Ng) (P e — 41 +7%), (2.32)

in agreement with other calculations [8]. We similarly drop total derivatives
in the logarithmically divergent PV contributions.

The Pauli-Villars contribution to (2.24) is, after an appropriate additional
space-time metric redefinition,

In A?
Lpy = ‘/_3112 - [NGL + N'L, +Z77P (LP+L2)+L3 +LW+6L:|
2
+Ag L, K = InA C_KZHPAPQAPQ, (2.33)
3272 o :

where
1 . o o
ﬁépﬁ = ApL=—FV + (e AA™ 4+ D,z'D*7") 8,00 F
~ {@F [ K XA 4 —D o(T°2)' } +he. } (2.34)
is the shift in £/,/g due to a shift F(z, Z) in the Kéhler potential, and [see
Appendix B and Eq. (B.38)]

Ly = xQWabWab [262 +(d— 26)2] ,
L = 2D,2"D, " KymDF” + 4D (3M2 + V) — 4z Wy W™
+z (F2, —iF) (F +iF®) Dy D 2 Kim |
+2DD, 2" D* 2™ Ky, — ADApL, (2.35)

12




are the contributions from the gauge kinetic terms given in (2.6), obtained
by a straightforward generalization of the results of [4] to the case of a non-
diagonal gauge kinetic function f,, (see Appendix B).

To evaluate K’ and L3 we need the additional PV matrix elements (see

appendix A):

R% = Rimjn + KinKjn + KinKja, AD = Ay, AY = A

ImJn

) 2 ) - 2 . '
A}’g,wa—z = eK\/;(Taz)’, A{,‘;’%_z = \/;[(T“Z)mKim + ao(aa + 9o) KD,

2 - 2
Aéfg’%_z = eK\/;90D07 A?fi,%_z = \/;(ga + a,) D",

V2AZY = V2Asl, V2AY , =0A+dleXK;WAL, a#1,
‘/5142,)/& = auA', V2AZ = a,efW, a#1,
Ay = SapraW, AP =500]'W,
ALy = bapcaW, AJ =06"c W, (2.36)

where we have not included u—dependent terms that are already contained
in (2.17). Then, using (2.8-9) we obtain

In A?

K'=-—
3272

67 4 A7 + 2V + 2M* — 4K, — 4(e + 1)D].  (237)

L3 is determined by the expressions

IJ B .
Ripin (RZI) o, = RiminR o+ 4Remen + 2 (KpmKen + KenKin)

giving
2 — .
L? = —L3+4AyL+80L — -\/Tg_e* (4AL +hc)
—4D, DD, 2" D (Kin K jm + Rimjn) — 4M? (2V + 3M?)
—4e7X (2D, DH2™ + e K AIA™) R A AT — 8DM?, (2.39)

13



where relations among operators given in Appendix B of [4] were used. LY
is obtained directly from (2.13):

2
YonpLly = —Ly— zala,
P

Lo = (V+3M2)" — 4D (KinD,2'D2" +V +3M7)
+2 (V + 3M?) Kin D2 D*2 Ki + (D“zmpﬂziKimf
DM D KinKjm (Du2 Dy 2™ — Dy 2D,7)
2D, D, F K D°FL — (W* + W) D,Dy. (2:40)

To evaluate LY we need
DI(Taza)JDJ(TbZa)I
Di(Tutn)’ Dy(Tomn)’

(R%) S om(R%*)1ea
(R%){pmDa(Tyza)"
Dp(Toye)? Do (Thya)”
(R™)gm(R™ )22

(R*)EmDa(Toy®)” =

Dc(To9)’ Dp(Th9)°
RS, . Dp(T$)°

Di (TaZ)ij (TbZ)i,
_5ab01(t/{7

RS Rl

Ry Di(To2)',

Dj(To2)' Di(Tyz) + @z (K + Kba)

Rzkm ;’E'ﬁ - QGiR‘fﬁkﬁl + a4a (KgmKen + KinKem) »
Rl Di(Tyz) + a2 Dy(Tyz) Kjm, o # 1,

C% + 6%02D. Dy, RSpmRom = 0500 KimKim,

6SZKimDy, ¢°F # 2,Y. (2.41)

Then using the constraints (2.8) and the results given in Appendix B of [3],

we obtain (see Appendix A)
S gPLE = —L - 30%. (W +hc) + o' La + LY, o =3 noog,
P c

LY = 4[Apl+ M (2V +3M? + 2D))|

2 C _ )
+8ApL — —— [Da(T?2)'Ls + 1D (T°2) Kim Ll + h.c.|

/9 |

+4D, 2/ D*2D, 7" D" 2" (Rimjn + KinKijm)
+4¢7 (2D, D42 + e K AT A™) Rl AiA™. (2.42)
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Adding the above, we get for the total PV contribution:

In A? AB A In A?
Lpy = 392 (vaﬁAﬁB + XPV‘CA) + \/ngPv + Agpv L,
InA? ¢ .
KPY = K'+ ;27(2 [47 + 12M? 1+ 8D] = — (Kn - K),

. Lpy = N’GLg+N’LX~L1 —Ly— L3+ Ly +eL, -
2

+ (a' - §O‘) L,. . (2.43)

The renormalization of the Kihler potential is seen to be finite. Setting
2e? + (d — 2¢)* = 2e, (2.44)

and using the constraints (2.20), we obtain for the remaining contributions
L+Lpy = —(6+a—d)[V?+D,2"D'2'D, 2" D" (KinKin — KinKjm)]

(2—a +3/) (2VM? + 3M" + 2M*K;n D, 2" D*2 Kim)

+2(4 + o) VKD, 2" DF 2 K,

+ (14 +a+d) D2 D2 D, 2" D' 2" Kin K jm

+4(7+ o — 30/ + 3e) DM?

+(6+a - o) (W + W) D,D,

+2(T+a—¢€)zx [J:WabWab
—% (Fo, —iF2,) (F2 +iFf) D,,ziD“ZmKim]
—2(1+d —e) (2DV + iD, 2D, 7" K D"F)
+2(5+ o — 2d + ) DK D,2" D 2™ (2.45)
Finiteness is achieved by imposing |
a=-10, o =-4, e=-3. ~ (2.46)

Once all the infinities have been removed, the Lagrangian takes the form
(1.7), with the matrix-valued effective cut-off a function of the scalar fields.
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In particular, the terms of order In y are given by (2.22) with In A? replaced
by the matrix ¥ ¥ In(ud).

3 Kahler anomalies

Classically, supergravity theories are invariant Kahler transformations
that redefine the Kéhler potential and the superpotential in terms of a holo-
morphic function H(z):

K—-K+H+H, W-oeWw, (3.1)
and that shifts the the fermion axial U(1) current:
3 . - 1
T, = i (D*2'K; — D*2"Kp) = T, — 5OuImH. (3.2)

This invariance is anomalous at the quantum level due to the conformal
and chiral anomalies. Consider for example the one-loop correction to the
Yang-Mills term:

1 /1 1
LM = o (P Fp — 5-PaD") SneChln (ARB3) + -+,
162 \4 ¢ "# 22" )5 ( )

1 (1., 1,
= i (ZF;” Fi, — =-DuD ) [3C81n (*/32p,) — C3y In (X1 pz)]
B SRR , (3.3)
in the notation of (2.16), where the dots represent operators of higher dimen-
sion, and [5]

Inp,= Y ln(ﬁf)2, Inpz= > ln(ﬁf)2. (3.4)

a,P=p,¢ ) a,P=Z XV
Under (3.1) the quantum correction (3.3) changes by

_ ReH
872

]' vV [ 1 Qa Q a
(FFeFa - 5DaD) (CE - Ch),  (39)

SLYM
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Gauginos and chiral fermions have Kihler U(1) weights +1 and —1, respec-
tively, so the corresponding chiral anomaly '

ImH
872

1 n 1 a a a 2
( FWES - —D,D ) Cs—C%).  (36)

YM _ 1
Ol = 4 2

combines with (3.5) to give the superfield expression

_b
8n?

The field dependence of the effective cut-offs was in fact determined in [15]
by imposing the supersymmetric relation between the chiral and conformal

E (4] Q a a
sLYM / O WeWE (CE—Chr). (3.7)

anomalies associated with Kéhler transformations; this in turn restricts the
Kahler potential for charged PV fields.

Sigma-models coupled to supergravity are invariant under a group of non-
linear transformations Z — f(Z) that effect a Kéhler transformation of the
form (3.1), (3.2). This is in general a classical invariance, and an interesting -
question is under what circumstances this invariance, which we will refer to
as modular invariance, can be respected at the quantum level. If modular
invariance is broken at the quantum level, the resulting chiral and conformal
modular anomalies must form a supermultiplet. We consider some examples
below.

3.1 Nonlinear sigma-models

Consider first an ungauged supergravity theory with no superpotential and
with a Kéhler metric typically of the form

m 1 nA .
K=Y K* K= - In (1 +n). |zf4|2) . ka=—nlks], (3.8)
A=1 A

©og=1

that is classically invariant under the infinitesimal nonlinear transformations

6y =y +ndy Y Bizh, SKA=FA+FA FA=3 Bz, (39)
j g
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where 7 = +(—)1 for a (non)compact symmetry group. Then the derivatives
" of the metric satisfy

KA = kaK{KR, r;*gzkA(J;aiK,f+5,fin),
& ifKf#0

. (3.10
0 fKA=0 (3.10)

jkm

Rifn = k(s s t'0c). o=

To regulate the theory, we need only include a subset of the chiral super-
multiplets in (2.4). We take the Kahler potential

va = ZCZA a’¢KA¢7$,Y —+ ZKE’G + KX,a?
Y Ao .

_: b
KZi, = Y [K;;Z,g,azg,a + —2°i (K;*K;‘Zg,azia + h.c,)} ,
I,J=1,j
B I —
KX, = eZshK Y KV, nf, = M. =04, (311)
IJ=1,j

and the supefpotential

Wev = Y WhasZha¥r™” + 32 Hasd"¢’, (3.12)
IyAaaﬁ aﬂ

where pqp = 0 if 7o # np.
Then (2.10) and (2.12) reduce to

STYH = 23D DM K, (2 — ka(na+1)] + 2(7 _N),
A .

STrHpy = -QZO!ADﬂZiDMZmK{:n — -;-N’,
) A
N = Y na, N= Y ‘*‘2"1‘1}:77;47
A Y a,A
an = Y ndod+ ) Mo 05, (3.13)
a B .

Cancellation of the on-shell quadratic divergences requires
N+ N' = 204 + 2ka(na +1) + 3, (3.14)
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and additional constraints on the parameters provide a cancellation of all
one-loop ultraviolet divergences.
The PV Kahler potentjal (3.11) is invariant under the Kahler transfor-
mation (3.8), provided the PV superfields transform as
062

74 = Lhzi=n(dris A TRA), o~ Tatr'e,
A 7 A

Y = =-—q (YIAFA +83 zﬁ,YJA) ~YAS ofFE. (3.15)
j B
To obtain a fully invariant PV potential requires

o, =1, ply=0if o +af#1, (3.16)

in which case the superpotential (3.12) transforms under (3.8) as Wpy =
—Wpy 4 FA, and the effective cut-offs A%Q are constant. However in this

case
aq = %N’, Hpy = -N' (’D,,ziD“,'z‘mKim + -2—) 31D
which is removed by the Weyl transformation (2.19). Thus chiral supermul-
tiplets with modular invariant-masses do not contribute to quadratic diver-
gences, nor do massive abelian gauge multiplets. Since modular invariance of
their masses requires o = 0, 6-loops contribute only to the space-time cur-
vature term and exactly cancel the corresponding gauge loop contributions.
Therefore, modular invariant regularization cannot be achieved unless the
massless theory is free of quadratic divergences. This requires a constraint
on the total massless spectrum. If it includes Ng gauge supermultiplets and
N, additional chiral supermultiplets ¢* with modular weights ¢Z, that is,

with Kahler potential

K(¢*¢%) =Y |6%|%e2on 2 K” (3.18)
o
the constraint reads
23 g4 — Ny~ N+ Ng +3+ka(na +1) = 0. (3.19)
«
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If this constraint is satisfied, the Kahler potential is not rendrmalized, and
the classical Bagger-Witten quantization condition [9, 10], which relates the
pion decay constant to the Planck mass in a compact o-model, is preserved
at the quantum level. If this is not the case, one can still preserve the BW
condition by imposing, in addition to (2.16), the additional constraints [see
(2.17-18)] on the PV masses: '

Znaﬂgﬂ In (Bap) =0 for fixed an+ap # 1. (3.20)
af )

If the group of modular transformations is noncompact, a subgroup of the
modular transformations (3.9) may be a classical invariance of the Lagrangian
in the presence of a superpotential and of gauge interactions for a subset of
the Z*. An example is the Lagrangian for the “untwisted sector” of light
fields in a class of orbifold compactifications of the heterotic string. The -
Kahler potential is (neglecting the dilaton)

3 n—1
K=Y¢, G'=-n (T, AT -3 |<1>;*|2> | (3.21)

I=1 A=1
It is invariant under an SL(2, R) group of modular transformations that leave
K invariant, and the derivatives of K satisfy (3.10) with K4 — G', k4 —
kr = 1. The superpotential has the form

W= 3 capclesx|®/®50%. - (3.22)
I1JK,ABC

This model has the property that
~AIA,JB =0 If I = J, Rzm]ﬁAZJ - 0, (323)

where the indices 4, j, - - - run over all chiral fields z¢, and the logarithmically
divergent contributions (2.22-28) simplify considerably. However, the ansatz
(3.11) is insufficient to cancel logarithmic divergent terms proportional to
Dy(T%2)’ D;(T,z)" and D;(T*z)’ R, .., suggesting that modular invariant reg-
ularization is not possible for any choice of spectrum, although invariance of
the O(u?) term can always be imposed by conditions analogous to (3.20).
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3.2 String-derived supergravity

If the underlying theory is a superstring theory, there is generally invariance
under a discrete group of modular transformations on the light superfields
under which K — K + F(z) + F(z), W — e F@W, which cannot be
broken by perturbative quantum corrections [11]. For example, in the class
of orbifold compactifications mentioned above the Kéhler pot;ential, including
twisted sector fields, takes the SL(2, R) invariant form

3 3

K = Y g+ f(eXgho??) =X ¢' +eXgh|@** + O (|8*"),
I=1 I=1

g = -In(T+Ty), (3.24)

which reduces to (3.21) when the twisted fields are set to zero. The gen-
eral PV Kihler potential of (2.4) is modular invariant if the field Z! has
the same modular weight as Z* and ¢ has modular weight ac. The super-
potential (2.5) can be made invariant under the discrete SL(2, Z) subgroup
of SL(2, R) modular transformations, by an appropriate 7;-dependence of
the PV masses: po = fa(T7) = o [1;10(T7)}P=, where n(T) is the Dedekind
function. This modification of the effective cut-offs could be interpreted as
threshold effects arising from the integration over heavy modes.

On the other hand, it is known that at least some of the modular invari-
ance is restored by a universal Green-Schwarz counter terrh; this is in partic-
ular the case for the anomalous Yang-Mills coupling [12]-[15]. To study the
conformal anomalies arising from the noninvariance of the effective cut-offs,
consider the helicity-even part® of the one-loop action, given by

S) = %STr In [D? + H(Mpv)|, (3.25)

where Mpy is the PV mass matrix. Under a transformation on the PV fields,
represented here by a column vector X?, that leaves the tree Lagrangian, as

8The chiral anomaly can be obtained by a resummation [16] of the derivative expan-
sion of the helicity-odd contribution T, which gives the standard results for the terms
condsidered here. '
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well as the PV Kahler potential, invariant:

X'Z X’Z PV 0 m‘l. !
. A . s : = ) M M
(Xz) — g (Xz) Mz (Thz O) pv — Mpy

(D*+H(0), - o (D*+ H(0)). 57, (3.26)

because all the operators in the determinant except Mpy are covariant, and
the PV contribution to (3.25) changes by

(Spy > 5 EnSTeIn{g [DF + Hila M| 57}
- %ZmSTrln [Df + Hz‘(gflM?in)] , (3.27)

where 7; is the signature, and the last equality holds if the integrals are finite.
The PV Kahler potential Kpy = ki X*X™ is invariant provided k;z —
97 kim@, k™ = g;k"™G,,. If the PV mass is introduced via a superpotential

term W > p;; X* X9, u = constant, the PV mass is

mit = KK mi = K B2 K™ g K am®. (3.28)

If the transformation is abelian: g; = %, and the metric is diagonal: Ky oc

dim, We just get

s (K'—K)/24$m+ 1., 100 e¥ 0
N mi = e m 7«mi s gi = 0 e¢i 3

0 ewimi) (3.29)

-1 K'—-K)/2
Mg = KR
9 T8 e%m; 0

if, e.g., pij o 6;;. v

If, following section 2, we introduce regulators X4, X/, for ®* with signature-
weighted average modular weights —g;', and X° for the gauge fields with
average weights ¢f = 1/3, and the superpotential term

Wev =3 uaX Xy + 3 pa XX, my =X 2udio'y;, (3.30)
A a
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under a modular transformation we have

- _
e 2 GF 0 ) .
gi = ( , m: = 621(1—24})Re17' m;

0 e~ i aF! ’
i g Impl
9 ‘Mg = (eQiE,q?Implmg e 2 Z,:},I Fmé)’ (3.31)
the contribution (3.3) shifts by
6417r {F2 [BC In(|m?}) — ZCA In( |mA|)]}
32 > ZReF’F2 [C ZC’A (1- 2qA)] e, (3.32)

and the conformal anomaly matches the chiral anomaly arising from the axial

currents

A =T, =% (DK~ he), (A)) = T, + > (DA ~he),
(3.33)
for gauginos and charged chiral fermions, respectively. The Casimirs and
modular weights satisfy the sum rules:

S C* =) (1—2¢4)C4 = Cg, — b.. (3.34)
) A

For orbifolds such as Z3 and Z; that contain no N=2 supersymmetric twisted
sector [17], b = 0, the anomaly (3.32) is completely cancelled by a Green-
Schwarz term. For other models the residual anomaly is cancelled by string-
loop threshold effects [12] that can be incorporated in the present formalism
by making the ©® masses moduli-dependent:

iy — H e (3.35)

Note that since the masses are not modular invariant, additional condi-
tions, analogous to (3.20), must be imposed to make the quadratically diver-
gent terms anomaly free. Possibilities for cancelling the remaining modular
anomalies will be studied elsewhere.
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4 Anomalous U(1)

In this section we include an anomalous U(1)x gauge factor: TrTx, TrT5 #
0. To regulate a nonanomalous gauge theory we introduced heavy vector-like
pairs of states with gauge invariant masses. Explicitly, under a gauge trans-
formation X4 — g4 X4, X!, = 7' X, X4 = ¢;1 X4, X% = gaXaz, M' =
gMg™t, i.e., the mass matrix (3.26) is covariant, and no anomaly is intro-
duced by the regularization procedure.

However, the quadratically divergent piece contains the term

207D, Di(T%2)° = 227D, (TeT® + T (T%2)7) . (4.1)

If TrT, # 0, one cannot regulate the quadratic divergences” without intro-
ducing a mass term for PV states X* with the same U(1)x charge ¢". As a -
consequence the effective cut-off is noninvariant, which gives the conformal
anomaly counterpart to the chiral anomaly.

Thus, in addition to the PV regulators introduced in section 2, we intro-
duce chiral fields X* with signatures 7; that carry only U(1)x chargé qi:

K K+k, k=f(Z,Z"XP+0|X"", W-oW+p(X) (42)

“Their contribution to the chiral U(1)x anomaly vanishes; the explicit break-
ing through the mass terms cancels their contribution to the true anomaly.
We have been working with the covariant superspace formalism of 7], in
which the vector potential® A, is introduced as the lowest component of an
anti-hermetian one-form superfield, and matter superfields ® are defined to

be covariantly chiral: ,
Dyd =0, x*=D9|, (4.3)

“In the context of renormalizable theories one can use dimensional regularization or
reduction and the quadratic divergence never appears.
8i4, = iam = Ap] in the notation of [7].
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where the covariant derivative Dy contains the gauge connection Ay, and
M is a coordinate index in superspace. Under a gauge transformation:

Ay — Ay — g 'Duyg, @ o g%®4, gt =" (4.4)

The chiral Yang-Mills superfield W is obtained as a component of the two-
form Fpn, which is the Yang-Mills field strength in superspace. The authors
of [7] point out that one can introduce the commonly used Yang-Mills super-
field potential Vx such that

W;:—%(ﬁQ—R)DJ&, (4.5)

where R is an element of the supervielbein and D?— R is the chiral projection,

but this field does not appear in the construction of the action which is
invariant under an additional gauge transformation

VX—>V,’(=_VX+%(A+A), (4.6)

that is independent of (4.4). Since the gauge invariant superpotential is
invariant under the complex extension of the gauge group, there is no conflict
between (4.4) and holomorphicity of the superpotential. _

However, the superpotential (4.2) changes by a nonholomophic function
under U(1)x if X* — ¢%X' Therefore holomorphivcity requires X* —
e~%M X% A holomorphic, under a U(1)x gauge transformation. To preserve
gauge invariance of the Kahler potential, we take X* chiral in the ordinary
sense, that is, we define Dy X* = Dy X*, where D;; contains no gauge con-
nection, and modify the Kéhler potential (4.2) to read

K — K + kle?Vx, i (4.7)

As shown in Appendix C, one obtains the standard Lagrangian when this
expression is evaluated in the Wess-Zumino gauge. This choice is not justified
unless the full theory is gauge invariant. In fact, we are interested in the
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special case in which the U(1) x anomaly satisfies the “universality” condition
1
3

and - in string derived supergravity — is cancelled by a Green-Schwarz term [18].

Thus provided this term is included and evaluated in the WS gauge, there is

TeT3 = Te(Tx T2) = 21—4TrTx = 8n26x, (4.8)

no ambiguity. ,
Including the fields X* we get a quadratically divergent contribution:

STrH 5 2¢9%dx <Z qff + Zn,-qi) . ) (4.9)
y -

(3

where the first term is the light field contribution and dx. = 3, KaqX ¢4, ¢4 =
<I>A| . Finiteness requires

S nigi = ~TrTx = —1927%0x, > migim: = 0. (4.10)

Once all the infinities are cancelled one gets a finite contribution that grows
with p?. Setting u; = B;u, we get a contribution of the form (2.17) with now

0K = Z nmzlnf;, m? = BRe"K;?|ml? (4.11)
Taking, for example, the modular invariant form
_ 2
k= eK/QIXz'|2’ K = 3'; 5 21312 In ﬁie—ziqux’ (4.12)
™

the correction to the bosonic Lagrangian is [see (2.34) and Appendix C]

2
G 1, /= -
AL = Vi [-1-61) (D - R) Da—v] 5Kl

2 ~
= Vi LG (20 (dx - 44"~ V], (413)

Note that a mass term is induced for the anomalous U(1)x gauge boson A,,.
Thus if the full quantum theory is not anomalous we must impose

quizﬂf Ing; =0. | (4.14)
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The logarithmically divergent contribution from X* contains a term

1 :
EX = ~————2277,ln|m1|2q12F)2(+ (4.15)
64me <
Under U(1)x, (4.6), |mif2 — e 26A+D)|m |2 5o the quantum Lagrangian
changes by )
*\ 312
: : 4.1
5£X9327r22i:77z()‘+’\)QzFX+ ) (4.16)

where A = A|. The light fermion contribution gives the chiral anomaly:

SLx = %)—(—(lng|)ZF“F’a+---, (4.17)
a

For F® = Fx, the anomalies (4.16,4.17) form a supermultiplet if we take

g = e 3(A-R), > migd = 8n%0x. (4.18)
.

To make the full anomaly determined by (4.8) supersymmetric, we must
include PV fields with both U(1)x and the nonanomalous gauge charges.
This can be accomplished by assigning the same U(1)x charge g4 to the
previously introduced PV fields X4, X/,, defining the superspace derivative

as Dy = Dy X + T,A%,, A® # AX, and setting
M
|XA'2 N quAVXIXAF) |XA|2 N 62qAVX'XA|2,

in the Kahler potential. The generalization of the Lagrangian of Appendix
C to this case is tedious but straightforward. Once supersymmetry of the
anomaly is imposed, with the appropriate constraints on the PV U(1)x
charges, the full anomaly is cancelled by a Green-Schwarz term that gives
the variation of the Lagrangian under the U(1)x transformation (4.6):

SLEs = _%x EATr(W"‘Wa)—}-h.c.
4 J R ,
= _% (ReAEF”Fa +ImAZF“ﬁ'a) S SRR (4.19) -
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This mechanism introduces a D-term with a well-defined coefficient that has
been used in many applications to phenomenology. Note that there is also
a D-term in (4.13), that may be removed by an additional condition on the
Bi- One needs further information on the underlying theory to determine
whether or not this term is present.

5 Concluding remarks

We have shown that on-shell one-loop Pauli-Villars regularization is possible
for supergravity theories with canonical kinetic energy for gauge superfields.
The resulting Lagrangian depends on the PV masses u that play the role
of effective cut-offs. It remains an open question as to whether PV regu-
larization remains possible at higher order without the addition of higher
derivative terms. However since the chiral anomalies of the effective field -
theory are completely determined at one loop order, and their partner con-
formal anomalies are thereby fixed by supersymmetry — through constraints
on the Pauli-Villars massess — at the same order, one loop calculations are
sufficient to study the field theory anomalies.

We found that nonlinear sigma-model symmetries can be preserved at the
quantum level only for ungauged theories with restricted particle spectra,
such that there are no quadratic divergences. It is nevertheless possible to
impose invariance of the O(p?®) correction, thereby preserving the Bagger-
Witten condition at the quantum level. Similarly, the O(u?) correction to an
anomalous U(1) gauge symmetry may be made gauge invariant. There is also
an O(u?) D-term that does not automatically vanish when gauge invariance
is imposed; further information on the underlying theory is needed to fix this
term.

In string-derived supergravity a discrete subgroup of the sigma-model
symmetry is preserved to all orders in perturbation theory; a study of the
anomaly structure provides information on the type of counterterms that
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must be included to cancel the field theory anomalies. In these theories the
gauge kinetic energy term is noncanonical, and is governed by couplings to a
universal dilaton. The full loop corrections including the dilaton, and a more
detailed study of supergravity theories based on orbifold compactifications
of the heterotic string, will be presented elsewhere.
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Appendix

A. The metric tensor for Y

The metric tensor derived from K}, ; in (2.4) is the inverse of that derived

from the Kahler potential

k=| Y VIV (Ky+alKiK;) +ao (YIVIK; +he) + V22| . (A1)
I,J=1,5

It is straightforward to evaluate the derivatives of the metric kpg, P,Q =

Y:,Yo. Denoting by fygi,rgim the corresponding elements of the affine con-

nection and Riemann tensor, respectively, we have

(Ta)}:f = "(Ta);" DYI (T.Y)s = —Dj(T.2)",

(Fy)gi = —’Y£i7 (Ry)gim = ‘Tgmu (A.2)
giving the results listed in (2.13) and (2.42). In addition we have,

Y aP 51 - PQ T T
Afg = Wpo, AY? ="KLY KLY Apy = XkppkooApg,
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A%q’ = e"Wp,, AT =K PeK ¥ Ao = kpaAge: (A.3)

giving the results listed in (2.37).

B. Nondiagonal gauge kinetic function

Here we sketch the generalization of [4] to the case of a nondiagonal gauge
_kinetic function involving Pauli-Villars fields. Although in this paper, we
assume a canonical kinetic energy term for the light gauge fields, we give the
results here for the case of a universal dilaton. The case relevant to section 2
of this paper is recovered by setting s = constant. With an arbitrary kinetic
function f,;(Z), the Lagrangian for the auxiliary ﬁelds'Da of the Yang-Mills
supermultiplets takes the form [7], upon solving for D,,

N 1 ab = =
Lo = 5(Ref)* DDy~ DoD* = — [(Re)™']" BuD,

D* = D4 (f"NLx —he), S =af". (B.1)

Writing f% = f,6% + €, we may expand in € to obtain

Ree® N Ree®Ree®
Refy —~ RefyRef.

Lo =~ (Ref)™ (5% - ) Dudi. (B2

Here we introduce a single Pauli-Villars abelian multiplet, denoted by 0, and
take gauge kinetic functions of the form

*fAB — 6AB (xA + 2yA) + CAB,
: d
fab — 5ab8 + Eﬂoa@by
1
faO = ecp“, fO = 1) KPV = ekz I(pa.l2, ek = -2_— (B3)
a
In addition to scalar curvature terms,

Rgsg = Ks.§657 . (B4)
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we have

c 1
Dify = —Tiufed=—kdje=_de. (B.5)

The relevant part of the tree Lagrangian [6], [7] is (setting all background

fermions to zero)

715[,((/)“, BY) = eFDrpD,g0 — f;- [goag;b (Fp Fe —iFtFt,) +he]
—iF;qu” - %“ " (Fo Fi —iFtF2) + hc.]

i< e _
+§/\" Do + ik (x5 Pxs + X% Px%)

- /1 1
_V — ey |ide (%Da + ZUWF;W) X+ h.c.] ,
1 o _ -
Vo= —5DuDy [d (0% + 3°0) — X(¢* + )" + )] . (B6)

Following the procedure described in [19], we introduce off-diagonal con-
nections in the bosenic sector so as to cast the quantum Lagrangian in the

form

1 A 1 .
L:bose + ﬁgh = ——§(I)TZ4> (Dé + H@) d -+ 'iéZgh (D;h + th) c,

A 0"yaB
Dy = D, +V,, (V/L)Ap,Ba:"fpuw o7

(Vu)Au,z’ = (Vu)i,Au = [(Vu>i,,4,,]* = WﬁfiAB (fBW — i]:"Bu,,)
e

= * (Pow = i), for i=gf, A=Al (B.7)

This introduces correspdnding shifts in the background field-dependent “squared

mass” matrices:

Mg — Ho = Mi — V,V*, M2 — Hg = M}, — B,B*.  (B.8)
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We have the following relations among derivatives of the kinetic function: }

e
fa = D,f =e, [f*=2xe, fsazDsDafzgr‘r‘,

€ 3
—X,

fsa = Dsfa=0, Rssb aXS§:—4x2

ba
Dp,62 — “<f2xfba)

1 - e? '
= o [0us (Do) fe, +hic| — 5-0xe =0, (B.9)
In evaluating the matrix elements needed for PV loop contributions, we
set background PV fields to zero and show explicitly only the terms involving

the parameters e and d. The remainder of this Appendix closely parallels
Appendix C of [4].

1. Matrix elements
The elements of Hyy, I,J = %, are

Hy; = VIJ-*-RIJ-F'DIJ-FOIJ—( V)

Uim = Umi = (VuV¥), = (VuV¥),, =0,
2
€ v N v
(ViVH)pos = g(F“ F}, FiFF),),
d -
Vpagp = :g(F:"F,’;V;iF;"F};U), (B.10)

where

e? 1 1
Db = %DapbjL;Dc(Tc)g, D = - — (€2 —d) D,Dy.  (B.11)

The additional nonvanishing elements of ZsHe are —Ng, gy and Sope With

€T a 1 Q g
Nau,ﬂu = ——2—eaeﬂ (FupFau ngF Fp ) +5aﬁ7‘,w,
0 _ $ - €a v v
Sopa = Sope = D Fa,,u—l— Py F;‘;#a (s)
— _6_‘£ Ay + v S . Qoa
= & [D Favs — Fa,,“a (s)} | a—{(pa. (B.12)

32




Finally we need

Gn = (G, +G, +Gg,)w,
S \@ 9,50, — 0,50, . p®®
(GW)b - 4z O 1, (Te)y,  ab= {(pa,b ’
2 \? e’r b e b . 2
(Gu")a - 4 (Fa”pr”q:zFaﬂprp) —(pev), ab= {¢
92 = 9z
(Gl‘”)ap,a - (G’“’)a P
(po.
a
= F;f,p—k 3( )Ff,,p (u e v), a:{@a
(wa)ap,ﬂo = 6aﬂrappu + 4eaeﬂ [FaupF + Fa”pF (/J, < l/)] .
The matrix elements of Mg are given by
M = 0,
1
M) = mg+ Mo, M;= §e_k (ma + MEou),
My = My = l?‘Z)a = m;’
2z
v v v - uy (pa,
MY = —M¥ =—— (F& FiF") a:{(/_)a,
with covariant derivatives as defined in [3, 4]:
DM = DM =— (D) = (D)
ie 0,8 =
= —_8" (Dp + é) (Fa/w - ZF‘a.;w) ’
D,m, = Dymg, = (D, ma)*
0,5 . _—
= —24——26D + = o (Kjﬁ,,(Taz)m 020+ h.c.) :
The matrix elements of Gy, are
(G:t )00 = :EF“,, + Zp,l/7
o | ¥ (pb
(@) = (6h)i+ & (Zw+Tw), ab= {w "
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As in [4], we double the quantum fermions degrees of freedom and rep-
resent them as 8-component Dirac spinors. In the following Tr denotes the
full trace of fermion mass and field strength (G, = [D,, D,]) which are
8n; X 8n, matrices, where n; is the number of intrinsic fermion degrees of
freedom: n; = Ng(N}) for x®(A%). The explicit calculation given below is
for just one nonvanishing e : Ng — 1. '

2. Chiral mﬁltiplet supertrace

Defining
1 - ;1 _ |
5STH = HH] + HyHY — < (HYHS), h%= (mm)m, (B.17)

we have
iy (X = Tk + oD, DR R, () = D, D
g (1) - rx+32a puoth ( )a_:l;a )
. 0,505 e? 1
Hbz x\b b 2 _ 2 ZE __ab _cch
a (h )a+6a(V+M M/\ 472 )+4.’L'DD+.'ED( )a7
1 .
Hab‘ = § (d - 62) Wa.b- . (Blg)

Thus:

1 e ' —

- x\2 2 , & ab ab 2

STr(HY? = Teh+ o (Wt + W™) DDy + 477,

1
Tr (HX)® = 0, STrHY = O(Ng),

1 1 ,

5 Tr (HY)® = §Tr(TaTb)F;j,,F,f‘ + O(Ng),

1

JTeHYHY = —T§<+-’23Tr hX, (B.19)
where

Toh = &

X = —D
r ) y

X i62 7 =m a Qv ieQ a v =
T3 = 'Z—DMZ D,Z"K;mD Fa +4_$2D Fa 8,L36,,s
2
+%Dan (W +W™) + D2, (B.20)
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and the chiral fermion contributions to the helicity-odd operator T_ (see [4])

are

TX = TY+T¥+TX,

X 62 n Ve e 1 J717 nli)
TY = —Ex (r F,PF; ——'rFa FW)
TY = 384 [(F“ F)? + (Fo, F1)?] - 551) D”F“ F*.  (B.21)
Then we obtain
STrH, = 2D+ O(Ng),
1 . o2
STH; = T = (Was + Wa) [Tf(TbT“’ e D”] -3P
el o
+5 D + 2¢* (V+ M2 - M})D
_e_QDal"‘a + (d_ 62)2 2W Wab
272 S0uS z ab
e [0,50,3 o
= ( o+ D,,LzJD,,Zij,—n) Do
2
+%73an (et + W“b) + 2¢*D? + O(Ng). (B.22)
Finally we have
e \¥°
(Gf“/)(pa (G#V)¢,b = 0’ (B'23)
SO
Lomvex g = x4 S5 (pupe poo _ Do g
127wt = T T e ten T e

384 [(F LFE) + (P ) } +O(Ng). (B.24)

3. Mixed chiral-gauge supertrace

For the bose sector we have HZ? = —S, and, using (B 17) of [4],

2 2

- 2 ' -
TS = ZZ(DF) + fé;F:"qu;aapsa,,g = 5 (Foro"s +he) D,F2"

35



62

N % [g’%ﬁa,, - iKiT_—" (D“Zm(T“z)i - D”zi(Taz)’“)]Q + 16xF:u“F;;aap35y's‘
2
= (Rt +he) [ o —i (KnDuZ"(To2) ~he)].  (B.29)

To evaluate the fermion matrix elements we use Egs. (3.36) and (C.24-27)
of [4]:

%ﬁ(Hi“’f = 0,
1 : N
—ng(Hgg)? = 2(Dum), (D*m); — 8 (D M™) (D*Mp); . (B.26)

with

_ 1
8 (D, M) (D" M,); = 5
2

2 (Dum), (D*m)} = =5 (0,207 +8,y0"y) D

TrS?,

2

+§E {KinKm D2 (To2)™ [(T°2) Dy + (T°2)"D,7'| + h.c.}
’ |
e o . .
55020 Kjm [(Toz)Duz™ + (T.2)"D,2 |, (B.27)
and 16 v : 1
< = )9 = ——3—~(D0Mw): (D, M)} = —3TeS™, (B.28)

In addition we have

(@) = 4(op),,,(65) " -3 (e8)’

= 64 (D“Mup)i (DFMYP — D M*)? = —4TrS*. (B.29)

ap,i

Using the classical equations of motion (B.17) of [4], we obtain,

1 1o
Ly = 5STrH + Ty~ 5STrGy,
2e? e’ e?

= = —— ap
\/gApﬁ ngﬁ‘“‘ﬁ + 5 7

(Fe0'z +f‘fu3"y) Loy
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+£§ lice (Kim’Dﬂzm(Taz)i ~ h.c.) +D*(T.2)" Li]

+2¢*D (2M? + 2M3 + 2Re(M M, ) + V')

B D505 — o (¥ — iE) (B + iFy) 8,595

+4—x2 uS 8—@( -t )(pu+’pu) vSO"S
A |

_26_;1;2 [(8“;5 + 2i0"y) ij(Ta?)jDuim + h.c.] D

. 9 . ' .
‘% (Fe,0'z + F2,0"y) [Kim(Toz) Du2™ — hic.|

2¢? e’ e2 .
e — —_—— ap a Qv a qv
= \/gAD,C 5gn Conl™ + o s (2.0 x+ﬁuua y) Loy
2
+£/_§ [ﬁa“ {2 (Kim'Duim(Taz)i — h.c.) +

+2¢°D (2M2 + 2M? + 2Re(MM,) + f/)

5e? e e _
+zl—w—2—D8M36“s ~ 82 (F B —iF “) (Fp” + zF,,”) 0,50°5

otxd’y
x

Fl‘j,,D“} + D“(Taz)’ﬂl}

2
o [(10F50"s + 05D") Kym(TuzV D™ +hic ] (B.30)

where in the last expression (C.76) of [4] was used with (B.9) above.

4. Yang-Mills supertrace

For the remaining bosonic contributions, we have H3 = —N; we write Nuog =
N, + dapn, and evaluate here only N,z — Noo.

TrN = Ngn,
1 ;
TeN? = Nin? — e’ (r,’,‘Fl‘:pF:” - ZTF:"F#V)
.’17264 | @ s\ 2 ~ N\ 2
v (R me) + (B’ (B.31)

where we dropped total derivatives and used (B.12-B.14) of [4], as well as
the Yang-Mills Bianchi identity. Finally, writing (é;gw)g = (G’L,,)Z + w05,
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we have

ng\2 2
T (G3) = Neg®+ = (4r/FLFs, - riF5 F?)

z2et 2 N2
I [(F;,,F,j‘”) + (Fo, ) ] (B.32)
where we used (B.12-14) of [4]. For the fermions we obtain: -
J s e’ '
-TrH] = —Tr —D
giriy = I+ 5D,
1 g\2 64 2 64 a Py b
gTr (H})® = ZD +§F#,,Fb D, D",
1 1 N{ 1 -IN{
_- 92 _ had 9 _._C e N2 _ Gmpp2
1 9 év’ [ 62 ieQ ] M o Y
ZTI‘ (H1H3) = —Q—TI‘ (h1h3) + ‘ZTD — —ZD”ZJDVZ sz'D F(f
2
~=-DuDs (W + W) - D,
1_. 4 N T v
STeC] = NyTeg?+ e (rhFg,F — LFe,F2”)
2,4 . Lo - _
I [(F”Fg‘) + (P2 ) ] . (B.33)

The nonvanishing contributions to T9 = T§ + T + T? are:
g i62 3 =M a py
T3 = T’D#Z D,,VZ KZmD Fa
2
+%Da2>,, (W“” + W“") + *D? + N3,
Ty = T, T?=TX ‘ (B.34)
For the supertraces we obtain [using (B.17-20) of [4]]

STrHY = NGSTrh? — €*D,

1 . 1 —_ 3 —aby |
SSTH? = SNSTEh? + et [m2W“"Wab + 2Dy (W + W )}
re? | N é
~1 — 2 (rhFg,F2 — rFLF) - SrD
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ze? o e2
+ 5 Kjn D D Z DR + 5

DD, (W + W) + 262D?,
11—2ST1~(;3 = -—NGsw2 - —STrG2 — T —T9 — TX |
‘g [41)2 + DDy (W + W,“")] + O(NL). (B.35)

The space-time curvature dependent terms in the supertfaces evaluated
above give a contribution £, of the form (2.23) of [3] with

1 A2 1
HLW = ngll_ 3“2 (FI‘ILPF(W - lWxFa F,DU)
In A2 :
_ .9
€ = €5 — 327r2 e’D,
a = O(Ng), B=O0(Ng). (B.36)

The metric redefinition in (2.24-25) of [3] gives a correction

In A2
AL = AL

AL = O(Ng)+ e (D2 D™ Kim — 2V) D

+e?z (F;uF;"’D,,ziD“z“mKim - 4F;UF”"D ZDE" K, )

_9¢? [2wabwab+ (W + W )Dan+D2]. (B.37)

The result for constant z, given in (2.35) of section 2, is obtained by
setting My =0, y = 0, s = £ = ¢~ 2 constant in the above equations. In
section 2 the fields ¢% are taken to be canonically normalized. Combining the
above results and evaluating £; — L, +A L—Ax L—A L—L o XA—LsL X AB
yields the results given in (2.35), with ¢* — \/53—:(;3‘; and

e — Zew =2, €' Y eqepeyes = 4e’,
afyé

(d—e)? — ;; (dwﬁ - Zeweaﬂ> = (d.— 2¢)?.  (B.38)

[
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C. Lagrangian with a vector potential superfield

In this appendix we follow the notation of [7]: Greek letters are used for two-
component spinorial indices, Roman letters for tangent space and coordinate
indices, and the metric is (—+-++), i.e. the negative of the one used elsewhere
in the text. We include the chiral fields X® = {X?, Z*}, where the X" are
PV regulator fields charged only under an anomalous U(1)x, and Z° are the
physical, light fields of the effective low energy theory.

Deﬁning", in ahalogy with the chiral superfield X, = —% (132 — 8R) DK
introduced in {7,

X! = —% (D? = 8R) D, (K%)= —% (D*—8R) Dok, (C.1)

the PV Lagrangian gets contributions (in WZ gauge)

. 1 1 - 1 7 -
by D — ZD"X; + §z/zm5mX' +hec. =— ZD%Q + ;'d)mémx

1.. - A2 - - 1 . .. ;
- +§k1q,-1/1m6m/\ X — z—\—/Q—_"gbm&"am)‘(mk;am — quk’amam + 1,0, D" 27k,

1 .. ' 1 o
+§Qiksz + V2K + §qiamk;.g)2yamx’” +h.c.

1 - 1 .- 2 - - )
= - ZD%Q + —;—wmﬁmxl + §d’7,/;m5m)\x — i%—wm&"amxmK;j(Txx)zam

. _ _ 1 .
——;—(Txx)’(Txi:)’Kﬁamam +ian D" (Tx2) K + 50D
_ 1 .
+V2x*Ax (TxE) KL, + §qiamkfcg)2yamxx +h.c, - (C.2)
where K’ = K + k* and the last equality follows because

2Z?

¢k = (Txz) (Txz) K.
- (C3)
The first two terms are the contributions to D, of [7] quadratic in X* without

gk’ = (Txz)'K] =d', ¢k = (Txz)'K]

the gauge connections for X*, and

GO ok

7 a

etc., z=X"

, a#1, x,y=1,a. (C.4)

.’IIi’ za’
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The remaining terms covariantize ,,z* and give the correct 9, Ax, Dx terms.
All fermion derivatives include the Kéhler U(1) connection that has a piece:

Ad 5 59 [D,, Dy (e )| = 1% [Day D K] + Sadk'e
3 —}IK{ (8, + igiaq) z* — h.c.. | (C.5)

In other words A, includes the gauge connection for U(1)x. The fully co-
variant derivative for the fermions contains the additional gauge connection

terms:

DX 3 it [(Txx)” + (Tx2)' Tx’]

Dt > o (X + 2TE7) + O0X) = o (i + ¢ ) +0LX)
17

ikl

i )xb+O(X4), (C.6)

D,x* > iamqixiF;‘;xb + O(X“) = z'amq,-K“i’ (kib —
where we used the fact that

o kL.

K" = —K“bk—’z +0(X?3), ' (C.7)
"So the fully covariant kinetic energy term contains the terms:
-3 (D X®) X' Ky + hic. 3 giamky;X?0™ X" +hec. + o(X"), (C.8)
which is just the last term in (C.2). Thus we get the standagd form of the
tree Lagrangian, and loop corrections from X* are also of standard form.
Converting to the notation used previously (e.g., ama™ — —A,A*), we ob-
tain the results (4.9,4.13,4.15) given in section 4, where we used the classical
equation of motion Dy = —g%dx. The right hand side of (4.13) is given by
the RHS of (C.2) with fermion fields set to zero and k* — p® = constant.

D. Errata

Here we list corrections to [3, 4].
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1. The term +% (GupTve + GupTuoc + GuoTvp + GuoTpp) is missing from the ex-
pression for X,,, 5, in (2.22) and (B3) of [3]. As a consequence (B6) should

read
TeX = —20V+2r, TrX? = 40V2—24rV 4+22r,,m* —2r? +total derivative,
the following replacements should be made in (B20):

N N —
* 17'2 - 71"2, —5Vr = =13Vr, rurt — 8rurt,

12 12
the first three equations in (B22) should read:
_ A N+89Ina?
¢ T T2 P76 32 .
© InA? [ _g i 2. -\ 2N+68, 2N+16_ ,
€ = _327T2 {e (AijAZJ — ER;A,'AJ> + 3 V + 3 M,p} s

and (B23) (as well as footnote 23 of [4]) should read:

1 In A2 _ a2 - 3N +95. 4N +32 A
G = S| {2 (it = Gt - S g}y
N + 55 . a2 . 2N + 16
+ [K { ; V+e™® (Ak,-A’k - g1!1,’3141,“41”) + 55
(2 o N +113 o o ]
— {E;_ (Rim + 16K;) Dp2*DPZ™ g — —-%——— (D,Lz”D,,me + D,z MZm) Kim} DHIDFZ Kin

In addition, in Eq. (C.55) of [4], the replacements
| zF, Fi'r — 5zF,, Fi¥r,  2rjxF F? — —12rfxF} F/°,

should be made in the expression for TrX?, the replacements

3z 5%

4 . . .
M,,%} + gmmv} D' DPz™

——ZTF:,,F‘{“’ = +—rF, F¥, +2rfzF} F? — —5rizF F/?, —5rD — —13rD,

4
should be made in the second equation of (C.62), the first two equations of
(C.63) should read: .

0 g 2 g In A® a p 1 a po
Hy = HY, +HY, —x(10+a7 pip) 353 \FioFan® = 79w T3 FE )
InA? (70 o 2 :
€0 = (e0)g+e€)— 392 {gD + 22°p;p"D + %DaDi(Taz)z} ,
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and (C.64) should read:

AL = (BrL)y+ Brgl+ N { N2 2By By
+ (Duzivﬂme,-m'— 2V) [2x2pipiD + %DaDi(T“z)i]
~2De™ ¥ (Aij/iij - %R;Ai/ij) + -;—DD#ziD“Zﬁ‘- [4R,~m — (N = 57)Kim)
+ (N Jg 29 _ x2p,-pi> [2x2W“bWab + (W“” + W“”) DDy + 2732]
+ (N ; £ pripi) 1 Fe FL7 D2 DH5" Kim
— (N ; n_ x2pipi) nguF,{’”D,,ziD“Zme}.

2. The sign of the last term in the expression for D? + Hgy, in (2.12) of [3] and
in (C.14) of [4] is incorrect. As a consequence, —18',,I'*” in footnote 22
of [4] and —6T',, I"* in (B18) of [3] should both be replaced by —2T,,I'*¥
in (C.61).

3. In the expressions for [D,, D,| for fermions, I'y,, = Ty, — %F;VD,I. As a con-
sequence of this and the above item, the coefficient —24 should be replaced
by +2 in TrHE,,, Eq. (C.61) of [4], and the coefficient of D,D*F2, F}” should
be % instead of 2 in the same equation. In addition the final results (4.6-8)
and (5.2) of [4] are modified by the addition of the terms

1 - 1 _
—3 (N +7+ Ne) [iD“F[l‘”Dﬂz’KimD,,Zm +5DaDs (et + W) + 2732]
2 [ e gy i S i ab | yeb) , 2
+3 |iD*Fi" Duz* Rim Dy 2™ + D;(Ta2)* { Dy (W + W )+;m>a

from contributions proportional to [D,, D,]? from fermion loops and %’I‘rGéh,
the term

+22%07p; [Da Dy (e + W) + 4D?]
from —;TrHYH} + t, — ¢ TrH{Hf + Ty, Egs. (C.34,35,59) of [3], and an

identical contribution from and an additional term

9 [’Dan (W“b + W“”) + 4D2]
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from —1TrH{H{. In addition the contribution of R, was neglected in the
calculation of 2¢,; this gives an additional contribution

—2D,2* [zD, 2™ pjk + pji (OyT — 10,y))] [:z:pi‘D"‘Fé“’ + 2(T,z) (Fé"’ —iFm )]

+2070;8,28,yD*F¥ + h.c.,
which does not contribute to (2.22), and only the last term contributes when

the string dilaton is present.

. The coefficient of D,2*D, 3™ K R;n (DF2IDVZ* — D¥2IDH2%) in footnotes
6, 13 and 21 and the coefficient of

1. _ ) o _
3Du? DoZ" Kim 3 (Na+ 1) K& (’D“zJ’D”En - D”z"D“én)
. o .

in footnote 8 of [4] should be multiplied by —2.

. The last term in brackets in the expression for Tr(H¥)? in (C.33) of [4]
should be multiplied by %, and the last term in (C.38) should.be multiplied
by —2, with corresponding changes in (C.36) and the final results.

. There are errors in the coefficients of the the expressions following —7
in the second equality for 3Tr (H{‘g)2, Eq. (C.41), and in similar terms in
the other traces. For the canonical gauge kinetic energy case considered
here the corrections to amount to the changes: —2DV — 6DM? in (C.41),
—28DM? in the expressions for 3STrHZ, Eq.(C.36), +8DM? and —8DM Zin

2 2
$Tr (H{‘G) , and 1STr (H{‘G) , respectively, Egs. (C.50,51), and +4DM?
2
in 3Tr (H{*°)", Eq.(C.58).

. In (3.33) the expression for T3 is missing a term:
7 . _ =
T3 — T3 — —3—52-1'5’& (MupM"p — M“pMVp) ,

the last line of TrRR5 in (3.35) has the wrong sign, and the last term in
the second line of the RHS of (3.36) should be multiplied by —2/3. As a
consequence, 3 — —15 in T¥, (C.35), and in T§, (C.59); £ — 1 in the
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fourth line of (C.62). In addition 1 — & in the second line of STrG'E +g in
(C.62), and the terms proportional to z3p;p* in H,, in (C.63) and in the
last three terms in (C.64) should be multiplied by two. v

8. The following are misprints in [4]:
The second line of (B.20) should be multiplied by z~!.
Tr(C;”(f)g )2 should be multiplied by 3 in the first line of (C.46); the sign of
the last term in footnote 23 is incorrect.
(N +5)/r? — 5/r2 in (C.58).
In addition, a factor Dﬂém’D“zi is missing from the coefficient of
2K;m (V + 2M£) in the expression for %Tr|D,,Mgl.2 in (B12) of [3].
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